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(ABSTRACT)

The behavior of repairable equipment is often modeled under assumptions such as
perfect repair, minimal repair, or negligible repair. However the majority of equipment
behavior does not fall into any of these categories. Rather, repair actions do take time
and the condition of equipment following repair is not strictly “as good as new” or “as
bad as it was” prior to repair. Non-homogeneous processes that reflect this type of
behavior are not studied nearly as much as the minimal repair case, but they far more
realistic in many situations. For this reason, the quasi-renewal process provides an
appealing alternative to many existing models for describing a non-homogeneous
process. A quasi-renewal process is characterized by a parameter that indicates process
deterioration or improvement by falling in the interval [0,1) or (1,e0) respectively. This
parameter is the amount by which subsequent operation or repair intervals are scaled in
terms of the immediately previous operation or repair interval. Two equivalent
expressions for the point availability of a system with operation intervals and repair
intervals that deteriorate according to a quasi-renewal process are constructed. In
addition to general expressions for the point availability, several theoretical distributions
on the operation and repair intervals are considered and specific forms of the quasi-
renewal and point availability functions are developed. The two point availability
expressions are used to provide upper and lower bounds on the approximated point
availability. Numerical results and general behavior of the point availability and quasi-
renewal functions are examined. The framework provided here allows for the description
and prediction of the time-dependent behavior of a non-homogeneous process without the

assumption of limiting behavior, a specific cost structure, or minimal repair.
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Chapter 1 - Introduction

1.1 Background

As systems become more complex and automation increases, there is a growing
interest in the study of equipment maintenance. Increased dependence on industrial
systems, military systems, and computer networks has emphasized the importance of
maintaining systems to reduce unplanned downtime and maintenance costs. For instance,
all large-scale systems fielded by the U.S. Army must pass an evaluation of operational
suitability, which is measured in terms of reliability and maintainability performance.
Since the implications of unplanned failure and downtime can translate to the difference
between life and death for soldiers, the Army has a structured multi-stage program to

evaluate the suitability of its systems.

Since the early 1960's, the academic community has shown a growing interest in
maintenance optimization. McCall [1965], Pierskalla and Voelker [1976], and Valdez-
Flores and Feldman [1989] provide extensive surveys of the academic research
conducted in the field of maintenance planning. Barlow and Proschan [1967, 1975,
1981] and Ascher and Fiengold [1984] are standard books that provide comprehensive
coverage of basic concepts in reliability and maintainability. Nachlas and Cassady
[1999] discuss the potential productivity benefits of maintenance planning and
optimization. They assert that an increased emphasis on the study of equipment
maintenance may lead to increases in competitive success that is similar to those that

resulted from increased emphasis on quality improvement.

The goal of any maintenance program is to optimize system performance through
cost reduction and increased availability. This is achieved by reducing the frequency of
failures and the amount of downtime. In many situations the cost of a failure includes
costs associated with bringing the system back to an operational state and the costs

associated with the downtime incurred. Downtime consists of the time it takes to



discover that a failure exists, identify the problem, acquire the appropriate tools and parts,

and perform the necessary maintenance actions.

It is assumed the reader has an understanding of various basic concepts in the field of
reliability and maintenance planning such as preventive maintenance, corrective
maintenance, reliability, and availability. In addition, it is critical to have a strong
foundation in probability theory and stochastic processes. An understanding of results
from renewal theory, results from distribution theory, Poisson processes, and tools such
as the Laplace transform are essential in the development of this dissertation. A brief
overview of the different types of availability expressions and the formula for point
availability as it is used in the context of a homogeneous process is provided below since
the extension of these ideas under the assumption of a quasi-renewal process is the focus
of this research. An explanation of some of the other terminology listed above is

contained in Chapter 2.

There are four basic types of availability measures: point availability, limiting
availability, average availability, and limiting average availability. All of these measures
are related and can be defined in terms of the point availability, which is often simply

referred to as the availability. The point availability, A(z), is defined as the probability

that the system is operational at any point in time, #. This is the availability measure that
gives the most detailed description of system behavior. The limiting availability, 4, of a

system is the limit of A(¢):
A=1lim A(t). (1.1)

t—>o0

The average availability, 4__(¢), over an interval [0, 7] is:

ave

A (1) = % | OTA(t)dt . (1.2)

The average availability measures the fraction of time that the system is operational over
the interval of interest. Even practitioners sometimes confuse the average availability
with the point availability. The final availability measure is the limiting average

availability, A4_ , defined as follows:



A =limA_(z)=lim~ | “A(t)dt . (1.3)
T—o0 t—oo T 0

ave

The expression for the point availability under the assumption of a basic

homogeneous process is given by:
A@t)=F(0)+ [ F(e=x)my (x)dx (1.4)

where F'(¢) is the distribution function on an interval of operation and m, (x) is the
renewal density based on H which is the distribution function on a single operation-
repair cycle.  The renewal density, m,(x), is the derivative of the renewal function,
M, (t). For a homogeneous process with identically distributed lifetimes, F(¢), the

renewal function is the distribution on the expected number of renewals at time ¢ and

takes the form:
M (6)= EIN()] = Y n PN (1) = 1]

= ' n(Pr[N(t) = n] - Pr[N(¢) = n+1])

(1.5)
n(F* ()= F" (1))

F" ()

Il
M 1M 1D

1

n

where F(t) is the n-fold convolution of F(¢). Note that this development treats the

instantaneous repair case. If repair times are included, the renewal function is based on

H (?), the convolution of F(¢) and the repair distribution, instead of F(¢) as in 1.4.

1.2 Motivation

Many people have modeled and analyzed various policies regarding the corrective
maintenance, preventive maintenance, and availability of systems under the assumption
of renewal after maintenance. The literature related to such homogeneous processes is

extensive and key results can be found in the basic references cited above.



A small portion of the literature addresses the situation in which renewal is not an
appropriate assumption. These are imperfect repair models, or non-homogeneous
processes (NHP), and are more realistic for situations encountered in practice. The
minimal repair model is the most frequently discussed imperfect repair model in the
literature and is a special case of an NHP. Specifically, the minimal repair model
constitutes a non-homogeneous Poisson process (NHPP) where repair returns the system
to its condition immediately prior to failure. The broader class of imperfect repair
models consists of all models that allow repair actions to return the system to an
intermediate condition between minimal repair and renewal. The homogeneous process
is often a special case of an imperfect repair model. However, constructing models and
obtaining analytical results under the assumption of an NHP is often relatively difficult.
This is particularly true when developing an expression for the point availability of an
NHP. As an alternative, the majority of the research focuses on the development of cost

models that are based on the limiting behavior of a system.

Constructing a probability model of availability is an attempt to describe the actual
behavior of a system, where a cost model analysis only yields optimal parameters under a
particular cost structure. The importance of modeling the behavior of a system, rather
than just the cost, is stressed in the above military example where life and death is at
stake. In a less extreme industrial setting, an expression for the point availability can be
used to predict and improve equipment utilization. For this reason, the lack of modeling
and analysis of non-homogeneous processes that focus on availability, rather than cost, is

unfortunate.

1.3 Research Objectives

The majority of imperfect repair models only consider some combination of minimal
repair and renewal. However, Lam [1988] defines a non-homogeneous process called the
quasi-renewal process that provides for the structured deterioration of both the operation
and repair intervals over time, rather than restricting the possibilities to that of perfect

repair or minimal repair. Wang and Pham [1996b, 1997] call this the quasi-renewal



process and obtain the Laplace transform of the quasi-renewal function in terms of the
transform of the first interval of operation. The focus is then shifted to constructing a
cost model that is analyzed to determine the optimal length of a preventive maintenance
interval. Wang and Pham make no attempt to construct a probability model that

describes the behavior of the quasi-renewal process over time.

The goal of this research is to extend the work done by Wang and Pham through the
development of an expression for the point availability of the quasi-renewal process
under a series of increasingly more complex assumptions concerning the repair activity.
It is assumed the system of interest can be modeled as a single component and that the
system is monitored continuously and accurately. Therefore, the construction of an

inspection policy is not an issue.

The construction of a probability model of equipment performance is a difficult task
and it is often necessary to build such a model through an iterative process. The
foundation for this analysis is a probability model that assumes instantaneous repair. An
expression of the distribution of the expected number of failures as a function of time is a
result of the first model. This result is the parallel to the basic renewal function of a
homogeneous process with instantaneous repair. To develop the most basic availability
model for the quasi-renewal process, repair times are included and assumed to be
independent and identically distributed (iid). Finally, the repair times are assumed to
increase stochastically according to a quasi-renewal process. The availability expressions
for the above scenarios are solved analytically when possible, and numerically if

obtaining an analytical solution is prohibitive.

1.4 Results and Conclusions

Exact expressions for the quasi-renewal function and the point availability function
are found for the following cases
e exponential operating intervals and exponential repair intervals,

e normal operating intervals and normal repair intervals,



e normal operating intervals and exponential repair intervals,

e gamma operating intervals and gamma repair intervals,

e gamma operating intervals and exponential repair intervals.
With the exception of the case of normal operating intervals and normal repair intervals,
the exact expressions are infinite sums in the Laplace transform space. It is necessary to
truncate the exact expressions so they can be inverted to the time domain to obtain
numerical results. The truncation that is necessary causes the expressions in the time

domain to be approximate.

Equations for the case of normal operating intervals and normal repair intervals are
expressed in the time domain as infinite sums of normal cumulative distribution
functions. The estimation of the normal cumulative distribution function introduces as
small amount of error in the value of the approximations. Numerical results are provided
for all of the above cases except the cases of normal operating intervals with exponential
repair intervals. The form of the Laplace transform prevented inversion under these
conditions. Issues related to the machine precision of complex algebraic manipulation
made numerical evaluation of the expressions for the point availability and the quasi-
renewal function difficult in many cases. This is the limiting factor in the analysis and

application of the models developed within.

Finally, two exact expressions are provided for the point availability in all cases.
These two expressions are equivalent, but become distinct after truncation. The two
expressions are useful as bounds on the point availability that become tighter as the
number of evaluated terms increases. In addition, the bounds indicate the maximum error
in point availability calculations and determine the point of truncation necessary to
achieve a specified level of accuracy for the estimation of the point availability function

at any time of interest.



Chapter 2 - Literature Review

2.1 Introduction

This chapter provides an overview of the literature related to the maintenance and
reliability of single-component systems. It should be noted that the word component is
used to describe any system or subsystem that is modeled and evaluated as a single entity.
Almost all systems consist of multiple components and sub-components that work
together toward a common objective. For instance, a personal computer commonly
consists of several components: a monitor, printer, keyboard, mouse, CPU, hard-drive,
and so on. Each of those components consists of tens to thousands of other components,
such as capacitors, resistors, diodes, buttons, and wiring. It is often too difficult to obtain
analytical reliability and maintainability results for multi-component systems. Therefore,
most analytical models consider complex systems as a single entity that is either
operational or failed. This approach allows the model to reflect the aggregate system-
level behavior without incorporating the detailed relationships between numerous
components. This dissertation focuses on systems that can be reasonably modeled as
single component systems. From this point forward, the term component or system is

used to describe a system of components that can be modeled as a single entity.

The majority of this review provides a comprehensive discussion of the models
commonly known as corrective maintenance (CM) models. Corrective maintenance
(CM) is comprised of all maintenance actions performed in response to a system failure.
Various corrective maintenance policies are described in terms of the degree to which the
system is repaired. Replacement or renewal refers to the case in which the system is "as
good as new" after repair. For instance, if an engine is replaced or rebuilt it is probably
safe to assume that the engine is "as good as new." Minimal repair refers to the case in
which the system is "as bad as old" after repair. For instance, if a spark plug is adjusted it
is probably safe to assume that no significant improvement has been made and the engine
is "as bad as old." The perfect repair model and the minimal repair model are the two

most established CM models in the literature and rely on very rigid assumptions



concerning the degree of component repair. In more recent literature, imperfect repair
models and general repair models are addressed. Imperfect repair considers the case
where a repair renders the system somewhere between "as bad as old" and "as good as

new." This is a considerably more versatile and realistic approach for most situations

encountered in practice.

In addition to corrective maintenance, which is performed as a reaction to failure,
there is preventive maintenance (PM), which is performed to decrease the likelihood of
an unplanned failure. Typically, the system is scheduled for PM during a period of time
that provides the least disturbance in productivity. For instance, one might take a car in
for a tune-up and oil change during the weekend. This is probably the most universally
recognized form of PM. Failure to perform these tasks on a regular basis increases the
chance of a broken fan belt, broken timing belt, or even an engine seizure while driving
to work. Obviously, the minor inconvenience presented by putting the car in the shop is a
much more attractive alternative than a catastrophic event on the highway. This simple

example illustrates the motivation for a PM program.

There are two basic types of PM programs, block replacement and age replacement.
A block replacement policy requires that PM actions be performed at regularly spaced
time intervals. Changing the oil after every month is an example of a block replacement
policy. An age replacement policy requires that PM actions be performed after a
specified amount of accumulated use. Changing the oil after every 4,000 miles is an

example of an age replacement policy.

PM is justified in situations where the failure rate of a system tends to increase over
time and the cost of an unexpected failure is significantly higher then the cost of a
scheduled PM action. PM and CM policies must both be considered as a part of any
comprehensive maintenance plan for such systems. In fact, the more recent maintenance
literature rarely addresses either PM or CM in isolation. Rather, most papers focus on a
particular PM strategy while assuming a certain CM model or focus on a particular CM

strategy while assuming a particular PM model. As a result, it would be difficult to



provide a survey of CM literature without an introduction to the PM literature.
Therefore, section 2.3 of this review covers basic PM models and provides several survey
papers that serve as a good starting point for further investigation. Section 2.4 is a
detailed overview of CM models, focusing on imperfect repair and general repair models.

Finally, section 2.5 introduces the topic of component inspection.

Inspection models are tangential to this dissertation, but are contained in many of the
papers related to PM and CM. Many models consider components that are monitored
continuously and are subject to a continuous aging process. Inspection models and shock
models consider components that are monitored at discrete points in time and
components that are subject to a discrete aging process, respectively. In many situations
it is impossible or cost prohibitive to continuously monitor the status of a component.
For instance, the status of many safety systems is not observable without conducting a
test or an inspection. A consequence of this situation is that upon failure the system
remains in a failed state until the next inspection. The cost of inspection and the
consequences of downtime must be considered to determine the optimal inspection policy

for such systems.

The foundation of any maintenance model relies on the underlying deterioration
process and failure behavior of the component. Therefore, following section gives a

general description of some of the basic types of failure models.

2.2 Failure Models

Failure models are mathematical representations of the processes by which a
component deteriorates and ultimately fails. A CM or PM model is structured around
various assumptions regarding the underlying failure process. A PM program is
warranted if a component experiences significant deterioration over time. The factors
that determine the actual instance of failure and the deterioration behavior influence the

type of CM program that may be reasonable.



It is common to model the aging process of a component as a continuous function
over time. There are a number of classifications for such lifetime distributions, the most
common of which are: increasing failure rate (IFR), decreasing failure rate (DFR), and
constant failure rate (CFR). In choosing lifetime distributions or failure rate functions, it
is often assumed that the aging process can be modeled with a number of theoretical
distributions, without much concern for the physical implications of the parameter
selection. However, three types of models focus more on the physical dynamics behind

failure behavior: shock models, Brownian motion models, and shot-noise models.

A component that tends to age as the result of a series of distinct stresses or shocks
at discrete points in time is described with a shock model. The frequency and magnitude
of the shocks are often modeled with various probability distributions. Failure of such a
component occurs at a point in time when the cumulative damage from preceding shocks
has exceeded a threshold. The frequency of shocks is commonly modeled as a Poisson or
non-homogeneous Poisson process. A discussion of recent shock models can be found in
Valdez-Flores and Feldman [1989] and Pham and Wang [1996]. Early shock models,
described in Esary, Marshall, and Proschan [1973] and Ross [1981], assume that the
intervals between shocks are exponentially distributed and are called Poisson shock
models. Generally, a component must be repaired or replaced after the cumulative
damage from all of the shocks has reached a certain threshold. Shanthikumar and Sumita
[1983] develop a shock model where the magnitude of a shock is correlated with either
the length of the interval since the previous shock, or the length of the interval until the
next shock. A model described by Kijima and Nakagawa [1992] specifies the probability
of component failure as a function of cumulative damage, as opposed to a pre-determined
constant threshold. The situation where PM 1is imperfect is considered. A cost model is
developed to determine both the optimal number of PM actions before replacement, and

the optimum replacement interval.
The exponential time between shocks is relaxed by Rangan and Sarada [1993], who

model the shock arrival process as a non-homogeneous Poisson process (NHPP). Shue

[1998] evaluates the optimal block replacement time under the assumption of an NHPP
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shock model with two types of failure. Minor failures are minimally repaired and

catastrophic failures are remedied with replacement of the component.

Lemoine and Wenocur [1985] provide an excellent discussion of two basic types of
failure models, failure models based on Brownian motion and failure models based on a
shot-noise process. The shot-noise model is similar to the shock models described above.
In addition, they propose possible connections between common theoretical models used
in practice and the underlying physical dynamics that cause observed failure behaviors.
The Brownian motion model is built on the assumption that component strength x

evolves according to a diffusion process X ={X(t),t >0} that has drift parameter p(x)

and diffusion coefficient 6°(x). Another aspect of the model is the "killing rate," k().
This killing rate is the rate at which shocks that are of sufficient magnitude to cause a
component of strength x to fail occur. Under the assumption that 6*(x)=0, the stochastic

process that describes the strength of the component reduces to:

X(t) = I;ﬂ[X(s)]ds+x. @.1)

This expression is used to derive the following relationship between the killing rate

function and the commonly used failure rate function, r(t):

it =%=k[><(t)], (2.2)

where F(t) is the life distribution of the component. This relationship is used to describe
a possible physical interpretation of various parameters in several theoretical distributions

used in modeling failure behavior, such as the Weibull and Rayleigh distributions.

The shot-noise model, discussed by Lemoine and Wenocur [1985, 1986], is based on
the assumption that wear or aging takes place because of shots or jolts to the component.
A component fails if the accumulated wear exceeds a threshold or if a shot of fatal
magnitude occurs. The rate at which fatal shots occur is a function of the accumulated
wear of the component. The shot-noise process X ={X(t),t=>0} represents the
operational age of the component. Shots takes place according to a Poisson process with

a deterministic rate function. If the component survives a shot, it will recover to a certain
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degree with the passage of time. For example, if a shot of magnitude D occurs at time S,
then the impact of the shot at time S+t is Dh(t) where h is non-negative and decreasing in
t. Therefore, h(t) models the rate of recovery, which is often assumed to follow an

exponential distribution. If {S,,n=>1} are the instances of shot occurrence and

{D,,n =1} are the associated magnitudes of the shots, then X(t) is given by:

X(t) =Y D,h(t-S,). 2.3)

2.3 Preventive Maintenance

For the past thirty years, there has been an increasing interest in the study of the
preventive maintenance of components. McCall [1965] and Pierskalla and Voelker
[1976] provide surveys of early preventive maintenance models. In addition, a
comprehensive bibliography for the same period is contained in Osaki and Nakagawa
[1976]. Subsequent papers by Sherif and Smith [1981], Valdez-Florez and Feldman

[1989], and Murdock [1995] provide a more current summary of the existing literature.
2.3.1 Age Replacement

A component that is maintained under an age replacement policy is replaced after
failure or at a specified operational age T. The time required to replace the failed
component is often considered negligible and, after replacement, the component is
assumed to be "as good as new." These two assumptions allow basic renewal theory
results to be used to describe component behavior. The relaxation of the renewal
assumption in repair operations is the focus of ongoing research and will be addressed
later in this chapter. A description of the above age replacement scheme and renewal

theory results can be found in Barlow and Proschan [1967, 1975].

The choice of the optimal replacement age, T*, is the main problem in the study of
age replacement policies. Ascher and Feingold [1984] review numerous cost models that

have been developed to determine the optimal replacement age. If repair and
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replacement times are considered non-negligible, it is possible to construct models to
determine the optimal replacement age in order to maximize component availability.
Nachlas [1989] develops a cost optimization model that incorporates a constraint on the
width of the confidence interval on availability. Murdock [1995] conducted research to
model the situation in which distinct distributions on the time required for PM and the
time required for CM exist. This model allows the calculation of an age replacement
time that maximizes interval availability. Subsequently, Reineke, Murdock, Pohl, and
Rehmert [1999] extend this research with models that optimize either the limiting
availability or the cost rate of complex systems. Insight is offered into the evaluation of
the tradeoffs between the two models. Cassady, Maillart, Bowden, and Smith [1998§]
construct a model to approximate the replacement age that maximizes the average
availability over the useful life of a component. Experimental design and regression
analysis are used to find a first order approximation of the functional relationship

between lifetime and repair time parameters and the optimal replacement age.

2.3.2 Block Replacement

A component or system that is maintained under a block replacement policy is
replaced at regular time intervals (T, 2T, 3T,...,kT) regardless of age. The block

replacement policy is easier to administer than an age replacement policy since only the
elapsed time since the last replacement must be monitored, rather than the operational
time since the last replacement. Cox [1962] defines cost models for both age and block
replacement policies and indicates that an age replacement policy is preferable to a block
replacement policy. Under a block replacement policy, a component that was just
replaced after failure may be replaced again as a part of the planned block replacement.
In addition, Cox specifies conditions that are necessary for age and block replacement

policies to be preferable over simple corrective maintenance.

Assuming an increasing failure rate (IFR) life distribution, Barlow and Proschan
[1975] prove that a block replacement policy will lead to fewer failures than an age-

replacement policy. However, the block replacement policy will require more
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replacements than an age-replacement policy. When choosing between traditional age
and block replacement policies, the cost of increased premature replacement must be
balanced with the cost of increased failures and the increased cost of monitoring the

operational age of a component.

Several modified block replacement policies have been introduced in order to reduce
the cost associated with the premature replacements inherent in a traditional block
replacement policy. All of these modified policies still benefit from the fact that
preventive maintenance actions are scheduled at regular time intervals. Barlow and
Hunter [1960] develop a block replacement model where components are replaced at
time T and are only minimally repaired upon failure. The assumption is that a minimal
repair is often adequate until the next planned replacement. The concept of minimal
repair is discussed in detail in section 2.4.2. Cox [1962] formulates a model to reduce the
number of premature replacements in the block replacement policy by allowing a

component to remain in a failed state if it fails in the interval [(k -1)T +T,,kT]. More

recently, Sheu [1996] combines these ideas and suggests that if a component fails in the

interval [(k -1)T, (k -1)T+T0] it is either replaced or minimally repaired, and if it fails
within the interval [(k T +T,, kT] it is either minimally repaired or remains in a failed

state until kT. Similar block replacement models can be found in Berg and Epstein
[1976], Tango [1978], Shue [1994], and Murthy and Nguyen [1982]. Various renewal
theory results concerning block replacement policies are detailed and summarized in
Shaked and Zhu [1992].

2.3.3 Imperfect Preventive Maintenance

Several authors have explored the situation in which preventive maintenance actions
do not completely renew a component. Lie and Chun [1986] consider the case in which
there are two types of preventive maintenance actions, simple PM and preventive
replacement. Under a simple PM action, the failure rate of the component is reduced to a
level between the failure rate just prior to failure and that of a new component. This type

of simple PM is also discussed by Malik [1979] and is called the improvement factor
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model. Preventive replacement provides complete renewal of the component through
replacement. The average cost rate per cycle is minimized to determine the optimal
number of simple PM actions performed before a preventive replacement. This model
also provides for two types of corrective maintenance actions, minimal repair and

corrective replacement. Corrective maintenance actions are discussed in the next section.

A shock model with imperfect preventive maintenance is developed by Kijima and
Nakagawa [1992]. Shocks to the component arrive according to a Poisson process and
each shock causes a component failure with a probability that is a function of the total
accumulated damage from previous shocks. A series of imperfect PM actions are
performed until the N™ PM action, which is a replacement. If the accumulated age in the
k™ period of operation is Y\, then repair reduces the accumulated age in the k™ period to
bk Yk for 0<b<l. A cost model is constructed to determine the optimal value of N for a

fixed PM interval, the optimal PM interval for a fixed value of N, and the optimal pair of

N and PM interval.

