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1 Introduction

Supersymmetric localization of the two-dimensional gauged linear sigma model (GLSM)
has proven an extremely useful tool in the study of two-dimensional superconformal the-
ories and of string compactifications — see e.g. [1-8] for some of the most important
recent progress in that direction. Most of these recent developments, however, were con-
cerned with theories with N'=(2,2) supersymmetry.! In the present work, we consider
two-dimensional GLSMs with A'=(0, 2) supersymmetry defined on S2, assuming that the
flat-space theory preserves an R-symmetry. The only way to define a non-conformal su-
persymmetric N'=(0,2) theory — such as the GLSM — on the sphere is by a so-called
pseudo-topological twist [9], which involves a background flux for the R-symmetry.? In the

IThe one notable exception is the elliptic genus computation of [5, 6].

2This is to be contrasted with the N'=(2,2) case, where it is also possible to define a ‘physical’ super-
symmetric theory on the sphere without R-symmetry background flux [1, 2, 10]. See also [11] for a finer
classification of supersymmetric backgrounds on the sphere.



N'=(2,2) case, supersymmetric localization of the A-twisted GLSM was recently revisited
in [12, 13]. Here we generalize these results to the N'=(0,2) world. (See also [14-16] for
some previous related work.)

We focus on the case of an N'=(0,2) GLSM with an N'=(2,2) locus — that is, the
theory is a continuous deformation of an N'=(2,2) theory, to which it reduces at a special
locus in parameter space. By performing the so-called A/2-twist, the theory can be defined
on any Riemann sur~face > while preserving a single supercharge é( 4/2)- Such a theory
contains a sector of Q(4/9)-closed operators with non-singular operator product expansions
(OPEs) [17, 18], forming what is now known as a ‘quantum sheaf cohomology’ (QSC)
ring, generalizing the ordinary quantum cohomology ring (or twisted chiral ring) of the
A-twisted N'=(2, 2) theory.

For ¥ = P!, correlation functions of @( A/2)-closed operators are topological — they
are independent of the insertion points and of the metric on P'. The simplest Q(a/2)-closed
operators are the gauge-invariant polynomials O (o) in the A'=(0, 2) chiral multiplet scalar
o, which descents from the scalar field of the N'=(2, 2) vector multiplet. We argue that the
correlation functions of these operators can be efficiently computed in terms of ‘Jeffrey-
Kirwan-Grothendieck’ (JKG) residues, generalizing the Jeffrey-Kirwan (JK) residue [19-
21]. Schematically, we find

©ONEP =3"¢"¢ zro, (1.1)
L JKG

where the sum is over all the allowed fluxes on the sphere, each summand is a particular
JKG residue on ﬁ, the covering space of the GLSM classical Coulomb branch, and Z;'IOOP
is a locally holomorphic top form with singularities along divisors on M. The JKG residue is
a conjectured residue operation on locally holomorphic forms with prescribed singularities
along divisors, and to the best of our knowledge it has not been defined previously in the
mathematical literature. We will give our working definition of it in section 3.4. It naturally
generalizes the JK residue, which is defined for holomorphic forms with singularities along
hyperplanes. The formula (1.1) specializes to the result of [12, 13] for A-twisted correlation
functions on the N'=(2,2) locus. We will also briefly discuss a dual version of this formula
for some B/2-twisted models without an N'=(2,2) locus [22].

The GLSMs that we consider provide simple ultraviolet (UV) completions of non-linear
sigma models (NLSM) on Kéhler varieties X endowed with an holomorphic vector bundle
(more generally, a locally free sheaf) E which is a deformation of the tangent bundle T'X,
and reduces to it on the N'=(2,2) locus. The é( 4/2) cohomology is naturally identified
with the sheaf cohomology of E, and the non-perturbative correlation functions realize the
so-called quantum sheaf cohomology relations. There has been a considerable amount of
previous work on quantum sheaf cohomology rings in abelian GLSMs, see e.g. [14, 16—
18, 22-35], which culminated in expressions for quantum sheaf cohomology rings for toric
varieties with deformations of the tangent bundle, derived both from physics in [15] and
from mathematics in [36, 37]. (See for example [38-42] for more recent developments and
reviews.) In abelian examples, part of the appeal of our methods is that it gives more
efficient computational methods for correlation functions than have existed previously.



Another appeal of localization is that it makes manifest some previously obscure proper-
ties of correlation functions, namely their independence from nonlinear deformations, and
the independence of A/2-twisted correlation functions from J-type bundle deformations.
(Analogously, the B/2-twisted correlation functions that we will consider are independent
of E-type deformations.)

Furthermore, our methods also extend to non-abelian GLSMs, which were intractable
with previous methods. As an example, we consider the N'=(0,2) GLSM for the Grassman-
nian manifold with a deformed tangent bundle and compute the A/2-twisted correlation
functions. This leads to a prediction for the quantum sheaf cohomology of this model,
which will be studied further in [43, 44].

The formula (1.1) passes some strong consistency checks. In the abelian cases, it
encodes explicitly the quantum sheaf cohomology relations, in agreement with previous
results [15, 36, 37]. In addition, we can compare the results obtained from (1.1) for the
simplest correlation functions of the P! x P! and F; models to the NLSM expressions
obtained using older Cech-cohomology-based methods, and we find perfect agreement.

This paper is organized as follows. In section 2, we study curved-space supersymime-
try for N'=(0,2) theories with an R-symmetry, and we discuss GLSMs in particular. In
section 3, we specialize to A/2-twisted GLSMs with an N'=(2,2) locus, we derive our main
result (1.1) and we discuss a few of its consequences. In section 4, we apply the JKG
residue formula to some well-studied abelian models. In section 5, we consider the simplest
examples of non-abelian GLSMs, namely the Grassmannian manifold and complete intere-
section Calabi-Yau manifolds inside the Grassmannian. In section 6, we briefly discuss a
generalization of our main formula to theories with ‘twisted masses’ and to B/2-twisted
GLSMs dual to the A/2-twisted models of section 3. Some useful auxiliary material can
be found in appendices.

2 N=(0,2) curved-space supersymmetry

We wish to consider N'=(0, 2) supersymmetric gauge theories with an R-symmetry, denoted
U(1)g. In this section, we explain how to preserve supersymmetry on any closed orientable
Riemann surface ¥g. We then discuss N'=(0,2) supersymmetric multiplets, Lagrangians
and observables on curved space. We refer to appendix A for a summary of our curved-
space conventions, and for a review of N'=(0,2) supersymmetry in flat space.

2.1 Background supergravity and the pseudo-topological twist

Consider any N'=(0,2) supersymmetric field theory with an R-symmetry. The theory
possesses a conserved R-symmetry current jfLR) which sits in the N'=(0, 2) R-multiplet [45]
together with the right-moving supercurrent S, gffr and the energy-momentum tensor 7}, .
Such a theory can be coupled to an N'=(0, 2) background supergravity multiplet containing
a metric g,,,, two gravitini ¢_,, zZ_ x and a U(1) g gauge field ALR). At first order around flat

space, gur = 0 +Ag,,, the supergravity multiplet couples to the R-multiplet according to:

1 , , 1 o~
Lsuara = —5 A0 T + APl — 5 (i = SHvy). (2.1)



Curved-space rigid supersymmetry is best understood in terms of a supersymmetric back-
ground for the metric and its superpartners [46, 47]. A background (Eg,gW,ALR)) is
supersymmetric if and only if the supersymmetry variations of the gravitini vanish for
some non-trivial supersymmetry parameters. In the present case, we must have:

(Vo —iAf) ¢ =0,  (V,+idf) =o0. (2.2)

Note that the spinors (_, Z, have R-charge +1, respectively. One can derive these equations
by studying linearized supergravity along the lines of [10]. (See also [48] for a complemen-
tary discussion.) The only way to solve (2.2) on g is by setting the gauge field A, = $%wﬂ,
with w, the spin connection. This preserves either (_ or Z_. (The only obvious exception
is when ¥g_ is a flat torus.) We choose to preserve Z_:

1 ~
49:5%, ¢ =0, 9, =0. (2.3)
Since Z, is a constant, it is obviously well-defined globally on ¥g. This supersymmetric
background corresponds to a pseudo-topological twist [9] and it preserves one supercharge

Q. on any Yg. It follows from (2.3) that

1 1
- /ZdA & /Ed z/gR=g—-1, (2.4)

where R is the Ricci scalar of g,,,,, and therefore the R-charge is quantized in units of g%l.

In particular, the R-charge is integer-quantized on the Riemann sphere.

2.2 Supersymmetry multiplets

Since the supersymmetry parameter E_ is covariantly conserved, the supersymmetry vari-
ations in curved space can be obtained from the flat space expressions by replacing deriva-
tives by covariant derivatives. Let us denote by d the supercharge @+ acting on fields.
Importantly, J is nilpotent:

62 =0. (2.5)

The pseudo-topological twist effectively assigns to every field a spin
1

where Sy and R are the flat-space spin and the flat-space R-charge, respectively. The
twist (2.6) can correspond to any of the distinct twists that one might define in a given
theory, corresponding to distinct choices for the R-symmetry.

It is convenient to use a notation adapted to the twist, in terms of which all the fields
have vanishing R-charge and definite twisted spin. We use the covariant derivatives

Dyups) = (On — iswp)p(s) » (2.7)

acting on a field of twisted spin s. We summarize our curved-space conventions, as well as
the relation between flat-space and twisted variables, in appendix A.



2.2.1 General multiplet

Let Ss be a general multiplet of N'=(0, 2) supersymmetry with 2 + 2 complex components,
with s the twisted spin of the lowest component:

882(07X17%7VI)' (28)

The four components of (2.8) have spin (s,s — 1, s,s — 1), respectively. The curved-space
supersymmetry transformations are:

0C = —iy, oxi = 2ivi + 2D7C,

_ N (2.9)
ox =0, ovi = Dix.

Note that ¢ is a scalar — it commutes with the spin operator. All the supersymmetry
multiplets of interest to us are made out of one or two general multiplets subject to some
conditions.

2.2.2 Chiral multiplets

The simplest N'=(0,2) multiplets are the chiral multiplet ®; and the antichiral multiplet
®;. In flat space, they contains a complex scalar and a spin —% fermion. After twisting,

one has:
O = (i, Ci),  Pi= (¢, Bi). (2.10)
If ®;, ®; are assigned integer R-charges r; and —r;, the components (2.10) have twisted spins
(%, % — ) and ( — %, —%), respectively. The supersymmetry transformations rules are:
d¢p; =0, 5b; = B;
o A o= (2.11)
0C; = 2iD1¢", 0B, =0.

Note that ® and ® can be understood as a general multiplets (2.8) satisfying the constraints
X = 0 and x7 = 0, respectively. Here and in the following, the R-charge refers to the flat-
space R-charge, since the twisted variables used in curved space have vanishing R-charge
by construction.

