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Verifiable Adaptive Control Solutions for Flight Control Applications

Jiang Wang

(ABSTRACT)

This dissertation addresses fundamental theoretical problems relevant to flight control for
aerial vehicles and weapons in highly uncertain dynamical environment. The approach taken
in this dissertation is the £, adaptive control, which is elaborated from its design perspective
for output feedback solution and is extended to time-varying reference systems to support
augmentation of gain-scheduled baseline controllers. Compared to conventional adaptive
controllers, £; control has the following advantages: i) it has guaranteed uniformly bounded
transient response for system’s both signals, input and output; ii) it enables fast adaptation
while maintains a bounded away from zero time-delay margin. The proposed adaptive control
approach can recover the nominal performance of the flight control systems in the presence
of rapid variation of uncertainties. Furthermore, the benefit of £; adaptive control is its
promise for development of theoretically justified tools for Verification and Validation (V&V)

of adaptive systems.

Adaptive control for uncertain systems usually needs to handle two types of uncertainties:
matched and unmatched uncertainties. Both of these two uncertainties will appear in practi-
cal flight control problems. In this dissertation, adaptive approaches which can compensate
for these two types of uncertainties will be discussed respectively. Two architectures of £,
adaptive control, namely £; state feedback adaptive control and £; output feedback adap-
tive control, are studied. The state feedback adaptive control is applied for compensation of
matched uncertainties. Although the state feedback scheme is capable of handling certain

type of unmatched uncertainties, such approach is not explored in this dissertation. On the



other hand, the output feedback approach is mainly aimed to solve problems in the presence

of unmatched uncertainties.

The dissertation first discusses the state feedback £, adaptive control for time-invariant refer-
ence systems. The adaptive controller is designed to augment an existing baseline controller.
The closed loop system of the plant and the baseline controller is time-invariant. This closed
loop system, which is a Linear Time Invariant (LTI) system, determines the dynamics of
the reference system. The adaptive feedback can compensate for nonlinear state- and time-
dependent uncertainty with uniformly bounded transient response. In this dissertation we
discuss the Multi-Input Multi-Output (MIMO) extension of the method. Two flight control
examples, Unmanned Combat Aerial Vehicle (UCAV) and Aerial Refueling Autopilot, are
considered in the presence of nonlinear uncertainties and control surface failures. The £,
adaptive controller without any redesign leads to scaled response for system’s both signals,
input and output, dependent upon changes in the initial conditions, system parameters and
uncertainties. The time-delay margin analysis for these two examples verifies the theoretical

claims.

Next, the output feedback approach is studied. The adaptive output feedback controller can
be applied to reference systems that do not verify the Strict Positive Real (SPR) condition
for their input-output transfer function. In this dissertation, specific design guidelines are
presented that render the approach suitable for practical applications. A missile autopilot

design example is given to demonstrate the benefits of the design approach.

Finally, the £, state feedback adaptive controller is extended to time-varying reference sys-
tems. The adaptive controller intends to augment a gain-scheduled baseline controller. The
reference system, which is determined by the closed loop system of the plant and the base-
line gain-scheduled controller, is time-varying. The adaptive controller with time-varying
reference system is proved to have guaranteed performance bounds similar to those obtained
for the case of linear time-invariant reference systems. With this result, the aerial refueling

application can be extended to a complete scenario, which includes a racetrack maneuver
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for an aircraft.

The concluding chapter discusses the challenging issues for future research.
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Nomenclature

Xy Drag derivative due to velocity

X4 Drag derivative due to pitch rate

Xa Drag derivative due to angle of attack

M, Pitch moment derivative due to pitch angle

M, Pitch moment derivative due to angle of attack
Lo Vertical force derivative due to angle of attack
Y Lateral force derivative due to side slip angle
Lg Roll moment derivative due to side slip angle
L, Roll moment derivative due to roll rate

L, Roll moment derivative due to yaw rate

N, Yaw moment derivative due to yaw rate

N Yaw moment derivative due to side slip

N, Yaw moment derivative due to roll rate

Ms, Pitch moment derivative due to elevator deflection
X5, Thrust derivative

Ls, Roll moment derivative due to aileron deflection
Ns, Yaw moment derivative due to rudder deflection
Ns, Yaw moment derivative due to aileron deflection
c Wing mean aerodynamic chord

M, Mach number

my, Mass
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Pitch rate

Roll rate

Wing reference area
Velocity

Gravity coefficient

Angle of attack rad

Side slip angle rad
Flight-path angle rad
Throttle setting

Elevator deflection, degree
Aileron deflection, degree
Rudder deflection, degree
Density of air, slugs/ft?
Pitch angle, rad

Roll angle, rad

Change of the relative horizontal separation, positive forward

Vertical separation from the tanker, positive down
Lateral separation relative to the tanker, positive right
Horizontal position, relative to the inertial frame
Lateral position, relative to the inertial frame

Vertical position, relative to the inertial frame

Drag

Thrust

Side force

Lift force

Moment or product of inertial relative to the body axis
Rolling moment

Pitching moment

Yawing moment

x1i
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Chapter 1

Introduction

1.1 Overview and Motivation

Aerospace applications define challenging nonlinear control design problems. Although gain-
scheduling is partially simplifying the nonlinear control design problem, it cannot completely
address the uncertainties throughout the entire flight envelope. Adaptive control has been
effectively used to partially address these challenges. Since the early 1990’s, Air Force, Navy
and NASA, in collaboration with industry and academia have made significant progress to-
wards maturing the adaptive control theory for application to reconfigurable/damage adap-
tive flight control for aircraft and weapon systems. Reconfigurable flight control refers to
the ability of a flight control system to adapt to unknown failures, damage, and uncer-
tain aerodynamics. Flight control systems that are adaptive and reconfigurable constitute
an important element in the design of mission effective unmanned combat systems. These

properties of the control system can increase the reliability of unmanned systems.

Both indirect and direct adaptive control methods have been investigated, and several ap-
proaches have been successfully flown on manned and unmanned aircraft, and also on ad-

vanced weapon systems. Indirect adaptive based approaches include Self-Repairing Flight
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Control Systems (SRFCS), Self Designing Controller (SDC) and Intelligent Flight Control
System (IFCS) Generation I. Direct adaptive control based approaches have been successfully
used in Reconfigurable Control for Tailless Fighters (RESTORE) program. The application
of those technologies under the RESTORE program led to the flight testing of the approach
on the Boeing/NASA X-36 Agility Research Test Aircraft. Success in the RESTORE dy-

namic inversion based adaptive neural-network control of aircraft and missiles offered the

potential to develop flight control systems without precise knowledge of the aerodynamics.

In spite of demonstrated progress of the applications of adaptive methods to flight control,

some practical challenges still need to be addressed [1, 2]. Those include:

1. ensuring stability, robustness and uniform performance, despite the wide range of flight

control inputs, initial conditions, and nonlinear dynamics;

2. providing sufficient design insights to allow tuning of control laws to meet a full set of

qualitative and quantitative design criteria, especially transient performance criteria;
3. suppressing excitation of aircraft structural modes;

4. maintaining acceptable pilot handling qualities.

The recently developed £, adaptive control successfully addressed some of these challenges.
The method establishes a new paradigm for design of adaptive control systems. Compared

to conventional adaptive controllers, £; adaptive controller has the following advantages

[7 ) Y Y Y P ]

1. Guaranteed fast adaptation, limited only by available hardware (CPU);
2. Decoupling between adaptation and robustness;
3. Guaranteed transient performance for system’s input and output signals;

4. Guaranteed and bounded away from zero time-delay margin in the presence of fast

adaptation;
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5. Uniform scaled transient response dependent on changes in initial conditions, value of

the unknown parameters, and reference commands.

These characteristics of £, adaptive controller help to successfully solve some of above posed
challenges. Its guaranteed performance bounds and systematic design procedure can signifi-
cantly reduce the tuning effort required for achieving desired closed-loop performance, while
operating in the presence of uncertainties. Its ability of fast adaptation allows for control
of systems in the presence of time and state dependent nonlinearities. This, in particularly,
eliminates the need for selecting and tuning neural network basis functions, and with that
significantly reduces the control design efforts. The performance limitations of £; adaptive
controller are shown to be consistent with hardware limitations. With £; adaptive con-
trol architectures, adaptation and robustness are decoupled, which means that the speed of
adaptation can be increased dependent upon the CPU, while the robustness can be resolved
via conventional robust control methods. These features lay foundation for development of

theoretically justified tools for Validation and Verification (V&V) of adaptive systems.

The motivation for this dissertation stems from practical challenges of flight control appli-
cations. In Autonomous Aerial Refueling problem (AAR), the receiver aircraft experiences
unknown aerodynamic forces and moments caused by wing tip vortices of the lead aircraft.
The vortex effects can be described by a nonlinear function, which depends on relative
separation between the two aircraft. This poses the problem of compensating for matched
uncertainties, which are nonlinear functions of time and system states. By saying “matched”

uncertainties, we mean a system which has the following form:
(t) = Apx(t) + B(u(t) + f(t,x)),

where A,, is known and Hurwitz, while f(¢,z) is an unknown nonlinear function that is
within the span of control input u(¢). The conventional adaptive approaches are not suitable
for addressing state- and time-dependent unknown nonlinearities, while £; state feedback
adaptive control can solve it with semi-global domain of attraction and with uniform, guar-

anteed, transient performance. Furthermore, £; adaptive controller can handle the case,
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when the control effectiveness reduction is unknown, as in
z(t) = Anx(t) + B(Au(t) + f(t,x)), (1.1)
where A is an unknown matrix with known sign.

In another benchmark flight control example, the X-45A Unmanned Combat Aerial Vehicle,
the £, adaptive controller is designed to augment the baseline controller in the presence of
pitching moment uncertainty, which is a nonlinear function of system state (angle of attack).
It can recover the nominal performance of the closed loop system controlled by baseline

controller, in the presence of uncertainties.

For aircraft, flying a full flight envelope, the nominal performance is obtained by applying a
gain-scheduled controller to a linear time-varying system. Such scenario requires inclusion
of a time varying reference system in the L£; adaptive controller, and this motivates the
study of adaptive control with time-varying reference system in this dissertation. It is shown
that under certain conditions, the £, adaptive controller for time-varying reference system
has stability and performance properties similar to those for the time invariant reference
system. This result is applied to the design of an autopilot for a complete Autonomous

Aerial Refueling scenario, which includes a racetrack maneuver of the aircraft.

In flight control applications, unmatched uncertainties are very common. “Unmatched”

means that the uncertainties appear in [A, B, C, D] matrices of the linear system

©(t) = Ax(t)+ Bu(t)
y(t) = Cux(t) + Du(t) (1.2)

and cannot be expressed in the form of (1.1). If the linear system is expressed in transfer
function form, the uncertainties correspond to unknown coefficients of the transfer func-
tion. Although the state feedback scheme is capable of handling certain type of unmatched
uncertainties, like systems in strict feedback form, such approach is not explored in this
dissertation. The L£; output feedback adaptive control is explored to compensate for un-

matched uncertainties. One example of unmatched uncertainty is the unknown change of
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aerodynamic coefficients in the dynamics of aerial vehicles and weapons. A missile longitu-
dinal autopilot design example demonstrates the application of £, adaptive output feedback

controller for compensation of unmatched uncertainties.

1.2 State of the Art in Adaptive Control Theory

Adaptive control theory has been developed for decades, see books [13, 14, 15, 16, 17, 18] and
references therein. Conventional MRAC defines sufficient conditions for stable performance,
but does not provide effective ways to characterize the system’s input/output performance
during the transient phase. Application of adaptive controllers was therefore largely re-
stricted due to the fact that the system uncertainties during the transient, or changes of
reference inputs and initial conditions, have led to unpredictable/undesirebale situations.
Those situations include generation of control signals of high-frequency or large amplitudes,
large transient errors or slow convergence rate of tracking errors, to name a few. Extensive
tuning of adaptive gains and Monte-Carlo runs have been the primary methods up today

enabling the transition of adaptive control solutions to real world applications.

Improvement of the transient performance of adaptive controllers has been addressed from
various perspectives in numerous publications [14, 10, 20, 21, 22, 23 24, 25 26, 27, 28,

, 30, 32], to name a few. As compared to the linear systems theory, several important
aspects of the transient performance analysis seem to be missing in these papers. First,
all the bounds in these papers are computed for tracking errors only, and not for control
signals. Second, changes in reference input and unknown parameters due to possible faults or
unexpected uncertainties should not lead to unacceptable transient deviations or oscillatory
control signals, implying that a re-tuning of adaptive parameters is required. Finally, one
needs to ensure that whatever modifications or solutions are suggested for performance
improvement of adaptive controllers, they are not achieved via high-gain feedback. The

new type of model following adaptive controller, £; adaptive control, addresses those issues
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satisfactorily.

Adaptive control of nonlinear systems with time varying parameters was investigated in [33].
The results in [33] improved upon [34, 35, 30], by extending the class of system beyond the
slow time variation of the unknown parameters and guaranteeing performance improvement
to an arbitrary degree. In [37, 38, 39], local robustness to time variations and unmodeled
dynamics was obtained in the presence of persistent excitation. However, these results did
not provide means for regulating the frequency spectrum of the control signal during the
transient, and hence did not provide any guarantees for robustness. Moreover, although the
above papers consider control of time-varying plants, their control objective is not defined in
terms of a time-varying reference system. Time-varying reference system has been consid-
ered in [10] in the framework of model reference adaptive control, albeit without transient

performance guarantees and robustness analysis.

In this dissertation, we consider linear time-varying reference system and develop the £,
adaptive augmentation of baseline gain-scheduled controller with performance guarantees
with respect to that reference system. In the same spirit of the earlier £i-results, we prove
that with fast adaptation of £, adaptive controller, one can recover the the nominal perfor-
mance of the gain-scheduled controlled system at different operating points, without over-

ruling the performance of the baseline controller.

In this dissertation we only focus on the applications of adaptive control to reconfigurable

or damage flight control for aircraft and weapon systems.

1.3 State of the Art in Adaptive Flight Control

In the 1990s, with the development in computer technology and advances in adaptive control

theory, adaptive control methods for flight control reconfiguration were intensively explored.

Direct Model Reference Adaptive Control was applied to both aircraft systems [11] and



Jiang Wang Chapter 1 7

weapons [12]. The Self-Repairing Flight Control System [13] performed on-line damage
isolation and estimation to achieve tolerance to failure and damage. Maybeck looked at
multiple model adaptive control [11]. Ahmed-Zaid et al. investigated a Linear Quadratic

Regulator (LQR) based indirect adaptive control approach [15].

The Self Designing Controller program [16] was successfully flight tested on the VISTA /F-16
aircraft, which applied least square system identification to estimate parameters required for
the solution of a receding horizon optimal control problem. Steinberg [17] studied neural
network and fuzzy logic based approaches for flight control. Some important advances were
made in development of adaptive neural-network flight control laws in Calise and Kim [18].
They used two neural networks to invert the nonlinearities in a dynamic inversion control
law. One neural network was trained off-line and remained static during flight, the other
adapted on-line to handle uncertainties. This approach was later modified and used in the
Reconfigurable Control for Tailless Fighters (RESTORE) program [19]. The application of
those technologies under the RESTORE program led to the flight testing of the approach on
the Boeing/NASA X-36 Agility Research Test Aircraft. Success in the RESTORE dynamic
inversion based adaptive neural-network control of aircraft and missiles offered the potential
to develop flight control systems without knowledge of the aerodynamics. These technological
advances paved the road to successful transition of adaptive flight control methods into two

Boeing / USAF production programs [50, 51, 52, 53, 54, 55].

Two application examples where adaptive flight control can be applied are discussed next.
These two examples are: autonomous aerial refueling and adaptive augmentation to gain
scheduled baseline controller. In autonomous aerial refueling case, satisfactory performance
of the receiver aircraft in the presence of uncertain airflow field is highly desired. Adaptive
flight control can play a critical role for compensation of the unknown aerodynamic effects.
In full flight envelope, both the plant and the gain-scheduled controllers are essentially
time-varying. For the augmentation purpose, the adaptive controller should include the
time-varying dynamics as a part of its feedback. The £, adaptive controller is developed for

time-varying reference systems and is used to augment the baseline gain-scheduled controller.
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1.3.1 Autonomous Aerial Refueling

With the advent of unmanned flight vehicles, safe and reliable Autonomous Aerial Refueling
(AAR) capabilities become a necessity. Reference [56] presents a good overview of the
challenges involved in Autonomous Aerial Refueling. Two aerial refueling procedures, probe-
and-drogue method and boom-receptacle method, are being employed by US Navy/North
Atlantic Treaty Organization and US Air Force respectively. The boom-receptacle refueling
procedure requires special tanker and human operator onboard, and the workload of the
receiver aircraft is less, compared to that of the probe-and-drogue approach. On the contrary,
the probe-and-drogue refueling procedure does not need a special tanker and/or human
operator in the loop, but it requires a good autonomous tracking controller. This has proven
to be extremely difficult due to the aerodynamic coupling among the two aircraft and the
drogue. The autopilot has to compensate for the uncertainties due to the trailing vortices of
the tanker, when the receiver is flying from the observation point to the contact point. The
method proposed in this dissertation achieves this control objective with uniformly bounded
transient response. It can be also equally applied for the boom-receptacle method employed

for aerial refueling.

Aerial refueling has been intensively addressed over the past decade from various perspectives
[56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75]. Several methods,
combined with various sensors, have been practiced for obtaining accurate measurements
of the drogue, like use of global positioning system (GPS) [57, (4], visual servoing with
pattern recognition [58, 59, 66] and vision-based navigation systems [68, 69]. GPS based
sensor has been used with machine vision-based sensors to achieve accurate positioning
and capturing [63]. In Ref. [01], a new set of nonlinear equations of motion, including
the relative motion of the receiver and the tanker and the aerodynamic coupling due to
the trailing vortex of the tanker, are derived. Vortex effect modeling is developed in Refs.

[70, 60]. Proportional-Integral-Derivative (PID) control laws for each of the three position

separation axis are used in Ref. [71] without considering the effect of the trailing vortex
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in the simulation. Quantitative feedback theory was applied to take care of the wind gust
and fuel transferring disturbances [05]. In Ref. [73], the authors studied the applicability
of proportional navigation guidance and line-of-sight angle control in aerial refueling, using
a turbulence model instead of modeling the vortex induced effect. An optimal nonzero set
point with control rate weighting controller was applied to track and dock with a stationary
drogue under the influence of Dryden light turbulence [68]. Reference [69] developed a

reference-observer-based tracking controller.

The trailing vortex induced wind field presents a significant challenge from control design
perspective. The situation is also complicated by the fact that the modeling of vortex
effect is far from satisfactory. This brings up the idea of implementing Model Reference
Adaptive Control (MRAC) architecture with neural networks [67], which requires less a priori
knowledge of the trailing vortex effect. However in such uncertain dynamic environment
the transient performance of MRAC can be unpredictable [28]. L£; adaptive control was

considered for solving the AAR problem in [83, 81, 79].

1.3.2 Augmentation of Baseline Gain-Scheduled Controller

In this dissertation, adaptive augmentation of a baseline gain-scheduled controller is studied.
The literature is rich on gain-scheduled control design methods. A more-or-less complete
survey of gain scheduled control design methods is presented in [94, 95]. There are two
major categories of gain scheduling control approaches: linearization-based gain scheduling
approach and Linear Parameter-Varying (LPV) approach. In this dissertation, linearization-
based design method is considered to be the baseline controller. One commonly used design
method is that one interpolates on point design controllers. Theoretically justified interpo-
lation methods were reported in [89, 90, 91, 92, 93, 94, 95, 96, 97, 98]. Since the study in
this dissertation is focusing on how to augment the existing baseline controller, it is assumed
that a well-designed gain-scheduled controller is available. For details on the design of the

gain-scheduled controllers, refer to the above mentioned papers.
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One rule-of-thumb stability requirement of gain-scheduled controllers is the “slow time-
variation” of scheduling variables. In the context of the conventional adaptive methods that
are limited to constant unknown parameters, the adaptive augmentation of baseline gain-
scheduled controllers raises a natural question: when the baseline controller is augmented
by an adaptive controller, does the combined controller require a smaller rate of variation of
the scheduling variables than that required by the baseline controller? In this dissertation
we prove that the stability condition of £; adaptive controller with time-varying reference
system does not impose more conservative condition regarding the rate of time-variation for
the scheduling variables. The explicit study of this stability condition is absent in some
previous work, e.g., in [10]. Furthermore, the £; adaptive controller with time-varying refer-
ence system has similar characteristics and performance bounds as for linear time-invariant
reference systems, i.e. with fast adaptation one can ensure that the state and the control
input of the closed-loop system remain arbitrarily close to the same signals of the linear

time-varying reference system for all ¢t > 0.

1.4 Research Contributions and Key Results

The theoretical contributions and key results of this dissertation are the following.

The results in [10] are extended to Multi-input Multi-output (MIMO) case with particular
flight control examples in mind. For example, in Autonomous Aerial Refueling scenario, the
receiver aircraft needs to compensate for vortex induced uncertainties in horizonal, vertical
and lateral directions. The control objective is achieved by using thrust, elevator and aileron
at the same time. This brings up the challenge of controlling the aircraft with three input
signals to recover the nominal flight performance of three outputs in the presence of uncer-
tainties in multiple directions. The results in [10] only consider Single-input Single-output
case. Hence, the work in this dissertation extends that of [10] to more general multi-input

multi-output flight control problems.
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The L, output feedback adaptive controller in [1 1, 12] relaxes the condition that the reference
system needs to verify the Strict Positive Real (SPR) requirement, which is a significant
extension upon the existing solutions. However, one of the sufficient conditions for stability in
this approach poses challenging design issues for unstable and /or non-minimum phase plants,
while for the dynamics of missiles the “instability” and “non-minimum phase property” are
very common. This dissertation gives practical design methods to overcome the design

challenges of this new approach.

In this dissertation, time-varying reference system is considered for application of £; adaptive
controller. The adaptive controller intends to augment a time-varying baseline controller.
The application considered in this dissertation is augmentation of baseline gain-scheduled
controller. The reference system, which is determined by the closed-loop system of the
plant and the baseline controller, is essentially time-varying. The adaptive controller with
time-varying reference system is proved to have guaranteed performance bounds similar
to those obtained for the case of time-invariant reference systems. With this result, the
aerial refueling application can be extended to a complete racetrack scenario for the aircraft.
Since the theoretical framework changes to that of time-varying reference system, novel
mathematical tools, definitions and proofs are developed and presented in this dissertation.