Chan and Shaw [1993] define the concept of stochastic cycle availability as the
proportion of "up time" during the time until renewal or replacement is necessitated by
failure. A model is developed to maximize the probability of obtaining a high value for
this measure under imperfect PM, P[Ac >1-&] where A, is the cycle availability. The
optimal value for the time between PM actions is found under two different assumptions
concerning the impact of PM on the failure rate. First, each PM action reduces the failure
rate by a constant amount as discussed above. The second model allows each PM action
to reduce the failure rate by an amount that is proportional to the failure rate just prior to

failure. The failure rate is assumed to follow a Weibull distribution with shape parameter

0=2. The failure rate for both models is expressed as follows: r, (t) = ad(At)*' - A for
tet,,,t,), where ry(t) is the failure rate at time t that falls in the interval between the
(n-1)™ and n™ PM before replacement, and A, is the cumulative reduction in failure rate

as a result of PM. For the fixed reduction model A, =A , +g, where g is the constant

reduction amount. For the proportional reduction A, =A _, +gr, ,(t, ), so the reduction
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in failure rate is a proportion, g, of the current failure rate. Numerical results are obtained

for g=0.5, and P[Ac >0.9] is plotted against the time between PM actions for the fixed

reduction model, the proportional reduction model, and the case where there is no PM.

The optimal PM interval is identified for each of the two failure reduction models.

Wang and Pham [1996a] discuss two imperfect PM models that are based on the
concept that the time between failures is stochastically decreasing by a factor o and
repair times are stochastically increasing by a factor B, until the k™ repair. Both models
assume that PM actions are not scheduled until after the k™ repair. After the k™ repair,
PM is performed at regular intervals of length T and failures are minimally repaired. In
the first model PM is imperfect in the sense that the component is renewed with
probability p and is unchanged with probability q=1-p. This is similar to the (p,q) rule
for imperfect CM that is discussed below. A long run expected cost equation and an
asymptotic average availability equation are constructed. The cost equation is used to
determine the unconstrained optimal values of T for a fixed k, and the optimal values for
both k and T. The asymptotic average availability equation is used in a constrained
optimization model to determine the minimum cost given a minimum availability, and
the maximum availability given a maximum cost. It is important to note that the minimal
repairs are assumed to occur in a negligible amount of time, therefore only the perfect
PM actions impact the availability calculations. The second imperfect PM model
assumes that a PM action makes a component x units of time younger. The value x is a
constant such that 0<x<T. This is similar to the additive age model for general repair
discussed below. The component is replaced after N PM actions. The expected
replacement time and the expected PM times are distinct. A cost model is used to

determine the optimal values of N, T, and k.

2.4 Corrective Maintenance

Although many of the papers cited provide models that address both topics, the
emphasis of the previous section was on preventive maintenance, as opposed to

corrective maintenance. Corrective maintenance actions are those actions necessary to
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restore components to an operational state after failure, and can be categorized as
follows: perfect repair, minimal repair, imperfect repair, and general repair. In the above
categories, repair may be used interchangeably with replacement. The issue is not
whether a repair or replacement takes place. Rather, the issue is the relative age of the
component after repair or replacement. For example, if a failed component is replaced by
a new component, it is considered the same as if the component was repaired to an "as

good as new" condition.

Nachlas and Cassady [1999] assert that there is an optimal balance between
preventive maintenance actions and corrective maintenance actions. Increased PM will
reduce the number of CM actions required, however the growing cost of an aggressive
PM policy will begin to outweigh the savings in CM actions at some point. As
mentioned above, the evaluation of PM and CM policies must be considered
simultaneously in order to maximize overall system performance. Many of the papers
cited in this chapter address both PM and CM strategies, but focus more on the decisions

regarding one or the other.

2.4.1 Perfect Repair

Perfect repair models assume that after a corrective maintenance action the
component is rendered "as good as new." The perfect repair assumption is reasonable if
failed components are replaced by new and identical components or if the repair
procedure is thorough enough to negate nearly all of the aging effects. Models that
assume perfect repair are able to take advantage of basic renewal theory and queueing
theory results contained in Barlow and Proschan [1975], Cox [1962], Daigle [1992],
Clarke and Disney [1985], and many other textbooks on the subject. Many current
models assume perfect repair at some point for analytical tractability. However, models
that rely heavily on the perfect repair assumption have been well established in the

literature as mentioned above.
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Some of the shortcomings of using a perfect repair or renewal model are discussed in
Ascher and Feingold [1984]. If the modeled system actually represents a number of
components, then the repair or replacement of any one component will rarely renew the
entire system. The remaining components that have not failed have accumulated wear
due to an aging process. In addition, the repair of one component is not always
completely performed and other components may be damaged in the repair effort.
Economically, it may be unreasonable to perform a complete repair or replacement at
every failure. Commonly, components are repaired to a state that is likely to hold the
system operational until the next overhaul, or a component may be replaced by a used
component rather than a new component. Minimal repair models were some of the first

models to address the fact that alternatives to the perfect repair model are necessary.

2.4.2 Minimal Repair

The concept of minimal repair was first introduced by Barlow and Hunter [1960]
and discussed again in Barlow and Proschan [1967]. The survey paper by Valdez-Flores
and Feldman [1989] devotes a section to the discussion of minimal repair models. Under
minimal repair, a component is repaired to a state that is stochastically identical to the
state just prior to failure. In other words, the failure rate is identical before and after a
maintenance action. Justification for the minimal repair assumption is commonly
expressed in one of two ways. First, a conscious decision may be made to repair a
system just enough to restore operation in an effort to avoid the time or material required
to renew the system. Second, the system may actually represent a large number of
components. As mentioned above, the repair or replacement of a single failed component
may have little effect on the state of the system when the state of all other components

has not been altered.

Barlow and Hunter's model is defined in the context of a block replacement policy.
A component is replaced at regular intervals, kT, and any failures are minimally repaired.
Several minimal repair models are constructed by Sandve and Aven [1999] to minimize

the long run expected cost per time unit under three PM policies. The first policy is a
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traditional block replacement policy. The second policy allows for replacement instead
of minimal repair if a component failure occurs close enough to the planned replacement
time. Finally, the third policy requires a decision to be made at each component failure.
Rather than using an age or block replacement framework, Shue [1993] proposes a model
that determines the optimal number of minimal repairs until replacement. The cost model

used expresses costs as a function of component age.

Several synonyms for minimal repair exist in the literature such as: "bad-as-old"
Ascher [1968], "restoration process" Bassin [1969], and "age-persistence" Balaban
[1978]. In a minimal repair policy, failures occur according to a non-homogeneous

Poisson Process (NHPP). A counting process {N(t), t> 0} is said to be an NHPP if:

N(0) =0,
{N(t), t > 0} has independent increments, and (2.4)
) tz/l t) dt "

P[N(t,) - N(t,) =n]=¢ """ M,
n!

where A(t) is the time-dependent rate of the process. A discussion of the properties and
implications of a NHPP can be found in textbooks such as Ascher and Feingold [1984]
and Barlow and Proschan [1967, 1975]. Some important technical notes regarding
characteristics of the NHPP are offered by Murthy [1991] and Engelhardt and Bain
[1986]. The expression for the expected number of failures in an interval is provided in
Barlow and Hunter [1960] and has been used frequently in the literature. Murthy [1991]
develops an expression for the cumulative distribution function (CDF) of the number of
failures over an interval for the minimal repair model. A common reliability measure for
HPP models is the mean time between failures (MTBF), Engelhardt and Bain [1986]
explore the question of whether there is a reasonable alternative for the NHPP. They
suggest the use of the reciprocal of the intensity function. The minimal repair model was

the first step taken in the much broader context of imperfect maintenance models.
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2.4.3 Imperfect Repair

In the literature, the term imperfect repair has taken a broad meaning. Some authors
have used imperfect repair synonymously with minimal repair, while most authors have
defined imperfect repair to include policies with some mixture of minimal repair and
perfect repair. More recently, general repair models have been discussed as the most
generally applicable corrective maintenance model that includes perfect repair and

minimal repair as special cases. General repair models are discussed in the next section.

A very thorough review of the literature concerning imperfect maintenance can be
found in Pham and Wang [1996]. This survey addresses both imperfect preventive
maintenance and corrective maintenance. It is important to note that, with the exception
of Wang and Pham [1996a, 1996b, 1997], there have been no imperfect repair models
that have attempted to use component availability as a performance measure instead of
cost. In order to calculate availability the assumption that repair times are negligible
must be eliminated. This assumption exists in most of the papers discussed in this

review.

The first imperfect repair model is developed by Brown and Proschan [1983] and is
referred to as the (p,q) model. The (p,q) model is built on the assumption that upon
failure a component undergoes perfect repair with probability p, and undergoes minimal
repair with probability q=1-p. The distribution on the time between perfect repairs is
given and is shown to preserve certain characteristics of the original life distribution of
the component. The failure rate of the (p,q) model is shown to be a multiple, p, of the
original failure rate. Wang and Pham [1996a] use the (p,q) rule to model imperfect PM
as mentioned above. This basic model is extended by Block, Borges, and Savits [1985]
with the expression of the values p and q as a function of the age of the component, and is
referred to as the (p(t),q(t)) model. Again, the distribution on the time between perfect
repairs is given along with the associated failure rate. In both models, repair times are
assumed negligible and availability results cannot be obtained. Iyer [1992] assumes that

repair times for the (p(t),q(t)) model are non-negligible and obtains steady-state
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availability and down-time results. Minimal repair times are assumed independent and
identically distributed and perfect repair times are assumed independent and identically
distributed. The distribution on the number of minimal repairs until a perfect repair is
developed. This distribution is used in conjunction with the distribution on the minimal
repair time to determine the distribution on the time of the failure prior to perfect repair.
The failure time prior to perfect repair and the time of completion of a perfect repair are
renewal points of an alternating renewal process. The preceding results are used along
with the mean perfect repair time, [ly, to determine the long run fraction of time the
component is up and available, down due to minimal repair, and down due to perfect

repair. For instance, the steady state availability is given by:

H“(p) (2.5)

Availability = ,
M(P) + fx iy + Uy
where L(p) is the mean time until the first perfect repair, x is the mean minimal repair

downtime, and pn.; is the expected number of minimal repairs until a perfect repair.
Shaked and Shanthikumar [1986] followed by Sheu and Griffith [1992] extend these

models to the multivariate case where several components have dependent life-lengths.

Lam [1988] defines a geometric process as an alternative to the NHPP in modeling a
component with stochastically decreasing lifetimes and stochastically increasing repair

times. A sequence of random variables {X,, X,, X,,...} is a geometric process if for a>0

the sequence {a“’l X, ,n= 1,2,...} forms a renewal process. For instance, if a=2 and
{X,,2X,,4X,,..} forms a renewal process, then the Xj's must be stochastically

decreasing as the index increases. The lifetimes are modeled with a non-increasing
geometric process, a=1, and the repair times are modeled with a non-decreasing
geometric process, a<l. A traditional age replacement policy and a policy that specifies
the number of failures until replacement are considered. The long-run average cost is
used to determine the optimal parameters for both policies. Lam [1990] extends this
work to a more general case and considers the policy where the optimal number of
failures before replacement is determined. The restriction that the repair times and

operation times constitute independent geometric processes is relaxed. The new
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restriction is that the expectation of successive repair times is non-decreasing and the
expectation of successive operation times is non-increasing. Using a repair cost rate, a
replacement cost, and a reward rate, the long-run average reward per unit time is defined
and used as a performance measure to calculate the optimal number of repairs before

replacement.

Finkelstein [1993a] develops a very similar model that has potential for use in the
general repair case. First, a general deteriorating renewal process (GDRP) is defined
such that F,, (x)<F (x) where Fi(x) is the survivor function during the i"™ interval of
operation. The GDRP is modified so that the intensity of deterioration in each interval is
described with a series of coefficients, a;. This more specific model is called the

particular deteriorating renewal process (PDRP) and is defined such that F. (x)=F(a x)
and 1=a, <a, <a, <..<a, . The PDRP has potential for use in a general repair model.

However, Finkelstein provides a more restrictive geometrical PDRP (GPDRP) that
predetermines the intensity of deterioration from any operational interval to the next. The

! so that the distribution on the length of the i™ interval of

GPDRP requires that a=a"
operation is given by F.(x)=F(a"'x) where the value of a is constant, a>1. The GPDRP
is the focus of the remainder of the paper where renewal equations are developed and a
cost model is formulated to determine the optimal value for the level of deterioration after
each repair. Using the expected repair time and a cost per unit of repair time, a cost

model that considers non-negligible repair times is also proposed.

Wang and Pham [1996b, 1997] refer to the same process described by Lam [1988]
as a quasi-renewal process where successive interarrival distributions are scaled by a

constant factor, o>0. If we let {Xl,Xz,X3,...} represent the sequence of interarrival

times of failures and let Z; be iid random variables, then {X1 =7,X, = aZz,X30(2Z3,...}

forms a quasi-renewal process. Characteristics of the interarrival density functions are
discussed. In addition, the distribution on the number of failures over time and the
renewal density are constructed. Three models are considered. The first model is a

traditional block replacement policy and the optimal value for the replacement time is
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found under the assumption of negligible repair times. Corrective maintenance is
performed between PM actions according to the quasi-renewal process. The second
model is the same as the first model except that imperfect PM is assumed. Each PM
action is assumed to renew the component with probability p and provide minimal repair
with probability 1-p. For the first two models, it is shown that there is an optimal PM
interval that minimizes the maintenance cost per unit time. The third model is based on
the assumption of stochastically increasing repair times and the same quasi-renewal
behavior up to the time of the k™ failure. After the k™ failure, PM is performed at regular
intervals of length T. PM times are identically distributed with mean w and corrective
maintenance takes place in a negligible amount of time. A cost model is developed to
determine the optimal PM interval, T, and the optimal number of failures before PM, k.

The limiting average availability for the third model is expressed as a function of k and T:

;u1(1‘ak_l)+1
l-a p
A(T, k)= = = (2.6)
/J1(1‘a )+771(1'ﬂ )+I+W
l-a -8 p

The notation is as follows: |, is the mean of the first interval of operation, 1, is the mean
of the first repair time, and B is the factor by which repair times increase until the k™

failure.

Three types of maintenance actions, minimal repair, periodic overhaul, and complete
renewal are considered in the model developed by Zhang and Jardine [1998]. The effects
of maintenance actions are modeled through changes in the failure rate of the component.
Minimal repair leaves the failure rate unchanged, a periodic overhaul returns the failure
rate to a point between the failure rate at the previous overhaul and minimal repair, and
renewals are performed according to an age replacement policy. Minimal repairs are
performed at failures. The degree of repair achieved with an overhaul is assigned the
valuer p and is constant for every overhaul performed. Therefore,

v, (t)=pv,,(t-s)+(1-p)v,,(t), where vi(t) is the failure rate at time t and after the k™

overhaul, and s is the time between overhauls. Cost models are developed to determine
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the optimal time between overhauls and the optimal number of overhauls per renewal

cycle.
2.4.4 General Repair

General repair models are actually the most widely applicable imperfect repair
models and include perfect repair and minimal repair as special cases. These models are
discussed independently of imperfect repair models since general repair models are
particularly relevant to this dissertation and are investigated in detail. Most of the models
discussed in the sections concerning imperfect repair and imperfect preventive
maintenance can be extended to the general repair case. The distinct feature of a general
repair model is that every repair effort can render the state of the component anywhere in
the continuum from just prior to failure to complete renewal. Some general repair
models provide for the cases in which repair efforts potentially make the state of the
component worse than just prior to failure, or better than renewal. These characteristics
of general repair models are what separate the following models from those discussed in

the imperfect repair section.
2.4.4.1 Virtual Age Model

The concept of virtual age was first introduced by Kijima, Morimura, and Suzuki
[1988]. This model allows repair actions to bring the state of the component to a value
somewhere between completely new and just prior to failure. Replacements are made
according to a block replacement policy. Let V, designate the virtual age of the
component immediately after the n™ repair, X,, designate the time between the (n-1)" and
n" repair, and F(x) designate the life distribution of a new component. The time between
repairs depends on the virtual age after the most recent repair and is distributed as

follows:

P, <x|V, =y]= F("%)(;(Y) 2.7)
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If the degree of the nth repair is a,, then V, =V _, +a X, models the virtual age

process. This effectively reduces the aging that took place from X, to a,X;. Kijima and
other authors refer to this as the Type 1 model. The remainder of the discussion relies on
the assumption that all of the a, are identical. Therefore
V, =aS,, whereS, = ZXi (2.8)
i=1
is the expression for the chronological age of the component. A cost model is developed
to determine the optimal block replacement interval according to the long run expected

cost.

Kijima [1989] proposes a second model for the virtual age process and discusses
some properties of models that relax the assumption that all a, are identical. The second
virtual age process, V., =a_(V, ,+X,), allows maintenance actions to remove all

accumulated age rather than just the aging that took place in the most recent interval
between repairs. A simple relationship between the virtual age and chronological age no
longer exists in the second model. The exceptions to this statement are if a,=0, a,=1, or
all a,=a for 0<a<l. Therefore, various properties of the chronological age process, S, are
investigated. In special cases, bounds and numerical calculations are performed
regarding the expected value of S,. Numerical results indicate that a large disparity exists
between the minimal repair assumption and the general repair assumption in many
situations. Kijima and other authors refer to this as the Type Il model. A supplemental
discussion of various subtle properties associated with the Type I and Type II models is

contained in Finkelstein [1993b].

A more flexible model is discussed in Baxter, Kijima, and Tortorella [1996] where
the effective age, Y, follows a general distribution, G(y). The effective age is defined as
the difference between the degree of effort required to perform a perfect repair and the

degree of effort actually expended, transformed into units of operating time. Various
properties of the marginal distribution on remaining life length, B(t), are explored

where:
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B(t) = j (t| y)dG(y), fort=0,and
(2.9)

- F
F(t] y)= %&)Y)-

Properties of the time between failures are explored under the assumption that the
distribution of the effective age is dependent upon the chronological age of the
component. Justification for this dependence is given under various scenarios such as
improved repairman skill due to experience, improved repair procedures, and
improvement or deterioration in available parts and tools. Expressions for the marginal
distribution of the time between failures and the generalized renewal function are

constructed and properties are discussed.

Dagpunar [1997] considers the case in which the virtual age after the I repair can be
expressed as V, = @(V,, +Y,), where Y; is the time between the (I-1)™ and I" repair and
@¢(w) is an arbitrary scaling function that models the effects of repair. It is assumed that
0 <¢(w)<w to exclude the possibility of increased wear due to damage during repair.
This model is more flexible than the Type II model proposed by Kijima [1989], which
models the effects of repair with a series of scalars, a,. Integral expressions for the repair
density and the joint density of repairs with respect to chronological and virtual age are
constructed. A modified policy in which minimal repairs are performed until the
component reaches a certain age is explored and the integral expressions for the
corresponding repair densities are constructed. Numerical results are given for the repair
density over time considering the special case where ¢(w) = 6w , which is Kijima's Type
I model with a constant degree of repair. The restrictive nature of Kijima's Type I model

is given as justification for the use of Kijima's Type II model in practice.

Similar results can be found in Dagpunar [1998]. In addition, expressions are
developed for the asymptotic value of the expected value of the virtual age and time
between repairs. Numerical results based on a cost model are given for the special case
of Kijima's Type II model under a block replacement policy. Makis and Jardine [1993]

assume a cost structure such that Cy(n, x) is the cost of the n™ repair if the age of the
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component is x and Cy is the cost of a replacement. Under Kijima's Type II policy and
the preceding cost structure, it is proved that the optimal replacement policy is as follows:
replace at the n™ failure if it occurs after the time at which the cost of repair exceeds the
expected operational cost of the next interval. Comparison between the optimal policy, a
block replacement policy, and the assumption of minimal repair are made. The disparity
between the minimal repair model and the optimal policy for the general repair model is
larger than the disparity found in Kijima [1989]. Results indicate that the minimal repair

assumption may only be adequate when the degree of repair is generally poor.
2.4.4.2 Scale Factor Model

Finkelstein [1993a] defines a particular deteriorating renewal process (PDRP) such
that F,(x)=F(a,x), where 1=a, <a, <a, <..<a_ and Fj(x) is the distribution function
of the ith time between failures. The only restriction in this model is that successive
operating times are stochastically shorter. No indication of a functional relationship or
pattern for the series a; is given and all further discussion concerns the special case where

a; 1s identical for all 1. This model is also discussed in section 2.4.3.
2.4.4.3 Additive Age Model

An improvement factor model simply adds or subtracts a certain amount of age from
the accumulated age of the component to model the effects of a repair action. Stadje and
Zuckerman [1991] treat the degree of repair as a decision variable that is between the
minimal repair and perfect repair cases. A cost model is developed to determine the
optimal degree of repair at failure and a decision theory approach is used to identify the

optimal type of strategy.

Rangan and Sarada [1993] use a model that incorporates both the virtual age and
improvement factor concepts within the framework of a shock model. The shocks arrive
according to a NHPP and after each repair activity the accumulated damage is reduced by

a constant amount, b. Replacements are made according to a block replacement policy.
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Under these conditions, the virtual age after the n® repair can be expressed as
V. =Min{V,, +X_-b,0}, where X, is the n™ operation time. A cost model is
developed to determine the optimal replacement interval. The authors suggest the
general repair case where the degree of repair is a sequence of iid random variables,
{Bn}. This would change the virtual age process to V, =Min{V_,+X, -B,,0}.

However, all other discussion centers around the assumption that B,=b.

The second model proposed in Wang and Pham [1996a] uses the additive age
concept to model imperfect PM under a delayed block replacement policy. Each
imperfect PM reduces the age of the component by x units of time. Before k failures
occur, the deterioration of the component is described by the (o, ) model below. After k
failures occur, imperfect block replacement is used with periodic replacement. This

model is discussed in more detail in the imperfect PM section.

2.4.4.4 (o, B) Model

The quasi-renewal process defined in Wang and Pham [1996b, 1997] is an example
of an (o, B) model. The name indicates that the distribution on the time between failures
is reduced by a factor o after each repair, and that the distribution on the repair time is
increased each time by a factor B. The model proposed by Lam [1988] is similar in
nature. However, both of these models require a strict relationship between the current
and proceeding times between failures. If this relationship is relaxed, this could provide
the framework for a general degree of repair after each failure, rather than a
predetermined degree of repair after each failure. A more detailed discussion of these
two models can be found in section 2.4.3. The same concept is used to a lesser degree in
the models contained in Wang and Pham [1996a], which are discussed in more detail in

the imperfect PM section.
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2.4.4.5 Improvement Factor Model

Malik [1979] introduced the concept of the improvement factor model. The
improvement factor refers to the degree to which PM actions reduce the failure rate of a
component. This model is unique, since most of the models in the literature focus on
chronological time, operational age, or virtual age to measure the deterioration of a
component. A common assumption is that the failure rate is strictly increasing with time.
This provides a one-to-one correspondence between any time scale and the failure rate
between maintenance actions. Lie and Chun [1986] use the improvement factor approach
to model the effect of an imperfect PM action within a more complex maintenance
environment than is considered by Malik. The improvement factor in this model is
treated as a decision variable and is chosen using a cost model. The improvement factor
renders the failure rate somewhere between unchanged and that of a new component. In
addition, the optimal number of imperfect PM actions before replacement is obtained.
Although the improvement factor model has been used in the context of PM, it has

obvious potential for use in general repair models.

2.5 Inspection Models

An age replacement policy can only be implemented in an environment where it is
possible to monitor the operational age of a component. Many models are based on the
assumption that the age and status of a component are monitored continuously and
accurately. However, this assumption is often violated in practice. For instance, many
safety systems do not show evidence of failure or degradation and require periodic
inspection. Most inspection models are based on the assumption that the state of a
component is only available upon inspection and that inspections are perfect. Valdez-

Flores and Feldman [1989] provide a review of inspection models.

Luss [1976] considers an inspection model in which the state of the component is
modeled by a finite number of levels of deterioration. The time it takes to deteriorate one

level is assumed to follow an exponential distribution. The cost of replacement after
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failure is assumed higher than if the component is replaced at any state prior to failure. A
control limit policy is one in which the component is replaced upon detection of a failure
or if the accumulated damage has exceeded a threshold upon inspection. This type of
policy is used to determine the optimal time until the next inspection, given the level of

deterioration at the present inspection.

Zuckerman [1980] constructs a cost model to determine the optimal inspection
interval and replacement rule for a component that ages according to a Poisson shock
process. The failure probability is a function of the cumulative damage and the
magnitude of the most recent shock. In addition, Zuckerman gives a review of various
types of inspection models. Abdel-Hameed [1995] summarizes his previous work with
inspection models under the assumption of a Markov deterioration process and constant
inspection intervals. Properties of the optimal inspection policy are discussed under

certain assumptions on the structure of the cost model.