Given any holomorphic function F(®;) of the chiral multiplets ®;, one can construct
a new chiral multiplet as long as F itself has definite R-charge, and similarly with the
anti-chiral multiplets:

oOF

: MQ) . (FB)= (ﬁ({s), Zf;z?,-) . (2.12)

(F.c%) = (fw)

2.2.3 Fermi multiplets

Another important multiplet is the Fermi multiplet, whose lowest flat-space component is
a spin +% fermion. For each Fermi multiplet A7, we have a function £7(¢) holomorphic in
the chiral fields of the theory. Similarly, an anti-Fermi multiplet A; comes with an anti-
holomorphic function & (q~5) For the elementary Fermi multiplets, these functions must
be specified as part of the data defining the N'=(0,2) theory. In order to preserve the



R-symmetry, they must have R-charges R[] = r; + 1, with r; is the R-charge of A.
Similarly, the charge-conjugate multiplet A has R-charge —r; and R[] = —r; — 1.
A Fermi multiplet A; of R-charge r; has components:

Ar=(Ar, G,  Er=(&,CF), (2.13)

where Er is the chiral multiplet of lowest component ;. The spins of (2.13) are (%I +

%, g - %) and (%I + %, g - %), respectively, and the supersymmetry transformations are
given by:
0N = 2&r, 0Er =0,

2.14
6G; = 2CF — 2iDiAp, 6CF = 2iD1&r . 2.14)

Similarly, for an anti-Fermi multiplet A; of R-charge —r, we have the components:

Ar= (7\17 51) ; Er = (g[, gIE) , (2.15)
of spins ( — % + %, -5+ %) and (— 4 — 3, - — 1), respectively, and
SA; =Gr, 5&r = B,
o o (2.16)

The product of a chiral multiplet ®; of R-charge r; with a Fermi multiplet A; of R-charge
r; gives another Fermi multiplet of R-charge r; + 77, with components:

AP — (¢Ar, ¢iGr —CAr), B = (41, 0iCF +CiEr). (2.17)
Similarly, for the charge-conjugate multiplet:
KON = (Gihr, iGr+ Biki),  E{™ = (6:&1, 6B + BEF) . (2.18)
2.2.4 Vector multiplet

Consider a compact Lie group G and its Lie algebra g. The associated vector multiplet is
built out of two g-valued general multiplets (V,V;) of spins 0 and 1, subject to the gauge
transformations:

. . . " 1 — ) ~
oV = %(Q —Q)+ %[QJrQ,V] L V=01 (Q+ Q)+ %[SHQ%] ;o (219)

where () and 2 are g-valued chiral and antichiral multiplets of vanishing R-charge.? One can
use (2.19) to fix a Wess-Zumino (WZ) gauge, wherein the vector multiplet has components:

V=(0,0,0,a;), V1= (a1, X, \i, D). (2.20)

The non-zero components have spin —1 and (1,0, 1,0), respectively. Under the residual
gauge transformations Q = Q = (w,0), we have

dway = Opw +ilw,ay),  duA = tw, A1), S =i[w, N, 6.D=ilw,D]. (2.21)

3The addition rules implicit in (2.19) are obtained by embedding €2, Q into general multiplets.



The supersymmetry transformations are:

da; =0, day = —iMy,
- (2.22)
0N = —i(D —2if17), oA =0, 0D = —2Dj)\1,
where we defined the field strength
fir = Owag — O1a1 — ifax, a1, (2.23)

and the covariant derivative D,, is also gauge-covariant. Here and henceforth, § denotes
the supersymmetry variation in WZ gauge, which includes a compensating gauge transfor-
mation.

2.2.5 Field strength multiplet

From the vector multiplet (2.20), one can build a Fermi and an anti-Fermi multiplet:
Y= 2\, 2i2ifi), Y=, —i(D - 2ify)), (2.24)

of R-charge 1 (that is, the multiplets ) and 37 have twisted spin 1 and 0, respectively),
with &y = 0. These field strength multiplets are g-valued.*

2.2.6 Charged chiral and Fermi multiplets

Consider the chiral multiplets ®; in the representations R; of the gauge algebra g, the
Fermi multiplets A; in the representations 937 of g, and similarly for the charge conjugate
multiplets ®; and A;. Under a gauge transformation (2.19), we have

5a® =i0®, 500 = —i®Q,  SoA=iQA, oA = —iAQ, (2.25)

with €, Q valued in the corresponding representations. The supersymmetry transforma-
tions in WZ gauge are given by (2.11), (2.14) and (2.16) with the understanding that the
covariant derivative D, is also gauge-covariant.

2.2.7 Conserved current and background vector multiplet

Consider a theory with a global continuous symmetry group G'. The corresponding
conserved current j# sits in multiplet

‘7: (J7j23}>jzaj2) (226)

which is built out of two general multiplets of spin 0 and 1. The components (2.26) have
twisted spins (0,—1,0,1, —1), respectively. J is a bosonic scalar operator, jz and 3 are
fermionic, and j, satisfies

D.j: + Dsj. = 0. (2.27)

4Our definition of ) in (2.24) a slightly idiosyncratic. There is a unique definition for ) in flat space,
namely (2A1, (D + 2ifi1)), but in curved space with one supercharge the present choice is also consistent.
The present choice is the same as in [13].



The supersymmetry transformations are

6] =—ij, 8jz = 2(95J — ijs) 6j =0,

ST P (2.28)
5Jz:8z.7a 5.],%:_ z) -

Such a conserved current can be coupled to a (background) vector multiplet. At first order
in the gauge field, we have:

g = aj" + DJ + (fermions) . (2.29)
2.3 Supersymmetric Lagrangians
There are four types of supersymmetric Lagrangians we can consider on curved space:

1. v-term. Given a general multiplet S; of twisted spin s = 1 with components (2.8),
we can built the supersymmetric Lagrangian

from the top component. It is clear from (2.9) that the corresponding action is both
0-closed and d-exact.

2. G-term. From a Fermi multiplet A with s = 1 (that is, R-charge 3) and & = 0, we

have the supersymmetric Lagrangian
Z;=9. (2.31)
This term is not J-exact.

3. G-term. From an anti-Fermi multiplet A with s =0 (that is, R-charge %), we can
similarly build

Z:=G. (2.32)

We see from (2.16) that this term is both d-closed and d-exact.

4. Improvement Lagrangian. This term is special to curved space. Given a conserved
current multiplet (2.26), the Lagrangian

1
L= APj + TR (2.33)
is supersymmetric upon using (2.3).

In the remainder of this section, we spell out the various Lagrangians that we shall need
later on.



2.3.1 Kinetic terms

All the standard kinetic terms are v-terms and are therefore J-exact. Consider a g-valued
vector multiplet. The standard supersymmetric Yang-Mills Lagrangian reads:

1/1 . 1 ~
Lon = 2 <2(2zf11)2 — 5D2 — 22/\D1/\1> . (2.34)
Here and below, the appropriate trace over g is implicit. The Lagrangian (2.34) is d-exact:
1 1~
Lym = 25<.)\(D + 2if11)> : (2.35)
e; \2i

Consider charged chiral multiplets ®; of R-charges r;, transforming in representation R; of
g. Their kinetic term reads

Lo = Dud DV + %R&'@ + 3 DG + 2B D1Ci — 2idi M Ci + iBirG (2.36)
where the vector multiplet fields (a,, X, A1, D) are suitably QR;-valued. The Lagrangian (2.36)
is more conveniently written as:
Lro = 0(2i¢' D1C; +id Ay (237
= ¢'(=4D1 D1 + D — 2if,7)b; + 2iB'D1Ci — 2i* M C; + iB' A . '
Similarly, for charged Fermi multiplets A; of R-charges r; in representations Ry of g,
we have
2o =6 - AGr+ LEA
AA Ty I ( :
~ 2.38
~ ~ ~ ~0&r . 108!
= 2N DA — GG+ £ + 2N Z2Lei 4 B Ay,
O 27 9¢
including the Pr-valued gauge field in the covariant derivatives Di. The holomorphic
functions £7(¢) transform in the same representations Ry as Aj.

2.3.2 Superpotential terms

To each Fermi multiplet A7, one can associate a holomorphic function of the chiral multi-
plets J; = J7(®), transforming in the representation %; conjugate to R; and with R-charge
1 — r7. From these N'=(0,2) superpotential (or J-potentials), one can build the G-term
Lagrangian (2.31) according to:

Ly, =iy G =ighy + iAfgiﬁci. (2.39)
I

Note that this Lagrangian is not J-exact. Supersymmetry implies that
Elur=o. (2.40)

Similarly, from the charge conjugate anti-holomorphic functions Jr= j[(&)) one builds
the G-term:

&5 = —i Zé(fz) = —iG'J; + z’T\’Z‘gEi =§(—iAlTy), (2.41)
I
which is d-closed and d-exact.



2.3.3 Fayet-Iliopoulos terms

Consider a gauge theory with Abelian factors U(1)4 € G. From (2.24), we construct the
gauge invariant Fermi multiplets

Ya=tra(y), Va=tra(y), (2.42)

where tr4 is the projection onto the U(1)4 factor. These Fermi multiplet have vanishing
E-potential but they admit J-potentials. In the present work, we restrict ourselves to the
case of a constant Jy, = J4 in the classical Lagrangian:

9714 ~

Ja=T4= o +ia, Ja=Ta=—-2i€4. (2.43)

Here €4 and 04 are the Fayet-Iliopoulos (FI) and 6-angles, respectively. (The unusual
definition of 7 is on par with (2.24).) The corresponding supersymmetric Lagrangian reads

A

L1 = (16Y +7G7) = z% tra(2ify;) — 4 tra(D). (2.44)

N =

Note that the coupling 7 is §-exact while the coupling 7 is not.

2.3.4 Supersymmetric counterterm

We can build a trivially-conserved current multiplet (2.26) from

J=f(0)+ f(9), (2.45)

with f(¢) and f(¢) some (anti)holomorphic functions of the (anti)chiral multiplet lowest
components, of vanishing R-charge. The improvement Lagrangian (2.33) reads:

Zu = RF(9) (2.46)

in this case. Note that the dependence on the anti-holomorphic function f dropped out.
The Lagrangian (2.46) is therefore an purely holomorphic local term on the twisted sphere.

2.4 GLSM field content and anomalies

Consider a general N'=(0,2) GLSM with a gauge group G, with g = Lie(G). The gauge
sector consists of a g-valued vector multiplet (V,V;). If G contains U(1) factors,

n

[Tvaca, (2.47)
A=1

we turn on the FI parameters (2.43). Let us also define the quantity:
g4 = exp(2miTy) . (2.48)

The matter sector consists of chiral multiplets ®; of R-charges r; in representations R; of
g, and of Fermi multiplets A; of R-charges r; in representations SRy of g. To each Ay, we

,10,



associate the two holomorphic potentials & = £7(®) and J; = J;(P) constructed out of
the chiral multiplets ®;, satisfying £/.J; = 0, with R-charges

RlE=ri+1,  RJ]=1-rp, (2.49)

and such that Tr(A’&;) and Tr(A?J;) are gauge invariant.

Anomaly cancelation imposes further constraints on the matter content and on the
R-charge assignment. Let us decompose the gauge algebra g into semi-simple factors g,
and Abelian factors u(1)4, g = (Pafda) ® (Bau(l)4). The vanishing of the non-Abelian
gauge anomalies requires

Znga) Z e —Taa =0, Va, (2.50)

where R(®) denotes the representation of g Obtained by projecting the representation R
of g onto g, while Ty ) denotes the Dynkin index of %@ and T, stands for the index of
the adjoint representation of g,. For instance, one has Tiunq = Tipg = % and Ty vy = N
for the fundamental, antifundamental and adjoint representations of su(N). In order to
cancel the U(1)? gauge anomalies, we also need

> dim® QM QF - dim®, Q7 QF =0, VA, B, (2.51)
7 I

where Q' and Q4 are the U(1)4 charges of the chiral and Fermi multiplets, respectively.
In addition, the U(1)g-gauge anomalies should vanish:

Zdlmm -1)Qf - Zdlmmm Qi=0, VA. (2.52)
Let us also note that the FI parameters £4 often run at one-loop with S-functions:

A dTA b64 A

due to contributions from the charged chiral multiplets.

2.5 Pseudo-topological observables

Consider an N'=(0,2) theory in curved space, with a certain twist by the R-symmetry.
The flat-space theory has an R-multiplet [45] that includes the stress-energy tensor 7},
and the R-symmetry current jfLR). We can define a “twisted” stress-energy tensor:

(R) Lo (R

7-22 = dzz — 5 zng)a 7-22 = dzz — Qaz]z s 7-22 = TEE + 782]‘2 ) (254)

(R)

which is conserved because 7}, and j, ° are conserved. The operator 7., is @+—closed,
while 7T,z and 7z; are also Qv+—exact. By a standard arguments, it follows that correlation
functions of @Jr—closed operators are independent of the Hermitian structure on the two-
dimensional manifold ¥g, while they may depend holomorphicaly on its complex structure
moduli [9].
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The supersymmetric observables are also (locally) holomorphic functions of the various
couplings. It is clear that they are holomorphic in the superpotential couplings appearing
in J7, and in the FI parameters J4 = 74, since the anti-holomorphic couplings Jr and Ju
are d-exact. To understand the dependence on the £r-potential couplings, note that any
deformation of £; by AE; (qZ) deforms the classical Lagrangian (2.38) by a d-exact operator:

~ 1 . ~ 1 ~
AL = NETE + 5 B0i(AEr) A = 5(S(AngI) . (2.55)

More generally, it follows from (2.16) that &E-deformations commute with the supersymme-
try. On the other hands, deformations of the holomorphic potentials £ commute with the
supercharge up to terms holomorphic in A&;. Since £ only enters the Lagrangian through
d-exact terms, this implies that supersymmetric observables depend holomorphically on
the £-couplings. (See [49] for a similar discussion in four dimensions.)