This constitutes the main contribution of this dissertation.

The contributions related to flight control applications are: i) problem formulations are
given for several benchmark flight control examples, and the modeling of system dynamics
is tailored to the structure of the adaptive control problem; ii) practical design issues are
addressed in addition to theoretical developments; iii) compensation for uncertainties that
are commonly present in aerospace applications, i.e., matched and unmatched uncertain-
ties, is studied, and satisfactory simulation results are demonstrated; iv) the problem of

augmentation of a baseline gain-scheduled controller is given.

The work in this dissertation demonstrates the benefit of £; adaptive controller in terms of

verifiable flight control applications.
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1.5 Dissertation Layout

The dissertation has five chapters.

Chapter 2 gives mathematical preliminaries that are necessary for theoretical results in this

dissertation.

Chapter 3 presents the state feedback solution for multi-input multi-output nonlinear time-
varying system with time-invariant reference system. The uncertainties considered are state-
dependent, time-varying unknown nonlinear functions which satisfy “matched” form, in ad-
dition to unknown control effectiveness. Two flight control examples are studied: unmanned

combat aerial vehicle and autonomous aerial refueling.

Chapter 4 considers uncertainties in “unmatched” form by exploring the £, adaptive output
feedback architecture. The “unmatched” uncertainty is common in flight control problems,
for example, unknown changes in aerodynamic coefficients cause unknown changes of transfer

function coefficients. Specific design issues are addressed. A missile autopilot design is shown.

Chapter 5 presents state feedback £ adaptive controller for time-varying reference sys-
tems. This is motivated by the problem of adaptively augmenting gain-scheduled baseline
controllers. The main challenge is that for time-varying reference systems is that the per-
formance specifications cannot be stated in the form of standard £; norms, commonly used
for LTT systems. New mathematical preliminaries other than those of Chapter 3 are intro-
duced. A racetrack maneuver of aerial refueling is simulated for the application of this newly

developed L; adaptive controller, which is the main contribution of this dissertation.

Chapter 6 concludes the results of the above chapters, discusses some issues of the application
of proposed adaptive methods, and gives future direction of research with respect to adaptive

flight control.



Chapter 2

Mathematical Preliminaries

Recall some definitions and facts from linear systems theory, [24, 81, 82, ].

Definition 1 For a signal {(t), £ € R", its truncated L, norm and Lo, norm are defined as

&l co. = max ( sup |£Z(7')\) 1€l ce. = [max (sup]é}-(ﬂ]) , where & is the it component
i=Ln \ g<r<t >0

of €.

Definition 2 The L, norm of a stable proper single—input single—output system H(s) is
defined to be ||H(s)||z, = [y~ [h(t)|dt, where h(t) is the impulse response of H(s).

Definition 3 For a stable proper m input n output system H(s) its L1 norm is defined as
|H(s)|lz, = maxi—y... (Z;nzl \]Hij(s)]\[;l) , where Hyj(s) is the it row j™ column element
of H(s).

Lemma 1 For a stable proper multi-input multi-output (MIMO) system H(s) with input
r(t) € R™ and output x(t) € R™, we have ||zl co. < |H(S)|l ey lI7tllee, ¥V E>0.

Corollary 1 For a stable proper MIMO system H(s), if the input r(t) € R™ is bounded,
then the output x(t) € R"™ is also bounded: ||z||z. < || H(S)|lc,I7]2m-

13
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Lemma 2 For a cascaded system H(s) = Hy(s)Hi(s), where Hi(s) is a stable proper system
with m inputs and | outputs and Hy(s) is a stable proper system with | inputs and n outputs,

we have ||H(s)||z, < |[Ha(8)|l 2, [[H1(8)]| 2, -

Consider a linear time invariant system @(t) = Ax(t) + bu(t), where z € R", u € R, b € R",
A € R™™ is Hurwitz, and assume that the transfer function (sI—A)~'b is strictly proper and
stable. Notice that it can be expressed as (sT— A)~'b = n(s)/d(s), where d(s) = det(sI— A)
is a n'* order stable polynomial, and n(s) is a n x 1 vector with its i element being a

polynomial function: n;(s) = 37, nys' .

Lemma 3 If (A € R™" b € R") is controllable, the matrix N with its i row j column

entry n;; s full rank.
The proof can be found in [3].

Lemma 4 If (A,b) is controllable and (s — A)™1b is strictly proper and stable, there exists
c € R™ such that the transfer function ¢’ (sl — A)~'b is minimum phase with relative degree
one, i.e. all its zeros are located in the left half plane, and its denominator is one order

larger than its numerator.
The proof can be found in [3].
Definition 4 The || - || of an m X n matriz A is defined as
n
Al = max > o
j=1
Next we will introduce some preliminaries for linear time varying systems.

Definition 5 Given a linear time-varying (LTV) system
z(t) = A(t)x(t) + B(t)u(t)
y(t) = C)z(t), =x(to) =0, (2.1)
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where x(t) € RY, y(t) € R™ and u(t) € R™, the impulse response, which specifies the input-
output behavior of (2.1), is given by

G(t,o) =C(t)®(t,0)B(o), t>o, (2.2)

where ®(t,0) is the transition matriz of the system (2.1).

Let H : R™ — R" be the input-output map of the system (2.1) from u(t) to y(t) and write

y = Hu.

Definition 6 The Li-norm of the single-input single-output (SISO) LTV system Hy is de-
fined as

t
|Hollz, = sup lg(t, 0)|do,

VYt t>1 Jr

where g(t,o) is the impulse response of the SISO system Hy.

Remark 1 For linear time-invariant (LTI) system Hy(s), the definition of Li-norm reduces

to conventional one:

1Ho(s)l, = /OOO 9(0)|do

Definition 7 The Li-norm of the m input n output LTV system H as in (2.1) is defined

as
m
1z, = max (3 1Hlle, ).
=1, ,n
j=1
where
t
| Hijllc, = sup |Gij(t,0)|do .
Yt t>71 Jr

Definition 8 The linear unforced system x(t) = A(t)x(t), z(to) = zo, is called uniformly
exponentially stable if there exist finite positive constants v, A such that for any ty and xg

the corresponding solution satisfies

lz(t)lloo < 7€ laglloe, 210
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Lemma 5 ([10/], Theorem 8.7) Suppose that for the linear state equation
i(t) = A(t)z(t), x(to) = o,

with A(t) continuously differentiable, there exist positive constants pa, py such that, for all
t >0, [|[A(t)||oo < pa , and at each time t, the eigenvalues of A(t) (point-wise eigenvalue)
satisfy Re[A(t)] < —px. Then there exists a positive constant ¢ such that if the time-derivative
of A(t) satisfies | A(t)||oe < C for allt >0, then the state equation is uniformly exponentially
stable.

This lemma proves only the existence of ¢ such that if ||A(t)||c < ¢, then the point-wise
eigenvalue condition can lead to uniform exponential stability. However, it does not provide
a constructive solution for determining (. For the purposes of practical design, one would
like to have an idea of the smallest possible value for the upper bound of ||A(t)||o. In the
analysis below, this is important for quantification of the performance bounds that depend
upon the max ||A(t)||s. The proof of this lemma reveals an important property needed for
stability analysis of the adaptive controller shown later. Hence, we analyze that part of the

proof. For details of this proof refer to [101] (Theorem 8.7).

Sketch of the proof: For each fixed ¢, the point-wise eigenvalue condition implies there exists
a positive definite P(t) which is the unique solution of
AT()P(t) + P(t)A(t) = —1.
This solution has the form P(t) = Ooo e oAt gy The strategy of the proof is to show
that for all ¢, P(¢) is symmetric, continuously differentiable and such that
nl < P(t) < pl (2.3)

AT()P(t) + P()A(t) + P(t) < —ul (2.4)

where 1, p and v are finite positive constants. The uniform exponential stability then follows.

The first part of the proof shows that there exists p such that P(t) < pl for all . Then it is
shown that there exists i such that P(¢) > nll. This part is omitted here.
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We need to show that there exists a v > 0 such that
AT()P(t) + P()A(t) + P(t) < —ul

for all ¢ > 0. Recall that P(t) is the solution of AT (¢)P(t) + P(t)A(t) = —I. Then (2.4) can
be written as

P(t) < (1 —v)L (2.5)

Next we need to look at the norm of P(t). Differentiation of (2.4) with respect to t yields
AT()P(t) + P(t)A(t) = —AT(t)P(t) — P(t)A(2).
At each t this Lyapunov equation has a unique solution
() = / O[T P + PAW] A7 de
0

To derive a bound on || ()|, we use the boundedness of ||P(t)||o. For any n x 1 vector x

and any t > 0,
‘xTeAT(t)" [AT(t)P(t) + P(t)A(t)} Al
< JAT()P(t) + P()YA(t) |z Te? O AW, (2.6)
Thus
‘ITP(t)I‘ = /000 zTet e [AT (t)P(t) + P(t)A(t)} eA(t)"xdcT’

IN

IAT () P(t) + P()A(#) || 2" P(t)x
< 2 AD sl PO oo P(t). (2.7)

For all ||z]2 = 1, the maximum of the right hand side leads to the following upper bound
27 P(t)a] < 21 AWl P(1) 2. (2.8)

Since the bound on the right hand side is uniform, it holds uniformly for the maximum of

the left hand side for the same ||z|» = 1:

1P()lloe < 2/ A®) ool P ()3
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Next we will study the conditions on ||A(t)||s and || P(t)||s, which can ensure that (2.5) can
hold. Tt is obvious to see that if || P(t)||sc < 1 then (2.5) can hold. Although there are other
possible values of P(t) that can satisfy (2.5), restricting the norm of P(t) to less than one

can ensure that (2.5) holds.

Considering

1P(#)lloo < 21 A() oo 1 P(2) 12

we want to make sure that 2||A(t)||e||P(t)||2 < 1, which will lead to (2.5). Since we
have shown that there exist finite bounds on ||P(t)||w, it is straightforward to show the
existence of a finite positive constant ¢, such that if ||A(t)]. < ¢ for all £ > 0, then

2| A(t) ||| P(t)||2, < 1, and the uniform exponential stability follows.

Notice that one important implication of this lemma is that if || A(t)||e < ¢ for all £ > 0 and

the point-wise eigenvalue condition holds, we have
1P(t)]|oo < 1. (2.9)

This property will be used in the proof of stability of the adaptive controller, detailed later

in the dissertation.

Definition 9 The linear system in (2.1) is called uniformly bounded-input, bounded-output
stable, if there exists a finite constant n such that for any ty and any input signal u(t) the

corresponding zero-state response satisfies

sup [[y(t)[loc < msup [[u(t)]]oo -
t>to t>to

Lemma 6 ([10/], Lemma 12.4) Suppose the linear state equation (2.1) is uniformly expo-

nentially stable; i.e. there exist finite constants pp and pc such that for all t >t

[1Bt)lloo < pun,  [[C()lloo < pic-

Then the state equation is uniformly bounded-input, bounded-output stable:

el e < NH 2y lluell 2o -
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Further, if the input u(t) is bounded, then ||z| s, < [[H| 2, ||lv] c-

Lemma 7 For a cascaded system H = HoHy, where Hy and Hs are stable systems, we have

[Hlley < [[Halle, [[Hillz, -

Proof: Let (uq(t),y:1(t)) and (us(t),y2(t)) be the input-output pairs of the systems H; and

H, respectively, and us(t) = y1(t). Further, let u,(t) be bounded. From Lemma 6 we have

[llew < [[Hille ]l e

lv2lle < 1Hzllzy fluellzn- (2.10)
Since H = H1H,, then
yg(t) = Hul(t) = Hg(Hlul(t)) = szl(t).

Hence we have

192lleo < NHzlleillyillce < 1H2llzy 12 luall 2o (2.11)

Recalling the input-output relationship of linear time-varying systems, we can write

ol = | [ tc(t)cl»(t,cr)B(a)ul(a)dgH
_ Jf; Gy (t, ) (un), Z/ Cy(t.0) () (0)do] .
_ maxn(\zf Gyt 0) ) (0)do )
s (5 [ foutolniole
< s, (X [0t fio) s o)l 212

where G(t,0) is the impulse response of H. Hence from (2.12) we can write

sup [ly2(D e < [[H|l 2, sup [t (9) oo (2.13)
t>0 >0
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Thus, when luil¢,. <1, we have sup[|ya(7) oo < [Hllz,, or llp2lle.c < [Hlle,-
TZ

Next we show that | H ||, is the least upper bound of ||ys|z.., when |[ui||z., < 1. This can

be done by contradiction. Let ||u1]|z, <1, and let ||ya||z.. < ny < || H]|z,. This implies that

sup [[ya(#)lloe <7y < [[H]|z, -
>0

Then there exist ¢; and t5, t; > t5, and index k such that

m /tl
j=1 "t

We can choose the control signal as

ij(tl,a)’dcr > 1)y

uy (o) = [sign(Gp(tr,0)), - - -, sign(Gem(t1,0))] ", o € [ta, ],

and

ui(o) =0 for o > t;.

Notice that for this control signal ||(u)¢||z., < 1. Then we have

(i) = Y / Gyt o) (ur);(0)do

m /tl
j=1"12

This implies sup;~g [|42(t)|lss > 1y, which contradicts the fact that 7, is an upper bound for

ij(tl,a)’do > . (2.14)

|ly2|l ... Hence ||H]|z, is the least upper bound for ||ys|| ., for ||ui|lz.. < 1. To complete the

proof, in (2.11) we consider ||u;||z,, < 1, which gives

1Yoll coe < [1H2]l 2yl Hlle, (2.15)
Since ||H ||z, is the least upper bound, the proof is complete.

O

Theorem 1 ([51], Theorem 5.6) (£, Small Gain Theorem) The interconnected system
wa(t) = A(wy(t) — Mws(t)) with input wy(t) and output wo(t) is stable if | M|z, [|Allz, < 1.
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Next we introduce some facts, which help to prove the performance bounds of £; adaptive

controller for time-varying reference systems.

Definition 10 [/07] The state-space representation [A(t), B(t)] with dim[A] = n X n is said

to be uniformly controllable, if the controllability matrix

Qc(t) = [po(t), pr(t), -+, pua(t)], (2.16)

where pry1 = —A(t)pr + pr with po = B(t), is nonsingular for all t. The representation
1s strongly controllable if the controllability matriz of it is strongly nonsingular, i.e. there

exists a finite constant ¢ > 0 such that

‘det[@c(t)]‘ >e V>0,

Lemma 8 [108],[109],[110] For the single input system x(t) = A(t)z(t) + B(t)u(t) there
exists a nonsingular continuously differentiable transformation T(t) reducing the system to

its controllable (phase-variable) canonical form, given by

A

z(t) = A@t)&(t) + B(t)a(t)

N

where A(t) = (T()A(t) + T(t))™", B(t) = T(t)B(t) with

0 1 0 0 | [0 ]
0 0 1 0 0
At) = . B@t)= :
0 0 0 1 0
| —ait) —as(t) —as(t) - —au(t) | 1

if and only if [A(t), B(t)] is uniformly controllable. If A(t) and B(t) are uniformly bounded
and smooth, and if [A(t), B(t)] is strongly controllable, then the transformation T(t) is uni-

formly bounded, and the resulting entries a;(t) in A(t) are also uniformly bounded.
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We now introduce the definition of the projection operator and some of its properties, which
will be used in the derivation of the adaptive laws in the following sections. The smooth pro-

jection operator defined in [99] ensures boundedness of the parameter estimates by definition.

Definition 11 Consider a conver compact set with a smooth boundary given by:
Q2{0cR" | fO)<ct, 0<c<I, (2.17)

where f: R™ — R is the following smooth convex function:

070 — 62
f(0) = ——=, (2.18)

€9
where Opax > 0 1s the norm bound imposed on the parameter vector 8, and 0 < ey < 1 denotes

the convergence tolerance of our choice. For any given y € R™ the projection operator,

denoted by Proj(,-), is defined as:

Y, if f(0) <0
Proj(0,y) = { v, if f(0) >0, VfTy <0
y — YA 1(8), if f(8) =0, ViTy > 0.

The properties of the Projection operator are given by the following lemma:

Lemma 9 Let 6" € Qy = {0 € R" | f(0) <0}, and let the parameter 8(t) evolve according

to the following dynamics
O(t) = Proj(0(t),y), O(ty) € Q.. (2.19)
Then
0(t) € Q. (2.20)
for allt > ty, and

(6(t) — 67) '[Proj(8(t),y) — y] < 0. (2.21)
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From Definition 11 it follows that y is not altered if @ belongs to the set €25. In the set
{0 < f(0) < 1}, Proj(8,y) subtracts a vector normal to the boundary of €. so that we get
a smooth transformation from the original vector field y to an inward or tangent vector field
for ¢ = 1. Therefore, on the boundary of €., B(t) always points toward the inside of 2. and
0(t) never leaves the set (2., which is the first property.

From the convexity of f(0) it follows that for any 8* € Qy and 6 € €., the inequality
lo 2 (0 — 0")TV £(0) <0 holds. Consequently, from Definition 11 it follows that

p

0, if f<0
0, if f>0, Vf'y <0
how = o VITy f(6)
<0 >0 >0 . T
\ o S 20, Viy>0

The second property follows.



Chapter 3

L1 State Feedback Adaptive Control:

Time Invariant Reference Systems

3.1 Problem Formulation

The adaptive control architecture considered in this chapter includes a fixed robust baseline
controller and an augmentation of it by an adaptive controller. The baseline controller is
designed to yield consistent nominal system performance in the absence of uncertainties and
failures, while the adaptive element provides adaptation and reconfiguration in the presence
of system uncertainties (e.g., battle damage), control failures and unknown aerodynamics.

The linearized open-loop plant dynamics can be generalized and written in the form:
p(t) = App(t) + BpA [u(t) + Ko(t, 2,(1))] 2p(0) = @y,
y(t) = Cpp(t) + DpA [u(t) + Ko, 2(t))] (3.1)
zp(t) = Fy(t)

where A4, € Rm*™ B, € Rm*m C e R>*™m D, € R*™ and F € RP*! are known matrices,

u(t) € R™ is the virtual control input, the diagonal matrix A € R™*"™ is unknown with

strictly positive diagonal elements A;, i = 1,2,--- ;m, and represents the uncertainties in

24
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control effectiveness, Ky(t,z,) € R™ is an unknown nonlinear function of system states. The
output y(t) represents the sensor measurements, and z,(t) is the subset of the plant outputs

that are to be controlled.

The dynamics of the baseline controller can be generalized and written in the form:

Te(t) = Ace(t) + Bieze(t) + Baczy(t)
u(t) = Cowe(t) + Dicze(t) + Daczp(t)

(3.2)

where z.(t) € R? is the vector of outer-loop commands from guidance, and z. € R™. Sub-
stituting z,(t) from (3.1) into (3.2), yields:
Te(t) = Acto(t) + Bicze(t) + BooF [Cprp(t) + DA (u(t) + Ko(t, x,y(t)))]
u(t) = Cowe(t) + Dicze(t) + Do F [Cpxy(t) + DpA (u(t) + Ko(t, z,(1)))]

(3.3)

Consequently, the second equation in (3.3) can be solved explicitly for wu(t):

u(t) = (1= DoFDyA) " [Cotte(t) + Dyeze(t) + Do, FCyzy(t) + DoeF DyAK(t, 2,(t))]

-1 zp(t) ~1
= (I— Dy FD,A) " Do FC, C.] + (I = Do FD,A) " Dyoz.(t)
(1)
2(t)
+ (I — Do FD,A) " Dy FD,AK(t, 2,(1)). (3.4)

The baseline controller uy(t), assuming no uncertainties, A = I, Ky(t,z,(t)) = 0, can be

written as:

ur(t) = K a(t) + K z(t) (3.5)

where

K:ET = (]I - D20FDP>_1 [DZCFCP Cc] ) KZT = (H - DQcFDp)_1 D;..
The extended system dynamics are

iy (1) A, 0 || B, 0

. = + Alu(t) + Ko(t, zp(t))] + z(t)
.Z'c(t) BQCFCp Ac e t) BQCFDp Blc
pAs ’ e 5 %,
y(t) = [Cp [0]]x(t) + DpA[u(t) + Ko(t, z,(t))], (3.6)
N——

C
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or equivalently,

#(t) = Aw(t) + BiA[u(t) + Ko(t, z,(t))] + Baze(t) (3.7)
y(t) = Cz(t) + DpAfu(t) + Ko(t, zy(1))],

where x € R", n = ny + no.

In the absence of uncertainties, the linear closed-loop dynamics take the form:

T(t) = (A+ BIK])x,(t) + (BIK] + By) z.(t)
A B

Ym(t) = (C+ DyK])w,(t) + DK 2.(t) (3.8)
C, D

The closed-loop system (3.8) defines the desired nominal response, with A,, being Hurwitz.

The control design relies on the following assumptions.

Assumption 1
A€ [N, A 1=1,2,---,m, (3.9)

where A, > A; > 0 are known.

Let f(t,z(t)) = AKo(t,z,(t)), where f : R x R* — R™ is an unknown nonlinear function.
Notice that

IA

||:Bp||oo |2l

||xp1_xp2||oo <l — 22| -

Assumption 2 [Semiglobal Lipschitz Condition]

For any 6 > 0, there exist positive Ls and B such that

1/t 0w < B, (3.11)

for all ||x1||ee <6 and ||z2]|ce < 0 uniformly int > 0.
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Assumption 3 (Semiglobal uniform boundedness of partial derivatives) Foranyd >
0, there exist ds,(5) > 0, and dy,(5) > 0 such that for any ||z|| < 0, the partial derivatives

of f(t,x) are piece-wise continuous and bounded

50, <

Haf B2 g, ). (3.12)

The control objective is to design a state feedback controller u(t) to ensure that the system
state x(t) tracks the desired model state x,, () in the presence of system uncertainties A and
Ky(t,z,(t)). Next we present the £; adaptive controller that achieves this objective without

the need for any retuning.