Wortman, Klutke, and Ayhan [1994] evaluate two inspection policies for non-self-
announcing failures that occur as the result of a Poisson shock process. Non-self-
announcing failures commonly occur within security systems and alarm systems, where
test or inspection is the only way to detect a failure. An availability model is developed
for each policy and availability results are used as a performance measure. Under both of
these policies, inspections only reveal whether or not the component is operational or
failed. If the component is failed, it is repaired to an "as good as new" condition in
negligible time. The only source of downtime is the interval between component failure
and the next inspection, since negligible repair times are assumed. The first inspection
policy requires that inspections take place randomly according to a stationary renewal
process with mean rate A. An expression for the time-stationary availability is developed
using:

Availability = Mean Up Time

- —. (2.10)
Mean Up Time + Mean Down Time

The second inspection policy requires that inspections be made at regularly spaced

intervals of length 1/A. The same definition of availability is used and it is shown that the

30



deterministic inspection policy provides superior availability performance when

compared to the first inspection policy with an identical mean rate.

Vaurio [1999] develops an inspection model under an age replacement policy.
Inspections are performed at regular intervals, T. Failures are repaired upon detection
and the component is renewed by repair. After M test intervals without failure, the
component is renewed through replacement or repair. Constrained optimization is used
to find optimal values for T and M that minimize cost without violating a restriction on

the minimum average availability.
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Chapter 3 - Methodology

3.1 Objective

This research effort is based upon the quasi-renewal process proposed by Lam
[1988] and Wang and Pham [1996b, 1997]. Specifically, the quasi-renewal framework is
used to develop a continuous availability function over time. The quasi-renewal process

is an appealing alternative to the most widely studied imperfect repair model, the (p,q)

model proposed by Brown and Proschan [1983].

The (p,q) model requires that subsequent to a failure the system is renewed with
probability p and undergoes minimal repair with probability ¢ =1—p. Two main

results describe the failure intensity and survivor function in terms of the failure intensity
and survivor function of a new system, respectively. The failure rate of this model, given

no perfect repairs occur in [O,t), is given by 7, () = pr(¢), where r(¢) is the failure
rate of a new system. The survivor function, F, (¢), is given by: F,, (1) =[F(1)]",

where F(¢) is the survivor function of a new system. The remaining results focus on the

fact that the class of life distribution is preserved under this model. For instance, if the
original life distribution has an increasing failure rate, then the life distribution under this
scenario also has an increasing failure rate. Other authors, including Wang and Pham

[1996b], have used the (p, q) rule to develop various cost models.

The quasi-renewal model is more appealing than the (p,q) model because it
represents the deterioration in post repair equipment status over time. This is much more
realistic than fluctuating randomly between the two extreme cases of renewal and
minimal repair. Wang and Pham do not exploit the potential for the development of
continuous time availability results using the quasi-renewal process. Instead, they

assume a relatively complex PM structure that makes use of the (p,q) model to

construct a cost model and optimize the length of the PM interval. The intention of this
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research is to extend the foundation laid by Wang and Pham by developing a probability
model of availability, rather than a cost model that incorporates the limiting average

availability.

3.2 Quasi-renewal Process

Definition 3.1 - Quasi-renewal Process by Wang and Pham [1996b] :

Let {N(t),t >0} be a counting process and let X, be the time between the (i—1)" and

the i™ event of the process for i >1. Observe the sequence of non-negative random

variables {X,,X,,X;,...}. The counting process {N(t),t>0} is said to be a quasi-
renewal process with parameter a and the first interarrival time X,, if
X, =W,X,=aW,,X,=a’W,,..., where the W, are independently and identically

distributed and a > 0 is constant.

The quasi-renewal process describes the scenario where successive intervals of
operation, {X,,X,,X;,...}, are modeled stochastically as a fraction of the immediately
preceding operation interval. The implication of this model is that the distribution
function of the i" interval becomes scaled by a factor, ', but retains the same shape.
In other words, the scale parameter of the distribution is modified by a factor of &', but
the distribution family remains the same. A graphical representation of this effect is
shown in Figure 3.1. With regard to the density function for the duration of successive
operation intervals, the probability mass is compressed toward the y-axis when a <1.
This increases the likelihood of a shorter operational interval for subsequent intervals and
is consistent with the deterioration of a system over time. A graphical representation of
this effect is shown in Figure 3.2. In the case a >1 the probability mass in the density
function is spread away from the y-axis and is consistent with a reliability growth model.
When a =1 all of the interarrival times are identically distributed and the quasi-renewal
process degenerates to an ordinary renewal process. This is the mechanism by which

system behavior is described for the purposes of this research. It is important to note that
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this framework can be used to describe some systems that cannot adequately be described

using the minimal repair or perfect repair models.

Quasi Renewal Distributions for Successive Intervals
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Figure 3.1 Graph of F\ (7), Fy (¢), Fy (¢),and F, (¢) for a quasi-renewal process
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Figure 3.2 Graph of f (1), fy, (1), fy, (1), and f, (7) fora quasi-renewal process
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Let the PDF, CDF, and failure rate of a new system, or equivalently the first
operation interval, be fy (?), Fy (¢),and ry (¢) respectively. The PDF, CDF, and failure

rate of subsequent lifetimes in a quasi-renewal process can be expressed as follows:

Fo(6)=Fy (1), G
i 1 a
1 1
S @) =—5fy, (1), and (3.2)
a a
e (6) =y (1) (33)
a a

The results in 3.2 and 3.3 can be obtained from the following change of variables
theorem for functions of random variables found in Hoel, Port, and Stone [1971]:
Let be a differentiable strictly increasing or decreasing function on an interval
1, and letg(l) denote the range of @ and(p’] the inverse function to ¢. Let X be a
continuous random variable having density function f such that f(x)=0 for x&L.

Then Y=¢(X) has density g given by g(v)=0 for y# ¢(l) and

g =f(@"(») » Jor ye p(l). 34

d .
L ()
The density function of the first interval of operation, f, (), is known and the

relationship X, = a’”' X, is characteristic of the quasi-renewal process. Therefore, the

inverse function is X, =—= X, and the derivative of the inverse function is —=.
a a

Substituting into equation 3.4 provides the result obtained in equation 3.2.
3.3 Notation

The system under consideration operates for a period and then is failed for the
duration of repair. This continues for the useful life of the system, or until a point at
which the system undergoes some type of preventive maintenance. This behavior is

shown graphically in Figure 3.3 along with some of the basic notation.
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Figure 3.3 Notional System Behavior

Let X, be the random variable that denotes the length of the i™ interval of operation.
The PDF, CDF, and failure rate equations for X, are given in 3.1-3.3. It is also useful to

define a variable that captures the total operating time of a given number of individual

operating times. Let €, be the sum of the first j operating intervals such that

j
Q, :ZX i» and let F, () be the distribution function of the sum of the first j
i=1

operating intervals such that:

FQj(t):Pr[QjSt]:Pr[X1+X2+...+XjSt] 3.5

In order to obtain availability results for the system it is necessary to assume a
structure for the non-negligible repair times. Assume the repair times also behave
according to a quasi-renewal process with parameter b >1. This represents an increase

in difficulty and duration for repair as the system ages. Let Y, be the random variable

that denotes the length of the i™ repair interval. The PDF and CDF of the repair times
can be expressed as follows:

1 1
ng(t):Fng(Ft) and (36)

1
t

Gy () =Gy (5

). (3.7)

It is also useful to define a variable that captures the total operating time of a given

number of individual repair times. Let W', be the sum of the first j repair intervals such
J
that W, = ZK , and let Gy (r) be the distribution function of the sum of the first j

i=1

repair intervals such that:
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G\P/_(t)zPr[‘I’j St]=PrY +Y,+...+7Y, <1] (3.8)

To capture the behavior of cycles that contain one operation interval and one repair

interval it is useful to define Z, = X, +Y, as the length of the i™ such cycle. The density
function of Z, is found using the convolution of the density functions of the i"™ operation

interval and the i" repair interval:

by, ()= O [y (£ =1)g, (u)du, therefore (3.9)
H, (0)= [ Fy (t—u)g, (w)du. (3.10)

j
The total elapsed time of the first j cycles is represented by O, such that ©; = ZZI. .

i=1
The distribution on the time of the end of the j™ cycle is represented by H (#) and can

be expressed as follows:
Hg (t)=P1[©, <1]
=PrlZ +Z,+..+Z, <i] (3.11)
=Pr[ X, +Y + X, + Y, +...+ X, +Y, <{]

3.4 Laplace Transforms

When working with expressions involving the sums of independent random variables
it is often easier work with the corresponding Laplace transforms. Useful information
regarding the Laplace transform is found in Abramowitz and Stegun [1972] and Spiegel
[1965]. Once an expression in the Laplace transform space is determined, it must be
inverted to the domain of the original problem. This may be done analytically in some
cases, but more difficult inversion problems may require numerical solution methods. If

it exists, the Laplace transform of a positive valued function, f(¢), is given by:

Lifor=1=] : e f(t)dt, fort>0. (3.12)

It should be noted that s is the variable, rather than ¢, in the transform space. The

notation for the inverse of the Laplace transform is used in the following statement:
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LHLUf 0} =L ()} = f(t) (3.13)

The density function of the sum of independent random variables can be expressed

as the inverse of the product of the Laplace transforms of the density functions in the
transform space. This eliminates the necessity to use the integral expression for the

convolution formula. Therefore, equation 3.9 can be rewritten:

by, ()= [ f (t=w)g, du =L {f; (5)g; ()} (3.14)

Two important transform identities allow some of the above equations to be expressed in

a more compact and potentially more tractable form.

L{F(t)}=F (s)= é f7(s) and (3.15)

L{l f(l t)} = /" (as) for a constant a > 0. (3.16)
a a

Using the above identities, some of the previous equations can be expressed as follows:

Fo (1) =Pr[Q, <t]=Pr[X, + X, +..+ X, </]

= ['{Fy ()} =L {1 fa, <S>}

- {%f; ) fi (S (s>} A7
-1 {1 f ()13 (as)... <af“1s)}

Gy, (1) = PI¥, < f]=PI[Y, + ¥, +..+ ¥, <1]
- {1 g ()8}, ()2} <s>} (3.18)

=L {% g; (s)g; (bs)...g;l (bj_ls)}
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H@/_(t):Pr[G)j St]=PrlZ,+Z,+..+ Z, 1]
=Pr[X,+Y +..+ X, +Y, <]

=L {l 1, (k) (5)...; (s)} (3.19)
; ,
= {% Sr )0 (8)fr (9187, (9)g3, (9)...87, (s)}

=L {é [ () fx (@s)...fy (@'5)gy (5)gy, (bs)...gy (bj_ls)}

The first two relationships, 3.17 and 3.18, allow the distribution functions on the sum of

j operating intervals or repair intervals to be expressed in terms of the distribution of the

first operating interval or the first repair interval, respectively. The distribution function
on the cycle times is not as compact since the distinct values of @ and b make further

simplification difficult. However, it is possible exploit the straightforward relationship

that /g (s)= fg (5)gy, (s) as shown in 3.19.

3.5 Model Development
3.5.1 The Quasi-renewal Function, Q(¢)

Important in the study of renewal processes is the form of the renewal function and
the renewal density. The development of similar expressions for the quasi-renewal
process is the first step toward the goal of a point availability expression. Unlike a basic

renewal process, the lifetimes of the quasi-renewal process are not identically distributed.
However, the relationship between the ;™ interval of operation and the first interval of
operation is straightforward, as stated in 3.1 and 3.2. Let Q(¢#) denote the parallel to the

renewal function for the quasi-renewal process, that is the function for the expected

number of restarts. Note that repair times are considered negligible in this development.
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0,.(t)=E[N(t)] = Zn Pr[N(¢) = n] = in (Pr[N(t) = n]—Pr[N(¢) = n +1])

NgE

n(Pr[X, + X, +..+ X, <t]-Pr[X, + X, +..+ X, <t])

=
]
—

(3.20)
n(Fo, ()= Fy ()

Il
NgE

=
]
—

Il
NgE

Fo (1)

n

It is useful to work in the transform space from this point.
0'(s)=L{O(n)} = L{Z Fo, (t)}
n=l

=i§ﬁ@vaw4;@

ﬁ@ﬂiﬁpmawmuﬂ (3.21)

ﬁ@aﬁ@iﬁﬁmuwﬁyﬁ

fal»—‘ hl»—‘ O:I»—'ﬁ
1T -

fxl(s)"'fx (S)foz(s)fx3(s) fx (S)}

n—1=1

The transform identity stated in 3.16 can be used to express the transform of the ;"

operation interval density function in terms of the transform of the first operation interval

density function:

S x, ()= pvE f X, t) therefore

(3.22)
fxi (s)= fxl (a’ 1S)-
Another useful relationship is given by
fx ()= fy(a's)= fy (aas)= fy (as). (3.23)
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Starting with the result in 3.21 and using the results in 3.22 and 3.23

0'(s)= %[f;l (8)+ fx,(5) i T2, () [, (8-S, (S)}

n—1=1

n—1=1

_ ﬂf; &)+ 1) Y S (as) [, (@s).o S (as)}

= % i )+ f1.(9)q" (as)] (3.24)
= Fy (9)+ £ ()0 (as)
=+ £ ()0 (@)
= F} (5)+5F}, ()0 (as)
An expression in the original time domain is found by inverting the expression
0'(s) = F}, (s)+ £ (5)0" (as) to obtain
LQ ()} = L {Fy (5)+ £ (5)0' (as)}
0()=F (0 £, (1) OC-), (329

where @ is the binary operator that denotes the convolution of two distributions.

After rearranging terms in 3.24 an interesting relationship between the quasi-renewal

function and the distribution of the first interval of operation becomes apparent,

fv(s)= & or equivalently Fy, (s) = L(*S) (3.26)
: 1 + 0 (as) : 1+ sQ (as)
s

Because the relationship between Q°(s) and Q'(as) is not subject to convenient
analysis, we cannot write Q(¢) as a function of F'(¢#). Nevertheless, it may be possible to

use 3.26 to obtain results numerically. This result is not obtained by Wang and Pham and

is a key result that may prove useful in future analysis of the quasi-renewal process.
3.5.2  Point Availability

Defining an expression for the point availability of the quasi-renewal process is

complicated by the distinct lifetime and repair distributions for each lifetime and repair
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interval. Since the behavior of the process is cycle dependent, a simple statement using
the quasi-renewal function is not possible. This is because the quasi-renewal function
based on cycles including repair is analytically intractable. However, the characteristic
relationship between the successive lifetime and repair intervals of the quasi-renewal
process may be exploited to provide an appropriate description of its availability
behavior.

AD=F, (0+] 0 Fy (t =) (u)du +

, , (3.27)
[ Fy (t=who, ) +...+ [ Fy_ (t=u)ho (w)du+....,

where h@v(U)ZdiH@.(”)- The first term in the availability function reflects the
J u J

probability that the first period of operation is of length ¢ or greater. The subsequent

integral expressions reflect the probability that the n™ failure occurs at time u and the

following period of operation is of length (# —u) or greater. A more compact expression

of the above availability function is:
— >, —
AW =Fy () + ZIO Fy (t—u)hg (u)du. (3.28)
n=1
An equivalent expression in the transform space is:

LUAW) = LF, O+ XL, Py ¢ =), ()

A'(5)= L~ Fy 03+ D L[ o o)y =3 LU Fy (1 —w)h ()

A== 1Ol L H 6 -X Fr 58, ) (3.29)
A4(s)= é[(l SO W AL WINCTY (s)}
A= ﬂ(l O TN OV <s)} .

Since the availability expression in 3.29 is derived from 3.28 and reflects the probability
that the system is operational at any point in time ¢, 3.29 is referred to as the uptime-

based point availability function.
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A second method of deriving an expression for the point availability is discussed
below. First, an expression for the special case where repair intervals are independent

and identically distributed (iid) is developed. Starting with 3.29

A (s) = é (1= /1 )+ Z (- fr (sDhy, (s)}
A (s) = 1 (=1 )+ A= fi (NS (oS s (g} (5)- 2} (s)} (3.30)

n=l

A(s)=1 (- 75 )+ i (1= fx,,())gy ()" H I (S)}

S

The expression in 3.30 is referred to as the uptime-based point availability function under

iid repair.

Another way to develop an expression for the point availability is based on the
complement of the event the system is down at any point in time ¢. In the time domain

this is expressed as follows
A(t) =1—Pr[System Down at time #]
—1-[f, @)@ G, (t-u)+ f,,, W) DG, (t—u)+...).

Equation 3.31 reflects the probability that the n"™ interval of operation ends at time u and

(3.31)

the n™ repair interval is (z-u) time units or greater. Working in the transform space gives

the following result

A ) =2[1=(f; )= g} N+ £ (g ()5 ()= g () +..)

- i (1— gy, (S, (9)--fx, ()8, (5)--g5 (S)}

1= fi () S s ()2} (5@} ()= S (5 f () () (5)

N :
s l_g{g; 5) _1}1@" (S)}'

Y= U | = u |

} (3.32)

| —

Since the availability expression in 3.32 is derived from 3.31 and reflects the complement
of the probability that the system is down at any point in time #, 3.32 is referred to as the

downtime-based point availability function.
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The iid repair interval case allows the following simplification

4(s) %_li(L-thgn (s)

A — g;” (S)
LIS L 9)s (908 (9)g () (3.33)
s 54 g;ﬂ (s) X, X, H ¥, .

_l B 1 B = AT o+
=~ {1 {g; o 1]2 (&6 T 7 (s)].

This expression is referred to as the downtime-based point availability function under iid

repair.

It is important to recognize that the downtime-based point availability function and
the uptime-based point availability function are exact and equivalent. However, both
expressions are stated in terms of infinite sums that must be truncated in order to invert
the transform back to the time domain and perform numerical calculations. Therefore,
any numerical work performed using these expressions is approximate. The degree of

approximation is reduced as the point of truncation, the maximum value of 7, increases.
3.5.3 Bounds on the Point Availability

The uptime-based and downtime-based point availability functions provide lower
and upper bounds on the point availability. This follows from the fact that each term of
the infinite sum in the exact point availability equations 3.29, 3.30, 3.32, and 3.33
corresponds to an event with positive probability in the time domain. Let ¢ be a non-
negative integer that represents the point of truncation for the purposes of inversion and
numerical work. The resulting equations for the approximate calculation of the point

availability are as follows

A =1 (= £ @)l - £, 60, <s)} , (3.34)
A= (- £ e X a- 11 e o TT <s>} , (3.35)
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A(s)=2 1-2{ | )—th;n(s)},and (3.36)

S| = gYn(
A= 1—{g3(s) —1}2 &' T1f (s)]. (337

Equations 3.34 and 3.35 are the truncated uptime-based point availability functions and
are increasing in ¢, forming a lower bound on the point availability that becomes tighter
as ¢ increases. Similarly, equations 3.36 and 3.37 are the truncated downtime-based
point availability functions and are decreasing in ¢, forming an upper bound on the point

availability that becomes tighter as ¢ increases.

The bounds described above are also used to provide the maximum error for the
calculation of the point availability at any point in time. Subtracting the value of the
uptime-based availability function from the downtime-based availability function at time

t provides the maximum error in the calculated point availability at time 7. Let Error(t)

be the maximum error of the point availability calculation at time ¢ when c is the point of

truncation for both the uptime-based and downtime-based point availability functions.

1 ¢ 1 .
—| 1= Z{ * - ljh@” (s):l -
Error(t)=L1"{" L 7\8 (5)

é - re @) Z (1= fx,, (Do, (s)}
! l‘i[ *1(s>‘1]’15»1(5>—(1—f;1(s>)
e I (3.38)
S ¢ . .
=2 (=13, (Do, (5)
SIE1 N o * C
=L {;_fx,(s)_; g;(s)—l]h@n(sﬂ(l— fXM(s))h@n(S)}

il (1 * )
=L {; fxl(S)—nZ:; m—fxm(S)]h@n(S)}
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As expected, the error function is decreasing in c¢. This expression for the maximum
error can be used to determine the minimum value of ¢ necessary to achieve any specified
degree of accuracy in the calculation of the point availability. This application is

discussed in detail in Chapter 4.

The general framework for the probability-based point availability analysis of the
quasi-renewal process is provided above. The application of this framework under
various assumptions on the distribution of the operation and repair intervals is provided
below. Specifically, the operation and repair intervals are assumed to behave according
to the exponential, normal, and gamma distributions. The specific models are
constructed below and a discussion of the numerical results and behavior of each model

is contained in Chapter 4.
3.6 Quasi-Renewal Model Under Exponential Operating Intervals

The quasi-renewal function is constructed and is the foundation for the development
of the availability expressions under exponentially distributed operating intervals.
Uptime-based and downtime-based point availability functions are constructed under the
assumption of exponentially distributed quasi-renewal operating intervals for both the
quasi-renewal repair case and the iid repair case. Inversion of the exact transform
expression is not possible without truncation. Therefore the exact expression in the
transform space is provided rather than an approximate expression in the time domain.

Let the duration of the first interval of operation be distributed as follows
X, ~exp(d) = [y ()=Ae™ fort>0. (3.39)

The Laplace transform of the density function of the n" operation interval is

[0 =Ly 0 =
t,ts (3.40)
f;n (s)= f;, (a"'s)= T s
+a R)

For this discussion it is assumed that the lengths of the operation intervals are

stochastically decreasing and therefore 0 < a <1. Similarly it is assumed that the lengths
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of operating intervals are stochastically increasing and therefore b <1. It is trivial to
modify the expressions obtained under these two assumptions to reflect the opposite

behavior. Let the duration of the first repair interval be distributed as follows
Y, ~exp(u) — gy (t) = e fort>0. (3.41)

The Laplace transform of the density function of the n™ repair interval is

g1(s)= L {g, (1)} =~
HES (3.42)
* * n— /Lt
g.0)= g0 9= o

3.6.1 Exponential Quasi-Renewal Function

It is established that the quasi-renewal function is given by

0'(s)= ZF (s)=— ZHfX()— ZHfXI(a’ 's). (3.43)

n=l i=1 n=1 i=l
Therefore, the quasi-renewal function for exponentially distributed operating intervals is

given by

0'(s)=~ ZHfX, s ZH (3.44)

S 1 =l Sl =l ﬂ,+a

3.6.2 Uptime-Based Point Availability Function with Exponential Repair

The uptime-based point availability function with exponential quasi-renewal

operating intervals and exponential quasi-renewal repair intervals is given by

A*(S)=§ (- 75 )+ l—fx (g (S)}

A - UA
1- : .
n:l( /1+a"s)l,:1[ (/1+a’_ls)(,u+b’_ls)}
_1Y( s > a's y7z
s [/1+s +Z[/1+a Sl,_ll(/1+a’ ) u+b" lS)ﬂ
1 = (apud)" 1
+ Sj " ZI: A+a's 1,:1[ (A+a"s)(u+ bi_ls)J
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The uptime-based point availability function under iid repair with exponential quasi-

renewal operating intervals and exponential iid repair intervals is given by

A= (- £ X a- 11 o0 o T/ (s)}

1 _ R
_s[ j Z(l l+as(ﬂ+s}ﬂﬂ+a”s]

n=l

- (3.46)

1l s = a's 4 ) A
s|A+s ;/1+a”s(ﬂ+s}1;[/1+a’]s]

a" A ) o 1
/1+s z/’L+a s[ﬂ+sjl,:1[/1+ai_ls

3.6.3 Downtime-Based Point Availability Function with Exponential Repair

The downtime-based point availability function with exponential quasi-renewal

operating intervals and exponential quasi-renewal repair intervals is given by

R ISR :
A)=—|1- Z[g;” o 1};@” (s)}

n=1

n

1|, < U+b""s A U
=—|1- -1 : A 3.47
s| ;( Y7, Jl,:ll/1+a’_ls ,u+b’_ls} (3.47)

=———Z by H(/1+ ’ls)(,u+b’ )
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The downtime-based point availability function under iid repair with exponential

quasi-renewal operating intervals and exponential iid repair intervals is given by
1 — * L *®
1128y (D))" | fx,(5)

] e

A*(s)zé 1—[

—

s Y7 “\u+s) 3 A+a

e sl e

U+s) 3 A+a's

3.7 Quasi-Renewal Model Under Normal Operating Intervals

The quasi-renewal function is constructed and is the foundation for the development
of the availability expressions under normally distributed operating intervals. Uptime-
based and downtime-based point availability functions are constructed under the
assumption of normally distributed quasi-renewal operating intervals for both the quasi-
renewal repair case and the iid repair case. The repair intervals are modeled using both
the normal distribution and the exponential distribution. Under the assumption of
normally distributed repair intervals the transform of the point availability is easily
inverted and expressed as a function of time. Under the assumption of exponentially
distributed repair intervals inversion of the exact transform expression is not possible
without truncation. Therefore the exact expression in the transform space is provided
rather than an approximate expression in the time domain. Let the duration of the first
interval of operation be distributed as follows

X ? - %
, ~normal(y,07) — fy (?) —We . (3.49)
In addition, let ® represent the cumulative distribution function of the normal
distribution,

1 —(t-p)*
e 2 dt . (3.50)

Plu0%) = J-“"’O' 2
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For the purpose of this analysis it is assumed that the mean and variance of the normal
distribution are such that the probability mass located at <0 is negligible. The Laplace

transform of the density function of the n"™ operation interval is

fa@ =L ="

ﬂun—ls_%oj (")

(3.51)
Sx, ()= [y (a"s)=e

3.7.1 Normal Quasi-Renewal Function

The quasi-renewal function for normally distributed operating intervals is given by

0 (s) = %if[f; (a"'s)

n=l i=l

14 /Iai—ls_loj(ai—lS)Z
S I
S

n=l i=1

(3.52)

L u(-a") o2 (1=a®"y 52

:lze (-a) ~ (1-a%) 2 .