We are interested in a special class of @+—closed operators with non-singular OPEs [17,
18], and we would like to consider their correlations functions on the Riemann sphere:

(OO0 )p1 . (2.56)
These ‘pseudo-chiral’ operators form a ring with product structure
O, Oy = fup© O (2.57)

captured by the genus-zero correlation functions. When the GLSM flows at intermediate
energies to a NLSM with target space X endowed with an holomorphic vector bundle E
(more generally, a locally free sheaf), the operators O, are expected to flow to NLSM
operators corresponding to sheaf cohomology classes of the bundle E. In that case, the
correlation functions (2.56) define a quantum-deformed sheaf cohomology ring, known as
quantum sheaf cohomology (QSC).> The QSC relations can be computed in the GLSM in
the UV because the pseudo-topological correlators (2.56) are RG-invariant. (See also [50]
for a recent discussion.) By abuse of notation, we sometimes use the term ‘quantum sheaf
cohomology’ for the pseudo-chiral ring of a GLSM, irrespective of its geometric interpreta-
tion.

In the next section, we will further restrict ourselves to the case of the A/2-twisted
pseudo-chiral ring of N'=(0,2) theories with an N'=(2,2) locus, while some simple B/2-
twisted theories will be considered in section 6. We leave more general studies of arbitrary
N=(0,2) pseudo-chiral rings for future work.

2.6 Supersymmetric locus and zero-modes on the sphere

A configuration of bosonic fields from the vector, chiral and Fermi multiplets preserves
the single supercharge on curved space if and only if the fields satisfy the supersymmetry
equations:

D=2ifii, D:p;=0, &) =E(p)=0. (2.58)

5This expectation is satisfied in many simple examples, but the situation can be more complicated. In
general, many of the quantum sheaf cohomology classes of E are not realized in any simple (or known) way
in the GLSM language.
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In particular, the chiral field ¢; is an holomorphic section of an holomorphic vector bun-
dle determined by its R- and gauge-charges. Such configurations will dominate the path
integral. In the special case of an A/2-twisted GLSM with an N'=(2,2) locus — to be
discussed in the next section — we will argue that the path integral for pseudo-topological
supersymmetric observables can be further localized into Coulomb branch configurations,
in which case the charged chiral multiplets are massive and localize to ¢; = 0. We still
have to sum over all the topological sectors, with fluxes:

217r/d2x\/§(_2ifﬁ) =keib. (2.59)

Note that we generally have fermionic zero modes, in addition to the bosonic zero
modes that solve the second equation in (2.58). For future reference, let us summarize
the counting of zero modes on the Riemann sphere. (The generalization to any genus is
straightforward.) Consider a charged chiral multiplet ®; of R-charge r; and gauge charges
pi (the weights of the representation fR;), in a particular flux sector (2.59), together with
its charge conjugate multiplet ®;. Let us define:

ry, =T — pl(k‘) . (260)

The scalar field component ¢(#?) is a section of a line bundle O(—r,,) over P!, with first
Chern class —r,,. Its zero-modes are holomorphic sections of O(—r,,), which exist if and
only if r,;, < 0. The analysis for the other chiral multiplet fields Cj, 5 and B is similar. For
each weight p; of the representation R;, one has the following zero-modes:

o, - {rpi + 1 zero-modes of (d),gg,g)(pi) ifr,, <0, (2.61)

r, —1 zero-modes of C%ﬂz‘) ifr, >1.

Similarly, for a Fermi multiplet A; and its charge conjugate A 1, with R-charge r; and gauge
representation Ry, one finds:

A, — {rpl zero-modes of Ay ifr, >1, (2.62)

—r,, zero-modes of Ay ifr,, <0,

where we defined r,, = r; — ps(k). The zero-modes (2.61)(2.62) are present if we turn off
all interactions, while most of then are generally lifted by the gauge and &7 couplings. In
addition, we also have rk(G) gaugino zero modes X\, (a = 1,--- ,tk(G)) from the vector
multiplet (2.20).

3 A/2-twisted GLSM with an N'=(2, 2) locus

In this section, we consider an N'=(0,2) GLSM with an N'=(2,2) locus. In terms of
N'=(0,2) multiplets, the theory contains a g-valued vector multiplet, a chiral multiplet 3
in the adjoint representation of g, and pairs of chiral and Fermi multiplets (®;, A;), with
i = I, transforming in representations R; of g. On the N'=(2,2) locus, the & and J;
potentials read

Er =%, , Jr = 0p,W (), (I=1), (3.1)
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where 3 acts on ®; in the representation R;, and W is the N'=(2,2) superpotential. More
generally, any properly gauge-covariant holomorphic functions &;, J; are allowed as long
as (2.40) is satisfied. (On the N'=(2,2) locus, £'.J; = 0 follows from the gauge invariance
of W.)

We choose to assign the following R-charges to the matter fields:®
RE=0, R[®]=r, RN\N]=r-1, mneL. (3.2)

This assignment automatically satisfies (2.52). The corresponding curved-space theory
realizes the so-called A/2-twist, generalizing the A-twist off the N'=(2,2) locus. The po-
tential functions £; and J; must have R-charges r; and 2—r;, respectively. On the N'=(2, 2)
locus, there also exists an axial-like R-symmetry U(1),y at the classical level. In N'=(0, 2)
language, it corresponds to an alternative R-charge assignment

R.x[X] =2, R.x[®;] =0, Rax[Ai]=1. (3.3)

We restrict ourselves to theories that preserve that R.y off the N'=(2,2) locus as well. This
means that £ remains linear in X while J; cannot depend on ¥ at all. The A/2-twisted
supercharge Q(4/2) has Rax-charge 1. Note that R.x is generally anomalous at one-loop.
We would like to compute the correlation functions
A/2
(O())5" (3.4)
in the A/2-twisted theory on the sphere, where O(o) is any gauge-invariant polynomial
in the scalar o from the chiral multiplet . These are the simplest operators in the A/2-
type pseudo-chiral ring. The presence of the R,y symmetry leads to simple selections rules
for (3.4). The gauge anomaly of R,y assigns the charge

Rax|qa] = 203, (3.5)

to the Abelian gauge coupling (2.48), where 664 is the FI parameter S-function coeffi-
cient (2.53). Moreover, R,y suffers from a “gravitational” anomaly upon twisting. Due to
the presence of zero-modes on the sphere, the path integral measure picks up a non-zero
R.x-charge:

RaxlZ5™] = —2dgra,  dgrav = —dim(g) — Y _(r; — 1) dim(9%;) . (3.6)

7

Therefore, the standard ‘ghost number’ selection rules of the A-model remain valid away
from the (2,2) locus.

We would like to compute the A/2-twisted correlation functions (3.4) by supersym-
metric localization. As we will show, the recent results of [12, 13] for A-twisted N'=(2,2)
correlation functions can be extended to this case, provided some genericity condition is
satisfied.

In the examples we will consider, the R-charges r; will all be either 0 or 2.

— 14 —



3.1 The N=(0,2) Coulomb branch
Consider the Coulomb branch consisting of diagonal VEVs for o:

o = diag(o,), a=1,---,1k(G), (3.7)

and similarly for the charge-conjugate field . The Coulomb branch has the form 9t =
bc / W, with h the Cartan subalgebra of g and W the Weyl group of G. Let us also denote
by M = he =2 CK(G) the covering space of M. At a generic point on sm the gauge group
is Higgsed to its Cartan subgroup H,

rank(QG)
G-H= [[] v, (3.8)
a=1

with algebra b (up to the Weyl group). Consider the holomorphic potentials &5 = &;(o, ¢),
linear in o, of R-charge r; (with I = i), which transform in the same representations 2Ry
of g as A;. Here and in the rest of this section, we identify the indices i = I, j = J, etc.
On the Coulomb branch, we have

&1 =04, E7(d), (3.9)
for some holomorphic functions Ef(¢), and the matter multiplets ®;, A; acquire masses

My =05&r =0,0;E7 (3.10)

’ =0 ’ ¢=0"

Note that (3.10) transforms in the representation |; ® Ry of g. Gauge- and U(1)g-
invariance implies that the mass matrix (3.10) is block-diagonal (up to a relabeling of the
indices), with each block consisting of fields transforming in the same gauge representation
and having the same R-charge. Let us denote by v = {I,} C {I} the subset of indices
corresponding to each of these blocks, so that we can partition the indices as {I} = U,{I,},
and let Ry, = R be the corresponding gauge representations. We also denote by r, the
corresponding R-charge. (That is, the chiral and Fermi multiplets ® 1, and Ar, have R-
charges r, and r, — 1, respectively.) Each block is diagonal in representation space, and
we introduce the notation:

]\JLYL]W’D"“DQY :5p7p’7(M( (3.11)

’Y,Pv))IWJA,’

for each block. In (3.11), p,, p'y are indices running over the weights of the representation
R,. We also write

det My, p,) = I%(?IE (M, pw))[ﬂ7 : (3.12)
In the following, we shall assume that
det My, ,.) #0, V(v, py), (3.13)

at any generic point on the Coulomb branch. This ensures that all the matter fields are
massive on 9 except at special loci of positive codimension. In particular, the condi-
tion (3.13) rules out theories with & = 0.
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At a generic point on the Coulomb branch, we can therefore integrate out the matter
fields to obtain an effective J,-potential:

off = sz Z P log (det M, .)) _%Zo‘av (3.14)

T pyERy a>0

where p, are the weights of 33, and « are the positive simples roots of g. The classical
couplings (7%) € b are the complexified parameters of the effective theory, which are
obtained from the parameters 74 by embedding the central sub-algebra ¢ C bg C gg of
the dual of g into hi. The second contribution to (3.14) arises from integrating out the
chiral and Fermi multiplets [14], and the last term is the contribution from the W-bosons
multiplets. From (3.14), we read off the effective FI parameter on the Coulomb branch. In
particular, we are interested in the effective FI parameter at infinity on . Denoting by
R the overall radius of M = C", we define:

.
i =&+ 5 b imlog R, b=} z@; pi (3.15)
T PN

where by € ih* is equivalent to (b}') € ic* defined in (2.53).

3.2 Quantum sheaf cohomology relations

Consider a GLSM such that all the chiral multiplets have vanishing R-charge. In that case,
the pseudo-chiral ring relations — or QSC relations — can be analyzed on the Coulomb
branch, similarly to the N'=(2,2) case [14]. On M, these relations are encoded in the
equations:

exp(Ji) =1, Va, (3.16)
which read:
IT II (detMq, , )" = (=1)2=e>0"q,,  Va, (3.17)
Y opyERy
with g, = €™, Let Sqsc be the set of isolated solutions (o) to (3.17) satisfying the

additional constraint that they correspond to points on the Coulomb branch with maximal
Higgsing (3.8). (For instance, for a U(N) gauge group this gives the additional conditions
that o, # oy if a # b.) The QSC relations are the relations f(og) = 0 satisfied by any
element o9 of Sgsc.

In the abelian case, the o,’s correspond to gauge invariant operators and (3.17) are the
QSC relations themselves [14]. For non-abelian theories, it requires some additional ingenu-
ity to extract the explicit gauge-invariant relations from the Coulomb branch description.
We briefly discuss an important U(/N) example in section 5.1.

3.3 A/2-twisted correlation functions

The correlation functions (3.4) can be computed explicitly as a sum over flux sectors on
the sphere, with each summand given by a generalized Jeffrey-Kirwan (JK) residue on
M = C*(E), We find:

-1 N -loo
(O = ( \VTZ\ 3" ¢"IKG-Res[y] 2] °(0) O(0) doy A+ Ndoay,  (3.18)
kel gv
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with

Z;—loop(o,) _ (_1)Za>0(a(k)+l) H alo)? H H detM )M—l—P'v(k)' (3.19)

a>0 Y pyERy

Here and in the next subsection, we explain the notation used in (3.18)—(3.19). The
derivation of the formula is discussed in subsection 3.5.