3.2 L, Adaptive Control

Consider the following control law

U(t) = uL(t) + uad(t)a (313)

where wup(t) is the component of the baseline linear controller, and w,4(t) is the adaptive

increment. The baseline controller is defined in (3.5), which is repeated here:
ur(t) = K o(t) + K 2.(t), (3.14)

where K, and K, denote the (n x m) and (¢ x m) nominal feedback and feedforward gain
matrices, correspondingly. Using these stabilizing gains for the system in (3.6), it takes the

form:

i(t) = (A+ BIAKD)2(t) + BiA(taq + Ko(t, 7,(t))) + (By + BIAK ) z.(t) . (3.15)

From (3.8) and (3.15), we have

#(t) = Apa(t) + Buz(t) + B, (Auad(t) AR (t,2,(8) + k) 2 (t) + szzc(t)> (3.16)
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where

kI =

.= (A-DK], k=(A-DK].

z

(3.17)

Remark 2 In the absence of actuator failures, i.e. when A = 1,,, there is k;(t) = Opxm
and k,(t) = Oyum. This implies that the adaptive system augments the baseline inner-loop

controller, and therefore the incremental adaptive feedback gains can be initialized at zero.

The design of £; adaptive controller involves a diagonal transfer function matrix D(s) with

strictly proper transfer function elements and a positive diagonal feedback gain matrix k& €

Rmxm
Dyi(s) 0 0 0
0 DQ(S) 0 0
D(s) = 0 0 0 (3.18)
0 0 D, (s)
kBt 0 0 0
0 k O 0
k=10 0 0 (3.19)
0 0 0 - Ky
Furthermore, D(s) and k lead to a strictly proper stable matrix transfer function
Ci(s) 0 o - 0
0  Cy(s) 0 0
C(S) = 0 0 0 )
0 0 0 C(s)
Mk D,
Cifs) = —kiDils) (3.20)
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with low-pass gain C;(0) = 1 for all . One simple choice is

DZ(S) =

bl

1
5

which yields a first order strictly proper C'(s) in the following form

Further, let

Lo = max{[A;— 1] [y~ K] [, = max{]d — 1], A~ 1)} _max (37|,
< 7m ]:1

L. = max{|A; — 1], [A = K] |lz, = max{]A — 1], A, = 1]} _max (YK,
< 7m ]:1

Ak
s+A1}cl 0 0 e 0
Aok
0 S+/2\27€2 0 e 0
0 0 ... 0
Amkm
0 0 o --- e

29

(3.21)

(3.22)

),

),

where K, (t) are the 4t row i*" column element of K,. The £;-norm upper bound that

ensures stability of the entire system and desired transient performance is stated [10], which

we repeat here.

Let

H(s) = (sl—A,) "B,

Hy,(s) = (sl—A,) "B,

and 7o(t) be the signal with its Laplace

and zg is finite, ||ro||z., is finite.

L1-norm upper bound: The

such that:

1G(8)lle, <

(3.23)
(3.24)

transformation (sI — A,,) 'z. Since A,, is Hurwitz

choice of D(s) and k needs to ensure that there exists p,

(pr = (UGS e, L + () Nzl = o)

(pTLPT +pr Ly + B)

(3.25)
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where

Remark 3 Notice that the L1-norm upper bound in (3.25) is a consequence of the semiglobal
Lipschitz property of f(t,x), stated in Assumption 1. If f(t,x) is globally Lipschitz with

uniform Lipschitz constant L, then

T (o= (GO er L + 1 Hul)le,) el e = rolle. ) /(prLy + oL + B)
1 1
T L,+L, L’
where L = Ly, + L, and the Li-norm upper bound in (3.25) degenerates into

1G()e, <1/L,

which is the same as the one derived in [3] for systems with constant unknown parameters.

Notice that (3.25) is a sufficient condition for stability.

The elements of £, adaptive controller are introduced next:

State Predictor: For derivation of the adaptive laws we have the following state predictor:
F) = Ani(t) + Buzelt) + By (Ayuaa(t) + 07020l + 67 (1) + K (0)x(t) + kT (1) (1))
g(t) = c'a(t), 2(0) =z, (3.26)
where 0(t) € R™™ and 6(t) € R>™.

Adaptive Laws: Adaptive estimates A(t),0(t), 5(t), ko (t), k- (t) are governed by the follow-
ing adaptation laws:

) = ToProj(d(t), —||x(t) i (H)PBy), é<0> = 0
) = ToProj(o(t), 2" (t)PB1), &(0) =

) = TaProj(A(t), —uwa(t)Z"(t)PBy), A(O) A
) = TrProj(k.(t), —a(t)z" () PB1), k. (0) =0
) (

= szPI‘OJ< z t) _Zc( )jT(t>PB1>7 l%z(()) - 07
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where #(t) = #(t)—2(t), Ty = Tolix1, Ty = Telixt, Ta = Dol Dre = Dellsens Die = Tellgnq
are the adaptation gain matrices, P is the solution of the algebraic equation A P+ PA,, =
—Q, @ > 0, and the projection operator ensures that the adaptive estimates A(t), 6(t),
&(t),kp(t),k-(t) remain inside the compact sets [A;, Ay], [=0p, 0b], [—0b, o8], [~La, Lal,

[—L,, L.] respectively, with 6, o, defined as follows
0p=L, o,=D+c¢, (3.27)
where € is an arbitrary positive constant and

p = ptp, (3.28)

with 3 being an arbitrary positive constant as well.

Control Law: The control signal is generated through gain feedback of the following system:

x(s) = D(s)r(s), waa(s) = —kx(s), (3.29)

where 7(s) is the Laplace transformation of

~

7 () = A taa(t) + 07 (1) ||2(8)||oo + 6 (¢) + k] (O)(t) + k] (£)z(2). (3.30)

The complete £; adaptive controller consists of (3.26), (3.27) and (3.29) subject to the

L;-norm supper bound in (3.25).
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3.3 Analysis of £; Adaptive Controller

3.3.1 Reference System

The following closed-loop reference system is considered, with its control signal and system

response being defined as follows:

Tref(t) = Apres(t) + Bnze(t) +

B, (f(t, Zref(£)) + Attyes (£) + k] ey + k;jzc(t)) (3.31)
Upep(8) = —ATC(8)Fres(s) (3.32)
Yref(t) = € Tpef(t),  Ter(0) =z, (3.33)

where 7,7 (s) is the Laplace transformation of the signal 7,.s(t) = f(t, Tres(t)) + k, Trep(t) +
k] z.(t). The next lemma establishes the stability of the closed-loop system in (3.31)-(3.33).

Lemma 10 For the closed-loop reference system in (3.31)-(3.33) subject to the Lq-norm
upper bound in (3.25), we have

[@resllee < pr (3.34)

[twreflle < Purs (3.35)
where p, is defined in (3.25) and

Pu, = ||A_1C(S)||E1(Lﬂrpr + prr + B+ LZHZCHEOO)'

The proof is similar to that of [10] and is therefore omitted.

3.3.2 Equivalent Linear Time-Varying System

In this section it is demonstrated that the nonlinear system in (3.16) can be transformed

into a linear system with unknown time varying parameters. Several notations need to be
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introduced first. Choose vy to satisfy

s ICO,
1- HG(S)H£1 (Lp + Lm)

where 0 < (5 < (3 is an arbitrary positive constant. Notice that 7y can be arbitrarily small

Yo+ b1 <8, (3.36)

since § and [3; can be set arbitrarily. It will be proved that by increasing the adaptive gain,

7o can serve as an upper bound for the prediction error signal Z(t). Define

B'r £ [Bl Bl} )
H.(s) = (sl—A,) 'B,,
o A | ATIC(s) 0
(s) 2 A (3.37)
0 C(s)

where the choice of B; renders B, € R™" full rank, and C(s) is an arbitrary diagonal
strictly proper stable transfer function that yields a C,.(s) € R™*" of appropriate dimension.
Further, let

Pu = Pu, T V2, (3.38)
v = [ATIC)||,, (Lp + L) + O (s) H 7 ()l 2o (3.39)
It will be shown that the scalar function f;(¢,x), ¢ =1,--- ,m is equal to a linear structure

0;(t)||(t)||oo + oi(t). Hence, the vector of function f(t,z) will be equal to 8(t)" ||z (t)]|e +

o' (t), where 0(t) = [01(2), 02(t), -+, Om(t)], 0(t) = [00(t), 02(t), -+, om(D)].

Lemma 11 [f

[zl < P, (3.40)

luelle < pus (3.41)

where ||(+)¢]| .. denotes the truncated L, norm, there exist differentiable 0(7) and o(7) with

bounded O(7) and &(t) over T € [0, t] such that
10(T)le < O, (3.42)
lo() e < o, (3.43)

filr,z(1)) = 0:(7)||x(7)||oc + 03(T) i=1,--- m. (3.44)
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The proof is similar to that of [10] and is therefore omitted.

Since

[zolloc < pr < p, u(0) =0, (3.45)
and z(t), u(t) are continuous, there always exists ¢ such that
1Zellee <00 Mellz < pu- (3.46)

It follows from (3.46) and Lemma 11 that the system in (3.16) can be rewritten over [0, ]

as:

(1) = Anx(r)+ Bnz(r) + By (QT(T)”I(T)“OO + Augq(7) + O’T(T) + ka(T) + k:jzc(T)) ,

y(r) = c'x(r), 2(0)=umx, (3.47)
where 6(7), o(7) are unknown time-varying signals subject to:

10(T) |l < Ob, |lo(T)||o <ow, VTe0,1]. (3.48)

16(T)lloe < do(p, pu) 16(7)lloe < dolp,pu), ¥ 7€ 10,1]. (3.49)

3.3.3 Transient and Steady-State Performance

Before the main theorem, we prove the following lemma.

Lemma 12 For the system in (3.10) and the Ly adaptive controller in (3.26), (3.27) and
(3.29), if

||xt||['<x> S P, ||ut||£oo S Pu » (350)
then
~ Qm(p, pu)
<A\/T o 3.51
Jile. < |70 (351)
where

Om(p; Pu) 2 Am*6; + 4mPo; +m® (A, — Az)2 +4m*L2 + 4m*L?

iﬁ?:ég)) (ede(pv pu) + O’bda(p, pu)) . (352)

+4
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Proof: It follows from (3.49) and (3.50) that

0(7)| < dolp, pu), |6(7)] < dolp, pu) (3.53)

for any 7 € [0, t]. Consider the following Lyapunov function candidate:

V(E(7),A(7),6(7),5(7))
= &'(1)Pi(r) + trace(/NXT(T)FXUNX(T)) + trace(éT(T)Fglé(T)) +

trace(6 " (T)T;'5 (7)) + trace(lng(T)F;;lgx(T)) + trace(lng(T)F,zzllgz(T)) , (3.54)

g

where

e

A7) £ A7) = A, 6() £ 0(7) — 0(r),6(7) £ 6() — o(7),
ky, k. (T

o(7) = ko, oo (7) 2 (7)) — Fia. (3.55)

>

ko(1) &
It follows from (3.26) and (3.47) that over [0, ]

#(r) = Ani () + B (A(D)u(r) + 87 (0)|o(7) oo + 6(7) + K] (D)a(r) + k] (7)z(7) ) , (3.56)

where Z(0) = 0. We can verify straightforwardly that

(mz(Au — N))? + 4m?02 + 4m?o? + 4m> L2 + 4m2L§> 0
B L. - I
Let t; € (0,¢] be the first time-instant of the discontinuity of either of the derivatives of 6(t),

a(t), 0(t), 6(t).

The projection algorithm ensures that for all 7 € [0, ;)
A< A@) < Auy 10T <6y, 16(0)] < 00, kol < Lo, k] < L, (3.57)
and therefore

max) (trace(AT(T)Txlf\(T)) + trace(§ " (7)T510(7)) +

T€[0,t1

trace(&T(T)F_l(}(T)) + trace(lﬁ:xT(T)F,;;lgx(T)) + trace(k?j(ﬂf,?ﬁ@(ﬂ))

[

< (m*(Ay — Ny)? 4 4m®0; + 4mPo; + 4m>L2 + 4m*L2) /T, (3.58)
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for any 7 € [0,11).

In what follows, we need to prove that

Vir) < %”’“), Vorel0,4. (3.59)

Using the projection based adaptation laws from (3.27), the following upper bound for V(1)

can be obtained:
V(r) < =27 (1)Qi(r) + 2T A(1)0(r) + & (7)o (T) (3.60)
for any 7 € [0,¢1). The projection algorithm ensures that for all 7 € [0, ;)
A <A@ <Ay, 100 < 0, 6(7)] < o, (3.61)
and therefore

H[IOaX) (trace(]\T(T)FXl/N\(T)) + trace(éT(T)Falé(T)) +
7€(0,t1

trace(s" (7T, "6(7)) + trace(k, ' ()Tt (7)) + trace(k. (1)1 % (7)) )

< (m*(Ay — A)? + 4m?0; + 4mPo;, + Am* L3 4+ 4m>L2) /T (3.62)

for any 7 € [0,¢1). If at any 7 € [0, 1)

V(r)> —9’”(13’ ) , (3.63)
where 6,,,(p, p,) is defined in (3.52), then it follows from (3.62) that
- - A ax (P)
T > max .
T (T)P‘T(T) = Fc)\min(Q) (9bd9(p7 pu) + O-bdo(pa pu)) ) (3 64)
and hence
i’T(T)ij(T) > Amin(@) {iT(T)Pi'( ) > 49bd9(p7 pu) + Ubda(pu pu) . (365)

It follows from (3.42), (3.43) and (3.61) that

6(7)] < 26,, |6(7)| < 20, (3.66)
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for all 7 € [0,#1). Since §(7) and ¢(7) are continuous over [0, ), the upper bounds in (3.53)

and (3.66) lead to the following upper bound:

B + ()] _ ool i) + o (p, )

T < T (3.67)
. Om(p; pu) ,
Hence, if V(1) > —r then from (3.60) and (3.65) we have
V(r)<0. (3.68)
It follows from (3.68) that V(7) < M for any 7 € [0, ).
Since Amin(P)||2(7)||> < 27 (1) PZ(7) < V(7), then for any 7 € [0,;)
- Om (P pu)
P
)P < prise)
Since V(1) is continuous, we further have
~ 0m<,0, pu)
<y | LAl ) 0,4,]. 3.69
[0l < 1| 208 e 0.t (3.69
Given t; € [0,¢] such that
g’m y KU
Vit < mlore),

let t5 € (t1,t] be the next time-instant such that discontinuity of any of the derivatives 6(t),

a(t), O(t), and &(t) occurs. Using similar derivations as above, we can prove that

~ Om (P, pu)
<y |/ t1,ts]. 3.70
JF0)] <\ O Tt (3.70)
[terating the process until the time instant ¢, we get
~ Om (P, pu)
<y 3.71
H‘rtHﬁoo — )\min(P>F57 ( )

which concludes the proof. 0
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Theorem 2 Consider the reference system in (3.31)-(3.33) and the closed-loop L1 adaptive
controller in (3.16), (3.26), (3.27), (3.29) subject to (5.25). If the adaptive gain is chosen

to verify the lower bound:

Le>— 75, 3.72
Nain(P) 2 (3.72)
where
Om(p,pu) 2 4m202 + 4m20? + m? (A, — A)* + 4m>L? + 4m? L2
Amax(P)

4———L(Opd in da s Pu 5 3.73
+ ) (Osdo(p, pu) + ude(p, pu)) (3.73)

we have:
17l < 70, (3.74)
|2 = replle. < M, (3.75)
o= treflle < 72, (3.76)

where vy and o are defined in (3.36) and (3.39).

Proof: The proof is done by contradiction. Assume that (3.75)-(3.76) are not true. Then,
since [|2(0) = Zef(0)]|oc = 0 < 71, w(0) — tper(0) = 0, and z(7), @res(7), w(T), Ures(T) are

continuous, there exists ¢ > 0 such that

[z(t) = @res(D)llc = M, or
[u(®) = trer(D)llc = 12, (3.77)
while
(2 = Zref)ill o < 1o (U= Urep)ill o <72 (3.78)

Taking into consideration the relationships in (3.28),(3.36), (3.38) and (3.78), it follows from
Lemma 10 that

[zl < oo Nuellee < pu- (3.79)

Hence, it follows from (3.72), (3.79), and Lemma 12 that

1Z¢]| £ < 0 (3.80)
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Let 7#(7) = A7) u(7) +0(7)||2(7)|| oo+ (T) +ka (T)x(T) + o (T) 2e(7) , 72(7) = 07 (7)||2(7) || oe +
o (7) 4+ kpx(T) + kozo(7) . It follows from (3.29) that x(s) = D(s)(Au(s)+7ra(s)+7(s)), where

7(s) and ro(s) are the Laplace transformations of signals 7(7) and ro(7). Consequently

D(s) N
x(s) = H—k—/\D(s)(rz(s) +7(s)),
u(s) = —HkkDiA(g(s)(rg(s) +7(s)) . (3.81)

Using the definition of C/(s) from (3.20), we can write
Au(s) = —C(s)(ra(s) + 7(s)) (3.82)

and the system in (3.16) consequently takes the form:
2(s) = H(s) ((1 —C(8))rals) — C’(s)f(s)) 4 (s — An) Lo, (3.83)

It follows from (3.31)-(3.32) that @,.r(s) = H(s)(1 — C(s))Tres(s) + (sI — A,) tag. Let
e(1) = x(7) — s (7). Then using (3.83) one gets

e(s) = H(s) (1 =C(s))rs(s) — C(s)7(s)), e(0)=0, (3.84)
where r3(s) is the Laplace transformation of the signal
r3(T) = 1o(T) — Tref(T) . (3.85)
Lemma 12 gives the following upper bound:

ledl e < NH ()1 = Cs))lles 73 ll e + a2 s (3.86)

where r4(7) is the signal with its Laplace transformation being r4(s) = C'(s)H (s)7(s). From
the relationship in (3.56) we have Z(s) = H(s)7(s), which leads to r4(s) = C(s)z(s), and

hence [y, [z < N[C()l ][]l o -

Since

ro(7) = F(7,2) = (7, Treg) + b (2(7) = e (7)),
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it follows that
173, 2o < 1CF(T2) = F(7s @rep))ill o + 1ha(@ = Zrep)il o
Since ||2(7)[|oo < oy |Tref (7)o < p for all 7 € [0,¢], from Assumption 2 we have
1f(T2) = f(T, Zrep)lloe < Lyl — @reglloo (3.87)
for all 7 € [0,¢]. Hence,
73] 20 < Lpll(x = Trep)illcae + Lall(® = Zrep)illca < (Lp + La)lledl 2o

From (3.86) we have |le;|z.. < [[H(s)(1 — C(s))]lc,(Lp + Lao)lledll e + 1)l |24 2 -
Eq. (3.80) and the £;-norm upper bound from (3.25) lead to the following upper bound

C(s . .
ez < 1*||H(s)(1H76€(2;‘)LH151(Lp+Lz)70’ which along with (3.36) leads to

ledllee <=5 <. (3.88)

We notice that from (3.32) and (3.82) one can derive u(s)—uef(s) = —A7*C(s) <9T(T)(l‘($)—
Trep(8)) + ko (x(s) —xref(s))> —r5(s), where r5(s) = A=*C(s)7(s). Therefore, it follows from
Lemma 12 that

1w = tref)ill e < (Lo + L) AT 1C )0 112 = @rep)ell e + 117501 2 - (3.89)

Let
rs.(r) = [r5 (1) 0]" (3.90)
o(r) & [F'(r) o] (3.91)

where 0 renders 75, (7) € R™*! 7 (1) € R™*!. Tt is straightforward to show
r5.(s) = Cr(s)7e(s),
while the definitions in (3.90) and (3.91) lead to

75l eoe = 175l 7ell e = 7]l 2o
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Recalling (3.37), (3.91) and that #(s) = H(s)7(s), we have

which leads to

C,(s)H; ' (s) = Cp(s) By (sl — A,,).

Since C,.(s) is a diagonal matrix with all the elements strictly proper, it can be verified easily

that C,.(s)B, (sl — A,;,) is proper and hence the £; norm
IC () H, 7 (s) L,

is finite. Hence,

Irs.lleee = (rs.)ell e < ICo(8)H ()24 l|Zel £ -
The upper bound in (3.80) leads to the following upper bound:

75, /e < 1C(8)Hy ()]l 2270 (3.92)

It follows from (3.88), (3.89), and (3.92) and the definition of v, in (3.39) that

I(u = trep)illew < (Lp+ L) IAT 2 IC(8) ]2y (11 = B1) + 1C(8) H, 7 ()l 2470

We note that the upper bounds in (3.88) and (3.93) contradict the equality in (3.77), which

proves (3.75)-(3.76). Eq. (3.74) follows from (3.75)-(3.76) and (3.80) directly. O

It follows from (3.72) that arbitrarily small 7 can be obtained by increasing the adaptive

gain.



Jiang Wang Chapter 3 42

3.3.4 Time-Delay Margin

In the case, when the nonlinearity permits the following representation
Ft. () =0 () +o(t),

where 0 is a constant vector, the time-delay margin of £, adaptive controller can be computed

analytically [9]. The dynamics in (3.16) can be re-written as

#(t) = Apa(t) + Buze(t) + B, (Auad(t) FOTa(t) + K a(t) + ot) + kac(t)). (3.94)

H(s)= (sl — A,, — Bi0" — B1k])"'By.

Following the results in [9], when I'. — oo, the time-delay margin of the closed loop £
adaptive control system has a conservative lower-bound, which is given by the time-delay
margin of the following open-loop LTI system:

C(s)

H,(s) = T=Cs)

(1 + (07 + k;)H(s)> . (3.95)

Since in this structure C(s) is decoupled from H(s), it is obvious that one can choose
C'(s) judiciously to maximize the phase-margin of the open-loop transfer function H,(s) and
minimize its cross-over frequency to obtain larger time-delay margin. Although analytical
derivation of the time-delay margin for multi-input multi-output systems with more general
unknown nonlinear function f(¢,x(t)) is not available', insights from this analysis can be
used for the selection of C(s) to tune the time-delay margin in the applications discussed in

this dissertation.