S p=1

Note that the argument of the summation is in the same form as the Laplace transform for
the normal distribution. Given the uniqueness of the Laplace transform, equation 3.51
implies
= lu(-a"y o’(1-a™)
=)o ,
0= 2 N e

This confirms the result of Wang and Pham and shows that the quasi-renewal function is

(3.53)

relatively straightforward to calculate in the case of the normal distribution.
3.7.2  Uptime-Based Point Availability Function with Normal Repair

Let the duration of the first repair interval be distributed as follows

—(1=4)

e ¥ . (3.54)

Y, ~ normal(4, p*) — g, (1) =

1
PN 27
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The Laplace transform of the density function of the n' repair interval is

b_lpzsz

x 7 _ 2
gy () =L {fy(O}=e (3.55)

/ib”’lsfépz b"s)?

g ()=g,(b"'s)=e

The uptime-based point availability function with normal quasi-renewal operating

intervals and normal quasi-renewal repair intervals is given by

4 (s>=; (-3 )+ Z(l—fX () (s)}
1 s—fo's nd /111”5—10'2112"52 n ua' s 10'2112( D24 b s— pzbz( Dg?
=—||1-e +z (l1-e 2 )He 2
S [ n=l| i=1
1 ( /IS—*O' s? > Ha 5—10'2112”52 Zﬂa‘ 13_70, FRARREY 13—2 zbzu Dg?
==[|1-e +> - 2 e
N n=l1
(1 e +
1
s i (1 ﬂa”s—%azaz"sz) [/1((11:;1))4_/12?#} [o‘(flzz )y zzbu 1}
—e e
n=l1
e I I
1 Lis— ols? oo e i=
[ _ 2
§ n=1 [/Ia”+/l(17())+/12bl J [o-za2 + (a Z +p sz( ”]
—a
—_ e i=1

Given the uniqueness of the Laplace transform the following expression is an equivalent

expression in the time domain:

A, (1) =1-0(u,0%) +

o H=a) e 0t (1=a) e
@ b b
- ( (1-a) HALDT (1-a®) pz ] (3.57)
; ) n+/u(1_a )+2/2bll 2 2n+o-2(1_a2n)+ 2Zn:b2(i—1) .

HET 02y T a-ay P& )
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The uptime-based point availability function under iid repair with normal quasi-

renewal operating intervals and normal iid repair intervals is given by

* l [ * - * * 1 *
A= |- £ ) X -1, O)ey ' T <s>}
L n=1 i=l
1 _ Us——O"s = [ /la"s—lcrzaz sz nﬂs—fnp §2 L
==~||1-e +>|(1-e 2
N n=l1
1 Us—0°s* had HUa b_lo_zaznbz nAs——
==~||1-e +>(1-e ? Ye e
N n=l1
1 Us—0°s* had HUa b_lo_zaznbz nAs 7np232
=—||1-e +>|(1-e 2 Ye
N n=l1
- i [““‘""’:,,zjs (o (=), ‘pzji
I PREDERS S PANC (= )2
=—||l-e ? +
S ; [,u nyH=a7) )+n/1]s [ o’a®" +7J (i-a’")
(I-a) (1-a*)

npzsz z,ua §— o’a

2,212

ua' s—fo' a
I1

(i-) 2

pi-a") o’ (1-a”)s’ ]

(1-a)

+np ]7
2

(1-a*)

2

ﬂ

(3.58)

Given the uniqueness of the Laplace transform the following expression is an equivalent

expression in the time domain:

A,() =1-D(u,0%) +

pl=a )+n/1

S q’( (1-a)
2

n=l1

)

q{mn+u(l—a

(1-a)

2 _ 2n
o’(I-a +””2j‘
(I-a”)
2 2n
+n/”t,0'2a2"+—(l_? )
(I-a)
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+np2j
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3.7.3 Downtime-Based Point Availability Function with Normal Repair

The downtime-based point availability function with normal quasi-renewal operating

intervals and normal quasi-renewal repair intervals is given by

A=Y _1}1;;”@

n=1 gYn (S)

i=1

e? —1lle

Il
Y | =
—
|

[

i u(l=a") -1 o (1-a”")
—A| b" b
(M [ 2 B[(m

Il
© | =
—
|

M8

(I-a) par (1-a%) pay

— (Iu(] a )+/12b ] [o’ (I-a n +p zbz( 1)]
e

Il
Y | =
—
|

s

(-a) & (1=a?)

i p-a") ) [ ot (-a*)
lpzbz”’zsz—ﬂb”’]s {W-#ﬂZZb j [ (e

ol (y(l a )+;LZ 71] (o‘ (1-a? )+pzzb2( 1)]7

g

-1 u(=a") <5 o’(1-d* ) 0 2011 i
n e((l“’) +/’L§b ) ;b S

gl

(3.60)

Given the uniqueness of the Laplace transform the following expression is an equivalent

expression in the time domain:

(-a) &  (-a)

q)[ﬂa—aﬂmibi_],a <1—c;;">

(1-a) i=1 (1-a
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(,u(l a) /12 ,I’O' (1 a2n)+pz"z‘:]bz(i—1)]
i=1

" ,02 ébz(i—l)j

(3.61)



The downtime-based point availability function under iid repair with normal quasi-

renewal operating intervals and normal iid repair intervals is given by

* 1 1 -
A= g e
s ng (S) n=l1
~ 1 o 1 55) pl=d") o2 (1=a?") s
= l 1— egpzsz_ﬂs 1 zen(/h Ep s ]e ) s ) 2
S -
I " 2 2n 2 7]
1 w | nastze )],_[ 2,0 (-a )]L
= l 1- eEPZSZ_jS 1 e[” (1-a) s—| np —a®) S
s n=l1
I ! - u=a)) [ .= ]
:l 1— eEp252_Ag _1 Ze[ﬂ/l- (—a) s—{ np~+ (l_az) .
S -
! 2 2n 2
o -DHA #(=a") | (n=1 0* o (1-a™") |s°
e[(n YA+ (1-a) s—| (n=1)p~+ )2
1 1 n=l1
o (3.62)

n/1+‘1.£(1—an)JS_[np2+O'2(l—a2”)Ji

(1-a) (1-a%) )2

5
n=l
Given the uniqueness of the Laplace transform the following expression is an equivalent

expression in the time domain:

_ N 2 _ 2n
d (n—l)/1+M,(n—l)p2 +L‘2’)
= (1-a) (1-a%)
A, () =1-)" . (3.63)
=l u(ld-a") , o'(l-a”
-O| nl+————= np° + ————
i (I-a) (1-a%) |
3.7.4 Uptime-Based Point Availability Function with Exponential Repair
Let the duration of the first repair interval be distributed as follows
Y, ~ exp(Ad) = g, (1)=Ae* forr>0. (3.64)
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The uptime-based point availability function with normal quasi-renewal operating

intervals and exponential quasi-renewal repair intervals is given by

A’ (s) =§

(- 72 @)+ 2017 o, (ﬂ

1 B e/ls—%olsz + i (1 B eﬂa"s—%azaznsz )ﬁ /1 eﬂa"fls—%()'zaz(i*l)sz
i1
— o \A+bs
,us—lolsz oo ﬂa”s—lazaz”sz Zﬂai"s—%azaz(i")sz n /1
e 2 |+ (e > e 11 A 3.65
n=1 i=1 2{ + b S ( * )
2.2
Us——O s
l-e

ot (1-a*") \s?

(1-a)

u(1-a")
(I-a)

Hs)

=

Ll
2

oo n 1 2 2n 2 [
pa"s—o-a"s
+ Z (l-e 2 )e
n=l1

i

L

A
A+bs

J

The uptime-based point availability function under iid repair with normal quasi-

renewal operating intervals and exponential iid repair intervals is given by

A=1

1
S

Y | =

Y | =

ROV O <s)}

=2 > _(1 e””"s_lozaznsz) n ( 4
L n=l1 L i=1 /1 +s
1
Us—2s? oo Ua"s——c2as?
l-e +Y |- 2 )
n=l1 /1 +5
1202 o n a1 2 22
Us——O s /1 Ha's—oa"s (
l—e 2 + (l-e 2 )e
nZ:I: A+s
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(3.66)
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3.7.5 Downtime-Based Point Availability Function with Exponential Repair

The downtime-based point availability function with normal quasi-renewal operating

intervals and exponential quasi-renewal repair intervals is given by

I | PN *
A (s)_; 1—2(};; = —1}19” (s)}

n=1

1 oo ﬂ+bn_ls ,tl(l_—a”)s 0’2(1—1;2”)52 " /1
=—|1- RhdR—— (I-a) (1-a*) 2 . 3.67
S ;[ ﬂ j 1[:1[ /1 + bz—ls ( )

p(i=a") o (1-a*")s? " 1

RN . :
- _ bl n—le (1-a) (1-a*) 2 A .
§ nzz;( : H/1+b’_ls

i=1

The downtime-based point availability function under iid repair with normal quasi-

renewal operating intervals and exponential 1id repair intervals is given by

oo - .
A(s)=—|1=| —=———=1|> hg (s5)
s [gyl (s) J; o
1_ A+s - A ﬂ(l__a")s GZ(I_ZU)SZ
S 1 e (1-a) (1-a™) 2 3.68
s ( A jnzzz‘(/1+sj (368)

n H-a") o’(-a"")s®

:l_li( A je (1-a) (1-a*) 2
s A5 A+s )

The point availability functions under normal operating intervals and normal repair
intervals are easily expressed in the time domain. However, the inversion of the point
availability functions under normal operating intervals and exponential repair intervals is

not as straightforward.

3.8 Quasi-Renewal Model Under Gamma Operating Intervals

The quasi-renewal function is constructed and is the foundation for the development
of the availability expressions under gamma distributed operating intervals. Uptime-

based and downtime-based point availability functions are constructed under the
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assumption of gamma distributed quasi-renewal operating intervals for both the quasi-
renewal repair case and the iid repair case. The repair intervals are modeled using both
the gamma distribution and the exponential distribution. Inversion of the exact transform
expression is not possible without truncation. Therefore the exact expression in the
transform space is provided rather than an approximate expression in the time domain.
Let the duration of the first interval of operation be distributed as follows

/fie—}u: (ﬂl‘)k_l

X, ~ gamma(k, 1) — fX] )= (k=1

fort>0. (3.69)

The Laplace transform of the density function of the n" operation interval is

Fs)= L f (0} = (ﬁ]
(3.70)

f;n (s)= f;l (a"'s)= (#j :
+a"'s

3.8.1 Gamma Quasi-Renewal Function

The quasi-renewal function for gamma distributed operating intervals is given by

OEESY | FACROEES W | Fmne 3.71)

n=1 i=l n=l =l (ﬂ,+ a’_ls)k
3.8.2 Uptime-Based Point Availability Function with Gamma Repair

Let the duration of the first repair interval be distributed as follows

—ut r—1
Y, ~ gamma(r, 1) > g (£) =% fort >0, (3.72)

The Laplace transform of the density function of the n™ repair interval is

g, ()= L{g, (1)} =( £ ]
U+s
(3.73)
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The uptime-based point availability function with gamma quasi-renewal operating

intervals and gamma quasi-renewal repair intervals is given by

A'(s) =§ (t-r (s))+i(l—f§£m ()hs, <s>}

A Bk Pt )] e

:é( (/1+sj ] 2( (/1+a Sj ]( * rnt_ll(/“al ls)kl(wrbi_ls)l

The uptime-based point availability function under iid repair with gamma quasi-

renewal operating intervals and gamma iid repair intervals is given by

A (s)= % (1= 77 )+ i(l — fr (A, <s)}

e [ 0] o
o e T ey

3.8.3 Downtime-Based Point Availability Function with Gamma Repair

Y | =

Y | —

The downtime-based point availability function with gamma quasi-renewal

operating intervals and gamma quasi-renewal repair intervals is given by

N (R '
A" ()= 1—; p (s)_l}’@" (s)}
- (3.76)
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The downtime-based point availability function under iid repair with gamma quasi-

renewal operating intervals and gamma iid repair intervals is given by

. 1 1 =,
A" (s) = 1—[g; & —1]; he, (s)]
- (3.77)

{5 -5l ey

3.8.4 Uptime-Based Point Availability Function with Exponential Repair

© | =

Let the duration of the first repair interval be distributed as follows

Y, ~exp(u) — g, (t) = ue™ fort>0. (3.78)

The uptime-based point availability function with gamma quasi-renewal operating

intervals and exponential quasi-renewal repair intervals is given by

A (s) = % (1= /5 )+ Z (- fr ()hy (s)}

[l—(ﬁ)}i(l—(ﬂf}]ﬂ(ﬂfNM‘ZJ] e
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The uptime-based point availability function under iid repair with gamma quasi-

Y | =

Y | =

renewal operating intervals and exponential iid repair intervals is given by
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3.8.5 Downtime-Based Point Availability Function with Exponential Repair

The downtime-based point availability function with gamma quasi-renewal

operating intervals and exponential quasi-renewal repair intervals is given by

()=~ { 2[—)—1]11; (s)}
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The downtime-based point availability function under iid repair with gamma quasi-

renewal operating intervals and exponential 1id repair intervals is given by

. 1 S
A (s)_g{l—[g; (S)—lJ;h@"(s)}
(3.82)
kn - 1
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3.9 Summary
The Laplace transforms of the uptime-based and downtime-based point availability

functions are found for the quasi-renewal process. The two forms of the point

availability are based on complementary events and are equivalent. The Laplace
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transform must be inverted from the transform space to the time domain in order to
analyze time-dependent system behavior. When the operating intervals and repair
intervals both follow a normal distribution the inversion is straightforward. However, in
the other cases explored the infinite sum in the transform space must be truncated before
inversion to the time domain is possible. Truncation of the transform expression leads to
an approximate expression in the time domain after inversion. The computational
difficulty of approximating the exact expressions developed in this chapter is discussed in
Chapter 4. Although the transform expressions of the uptime-based and downtime-based
point availability are exact and equivalent, after truncation and inversion they provide
two different approximations in the time domain. The uptime-based availability function
provides a lower bound on the point availability while the downtime-based availability
function provides an upper bound on the point availability. This property is useful in
identifying the error in point availability calculations and in choosing the point of
truncation necessary to achieve a desired degree of accuracy in such calculations. In
addition, it appears that this development may be applicable in a broader context than that
of just the quasi-renewal process. These general results in 3.29 and 3.32 may be useful in
determining the availability behavior of any system that is characterized as having

independent and unique operating intervals and repair intervals.

Several specific point availability expressions under various assumptions regarding
the distribution of operating intervals and repair intervals are contained above. The time-
dependent system behavior of each of the cases is examined in the next chapter.

Graphical and numerical results are obtained and the observed behavior is discussed.
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Chapter 4 — Analysis and Discussion

The quasi-renewal function and two point availability functions are developed for
several distributions on operating time and repair time in the previous chapter. This
chapter will explore the time-dependent behavior of these specific models. Each model is
characterized by a set of quantities that correspond to the deterioration of the operation
intervals, the deterioration of the repair intervals, the parameters of the theoretical
distribution on the intervals of operation, and the parameters of the theoretical
distribution on the intervals of repair. The impact that each of these quantities has on the
behavior of the point availability function is described. Particularly, an effort is made to
address the sensitivity of the point availability to each of these quantities. It is assumed
that the mean of the distribution on the operation intervals is simply a measure of the
scale on which behavior is observed. More importantly, consideration is given to the
impact of the ratio of the mean of the first repair interval to the mean of the first operation
interval, the degree of deterioration of the operation intervals, the degree of deterioration
of the repair intervals, and the size of the variance relative to the mean of both the repair

and operation intervals.

Issues related to the truncation necessary to invert the exact Laplace transforms and
obtain numerical results are discussed. Truncation of the transform expression has an
impact on both the quasi-renewal function and the point availability function. In
addition, the behavior of the truncated uptime-based and downtime-based point

availability functions is explored as they are used to bound the true availability.
4.1 Computation

In the case where both the operating intervals and repair intervals follow a normal
distribution the computation of the quasi-renewal function and the point availability
functions is straightforward. All of the relevant functions are expressed in the time
domain and only require the ability to approximate the cumulative distribution function

of the normal distribution. This being the case, the computation time is relatively small
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and accurate representations of all relevant expressions are obtained for the useful life of
the system. For this reason, it is a worthwhile future endeavor to investigate the
conditions under which other theoretical distributions on operating intervals and repair
intervals can be adequately approximated with the normal distribution for analysis in the

quasi-renewal framework.

In all cases other than the one having normal operating and repair times, the
approximation of the quasi-renewal function and the point availability functions requires
the inversion of a truncated infinite sum in the Laplace transform space. The Laplace
transform expressions are exact but become approximations after they are truncated for
the purpose of inversion. The number of terms that are inverted, ¢, and the degree of
precision in machine-level arithmetic determines the degree of accuracy of the
approximation. The sensitivity of these expressions to computational error necessitates
that the Laplace transforms are inverted symbolically. Even when inversion is performed
symbolically the complexity and nature of the resulting expressions cause machine level
rounding error to be a significant limitation in the results that can be obtained.
Computational intensity increases significantly for each additional term that is inverted.
Therefore, computing power is also a significant limiting factor on the attainable degree
of accuracy. Inversion was performed using Mathematica Version 4 on a PC with an
800-megahertz processor and 500 megabytes of RAM. With this equipment it is possible
to compute the quasi-renewal functions for the gamma and exponential distributions by
inverting the first 20 terms in the infinite sum. The point availability functions are more
demanding and could only be approximated by inverting the first 10 to 13 terms for
exponentially distributed repair and the first 7 terms for gamma distributed repair. A

sample of the Mathematica input and output is provided in Appendix A and Appendix B.

The inversion of the terms in the point availability function based on normal
operating intervals and exponential repair intervals is not possible using a conventional
software package. Each term has the base of the natural log in the numerator with an

exponent that is a function of the transform variable, s and s>. The denominator is an
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increasingly complex polynomial in s. Another method was not found to invert a Laplace

transform of this particular form.

It is important to recognize that the numerical work performed to generate the
graphical representations of the quasi-renewal and point availability functions is not exact
and possesses a degree of inherent error. Calculations are limited by the machine
precision with which internal computer calculations are made and the fact that the exact
expressions themselves must be truncated to obtain numerical results. Due to the nature
of the expressions in the time domain, the imprecision of machine numbers adds an

additional source of error to the calculation of the approximated functions themselves.

The error in numerical analysis plays an important role in this work since some of

the inverted Laplace transforms require calculations to be made involving several terms

. 1 .
that include a* or — for an extremely large x. Since 0<a <1 and the value of x
a

exceeds 100 regularly, this results in some numbers that are smaller or larger than the set
of machine numbers. This does not occur when operating intervals are normally
distributed since the inverted form of all the expressions only requires the evaluation of
the normal cumulative distribution function. Some of this behavior is seen in the terms
corresponding to the larger values of ¢ for exponential operating intervals, where c is the
number of terms of the infinite sum that are evaluated. However, in the case of
exponential operating times there is no impact on the qualitative observations made and
negligible impact on the numerical results. The frequency and intensity of this
occurrence in calculations with gamma operating and repair intervals limited the amount
of numerical results obtained. It is only possible to obtain meaningful numerical results
for gamma operating intervals when the shape parameter of the gamma distribution is

less than 4. Further discussion of this behavior is contained later in this chapter.
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4.2 Impact of Truncating the Quasi-Renewal Function

In order to obtain numerical results in the time domain for the quasi-renewal
functions and the point availability functions of the models with exponential and gamma
intervals of operation it is necessary to truncate the exact expressions. In all but one case
the Laplace transform of the quasi-renewal function or the point availability must be
truncated before it is inverted to the time domain. The exception is in the case of normal
operating intervals and normal repair intervals. Under this condition the quasi-renewal
function and the point availability functions are stated as infinite sums of normal
cumulative distribution functions that must also be truncated to obtain numerical results.
Although the quasi-renewal function for normal operating intervals is stated differently,
the impact of truncation on the quasi-renewal function is the same in all of these cases.
Similarly, the impact that truncation has on the point availability functions is the same in

all cases.

The quasi-renewal function represents the expected number of restarts over time
under the assumption that repair times are negligible. In other words, the expected
number of operation intervals that are been completed at any point in time. Each term of
the infinite sum in the expression for the quasi-renewal function,

TS - d
0, (=L I{EZH/’Q,, (s)} =2 Fa (0, (.1)

n=l i=l n=l1
corresponds to the probability that there are n completed operation intervals by time .
This statement is true for each term in either the Laplace transform expression or the
expression in the time domain. The sum to infinity is equal to the expected value of the

number of completed operation intervals at time ¢.

When equation 4.1 is truncated at a point ¢,

0:(0)=L" {%ZH]’ (s)} DNAC) @2)

this effectively limits the possible number of completed operation intervals under

consideration. As a result, the quasi-renewal function asymptotically approaches ¢ in a
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deteriorating system. An example of this behavior for normal operating intervals and

exponential operating intervals is shown in Figures 4.1 and 4.2 respectively.
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Figure 4.1 Normal Q,.(¢) with (# =100,0 =25,a={0.85,0.90,0.95,1.00)},c =20)

In Figure 4.1 the first 20 terms in the infinite sum are evaluated so the quasi-renewal
function for all cases will asymptotically approach 20. It is clear that for systems that
deteriorate quickly, a=0.85, the limit on the quasi-renewal function is reached earlier in
the evolution of the process than systems that do not deteriorate as quickly, a=0.9 and
a=1.00. In fact the approximation for the quasi-renewal functions with a=0.9 and a=1.00
is still adequate at 1000 time units. However, it is clear that at 1000 time units the
approximation is rather poor for a=0.8 and a=0.85. An example of the identical behavior
for the truncated quasi-renewal function with exponential operating intervals is shown

below.
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Figure 4.2 Exponential Q,(¢) with (4=0.01,a={0.80,0.90,0.95}),c =22)

The accuracy of the approximation of the quasi-renewal function increases in ¢. The
value of ¢ necessary to adequately approximate the quasi-renewal function depends on
the true expected number of restarts at the time of interest. If ¢ is less than or near the
true expected number of restarts then the approximation will be poor since it starts to
asymptotically approach the limiting value, c¢. The approximated function is accurate
when the value of ¢ is much larger than the true expected value of the number of restarts.
For any deteriorating system the approximation of the quasi-renewal function is more
accurate for smaller vales of ¢ since the expected number of restarts is closer to its

minimum.

4.3 Impact of Truncating the Point Availability Expressions

As discussed in section 3.5.3, the uptime-based and downtime-based point
availability functions are used to bound the value of the true point availability. The
uptime-based point availability function serves as the lower bound and the downtime-
based point availability function serves as the upper bound. The fact that the two point
availability expressions can be used to form bounds on the point availability is a direct
result of the behavior of these expressions after truncation. The exact expressions for the

point availability are equivalent,
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A*(s)%[(l—f;l Ol NEVRON (s)}-%{l—i(ﬁ—l]hgn (s)]. (43)
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1s a lower bound constructed with the first ¢ terms and
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AH(t)Upper_L {A (S)Upper}_l‘ {S|:l ;[g;’(s) 1]h9”(s):|} (46)

is an upper bound constructed with the first ¢ terms.

Each term in the infinite sum of the lower bound corresponds to the event that the n™

repair is finished at time « and the (n+1)" operation interval is of length (¢-u) or greater.