The overall factor in (3.18) is Weyl symmetry factor, with |W| the order of the Weyl
group of G. The sign factor (—1)™* is a sign ambiguity. In the examples we shall consider
with chiral multiplets of R-charges 0 and 2 only, we should take N, to be the number of
chiral multiplets of R-charge 2 [13, 51].

The sum in (3.18) is over the GNO-quantized [52] magnetic fluxes k € I'gv C ib.
The integral lattice Tgv = Z™(G) can be obtained from I'q, the weight lattice of electric
charges of G within the vector space ih*, by [53, 54]

I'gv={k:pk)€eZ VpeTlg}, (3.20)

where p(k) = >, p*kq is given by the canonical pairing of the dual vector spaces. Let us
also introduce the notation k € Z" to denote the fluxes in the free part (2.47) of the center
of G. We define N
¢" =exp <2m' Z(?)A(E)A> = exp (2mit(k)) . (3.21)
A=1

Here 7 € C™ denotes the complexified FI parameter, while 7 is the same FI parameter
viewed as an element of hg.

Each summand in (3.18) is given by a (conjectured) generalization of the JK resi-
due [19-21], called the JKG residue, upon which we elaborate shortly. That residue depends
on the argument 7 € b in (3.18). In this work, we take

n="E&xq (3.22)

the effective FI parameter in the UV defined in (3.15). With this choice, the JKG residue is
a local operation at the origin of the Coulomb branch (or at finite distance on the Coulomb
branch) because all boundary terms — the potential contributions from infinity on m-—
vanish [13, 55]. (A different choice of  would require a careful treatment of these boundary
terms, but one can always choose (3.22) — 7 is an auxiliary parameter in the derivation,
which cannot affect the physical result. The only restriction in the use of (3.22) is that 7
should not lie on a chamber wall in FI parameter space.)

The integrand in (3.18) is a meromorphic rk(G)-form on 9 = C™*(). The expres-
sion (3.19) is the contribution from the massive fields on the Coulomb branch. The first
product in (3.19) runs over all the positive simple roots a > 0 of g and corresponds to the
W-bosons. The second product in (3.19) is the contribution from the matter multiplets
®r, Ay, with the partition of indices {/} = U,{l,} as explained above (3.11), and another
product over all the weights p, of the representation R, of g, for each . The polynomials
det M, ,.) were defined in (3.11)(3.12).
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3.4 The Jeffrey-Kirwan-Grothendieck residue

Let us introduce the collective label Z,, = (, py) for the field components in each block 7. In
any given flux sector, the integrand in (3.18) is a meromorphic (r, 0)-form on” 90t = b = C”
with potential singularities at:

U, Hz, CC',  Hz ={oeC"|det Mz, =0}, (3.23)

Each Hz, is a divisor (codimension-one subvariety®) of C” and all these divisors intersect
at 0 = 0. Let us denote by

Pr (o) =det Mz (o) € Cloy,--- ,04] (3.24)

the homogeneous polynomials of degree d, associated to (3.23). (For each v, every Pr,
has the same degree.) To each Pz, we associate the charge vector Qz, € ih*, which is the
U(1)" gauge charge of the field component Z, under the Cartan subalgebra h — that is:

Q4 =t (3.25)

if Z, = (v, py). In any flux sector with flux k, the actual singularities consist of the subset
of the potentials singularities (3.23) at Pz, such that

py(k) —ry >0. (3.26)

We shall assume that, in any given flux sector, the set of charge vectors Q C {Qz, }
associated to the actual singularities is projective — that is, the vectors Q are contained
within a half-space of ih*. Note that a non-projective Q signals the presence of dangerous
gauge invariant operators which may take an arbitrarily large VEV [13]. One can sometimes
render a non-projective singularity projective by turning on some twisted masses of the type
considered in section 6.1 below, effectively splitting the singularity.

We would like to define the “Jeffrey-Kirwan-Grothendieck” (JKG) residue as a sim-
ple generalization of the Jeffrey-Kirwan residue. Let us first recall the definition of the
Grothendieck residue [56] specialized to our case. Given r homogeneous polynomials P,

b=1,---,r, in Cloy,---,0,], of degrees dy, such that P = --- = P, = 0 if and only if
o1 =---=0, =0, let us define a (r,0)-form on C":
W(P) - dO’l/\"'/\dUT (327)

- Pi(o) - Po(o)’

Let Dy be the divisor in C" corresponding to P, = 0, and let Dp = UpDy. The form (3.27)
is holomorphic on C"\Dp. The Grothendieck residue of fw(") at ¢ = 0, with f = f(0)
any holomorphic function, is given by:

p 1 p
(P) — (P) 2
Res(g) fw (i) ée fw, (3.28)

"Here and in the rest of this section, we often write 7 = rk(G) to avoid clutter.
8We use the terms ‘divisor’ and ‘codimension-one variety’ interchangeably. That is, all our divisors are
effective.
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with a real r-dimensional contour:
Fe={ceC||P,|=e,b=1-- 7}, (3.29)

oriented by d(arg(P,)) A --- Ad(arg(P,.)) > 0, with ¢, > 0, Vb. The residue (3.28) only
depends on the homology class of I'c in H,(C"\Dp). Note that, if f is an homogenous
polynomial of degree dp, the residue (3.28) vanishes unless dy = > ;_,(dp — 1). Useful
properties of the Grothendieck residue are reviewed in appendix B.

Consider an arrangement of s > r distinct irreducible divisors Hz = {0 | Pz, = 0} of
bc = C", intersecting at o = 0, and denote by Dp their union. To each Z, is associated
the charge Qz, € ib*. We denote this data by:

P = {va}a Q= {Ql—w}) (330)

were Q is assumed projective. Let Rp be the space of rational holomorphic (r,0)-forms
with poles on Dp, and let Sp C Rp be the linear span of

P
ws,p, = doy A+ Ado, B (3.31)
PyePg
where Ps = {P,---, P,} C P denotes any subset of  distinct polynomials in P associated

to r distinct charges Qg = {Q1, -+ , @} C Q, while Py is any homogeneous polynomial of
degree do = Y ;_(dp — 1), with dj the degree of P,. The JKG-residue on Sp is defined by

JKG-Resfy] ws — | 587 (66(@s)) Resws - if 1 € Cone(Qs),
0 if 7 ¢ Cone(Qs),

in terms of a vector n € h*. Here, Cone(Qg) denotes the positive span of the r linearly-

(3.32)

independent vectors Qg in h*. We further conjecture that there exists a canonical projection
Rp — Sp, so that the JKG residue is defined on Rp through (3.32) by composition,
similarly to the JK residue defined in [20)].

The contour integral in (3.18) is a JKG-residue at the origin, with the vector n given
by (3.22). Oftentimes, one can find the correct JKG contour by considering small defor-
mations off the N'=(2,2) locus. On the N'=(2,2) locus, the divisors Hz are hyperplanes
orthogonal to Qz, with

Pr, = (Qz,(0))™, (3.33)

and the JKG-residue reduces to an ordinary Jeffrey-Kirwan residue, reproducing previous
results for the A-twisted GLSM [12, 13].

3.5 Derivation of the JKG residue formula

In this subsection, we sketch a derivation of the residue formula (3.18), closely following
previous works [6, 13, 55|, to which we refer for more details. We shall leave one important
technical step — the proper cell decomposition of the Coulomb branch — as a conjecture.
More generally, we would like to stress that the JKG residue has not yet been defined
satisfactorily at the mathematical level. We hope that the present work will motivate
further investigation of the subject.
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3.5.1 Generalities

We use the kinetic terms of section 2.3.1 in the localizing action:
1 1
Loc = 672($YM + gig) + ?("g&)(} + gf\/\) ) (334)

with e and g some dimensionless parameters that we can take arbitrarily small. With the
standard reality condition & = &, the kinetic term for the chiral multiplet ¥ localizes to”

0o =0, [0,6] =0. (3.35)

We therefore localize onto the Coulomb branch discussed in subsection 3.1. We also have

a sum over gauge fluxes,

1
k=— [ da, (3.36)
21 P

with & in the flux lattice (3.20). Let us define
D= —i(D - 2if17), (3.37)

with D a real field corresponding to fluctuations around the supersymmetric value D= 0,
in any topological sector. At a generic points on the Coulomb branch, all the other matter
field are massive, while for special values of o corresponding to

(0) =0, (3.38)

with Pz defined in (3.24), we have additional bosonic zero modes and the localized path
integral would be singular. To regularize these singularities, it is useful to keep the constant
mode of D in intermediate computations [6].

We also have the fermionic zero modes X from the Coulomb branch vector multiplets,
and the fermionic zero modes B* from ¥ — corresponding to (2.61) with r = 0. The path
integral localizes to:

rk(G)
ZoLsM = I&/I > ¢k / [1 [d*0adDad, dBY] 2i(0,5, X, B>, D), (3.39)
k a

where Zi (0,0, X, gz’ 15) is the result of integrating out the matter fields and W-bosons in
the supersymmetric background:

~ ~

Vo=, Da),  %o=(04,5a,B}). (3.40)

Supersymmetry implies the relation:

62y = <Daa~ By )zk =0. (3.41)

0\, 004

9More precisely, we performed a field redefinition of the auxiliary field D so that the Lagrangian % +
Y5y, match the N'=(2,2) SYM Lagrangian. That introduces a term [0,5]? in the action. See [6] for a
similar discussion.
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In the limit e, g — 0, we have

N

Z(0,3, D) = 24(0,5,0,0, D) = lim =% Zhassive(5. 5 D) Z P (55 D). (3.42)

e—0

Here, e=%0 is the classical contribution, with

1 1. -
So = vol(S?)( =—5D? — ~F(D 3.43
o= vol(8%) (53D = 57D ) (3.43)
(setting ep = 1 in (2.34)), while Z@51V ig the contribution from non-zero modes, which
is trivial when D = 0, and Z;‘IOOP is the zero-mode contribution, which reduces to (3.19)
when D = 0. These one-loop contributions are derived and discussed in appendix C.

The insertion of any pseudo-chiral operator O(c) does not modify the derivation.

It simply corresponds to inserting the same factor O(co) with constant ¢ in the inte-
grand (3.39).

3.5.2 The rank-one case

Consider first the case of a rank-one gauge group. We choose G = U(1) for simplicity, but
the generalization is straightforward. We have matter fields ®;, A; with gauge charges Q;
and R-charges r; and r; — 1, organized in blocks ®,. We have the one-loop contributions

Zmassive H H det 7 k) + |M |2) (3.44)
k Y Ao det + ’M ’2 +ZQ~/ )

with A¢y x) > 0, and

Z}i loop H Zl loop (345)
with
Loop | (det M)tk ifry, —Qyk>1,
Zk,'y = det M., 1-ry+Qyk " I 1 (346)
(det(IMv\QHQvﬁ)) ifry =@k <1,

from the zero modes. The singular locus on the Coulomb branch corresponds to det M., = 0,
for each . This is simply o = 0 in the present case, but it is useful to suppose that det M,
has more general roots. (That can be achieved with twisted masses, as in section 6.1
below.) In each flux sector, we remove a small neighborhood A, of the singular locus, of
size € > 0, and we decompose this neighborhood as

A=A ual)ualy), (3.47)

where Agik) corresponds to the neighborhood of the singularities from the positively and
negativel}; charged matter fields (Q > 0 and @, < 0, respectively), as well as the neigh-
borhood of ¢ = co. We assume that our theory is such that we can always separate the
singularities from positively and negatively charged fields, for any given k. (Such singular-
ities are ‘projective singularities’ in the sense defined below (3.26).)
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Using (3.41), one can perform the integration over the fermionic zero modes in (3.39),
to obtain:

dD .
Zasu=Y ¢ [ 2§ dozulo5,D). (3.48)
. r D Joa.,

For each 7 block, the Hermitian matrix | M, |* can be diagonalized with eigenvalues m% > 0.
The absence of chiral multiplet tachyonic modes requires that

Im(Q., D) < m?2

2
5 Yy, Vms3,. (3.49)