IThe fact that this analytical derivation is somewhat complicated, follows from the fact that for open-loop
nonlinear systems there are no general results for computing the time-delay margin, as one has for linear

systems, expressed via the phase margin and the crossover frequency.
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3.3.5 Design Guidelines

Note that the control law wu,.s(t) in the closed-loop reference system, which is used in the
analysis of L., norm bounds, is not implementable since its definition involves the unknown
parameters. Theorem 2 ensures that the £, adaptive controller approximates u,.(t) both in
transient and steady state. So, it is important to understand how these bounds can be used
for ensuring uniform transient response with desired specifications. Notice that the following

tdeal control signal
wialt) = A*1< — F(t mia(t) + k) zia(t) + kaC@)) (3.96)
is the one that leads to desired system response:
#ia(t) = Amia(t) + Bmze(t),  wia(t) = ' zia(t) (3.97)

by canceling the uncertainties exactly. In the closed-loop reference system (3.31)-(3.33),
u;q(t) is further low-pass filtered by C(s) to have guaranteed low-frequency range. Thus,
the reference system in (3.31)-(3.33) has a different response as compared to (3.97) achieved
with (3.96). The reader can refer to [3] for specific design guidelines on selection of C(s) to
ensure that the response of z,.¢(t) and w,.;(t) can be made as close as possible to (3.97).
Moreover, for systems linearly dependent upon unknown parameters, the (nonlinear) £,
adaptive controller has analytically computable time-delay margin [9]. The trade-off between
the time-delay margin and the performance of the £; adaptive controller depends solely upon
the bandwidth of C(s). Increasing the bandwidth of C(s) leads to improved performance at
the price of reduced time-delay margin. In [78], constrained optimization of the performance
and/or the robustness of £; adaptive controller is considered by resorting to appropriate
Linear Matrix Inequality (LMI) type conditions. If the corresponding LMI has a solution,
then arbitrary desired performance bound can be achieved, while retaining a prespecified

lower-bound on the time-delay margin.
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3.4 Flight Control Examples

3.4.1 Unmanned Combat Aerial Vehicle

The £, adaptive controller is applied to a model of the aerodynamically unstable X-45A
Unmanned Combat Aerial Vehicle (UCAV) in the presence of control effectiveness reduction
and pitch break uncertainty (unknown nonlinear in Angle of Attack (AOA) pitching moment
increment). This uncertainty is introduced in pitch dynamics in order to model unknown
changes in the aircraft pitching moment that can drive the aircraft into an uncontrollable

(in AOA) region.
Recall the aircraft dynamics from (3.7):
#(t) = Ax(t) + BiA (u(t) + Ko(t, z,(t))) + Bazc(t),
z(0) = 20=0, (3.98)

where z(t) € R u(t) € R?® (virtual control input), z.(t) € R* are the measured system
states, control signals and reference inputs, respectively, A € R B, € R*** B, € RY3

are known matrices where the three columns of By are linearly independent,

Av 00
A= 0 A 0 (3.99)
0 0 Ay

is an unknown diagonal matrix with strictly positive diagonal elements. The state vector
T = (W, Bps Pps Qps Tps Q15 D1, T1, ) | comprises five plant states (z,), which include angle of
attack o, angle of sideslip 3,, body roll rate p,, body pitch rate g,, body yaw rate r, and four
baseline controller (z.) states, which include pitch, roll and yaw (g7, p; and r;) integrator
states and yaw rate washout filter signal r,,. The vector z, = (a™¢, gemd pemd pemd) T consists
of four inner loop commands that include vertical acceleration, sideslip, roll rate and yaw
rate, while u(¢) is the vector of virtual controls (roll, pitch and yaw control). Considering

the control signal u(t) = up(t) + uqq(t), where uy(t) is defined in (3.5), the partially closed
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loop system from (3.16) is repeated here:
#(t) = Apa(t) + Bpz(t) + B (Auad(t) + AK(t, 2,(8) + k) 2 (t) + k;szc(t)> (3.100)

where the adaptive control signal u.(t) is defined according to £, adaptive controller (3.26),
(3.27) and (3.29), subject to the £;-norm upper bound in (3.25). This is different from the
approach, presented in [76], where RBF approximation was employed for approximation of
the nonlinearity. This significantly reduces the design effort by eliminating the need for RBF

distributions and centers/widths tuning.

Note that the vector-function Ky(t,z,) represents the matched unknown nonlinearities. In
addition to unknown Ky(t, x,), A models the loss of control effectiveness caused by actuator
failure(s), damage(s) or combinations of them. The matrix A models the uncertainties in
virtual control u(t), and is defined in a way that each diagonal element of A represents a
scaling factor for control effectiveness in particular input channel. Thus, A is diagonal and
is different from the control allocation matrix, which has already been incorporated in B
in (3.98). When some of the control surfaces fail or are damaged, the scaling factor for
each virtual control will change. In simulations below it is assumed that the failure/damage
situations will not cause change of sign in the diagonal elements of A. This may exclude
certain types of actuator failures, for example, complete loss of controllability of some control
surfaces. However, as shown in our simulations, control effectiveness reduction, even a small
amount of reduction, can degrade the output performance significantly. The £, adaptive
controller is shown to recover the nominal performance in the presence of the uncertain

control effectiveness subject to Assumption 1%

The inner-loop control objective is to design a full state-feedback controller u,4(t) for (3.100)
such that all closed-loop signals remain bounded, and the system state tracks the state of a

desired reference model in the presence of uncertainties and control effectiveness reduction.

2Note that in [76] a broader class of uncertainties has been considered, which violate Assumption 1, and
the performance of £; adaptive controller has been verified for that class of uncertainties as well. This was

pursued for the purpose of comparison with the results from [55].
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The performance of the nominal plant in the presence of pitch break and control effective-
ness reduction is compared with the performance of the closed-loop system with £; adaptive
controller. For the £; adaptive controller we set k; = 20, where i = 1,2,3, and D(s) = é
which verifies the £, norm upper bound, and we set I'. = 100000. The results are shown in
Figures 3.1 and 3.2. For comparison purposes, simulation data are obtained from the follow-
ing three closed-inner-loop systems: a) adaptation OFF, uncertainties OFF, b) adaptation
OFF, uncertainties ON, ¢) £; adaptation ON, uncertainties ON.

Figures 3.1-3.2 demonstrate the benefits of adaptation, when the control effectiveness reduc-
tion of each control surface occurs at 1 second and the pitch break phenomenon is active
throughout the entire maneuver. The reduction up to (30%) of control effectiveness for each

actuator channel causes changes the A matrix to the following:

0.7 0 0
A= 0 07 0
0 0 07

Figure 3.1 indicates that in spite of the control effectiveness reduction and pitch break
uncertainty, the £; adaptive system is able to quickly reconfigure and track the commanded
vertical acceleration, sideslip angle, roll rate, and yaw rate signals, simultaneously. In fact,
Figure 3.1 shows that with the adaptation turned on the desired /nominal system tracking
behavior has been recovered. In addition, Figure 3.2 compares the three virtual control
feedback signals, and confirms that the level of control activity is reasonable. In Figure 3.3,
the subplot of Figure 3.1 is re-plotted to show the perfect tracking achieved by £; for vertical

acceleration.

When the reference commands change, the system output and input have scaled responses

similar to those of linear systems. These are shown in Figures 3.4, 3.5.

Next robustness of the scheme is discussed. The time-delay margin for the inner loop (with-
out adaptive feedback) can be computed from the phase margin of the open loop transfer

functions. The open loop transfer functions are calculated by breaking the virtual control
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Figure 3.3: Zoomed subplot of Fig 2 to show guaranteed £; performance

(Pp, Gp, 7p) command loops one at a time keeping the other two loops closed. This is shown

in Table 3.1.

To calculate the time-delay margin for the adaptive system, the time-delay at the plant input

is introduced, and the margins are calculated using numerical simulations.

The time-delay margins for the £; adaptive controller are summarized in Table 3.2 for

C(s) = and I'. = 100000. The worst case time-delay margin is 0.062 sec, which is

1
0.05s+1

Table 3.1: Phase and time-delay margins for the inner loop

Loop Margin P q 7
Phase Margin (deg) 85.6 65.6 66.1
Cross-over Frequency (rad/sec) | 4.25 6.01 4.27
Time-delay Margin (sec) 0.3515 | 0.1905 | 0.2702
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Table 3.2: Time-delay margin for £, for C(s) = gy

n/a | 0.062 | n/a Individual
0.073 | n/a | n/a Individual
n/a | n/a |0.065 | Individual
0.062 | 0.062 | n/a | Two Loops
n/a | 0.065 | 0.065 | Two Loops
0.067 | n/a | 0.067 | Two Loops
0.062 | 0.062 | 0.062 | Simultaneous

small. Following the discussion from Section 3.3.4, the time-delay margin can be improved

by tuning C(s). Towards that end, consider the following low-pass filter

1 (—6s+1)?
©0.055+1 (8s+1)2

Ci(s)

for which the £; norm upper bound holds. The corresponding D;(s) will be

Dy(s) (—6s+1)2
S) = .
! $(3.25% + 28.85 + 28.05)

The Bode plots of D(s) and D;(s) are given in Figure 3.6. Note that a nonminimum phase
filter is used to enhance the phase characteristic in the region of frequency-band in order to

improve the phase margin.

The subplot of vertical acceleration of Figure 3.1 is repeated with C(s) in Figure 3.7. Notice
that there is some degradation in the tracking, however it is still satisfactory. For this choice
of C1(s), the worst case time-delay obtained from simulation is 0.15 sec. In Table 3.2, it
can be seen that worst case time-delay margin for C'(s) equal to 0.062sec, which implies
that C(s) doubles the time-delay margin. Thus, at this stage, it appears that improving the
time-delay margin hurts the transient performance, which is consistent with the conventional

claims in linear systems theory. From this perspective, the £; adaptive control paradigm
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Figure 3.6: Choice of C(s) to maximize the time-delay margin

achieves clear separation between adaptation and robustness: the adaptation can be as fast
as the CPU permits, while robustness can be resolved via conventional methods well known
from classical and robust control. Notice that all the time-delay margins are calculated for

the case of control effectiveness reduction and in the presence of the pitch break uncertainty.

However, notice that a smaller value of I'. is preferable from an implementation point of
view. Figure 3.8 shows the system response for different values of I'. for both low-pass
filters. It can be seen that there is almost no degradation in the time response performance.

However, for the low-pass filter C(s) = it I'. decreases from 100000 to 10000, the

worst case time-delay margin decreases from 0.062 to 0.022 (i.e. about 3 times). However,
for C(s) it decreases from 0.17 to 0.15 (i.e only 1.2 times). Thus, with smaller choice of T,
C1(s) is more suitable in terms of robustness as compared to C(s). Table 3.3 summarizes

the margins for C(s) with I'. = 10000.

Finally, the system with increased control effectiveness reduction (50% of each surface) with-
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Table 3.3: Time-delay margin of £, for C4(s) and I'. = 10000

n/a | 0.15 | n/a | Individual
0.24 | n/a | n/a | Individual

n/a | n/a | 0.25 | Individual
0.15 1 0.15 | n/a | Two Loops
n/a | 0.15| 0.15 | Two Loops
0.17 | n/a | 0.17 | Two Loops
0.15 | 0.15 | 0.15 | Simultaneous
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Table 3.4: Worst case time-delay margin with 30% and 50% control effectiveness reduction

30% case | 50% case I,
0.062 0.071 C(s) | 100000
0.022 | 0.025 | C(s) | 10000

0.17 0.20 | Cy(s) | 100000
0.15 0.20 | Ci(s) | 10000

out any delays is simulated to test robustness of the £; adaptive control scheme towards a
different class of uncertainty. Figure 3.9 plots the vertical acceleration command tracking in
the presence of pitch break uncertainty and 50% reduction of control effectiveness for each
actuator channel. It can be seen that the £; adaptive control architecture retains both its
tracking property and as well the worst time-delay margin of 0.20, as predicted by the £
theory. In Table 3.4, the worst-case time-delay margins for two cases of control effectiveness

reduction are summarized.

3.4.2 Aerial Refueling

In this section the £; adaptive controller is applied to Autonomous Aerial Refueling (AAR)
autopilot design. The probe-and-drogue refueling procedure is adopted. This process has
proven to be extremely difficult due to the aerodynamic coupling among the two aircraft,
receiver and tanker, and the drogue. The autopilot has to compensate for the uncertainties
due to the trailing vortices of the tanker when the receiver is flying from the observation
point to the contact point. As compared to the earlier work of the authors [79], the control
signal defined via (3.26), (3.27) and (3.29) subject to the £i-norm upper bound in (3.25),
eliminates the need for selecting and tuning basis functions required by neural network based

L, adaptive control. This reduces the design effort significantly.

A decoupled six degree of freedom (6-DoF) aircraft model for the refueling aircraft is con-
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sidered. It is assumed that both the receiver and the tanker aircraft are in straight and
level flight in the beginning of the maneuver, and during the entire aerial refueling maneuver
the receiver aircraft is subject only to small perturbations so that the linearized decoupled
dynamics can be used to describe its motion with some level of fidelity with additive un-
certainties coming from the trailing vortices induced by the tanker aircraft. For the aerial
refueling maneuver all angles can be assumed small. Besides these assumptions, the influ-
ence of gravity, thrust, and elevator on the angle of attack are also neglected. The drogue
position is known, served as reference command z.(t), and the control objective is to fly the
receiver into a prescribed neighborhood of the drogue center within a prescribed finite time

interval. The 6-DoF aircraft dynamics can be described as:

Zs:‘/t

‘716 = XV‘/t - gep + Xqu + Xaap + X6TA1<5TZ~” + 5T) + A1<l37 Zss ys>

a4 = ¢+ Vjap

ép = 49
q'p = qup + MaOép + MgeAg((Sem + 56) + AQ(ZS7 Zs, ys)
Zs = ‘/0(9[) - Oép)

5 = oS Yo s1n 7o
P cosOy' T cosly P
) g cos B Y3
6}7 - % (bp + 70617 o Tp
pp = Lﬁﬁp + lspp + erp _'_ L5aA3(6ain + 5a> + L5T5Tin + Ag(ls, ZS’ ys)
rp = NgBy+ Nppp + Ny1p + N5, 0y, + Nj, (Vas, + 6a)
b~ Yo, (3.101)

where Ay (ls, s, ys), Da(ls, 25, ys) and As(ls, zs, ys) are the wake induced incremental changes
to the horizontal acceleration, the pitch angle acceleration and the roll angle acceleration
respectively. The coefficients 0 < A; < 1,4 = 1,2, 3, model the reduction in control effective-
ness. The receiver dynamics are trimmed around (Vp, ag, 6p), while the tanker is assumed

to be trimmed for straight and level flight with the same trim conditions. The coordinate
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system is the body-fixed system of the tanker aircraft. In (3.101), oz, d,,, 0a,, and 6, are
the inner-loop controllers, which are designed via proportional- integral feedback to keep 0,,
p, Gp, Vi, Bps @p, Dp, Tp close to the trim conditions. We note that the inner-loop stabilization
can be achieved via any of the conventional linear design methods (see e.g. in Ref. [100])
and is not elaborated in this dissertation for the sake of brevity. We will focus on the design
of the outer-loop controllers ér, d., d, and J, to enable the aerial refueling maneuver in the
highly uncertain dynamic environment. With the inner-loop stabilization, the equations of

motion can be expressed as:

i, =V,

"/;t = X{/‘/;—FX&TAl(ST_’_AI(Zs,ZS?yS)

dp = 4 + Vjap

0p = @

q'p B M,;Qp + M;ap + M(SEAQ(Se + AQ(lsa Zsy ys)

zs = Volb, — ap)

. COS Yo sin 7o

_ 3.102
bp o Qopp + cos b T'p ( )
. g cos B Y3
ﬁp = 7 Cbp + voﬁp —Tp
pp — %Bp + l;pp + L;Tp + L(;aAg(;a + ASUS» Zss ys)

7p = NyB,+ Nyp, + N1,
ys = Y¢>¢p + %ﬁp )

where Xy, M;, M, Ly, L, L., Nj, N), N; are the redefined coefficients due to the pro-
portional feedbacks used for the inner-loop stabilization. Usually, for the lateral axis the
inner-loop control is designed using “aileron to rudder interconnect” to achieve stability axis
roll without generating side-slip or yaw rate, which consequently reduces the term Nj, to

zero, and therefore in (3.102) it has been neglected.

Consider a decoupled linearized six-degree-of-freedom (6-DOF) aircraft model for the receiver

aircraft. Both the receiver and the tanker aircraft are in straight and level flight in the
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beginning of the maneuver. The receiver is assumed to be subject only to small perturbations
during the entire refueling maneuver so that the linearized decoupled dynamics can be used
to describe its motion with some level of fidelity, with additive uncertainties coming from
the trailing vortices induced by the tanker aircraft. For the aerial refueling maneuver all
angles are assumed small. Besides these assumptions, the influence of gravity, thrust, and
elevator on the angle of attack are also neglected. The drogue position is known, and
serves as a reference command z.(t). The control objective is to fly the receiver into a
prescribed neighborhood of the drogue center within a prescribed finite time interval. Upon
incorporating inner-loop baseline controllers into the system dynamics, the system to be
controlled has three inputs: thrust, elevator and aileron, and has three outputs: horizontal
separation, vertical separation and lateral separation relative to the tanker. The control
objective is to regulate three outputs to certain set points in the presence of aerodynamic
uncertainties (drag, pitching moment and rolling moments) in three directions respectively,

and in the presence of control surface failures.

The aircraft model is a flying-wing unmanned aerial vehicle (UAV), known as the Barrons
Associates nonlinear tailless aircraft model (BANTAM) [77]. The wake-effect data which
models the vortex are taken from a wind-tunnel test of a delta wing UAV behind KC-135R
tanker [80]. The baseline controller is a Linear Quadratic Regulation (LQR) controller with
integral action. For this LQR+PI controller structure, the feedforward gain K, is zero. The

system takes the form in (3.16), which is repeated here for the sake of completeness:
#(t) = Amz(t) + Bpz(t) + By (Auad(t) + AKy(t,2,(8) + k) x(t)) . (3.103)

where z(t) € R", u,q(t) € R? (thrust, elevator and aileron), 2.(t) € R? are the measured
system states, control signals and reference inputs, respectively, 4,, € R4 B ¢ R¥4*3
By € R™*3 are known matrices with the three columns of B; being linearly independent.
The definitions of A, k, are given in (3.17). Notice that there is no k, in equation (3.103).
The state vector x = (Is, Vi, @, 0y, Gpy 25, Oy Bps Pps Tps Yss L1y hr, yr) T comprises eleven plant

states (x,), which include horizontal separation I, velocity V;, angle of attack «,, pitch
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angle 0, pitch rate g,, vertical separation z, roll angle ¢,, angle of sideslip 3,, body roll rate
Dp, body yaw rate r,, lateral separation y, and three baseline controller (x.) states, which
include the integrator states of separations (I;, h; and yr). The simulation results and the
L1 controller parameters are given in this section. More details on system dynamics and

baseline controller design can be found in [79].

The target point for the receiver aircraft is chosen to be the center of the outer cross section of
the drogue. The aircraft is trimmed at the speed Vi = 500 ft/sec, angle of attack oy = 0.042
rad, pitch angle 6y = 0.042 rad, and at the altitude of h, = 5000 ft. The radius of the
drogue is r4 = 1 ft. The initial position of the receiver aircraft is 165 ft behind the tanker
and 50 ft below the tanker, and 10 ft to the left of the aircraft laterally. Relative to the
tanker coordinate system the position of the drogue center is at the coordinates: x4 = —15

ft, Yd = 30 ft, Zd = 10 ft.

The closed-loop system with these baseline controller gains defines the nominal linear system
response that has the desired convergence time for the probe to contact the drogue with
desired performance specifications. The adaptive augmentation with the £; controller is
designed to track this system’s response both in transient and steady state. In the absence
of wake induced uncertainties and without any loss in control effectiveness, the probe reaches
the 0.02 ft neighborhood of the drogue center within 25 sec. That is, |2(25) —z4(25)| = 0.012,
ly(25) — y4(25)] = 0.015 and |2(25) — z4(25)] = 0.02. Figure 3.10 plots the closed-loop
trajectories in each axis. It compares the response in the absence of the wake and without
any loss in control effectiveness with the response in the presence of the wake and loss
in control effectiveness. The failures are 60% reduction of elevator effectiveness, and 60%
reduction of aileron effectiveness, that is Ay = A3 = 0.4. From these figures it can seen
that both the steady-state tracking and the transient performance are deteriorated in the
presence of uncertainties. Figure 3.11 shows the other states (angle of attack «, pitch angle
0, roll angle ¢, side-slip angle 3, roll rate p, pitch rate ¢ and yaw rate r) of the baseline
controlled closed-loop system. Those states remain small during the whole aerial refueling

process.
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For the design of £ controller we set D;(s) = %, i =1,---,m. Conservative growth rates for
the uncertainties are computed from the experimental data, implying that max L,, = 0.1.
The conservative maximum is given by L; = 10.1. We choose k; = ky = k3 = 20 leading to
Ci(s) = 755, Ca(s) = S5 and Cs(s) = 35. A uniform adaptive gain I'. = 100000 is set for
the design of the adaptive controller in each axis. The closed-loop system response with £
adaptive augmentation and the adaptive control signals are shown in Figure 3.12. Notice
that £, adaptive controller can recover the nominal performance of the baseline controller in
the presence of the wake vortex and loss of control effectiveness. The tracking precision upon
t' = 25sec can be characterized with the bound ||[y(¢) 2(t)]"—[ya(t') 24(t')]"]| = 0.05 < 1,
and |z(t') — x4(t')] = 0.04. Notice that the in the thrust input channel, at the steady
state there is a difference between the time histories of the adaptive approximation and the
uncertainty. That is caused by the residue of the elevator control input coming into the
horizontal direction. In the elevator and aileron plots, it can be seen that there are some
differences between the adaptive signals and the uncertainties during the transient phase.
If the actuator failure is turned off, the adaptive approximation will be much closer to the

uncertainties, as shown in Figure 3.13.

Next it is shown that when the initial conditions change, £, adaptive controller does not

need any re-tuning.

The initial conditions of the receiver are changed. We keep the same values for A; and As,

and run the simulations from 33.75 ft behind the tanker, 18 ft below the tanker and 22 ft to
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the right of the tanker, without any re-tuning of both controllers. The £; adaptive controller
achieves the tracking precision upon ¢’ = 25 sec, which is ||[y(¢) z(t)]" —[ya(t') za(t)]"|| =
0.021 < 1, and |x(t') — z4(t')| = 0.020, as seen in Figure 3.14. It can be observed that the

L, adaptive controller shows scaled system output responses (similar to linear systems).