A(t) Contribution
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‘ ‘ Time
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Figure 4.3 Individual Terms for the lower bound on point availability

The contribution that the first several terms in the lower bound makes to the value of the
point availability is shown in Figure 4.3. It is important to note that as the process
evolves each term makes a smaller contribution to the point availability, but each term

has a larger variance than the previous term and therefore makes its contribution over a

68



longer interval of time. Truncation limits the number of contributing terms. It becomes
apparent from the above graph that when this occurs the lower bound on the availability
will drop to 0 when the contribution of the final term becomes negligible. The parallel

concept is demonstrated in Figure 4.4 for the upper bound of the point availability.
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Figure 4.4 Individual terms for the upper bound on point availability

Each term in the sum for the upper bound has a negative contribution to the point
availability function, otherwise the same type of behavior is observed. Each term makes
a less significant overall contribution but the width of the time interval over which each
term makes a contribution is increasing with the cycle number. Truncation limits the
number of terms that can make a negative contribution on the point availability.
Therefore, the upper bound rises to 1 as the probability mass of the final term becomes
negligible. The impact that truncation has on the uptime-based and downtime-based

point availability is shown in Figure 4.5.
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Figure 4.5 Impact of truncation on A4,,(¢#) with c=30

Increasing the value of ¢ increases the amount of time until the two point availability
functions diverge. Decreasing the value of ¢ has the opposite effect. It is clear that the
value obtained for the point availability with either function is very accurate up to 1000
time units. After the two functions cease to coincide they diverge rather quickly giving
little indication of the location of the true value of the point availability. However, the
information gained concerning the interval of time upon which the approximations are
accurate is extremely useful. In this situation, it is clear that conclusions can be made
with reasonable confidence out to 1000 time units. If it is necessary to forecast farther

than 1000 time units, the value of ¢ can be increased.

Since the case of normal operating times and normal repair times is less demanding
with respect to computation time, it is possible to evaluate enough terms to drive the
upper bound to 0. When this occurs the point availability is nearly exact since the upper
and lower bound coincide until the system has negligible availability. In this manner it is
possible to use the upper bound in isolation to obtain an approximation of the point

availability to any specified degree of accuracy. This holds true for all situations
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examined although computational demands for the other models make this technique
more difficult to implement.

A(t)

€
‘ ‘ — . Time
500 1000 1500 | 2000

Figure 4.6 Upper bound used to determine error in approximation

In figure 4.6 the upper bound on the point availability is evaluated to a minimum
acceptable error value, €. This corresponds to the maximum error in the point availability
approximation for the entire period prior to the time at which € is reached. This is true
since the lower bound can be no less than 0, and for any given value of c the accuracy of

the approximation deteriorates with time.
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Time
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Figure 4.7 Truncation of A, (f) with (1 =0.01, 1 =0.05,c ={L...,13})
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The behavior of the approximating functions as ¢ increases is made clear by Figure
4.7. 1t is apparent from the above graph that the approximation becomes more accurate
as c¢ increases. However, the important information is contained in the two approximate

functions with the largest value of ¢ shown in Figure 4.8.
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Figure 4.8 Best approximation for A4,,(t) (A=0.01,z=0.05,c=13)

These two approximate functions form the tightest bounds on the point availability and

give a near exact approximation for the longest period of time.

In addition to the general behavior of the quasi-renewal function and point
availability functions, it is necessary to comment on the behavior specific to the various
cases analyzed. Specifically, the effect of various deterioration levels and distribution

parameters on system behavior is discussed.

4.4 Exponential Operating Intervals

Consider intervals of operation that are distributed according to an exponential
distribution with rate, A. To obtain numerical results in the time domain it is necessary to
truncate the infinite sums in the Laplace transform space for the quasi-renewal function
and the two point availability functions, equations 3.44, 3.45, and 3.47 respectively.
Inverting the terms necessary to approximate the quasi-renewal function takes much less
computational time than inverting the terms necessary to approximate either of the point

availability functions.
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4.4.1 Exponential Quasi-Renewal Function

The first 22 terms of the sum in equation 3.44 were inverted symbolically to the time
domain to obtain an approximation of the quasi-renewal function for exponential
operating intervals. Describing the behavior of the quasi-renewal function is rather
straightforward since the only variables present in the expression are the rate of the
exponential distribution, A, and the deterioration factor for the operation intervals, a. For
the purpose of comparison on a common scale, the mean of the first interval of operation
is assumed to be 100 time units for all calculations. A graph of three quasi-renewal

functions with different deterioration factors is shown in Figure 4.9.
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Figure 4.9 Exponential Q,(¢) with (4=0.01,a ={0.80,0.90,0.95})

The behavior of the quasi-renewal function for exponential operating intervals is
rather straightforward. For smaller values of the deterioration factor, a, the quasi-renewal
function increases faster and for larger values of a the quasi-renewal function increases

slower.

4.4.2 Exponential Repair Intervals

Repair intervals are distributed according to an exponential distribution with rate, |,
and deterioration factor, b. The behavior of the point availability is approximated by
inverting 12 to 13 terms of the infinite sum expression in the Laplace transform space.

Obtaining numerical results from some of the latter terms provided some unexpected
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difficulty related to limitations on computer arithmetic and the machine representation of
numbers. This does not affect the qualitative observations made in any way and has a
negligible effect on the numerical results that are graphed below. Further discussion is
contained later in this chapter. In all cases examined, the mean of the first operating
interval is 100 and serves to scale the rest of the analysis. The impact of the length of
repair, the rate of deterioration for the operation intervals, and the rate of deterioration for

the repair intervals are rather intuitive and is summarized below.

As a decreases the deterioration rate of the system increases and the point
availability decreases. This is evident in Figure 4.10. In addition, the point at which the
two approximating functions lose accuracy is sooner for smaller values of a, causing the
point availability bounds to be farther apart at any instance in time than for systems with

a larger value of a.

Time
200 400 600 800 1000

Figure 4.10 Exponential A4, (¢) with (1=0.01,a={0.85,0.90,0.95},4=0.10,b=1.1)

Figure 4.11 shows the impact of varying the mean repair time of the first repair
interval. As expected, increasing the mean of the first repair interval causes a reduction
in the point availability function. However, the approximation remains accurate for
longer periods of time when the mean of the first repair interval is larger. Although the
mean of the repair intervals is larger, fewer cycles are completed per unit time and the

equipment reaches equivalent levels of deterioration at later points in time.
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Figure 4.11 Exponential A4, (¢) with (1=0.01,a=0.85,u4={1/15,1/10,1/5},b=1.1)

The deterioration of the repair process is also a factor in the behavior of the point
availability. Figure 4.12 shows the point availability functions for several different levels
of deterioration of the repair process.

A(t)
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Figure 4.12 Exponential A4, (z) with (1=0.01,a=0.9,14=0.10,b={1.0,1.1,1.2})

As the level of deterioration increases the point availability decreases as expected.
Again, the approximation remains accurate longer for a larger level of deterioration since

fewer cycles per unit time are completed.
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4.5 Normally Distibuted Operating Intervals

Operating intervals are distributed according to a normal distribution with mean, [,
variance, 02, and deterioration factor, a. In all of the cases examined under the
assumption of normally distributed operating intervals, the mean of the first operating
interval is 100 time units. As mentioned before, the mean of the first operating interval

simply scales the behavior of the quasi-renewal function and the point availability.

4.5.1 Normal Quasi-Renewal Function

The normal quasi-renewal function is essentially the expected number of restarts as a
function of time when repair time is negligible. Since the system is assumed to
deteriorate, the quasi-renewal function is non-decreasing in time. The degree of
deterioration has a significant impact on the rate at which the quasi-renewal function

increases.
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Figure 4.13 Normal Q,.(f) with (z =100,0 =25, ={0.85,0.90,0.95,1.00})

This behavior is apparent in Figure 4.13. A smaller value of a indicates a more rapidly

deteriorating system and, as shown above, a more rapidly increasing quasi-renewal
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function. The renewal function for a homogeneous process is shown to reinforce the
concept that the quasi-renewal process approaches the homogeneous process as the value
of a approaches 1. Another characteristic of the quasi-renewal function is that it appears
as though a critical point is reached where the mean of the operation intervals has
deteriorated enough so that the expected number of restarts behaves asymptotically. This

critical point is reached earlier for smaller values of a.

Another factor that affects the behavior of the quasi-renewal function is the ratio
between the mean and the variance of the first interval of operation. Each quasi-renewal
function in Figure 4.14 corresponds to a quasi-renewal function in Figure 4.13 with the
same degree of deterioration. However, the standard deviation of the intervals of

operation is 12.5 rather than 25.
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Figure 4.14 Normal O, (¢) with (1 =100,0 =12.5,a ={0.85,0.90,0.95,1.00})

The overall behavior is the same but it is apparent from Figure 4.15 below that the
smaller variance causes the quasi-renewal function to look similar to a step function early
in the evolution of the process. In other words, early in the process the quasi-renewal
function increases sharply in certain intervals and remains relatively unchanged in others.

This effect dissipates as the process evolves.
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Figure 4.15 Normal Q,.(¢) with (1 =100,0 =12.5,a ={0.85,0.90,0.95,1.00})

This is due to the fact that early in the life of the system the first increase in the value of
the quasi-renewal function can be attributed to the time at which the first failure occurs.
This timing is governed by the distribution on the first operation interval. A small
variance causes the timing of the first failure to have a high probability of occurrence in a
rather narrow time interval about the mean. The next significant increase in the quasi-
renewal function is at the most likely interval for the occurrence of the second failure,
which is actually the sum of the first two operation intervals. The important fact is that
the distribution on the sum of the first two operating intervals has a variance equal to the
sum of the variances of the individual operating intervals. This causes the distribution on
the time of the second failure to have a significantly larger variance than the distribution
on the time of the first failure. This increase in variance propagates over time and causes
the quasi-renewal function to show a more uniform behavior rapidly. It should also be
noted that this affect dissipates faster for smaller values of a, since a small value of a

increases the opportunity for a large number of restarts relatively early.
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Figure 4.16 shows the effect that the variance has early in the process holding all
other variables constant. As mentioned above, the process with the smaller variance will

look similar to a step function longer than a process with a large variance.
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Figure 4.16 Normal Q,.(¢) with (#=100,0 ={12.5,50/3,25},a =0.90)
4.5.2 Normally Distributed Repair Intervals

Repair intervals are distributed according to a normal distribution with mean, A,
variance, pz, and deterioration factor, b. The graph below is representative of the

availability function for a quasi-renewal process with normally distributed repair times.
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Figure 4.17 Normal O, (¢) with (1 =100,0 =25,a=0.90,1=10,p =2.5,b=1.0)
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In the beginning there is a period of fluctuation as the most likely interval for the first
failure causes a decrease in the availability and then the most likely interval for the
completion of the first repair causes a subsequent increase. As the process evolves this
fluctuation dissipates and the availability goes to 0 as the length of the intervals of
operation deteriorates. This fluctuation is more pronounced for operation intervals with a

smaller variance, which is shown in Figure 4.18.
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Figure 4.18 Normal A4, (f) with

(1£=100,0 =1{12.5,50/3,25},a=0.90,A =10, p=2.5,b =1.1)

Three different values for the standard deviation of the first interval of operation are used
while holding all other variables constant to graph the quasi-renewal functions above.
The quasi-renewal function with a standard deviation of 12.5 has the largest fluctuation
that takes the longest to dissipate. The quasi-renewal function with a standard deviation

of 25 fluctuates mildly in the beginning and then is relatively smooth after 350 time units.
The deterioration factor, a, has a significant impact on the rate at which the point

availability decreases and the time it takes for the system to become impractical to

operate without a replacement or overhaul. Three point availability functions are graphed
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in Figure 4.19, each with a different level of deterioration for the operation interval and

the remaining variables are identical between functions.

A(t)

Time
500 1000 1500 2000 2500 3000

Figure 4.19 Normal 4,,(¢) with
(4 =100,0 =25,a ={0.85,0.90,0.95},4=10,p =2.5,b=1.0)

Similarly, the level of deterioration in the repair process, b, has a significant impact
on the behavior of the availability function. Figure 4.20 shows three different point
availability functions that have different levels of repair deterioration while holding all

other variables constant.

‘ ‘ ‘ > Time
500 1000 1500 2000 2500

Figure 4.20 Normal 4,,(¢) with
(1 =100,0 =25,a=0.90,4=10,p=2.50,b={1.0,1.1,1.2})
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The point availability function that has a negligible availability at 2000 time units
corresponds to the iid repair case, b=1.0. The values for the iid point availability function
are the highest early in the evolution of the process, but then become the lowest at about
1350 time units. Because repairs are quicker on average for the iid repair case the
proportion of time that the system is being repaired is smaller than for the other two
deteriorating repair cases. However, since the repairs occur more quickly, the time it
takes to reach the n™ interval of operation in the iid repair case is smaller than the other
two cases. This means that the iid repair process will reach the stochastically smaller
operation intervals faster than the deteriorating repair processes. At 1350 time units the
fact that on average the iid repair process reaches operation intervals that are
stochastically smaller at a quicker pace outweighs the fact that the repair intervals are not
increasing. The opposite is true for the quasi-renewal process with a larger degree of
repair deterioration, b=1.2. In the beginning the repair takes longer on average and the
system is not as available. As time passes, the fact that repairs take longer in the
beginning implies that on average at any time in the future the process will finish a
smaller number of cycles and have stochastically larger operating intervals. However,
there is little practical advantage to having a process with the highest availability when

that availability is near 0.20.

In addition to the rate of deterioration of repair, the mean value of the first repair
interval relative to the mean value of the first operation interval is important in
determining the behavior of the point availability function. Figure 4.21 shows the point
availability function for three cases in which the mean repair times are different while the
remaining variables are identical. Behavior similar to that described above is evident.
The case with the smallest mean repair, 5 time units, has the highest availability at first.
However, smaller mean repair times cause quicker cycle completions and stochastically
smaller operation intervals at earlier points in time than cases with a larger mean repair
time. This causes the case with the smallest mean repair time to have the highest point
availability early in the evolution of the process and end up with the lowest point

availability in the long run.
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: Time
500 1000 1500 2000 2500

Figure 4.21 Normal 4,,(¢) with
(4 =100,0 =25,a=0.90,4={5,10,15}, p=2.5,b=1.1)

A final consideration is the effect of the variation of the first repair interval on the
point availability. Since the average length of the repair intervals is relatively small when
compared to the average length of the operation intervals at the beginning of the process,
the variation of the repair distribution has a negligible impact on the point availability
function. Three point availability functions that have different repair variances are
graphed in Figure 4.22. The point availability functions practically coincide, indicating
that the variation in the repair distribution is relatively significant. The length of the
repair intervals does become greater than the length of the operation intervals late in the
evolution of the process. However, this occurs when the frequency of repair drives the
availability of the system to 0. In practice this would occur toward the end of the useful

life of an ordinary system and replacement would most likely precede that event.
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Figure 4.22 Normal 4,,(t) with
(4 =100,0 =25,a=0.90,4=10, p ={2.50,3.33,5},b=1.1)

4.5.3 Exponential Repair Intervals

The analysis of the case in which operation intervals follow a normal distribution
and repair intervals follow an exponential distribution is not provided. This analysis

ms—qs>

(A+s)"

requires the capability to invert Laplace transforms of the form where m and ¢

are real numbers, A is the real number corresponding to rate of the exponential repair
time, and # is an integer that corresponds to the term being evaluated. Mathematica is
incapable of inverting such an expression either symbolically or numerically and standard

Laplace transform tables do not contain a reference to this form.

84



4.6 Gamma Operating Intervals

The gamma quasi-renewal function and point availability behave in a manner very
similar to that of the corresponding exponential functions. This is not surprising since the
sum of iid exponential random variables follows a gamma distribution and the
exponential distribution is a special case of the gamma distribution. Operating intervals
are distributed with a gamma distribution with shape parameter, k, scale parameter, A,
and deterioration factor, a. The quasi-renewal function is examined under different
values of k and a in the next section. Subsequently, the behavior of the point availability

functions is examined under various conditions. It is important to recognize that the

o k . k . . .
gamma operating intervals have mean 1 and variance 7 This relationship between

the shape parameter and the scale parameter is used to scale the functions for comparison.
4.6.1 Gamma Quasi-Renewal Function

The quasi-renewal function for gamma operating intervals is approximated with the
first 20 terms in the infinite sum for k=2. Figure 4.23 shows the quasi-renewal function
with a mean of 100 for the first interval of operation and three levels of the deterioration
factor. As in all other cases examined, the quasi-renewal function increases faster for
smaller values of a which corresponds to a quicker system deterioration. The expected
number of restarts reaches the maximum of 20 earlier for smaller values of the
deterioration factor. Therefore, the accuracy of the approximation based on the first 20

terms for a=0.80 is not adequate for as long as the approximation for a=0.90.
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Time
200 400 600 800 1000

Figure 4.23 Gamma Q,.(¢) with (k =2,4=0.02,a ={0.80,0.85,0.90})

The quasi-renewal function is shown in Figure 4.24 under the same deterioration levels,
but with a different value of the mean of the first operation interval. Since the mean of
the first operation interval in this case is 66.67 the expected number of renewals at any
point in time is larger than in Figure 4.23. Since the limit of the quasi-renewal function
based on 20 terms is reached relatively quickly, this approximation is adequate for a
shorter amount of time than the approximation based on 20 terms above. This is because
a larger number of cycles are completed in a shorter amount of time with a smaller mean

for the first operation interval.

Q(t)
20

15

10r

Time
200 400 600 800 1000

Figure 4.24 Gamma Q. (t) with (k =2,14=0.03,a ={0.80,0.85,0.90})

The quasi-renewal function for gamma operating intervals with £=3 and mean for the
first operating interval of 100 is shown in Figure 4.25. Note that the maximum value of

the quasi-renewal function is 18 since the first 18 terms were used in this approximation.
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Time
200 400 600 800 1000

Figure 4.25 Gamma O, () with (k =3, 4 = 0.03,a = {0.80,0.85,0.90})

To compare the gamma quasi-renewal function with /=2 to the gamma quasi-renewal
function with =3 the approximation for both functions is made with 18 terms. The value
of the mean of the first operation interval for both quasi-renewal functions is the same.
Figure 4.26 shows the quasi-renewal function with the same three levels of deterioration

for both A=2 and 4=3.

(OB )|

Time
200 400 600 800 1000

Figure 4.26 Gamma Q, (¢t) with (k ={2,3},4 =0.03,a ={0.80,0.85,0.90})

This shows that there is little difference between the quasi-renewal function
approximations with k=2 and k=3. However, in cases with a larger difference between
the values of k the difference may become more pronounced. The quasi-renewal function
for /=2 is larger than the quasi-renewal function for k=3 since its probability mass is

skewed more toward smaller values of time.
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4.6.2 Exponential repair intervals

Repair intervals follow an exponential distribution where W is the rate of the first
repair interval and b is the deterioration factor for repair. The impact of the mean of the
first repair interval and the deterioration factors for operation and repair on the point
availability function for gamma operation intervals and exponential repair intervals is
examined. The mean of the first gamma operational interval is 100 time units for
consistency. Figure 4.27 shows the bounds on the point availability for three different
degrees of repair deterioration.

A(t)

Time
200 400 600 800 1000

Figure 4.27 Gamma A4,,(t) with

(k=2,A=1/50,a=0.85r=1,u=1/10,b=1{1.11.2,1.3})

The point availability remains higher for less severe deterioration conditions in the region
where the upper and lower bounds are very tight. The upper bound approximations
maintain this relationship for the remainder of the time, however the lower bounds do
not. The upper bound corresponding to a smaller deterioration factor starts with larger
availability values but after 500 time units the upper bound has the lesser of the three
point availability values. This behavior is described earlier. It should be noted that the
upper bound is based on the downtime-based point availability function, which is more
sensitive to changes in the distribution of the repair intervals. A situation in which the

lower bound maintains the expected relationship is shown below.
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A mirror image of the behavior above can be observed in Figure 4.28. This is a
graph of the point availability function with three different levels of deterioration in the
operating intervals. This causes the point availability to remain higher for the slower
deterioration levels in the region where the upper and lower bounds are tight. The lower
bound maintains this relationship, however the upper bounds exchange relative positions
as the process evolves. This is due to the fact that the lower bound is given by the
uptime-based point availability approximation that is more dependent upon the
distribution of the operating intervals than the downtime-based point availability

function.

Time
200 400 600 800 1000

Figure 4.28 Gamma 4,,(¢) with
(k=2,4=1/50,a ={0.75,0.80,0.85},r =Lu=1/10,b=1.1)

Finally, variation of the mean of the first operating interval is studied in Figure 4.28.
The point availability is larger for smaller mean repair times while the upper and lower
bounds are tight. This relationship is maintained in the upper bound since it is the
downtime-based availability function and depends more heavily on the distribution of the

repair intervals.
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Time
200 400 600 800 1000

Figure 4.29 Gamma 4,,(t) with
(k=2,4=1/50,a=0.85r =L u={1/51/10,1/15},b =1.1)

4.6.3 Gamma repair intervals

The point availability behavior of a quasi-renewal process with gamma distributed
operation intervals and gamma distributed repair intervals is examined below. Operation
intervals are distributed according to a gamma distribution with shape parameter, &, scale
parameter, A, and deterioration factor, a. Repair intervals are distributed according to a
gamma distribution with shape parameter, r, scale parameter, |, and deterioration factor,

b. Computational limitations allowed only the case where r =k =2.

The deterioration factor for the operation intervals is varied in Figure 4.30 for the
point availability function. Again, a variation in the parameter of the operation intervals
causes a distinct change in the lower bound since it is calculated using the uptime-based
point availability approximation. The point availability is larger for larger values of the

deterioration factor that corresponds to a slower rate of deterioration.
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Time
200 400 600 800 1000

Figure 4.30 Gamma A4,,(t) with
(k=2,4=2/100,a = {0.80,0.85,0.90},r = 2,4 =2/10,b =1.1)

The point availability in Figure 4.31 exhibits the corresponding behavior for changes
in a repair parameter. Specifically, three different repair deterioration factors are shown
below. In this case the upper bound exhibits a distinct increase for smaller values of the
repair deterioration factor that correspond to slower deterioration in the repair process. In
addition the point availability for smaller values of the repair deterioration is larger in the

time interval where the upper and lower bounds are tight.
A(t)

Time
200 400 600 800 1000

Figure 4.31 Gamma 4,,(t) with
(k=2,4A=2/100,a =0.85,r =2,4=2/10,b = {1.1,1.2,1.3})
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Finally, the impact of changing the mean of the first operating interval is examined
in Figure 4.32. As in other examples, this has an effect that is similar to altering the
repair deterioration factor. The point availability is larger for a smaller mean in the first

repair interval in the region where the upper and lower bounds are tight.

A(t)
1

Time
200 400 600 800 1000

Figure 4.32 Gamma A4,,(t) with
(k=2,4=2/100,a=0.85,r =2,4={2/5,2/10,2/15},b=1.1)

4.7 Compensation for Computational Limitations

The limitations on machine arithmetic and number representation impact the
numerical results obtained for the quasi-renewal and point availability functions in the
case of exponential and gamma operating intervals. A certain amount of error present in
the calculations performed and the magnitude of this error prevented the calculation of
numerical point availability values for gamma operating intervals with £>4. As

mentioned earlier, this difficulty is encountered because many of the terms in the point

availability functions are lengthy sequences of operations involving a* or — for very
a

large x and 0 <a <1. This is true of the availability function for exponential operating
intervals, but is not as severe as the case of the quasi-renewal function and point
availability functions for gamma operating intervals. For instance, the downtime based
equation for the point availability approximation with gamma operating intervals and

gamma repair intervals is
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Consider just the sixth term that must be inverted

U+b"'s ‘ 1
A , 4.8
[( u J J( “) 1:_1[(/1+a’ ls)k(/1+bi_1s)" @9

and since the problem occurs for large powers of a consider a much simpler expression

and assume k=4,
6 1
S (/1 + a’A_ls)4

. (4.9)

(A+3s)* (/1+ als)4 (/1+ azs)4 (/1+ a3s)4 (/1 + a4s)4 (/1+ ass)4

Without expanding the denominator it is easy to see that the final term is a*s**. Upon

inverting the true expression in 4.8 and then summing all ¢ terms, the expression of the
availability approximation in the time domain gets rather complex and requires
multiplication and division involving hundreds of terms that include a raised to a large
power. Therefore, it is essential that the Laplace transforms be inverted symbolically
rather than numerically. The numerical inversion of the Laplace transforms adds another
source of error that make difficulties in obtaining numerical values for the quasi-renewal
and point availability functions even worse. An example of the symbolic expressions in
the time domain can be found in Appendix B. Note that the quasi-renewal and point
availability expressions are functions of time after inversion. Large order polynomials
involving a operate on the time variable hundreds of times in each of the functions
considered. In many instances the individual terms are poorly behaved for smaller values
of time, but become rather well behaved as time increases. The rounding error involved
with each machine calculation propagates to the final product and causes the behavior

shown graphically in Figures 4.36, 4.37, and 4.38.
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Consider the case of exponential operating intervals and exponential repair intervals.

