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I. INTRODUCTIOHN

1.1 Problems in Sensory Teatings

Several of the standard statistical techniques now in
use are not satisfactorily adaptable to many of the current
problems arising in sensory testing, where qualitative
meagsures alone are available as reliable data. Hence, there
is a need for more elaborate ranking methods.

The best experimental testing of data which require
subjective measures has involved the comparison of two items
only. Kxperiments involving more than two items or treat-
ments have had varying success. Problems or difficulties
occur in the experiments that require more than one sitting
or in those experiments where it is difficult to select a
suitable scoring scale.

The analysis of variance has been used to a great
extent in other types of experimentation when more than two
treatments are compared. It is then possible to make com~-
parisons of any two of & number of treatments, as well as
other comparisons, by the single degree of freedom method.

A similar test is needed for rank methods.

The following work is designed to increaae the

flexibility of a ranking method of analysis by introducing

a rank analogue to the single degree of freedom technique




of analysis of variance. The principle mathematical formu-
lation of the method is given in section 2.1l.

l.2 rder and Non- etric Procedures:

The problem of testing whether two samples (groups of
observations) come from the same population has been treated
in various ways in statistical methodology. Several statis-
ticians have proposed tests of this type, both for the case
where there are observed measurements with no assumptions
about the forms of the populations sampled and for the case
where ranks alone have been recorded.

An early test based on qualitative data was proposed
by Re A. Fisher [8]* and has become known as the "sign"
test. Fisher considers the problem, related to the two
sample situation described above, of testing the null hy-
pothesis that pairs of observations in each of k pairs come
from a common population. He considers differences in such
pairs and records the numbers of positive and negative dif-
ferences. The test procedure is simply related to the
well-known binomial distribution. The test may easily be
adjusted to consider ranking within the pairs of samples
instead of the differences used.

Later, E. J. G. Pitman [16] introduced the "spread

test®, which involves no assumptions about the nature of

*Numbers in square brackets refer to the Bibliography.




the populations sampled. The Pitman test may be modified
for ranked data and is then known as the "rank spread test®.
Closely related to that test are others by F. Wilcoxon [25]
and by He B. Mann and D. R. Whitney [11]. All three test
procedures may be shown to be exactly equivalent and each
has prepared some tables to facilitate the use of their
tests. These tables suprlement each other to soms dsgrae.

We Jo Dixon [7], using one additional assumption to
the effect that the cumulative distribution funection
(cedef.) common to the two populations in question be con-
tinuous, developed a C2-test with tables of critical values
for sample sizes not greater than 20.

A short time later, A. Wald and J. Wolfowitz [24],
using a statistic based on the theory of runs, derived a
consistent test, subject to some slight reatrictions on the
distribution functions. The Wald and Wolfowits teat differs
from those discussed above in that it is also consistent
against differences in the distribution functions of the
populations other than in location. F. S. Swed and
C. Eisehhart [19] have computed tables of significant values
of the Wald and Wolfowitz statistic for sample sizes of
twenty or less.

Taking a different approach, M. E. Terry ([20] has
derived most powerful rank order tests against apecific




parametric alternatives. His cl(R)-tost, in general, 1is

more sensitive than the Mann and Whitney U-test. In par-
ticular, he has shown that his method leads to the most
powerful rank order teat in those situations where, had ob-
servations been available, a two-sample t test would have
been correctly used. Tables are included, giving the com-
plete array of values of cl(a) for all possible subsample
sizes which do not exceed ten, together with the correspond-
ing value of the Mann and Whitney U. A second table gives
critical values of Cy(R) for samples up to size 10 and
significance levels equal to or lower in probability than
10, Terry shows how k repetitions of his rank procedure
may be combined for an over-all test of significance based
on a statistic designated by Cl(Rk).

In the present study we are interested in experiments
involving more than two populations or groups of observa-
tiong. We shall, however, restrict our interest to that
experimental design known as the method of paired compari-
sons and to two-group comparisons within the framework of
such a design.

One of the early considerations of paired comparisons
was developed by L. L. Thurstone [22]. His procedure,
developed for psychological scaling, postulated the existence

of a subjective continuum wherecn items or treatments had




certain location points. Assumptions involved in the

analysis included one of inherent normality and one that
postulated zero correlations between preferences for pairs
of items to be scaled. F. Mosteller [13, 14, 15] following
the developments of Thurstone, shows that Thurstone's
assunption of sero correlations is too restrictive and that
the customary solution to paired comparisons is the Least
Squares Solution.

M. G. Kendall and B. Babington Smith [10] developed
a method of paired comparisons that disregards any scalar
relationships among the items. They form a coefficient of
consistency of ranking for a single set of ranks based on
the theory of "eircular triads® and a coefficient of
agreement for several sets of ranks.

R. A. Bradley and M. E. Terry [4] have opened the
way to a consideration of ranking in incomplete block
designs. As a first step, they also considered the method
of paired comparisons as a special case. This involves a
test of a hypothesis of no differences among treatments, in
a ranking experiment, with only two treatments in a bloek
of their balanced incomplete block design. They have com-
puted tables for this test for three and four treatments up

to and including ten repetitions of all possible treatment

pairs.




As an addendum to the work of Bradley and Terry, we

shall consider the second special test (ii) [4] which they
formvulated. That test postulates the existence, for t¢
treatments, or true treatment ratings which fall into one
or another or two groups within which no differences in
ratings exist. The existence of differences between these
two groups is under test. We review this test procedure
and provide tablas for the easy conduct of the test. If 8
be the number of treatments in the first group, and con-
sequently (t-s) the number in the second group, and, if n
be the number of times the complete set of paired compari-
sons is repeated, in this notation tables are included for
t=3, s=1, n up to and including 10 and for t=4, s=1 and 2,
n up to and including 5.

An approximate test closely related to the special

i test (ii) is formulated and discussed.




II. MATHEMATICAL DEVELOPMENT

2.1 General Formulation and Notation for the Method of
Paired Comparisonas

A review of the mathematical model and test proce-
dure given by Bradley and Terry will be instructive. 1In 8o
far as possible we will here use notation consistent with
their notation and this work may be properly regarded as a
continuation of their research.

Let t denote the total number of treatments which
may themselves be referred to as Tl’ seey Tt' We postulate
that these treatments have true ratings, m, ...,tnt with

the restrictions that ny P4 0, 1 = ly seey b and 12 my = 1,
=]

This latter restriction is for convenience only. The
treatment parameters are furtaer defined with regard to
their role in pairwise comparisons. Ty and wy are taken to
be such that in a comparison of T; with Tj, the probability
that T; obtains top rating (or perhaps preference) is
ﬂi/(ni-mj) with the complementary probability that T i

obtains top rating of ﬂj/(ﬂi*ﬂj)o

Let rj i denote the rank of T; in the kth repetition
of the bloek in which T4 appears with Tj. Since the ranks
1 and 2 are assigned to each pair of treatments, it follows

that rjjx = 3-rijke We retain n to denote the total number
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of repetitions of the experiment where & repetition by
definition consists of a complete set of comparisons of all
possible pairs of treatuments.

The method of maximum likelihood is used throughout
this work for the estimation of treatment ratings. All
test procedures depend on the corresponding likelihood
ratio statistics. The general properties of such estima-
tion and test procedures are well known and a discussion
may be found, for exarple, in A. M. Mood [12]. We shall
denote the maximum likelihood estimates of my, seesy m Dby
Pis eees Py respectively.

Bradley and Terry formulate a ganeral class of tests
which may be developed under the framework of this mathe-
matical model. They indicate that two special cases are of
particular interest and develop the theory and tables for
the first of these. Thus, they test the null hypothesis

Hys my = 1/t, i =1, e.s, t against the
alternative

¢ n; may have any value subject to the
restrictions in their definition. The tsest depends on the
statistic*

(2.1) By = niijlog(pi*pj) - f[Zn(t-l)-Eri]log Pi

where Ir; is the toial sum of ranks for Tj.

*We use logarithms to base 10 unless otherwise specified.
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We turn now to a consideration of the second apecial

test.

2.2 The Theory of the lwo-Group Comparisoni
A minimum goal in the development of rank analysis

for qualitative measures is the provision of test proce-
dures which permit the flexibility of analysis of variance
techniques. This goal has by no means been reached at the
present time.

The tuo-group comparison in the Rank Analysis of
Incomplete Block Designs is a step towards achieving the
purpose. In the analysis of variance pairwise comparisons
may be made using the single degree of freedom techniques.
We shall now formulate & rank test procedure which is
practically somewhat analogous to that situation. A&s in
analysis of variance it is understood that the comparisons
made are chosen on the basis of a priori knowledge of
treatment behaviour.

We are concerned with testing the null hypothesis

Ho8 ™y = 1/t, 1 = 1, «ee, t against the
alternative

sz Ny =1, i =1, eee, 8 54:1:

)
ﬂi = %E%ﬂ, i = 8+4), ees; Lo
That is, we are considering that situation wherein treatments

in an experiment belong to one or another of two groups
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which may or may not differ. Under the null hypothesis it

is postulated that the two groups themselves do not differ
in the attribute in question. Thus true treatment ratings
are assumed to be identical. The two groups may differ in
sizej one group may consist of only a single treatment as is
the case in one situation which we consider. It is necesa-
sary that all treatments be included in one or the other of
the two possibly different groups of treatments.

In the analysis of variance it is often desired to
compare group means for two groups of treatments. There it
is not required that means within groups differ only due to
sampling variation, but this assumption is often inherent
in the thinking of the experimenter. For such situations
the hypotheses which we have here formulated constitute the
complete analogue of the analysls of variance test.

Information bearing on the correctness of the null
hypothesis can only be obtained from those paired compari~
sons which involve rankings of one treatment from each
group. The nature of the test definition eliminates infor-
mation from pairings of two treatments within a group. We
do, however, retain the rankings from within group compari-
sons to facilitate application of this method.

In the general test formulation, for within group
rankings of Ty and Tj, the probability that T; obtains
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rank 1 is 3 and similarly for Ty for between group rank-
ings, if T4 be in group 1 and Tj in group 2, the probability
of rank 1 for T; is (t-8)n/ Et-23)n+i} and for Tj is

(1-8mr)/ Rt~23)w+i]. Upon assuuing probability independeuce
between blocks or pairs of treatments, we may write the

general likelihood function as

n
2.2) 1 - (3)Pl(B+(55")] nal2(-e)s Be-1)]Z 3 3ryg

i=1 jfi k=l
n
n(t-s)(2a+ ]-
d=en 1oosl 3f1 kepidk
t=-8 ¢
8 n
z ii 1ijk is the total sum of ranks for all treatments
i=] jpl k=

in the first group of 8 treatments summed over tne Kk
repetitions.

Following the method of maxiwum likelihood, we then
obtain p, the maximum likelihood estimate of w, which may

be written?
(2.3) (ht-8-3)-2 = Z ZIr
neist-a=si- 2Tk
p - u_m._ujn,
ns(58t-2t2-6s+3t)-2(28-t) 2 I Iry g

i=1 jAi k=1
Strictly the likelihood ratio statistic is computed
as a ratio of maximum values of L (2.2) obtained under the

restrictions of Hy, and Hyz on the parameters. In practice




any function which is monotonically related to the likeliw
hood ratio will suffice and may be simpler to compute. It

has been suggested [4] that we use the statistic

(2ed)
8 n
By = 03 J§1 EEigi s(a-l)-2n(u-1)s]log{TEi§§§%§I]
t n
+[ = 1jk + §(c~s)(t-a»l)-Zn(t-l)(t-s)]lo5[ = s T ]

i=g+l jfi k=1

which bears the required relationship to the likelihood

ratio.

