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Abstract: We propose to estimate the region of attraction (ROA) for the stability of nonlinear
systems from only system measurement data and without knowledge of the system model.
The key to our result is the use of Koopman operator theory to approximate the nonlinear
dynamics in linear coordinates. This approximation is typically more accurate than the
traditional Jacobian-based linearization method. We then employ the Extended Dynamic Mode
Decomposition (EDMD) method to estimate the linear approximation of the system through
data. This is then used to construct a Lyapunov function that helps estimate the ROA. However,
this estimate is typically very conservative. The trajectory reversing method is then used on
the set of points that form this conservative estimate, to enlarge the ROA approximation. The
output of EDMD is also utilized in the trajectory reversing method, keeping the entire analysis
data-driven. Finally, an example is used to show the accuracy of this data-driven method, despite

not knowing the system.
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1. INTRODUCTION

Stability analysis of nonlinear systems is of great impor-
tance to analyzing and controlling real-world dynamic sys-
tems. It is extremely important to know a system’s stable
equilibrium points and - just as important - their region of
attraction (ROA). A system’s ROA is the region of initial
conditions surrounding an equilibrium point that will stay
within the same region for all time. Furthermore, any
initial condition that lies outside of this region will be un-
stable and diverge to infinity. Although finding equilibrium
points for a system can be trivial, determining the ROA
of a system’s equilibrium point is much harder and can
rarely be exactly found through analytical methods. One
consistent approach used to estimate the ROA of a sys-
tem is by constructing Lyapunov functions Mauroy et al.
(2020). Previous studies have involved creating an optimal
Lyapunov function using learning-based algorithms Chen
et al. (2021), recurrent sets Shen et al. (2022), Wang et al.
(2023) Gaussian process classification, optimization of the
sum of squares Anghel et al. (2013), and more recently
the Koopman operator Mauroy and Mezié¢ (2016); Garcia-
Tenorio et al. (2023).

Koopman Operator Theory is a recently developed idea
that aims to represent a nonlinear system as a linear
evolution of functions. It proves to have many advantages
in controlling and analyzing dynamic systems Mauroy
et al. (2020). The Koopman Operator is infinitely large,

but there have been various ways presented to create a
finite-sized approximation of it using data-driven methods,
specifically Dynamic Mode Decomposition Schmid (2010);
Kutz et al. (2016), Outlier-Robust Dynamic Mode De-
composition Abolmasoumi et al. (2022), Noise-Robust Dy-
namic Mode Decomposition Hemati et al. (2017), and Ex-
tended Dynamic Mode Decomposition (EDMD) Williams
et al. (2015), which will be covered and applied in this
paper. EDMD allows the ability to create the linear Koop-
man operator for a system without needing the knowledge
of the original nonlinear system.

As previously stated, there have been multiple attempts
at using the Koopman operator to construct Lyapunov
functions in the interest of approximating the ROA. Al-
though some of these methods have very accurate results,
their drawback is they consider having full knowledge
of the dynamic equations of the system. This can be
an optimistic and in some cases unrealistic assumption
when working with real-world nonlinear systems, such as
power systems. Instead, a more applicable approach is to
determine a data-driven method that can approximate
the ROA of a nonlinear system. This is where EDMD
comes in. Additional research has been conducted in the
area of approximating ROA from the results of EDMD.
One paper used the dominant eigenfunction to create a
"naive” estimate for the ROA Choi and Bose (2018), how-
ever, this method would fail for Koopman approximations
with multiple dominant eigenfunctions. Another article
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uses the results of EDMD to create a new eigenfunction
whose trajectories determine the stability regions Garcia-
Tenorio et al. (2023). Although this paper creates a ROA
approximation from data-driven Koopman techniques, it
specifically analyzes hyperbolic and polynomial systems.
Meng et al. (2023) proposes another learning approach
utilizing ‘Zubov-Koopman’ operators and a near-maximal
Lyapunov function.