The truncated downtime-based point availability function is

4 (S)_"_zbn (way H(/1+a’ 1S)(,U+b' gy

Therefore, the form of each individual term that makes a contribution to the value of the

(4.10)

availability function can be stated

{ b’ H(/1+a’ 1s)(,u+b’ 1s)}

for each of the terms indexed by n, where n ={1,2,...,c}. The third term is examined for

4.11)

a specific set of parameters in Figure 4.33.

A(t) Contribution
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Figure 4.33 Contribution of term 3 to A4, (¢) with (1=0.01,a=0.9,u=0.1,b=1.2)

It should be noted that this is actually a negative contribution that decreases the upper
bound since it is a term in the downtime-based point availability function. This is well
behaved and if the function is observed for small values of time it remains well behaved
as shown in Figure 4.34. Note the scale of the availability contribution is for a very small

range of values near 0.
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Figure 4.34 Contribution of term 3 to A, (¢) with (1=0.01,a=0.9,u=0.1,b=1.2)

The third term is well behaved since there are relatively few high order polynomials of a.

Consider the thirteenth term with the same parameter values shown in Figure 4.35.
A(t) Contribution
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Figure 4.35 Contribution of term 13 to 4,,(¢) with (1=0.0L,a=09,u=0.1,b=1.2)

This function appears rather well behaved, but if it is examined for small values of time it

1s apparent that this is not the case.
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Figure 4.36 Contribution of term 13 to 4,,(¢) with (1=0.01,a=0.9,4=0.1,b=1.2)

Although this behavior is incorrect and a function of the several factors described above,
the absolute impact on the availability function is rather insignificant. At the very worst
point this term subtracts 0.0005 from the value of the point availability. Assume that all
terms have this degree of error and that they all coincide at the same point in time. The
gross impact on the availability of all 13 terms is 0.0065. However, the behavior shown
is not present in the earlier terms as shown above so this is a very conservative worst-case

estimate.

The behavior described above is more pronounced for the quasi-renewal and point
availability functions for gamma operating intervals since the Laplace transform of the
gamma distribution is the same as the exponential except it is raised to a power that
corresponds to the shape parameter, £ (see 3.40 and 3.70). An example of several
consecutive contributing terms in the uptime point availability function for gamma

operating intervals and exponential repair intervals is shown in Figure 4.37.
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Figure 4.37 Contribution of terms to 4,,(t) with
(k=2,4=1/50,a=0.85r=Lu=0.1,b=1.1)

Consider the eighth term of the uptime-based point availability function for small values

of time in Figure 4.38.
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Figure 4.38 Contribution of term 8 to A4, (¢) with
(k=2,4=1/50,a=0.85,r =1, u=0.1,b=1.0)

Compared to the error observed in the example with the exponential operating times, the
error that is present in calculations for gamma distributed operating intervals is
significant. This is especially true if the aggregate impact of the similar behavior for all
of the terms used is considered. The maximum precision settings, machine arithmetic
settings, and most accurate rounding rules were used to produce the values of the
function plotted above. In order to prevent a large amount of accumulated error in the

sum that approximates the value of the point availability, the left portion of the function
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is disregarded. In the case above the value of the contribution of the eighth term is
considered negligible until it reaches 200 time units. Each term is considered
independently and truncated at the appropriate location. This reduces the impact of
calculation errors and provides an adequate representation of the availability behavior.
Figure 4.39 shows the same terms as in Figure 4.37 with the regions containing large
error truncated.
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Figure 4.39 Contribution of terms to 4, (¢) with
(k=2,4=1/50,a=0.85,r =Lu=0.1,b=1.1)

The severity of this behavior is influenced by the number of terms evaluated in the
infinite sum, the shape parameter of the gamma distribution, the deterioration factor for
the operating intervals, and the mean of the first repair interval. As the shape parameter
of the gamma distribution increases the error seen above becomes much worse. This
behavior also becomes worse as the mean of the first repair interval or the deterioration
parameter for the operating intervals becomes too small or too large. The effect for any
set of these parameters is cumulative. For instance, if the mean for exponential operating
intervals (k=1) is 100 and the mean of the first repair interval is 10, then the value of the
availability function is well behaved at a=0.9 for a large number of terms. However, if
gamma operating intervals are considered (k~=4) with a mean repair for the first operating
interval of 10, then the availability function at a=0.9 is impossible to obtain with normal
computing resources for more than 4 terms of the infinite sum before the magnitude of

the error overwhelms the true value of the function. These consequences are completely
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relative to the number of terms in the infinite sum that are evaluated and the accuracy
desired. The error behavior and computing power are the two limiting factors on the
depth of analysis possible. It is important to note that the error behavior prevented the
calculation of numerical results from terms that were inverted symbolically to the time
domain. Therefore, a computer with a larger set of machine values may provide the only

solution for obtaining these results.
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Chapter 5 — Conclusions

This dissertation provides the exact expressions for the point availability and quasi-
renewal function of a system that deteriorates according to a quasi-renewal process.
Deterioration under a quasi-renewal process provides a means to model repair actions
that are not quite perfect, but are also not totally ineffective. Therefore, the quasi-
renewal process is a much more realistic approach in modeling the impact of repair than
models based on the minimal repair or perfect repair assumptions. In addition, the
behavior of equipment is modeled over time rather than being modeled around limiting
behavior. It is interesting to note that the average availability, limiting availability, and
limiting average availability are all defined in terms of the point availability. For this
reason, it is apparent that the most basic measure of repairable equipment behavior is the
point availability and that all other measures are secondary. However, analyses that
consider the point availability rather than limiting or average availability are rare.
Implied from the statements above, the construction of the point availability is the
fundamental first step in truly understanding the availability behavior of any system. It is
now possible to examine the time-dependent behavior of a quasi-renewal process and
make predictions regarding the performance of a system that deteriorates accordingly.
Particularly, it is now possible to define repair and replacement strategies that consider
and potentially optimize system point availability over time. This is not possible within

the confines of many other non-homogeneous process models.

The development of point availability results for a non-homogeneous process is
fairly unique. A detailed framework is provided for expressing and calculating the point
availability of a system using the quasi-renewal process to model the deterioration of
operating and repair intervals. Specific forms of the point availability and quasi-renewal
functions are provided under the assumption of several theoretical distributions on the
operating and repair intervals. The quasi-renewal function is used to determine the
expected number of system restarts at any point in time under the assumption that repair

times are negligible. If repair times are significant, which is often the more realistic
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assumption, then the point availability expressions describe the probability that the

system is operational at any point in time.

Two equivalent expressions for the point availability are constructed. These are used
to develop bounds on the true value of the point availability when further accurate results
are difficult to obtain. The upper bound is useful in another way. It is possible to
produce a point availability function with an arbitrary degree of accuracy by causing the
value of the upper bound to fall below the desired maximum error. This determines a
stopping criterion for the number of terms that must be evaluated in the infinite sum
expressions for the point availability. However, computational resources must be
sufficient to evaluate enough terms to drive the upper bound on the point availability near

0 to exploit this property.

Numerical results under the assumption of repair and operating intervals that
deteriorate according to a quasi-renewal process provide insight into the behavior of the
point availability and renewal-type functions for a non-homogeneous process. As
mentioned earlier, modeling efforts that do not rely on limiting behavior or that assume
minimal repair or renewal is unfortunately uncommon. This effort provides analytical
results in the very interesting and realistic class of problems that do not make any of these
assumptions. Future research that considers more flexible models for non-homogeneous

processes is necessary.

Both computational power and the precision of machine arithmetic are issues in
obtaining numerical results for the quasi-renewal and point availability functions. In
order to obtain useful results, the Laplace transforms must be inverted symbolically
which is computationally demanding. Following symbolic inversion, the resulting
expression in the time domain must be solved for particular parameter values. The nature
of the expressions in the time domain are such that the rounding error resulting from
machine arithmetic involving very large and very small numbers induces a certain
amount of error in the numerical results. This becomes more or less pronounced

depending on the combination of parameter values that are used. Typically, as the
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deterioration factor of the operating or repair intervals increases, corresponding to slowly
deteriorating operating intervals or quickly deteriorating repair intervals, the machine
error becomes worse. In addition, the use of theoretical distributions with an exponential
form, such as the gamma distribution, amplifies this behavior. In some cases the machine
error masks the true behavior of the function and prevents the calculation of numerical

results for symbolic expressions obtained.

Some general statements can be made about the sensitivity of the point availability
functions to certain parameters for gamma and exponentially distributed operating
intervals. When a repair parameter is altered it causes a distinct and predictable shift in
the upper bound, but the behavior of the lower bound is altered in a more subtle fashion.
This is because the upper bound is calculated using the downtime-based point availability
approximation, which is more dependent upon the repair distribution than the distribution
of the operating intervals. Similarly, changes in an operation interval parameter causes a
distinct and predictable shift in the lower bound since the lower bound is calculated using
the downtime-based point availability function, which is more dependent upon the

distribution on the operating intervals.
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Chapter 6 — Future Research

The construction of point availability and quasi-renewal functions for specific
theoretical distributions on operation and repair intervals demonstrates the potential for
the practical application of the quasi-renewal process in the modeling and analysis of
equipment behavior. Further exploration of the time-dependent behavior of non-
homogeneous models is necessary to correctly model the majority of situations
encountered in practice. This analysis of the quasi-renewal model is a step in this
direction. However, a similar study of other non-homogeneous models, such as Kijima’s

[1988] virtual age model should be undertaken.

In addition to the continued study of the time-dependent availability behavior of
non-homogeneous processes in general, there are several opportunities for direct
extension of the work that is contained in this dissertation. One very important
consideration is the development of preventive maintenance strategies to increase the
availability performance of a system under the assumption of quasi-renewal operating
intervals and repair intervals. The point availability and quasi-renewal functions
described have value in making predictions regarding the behavior of a system.
However, the construction of an optimal preventive maintenance strategy makes use of
the predictive power that is now possible to modify system performance in a positive
direction. For example, the point at which preventive maintenance is warranted may be
defined in terms of a threshold value for the point availability. In addition, the time at

which replacement is more desirable than preventive maintenance should be addressed.

If this model is to be used in practice, it is necessary to develop a method for
estimating the deterioration parameters and distribution parameters for the operation and
repair intervals from existing process data. A method for parameter estimation indicates
the data collection efforts that are necessary and facilitates implementation of the quasi-

renewal model.
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The normal, gamma, and exponential distributions are examined as candidate
distributions for the intervals of operation. However, the Weibull distribution is the most
widely used distribution in reliability and availability analyses. For this reason the point
availability and quasi-renewal functions should be constructed under the assumption of
Weibull distributed operating intervals. Lomnicki’s [1966] method for approximating the

Weibull distribution may be the most promising avenue of exploration to this end.

In addition to incorporating the Weibull distribution, an effort should be made to
determine the conditions under which the normal distribution can serve as an adequate
approximation for other theoretical distributions on the length of operating intervals. The
tractability and ease of numerical computation in the case of normal operating intervals

should be fully exploited.

Finally, computing power and machine rounding error are the two most significant
limitations on the ability to provide more extensive numerical calculations. Mainframe
computing resources may provide the capability to symbolically invert the infinite
expressions for the point availability and quasi-renewal functions to a greater degree. If
this capability is coupled with a method to reduce machine rounding error in the
numerical calculations of the inverted expressions it may be possible to compute near
exact expressions for the point availability function in the cases of the exponential and

gamma distributed operating intervals.
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Appendix A — Sample Mathematica Input

A.1 Exponential(A) Operating & Exponential(n) Repair

(» this section camputes each term necessary to campute the UPTIME-
BASED POINT AVAITABILITY of a system with quasi-
renewal operating times distributed with rate A and detericration factor a,
and UASI-RENEWAL REPAIR TIMES distributed with rate 4 and deterioration factor b. Each
term can be added to preceding availability to generate a more accurate availability expression )

1
A+s

Do[ Print[ InverselaplacaTransform| (aul)“ll‘[ . 1 s, t]], (n, 20}]
A+acs 1] (A+ai-ls) (usbiis) '’ r

InverselaplaceTransform

;8 t]

(» this section computes each temm necessary to campute the DORNTIME-
BASED POINT AVATLABILITY of a system with quasi-
renewal operating times distributed with rate A and deterioration factor a,
and (XASI-RENEWAL, REPATR TIMES distributed with rate u and deterioration factor b. Each
term can be added to preceding availahility to generate a more accurate availability expression )

Do|

1
InverselaplaceTransform ol ,n , 8, t];
[(Bu)™* reie by " t]

Print[n] ;
¢ {n, 30}]
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A.2Normal(p,0) Operating & Normal(A,p) Repair

(» THIS SECTION CCMPUTES THE UPTIME-BASED AVATIABILITY FCR NORMAL QUASI-
RENEWAL OPERATING INTERVALS AND NCORMAL CUASI-RENEWAL REPATR INTERVALS )

<< Statistics ContinuousDistributions”

quasinommalrep[u ,0 ,a , A ,p ,b ,t , lim] :=
1- G:)F[NomlaJ.Distributim[u, o], £t} +

[@F[Nonna]Dlsterutl u-an +12bi'1, \/ F -2 3 BED ], ¢] -
i=1 i=1

-a

o nu(la) i P (1-227) n
CDF[NormalDistribution[ua® + AZb 1 \/ozazn i s ZRAD ], ¢

(» THIS SECTION CCMPUTES THE DOWNTIME-BASED AVAITABILITY FOR NORMAL QUASI-
RENEWAL OPERATING INTERVALS AND NCORMAL QUASI-

RENEWAL REPATR INTERVALS -- SINCE THIS IS THE UPPER BOUND ON THE AVAILABILITY,
WHEN THIS GCES TO ZERO WE KNOW WE HAVE A VERY ACCURATE AVAILABILITY FUNCTICN =)

quasinormalrepdowntime[u ,0 ,a , A ,p ,b , t ,lim } :=

1-
CDF[NomlalDJ.strJ.butJ.m[ (1 an) )«Zb" M + pznz-:le(i-l) ] t]
(1-a2) P !
. . . H (1 a ) i-1 02 (1_ .2n) n 1-1)
CDF [ NommalDistribution| ————— 1 s A;b —a e +pzj§1b2 ] t]

112



A.3 Gamma(2,)) Operating & Exponential(u) Repair

<< NumericalMath CamputerArithmetic”
SetArithmetic[10, 10, RoundingRule » RoundTfoInfinity, ExponentRange -+ {-1000, 1000},
MixedMode » False, IdealDivide -+ False]

{10, 10, RoundingRule » RoundToInfinity,
ExponentRange » {-1000, 1000}, MixedMode - False, IdealDivide» False}

(CZERR RN RN RN R RN R R RN A R R R R R R R R R R R R R R R A R R R R R R R RN R R R R R AR R R RN R
THIS BQUATICON WILL FIND THE SYMBOLIC TERMS FCOR THE DOWNTIME-BASED AND UPTIME-

BASED POINT AVALABILITY FOR GAMMA (2,7?) OPERATING INTERVALS AND EXPCNENTTALLY DISTRIBUTED

REPATR INTERVALS;

NN R R RN R R R N R R N R R RN R R N R N R R N N R R R R R R R R R R R R R R R R R R RN R R AR R R R R L))

k=2;

r=1;

downtimeterms = Table[0, {30}];
Do

1 n
downt:i.met:enns[[n]]=1'.uverseI.aplac:e’l‘.l:ansfo::m[l ((Eﬂ)-l) (Aku)nl_[- ) N . 8, t);
s u L (A+ai-lg)k (u+bi-lg)
Print([n];
Print[SetPrecision[SessionTime[], 5]];
({0, 1, 10}]

(*xxxUPTIME START#*%%*)

uptimeterms = Table[0, {30}];

uptimeterms[[1]] = Inversel’.aplaoe’l‘ransfom[% (1-( ,':,)k) .8, t];

Print["term 1 before summation"];
Print[SetPrecision[SessionTima[], 5]];

Do|
1 A Xk 1
timeterms = InverselLaplaceTransf v( - ) Ak nﬁ ;8,7
up [[n+1]] om ~ (1 (M.ns) (X% u) Prrr=ram—=n s, t]
Print[n+1];

Print[SetPrecision[SessionTime(], 5]];
, {n, 1, 10}]

113



A.4 Gamma(2,\) Operating & Gamma(2,u) Repair

<< NumericalMath’ CamputerAri thmetic’

SetAri thmetic[10, 10, RoundingRule » RoundToInfinity, ExponentRange - {~1000, 1000}, MixedMode » False,
IdealDivida—+» False]

{10, 10, RoundingRule » RoundToInfinity, ExponentRange - {-1000, 1000}, MixedMode - False, IdealDivide - False}

el TLE L L L L Lttt L L L Lt Lt L R L L Lt e ety
THIS BQUATION WILL FIND THE SYMBOLIC TERMS FCR THE DOANTIME-BASED AND UPTIME-

BASED FOINT AVALABILITY FCR GAMMA (2,?) CPERATING INTERVALS AND GAMMA (2,?) REPATR INTERVALS;
RN RN RN R RN RN R N RN AR NN RN RN NN NN RN RN RN NN RN AN R AR AR A NN RN RAR A NN ANARA A )

k=2;

r=2;

downtimeterms = Table[0, {30}];

Do[

1 .
kK (us+bi-lgr’ s t];

1 ({u+b™1s\* .
downtimeterms{ [n}] = Irwerselaplaca'nransfom[; ((—“ ) '1) (Ak”t)nl—[ (A+ailg)
isl

Print[n] ;
Print[SetPrecision{SessionTima(], 5]];
{1, ]

(*%x4xUPTIME START#*#%%*)

uptimeterms = Table[0, {30}];
. 1
uptimeterms( [1]] = Invarselaplaoeﬁansfonn[; (1-(

Print["term 1 before summation"];
Print[SetPrecision|[SessionTime[], 51];

A:\-)k) L

Do[
. 1 A k k r\n 1
1]] = InverselLaplaceTransf —(1- ) Aku* ]-nl t];
uptineterms|(n+1]] om[a ().+aﬂs) (2%) -, (A+d~1l)"(u+b“’1!)"" ]
Print{n+1);
Print[SetPrecision[SessionTime[], 511,
,(n, 1, 7]
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Appendix B — Sample Inverted Laplace Transforms

B.1 First 5 Terms for Gamma(2,\) Operating & Exponential(p) Repair

upavailtermfl, A ,a ,u ,b ,t]:
upavailterm(2, A,a M, b_r t_] i=

e st

2 et (22 -ap) et ((2-3a+8) tA2- (-3+a)au+ A (2-2tu+a® (2-tp) +3a (-2+tu)))
ax + +
(A-m)2 (A-ap)? (-1+2)3 22 (x-p)2

-8

ae a(taZsalu-ar(-4d+t(A+p)) +82 (-3u+ A (-2+tp)))
(-1l+3)322 (A-au)2

vpavailterm[3, A ,a ,u ,b ,t ] :=

2342 bso'%‘( 2ba-aly) . et (-2 2+ 22p)
(-1+D) p (-bAr+ )2 (ba-am2 (ba-a2u)2  (-1+Db) (A-p)2pu (A-au)2 (A-a2u)2

2 -8 3..42. .3 2
(a e a (-2bt1 +a'u+&u (-du+ A (-2-2b+tu)) +ax* (2tu+b(-8+tar+2tpu)) -
a2 (u (-6+t1+2tu)+b(-3A-Gu+tzu))))/((-1+a)‘A‘(A-au)z(bx—au)z)+
_£a
(a‘e 2 (-233b12-bt13+2a5 (L+b) au-2a'p2+a%P+a%u (-5u+ A (-2-2b+tu)) +

a2 2° (tusb (-T+t(A+p))) -a’ A (U (-6+t(A+p)) +b(-6u+ A(-3+tu)))))/

(-1e)5 1+ a2 (x-a2u)° (ba-2%4)%) +

(e (ba(-(2-3a%+a") t2%+2(1-2a-5a"+a’+2a") u+ A (-4+4a-2a%+ 2tu+a’ (13-3tu) +a’ (-5+ tw)) +

u ((2—3a2+ a‘) t)«2+a(4+7a-232—3a3) u+1(2—4a+ 233—2tu+a4 (4-tu) +a? (-10+ 3tu))))) /

((-1+a)5@sa)®2* (A-w? (-ba+p?)
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upavailterm({4, A ,a ,u ,b ,t ] :=

25,8 eth (22-2a%y)
(-1+b)2(1+b) (A-m)2p2 (X-am? (A-2m)2 (A-a3 )2

t
}.,15‘-7,2! 2p2 2-a3
L 3
(-1+b)2 (1+b) 2 (-bz A+u)2 (B2 r-am2 (B2 a-a2u)2 (B2 a-adpu)?

ble D (-2bA+ady) }
(-l1+b)22 (-bAa+w)2(bAr-aw2(br-a2u? (ba-adu)?