Without re-tuning of the £; controller, the simulation is further run by starting from various
different initial conditions, as shown in Figure 3.15. It can be seen that the system outputs
have scaled responses. The uncertainties are further increased, by multiplying the magnitude
of the vortex data by two. This can approximately represent a different tanker if a modified
horseshoe vortex model is considered. With fixed separations between the receiver and the
tanker, the magnitude of the induced velocity is proportional to the strength of the vortex,
which is in its turn proportional to the mean aerodynamic chord of the tanker and velocity
of the tanker. So it is reasonable to scale our current induced aerodynamic coefficients by

multiplying them by two to represent the change of tanker’s wake effects. Figure 3.16 show



Jiang Wang Chapter 3 62

0 5000 40

4990

4980['

IS
&
5]
3

Vertical seperation ft
5
&
8
3

lateral seperation ft
°

-100

-
a
g

4950

horizontal seperation ft

4940 H —20
-200 N
4930} -+ —30fue

5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time sec time sec time sec

-250 4920 -40
0

Figure 3.15: Horizontal, vertical and lateral Separation -scaled responses

5000 40

o

'
&
g

“““ L
e OMinal

0 7 L1
e nOMINaI

4980

4960

horizontal seperation ft
o
5
5
vertical seperation ft
lateral seperation ft

oo
N
8 g
8 8

4940 -20
5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30

o O
-05 s adaptive approximation|

= = = uncertainties

o

(force/mass)
s
&

(moment/moment of inertia)
(moment/moment of inertia)

s
n

15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30
time sec time sec time sec

o
@
-
5

Figure 3.16: Horizontal, vertical and lateral Separation -increased vortex magnitude

that the the outputs are identical to the nominal performance, and Figure 3.17 shows that the

adaptive control signals have scaled responses corresponding to the change of uncertainties.

Finally, the time-delay margin of the £, adaptive controlled system similar to the UCAV

model above is computed. First the low pass filters Cy(s) = Cs(s) = 23z are used. The
numerical values are shown in Table 3.5.
Next the low pass filter is changed to Cy(s) = Cs(s) = 5%8. The time-delay margins are

given in Table 3.6.

It can be seen that by applying different C'(s) the time-delay margin of the adaptive controlled

system can be improved. This verifies the theoretical predictions.
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Table 3.5: Time-delay margin of £, for Cy(s) = C3(s) =

25

T s+25

elevator | aileron
0.028 n/a Individual
n/a 0.031 Individual
0.028 0.030 | Simultaneous

Table 3.6: Time-delay margin of £; for Cy(s) = Cs(s) =

elevator | aileron
0.042 n/a Individual
n/a 0.081 Individual
0.041 0.080 | Simultaneous

8
s+8

and I'. = 100000

and I'. = 100000

63
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3.5 Conclusion

The L, state feedback adaptive controller is applied to two benchmark flight control appli-
cations in this section. The proposed adaptive control approach overcomes the drawbacks
of conventional adaptive control methods. It has guaranteed performance bounds, both in
transient and steady state, and systematic design methodology to achieve the desired control
specifications. The bounded-away-from-zero time-delay margin of this adaptive controller
can be improved by systematic choice of the underlying filters. These features hold a promise
for the development of theoretically justified tools for Validation and Verification of adaptive

systems.



Chapter 4

L1 Output Feedback Adaptive Control

4.1 Problem Formulation and Controller Architecture

Consider the linear SISO system

y(s) = A(s) [u(s) +d(s)] , y(0) =0, (4.1)

where u(t) € R is the input, y(t) € R is the system output, A(s) is the unknown transfer
function of the system, d(s) is the Laplace transform of the time-varying disturbances d(¢, y).
Notice that d(¢,y) can possibly depend also on the system output y, and the upper bound

of the growth rate of d(¢,y) with respect to y is L, as stated in following assumption.

Assumption 4 There exists a constant L > 0 such that the following inequality holds uni-

formly int >0 for all v,y :
|d(t,y) — d(t,y)| < Lly — ¥|.

The control objective is to design an adaptive output feedback controller u(t) such that in
the presence of uncertainties the system output y(t) tracks the reference input r(¢) with

satisfactory performance. This can be done by selecting a minimum-phase, strictly proper

65
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and stable transfer function M (s), and designing an adaptive control law to achieve y(s) ~
M (s)r(s). The selection of M(s) needs to satisfy the sufficient conditions for stability and
performance, and the discussion on selection of M(s) is postponed to Section 4.2. One
important characteristic of M(s) for the proposed adaptive controller is that it does not
necessarily need to satisfy the Strict Positive Real (SPR) assumption for its structure. The

system in (4.1) can be rewritten as:

ys) = M(s) (u(s) + o(s)) (4:2)
o(s) = ((A(s) = M(s))us) + A(s)d(s) ) /M(s) . (4.3)
Let (A, € RN . e RN ¢, € RY ) be the minimal realization of M(s). Hence,

(A, b, ¢) is controllable and observable, with A,, being Hurwitz. Thus, the system in

(4.2) can be rewritten as:

(t) = Apx(t)+ by (ut) +o(t)) (4.4)
y(t) = ¢ x(t), x(0)=2z0=0.

Next the closed-loop reference system that defines an achievable control objective for the

L1 adaptive controller is introduced.

Closed-loop reference system: The reference system is given by

Yre(s) = M(8)(tres(s) + ores(s)) (4.5)
Grep(5) = ((A(S) = M)t (5) + A)dreg(s)) / M(5)
Urep(s) = C(s)(r(s) = oves(s))
where C(s) is a low pass filter with DC gain C'(0) = 1.
According to [11, Lemma 1] the selection of C(s) and M(s) must ensure that
H(s) = A(s)M(s)/ (C(s)A(s) + (1 = C(s)M(s) ) (4.6)
is stable and that the £;-norm of the cascaded system is upper bounded as follows:

[1H(s)(1 = C(s)le L <1 (4.7)



Jiang Wang Chapter 4 67

Then the reference system in (4.5) is stable.
The elements of the £, adaptive controller are introduced next.

State predictor (passive identifier): Let (A4, € R™" b, € R", ¢, € R" ) be the
minimal realization of M (s). Hence, (A, b, ¢n) is controllable and observable with A,,

being Hurwitz. Then the system in (4.1) can be rewritten as

B(t) = Apa(t)+ bu(u(t) + o(t)) (4.8)

The state predictor is given by:
(t) = Api(t) + bpnu(t) + 6(t) (4.9)
gt) = cpi(t)

where 6(t) € R" is the vector of adaptive parameters. Notice that in the state predictor
equations &(t) is not in the span of b,,, while in the equation (4.8) o(¢) is in the span of b,,.

Further, let g(t) = y(t) — y(t).
Adaptation law: Let P be the solution of the following algebraic Lyapunov equation:
Al P+ PA, = -Q

where Q > 0. From the properties of P it follows that there always exists a nonsingular /P
such that

P=VP VP

Given the vector ¢! (v/P)~!, let D be the (n — 1) x n-dimensional nullspace of ¢ (v/P)™!,

i.e.
D(cl (VP)™HT =0 (4.10)
and let
o7
I L (411)



Jiang Wang Chapter 4 68

The update law for &(¢) is defined using the sampling time 7' > 0':

6(iT) = - 1 (T)u(iT), i=1,2,---, (4.12)
where
T -1
O(T) = / eAAmATHT=T) A 7 (4.13)
0
and
p(iT) = MmN T G6T, i=1,2,- - (4.14)

Here 1; denotes the basis vector in the space R™ with its first element equal to 1 and other

elements being zero.

Control law: The control law is defined via the output of the low-pass filter:

C(s)

M(S)cm(sﬂ — An) o(s). (4.15)

The complete £; adaptive controller consists of the state predictor in (4.9), the adaptation
law in (4.12), and the control law in (4.15), subject to the £;-norm upper bound in (4.7).
The performance bounds of the £; adaptive output feedback controller are given by the

following theorem.

Theorem 3 For the L1 adaptive controller given by (4.9), (4.12), (4.15), subject to the

Li-norm upper bound in (4.7), we have

tim ([3llc.) = 0
lim (g — greslle.) = 0
tim (u — treslle) = 0
The result in this theorem follows immediately from [!1, Theorem 1] and [! |, Lemma 3].

LT defines the sampling rate of the available CPU.
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4.2 The Design Issues of £; Output Feedback Adaptive

Control

4.2.1 Stability

The first step of designing an £, output feedback adaptive controller is to guarantee stability
of the closed-loop system. From Theorem 3 it can be seen that the output of the closed-loop
system tracks that of the closed-loop reference system arbitrarily closely for all ¢ > 0. Hence
the goal of the first step in the design is to find C(s) and M(s) to satisfy the sufficient
conditions given in (4.6) and (4.7). These two conditions can guarantee the stability of

closed-loop reference system.

First the classes of systems that can satisfy (4.6) via the choice of M(s) and C(s) are
discussed. It can be demonstrated that stability of H(s) is equivalent to stabilization of

A(s) by o
M(s)(1—C(s))

Consider the closed-loop system, comprised of the system A(s) and negative feedback of

(4.16)

(4.16). The closed-loop transfer function is:

A(s)

P (4.17)
Letting
it follows from (4.6) that
H(s) = Cd(s)ﬂ;z((gA"(s> , (4.19)
where
Ha(s) = Co(8) An(s) Ma(s) + Mo(5) Au(s)(Ca(s) — Ca(s)). (4.20)

Incorporating (4.18), one can verify that the denominator of the system in (4.17) is exactly
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Hgy(s). Hence, stability of H(s) is equivalent to the stability of the closed-loop system in
(4.17).

The selection of M (s) and C(s) can be restricted due to the properties of the plant A(s).
Thus, it is not a trivial task. However, it can be done using tools from linear systems
theory. The essential objective in this step is to design, based on the nominal system Ag(s),
a feedback controller that can be decomposed into C(s) and M (s) according to the equation
(4.16), while achieving stability of H(s) in (4.6) and verifying the condition in (4.7) based
on conservative knowledge of parametric variations in A(s). In the following subsection one

method towards the selection of C(s) and M(s) is described.

Design via Pole Placement

A pole placement method (see examples in loannou and Sun [16]) is used to design a dynamic
compensator for Ay(s). The block diagram in Figure 4.1 shows the structure of the closed-
loop system, where the dynamic controller P(s)/L(s) is determined by the solution of the

following equation
Ay, (8)P(s) + Ao, (s)L(s) = Auls). (4.21)

All terms in (4.21) are polynomials of s. The Hurwitz polynomial A,(s) defines the desired
pole locations of the closed-loop system. The coefficients of polynomials P(s) and L(s) may

be obtained by solving the algebraic equation
B=5""o

containing the Sylvester matrix S; of Ay, and Ag,, while 3, is a vector containing coefficients

of both P(s) and L(s), and «y is a vector containing coefficients of A (s) (defined next).

Definition 12 Given two polynomials a(s) = a,s" + a,_18""" + -+ + ag, b(s) = b,s™ +
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by_15" L+ -+ by, the Sylvester Matriz S; is defined to be the following 2n x 2n matriz:

an, 0 o -~ 0 0 by, 0 0 0 0
Q-1 Qp 0 0 0 b,-1 b, 0 0 0
p_1 Gp - : - by b,
0 0
. a : : . - a, b . : : . b,
ag a; . . - ap—1 by by . . « by
0 ao 0 bo
0 0 0 0
0
ag  ay : ooy by
0 O -~ 0 0 a 0 0 - 0 0 b |

Definition 13 If L(s) = s" ' +1, 98" 24+ 115 +1y, P(5) = pp18"  +ppos™ 24+
p1S + po, then

6[2[17 ln—Qa ln—Sa ) l17 lOv Pn-1, Pn—-2, -, P1, pO]T-
If Ay(s) = s*" 1+ a§n_232”’2 + -+ ajs+ap, then

o * * * *1 T
=1, a3, 9, a5, 3, *++, aj, ag

The polynomials Ay, (s) and Ag,(s) should be coprime to ensure the existence and uniqueness

of solutions of P(s) and L(s), and non-singularity of S;.

Incorporating (4.18) gives

C(s) — Cn(s)Ma(s)
M(s)(1—C(s)) — Mgy(s) (Ca(s) — Cu(s))’ (4.22)

Since the low pass filter C'(s) has DC gain of 1, the polynomial Cy(s) —C,,(s) has no constant

term, which means that the transfer function (4.22) has at least one pole at the origin. To
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obtain suitable dynamic compensators which can be decomposed into M (s) and C(s), we

need to design a dynamic compensator 12(? for the system AO(S). Observing Figure 4.2, it
can be seen that the two closed-loop systems have the same characteristic equation. Hence
it is possible to find C(s) and M(s) from the transfer function %JEE::; Upon selection of
the structure of C(s) and M(s), we can write explicitly the transfer function in (4.22) and
obtain the coefficients of s by equating it to lji)(S)
s L(s)
C(s)

Upon obtaining the dynamic compensator , one can apply Nyquist criterion

M(s) (1 = C(s))
or Root Locus methods to tune the gains of this compensator by changing the poles in
Au(s). If the low-pass filter C(s) and the desired system M (s) do not lead to satisfactory
performance, re-selection of the desired locations of the closed-loop poles is needed. Notice

that the above method is an intuitive one, and other methods from linear systems theory

can be equivalently explored for determining a structure for C(s) and M(s).

An(®
@ A, (9

P
L(s)

Figure 4.1: Block diagram of pole placement method.
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L() ]
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[

Figure 4.2: Block Diagrams

Stability Check

Notice that the design of the dynamic compensator is based on our knowledge of the nominal
plant Ag(s). The bounds for the variation of the system parameters are known, but not the
exact values of these parameters. The stability of the transfer function (4.17), or equivalently
stability of the condition (4.6) can be checked by Kharitonov’s Theorem. Towards that end,

consider the set Z(s) of real polynomials of degree n of the form
§(5) = 0 + 615 + 025% + 035% + -+ - + 5,8™,
where the coefficients lie within the given ranges:
do € [Xo,Yo], 01 €[Xy,V], -+ 00 €[X0, Y]

Let ¢s = [0, 61, -+, 6,] and consider the polynomial §(s) with its coefficient vector ¢s. In-

troduce the hyper-rectangle box of the coefficients
B:={cs:c; e R X;<6; <V, i=0,1,---,n}.

It is assumed that the degree remains invariant over the family, so that 0 ¢ [X,,Y,].
Kharitonov’s Theorem provides a (conservative) necessary and sufficient condition for Hur-

witz stability of the entire family.
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o

Figure 4.3: The box B and four Kharitonov vertices

Theorem 4 (Kharitonov Theorem) [/0]]
Every polynomial in the family Z(s) is Hurwitz if and only if the following four extreme

polynomials are Hurwitz:

= Xo+ X154 Yos® + Yss® + Xys* 4+ Xps” + Vs + -+ |

(s)

K*(s) = Xo+Yis+ Yas® + X3s® + Xys* + Vs® + Yo -+ |
(s) = Yo+ X154+ Xos? + Vss® + Vst + X5s® + X0 4+ -+ -,
(s)

= Yo+ Vis+ Xos® + X35 + Vs + Vs + X0 4 -+

Proof of this theorem is omitted. To show the relationship between the box B and the
vertices corresponding to extreme polynomials, a plot is shown for a family of second order

polynomials [102], Figure 4.3.

Considering the bounds of parametric variations in A(s) in (4.20) upon designing C'(s) and
M (s), the variation range [X;,Yi], i = 0,1,--- ,n of each coefficient of the polynomial H(s)
can be obtained. Substituting X; and Y; into the four extreme polynomials, we only need

to check the stability of these four polynomials. If these four polynomials are stable, the
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designed C(s) and M(s) are acceptable for verification of the condition in (4.6).

Upon the design of transfer functions C(s) and M(s), the condition (4.7) needs to be checked.

This follows from the same procedure of the results in Cao and Hovakimyan [3, 6, 7].

4.2.2 Performance

The second step is to ensure satisfactory performance. Upon determining the structure of
M(s) and C(s), which can satisfy the sufficient conditions for stability, it is possible to
tune the parameters of M(s) and C(s) within the acceptable parameter space to achieve
satisfactory performance. The tuning of parameters for M(s) follows from conventional
linear systems theory, which is omitted here. The guideline for tuning the low-pass filter
C(s) follows the same lines of Cao and Hovakimyan [0, 7]. The trade-off between the time-
delay margin and the performance of the £, adaptive controller depends solely upon C(s).
Increasing the bandwidth of C'(s) leads to improved performance at the price of reduced time-
delay margin. In [78], constrained optimization of the performance and/or the robustness of
L adaptive controller is studied by resorting to appropriate Linear Matrix Inequality (LMI)
type conditions. If the corresponding LMI has a solution, then arbitrary desired performance

bound can be achieved, while retaining a prespecified lower-bound on the time-delay margin.

In summary, to gain more freedom in design, it is important for designers to find the largest

possible acceptable parameter space in the first step discussed in section 4.2.1.

4.3 Flight Control Example - Missile Longitudinal Au-

topilot: Scenario One

This section presents the application of the £ output feedback adaptive controller to lon-
gitudinal autopilot design for a missile in the presence of uncertainties in system dynamics.

The uncertainties include parametric variations in the transfer function and time-varying



Jiang Wang Chapter 4 76

disturbances. The parametric variations of the system’s transfer function are caused by
changes in aerodynamic coefficients. The missile model, taken from Mracek and Ridgely
[103], is an unstable non-minimum phase system. The nominal optimal controller in Mracek
and Ridgely [103] uses both system outputs (pitch rate and normal acceleration) to com-
pute the feedback control signal. In this example the baseline controller is incorporated into
plant dynamics to form a reference system. For augmentation purpose, the £; adaptive
output feedback controller is applied to the baseline controlled system, which is a stable but

non-minimum phase system.

The longitudinal dynamics of a missile is considered in the presence of uncertainties in aero-
dynamics and time varying disturbances. The nominal optimal controller from Mracek and
Ridgely [103], which is a “classic” three-loop topology autopilot designed by LQR meth-
ods, is introduced first. Then it is shown that the £; output feedback adaptive controller
can recover the nominal performance, defined by baseline controller, in the presence of un-
certainties. For this adaptive controller, the selected reference system, which is a transfer
function with desired step tracking response, does not satisfy the Strict Positive Realness

(SPR) requirement.

4.3.1 System Dynamics

The missile’s longitudinal dynamics can be described using the short period approximation

of the longitudinal equations of motion [103]:
Tp(t) = Apx,(t) + Bpo,(t) (4.23)
yp(t) = Cprp(t) + Dyoy(t) (4.24)

yt) = A, (1), (4.25)
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where 0,(t) is the elevator input, z,(t) and y,(t) are the state and the output vectors respec-

tively, given by

a(t) A, (t)
p(t) = o lt) = : (4.26)
Q(t) Qm(t)
while a(t) is angle of attack, ¢(t) is pitch rate, A, (¢) is normal acceleration and g¢,,(t) is

measured pitch rate. In (4.23) and (4.24) the system matrices are

1 [Q5Cag _ A 1 QSC%4p,
A = Vimg m Xo B — R

P QSdCiy, 0l P QS5dCmsp, |7

Iyy Iyy
QSCZao _ QSdC’"aof 0 QSCZJPO _ QSdeéPoi
_ mg glyy _ mg glyy
C, = . D,=

0 1 0

The numerical values of the simulation example in this section are listed in Table 4.1, and
are taken from Mracek and Ridgely [103]. In this work, we consider uncertainties in the

aerodynamic coefficients C,_,, Cy,.., C

eopg A Chy, . These uncertainties do not satisty

the restrictive “matching condition” required by state feedback adaptive control schemes.
Therefore the output feedback adaptive method from Cao and Hovakimyan [!1] is applied.
Time-varying disturbance, which enters the system at the same location as acceleration
command 7(t) does, is considered. This disturbance, denoted by d(t,y), possibly comes
from uncertainties of guidance loop. We will show an illustration of the topology of the

disturbance d(t,y) and the baseline controller shortly.

It is assumed that the maximum possible variations of aerodynamic coefficients with respect

to nominal values are known conservatively:

[AC. ol <05 [[Copoll,  IACmaoll < 0.5+ [|Cingol,

[AC,,, | < 0.5-]|C; |ACm;,, || <0.5-[[Crn

5p0||7 6p0||7

while the exact values of these coefficients are unknown. In simulations, the actual values of

the aerodynamic coefficients are selected to be

!
Za, Rag? Cmao

Cl =14-C =15:Cp,,, CL =08-C. | Cl =08-Cp, . (4.27)

Z5p0 Z6P0 m5p0
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Table 4.1: Numerical Values of Model
Variable | Value | Units Description
Vino 3350 ft /sec Total Missile Velocity
m 11.1 slug Total Missile Mass
Iyy 137.8 slug — ft* | Pitch Moment of Inertia
x 1.2 ft Distance from CG to IMU Positive Forward
Ax, -60 ft /sec” Axial Acceleration Positive Forward
C..o -5.5313 | - Pitch Force Coefficient due to Angle of Attack
Cinao 6.6013 | - Pitch Moment Coefficient due to Angle of Attack
Csny -1.2713 | - Pitch Force Coefficient due to fin Deflection
Cmapo -7.5368 | - Pitch Moment Coefficient due to fin Deflection
Q 13332 | Ib/ft? Dynamic Pressure
S 0.5454 | ft? Reference Area
d 0.8333 | ft Reference Length
g 32.174 | ft/sec? Gravity Constant

78
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The control objective is to design an adaptive output feedback controller to achieve satisfac-
tory tracking performance for the output A, (¢), in the presence of parametric uncertainties

and time varying disturbances.