In this paper, we address the problem of estimating
the ROA of an equilibrium point of a general nonlinear
system. A key to our approach is the use of Koopman
operator theory to provide a linear approximation of the
nonlinear system. Thanks to the EDMD, we are also
able to find some Koopman eigenfunctions which can
be used to construct a Lyapunov function candidate.
All this can be done on a data-driven basis. The linear
approximation is then used to provide a conservative
estimate of the ROA using the Laypunov method Khalil
(2002). This serves as a starting point for applying the
enlargement method Kant et al. (2017) to provide a
more accurate estimate. The enlargement method provides
sufficient conditions for a convex hull representation of
the enlarged estimated ROA using a set of discrete points
obtained through backward integration. Relative to the
literature, the main advantage of our approach is that it
is based on the intuitive Lyapunov approach and relaxes
its limitations. Namely, in our approach, there is no
difficulty in selecting the Lyapunov function candidate, as
we rely on the standard Lyapunov function used for linear
systems. Additionally, our approach does not result in a
conservative estimate.

The rest of the paper is organized as follows. Background
materials will be included in Section 2. Our main results
are given in Section 3. In this section, we will present our
methods for using the EDMD output to create a conser-
vative estimate for the ROA and then to enlarge the ROA
approximation using backward trajectory techniques. The
simulation results will be presented in Section 4, and the
conclusions will be presented in Section 5.

2. PRELIMINARIES
2.1 Koopman Operator Theory

Consider a nonlinear dynamical system

i = f(z) (1)
where z € M and the state space M C R". Additionally,
f(+) is a nonlinear vector-valued function and is used by
the map S; : M — M. Let the observable function, 1,
be a function of z such that ¢ : M — C and ¢ belongs
in the function state space F, which we will refer to as
the "Koopman Space”. Then the Koopman operator, K,
is a linear, infinite-dimensional operator that acts on ¥ (in
continuous time) such that Mauroy et al. (2020)

Kip =1 oSy, (2)
where K; maps F — F. As (2) shows, the Koopman
operator acting on an observable function is equivalent to
the composition of that function and S, the system map
of (1). Therefore, the evolution of ¢ from the Koopman
operator in the Koopman space F is equivalent to the
evolution of x from S; in the state space M. Therefore, it
can be written as follows.

’l/) = Ktwa (3)
which describes the dynamics of (1) in the Koopman
Space. This allows for the definition of Koopman eigen-
functions, ¢;(x), and Koopman eigenvalues, )\;, that satisfy

Kidi = i, (4)
where \; € C, ¢; € F, and i = 1,...,00. Putting this into
the same form as (3) leads to

¢i = Kigi = Xii. (5)
Equations (4) and (5) are significant and show the value of
Koopman eigenfunctions and Koopman eigenvalues. These
equations represent the nonlinear dynamics of (1) as linear
scalar equations in the Koopman Space.

There is additionally the Koopman Operator in discrete
time, which we will denote as K, which follows many of
the same properties as the continuous-time operator ;.
In the discrete case, for a nonlinear dynamical system

Tk+1 = F(mk), (6)

K is defined such that

Ky =voF, (7)
where F': M — M and ¢ € F. The Koopman eigenfunc-
tions and eigenvalues are written as

Koéi = pidi, (8)
with ¢; € F and p; € C. If (1) is discretized as (6) at some
sample time At, then p; = e’ Williams et al. (2015).

2.2 Extended Dynamic Mode Decomposition (EDMD)

EDMD is a data-driven approach to find the matrix K €
CNeXNk - wwhich is a finite-dimensional approximation of
the discrete-time Koopman operator I@, for a system from
sampled data of the state variables of the system Williams
et al. (2015). From K, one can also obtain the Koopman
eigenfunctions and Koopman eigenvalues.

In the data collection stage, the system described by
(1), where f is unknown, is discretized as (6) and sam-
pled in time At to create a data set of M ’snapshot
pairs’ (x;,y;), where x; = z(iAt), y; = x((1 + 1)At) =
F(z;) and ¢ = 0,...,M — 1. Let the data matrices be
X =[zo,71,...,op-1] and Y = [yo,¥1, ..., ynm—1], where
X,Y € R™M_ 1In addition to collecting the data, we
create a ”dictionary” of observable functions, ¥(z) =
[¥1(z),v2(x), ..., ¥, (z)]T, which will be used in EDMD.
A further discussion of the choice of these observable
functions is presented in Section 2.3.