>
(a3e a(-25°€2*+3a% %2’ 4% (-4-4b-4bP+ tu) +2ab 2% (tusbtusb? (-5etu)) -

afu (-55° X2 +u (£22+9u) +b A (-5+tp) + B2 A2 (5o tuy)) +

a? A% (—2!:;424-b3 (3tAz+8u) -2bu (-4+tp) -2F%u (-4 +tu)) +

a® A (bu (2 +12p) +BPu (£ X2 +120) + B° X2 (-6 +tu) -34° (-4 + tu)) -
a® A (3bu (t2%+2p) +3B%u (€22 +2p) +3D° 2% (-6+tp) -24% (-3+tm)) +

al (12 (3t 2%+ 4u) +3b X% u (-5+tm) +302 22 p (-5+tu) -B° (tA‘+1512u))))/
((-1+a)7 (1+a)3).6(A-au)z(bA-au)z(bzl—au)z) -

-t
[a‘e 2 (26t +sab’tat-4a0 0 vat 1P+ 22%07 (4u+ A (3+3b+30° - tu)) +

a®u? (-3u+ A (-2-2b-2b%+tp)) +22°b A (tu+btu+ B (-T+ £ (A+p))) -
a®b A’ (tu+btu+b? (-6+t (A+u))) -

2222 (tiP+bu (-6+t (A+p)) + D u (=64 £ (A+u)) + 1 (-6u+ A (-5+tm))) +
285 Ap (-4B° A4 p (-5+ £ (A+p)) +b (-5u+ A (-d+tu)) + B (-Su+ A (-4+tw)) +
a® a2 (tu2+bu (-5+t(A+p)) +b2u (-S+t(A+u)) +B (-Su+2a (-4+tu))) -

a’ ap (-3b31+u(-4+t(1+u))+b(-4u+A(—3+tu))+b2(-4u+A(-3+tu)))))/
((-1+a)7(1+a)3)«6()«-a2u)2(b).-azu)z(bzz—azu)z)+
( s (6a°0° X+’ at+ab’ta’-6a°b (1+ b+ BF) AP u+6a (L+ b+ b’) AuP-6a" 4’ -
a®u’+al P ea? (<74t P +a? (-9p+ A (-2-2b-2b + £u)) -
a'b2® (tu+btu+ B (-12+t (A+p))) -a°bX° (tu+btu+ b (-10+ £ (A+m))) +
a®Au (B A+b (A +8u-tAu) +B* (RA+Bu-tAu) -u (-8+t (A+p))) +

a’ 22 (tif+ by (-11+t (A+m) + B2 u (F11+ £ (R4 p)) + B (-11u+ A (-4 +tu))) -
a® Apu (-3D° A+ u (<104 £ (A+p)) +b (-10u+ A (-3+tu)) +1 (-10u+ A (-3+tm))) +

a® 22 (£ +bu (-S+ £ (A+p)) + PP p (-9 + £ (A+u)) + 1’ (-u+ A (-2+tu))))) /

((-1+23) 1+a) (1+a+a?)® 28 (2-a%u)? (ba-a2u)? (B2 A-a’u)?) +
(e-tA
(bAu(-(2+2a-3a%-3a'+a +a)tf+2(1 a-6a’-9a°-6a'+3a°+4a°+3a") u+
)((—4+12a2-6a +2tu+2atu+a’ (-9+ty) -3a3 (-T+tp) +a’ (-T+tp) -3ad (- -5+tu))) +
B?Au(-(2+2a-3a%-3a"+af+a’) t2*+2(1-a-6a"-9a°-6a’ +3a°+42a° +Ba)u+
A(-4+12a°-6a°+2tu+2atp+a’ (-9+tu) -3a (-T+tw) +a’ (-T+tu) -3a" (-5+tm)) +
b’ A2 ((2+2a-3a’-3a*+af+a’) t 2%+ (-4+12a°+21a° +152a* -62° - 9a°-7a") u -
A(-6+12a%-6a°+2tpu+a’ (24-3ty) +a% (-10+ty) +a’ (-8+ty) -3a' (-6+tu) +2a(-1+tw)) +
w2 ((2+2a-3a-3a"+a’+a") t2®+a(4+12a+15a°+ 92~ 6a' - 7a°-52°) u-
A(-2+12a%-6a°+2tpu+a® (-8+ty) -3a° (-6+tp) +a’ (-6+tu) -3 (-4+tu) +2a(1+tw))))/

((-1+va)" (1+2)° (1+a+a)° 25 (A-m2 (-bas+m? (-B2 A+ u)?)
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upavailtermm(5, A ,a ,u_,b_,t])
8 4 alet” (-2a+a'y)
(-1+b)3 (1+b) (1+b+b?) (A-u)2ud (A-au)2 (A-82p)2 (A-23u)2 (A-atp)?

a're (-2ba+aty)
(-1+b)3 (1+b) u? (-bA+w)2 (bA-au)2 (br-a2u)2 (bA-a3u)2 (ba-atuy?
L
l‘b".ﬁ (-20% A+ at ) _
(<1+¢D)3 1) 3 (-BRAs w2 (R A-am? (R A-2u2 (R A-adu)2 (R A-atp)?
Lt
a'bPe ﬁ (-28* 2+ aty)
(=1+b)3 (1+b) (1+b+b?) 13 (-DP A+ w)2 (PP A-aw)2 (B’ A-a2u)2 (b3 A-a3u)2 (b? A-aty)? T

_t
(a“e 2 (2b°€2°-3a%ut+ 2% (Bu+ A (4+ 4D+ 4B+ 4L - ty)) -

A5 2! (2tus2btus 208 tusb® (<164 £ (A+24))) +

6 2 4 2 3

a° (1+0%) A%u (6b* A+ P (12-tA) u-2t42-bu (-12+ t (A+2)) +b* (12u+ A (6-tu))) +

a'b 2’ (26124 2bt P+ B u (<144 £ (A424)) + B (<14 e £ (A4 2p)) + BPu (<14« £ (Ao dp)) +
B*(-14u+ A (-T+tp))) +

2" 2% (-5 A-5D° A+ (<104 £ (A+24)) +B® (-10p+ A (-10+ tp)) + b (-10u+ A (-5+tu)) +

B2 (-10u+ A (-5+ tu)))))/((-1+ )% (1+2)* 2° (2-2%u)® (ba-au)® (BP - 22u)? (B°A-a7u)%) «

Lt
a%e @ (-26°t2*-ab’t A+ 2 bRt e 62t e 32 ut -2 e a4 (s A (24 2D+ 2D+ 20 - b)) +

a,? (-7u-A(4+4b+4b2+4b’—tu)) +2a%,3 (-6u-1(4+4b#4h2+4b3—tu)) +
a'B Al (tusbtus P eusb’ (110t (A+u))) +228°B° 2 (tusbtus B tu+ B’ (<104 £ (Ao 1)) -
a®p® At (tu¢btuobztu+b3 (-5+t(A+u))) +
a® (1417 %4 (4b* A+ B* (3-tA) u-tif-bu (-3+t (A+u)) + b (Bu+ A (4-tu))) -
22’ (1+1%) X u(6b* A+ (B-tA) u-ti*-bu (-B+t (A+u)) +B° (Bu+ A (6-tm))) -
a® (140 2%u (60 A+ D7 (9-t ) u-tiP-bu (-9+t (Asp)) + B (Su+ A (6-tu))) +
222242 (SH* A+ 5B A (<Tot (Aen)) +b (Tu+ A (5-tu)) + 0 (Tu+ A (5-tu)) +
B (Tu+ A (10-tu))) +
2 2u% (5b* A+ 5% A-p (-Bet (A+u)) +b(Bu+ A (5-tu))+ 1 (Bu+ (5-tu)) +
b (Bu+ A (10-tw)) -
a’b A (tu? bt + B (-104 £ (Ao ) + B u (<104 £ (As ) + B2 u (<104 £ (A e2u)) +
B (-10u+ A (-7+ tm))) -
22°b 2% (b1l +btsP+ B2 (-9+ £ (Ae 1)) + B (-9 + £ (Aept)) + B (-9+ £ (A 42u)) +
B (-9u+ A (-T+tu))) e
o2 (tifsbti e By (-4t (Aep)) + B (-84 t (Ao ) + Bu (-84 £ (X+24)) +
B (-4u+ A (-5+tu)))+
a2 (-3b' A-35  Asu (24t (A4p)) + B (-2u+ A (-6+£u)) + b (-2u+ A (-34tu)) +

b’(-2u+z(-3+tu)))))/
(¢-1+m)° (1+2)® (14242 2% (2-2%)% (ba-220)? (BP A-a%p)? (B°a-au)?) -
(afe
(b‘l3 ((2+2a+2a2-33‘-335-3a‘+a°+a9+a1°) tA2-
2(3+a-3a"-10a’-182a'-13a°-92°+ 52" + 82"+ 62°+ 52%%) u -
A (20a’-102"+a® (29-3tu) +a* (39-3tu) +a” (-17+ tu) +a° (-13+ tu) + a1 (114 tp) -
3a% (-7+tu) +2 (-4+ tu) s2a(-2+ tu) + 288 (2+t1))) -
b’A(A-u)u((2+2a+2a2-3a‘-3as—3as+a°+a’oa1°) ta?-
2(1-a-5a"-10a’-152a'-102"-6a° + 52’ + 72’ + 52° + 42™) u -
A(-6+20a°-10a"+2tu+a’ (26-3tu) +a' (36-3tu) +a® (-16+tu) +a° (-12+ty) +
2 (-10+tu) -32° (-6+ tu) +2a(-14+ ty) +22° (B+tw))) +
b‘Azu(-(2+2a+2;2-3a‘—3as—3a‘+a'wa9¢am) t 2%,
(4-8a°-20a%-332" - 232°-152°+ 1027+ 152" + 112°+ 9a%) s
A(-6+202a%-10a"+2tu+a® (26-3ty) +a* (36-3tu) +a® (-16+ tu) +2° (<124 tu) +
a® (-10+tu) - 3a° (-6+ tu) +2a (-1+ tu) +22° (3+tw))) +
b"'Azu(-(2+2a+232-3a‘-3a"'—3a‘+a'+a’#al°) ta2s
(4-82°-202%-332 - 232°-152°+ 102"+ 152° + 112"+ 92%°) s
A(-6+202’-10a"+2tu+a® (26-3tu) +a' (36-3tu) +a° (-16+ tu) +a° (-12+tu) +
2 (-10+tu) -32° (-6+tu) +2a (-1+ty) +2a° (3+tw))) +
bAuz((2+2-+2a’-3a‘-3&5-3a‘+a°+a’+am) tA?.
2(1-:—5&2—10a3-153‘-1035—Sa‘+5a7+7a°~5a’¢45"°)u—
A(-4+20a%-102"+2tps 2atu+a® (23-3ty) +a* (33-3tu) +8° (-15+ tu) +a® (<1latu) o
al® (-9+tu) -3a° (-5+tu) +2a° (4+tw))+
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By’ ((2+2a+28%-3a'-3a°-32%+ 2% +2° 42 £ A2
2(1-a-5a"-10a-15a'-10a°-62° + 52" + 7a’+ 52’ + 42'%) u-
l(-4420!3—10!742tu+2atu055 (23-3ty) +at (33-3tw) +a° (-15+ tu) 2 (-11+ tp) +

a® (-9+tp) -3a° (-5+ ty) +222 (4+tp)))+
u? (-(202&42.2-3a‘-3a5—3a‘+a°+ag+l1°) A%
a(-4-12a-20a-27a%-17a'-9a°+ 102"+ 132"+ 92" + 7a°) u+
A (-2+20a%-102" +2tp+a° (20-3ty) +a’ (30-3tw) +a (-1detp) +8° (-10+tw) +
10 (-Bety) -3a° (-4+tu) +2a(lety) +28° (5+ tu)))))/
(-lem®@em®(1+a2)° (142482)%2° (A-)? (-DA+w)? (-BF A+ 4)® (-B° 24 4)%)

(.”.'% (-10a7 B At - PP e A - ab’ £ 2°- A E° £ 2%+ 102 B (L4 be B 4 b)) X0u-
10:15b(1+b+2b2~b34b‘) Azu2¢10a19 (1+b+b2+b3) Au3-10l23u‘ Slz‘u‘ .25"4‘
a%f v (-114E2) uts a2 (—15u-A (2+2b+2b242b3—tu)) +a®y (-9u+ A (444b+4b2+4b30tu)) +
a®p’ 2 (tu*btl.nbztuoba (-19+ t (A +u))) 2B Al (tuobtudrbz tu+b3 (-15+ £ (A+p))) +
a'np® 2! (tuobtu+b2tu+b3 (-13+ £ (A +u))) -
a®b X° (tu2+btu20b5 (1-12u+tlu)+b3u(—12+t(l+u))+b‘u(-12+t().+u))+

BPu (-12+t (X+2u))) +
17Au2 (b‘l+b5)ub(k+12u—tlu) + B2 (A+12pu-tAu) =pu (-12+E (X +u)) +b? (2u+ 2 (Z-tﬂ))) -
at (1+b2) 2y (2b‘).~91'.12 (13-t ) u-ty?-bu (-13+t (A+u)) + b (13u+A(2-tu))) -
a (1+b2) Azu(4b‘A~b2(17-tl)u-tu2-bu (-17+t (A+p)) +b° QTus 2 (4-tu))) +
a® 3% (36'2+30° A-p (-16+ £ (A+ ) +b (16u+ X (3-tuw)) + B (16u+ 2 (3-tw) +
B’ (16u+ A (6-tu))) -
a®ba? (tu2¢btuz+b3u (-18+ £t (A p)) +b‘u (-18+ t (X + 1)) +Pu (-18+ (A +2pu)) +
B (-18u+ A (-54+ tw)) -
2°b2 (tpl+ bty + BPu (<144 £ (A+ i) + B u (-14s £ (Ao ) + B u (-1da £ (R421)) +
bs(-lduox(-3+tl-l)))+
a2 (1+b2) P (2b‘)t+bz(-11+t4\) prti? +bu (-11+t (A+p)) +b° (-1lu+ A (2+tw))) -
16 2 u? (3b‘A¢3b51+y (~10¢t(Aep)) +b (-10u+ A (3+ ty)) + B (-10u+ A (3+tu)) +

b (-10u+ A (6+ tu)))))/
(-1+m)°® (1+m)® (1+a2)3(1+-+a2)1;\° (A-a‘u)z (!)]L-a‘u)2 (h2 A-a‘u)z (b’A-a‘u)z) -
(vlae-%JA (ZbStA5+5luu‘+lu u® (51.(- A (6+ 6b+6L%+ 6b3-tu)) +

2ab’ 2! (-tu-btu-B tu+ b’ (6+ta-tw) -

22’b 2% (-t -btu? + B u (S+tA-2tp) +BPu (S+tA-tu) +b u (B+EA-tu) +B° (-62+5ustapm) +

muz (7b‘Az+7b512+u( 6a-t? 42u4tlu) bsl( 142+ 6u+tAu) -bA(-TA+6u+trpy) -
bZA(—7A¢6u+tAu))+

a2 (2b A+t (A-p)) 4P +20° (A4t (A-w) i -264°- b5 A (40+3E27+¢104) -
2B 5 (A (5-2tu) +p (-8+tu)) + 20 4 (Aue A (-5+ ti)) + 2B (A + A (-5 £w))) -

2y (B X2+ u (2A+£224134) - 2% (Tus A (-8+tp)) -B° 2% (Tus X (-84 tu)) +
b)«u(-tf+2u+1(-7+tu))+b21u (-t12+2u¢1(-7+tu))+
b’l(2u201u (-14+tu)-2A2 (-44tu)))+

ua(bluz (21+t)&2+16u)+b24\u2 (2)ut12416u)+u3 (-13u+ A (16-3tp)) -
bt A3 (8u¢1(-94tu))¢b‘l’u (-t12+2u41(—8#tu))+b512u (-tA242u+A(—8¢tu))+
BPau (-t +42u+164% 4222 (-4+tw)) +

I‘A(b‘Au (4A+3t12+8u)+b51u (4A+3t)«208u)+2u3(—34t(—l+u))+
Bu (4124-31:).3 6u2—21u( 8+tu))-2bu2 (3u+1(—44tu))-2b2u2(3u+1(-4+ty))+
bslz( 3t12+4u+l( 2543tu))) +

5( b).u (4A+3tl +6u) bzlu (4143“.1 +6u)+b3Au(3tA 8Au- 6u 22 (22- Gtu))d-
b‘Azu(3t). Qu+ A (22~ 3tu))+bsl u(StA ~du+ X (22- 3tu))¢2u (2Qu+ A (=3+tu)) +
B° A% (22u+ X (-25+3tu))) +

l‘(us (4103t1244u)+b613 (21+t12+22u)+b‘ Ay (-19u+ A (22-3tu)) +
bslzu(-19u+l(22-3tu))+b3Au (4"2‘12 (22-6tu) + Au (-38+3tu))+
bau® (-362%+4u+r(-19+3¢tu)) +b¥ 4 (-3€ 2%+ 4+ X (-19+3tm))) +

A (- % (224627 4290) - B Pu (225 €2%4190) ¢4 (3t X0 -4u+ 2 (16-3tw) -
B au(22%+€2°-164 + A (38-3tu)) +B° 2% (£ 2%-2u+ X (9-tuw)) +bAs® (16u+ A (-19+3tp)) +

B au? (16u+ 2 (-19+3tu)))))/

((-1+l)9 A+a)? (L+as 12)3 B (a-am? (br-aw? (b2 A-lu)2 (b’ A-au)z))

118



B.2 First 5 Terms for Gamma(2,A) Operating & Gamma(2, |t) Repair

upavailterm[l, A_,a_, u_,b_, t] :=e (1+t2)
wavailtarm[2, A ,a ,u ,b ,t] :=

2 aet ((2-3a+8) t22- (-3+a) au+ A (4-2tu+a2 (3-ty) +3a(-3+ty))) .
“ lea) 2 (A-p)°

a’.“?( tX2+a%u-ar(-S+t(Aep))+a® (-3u+ A (-3+t4))) .
(~1+a)3 22 (-2 +apu)3

aet (2¢2%-222 (3+tpu) +aru (9+as+3tusaty) -2 (4+2tu+3a(l+ty)))
(A-w)3(r-aud
upavailterm([3, A ,a ,u ,b ,t] :=
a2 24 4

(-(n‘o"_:( 2bt A %+at v a’y (~4u+ A (-3-3b+tyu)) +a2? Rtu+b (-12+t2+2tp)) -
a2 (u(-B+tA+2ty) +b(-51-8u+t1u))))/((-1+a)‘ M@a-apPdar-amd .
(-“.'% (-2°b2A%-bta*+28° (1+b) Au-2a")% +aPu? e a®p (-5p+ A (-3-3b+ty)) +a2 2 (tu+b (-9+t (Asp))) -
AU (-T+t(Aew) +b(-Tus+ 2 (-5+tu)))))/((-1+a)5 (1+a)®2t (-asa2p)’ (-baea?y)’) .

t,
(bse'f( 2 tud+b° 23 (- (4+4a+3az) u+22(-2+tw) +abut (3t1+nt1+nz (-T+E(A+p))) -
ab? i (222432t 2%+387 X (-T+t (Ao pp)) +8° A (<54t (A+p)) +ad (-Su+ A (-5+tu))) +
B AP p (-2 +a(8+9a+9a%+a°) u+ A (B-2tpu-2a(-4+ty) -32% (-3+tm))) +
Bau’ (2¢2%-32%u+2a (<64t (A+u)) +382 A (-5+t (A +u)) +3a° (-5u+ A (-5+tu)) +at (-3u+2 (-3+tu)))))/
(141 Ba-*® (ba-am?® (ba-a%y)’) +
(o
(u (21:1‘4-.5;43 (5+tu) 4&(1+l+lz) Pu@ras2turaty - 23 (4+2!:u+3a2 (L+tu) +2a(2+tu)) -
A ap? (aBsty) +a® (3+tu) +3(5+tm)) +
b (-2 A2+t -8t (Tt —l(1+l+lz) 222 (12+3a+2tpu+aty) + Apu (Sa2 (B+tu) +2(4+ty) +2a(4+tu))+
a2 (a(5etu) +a2 (5+tm +3(T+t0))))/ ((-1+0030® (24> (-2+am? (-2 +a%4)%)
(€™ (ba(-(2-3a"+a") £t 2%+ (4-4a-132" +2a° +5a") u+ 2 (42-22" +a” (19-3tu) +a® (-T+tp) +2 (-4 +tu))) +
u ((2-3:2+a‘) t12+a(4~7a-232—333) u+A(4—4a+2a3—2tu+a‘ (5-tu) +a2 (-13+3tu)))))/
((-1em®eay®at (A-u)’(bl-u)’))
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vpavailterm([4, A ,a ,u ,b ,t] :=
A‘MG
t
(-(a’b’e"f (40528 + 1728 (-8-8a-8a2- 927+ 2t A) u+
b2 (15a%+ 152+ 32°- 2t 2+ (27-3t2) -2 (-6+ t X) - 22 (-6+ Lt X)) -
a(l+a’) B 2% (5a'+5a°-2t2-2ata+a? (16-3t2) +a° (21-t X))+
22 (7a%-2t2-3ata-3a7tasa’ (27-4t ) +at (7-t A +a® (Tt ) ut
a®b(3tasatasa’trea’ -9+t )0 -l’(:u‘))/((—ld»‘(I:u\—u)aus (-basap)? (-bxouzu)’ (-b1+n3u)’) -

ta
(I’Q'T( 2B et e3P e a” Ay (-5-5b-5b2+tu) +2ab® (cuobtu»bz (-8+tw) -
atu (-7b’ Rau (tA’&Qu) +b22 (<Tety) + B2 X2 (-7¢tu)) +
o 22 (-Ztyz +30° (tlztly) -2bu (-6+ty) -2b%u (-6+tu)) +
oA (bu (£ A2+ 15u) + B (€27 +150) + B° A2 (-9 +tu) - 347 (-5+tu)) -
a2 (bu(3tX+8u) ¢ BFu (327 +8u) +30° X (-9ety) -2/ (-8etu)) ¢
&' (12 (3224 4u) + 3D N0 (-T+ta) + 312 22t (=T t0) - 1P (tz‘.zu’u))))/
((-10.)7 Ara)d 28 (-acawd (-barap? (-b2 Aolu)’) +
_ta
(a“c r (2b’t1‘-nb’tA‘ola‘”u’-auu3+;°yz (3u¢4\(3¢3b03b2-l:u)) r22%2 (-‘uol(-l-lb-lb’#tu)) -

2a’b X’ (tu+rbtu+ B (-10+ £ (A+u))) +a’b A’ (turbtu+ b (-9+t(A+m)))+
22 X (4P + b (-84t (Aep)) + B p (-Bot (Rep)) +1° (-Bu+ A (-B+tp))) -
a2 (tf&bu (-T+e(A+u)) + B p (~T+t (A+p)) + B (-Tu+ A(-T+tm)) -

22 au (-Gb’lul (-6+t (A +u)) +b (~6u+ A(~6+ty)) + B (-6u+A(-6+tm)) +

a’ Ap (—Sbalou (-5+t(A+p)) +b(-Su+ A(-5+tu)) + 1 (-5u¢A(-50tu)))))/
((-14».)" 1+a)2 28 (-A+azu)3 (-ba\«l’u)’ (-bz A¢lzu)’) +
ta
(‘T'c-;’— (615b3 A%b’t;\‘+|b3tl‘-6n°b(1oboh2) Rus6all (1+bohz) A -6aM s a5 al® P
a'22 (-Tu- A(1¢b+bz-tu)) +a32 (-9u0A(-3-3b-3bz¢tu)) -a'p 2 (l:u«-bt:;ubz (-1S+ £ (A+m))) -
b2 (tyobt;nbz (-13+ £ (A4 p))) +
a’ a2 (tuzwbu (F13+ € (A+u)) ¢ B2 u (-13+ £ (R+p)) +B° (<134 A (-T+tw)) -

a%au (-ShSAou (-1le t (A+u)) +D(-1lp+ A (-S+tu)) + 1P (-Llp+A(-5+tum))+
222 (bl +bu (114 € (Aep) + B (<114 £ (A4 p)) + B° (-11pe X (-5+tp))) -

8P 2u (-3BP Ay (-9+ £ (A+m)) +b (-9u+ A (34 tw)) + B (—9u¢A(-30ty)))))/

((-10-)7(1+I)3(1vl+az)34\‘ (-Aoa’u)’ (-h;\#a:'u)3 (-b’Au’y)s)-
(‘3.-t1
(# ((2+2a-32°-3a" +a’+a’) t 2%+ a (44 120+ 1527+ 92’ - 6a* - 7" - 5a%) -
A(-4+1212-615+2tu021tu016 (-9+tu) -3a3 (-T+tu)+a’ (-T+ty) -3at (-5+tu))) +
B X2 ((2021-31’-3!‘+l‘+a7)tlz—(8+4.-12:2-2713-21u‘06.5011164-917)u-
A(12a%-6a%+a' (27-3tp) +a’ (33-3tu) +a’ (-13+ tu) +a7 (-1letp) +2 (-6+ ) +2a (-4 ti))) +
bau (—(2+2--3a3-3:“l‘¢n7)tAzo~(4-12;2-2113-151‘+615+91‘+7n7)u#
1(1212-6a50!3 (27-3tu) +8% (<11 +tpu) +a’ (-9+ tu) -3a' (-T+tu) +2 (-4+ ty) +2a(-2+tu))) +
¥ au (-(2+2:-3..3—3a‘v;‘+.7)tA’+(4-12-2-2113-15-‘+6n5~9|°+7l7)ut
A(ﬂ-‘-h’u’ (27-3tu) +a8 (-1l e tp) +a' (-9+ tu) -3a (-T+tp) +2 (-4+ ty) 42!(-2+tu)))))/
((-10.)7(1+u)3(10a¢a2)3A‘(A-u)’(bA-u)’(lf A-u)3)~
(.3.41«
(2b(2 A5 (2~21+2:’~3:’) A‘uon(24-2:4»5.2*313431‘#15) 242 -8 (2+3.+3-2+41301‘;l5) Bl
I‘(30!0l26l’) aut- ’u"‘)4~
u(-2t15¢l°u‘ (Tetp) + 28 (402tu03-3 (Lety) +2a(2+tu) +2a° (2+tw)) -
I(IOIZ) By (a3 (Lety) +3a2 (3+tu) +2 (A+tp) +2a(4+tp))+
ad (14:’) 222 (lz Bertu)+a® Bety) +3a(5etu) +2 (6+tu))-
a® 2’ (a(Setu) va? (Setp) +a® (Setu)+3(Totp))) +
v (24\"‘ (Aetu) ~a%u® (QLetp) - 24u (3;3 (Setu)+2 (6+tu) +2a (6+tu) +2a° (6+tu)) +
l(l#lz) 22 (16¢2ty+a3 (S+ty) +3a2 (T+tu) +2a(8+ tu)) -
Iy (10.2) 2 (20#2!;;‘0!1 (Tetw) +a° (T+tw) +3a(9+tu))+
a®aut (33+3tusa(9ety) va? (9etp) +a® o+tw))))/
(-1+1° A+ B> (A-0%0® (A-am)® (2-2%4)" (2-a7u)?) -
[l’h"‘.-& (—4bu B2 (2+21o2.’o3n’) B2 A‘u-21(2¢21+5;z+3-3¢31‘va"') B %2,
2a% (203.03;24413va‘ol5) b a%P-2a° (34.¢lzta3)b’Au‘*Za’b3u5+l’tu‘;
b2 At (-(l¢4;+41’~3.’) B2 (-4+ty)) - a0 (3tA01t2412t1w13 (-ll+t (e p))) +
ab® Ay’ (-2t X228t X2 +5a%u+a’ A(20-5€2-2¢tu) =38 A (-9+ £ (Aep)) =324 A (-9t (Arp)) +
a® (-tAz+21qu(34-dtu)) ea® (Sue A(T-tw) +a' (Su+ A(T-tw)) +
bt (2t 22432t 224322t 2+ 2P A (<334 4L A3t +a A (94t (Aeu)) + 8B A (D4 L (A4p)) +
l‘(-7u+4\(-9+tu)))+
bmfu(-2&1’*.(Bv&a+1’lnz¢9l3¢9-‘ol"')uok(lZ-Zl:u-Zl(-S#ty)-2lz (-6+ty) -3a° (-5+tm)))+
B2 (26 22-3a" -3 u+2a 2 (-B+t (Aeu)) + 202 A (-84 £ (A+p)) + 381 (<Bue A (-T+tu)) +

