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Ambient Backscatter Communication Systems: Design, Signal
Detection and Bit Error Rate Analysis

Jaya Kartheek Devineni
ABSTRACT

The success of the Internet-of-Things (IoT) paradigm relies on, among other things,
developing energy-efficient communication techniques that can enable information exchange
among billions of battery-operated IoT devices. With its technological capability of simul-
taneous information and energy transfer, ambient backscatter is quickly emerging as an
appealing solution for this communication paradigm, especially for the links with low data
rate requirements. However, many challenges and limitations of ambient backscatter have
to be overcome for widespread adoption of the technology in future wireless networks. Mo-
tivated by this, we study the design and implementation of ambient backscatter systems,
including non-coherent detection and encoding schemes, and investigate techniques such as
multiple antenna interference cancellation and frequency-shift backscatter to improve the bit
error rate performance of the designed ambient backscatter systems.

First, the problem of coherent and semi-coherent ambient backscatter is investigated by
evaluating the exact bit error rate (BER) of the system. The test statistic used for the signal
detection is based on the averaging of energy of the received signal samples. It is important to
highlight that the conditional distributions of this test statistic are derived using the central
limit theorem (CLT) approximation in the literature. The characterization of the exact
conditional distributions of the test statistic as non-central chi-squared random variable for
the binary hypothesis testing problem is first handled in our study, which is a key contribution
of this particular work. The evaluation of the maximum likelihood (ML) detection threshold
is also explored which is found to be intractable. To overcome this, alternate strategies to
approximate the ML threshold are proposed. In addition, several insights for system design
and implementation are provided both from analytical and numerical standpoints.

Second, the highly appealing non-coherent signal detection is explored in the context
of ambient backscatter for a time-selective channel. Modeling the time-selective fading as
a first-order autoregressive (AR) process, we implement a new detection architecture at
the receiver based on the direct averaging of the received signal samples, which departs
significantly from the energy averaging-based receivers considered in the literature. For the
proposed setup, we characterize the exact asymptotic BER for both single-antenna (SA)
and multi-antenna (MA) receivers, and demonstrate the robustness of the new architecture
to timing errors. Our results demonstrate that the direct-link (DL) interference from the
ambient power source leads to a BER floor in the SA receiver, which the MA receiver can
avoid by estimating the angle of arrival (AoA) of the DL. The analysis further quantifies
the effect of improved angular resolution on the BER as a function of the number of receive
antennas.



Third, the advantages of utilizing Manchester encoding for the data transmission in the
context of non-coherent ambient backscatter have been explored. Specifically, encoding is
shown to simplify the detection procedure at the receiver since the optimal decision rule is
found to be independent of the system parameters. Through extensive numerical results, it
is further shown that a backscatter system with Manchester encoding can achieve a signal-
to-noise ratio (SNR) gain compared to the commonly used uncoded direct on-off keying
(OOK) modulation, when used in conjunction with a multi-antenna receiver employing the
direct-link cancellation.

Fourth, the BER performance of frequency-shift ambient backscatter, which achieves
the self-interference mitigation by spatially separating the reflected backscatter signal from
the impending source signal, is investigated. The performance of the system is evaluated for a
non-coherent receiver under slow fading in two different network setups: 1) a single interfering
link coming from the ambient transmission occurring in the shifted frequency region, and
2) a large-scale network with multiple interfering signals coming from the backscatter nodes
and ambient source devices transmitting in the band of interest. Modeling the interfering
devices as a two dimensional Poisson point process (PPP), tools from stochastic geometry
are utilized to evaluate the bit error rate for the large-scale network setup.



Ambient Backscatter Communication Systems: Design, Signal
Detection and Bit Error Rate Analysis

Jaya Kartheek Devineni
GENERAL AUDIENCE ABSTRACT

The emerging paradigm of Internet-of-Things (IoT) has the capability of radically trans-
forming the human experience. At the heart of this technology are the smart edge devices
that will monitor everyday physical processes, communicate regularly with the other nodes
in the network chain, and automatically take appropriate actions when necessary. Naturally,
many challenges need to be tackled in order to realize the true potential of this technology.
Most relevant to this dissertation are the problems of powering potentially billions of such
devices and enabling low-power communication among them.

Ambient backscatter has emerged as a useful technology to handle the aforementioned
challenges of the IoT networks due to its capability to support the simultaneous transfer of
information and energy. This technology allows devices to harvest energy from the ambient
signals in the environment thereby making them self-sustainable, and in addition provide
carrier signals for information exchange. Using these attributes of ambient backscatter, the
devices can operate at very low power which is an important feature when considering the
reliability requirements of the IoT networks. That said, the ambient backscatter technology
needs to overcome many challenges before its widespread adoption in IoT networks. For
example, the range of backscatter is limited in comparison to the conventional communica-
tion systems due to self-interference from the power source at a receiver. In addition, the
probability of detecting the data in error at the receiver, characterized by the bit error rate
(BER) metric, in the presence of wireless multipath is generally poor in ambient backscatter
due to double path loss and fading effects observed for the backscatter link. Inspired by this,
the aim of this dissertation is to come up with new architecture designs for the transmitter
and receiver devices that can improve the BER performance. The key contributions of the
dissertation include the analytical derivations of BER which provide insights on the system
design and the main parameters impacting the system performance.

The exact design of the optimal detection technique for a communication system is
dependent on the channel behavior, mainly the time-varying nature in the case of a flat fading
channel. Depending on the mobility of devices and scatterers present in the wireless channel,
it can either be described as time-selective or time-nonselective. In the time-nonselective
channels, coherent detection that requires channel state information (CSI) estimation using
pilot signals can be implemented for ambient backscatter. On the other hand, non-coherent
detection is preferred when the channel is time-selective since the CSI estimation is not
feasible in such scenarios. In the first part of this dissertation, we analyze the performance
of ambient backscatter in a point-to-point single-link system for both time-nonselective and
time-selective channels. In particular, we determine the BER performance of coherent and
non-coherent detection techniques for ambient backscatter systems in this line of work. In



addition, we investigate the possibility of improving the BER performance using multi-
antenna and coding techniques. Our analyses demonstrate that the use of multi-antenna
and coding can result in tremendous improvement of the performance and simplification
of the detection procedure, respectively. In the second part of the dissertation, we study
the performance of ambient backscatter in a large-scale network and compare it to that
of the point-to-point single-link system. By leveraging tools from stochastic geometry, we
analytically characterize the BER performance of ambient backscatter in a field of interfering
devices modeled as a Poisson point process.
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Chapter 1

Introduction

Internet of Things (IoT) has been envisioned as a network of tightly integrated devices
connected to the internet which automate the decision making of everyday processes without
the need for human intervention. This unprecedented integration of billions of physical
devices such as sensors, actuators, wearables, home appliances and vehicles into the computer
network opens up fundamental new ways of sensing and controlling variety of processes
around us. For this vision to be successful, first the devices have to be self-sustainable as
they are typically deployed in inaccessible locations, and second they should also be capable
of supporting continuous exchange of information to take appropriate actions for the physical
processes they are monitoring. Due to its ability to support these requirements of the IoT
devices, ambient backscatter is quickly becoming one of the most promising technologies for
the future wireless networks. The main premise of the ambient backscatter technology is to
jointly utilize the ambient radio frequency (RF) waves such as cellular/Wi-Fi or television
(TV) signals for harvesting energy to power the device and also as carrier for the data
transmission. The ubiquitous presence of wireless networks provide a reliable source of EM
waves even at inaccessible locations which can be utilized both for power and information
exchange. Especially, the main advantage of the backscattering mechanism implemented
for data modulation is that it precludes the use of power-intensive RF-chain components
such as mixers, analog-to-digital converters (ADCs) and digital-to-analog converters (DACs),
thereby greatly reducing the energy consumption [2, 3]. Although the ambient backscatter
technology has shown a lot of potential, a strong theoretical foundation of the physical
layer aspects of the technology is still in the nascent stages of the development. Therefore,
the main objective of this dissertation is to develop a good theoretical understanding of
the ambient backscatter by proposing new transmitter and receiver designs, and thoroughly
investigating the signal detection and performance of the proposed techniques.

This introductory chapter is divided into three main sections. First, the background on
the conventional and ambient backscatter, the main challenges and of the ambient backscat-
ter technology and the limitations of the prior art are provided in Section 1.1. This section
will also provide a good motivation for the different problems investigated in the dissertation
work. Second, the main contributions of each of the studied problems are discussed in Sec-
tion 1.3. Third, the organization of the remaining document is provided in Section 1.4 for
the convenience of the reader. Finally, the list of the accepted and submitted publications
from our work are provided at end of the introductory section.
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Chapter 1. Introduction

1.1 Background
Traditional communication systems are inherently symmetric in the sense that both the

transmitting and receiving devices use transceivers to modulate data onto carrier signals
generated by their RF circuits. In other words, devices on both ends of a link implement
power-hungry components like ADCs, DACs, mixers and power amplifiers. On the other
hand, backscatter communication systems are asymmetric, meaning that one of the devices
acts as a source by actively transmitting the carrier waves, and another device scavenges on
the waves to transmit its own data by reflecting them to a receiver, which can either again be
the source or a separate entity completely. The source and scavenging entities in the system
are termed as active and passive devices, respectively. In the conventional backscatter, for
example radio frequency identification (RFID), the source and receiver are same, while in
the ambient backscatter the receiver is different from the source. The RF components of a
backscatter device are designed such that the power hungry components are removed from
the chain or replaced with low power alternatives. Hence, the backscatter systems can
operate at a very low power compared to traditional devices, which is especially appealing
from the perspective of extending the lifetime of IoT devices. The backscatter technology
also has a wide-scale of applications in localization which range from the tracking of users
in smart homes, low-cost tracking of objects to develop industrial automation in small-scale
industries, and localization of in-body implants during surgical procedures.

A major limitation of the conventional backscatter systems is the requirement of stan-
dalone equipment to generate the source RF signals. Ambient backscatter, developed in
[2, 3], is the first successful implementation of a backscatter system, which relied on the
ambient RF waves for power source and circumvented the need for additional hardware to
generate the source signals. This was followed by several other prototypes which established
the feasibility of the ambient backscatter systems. However, ambient backscatter systems
suffer from the same limitations of the conventional backscatter such as range and the direct
link interference, which are in fact further aggravated in the case of ambient backscatter.
In the next section, we discuss the challenges and limitations faced by ambient backscatter
systems, which will form the main motivating factor for the work investigated in the later
chapters of the document.

1.1.1 System Setup and Backscatter Operation
The setup of the ambient backscatter system and the operating mechanism of a gen-

eral backscatter system are presented now. We consider a pair of devices, of which one is
a backscatter transmitter (BTx) and the other is a receiver (Rx). The system model of
the general ambient backscatter setup is shown in Fig. 1.1a. We assume the presence of
modulated carrier waves generated by a source in the environment, henceforth referred to
as ambient waves and ambient source respectively, and the devices communicate through
scattering of the incident ambient waves as described shortly. This is a valid assumption
since such sources of carrier waves, for example TV, cellular or Wi-Fi networks, are almost
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Receiver

Power 
Source
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backscatter linkdirect link

forward link

(a) (b)

Figure 1.1: (a) System model of the ambient backscatter setup, (b) Illustration of diffuse
reflection and specular reflection.

omnipresent. Backscatter derives its name from the mode of information exchange, which is
to communicate data through reflection of RF waves, and the procedure of backscattering
ambient RF waves is called ambient backscatter. The word backscatter simply refers to the
process of backward reflection of incident waves at a surface in different directions (called
diffuse reflection), unlike the typical single reflection observed at the surface of a mirror
(called specular reflection). This phenomenon is similar to how visible light is reflected by
normal objects in all directions (not just a single reflection as in the case of a mirror) and
is illustrated in Fig. 1.1b. There are some noteworthy differences between the ambient
backscatter and conventional backscatter systems that contrast the implementation and de-
sign aspects of the two technologies. First and foremost, ambient backscatter uses ambient
RF signals which are modulated carriers with encoded data, that necessitates the design of
alternate decoding mechanisms at the receiver which are different from the ones implemented
in conventional backscatter systems. Second, ambient backscatter systems do not require
any dedicated hardware to generate signals for powering the devices, unlike the conventional
backscatter systems that require a stand-alone device to continuously emit power signals.

In order to understand the operation of data modulation using backscatter, it is essential
to look at the propagation of an electromagnetic (EM) wave between different surfaces. When
EM waves propagating through free space hit the antenna, part of the wave is reflected back
into free space due to the difference between the impedance of free space and antenna. The
reflection coefficient Γ of the antenna, defined as the ratio of the amplitudes of the reflected
wave to the incident wave, is given by:

Γ =
A−

A+
=

ZL
Z0
− 1

ZL
Z0

+ 1
, (1.1)
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Chapter 1. Introduction

where ZL is the impedance of the antenna and Z0 is the impedance of free space. When
ZL = Z0, the wave is completely absorbed with no reflection and the impedance matching
is known as reflection-less matching. On the other hand, for ZL = 0 the wave is completely
reflected. Therefore, one can simply change the impedance of the antenna according to the
data to be transmitted to generate a modulated reflected wave.

This phenomenon is exploited by the backscatter systems in a slightly modified way,
where data modulation on the reflected wave is realized by manipulating the impedance
mismatch between antenna and the load component (which forms the main circuit). The
main reason is that, in a typical backscatter device, the chip is directly placed at the terminals
of the antenna [4]. The load impedance is typically a complex value, due to which the wave
reflection needs to be analyzed in terms of power [5]. Hence, the reflection coefficient Γ at the
boundary between antenna and load is characterized in terms of power rather than voltage.
The reflection coefficient here, termed as power wave reflection coefficient, is given by [5]:

Γ =

ZL
Z∗a
− 1

ZL
Za

+ 1
, (1.2)

where ZL and Za are the impedances of the load and antenna respectively and the symbol ∗
represents complex conjugate. In order to transfer all the power to load, the load impedance
is set to ZL = Z∗a which is known as maximum power transfer matching. On the other hand,
in order to reflect all the power, the load impedance is set to ZL = 0. Therefore, ZL = Z∗a
and ZL = 0 are known as non-reflecting and reflecting states, respectively. The backscatter
system can leverage this to modulate data by tuning impedance of the load to vary reflection
coefficient at this boundary. In general, the signal scattered from the backscatter device to
the receiver is given by [6]:

r = (A− Γ) s = As− Γs, (1.3)

where r is the signal at the receiver, s is the signal backcattered at the device, A is the load-
independent complex coefficient of the device, and Γ is the reflection coefficient of backscatter
node at the boundary of the antenna and the circuit. The device modulates the signal by
varying the load impedance to change the parameter Γ that controls the reflected signal. The
first and second terms in (1.3) correspond to the structural mode and antenna mode scattering
components, respectively. A binary modulation scheme can be implemented by choosing two
different values Γ0 and Γ1. As shown later, non-coherent detection will result in good error
performance only for the case of on-off keying (OOK) modulation. It is possible to achieve
this modulation for antennas with |A| ≤ 1 by designing the appropriate load impedance
using only passive components [7, 8]. A simple modulation scheme is to tune the circuit
between reflecting and non-reflecting states when transmitting bits 1 and 0, respectively.

1.1.2 Link Budget of Backscatter Communication
The general belief regarding the communication range of backscatter is that the oper-

ational distance of the technology is much less compared to the required values for effective
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far-field communication. While that may be true in some cases, there are ways to improve
the communication range for example by deploying the ambient backscatter in bistatic mode
instead of a monostatic operation. In the monostatic mode, the antenna of the ambient PS
and Rx are one and the same and located on a single device, while in case of the bistatic
mode the antenna of the ambient power source (PS) and Rx are different and located on two
separate devices. The link budget study of a communication link provides a good estimate
of the expected communication range. So, we will analyze the link budget of the ambient
backscatter under simplified assumptions. The signal component propagating through the
backscatter transmitter node determines the transmission range of backscatter communi-
cation. The path corresponding to this component is composed of two links: 1) forward
link from the power source to the backscatter transmitter, and 2) backscatter link from the
backscatter transmitter to the receiver. The free space Friis transmission equation for the
overall backscatter link in bistatic operation mode is

PR =
PTGRGTG

2
tλ

4

(4π)4r2
fr

2
b

, (1.4)

where PR is the received power at the Rx node, PT is the isotropic transmit power of the
ambient PS, GR, GT and Gt are the linear free space antenna gains of the Rx, PS and
BTx, respectively, λ is the wavelength of the EM carrier wave (inversely related to its carrier
frequency f), rf is the separation between PS and BTx nodes in the forward link distance,
and rb is the separation between BTx and Rx nodes in the backscatter link. The same
equation when represented in decibel (dB) form is

PR = PT +GT + 2Gt +GR − 20 log10 rf − 20 log10 rb − 40 log10 f − 64.88, (1.5)

where the powers PR and PT are in dBm, gains GT , Gt, and GR are in dBi, the distances
rf and rb are in km, and frequency f is in MHz. For a monostatic or co-located bistatic
backscatter, where the PS and Rx are the same device, the equation can be further simplified
as

PR = PT +GT + 2Gt +GR − 40 log10 r − 40 log10 f − 64.88, (1.6)

where r is the separation between PS/Rx and BTx in km.

Now, we discuss the link budget performance of the ambient backscatter in ISM bands
by considering the carrier frequencies of 915 MHz and 2.4 GHz. For this, we evaluate the
feasibility of operating these devices under two extreme cases of signal-to-noise ratio (SNR)
values under both general (bistatic) and monostatic/co-located bistatic mode of operation.
The isotropic transmit power of the ambient PS is considered to be 36 dBm, while the Rx
sensitivity is assumed to be −110 dBm. Considering a noise floor level of −174 dBm/Hz,
the received signal power levels corresponding to the SNR values of 35 dB and −5 dB in a 10
MHz band are given by −69 dBm and −109 dBm, respectively. The second SNR considered
for this discussion is close to the receiver sensitivity which will provide a good estimate for

5



Chapter 1. Introduction

Monostatic Bistatic
PPPPPPPPPSNR

Freq. 915 MHz 2.4 GHz
PPPPPPPPPSNR

Freq. 915 MHz 2.4 GHz

35 dB 22 m 8 m 35 dB 50 m 7 m
-5 dB 220 m 83 m -5 dB 4.79 km 708 m

Table 1.1: Operating distance of ambient backscatter: monostatic distance r, and bistatic
distance rb (the forward link separation for bistatic mode is set to rf = 10 m).

the range of operation of the backscatter communication under different setups. For this
discussion, the antenna gain values are configured as GR = GT = 6 dBi and Gt = 0 dBi. For
the bistatic operation mode, the separation distance in the forward link is configured to 10
m.

First, as expected, the operating distances of the backscatter in 2.4 GHz are small
compared to the operating distances in 915 MHz. This is explained by the larger pathloss
encountered by 2.4 GHz due to higher operating frequency of the band. The operational
range of monostatic backscatter is 220 m and 83 m for the bands 915 MHz and 2.4 GHz, re-
spectively, while the ranges under bistatic operation are 4.79 km and 708 m, respectively, for
the same frequency bands. Our second observation is that the operational range of backscat-
ter in monostatic mode is much lower compared to that of the bistatic mode. The operating
distances of monostatic backscatter at an SNR of 35 dB are 22 m and 8m, respectively, for
the 915 MHz and 2.4 GHz. On the other hand, the operating distances for the bistatic mode
are 50 m and 7 m for the two same bands, respectively. These operating distances and ranges
of the ambient backscatter are similar to the values observed in the real world deployment
[9,10]. As will be discussed later, the main limiting factor for the ambient backscatter range
is the interference from the direct link and the authors in [9,10] tackle that by either shifting
the backscattered signal to a new non-overlapping frequency band [9] or spread spectrum
based techniques to detect in the presence of the interference [10]. By frequency shifting
the backscatter signal to remove the self-interference from the direct signal from the power
source [9] achieved operating range of 3.4 km in bistatic mode of operation similar to ours.
On the other hand, spreading techniques utilized in [10] can achieve ranges of 475 m and 2.8
km when operating in monostatic and bistatic mode, respectively.

Since our goal here was to provide a general idea about the potential ranges of the ambi-
ent backscatter links in different scenarios, this basic link budget discussion did not consider
antenna and other losses that are inherent in the EM propagation for the backscatter. For a
more thorough discussion on the link budget for ambient backscatter, interested readers are
advised to refer to [11].
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1.1.3 Performance Characterization
A natural extension to the link budget analysis is the characterization of the perfor-

mance of the communication system. Due to the inherent randomness present in the com-
munication system, because of either the receiver noise or the multi-path propagation, there
is no guarantee that the received signal can be decoded within the communication range
attained from the link budget study. It is therefore, important to characterize the system
performance in terms of a metric that can fundamentally capture the random nature of the
communication systems, such as the bit error rate (BER). For voice and video applications,
the packet error rate (PER) is considered as a good estimate of the quality of service (QoS)
since these applications can tolerate some packet errors. And it can be shown that, for small
values of BER, the PER is linearly proportional to the BER and the packet size. Hence, the
BER can be an effective measure of the QoS for these applications. On the other hand, data
applications cannot tolerate packet errors and require either error correction mechanisms or
retransmissions whenever errors are detected (implemented using redundant or parity bits).
For these applications, perhaps latency is a more relevant metric to characterize the per-
formance. Even here, BER can provide some measure of the expected performance since
latency will increase with the BER. In all of our studies in this dissertation, the BER metric
is used to quantify the performance of the ambient backscatter.