Now consider an observable function ¥ (z) € F that can
also be written as 1 (z) = a?¥(z), where a is a weight
vector and ¥(x) is our dictionary of observable functions.
From (7), we have

K= oF =a (Vo F)(z) =a (K¥(2)) +r(x), (9)
where r(z) is a residual term. It can be shown that, see
Appendix A, the best estimate of K takes the form

K = G\GY{, (10)
where
M—-1 M-—1
Go = Z U (@m)W(m)", Gi = Z U (ym) ¥ (2m)"
m=0 m=0

and Ga' is the pseudoinverse of Gy.
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For each discrete-time eigenvalue p; in U, where U is the
diagonal matrix of eigenvalues of K, we define a diagonal
matrix A composed of A\; = % (defined in Section 2.1).
This allows for

d(z) = AD(x), (11)
which is the matrix version of (5). Essentially, (11) serves
as a linear approximate model of the nonlinear system (1).

2.8 Selection of Observable Functions

The EDMD method is about finding a finite-dimensional
Koopman operator approximation that can accurately re-
flect the dynamics of the original nonlinear system. As one
may infer from Section 2.2, the accuracy of performance
of EDMD can vary heavily depending on the selection
of observable functions ¥(z), given that those are used

to determine K. Essentially, selecting the best observable
functions to optimize EDMD accuracy is an art form in
itself. There have been many studies that have looked into
selecting the proper observable functions. For example,
the work in Mauroy and Mezi¢ (2016) looked at using the
Taylor series expansion of the system. Another work Netto
et al. (2021) showed that the optimal observable functions
are the independent nonlinear terms in the system equa-
tion and additionally the Lie derivatives of those functions.
All of these previous methods have found ideal observ-
able functions using knowledge of the system. However,
through this work, we aim to solve the EDMD approxi-
mation through completely data-driven methods (without
knowledge of the original system). We leave the problem
of finding ideal observable functions through data-driven
methods to a future study.

In this work, we choose the observable functions ¥(x) to be
polynomial combinations of the state x. ¥(z) contains all
possible polynomial terms for a set number of dimensions
n and up to an order p. For example, if n = 1 and
p =3 VUx) = [7,222%T. If n = 2 and p = 2,
U(z) = [r1,72,2%, 7179, 23]7. We have found through
testing EDMD on numerous systems that simply having
polynomials to a certain order accurately reflects the
dynamics of many systems, even when the original system
does not contain polynomial terms. Furthermore, as will
be shown in Section 3, having each state as a separate
observable function helps for the purposes of this paper.

2.4 Lyapunov Stability and Region of Attraction

There have been many proposed ways of determining
ROAs, but maybe the most common one is using Lyapunov
functions Khalil (2002).

Definition: For system (1), a Lyapunov Function, V (x)
is a scalar function of the states of the system. In a region
D € R", if one can construct a Lyapunov function such
that V(0) = 0, V(z) > 0 for all x # 0,z € D, and
V(z) < 0 for all x # 0,z € D, then there exists a region
Qroa defined by

Qroa = {V(z) < ¢}, (12)
where c is a constant such that Qroa C D. All the
points that lie inside 2rp 4 are guaranteed to decrease and

converge to the origin. The region Qro 4 is a conservative
estimate for the ROA Khalil (2002).

Consider system (1), which has a Jacobian matrix A =
%. If A is Hurwitz, then there exists a positive definite
symmetric matrix P that is the solution to the equation
PA+ ATP = —(Q, (13)
where @ is a positive definite matrix. We can then use this
function to construct a Lyapunov Function candidate, V,
V(z) = 27 Pz, (14)
which will be positive definite for all xz. Additionally
V(0) = 0. Since the first two conditions are satisfied, the
only thing to do is find the region D in which V(z) < 0.
One simple analytical approach to finding D is by setting
a boundary on z to be ||z|| < r. If V(z) < 0 for ||z|| < r,
then the region D can be defined as D = {||z|| < r}. A
conservative estimate for ¢ is then ¢ = Ay, (P)r?, where
P comes from (13). Now we have a conservative estimate
for the region of attraction (12).