3 (-5ua A (-Tetu)) +a® (-18u+ A (-5+tu)) +a? (3:1’—]2u+;\(-37¢5tu)))))/

((—1¢b)"' 1+b)? (b2 A-y)sus (-l'.vz Ac—lu)3 (-bz A#azu)s (-l:z A+13y)3))
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upavailterm(5, A ,a ,u ,b ,t ] :=
AGHB
(-(a‘b’e'% (-8P° 25+ 1° 2° (12+12a+ 1227+ 122°+ 152 - 2t A) u-a'’b (3t A+atara’ tara’ taval (114 £ 2)) 4+
aty’+ b At (42%-a(16+ 162+ 32a%+ 372+ 372 + 212°+ 212%+ 527) 1P+ (24224 287+ 227+ 3a%) £ 24F) 4
B° 2%y (-(8+8a+8a7+Ba+9a") A*+2t2°+a” (20+20a+ 4727 +472° + 542 + 3427+ 342°+ 72"+ 72%) P -
a(2+2a+4a2+5a3+5a4+3a5+3a6+a7)tAuz) +
a®b?% (2622438t 2%+ 38722+ 4%t 2242 A (<94 L) +2T A (-9 4t 2) 427 A (-9+2E2) +
a‘A(-33+4tA) -a® (91+tu2))+
bt (-2t 3 2at23-522e 2%+ 2% 2% (27-4€2) + 328 22 (9-2E ) +22° A7 (17-2E ) -
5222 (-4st) +at (<134t P ea’ A (TAs i) +a A (TAtid) +a® A (MR-t X% tiP) 4
a’ A (3a-t22+384)
ab'au® (2t 2%+2at 2%+ 48222 (-4+t2) +2° 22 (<3745t +2° 2 (<1645t 0) + 11242+
a (11-tx) pPea? (A1-t ) pPea’ A(-26 A+ €736 +a® A (<37 A+ 3% 2¢4%) 4
382 (-142a+t2%-tp?) -22° A (1324 2¢4%) +2° (-5 22+ 3947 - 4t 2uP) +a!® (-5 2%+ 1142 -2 04)) »
BPa%u? (-2e2°-2a2% -6+t ) 227 A2 (-64+t2) - 90212 - 920 P 420 -2+ £ ) 47+
all (-184t2) p2+2a° (<2142t ) yP 4227 A (12 2-t X2+ 6 vt A (27 2-3E 2% 2647 4
a2 (27245847 +3a7 (527-11,7 + 28 247 +2° (327-33,7 + 4t A7) +2° (15)«2-24“2*51-.,\“2))))/
((-140)7 1+ B)3 (bA-w>07 (ba-am® (ba-a2u)® (ba-a’)® (ba-at)?) -

[a‘b”e'% (1262 2%+ ap® 2°-6 (2+ 22+ 222+ 22%+ 32" ) B APu+ 62 (24224427 +52°+ 5+ 3%+ 3a%+a") B a4 -
6a3(2+2a+5a2+5a3+6a4+435+4a6+a7+a8) b 32 6a° (2+3a+3a2+4a3+4a4+2a5+a6¢a7) b A%t -
6a1°(3+a+az+a3+a4) bslu5+Gaubsus-l-uutuv+aubtu7+b22)«5((4+4a+432+4a3+3a4)u+A(16-2ty))+
b2 2% (-3a%u-2a(-6+tu)) -a0bNf (3t asatasal LA’ e s at (174 (Avm))) -
a’bPuf (3taratasaltasa’tasal (<1548 (A4 p))) -
a(1+a+a2+a3+a") bulzua(-2t12—a3t)«2+12a5u+3a°u-3a‘1(-11+tu)—2521(-12+t(1+u))+

a5(3u+1(9-tu))) -a(1+a+a2+a3+a‘) bBAzu3
(—2t)\2-a3tA2+ 16a°u+5a8 u-3a* A (-13+tu) 222 A (-14+t (A+p)) +a° (Su+ A (11-tu))) +
ap® Aut (-2t 22-2atA?-5a2t 0%+ 5a M psa’ A (39-4tA-3tu) +a> A (28-5EA-2¢u) -
2a°2(-25+2¢t (A+p)) -3a A (<13 + £ (2 A+ p)) +a” (-t 27+ 2Lu+ A (50-4tu)) +
a® (-t4\2+5u+1 (22-2ty)) +a° (Bu+A(11-ty)) +al® (5u+ A (11—tu))) +
b0 aut (-262%-2at X%-5a%t 2+ Ta pea® A (45-4tA-3tu) +2° A (32-5E -2t -
2a°2 (<2942t (A+u)) -3 A (-15+ £ (2 +p)) +27 (-t X427+ A (58-4tu)) +
a® (-t12¢7u+1(26-2tu)) +a® (Tu+ A (13-tw) +a® (Tus+ 2 (13—tu))) +
a®b’ % (2t 2%+ 3at 2%+ 387 %+ 4%t A2 2t A (<5144t A+ 3tw) + 25 A (-15+ £ (A4 p)) +
a"A(-15+€ (R+p)) +8° A (-154E (2 A+ 4)) +2° (-9u+ A (-15+£u)) ) +
a®p%u® (222438t 2%+ 387t %+ 4%t X242t A (<4544t A+ 3tp) + 25 A (-134E (A4 p)) +
a"A(-134+£ (A4 p)) +8° A (<134t (2 +p)) +2° (=T X (-13+ tu))) +
b'® 23,2 (-2t12+18;9u+3a1°u+3auu-2a1(-12+t()t+u))—2321(-12+t(1+u)) +
a' (-3t 22412+ A (57-5tw)) +2° 274+ A (57-5tu)) +a° (2Tu+ X (33-3tw)) +
a’ (30u+ A (33-3ty)) +a® (18u+ A (9-tu)) -2a° (£ X2-6u+22(-12+t))) +
B %u2 (-2622+102%u+a¥usa p-22 A (<104 £ (Aeu)) -282 2 (-10+ £ (A4 p)) +
a' (-3t22+8u+ A (47-5tu)) +a° (17u+ X (47-5tw)) +a° (1Tu+ X (27-3tu)) +
a’ (1Bu+ A (27-3tu)) +a° (10u+ A(T-tw) -22° (£ 2%-4u+22(-10+tw))) +
PPty (2t 3%-a(8+8a+16a%+17a°+ 172 + 92 +9a°+a") u+
A(-20+2tu+2a (-10+ ty) +287 (-10+ ty) +22° (-10+ tu) + 32’ (-9+ tu))) +
B (2t 2%+a(-4-4a-8a"-Ta - Ta'-32°-32%+2") u+

A(-16+2tu+2a(-8+tuw) +22a (-8+tyu) +22°(-8+ty) +3at (—74tu)))))/

(-1+B)7 (1+B) 3 (1+b+ B3 (BB a-p) 30" (B2 a-ay)® (B° A-a%)® (BPa-a%u)® (BPa-aty)’) +
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_ta
‘lne a2 (2b6t15-3luu‘+lmy3(8u+ A(5+5b+5b2+5b3-tu)) -a’p* A¢ (2tu+2btu+2b2tu+b3 (—24+t(A+2u))) +

a®(1+1%) 224 (9B° A+ b* (16-t ) u-2tu’ ~bu (-16+ £ (A+2)) +b° (16u+ X (9-tu))) +
a*ba® (2tp?+2btp®+bu (<20 + £ (A+24)) +B 0 (-20 4 £ (A4 20)) + D24 (-204 £ (X+4u)) +1° (<204 + A (~11 4 £p))} +
a®2u? (-TB* A-TEP Awp (124 £ (A420)) +1° (<124 + X (-14+ £p)) +b (<124 + A (-T+tu)) +

B? (-124+ 2 (-7+tu)))))/((-1¢a)e (2 +m)? 2% (a-a2u)® (b a-a2u)> (B2 2-a2u)® (b° 2 -a%y)?) -

tu
(n‘bzoe b2 (-4b1616+nutu7+b1‘ )«5((8+8a+8a2+8a3+ 9;‘) H-22(-4+tp) -

a®B?uf (3taratara’tasa’tasa (<1348 (R4 ) -
a(1+a+a2+13+a‘) b® 220 (—ZtAz-astAZ+20a5u+7asu-3a4)«(—9+tu)—2&2A(—10+t(1+u))+
as(Tus A (T-tuw)) +
a®bfaut (-2t 2% -2at 2% 57t X% +9a p+a® A (33-4tA-3tu) +a A (24-5EA-2¢y) -
22°2(-21+2t (A+p)) -3a% A (-114t (224p)) +2" (-t 2%+ 33u+ A (42-4tu)) +a® (- 2249+ 2 (18-2tu)) +
a® (9u+ A (9-tu)) +a® (Su+r(9-tu)))+
a®b'u® (2t A%+ 3at 2%+ 387 2%+ 487 0% 42t A (-39 + 4L A+ 3tu) +aSA (114 k(A4 p)) +
AT A(-1l+t(Aep)) + a0 A (<114t (2R +p)) +2° (-11u+ A (-114Ep))) +
b0 2 (-2e2%+268°u+5a%us 52T u-2a 0 (-84t (A+p)) ~288 A (Bt (Aep)) +
al (-3t2%+16u+ A (37-5tu)) +a° (37u+ A (37-5tu)) +a° (-2€2%+16u+ A (R2-4tw)) +
a® (26 + A (5-tp)) +a° (BTu-3A(-T+tu)) +a’ (&2u-3 R (-T+ty))) +
bul‘u(2t)tz-3a(4+4l+8a2+9a3+9a4+5a5+5as+a7)u+
A(2(-6+tu) +2a(-6+tu) +2a° (-6+tyu) +2a° (-6+ tu) + 32" (—5+tu)))))/
(-1+41)7 (1 41)3 (B2 A - ) u” (B2 2-ap)® (B2 2-a2 ) (B2 A-a2u)® (B 2 -atu)®) o
(aue-% (-26°t2®-ab®t A+ a2 € 2%+ 62t 432 % - 2Py + a4 (u+ A (3+3b+ 3674307 - tu)) +
a'%® (-7u-2(5+5b+5b%+50° -tu)) +2a%%4% (-6u- A (5+45b+ 567+ 55>~ tu)) +
a'b? 2 (tusbtusbP tu+b® (154t (A+u))) +2a8° B A% (tusbtu+ B tu+b® (-1d+ £ (A4 p))) -
ap® at (tu+btu+b2tu+b3 (—9¢t(A+u)))+
a™ (1467 A2u (706" 2+ D2 (5-tA) u-tu?-bu (-5+ £ (A+u)) +B° (Su+ A (T-tu))) -
22° (145%) 224 (95 A+ 1% (10-t Q) u-tiu? -bu (-10+ £ (A+4)) +b° (104 + A (9-tu))) -
A (1+1%) A2u (9B A+ B2 (11-tA) p-tyP-bu (-11+ & (A+u)) + B> (A1 + A (9-tn))) +
22221 (TB A+ TD° A-p (-84t (A+p)) +b (Bu+ A (T-tw)) +B* (Bu+ A (T-tu)) +B°(Bu+ A (14-tp))) +
AP a2 (T A+ 7B A= (-9+ £ (A+4)) +D(Ou+ A (T-tu)) + B2 (Qu+ X (T-tu)) +1° (Ju+ A (14-tw))) -
a’b 2% (ti?+btp+Bu (<134 € (A+p)) + B (-13+ € (R4 p)) + B0 (-13+ £ (X +20)) +B° (<13 + X (<114 £))) -
22°b 2% (tu?+btu?+ Bu (-12+ £ (A+p)) + D p (<124 £ (Ae ) +BPp (124 £ (A+2p)) +1° (-12p 4 A (114 E£p))) +
a®b 2% (bu2 e btu® e Bop (- T+t (M) + b (-T+ € (Aep)) + 620 (-T+ £ (X+2u)) +B° (-Tu+ A (-9+ tu))) +
A ap? (-5B" A-50° Asp (<34 (A+u)) +b® (-3u+ A (-10+tu)) +b (-3u+ X (-5+tu)) + B (-3u+1(-5+tu)))))/
((-—14»&)9 (1+2)3 (1¢a+12)3 a8 (-A+a3u)3 (-b1+a3u)3 (-b2A+l3u)3 (—b3 A+a3u)3) +
(a“e_% (-10a"B° A - bt - ab® £ A°- a®D £ 2%+ 102 B (1+ b+ B? +1°) 2°u-10ab (14 b+ 2B+ B+ bY) 2242+
10a'° (1¢b4>b2¢b3) Apt-10aR 0 -5t - aB it s a2y 1 a2 R (—11u-1 (1+b+b2+b3-tu)) .
a2, (-15u-A(3+3b+3b2¢3b3-tu)) +a2%,3 (-9u+1(3+3b+3b2+3b3+tu)) +
a®p? 2% (bu+btus B tusb® (-23+ £ (A+u))) +a° B2 2% (Eu+btus B2 tu+b® (-19+ £ (A+))) +
P (tu+btu+b2tu+b3 (-17+t(A+u))) -
a2 (1+0%) 22u (' A+ B2 (13-t 2) u-tp? b (A+13u-t2Au) -bu (-13+t (X +4))) -
a® (1463 22u (SE A+ b2 (15-t A) p-tuP-byu (-15+ £ (A+u)) +b° (5u+ A (5-tu))) +
a’ 2p? (36 A+ 3% A-u (<134 £ (A+p)) +b (13u+ A (3-tu)) + B (13u+ A (3-tw)) +1° (13 + A (6-tw))) -
a (1+6%) A%u (T A+ B2 (19-tX) pu-tyP-bu (-19+ t (A+u)) +b° (19u+ A (T-tpu))) +
a®au? (BB A+ 5D A~ (<174 £ (A+u)) +b (1Tu+ A (S-tu)) + B2 (17u+ A (5-tw)) +b° (17u+ A (10-£p))) -
a%b 2% (tpP 4 beu®+ B7u (214 £ (Aep)) + b (<214 £ (Aep)) +DPp (-214 £ (A424)) +D° (21 + A (-9 + £))) -
a®b 2% (tp2+ bt + B (1T £ (Ao p)) + B0 (174 £ (A4 p)) +D2p (<17 + £ (X424)) +B° (-1Tu+ A (-T+ ta))) -
a®b 2% (bl +btp?+ B u (-15+ £ (A+p)) + b u (-154 £ (Aep)) +B2p (-154 £ (X +20)) +1° (-15u+ A (-3+ £w))) -

al a2 (b‘).+b51+b(2-11u+t)ku) + B2 (A-11ustap) +p (-11+t (A4 p)) +b3(-11u+1(2+tu)))))/

((—14»:)9 l+a)® (1+a2)3 (1+a+lz)318 (-2+ at y)3 (—l.':)wa"u)3 (-b2 A+ al u)3 (—bs).+n‘u)3) -
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(a‘e""”
(-bal()«-u)u((2+2a+212-3.‘-3.5—3a5+n8+a9§a1°)t12+
(-4+8a2+20a°+ 332 + 232" +152° - 102’ - 152° - 11a°- 92%°) u -
X (20a°-10a"+2a% tu+a® (27-3tu) +a° (35-3ty) +a’ (45-3tu) +a® (<194 tp) «a’ (-15+tm) +
1o (-13+tp) +2 (-6+tp) +2a(-4+tu))) +
b‘)tzu(—(2+2a+2a2-3a‘—3a5—3a6+a°+19+a1°)tAza-
(8+4a-4a2-202%-39a%-292°-212°+102" + 17a°+ 132°+ 112'%) u +
A(20a%-10a"+ 282ty + 2% (27-3tu) +2° (35-3tu) +a' (45-3tu) +a° (-19+ tu) +a® (-15+tu) +
al® (-13+tp) +2 (~6+ ty) +2a (- 4+tu)))¢
b 2%u (-(2+2:+2a2—3n -3a°-3a°+a%+a%+a’ )t:)«2
(8+4a-4a®-20a%-392"-29a°-212°+10a" + 172°+ 132’ + 11a') 4+
A(20a%-10a"+ 287ty +a%(27-3tu) +a° (35-3ty) +a* (45-3tn) +a® (-19+ ty) +a° (-15+ k) +
al® (-13+tu) +2 (-6+tp) +2a(-4+tw)) +
b‘Aa((2+2-+2|2-3&‘-3&5—3a6+a°+a9+a1°)tAz—
(12+8a-20a-45a'-352°-272%+ 1047 + 19a° + 152° + 132"%) u -
A(-16+20a%- 102"+ 2tu+a® (33-3tu) +a° (41-3tu) +a® (51-3tu) +a® (<214 ty) +a® (-1T+ tu) +
10(_15+tu) +2a (-6+ ty) +28° (-2+£p))) +
bAuz((242.-&2&2-3!‘-3.5—3a6+la+as+lm) ta%+
(-4+8a%+20a%+ 33a%+ 232° +152° - 102’ - 152°- 114 -9.1°)u-
A(20a -10a’ +a° (29 - 3tu)+l (39 - 3tu)+l (- 17+tu)+l (- 13¢ty)+ ( -ll+ tp) -
3a%(-T+tp) +2(-4+tp) +2a (- 2+tu) +2a2 2+t)) +
b au? ((242;4-2;2-3.‘-3. 32+ 2% +a +a°) ta%s
(-4+8a%+20a%+33a'+ 23a2° +152° - 102" - 152°- 112°- 92'°) 4 -
2 (202°-10a"+a% (29-3tu) +a’ (39-3tu) +a° (-17+ tu) +a® (-13+tu) + 2™ (-11+ ty) -
3a° (-T+tu) +2 (-4+tu) +2a (-2+ty) +2a2 (2¢tu))) +
12 (-(2+2a+22%-38% - 3a°-32%+2" + 2%+ 2'%) £ A% +a (-4-122- 2027 - 27a° - 174" - 92+ 10a°+ 1327+ 9%+ Ta®) u+
A(-4+20a3-10a7+2tu+21tu va® (23-3tyu) +al (33-3ty) +a? (-15+tu) +a® (-11+ tu) +
a' (- 9+tu) -32%(-5+tu) +24° (4+tu)))))/
(( -1+a)® (1+a)3 (14:) (1¢l+l) B @a-wdda-u (bZA u) (bsl u))
( -t‘l
(-612 (225- (2+2a+2a%+2a% +3a%) Asu+a(2+2a+4a +5a°+5a% +3a%+3a° +a) PAFTC
a* (2+2a+512+5:3+61‘+4a5+4ls+a +a%) PP+ a® (243243274 407 +aats2a® a4 27) 2200
10 (3+a+ a?+a® +af) Au5+nuu6)
b(22%(-2+tu) +a%u® (T+tu) -a® (Lras2a%+ 227+ 22" +2° +2°) 2°0° (8+a+2tu+a’ty) -
By (2tu+21tu+212 tu+2atu+3a8 (- 1+tu)) +a(1+a+12¢13+l‘) 28,2 (4¢2tu+13 (-1+tu) +2a° (2+tu) +
s(1+a+a2+l +a) 22 ‘(a(3+tu)+n (3+tu)+2(6+tu))-
a'% a8 (a(5+tu)+n (5+tu) +a3 (5+tp) +at (5+tu)+3(7+tu)))+
u{2€28+aMy® (94 tu) - 2% (4+2tu+3al (1+tu) +2a(2+tp) +2a2 (2+ tu) +22° 2+ tp)) +
l(1+l+l2+l +a ) A‘u (a (l+tp) +2(4+tp) +2a2 (4+tu)) +
a® (1+l+l +a +n) 22 3(16+2tu+a(5+tu)+a (5+tuw)) -
a® (1+a¢2a +2a%+2a%+2 +a) u (n (3+tu)+2(6+tu))-
a%aut (27+3tu+a(T+tp) +a? (T+tu) +a° (T+tu) +at (T+tw))+
B (-225 (6« tu) -a™u® (154 £p) + 25 (16 +2tu+3a’ (T+tu) +2a (Brtp) +22% (Brtp) +22° (B+tu)) +
3(1+l+2a2+2u3+21‘+15+15) 13u3(24+2tu+l2 (9+tuw)) -
l(1+l+l +a° ) A2 (20+2tu+13(7+tu) +22% (10+tu))-
G(1+a+a2+l +l) 12 4(28+2tu+a(11+tu)+a (11+tu))+
a®au5 (45+3tpsa (13+ty) +a% (13+tu) +a° (13+tp) +al (134 tu))) +
B (-225(8+ tu) -aM u® (17+tu) + 256 (204 2tu+3a% (S+tu) +2a (10 + tu) +22% (104 tu) +22° (10+tn)) +
3(1+a+2a2+213+214+a5+16) 23 3(28+2tu+a2(11+tu))-
l(1+-+a2+n )A‘ 2 (24+2tu+a (9+tyu) +2a° (12+tw) -
6(1+a+l2+l +l) 22 4(32-02(‘.‘4«»&(].3*{:[.«)-c-l (13+tu))+
10 a5 (51+3tu+a(15+tp) +a2 (15+ tu) +a° (15+ tu) +at (15+tu)))))/
((-1+b)7(1+b)3(14b+b2)3(A-u)3u7(1-au)3(l-a2u) ().-n w3 (2r-a u)z)
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ta
[aue'T (26°t 2%+ 522t s 2™ 4P (Su- A (T+7b+ TH 4 T13-tu)) +2ab’ X! (~tu-btu-Btu+B (10+tA-tuy) +

al%u? (96* 224 91° A2aus (-7 A-€ X2+ 2u+ £ Au) ~BP A (-18 A+ Tus tAp) ~BA(-9A+ Tust A) -
bZA(—Q 1+7u+t)u)) -
282b2% (-tu?-btu? +bPu B+t A-2tu) +bPu (BotA-tu) +b 4 (B+tA-tu) + B (-10 X+Bu+ £An)) -
a®u (118 %42 (22+£224130) + B2 (2024 A% (11-2tp) + Au (-18+ tw)) - B A2 (Ju+ A (-11+ ta)) -
P2 (u+ A (-11+tu)) +bAu (-t 2%+ 20+ A (-9+ tu)) + B2 Ap (- 22420+ X (-9+tm))) +
2’2 (2b (6+t (A-u)) 42 +2° (6+ £ (X-p)) -2t B (443t 22+164) +2b s (6u+ A (-84 tu)) +
2B°u (6u+ A (-B+tu)) -2b°p (i (-12+tp) -2 A (-4+tu))) +
a® (bau? (22+£2%+19u) + B2 Ap? (224 £2%4194) + 4% (134 + X (19-3tw)) -b° X3 (11 + A (-13+ £w)) +
B2 (-t2242p e A (114 tp)) +B° 220 (-€ 22420+ A (-1 4 £1)) + B2 Ap (£ 2%+ 4 Au+ 197 + 2% (-1142Ew)))
ala (b‘ A (4A+3t12+12u) +b51u (41+3t12+12u) +2u3 (-4+t(-A+u)) +
BPu(422+3t2°-84%-2 2 (<124 ty)) -2bu? (Au+ A (-6+ tp)) -2b°4° (4u+ A (-6+tm)) +
A% (-3t 2% +4u+ A (-37+3tm)) +
& (-bap? (42+3t2%+8u) - Au? (42+3€22480) +BP Au (3t 2°-82u-8u7+ 2% (31-6tu)) +
b A%y (3t12-4u+1 (31-3tw) +b° A%y (3t)¢2-4u+1(31—3tu)) +2u Quer(-4+tw) +
b3 (3lu+ A (-37+3tw))) +
a® (12 (42436224 44) +B°2% (224 £ 2%+ 31u) + b A% (-25u+ A (31-3¢tp)) + B X2 4 (-25u+ A (31-3tu)) +
B2 Au (4% + 2% (BL-6tu) « Au (-50+3tu)) +bAu® (-3t 2%+ du+ A (-25+3¢m) +
BPap? (-3t2%+4u+ A (-25+3tm)) +
a’ (-B*A%u (224t 2%+425u) -B° XU (2A+£2%+25u) +4® (3£ 2%-4u+ 2 (19-3tp) -
BPau (2224 €23-194% « A (50-3tu)) + B 2% (£2%-2u+ A (13- tw)) + b A’ (19u+ A (-25+ 3tu)) +

B ap? (19u¢).(-25+3tu)))))/

((—1+a)9 (11’11)3(1+'n+a2)3)«a (-2r+au3(-bar+am? (-b21+au)3 (—b31+au)3))
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