We shall now turn to a consideration of the

distribution of this statistic.
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III. THE DISTRIBUTIONAL PRUBLEM

3.1 The Computation of Tables:

For the easy application of the By-test, it is desir-
able that tables be available in such a form that the ex-
perimenter may complete his numerical analysis with the
calculations of treatment total sums of ranks. Tables for
the test procedure are calculated on the assumption H_ .
Now this null hypothesis is identical with that for the
Bj-test already developed. Tables for the distribution of
B2 may be computed with the aid of Table 1 prepared by
Bradley and Terry.

In computing tables for B, the first step was to
1ist all sets of sums of ranks possible in two-group com=-
parison experiments excluding all out one permutation of
the within group sums of ranks. Then values of p and B2
corresponding to each recorded set of suns of ranks were
computed by substituting in (2.3) and (2.4) respectively.
The probabilities for individual listed sets of sums of
ranks were obtained from the probabilities of Table 1 (a]
from which a sample section is shown below for three
repetitions of the paired comparison design with three

treatmentse.
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Table 1. The Distribution of the Likellhoo tio for
General Alte;ngtivgs*

(Design: t=3, A=1, b=3, r=2, k=2)

- Cumulative
Iry Ir, iry Py Py Py SeBs Bl Probability
n=3

6 12 1 0 0 18 0 #0117

6 10 11 1 0 0

7 8 12 6667 43333 O 14 0.8293 +Q820

7 9 11 «7045 2241 0713 8 1.8402 2226

7 10 10 7143 1429 «1429

8 8 11 545 oh545 40909 6 2.0771 4336

g8 9 10 b955 43102 J1943 2 2.5112 +8906

9 9 0 2.7093 1.0Q00

9 «3333 5332 3333

-

The probabilities of individual entries in Table 1 were ob-
tained by reduction of the cumulative probabilities shown
in that table. Under the null hypothesis, each permutation
of the sets of sums of ranks may occur with equal probabil-
ity. Thus, if we consider the entry 7 8 12 in the sample
table above, the extreme right hand column gives, by
reduction 0352 as the probability for this entry. Each

of the six permutations of this set of sums of ranks then
has probability of occurrence .0352/6, Under the formula-
tion of the Bp~test we are interested in the sets 8 3 7, 123
123 7, 8 and 7: 8, 12. We are not interested in the

% This table is a section taken from Table I of Bradley and
Terry [4].
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permutations of the rank sums in the second group, and thus
do not show 7 ¢ 12, 8 as distinct from 7% 8, 12 Under the
null hypothesis, the probability associated with each of
the recorded sets of rank sums is in this case

.0352/3 = .0117.

If we take for a second example the entry 8 8 11, we
will now be concerned only with the sets 8 ¢ 8 11 and
11 : 8 8 and these carry respectively 2/3 and 1/3 of the
probability of this entry in the sample table.

We have now indicated how table entries are obtained
together with the appropriate values of p and B, and the
individual probabilities of each entry. In the tables com-
puted, since small values of B, are significant under H,,
we have accumulated probabilities with ascending values of
Boe These cumulative probabilities give significance levels
under H,.

Although the Bp-test is now complete, we have added
an additional column in the tables, which lists the sum of
squares and may be found under the heading S.3. Here the
appropriate sums of squares for rank sums has been computed
following the well-known method for single degrees of
freedom* with the exception that the sums of squares have

not been reduced to a per item basis or for orthogonality.

* The reader 1s referred to G. W. onedecor [18] for one
discussion of this procedure.
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This saves division by a constant throughout this column
within each section of the tables. This column is added in
the tables for comparison of the crdering by the B, atatis-
tiec and the order that could be obtained on the basis of
the sum of squares.

Tables for B, have been somputed for t=3, s=1i,
n=l,ees,10 and for t=i, s=1,2, n=l,see,5» These tables

appear in the appendix of this thesis.

3.2 The Approximate Distribution:
The large sawple approximation to this test, as noted

by Bradley and Terry [4], wmay be nade by recognizing that
(3.1) -2 logh, = Zns(t—s)logez - 232103010

has approximately the cal squars distribution with one
degree of freedom for large saumple sizese This follows from
the properties of the likelihood ratio tests.

An approxiuate distribution and test is only useful
when we can be confident that the approximation is guffi-
ciently goode Accordingly, a comparison of the means and
variances of -2 1og,kg,obtained whers the exact distribution
has been tabled,with the nean and the variance of the
appropriate chi square distribution has been undertaken.
Such a comparison dcea not give irrefutable evidence on the
goodness of the approximatioun, but a satiafactory comparison

is comfortinge Numerical values of the mean and variance
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of -2 1oge?\.2 have been computed for t=3, s=1, through n=10

and t=4, s=1,2 through n=5 and appear in Table 2 below.

Table 2. leans and Variances of -2 logghs

t=3, 8=l t"&' s=1 =4, 8=2
n
Mean Variance Mean Variance ean Variance

1 1l.39 1.G2 1.29 2.73 l.22 291
2 l.22 2.91 l.12 2.70 1.08 2.46
3 1l.12 2.70 1.07 2.38 1.05 2e24
4 1.08 2.46 1.05 224 1.03 2.15
5 1.06 233 1.04 2.19 1.03 2.11
6 1.05 224
7 1.04 217

8 1.03 215
9 1.03 2.12

10 1.03 2.11

o 1l.00 2.00 1.00 2.00 1.00 2.00

From the table, it is seen that the means and vari-
ances are converging very rapidly to the values of the
approximate distribution. It may &lso be noted that when
t=4 and s=2, the convergence is twice as fast as that for
t=3 and s=1l. Thus it would appear that the approximation
may be used with some confidence for t=4, s=2 when n > &
and for t=3, s=1 and t=4, s=1 for n > 15. If the approxi-
mation method were used for smaller values of n, the

statistic, -2 logghy, would have too large a value if taken

to be distributed as Xi, thus leading to the announcement

of too many significant results.




3.3 A_Related Test and Distribution

We may sometimes be interested in testing the con-

ditions set forth under Hy, namely, that
HO: ﬂ'i."’ 1 =1, seey, 8

l-8m
ny = %o s 1 = 8*l, +ee, Ut against the

alternative Hgs mj, 1 = 1, eee, to

The exact test is not free of nuisance parameters, but the
large sample test is possible. Let k3 be the likelihood
ratio statistic for this new test. It follows that

(3.2) ~2 logghy = -2 log N + 2 log.h,
where
(3.3) -2 loggh = nt (t=1)loge2 = 2By10g,10

and -2 logghy has, for large samples, approximately a chi
square distribution with (t-2) degrees of freedom. A method
of checking the goodness of this approximation has not been

found.
The approximate test procedures in the analysis of
the paired comparisons experiment may be conveniently

sunmarised in the following table.




Table 3. Larse Sample Analysis

(Wote that logg? = UeHY3l5 and 2 loggll = L.60518)

Limiting

statistic Hypotheses Distribution
HOS ﬁi'l/t, i=],00e,t
Zna(t-s)logez-ZleogelO Hys my=m, i=l,.00,8 Xi

ﬂi‘%seg' i=8+]l,e00e,¢0

H°= =N, i®=l, 0008
- 377 - 2
-2 10gekl+2 logehz ﬂi'%:;‘. i=g+l,40eyt xt-Z
le Wi, i'l,a.-,t
HO: ﬂi‘l/t, i=l,eee,t
nt(t-1)log 2-2B,log 10 : 2
° 17" Hios X g1

1" 1




IV, THE EXPERIMANTAL PRUCEDURE AND ANALYSIS ILLUSTRATED

L.l Bxperimental Procedure:
For the easy application of new statistical tech~-

niques, it is useful to divide the procedure into simple
elementary steps.

The steps listed below cutline the general procedure
for applying the B,-test. For simplicity, three treatmencs
are used to describe the procedure, but the generalisation
to more than three treatments will be obvious. Two cases
are described, (A) whers tables are available and (B) where
approximate gsolutions must be used.

Procedure: (steps 1 through 6 are similar to those

set forth: by Terry, Bradley and Davis
[(21]).
Step 1. (Preliminary) Selsct a panel. The panel should
be trained for judgements on material similar to that of
the proposed experiment.
Step 2. For each judge and for each repetition take six
small containers and number or code thems Place two samples
of sach of the three treatments in separate, but exactly
similar containers and record the identity of the containerse.

Pair the containers as follows!?




Pair 1 i1 111

Record sach pair by the code numbers on a suitable score
card in a random order. Now place these pairs before the
judge in a random order together with the score card.

SmOp 3. A judge will test each pair, recording on the score
card the value one (1) to that member of the pair containing
more of the attribute and the value two (2) to that mewber
containing less of the attribute.

Step k. Repeat the steps 2 and 3 for the desired number of
repetitions.

Step 5. The experimenter will collect and decode the score

cards, recording the ranks as follows!

Ty T, T3

Score Card Pair 1 (I;)(T) - - x
Noe __ 2 (19)(13) - x -
Judge 3 (15)(753) x -- --
Total - - —

Step 6. Add the ranks on each score card for each treatment.
Then for each treatment add the treatment totals on all the
score cards. These three numbers (for three treatments)

constitute the test data for this experiment.
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Step 7. Rearrange the data of step 6 so that the treatment
sums of ranks will be listed in ascending order from left
to right within groups for the two treatment groups to be
tested.

A. The Method Using Tables.

Step 8a. Enter the two-group tables, in the appendix of
this thesis, under the total number, n, of repetitions made
and for the appropriate values of t and of s. Find the
entry corresponding to the rearranged rank sumgs. These
rank sums appear in the left hand columns of the table and
the two groups are separated by a colon. The extreme right
hand column shows the significance level of the experiumental
data. If that entry is less than the predetermined
rejection level of significance (usually .05 or .01}, tha
experimenter may conclude that significant group differences
exist.

Since we do not differentiate between repetitions of
the paired comparisons design performed by different judges,
cases will often occur where the number of repetitions in an
experiment exceed those for which tables ars available. The
following approximate test may be used in this case.

B, The Approximate Method,
Step 8b. Obtain the estimate, p, by substituting the first

group total sums of ranks and the values of n, t, and s in
equation (2.3).




<

3tep 9b. VWhen the estimate, p, is obtained, compute 82 by
substituting the values of p, n, t, 8 and both group total
sums of ranks in equation (2.4), where coumon logarithms

are used.

Step 10b. Compute X§ = 2ns(t-8)log,2-28,10g,10, (the sub-
script (1) denotes the degrees of freedom). The approximate
test is made by comparing this computed value of X§ with

tables of chi square. Large values of X2 are significant.

Le2 Illustrative Examples?

Let us conaider an experiment* involving pork roasts,
which were compared on their flavor characteristics by
ranking in pairs. The roasts were obtained from three
groups of hogs which had been fattened on three different
rations: corn, corn plus a peanut supplement, and corn
plus a large peanut supplement. The object was to determine
whether there was a significant difference between roasts
taken from the hogs that were corn fed as compared to those
taken from the hogs which were fed corn plus peanuts
(moderate and large supplements). Hence, we have the

design t=3, 8=l, where the corn~fed samples form the first

¥ The 1llustrative example 1s taken from preliminary
experimental results of L. L. Davis, C. M. Kincaid and
He Rs Thomas at the Virginia Agricultural Bxperiment

Jtations
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group and the two corn-plus-peanut-fed sets of samples form
the second group.

The analysis for this test is shown below with
reference to the separate results of two of the several
judges used in the experiment described above. Hethod (4)
with the tables was used for the results of each judge
separately and Method (B) was applied for an over-all ap-
proximate test. Bach judge performed ten repetitions of
the paired comparison design (t=3, s=l).

Procedure:

Steps i-4e The experimenter followed steps l-4 with each
of tw> judges for 10 repetitions of the paired comparison
design.