1.1.4 Challenges and Limitations
Due to the asymmetric operation of the ambient backscatter systems, the direct signal

from the source to the receiver will act as interference, which needs to be accounted for in the
detection mechanism of the receiver designs. Another serious limitation of the backscatter
systems, due to this asymmetric operation, is the two-way propagation loss resulting in a
limited communication range. In addition, the receivers in the ambient backscatter systems
have to detect the backscatter data in the presence of the unknown and random ambient
RF data. To facilitate this, the receivers perform some kind of averaging operation on the
received signal samples to remove the impact of the unknown RF data. For a quick and
wider adoption of the ambient backscatter technology, it is highly important to overcome
these challenges and limitations of the ambient backscatter. Another important challenge
in ambient backscatter is the frequency domain response of the reflected backscatter signal.
The resultant backscatter signal of the ambient backscatter is the product of the ambient
data signal and the backscatter data signal waveforms. The corresponding frequency domain
waveform is given by the convolution of the frequency response of the individual waveforms.
The exact impact on the bandwidth requirement of the reflected backscatter signal can be
clearly understood from the following example. Suppose that the symbol duration of the
ambient and backscatter data symbols are assumed to be equal, and that the waveforms
are considered to be rectangular in the frequency domain. The bandwidth occupied by
the backscatter signal will be twice the bandwidth of the independent waveforms since the
convolution of two rectangular waveforms will result in a triangular waveform. In this case,
one needs to take care to design the appropriate filter at the receiver so as to avoid losing
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important signal information. Another point to note here is that the backscatter system
does not have any control over the bandwidth used for the ambient signal transmission,
meaning that the additional bandwidth occupied by the backscatter signal can be outside
the bandwidth of the ambient signal. This will mean that there should either be enough
guard band or the receiver has to have a mechanism to handle the unwanted interference
from the neighboring transmissions. For the example above, the guard band required is more
than double the bandwidth of the ambient signal which may not be feasible. This important
aspect of the bandwidth requirement is generally ignored in many earlier studies of the
ambient backscatter which will result in impractical systems showing very high promise but
are not practically possible. One way to handle the additional bandwidth requirement is to
limit the bandwidth requirement of the backscatter symbols by keeping the symbol duration
to be much higher than that of the ambient data symbols.

Next, we briefly describe the approaches taken in the literature to overcome these chal-
lenges, and highlight how our work differentiates from these earlier investigations.

1.2 Selected Prior Art and Motivation
As discussed earlier, BER is one of the most widely used metric to benchmark the per-

formance of communication systems, and is the metric used to characterize the performance
of the ambient backscatter system in all of our studies. To be precise, the main focus of
our work is to design different ambient backscatter systems, evaluate the theoretical BER
of these systems, and come up with novel ways of improving the BER performance. The
evaluation of the theoretical BER expressions allows one to find the main parameters that
significantly impact the BER and provide some insights into the system design. Only the
prior art relevant for our discussion here is mentioned in this section, with the exhaustive
list of previous studies on ambient backscatter discussed in the later technical chapters.

Some of the earlier studies on the theoretical aspects of ambient backscatter like through-
put and error rate performance are investigated in [1,12–19]. The test statistic used for signal
detection in these studies is based on the average energy of the received signal samples. The
design of maximum-likelihood and equiprobable-error detectors was first investigated in [12].
The detection using non-coherent and semi-coherent techniques at a receiver without chan-
nel state information was studied in [1, 13–15]. The detection of ambient backscatter signal
with multiple receive antennas was performed in [16]. The statistical-covariance based signal
detection to improve the BER of the system was investigated in [18]. The BER analysis of
detection over ambient orthogonal frequency division multiplexing (OFDM) signals using
interference cancellation techniques was investigated in [19]. However, the key enabler of
the analysis in [1, 12–19] was the approximation of the probability density function (PDF)
of the test statistic as Gaussian distributed. In the aforementioned works, the following two
fundamental problems are still open despite all these studies on detection and BER analysis
of the ambient backscatter systems: (i) the characterization of the exact distribution of the
test statistic based on the average signal energy, and (ii) the characterization of exact average
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BER in fading channels. These two problems are tackled in our first work [20] (Chapter 2),
which distinguishes our work from the previous studies.

As pointed out earlier, the interference from direct link is one of the main factors limiting
the performance of the ambient backscatter systems. In fact, the negative impact of this
interference is demonstrated in our first work [20] (Chapter 2) by deriving the BER of the
system. The investigation into the prototype development for the suppression of the direct
link interference to improve the performance were first studied in [21, 22]. The theoretical
investigation on the direct link suppression techniques are studied in [23, 24]. In [23], the
prefix based repeating structure of the OFDM signalling is leveraged to remove the direct
link interference. The receiver will have two copies of the same signal in each OFDM symbol
that can be used to subtract and remove the direct link. Multiple antenna receivers are used
in [24] using SIC based signal detection to successively decode backscatter data transmitted
at a rate equivalent to that of the ambient RF data. In our second work [25] (Chapter 3), we
have studied this problem of direct link interference suppression by designing a system that
utilizes multiple antennas at the receiver to track the angle-of-arrival (AoA) of the direct
link, and use it to remove the interference. The novelty of the work lies in the ability of the
receiver to estimate the large scale parameter AoA and utilize it to non-coherently remove
the direct link interference. For the same setup, in our third work [26] (Chapter 4), we have
investigated the utilization of Manchester encoding at the transmitter, where we have shown
the simplification of the detection procedure and the additional SNR gain of the new system.

Another method to improve the backscatter performance is to shift the backscatter sig-
nal to a frequency region different from the ambient interference signal [3,9,10,27–29], known
as frequency-shift ambient backscatter. Mainly, [9, 10] demonstrated techniques that have
shown to achieve long range (LoRa) backscatter with the communication range improved
by an order of magnitude more. In our fourth work (Chapter 5), we have investigated the
performance of frequency-shift ambient backscatter by evaluating the BER of a non-coherent
receiver in a large-scale network. The available literature on stochastic geometry related to
ambient backscatter network analysis is mainly focused on the power outage and coverage
analysis [30–41]. It should be emphasized that none of these studies have analyzed the BER
of backscatter in a large-scale network and our work is the first such comprehensive study un-
derlining the contribution of our work. The impact of small-scale fading and the large-scale
pathloss are investigated in the single-link interfering system and the large-scale interference
network, respectively. In considering such large scale network, we have leveraged concepts
from the stochastic geometry to evaluate the BER, and the contributions from this work go
much beyond the simple BER analysis of a single link setup.

1.3 Contributions and Outcomes

In this section, the main contributions of our various studies are discussed.
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Coherent and Semi-coherent detection in Slow Fading. We characterize the exact
bit error rate for the ambient backscatter system with coherent and semi-coherent detectors.
In addition, we explore the evaluation of maximum likelihood threshold, and provide two
alternate detection threshold techniques due to the complexity of ML detection. The main
feature of the analysis that distinguishes our work from the literature is the characterization
of the exact conditional density functions of the average received signal energy for this
setup. The key challenge of the analysis lies in the handling of correlation between the two
channel gains of the binary hypothesis testing problem for the derivation of joint probability
distribution of magnitude squared channel gains.

Non-coherent detection in Time-Selective Fading. The receiver architecture for the
non-coherent detector used in this work is based on the direct averaging of the received signal
samples, which departs from the conventional energy averaging-based receivers used in the
literature. The impact of the direct link interference on the bit error rate is demonstrated
by the poor performance of the non-coherent single-antenna receiver. The improvement in
BER is realized by the interference nulling using a multi-antenna receiver, which removes
the direct link interference non-coherently by tracking the AoA of the link. In addition, the
analysis also quantifies the effect of improved angular resolution on the BER as a function
of the number of receive antennas. A key intermediate step is the derivation of a new
concentration result for a general sum sequence encountered while deriving the conditional
distributions of the received signal.

Manchester Encoding for Non-coherent detection. The impact of encoding is inves-
tigated by evaluating the bit error rate of an ambient backscatter system with Manchester
encoding implemented at the transmitter side. It is shown that the detection procedure of
the non-coherent detector simplifies as a result of this encoding scheme. In addition, it is
also demonstrated through extensive numerical results that there is an SNR gain of 3 − 4
dB over the direct on-off (OOK) modulation in case of a multi-antenna receiver.

Frequency-Shift Ambient Backscatter. The mechanism of frequency-shifting the im-
pending source signal by a backscatter node to spectrally separate the reflected signal can
result in improved performance due to self-interference mitigation. The main goal of this
paper is to investigate the bit error rate (BER) performance of such frequency-shift ambi-
ent backscatter system in a large-scale network. To achieve this, we first characterize the
performance of a system implementing non-coherent detection in the presence of a single
interfering device. Then, we compare the performance of the system in large scale network
with interference devices modeled as a homogeneous Poisson point process (PPP). An inter-
esting observation from our analysis is that the BER in general tends to gradually decrease
with respect to the increasing sample-size of the averaging operation used in the backscat-
ter system. As expected, the BER performance of the system in the large-scale network is
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determined by the intensity of the point process of the interfering devices.

1.4 Organization
In Chapter 2, we present our work on bit error analysis of the coherent and semi-

coherent ambient backscatter system in a slow fading channel. In Chapter 3, we discuss
our work on non-coherent detection of ambient backscatter in time-selective fading using a
multi-antenna receiver. Modeling the time-selective fading using a auto-regressive process,
we obtain tractable expressions for the detection threshold and bit error rate. In Chapter
4, we improve the performance of the non-coherent ambient backscatter by transmitting
Manchester encoded data symbols. In Chapter 5, we present our work on the non-coherent
detection of frequency-shift ambient backscatter in a large-scale network. In Chapter 6, we
summarize the main contributions of our work and briefly touch upon the potential future
work.
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This work has led to several journal and conference papers which are listed below.
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Chapter 2

Bit Error Rate of Coherent and
Semi-Coherent Ambient Backscatter
under Slow Fading

2.1 Introduction
Ambient backscatter, with its technological capability of enabling low-rate and low-

power communication among energy-constrained devices, is considered as a promising solu-
tion for the reliable exchange of data in the Internet-of-Things (IoT) paradigm. The main
premise of ambient backscatter is to use omnipresent ambient EM waves, such as the radio
frequency (RF) waves, cellular/WiFi or television (TV) signals, to both harvest energy at
small IoT devices as well as to use these existing waves as carriers for data transmission. The
utilization of backscattering mechanism for data modulation precludes the requirement of
power-intensive RF-chain components like RF mixers, analog-to-digital converters (ADCs)
and digital-to-analog converters (DACs), which greatly reduces the energy requirements of
the circuit [2, 3]. Such a technology is especially attractive for IoT devices deployed at
hard-to-reach locations for which recharging or replacing batteries may not be economically
viable. The ubiquitous presence of wireless networks provide a reliable source of EM waves
that can be utilized by such devices for data transmission using backscattering. Due to the
wide-ranging potential advantages of this technology, it is of immediate interest to char-
acterize various aspects of its performance accurately. In this work, we provide an exact
characterization of BER for these ambient backscatter systems in a flat fading channel both
in the presence and absence of channel state information (CSI).

2.1.1 Related Work
Although ambient backscatter communications have gained prominence recently, initial

research on the fundamentals of backscatter systems dates back to 1948 when it was first
applied in radar systems [42]. Later in the early 1990s and 2000s, it found a prominent
application in inventory tracking and identification through radio frequency identification
(RFID) systems. A serious drawback of these systems compared to traditional point-to-
point communications is the two-way propagation loss resulting in a limited communication
range. This motivated the study of channel characteristics and distance limitations of the
conventional backscatter systems in [43,44]. To overcome this limitation, approaches such as
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bistatic backscatter [45] were explored for improving range. The use of coding techniques and
multiple antennas for performance improvements was explored in [46–49]. The security and
protocol aspects of backscatter systems to achieve reliable communication were investigated
in [50,51].

A major drawback of the conventional backscattering systems is the need for a stan-
dalone equipment to send the source RF signals, which are scattered back by devices such as
a moving vehicle or miniature tags. Ambient backscattering [2, 3] is the first successful im-
plementation of backscatter systems that circumvents the need for extra hardware, thereby
reducing the cost of infrastructure and maintenance. Some of the recent prototype implemen-
tations of the ambient backscatter include low-power communication to nearby devices by
leveraging the TV/cellular waves [2], multiple antenna and coding techniques for improved
throughput and range, respectively [52], passive Wi-Fi transmissions with very low circuit
operational power [53], low-power self-interference cancellation techniques for full-duplex
transmissions and frequency-modulation (FM) backscattering for smart and connected cities
[54], inter-technology backscatter to convert Wi-Fi packets into bluetooth transmissions [27],
and long range (LoRa) low-power communications in the battery-less devices [9, 10]. These
proof-of-concept systems have demonstrated the feasibility of practical implementation of
the ambient backscatter technology.

On the other hand, investigation into the theoretical aspects of ambient backscatter like
throughput, error rates, and performance is still in the nascent stage. Several important
steps in this direction had been taken in [1, 12–19]. The design of maximum-likelihood and
equiprobable-error detectors was first investigated in [12]. The detection using non-coherent
and semi-coherent techniques at a receiver without channel state information was studied in
[1, 13–15]. The detection of ambient backscatter signal with multiple receive antennas was
performed in [16]. The statistical-covariance based signal detection to improve the BER of
the system was investigated in [18]. The BER analysis of detection over ambient orthogonal
frequency division multiplexing (OFDM) signals using interference cancellation techniques
was investigated in [19]. The capacity and throughput limits of an ambient scattering system
were studied in [55]. In [56], the performance analysis of ambient backscatter in a network
setup was performed in terms of the coverage probability and the transmission capacity using
stochastic geometry framework.

The key enabler of the analysis in [1, 12–19] was the approximation of the probability
density function (PDF) of average energy of the received signal as Gaussian distributed. De-
spite the progress made in detection and BER analysis of the ambient backscatter systems
in the aforementioned works, the following two fundamental problems are still open: (i) the
characterization of the exact distribution of average signal energy and (ii) the characteriza-
tion of exact average BER in fading channels. Tackling these two problems is the main focus
of this paper. Further details on the main contributions of the paper are provided next.
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2.1.2 Contributions and Outcomes
Exact conditional distributions and detection mechanisms We investigate signal
detection in ambient backscatter for two types of receivers, which we refer to as: i) receiver
with CSI (R1) and ii) receiver without CSI (R2). We show that the exact conditional density
functions of the average energy of the received signal follow noncentral chi-squared distribu-
tion (NC-χ2). Characterization of the exact conditional signal distribution is an important
component in the exact performance analysis, which differentiates our work from the earlier
works that approximated this distribution as Gaussian [1, 12, 13, 16]. A binary hypothe-
sis testing problem is formulated and the detection is performed by comparing the average
energy of the signal to a threshold. Three detection strategies are considered for receiver
R1: i) mean threshold (MT) detection in which the threshold is calculated as the mean of
conditional expectations of the average signal energies received under different hypotheses,
ii) maximum likelihood threshold (MLT) detection in which the threshold is evaluated as
intersection point of the exact conditional PDFs, and iii) Approximate MLT detection where
threshold is evaluated as the intersection point of approximations of the conditional PDFs.
For receiver R2, differential encoding strategy is used at the transmitter to overcome the
ambiguity in decoding process [2]. Simple threshold evaluation strategies, such as the MT
threshold, are used in R2 because of the lack of complete channel information at the receiver
in this case.

Joint distribution of correlated fading components A key challenge in the error
analysis is the need to characterize the joint distribution of correlated fading components
belonging to the different hypotheses. In particular, although the individual links in the
system may experience independent fading, overlapping backscatter data onto radio signals
eventually results in different but correlated fading components for the two hypotheses. A key
driver of this evaluation is the independence of the fading component of alternate hypothesis
conditioned on the fading component of null hypothesis. Further, characterization of the
conditional BER in terms of the generalized Marcum Q-function allows us to come up with
several system insights, which are discussed next.

Insights Using the conditional BER expressions, we deduce that the optimal performance
of ambient backscatter is dependent only on signal-to-noise (SNR) of the ambient signal and
not on the individual strengths of the ambient signal and noise. This trend is similar to the
performance of the standard binary phase shift keying (BPSK) modulation in the classical
setup. Second, the decay rate of BER defined as the rate of depreciation is observed to
decrease with the increasing sample length N . This is in contrast to the constant BER decay
rate observed when plotted against SNR of the signal. Third, the SNR gain of the system
follows diminishing returns with increasing value of the sample length N . Further, our results
show that there is no noticeable difference in the BER performance of the three detection
threshold techniques considered in this work. Therefore, simpler techniques, such as the MT
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Figure 2.1: System model of ambient backscatter communication system.

technique, can be implemented without much degradation of the system performance.

2.2 System Model
We consider a pair of devices, of which one is a backscatter transmitter (BTx) and the

other is a receiver (Rx). We assume the presence of modulated carrier waves generated by
a source in the environment, henceforth referred to as ambient waves and ambient source
respectively, and the devices communicate through scattering of the incident ambient waves.
The system model for the ambient backscatter is illustrated in Fig. 2.1. The devices in the
network are assumed to either have their own power source or generate enough power from
the ambient waves to run their circuits. The latter assumption is quite reasonable because
the ambient backscatter systems are designed to operate at a very low power, of the order
of few micro-watts.

2.2.1 Channel Model
In this paper we focus on flat Rayleigh fading channel. Handling more general fading

distributions is a useful direction of future work. In the backscatter setup illustrated in Fig.
2.1, there are two direct communication links, one each from ambient source to transmitter
and receiver, and one backscatter communication link, from transmitter to receiver. The
fading components of the direct links to receiver and transmitter, and the backscatter link
are independent, identically distributed and are denoted by hr, ht and hb, respectively. The
variance σ2

h2
of the backscatter link hb is assumed to be different from the variance σ2

h1
of the

direct links hr and ht. When the communication range of backscatter is significantly high,
the variance σ2

h2
is set to a value smaller than unity to model the additional attenuation. In
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our setup, however, the extra attenuation in the backscatter link is assumed to be negligible
and the large-scale fading is taken to be correlated, thus allowing us to capture the large-scale
channel effects directly into the received SNR. The average energy of the ambient signal is
assumed to be unity and the variance σ2 of zero mean additive complex Gaussian noise is
varied to obtain different SNR values. For this reason, the exact units of signal energy are
not needed and SNR is used as a measure of the signal strength in the distribution plots.

2.2.2 Signal Model
At the BTx, a simple binary on-off modulation scheme is implemented by appropriately

configuring the reflection coefficients Γ0 and Γ1 to transmit digital bits. The desired signal
at the Rx (shown in Fig. 2.1) is the sum of two components, one directly received from the
ambient source and the other reflected from the BTx. The received signal of an ambient
backscatter system is mathematically expressed as follows:

y(n) = hrx(n)︸ ︷︷ ︸
radio signal

+αhb b(n) htx(n)︸ ︷︷ ︸
backscatter signal

+ w(n),︸ ︷︷ ︸
i.i.d Gaussian noise

(2.1)

where x(n) is the complex baseband signal of the ambient source, w(n) is the additive
complex Gaussian noise at the receiver, b(n) ∈ {0, 1} is the backscatter data, and α is
related to the parameter Γ1 of the BTx node. It should be noted that the backscatter data
b(n) has to be decoded in the presence of ambient source data x(n) which is unknown at the
receiver node.

Assuming that the data rate of backscatter communication is significantly lower than the
data rate of ambient source (reasonable assumption for most IoT applications), the receiver
can filter out the data x(n) of ambient source by simply averaging the energy of the received
signal over N samples, where N is the window over which the backscatter data b(n) remains
constant [2]. We note that no further assumptions, for example on the distribution of the
ambient symbol sequence, are made except the following one. The average energy of x(n)
over the sample length N is assumed to be a constant given by:

Ē =
1

N

N∑
n=1

|x(n)|2. (2.2)

By taking b(n) = b over sample length N , the model in (2.1) can be simplified, as follows:

y(n) = (hr + αhbhtb)x(n) + w(n), (1 ≤ n ≤ N). (2.3)

To further simplify the model, received signal y(n) can be expressed separately for each value
of bit b with the following fading components:

y(n) =

{
h0 x(n) + w(n), b = 0,

h1 x(n) + w(n), b = 1,
(2.4)
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where h0 = hr and h1 = hr + αhbht are fading components dependent on backscatter data
b. The magnitude square of the fading components are denoted by µ = |h0|2 and ν = |h1|2.

Remark 2.1. It should be noted that the fading terms h0 and h1 (also µ and ν) are different
and are correlated due to the common term hr in their expressions, unlike a traditional BPSK
system which has a single fading term.

2.2.3 Receiver Types
The BER performance of the two receiver types R1 and R2, which correspond to the

receiver with CSI (coherent receiver) and receiver without CSI (semi-coherent receiver) re-
spectively, is analyzed in the paper. The first receiver R1 is assumed to track CSI perfectly
which means the fading components h0 and h1 are known at the receiver. However, the
complexity in the estimation of CSI may preclude some of these energy-constrained devices
from tracking the channel, which is the primary motivation behind considering receiver R2

for which coding techniques such as differential coding are needed at the transmitter side
to enable it to estimate data without CSI. In the absence of CSI, a receiver would not be
able to map the conditional distributions of the received signal to the true message bit,
thereby resulting in a poor decoding performance. We will elaborate on this point further
in Section 2.3.2. With the help of differential encoding, receiver R2 will decode data bits
by observing the change in two consecutive symbols rather from absolute values, thereby
improving the BER performance of the receiver compared to an uncoded transmission.

The coherent receiver in this work does not require the complete phase tracking of the
channel gain that is generally attributed to coherent receivers in the literature. It should
be noted that there are multiple interpretations of the terms coherent and non-coherent in
the communication literature. In the conventional sense, coherent detection is used to refer
to the communication systems which require phase tracking to synchronize the local carrier
with that of the received signal. On the other hand, with respect to wireless communication
systems, coherent detection is used to represent the tracking of the phase offset due to mainly
multi-path propagation (and also local carrier offset) and mobility of the devices. This is
because, generally, the local carrier estimation does not require frequent tracking while the
channel state information (CSI) requires regular updates. Therefore, in the latter systems,
coherent detection corresponds to systems that require CSI even partial knowledge such
as magnitude of the channel gain coefficients, while non-coherent detection corresponds to
systems that do not assume any knowledge of the CSI. (Note that even for non-coherent
detection, assumptions are made about the statistics of the CSI like the PDF of the channel
gain etc.) This is the interpretation that we followed in our work. Additionally, for semi-
coherent detection, we do not directly estimate even the partial channel knowledge since we
only require the joint information of the different channel gains to evaluate the threshold
value. (Recall that the receiver in ambient backscatter perceives different channel gains due
to on-off keying (OOK) modulation for different values of the backscatter data bit.)

Before going into further technical discussion, we define some key functional forms that
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will be used throughout this paper.