This determines the D contour of integration I' exactly like in [13]. There is an important
contribution from infinity, which is controlled by the effective FI parameter (3.15). We
have a twofold freedom in choosing I' (corresponding to the sign of 7 in (3.32)) and we

can choose n = €4 so that the contribution from 8A£°,:) vanishes [13, 55]. In that case,

(=)

performing the D integral picks the contributions from 8AS€) or 0A_,’ according to the

sign of fgﬁvz

do Z7°°P(0) . (3.50)

The first equality corresponds to n = fe[fcfv > (0 and the second equality corresponds to n =
56%\/ < 0. When by =0, {e%v can be tuned to be of either sign and the two formulas (3.50)
are equal as formal series [13]. The result (3.50) can be written as the JKG residue (3.32).
3.5.3 The general case

In the general case, one can perform the fermionic integral in (3.39) explicitly to obtain:
1 rk(G)
Zasm = 7 > gk / [1 [dowd5adDa] det(hap) Zi(0.5. D). (3.51)
k a “

with Ay, a two-tensor on M that satisfies
O3, hpe — O5,hpe =0, 03, 21(0,5, D) = Dy Z1(0,5, D), (3.52)

with Z;(o,&, D) given in (3.42). The only difference with the discussion in [13] is that A
need not be symmetric. One way to motivate this result is to note that the low-energy
effective action on the Coulomb branch should take the form
ajeff

B (3.53)
doy

g

Se X _f)aj;;ff -+ Xa

with jsff the anti-holomorphic effective superpotential. Therefore, we have hy, = gi‘g and

the properties (3.52) follow. More generally, the hqp, in (3.51) may depend on D but the
above properties are preserved and follow from supersymmetry. We may define a form

(V) = Vhgyds® (3.54)

— 922 —



for any V' valued in hg, in terms of which (3.52) reads

ov=0, 02, =v(D)Zy, (3.55)

with O the Dolbeault operator on M. In any flux sector, we define A, to be the union of
the small neighborhoods of size € around the divisors Hz, in (3.23) such that (3.26) holds,
and of the neighborhood of ¢ = co. We have

ZoLsM = ppy lim Zq / M) (3.56)

Mm\Ae’k

where r = 1k(G) and g, is a top-form:
1 ~ M\ g N\AT
H(k) = ﬁZk(O',U,D) do N I/(dD)/\ . (3.57)

From here onward, one may follow [13] almost verbatim. The main difficulty lies in dealing
with the boundaries of A, j, the tubular neighborhood of the singular locus that should be
excised from 9. We conjecture that a sufficiently good cell decomposition exists, such that
the manipulations of [6, 13, 55| can be repeated while replacing the singular hyperplanes
by singular divisors. This would establish the JKG residue prescription in the regular
case, that is when the number s of singular divisors equals r. (The prescription for the
non-regular case, s > r, is a further conjecture, motivated by examples.)

3.6 Comparison to previous results

It is convenient to rewrite (3.18) as
(O = () i ‘W| =Y IKG-Resfple 1 0) 210 () O(0) P, (3.58)
kel'gv

where Jeg (k) = J%ka, with J% the effective J,-potential defined in (3.14), and

Zé_lOOP(U) _ (_1)%dim(9/h) H afo)? H H (det M, ,, )m_1~ (3.59)

a>0 Y pyERy

Following [13], let us assume that the integrand of (3.58) is such that the contributing
fluxes all lie within a discrete cone A C 'gv, defined by

A= {k: : k:ZnA/@A+r(O), na GZzo} (3.60)
A

for some (0 € Tqv, with k4 (A =1,---,1k(G)) a basis of I'gv, and such that, for every
contributing flux, the JKG residue includes all the poles. In such a situation, one can
perform the sum over fluxes to obtain

rk(G) 2mirl®) e
(A/2) _ ( )N* % % € ¢ e Zl—loop 1
<O(U)>P1 ’W‘ oM al_[l 211 Hf};ﬁ?)( 27rmg‘JgH> 0 (U) O(U) ' (36 )

— 23 —



Here the contour is the rk(G)-torus at infinity. Furthermore, if the theory has isolated
massive Coulomb vacua, we can perform the integral explicitly. Let us denote:

P = {op| i Tia@r) = 1 for all A=1,--- ,1k(G)}. (3.62)
From (3.61), we obtain
(- 1 2y*"(op) O(op)
(O() /) = : ‘ . (3.63)
Pl ‘W‘ (_27m)rk(G) J;P detap (I-igll-ibB (&,b eff(O'p)))

This result was first obtained in [14] for G abelian. Another expression for the correlation
functions was described in [41, 42], were it was shown to be equivalent to the result of [14].
Note that (3.63) generalizes [14] to the non-abelian case as well.

3.7 Some properties of the correlation functions

The localization result (3.18) renders some interesting properties of the A/2-twisted cor-
relation functions manifest, in the case of the GLSM with an N'=(2,2) locus that we are
considering here. Specifically, we see that the correlations functions are independent of
non-linear deformations of the £7-potential, and that they are also completely independent
of the superpotential J; except for the implied constraints on the R-charges of the chiral
and Fermi multiplets. Note that these properties are not a direct consequence of N'=(0, 2)
supersymmetry — in particular, the corresponding couplings are not J-exact.

The Er-potentials are linear in the field o but they can be of higher order in the other
chiral multiplet scalars ¢y, as in (3.9), if allowed by gauge invariance. The localization
computation, however, only depends on the first-order terms in ¢; through the effective
masses (3.10), because the localization locus is simply ¢; = 0. Therefore, the A/2-twisted
correlation functions (3.18) are independent of the non-linear terms in the & potentials.
This result was conjectured in [15] for both quantum sheaf cohomology ring relations
and correlation functions, proven rigorously for the quantum sheaf cohomology of abelian
models in [36, 37] and argued in [57] for correlation functions. Here we derived the same
results in greater generality.

It was also argued in [15] that A/2-twisted GLSMs with a (2,2) locus should be in-
dependent of the J; superpotential deformations. (The issue was later addressed in [39].)
This claim is rather striking from the point of view of the infrared NLSM, since it implies
an analogue of the distinction between complex and Kéahler structure moduli that exists
for N'=(2,2) superconformal models. Our result proves this conjecture by explicit compu-
tation. We simply see that J; = 0 on the localization locus ¢; = 0, therefore the result is
completely independent of the corresponding coupling constants. The only dependence on
the Jr-superpotential is through the constraints that the presence of such terms impose on
the allowed R-charges.

4 Abelian examples

N=(0,2) deformations of N=(2,2) abelian GLSMs have been studied extensively in the
literature. In particular, explicit results are known for the correlation functions and for
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the quantum sheaf cohomology ring of models describing toric varieties with a deformed
tangent bundle — see e.g. [15, 36, 37]. In this section, we rederive some of those results
using our localization formula, which simplify the computations considerably.

4.1 The PV~ model

The tangent bundle of PV~ can be defined by a short exact sequence:
0— 0 5 o)Nr — TPV 0, (4.1)

where * is given by multiplication by homogeneous coordinates. TPYs~! admits no holo-
morphic deformations. The corresponding GLSM consists of a U(1) vector multiplet, one
neutral chiral multiplet ¥, and Ny chiral and Fermi multiplets ®;, A; with gauge charge
@ = 1 and vanishing R-charge. The most general £; potential allowed is

Er=0Ar¢r, (4.2)

with A a constant Ny x Ny matrix. We take A to be invertible so that the Coulomb branch
of section 3 exists, which implies that A can be set to unity by a field redefinition. In that
case the model actually possesses N'=(2,2) supersymmetry. In is instructive, however, to
consider an arbitrary invertible A as a formal deformation.

In this simple case, we have a single v-block and the Coulomb branch mass matrix:

M[J = O'A[J. (43)

The formula (3.18) gives:

Z ?{ _{(detA) Flgk ifn=N(k+1)—1, (44
27 detM (det M)k+1 — ; '

0 otherwise .

In the first line, we used the fact that fgfv — 400 in this model, from which it follows
that only the fluxes £ > 0 contribute to the JKG residue. The result (4.4) differs from the
N'=(2,2) result by a rescaling of ¢ to (det A)~!g, and by an overall factor of (det A)~! which
could be reabsorbed in a local couterterm (2.46). Note that the correlations functions are
singular at det A — 0, which corresponds to the appearance of additional massless modes
on the Coulomb branch. (For A = 0, ¥ itself becomes free.)

4.2 The P! x P! model

This is one of the simplest examples of a toric variety with nontrivial tangent bundle
deformations. Consider the holomorphic bundle E over P! x P! realized as a cokernel by
the short exact sequence:

0 — 0 % 01,029 000,1)) — E — 0, (4.5)
where
Ax Bz
4.6
Cy Dy (4.6)
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with 2 and y the homogeneous coordinates on the two P! factors. The bundle E is a non-
trivial deformation of the tangent bundle (which is the case B=C =0and A= D =1).

The corresponding GLSM has a gauge group U(1); x U(1)g, two neutral chiral mul-
tiplets 1, ¥, and the chiral and Fermi pairs X, A (I = 1,2) and Yx, A (K = 1,2),
with gauge charges (1,0) and (0, 1), respectively, and vanishing R-charges. The map (4.6)
corresponds to the £-potentials:

EIX 20'1A[J$J+UQBIJ1‘J, 5% :01C'KLyL+UQDKLyL, (4.7)

with A, B, C, D some generic 2 x 2 matrices. We have two -blocks, corresponding to the
two P! factors, with the corresponding mass matrices:

M1201A+0'2B, My = 01C + 09D . (48)

The application of the residue formula (3.18) is straightforward. We have £\ — +(2,2)o00
so that only the flux sectors with ki, ks > 0 contribute. The correlation functions are
therefore given by a Grothendieck residue:

0(0‘1,0‘2) doi N dog

k2R .
Ol o) k%;oql e ©) (det My)Fi+1(det Ma)k=+T
1,R22

(4.9)

The quantum sheaf cohomology relations of the P! x P' model [15, 36, 37] are given by:
det M1 =dq1, det M2 =q2. (410)

These relations can also be read from (4.9), since the insertion of det E; (or det E3) in the
integral is equivalent to shifting k; (or k2) by one.

The correlation functions (4.9) can be computed explicitly, for instance by using stan-
dard properties of the residue reviewed in appendix B. For the two-point functions, one
finds:

(00) = —a~ ', (07) =a 1A, (66) = —a~ Ty, (4.11)

where we defined

I'y =~vapdet D —~yepdet B, I's =vepdet A —yapdet C,

(4.12)
A = (det A)(det D) — (det B)(det C), a=A?—-TTy,

with
vap = det(A+ B) —det A — det B, vop =det(C + D) —detC —detD.  (4.13)

One can perform an independent check of this result by using Cech cohomology tech-
niques [58], as presented in appendix D.1, and one finds perfect agreement. The four
points functions can be obtained similarly, as discussed in appendix D.1.

It was argued in [25] that the singular locus of these correlation functions, i.e. the locus
{a = 0} in parameter space, coincides with the locus on which the bundle degenerates.
This matches expectations from a lore according to which singularities in N'=(0,2) NLSM
are determined by singularities in the bundle and not in the base of the target space.

— 26 —



X X9 w S
Ul |1 1 n 0
Ul | 0 0 1 1

Table 1. Weights of the homogeneous coordinates of F,,. They coordinates x;,w,s are also the
scalar components of the chiral multiplets X, W, .S, and the weights are their gauge charges.

4.3 Hirzebruch surface [, and orbifold WIP’iLn

The Hirzebruch surface F,, with n > 0 can be described in terms of four homogeneous
coordinates x; (I = 1,2), w and s, with weights given in table 1. The deformation E of
the tangent bundle is described by the cokernel

0 — 0 5 01,0280 0(n,1)80(0,1) — E — 0 (4.14)
with
Ax Bx
* = 71w+8fn($) Blw‘i‘sgn(x) ) (4'15)
V2 8 Ba s

where A, B are 2 x 2 complex matrices, v1,72, 51, 2 are complex constants, and fy,, gn
are degree n homogeneous polynomials. The special case A = I, B =0, f, = g, = 0,
b1 = P2 =1, v1 =n and 9 = 0 correspond to the tangent bundle.