Step 5. (Analysis) The experimenter collected and decoded
the score cards, and recorded the ranks as shown in Table 4.
C denotes the corn ration, Cp, the corn plus peanut supple-
ment ration, and CP, the corn plus large peanut supplement
ration.

Step 6. The treatment sums of ranks for C, Cp, and CP are
respectively 28, 31, 31 and 33, 28, 29 for the two judges.
Hence the total treatment sums of ranks are 61, 59, 60
respectively. The treatment sums of ranks for each judge
may be tested following method (A) and the approximate
method (B) will be used to test the total data.
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Step 7. The data is arranged in the proper order as we are
testing C against the group Cp and CP.
A. The lMethod Using Tables

Step 8a. For Judge 1 we enter the tables, Appendix of this
thesis, under n=10 and for t=3, s=l. Here we find the
entry 283 31 31 which has a significance leval of .5034e It
may therefors be concluded that the results of Judge 1 did
not present a significant difference (at the .05 or .01
level) between the two groups.

By the same method, we find that the entry 33: 28 29,
for Judge 2, has the significance level of «2632. Thus, we
mav conclude the same for Judge 2 as we did for Judge 1.

Be The Approximate Method
Step 8b. For the total data, n=20, t=3, s=1 and

s n
I X Irjqe " 61, Upon substituting these values in
jm=1 jAi k=l

equation (2.3), we obtain the estimate p = «3115.
Step Yb. By substitution in equation (2.4), we have
Bz = 12001950

Step 10b. Computing xi, we obtain Xi = ,10004. Consulting

the chi square tables, we find that this value of Xi is not

significant at the .05 or .Ul levels. Thus, on the basis

of the data, we cannot conclude that there is a difference

between the two groups tested.
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he3 JIllustrative Analysis of the Related Tests

We may be interested in'choeking our a priori as-
sumption that the experimental items fall into the two
specified groups. This may be accomplished by applying the
approximate test procedure set forth in section 3.3. The
reader will recall that the null and alternative hypotheses
were specified mathematically by

H

ozﬂi"ﬂ;i'l, esey 8

ﬂ’i = %.;:_gg, i = 84l, ese, ¢

and

i S, i = T
Iia H Wl’ l’ [ XXX .

This test depends on the statistic -2 logeh3 as shown in

the summary table 3.

We return to the experimental data of the preceding
segtions. Total treatment sums of ranks were 61, 59 and 60
for treatment C, Cp and CF respectively. Cp and CP were
taken to be equivalent in the second groupe.

To compute -2 logghj in (3.2), we require values of
By and N, which were obtained following the prescribed
methods for the approximate test [21]. For our data
By = 18.0334 and -2 loggh = «1310. From the preceding
section -2 logghp had the value 1000 and it follows that

-2 logghs = 1310 - «1000 = 0310




This quantity in the approximate test is taken as an obser-
vation in a chi square variate with t-2 = 1 degree of
freedom for this example. The result obtained is clearly
nonsignificant at any reasonable level of significance.
This is as we would expect here. The data has exhibited no
effect of treatment on either & B; or a B, test and any
suggested grouping of the sort here tested should be
permissible.

This illustration was included to indicate the

computational procedure.




Ve THE VERIFICATION OF THRESHOLD VALU&S

51 Introductory Discussion?

Ms B. Terry and Re Ae. Bradley in their article "The
Adaptation of the Rank Analysis to Threshold Values® [5]
have presented a new technique concerning the verification
of threshold values. It is the purpose of this writer to
show the applications of the two-group comparisons here
developed as they were anticipated in that paper.

Three types of threshold are distinguished: (i)
the absolute (or stimuwlus) threshold, defined as the lower
limit of stimulus magnitude that arouses sensationj (ii)
the differenge threshold, defined as the smallest difference
between two stimuli that gives a difference of response;
(1ii) the terminal threshold, defined as the upper limit of
the stimulus beyond which no further increase in the
specific response can be obtained. We shall discuss these

types separately.

5.2 ecia ications of the Two~Group Comparison:
(1) The Absolute Threshold:
It is assumed that there is a true absolute threshold
stimulus, T&. We then compare seéro stimulus, T,, and a

third stimulus, T;, where T; represents a possible stinulus

of smaller magnitude thau T&. (i.ee if T_ represents a

&
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dilution and T& represents a dilution, & = ke, 0 < k < 1.)
It T& is the true threshold value, it should be distinguish-
able from T, and Tj; eltiough they themselves are not dis-
tinguishably different. To check this situation we
hypothesize that T, is too low. Then we are interested in

comparing

H, Mg = Ty = M, against thc alternative

o
Hgs e 3 Ty = Mg
& situation covered in the two-group comparison. Now, the
nw's denote the true stimulus ratings.
(ii) The Difference Threshold:

In this case, it is assumed that there is a "just
noticeable difference,” &(T,), associated with a stimulus
level T,, and S(To) is a amall inerement of stimulus. We
then have three stimulus levels, T, TO-B(TO), and T°+&(To).
I1f €(T,) is such that it gives a difference of response,
To+e(T,) will not be equal to T, and To=d(Ty)e The extent
of this inequality may be determined by testing the above
hypotheses using the &, o, and d as defined here and m,, w,,
associated with Ty, To-u(T,) and T,+&(T,) respectively.

(iii) The Terminal Threshold:

e

The following discussion follows that of the reference

[5] very cloasely.




33

iIf T¢ is the terminal threshold value and b is the
smallest positive increment of stimulus, such that Tp_y and
Tg give differential responses, then we postulate that
e = Mpegss and g F e o for all L > 1.

In this case several designs can be used profitably

as follows:
l. Using three treatments, Tf—B’ <¢» and Teags W

have as our null hypothesis

Hyt 7 o = Wp = me s With our alternative

Had mpe_g 8 mp = Tfipeye
This model leads to the same methods of testing and analysis
as previously outlined.
2. Using four treatments Tf-é’ Tf, Tf+6' Tf+25’ the
null hypothesis becomes
Moo = g % Tged = Tfe20
and the alternative hypothesis is now
Te-d 2 TE T Toes T Mreast
3. Using the three treatmente Tg5_;, Tg, Tpey and a
fourth treatment Tg_p 5 80 chosen thav the increment of
stimulus kO yields & treatment stimulus which gives no dif-
ferential response when compared with treatment Tf-ﬁ' we

have the following situation. Our null hypothesis is

Ho & mp s = We.p = Ty = Tip4y and the alternative
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Ha & Tpoid ™ Meop 3 Tp T Mpeye
flere the method of analysis is straight forward, using the
table in the appendix of this thnesis for t=4, s=2,

The decision as to which group of four treatments is
to be used will depend to a large extent on the accuracy of
location of the terminal threshold. when the value is sus-
pected of being high the more advantageous design would
appear to be f-o, f, £+¢, £+20; and whea the terminal value
may be low, it would saeu desirable to use the stimulus

f"ka, f"ag f, f"'s.




Vi. SUMMARY AND CONCLUSION

The purpose of this work was to investigate certain
two-~-group comparisons within a paired couwparison experi-
mental design. Tests of the null hypothesis that trus
treatment ratings are equal against the alternative hypothe-
sis that there are only two groups of treatments which may
have different ratings, the treatments within groups having
equal ratings, are developed. In fulfilling this purpose,
tables were derived for use in the analysis. The method of
maximum likelihood is used in developing the mathematical
procedure and the teats depend on the likelihood ratio
statistics. |

The procedure for using the test is outlired and
examples are given to illustrate this use.

The problem of threshold values is discussed and an
indication of the possible application of these rank
analysis methods to this problem is shown.

The procedures given are applicable in most problems
where qualitative measurements alcne are reliable and are
particularly useful in problemsa involving subjective rank-
ing by a small panel of judges for the detaction of dif-
ferences in food products, color pr: cesses and test items

of psychology.
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X. APPBNDIX OF TABLZS

TABLES FOR THa
TWO-GROUP COUMPARLISONS IN THE RANK ANALYS1S OF
INCOMPLETE BLOCK DESIGHS

The following tablss give the values of the likeli-
hood ratio statistic, Bz, and the probabilities that these
values of B, will not be exceeded. The likelihood estinates
of the true treatment ratings are given under the columns
P1s eees Pis ir; is the sum of ranks for treatment i, and
Se3« 18 the sum of squares of deviations for treatment rank
sumg, t denotes the number of treatments and 8, the number
of treatments in the first group of the two-zZroup comparisons.

Sets of sums of ranks grouped togetlier have identical
values of S.3. and By, and these values are siown opposite
the laat entry in each group, In some cases subgroups of
gach such group have identical estimates for the p's, and
these estimates are shown opposite the last entry of the
subgroup. Square brackets have been used to indicate the

grouping and subgroupinge.




L3

(Design: t =3, s = 1)
- Cumulative
Zry 3 Irp Irg Py Pp"P3 3.3 By Probability
n=l
2 1 3 &4 1 0 ]
L : 2 3 0 <5000 9 0 <5000
3 ¢ 2 &4
3 : 3 35 .33 .33 0  .6021  1.0000
n=2
4:68]
RN RN
8 : 5 3 O +500 36 0 01250
5 s 5 8
; : 2 ; 6000 .2000]
:
7 3 5 6 01429  o4285 9 9768 6250
$11
:
6 ¢ 6 6 3333 43333 0 1.2041 1.0000
n=3
6 ¢ 9 12
123121]9“\ 1 0}
12 ¢ 7 8 0 +5000 81 0 .0312
11
: 1
72 310 100 7143 1428
|
s 7
11 ¢ 8 8 0909  JL4545 36 1.1740 2187




Ll

. = 3@ Cumulative
ir) & 2ry 2ry Py  Pp"P3  Se5. By Probability
n=3 (continued)
8 ¢ 7 12)
8 ¢ 8 11
8 ¢ 9 10 5000 <2500
10 ¢ 6 11
10 ¢ 7 10
10 ¢ 8 G) «2000 L4000 9 1.6586 «6875
g ¢ 6 1)
9 ¢ 7 11
g : 8 10
9 ¢ ¢ 9, 3333 3333 o 1.8062 1.0000
n=l,
8 312 16)
g ¢13 158
8 14 14 l 0
16 ¢ 8 12]
16 ¢ 9 11
16 : 10 10/ 4] +«5000 144 0 0078
9 211 16
G 312 15
9 13 14  .7778 L1111
15 ¢ 8 13
15 ¢ 9 12
15 ¢ 10 11/ <0667 4666 81 1.3090 +07G3
10 10 16)
10 : 11 15
10 :12 14
10 13 13, «6000 42000
14, 3 8 1k
14 ¢ 6 13
14 ¢ 10 12
14 ¢ 11 11 1429 4285 36 1.9538 2891




Cumulative

Iry 3 Ir, ary Py PpTP3  SeSe B2 Probability
n=4 (continued)

11 ¢ 9 16

11 ¢: 10 15

11 11 14

11 12 13/ 4545 2728

13 ¢ 8 15

13 ¢ 9 14

13 :10 13

13 : 11 12] 2308 3846 9 2.2985 » 7266

12 : 8 16

12 ¢ 9 15

12 ¢ 10 14

12 : 11 13

12 ¢t 12 12] e3333 43333 0 2.4082 1,0000

n=5

10 : 15 20)

10 : 16 19

10 ¢ 17 18) 1l 0

20 : 10 151

20 ¢ 11 14

20 12 13, 0 « 5000 225 0 0020

11 : 14 20)

11 : 15 19

11 : 16 18

11 ¢ 17 17< «.8182 L0509

19 : 10 16

19 ¢ 11 15

19 ¢ 12 14

19 ¢ 13 13 «0526 <4737 144 1.4118 0215

12 13 20

12 ¢ 14 19

12 t 15 18

12 : 16 17, 6667 166

18 : 10 17)

18 :11 16

18 ¢ 12 15 .