Definition 2.2. The PDF of central chi-squared random variable χ2(k) with degree k is
given by:

fχ2(x; k) =


x( k

2
−1)e−

x
2

2
k
2 Γ(k

2
)
, x > 0,

0, otherwise.
(2.5)

Definition 2.3. The PDF of Rayleigh random variable with variance σ2 of corresponding
zero mean complex Gaussian RV is given by:

fRay(x;σ2) =


2x

σ2
exp

(
− x2

σ2

)
, x > 0,

0, otherwise.
(2.6)

Definition 2.4. The modified Bessel function of the first kind with order v is given by the
expression:

Iv(z) = (
z

2
)v
∞∑
i=0

( z
2

4
)i

i!Γ(v + i+ 1)
, (2.7)

and the corresponding integral form when v is an integer n is given by:

In(z) =
1

π

∫ π

0

ez cos θ cos(nθ)dθ. (2.8)

Definition 2.5. The modified Bessel function of the second kind with order v is given by
the expression:

Kv(z) =
π

2

I−v(z)− Iv(z)

sin vπ
, (2.9)

where Iv(z) is the modified Bessel function of the first kind.

Definition 2.6. The generalized Marcum Q-function with degree M and parameters α, β
[57] is given by the expression:

QM(α, β) =
1

αM−1

∫ ∞
β

vM exp
(
− v2 + α2

2

)
I0(αv) dv. (2.10)

2.3 Signal Detection
In this section, we first study the detection process at receiver R1 in detail, beginning

with the derivation of conditional distributions of the average signal energy represented
by random variable Y and the investigation of detection mechanisms to get the optimal
detection threshold. We build on this analysis to study detection and error performance of
receiver R2 focusing primarily on the elements differentiating the two receivers.
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2.3.1 Receiver with CSI

Exact Distribution Functions

The BTx node will modulate its own data onto the reflected ambient radio waves which
means that the Rx node has to implement a mechanism to separate backscatter data from
the ambient source data. For this purpose, energy of the received signal is averaged over a
window of N samples. This mechanism results in a random variable (RV) Y representing
the average signal energy, and the operation is represented as follows [2]:

Y =
1

N

N∑
n=1

|y(n)|2 =
1

N

N∑
n=1

|(hr + αhb b ht)x(n) + w(n)|2. (2.11)

This problem is formulated as a binary hypothesis testing problem where the scenarios
conditioned on bits b = 0 and b = 1 are taken as H0 (Null Hypothesis) as H1 (Alternate
Hypothesis) respectively:

H0 : Y =
1

N

N∑
n=1

|h0x(n) + w(n)|2, b = 0, (2.12)

H1 : Y =
1

N

N∑
n=1

|h1x(n) + w(n)|2, b = 1. (2.13)

The conditional probability density functions (PDFs) of Y are crucial in the detection and
estimation of the transmitted bit and are derived in the following Lemma.

Lemma 2.7. The PDFs of Y conditioned on H0, µ and H1, ν are respectively given by:

fY |H0,µ(t) =
2N

σ2

∞∑
i=0

e−
µNĒ

σ2

(
µNĒ
σ2

)i
i!

fχ2(
2N

σ2
t; 2N + 2i), (2.14)

fY |H1,ν(t) =
2N

σ2

∞∑
i=0

e−
νNĒ
σ2

(
νNĒ
σ2

)i
i!

fχ2(
2N

σ2
t; 2N + 2i). (2.15)

Proof: See Appendix A.1.

Remark 2.8. It can be observed that the PDFs of Y conditioned on H0 and H1 are respec-
tively dependent only on parameters µ and ν, which are the squares of absolute values of
the respective channel coefficients h0 and h1. Thus, the average BER can be written as the
expectation of BER conditioned jointly (since they are not independent) on just µ and ν.
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Estimation of Channel Parameters

As highlighted in the remark 2.8 of the paper, the conditional PDFs of the average signal
energy Y are only dependent on the absolute squares of the channel coefficients h0 and h1.
Hence in this case, it is sufficient to estimate these channel metrics directly to perform the
signal detection. Next we discuss a simple technique that could be easily implemented to
estimate these channel metrics in the ambient backscatter communication systems.

Pilot signals are used in different wireless technologies to determine existence of carrier
signals, perform carrier frequency or phase synchronization, and estimation of signal sam-
pling time on the receiver end [58]. These signals carry little to no information and are
already known at the receiver side. For example, Wi-Fi systems use pilot symbols known
as preamables while LTE systems utilize special signals known as Primary Synchronization
Signal (PSS) and Secondary Synchronization Signal (SSS) for detecting the carrier signals
and estimating the carrier frequency and phase offsets. We assume a similar procedure where
a stream of bits of value 0 followed by a stream of bits of value 1 are transmitted by the
BTx at the beginning of a coherence period. The receiver will estimate the channel metrics
using the similar energy averaging process and the metric for bit stream 0 can be estimated
by taking mean value of Y which is given by:

E[Y ] = |h0|2Ē + σ2 =⇒ |h0|2 =
E[Y ]− σ2

Ē
(2.16)

The other metric can be estimated through a similar procedure.

Comparison with Approximate Distribution Functions

The exact conditional PDFs derived here are compared with the approximations avail-
able in the literature. An alternate representation of Y can be derived by expanding (2.11)
and is given by the expression:

Y =
1

N

N∑
n=1

|y(n)|2 =
1

N

N∑
n=1

y(n)y∗(n) (2.17)

= |hr + αhbhtb|2
1

N

N∑
n=1

|x(n)|2 +
2

N
Re

{
(hr + αhbhtb)

N∑
n=1

x(n)w∗(n)

}
+

1

N

N∑
n=1

|w(n)|2

(2.18)

= |hr + αhbhtb|2Ē︸ ︷︷ ︸
constant

+
2

N
Re

{
(hr + αhbhtb)

N∑
n=1

x(n)w∗(n)

}
︸ ︷︷ ︸

Gaussian RV

+
1

N

N∑
n=1

|w(n)|2︸ ︷︷ ︸
Central-χ2 RV

. (2.19)

One Gaussian approximation of Y can be made by approximating the Central-χ2 RV
with its mean value. This approximation is equivalent to the approximation given for a
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Figure 2.2: Comparison of exact (derived in this paper) and approximate conditional PDFs
[1] of average signal energy Y for µ = 1, ν = 1.625 (left) and µ = 1, ν = 0.625 (right) at SNR
= 0 dB, N = 150.
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Figure 2.3: Comparison of exact and approximate conditional PDFs [1] of average signal
energy Y for (a) µ = 1, ν = 1.625 (b) µ = 1, ν = 0.625 (SNR = 0 dB, N = 20).
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large value of N in [1], which is also the preferred mode of approximation in the referenced
paper. The exact and approximated conditional PDFs of the average signal energy Y for N
= 150 and SNR = 0 dB are compared in Fig. 2.2, and the deviation in the plots is clearly
noticeable. As expected, the exact distributions derived in this paper match exactly with
the simulated conditional PDFs. On the other hand, the second Gaussian approximation
of Y can be done by approximating the Central-χ2 RV with a Gaussian RV of same mean
and variance values. This approximation corresponds to the approximation given for a small
value of N in [1]. The plots of the exact and approximated conditional PDFs in Fig. 2.3 show
that the approximations work reasonably well. The reason for the deteriorating performance
of the approximations in [1] with increasing value of N is due to the approximation of the
aforementioned Central-χ2 RV with its mean value at higher values of N which does not
approximate the distribution properly. We observed that the approximation of this Central-
χ2 RV instead with Gaussian (also proposed in [1] for smaller N) works better for all values
of N . From this point onward, the two approximations are referred to as the first and second
Gaussian approximation of the conditional PDFs of Y .

The impact of channel variations on the conditional PDFs is analyzed by plotting them
for the two sets of values of channel parameters µ and ν. When the two sub-plots in Figs.
2.2 and 2.3 are compared, the conditional distributions of two hypotheses are observed
to interchange their positions which means that the relative positions of the conditional
distributions of two hypotheses change with channel parameters µ and ν. Further, as the
value of sample length N increases the conditional variance of Y decreases and this results
in the concentration of the conditional PDFs. This effect can be observed in Figs. 2.2 and
2.3 by checking the difference in the supports over which the PDFs are mainly concentrated.

Detection Threshold

In the optimal detection of the standard BPSK modulation using MLT detection, the
threshold value calculated as the intersection point of conditional likelihood functions has a
tractable solution. However, the solution for the MLT estimation in an ambient backscat-
ter system is intractable, and for this reason, we consider two other strategies called MT
detection and approximate MLT detection along with the optimal MLT detection.

Mean Threshold (MT) Detection The threshold value of MT detection method is
evaluated as the mean of the conditional expectations of average signal energy Y given H0, µ
and H1, ν:

Tmt =
E[Y |H0] + E[Y |H1]

2
= σ2 +

Ē(µ+ ν)

2
. (2.20)

Maximum Likelihood Threshold (MLT) Detection Here, we derive the expression
of optimal threshold value for maximum likelihood detection. The representation of the
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conditional PDFs of Y in terms of “sums of terms” as given in (2.14) and (2.15) can be
modified to an alternate integral form using the modified Bessel function of first kind which
is given for any integer order. Using this integral representation we can derive expression
for the MLT, which unfortunately however does not have a tractable form. This result is
presented in the following Lemma.
Lemma 2.9. The optimal detection rule or threshold Tmlt (a function of µ and ν) is calcu-
lated by solving the expression given below:

N

σ2
e
−
(
N
σ2 Tmlt+

NµĒ

σ2

)(
4Tmlt

µĒ

)N−1
2

IN−1(
2N

σ2

√
µĒTmlt)

=
N

σ2
e−( N

σ2 Tmlt+
NνĒ
σ2 )

(
4Tmlt

νĒ

)N−1
2

IN−1(
2N

σ2

√
νĒTmlt), (2.21)

and the expression can be simplified as follows:

e
N
σ2 Ē(ν−µ)

(
ν

µ

)N−1
2
∫ π

0

e
2N
σ2

√
µĒ Tmlt cos θ cos(N − 1)θ dθ =

∫ π

0

e
2N
σ2

√
νĒ Tmlt cos θ cos(N − 1)θ dθ.

(2.22)

Proof: See Appendix A.2.

Approximate MLT Detection As discussed above, solving (2.22) gives the optimal
ML threshold value. The presence of Tmlt, the variable we are evaluating, inside the integral
makes the problem highly intractable and the procedure is not so straightforward. To sim-
plify the computations, we provide approximate solutions using Gaussian approximations
of the conditional PDFs that we discussed earlier. We remind again that the selection of
threshold value is an independent process from the characterization of signal distributions.
The conditional distributions derived in subsection 2.3.1 are exact without any approxima-
tions as mentioned in the contributions of this paper. The approximations of the conditional
distributions is only used for the derivation of tractable solutions to MLT to enable faster
numerical computations. These approximate MLT thresholds are similar to the ones used in
[1].
Lemma 2.10. The approximate ML thresholds Tmlt,app1 and Tmlt,app2 for the two Gaussian
approximations of conditional distributions of Y are given by the following expressions:

Tmlt,app1 = σ2 +

√
µνĒ

( 2σ2

N(ν − µ)
ln
(ν
µ

)
+ Ē

)
, (2.23)

Tmlt,app2 =
σ2

2
+

√
σ4

4
+ µνĒ2 +

µ+ ν

2
Ēσ2 +

(
2µĒ + σ2

)
2N

(
2νĒ + σ2

)
σ2

(ν − µ)Ē
ln

(
2νĒ + σ2

2µĒ + σ2

)
.

(2.24)

Proof: See Appendix A.3.
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2.3. Signal Detection

2.3.2 Receiver without CSI
The assumption of CSI tracking at receiver R1 gave one the freedom to choose differ-

ent evaluation strategies in estimating the threshold value. For energy-constrained devices
like sensors, tracking a channel continuously may not be the ideal use of their energy and
would be beneficial if detection mechanisms without (or partial) channel information can be
implemented. By partial channel information, we mean that there is some measure of the
channel like mean energy of the channel estimates. Additionally, energy constraints in some
of the devices restrict the evaluation of complex numerical operations inhibiting the imple-
mentation of most of the threshold techniques. These are the primary factors motivating
the pursuit of detection schemes in a receiver without (or partial) channel estimates which
can result in reasonable performance.

The fading components in the binary hypothesis problem formulated earlier in (2.4)
are observed to be different under each hypothesis. Both of the fading terms are complex
and the magnitude of one component can be either smaller or bigger than the other compo-
nent. As observed in the analysis related to conditional distributions, the conditional PDFs
interchange positions with respect to the relative values of these components. Without in-
formation on the relative location of the conditional distributions of the two hypotheses, the
threshold detector can incorrectly map the received average signal to a different hypothe-
sis with high probability. To overcome the ambiguity of mapping correct conditional PDFs
at receiver R2, differential encoding is implemented at the transmitter which reduces the
complexity of the receiver albeit with a slight degradation in error performance [2]. Mathe-
matically, the output of a differential encoding block is given by:

b(n) = b(n− 1)⊕m(n), (2.25)

where ⊕ is the exclusive-or (XOR) operation, b(n) is the transmitted bit at current time
instant, b(n− 1) is the bit transmitted in previous time instant, and m(n) is the message bit
to be transmitted in the current time instant. At the receiver, m(n) can be decoded with a
similar XOR operation given by:

m̂(n) = b̂(n)⊕ b̂(n− 1), (2.26)

where b̂(n) and b̂(n− 1) are the symbols received at the current and previous time instants
respectively. It can be observed that the information in differential encoding is encoded
as a change rather than absolute values of the transmitted symbols, and in the differential
decoding block at the receiver two consecutive symbols are used to detect each bit in the
stream. Since the differential decoding takes in two consecutive symbols at a time, the
value of fading coefficient is assumed to be the same over the two symbols (fairly reasonable
assumption).

Threshold Strategies As there is no channel information atR2, we can only use threshold
techniques which do not involve the explicit estimation of the channel state. This is where
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the simplicity of evaluating the Mean threshold (MT) allows one to employ the technique for
this receiver. The threshold of MT detection can be implemented in practice by averaging
the energy of samples received over the first few time slots in the channel coherence period.

2.4 Bit Error Rate Analysis
In this section, we analyze the performance of the detection strategies by evaluating the

BER expressions. The conditional BER expressions are also evaluated in terms of the gen-
eralized Marcum Q-function similar to the accepted representation of BER of the Gaussian
distributed signals using the standard Q-function. This form of presentation of the condi-
tional BER allows us to show the dependence of optimal BER performance on the SNR of
the ambient signal which is demonstrated in the next subsection.

As noted in Remark 2.8, the average BER of an ambient backscatter system is dependent
on joint distribution of the fading components µ and ν. The analytical expression of the
average BER in a fading channel can be written as:

Pe = Eµ,ν [P (e|µ, ν)] =

∫ ∞
0

∫ ∞
0

fµ,ν(µ, ν)P (e|µ, ν) dν dµ, (2.27)

where fµ,ν(µ, ν) is the joint probability density of fading components µ and ν, and P (e|µ, ν)
is the error probability conditioned on µ and ν. To the best of our understanding, existing
works do not deal with the characterization of this joint probability density and hence the
average BER analysis for this setup.

2.4.1 Conditional Error Probability
First, we derive the expressions of conditional error probabilities for receiver R1 and

then extend the analysis to receiver R2. The conditional error probability P (e|µ, ν) of a
receiver is given by the expression:

P (e|µ, ν) = P (H0)P (e|H0, µ) + P (H1)P (e|H1, ν). (2.28)

Assuming the symbols are equally likely, the prior probabilities of the two hypotheses are
given by P (H0) = P (H1) = 1

2
. The conditional error probability of each hypothesis of

receiver R1 is given by the following relation since the relative values of µ and ν change the
relative positions of the conditional distribution curves:

PR1(e|H0, µ) =


T (µ,ν)∫

0

fY |H0,µ(t) dt, ν < µ,

∞∫
T (µ,ν)

fY |H0,µ(t) dt, ν ≥ µ.
PR1(e|H1, ν) =


∞∫

T (µ,ν)

fY |H1,ν(t) dt, ν < µ,

T (µ,ν)∫
0

fY |H1,ν(t) dt, ν ≥ µ.

(2.29)
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2.4. Bit Error Rate Analysis

When ν ≥ µ, analytical expression of the conditional bit error rate is given by:

P 1
R1

(e|µ, ν) = P (H0)PR1(e|H0, µ) + P (H1)PR1(e|H1, ν) (2.30)

=
1

2

∫ ∞
T

fY |H0,µ(t) dt+
1

2

∫ T

0

fY |H1,ν(t) dt. (2.31)

On the other hand for ν < µ, the conditional bit error rate is given by:

P 2
R1

(e|µ, ν) = P (H0)PR1(e|H0, µ) + P (H1)PR1(e|H1, ν) (2.32)

=
1

2

∫ T

0

fY |H0,µ(t) dt+
1

2

∫ ∞
T

fY |H1,ν(t) dt = 1− P 1
R1

(e|µ, ν). (2.33)

The value of conditional BER is a function of the instantaneous values of parameters µ
and ν and can take either PR1(e|µ, ν) = P 1

R1
(e|µ, ν) or PR1(e|µ, ν) = P 2

R1
(e|µ, ν) depending

on the relative values of the two parameters. When differential encoding is implemented at
transmitter for receiver R2, the conditional BER expression simplifies to a single expression.
For the receiver R2, error is going to occur at the output of differential decoding when only
one of the two consecutive bits of the received symbols flips. Also, observe that both of the
detected bits are independent which simplifies the analysis, and we can write the expression
of the conditional BER as follows:

PR2(e|µ, ν) = P (Ŷk 6= Yk)P (Ŷk−1 = Yk−1) + P (Ŷk = Yk)P (Ŷk−1 6= Yk−1)

= 2P (Ŷk 6= Yk)P (Ŷk−1 = Yk−1) = 2P 1
R1

(e|µ, ν)P 2
R1

(e|µ, ν). (2.34)

The Marcum Q-function is extensively used as a cumulative distribution function for
noncentral chi, noncentral chi-squared and Rice distributions and many algorithms for effi-
cient evaluation of the function are implemented in hardware and software. Hence, it would
be highly beneficial to give equivalent representations of the conditional BER in terms of
Marcum Q-function.

The conditional error probabilities of the two receiversR1 andR2 of ambient backscatter
systems in terms of the generalized Marcum Q-function can be expressed as [57,59]:

PR1(e|µ, ν) =

{
P 1
R1

(e|µ, ν) ν < µ,

P 2
R1

(e|µ, ν) ν ≥ µ.
=



1

2

{
1 +QN

(√
2N

µĒ

σ2
,

√
2N

T (µ, ν)

σ2

)

−QN

(√
2N

νĒ

σ2
,

√
2N

T (µ, ν)

σ2

)}
ν < µ,

1

2

{
1 +QN

(√
2N

νĒ

σ2
,

√
2N

T (µ, ν)

σ2

)

−QN

(√
2N

µĒ

σ2
,

√
2N

T (µ, ν)

σ2

)}
ν ≥ µ.

(2.35)
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PR2(e|µ, ν) = 2P 1
R1

(e|µ, ν)P 2
R1

(e|µ, ν)

=
1

2
− 1

2

{
QN

(√
2N

νĒ

σ2
,

√
2N

T (µ, ν)

σ2

)
−QN

(√
2N

µĒ

σ2
,

√
2N

T (µ, ν)

σ2

)}2

.

(2.36)

Remark 2.11. We can observe from (2.35) and (2.36) that the conditional BER expressions

are functions of the parameters N, µĒ
σ2

,
νĒ

σ2
and T (µ, ν)

σ2
. The fractions T (µ, ν)

σ2
for the MT

threshold and the two approximate MLTs threshold techniques can be modified as:

Tmt

σ2
= 1 +

µĒ
σ2 + νĒ

σ2

2
, (2.37)

Tmlt,app1

σ2
= 1 +

√√√√√νĒ

σ2

 2µĒ
σ2

N
(
νĒ
σ2 − µĒ

σ2

) ln

(
νĒ
σ2

µĒ
σ2

)
+
µĒ

σ2

, (2.38)

Tmlt,app2

σ2
=

1

2
+

√√√√√1

4
+
νĒ

σ2

µĒ

σ2
+

µĒ
σ2 + νĒ

σ2

2
+

(
2µĒ
σ2 + 1

)(
2νĒ
σ2 + 1

)
2N
(
νĒ
σ2 − µĒ

σ2

) ln

(
2νĒ
σ2 + 1

2µĒ
σ2 + 1

)
, (2.39)

which are functions of the other three parameters N, µĒ
σ2

and νĒ

σ2
.

Even though MLT technique does not have a closed form expression for the threshold,
we show that the solution Tmlt

σ2
of (2.22) has to be a function of the same three parameters.

The rearranged form of (2.22) given below is a function of the three parameters N, µĒ
σ2

and νĒ

σ2
and hence, the solution Tmlt

σ2
of the equation would also be a function of the three

parameters.

e
N
(
νĒ
σ2 −

µĒ

σ2

) ∣∣∣∣∣ νĒσ2

µĒ
σ2

∣∣∣∣∣
N−1

2 ∫ π

0

e2N
√
µĒ

σ2
Tmlt
σ2 cos θ cos(N − 1)θ dθ=

∫ π

0

e2N
√
νĒ
σ2

Tmlt
σ2 cos θ cos(N − 1)θ dθ.

(2.40)

The fractions µĒ
σ2

and νĒ
σ2

are the received SNRs under the two hypotheses. Hence, it can be
concluded that the conditional BER of the MT, approximate MLTs and the optimal MLT
threshold mechanisms depend upon the signal and noise strengths through SNR and not
their respective energies separately.
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2.4. Bit Error Rate Analysis

2.4.2 Average Error Probability
The second component required in the average BER expression is the joint distribution

function of fading components µ and ν, which is derived in the following Lemma.

Lemma 2.12. The joint density of the fading components µ and ν is given by the following
expression:

fµ,ν(µ, ν) =
2

πσ2
h1

e
− µ

σ2
h1

1

|α|2σ2
h1
σ2
h2

∫ π

0

K0

(√
µ+ ν − 2

√
µν cos θ

|α|σh1
σh2

2

)
dθ. (2.41)

where K0(z) is the zeroth order modified Bessel function of second kind.

Proof: See Appendix A.4.

We can now provide the final result of the paper which quantifies the error performance
of ambient backscatter systems in terms of the average BER. The following theorem gives
the final average BER expressions for both receivers R1 and R2 in the ambient backscatter
systems.

Theorem 2.13. The average BER of the receivers R1 (with CSI) and R2 (without CSI) in
an ambient backscatter system are given by (2.45) and (2.46) respectively and T (µ, ν) in the
equations represents the threshold value which depends on the employed detection strategy.