To discuss this class of models, we should distinguish between the two cases n = 1
and n > 2. The key difference is that F; is a strictly NEF Fano variety (that is, the anti-
canonical divisor has a positive intersection with every effective curve). In that case, the
RG flow of the Kéhler class leads to a large volume F; geometry in the UV of the NLSM.
By contrast, the NLSM on F,, with n > 1 would always flow to a singular orbifold W]P’il’n
in the UV. The naive geometric intuition is not reliable in that case, and one should use
the orbifold description instead. (See [59] for a similar discussion.)

The GLSM corresponding to these geometries has a gauge group U(1); x U(1)y with
two neutral chiral multiplets X1, Y2, and the chiral and Fermi pairs X I,Af (I =1,2),
W, A" and S, A®, with gauge charges given in table 1 and vanishing R-charges. We have
the £-potentials:

X = oA xy +09Br xy,

(4.16)
EV =o1(mw + sfu(x)) + o2(frw + sgn(2)) E5 = 01725 + 7295
There are three v-blocks here, of dimensions 2, 1 and 1 respectively, with Coulomb branch
masses:
Mx =01A+ 02B, My = o171 + 0201, Mg = 0172 + 0202 (4.17)

These masses, and the correlators below, are independent of the non-linear deformation
encoded in f(x) and g(x), in accordance with the discussion of section 3.7. According
to (3.18), the correlation functions are given by:

O(o1,02) doy A dog
(det Mx)l‘Hﬁ (MW>1+nk:1+k2 (Ms)1+k2 )

(Oo1,02) = 3 dbaf? IKG-Resly) (4.18)

k1,ko€Z
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with n = 5‘%\/ — +(2+n,2)oco0. This is the simplest example of a non-regular JKG residue:
depending on the flux sector, there can be up to three divisors intersecting at the origin of
M = C2. Following (3.31), we define:

Pydoi A oo B Qodoi A oo doy N\ 090

S G Sabel = - "= = — 4.19
WQXQW det MX MW ? wQXQS det MX MS ? wQWQS MW MS ’ ( )

with Py and Q¢ some generic homogeneous polynomials of degree 1. Consider first the
case of the first Hirzebruch surface Fy. In this n = 1 case, n = 56%\/ lies inside the cone
generated by Qx and Qyy, which is the ‘geometric phase’ of the GLSM. (For any given
n, both F,, and W]P’ilm are classical ‘phases’ of the same GLSM, but only one phase is
relevant quantum mechanically.) Therefore, we must have:

JKG-Res[nJwqyw = Res) woxqw»  JKG-Res[nlwoyqs = Res(g) woxqs »

(4.20)
JKG-Res[n|wg,, 0 = 0.

One way to describe the corresponding residue is by first summing the residues in o at the
roots of Py = det M, for o9 fixed and generic, before taking the residue at the remaining
pole in o9:

d d
JKG-Res[n|f(o1,09)doy Aoy = 7{ ao2 % a1 flo1,09).  (4.21)
P— 271 o —g* 2T
2 1||PX(C71 ,02)=0" 1771

We thus obtain the following expressions for the two-point functions in this model:

(0%) = a ' [A — B1Badet(A+ B) + (v1 + B1)(72 + B2) det B ,
A

(o102) =@ 1A, (4.22)
(03) = &7 [A = (71 + B1) (72 + Bo) det A + y172 det(A + B)]
where we defined
A = Bifadet A — yiy2det B,
®; = 37 det A — Byy;(det(A + B) — det A — det B) + 77 det B, (4.23)

oa=01Py.

Higher correlation functions can be obtained similarly. The JKG residue results match
results which were obtained independently through Cech-cohomology-based arguments, as
described explicitly in appendix D.2.

Forn=2n= {gfv lies along the cone boundary Qw and our residue formula is not
valid. For n > 2, n = ngv lies in the cone generated by Qy and @)g, which correspond to
the ‘orbifold phase’ WP%LH. The correlation functions can also be obtained in that case,
and are to be interpreted in terms of the W]P’il,n geometry. The fact that 56%\/ lies outside
the geometric phase in FI parameter space translates geometrically to the fact IF,, for n > 2
is not a NEF Fano variety [59]. For n > 2, the JKG prescription gives:

JKG-Res[n|wg o =0, JKG-Res[n]wgyqs = Res(0) wox Qs »

(4.24)
JKG-Res[nwgy s = ReS(0) WQwQs -
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For all values of n, the quantum sheaf cohomology ring relations follow from (4.18):
(det Mx) (Mw)" = q1, Mw Mg = q2, (4.25)
which agrees with [15, 36, 37].

4.4 The quintic

The quintic Calabi-Yau threefold inside P* can be engineered by a U(1) GLSM with a
neutral chiral multiplet X, four chiral and Fermi multiplets X;, A;X of gauge charge Q; = 1
and R-charges r; = 0, and a chiral and Fermi multiplet pair P, A" of gauge charge Qp=-5
and R-charge r, = 2.1 By a field redefinition, we can take the £-potentials to be the same
as on the N'=(2,2) locus:

5Z' =0ox;, 5p = —5Up. (4.26)

The R-charge assignment allows to turn on the J-potentials:

where G is a homogeneous polynomial of degree five in the x;’s and G; are homogeneous
polynomials of degree four. The condition (2.40) implies:

G =0. (4.28)

The quintic X in P* corresponds to the locus G' = 0, while the polynomials G; parameterize
a deformation E of the tangent bundle X [9]. The N'=(2,2) locus corresponds to G; = 0.

As explained in section 3.7, the correlation functions are independent of the J-potential,
therefore (3.18) leads to the same results as on the (2,2) locus [12, 13, 51].

5 Non-abelian examples

In this section, we consider some non-abelian GLSMs with an N'=(2,2) locus. We empha-
size the case of the Grassmannian with a deformed tangent bundle, whose quantum sheaf
cohomology can be studied using our explicit formula for the A/2-twisted correlation func-
tions. A more thorough study of the Grassmannian manifold quantum sheaf cohomology
will appear in [43, 44].

5.1 Grassmannian manifold with deformed tangent bundle

Consider the Grassmannian manifold Gr(N., Ny). Its tangent bundle admits N]% — 1 defor-
mations if 1 < N, < Ny — 1. (If either N. =1 or N, = Ny — 1, there are no deformations.
One still has a B matrix below but it only describes trivial deformations.) The correspond-
ing GLSM contains a U(N.) vector multiplet, a chiral multiplet ¥ in the adjoint represen-
tation of the gauge group of vanishing R-charge, and Ny chiral and Fermi multiplets ®;, A?
(¢ =1,---Ny) in the fundamental representation and with vanishing R-charges.

"Note that the non-zero R-charge for P means that the corresponding scalar field is twisted, as discussed
e.g. in [30, 60].
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The most general E-potential one can write is
EP = A o¢; + Tr(o) Bi ¢, (5.1)

where in the first term o acts on ¢; in the fundamental representation, and A and B are
generic Ny x Ny matrices. The N'=(2,2) locus corresponds to A = 1 and B = 0. We
can set A =1 by a field redefinition. The remaining components of B (modulo the trace)
correspond to the N]% — 1 deformations of T'Gr(N., Ny).

We have the mass matrices

Ne
MazaaA+<Zab>B, a=1,---,N,, (5.2)
b=1

corresponding to the NN, weights of the fundamental representation. Using (3.18), one can
write the correlations functions of gauge-invariant polynomials in o as:

A/2
ONSP = N k2 (0), (5.3)
keZZO
in terms of the k-instanton contributions
(71)(Nc—1)k

Z(0) = —

Oq — O
> Res ) g{a#( 1b)k O@)dor A+~ Ndoy.,  (5.4)
kol 3, ka=k 1<, (det M, ) L+ke

where the sum is over partitions of k by non-negative integers. Here we used the fact
that fgfv — (1,1,--- ,1)oo. The integrand is regular and the JKG residue reduces to the
Grothendieck residue in every contributing flux sector.

In the present case, the resummed expression (3.61) is also valid. This gives:

N,

(O’ = ]\}, ]i i (H d"“) Heploamon) 0 55

ol 27 HZLV:C1 (det My + (—1)Negq)

This expression makes it obvious that the correlators satisfy the quantum sheaf cohomology
relations defined in section 3.2. Following that discussion, the QSC relations are satisfied
by the solutions to the equations:

det M, = (-1)M"Yq,, Va, oo F oy ifa#bd. (5.6)

The expression (5.5) ensures that the correlation functions satisfy the QSC relations be-
cause any insertion of f(o) leads to a vanishing residue,

(f(o) 00N =0, (5.7)

by the definition of f(o) given in section 3.2. The Vandermonde determinant in the nu-
merator of (5.5) imposes the second constraint in (5.6).

Interpreting these results mathematically goes beyond the scope of this paper. The
QSC of the Grassmanian with deformed tangent bundle will be discussed in great detail
in [43, 44], where an explicit gauge-invariant characterization of the ring relations will also
be given.
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YO0 A P, AP
UN,) |1 N, N, det @ det 9
0 -1 2 1

Table 2. Gauge representations and R-charges in the A/2-twisted GLSM for complete intersection
Calabi-Yau manifolds inside Gr(N,, Ny).

5.2 Complete intersection Calabi-Yau inside the Grassmannian

We can similarly describe the correlation functions of Calabi-Yau models engineered by non-
abelian GLSMs. Many such AN'=(2,2) models have been introduced in the literature [61, 62]
and it is straightforward to consider their N'=(0,2) deformations [55].

Consider, for instance, a complete intersection Calabi-Yau (CICY) manifold X inside
Gr(N., Ny) [61]. In N'=(0, 2) notation, the GLSM consists of a U(N,) vector multiplet, an
adjoint chiral multiplet ¥, Ny chiral and Fermi multiplets ®;, A; (i = 1,---,Ny) in the
fundamental representation, and S chiral and Fermi multiplets P,, AL (o =1,---,9) in
the det~%* representation of U(N.). The gauge charges and R-charges are summarized in
table 2. Defining the baryonic fields:

B oL P (5.8)

i1in, — €ar-an, i1 0

transforming in the determinant representation of U(N.), we consider G, a generic homo-
geneous polynomial of degree @), in the baryonic fields (5.8), for each o =1,---S. On the
N'=(2,2) locus, the corresponding &- and J-potentials read:

EX =o¢;, JE = ZPaadnGav
o (5.9)
EP = —QuTr(0) pa, JP=a,.
The simplest N'=(0,2) deformation we can consider consists in choosing
E;I) =0o¢; + TI‘(O') Bij(lsj ) (5‘10)
while £, J® and JI retain their N'=(2,2) form. To preserve supersymmetry, we need
to have 96
Big;—==0 Vo 5.11
=0, Va (511)

For generic choices of G, this is generally impossible unless B = 0. It might be possible,
however, to turn on some B-deformations for specific choices of GG,. Geometrically, this
would correspond to allowed deformations of the CICY tangent bundle T'X at specific
higher-codimension loci in the complex structure moduli space of X.

According to (3.18), the A/2-twisted correlation functions are given by:

A ~1)% & _ Ne kg
©OENE = B 37 (g =
kq=0
s N\ 14Qa Y, ka (5.12)
Mazs(oa =) T1 (= Qa3 0a)
Res ) ZO\‘,:l o=l O(o)dNeo .
[ 1.2, (det Mg )Ltha
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The FI parameter is marginal and can be chosen at will. To obtain (5.12), we chose n = £

to lie in the geometric phase — see [13] for a detailed discussion in the N'=(2,2) case, to
which (5.12) reduces if B = 0.

6 Generalizations

In this section, we consider two simple generalizations of the results of section 3. The
first generalization exists in the presence of a flavor symmetry, in which case one can add
“twisted mass” deformations similar to the twisted masses that contribute to the central
charge on the (2,2) locus. The second generalization is to B/2-twisted theories which are
related to the A/2-twisted theories with a (2, 2) locus by a simple dualization procedure [22].