18 3 13 14) 1111l oLl 81 R.1732 «1094
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Py

p2=p3 SeSe

n=5 (continued)

2

Cumulative
Probability

13 : 12 20

13 13 19

13 : 14 18

13 ¢ 15 17

13 : 16 16, «5385 .2308

17 : 10 18

17 11 17

17 : 12 16

17 $13 15

17 3 14 14 «1765 4118 36 2.6529 « 3437

14 3 11 20)

14, 12 19

14, : 13 18

14 ¢ 14 17

14 315 16 4286 42857

16 3 10 19

16 : 11 18

16 12 17

1§ : 13 16

1 21k 15 «2500 3750 9 2.9229 7539

15 10 20)

15 311 19

15 s 12 18

15 : 13 17

15 ¢ 14 16

15 ¢ 15 15) «3333 3333 0 3.0103 1.0000
n=6

12 : 18 24)

12 :19 23

12 : 20 22

12 321 21) 1 0

24, 212 18)

2L 13 17

24, 3 14 16

2L ¢ 15 15) 0 « 5000 324 0 «0005




B Cumulative

er) 3 2rp ary Py Pp"P3 9SS 2 Probability
n=6 (continued)

13 2 17 24

13 ¢ 18 23

13 : 19 22

13 : 20 21 8462 0769

23 312 19

23 : 13 18

23 : 14 17

23 :15 16 0435 J4782] 225  1.4949 0063

14 16 24

14 $ 17 23

14, 3 18 22

14, ¢ 19 21

14 3 20 20 7143 J1428

22 :12 20

22 :13 19

22 : 14 18

22 t 15 17 |

22 : 16 16 0909 4546 1l  2.3481 .0386

15 : 15 24

15 : 16 23

15 ¢ 17 22

15 : 18 21

15 319 20 6000 +2000

21 : 12 21

21 :13 20

21 : 14 19

21 : 15 18

21 : 16 17 1429 4286 8l 249306 <1460

16 ¢ 14 24

16 : 15 23

16 : 16 22

16 317 21

16 ¢ 18 20 .

16 : 19 19 .5000 2500

20 :12 22

20 :13 21

20 ¢ 14 20

20 : 15 19

20 : 16 18

20 :17 17 <2000 +4000] 36 3.3172 .3877




pz-p3 Sede B2

Cumulative
Probability

n=6 (continued)

17 ¢ 13

17 ¢ 14

17 3 15

17 ¢ 16

17 ¢ 17

17 ¢ 18 4118 2941

19 12

19 : 13

19 ¢ 14

19 ¢ 15

19 16

19 ¢ 17 w2632 3684 9  3.5396

18 ¢ 12

18 ¢ 13

18 : 14

18 ¢ 15

18 : 16

18 : 17

18 ¢ 1o 3333 3333 0 3.6124
n=7

14 ¢ 21

14 ¢ 22

14 ¢ 23

1y 3 24 1 0

28 $ 14 _

28 ¢ 15

28 3 16

28 ¢ 17 0 « 5000 L4l 0

15 ¢ 20

15 ¢ 21

15 3 22

15 3 23

15 3 24 «8667 0666

27 ¢ 14

27 ¢ 15

27 3 16

27 217

o/ & 18 0370 <4815 324  1.5646




L9

. - _— Cumulative
Zr) & 2r, ar, Py Pp"P3 3.5 B2 Probability
n=7 (coutinued)
16 & 19 28]
16 ¢ 20 27
16 ¢ 21 26
16 ¢ 22 25 N
16 & 23 2l .7500 1250
26 ¢ 14 23
26 3 15 22
26 316 21!
26 ¢ 17 20
26 : 18 19 0769 .AélQ 225 2.4936 «0129
17 : 18 28]
17 19 27
17 3 20 26
17 ¢ 21 25
17 3 22 24 N
17 ¢ 23 23 BLT71L 1764
25 ¢ 14 2L
25 $15 23
25 ¢ 16 22
25 17 21
25 ¢ 18 20
25 319 19/ 21200 W4400) 144 3.1592 L0574
18 ¢ 17 28]
18 : 18 27
18 319 26
18 ¢ 20 25
18 : 21 24 .
18 3 22 23] 5556 +2222
2L ¢ 14 25
2L ¢ 15 24
24 16 23
2L 3 17 22
24 318 21
2L ¢ 19 20 01667 4166 81 3.6376 1796
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w - - Cumulative
2r) & 2rp 4rj Py P2"P3  S.5. B2 Probapbility
=7 {(continued)
19 : 16 28
19 $17 27
19 ¢ 18 26
19 : 19 25
19 3 20 24
19 : 21 23 -
16 ¢ 22 22 4737 02632
23 3 14 26
23 :15 25
23 $ 16 24
23 17 23
23 :18 22
23 :19 21
23 : 20 20 2174 #3913 36  3.9628 4239
20 : 15 28
20 16 27
20 ¢ 17 26
20 ¢ 18 25
20 19 24
20 : 20 23 X
20 3 21 22 4000 3000
22 ¢ 14 27
22 15 26
22 : 16 25
22 317 24
22 :18 23
22 319 22
22 : 20 21 .2727 +3636) 9  Lel522 «7905
21 & 14 28
21 : 15 27
21 : 16 26
21 : 17 25
21 18 24
21 : 19 23
21 : 20 22
21 321 21 «3333 .3333 0 L2144 1.0000




Cumulative

2ry $ Zrp arg Py Pp=P3  S.S. By Probability
n=8

16 & 24 32

16 : 25 31

16 ¢ 26 30

16 : 27 29 N

16 ¢ 28 28] 1 0

32 : 16 24]

32 : 17 23

32 : 18 22

32 : 19 21

32 ¢ 20 20 0 .500q 576 4] 0000

17 ¢ 23 32

17 : 24 31

17 ¢ 25 30

17 : 26 29 R

17 s 27 28] 8824 .0588

31 : 16 25

31 17 24

31 ¢ 18 23

31 : 19 22

31 : 20 21 «0323 .bSBQ Ll 1.6246 «0005

18 3 22 32

18 : 23 31

18 ¢ 24 30

18 : 25 29

18 ¢ 26 28 S

18 ¢ 27 27 <7778 1111

30 316 26

30 ¢ 17 25

30 : 18 24

30 19 23

30 ¢ 20 22

30 ¢ 21 21 0667 .h66Q‘ 324 2.6180 <0042




Cumulative

Iry : Irp Iry P1 =Pz S.3. By Probability
n=8 (continued)

19 : 21 32

16 3 22 31

19 ¢ 23 30

19 ¢ 24 29

19 : 25 28

16 ¢ 26 27/ 6842 157

29 : 16 27\

29 17 26

29 : 18 25

2G 19 24

29 : 20 23

29 : 21 22 «103L L4483 225 33533 «0213

20 ¢ 20 32\

20 : 21 31

20 3§ 22 30

20 ¢ 23 29

20 : 2, 28

20 3 25 27

20 ¢ 26 26 «6000 2000,

28 16 28

28 : 17 27

28 : 18 26

28 : 19 25

28 ¢ 20 24

28 : 21 23

28 ¢ 22 22 142G 42867 144 3.9075 .0768

21 ¢ 19 32)

21 ¢ 20 31

21 : 21 30

21 ¢ 22 29

21 : 23 28

21 24 27

21 ¢ 25 26 5238 .2381\

27 : 16 29N

27 : 17 28

27 3 18 27

27 : 19 26

27 $ 20 25

27 21 24
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. - 3 Cumulative
iry & Irp ary P; Pp"p3  S.S. By Probability
n=8 (continued)
22 :18 32
22 :19 31
22 ¢ 20 30
22 21 29
22 : 22 28
22 ¢ 23 27
22 2L 26 8
22 : 25 25/ 4545 #2728
26 : 16 30
26 $ 17 29
26 : 18 28
26 ¢ 19 27
26 3 20 26
26 ¢ 21 25
26 : 22 24
26 & 23 23] «2308 #3846 36 445970 oh545
23 317 32]
23 318 31
23 19 30
23 : 20 29
23 3 21 28
23 1 22 27
23 23 26 -
23 ¢ 24 25 «3913 3044
25 16 31
25 17 30
25 : 18 29
25 319 28
25 ¢ 20 27
25 21 26
25 $ 22 25
25 ¢ 23 24 +2800 43600 9 L.7621 8036
24 $ 16 32)
24 317 31
24, 318 30
24, 319 29
2, ¢t 20 28
2L 3 21 27
2L, 22 26
24 3 23 25
2 ¢ 2 24) e3333 3333 0 4.8165 1.000
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5 . - a Cumulative

Iry & Ir, ir, Py  Pp"P3 83« By probability
n=9y

18 3 27 36]

18 : 28 35

18 : 29 34

18 ¢ 30 33 N

18 : 31 32 1 0

36 ¢ 18 27

36 16 26

36 : 20 25

36 21 24

36 : 22 23] 0 «5000 ] 729 0 »0000

19 3 26 36

19 ¢ 27 35

16 s 28 34

19 ¢ 29 33

19 : 30 32 <

19 : 31 31, 8947 0526

35 :18 28

35 ¢ 19 27

35 3§ 20 26

35 : 21 25

35 : 22 24 _

35 3 23 23] «0286 J4857) 576  1.6772 .0001

20 3 25 36

20 3 26 35

20 : 27 34

20 &t 28 33

20 3 29 32 R

20 : 30 31 8000 +1000

34, 18 29

3L, 319 28

34, $ 20 27

3, §$ 21 26

3L, : 22 25

3L 3 23 24 L0588 4706] LbLl  2.7269 0013




Cumulative

iry 3 Irp ary Py P2"P3  SeS B2 Probability
n=9% (continued)

21 & 24 36

21 : 25 35

21 : 26 34

21 : 27 33

21 : 28 32

21 ¢ 29 31 N

21 : 30 30 <7143 J1428

33 :$18 30

33 19 29

33 § 20 28

33 21 27

33 : 22 26

33 23 25

33 ¢ 2, 24 ] « 0909 .hShQ_ 324 3.5222 «0075

22 ¢ 23 36

22 2 24 35

22 : 25 34

22 ¢ 26 33

22 : 27 32

22 : 28 31 -

22 ¢ 29 30 6364 <1818

32 ¢ 18 3193

32 :19 30

32 : 20 29

32 $ 21 28

32 22 27

32 & 23 26

32 2 24 25 «1250 ob}?ﬁ_ 225 4.1408 «0309

23 ¢ 22 367

°n + 23 35

23 : 24 34

23 : 25 33

23 : 26 32

23 : 27 31

23 : 28 30

23 : 29 29| 5652 2174 144  4.6188 .0962
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Cumulative

P2=P3  Se3. B Probability

e ———

n=9g (continued)

31 ¢ 18 32
31 : 19 31
31 ¢ 20 30
31 : 21 29
31 ¢ 22 28
31 ¢ 23 27
31 : 24 26
31 : 25 25] 1613
24 3 21 36
2 3 22 35
24 2 23 34
2L, ¢ 24 33
2L, ¢ 25 32
24 ¢ 26 31
24, ¢ 27 30
24, & 28 29l «5000
30 : 18 33
30 16 32
30 ¢ 20 31
30 ¢ 21 30
30 : 22 2¢%
30 : 23 28
30 s 24 27
30 : 25 26] « 2000
25 ¢ 20 36)
25 ¢ 21 35
25 1 22 34
25 $ 23 33
25 ¢ 24 32
25 $ 25 31
25 ¢ 26 30
25 § 27 29
25 ¢ 28 28] « 44,00