Proof: Using the definition of average BER in (2.27) of an ambient backscatter
system, the equivalent expression for receiver R1 is given by:

PR1(e) =

∫ ∞
0

∫ ∞
0

fµ,ν(µ, ν)PR1(e|µ, ν) dν dµ (2.42)

(a)
=

∫ ∞
0

∫ µ

0

fµ,ν(µ, ν)P 1
R1

(e|µ, ν) dν dµ+

∫ ∞
0

∫ ∞
µ

fµ,ν(µ, ν)P 2
R1

(e|µ, ν) dν dµ, (2.43)

where (a) follows from the piece-wise expressions of PR1(e|µ, ν) for the disjoint sets ν < µ
and ν ≥ µ. By substituting the expressions of P 1

R1
(e|µ, ν) and P 2

R1
(e|µ, ν) provided in (2.35)

and fµ,ν(µ, ν) provided in (2.41), we get the result given in the theorem.

Similarly, the average BER expression for receiver R2 is given by:

PR2(e) =

∫ ∞
0

∫ ∞
0

fµ,ν(µ, ν)PR2(e|µ, ν) dν dµ. (2.44)

Substituting the expressions of PR2(e|µ, ν) and fµ,ν(µ, ν) given in (2.36) and (2.41) respec-
tively, we get the result.
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PR1(e)

=
1

2
+

∫ ∞
µ=0

∫ µ

ν=0

2

πσ2
h1

e
− µ

σ2
h1

1

|α|2σ2
h1
σ2
h2

∫ π

0

K0

(√
µ+ ν − 2

√
µν cos θ

|α|σh1
σh2

2

)
dθ

× 1

2

{
QN

(√
2N

µĒ

σ2
,

√
2N

T (µ, ν)

σ2

)
−QN

(√
2N

νĒ

σ2
,

√
2N

T (µ, ν)

σ2

)}
dν dµ

+

∫ ∞
µ=0

∫ ∞
ν=µ

2

πσ2
h1

e
− µ

σ2
h1

1

|α|2σ2
h1
σ2
h2

∫ π

0

K0

(√
µ+ ν − 2

√
µν cos θ

|α|σh1
σh2

2

)
dθ

× 1

2

{
QN

(√
2N

νĒ

σ2
,

√
2N

T (µ, ν)

σ2

)
−QN

(√
2N

µĒ

σ2
,

√
2N

T (µ, ν)

σ2

)}
dν dµ,

(2.45)

PR2(e) =

∫ ∞
µ=0

∫ ∞
ν=0

2

πσ2
h1

e
− µ

σ2
h1

1

|α|2σ2
h1
σ2
h2

∫ π

0

K0

(√
µ+ ν − 2

√
µν cos θ

|α|σh1
σh2

2

)
dθ

×

(
1

2
− 1

2

{
QN

(√
2N

νĒ

σ2
,

√
2N

T (µ, ν)

σ2

)
−QN

(√
2N

µĒ

σ2
,

√
2N

T (µ, ν)

σ2

)}2)
dν dµ,

(2.46)

Remark 2.14. While the procedure used for the derivation of the conditional PDFs in
2.7 can be easily extended to a higher order modulation scheme, the approach used in the
derivation of the conditional BER and the average BER cannot be directly extended to an
M-ary modulation scheme. One often has to resort to bounds, for example using the union
bound, which are carefully constructed based on the constellation structure of the M-ary
scheme of interest (e.g., using the nearest neighbor distances between constellation points).
In this energy based detection of ambient backscatter, the relative positions of the points in
the constellation change depending on the relative values of the channel coefficients, which
may result in intractable piece-wise expressions. As a result, the formal treatment of M-ary
modulation schemes in this setup is left as a promising direction for future work.

Remark 2.15. From the system equation in (2.1), we can see that the received signal has a
direct component from the ambient source that does not contain any data. We can interpret
that as an interfering signal to the backscatter signal, which might act as a bottleneck to
the BER performance of the system. We answer this here by analytically showing the exact
impact of the direct link on BER.

The conditional PDF of the average received energy Y can be closely approximated
using the second Gaussian approximation. That means one can evaluate the conditional BER
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Figure 2.4: Performance comparison in MT technique: (a) BER vs N for different SNR, (b)
BER vs SNR for different N .

using the Q-function instead of the generalized Marcum-Q function. Making the assumption
σ4 � 1 at high SNR, the conditional BER of an ambient backscatter system using the MT
threshold can be approximated as:

PR1(e|µ, ν) =


1
2

+ 1
2

{
Q

(
(√µ+

√
ν)(
√

µ
ν
−1)

2
√

2N

√
Ē
σ2

)
−Q

(
(√µ+

√
ν)
(√

ν
µ
−1
)

2
√

2N

√
Ē
σ2

)}
ν < µ,

1
2

+ 1
2

{
Q

(
(√µ+

√
ν)
(√

ν
µ
−1
)

2
√

2N

√
Ē
σ2

)
−Q

(
(√µ+

√
ν)(
√

µ
ν
−1)

2
√

2N

√
Ē
σ2

)}
ν ≥ µ.

(2.47)
The input to the first and second Q-functions in the two expressions of (2.47) are of positive
and negative values respectively, meaning the relative values of parameters µ and ν result in
an asymptotic conditional BER of value 0 when the SNR tends to infinity. However, since
the first Q-function is positive at smaller SNR, the obvious way of improving the conditional
BER is to completely remove the positive term in (2.47) which is to set µ = 0. This essentially
means that the conditional BER can always be improved if the direct path from the power
source at the receiver is removed. We have shown this observation for receiver R1 (with CSI)
but the same analysis can be applied to receiver R2 (without CSI).

2.5 Numerical Results and Discussion
In this section, we plot the analytical results derived in the previous section to obtain

useful system design insights. The analytical results are also validated by comparing with
Monte Carlo simulations. The reflection coefficient α is set appropriately to approximate
the 1.1 dB signal attenuation mentioned in [3] and the variances σ2

h1
and σ2

h2
of fading links

is set to 1 for the performance evaluation. First, the results of receiver R1 (with CSI) are
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Figure 2.5: BER comparisons of actual and Gaussian approximated distributions for different
SNR values using approximate ML threshold: (a) Actual vs first approximation, (b) Actual
vs second approximation.
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Figure 2.6: Performance comparison of the two Approximate MLTs and MT at different
values of N : (a) BER versus SNR for first approximate MLT and MT thresholds, (b) BER
versus SNR for second approximate MLT and MT thresholds.
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Figure 2.7: Performance comparison of Receiver with CSI and Receiver without CSI in MT
technique: (a) BER vs N, (b) BER vs SNR.

presented before moving to receiver R2 (without CSI). With respect to any given system
parameter, we refer to decay rate as the rate of decrement in BER with the increasing value
of that parameter. In Fig. 2.4a, we present the BER as a function of sample length N for
different SNR values. It can be observed that the decay rate decreases with respect to N . A
similar comparison is shown in Fig. 2.4b by plotting BER against SNR for different values
of N . The gain in SNR of the system has diminishing returns with increasing N as the
performance of the energy averaging operation at the receiver converges to a limit, thereby
limiting the improvement in BER.

The difference in BER accuracy when using the approximated distributions instead of
the exact distribution are compared in Figs. 2.5a and 2.5b. The first Gaussian approximation
does not result in accurate BER at the lower SNR range as shown in Fig. 2.5a. The tightness
of this approximation improves with increasing SNR. Further as shown in Fig. 2.5b, the
second Gaussian approximation results in BER that is very accurate with respect to actual
BER given by the exact distributions. For this reason, it can be concluded that the second
Gaussian approximation should be the preferred mode of approximation out of the two at
all values of N .

We now compare the BER performance of the threshold techniques MT and the two
approximate MLTs. In particular, Figs. 2.6a and 2.6b depict the performance of the first
approximate MLT and the second approximate MLT respectively compared to MT, from
which we can conclude that both the approximate MLT techniques give similar BER per-
formance as the MT technique. Hence, MT technique could be preferred due to the ease of
implementation in either of the two receivers R1 and R2.

The performance of the two receivers R1 and R2 is compared in Figs. 2.7a and 2.7b.
As expected in the case of differential encoding, the performance of R2 is 3 dB worse than
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that of R1. The final insight from the analysis is that the BER of the optimal MT and other
threshold techniques is dependent only on the received SNRs of the signal and not on the
individual signal and noise energies. The technical discussion of this final insight is already
presented in Remark 2.11.

Some of the existing literature, both experimental and theoretical studies, have also
looked at the BER performance characterization of the ambient backscatter systems which
can be used to compare with the BER results obtained in our work. This discussion is very
much applicable to the upcoming chapters but is limited to the current chapter to avoid
repetition. The experimental studies have shown that the operational BER of 0.01 can be
achieved at a distance of 27 m in ambient backscatter even at very low transmit power
of 0 dBm using coding and multiple antennas techniques [60]. Similarly, the general BER
values observed for theoretical studies are in the range of 0.01 for SNR of 30 dB [1, 13]. As
shown here (and will also be shown in the upcoming chapters), the BER results obtained in
our studies are consistent with these observations. In fact, this dissertation has performed
a comprehensive analysis to determine under what scenarios will the BER go below the
operational value of 0.01, and have come up with efficient techniques to improve the BER
performance of the ambient backscatter systems.

2.6 Summary
In this paper, the error performance of an ambient backscatter system in a flat Rayleigh

fading channel is characterized by deriving the exact analytical expressions of average BER
both for the receivers with and without CSI. As part of the BER analysis, the exact con-
ditional distributions of the average energy of the received signal is characterized in terms
of the noncentral chi-squared distribution. The analysis requires careful treatment of the
joint distribution of correlated fading components that appear in the two hypotheses in the
BER derivation. Several key insights are drawn from the aforementioned analyses. First, the
optimal BER of the ambient backscatter system is dependent on the energies of the signal
and noise through SNR and not separately on the individual energies. Second, increasing
the sample length N provides diminishing returns in terms of BER improvement.

This work has numerous extensions. The power sources of ambient backscatter systems
are not exactly stable and a nice extension to our work would be to incorporate this instability
in the BER analysis. Second, the error analysis performed in this work is applicable only for
slow varying channels. It is therefore important to extend it to fast fading scenarios as well.
Third, in this work, we focused on the error performance of an isolated link. It is worthwhile
to investigate if interference will have any noticeable impact on the BER in a dense IoT
deployment. This analysis can perhaps be performed using tools from stochastic geometry. In
the coming chapters, we consider the problem of symbol detection in time-selective channels
which necessitate the investigation into the performance analysis of non-coherent receivers.
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Chapter 3

Bit Error Rate of Non-Coherent
Ambient Backscatter in
Time-Selective Fading

3.1 Introduction
In the previous chapter, we studied the problem of coherent and semi-coherent detec-

tion for ambient backscatter which are more relevant for a slow varying channel. In this
chapter, we investigate non-coherent detection in ambient backscatter motivated by the
problem of communication in a fast varying channel. In particular, given the diverse nature
of applications envisioned in the Internet-of-Things (IoT) ecosystem, the channel conditions
experienced by the IoT devices across different applications could vary significantly [61]. In
the context of this work, the channel coherence time experienced by these devices could
vary by orders of magnitude across applications. For instance, IoT devices deployed in high
mobility scenarios, such as vehicles, road signs, or traffic posts, are expected to experience
higher Doppler spread, and hence lower channel coherence time, compared to the IoT devices
deployed in relatively static scenarios, such as homes, offices, and public places. While the
latter case has implicitly been the focus of most of the prior work on ambient backscatter
communication systems, the former is equally, if not more, important but has received much
less attention. Most notably, lower coherence time makes it difficult to implement channel
estimation and tracking procedure using either training or blind estimation. Because of this,
one needs to consider non-coherent detection schemes for such scenarios, which have not yet
been investigated in the context of ambient backscatter communications. Motivated by this
knowledge gap, this work focuses on receiver design and comprehensive performance charac-
terization of non-coherent detection-based ambient backscatter system under time-selective
fading channels.

3.1.1 Related Work
As noted above, the existing literature on ambient backscatter is mainly focused on the

slow fading channels that assume a block fading model [1,12–20,62–68]. Maximum-likelihood
(ML) detection under an ambient backscatter setup was first investigated in [12]. The signal
detection under non-coherent and semi-coherent setups is analyzed in [1,12–16,18]. The sig-
nal detection at a multiple antenna receiver is studied in [16] and the statistical-covariance
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based detection is explored in [18]. While [6]-[12] were based on the Gaussian distribu-
tion approximation for the conditional distributions of the average energy of the received
signal, the exact bit error rate (BER) analysis for the slow fading case was performed in
[5]. Interested readers can also refer to [5] for a detailed overview of the backscatter con-
cept. Ambient backscatter communication using orthogonal frequency division multiplexing
(OFDM) is investigated in [19,62]. On the same lines, [17,63] explored new coding schemes,
such as Manchester coding, to improve detection performance. Some of the existing litera-
ture that have worked on reducing the affect of the direct link (DL) interference in ambient
backscatter are [19, 52, 62, 69]. In [52], a multiple antenna prototype is developed which
overcomes the affect of DL interference by estimating the channel using the preamble bits of
Wi-Fi. In [19], the repetitive pattern of the data in OFDM, due to the use of cyclic prefix,
is exploited to cancel the DL interference. Meanwhile, [62] has designed a non-coherent de-
tector which totally avoids the DL interference by utilizing the null sub-carriers in OFDM.
In [69], an analog-digital hybrid beamformer receiver, that designs the optimal beamforming
vector using the angle-of-arrival (AoA) of the DL, is proposed for a deterministic line-of-
sight (LOS) channel. However, these works [19, 52, 62, 69] consider a block fading channel
and none of them have jointly investigated non-coherent detection and time-selective fading
which distinguishes our work.

A general requirement of coherent detection is the transmission of pilot/training sym-
bols from transmitter to receiver nodes for the estimation of channel state information (CSI).
This will require some form of cooperation between the primary and backscatter network
nodes which might not always be possible. Hence, alternate approaches that avoid the
transmission of pilots, such as blind channel estimation techniques, have also been inves-
tigated for ambient backscatter [64–68]. These approaches use different techniques from
Bayesian statistics such as expectation-maximization (EM) or space alternating generalized
expectation-maximization (SAGE) to iteratively implement the maximum a posteriori prob-
ability (MAP) or ML methods to perform the channel estimation from the received signal
directly. The performance of these techniques depends on the accuracy and the convergence
rate of the blind channel estimation procedures. Therefore, if the convergence rate is slow,
these techniques might not be suitable for implementation in a time-selective fading channel.
We overcome this drawback by investigating a non-coherent detection technique that only
requires estimating large-scale parameters.

3.1.2 Contributions

To the best of our knowledge, this is the first work that presents a comprehensive
analytical treatment of non-coherent detection in ambient backscatter under time-selective
fading channels. The time-selective fading channel is modeled using a first-order AR process,
and for this setup a binary hypothesis testing problem is formulated to investigate the BER
performance of the two following receivers: 1) single-antenna (SA) receiver, and 2) multi-
antenna (MA) receiver.
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New Receiver Architecture The receiver architecture used in the prior studies of am-
bient backscatter requires the computation of the test statistic (TS) based on the average
energy of the received signal samples. In our work, we consider a different receiver archi-
tecture based on the direct averaging of the received signal samples which requires lesser
number of operations, thereby reducing the complexity. Besides, it is more tractable com-
pared to the conventional architecture as derivations for the optimal detection strategies in
that detector are not easy [20]. In addition, due to the exclusive linear operations in the
new architecture, the receiver is shown to be resilient to synchronization and timing errors.
By deriving BER for the non-coherent setup, we concretely demonstrate that while the new
architecture is inadequate for an SA receiver, it has good BER performance when used in
conjunction with a MA receiver, which is attributed to the elimination of the strong interfer-
ence generated by the DL from the power source. The novelty of the MA receiver designed
here lies in its ability to exploit the fact that the time-scale over which AoA varies is much
larger than the time-scale over which the overall channel gain varies and use it for tracking
the AoA of the DL. As implied already, the new receiver architecture also results in tractable
conditional distributions, which facilitates the derivation of the optimal detection strategy
and the evaluation of the exact BER.

Asymptotic Growth Rate of a Generalized Sum Sequence In the process of deriving
conditional distributions, we come across a sum sequence with correlation across samples.
We investigate the asymptotic growth rate of this sum sequence and use it to derive a new
concentration result for another specific sequence of interest. This contribution is central to
the evaluation of the exact asymptotic conditional distributions and to the subsequent BER
analysis.

Insights Our analysis has shown that the SA receiver quickly reaches a BER floor due to
the strong interference resulting from the DL of the ambient power source. The performance
is shown to improve drastically after canceling this interference, which is achieved by tracking
the AoA of the DL using the MA receiver. Further, with multiple antennas it is possible
to achieve antenna gain, including an additional angular resolution when the the number of
receive antennas are increased beyond two. This improvement in angular resolution plays
an important role in applications where the AoAs of the DL and backscatter link (BL) are
similar. The BER with the new receiver architecture is shown to be independent of the
signal sample-size of the averaging operation for some cases, such as zero expected value of
the ambient data sequence and/or uncorrelated time-domain fading. For the more general
case of correlated fading, the BER is observed to improve with increasing time-domain
correlation of the fading. Due to the diminishing returns in the improvement of BER with
increasing sample size, the BER initially decreases and then reaches an asymptotic value. In
addition, the first-order auto-regressive (AR) process is shown to be a good approximation
of the reference models available for the time-selective fading channels by comparing their
BER performance under different scenarios.
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3.2 System Model
3.2.1 System Setup and Channel Model

The backscatter system in our current setup has three devices: ambient power source
(PS), backscatter transmitter (BTx), and receiver (Rx), as illustrated in Fig. 3.1. The
channel considered in the work is flat Rayleigh faded whose coherence time is of the order
of duration of each ambient symbol, with spatial correlation at the Rx. The received signal
contains two elements, the DL coming from the ambient PS, and the BL reflected from the
BTx, with their respective AoAs given by θ1 and θ2. Both the PS and BTx can be in motion,
due to which the channel gain of the three links (including the link from PS to BTx) will be
changing with time. As shown in [9], ambient backscatter can achieve communication with
a far away receiver like base station (BS) if the PS is not too far and the receiver can find a
way to separate the two links, which is the primary motivation for the setup shown in Fig
3.1. Emerging applications that motivate the selection of time-selective fading channel for
ambient backscatter include smart fabrics where tags/sensors are integrated into garments
for monitoring vital signs [29], and sensors deployed on the traffic signs. The impulse response
of the channel at Rx corresponding to the DL and BL links in terms of the dominant non
line-of-sight (NLOS) path and the Rx antenna array response is given as follows [70,71]:

h(t) =
N∑
n=1

cne
jφn−j2πcτn/λ+j2πfd cosψnt

︸ ︷︷ ︸
h0(t)

a(θ)δ (t− τ̄) , (3.1)

where the dominant NLOS path can be assumed to be a combination of N independent and
non-resolvable sub-paths due to the presence of local scatterers around the transmitter. The
nth sub-path is characterized by the gain cn, the phase offset φn, the time delay τn, the
maximum Doppler spread (DS) fd, and the angle of departure (AoD) ψn at the transmitter,
as given in the equation, δ represents the delta function, and τ̄ is the mean of the individual
delays τn of the sub-paths. The remaining parameters a(.) and θ are the Rx antenna array
response vector, and AoA of the NLOS path, respectively. The phase offset φn of each sub-
path is uniformly distributed over [0, 2π), and the additional phase offset resulting from the
path-delay τn can also be shown to be uniformly distributed over [0, 2π) since the frequency
of operation is very high [72, Lemma 4]. Applying the central limit theorem (CLT) to the
n independent sub-paths, the magnitude of the variable h0(t) can be shown as Rayleigh
distributed. This channel environment is illustrated in Fig. 3.2. The channel described here
is valid when one of the PS or BTx or both are mobile, and the receiver is located above the
rooftops (such as BS) resulting in spatial correlation across the antennas. The channel of
the PS-BTx link will be similar to h0(t) with additional DS coming from the local scatterers
around BTx.

The rate at which the coefficient h0(t) varies is dependent on the maximum Doppler
spread fd and the angular spread ψn of the sub-paths at the mobile user. These parameters
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v

Figure 3.1: System model for the ambient
backscatter setup.

v

Figure 3.2: Illustration of the time-selective
fading channel.

are large enough in this case due to the movement of the user and the presence of local
scatterers, resulting in a fast variation of h0(t). On the other hand, the array response vector
a(.) depends on the AoA θ of the NLOS path. The time-scale over which this parameter θ
evolves is several orders of magnitude larger compared to the coherence time of h0(t), and
hence can be tracked by the system. Therefore, while the channel coefficient at the receiver
will be changing for each ambient symbol, the angular variation corresponding to AoA of
the received signal will not change at the same rate and can be assumed to be constant
for few symbol periods. The MA receiver designed in this work will build on this point
to improve the BER performance of the system. More information on this property of the
fading channels can be found in [73–75].

Remark 3.1. The assumption of spatially correlated channel at the Rx is typically valid
for a BS located above the rooftops as the angular spread is small in these scenarios. We
assume this to be valid for a backscatter device also by considering a single dominant NLOS
path. Handling the case of multiple angular paths at the Rx is left as a promising future
work. Further, extension of the non-coherent detection approach proposed in the current
work to a frequency-selective channel is another promising area for future investigation.

The auto-correlation function (ACF) of the fading process for the DL and BL links is

Eθn,τn,ψ̄ [h0(t)h∗0(t+ td)] = (
N∑
n=1

|cn|2)Eψ̄[e−j2πfd cos ψ̄td ] = J0(2πfdtd), (3.2)

where J0(.) is the zero order Bessel function of the first kind. This result obtained under
the assumption of uniformly distributed azimuthal AoD and unit sum energy of the sub-
paths is known as Clarke’s reference model [76]. Similarly, the ACF for the PS-BTx link is
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given by J0(2πfdtd)J0(2πafdtd), where a is the ratio of the DS at BTx and PS. The Clarke’s
model cannot be exactly realized in practice, and therefore the Jake’s model based on sum
of sinusoids is used to generate channel samples that have characteristics similar to the
reference model [76].