4.3.2 Controller Design
LQR Solution

First the “classical” three-loop topology for the nominal controller design [103] is shown,
assuming that the required output signals in the three-loop topology are available. The

system is augmented by considering z(t) = 6,(f) as an additional state:

yi(t) = Cina(t), (4.28)
where
aft) A, (1)
ut)=| qt) |»  w®)=00), wu®)=| gt |. (4.29)
=(t) G (t)
and the transformed state space matrices are
A, B 0 C D
A=|"" """, B= 0] . G = P Pl (4.30)
0] 0 1 A,(2,:) By(2,:)
The optimal Linear Quadratic Regulator (LQR) solution in [103] is given by:
Azm(t) - KSSTO
u(t) = 8,(t) = Kopt () , (4.31)

Gm (1)
where K, is chosen to ensure zero steady-state error for step commands, while rq is the

steady-state value of the reference command r(t). Based on the nominal numerical values
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given in Table 4.1, the optimal controller gains are:

Koy = [—1.3028 11.7544 0.3277], K., = 1.0855. (4.32)

In the current setup, ¢,,(t) is not measurable, and the above computed optimal controller
is actually the derivative of 9,(¢). Since this is a linear system, both sides of (4.31) can be

integrated to determine 6,(¢) (assuming constant gains) as:

Jo (As (1) = Ksro) dr Jo (A, (1) = Ksro) dr
5p(t) = Kopt f(f Qm(T)dT = Ropt fot qm(T)dT ) (4.33)
J () G (1)

Augmentation of the Baseline Controller

Denote

KIA - Kopt(1)7 K@ - KOpt(2)7 Kq = Kopt(3)~
The control input for elevator d,(t) is
p(t) = [0 Ko]yp(t) + (D),
where the additional state x.(t) is obtained from

To(t) = Kogm(t) + K, [Kos(uaa(t) + d(t,y(t))) — Az, (1)]
= [-Kp, Ke]yp(t) + K7, Kstqa(t)

with d(t,y(t)) being a time-varying disturbance dependent on the system output. The dis-
turbance satisfies Assumption 4. This disturbance may come from the uncertainties in the

guidance loop. The topology of this controller structure is shown in Figure 4.4. It is straight-
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L, controller

Figure 4.4: Topology of adaptive augmentation to baseline

forward to derive the following partially closed loop system dynamics:

T, (t A, + B,KC B x,(t 0
W P S [haa(t) + d(t, y(1))]
]Jc(t) Kcl []I + Dcho]Cp Kchp T t) K[AKSS
A 22(t) S
p(t)
y(t) = [Cp(1,:) + Dp(1,:1)KeoCp  Dp(1,1)] ) (4.34)
> | ze(t)
Cy
where Ko = [0 K,] and K. = [-K;, Kpy|. The transfer function from wu,q to y in system

(4.34), denoted by A(s), is a stable and non-minimum phase system.

L1 Adaptive Output Feedback Control Design

In system (4.34), the longitudinal dynamics of the missile can be presented in the following

form:
y(s) = A(s) [uaa(s) +d(s)] , y(0) =0, (4.35)

where u.4(t) € R is the input to the partially closed loop system, y(t) = A, (t) € R is the
system output, A(s) = Cy (s — Ay)"1Bs is the unknown transfer function of the system,
d(s) is the Laplace transform of the time-varying disturbances in (4.34). Substituting the

numerical values from Table 4.1 and K, into the system in (4.34), the nominal system of
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A(s) is obtained

A —19.13s% 4+ 23.06 63410
0y, _ s° + S+ (436)

Ao(s) = .
ofs) Ao, 52 +92.09s? + 3767s + 63410

For this example, we show two methods of selection for M(s) and C(s). The first method
is based on observation and trial, and the second one is the pole placement method we have
discussed. It is shown that these two methods can have similar performance. However, for
an unstable and non-minimum phase system, observation and trial method can hardly work,
and we have to apply the pole placement method for design of M (s) and C(s), as shown in

later section.

Method One

The plant A(s) has desired dynamics since it is obtained by including baseline controller in
the dynamics. However, the system M (s) needs to be stable and minimum phase. Hence we
use the denominator of A(s) as the denominator of M(s), and for the numerator of M(s) we
only keep the constant term of the numerator of A(s). Next, we construct a second order

low-pass filter C'(s), and tune its bandwidth. The final selection of M(s) and C(s) are:

63410

M = 4.37

(5) 53+ 92.0952 + 37675 + 63410 (4.37)
3000

Cls) — 438

(5) $2 1 46565 + 3000 (4.38)

and one can verify from (4.20) that H(s) is stable.

Method Two

P(s)

L(s)

method, we can choose the desired pole locations following the controller design for cart-

When designing the dynamic compensator for the system via pole placement

pendulum system. We first start with the desired pole locations —27 4+ 3175, —27 4+ 315, —36,
—36 and —36, then

Aq(s) = s7 4 2165° + 21848s° + 1.3E06s* + 5.2E07s® + 1.3E09s* + 1.9E10s + 1.3E11.

The Sylvester Matrix is determined by the coefficients of Ay, (s) and sAg,(s). The vectors
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containing the coefficients of Ay, (s) and sAy,(s), respectively, are shown below
0 —19.125 23.055 63406]T,  [1 92.092 3766.8 63406 0] .

The Sylvester Matrix S is

1 0 0 0 0 0 0 0
92.092 1 0 0 0 0 0 0
3766.8 92.092 1 0 —19.125 0 0 0
S — 63406 3766.8 92.092 1 23.055 —19.125 0 0
0 63406 3766.8 92.092 63406  23.055 —19.125 0
0 0 63406 3766.8 0 63406  23.055 —19.125
0 0 0 63406 0 0 63406  23.055
i 0 0 0 0 0 0 0 63406 |

The following algebraic equation

Br=S"q

can be solved to get the vector [;:
B =[1 123.91 7304.4 1.8E05 33.152 3052 1.25E05 2.1E06]",

where «; is the vector of the coefficients of A.(s).

The first four elements of 3; are the coefficients of L(s), and the rest of the elements are the

coefficients of P(s). Hence,
L(s) = s* +123.91s + 73045 + 1.8E05,

P(s) = 33.152s" + 30525 + 1.2E05s + 2.1E06.

If C(s) is selected to be a fourth order, relative degree 4 transfer function, and M(s) be
third order, relative degree 3 transfer function, the transfer function in (4.22) can be written

1P
explicitly. The coefficients of M (s) and C(s) are obtained by equating (4.22) to — L((S)) . This
s L(s
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(a) Method one (b) Method two

Figure 4.5: Step response of M (s)

generates the initial guess values for M(s) and C(s). After several iterations for selecting

coefficients of M (s) and C(s), the final transfer functions are:

21504
M(s) = 1.
() 0.33155% + 30.5252 + 12485 + 2.1E04 (4.39)
75500
O(s) = (4.40)

st 4 279053 4+ 2.5E06s% + 1.99E08s + 7.5E09
This selection of M (s) and C(s) generate satisfactory performance according to simulation

results shown below.

The design process can become more complicated if the system A(s) is unstable and non-

minimum phase. This is shown in the example of Section 4.4.

4.3.3 Simulation Results

The sampling time is chosen as 7' = 0.001. Figure 4.5 shows the step response of M (s) for
both methods (one and two). They are also compared to the response of nominal performance
defined by baseline controller. It can be seen that the selected reference systems M (s) for

both cases have satisfactory response.
The time-varying disturbance is set

d(t,y(t)) = 0.1y(t) + 0.2sin(0.3t),
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Figure 4.6: Baseline control with uncertainties.

L1 - method 1 L1 - method 2
120 : == nominal i 100 : == nominal i

'zm

0.1 0.2 0.3 0.4 0.5 0.6 o 0.1 0.2 0.3 0.4 0.5 0.6
time (sec) time (sec)

(a) Method one (b) Method two

Figure 4.7: Performance of £; control

which deteriorates the performance of baseline controlled system, as shown in Figure 4.6

Then £, adaptive output feedback controller is applied to the system in the presence of
uncertainties, Figure 4.7. Both of the two methods can recover the nominal performances.

The adaptive control signal is shown in Figure 4.8.
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Figure 4.8: Control signal of £; control
Looking into the closed loop reference system (4.5), it can be shown that

Uoes(s) = M(s) [C(3)r(s) + (1 — C(5))ones(s)
C(s)(1 — O(5))(A(s) -
= MO+ T A6 — MO

(1 -
M(s) + (A(s ) M(s))C(s)
)

The transfer function from d(s) to y.f(s) can be expressed as

(Cals) = Cul)) An(5) M5 )
(Calls) = Culs) Aals) Mo (5) + Aul5) Mal$)Co(5) |

For the case of method one, the magnitude curve of the Bode diagram of the transfer function

—_
Q
/\
\_/
~—
e
—~
VA
~—

from d(s) to yrer(s) is given in Figure 4.9, which shows disturbance attenuation at low and

high frequencies. This behavior of the reference system can be improved by manipulating

the bandwidths of M (s) and C(s).

Finally the parametric uncertainties are changed due to the change in the aerodynamic

coefficients given below:

¢l =12-Cap, Ch =14-Cp, Ol =08:Csy | Ch =08:Cp, | (4.42)

Z‘SPO m(SPO

and the time-varying disturbance is changed to:

d(t,y(t)) = 0.2y(t) + 0.5sin(0.1t¢).
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Figure 4.9: Frequency response of transfer function from d to y,.s - method one

The system output is shown in Figure 4.10. It can be seen that the £; adaptive output

feedback control has uniform performance.

4.4 Flight Control Example - Missile Longitudinal Au-

topilot: Scenario Two

In this example, the problem setup and the system dynamics are the same as in scenario one
in Section 4.3, except that the only measurable feedback signal is the acceleration A, (1),
and the time-varying disturbance enters the system at the same place with the elevator
input 0,(¢). In this scenario, the £; output feedback adaptive controller needs to control an
unstable, non-minimum phase system, which brings additional challenges to the design. Since
the only available feedback signal is the acceleration, the original baseline controller described
in the previous section cannot be applied. For comparison purposes, we design a Linear
Quadratic Gaussian (LQG) controller with Loop Transfer Recovery (LTR) design to recover
the robustness of the baseline LQR controller. This serves as the nominal output feedback

controller in the absence of uncertainties. In the presence of uncertainties, the nominal
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time (sec)

Figure 4.10: Closed loop response of £; controller with different uncertainties

performance defined by the LQG with LTR controller deteriorates, and the maximum amount
of recoverable robustness of the baseline LQG controller is limited due to the unstable zero of
the missile system. On the other hand, the £, adaptive controller has uniform performance
independent of the nature of uncertainties, which is beneficial under detrimental conditions,

e.g., unavailability of certain feedback signals as in current scenario.

4.4.1 System Dynamics

The missile’s longitudinal dynamics are described as:

p(t) = Apry(t) + By [0,(1) + v(t, y(t))] (4.43)
up(t) = Cprp(t) + Dy [0,(8) + v(t, y(1))] (4.44)
yt) = A, (1), (4.45)

where v(t,y(t)) is time-varying disturbance and depends on y(¢). Other signals and matrices

are defined in (4.23) and (4.24).

The system is augmented by considering z(t) = 6,(t) + v(¢,y(t)) as an additional state, and
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A,
DP
d
u J o +v X
O— Ky —O— % p (A.B,) 24 C, O e

Figure 4.11: Block diagram of system.
the system in (4.28) takes the form

a1(t) = A (t) + By (ult) +d(t, y(t)))

y(t) = Cin(t), (4.46)
where
a(t) | A1)
zi(t) =] q(t) |, wt)=206@), dt,y@t)=0y@), )= qu(t) |, (447)
2(t) G (1)

and the transformed state space matrices are

A, B 0 C D
Al = b b 5 Bl - [ ] 5 Cl - b b . (448)
0] 0 1 A,(2,:) By(2,:)
Notice that we assume that the disturbance d(t, y(t)) satisfies Assumption 4. A block diagram
of the plant and the controller structure is shown in Figure 4.11. The controller gains Ky,

and K, are the same as in (4.32).

4.4.2 Control Design
Output Feedback Solution: LQG/LTR

Based on the LQR solution of the above nominal optimal controller, we can design a Linear

Quadratic Gaussian (LQG) with Loop Transfer Recovery (LTR) controller using only the
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output A, . Since the LQR controller is ready, we only need to design the Kalman filter,
which can help to recover the robustness of the LQR controller. We note that due to the

non-minimum phase property of the system, the robustness recovery is limited.

In Mracek and Ridgely [103], the LQR design is based on the transformed system with state

transformation zo, = Cix1, as shown below

ZL‘Q(t) = AQ[L‘Q(t)+BQU(t),

where
Azm <t>
ZEQ(t) = qm(t) s A2 = C’lAlel, B; = ClBl-
Gm(t)

We design Kalman filter based on this LQR solution. We consider the system structure

.%’z(t) = AQ.CEQ(?f) + BQU(t) + ng(t)

ye(t) = A, (1) =[1 0 0lzs(t) +v(t), (4.50)

where the plant noise w(t) and the measurement noise v(t) are white noise with the spectral
densities S, and S, respectively, and they are uncorrelated and orthogonal. Furthermore,
the plant noise and the initial states of the system (4.50) are assumed to be uncorrelated

and orthogonal; so are the measurement noise and the states. The Kalman filter equation is
To(t) = Agiy(t) + Bou(t) + G (y(t) — [1 0 0]i(t)), (4.51)

where G is the Kalman gain. The Loop Transfer Recovery design is done by increasing
the spectral density S, of the plant noise w(t). We choose different values of S,, to design
the Kalman filter, and compare the results to the LQR results. The spectral density of the
measurement noise is set as S, = 0.1. The Kalman filter gain is obtained by MATLAB

command “kalman”. Next we show the system response of LQG/LTR control.

First, the unit step responses of the LQR and the LQG/LTR control are shown. In Fig-
ure 4.12, the LQG controller is designed with S, = 1 and S, = 0.1. It can be seen that
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Figure 4.12: Comparison between LQR and LQG - no uncertainty, no disturbance

the time responses of these two controllers are identical. However, the robustness of these
two controllers are different, due to the small value of the spectral density S, which means
that the loop transfer recovery is not enough. This can be seen in Figure 4.13. In this
figure, additional parametric uncertainties in (4.27) are present. The LQR controller has
certain inherent robustness to parametric uncertainties, hence its performance is acceptable.
However, the LQG controller has degraded performance due to lack of robustness. We need
to increase the spectral density S, to recover as much as possible the robustness of the LQR
controller. In Figure 4.14, the spectral density is increased to 100, and we can see that
the performance is improved in the presence of parametric uncertainties. This robustness
recovery is limited by the system’s non-minimum phase zero. Hence, increasing S,, cannot
recover the robustness completely, as shown in Figure 4.15. With very large value of S, the

system’s performance is no better than that in the case of smaller S,,.

We now introduce the disturbance d(t) = 0.1sin(0.57t) into the system. In Figure 4.16, the
system output under the LQR controller drifts from the desired steady state position. The
performance of LQG/LTR is unacceptable. This is expected because of the limitation of the

loop transfer recovery applied to a non-minimum phase system.
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Figure 4.13: Comparison between LQR and LQG - with uncertainty, no disturbance
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Figure 4.14: Comparison between LQR, LQG and LQG/LTR - with uncertainty, no distur-

bance
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Figure 4.15: Different values of S, for LQG/LTR designs - with uncertainties, no disturbance
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Figure 4.16: Comparison between LQR, LQG and LQG/LTR - with uncertainties and dis-

turbance
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L1 Adaptive Output Feedback Control Design

In the system (4.46), if we let y(t) = Ci(1,:)x1(t) = c"x1(t) = A, (t), the longitudinal

dynamics of the missile can be presented in the following form:
y(s) = A(s) [u(s) +d(s)] , y(0) =0, (4.52)

where u(t) = 9,(t) € R is the input, y(t) = A, (t) € R is the system output, A(s) =
c'(sI—A;)~!B; is the unknown transfer function of the system, d(s) is the Laplace transform
of the time-varying disturbances in (4.46). Notice that d(t,y) depends on the system output
y, and the upper bound of the growth rate of d(¢,y) with respect to y is L, as stated in

Assumption 4.

Substituting the numerical values from Table 4.1 into the system in (4.46), we get the nominal

system of A(s)
Ao,  —13.51s* + 16.46s + 44800

T Ay, s+ 1.064s2 — 290.3s

Ao(s) (4.53)

Since the system A(s) is unstable and non-minimum phase, the method based on observation
and trial can hardly work. We apply the pole placement method to design M (s) and C(s).
Due to the limited choices of parameters for M (s), the system performance is not as good
as that defined by baseline LQR controller. However, as shown in simulation results, the
L, output feedback adaptive controller has better performance than LQG (LTR) controller
does in the presence of uncertainties, and the L;-performance is uniform and independent

of uncertainties provided the sufficient conditions for stability are satisfied.

We now show how to select M (s) and C(s) for the missile model. If we choose the desired

pole locations as —200 £ 2005, —200 + 2005, —20, —20 and —20, then
Ay(s) = s" 4+ 860s° 4 3.7E055° + 8.4E07s* + 1.0E10s® 4 4.6E11s* + 8.2E12s + 5.1E13..

The Sylvester Matrix is determined by the coefficients of Ay, (s) and sAg,(s). The vectors

containing the coefficients of Ay, (s) and sA,(s), respectively, are shown below

[0 —13.5 16.5 44796]", [1 1.06 —290.3 0 0]".
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The Sylvester Matrix Sj is

1 0 0 0 0 0 0 0
1.06 1 0 0 0 0 0 0
—-290.3 1.06 1 0 —13.5 0 0 0
S — 0 —-290.3  1.06 1 16.5 —13.5 0 0
0 0 —290.3 1.06 44796 16.5 —13.5 0

0 0 0 —290.3 0 44796 16.5 —13.5

0 0 0 0 0 0 44796  16.5
I 0 0 0 0 0 0 0 44796 |

We solve the following algebraic equation
G =5""a
to get the vector (;:
B =[1 858 4.6E06 2.4E08 3.1E05 1.2E07 1.8E08 1.1E09]",

where o is the vector of the coefficients of Ay/(s).

The first four elements of [, are the coefficients of L(s), and the rest of the elements are the

coefficients of P(s). Hence,
L(s) = s* 4+ 858s% + 4.6E06s + 2.4E08,

P(s) = 3.1E055® 4 1.2E07s? + 1.8E08s + 1.1E09.

If we select C(s) to be a second order, relative degree 2 transfer function, and M (s) be
third order, relative degree 1 transfer function, we can write explicitly the transfer function

1P
in (4.22) and obtain the coefficients of M(s) and C(s) by equating (4.22) to — <8) The

s L(s)
transfer functions for C(s) and M(s) take the form:
s + 806s + 4.5E06
M = 4.54
() = 37300252 1 5855 1 3665 (4.54)
3.1E05
C(s) = (4.55)

s2 4+52.61s + 3.1E05°
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Figure 4.17: Closed loop response of £; controller - with/without uncertainties, no distur-

bance

4.4.3 Simulation Results

We select T" = 0.0001. The £; output feedback adaptive control approach is applied to
this system. Figure 4.17 shows the system outputs with £; controller, in the absence and
in the presence of parametric uncertainties. We can see that the system output tracks the
step command satisfactorily. Although this response is different from that of the baseline
LQR controller, we demonstrate later that in different unknown scenarios, the £; controlled
system still has a uniform response close to the one shown in Figure 4.17, independent of
the nature of the uncertainty. This verifies the theoretical claim on uniform approximation
of the corresponding signals of a bounded reference system. In Figure 4.18 the control signal

is shown, which is guaranteed to stay in low frequency range.

The disturbance is then introduced, as shown in Figure 4.19. Since d(t) does not depend
on the system output y(¢), the condition in (4.7) is satisfied automatically. We see that the

output response is slightly different than that of the nominal £; case, but is still satisfactory.

Finally the parametric uncertainties are changed due to a change in aerodynamic coefficients
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Figure 4.18: Control signal of £; controller
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Figure 4.19: Closed loop response of £; controller - with uncertainties and disturbance
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Figure 4.20: Closed loop response of £; controller with different uncertainties
given below:

Cl =12.C ¢ =15-Cp,., C. =08-C Chy = 0.7+ Chy, . (4.56)

Zag Rag? May Z‘SPD Zép07 m,;po

The system output is shown in Fig. 4.20. We can see that the £; output feedback adaptive

controller holds its uniform performance.

4.5 Conclusion

Longitudinal autopilot design for a missile model is performed using £; adaptive output
feedback controller, appropriate for non-SPR reference system dynamics. The new piece-
wise constant adaptive law along with the low-pass filtered control signal ensures uniform
performance bounds for system’s both input/output signals as compared to the correspond-
ing signals of a non-SPR reference system. The simulation results demonstrate the benefits

of the £; adaptive controller.



Chapter 5

L1 State Feedback Adaptive
Controller: Time-Varying Reference

Systems

In this section we present the £; adaptive controller for time-varying reference systems. This
is important for augmentation of baseline gain-scheduled controller, which naturally leads
to time-varying reference system. The objective of the adaptive augmentation is twofold.
First, it aims to recover the nominal performance of the gain-scheduled controlled system
at different operating points, without overruling the performance of the baseline controller.
Second, the design of the adaptive augmentation should be pursued in a way so that in the
absence of uncertainties the output of it is zero. Thus, the adaptive augmentation must
include the dynamics of the closed-loop system, controlled by the baseline gain-scheduled
controller, as a part of its feedback. The dynamics of the gain-scheduled controller change
dependent upon the scheduling variables, resulting in a time-varying closed-loop reference
system. To match the dynamics of the closed-loop baseline gain-scheduled controlled system,
the reference system of the adaptive controller needs to be time-varying too. This motivates

the study of £; adaptive control for time-varying reference systems in this dissertation.

99
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In this section, we analyze the stability and the performance of the £, adaptive controller
for a time-varying reference system. We further illustrate how the theory can be used for

adaptive augmentation of a baseline gain-scheduled controller.

5.1 L, Adaptive Control Problem Formulation

Consider a linear time-varying system:
() = An(t)2(t) +b(t) (Au(t) + 0T (t)a(t) +o(t) . y(t) =c a(t), 2(0) =z, (5.1)

where z(t) € R™ is the system state vector (measurable), u(t) € R is the control signal,
y(t) € R is the regulated output, b(t) € R™ is a known vector, ¢ € R" is a known constant
vector, A,,(t) is a known n x n matrix which satisfies the point-wise eigenvalue condition,
A € R is an unknown constant with known sign, 6(¢) € R™ is a vector of time-varying

unknown parameters, while o(t) € R is a time-varying disturbance.
Assumption 5 Without loss of generality, we assume that

AeQy=lwy, wyl, 0t)e€eBO, o) <Ay, t>0, (5.2)
where wy, > wy, > 0 are given known upper and lower bounds, © is a known compact set
and Ay € RT is a known (conservative) bound of o(t).
Assumption 6 We further assume that 0(t) and o(t) are continuously differentiable and
their derwatives are uniformly bounded:

||9(t)||2 <dp < o0, |o(t)]<d, <00, Vt>0, (5.3)

where the numbers dgy,d, can be arbitrarily large.
Assumption 7 The vector b(t) is continuously differentiable, bounded away from zero, and
its derwative 1s uniformly bounded:

16(t)]|2 < dp < 00, ¥ t>0.
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Assumption 8 There exists ¢ such that || A, (t)]|ee < ¢ for all t > 0.

Assumption 9 The representation [A,,(t), b(t)] is strongly controllable, and A, (t) and b(t)

are uniformly bounded and smooth.