3. MAIN RESULTS
3.1 Estimating the Original System Using EDMD

Although the primary purpose of EDMD is to find the
Koopman operator, eigenfunctions, and eigenvalues, one
can also estimate the function f from (1) as f from the
output of EDMD. This will be crucial to our proposed
method.

First, consider a linear system in a discrete form xy 1 =
Axy, with sample time At. Then we can approximate & as

. dr  Ar X1 — Xk Axy — 2
T=—~ — = =
dt At At At
and this leads to £ = A;x, where
1 -
Ay~ —(A-1). 15
v (A=) (15)

Now, apply this transformation to K. Through EDMD, we
obtain K , which represents the evolution of the observable
functions, ¥(z), in discrete time in the form

Wi (2) = RU4(2). (16)
Applying (15) to (16), we can take the continuous-time
approximation for the Koopman operator to be K; =
ﬁ(f( — I), where At is the same At that was used to
sample the system to gather the data for EDMD, and K3, [
are of size N x Ng. This leads to having the continuous
time version of (16) as

U(z) = K;¥(x). (17)
Recall from the previous section that we define the dic-
tionary of observable functions to be all possible polyno-
mial combinations of n states up to some order p. This
means that the first n observable functions will be just
the states themselves. Therefore, the first n rows of (17)
will be dynamic equations of the states. This will give an
approximation for f(x).

For example, if we define our dictionary of observables for
a system as n = 2 and p = 2, then (17) looks like

I1 ki1 k12 k13 Kia kis T
$§ ka1 koo ka3 Koy kos T2
(1) | = |ks1 ka2 kss ksa ks 3
(z12) kar kao kaz kaa kas | |T122

(22) ks1 kso ks3 ksa kss 3
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The first two rows of this matrix equation are dynamic
equations for the states of the system, x; and x5. Therefore
we can use these as the approximation f(z) of the vector-
valued function f(z), that is

€1

x
T1 _ k11 k12 ki3 ki kis x%
) ko1 koo ko3 koa kos xlglcg

75

= f(=).

3.2 Data-Driven Enlargement of the estimate of the ROA

Recall from Section 2.4 that the Lyapunov function V
is found by solving for P in (13), where the Jacobian
A is the linear approximation of (1). In this section,
instead of using the Jacobian A, we will use the eigenvalue
matrix, A, from the eigenfunction evolution equation (11)
determined from EDMD. This promises a more accurate
representation of the system (1). In a similar way to the
Jacobian method, the system can be shown to admit a
Lyapunov function of the same form Mauroy et al. (2020).
Accordingly, we solve the Lyapunov equation

PAA + ATPA =—Q. (18)
Here, we will set Q = I, where ), Py are size N X Np.
Then we define the Lyapunov function candidate in a
similar way to (14) such that

V(z) = &(z)T PA®(x) (19)
Differentiating V' (z) leads to
. dVdx dV .

Since we know V', we can easily differentiate with respect
to x to find %. We do not have exact values for &, but
we do have the approximation of Section 3.1, & = f(z),
making (20)
dv -
= —f(x).
e AC)

We next propose a data-driven algorithm to maximize ¢
over the analytical method described in 2.4: To find a
larger estimate for the ROA, start with a very small c,
and start to increase it to expand the region Qroa =
{V(z) < c}. Do this until the boundary crosses into the

region where V' (z) > 0.

V() (21)

By finding a Lyapunov function based on the results from
EDMD, along with using the method that maximizes c,
we usually find a larger, more accurate approximation for
the conservative ROA compared to the method presented
in Section 2.4. Not only is this significant given that it is
found through only data, but larger ROA results in less
computational effort for the backward trajectory method
presented in the next section.