Autoregressive (AR) modeling of fading channels
Though Jakes’ sum of sinusoids approach to model the temporal-fading process is widely

used, it requires large number of sinusoids (and thereby increased complexity) to match
the Clarke’s reference model and is not mathematically tractable. Hence, this approach is
not always convenient to apply for procedures such as channel modeling, estimation and
equalization. Instead, AR models are used either to decrease the complexity of generating
accurate correlated samples of the time-domain fading process or for the derivation of the
equalization parameters [77–80]. Therefore, to simplify the analysis, the time-selective fading
channel in our work is modeled as an AR process. The correlation matching (CM) criterion
of the AR model imposes a condition that the ACF of the approximated process matches
the sampled ACF of the Jakes’ model. An AR process of order p is given by [77]:

h[n] =

p∑
k=1

akh[n− k] + v[n], (3.3)

where v[n] is a complex white Gaussian noise process with uncorrelated real and imaginary
components. In the case of Rayleigh fading, v[n] has zero mean. The parameters related to
the AR model are given by {a1, a2, ..., ak} and the variance of v[n] by σ2

p. The ACF of this
approximated process of order p matches exactly with the samples of the desired ACF upto p
taps. The accuracy of this modeling approach using AR process increases with higher order
approximations. However, as shown in [81], the first order AR model obtained by setting
p = 1 is a sufficiently accurate model which can be represented as [78]:

h[n] = ρ h[n− 1] +
√

1− ρ2 g[n], (3.4)

where h[n] and h[n − 1] are the channel gains in the current and previous time periods,
g[n] is the complex white Gaussian noise process with variance σ2

h, and ρ ∈ [0, 1) is the
correlation between the fading coefficients of the consecutive symbols. Depending on the
link, the correlation factor ρ is given by either J0(2πfdTs) or J0(2πfdTs)J0(2πafdTs), where
Ts is the symbol duration. The value of ρ determines the rate at which the current channel
coefficient de-correlates across time. The recursive relation in (3.4) can be written in the
direct form as:

h[n] = ρn−1h[1] +
√

1− ρ2

{
n−1∑
k=1

ρn−k−1g[k]

}
. (3.5)

Note that the modeling of the time-selective fading using the first order AR process in the
current work is a good first step, and can be extended to a higher order AR process in future
studies.
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Remark 3.2. The time-selective fading implicitly handles the extreme cases of independent
fading (ρ = 0) and highly correlated fading (lim ρ→ 1−). However, the block fading obtained
by configuring ρ = 1 requires a separate analysis, and will be handled separately in a future
work.

3.2.2 Signal Model
In general, the signal scattered from the backscatter device to the receiver is given by

[6]:

r = (A− Γ) s = As− Γs, (3.6)

where r is the signal at the receiver, s is the signal backcattered at the device, A is the load-
independent complex coefficient of the device, and Γ is the reflection coefficient of backscatter
node at the boundary of the antenna and the circuit. The device modulates the signal by
varying the load impedance to change the parameter Γ that controls the reflected signal.
The first and second terms in (1.3) correspond to the structural mode and antenna mode
scattering components, respectively. A binary modulation scheme can be implemented by
choosing two different values Γ0 and Γ1. As shown later, non-coherent detection will result in
good error performance only for the case of on-off keying (OOK) modulation. It is possible
to achieve this modulation for antennas with |A| ≤ 1 by designing the appropriate load
impedance using only passive components [7, 8].

Since the data rate of most IoT applications is rather small, it is reasonable to assume
that the data rate of backscatter is lower compared to that of the ambient symbols. Under
this assumption, a single variable is enough to represent the backscatter data for a signal
sample set of size N . The signal at the SA receiver is the summation of the direct and
backscatter signals, which can be mathematically represented as follows:

y[n] = hr[n]x[n]︸ ︷︷ ︸
direct signal

+αb hb[n] ht[n]x[n]︸ ︷︷ ︸
backscatter signal

+ w[n],︸ ︷︷ ︸
AWGN

(3.7)

where x[n] is the ambient symbol sequence in complex baseband, w[n] is the additive complex
Gaussian noise, hr[n], hb[n] and ht[n] are independent and identical distributed (i.i.d.) zero
mean complex Gaussian channel coefficients with variance σ2

h, b is the backscatter data, α is
related to the parameter Γ1 of the BTx node. The channel coefficients hr[n], hb[n] and ht[n]
are modeled using the AR process of order 1, each having a different correlation factor given
by ρr, ρb, and ρt, respectively. Since non-coherent detection does not require the CSI, the
channel gains hr[n], hb[n] and ht[n] are unknown at the Rx. The received signal at the MA
receiver with antennas Mr ≥ 2 is given by:

y[n]=


y0[n]
y1[n]
...

yMr−1[n]

=hr[n]


1
ejφ1

...
ej(Mr−1)φ1

x[n]+ αb hb[n]ht[n]


1
ejφ2

...
ej(Mr−1)φ2

x[n]+


w0[n]
w1[n]
...

wMr−1[n]

, (3.8)
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where the phase offset φi between consecutive antenna elements for each link is given by
2π
λ
d cos θi for a linear uniform antenna array. Note that the AoA θ2 of the BL is independent

of the AoA θ1 of the DL.

The null and alternate hypotheses of the binary hypothesis testing problem are denoted
as H0 and H1, respectively. The BTx modulates the backscatter data using the binary OOK
modulation scheme. As is generally the case, the ambient symbol sequence x[n] is assumed to
be i.i.d., with unit energy on average. We also assume that the noise energy σ2

n, the average
channel energy σ2

h, and the correlation factors ρr, ρb, and ρt are known at the receiver. In
fact, they can be perfectly estimated with a long observation interval under the assumption
that they remain constant, which is true as they are large-scale parameters.

Test Statistic (TS)

Due to the reasons outlined in contributions, the receiver architecture is based on the
TS of the mean of the received signal samples, unlike the conventional TS of the average
energy of the received signal samples. The new TS can be mathematically denoted as:

Z =
1

N

N∑
n=1

y[n] (3.9)

It should be noted that derivation of the optimal TS for the time-selective channel is still
an open problem. In fact, the optimality of the TS, although important in general, has not
really been the main focus of the receiver design for ambient backscatter systems. Some very
recent work on the optimal detection and the selection of testing variable for a non-coherent
detector under block fading channel can be found in [82,83].

3.3 Detection at a Single Antenna Receiver
In this section, we initially derive the growth rate of the expectation and variance of

the generalized sum sequence of interest. This result is then used to evaluate the conditional
distributions of the signal of the two hypotheses, and ultimately the BER of the SA receiver.

3.3.1 Growth Rate of a Generalized Sum Sequence of Interest
Consider the general sum sequence SN =

∑
n1,n2

ρ|n1−n2| x[n1]x∗[n2], where m ∈ {1, 2},

defined as the sum of non-i.i.d. RVs, which plays an important role in the signal detection
procedure. In particular, the asymptotic property of the sum sequence given by MN = SN

N

is required to derive the conditional distributions. For this setup, if we can show that the
growth rate of both the expectation and variance of SN is of the order of N (the number of
samples), that is sufficient to conclude that the sequence MN converges to its mean value as
the sample size tends to infinity. Using the Chebyshev inequality, it is possible to show that
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this will indeed be the case if the higher order moments of the RV X representing the i.i.d.
ambient data sequences x[n] are finite. These conditions on the moments of x[n] might be
stronger than necessary but are nevertheless reasonable and assumed here to simplify the
derivation. One of the second order moments of the ambient sequences x[n] is the sample
energy which is given by:

Ē = E
[
|X|2

]
=

1

N

N∑
n=1

|x[n]|2. (3.10)

The result capturing the growth rate of SN is provided in the following Lemma. Note that
one has to be careful in deriving these concentration results since the sum sequence SN is
not composed of i.i.d elements. Please see the proof of the following Lemma for more details.

Lemma 3.3. The expectation and variance of the sum sequence SN both grow asymptotically
of the order of N , i.e., E[SN ] = Θ(N) and Var[SN ] = Θ(N), where f(x) = Θ(g(x)) means
that f(x) is asymptotically bounded both from above and below by g(x). As a consequence,
the sequence MN concentrates around E[MN ] when N →∞, where

E [MN ] = E
[
|X|2

]
+

2ρ

1− ρ

(
1− 1− ρN

N(1− ρ)

)
|E[X]|2. (3.11)

Proof: See Appendix B.1.

The analysis related to Lemma 3.3 on the asymptotic growth rate of SN is discussed
now by plotting the simulation results. The plots for the distributions of MN and M b

N with
increasing sample size N are shown in Figs. 3.3a and 3.3b, where it can be observed that
the mean values remain constant while their variances decrease as the signal sample size
increases.

3.3.2 Conditional Distributions of the Signal
The null and alternate hypotheses H0 and H1 correspond to the scenarios of the trans-

mitted backscatter data b ≡ 0 and b ≡ 1, respectively.

Null Hypothesis H0

For the AR process used in this paper to model the time-selective fading, the channel
gain evolves with time according to (3.4), which can be described as a weighted average
of the previous channel gain and a new variable. Due to this dependence of the current
channel gain on the previous gains, the received signal samples are correlated, and hence the
co-variances of the samples are non-zero in general. As a consequence, both the variances
and co-variances of the signal has to be evaluated to derive the variance of the the mean
received signal Z. We transform the expression for each received signal sample into a sum
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Figure 3.3: Probability density functions of (a) MN and (b) M b
N for varying N with ρ = 0.6.

representation of independent RVs. This will simplify the evaluation of both the variance
of each signal sample and the subsequent evaluation of the variance of Z. This can be
represented as following:

y[n] = hr[n]x[n] + w[n] =

(
ρn−1
r hr[1] +

√
1− ρ2

r

{
n−1∑
k=1

ρn−k−1
r gr[k]

})
x[n] + w[n], (3.12)

where the channel gain hr[1] in the first time slot of a window can be independently config-
ured.

Lemma 3.4. The probability density function (PDF) of Z conditioned on H0 is given by

H0 : Z ∼ CN
(
0,VarSA

0

)
, (3.13)

where VarSA
0 =

σ2
hE[|X|2]+σ2

h
2ρr

1−ρr

(
1− 1−ρNr

N(1−ρr)

)
|E[X]|2+σ2

n

N
is the conditional variance of H0.

Proof: See Appendix B.2.

Alternate Hypothesis H1

The received signal for a sample n, where 1 ≤ n ≤ N , under the alternate hypothesis
H1 is given by:

y[n] = hr[n]x[n] + αhb[n]ht[n]x[n]︸ ︷︷ ︸
yb[n]

+w[n], (3.14)

44



3.3. Detection at a Single Antenna Receiver

where hr[n], hb[n] and ht[n] are the fading gains following the process defined by (3.5). Unlike
the case of H0, further work is needed to derive the distribution for H1 since the conditional
distribution of each sample is not complex Gaussian anymore. However, we preserve the
Gaussian property of the samples by further conditioning on hb[n] and show that this con-
ditional distribution asymptotically matches the true distribution. Only the distribution
corresponding to yb[n] is needed to be derived and the sequence

M b
N =

∑
n1,n2

ρ
|n1−n2|
t hb[n1]h∗b [n2]x[n1]x∗2[n2]

related to yb[n] is the corresponding parameter of H1, similar to MN of H0. The following
Lemma captures this analysis on the conditional distribution of H1.

Lemma 3.5. The PDF of Z conditioned on H1 is given by

H1 : Z ∼ CN
(
0,VarSA

1

)
, (3.15)

where VarSA
1 =

σ2
h(1+|α|2σ2

h)E[|X|2]+σ2
h

[
2ρr

1−ρr

(
1− 1−ρNr

N(1−ρr)

)
+|α|2σ2

h
2ρtρb

1−ρtρb

(
1− 1−ρNt ρ

N
b

N(1−ρtρb)

)]
|E[X]|2+σ2

n

N
.

Proof: See Appendix B.3.

The results are valid for all ρr, ρb and ρt ∈ [0, 1), and the special case of independent
fading analyzed in the conference version [84] can be obtained by configuring ρr, ρb and ρt
all to zero.

3.3.3 Bit Error Rate
From the conditional distribution analysis, we see that the PDFs of the two hypotheses

have same mean but different variances, which are compared to obtain the optimal detection
threshold.

Theorem 3.6. The average BER of a SA receiver is given by

PSA(e) =
1

2
− 1

2
e
− TSA

VarSA
1 +

1

2
e
− TSA

VarSA
0 , (3.16)

where TSA = ln
(

VarSA
1

VarSA
0

)
VarSA

1 VarSA
0

VarSA
1 −VarSA

0
is the optimal detection threshold.

Proof: See Appendix B.4.

Asymptotic analysis
The ratio of the variances of H0 and H1 of the SA receiver is:

K =
VarSA

1

VarSA
0

= 1 +
|α|2σ4

h

{
1 + 2ρtρb

1−ρtρb

(
1− 1−ρNt ρNb

N(1−ρtρb)

)
|E[X]|2
E[|X|2]

}
σ2
h

{
1 + 2ρr

1−ρr

(
1− 1−ρNr

N(1−ρr)

)
|E[X]|2
E[|X|2]

}
+ SNR−1

. (3.17)
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The asymptotic average BER can be simplified as follows:

P asym
SA (e)

(a)
= lim

SNR→∞

1

2
(1−K

−1
K−1 +

1

K

1

1− 1
K )

(b)
=

1

2
(1−K

−1
K∞−1
∞ +

1

K∞

1

1− 1
K∞ ), (3.18)

where (a) results from the substitution of the expression for TSA and replacing the ratio
VarSA

1

VarSA
0

with K defined earlier, and (b) follows from the substitution of K with K∞ obtained
as SNR→∞.

Remark 3.7. Clearly, the BER expressions under the new receiver architecture are inde-
pendent of N when the expectation E [X] of the ambient data sequence is zero and/or the
time-domain fading is uncorrelated (all the ρ’s equal 0). Furthermore, the asymptotic BER
value, with respect to the increasing SNR, reaches an error floor instead of converging to
zero. This error floor is numerically demonstrated later in Fig. 3.5a. This necessitates the
need to develop better techniques to decode data in a time-selective channel, which takes us
to the next main contribution.

3.4 Detection at a Multi-Antenna Receiver
3.4.1 Effective Signal and Antenna Gain

The main reason for the poor BER performance of the SA receiver is the presence of
the DL from the ambient PS, which only acts as an interference since it does not carry any
backscatter data. The signals impinging on the neighboring antenna elements are phase
shifted versions of the signal at the first antenna in addition to the independent additive
noise. Observe that the phase offset of the BL is independent of the phase offset of the DL.
The interference of the DL can be canceled by reversing the DL phase offset at each antenna
starting from the second element, and subtracting the resultant signal with that at the first
antenna, as given below:

ỹ[n] =

 e−jφ1y1[n]− y0[n]
...

e−j(Mr−1)φ1yMr−1[n]− y0[n]

 = ãαb hb[n]ht[n]x[n] + w̃[n], (3.19)

where the effective antenna array and noise vectors ã and w̃[n], respectively, are given by:

ã =

 2 sin(φ2−φ1

2
)ej(

φ2−φ1
2

)

...
2 sin(Mr − 1)(φ2−φ1

2
)ej(Mr−1)(

φ2−φ1
2

)

 , w̃[n] =

 e−jφ1w1[n]− w0[n]
...

e−j(Mr−1)φ1wMr−1[n]− w0[n]

 .
(3.20)
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The covariance matrix of the resultant noise vector w̃[n] is given by:

KW̃ = σ2
nK̂W̃, where K̂W̃ =

2 1 . . . 1
... ... . . . ...
1 1 . . . 2

 , (3.21)

which means that the resultant noise after the DL cancellation is correlated. The vector
detection problem can be converted to scalar detection by appropriately designing the weight
vector. The effective scalar signal samples for the averaging operation can be obtained by
the following steps: 1) Whiten the additive noise with the linear transformation K̂

−1
2

W̃
, and

2) Project the output of the first step along the direction of the resultant antenna array
response K̂

−1
2

W̃
ã. The combined weight vector of the two operations is r =

K̂−1

W̃
ã

|K̂
−1

2
W̃

ã|
, and the

effective signal after these steps is:

yeff [n] = r∗ỹ[n] =
ã∗K̂−1

W̃
ã

|K̂−
1
2

W̃
ã|
αb hb[n]ht[n]x[n] +

ã∗K̂−1
W̃

|K̂−
1
2

W̃
ã|
w̃[n]. (3.22)

Hence, the gain in the average signal power with multiple antennas is ã∗K̂−1
W̃

ã, while the
noise power remains at σ2

n. Therefore, the antenna (SNR) gain due to multiple antennas is
given by ã∗K̂−1

W̃
ã. This procedure to generate the scalar sample yeff [n] maximizes the SNR

of the signal. In addition the resultant sample yeff [n] is a sufficient statistic for the detection
procedure that follows. It can be further shown that this procedure also minimizes the mean
square error for the signal estimation, and is hence known as the linear minimum mean
squared error estimation (MMSE) [85]. The phase-offset components ejφ1 and ejφ2 of the
two links can be estimated from the received signal by formulating a parameter estimation
problem. However, this is beyond the scope of the current work, and hence they are assumed

to be perfectly known at the receiver. The sample average given by Z = 1
N

N∑
n=1

yeff [n] is used
as the new test statistic for detection.

Lemma 3.8. The antenna (SNR) gain G = ã∗K̂−1
W̃

ã of the MA receiver is given by:

G = Mr−
1

Mr

− 2

Mr

sin
(
(Mr−1)φ2−φ1

2

)
sin
(
φ2−φ1

2

) cos

(
Mr

2
(φ2 − φ1)

)
− 1

Mr

sin2
(
(Mr−1)φ2−φ1

2

)
sin2

(
φ2−φ1

2

) .

(3.23)

Proof: See Appendix B.5.

For notational simplicity, the antenna gain is represented as a single variable G without
any input arguments even though it is a function of the two phase offsets (and hence the
AoAs).
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Remark 3.9. The antenna gain of a dual-antenna Rx (Mr = 2) will simplify to G =
2 sin2

(
φ2−φ1

2

)
, which is zero when the AoAs of the DL and BL links are almost the same.

On the other hand, the antenna gain G for a Rx with Mr > 2 equals (1 − 1
Mr

)(Mr − 2),
which is non-zero even when the two AoAs are almost the same. Hence, additional angular
resolution is obtained with Mr > 2, which is useful for the applications where the AoAs of
the DL and BL links are similar.

3.4.2 Conditional Distributions of the Effective Signal and Bit Er-
ror Rate

Now, we derive the conditional distributions of the effective signal derived in (3.22), and
then use them to evaluate the average BER of the MA receiver.

Lemma 3.10. The conditional PDFs of Z for the two hypotheses H0 and H1 are given by

Hi : Z ∼ CN
(
0,VarMA

i

)
, (3.24)

where VarMA
0 = σ2

n

N
and VarMA

1 =
G|α|2σ4

h

{
E[|X|2]+ 2ρtρb

1−ρtρb

(
1− 1−ρNt ρ

N
b

N(1−ρtρb)

)
|E[X]|2

}
+σ2

n

N
.

Proof: See Appendix B.6.

Theorem 3.11. The average BER of the MA receiver is given by:

PMA(e) =

∫ π

−π

∫ π

−π

1

2π
× 1

2π
× 1

2

(
1− e

− TMA
VarMA

1 + e
− TMA

VarMA
0

)
dθ1dθ2, (3.25)

where TMA = ln
(

VarMA
1

VarMA
0

)
VarMA

1 VarMA
0

VarMA
1 −VarMA

0
is the optimal detection threshold.

Proof: See Appendix B.7.

It should be noted that the SA scenario is not exactly a special case of the MA scenario,
even though there are similarities in the non-coherent detection approach and the subsequent
bit error rate evaluation of the two receivers. Mainly, the additional operation of the DL
interference cancellation in the MA scenario results in an effective antenna array vector and
correlated additive noise, which necessitates the handling of the MA receiver separately from
the SA receiver.

Asymptotic analysis

The ratio of the variances of H0 and H1 of the MA receiver is:

K =
VarMA

1

VarMA
0

= 1 +G|α|2σ4
h

{
1 +

2ρtρb
1− ρtρb

(
1− 1− ρNt ρNb

N(1− ρtρb)

)
|E [X] |2

E [|X|2]

}
SNR. (3.26)
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From this, the asymptotic conditional BER of the MA receiver as SNR→∞ can be derived
as:

P asym
MA (e|φ1, φ2) =

1

2
(1− e

− TMA
VarMA

1 + e
− TMA

VarMA
0 )

(a)
=

1

2
(1−K

−1
K−1 +

1

K

1

1− 1
K )

(b)
= 0, (3.27)

where (a) results from substituting the expression for TMA, and replacing VarMA
1

VarMA
0

with K

defined in (3.26), and (b) follows from the standard limit lim
x→∞

(x)−1/x−1 = 1, and 1
K
→ 0 as

SNR → ∞. It should be noted that the asymptotic value of K when N → ∞ is non-zero.
Hence, the BER does not converge to 0.5 as N → ∞ even though the individual variances
converge to zero.

Remark 3.12. In case of fast-fading, where the fading gains are independent across the
ambient symbols, the average BER is only dependent on the expected value of the energy
of the ambient symbol. This special case concurs with our analysis in [84]. Alternatively, if
the mean value of the ambient symbol is zero (which is the case for most of the modulation
schemes), then again the average BER is only dependent on the expected value of the energy.
Lastly, it can be inferred from the BER expression that the average BER is an increasing
function of the correlation factor.