The control objective is to design a full-state feedback adaptive controller to ensure that
y(t) tracks a given bounded reference signal r(t) both in transient and steady state, while all

other error signals remain bounded.

5.2 L, Adaptive Controller

In this section, we develop a novel adaptive control architecture for the system in (5.1) that
permits complete transient characterization for both u(t) and x(¢). The elements of the £,

adaptive controller are introduced next:

State Predictor: We consider the following state predictor
F() = A0 (1) +00) (AOyu(r) + 87 () +6(1)) 3 = Tae), #(0) = w0, (5.4)

which has the same structure as the system in (5.1). The only difference is that the un-
known parameters A, 6(t), o(t) are replaced by their adaptive estimates A(¢), 8(¢), 6(t) that

are governed by the adaptive laws.

Adaptive Laws: The adaptive estimates are given by

(1) = TeProj(—a()T (H)P(1)b(L),0()), 6(0) = by (5.5)
o(t) = T,Proj(—z' (t)P()b(t),5(t)),  &(0) = by (5.6)
A(t) = TyProj(—z' (t)P(t)b(t)u(t), A(t)), A(0) = Ay, (5.7)

where z(t) = 2(t) — x(t), g = Telpxn € R, T, = T'y = I'. > 0 are the adaptation
rates, and P(t) = P'(t) > 0 is the solution of the algebraic Lyapunov equation A (t)P(t) +
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P(t)A,,(t) = —1. The existence of P(t) follows from the proof of Lemma 5 and Assumption

8. Moreover, from (2.9) we can see that there exists ep > 0 such that
1P(t)]|oe < ep < 1.

The slow rate of variation of A,,(t) leads to smaller ep.
In the implementation of the projection operator we use the compact set © as given in (5.2).

Control Law: The control signal is the output of the following system

x(s) = D(s)ru(s), uls) = —kx(s), (5:8)

where k& > 0 is a feedback gain, r,(s) is the Laplace transformation of r,(t) = A(t)u(t) +7(t),
7(t) = 0T (1)x(t) + 6 (t) — ky(t)r(t), and k,(t) = —1/(cT A1 (£)b(t)) for each t > 0, while D(s)

is any transfer function that leads to strictly proper stable
C(s) = AkD(s)/(1 + AkD(s)) (5.9)

with DC gain C'(0) = 1. One simple choice is D(s) = 1/s, which yields a first order strictly
proper C(s) in the following form C(s) = Ak/(s + Ak). Further, let

L= 0.(1)] . 5.10
J@‘ﬁ%;' (t)] (5.10)

where 0;(t) is the i element of §(t), © is the compact set introduced in (5.2).
The £; adaptive controller consists of (5.4), (5.5)-(5.7), (5.8) subject to the following £;-
norm upper bound for the choice of D(s):

||G||E1L < 17 (511)

where G = HC, with H : R — R" being the input-output map of the linear time-varying
system @ (t) = A, (t)z(t) + b(t)u(t), and C being the input-output map of C(s) =1 — C(s).
Thus, G : R — R".
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5.3 Analysis of £; Adaptive Controller

5.3.1 Closed-loop Reference System

Next we consider the following closed-loop LTV reference system with its control signal and

system response being defined as follows:

Frep(t) = Am(t)Tres(t) +b(t) (Mtres(t) + 07 (£)ares(t) + 0 (1), 2rep(0) = w0 (5.12)

werls) = O H 1) = Tares 1), (5,13

where 7,..¢(s) is the Laplace transformation of the signal 7,y (t) = —07 (t)z,ep(t) — o(t) +
kg ()7 (1) -

Lemma 13 If D(s) verifies the condition in (5.11), the reference system in (5.12)-(5.13) is
stable.

Proof: Let C' : R — R be the input-output map of the transfer function C(s), and the
map H;, : R" — R” represent the zero-input response of the linear time-varying system
(t) = A, (t)z(t). It follows from (5.12)-(5.13) that ..y = Gry + HCkyr + H;pxo, where
r1(t) = 07 ()zrep(t) + o (t) is subject to the following bound: ||r1| s, < Ll|Zrerllza + 10|l 2e -
We consider G' and 07 (t) as the two interconnected systems defined in Theorem 1. The
block diagram is shown in Figure 5.1. Since D(s) verifies the condition in (5.11), and the

signals o(t), HCkyr and H;,zo are bounded, Theorem 1 ensures that the closed-loop system

in (5.12)-(5.13) is stable.

5.3.2 Transient and Steady State Performance

To prove uniform transient and steady state tracking between the closed-loop adaptive system

with £; adaptive controller (5.1), (5.4), (5.5)-(5.7), (5.8) and the reference system in (5.12)-
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Figure 5.1: Block diagram of the closed loop reference system.

(5.13), we first need to quantify the prediction error performance that is used in the adaptive

law.

Lemma 14 For the system in (5.1) and the Ly adaptive controller in (5.4), (5.5)-(5.7) and

(5.8), the prediction error between the system state and the predictor is bounded ||Z| s, <

9 .
. h Ap . = min )\min P(t 5
T, WRETE Ap;, te[O} ) ( ( ))

n )\
A 2 2 2 Prmax
—_mx§4.—|—4A+4w—w + 44— ( max||0||cdy + d, A
bm eeaeil bi (o =) 1—€p<9€a@ 19llocdlo + do )’

and Ap,,. = max Amax(P(1)).

te[0,00)
Proof: Consider the candidate Lyapunov function:

V(&(t),0(t),A(t),5(t)) = 2" (1) P()Z(t) + T510T (1)0(t) + T A%(t) + I;162(t),

~—

where 0(t) £ 0(t) — 0(t), 5(t) 2 6(t) —o(t), At) 2 A(t)—A. It follows from (5.1) and (5.4)
that
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Using the projection based adaptation laws from (5.5)-(5.7), one has the following upper

bound:

V() = iTOP®EE) + 3 ($)P@)EE) + 3T (O P®F(E) + 20,87 (10 ()
FADTIAT ()A(E) + 20516 (4)6 (1)
= @) (]1 - P(t)) () — 20507 (H)0(t) — 20767 (e (t)
(1) (]1 - P(t)) #(t) + 20 0T (00 + 5(H)e(t)] - (5.15)

IN

The projection algorithm ensures that 8(t) € ©, A(t) € Q, 6(t) € A for all t > 0, and

therefore
max (r;lé%)é(z) + DA + r;la?(t))
< 2 2 — 2) .
< (lgeag;zwz FAA? 4 4 (w, — w)? ) /T (5.16)
for any ¢ > 0.

If V(t) > 0,,/T. at some ¢, then it follows from (5.16) that &7 (¢) P(t)Z(t) > 45rma— Ao (d A+

Ie(1—ep)

maxgpee ||9||Ood9>, and hence

A0 cds + dyA)

O PO)a() = 53T (OPO() > .

(5.17)

The upper bounds in (5.3) along with the projection based adaptive laws lead to the following
upper bound: |07 (£)8(t) + &(t)a(t)| < 2%1638(”6”006[9 + d,A . Hence, if V(t) > 6,,/T,, then
from (5.15) and (5.17) we have

V(t)<0. (5.18)

Since we have set #(0) = z(0), we can verify that V(0 < maxpeo 5, 407 + 4A? +

4 (wy, — wl)2 )/FC < 0, /T .. It follows from (5.18) that V(t) < F_m for any t > 0.

Since Ap,, |Z(0)||1Z_ < T (O)P(t)z(t) < V(t), then ||2(t)|]Z_ < )\ , which concludes

the proof. O
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We further notice that this bound is proportional to the rate of variation of uncertainties
and is inverse proportional to the adaptation gain. The next theorem is in charge for both

transient and steady-state performance of the £, adaptive controller.

Theorem 5 Given the system in (5.1) and the Ly adaptive controller defined via (5.4),
(5.5)-(5.7) and (5.8) subject to (5.11), we have:

”J: - xref”ﬁoo < 71 ||U - uref”ﬁoo <7, (519)

— ”CHﬁl Om — C chax Om y 2
where v, = TIHCT oL\ FreTe Yo = HKHE1 Ly + == T with B > 0 and cpax > 0

being constants.

Proof: Let 7#(t) = A(t)u(t)+ 0" (t)x(t)+5(t), mo(t) = 07 (t)z(t)+o(t) . It follows from (5.8)
that x(s) = D(s)r,(s), where r,(t) = Au(t) + r2(t) — kg(t)r(t) + 7(t). Consequently

~ D(s) B kD(s)
x(s) = Hk—AD(s)TS(S)’ u(s) = _H—k—AD(s)r?’(S)’

where 73(t) = (ra(t) — ky(t)7(t) +7(t)). Using the definition of C(s) from (5.9), we can write
Au(s) = —=C(s)rs(s), (5.20)

and the system in (5.1) consequently takes the form:
x=HCry+ HCkyr — HCT. (5.21)

It follows from (5.12)-(5.13) that z,.; = HCry + HCk,r. Let e(t) = 2(t) — @,04(t). Using
(5.21) one gets
e=HCry— HC?, ¢(0)=0, (5.22)

where

ra(t) = 07 (t)e(t). (5.23)

Lemma 14 gives the following upper bound:

leelco < IHC g, Il + 75l (5.24)
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where r5 = CH7. From the relationship in (5.14) we have & = H7, which leads to r5 = CZ,
and hence ||75,|lz.. < [|Cllz,||Z¢]| o, - Using the definition of L in (5.10), one can verify
straightforwardly that ||(07e):||c.. < Llledll .. , and from (5.23) we have ||ry, ||z, < Llled|c.. -
From (5.24) we have |lei]lc. < |HC |z, Llledllce. + 1Cll ey l|7¢]| 2. - The upper bound from
Lemma 14 and the £;-norm upper bound from (5.11) lead to the following upper bound

”€t||£oo < ||C||_»Cl Om 7
1 - ||HO||£1L )\PmaxFC

which holds uniformly for all ¢ > 0 and therefore leads to the first bound in (5.19).

To prove the second bound in (5.19), we notice that from (5.13) and (5.20) that u(s) —

Upep(s) = —Spr(s) — re(s), where r7(t) = 0T (£)(2(t) — @res(t)) and rg(s) = SLi(s).

Therefore,

[ = tresllee < (L/MNCleillz = Tregllzw + 76l 2w - (5.25)

We now analyze the signal rg(t). The term 7(¢) in 7¢(¢) is the input to the system (5.14), the
output of which is Z(t). We have already computed the uniform bound on ||Z||z... Hence,
we need to find a relationship between the norm of 7(¢) and the norm of Z(¢) of a linear
system. The low-pass filter C(s) appears to be critical for deriving the bound on ||rg||... in

terms of the bound on ||Z||... .

According to Assumption 9, the representation [A,,(t),b(t)] is strongly controllable, and
A (t), b(t) are uniformly bounded and smooth. For the system

Z(t) = An()Z(t) + b(2)7(2),

from Lemma 8 we know that there exists a uniformly bounded transformation 7'(¢), such

that 2(t) = T()Z(t) = [a1 (), - ,a,(t)]", and the transformed system takes the controllable
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canonical form
= f(t)’
dn_l(t) 0 0 0 te 1 Oén_l(t)
I A (1) | I —ai(t) —as(t) —az(t) -+ —au(t) 1L an(t)

(5.26)
where a;(t), i = 1,--- ,n are bounded. The relationship between «a(t) = a4 (t) and 7(¢) can
be described by the following ODE:

Q™ (t) + an(t)a" () + -+ ar(H)a(t) = F(t). (5.27)
Let
2(t) = ¢ 2(t) = Galt) + GaM () + - + Ea (1), (5.28)
where ¢;, i = 1,--- ,n are the coefficients of a stable polynomial ¢,s"~! + --- + ¢,. Consider
2(t) = " (t)Z(t), where ¢' () = &"T'(t). It follows from (5.28) that
1
als) = o
n—1
(n—1) _ s
o) = e
a™(s) = i _2(s) (5.29)

o

Considering the linearity of equation (5.27), we can divide 7(¢) into two parts 71 (¢) and 7o(t),

7(t) = 71 (t) + 72(t), and write

() = (),

an ()" V@) + - Far(Ha(t) = (1)

(5.30)
(5.31)

Since Z(t) has been proved to be bounded and ¢ (¢) is bounded, the signal z(¢) is bounded.

It follows from (5.28) that «(t), -+ ,a" !(t) are all bounded. From (5.29) and (5.30), since
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a;(t) are bounded, 75(t) is bounded. We notice that the transfer functions

1 Snfl

Cps" 1446 o s L G
are proper and stable transfer functions. Hence, there exist finite positive numbers (3;);, i =

0,---,n — 1 such that

lo? 2. < (Bu)illzlle. -
From 7(t) = 71(t) + 72(t), we can have

C(s)7(s) = p(s) + pals),

where

Since C(s) is a strictly proper stable transfer function, its £ norm is finite positive number.

Since (f1)i, a;(t), i =0,--- ,n — 1 and the £4 norm of C(s) are finite, we have

lp2lle. < Poll2llcw s

where (5 is a finite positive number. From (5.29) we have

Sn

—— —2(s
cnsn_ +...+Cl

F1(s) =

Substituting the above expression into p(s) = C(s)ui(s) gives

STL

pa(s) = C(s)

—2(s).

R,

Since C'(s) is strictly proper and stable, the cascaded transfer function C' (s)ﬁ is

stable and proper. Hence, its £ norm, denoted by (3, is a positive number. We then have

o < Bsll2llcn -

From the existence of (3;);, B2 and fs, it follows that there exists a finite positive number B

such that

lilleee < Bl -
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Let ||c(t)]| < ¢max- Then the above inequality takes the form:

1Ol 2o < Bemax | e -

Notice that rg(s) = $4(s). Lemma 14 consequently leads to the upper bound:

chax Qm
<
which, when substituted into (5.25), leads to the second bound in (5.19). O

Thus, the tracking error between x(t) and w,.f(t), as well between u(t) and u,f(t), is uni-
formly bounded by a constant inverse proportional to I'.. This implies that during the
transient phase one can achieve arbitrarily close tracking performance for both signals si-

multaneously by uniformly increasing the adaptation rate I'.

5.3.3 Design Guidelines

We notice that the control law u,.f(t) in the closed-loop reference system, which is used in the
analysis of L., norm bounds, is not implementable since its definition involves the unknown
parameters. Theorem 5 ensures that the £; adaptive controller approximates u,.¢(t) both
in transient and steady state. So, it is important to understand how these bounds can be
used for ensuring uniform transient response with desired specifications. We notice that the

following ideal control signal

kg@)r(t) = 0" ()res(t) — o (t)

ideal (t) = .32
Uideal (1) A (5.32)
is the one that leads to desired system response:

Tref(t) = Am()@res (t) + 0Ok ()7 (1), Yre(t) = ¢ ares(t) (5.33)

by cancelling the uncertainties exactly. In the closed-loop reference system (5.12)-(5.13),

Uigeai (t) 1s further low-pass filtered by C(s) to have guaranteed low-frequency range. Thus,
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the reference system in (5.12)-(5.13) has a different response as compared to (5.33) achieved
with (5.32). In [3, 7], specific design guidelines are suggested for selection of C(s) to ensure
that in case of constant A,,, b, # and o the response of x,.f(t) and u,.r(t) can be made as

close as possible to (5.33).

5.4 Augmentation of the Gain-Scheduled Controller

The gain-scheduled baseline controller can be combined with the linear time-varying plant to
generate a linear time-varying reference system. Then the proposed £; adaptive controller
can augment the baseline gain scheduled controller. We give a brief review of gain-scheduled

control design. It usually involves the following steps.

Step One

We start with a nonlinear system without considering any uncertainties:

X(t) = fX®).U0),w(t), X(t) =X,
2(t) = m(X(@),U(t), w(t)),
Y(t) = ha(X(t),w(t)), (5.34)

where X (t) € R™, U(t) € R are the state and the input, w(t) € R™> is the vector of
exogenous variables, Z(t) € R denotes the error signal to be controlled, Y (¢) € R™ is the

measured output that can be used for feedback.

Gain-scheduling proceeds by computing a linear parameter-varying model for the plant.
For that purpose two approaches are studied extensively, linearization based scheduling and
quasi-LPV based scheduling. The linearization scheduling is based on the linearization of the
nonlinear plant (5.34) about a family of equilibrium points, also called operating points or set

points. Assuming that the scheduling variables change slowly and can be treated as constants
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in the neighborhood of the equilibrium points, one obtains a family of linear time-invariant
systems valid for each operating point. Next, linear controllers, parameterized by the fixed-
values of the scheduling variables, are designed for each of these systems, implementation of
which for the original nonlinear system leads to the nonlinear gain-scheduled design due to

the continuous (slow) change in the scheduling variables.

In quasi-LPV scheduling, the plant dynamics are rewritten converting the nonlinearities into
time-varying parameters, which are further used as scheduling variables. Quasi-LPV descrip-
tion gives a linear system with time-varying parameters without applying any linearization
technique. Since the nonlinear terms in the plant involve the states, some state variables
must be treated as parameters in various parts of the model, while they remain dynamical
variables elsewhere. This introduces additional challenges for the control design. Further-
more, the quasi-LPV description requires insight into the specific nonlinear dynamics of the
system. Hence, although the quasi-LPV description is not local, it has more complexity to

its design.

In this dissertation we only show the linearization approach for obtaining a linear time-
varying model dependent upon the scheduling variables. We denote the scheduling variable
n(t), and assume that n(t) includes the exogenous scheduling signal and can possibly depend
on the output Y'(¢) as well. For example, we can use Mach number as a scheduling variable
for aircraft flight control. It is a function of altitude and velocity. The dependence of the
aircraft dynamics on altitude is characterized by w(t) that can capture pressure, density, etc.,
while velocity is a part of the system states (or output). Hence we can write the scheduling
variable as n(t) = n(w(t),Y(t)). However, in this step we treat each fixed value of 7(t)
as a parameter of the system and denote it by 7, and do the linearization with respect to
system states and inputs, but not with respect to 1. This leads to a parameterized family
of linear systems. An important issue arises, when 1 depends on state variables through the
measured output Y'(¢), in addition to w(t). In that case, the scheduling variables appear
both as parameters (components of the vector ) and as dynamical variables (components

of Y(t)) at different places in the linearized plant.
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Definition 14 The functions X.(n), U.(n) and w.(n) define an equilibrium family for the
plant (5.3]) on the setn € Z, if

f(Xe(n), Ue(n), we(n)) =0, ne€E. (5.35)

Associated with this equilibrium family one has the output equilibrium family

Ze(n) = hi(Xe(),Ue(n),we(n)),  neE,

Ye(n) = ho(Xe(n),we(n), neE.

Let X5(t) = X (=X, (n), Us(t) = U)=U.(n), Zs(t) = Z(t)—Z.(n) and Y (t) = Y ())=Y.(n).

Then the linearization of (5.34) around equilibrium points can be expressed as:

Xs(t) = AW(t)Xs(t) + B(n(t))Us(t)
Zs(t) = Ci(n(t))Xs(t) + Di(n(t))Us(t)
Ys(t) = Can(t)Xs(1). (5.36)

Assumption 10 There ezists sufficiently small € > 0, such that for all t > 0, || X(t) —
X(t)|| <e.

Remark 4 Assumption 10 implies that the linear time-varying model in (5.36) is almost

always valid.

Step Two

Next, we design a parameterized family of linear controllers. For each fixed value of 7(t),
denoted by 7, we design a family of linear controllers parameterized by 7. Notice that the
scheduling variable 7 is considered as a fixed parameter throughout the design process, but
it becomes a time-varying input signal to the gain-scheduled controller implementation due

to its dependence on system’s measured state and exogenous signal. This is the key to the
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gain scheduling philosophy. Let the family of linear controllers be given by the following

dynamics:
X5 | | Fp GO | | X5(0) . pes (5.37)
Us(t) H(n) E@m) | | Ys(t)

Step Three

The objective of this step is to compute, based on the linear controller family (5.37), a

controller that has the general form

Xe(t) = f(X),Y(t),w(t)),
Ut) = hy(X°(t),Y (), w(t)), (5.38)

with the obvious input and output signals corresponding to the original nonlinear plant
(5.34). The controller (5.38) is the one that is going to be implemented. Notice that the
linear controller family (5.37) is not necessarily the controller being implemented in the final

step.

The design of the gain-scheduled controller (5.38) needs to ensure that the linearization
of the nonlinear feedback system consisting of the gain-scheduled controller (5.38) and the
nonlinear plant produces the same linear closed-loop system what one would otherwise obtain
from application of the linear controller (5.37) to the linearized plant. This can be achieved

if following two conditions hold.

First, the linearization scheduling needs to ensure that the equilibrium family of the controller

(5.38) matches the plant equilibrium family, i.e. there exists a function X¢(n) such that

0 = fg(Xec(n)vye(T/)awe(n))a
Ucn) = hgo(X(),Ye(n),we(n)), nek. (5.39)

Second, it needs to ensure that the linearization family of the controller (5.38) is the designed
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family of linear controllers (5.37). Thus we require that

I (X, Yo, weln)) = Pl

Oy (et Yol wel)) = G,

T (Xeo), Yo, welo)) = H),
ah’g c =
5y (Xe (), Ye(n),we(n)) =E(@m), ne& (5.40)

One direct way to get (5.38) is to specify the controller, in terms of the coefficients in (5.37),

as follows:

Xe(t) = F)X(t) = X))+ Gnn)[Y (t) — Ye(n(1))],
Ut) = H(n)[X(t) = X)) + Em@)[Y () = Ye(n(t))] + Ue(n(t)).  (5.41)

Step Four

Check nonlocal performance of the gain scheduled controller by simulations.

In step 2, we might be able to directly design a family of controllers via particular design
methods, like, for example, LPV methods. However, in most of the situations one adopts
interpolation on point design controllers due to their simplicity. Theoretically justified in-
terpolation methods were reported in [39, 90, 91, 92]. We notice that even if the inter-
polated family of linear controllers is theoretically justified for stabilization of the system
for each value of the scheduling variable, implementation of the gain-scheduled controller
based on the interpolation of a family of linear controllers still needs careful treatment in

terms of performance and stability. This important issue has been acknowledged in literature

[ ? ? ) ? ] :

Since we are focusing on how to augment the existing baseline controller, we assume a well-

designed gain-scheduled controller is available. For details on the design of gain-scheduled
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controllers, refer to [93, 94, 96, 98, 97, 40]. For analysis of stability, we assume that the
scheduling variable changes slowly, such that the condition from Assumption 8 can hold.
That is, ||A(t)|| < ¢. This “slow varying” condition is one of the rule-of-thumb guidelines

for gain-scheduled control design.