6.1 Masses for the global symmetries

Consider a GLSM with a (2,2) locus that has a flavor symmetry group G, with Lie
algebra gf’. At a given point in the parameter space spanned by the &-couplings, the
global symmetry group will be a subgroup of the symmetry group GT of the theory at the
N'=(2,2) supersymmetric locus:

GF cGF (6.1)

because the £r-couplings transform non-trivially under G!. The flavor group GI is the
subgroup of G! that leaves the £ 1 couplings (and the J; couplings) invariant. In the case
of a geometric target space X with an isometry group GF , this means that we have a
G!-equivariant holomorphic bundle over X. In the presence of such a global symmetry,
one can couple a background vector multiplet in the usual way, with supersymmetric value:

DF =2ifk . (6.2)

We do not consider any background fluxes for the flavor symmetry in this work, although
their inclusion is straightforward.
It is natural to introduce a g*-valued background chiral multiplet X, with a constant
value for the scalar field:
ol =mft. (6.3)

This background multiplet couples to the matter fields through the E£r-potentials. We
must have

g[ = 81(07 mFa ¢) (64)

some homogeneous polynomials of degree one in o, m!". On the Coulomb branch, this is:
“ J

€1 =0a Bf(¢) + (m")1"Fi(9), (6.5)

where mf" transforms in the appropriate representation of gf. The mass matrix on the
Coulomb branch is obtained in the same way as in (3.10):

My = 05€1],_y = 0a 01 Ef| o+ ()1 01Fkc ()] ,_, - (6.6)

oo
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We also define the y-blocks as in section 3 and the localization argument goes through.
The singularities of the integrand lie are along the divisors

P(% Pw)(a’ mF) = det M('y,pv) =0 (67)

in 9. The correlation functions are given by the JKG residue (3.18), with the understand-
ing that “JKG-Res” here stands for the sum of the local JKG residues at all the points in
9t where s > rk(G) distinct divisors (6.7) intersect.

6.1.1 Example: P! x P!

Consider the P! x P! model of section (4.2). On the N'=(2,2) locus, the theory has a
symmetry group Gf = SU(2) x SU(2), which is completely broken for generic values of
the constant matrices A, B, C, D. However, if we choose the special locus

C=0, D=1 (6.8)

in parameter space, we retain a global symmetry G = SU(2). The mass matrices are

0
M, =01A+ 03B, My=o1+ml, mf'= (:’; _m) . (6.9)
The correlation functions are simply given by:
O(o1,02)doy A do
e 1,02) a0y 2
(O(01,02)) Z a' a5 Res(g (detMl)’ﬂH(detMg)’”“’ (6.10)

k1,k2>0
where the residue is the global Grothendieck residue (the sum of all the local residues).

6.2 B/2-twisted GLSM from dualization

Consider an N'=(0,2) GLSM containing a g-valued vector multiplet, a chiral multiplet P
in the adjoint representation of g, and pairs of chiral and Fermi multiplets ®; and A; (with
i = I) which transform in conjugate representations R; and R; of g, respectively.

We choose to assign the R-charges:

R[P)=0,  R[®]=r, RA]=-r+1, mneck, (6.11)

which satisfies the anomaly-free condition (2.52). The corresponding curved-space theory
realizes the so-called B/2-twist discussed in [22]. The potential functions £; and J; must
have R-charges —r; + 2 and r;, respectively. We choose £r to be independent of P and J;
to be linear in P. Classically, this preserves the alternative R-symmetry:

R«[P] =2, R [®i] =0, Rax[Ai] = —1. (6.12)
We would like to compute the correlation functions of the B /2-twisted GLSM on the sphere:

@), (6.13)
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where O(p) is any gauge invariant polynomial in the scalar p of the multiplet P, which are
operators in the B/2-type pseudo-chiral ring [22]. The presence of the Ry symmetry leads
to simple selections rules for (6.13). We have the same global anomalies (3.5) and (3.6) as
for the A/2-twisted case, with R,y replaced by Rs. The correlation functions (6.13) are
holomorphic in the various parameters, including the complexified FI parameters. By the
same arguments as in section 3.7, we also find that (6.13) is independent of the £7-couplings
and of the non-linear Jj-couplings.

This B/2-twisted GLSM is related to the A/2-twisted GLSM of section 3 by identifying
P =¥ and exchanging the Fermi and anti-Fermi multiplets (this exchanges £ and Jj).
The two models have isomorphic physics [22]. Interestingly, however, this B/2-twisted
GLSM does not have a (2,2) locus. Geometrically, the present class of models correspond
an holomorphic bundle E over the target space X, with E a deformation of the cotangent
bundle. This is equivalent to the A/2-twisted model on the bundle E*, with E* being a
deformation of the tangent bundle.

The B/2-twisted correlation functions (6.13) can be computed on the “Coulomb
branch” (with covering space M = C™(G)) spanned by the scalar field p in the chiral
multiplet P,

P = (Pa), a=1,---,1k(G). (6.14)

The supersymmetric localization argument works similarly to the one in section 3. On ﬁ,
we have J; = p,E{(¢), the mass matrix is defined by

My =05J1|, = pa0sE¢ (6.15)

‘ =0 ‘ $=0"

and we have the same decomposition in y-blocks as before. We then obtain a result
isomorphic to (3.18)—(3.19) for the correlation functions:

w2y _ (=)™

(OP))p: W > " JKG-Res[n) 2, (p) O(p) dpy A -+ Adpugay > (6.16)

k€l gv
with

Z;_IOOP(]?) _ (_1)Za>o(a(k)+1) H a(p)2 H H (det M(%pw))milip%kx (6.17)

a>0 Y pyER,

The notation here is the same as in section 3.3. The one-loop contribution (6.17) is similar
to the A/2-twist case, and it is discussed in appendix C.2. The formula (6.16) can be
argued for by using the fact that the A/2 and B/2 models are isomorphic, with isomorphic
supersymmetry transformations after one integrates out the auxiliary fields Gy in the Fermi
multiplets.

6.2.1 Example: P! x P! with deformed cotangent bundle

Consider the B/2-twist of the GLSM engineering the P' x P! model with holomorphic
bundle E defined by the short exact sequence:

0 — E — O(-1,0>%00(0,-1) = 02 — 0, (6.18)
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with
Ax Bz

6.19
ool (6.19)

which is a deformation of the cotangent bundle of P! x P!

The GLSM consists of a U(1); x U(1)s vector multiplet, two neutral chiral multiplets
Py, P», the chiral and Fermi multiplets X , A7 (I = 1,2) of gauge charges (1,0) and (—1,0),
respectively, and R-charge 0, and the chiral and Fermi multiplets Y, A% (K = 1,2), of
gauge charges (0,1) and (0,—1), respectively, and R-charge 0. The &;-potentials vanish
and the Jr-potentials read:

I =pAr ey + paBrlay, Ji =piCx"yr + p2Dr*ye (6.20)
with A, B, C, D some constant 2 x 2 matrices. The mass matrices are:
My =pA+pB,  My=piC+paD. (6.21)
The formula (6.16) leads to the Grothendieck residue:

O(p1,p2) dp1 A dpa
(det Ml)k1+1(det Mg)kQ'H

(O(p1,p2)) = D " d5* Resg (6.22)

k1,k2>0

which is isomorphic to (4.9).
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A Conventions and review of N'=(0, 2) supersymmetry

A.1 Curved space conventions

Our conventions mostly follow [10, 13], to which we refer for further details. We work on
a Riemannian two-manifold with local complex coordinates z, zZ, and Hermitian metric:

ds® = 2g.:(z, 2)dzdz . (A.1)

We choose the canonical frame

NI

e = g%dz, el = gidz, (A.2)
with /g = 2g.z by definition. The spin connection is given by

W, = —i@z log g, wz = %82 log g . (A.3)
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Our only departure from the conventions of [10] is that we flip the sign of the Ricci scalar

R, so that R > 0 on the round sphere. The covariant derivative on a field of spin s € %Z is:
Dyps) = (Op — iswy)p(s) - (A.4)

We generally write down derivatives in the frame basis as well: Dip(,) = efD.p(s) and

Dip(s) = €1 Dzip(s)-

A.2 N=(0,2) supersymmetry in flat space

For completeness, let us briefly review N'=(0, 2) supersymmetry in flat space, following [9].
We work in Euclidean signature on R? = C in complex coordinates. The N'=(0,2) super-
space has coordinates (z,z,0",01). The supercharges act on superspace as:

0 oy ~ 0 ot
Q+:&ﬁ+219 85, Q+:—aoﬁ—219 85, (A5)
and satisfy
Q%— = 0’ Q?i- = 07 {Q+7 Q-i-} = _47’82 : (AG)
The supercovariant derivatives are:
D, = -2 _9igto. D, — -2 yoigte. (A7)

We consider theories with an R-symmetry, U(1)g, which acts on the superspace coordinates
with charges R[07] =1 and R[0"] = —1. In the following, we review various supersymmet-
ric multiplet and we briefly discuss their relation to the curved-space twisted multiplets of
section 2.

A.2.1 General multiplet

The general multiplet & corresponds to a superfield
Sso) = C + 0 x4 +i0F X4 + 2010 v, (A.8)
of spin sy and R-charge r. The components

S(SU) = (07 X+ 52—"-7 ?}5) (Ag)

have spin (so,so — %,50 — %, S0 — 1) and R-charge (r,7 — 1,7 + 1,7), respectively. The
supersymmetry variations of (A.9) are:

0C = —iC_xy —iC- X+,
5X+ = 215_ (Ug - ZaEC) s
5554_ = —27,C_ (Uz + 1(950) s
vz = —C_ x4 + C DXy -

(A.10)
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Here (_ and Z, are constant supersymmetry parameters, of R-charge 1 and —1, respec-
tively, and (A.10) realizes the supersymmetry algebra:

02=0, 5~§ =0, {005} = —4i¢_C0:. (A.11)

In curved space, we set (— = 0 and Z_ becomes a constant Killing spinor. One can obtain
the curved-space multiplet (2.8) from flat space by defining fields of vanishing R-charge
using (_:

C=()C, x1=0E) "%, X=(O"%,  vi=()u.  (A12)
The curved-space multiplet (2.8) therefore has twisted spin s = sg + %7‘.

A.2.2 Chiral multiplet

The chiral multiplets ®; and antichiral multiplets D, correspond to general superfields of
spin sg = 0 and R-charges » and —r, constrained by:

Dy®; =0, Dy =0. (A.13)
In components,
B; = i - V20 s — 2000 Do0s . By = Gi — V20 e + 200701005 (A14)

The fields (¢, 14;) have spins (0, —%) and R-charges (r;,r; — 1), and similarly for the

charge conjugate multiplet ®;. The curved-space twisted fields (2.10) are defined by

- i, R e T
?z (¢-) SDZNa Ci (S—) Vi (A.15)
¢i = (C-) "o,

&
- B=(¢) " by
A.2.3 Fermi multiplet

The Fermi multiplet A; and the anti-Fermi multiplet A 7 correspond to general superfields
of spin sg = % and R-charges r; and —ry, respectively, such that:

DiA;=v2E;,  DyA;=—\2E;, (A.16)

where E; and E 1 are themselves chiral and antichiral superfields of R-charges r; + 1 and
—rr — 1, respectively, which are given as part of the definition of the Fermi multiplet. In
components, we have

A=A — V201G —2i00T9:A_; — V20T E;,

S o o _ (A.17)
Ar=X_j—V20"G; +2i0T0T9:N_; — V20T E;.

The fields (A_7, G;) and (A_;, G) have spin (3,0) and R-charges (r;,r; — 1) and (—ry,

—rr + 1), respectively. The curved-space twisted fields (2.13) and (2.15) are defined by:
(C) AT Gr = (
C

- o - A18
(C-)"Ag, Gr=( ) ( )

Ar =
Ar =
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A.2.4 Vector multiplet

A vector multiplet is a pair (V,V,) of general multiplets of spin sy = (0,1) and vanish-
ing R-charge, subject to the gauge redundancy (2.19). In WZ gauge, the corresponding
superfields read:

V=20t0%a:, V.=a,+i0TA_+i0TA_ 610" D, (A.19)
and the supersymmetry transformations are given by
Say = —iC A —iC_\_, Sas =0,

SA_ =i¢_ (D +2if.z), SA_ = —i(_(D — 2if.5), (A.20)
6D = 20_9:A_ — 2(_D:)_,

where f.z is the field strength
foz = 0sa5 — Oza, — ila, az). (A.21)
The twisted gaugino in (2.20) are defined by X = (Z_)—lX_ and \; = E_)\_, while a,, and

D are R-neutral and therefore remain untwisted.