4196 Lhh 46188 <0962
2500

<4000 81  4.9758 237
«2800 36 542239 <4807




Cumulative

n=9 (continued)
29 : 18 34‘
29 : 19 33
29 3§ 20 32
29 21 31
29 ¢ 22 30
29 3 23 29
29 3 24 28
29 § 25 27
29 ¢ 26 26] 2414 43793 36  5.223Y9 4807
26 : 19 36]
26 $ 20 35
26 1 21 34
26 : 22 33
25 ¢ 23 32
26 : 2, 31
26 : 25 30
26 3 26 29 -
26 1 27 28] <3846 43077
28 : 18 35
28 :19 34
28 § 20 33
28 ¢ 21 32
28 ¢ 22 3
28 : 23 30
28 : 24 29
28 3 25 28
28 1§ 26 27 ] 2857 .3572j 9 543701 8145
27 ¢ 18 36
27 219 35
27 : 20 34
27 ¢ 21 33
27 ¢ 22 32
27 $ 23 31
27 s 24 30
R7 2 25 29
27 3126 28 5
27 27 27 #3333 43333 0 544185 1.0000




L 2]

Cumulative

3 Py Pp7P3 35 B, Probability
n=10

AN
20 3 30 40
20 3§ 31 39
20 ¢ 32 38
20 ¢ 33 37
20 3 34 36 N
20 3 35 35, 1 0
L0 : 20 30
LO ¢ 21 29
LO 3 22 28
LO ¢ 23 27
LO : 24 26
4O 325 25 0 « 5000 900 0 +0000
21 29 40
21 : 30 39
21 : 31 38
21 : 32 37
21 3 33 36 N
21 2 34 35 «O0L8 L0476
39 ¢ 20 31
39 : 21 30
39 22 29
39 ¢ 23 28
39 324 27 |
39 3 25 26. «0256 <4872 724 17244 «0000
22 ¢ 28 40
22 29 36
22 ¢ 30 38
22 ¢ 31 37
22 3§ 32 136
22 $ 33 35 S
22 ¢ 34 344 «8182 .0909
38 : 20 32
38 : 21 31
38 s 22 30
38 : 23 29
38 ¢ 24 28
38 ¢ 25 27
38 : 26 26 «0526 4737 576 2.8237 .0004




Cumulative

ir; 3 Iry ry Py PP  Se3e B, Probability
n=10 (continued)

23 : 27 40

23 : 28 39

23 : 29 38

23 ¢ 30 137

23 ¢ 31 36

23 32 35 y

23 & 33 34 «7391 1304

37 ¢ 20 33

37 21 32

37 $ 22 31

37 23 30

37 24, 29

37 : 25 28

37 26 27] L0811  W4594] 441 3.6716 . 0026

24 § 26 4O

2L ¢ 27 39

2, 3 28 38

24 29 37

2, 3§ 30 36

2L, ¢ 31 35

2L 2 32 34

2L, ¢ 33 33 5667  21666)

36 § 20 345

36 : 21 33

36 3 22 32

36 : 23 31

36 : 24 30

36 ¢ 25 29

36 3 26 28

36 ¢ 27 27 o1111  JLlldy) 324 Le346k 0118

25 ¢ 25 40

25 ¢ 26 39

25 ¢ 27 38

25 § 28 37

25 3129 36

25 3 30 35

25 3 31 34

25 ¢ 32 33 <6000 #2000 225 L 48BL4 0414




Cumulative

Iry & Irp iry Py Pp7P3  Se3. Ba Probability
n=10 (continued)

35 $ 20 35

35 21 34

35 § 22 33

35 23 32

35 24 31

35 25 30

35 3 26 29

35 ¢ 27 28, 1429 <4286 225 Le8BLLY o 0414

26 1 24 40

26 3 25 39

26 ¢ 26 38

26 27 37

26 - 28 36

26 3 29 35

26 1 30 34

26 ¢ 31 33 -

26 ¢ 32 32) «5385 42308

3, 3$ 20 36

34, ¢ 21 35

34 3 22 34

34 ¢ 23 33

34 24 32

3, :25 31

34, ¢ 26 30

34 27 29 ,

34 3 28 28 o1765 «4118] 14l 53059 «1153

27 : 23 40

27 ¢ 24 39

27 ¢ 25 38

27 : 26 37

27 ¢ 27 36

27 : 28 35

27 29 34

27 ¢ 30 33

27 ¢ 31 32 L4815 $2592 8l 5.6237 2632




61
< . . - g ; Cumulative
Iry 3 irp ary Py Pp™P3 9.3 By Probability
n=10 (continued)
33 : 20 37
33 21 36
33 ¢ 22 35
33 ¢ 23 34
33 : 24, 33
33 : 25 32
33 : 26 31
33 27 30 )
33 3128 29)  .2121 L3940 81  5.6237 2632
28 22 40)
28 ¢ 23 39
28 s 24 38
28 25 37
28 ¢ 26 33
28 : 27 35
28 ¢ 28 3,
28 3 29 33
28 3 30 32 -
28 ¢ 31 31)  .4286 .2857
32 ¢ 20 38
32 ¢ 21 37
32 : 22 36
32 3 23 35
32 ¢ 24 34
32 : 25 33
32 : 26 32
32 ¢ 27 31
32 : 28 30
32 329 29 2500 43750) 36 58457 <5034
29 ¢ 21 40
29 3 22 39
29 ¢ 23 38
29 ¢ 24 37
26 ¢ 25 36
29 ¢ 26 35
29 2 27 34
29 3§ 28 33
29 129 32
29 3 30 31 03793 3104 G 5.9772 8238




. v - o " Cumulative
iry i irp iry Py P2"P3 5.5 B2 Probability

o

n=10 (continued)

31 ¢ 20 39
31 : 21 38
31 s 22 37
31 3 23 36
31 3 24 35
31 : 25 34
31 ¢ 26 33
31 $ 27 32
31 ¢ 28 31
31 : 29 30 «2603 <3548 9 549772 «8238
30 ¢ 20 4U
30 : 21 39
30 22 38
30 ¢ 23 37
30 : 24 36
30 : 25 35
30 ¢ 26 34
30 : 27 33
30 ¢ 28 32
30 29 31
30 2 30 30 «3333 .3333 0 6.0206 1.0000




€3

(Design: t=4, s=l)

. e = - = + = : Cumulative
2| § Zrp Zry ar, Py PR*P37P, S.S. B2 Probvability
e —————

n=)
3:&56]
2 i3 4 5t U]
& + 12 4o o .33 36 0 +2500
t12 19
Lt 4 5 5] J4000 .2000
2‘3‘5*?]
5 : b L 5] 429 .2857 l 8293 1.0000
n=2
£ s 2 10 12
6 : 8 11 11
6 1 9 9 12
6 ¢ 9 10 11 N
6 $10 10 10/ 1 0
12 : 6 8 10]
12 ¢ 6 9 G
12 &7 7 18
12 2 7
12 ¢ 8 8 8] 0 3333 14k 0 0312
7 1 7 10 12)
7 3 07 11 11
7 ¢+ 8 9 12
ARES
7 %
7 ¢ 9 10 10| 6250 .1250)
11 ¢ 6 8 10
11 ¢ 6 9 10
11 : 7 7 11
SERE
11 : & 8 o .0625 .3125) 64  1.1740 2187




ir, ¢ Ir, Zr, 2r =, - SeSe B Cumulative
1 2 ¥Fy 4T, Pp P2"P37P, 2 probability

M
n=2 (continued)

10 12

g 10} 4000 .20007

-t
(=)
5 64 66 08 O% 88 80 46 Se 08 S0 B0 B8 S¢S0 8
()
X-JOO0®R
o
o

9) «lb29 2857/ 16 1.5586 «6875

O
s

-t

WRERINNIINAD ROIINOONDRGRIIOO
VCOROOVEBOW VRO

]

N

WO\ \OOCOW0
26 60 50 o3 62 o0 04 o0

9/ «2500 L2500 0 1.5062 1.0000
n=3

G303 GO\ OO OO0

b bt e b
*®o

b s

©3 €3 0000

80 8¢ S0 80 90 00 96 54 85 50 68 40 S8 40 50 8¢
ot
\\
-
N
ot
W
-
o

Y «3333/) 324 Y <0039




65

< . - ' Q Cumulative
Iry 3 irp Iry I, Py PR"P37P, SeS. B, Probability
n=3 {continued)
10 :11 15 18
10 :11 16 17
10 :12 14 18
10 ¢ 12 15 17
10 : 12 16 16
10 :13 13 18
10 ¢ 13 14 17
10 : 13 15 16
10 : 1k 14 16 -
10 ¢ 14 15 1% «7273 <0909
17 ¢ 9 12 16
17 ¢ € 13 5
17 9 14 14
17 ¢ 10 11 16
17 :10 12 15
17 : 10 13 1Lk
17 11 11 15
17 : 11 12 14
17 11 13 13
17 : 12 12 13/ 0400 43200 196 1.3634 .0391
11 : 10 15 18
11 10 16 17
11 11 14 18
11 ¢ 11 15 17
11 : 11 16 16
11 12 13 18
11 12 14 17
11 : 12 15 16
11 ¢ 13 13 17
11 3 13 14 16
11 ¢ 13 15 15
11 ¢ 14 14 15 5385 1538 100 29701 1797




66
. o : R 2 Cumulative
$ Zr, Iry Ir) Py Pp"P3"P, Sed. B2 Probability
n=3 (continued)
16 ¢ 9 12 17
16 ¢ 9 13 16
16 ¢ 9 14 15
16 : 10 11 17
16 ¢ 10 12 16
16 ¢ 10 13 15
16 :10 14 14
16 :11 11 16
16 : 11 12 15
16 :11 13 14
16 : 12 12 14
16 12 13 13] 0870 3043 100 2.0704 « 1797
12 ¢ 9 15 18
12 ¢+ 9 16 17
12 : 10 14 18
12 : 10 15 17
12 ¢ 10 16 16
12 ¢ 11 13 18
12 ¢ 11 14 17
12 $ 11 15 16
12 12 12 18
12 12 13 17
12 :12 14 16
12 12 15 15
12 :13 13 16
12 13 14 15
12 : 14 14 14 4000 2000
15 ¢ 9 12 18
15 ¢ 9 13 1
15 ¢ 9 14 1
15 ¢ 9 15 15
15 ¢ 10 11 18
15 ¢ 10 12 17
15 ¢ 10 13 16
15 10 14 15
15 11 11 17
15 ¢ 11 12 16
15 ¢ 11 13 15
15 $ 11 14 14
15 $12 12 15
15 : 12 13 14
15 ¢ 13 13 13} «1429 2857 36 2.4879 «5078




Curulative

Ir) 3 Iry Irg Zry Py Pp"P3°P, Se5. B,  Probability
n=3 (continued)

N

13 3 Y 14 18

13 ¢ 9 15 17

13 ¢ 9 16 16

13 ¢ 10 13 18

13 : 10 14 17

13 : 10 15 16

13 :11 12 18

13 : 11 13 17

13 ¢ 11 14 16

13 $11 15 15

13 : 12 12 17

13 312 13 16

13 12 14 15

13 313 13 15 N

13 ¢ 13 14 14 2541 2353

1, ¢ 9 13 18

1, ¢ 6 14 17

1, ¢ 9 15 16

14, ¢ 10 12 18

14 10 13 17

14 : 10 14 16

14 ¢ 10 15 15

14 11 11 18

1, ¢ 11 12 17

1F 11 13 16

14 ¢ 11 14 15

14 312 12 16

14 12 13 15

14 12 14 14

14 13 13 14 2104 .2632, 4 2.6851 1.0000

n=l,

12 : 16 20 24

12 $ 16 21 23

12 ¢ 16 22 22

12 ¢ 17 19 24

12 ¢ 17 20 23

12 17 21 22

12 18 18 24

12 :18 16 23] 1 ) 576 0 .0005




Erl H Zrz ZrB Zrh Py p2=p3=p4 SeSe

B Cumulative

2 Probability

——— ——— —— —

H |

— was —— ot

n=4 (continued)