3.5 Receiver Synchronization and Parameter Estima-
tion

3.5.1 Delay Parameters
In this section, we discuss receiver synchronization in ambient backscatter, which is

an important ingredient of the proposed system design. First, we briefly mention the pa-
rameters to be estimated, and then either provide an analysis of the impact of incorrect
estimation of the parameter on the detection performance or provide a procedure to esti-
mate the parameter. In general, the estimation of both the timing delay and the carrier
phase offset is necessary in a communication system. In our setup, however, carrier phase
estimation is not required since non-coherent detection is employed. As the symbol duration
of the backscatter data is larger than that of the ambient data, it is not required to perform
symbol synchronization at the backscatter device. Therefore, the symbol timing recovery at
the receiver is our main concern. The parameters Ta and N represent the duration of the
ambient symbol and the sample window size at the receiver, respectively, which are assumed
to be known a priori. The duration of the backscatter symbol Tb is related to the above
two parameters as Tb = NTa. Due to the architecture adopted at the receiver, it needs to
estimate the following parameters: (i) the timing delay τ ∈ [0, Ta) of the ambient data to
obtain signal samples correctly, and (ii) the sample number k ∈ {0, 1, 2, · · · , N − 1} to reset
the counter of the signal sample window. The estimation of the delay τ for time-selective
fading channels is a well-studied topic, where correlation-based techniques are widely used
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to solve the ML estimation problem [86]. However, before going into those details, it would
be worthwhile to investigate how significant would be the impact of incorrect estimation of
the delay (given by τ̂) on the achievable BER. For the purpose of exposition, we assume that
the pulse shape of the ambient symbols is rectangular, and hence the matched filter pulse is
also rectangular. Due to the mismatch of the estimated delay, the discrete samples obtained
at the SA receiver after the matched filtering can be represented as:

y[n] =
∆τ

Ta
ejφrhr[n− 1]x[n− 1] +

Ta −∆τ

Ta
ejφrhr[n]x[n]

+
∆τ

Ta
ejφbαht[n− 1]hb[n− 1]x[n− 1] + ejφrαht[n]hb[n]

Ta −∆τ

Ta
x[n] + w[n],

where ∆τ = τ − τ̂ ∈ [0, Ta) equals the difference of the actual and the estimated path delays.

For a window of samples, the average of the samples will simplify as follows:

Z =
1

N

N∑
n=1

y[n] =
ejφr

N
(
∆τ

Ta
hr[−1]x[−1] +

N−1∑
n=1

hr[n]x[n] +
Ta −∆τ

Ta
hr[N ]x[N ])

+
ejφbα

N
(
∆τ

Ta
ht[−1]hr[−1]x[−1] +

N−1∑
n=1

ht[n]hb[n]x[n] +
Ta −∆τ

Ta
ht[N ]hb[N ]x[N ]).

(3.28)

From (3.28), it is clear that the impact of the timing recovery error on Z (and hence on
the BER) will be negligible. In fact, due to the linear averaging operation of the new
architecture, the receiver is robust to synchronization errors, and it does not require the
estimation of delay τ .

For the other parameter of interest k, a procedure for estimation is provided. Suppose
that backscatter device sends a preamble sequence of alternating bits 1010 · · · 10 (of length
Nb), and the index k represents the delay reset of the counter corresponding to the window
of signal samples. It should be noted here that the alternating bit sequences are commonly
used in conventional networks for clock and frame synchronization, e.g., see [87]. The sample
mean corresponding to backscatter symbols of ′0′ and ′1′ taken with a delay l are denoted
as Z l

0 and Z l
1, respectively. For the purpose of exposition, assume that the delay k is zero.

When the sampling window is aligned properly, the energy of the average of the samples
|Z0

0 |2 and |Z0
1 |2 corresponding to symbols ′0′ and ′1′ can be approximated by VarSA

0 and
VarSA

1 , respectively. Since, the received signal corresponding to symbol ′1′ has both the DL
and BL links, VarSA

1 is higher compared to VarSA
0 resulting in the ratio |Z

0
1 |
|Z0

0 |
= C > 1. When

the sampling window is misaligned by exactly half the window size N , then both ZN/2
0 and

Z
N/2
1 contain equal number of ambient symbols that correspond to backscatter symbols ′1′

and ′0′, resulting in the ratio |Z
N/2
1 |
|ZN/20 |

= 1. In fact, the ratio |Z
l
1|
|Zl0|

for a general delay l will lie

in the interval (1, C). From this, one can conclude that |Z
l
1|
|Zl0|

is maximized when the sample
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window is aligned to the delay k, and therefore the problem of estimating the parameter k
can be formulated as following:

k̂ = arg max
l∈{0,1,···N−1}

|Z l
1|
|Z l

0|
. (3.29)

3.5.2 Correlation Factor and Phase Offset Inversion Parameters
Supposing that the delay k is perfectly estimated in the synchronization module, con-

sider the consecutive samples yk0 [n] and yk0 [n+ 1] corresponding to the preamble bit 0 at the
SA receiver. Taking cross-correlation of the two signals, the DL correlation factor ρr can be
evaluated as:

E[yk0 [n](yk0 [n+ 1])∗] = E [(hr[n]x[n] + w[n])((h∗r[n+ 1]x∗[n+ 1] + w∗[n+ 1])]

= ρrE
[
|hr[n]|2

]
|E [X]|2 = ρrσ

2
h|E [X]|2 =⇒ ρr =

E[yk0 [n](yk0 [n+ 1])∗]

σ2
h|E [X]|2

. (3.30)

Similarly, the combined correlation factor ρtρb of the BL can be evaluated as follows:

ρtρb =
E[yk1 [n](yk1 [n+ 1])∗]− E[yk0 [n](yk0 [n+ 1])∗]

|α|2σ4
h|E [X]|2

. (3.31)

Now, consider the parameters Zk0 and Zk1 of the MA receiver for deriving the phase offset
inversion components e−jφ1 and e−jφ2 . Next, we provide a method to determine e−jφ1 of the
DL at the receiver. The samples corresponding to the preamble bit 0 at the consecutive
antenna elements m and m+ 1 of the MA receiver are given by:[

yk0,m[n]
yk0,m+1[n]

]
= hr[n]ejmφ1

[
1
ejφ1

]
x[n] +

[
wm[n]
wm+1[n]

]
.

Taking the mean over samples for each preamble symbol of value 0 will result in:

Zk0 =
N∑
n=1

yk0 [n]

N
=


N∑
n=1

yk0,m[n]

N

N∑
n=1

yk0,m+1[n]

N

=
N∑
n=1

hr[n]ejmφ1x[n]

N

[
1
ejφ1

]
+


N∑
n=1

wm[n]
N

N∑
n=1

wm+1[n]
N

=c0

[
1
ejφ1

]
+

[
n0

n1

]
,

where c0 ∼ CN
(

0, 1
N

{
E[|X|2]+ 2ρr

1−ρr

(
1− 1−ρNr

N(1−ρr)

)
|E [X]|2

}
σ2
h

)
, n0 ∼ CN (0, 1

N
σ2
n) and n1 ∼

CN (0, 1
N
σ2
n). Taking cross-correlation between the first and second elements of Zk0, we get:

E

[
N∑
n=1

yk0,m[n]

N

N∑
n=1

(yk0,m+1)∗[n]

N

]
= E

[
|c0|2

]
e−jφ1 + E [c0n

∗
1] + E

[
c∗0e
−jφ1n0

]
+ E [n0n

∗
1]
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Figure 3.4: (a) Root mean square error (RMSE) values of the estimated AoAs for the
direct link (DL), and (b) BER performance comparison with estimation errors in AoA with
∆θ = {0, 0.05, 0.10, 0.15, 0.20, 0.25}.

=
1

N

{
E
[
|X|2

]
+

2ρr
1− ρr

(
1− 1− ρNr

N(1− ρr)

)
|E [X] |2

}
σ2
he
−jφ1

=⇒ e−jφ1 =

E
[
N∑
n=1

yk0,m[n]

N

N∑
n=1

(yk0,m+1)∗[n]

N

]
1
N

{
E [|X|2] + 2ρr

1−ρr

(
1− 1−ρNr

N(1−ρr)

)
|E [X] |2

}
σ2
h

. (3.32)

A better estimate can be obtained by averaging over all the possible values of m as follows:

e−jφ1 =

Mr−2∑
m=0

E
[
N∑
n=1

yk0,m[n]

N

N∑
n=1

(yk0,m+1)∗[n]

N

]
Mr−1
N

{
E [|X|2] + 2ρr

1−ρr

(
1− 1−ρNr

N(1−ρr)

)
|E [X] |2

}
σ2
h

. (3.33)

Since this averaging operation over different antenna elements has independent noise terms,
the accuracy of the estimate improves with the increasing value ofMr. The root mean square
error (RMSE) of the DL AoA as a function of the SNR is shown in Fig. 3.4a. As expected,
the RMSE improves with the increasing SNR. The BER performance of the MA receiver over
the RMSE values of interest is plotted in Fig. 3.4b. Using a similar method for estimating
the AoA of the BL does not result in good RMSE performance, which is mainly attributed
to the interference from the DL. Hence, alternate techniques are necessary to accurately
estimate the AoA of the BL, and one potential method is to utilize the residual signal from
the DL cancellation operation for the AoA estimation. Due to space limitations, it was not
possible to include it in this paper and is hence left as a promising future work.
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Figure 3.5: (a) BER comparison of the SA Rx and the MA Rx with Mr = 2 under indepen-
dent fading and/or ambient sequence with E [X] = 0, and comparison of the MA Rx with
DL and the SA Rx without DL is also shown. (b) BER performance of the MA Rx with
increasing N .

3.6 Numerical Results and Discussion
In this section, the accuracy of our analysis is verified by comparing with Monte-Carlo

simulations. In addition, some useful system design insights are also provided. The reflection
coefficient Γ1 is configured appropriately to set the parameter α that will result in a signal
attenuation of 1.1 dB, and the variance of the fading gain σ2

h is set to 1. The BER perfor-
mance of the two receivers related to the special cases of independent fading (ρ = 0) and/or
ambient sequence with zero expectation (E [X] = 0), are compared in Fig. 3.5a. We observe
that with increasing SNR, the BER saturates quickly for a SA receiver without any further
improvement. This behavior can be attributed to the dependence of a non-coherent detector
on differences in the conditional variances of the received symbol. With the strong interfer-
ence from power source, the variances of the two hypotheses scale similarly with increasing
SNR. On the other hand, as shown in Fig. 3.5a, the MA receiver can drastically improve
the BER by removing the direct path from the ambient power source. In this case, BER
decreases continuously without reaching any error floor. When the interference from the DL
is removed in the MA receiver, only the variance of alternate hypothesis scales proportionally
to the increasing SNR which ultimately results in the improved BER. Further, the average
BER under these two cases is independent of the signal sample size N as shown in Fig.
3.5b. The effectiveness of the proposed DL cancellation technique is verified by comparing
the BER of MA and SA receivers with and without the DL interference, respectively. As
shown in Fig. 3.5a, performance of the SA receiver without DL is better compared to the
MA receiver with DL. This is expected because the BER of the MA receiver is averaged over
the joint distribution of AoAs θ1 and θ2, and the performance is limited when the AoAs are
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Figure 3.6: (a) BER performance and the error floor of the SA Rx for different ρ, (b) BER
comparison of the MA Rx withMr = 9 for changing ρb, and the other parameters configured
to ρr = 0.5 and ρt = ρrρb.

similar.

The results for more general cases are discussed now. Unless specified explicitly for the
particular plot, the values of different correlation factors ρr, ρb, and ρt are all considered
equal and represented as ρ. The error floor in a SA receiver decreases with correlation
factor ρ, as shown in Fig. 3.6a, and it can be inferred that a SA receiver is insufficient
for non-coherent detection as the error floor values are very close to 0.5, which corresponds
to the BER of a naive hit/miss receiver. From Fig. 3.6a, it can also be verified that the
numerically obtained BER floor values of the SA receiver match with the asymptotic BER
analytically derived in (3.18). The waterfall curve, as shown in Fig. 3.6b, validates our
asymptotic BER analysis presented in (3.27) for the MA receiver with unequal values for
different correlation factors. The BER performance with increasing SNR in a MA receiver
for different values of the correlation factor ρ is presented in Fig. 3.7a, where it can be seen
that the BER improves with increasing ρ. Likewise, the BER performance with increasing
sample size N for varying ρ is shown in Fig. 3.7b, and interestingly the BER increases and
saturates quickly with increasing N . However, as expected, there is an increasing mismatch
between the simulated and theoretical results of BER at lower values of N as the value of ρ is
increased. This mismatch occurs due to the need of a larger sample-size N for the averaging
operation, so that the simulation and theoretical results converge with increasing ρ. The
BER improvement observed with increasing ρ and N can be attributed to the increment
in variance of the alternate hypothesis while the variance of the null hypothesis remains
constant. The antenna gain achieved with additional antennas is presented in Fig. 3.8a,
that shows around 8 dB gain with the doubling of antennas. The simulation result for the
analysis in Remark 3.9, corresponding to the additional angular resolution achievable with
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Figure 3.7: (a) BER vs SNR comparison of the MA Rx with Mr = 2 for varying correlation
factor ρ and N = 5000, (b) BER vs N comparison of the MA Rx with Mr = 2 for changing
correlation factor ρ with SNR = 20 dB.

antennas beyond two, is shown in Fig. 3.8b. For this comparison, one can assume the AoA
θ1 of the DL to be uniformly distributed between (−π, π], and the AoA θ2 of the BL to be
uniformly distributed with mean θ1 and width ∆θ = 10◦. The results of the plot demonstrate
that while the BER of the dual-antenna Rx is close to 0.5, an antenna gain of around 9 dB is
achieved with the doubling of antennas in this case. The comparison between AR and Jakes’
channel models discussed in Sec. 3.2.1 is shown in Fig. 3.9a. Two scenarios are considered
for comparison: 1) speed of PS and BTx are both 150 kmph, and 2) speed of PS and BTx are
both 5 kmph. The corresponding values of the correlation factors for a signal of bandwidth
1.5 KHz turns out to be: 1) ρr = 0.74, ρb = 0.74 and ρt = 0.55, and 2) ρr = 0.99, ρb = 0.99
and ρt = 0.99. The BER performance of our proposed approach for the AR model is similar
to that of the Jakes’ channel under these two scenarios. We checked many other scenarios
and noticed a close match in all of them. We can therefore conclude that the simplified AR
model approximates the actual complex time-selective channel very closely, while endowing
tractability to the analysis. The approximation can be further improved by using a higher
order AR process for modeling the time-selective fading channel. Finally, as shown in Fig.
3.9b, the impact of timing recovery errors is shown to be negligible, which corroborates our
timing analysis in Section 3.5.

3.7 Conclusion
Ambient backscatter systems have mainly been studied for low mobility scenarios that

are modeled using a block fading channel. While the block fading model is sufficient for
stationary environments like home and office, a time-selective fading model is more suitable
for non-stationary environments, such as roads and campuses. Therefore, in this paper, we
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Figure 3.8: BER vs SNR comparison for changing antenna elements Mr at the receiver with
ρr = 0.5, ρb = 0.75, ρt = 0.38 and N = 2000: (a) uniformly distributed AoAs, and (b)
narrowly distributed AoAs.
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Figure 3.9: (a) BER performance comparison of AR model channel with that of the channel
developed using Jakes’ simulation model, and (b) Impact of changing timing error on the
BER performance.
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3.7. Conclusion

have investigated the performance of an ambient backscatter system by studying the design
and BER of a non-coherent detector under time-selective fading channels. To the best of our
knowledge, this is the first work that has incorporated both non-coherent detection and time-
selective fading into the ambient backscatter setup. Unlike the conventional architecture,
which is implemented using the average of the energy of the received signal samples, a new
receiver architecture based on the direct average of the signal samples is proposed. The
new architecture is simpler to implement, robust to timing errors, and lends tractability to
the asymptotic analysis. We have shown in the analysis that a BER floor exists for the
SA receiver due to the DL interference of the ambient power source, thereby resulting in an
unacceptable performance. The BER is drastically improved using a MA receiver by tracking
the AoA of the DL and using it to eliminate the interference. Further, having more than
two receive antennas allows additional angular resolution, which can support applications
where the AoAs of the DL and BL links are very close. Though the BER in the time-
selective fading improves with increasing signal sample-size, it saturates to an asymptotic
value. Additionally, the BER is observed to improve with increasing temporal-correlation of
the fading channel. By comparing the BER, the simple first-order AR process is shown to
be an effective approximation of the Clarke’s reference model available for the time-selective
fading channel. A natural extension of this work is to implement an ambient backscatter
system that can function in a channel with multiple angular paths at the receiver. In the next
chapter, we look at the problem of encoding in ambient backscatter, and demonstrate the
advantages of utilizing coding schemes for the message data before the symbol modulation
and transmission.
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Chapter 4

Manchester Encoding for
Non-coherent Detection of Ambient
Backscatter in Time-Selective Fading

4.1 Introduction
In Chapter 3, we have seen the advantages of deploying multiple antennas at the receiver

that is reflected in the bit error rate (BER) improvement of the system. Similarly, in this
chapter we look at the advantages of employing Manchester encoding at the transmitter side
for non-coherent detection by deriving the optimal decision rule and the BER expressions.
Due to the difficulty of acquiring channel state information (CSI) for fast varying channels,
it might be detrimental to build an ambient backcatter system based on coherent commu-
nication, and could be more beneficial to choose non-coherent transmission as the preferred
mode of communication in such channels. It is, therefore, very important to improve the per-
formance of non-coherent detection for the ambient backscatter to accelerate its widespread
adoption and implementation for applications that experience fast varying channels, such as
the vehicular communications systems. Towards this goal, we investigate the advantages of
employing Manchester encoding for the non-coherent transmission of ambient backscatter
symbols under a time-selective fading setup. We show that this encoding scheme reduces
the detection complexity at the receiver, while improving the BER performance compared
to the popular on-off keying (OOK) modulation.

Related Work: With respect to the assumptions about the channel model, the current
literature on non-coherent ambient backscatter can be broadly divided into two categories.
The first category belongs to slow fading channels, for which the non-coherent receiver de-
signs based on maximum-likelihood (ML) detection [15], semi-coherent detection [14], and
orthogonal frequency division multiplexing (OFDM) [62, 88] are proposed. Also, the blind
channel estimation techniques that do not require transmission of separate pilot signals are
studied in [64,65] for the ambient backscatter setup. Manchester encoding was first explored
in [63] for a slow fading ambient backscatter setup. In [89], the angle of arrival (AoA)
estimation using a reader with a massive number of antennas is explored for the ambient
backscatter setup. The second category relates to the time-selective fading channels, which
is of more interest to us but has not received much attention. The most relevant prior art
in this direction is our own work [25], which focuses on the non-coherent multi-antenna re-
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4.2. System Model

ceiver design for direct OOK modulation. However, the bit error rate (BER) analysis of
the ambient backscatter systems under Manchester encoding and time-selective fading is an
open problem, which is solved in this paper. A particular technical novelty of the paper
is in carefully handling the correlation between the test statistics corresponding to the two
codewords of the encoded symbol, which is crucial for the exact BER analysis.

Contributions: In this work, we introduce Manchester encoding to the time-selective
fading setup of an ambient backscatter system, and analyze the performance of the scheme.
We also determine the advantages of Manchester encoding over the direct OOK modulation
by comparing the complexity of the two detection mechanisms and their BER performance.
A low-complexity receiver architecture based on the direct averaging of the received signal
samples is considered for the setup. This architecture diverges from the conventional one
based on the averaging of energy of the received signal samples, which is commonly used in
the ambient backscatter literature [20]. The main contributions of our current work can be
summarized as follows: 1) evaluation of the conditional joint distributions and the average
BER of Manchester encoding for both the single antenna (SA) and multi-antenna (MA) re-
ceivers, and 2) novel analysis that demonstrates the advantages of Manchester encoding over
the popular direct OOK modulation. To be exact, we analytically show that the optimal
detection rule of the ambient backscatter with Manchester encoding is independent of the
system and channel parameters, which greatly simplifies the receiver implementation. In
addition, the encoding scheme also results in an SNR gain over the direct OOK modulation,
when used in conjunction with an MA receiver implementing the direct-link (DL) cancella-
tion. The exact gain in SNR is dependent on the joint distribution of the AoAs of the DL
and backscatter link (BL). For the uniform spread and narrow spread joint distributions of
the AoAs considered in our work, the SNR gain comes out to be around 4 dB and 3 dB,
respectively.

4.2 System Model
The setup for the ambient backscatter system mainly consists of three devices, namely

the ambient power source (PS), the backscatter transmitter (BTx), and the receiver (Rx).
The ambient PS and BTx are surrounded by local scatterers resulting in independent sub-
paths with uniformly distributed angle of departure (AoD), while the Rx only has dominant
scatterers that are far away, resulting a narrow spread for the AoA. Hence, the signal at
Rx can be modeled as spatially correlated with two receive links, namely DL and BL that
arrive at AoAs θ1 and θ2, respectively, after propagating through a flat Rayleigh fading
channel. The described system setup of the ambient backscatter is illustrated in Fig. 4.1. In
addition, the ambient PS and BTx could be in motion independently of each other, resulting
in a time-varying channel. Under the local scattering assumptions, the auto-correlation
function (ACF) for the fading process of the DL and BL links is given by J0(2πfdtd), where
J0() is the zero order Bessel function of the first kind, fd is the maximum Doppler spread
(DS) of the link and td is the delay [76]. Similarly, the ACF for the PS-BTx link is given by
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Figure 4.1: System model for the ambient backscatter setup.

J0(2πfdtd)J0(2πafdtd), where a is the ratio of the DS present at these two devices of the link
[76]. For tractability, the temporal fading of each link is modeled as a first-order AR process
given by h[n]=ρh[n−1] +

√
1−ρ2g[n], where h[n] and h[n−1] are the gains of the current

and previous time instants, respectively, g[n] is the complex Gaussian process of variance
σ2
h, and ρ ∈ [0, 1) is the correlation factor [78]. Depending on the link, the value of ρ is given

by either J0(2πfdTs) or J0(2πfdTs)J0(2πafdTs), where Ts is the symbol duration. The MA
receiver of the current setup utilizes the slow varying rate of the large scale parameter AoA,
in comparison to varying rate of the overall channel gain of the fading channel, to track the
AoA of the DL and cancel its interference [25].