3.8 Reversing Trajectories to Obtain a Larger ROA

This method follows closely the one presented in Genesio
and Vicino (1984) and adapted in Kant et al. (2017).
All points inside of the complete ROA, Qgeqr, will have
trajectories moving inwards towards the origin and all
points outside of the ROA will have trajectories moving

outwards. These are the natural trajectories from the
forward-in-time system (1). Now consider the system

&= —f(a). (22)
This system has the same magnitudes as (1), as the
function f(z) did not change, but because of the minus
sign now every trajectory is reversed. Points that are near
the origin and within the ROA will move outward towards
the boundary of the ROA while points outside of the
ROA will move inwards. Therefore, the way to enlarge
the conservative ROA approximation is to gather all of
the points on the boundary of Qroa, as found in the
previous section, and perform backward integration with
a discretized version of (22), with sample time A¢;. To
keep this as a data-driven algorithm, (22) is approximated
using the methods of Section 3.1, to give us

i=—f(x)

Now this is discretized as

(23)

Try1 = ok — f(2r) Aty (24)
for some sample time At;. To perform backward integra-
tion, we must start with a set of points, Sy, that are on
the boundary of Qzo 4. Every point on Sy is plugged into
(24), to go one step backward to make the set 5.

After each movement, the points on S;, where i = 0,1, ...
must be checked for two conditions:

1) That all points are within a certain distance metric, e,
from each other. This is to maintain the idea that the set
of points is one closed, continuous boundary.

2) That none of the points in the set S;;, where j is a pre-
determined integer, are inside of the set .S;. This is done
because assuming that the boundary of Qgo 4 is inside the
real ROA, Qpeqr, the backward trajectories of all points
along the boundary of Qg4 will move outwards, resulting
in a larger ROA estimation. However, if the approximation
has moved outside of 2gcq;, then the next iteration will
be smaller than the previous ROA approximation. This
is because the reverse trajectories of the points outside
of Qpeqr Will move inwards. Therefore if a set of future
points S;1; is contained in S;, it is likely because the
ROA approximation went too far outwards. This process
is iterated until one of the above conditions is not met.
Next, we discuss using the concept of the convex hull to
extend the applicability of the method to systems with
dimensions n > 3.

3.4 Convex Hulls

An extension of the reverse trajectory method to systems
of dimension n > 3 can be accomplished through the use
of convex hulls Kant et al. (2017).

Definition: Kant et al. (2017) Given a set of points,
S, that forms some region, a convex hull is the set of all
vertices in S that make up the boundary of this region.
Convex hulls can be found computationally using the
Matlab function convhulln.

In the trajectory reversing method, it is necessary to
work with regions as we are aiming to find the ROA.
Because regions are typically defined in physical space, the
trajectory reversing method - or any ROA approximation
method - becomes computationally difficult with n > 3.
However, with convex hulls, one can define a region using
the points along the boundary of the region, and although
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we cannot visualize regions in multidimensional space, we
can know what points lie in or out of those regions by
using the Matlab function inhull John D’Errico (2022),
which returns whether or not an n—dimensional point lies
within the n—dimensional convex hull.

The proposed procedure is shown in Algorithm 1.

Algorithm 1: Data-driven algorithm for estimating

ROA

Initialization: Gather system data in the form of X
and Y. Define a dictionary of observable functions,
U(x), that are polynomial terms for n states up to
order p.

STEP 1: Perform EDMD using X, Y, and ¥(z).

STEP 2: Using the matrix K, the output from
EDMD, and ¥(z), find ®(x), A, and f(z), from
(A.4) and (11), and Section 3.1, respectively.

STEP 3: Use A to solve for Py in (18). From this,
find the Lyapunov function V(x) in (19). Use V(x)
and f(z) to find V(z) in (21).

STEP 4: Maximize c. Expand the boundary of the
ROA Q. = {V(z) = ¢)} until a point along the
boundary is in the region where V > 0.

numPositive counts how many values in a set are
positive.