12 : 18 20 22

12 18 21 21

12 :19 19 22

12 319 20 21 N
12 520 20 20 1 0
24, 12 16 20

2L 12 17 19

24, 12 18 18

2h, 313 15 20

24, ¢ 13 16 1¢

24, ¢13 17 18

2L, ¢ 14 14 20

2L, 14 15 19

2L 1k 16 18

2L, 14 17 17

2, $15 15 18

2L, : 15 16 17

2L, $ 16 16 1@ 4] «3333) 576
13 : 15 20 24

13 15 21 23

13 ¢ 15 22 22

13 : 16 19 24

13 : 16 20 23

13 : 16 21 22

13 317 18 24

13 17 19 23

13 17 20 22

13 ¢ 17 21 21

13 : 18 18 23

13 : 18 19 22

13 : 18 20 21

13 19 19 21

13 :19 20 20 <7657 #0714 400

0 «0005

14545 0063




69

- - . @ Cumulative
iry i Iy 4r3 krh Py P27P37P, SeS. Ba Probability
n=/ (continued)

23 : 12 16 21O

23 :12 17 20

23 : 12 18 19

23 $13 15 21

23 ¢ 13 16 20

23 13 17 19

23 ¢ 13 18 18

23 14 14 21

23 ¢ 14 15 20

23 14 16 19

23 14, 17 18

23 :15 15 19

23 :15 16 18

Q3 : 15 17 17

23 116 16 17 .0294 3235 400  1.4949 0063
14 ¢ 14 20 24

14 3 14 21 23

14 ¢ 14 22 22

14 ¢ 15 16 24

14, 215 20 23

14 ¢ 15 21 22

14 : 16 18 24

14, ¢ 16 19 23

1, 3 16 20 22

1, ¢ 16 21 21

1L, 217 17 24

14 17 18 23

14, 17 19 22

14, :17 20 21

14, : 18 18 22

14, ¢ 18 19 21

14 318 20 20 ) | /
14, ¢ 19 19 20) 6250 .1250 256 Re 3481 u3ch




o
70
S - Cumulative
2ry & 2rp Irg ir, Py PRTP37P, 8.8, B2 Probabilivy
n=4 (continued)

22 ¢ 12 16 22

22 12 17 21

22 ¢ 12 18 20

22 ¢t 12 19 19

22 13 15 22

22 113 16 21

22 13 17 20

22 ¢ 13 18 19

22 14 14 22

22 14 15 21

22 ¢ 14 16 20

22 ¢ 14 17 19

22 ¢ 14 18 18

22 $ 15 15 20

22 :15 16 19

22 15 17 18

22 : 16 16 18

22 ¢ 16 17 17) 0625 <3125 256 2.3481 0386
15 : 13 20 2i)

15 13 21 23

15 13 22 22

15 314 19 24

15 : 14 20 23

15 ¢ 14 21 22

15 $: 15 18 24

15 315 19 23

15 ¢ 15 20 22

15 :$15 21 21

15 ¢ 16 17 24

15 : 16 18 23

i5 16 19 22

15 : 16 20 21

15 17 17 23

15 317 18 22

15 ¢ 17 19 21

15 ¢ 17 20 20

15 : 18 18 21

15 18 19 20

15 319 19 19] 5000 «1667 144 2.9306 1460




Cumulative

iry & 2rp Irg ir, P} PRTP3TR, 9e9e B, Probability
n=4 (continued)
21 112 16 23°
21 :12 17 22
21 :12 18 22
21 :112 19 20
21 $13 15 23
21 13 16 22
21 $13 17 21
21 : 13 18 20
21 313 16 19
21 ¢ 14 L4 23
21 314 15 22
21 : 14k 16 21
21 14 17 20
21 14 18 19
21 :15 15 21
21 :15 16 20
21 :15 17 19
21 315 18 18
21 1€ 16 19
21 3 1€ 17 18
21 :+17 17 17 1.1000 .3000 14k  2.9306 <1460
16 ¢ 12 20 24>
16 : 12 21 23
16 ¢ 1i a2 22
16 13 19 24
16 : 13 20 23
16 $13 21 22
16 ¢ 14 18 24
16 ¢ 14 19 23
16 14 20 22
16 : 14 21 21
16 15 17 24
16 315 18 23
16 : 15 19 22
16 :15 20 21
16 : 16 16 24
16 ¢ 16 17 23
16 : 16 18 22
16 :16 19 21
16 t16 20 20 .k000 L2000 64 3.3172 3877




Cumulative

2. = = eJe

Iry 3 2rp Iry 3, Py P2"P3°P, 5-3 82 Provability
n=4 (oontinued)

16 ¢ 17 17 22

16 $17 18 21

16 :17 19 20

16 :18 18 20

16 18 19 12: «4000 42000

20 12 16 24

20 12 17 23

20 : 12 18 22

20 $12 19 21

20 ¢ 12 20 20

20 $13 15 24

20 : 13 16 23

20 $ 13 17 22

20 13 18 21

20 : 13 19 20

20 14 14 24

20 ¢ 14 15 23

20 : 14 16 22

20 : 14 17 21

20 : 14 18 20

20 ¢ 14 19 19

20 :$15 15 22

20 :115 16 21

20 :15 17 20

20 ¢ 15 18 19

20 16 16 20

20 : 16 17 19

20 : 16 18 18

20 : 17 17 18] 1429 .2857) 64 3.3172 3877

17 $12 19 24

17 ¢ 12 20 23

17 $ 12 21 22

17 313 18 24

17 $13 19 23

17 ¢ 13 20 22

17 13 21 21

17 3 14 17 24

17 14 18 23

17 ¢ 14 19 22

17 314 20 21 .3182 .2273 L 345396 <T7hk




73
Zr, § Zr, Zr, 2r =p.= SeSe Cumulative
1 2 *73 7, P P2"P37R 52 Probability
n=4 (continued)
17 :15 16 24)
17 15 17 23
17 $15 18 22
17 :15 19 21
17 $15 20 20
17 :16 16 23
17 ¢ 16 17 22
17 :16 18 21
17 ¢16 19 20
17 ¢ 17 17 21
17 17 18 20
17 17 19 19 “
17 : 18 18 19/ «3182 42273
19 $ 12 17 24
19 ¢ 12 18 23
19 12 19 22
19 :12 20 21
19 13 16 24
19 13 17 23
19 : 13 18 22
19 :13 19 21
19 ¢ 13 20 20
19 ¢ 14 15 24
19 ¢ 14 16 23
19 s 14 17 22
19 ¢ 14 18 21
19 ¢ 14 19 20
19 :15 15 23
19 :15 16 22
19 15 17 21
19 : 15 18 20
19 :15 19 19
19 :16 16 21
19 116 17 20
16 : 16 18 19
19 ¢ 17 17 19
19 17 18 18] 1923 .26921 4 3.5396 o 77k




74

5 S ) | Cumulative
<r, Py P2"P37P, Se3. B, Probability

n=4 (continued)

T8 60 00 B¢ ©F Q¢ S8 00 20 S0 50 00 00 95 OO S8 00 52 06 00 60 o 80 0 S0

18] .2500 42500 0 3.6124  1.0000

n=5

S8 40 06 SF 60 B9 06 &5 00 00 o0

Z’U 1 ) GO0 U LuLUL




75

Ir. ¢ ira. ir. ir ap. = e : Cumulative

1 2 ¥y 4, P PRTP3TP, D9 b2 Probability
n=5 (continued)

15 3 23 23 29

15 ¢ 23 24 &8

15 : 23 25 27

15 23 26 26

15 ¢ 2 2L 27

15 ¢ 24 25 26 N

15 ¢ 25 25 25 1l 0

30 115 20 25

30 $15 21 24

30 3215 22 23

30 :16 19 25

30 ¢ 16 20 24

30 316 21 23

30 16 22 22

36 317 18 25

30 17 19 24

30 317 20 23

30 ¢17 21 =22

30 18 18 24

30 318 19 23

30 ¢ i8 20 42

30 : 18 21 21

30 $19 19 22

30 311y 20 21

30 $20 20 20 0 .3333 %0 0 .0001

16 : 1% 25 30

16 t 1y 26 29y

16 316 27 28

16 § 20 24 30

16 20 25 29

16 § 20 26 28

16 § 20 27 27

16 3 21 23 30

16 $ 21 24 29

16 ¢ 21 25 28

16 : 21 26 27

16 ¢ 22 22 30

16 ¢t 22 23 2%

16 3 22 24 28

16 3 22 25 27

16 322 26 26/ .8235 .0588 676 1.5955 .0010




76

Zr, & ir, Zr, Zr =p,= .S, Cuwulative

1 , P P2 P3P, 5.9 BZ Provabilivy
zww
n=5 (continued)

16 t 23 23 28

16 t 23 24 27

16 3 23 25 26

16 3 2L 24 26

16 1 24 25 25 8235 40588)

2¢ 315 20 26

26 15 21 25

26 315 22 24

29 : 15 23 23

29 :16 19 26

29 : 16 20 25

20 : 16 21 zk

29 : 16 22 23

29 17 18 26

29 17 19 25

26 3 17 20 24

26 : 17 21 23

20 17 22 22

20 ¢ 18 18 25

29 18 19 24

29 : 18 20 23

29 : 18 21 <=

29 $19 19 23

29 $19 20 22

29 :19 21 27

20 320 20 21 .0233 .3256 676 145955 0010

17 ¢ 18 25 30)

17 t 18 26 29

17 318 27 28

17 $19 24 30

17 ¢ 19 25 29

17 119 26 28

17 ¢ 19 27 27

17 ¢ 20 23 30

17 ¢ 20 24 29

17 ¢ 20 25 28

17 ¢ 20 26 27

17 $ 21 22 30

17 3 21 23 29

17 $ 21 24 28

17 121 25 27| .6842 1053 484 2.5581 +007k




Cumulative

= Z . bl = e

ry 8 Ir, Iry I, Py Pp"P37P, 8.8 B2 PBrobability
n=5 (continued)

17 :21 26 26]

17 ¢ 22 22 29

17 3§ 22 23 28

17 3 22 24 27

17 & 22 25 26

17 ¢ 23 23 27

17 23 24 26

17 $ 23 25 25 N

17 ¢ 24 24 25< 6842 .1053

28 115 20 27

28 :15 21 26

28 115 22 25

28 : 15 23 24

28 16 19 27

28 116 20 26

28 16 21 25

28 s 16 22 24

28 ¢ 16 23 23

28 317 18 27

28 :17 19 26

28 ¢ 17 20 25

28 : 17 21 24

28 117 22 23

28 :18 18 26

28 : 18 19 25

28 318 20 24

28 :18 21 23

28 3118 22 22

28 ¢ 19 19 24

28 $ 19 20 23

28 $19 21 22

28 3 20 20 22

28 3120 21 21 «0488 3171 L8l 2.5581 <0074

18 $ 17 25 30]

18 17 26 29

18 s 17 27 28

18 : 18 24 30

18 : 18 25 29

18 318 26 28

18 3§ 18 27 R27) «5714 1429 324 3.2598 +0351




78

. . I Cumulative
Iry 3 Iry Iry Ir, Py PR7P3"P, Se9e B2 Probability
n=5 (continued)
18 ¢ 19 23 30
18 ¢ 19 24 29
18 : 19 25 28
18 : 19 26 27
18 : 20 22 30
18 : 20 23 29
18 : 20 24 28
18 : 20 25 27
18 : 20 26 26
18 : 21 21 30
18 3 21 22 29
18 3 21 23 28
18 s 21 24 27
18 321 25 26
18 3 22 22 28
18 3 22 23 27
18 3 22 24 26
18 : 22 25 25
18 s 23 23 26,
18 : 23 24 25
18 & 28, 24 2L} 5714 1429
27 315 20 28
27 15 21 27
27 :115 22 26
27 $15 23 25
27 :15 24 24
27 :16 19 28
27 & 16 20 27
27 :16 21 26
27 316 22 25
27 16 23 24
27 ¢ 17 18 28
27 17 19 27
27 17 20 26
27 $17 21 25
27 117 22 24
27 :$17 23 23
27 : 18 18 27
27 :18 19 26
27 318 20 25
27 $18 21 2,
27 118 =22 23] .076% .3077) 32k 3.2598 .0351