B Elementary properties of the Grothendieck residue

The Grothendieck residue is defined as follows [56]. Let = (x1,--- ,z,) be complex coor-
dinates on C". Let fi(z),---, fr(z) be r distinct functions, holomorphic in a neighborhood
of x =0, U C C", and assume that the f;’s have z = 0 as a single isolated common zero in
U. The Grothendieck residue is defined on any (r,0)-form

w:ﬂdazl/\"-/\dm, (B.1)

fi(z)--- fr(2)

with fp holomorphic on U, as a contour integral

1
Res(o) w = - f W, (B.Q)
with a real r-dimensional contour:
Pe={zecC||fil=€,i=1,---,r}, (B.3)

oriented by d ( arg( fl)) A Ad ( arg( fr)) > 0. This residue is imminently computable. We
refer to [56] for some background on the subject, and to [63, 64] for some discussions of
algorithms for computing the residue in general.

Here we summarize two of the most elementary properties of the residue, which are
useful in explicit computations. Let us define the Jacobian determinant

J(0) = det 0fi

i 8xj

(0). (B.4)
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A simple property of the residue is that

_ fo(0)
Jr(0)

Res(o) w if jf(O) 75 0. (B.5)

Another interesting property is the transformation law [56]. Suppose that the two sets of
r holomorphic functions on U, {f;} and {g¢;}, both have x = 0 as isolated common zero,
and that there exists an holomorphic matrix A;;(x) such that

gi = ZAijfj- (B.6)
J

Then, one can prove that:

fo(z)dzy A--- A d:m> ~ Reso) (fo(ﬂ?) det(A)dzy A--- A dan«) .

Res(g) < fi(x) - frlz) 91(x) - gr(z) 7

One can often compute (B.2) by finding an holomorphic matrix A such that the new {g;}
defined by (B.6) are simply given by

gi = ()" (B8)

in which case the residue becomes an iterated Cauchy formula:

Res(o)w = %dacl . 7{ dz, fo(x)det(A)dxy A -+ Adz, .

271 271 ()™ o ()

C One-loop determinants

Consider the gauge theories with a N'=(2,2) locus of section 3. In this appendix, we
compute the one-loop determinant of the matter fields. The one-loop contribution from
the W-bosons and their superpartners is exactly the same as in [13], to which we refer for
further discussions of the gauge sector. We also briefly discuss the one-loop determinants
relevant for the B/2-twisted models of section 6.2.

C.1 Matter determinant for A/2-twisted GLSM with (2,2) locus

The matter sector localization is performed with the kinetic terms of the chiral and Fermi
multiplets. Placing oneself at a generic point on the Coulomb branch and expanding the
Lagrangian at quadratic order in the matter fields, one finds:

J
~ SO A ~ ~ ] ~em —
Lioe = 9" AjT + (B, 1) A (c) +iB'QI(Nor + 5570 (05, M)A, (C1)
with the kinetic operators

L~ .
] — ) . Iar 2iD
AP = 45, ;D1 D7 + M M¥ ; +iQ (D), Afer — [ 2701 22FL (C.2)
—QZDi 2M[J
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Here M7; was defined in (3.9), and @ are the gauge charges of ®;, A;. Since the mixing
is limited to the ~-blocks defined in section 3.1, we restrict ourselves to a single block of
gauge charge , and effective R-charge

ry =1y — Qy(k), (C.3)

in a given flux sector. It is easy to perform the supersymmetric Gaussian integral explicitly.
It will be sufficient to focus on the case A = B> = 0. Most modes organize themselves into
“long multiplets” (¢, d), A,C,l’j’7 A) with

—4D1D7¢ = )‘(77k)¢7 )‘(nyc) > 0. (C4)
On the round sphere, we simply have the spectrum:
ry(r . .
with

vy — 1 1
2 2’

Jo(ry) = (C.6)

and each /\gfy ) ) has multiplicity 25 + 1. It turns out that we do not need to know the exact
spectrum {/\(%k)} to carry out the localization argument, therefore the final result is valid
on any non-degenerate Riemann surface of genus zero. The total contribution from the
non-zero modes reads:

dety Ay + V5 2)

le ssive(m&vﬁ) = : - =~ (C7)
* dety (Ayp) + [My]2 +iQ4(D))

A,k

where A(, ;) runs over the full spectrum of non-zero eigenvalues including their multi-
plicities, det, denotes the determinant in the y-block and |M,|* = Mva' The more
important contribution comes from the zero-modes, which are of two types depending on
r, — see (2.61)—(2.62). If r,, < 1, there are |r,, — 1| zero-mode multiplets (¢, ¢, A, B) corre-
sponding to j = jo(r,), while if r, > 1 there are r, — 1 fermionic zero modes (C, /NX) This

gives:
X (dety M,)™~1 ifr,>1,
Z;yero—modes(o-7 g, D) = ( det M )171"Y ifr.<1. (CS)
det, (|M]2+iQ~(D)) 7
The complete one-loop determinant for the matter fields in the ~-block is therefore
Z’Y(U7 &7 D) = ZI’II&SSIVQ( D)Zzero modes<a &7 [)) : (CQ)

The complete one-loop contribution from the matter fields is obtained by taking the product
of such contributions for all the field components ®, ,A, in the theory.
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C.2 Matter determinant for the B/2-twisted model

Consider the B/2-twisted model described in section 6.2. Setting £; = 0, the matter sector
Lagrangian for a chiral and Fermi multiplet pair of gauge charges Q reads:

~\ J
Py 0s 23 er A
fB/? - ¢IAkI)J ¢J + (Bv A)IAfIJ (C) ’ (ClO)

with the kinetic operators

AbSS = 45, Dy Dy + My ME +iQu(D), Al = [ 7Mar D) oy
—21D1 iMypy

Here we considered a given flux sector with a constant background for the P multiplet,
and we set the fermionic zero modes to zero. The main difference with (C.1) is that (C.10)
is not fully d-exact, because (2.39) is not d-exact. Moreover, we integrated out Gr to
arrive at (C.10). Nonetheless, we can still carry out the localization argument by some
appropriate scaling of the various terms.

At D = 0, the Gaussian integral with Lagrangian (C.10) only has contributions from
the zero modes. Defining r, as in (C.3), there are |ry — 1| zero-mode multiplets (¢, ¢, A, B)
if r, < 1 and r, — 1 fermionic zero modes (C,A) if r, > 1. This gives the one-loop
determinant

Z;Yero-modes(p’ﬁ) = (det M’Y)r’y_1> (012)

for each vy-block.

D Cech-cohomology-based results for the correlation functions

Some of the correlation functions computed in this work can also be obtained independently
in the corresponding NLSM, providing us with a non-trivial check of our results. The NLSM
computation is essentially an explicit computation of the relevant sheaf cohomology ring,
which can be done using Cech-cohomology techniques [23, 25, 65]. In this appendix, we
summarize some results for the P! x P! and F; models. (The computations presented in
this appendix were originally worked out for [58], and are given here with the permission
of L. Anderson.)

D.1 P! xP!

Consider the A/2-twisted P! x P! model of section 4.2. The idea behind the Cech cohomol-
ogy approach is to construct explicit Cech representatives of the sheaf cohomology groups
and compute their classical cup products directly. This was applied in [23, 25] to simpler
versions of the P! x P! model. Recall that a general deformation E of the tangent bundle
of P! x P! is given by

0— 025 01,02000,1)% — E — 0 (D.1)
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where

Az Bz
Cy Dy

: (D.2)

for « and y the vectors of homogeneous coordinates on the two P! factors. Let us cover
P! x P! by open charts, as
Usj ={z: #0,y; # 0}. (D.3)
We then construct representatives of the sheaf cohomology groups H'(E*). However, using
the definition above it is straightforward to show that H'(E*) = HY(0?). Therefore, in
order to construct representatives of the desired sheaf cohomology groups, we can apply
the coboundary map (in the long exact sequence derived from the dual of the short exact
above) to elements of H°(O?).
The first step in the construction of the coboundary map is to lift elements of H°(O?)

to meromorphic sections of

O(-1,0)2® 0(0,-1)% (D.4)

In patch Uy, for example, since both x1 and y; are nonzero, the lift should be of the form

a1y1 + by

1 | a2y + bayo
x1y1 |asxy + bywo
asx1 + byws

(D.5)

for some constants a;...4, b..qs. Then, for example, the lift of (1,0)” € H?(0O?) is defined
by an L1y of the form above such that

ETLy, = H : (D.6)

Using this constraint, one can solve for the constants aj...4, b1..4. In particular, there are
eight constants (aj...q, b1...4) and eight linear equations that they must satisfy (determined
by the coeflicients of each x;y; in each of the two entries in the matrix product), so one
expects a unique solution. More generally, it is straightforward to solve for the constants
a1..4, bi...q4 that lift (1,0)7 and (0,1)” on each coordinate patch. The Cech representatives
Y;;ij for lifts on different patches of a given element of HY(O?) are then determined as
differences of the form

Yijirjr = Liryr — Lij (D.7)

on the patch U;; N Uy .

At this point, the Y’s give Cech representatives of a given element of H YE*), cor-
responding to elements of H°(0?). On P! x P!, the cup products of pairs of elements
of H'(E*) are top-forms, whose integrals determine classical (two-point) correlation func-
tions. In principle, Cech representatives of those cup products are formed from the ratio of
the minors of a matrix whose columns are the Cech representatives above, to the reduced
maximal minors of the nullspace of the map E. The resulting ratios define the cup products
of the Y’s.
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Finally, the two-point correlation functions are in principle determined as integrals of
the form

<Yi/>:/lp1 HMYUY. (D.8)

More precisely, in principle the cup product yields an element of H?(P! x P! A?2E*), so
part of the details we are suppressing is the use of the isomorphism det E* — Kp1,p1 to get
what is honestly a top-form from the cup product. (That isomorphism is determined only
up to e.g. overall phases, and plays an important role when considering how the correlation
functions vary over the moduli space.) In the language of Cech cohomology, to explicitly
evaluate (D.8) we need a trace that does not see any coboundary that does not touch
every patch, and which extracts pieces proportional to an inverse power of a product of
homogeneous coordinates. In the present case, the desired trace has the form

(YY) = (z1220192) (Yu V)ita221 — (YUY )122122) . (D.9)

The final result for the two-point functions is given by (4.11), in agreement with the JKG
residue formula. These classical correlation functions obey

(det M) =0,  (det M) =0, (D.10)

with M7, My defined in section (4.2).

To compute the four-point functions, there are two natural approaches. If one does not
know the quantum sheaf cohomology relations, the four-point functions can be computed
by analogous Cech methods on the GLSM moduli spaces [23, 25, 65]. Another simpler
method is available if we already know the QSC relations, as is the case here [15, 36, 37],
since one can simply use these relations to derive the four-point functions from the two-
point functions algebraically. In this case, the QSC relations read:

det(Aoy + Bos) = q1, det(Coy + Dog) = g2, (D.11)
which gives the following equations for the four-point functions:

(o]) det A + (0302) det B + (0309) (
(o309) det A + (o103) det B + (0}03) (
(0303) det A+ (05) det B + (o10%) (
(o) det 0+ (o203) ot D + {oom)rom = as
(0309) det C + (0103) det D + (o303) (
(o303) det C + (03) det D + (o103) (

(D.12)

with v4p and yop defined in (4.13). The resulting expressions agree with the result one
can obtain from the residue formula (4.9).

D.2 Cech-cohomology-based results for F;

Cech-cohomology-based arguments can also be used to derive the two-point functions of
the F,, NLSM. In fact, only the F; case is relevant for the results of section 4.3, because
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for n > 2 the theory does not correspond to the F,, model in the UV, but to an orbifold
phase.

The structure of the Cech cover for F; is essentially identical to that of P! xP!, therefore
the (classical) two-point functions should be identical, albeit with changes in parameters.
Reading off results from the P! x P! model and following the notation of section 4.3, one
recovers (4.22), in perfect agreement with the residue computation. Higher-point functions
can again be obtained algebraically using the QSC relations (4.25).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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