By intentionally keeping the data rate of backscatter lower compared to that of the
ambient data, the signal at the SA receiver can be expressed as:

y[n] = hr[n]x[n] + αb hb[n]ht[n]x[n] + w[n], (4.1)

where x[n] is the ambient data sequence, w[n] is the additive Gaussian noise, hr[n], hb[n]
and ht[n] are i.i.d. zero mean complex Gaussian channel coefficients with variance σ2

h and
are unknown at Rx, b is the backscatter data bit, and α is related to the parameter Γ1 (the
reflection coefficient of the tag when bit ‘1’ is transmitted) of the BTx node. The channel
coefficients hr[n], hb[n] and ht[n] are modeled using a first-order AR process, each having a
separate correlation factor ρr, ρb, and ρt, respectively. Similarly, the resultant signal at the
MA receiver after the DL cancellation is given by:

ỹ[n] = ãαb hb[n]ht[n]x[n] + w̃[n], (4.2)

where the resultant vectors ã and w̃[n] are given by:

ã =

 2 sin(φ2−φ1

2
)ej(

φ2−φ1
2

)

...
2 sin(Mr − 1)(φ2−φ1

2
)ej(Mr−1)(

φ2−φ1
2

)

, w̃[n] =

 e−jφ1w1[n]− w0[n]
...

e−j(Mr−1)φ1wMr−1[n]− w0[n]

. (4.3)
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4.3. Detection at the Single Antenna Receiver

The phase offset φi of each link is given by 2π
λ
d cos θi. Additional details on the setup, channel

and signal model can be found in [25]. However, unlike the direct OOK modulation used in
[25], the transmitter in this case sends out codewords [0 1] and [1 0], known as Manchester
coding, using the OOK modulation for message (b) bits 0 and 1, respectively. For complete-
ness, note that a preliminary study of Manchester encoding appears in our conference paper
[84], which is limited to a dual-antenna receiver and assumed independent fading across
the ambient symbols. For a fair comparison with the direct OOK modulation, we assume
that each codeword of Manchester encoding is sent within a single symbol duration of the
backscatter data instead of the time duration of two symbols. The test statistics (TSs) Z0

and Z1 are evaluated for the two symbols of the codeword by taking half the samples each
from the sample size N , and are given by Z0 = 2

N

∑N/2
n=1 y[n] and Z1 = 2

N

∑N
n=N/2+1 y[n].

Although the setup of the paper is inspired by [25], the new analysis for Manchester en-
coding under time-selective fading channel is fundamentally different and non-trivial due to
correlation between the two variables Z0 and Z1.

4.3 Detection at the Single Antenna Receiver
In this section, we evaluate the performance of Manchester encoding in the SA receiver

by deriving the conditional probability density functions (PDFs) and BER of the receiver.
In this work, the BER probability of the detector is represented using one of the commonly
used notations P (e), where e is the bit error event.

4.3.1 Conditional Distributions of the Signal

The null and alternate hypotheses H0 and H1 of the encoding scheme correspond to the
backscatter bit b ≡ 0 and b ≡ 1, respectively. Since the transmitter sends out codewords,
we have to derive the joint conditional distributions of the TSs Z0 and Z1 evaluated for each
symbol of the codeword.

Lemma 4.1. The joint PDFs of Z0 and Z1 conditioned on H0 and H1 for Manchester
encoding in SA receiver are given by:

H0 : fZ0,Z1 (z0, z1)=

exp

{
−
(
|z0|2VarSA

1 +|z1|2VarSA
0 −(z0z∗1+z∗0z1)CovSA

VarSA
0 VarSA

1 −(CovSA)
2

)}
π2
(

VarSA
0 VarSA

1 −
(
CovSA

)2
) , (4.4)

H1 : fZ0,Z1 (z0, z1)=

exp

{
−
(
|z0|2VarSA

0 +|z1|2VarSA
1 −(z0z∗1+z∗0z1)CovSA

VarSA
0 VarSA

1 −(CovSA)
2

)}
π2
(

VarSA
0 VarSA

1 −
(
CovSA

)2
) , (4.5)
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where VarSA
0 =

2(σ2
hE[|X|2]+σ2

h
2ρr

1−ρr
(1− 2(1−ρN/2r )

N(1−ρr)
)|E[X]|2+σ2

n)

N
, CovSA =

4ρr
(

1−ρN/2r

)2

N2(1−ρr)2 |E [X]|2, and

VarSA
1 =

2

N
(σ2

h(1+|α|2σ2
h)E
[
|X|2

]
+σ2

h

[ 2ρr
1−ρr

(1−2(1−ρN/2r )

N(1−ρr)
)

+|α|2σ2
h

2ρtρb
1− ρtρb

(1− 2(1−ρN/2t ρ
N/2
b )

N(1−ρtρb)
)
]
|E [X] |2 + σ2

n).

Proof: See Appendix C.1.

4.3.2 Bit Error Rate
The conditional PDFs of Z0 and Z1 under the two hypotheses are compared to derive

the optimal threshold, which is used to evaluate the BER of the SA receiver.
Theorem 4.2. The average BER of Manchester encoding in the SA receiver is given by:

PSA(e) =

∞∫
0

∞∫
v

exp
{
−
(

u
(1−ρ2)VarSA

0
+ v

(1−ρ2)VarSA
1

)}
π(1− ρ2)VarSA

0 VarSA
1

× I0(
ρ
√
uv

(1− ρ2)
√

VarSA
0 VarSA

1

) du dv,

(4.6)

where I0 is zeroth order modified Bessel function of the first kind. The expression in (4.6)
can be well approximated as

PSA(e) =

(
1+

VarSA
1

VarSA
0

)−1

(4.7)

for large values of the sample size N , since the two variances VarSA
0 and VarSA

1 both decay at
the rate of Θ(N−1) while the covariance CovSA decays at the rate of Θ(N−2).

Proof: See Appendix C.2.

Asymptotic analysis
The ratio of the variances of the null and alternate hypotheses of the SA receiver is

K = 1 +

|α|2σ4
h

{
1 + 2ρtρb

1−ρtρb
(1− 2(1−ρN/2t ρ

N/2
b )

N(1−ρtρb)
) |E[X]|2
E[|X|2]

}
σ2
h

{
1 + 2ρr

1−ρr (1−2(1−ρN/2)
r

N(1−ρr) ) |E[X]|2
E[|X|2]

}
+ SNR−1

.

The asymptotic BER of Manchester encoding in the SA receiver is given by:

P asym
SA (e) = lim

SNR→∞
(1 +K)−1 =

2+
|α|2σ4

h+|α|2σ4
h

2ρtρb
1−ρtρb

(1− 2(1−ρN/2t ρ
N/2
b )

N(1−ρtρb)
) |E[X]|2
E[|X|2]

1 + 2ρr
1−ρr (1−2(1−ρN/2)

r

N(1−ρr) ) |E[X]|2
E[|X|2]

−1

.
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4.4. Detection at the Multi-Antenna Receiver

Remark 4.3. It is important to highlight the advantages of Manchester encoding over the
direct OOK modulation. The decision rule, given in (C.2), for Manchester encoding is just
a function of the relative magnitudes of the two RVs Z0 and Z1. On the other hand, the
decision rule of the direct OOK modulation is based on the comparison of the magnitude of
a single TS Z (evaluated over all the N samples) with a threshold, which can be expressed
as follows:

|z|2 ≷1
0 ln(

s1

s0

)
s1s0

s1 − s0

, (4.8)

where s0 =
(σ2
hE[|X|2]+σ2

h
2ρr

1−ρr
(1− (1−ρNr )

N(1−ρr)
)|E[X]|2+σ2

n)

N
and

s1=
1

N
(σ2

h(1+|α|2σ2
h)E
[
|X|2

]
+σ2

h

[ 2ρr
1−ρr

(1− (1−ρNr )

N(1−ρr)
)

+|α|2σ2
h

2ρtρb
1− ρtρb

(1− (1−ρNt ρNb )

N(1−ρtρb)
)
]
|E [X]|2 + σ2

n).

The optimal decision rule for the direct OOK modulation is a function of the system pa-
rameters such as the SNR of ambient signal, the fading variance σ2

h, the sample size N ,
and the correlation factors ρr, ρb and ρt [25]. Hence, this scheme considerably reduces the
receiver complexity, and will most likely be preferred for the cases where optimizing the
energy consumption of the device is a priority.

Even though the optimal decision rule is simplified with Manchester encoding, the
asymptotic BER still suffers from an error floor. Therefore, the performance of the encoding
scheme in the MA receiver needs to be evaluated to demonstrate its full potential. In the
next section, we discuss the antenna gain, detection procedure and the BER performance of
the MA receiver when Manchester encoding is employed at the backscatter transmitter.

4.4 Detection at the Multi-Antenna Receiver
The effective signal obtained after the DL cancellation, and proper weighting of the

resultant signal vector in the MA receiver is given by [25]:

yeff [n] = r∗ãαb hb[n]ht[n]x[n] + r∗w̃[n], (4.9)

where r =
K̂−1

W̃
ã

|K̂
−1

2
W̃

ã|
is the weight vector with the optimal MMSE detection. The antenna gain

G = ã∗K̂−1
W̃

ã due to multiple antennas is given by [25]:

G = Mr−
1

Mr

− 2

Mr

sin((Mr−1)φ2−φ1

2
)

sin(φ2−φ1

2
)

cos(Mr
φ2 − φ1

2
)− 1

Mr

sin2((Mr−1)φ2−φ1

2
)

sin2(φ2−φ1

2
)

,
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and the expression can be further simplified as follows:

G = Mr −
1

Mr

sin2(Mr
φ2−φ1

2
)

sin2(φ2−φ1

2
)
. (4.10)

Although the antenna gain is a function of the two phase offsets (and thereby the AoAs),
it is represented as a single variable G without any arguments to simplify the notation.

The exact expression of the average BER is dependent on the joint distribution of the
two variables θ1 and θ2. For further exposition, we consider two kinds of distributions: 1)
uniform spread of AoAs: the two AoAs θ1 and θ2 are independent and uniformly distributed
between (−π, π], and 2) uniform spread of AoAs: the AoA θ1 is uniformly distributed between
(−π, π] while θ2 is uniformly distributed with mean equal to the value of θ1 and some angular
spread (considered to be 10◦).

Theorem 4.4. The average BER of Manchester encoding in the MA receiver with uniform
spread of the two AoAs is given by:

PMA(e) =

∫ π

−π

∫ π

−π

1

2π
× 1

2π

σ2
n

G|α|2σ4
h

{
E[|X|2]+ 2ρtρb

1−ρtρb
(1−2(1−ρ

N
2
t ρ

N
2
b )

N(1−ρtρb)
)|E[X]|2

}
+2σ2

n

dθ1dθ2. (4.11)

Proof: See Appendix C.3.

Asymptotic analysis

The ratio of the variances of the null and alternate hypotheses of the MA receiver is

K=1+G|α|2σ4
h

{
1+

2ρtρb
1−ρtρb

(1− 2(1−ρN/2t ρ
N/2
b )

N(1−ρtρb)
)
|E[X]|2

E[|X|2]

}
SNR.

The asymptotic conditional BER of the Manchester encoding in the MA receiver is given
by:

P asym
MA (e|φ1, φ2) = lim

SNR→∞
(1 +K)−1 =

SNR−1

G|α|2σ4
h

{
1+ 2ρtρb

1−ρtρb
(1− 2(1−ρ

N
2
t ρ

N
2
b )

N(1−ρtρb)
) |E[X]|2
E[|X|2]

}
+2SNR−1

=0.

4.5 Numerical Results and Discussion
We now compare the BER performance of Manchester encoding with the direct OOK

modulation. In addition, the analytical results are compared with Monte-Carlo simulation
to verify the accuracy of our analysis. The value of α is configured to result in a signal
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Figure 4.2: BER vs SNR comparison of Manchester encoding and the direct OOKmodulation
for varying correlation factor ρ, Mr = 4 and N = 2000: (a) uniform spread of AoAs, (b)
narrow spread of AoAs.
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Figure 4.3: BER vs N comparison of Manchester encoding and the direct OOK modulation
for varying correlation factor ρ, Mr = 4, and SNR = 20 dB: (a) uniform spread of AoAs, (b)
narrow spread of AoAs.
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attenuation of 1.1 dB, while the variance of the channel gains σ2
h is set to 1. The values of all

the correlation factors ρr, ρb and ρt are assumed to be the same, and are represented using
another variable ρ. First, we discuss the average BER results for the uniformly spread AoAs
before comparing with the performance under narrowly spread AoAs. The BER result of the
uncoded and coded schemes of the SA receiver for the independent fading scenario (ρ = 0) is
shown in Fig. 4.2a, and it can be verified from the plot that both of the schemes suffer from
an error floor which can be attributed to the DL interference. In the same Fig. 4.2a, the BER
results of the MA receiver for the two schemes with varying values of the correlation factor ρ
are also plotted. The effect of the DL cancellation on the performance can be inferred from
the improved BER of the two schemes. It can also be verified from the figure that Manchester
encoding results in an SNR gain of around 4 dB over the uncoded direct OOK modulation
for the uniformly spread AoAs. In comparison, the SNR gain of the Manchester encoding
over the uncoded OOK modulation obtained for the narrowly spread AoAs is around 3 dB,
as shown in Fig. 4.2b. As expected, the exact SNR gain with the Manchester encoding is
dependent on the joint distribution of the two AoAs but remains constant for different values
of ρ. In addition, the BER curves of the two schemes with increasing sample-size N for the
uniformly spread and narrow spread AoAs are respectively plotted in Figs. 4.3a and 4.3b,
which are flat beyond a threshold value of N . The mismatch between the theoretical and
simulation results for small N is due to the requirement of minimum number of samples for
the averaging operation to work properly, and larger number of samples are required with
increasing value of the correlation factor ρ.

4.6 Summary
In this work, we have analyzed the impact of Manchester encoding on non-coherent

transmission with respect to an ambient backscatter system under time-selective fading,
where we have analytically and numerically shown the advantages of the scheme over the
conventional direct OOK modulation used in the literature. The optimal decision rule for
Manchester encoding is only dependent on the relative magnitude of the test statistic for
the two symbols of the codeword, and hence the optimal detection threshold turns out to be
independent of all the system parameters. In addition, the proposed encoding scheme also
achieves an SNR gain over the direct OOK modulation with the MA receiver, the exact value
of which will vary based on the joint distribution of the two AoAs. In our analysis, the SNR
gain evaluated for the uniformly and narrowly spread AoAs came to be around 4 dB and
3 dB, respectively, which is a substantial improvement in the performance of the ambient
backscatter system. Until now, our main focus is on characterizing the BER performance
of ambient backscatter in a point-to-point link system. In the next and final technical
chapter, we study the problem of determining the performance of ambient backscatter in
a large-scale network by incorporating the effect of co-channel interferers using ideas from
stochastic geometry.
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Chapter 5

Bit Error Rate of Frequency-Shift
Ambient Backscatter with
Non-Coherent Detection in a
Large-scale Network

5.1 Introduction

In this chapter, we consider the problem of characterizing the performance of ambient
backscatter in a large-scale network. In particular, we analyze the performance of a technique
known as frequency-shift backscatter in the presence of an interference field modeled as a
Poisson point process (PPP). Frequency-shift backscatter is the preferred mechanism to over-
come self-interference from the source signal since it has shown good potential in improving
the performance with a weak signal of backscatter systems [9,28,90]. However, these systems
have to deal with the interference from devices already occupying the new band which can
also limit their performance. On the other hand, our earlier studies have shown that non-
coherent detection can easily extend the deployment of the ambient backscatter systems to
multiple use case scenarios including time varying channels [25, 26]. The non-coherent sys-
tems in ambient backscatter mainly suffer from bit error rate (BER) floor resulting from the
high interference of the direct link coming from the power source. Motivated by our earlier
studies which indicate that the performance of the ambient backscatter can be improved by
spatially separating the signals of the backscatter nodes and the ambient source devices, we
consider the problem of analyzing the performance of frequency-shift ambient backscatter
in this particular work [25, 26]. In particular, we evaluate the BER of non-coherent based
frequency-shift ambient backscatter under the two following network setups: 1) a single inter-
fering signal coming from the ambient transmission occurring in the shifted frequency band,
and 2) a large scale network with multiple interfering signals coming from the backscatter
nodes and ambient source devices transmitting in the band of interest. Using tools from
stochastic geometry, the interfering devices in the large-scale network are modeled as a two
dimensional PPP and the sum-product functional properties of the PPP are used to evaluate
the BER for the large-scale network. The wireless channel is assumed to be a slow fading
channel with spatial correlation present at the receiver node.
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5.1.1 Related Work

Most of the literature on ambient backscatter is related to coherent and semi-coherent
detection techniques [1,12,14–16,18,20], which are however not always feasible to implement
in practice. For example, consider the time selective channels where due to constant evolving
of the fading gain with time the non-coherent detectors are preferred for their ease of imple-
mentation. On the other hand, the existing literature on non-coherent detection of ambient
backscatter is very limited [15, 25, 26, 62, 63, 65, 91]. One of the earliest works to study non-
coherent signal detection for ambient backscatter is [15]. Our earlier work has investigated
the role of multiple antennas in improving the BER performance of a non-coherent system
under a time-varying fading channel [25]. Coding schemes such as Manchester encoding to
further improve the performance of the non-coherent detection are explored in [26, 63]. On
the same lines, non-coherent detection over ambient orthogonal frequency division multiplex-
ing (OFDM) and cognitive radio network setups are investigated in [62] and [65], respectively.
The frequency shifting method of the backscatter signal to a non-overlapping band to avoid
the self interference is investigated in multiple studies [3,9,10,27–29]. Our work can be easily
differentiated from the prior art on non-coherent detection as the main focus of the analysis
is on the BER of the frequency-shift ambient backscatter in a large-scale network.

The error performance in a large-scale network can be studied by modeling the spatial
distribution of devices as a random process and using tools from stochastic geometry to eval-
uate the BER metric [92, 93]. However, the available literature on the stochastic geometry
application to ambient backscatter is exclusively limited to the power outage and coverage
analysis [30–41]. The analysis of a large-scale backscatter network was first considered in
[30], where the backscatter nodes use devices known as power beacons (PBs) for both har-
vesting energy and transmitting the backscatter data. The spatial deployment of PBs is
modeled using a homogeneous Poisson point process (PPP), while the backscatter nodes
are clustered around the parent PBs using Poisson cluster process (PCP). The investigation
into the dyadic channel of backscatter is considered in [31], where the coverage probabil-
ity of a binomial point process (BPP) modeled network with physical layer mechanisms
such as space division multiple access (SDMA), ultra-narrowband (UNB) transmissions, and
successive interference cancellation (SIC) is analyzed. Similarly, [32] studied the coverage
probability of the dyadic backscatter network modeled using a homogeneous PPP. In [33],
the authors have analyzed the coverage probability of the primary network in the presence
of a secondary backscatter network. The analysis for a hybrid harvest-then-transmit (HTT)
and ambient backscatter node is presented in [34] by modeling the distribution of the two
primary networks as independent α-Ginibre point processes (α-GPPs). Along the same lines,
the coverage analysis for a hybrid node deployment modeled as a PCP is performed in [35].
In [38], the impact of time-switching/power-splitting architectures and non-linear harvesting
model for the backscatter nodes on the outage probability is investigated. The coverage
analysis of a hybrid relay node with backscatter mode is explored in [37]. In another work
[36], the coverage probability of a drone assisted BPP backscatter network is investigated.
A temporal-space PPP model is developed in [41] to study the outage probability of an
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asynchronous backscatter network with sporadic transmissions. One limitation of all these
studies is that none of them have considered the BER metric for characterizing the perfor-
mance of ambient backscatter in a network. The work presented in this chapter is the first
such study that comprehensively tackles the problem of BER characterization of ambient
backscatter in a large-scale network.

5.1.2 Contributions
In this chapter, a comprehensive treatment of the frequency-shift ambient backscatter is

presented by investigating the performance of the system under two types of network setups:
1) a single interference signal coming from the ambient transmission occuring in the shifted
frequency band, and 2) a large scale network with multiple interference signals coming from
the backscatter nodes and ambient source devices transmitting in the band of interest. The
ambient backscatter communication is considered to be performed non-coherently, and two
types of receivers are considered for the non-coherent setup: a) single antenna (SA) receiver
and b) multi-antenna (MA) receiver. In the single interfering link system, we mainly look
at the impact of small-scale fading on the backscatter performance whereas the effect of
large-scale path loss on the performance is analyzed when analyzing the large-scale network.
Tools from stochastic geometry are used to perform this analysis. The interfering devices are
assumed to be modeled as a PPP, which endows tractability to this analysis while capturing
the inherent irregularity in the placement of these devices.

Insights Our analysis for the single interference link system shows that the multi-antenna
receiver can remove the BER floor observed in case of the single antenna receiver by tracking
the angle-of-arrival (AoA) of the interference link, and use it to cancel the interference from
the ambient device which drastically improves the performance. One important observation
is that the BER improvement for block fading channel is found to be a bit larger compared
to the improvement seen for time-selective fading [84]. In the process of deriving the con-
ditional distributions for the null and alternate hypotheses, we come across a generalized
sum sequence with correlation between the samples. For the sum sequence, we derive the
asymptotic growth rate which is then applied to derive the concentration property of the
function of this sum sequence. This contribution is central to the evaluation of asymptotic
conditional distributions that are exact and also fundamental to the subsequent BER analy-
sis. In addition, BER is observed to improve gradually with increasing sample-size for some
specific scenario where the ambient data sequence has the property of non-zero expectation.
It should be noted that the sum sequence is similar to the one encountered in [84], but the
behavior of the sequence is different which necessitated separate handling. The difference in
the analysis is mirrored in the different trends observed with respect to the behavior of the
system i.e., the BER of the system is observed to gradually increase with the sample-size of
the generated test statistic. A similar trend in the improvement of BER with the increas-
ing number of antennas and sample size of the test statistic can be seen for a large-scale
network. As expected, the BER performance of the system in the large-scale network is
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Figure 5.1: (a) System model of the single-link frequency shift ambient backscatter setup,
(b) Realization of the Poisson Bipolar process containing the different backscatter nodes and
their respective ambient power source nodes in the large scale network.

determined by the intensity of the point process of the interfering devices. The intensity of
the interfering nodes is controlled by the size of the sub-bands available for the backscatter
system. By increasing the number of sub-bands, the number of devices transmitting in the
same sub-band as the backscatter node of interest within a finite region will be smaller which
will bring down the interference and improve the BER of the system.