B

Cumulative

b -

r) 3 Ir, Iry Ir, Py Pp"P37P, S.3. 2 Probability
~=5 (continued)

27 $19 19 25

27 19 20 24

27 :$19 21 23

27 19 22 22

27 $ 20 20 23

27 $ 20 21 22

27 :21 21 21 0769 3077 324 3.2598 .0351

19 : 16 25 30]

19 ¢ 16 26 29

19 : 16 27 28

19 : 17 24 30

19 : 17 25 29

19 317 26 28

19 : 17 27 27

19 :18 23 30

19 : 18 24 29

19 318 25 28

19 : 18 26 27

19 :19 22 30

19 :19 23 29

16 19 24 28

19 19 25 27

19 19 26 26

19 : 20 21 39

19 ¢ 20 22 29

19 s 20 23 28

19 ¢ 20 24 27

19 ¢ 20 25 26

19 : 21 21 29

19 : 21 22 28

19 21 23 27

19 ¢ 21 24 26

19 ¢ 21 25 25

19 3 22 22 27

19 ¢ 22 23 26

19 : 22 24 25

19 823 23 25

19 23 24 24 <4783 1739 196 3.7778 .1185




80

" S a Cumulative
Zry & IZr, iry ar, Py Pp*P3%P, S.S. By Probability
e
n=5 (continued)

26 $15 20 29
26 $ 15 21 28
26 315 22 27
26 315 23 26
26 315 24 25
26 316 19 29
26 16 20 28
26 s 16 21 27
26 : 16 22 26
26 $ 16 23 25
26 :16 24 24
26 : 17 18 29
26 17 19 28
26 $17 20 27
26 $17 21 26
26 17 22 25
26 317 23 24
26 : 18 18 28
26 318 19 27
26 :18 20 26
26 :18 21 25
26 :18 22 24
26 318 23 23
26 $ 19 19 26
26 £ 19 20 25
26 19 21 24
26 219 22 23
26 120 20 24
26 1 20 21 23
26 $ 20 22 22
26 321 21 22] ,1081 .2973 196 3.7778 .1185
20 15 25 30
20 $15 26 29
20 315 27 28
20 $16 24 30
20 315 25 29
20 :16 26 28
20 3§16 27 27]) .4000 ,2000 100 Le1465 «3017




81

I Cumulative
Ir; 3 Ir, Irg Zr; Py Pp7P3"P, 3.3 B,  Probability
n=5 (continued)
20 :17 23 30)
20 ¢ 17 2, 29
20 : 17 25 28
20 $ 17 26 27
20 318 22 30
20 318 23 29
20 3§ 18 24 28
20 18 25 27
20 : 18 26 26
20 $ 19 21 30
20 19 22 2¢
20 19 23 28
20 : 16 24 27
20 $19 25 26
20 3§ 20 20 30
20 : 20 21 29
20 : 20 22 28
20 3 20 23 27
20 3 20 24 26
20 3 20 25 25
20 $ 21 21 28
20 : 21 22 27
20 21 23 26
20 : 21 24 25
20 $ 22 22 26
20 322 23 25
20 22 24 24 N
20 ¢ 23 23 24< «4000 42000
25 s$15 20 30
25 15 21 29
25 ¢ 15 22 28
25 ¢ 15 23 27
25 ¢ 15 24 26
25 $ 15 25 25
25 :16 19 30
25 16 20 29
25 316 21 28
25 16 22 27
25 $ 16 23 26
25 $ 16 24 25; <1429 .285@ 100 b4ellb5 « 3017




I Cumulative
Iry $ Ir, Irg Ir, Py Pp"P3"P, S.S. By  Pprobability
W
n=5 (continued)

25 $17 18 30
25 17 19 29
25 $ 17 20 28
25 ¢ 17 21 27
25 17 22 26
25 ¢ 17 23 25
25 817 24 24
25 318 18 29
25 :18 19 =28
25 : 18 20 27
25 :18 21 26
25 :18 22 25
25 :18 23 24
25 ¢ 19 19 27
25 $19 20 26
25 $19 21 25
25 $19 22 24
25 19 23 23
25 3 20 20 25
25 $ 20 21 24
25 3 20 22 23
25 $ 21 21 23
25 ¢ 21 22 22/ 1429 .2857 100 Lell65 «3017
21 t 15 24 30)
21 115 25 29
21 $ 15 26 28
21 15 27 27
21 $ 16 23 30
21 16 24 29
21 t 16 25 28
21 16 26 27
21 : 17 22 30
21 $ 17 23 29
g1 17 24 28
21 17 25 27
21 317 26 26
21 318 21 30
21 : 18 22 29
21 $ 18 23 28
21 ¢ 18 24 27
21 3 18 25 26| 3333 .2222 36 Le3843 6072




83

=n o Cumulative
1} Iy Irg Ir Py PPy, S.S. B,  Probability

W
n=5 (continued)

21 19 20 30
21 $19 21 29
21 :19 22 28
21 319 23 27
21 19 2 26
21 :19 25 25
21 320 20 29
21 : 20 21 =28
21 $ 20 22 27
21 $ 20 23 26
21 : 20 24 25
21 : 21 21 27
21 : 21 22 26
21 3121 23 25
21 21 24 24
21 $ 22 22 25
21 22 23 24
21 123 23 23] 43333 .2222)
2L, $15 21 309
24, $15 22 29
2, 315 23 28
2, $15 24 27
24, 315 25 26
2, :16 20 30
24, 16 21 29
2, :16 22 28
2, 316 23 27
2, 16 2, 26
2, :16 25 25
2L $17 19 30
2L, 17 20 29
24, $17 21 28
2, 317 22 27
2L, 317 23 26
2L, 317 24 25
2L, :18 18 30
24, 18 19 29
2, 318 20 28
2, :18 21 27
2, 18 22 26
2, $18 23 25) .1818 .2727) 36 Le3843 6072




&l

=n = Cumulative
Py Pp"P3"p, S5.5. Probability

n=5 (continued)

H
H
H
$
:
:
H
H
H
:
3
H

«1818 .2727 36 Le3843 «6072

22 $ 15 23 30
22 15 24 29
22 ¢ 15 25 28
22 ¢ 15 26 27
22 16 22 30
22 3: 16 23 29
22 316 24, 28
22 : 16 25 27
22 $ 16 26 26
22 ¢ 17 21 30
22 ¢ 17 22 29
22 17 23 28
22 ¢ 17 24 27
22 317 25 26
22 : 18 20 30
22 ¢ 18 21 29
22 18 22 28
22 ¢ 18 23 27
22 18 24 26
22 3§ 18 25 25
22 19 19 30
22 $ 19 20 29
22 :$19 21 28
22 $ 16 22 27
H
H

19 24 25 2759 <2414 L 4. 5009 1.0000




85

Zrl : 2r2 ir

3

),

pl pzapa-ph Sede

2

Cunmulative
Probability

n=5 (continued)

22 ¢ 20 20
22 : 20 21
22 ¢ 20 22
22 1 20 23
22 ¢ 20 24
22 121 21
22 $ 21 22
22 $ 21 23
22 ¢ 22 22
22 § 22 23
23 315 22
23 : 15 23
23 ¢t 15 24
23 315 25
23 : 15 26
23 $16 21
23 16 22
23 16 23
23 $ 16 24
23 116 25
23 $ 17 20
23 $17 21
23 17 22
23 $17 23
23 17 24
23 $ 17 25
23 18 19
23 18 20
23 :118 2
23 18 22
23 :18 23
23 18 24
23 319 19
23 $19 20
23 :19 21
23 ¢ 19 22
23 19 23
23 119 24
23 ¢ 20 20
23 § 20 21
23 ¢ 20 22
23 §1 20 23

w
A

«2759 .Zhll;w

2258 .2581) b

4« 5009

1.0000




$ 2r

2

Zry

Erh Py P,"P37P, S.S.

By

Cumulative
Probability

n=5 (continued)

25
2L

23
23] 2258 42581 b

445009

1.0000
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(Designs t=4, s=2)

- 3.8 B Cumulative
P1"P2 P3"P, o9 2  Probability
n=1
3 0
3
3
L
4
3
L
6 8 310 12
6 8 :11 11
7 7 s 10 12
7 7 311 11} 5000 0 64 0 .0078
6 9 : 9 12
6 9 :10 11
7 8 ¢ 9 12
7 8 310 11| 4375 +0625 36 1.3090 .0703
6 10 : 8 12]
6 10 : 9 1
6 10 :10 10
7 9 s 8 12
7 ¢ ¢ 9 11
7 9 :10 10
g8 8 ¢ 8 12
8 g ¢ 9 11
8 8 :10 10 3750 .1250 16 1.9538 «2891
6 11 : 8 11
6 11 : 9 10
7 10 ¢ 7 12
7 10 : 8 11
7 10 ¢ 9 10
g8 9 31 7 12
8 9 3 8 11
8 & 3 9 10) .3125 .1875 L 2.2985 .7266




88

R Cumulative
Iry Ir, 3 Iry Zr, Pp1=Pp P37p, S-S- B,  probability
n=2 (continued)
6 12 : 8 10
6 12 : 9 9
7 11 : 7 11
7 11 ¢ 8 10
7 11 ¢ 9 9
8 10 ¢ 8 10
8 10 : 9 9
9 g ¢ 9 9] «2500 42500 0 2.4082 1.0000
n=3
9 12 : 15 18]
9 12 :16 17
10 11 :15 18
10 11 16 17/ 5000 0 144 (3] +0005
9 13 : 14 18]
9 13 :15 17
9 13 :16 16
10 12 ¢ 14 18
10 12 :15 17
10 12 : 16 16
11 11 ¢ 14 18
11 11 315 17
11 11 ¢ 16 16/ 4583 JO417 100 14949 .0063
9 1k $ 13 18)
9 14 ¢ 14 17
9 14 15 16
10 13 ¢ 13 18
10 13 ¢ 14 17
10 13 :15 16
11 12 13 18
11 12 3 14 17
11 12 $15 16 4167 .0833 64, 2.3481 .0386
9 15 ¢ 12 18)
9 15 :13 17
9 15 ¢ 14 16
9 15 15 15
10 14 12 18
10 14 313 17
10 14 3 14 16 3750 .1250 36 2.9306 «1460




p1~p2 p3-p4 Se3e

Cumulative
Probability

n=3 (continued)

10
10
10
10
1l
1l
11
11
12
12
12
12

10
10
10
10
11l
11
1l
11
11
12
12
12
12

6 80 08 &5 00 60 0 G0 O

o8 96 69 ¢80 S8 0¢ 50 S0 80 S8 09 ¢ e 0 b

0 66 B0 50 4 086 $0 8¢ 00 S0 04 S0 e e 9 b¢

12
13
14
11
12
13
14
11
12
13
1
1l
12
13
14

12
13
1L
1l
12
13
1L
10
11
12
13

10
1l
12
13

17)
16
15
18
17
16
15
18
17
16
15
18
17
16
15

16)
15
14
17
16
15

18
17
16
15

18
17
16

15

«3750 1250 36

«3333 1667 16

«2917 .2083 b

343172 «3877

3.5396 o TThiy




P1"P, P3P,

S.3.