5.5 Gain Scheduling Design of Aerial Refueling Race-

track Maneuver

The complete autonomous aerial refueling process consists of three phases: approaching,
station-keeping and flying away. In previous chapter the approaching of the receiver to
the tanker is shown. In this section, station-keeping with racetrack shape maneuver of
the receiver aircraft is studied. Racetrack maneuver includes flights at straight wings level
condition, coordinated steady turn and transitions in between, which correspond to different
operating conditions. The baseline controller which can work for racetrack maneuver is gain-
scheduled, which means it is time-varying. The newly developed £; adaptive controller for
time-varying reference system can be applied to ensure that aerial refueling in this scenario

can be done with guaranteed and desired performance bounds.

We first start with 6DoF nonlinear equations of motion of the receiver aircraft. The deriva-
tions of the equations of motion follow commonly used approaches, e.g., in [100, |. The
dynamics are derived with respect to inertial frame, but expressed in stability axis. All

notations are defined in Nomenclature.
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Translational Kinematic Equations

I,(t) = Vi(t)|cos 3, cos a, cos b, cos 1, + sin (3,(— cos ¢, sin b,
+ sin ¢, sin 0, cos 1) + cos (3, sin ay,(sin ¢, sin ¢, + cos ¢, sin 6, cos 1)
Up(t) = Vi(t)| cos B, cos ay, cos B, sin i, + sin 3,(cos ¢, cos 1, + sin ¢, sin 6, cos 1,

+ cos 3, sin oy, (— sin ¢, cos 1, + cos ¢, sin 6, cos 1)

hy(t) = Vi(t)| — cos B3, cos a,sin 8, + sin §, sin ¢, cos 6,
+ cos 3, sin oy, cos ¢, cos 0, (5.42)
Translational Dynamic Equations

Vi(t) = g [ cos 8, sin B, sin ¢, + cos (3,(cos ¢, cos B, sin o, — cos o, sin Gp)}

4—mL [ — D,(t) + T,(t) cos v, cos ﬁp}

P
. 1
t) = —ry(t)cosa, + p,(t)sina —7[5 t) + T,(t) cos a, sin ]
570( ) p( ) p pp( ) P mp%(t) p( ) p( ) psin G,
Vfét) [ — €0s ¢y, cos B, sin v, sin B, + cos 3, cos 0, sin ¢, + cos a, sin [, sin Gp}
. . gsec 3, . .
ap(t) = qp(t) — (pp(t) cosay, + 1p(t) sinay,) tan 3, + Vi) [cos v, COS ¢y, €os B, + sin ay, sin QP]
t
sec (3 .
_mth(I;f) [Lp + T, sin oy, (5.43)

Rotational Kinematic Equations

qép(t) = pp(t) + qy(t) sin ¢, tan @, + r,(t) cos ¢, tan b,
ép(t) = qp(t)cos ¢, — ry(t)sin ¢,

¢p(t) = [qp(t) sin ¢, + 1,(t) cos ¢, | / cos b, (5.44)
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Rotational Dynamic Equations

. 1

pp(t) = T 1. —12 [Im — Ly + Lo Loapp(D)ap(t) + (Tyy — L2 — 17 ) ap(8)r(t) +
Ly + LNy |

, 1

gp(t) = i [(Izz — Lot )pp(t)rp(t) + (Tﬁ(t) - pgz)(t))lzz + M,

vy

. 1

o) = e | (12 = Lealyy + EOPo(00p(8) + (<L + Ly = L) Laay (1)1 (0)
VL, + JMN,,} (5.45)

Notice that the rolling moment and pitching moment include uncertainties as shown below:
£p(t) = Aluml(t) + Al (t), Mp = A2U616<t> + A2<t> 5

where A; is the scaling factor that represents actuator effectiveness reduction, A;(t) represents
unknown rolling and pitching moments respectively, uq;(t) and we.(t) are control inputs from

aileron and elevator.

For successful aerial refueling, the receiver is required to make the same steady coordinated
turn with the tanker. Coordinated turn requires the aircraft to fly with constant yaw rate w.p
and zero sideslip angle 3,. Furthermore, the deviation in altitude and speed should be small,
while starting and ending the turn. When the racetrack maneuver starts, the aircraft is at
wing level straight flight condition, while at the steady turning phase, it has constant nonzero
yaw rate ¢p, constant pitch and roll angles (6, ¢,), constant airspeed V; and angle of attack
ay, zero sideslip angle (3,, and constant angular velocities (p,, gp, 7). Hence, the start of the
maneuver has one equilibrium operating condition, and the steady turning corresponds to
another equilibrium operating condition. Gain-scheduling is needed to control the aircraft

for transition from one operating point to another.

We schedule the baseline controller by yaw rate ¢p. A tracking controller for yaw rate is
designed. The yaw rate command starts with zero, then gradually increases to a constant
value, which corresponds to the steady state value of the yaw rate at the steady turning

phase. Upon that, the yaw rate command will decrease to zero gradually. The timing of
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Figure 5.2: Yaw rate command and yaw angle.

this command is decided such that the yaw angle changes up to 180 degree. It is shown in
Figure 5.2. The baseline controller also includes speed hold and altitude hold controllers.
A LQR-based integral MIMO controller is designed for two nominal conditions: 1) straight
level flight condition at V; = 500 ft/s, ¢, = 0 rad/s; 2) steady coordinated turn at V; = 500
ft /s, 1, = 0.0297 rad/s.

Upon linearization at the above nominal conditions, the system states (AV:, AB,, Aay,, Ap,,
Agyp, Ary,, Ab,, A¢, Ah,) are obtained. Notice that these states are deviations from nominal
values. All the states are available for feedback, so the measured output y is equal to x. The

performance output, which we want to control, includes airspeed, altitude and yaw rate. We

have
o(t) = [AVi(t) AB(t) Aay(t) Apy(t) Agy(t) Ary(t) Ab,(t) Ady(t) Ahy(t)]"
y(t) = =(1)
2(t) = [AVi() Ahy(t) Ady(1)]T
u(t) = [8a(t) 0e(t) 6,(t) &r(t)] ", (5.46)

where the aileron input J,, the elevator input d., the rudder input 4, and the thrust input &r

are the control inputs. Corresponding to the two operating points, two linear time-invariant
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systems are obtained:

1(t) = Ayxq(t) + Biua(t),
To(t) = Aswo(t) + Bous(t). (5.47)

Due to the difficulty of calculating A(t) and B(t) analytically, the linear time-varying dy-

namics are obtained via interpolation. For example,
A(t) = (1 = A1) A + A(t)As,

where

Dp(t) =i wl
Yy =ty

and ¢1 = 0, ¢2 = 0.0297. The baseline control input is interpolated from the nominal

At) =

controllers u19 and usg, designed for two operating points:

_ Q/"p(t) — QZ’? @Dp( ) @&1
e

U20-

Then the linear time-varying system is obtained

i(t) = AWa(t)+ B (Au(t) + 0 (Da(t) + o(1))
y(t) = Cu(t)
2(t) = Hx(t), (5.48)

where A, 6(t) and o(t) are uncertainties that will be discussed later in simulation section.
The numerical values of A;, Ay, By and By are shown in Appendix. The two nominal

conditions for operating points are also shown in Appendix.

The baseline controller is designed for the nominal LTI systems (5.47) in the absence of
uncertainties, using LQR and PI method. We first design a controller without considering
the state “altitude h,(t)”. The response of h,(t) is relatively slow and can be controlled by
an outer loop feedback controller. The reason we decouple altitude state from other states in

the design is that if the altitude is included in the LQR design, the resulting controller has
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Figure 5.3: Block diagram of baseline controller.

slow response of yaw rate tracking. Hence we first design a LQR+integral baseline controller

for subsystem whose states are
[AV(t) ABy(t) Aay(t) Apy(t) Agy(t) Arp(t) Aby(1) A¢p<t)]—r'

Then we design an outer loop controller using the LQR method to hold the altitude during
the coordinated turn. The outer loop controller takes the states «a,, ¢,, 6, and h, and
generates a command signal V. for the air speed V;. The illustration of this scheme is shown

I;

in Figure 5.3

Upon obtaining the gain-scheduled baseline controller, we are able to calculate nominal
dynamics A,,(t) as described in (5.1). Then we can verify some of the assumptions given in

Section 5.1. This process is done through numerical calculations.

o Slow variation assumption : at each fixed ¢, A,,(t) has negative real part of eigenvalues.
We have solved the Lyapunov equation A (t)P(t) + P(t) A, (t) = =1 for P(t) over the
time range ¢ € [0,200] seconds. And calculate numerically || P(t)||s over this time
range. They are uniformly less than one. Hence the sufficient condition for stability is

verified.
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e Strong controllability assumption: at each fixed t in the time range ¢ € [0, 200] seconds,

the controllability matrix Q.(t) is calculated, and they are all nonsingular.

5.6 Simulations

We first look at the baseline controller. The design parameters for the two baseline controllers

are shown below. For condition 1 we have:
Q1 = diag([0.9, 0.09, 0.09, 0.09, 0.09, 0.9, 0.09, 0.09, 1, 9]), Qn1 = diag([10, 20, 20, 50]),

and

Ry = diag([0.9, 0.9, 4.5, 45]), Ry, = 0.6.

For condition 2 we have:
Q- = diag([1, 0.1, 0.1, 0.1, 0.1, 1, 0.1, 0.5, 1, 10]), Qne = diag([10, 20, 20, 50]),

and

Ry = diag([1, 1, 5, 50]), Rp2 = 0.05.

The experimental vortex effect data that we applied to the simulation in previous chapter
describe the induced drag, rolling and pitching moments generated from wing tip vortices
of the tanker. They are functions of the relative distance between the receiver and the
tanker. Therefore, during the coordinated turn, when the probe has already captured the
drogue, the vortex induced uncertainties can be treated as constants according to experi-
mental data. However, in real flight conditions, more uncertainties in the air flow field may
exist, and the experimental data from wind tunnel test can not model the real vortex effect
perfectly. Hence, considering them as pure constant disturbances and applying conventional
disturbance rejection techniques may not ensure satisfactory performance. This is the reason
that we design adaptive controller to compensate for time-varying and state dependent un-

certainties. These uncertainties are not available from our current experimental data, so we
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introduce some “artificial worst-case” type disturbances to show the ability of the proposed
adaptive controller for handling these.

We inject induced rolling moment and pitching moment into p, and ¢, equations. The

induced rolling moment is

Fron(t) = pp(t) + ¢p(t) + 0.5sin(0.1¢),

and the induced pitching moment is

fpitch =0.5.

In equation (5.48), A models the reduction of actuator surface effectiveness. In the simu-
lation, we set A; = 0.45, ¢« = 1,2, 3, i.e. the aileron, the elevator and the rudder lose their

effectiveness by 55%.

The L, adaptive controller design has the following parameters. For each control channel,

the low-pass filter is chosen as

1
D(s) = ——
() s247Ts’
while the feedback gains k;, © = 1,--- ,4 are chosen as

k1 =50, ke =50, ks =050, ky=T.

The adaptation gain is selected I'. = 80000.

The simulation results first show the nominal performance of the racetrack maneuver in
the absence of uncertainties. In. Figure 5.4, the air speed, the yaw rate and the altitude
response are shown. The tracking of yaw rate is satisfactory and the deviations of air speed
and altitude are small. Then in Figure 5.5 the projection of flight trajectory on the horizontal
plane is shown, which is in a racetrack shape. In Figure 5.6 the remaining system states are

shown. Figure 5.7 shows the control inputs.

Next the induced rolling and pitching moment are considered. Figure 5.8 shows the degra-

dation of the yaw rate tracking performance and flight trajectory. If control effectiveness
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Figure 5.4: Nominal output performance of baseline .
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Figure 5.5: Projection of flight trajectory on horizontal plane.
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Figure 5.7: System control inputs of nominal performance.
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Figure 5.8: Performance under rolling and pitching uncertainties.

uncertainty is introduced, the performance is degraded too. Figure 5.9 shows the degrada-

tions in the presence of actuator effectiveness reduction.

When we apply the £; adaptive controller to the system in the presence of uncertainties,
the nominal performance can be recovered satisfactorily. When considering induced roll and
pitch moment uncertainties, the responses in Figure 5.10 and Figure 5.11 show the recovery
of nominal performance. In Figure 5.12 the adaptive control signals are shown, which are
augmentations of the baseline controller and stay within reasonable range.  In Figures
5.13 and 5.14, the £; adaptive controller performance in the presence of control effectiveness
reduction is shown for the entire maneuver, and Figure 5.15 shows the adaptive control signal

for this case.

If the coordinated turn is done at a different yaw rate, the yaw rate command is different. The
L1 adaptive controller has scaled tracking performance, which is typical for linear system’s

response. We increase the amplitude of the original yaw rate command by 25%, that is,
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Figure 5.9: Performance under actuator effectiveness reduction.

0.04 — ) dot
trorons command
'(.é 2 -
k]
o
>
-0.02 I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200
time (sec)
o
£
=l
[
[
Q.
»n
494 1 1 1 1 1 1 1

1 1
20 40 60 80 100 120 140 160 180 200
time (sec)

Figure 5.10: Output performance of £; control - rolling and pitching moment uncertainties.
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Figure 5.15: Adaptive control signals - control effectiveness reduction.

1 = 0.0371 rad/s. It is obvious that the coordinated turning maneuver can be finished
sooner in this case. The new yaw rate command and original yaw rate command are shown
in Figure 5.16. The performance in the presence of rolling and pitching moment uncertainties

is shown in Figure 5.17 , and it can be seen that the performance degrades.

The £, adaptive controller is applied to this scenario without any re-tuning of the controller.
The output performance is shown in Figure 5.18. If we compare it to the yaw rate com-
mands shown in Figure 5.16, we can see that the £; adaptive controller has scaled tracking

performance. The adaptive control signal is plotted in Figure 5.19.

5.7 Conclusion

In this chapter, £, state feedback adaptive controller is extended to time-varying reference

systems. The adaptive controller intends to augment a gain-scheduled baseline controller.
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The reference system, which is determined by the closed loop system of the plant and the
baseline gain-scheduled controller, is time-varying. The benefits of the proposed controller in
this paper are: the adaptive controller with time-varying reference system is proved to have
guaranteed performance bounds similar to those obtained for the case of linear time-invariant
reference systems; the sufficient condition for stability of this new method is not worsening
the slow rate of variation condition required by gain-scheduled controller, which means that
the combined adaptive and baseline controller do not require more conservative condition
on the rate of variation of the scheduling variables. With this result, the aerial refueling
application can be extended to a complete scenario, which includes a racetrack maneuver of

aircraft.



Chapter 6

Concluding Chapter

6.1 Summary

This dissertation addresses problems of flight control for aerial vehicles and weapons in
highly uncertain dynamical environment. The £; adaptive controller is extended in this
dissertation to time-varying reference systems. Its output feedback variant is elaborated
from the design perspective. Various flight control examples are discussed on mid-to-high

fidelity simulations.

Adaptive control for uncertain systems usually needs to handle two types of uncertainties:
matched and unmatched uncertainties. Both of these uncertainties appear in practical flight
control problems. In this dissertation, adaptive approaches which can compensate for these
two types of uncertainties are discussed respectively. Different perspectives of £; adaptive

control method are studied in several chapters.

Chapter 3 presents L, state feedback adaptive controller for time-invariant reference sys-
tems. The multi-input multi-output extension of this method is discussed. Two benchmark
flight control applications are studied. The following advantages of £, adaptive controller

over conventional adaptive control methods make it suitable for development of theoretically

134
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justified tools for Verification and Validation of adaptive systems: i) it has guaranteed uni-
formly bounded transient response for system’s both signals, input and output; ii) it enables
fast adaptation while maintains a bounded away from zero time delay margin. It is shown
that the proposed adaptive control approach can recover the nominal performance of the
flight systems in the presence of actuator effectiveness reduction and matched uncertainties,
even if the uncertainty is a nonlinear, fast time-varying function of system states. In the
simulations section, it is demonstrated via numerical examples that the bounded-away-from-
zero time-delay margin of this adaptive controller can be improved by systematic choice of

the underlying filters.

In Chapter 4, the £, output feedback adaptive controller is explored from its design perspec-
tive. It can handle unmatched uncertainties. The adaptive output feedback controller can
be applied to achieve reference system behavior that does not verify the Strict Positive Real
(SPR) condition for its input-output transfer function. In this dissertation, specific design
guidelines are presented that render the approach suitable for practical applications. Longi-
tudinal autopilot design for a missile model is performed using £; adaptive output feedback
controller. The new piece-wise constant adaptive law along with the low-pass filtered control
signal ensures uniform performance bounds for system’s both input/output signals. The
simulation responses of the proposed controller demonstrate the benefits of the £, adaptive

controller.

Finally, in Chapter 5, the £; state feedback adaptive controller is extended to time-varying
reference systems. The adaptive controller intends to augment a gain-scheduled baseline
controller. The reference system, which is determined by the closed loop system of the plant
and the baseline gain-scheduled controller, is time-varying. The benefits of the proposed
controller in this chapter are: i) the adaptive controller with time-varying reference system
is proved to have guaranteed performance bounds similar to those obtained for the case of
time-invariant reference systems; ii) the sufficient condition for stability of this new method
“matches” the slow-variation condition required by gain-schedule controller, which means the

combined adaptive and baseline controller do not require more conservative condition on the
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variation rate of the scheduling variables. With this result, the aerial refueling application

can be extended to a complete scenario, which includes a racetrack maneuver of an aircraft.

6.2 Future Work

The time-delay margin analysis is only studied analytically for a simple case. The time-
delay margin of systems with more general form of uncertainties in flight control problems
are calculated numerically. Although this still can show that the results agree with the
theoretical predictions, analytical analysis is desirable. Further analysis and verification is
needed for multi-input multi-output systems with general form of uncertainties. The time-

delay margin analysis for £, adaptive output feedback controller is also needed.

For the output feedback method, the current design guideline can be improved further, with
the help of linear design tools, to find satisfactory controller more quickly. This is especially

important if the plant is non-minimum phase and unstable.

There are some issues requiring further investigation of £; adaptive controller with time-

varying reference systems.

First, extension to more general class of uncertainties, e.g. unknown nonlinear function of

states and time, can be done.

Second, although rigorous mathematical details and proofs are given, further relaxation of
the assumptions and/or more effective methods are needed if we want to apply the proposed
adaptive method to practical linear time-varying systems and baseline controllers with veri-

fiable results.

Third, design guidelines need to be elaborated with details. For the time-varying reference
system, more mathematical tools are needed for developing the design guidelines. We discuss

here some possible tools towards this end.

As indicated in subsection 5.3.3, the reference system in (5.12)-(5.13) has a different response
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as compared to (5.33) achieved with (5.32) due to the inclusion of low pass filter C(s). In
[3, 7], specific design guidelines are suggested for selection of C(s) to ensure that in case of
constant A,,, b, § and o the response of z,.¢(t) and w,.f(¢) can be made as close as possible
to (5.33). However, in the case of time-varying reference system, the mathematical tools
used in [3, 7] cannot be applied. With new mathematical tools, it is possible to show that
the desired performance of (5.33) can be recovered asymptotically when the bandwidth of
the low pass filter C'(s) goes to infinity. We can show this for C'(s) = . Let f(t, x,ep(t)) =
()T 2rer(t) 4+ o(t). If the signal f(t,2,.7(t)) is defined as

~ S

f(s) = f(s),

s+ w

then the closed loop reference system changes to

rep(t) = AmO)rer (1) +0(0) (1) + ky(O)r(1))

1 = ~ .

FW) = R 0) 4 e 1), (6.1
Notice that f(t, z,cf(t)) is bounded. The system (6.1) has a structure of singularly perturbed
systems. Let P, be the input-output map from r(¢) to the output of the linear time-varying
system (6.1), and Py be the input-output map from 7(t) to y..s(t) of the desired linear
time-varying system (5.33). Application of tools from singular perturbation theory [I12]
and robust control [113, ] can possibly lead to a provable result of the following nature:
the system P, “approaches” the system P, in an appropriately chosen metric, when the
bandwidth w of the low-pass filter goes to infinity. This can lead to elaborating the details

of design guidelines for £; adaptive controller with time-varying reference systems.
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Appendix

Nominal Conditions and System Matrices

Operating point 1:

—0.02 0.1 38 0 —25 —-0.03  —32 0 —0.0002 0

0 —0.02 0 0.05 0 -1 0 0.06 0 0
—0.0001 0 -1  0.0001 1 0 —0.003 —0.0003 0 0
0 -9.7 0.006 -21 -0.0003 0.2 0 0 0 0
—0.001 0 12 0.0003  —2.7 0 0 0 0 0
A= 0 —2.6 0.0006 —0.1 0 —0.01 0 0 0 0
0 0 0 0 1 —0.005 0 —0.0003 0 0

0 0 0 1 0.0002 0.05  0.0003 0 0 0
—0.05 2.3 499 0 0 0 -500  —0.14 0 0

1 0 0 0 0 0 0 0 0 0

i 0 0 0 0 0.005 1 0 0 0 0
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The nominal values of this operating point is:
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Operating point 2:

[ 002 13
—0.0001 —0.02
—0.0001  0.001
0 10
—0.001 0
Ay = 0 -3
0 0

0 0
—0.04 210
1 0
0 0

36
—0.001
-1
—0.06
12
—0.009
0
0
453
0
0

0
0.06

-2
0.03
—0.1

—0.001

—0.0003

—28
0
1
—0.03
-3

0.9
0.02
0
0
0.4

o o o O

0.7
-1
0
0.2
—0.001
—0.01
—-0.4
0.04
0
0
0.9

0

o o o o o o o o o

—0.001
—0.002

—32

0
0
0

0
0.03
—499

0
0

0
0.06
—0.03

—0.03

—11

152
—0.0002 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

o O O o o o o o o o o




Jiang Wang Appendix 153

0 0.1798 0 0.0024 ]

—0.0003 0 0 0

0 —0.0029 0 0

0.6134  0.0001  —0.0970 0

0 —0.4054 0 0

By = | 0.0339 0 —0.1399 0
0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

i 0 0 0 0

The nominal values of this operating point is:

(499.25 0.0013 0.0547 —0.0012 0.0124 0.0269 0.0418 0.4318 —5000 O O)
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