Let ¢ = 0, ¢ = some small number < 1

while ¢ =0 do

increment ¢

Qe ={V(z) =c}

q = numPositive(V (Q.))
end

Q. is the boundary of the conservative ROA

STEP 5: Select a time step, Atq, and find the
equation of the backward trajectory (24) using Aty
and f(x)

STEP 6: mazdist(S) finds the maximum distance
between two consecutive points in S. k1 and ko are
how many iterations the enlargement algorithm will
take.

Let [ = 0, ki < kg, SO = Q..

fori=1 to k; do

if =147 —1 then

for j =1 to ks do

if S;y; not in S; and maxdist(S;) < €

then
l=1
Break (back to initial for loop)
end
end
end
end

STEP 7: If [ = 0, repeat STEPS 6 to 7 with smaller
Aty. If | = kq, repeat STEPS 6 to 7 with a larger
value for k; and k».

RESULT Qgroa = convhull(S;) is the enlarged ROA
approximation for (1), found without using the
system equations.

4. NUMERICAL SIMULATION

To show how effective this method is, we present the Van
der Pol Oscillator, also used in Kant et al. (2017), whose

dynamics are

1 = —mg, i =x1+ (2] — 1)z

The system is asymptotically stable at the origin. To
gather data, the system is sampled at time At = 0.0001
and converted into the X and Y matrices of the data.
EDMD is then performed, with the dictionary of observ-
ables being the set of polynomial combinations with n = 2
and p = 4.

Following the results of EDMD, an equation for V(z)
and f are obtained, leading to a conservative estimate for
Qroa = {V(z) < c}. This data-driven conservative ROA
can be seen in Fig. 1, which compared to the analytical
approach using the Jacobian Khalil (2002), is a larger and
more accurate approximation.

From the conservative estimate, we begin the reverse
trajectory method. We select At; = 0.005 and ¢ =
0.1. After the algorithm completes, we find the best
approximation was found with &k = 400, ko = 405, and
[ = 396. The results are shown in Fig. 2, where it is clear
that Conv(S;) is a very good approximation for the ROA
of this system.

Fig. 1. The red line shows the conservative ROA approxi-
mation using the data-driven technique. The blue line
shows the conservative ROA approximation using the
Jacobian method.

5. CONCLUSION

We developed a data-driven approach to constructing a
conservative estimate for the ROA of nonlinear systems
using the Koopman operator and Lyapunov functions. We
then enlarged the conservative estimate to a more accurate
ROA approximation through trajectory reversing. All of
this was completed without knowledge of the original sys-
tem, and all approximations were made by using EDMD.
By using convex hulls, we can define regions in multidimen-
sional space without the need to physically visualize them.
To improve upon this work, more research should be done
on how to select the dictionary of observables, through
data-driven techniques, that can optimize the performance
of EDMD and ultimately improve the accuracy of each
ROA approximation.
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Fig. 2. The outermost blue line is the real ROA of the
system, found by using the Matlab function pplane9
Gerardo Garcia (2022). The red line is the initial con-
servative ROA approximation, and the magenta line
is the ROA approximation after using the backward
trajectory method.
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Appendix A. EDMD ANALYSIS

We seek the best approximation for K. For this purpose,
we seek to minimize the least squares function

M—-1 .
J= 0 1a (Ulym) — K¥(an))f (A1)
m=0

The value of K that minimizes .J is K = GlGa', where

M-—1 M-—1
Go = Z \Ij(xm)\:[/(xm)T’ G, = Z \I’(ym)\y(xm)T
m=0 m=0

and Gar is the pseudoinverse of Gy. Note that K, G,

G1 € CNeXNe Now diagonalize K
K=vUuv (A.2)
where V is the matrix of right eigenvectors and U is the
diagonal matrix of eigenvalues. Then from (7) and (A.2),
it can be shown that
UV='(z) =V '¥(z)o F. (A.3)
Let
O(z) =V 1U(x). (A.4)
Then (A.3) becomes Ud(z) = &(x) o F = K®(x), which
satisfies the definition of Koopman eigenfunctions and
discrete-time Koopman eigenvalues from (8), with ®(x)
being the vector of Koopman eigenfunctions and U being
the diagonal matrix of Koopman Eigenvalues.