Cunulative
Probability

n=3 (continued)

13
14

e 80 66 08 &0 O

2917

«2083

A

3.5396

S7Thd

9 18 312 15

9 18 : 13 14
10 17 : 11 16
10 17 ¢ 12 15
10 17 : 13 14
11 16 311 16
1 16 12 15
11 16 : 13 14
12 15 $12 15
12 15 313 1i
13 14 ¢ 13 lQ, «2500 42500 0 3.6124 1.0000

n=4,

6o o5 00 00 S0 80 B0 G0 oo
N
[

o0 68 66 86 80 00 S0 20 0o
S

« 5000

1588

.0312

2

|

56

5

10240

«0000

«0005




Cumulative

$ Iry Ir, P1"P2 P3°P,

9% 60 00 00 68 0 00 89 00 58 B¢ 00 S0 b0 S0 &

e 60 05 0 B8 80 O8 66 50 00 54 06 05 S0 Be 6

o0 G¢ 59 00 &0

18
19
20
21
18
19
20
21
18
19
20
21
18
19
20
21

17
18
1y
20
17
18
19
20
17
18
19
20
17
18
19
20

16
17
18

19
20

Probability

n=l4 {continued)




Cumulative

Py*P> P3®P S.S5.
1°2 "3 7% Probability

n=, (continued)

:
H
H
H
H
H
:
H
H
:
H
H
H
H
H
:
$
H

“.."”““““”“...‘O.Q.“O‘..“..

16
17
18
19
15
16
17
18
19
15
16
17
18
19

16
17
18
19

«3750 1250 6l 3.9075 .0768

3438 L1562 36 Le3158 «2101
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. . - - N - Cumulative
iry 2r, 3 Iry Zr, py=pp P3=p, 8+ S By propability

W
n=4 (continued)

: 15
s 16
17
s 18
$ 19 3438 1562 36 Le3158 «2101
12 22 16 22
12 22 :17 21
12 22 :18 20
12 22 :19 19
13 21 : 15 23
}3 21 : 16 22
21 17 21
13 21 :18 20
13 21 :19 19
14 20 ¢ 14 24
14 20 ¢ 15 23
14, 20 : 16 22
14, 20 17 21
14, 20 : 18 20
14 20 : L1 16
15 19 ¢ 14 24
15 19 ¢ 15 23
15 19 16 22
15 19 ¢ 17 21
15 19 $ 18 20
15 19 319 19
16 18 3 14 24
16 18 315 23
16 18 316 22
16 18 ¢ 17 21
16 18 18 20
16 18 119 19
17 17 3 1li 24
17 17 315 23
17 17 16 22
17 17 :17 21
17 17 : 18 20
17 17 19 19) 3125 1875 16 45970 4545




. o ‘ - - - Cumulative
ir, Ir, & wry Ir, PPy P37p,  S+8+ Bz provability

a=l {continued)

12 23 3 1o 21
12 23 :17 20
12 23 : 18 1Y
13 22 :1 22
13 22 16 21
13 22 :17 20
13 22 : 18 19
14, 21 ¢ 14 23
1L, 21 15 22
1 21 16 21
14 21 ¢ 17 20
14 21 ¢ 18 19
15 20 : 13 24
15 20 ¢ 14 23
15 20 ¢ 15 22
15 20 : 16 21
15 20 : 17 20
15 20 : 18 19
16 19 ¢ 13 24
1 19 ¢ 1 2
16 19 ¢ 15 22
16 19 16 21
16 19 17 20
16 19 18 19
17 18 ¢ 13 24
17 18 ¢ 14 23
17 18 315 22
17 18 16 21
17 18 ¢ 17 20
17 18 ¢ 18 19 .2812 .2188 I 47621 .8036
12 24 16 20)
12 24 17 19
12 24 218 18
13 23 15 21
13 23 16 20
13 23 17 19
13 23 ¢ 18 18/ «2500 2500 0] Le8165 1.C000




95

. » - - ) Cumulative
Ir; Irp ¢ Iry I, py=pp P3P, SeS. B2 Probability

W

n=4 (continued)

1L, 22
15 2
16 20
17 19
18 18
15 21
16 20
17 19
18 18
16 20
17 19
1¢ 18
17 19
18

L4
[
.
L
.
.
[
.
.
»
4
.
-
]
[
L4
.
L
.
e
L4
.
*
.
.
[

448165 1.0000

15 20 ¢ 25 30)
15 20 & 26 29
15 20 ¢ 27 28
16 19 : 25 30
16 16 3 26 29
16 19 327 28
17 18 25 30
17 18 : 26 29
17 18 327 28) .5000 0 400 0 0
15 21 3 24 30)
15 21 : 25 29
15 21 ¢ 26 28
15 21 327 27
18 20 3 24 30
16 20 $: 25 29
16 20 : 26 28
16 20 3 27 27
17 19 24 30
17 19 : 25 29
17 19 : 24 28
17 19 3 27 27) 4750 <0250 324 Le724d 0




ary Zr, 3 Zr3 Zrh P1"P, P3"P, 5.5,

n=5 (continued)

By

Cumulative
Probability

L3
.
.
L]
*
L ]
4
L]

e §0 00 56 46 80 50 S0 85 80 P8 50 60 80 0 b

86 86 00 085 ¢4 66 5o 8¢ 8 80 00 08 82 G0 90 O 22 @8 0e¢ &

4750 L0250 324

4500 .0500 256

4250 0750 196

1.7244

2.8237

3.6716

«0004

.0026




Cumulative

Ir) Er, 3 Iry Ir, P;"P; P37P, 3-5- B,  probability
n=5 (continued)

19 19 ¢ 22 30T

19 19 ¢ 23 29

19 19 24 28

19 19 ¢ 25 27

19 19 ¢ 26 26) 4250 .0750 196 3.6716 0026
15 24 ¢ 21 30

15 24 22 29

15 24 3 23 28

15 24 ¢ 24 27

15 24 3 25 26

16 23 ¢ 21 30

16 23 : 22 29

16 23 : 23 28

16 23 3§ 24 27

16 23 : 25 26

17 22 s 21 30

17 22 22 29

17 22 ¢ 23 28

17 22 ¢ 24 27

17 22 ¢ 25 26

18 21 : 21 30

18 21 s 22 29

18 21 s 23 28

18 21 24 27

18 21 3 25 26

16 20 21 30

16 20 & 22 29

19 20 23 28

19 20 ¢ 24 27

15 25 1 20 30

15 25 t 21 29

15 25 3 22 28

15 25 & 23 27

15 25 ¢ 24 26

15 25 & 25 25 «3750 .,1250 100 LoB8L4IL Ol )iy




Cumulative
Probability

]

H Er3 Zrk P1"P2 P3™P, 3.8,

By

—

n=5 {continued)

16 24 : 20 30
16 24 :21 29
16 2 3 22 28
16 24 23 27
16 24 s 24 26
16 24, 25 25
17 23 : 20 30
17 23 :21 29
17 23 : 22 28
17 23 23 27
17 23 : 2, 26
17 23 : 25 25
18 22 : 20 30
18 22 :21 29
18 22 : 22 28
18 22 : 23 27
18 22 : 24 26
18 22 : 25 25
19 21 : 20 30
19 21 : 21 29
19 21 : 22 28
19 21 : 23 27
19 21 : 24 26
19 21 : 25 25
20 20 : 20 30
20 20 : 21 29
20 20 : 22 28
20 20 3 23 27
20 20 : 24 26
20 20 : 25 25| 3750 .1250 100  L4.8844 +Ob1l
15 26 3 20 29
15 26 ¢ 21 28
15 26 : 22 27
15 26 : 23 26
15 26 24 25
16 25 :19 30
16 25 : 20 29
16 25 3121 28
16 25 3 22 27
16 25 31 23 26
16 25 1 2L 25 L3500 .1500 64  5.3059 .1153




99

2?3 xrh P17P2 p3=ph 3.8,

By

Cumulative
Probability

n=5 (continued)

08 S 58 00 80 00 05 S0 G 8& 60 00 ©8 00 G0 4 00 S0 60 59 S0 S0 00 &0

58 86 S8 00 00 60 S0 00 ¢ 06 56 50 60 0 65 S0 08¢ &0

2l 25 43500 .1500 6k

2 2
20 2L .3250 1750 36

543059

56237

«1153

2632




. = = Cumulative
iry Ir, P1"Pp P37P, S.8. Probability

a=5 (continued)

18 24 :18 30
18 24 19 29
18 24 3§ 20 28
18 24 s 21 27
18 2, ¢ 22 26
18 24, 3 23 25
18 24 s 24 24
19 23 :18 30
19 23 :19 29
19 23 : 20 28
19 23 : 21 27
19 23 22 26
19 23 323 25
19 23 ¢ 24 24
20 22 :18 30
20 22 19 29
20 22 320 28
20 22 ¢ 21 27
20 22 22 26
20 22 $ 23 25
20 22 ¢ 24 24
21 21 :18 30
21 21 $19 29
21 21 : 20 28
21 21 : 21 27
21 21 & 22 26
21 21 23 25
21 21 3 2L 24L) 43250 41750 36 5,6237 2632
15 28 $ 20 27)
15 28 21 26
15 28 3§ 22 25
15 28 3§ 23 24
16 27 1G9 28
16 27 3§ 20 27
16 27 321 26
16 27 § 22 25
16 27 @ 23 24) 43000 .2000 16 5,8457 <5034




P

Cumulative

Ir) Ir, & Iry Ir, Pi"P, P3P, 3.5 B,  probapility
n=5 (continued)

17 26 :18 29)

17 26 19 28

17 26 ¢ 20 27

17 26 : 21 26

17 26 s 22 25

17 26 : 23 24

18 25 : 17 30

18 25 : 18 29

18 25 ¢ 19 28

18 25 ¢ 20 27

18 25 : 21 26

18 25 : 22 25

18 25 : 23 24

16 24, : 17 30

19 24 18 29

19 24 ¢ 19 28

16 24 ¢ 20 27

19 24 ¢ 21 26

19 24 = 22 25

19 24 23 24

20 23 :17 30

20 23 ¢ 18 29

20 23 : 19 28

20 23 : 20 27

20 23 ¢ 21 26

20 23 : 22 25

20 23 : 23 24

21 22 : 17 30

21 22 18 29

21 22 :19 28

21 22 : 20 27

21 22 21 26

21 22 : 22 25

21 22 ¢ 23 2A> «3000 42000 16 58457 ¢ 5034
15 29 : 20 26)

15 29 21 25

15 29 : 22 24

15 29 23 23 2750 <2250 4 509772 .8238




st

: Zr3 Zrh P1"P, P37P, 3.3,

By

Cunulative
Probability

RTRNOSPCTI R PR T S U s

n=5 {coutinued)

”.....‘.Q.ﬂ.’.ﬂ...C“.Q..O..‘.....I'..‘..‘l'.'.‘.‘...'l.‘QQ.O.'..0"...”..’.."'..

27)
26
25
2L,
23
28
27
26

«2750

«2250

IN

5.9772

.8238




Cumulative
Probability

n=5 (continued)

:

3

:

:

:

H

H

H «2750 <2250 N 59772 8238
15 30 3§ 20 25
15 30 321 24
15 30 : 22 23
16 29 319 26
16 29 : 20 25
16 29 ¢ 21 24
16 29 ¢ 22 23
17 28 ¢ 18 27
17 28 19 26
17 28 3 20 25
17 28 3 21 24
17 28 3 22 23
18 27 318 27
18 27 :19 26
18 27 ¢ 20 25
18 27 21 24
18 27 3§ 22 23
19 26 :19 26
19 26 ¢ 20 25
19 26 : 21 24
19 26 3 22 23
20 25 3§ 20 25
20 25 $ 21 24
20 25 3 22 23
21 24 31 21 24
21 24 : 22 23
22 23 § 22 23 +2500 42500 0 6.0206 1.0000