5.2 System Model
5.2.1 Single Interference Link Backscatter System
Signal and Channel Model The data rate required for the typical IoT applications is
much lower compared to that of the data rate of the conventional wireless networks. Hence,
the symbol duration of the backscatter data is configured such that it is N times the symbol
duration of the ambient signal data. For the single interfering link system, there are four
devices in the setup namely the ambient power source (PS), the backscatter transmitter
(BTx), the interfering node (IN), and the receiver (Rx). The wireless channel in our setup is
considered to be flat Rayleigh fading with spatial correlation present between the Rx antenna
elements. This channel environment is similar to the uplink channel in a cellular network,
with the BTx instead utilizing an external device for generating power in place of a dedicated
power supply. The device IN is assumed to be spatially separated from the BTx but located
at a distance similar to that of the distance of the backscatter node from the Rx. This kind of
setup allows us to characterize the performance of the backscatter with respect to the small
scale fading while keeping the channel pathloss out of the picture. The impact of channel
pathloss is handled separately while analyzing the performance of the backscatter device in
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a large-scale network. The rate of temporal evolution of the channel gain is assumed to
be small which corresponds to the block fading scenario i.e., the channel coherence time is
of the order of the duration of each backscatter symbol (that is equivalent to the duration
of N ambient data symbols). The block fading model can be easily differentiated from
the time-selective fading model considered in [25] by the non-varying nature of the channel
gain. The spatial parameters of the channel such as angle-of-departure (AoD) and AoA in
general change at a slower rate compared to the channel gains, and hence are also assumed
to be constant over the coherence period. The channel model and the setup for the single
interfering link system are both illustrated in Fig. 5.1a. The received signal samples at a
multi-antenna Rx with uniform linear array (ULA) for the considered channel model can be
represented as follows:

y[n]=


y0[n]
y1[n]
...

yMr−1[n]

=hr


1
ejφ1

...
ej(Mr−1)φ1

x1[n]+ αb hbht


1
ejφ2

...
ej(Mr−1)φ2

x2[n]+


w0[n]
w1[n]
...

wMr−1[n]

, (5.1)

where x1[n] and x2[n] are the symbols of the ambient interfering and power source devices,
respectively, w[n] is the additive complex Gaussian noise with mean zero and variance σ2

n,
the coefficients hr, hb and ht are the channel gains of the different links in the setup assumed
to be zero-mean complex Gaussian with variance σ2

h, b ∈ {0, 1} is the binary backscatter
data, α is the parameter related to reflection coefficient of the BTx node, φi≡ 2π

λ
d cos θi is

the phase offset between the neighboring elements of the ULA for a link with AoA θi. Note
that the channel gains hr, hb and ht are not tracked by the receiver. Also the AoAs θ1 and
θ2 of the interfering and backscatter links, respectively, are independent of each other. The
received signal for a single antenna receiver can be derived from (5.1) by only considering
the signal component of the first antenna. Since the data of backscatter is binary, the
detection problem can be modeled as binary hypothesis testing. The notations for the null
and alternate hypotheses are given by H0 and H1, respectively. The ambient data sequences
x1[n] and x2[n] are assumed to be independent and identically distributed (i.i.d.), but the
identical constraint can be ignored without any impact on the analysis. The received signal
samples over each window are averaged directly to obtain the linear test statistic given by
Z = 1

N

∑N
n=1 y[n]. The binary backscatter data is transmitted using the direct on-off keying

(OOK), which is the preferred modulation scheme for backscatter systems.

5.2.2 Large-Scale Backscatter Network
Spatial Distribution of Devices The channel model and the receiver (Rx) configuration
for the large-scale network remain exactly the same as that of the single link interference
system. In this part, we mainly deal with the effect of multiple interfering devices and large-
scale path loss on the BER of the FS backscatter system. The backscatter nodes (BNs) in the
network are spatially distributed according to a homogeneous Poisson point process (PPP)
ΦBN with intensity λBN. Suppose that the primary transmitters, also known as ambient power
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sources (PSs), are distributed around the BNs independently according to a Poisson bipolar
model. The distribution of the displacement between the PS and its respective BN is modeled
as a bivariate Gaussian distribution with variance σ2

Th. The overall bandwidth is divided into
Mf bands with indices given by {0, 1, · · · ,Mf − 1}, and each ambient PS randomly selects
one of these bands for transmission. It is a reasonable assumption in the case of ambient
backscatter since the data requirement for most of the applications within the IoT paradigm
is rather small, and thus only need narrow bandwidth for their transmissions. In addition,
the backscatter devices randomly shift the backscatter link (BL) to a frequency band different
from the one in which its corresponding ambient PS is transmitting. This results in a different
angular profile for the BL compared to that of the link from the interfering device. The above
observation comes from the interference cancellation technique that will be discussed for the
single interfering-link system. By design, the frequency shift operation will result in the
BL to have zero self-interference from the direct link (DL) of its corresponding ambient PS.
The receivers (Rx) corresponding to the co-channel ambient backscatter transmissions in the
network are clustered around their respective BN nodes, independent of the PS nodes. Due
to the stationarity of all the involved point processes, the analysis can be performed for a
typical Rx located at the origin. The BN node transmitting to the receiver of interest is
assumed to be displaced independently modeled as a bivariate Gaussian distribution with
variance σ2

Th similar to the one used for displacement of PS from the BN node.

5.3 Detection and Error Analysis for a Single Link Sys-
tem

In this section, the BER analysis of a single interfering link backscatter system is per-
formed. First, the asymptotic growth rate of a generalized sum sequence is derived. This
result is essential to derive the conditional distributions of the test statistic, which themselves
are necessary to evaluate the BER of the SA and MA receivers in our setup.

5.3.1 Growth Rate of a Generalized Sum Sequence
The understanding of the asymptotic behavior of the sequence SN =

∑
n1,n2

x[n1]x∗[n2]
is an important step in the BER analysis. Mainly, the asymptotic growth rate of the ex-
pectation and variance of the sequence MN = SN

N
are necessary to evaluate the conditional

distributions of the test statistic. If the growth rate of these two statistical parameters are of
the same order, then it is valid to conclude that the sequenceMN converges to its expectation
as the sample size increases.

Lemma 5.1. The asymptotic growth rate of the expectation and variance of the sum sequence
SN are of the order of N2 and N3 respectively, i.e., E[SN ] = Θ(N2) and Var[SN ] = Θ(N3),
where f(x)=Θ(g(x)) means that f(x) is asymptotically bounded both from above and below
by g(x). The sequence MN as a result concentrates around the expectation E[MN ] for a large
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enough value of N , which is given as follows

E [MN ] = E
[
|X|2

]
+ (N − 1)|E[X]|2. (5.2)

Proof: See Appendix D.1.

Remark 5.2. The expectation of MN in block fading grows of the order of N , unlike the
constant value observed in case of time-selective fading [25]. This impacts the asymptotic
BER trend with increasing N , which will be discussed later in the numerical results.

5.3.2 Conditional Distributions of the Test Statistic
The test statistic Z can be decomposed into two components: (a) the signal common

to both H0 and H1, and (b) the signal unique to H1, as given below:

Z = hr
1
N

N∑
n=1

x1[n] + 1
N

N∑
n=1

w[n]︸ ︷︷ ︸
(a)

+αbhbht
1
N

N∑
n=1

x2[n]︸ ︷︷ ︸
(b)

. (5.3)

When conditioned on x1[n], the component (a) can be characterized as a complex Gaussian
due to which deriving the mean and variance is sufficient under H0. On the other hand, in
case of H1 the statistic Z does not have such simple characterization since the component
(b) when conditioned on x2[n] has a complex form. Using the individual distributions of (a)
and (b), one can derive the joint conditional distribution of Z under the two hypotheses.
From this, the conditional distribution under H1 can be derived by marginalizing over H0.

Lemma 5.3. The probability density functions (PDFs) of the test statistic Z conditioned on
H0 and H1, respectively are given by:

fZ|H0 (z1, z2) = 1
πVarSA

0
exp

(
− z2

1+z2
2

VarSA
0

)
, (5.4)

fZ|H1 (z1, z2) =

∫ ∞
0

∫ ∞
0

1
2π2σ2

SAVarSA
0

exp
(
−v2

1+v2
2

VarSA
0

)
K0

(√
(z1−v1)2+(z2−v2)2

σ2
SA

)
dv1 dv2, (5.5)

where the parameters VarSA
0 =

σ2
hE[|X|2]+σ2

h(N−1)|E[X]|2+σ2
n

N
is the variance under H0, σ2

SA =
|α|2σ4

h

4
(
E[|X|2]+(N−1)|E[X]|2

N
) is a parameter related to H1, and K0(.) is the zeroth order modified

Bessel function of the second kind.

Proof: See Appendix D.2.

It is not possible to directly use the test statistic Z for detection since the distribution
under H1 is non-isotropic. This necessitates the derivation of distributions of the squared
magnitude R and phase Φ functions of the statistic Z, which are captured in the following
Lemma.
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Figure 5.2: (a) Conditional CDF of the phase Φ of Y under H1, (b) Conditional density
functions of the magnitude square (R) of the average signal Y underH0 andH1 forN = 5000.

Lemma 5.4. The PDFs of R conditioned on H0 and H1 are respectively given by:

fR|H0 (r) = 1
VarSA

0
exp

(
− r

VarSA
0

)
, r ≥ 0 (5.6)

fR|H1 (r) =

∫ ∞
0

∫ π

0

1
2πσ2

SAVarSA
0

exp
(
− a

VarSA
0

)
K0

(√
r+a−2

√
ra cosβ

σ2
SA

)
dβ da, r ≥ 0, (5.7)

and the corresponding PDFs of Φ are respectively given by:

fΦ|H0 (φ) =
1

2π
, 0 ≤ φ < 2π (5.8)

fΦ|H1 (φ) =
1

2π

2π∫
0

∞∫
0

∞∫
0

exp
(
− a

VarSA
0

)
πσ2

SAVarSA
0

K0

(√
a+b−2

√
ab cos(φ−λ)

σSA

)
da db dλ, 0 ≤ φ < 2π. (5.9)

Proof: See Appendix D.3.

The distribution of phase Φ under H0 is simply given by a uniform distribution. How-
ever, as shown in (5.9), the phase distribution under H1 has a complicated form. We plotted
the cumulative distribution function (CDF) plot of the phase Φ under H1 using Monte-Carlo
simulations, and found that it matches closely with the uniform distribution as shown in Fig.
5.2a. From this, we can conclude that the phase distributions of the hypotheses do not carry
any useful information, and the conditional distributions of the squared magnitude R are
sufficient to perform detection. These distributions corresponding to the two hypotheses are
compared in Fig. 5.2b for N = 5000.
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5.3.3 Bit Error Rate
Although in theory, the optimal detection thresholds can be derived by comparing the

marginal conditional distributions, the intractability of the encountered expressions makes it
hard to derive the closed form expressions. For this reason, the optimal threshold is evaluated
by making the Gaussian approximation for the conditional distribution of Z under H1. Now,
the average BER expressions for both the SA and MA receivers are evaluated below.

Theorem 5.5. The average BER of the SA receiver is given by:

PSA(e)=
1

2
exp(− TSA

VarSA
0

)+

TSA∫
0

∞∫
0

π∫
0

exp(− a

VarSA
0

)

4πσ2
SAVarSA

0
K0

(√
r+a−2

√
ra cosφ

σ2
SA

)
dφ da dr, (5.10)

where VarSA
1 = (σ2

h + |α|2σ4
h)(

E[|X|2]+(N−1)|E[X]|2

N
) + σ2

n

N
is the conditional variance under H1

and TSA = ln(
VarSA

1

VarSA
0

)
VarSA

1 VarSA
0

VarSA
1 −VarSA

0
is the detection threshold.

Proof: See Appendix D.4.

In time-selective fading, multiple receive antennas are used to cancel out the interference
of the ambient signal component resulting in a dramatic improvement of the BER [25]. The
same technique is applied here for block fading by multiplying the signal at the second
antenna onward with appropriate phase offset, and subtracting from the signal at the first
antenna to get:

ỹ[n] =

 e−jφ1y1[n]− y0[n]
...

e−j(Mr−1)φ1yMr−1[n]− y0[n]

 = ãαb hbhtx2[n] + w̃[n], (5.11)

where the effective antenna array and noise vectors ã and w̃[n], respectively, are given by:

ã =

 2 sin(φ2−φ1

2
)ej(

φ2−φ1
2

)

...
2 sin(Mr − 1)(φ2−φ1

2
)ej(Mr−1)(

φ2−φ1
2

)

 , w̃[n] =

 e−jφ1w1[n]− w0[n]
...

e−j(Mr−1)φ1wMr−1[n]− w0[n]

 .
(5.12)

The procedure to evaluate the phase inversion component e−jφ1 in block fading differs from
the method in time-selective fading, and one such method is provided in Appendix D.9. The
optimal MMSE based weighting of the resultant signal vector after the DL cancellation will
result in the following effective signal samples in the multi-antenna receiver [25]:

yeff [n] = r∗ãαb hb[n]ht[n]x2[n] + r∗w̃[n], (5.13)
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where r =
K̂−1

W̃
ã

|K̂
−1

2
W̃

ã|
is the weight vector, and the antenna gain G = ã∗K̂−1

W̃
ã is given by [26]:

G = Mr −
1

Mr

sin2(Mr
φ2−φ1

2
)

sin2(φ2−φ1

2
)
. (5.14)

As discussed earlier, the squared magnitude distributions are sufficient for detection,
and the PDFs of Reff of this signal conditioned on H0 and H1 are respectively given by:

fReff |H0 (r) =
1

VarMA
0

exp

(
− r

VarMA
0

)
, r ≥ 0 (5.15)

fReff |H1 (r) =

∞∫
0

π∫
0

1

2πσ2
MAVarMA

0

exp

(
− a

VarMA
0

)
K0

(√
r+a−2

√
ra cosβ

σ2
MA

)
dβ da, r ≥ 0,

(5.16)

where VarMA
0 = σ2

n

N
is the conditional variance under H0, σ2

MA =
G|α|2σ4

h

2
(
E[|X|2]+(N−1)|E[X]|2

N
) is

a parameter related to H1.

Theorem 5.6. The average BER of the MA receiver is given by

PMA(e)=

π∫
−π

π∫
−π

exp(− TMA

VarMA
0

)

8π2
+

TMA∫
0

∞∫
0

exp(− a
VarMA

0
)

16π3σ2
MAVarMA

0

π∫
0

K0

(√
r+a−2

√
racosφ

σ2
MA

)
dφ da dr dθ1dθ2,

(5.17)

where VarMA
1 = G|α|2σ4

h(
E[|X|2]+(N−1)|E[X]|2

N
) + σ2

n

N
is the conditional variance under H1 and

TMA = ln(
VarMA

1

VarMA
0

)
VarMA

1 VarMA
0

VarMA
1 −VarMA

0
is the threshold.

Proof: The conditional BER over the AoAs θ1 and θ2 can be evaluated directly by
replacing the parameters VarSA

0 ,VarSA
1 and TSA in the average BER of a SA receiver with the

parameters VarMA
0 ,VarMA

1 and TMA of a MA receiver, respectively. And, the average BER of
the MA receiver is obtained by taking expectation over the AoAs θ1 and θ2.

5.4 Interference and Bit Error Rate in a Large Scale
Network

5.4.1 Aggregate Interference from the Ambient PSs and BNs
Suppose that band 0 is the band of interest for our current transmission. Under the

assumption of the Poisson bipolar model, the ambient PS nodes are independently displaced
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𝑋𝑗
𝑂

𝑇𝑗

- Ambient power source

- Backscatter node

- Receiver

(a) (b)

Figure 5.3: (a) Displacement of the ambient power source from backscatter node, (b) Resul-
tant interference pattern from the ambient backscatter and the power source nodes in the
network.

from the BN nodes. Hence, by displacement theorem, the ambient PS nodes will form a
PPP ΦPS with intensity equal to λBN. Since, each ambient PS randomly select one of the
M band for their transmission, by independent thinning, the interfering ambient PSs form a
thinned process with respect to the original homogeneous PPP ΦPS, and the intensity of the
thinned PPP ΦPS0 is given by λBN

M
. The aggregate interference resulting from the thinned

PPP ΦPS0 is given by:

IPS =
∑

Yi∈ΦPS0

√
P0 L(||Yi||)hisi[n], (5.18)

where P0 is the transmit power of the ambient PS assumed to be a constant, L(.) is the path
loss of the link and for a distance R it is given by L(R) = min(1, R−γ), Yi is the co-ordinates
of the ith ambient PS device, γ is the pathloss exponent, hi is the fading gain of ith device
which is assumed to be Rayleigh, and si[n] is the ambient signal transmitted by ith device.

By design, the BN nodes around the interfering ambient PS nodes cannot be in the
same band, and hence the possible interfering BNs located around the remaining points of
the process ΦPS form a thinned PPP ΦBN with intensity M−1

M
λBN. Once again, the interfering

BN nodes are independently thinned from these BN nodes, with intensity of the resultant
thinned process ΦBN0 given by M−1

M
λBN

M−1
= λBN

M
. The aggregate interference from the thinned
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PPP ΦBN0 is given by:

IBN =
∑

Xj∈ΦBN0

√
P0 L(||Tj||)L(||Xj||)αjgjhjbjsj[n], (5.19)

where gj is the fading gain of the link from the jth BN device to its ambient PS and assumed
to be Rayleigh, Tj is the displacement of the jth PS from its BN device, Xj is the position of
the corresponding jth BN device, γ is the pathloss exponent, αj is a backscatter parameter
related to the reflection coefficient Γi of the BN node, hj is the fading gain of the jth BN
device assumed to be Rayleigh, sj[n] is the ambient signal transmitted by the ambient PS
of the jth BN device.

5.4.2 Bit Error Rate of the single antenna receiver
At the receiver node of interest, known as the typical Rx, the resultant signal for a

single antenna receiver is composed of the signal from the associated backscatter node 0 and
the aggregate interference, which is given by:

y[n] =
√
P0 L(||T0||)L(||X0||)α0g0h0b0s0[n] +

∑
Yi∈ΦPS0

√
P0 L(||Yi||)hisi[n]

+
∑

Xj∈ΦBN0
\{0}

√
P0 L(||Tj||)L(||Xj||)αjgjhjbjsj[n] + w[n], (5.20)

where w[n] is the is the zero-mean additive complex Gaussian noise of variance σ2
n at the

receiver.

Since the BN nodes use OOK modulation for transmitting backscatter data, then each
node will be transmitting bi ∈ {0, 1} equally likely and independent of one another. So, half
of the interferers will be in OFF state which means that there won’t be any interference
from those nodes. Hence, the interfering BN nodes can be obtained by further thinning the
process ΦBN0 . The intensity of the thinned process Φ

′
BN0

of the interfering BN nodes is given
by λBN

2M
. The resultant signal at the typical Rx with single antenna is given by:

y[n] =
√
P0 L(||T0||)L(||X0||)α0g0h0b0s0[n] +

∑
Yi∈ΦPS0

√
P0 L(||Yi||)hisi[n]

+
∑

Xj∈Φ
′
BN0
\{0}

√
P0 L(||Tj||)L(||Xj||)αjgjhjsj[n] + w[n]. (5.21)

Likelihood Functions of Null and Alternate Hypotheses We need to evaluate signal
under the individual hypotheses to proceed with the BER analysis. The signal samples y[n]
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under null and alternate hypotheses can be expressed as:

H0 : y[n] =
∑

Yi∈ΦPS0

√
P0 L(||Yi||)hisi[n] +

∑
Xj∈Φ

′
BN0
\{0}

√
P0 L(||Tj||)L(||Xj||)αjgjhjsj[n] + w[n],

H1 : y[n] =
√
P0 L(||T0||)L(||X0||)α0g0h0s0[n] +

∑
Yi∈ΦPS0

√
P0 L(||Yi||)hisi[n]

+
∑

Xj∈Φ
′
BN0
\{0}

√
P0 L(||Tj||)L(||Xj||)αjgjhjsj[n] + w[n]. (5.22)

Since the channel gains of all the links are unknown at the receiver, they are considered to be
zero mean complex Gaussian random variable with variance σ2

h equal to 1. By invoking the
central limit theorem (CLT), the resultant signals under the two hypotheses can be shown
to be complex Gaussian when conditioned on the ambient symbols si[n]. Therefore, evalu-
ating the mean and variance under two hypotheses is enough to characterize the likelihood
functions. Since the mean for Rayleigh fading is zero, the samples are also zero mean. Effec-
tively, it means that we need to evaluate the variance of the aggregate signal under the two
hypotheses over the different and independent point processes. The corresponding variances
of the statistic Z = 1

N

∑
y[n] under the two hypotheses can be expressed as follows:

H0 : VarSA
0 =

∑
Yi∈ΦPS0

P0 L(||Yi||)
σ2
h(E [|si|2] + (N − 1) |E [si] |2)

N

+
∑

Xj∈Φ
′
BN0
\{0}

|αj|2σ2
hP0 L(||Tj||)L(||Xj||)

σ2
h(E [|sj|2] + (N − 1) |E [sj] |2)

N
+
σ2
n

N
, (5.23)

H1 : VarSA
1 =

∑
Yi∈ΦPS0

P0 L(||Yi||)
σ2
h(E [|si|2] + (N − 1) |E [si] |2)

N

+
∑

Xj∈Φ
′
BN0
∪{0}

|αj|2σ2
hP0 L(||Tj||)L(||Xj||)

σ2
h(E [|sj|2] + (N − 1) |E [sj] |2)

N
+
σ2
n

N
. (5.24)

Conditional and average BER Assuming further that the modulation schemes used
by different nodes in the network are similar, the modulation symbols can be assumed to
be sampled from the distribution of an equivalent random variable S. Since the conditional
distributions under the two hypotheses have already been characterized as complex Gaussian,
the BER conditioned on the point processes can be expressed as follows [25,84]:

PSA(e|Φ) =
1

2
(1−K

−1
K−1 +K

−K
K−1 ),
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where K is the ratio of the variances of H0 and H1 which can be simplified in terms of the
equivalent SINR as follows:

K=1+
|α0|2σ2

hP0L(||T0||)L(||X0||) (σ2
h(E [|S|2] + (N−1) |E [S] |2))∑

Yi∈ΦPS0

P0L(||Yi||) +
∑

Xj∈Φ
′
BN0
\{0}
|αi|2σ2

hP0L(||Tj||)L(||Xj||) (σ2
h(E [|S|2]+(N−1) |E [S] |2))+σ2

n

= 1 + SINR.

The conditional BER expression can be simplified in terms of the equivalent SINR as follows:

PSA(e|Φ) =
1

2

(
1− (1 + SINR)

−1
SINR + (1 + SINR)−(1+ 1

SINR
)
)
, (5.25)

Hence, characterizing the CDF of SINR for the considered network model is the main ob-
jective of our analysis. By configuring the parameters P0 and σ2

h, and considering the same
reflection parameter α for all BN nodes in the network, the SINR can be modified to the
following:

SINR =
|α|2L(||T0||)L(||X0||)∑

Yi∈ΦPS0

L(||Yi||) + |α|2
∑

Xj∈Φ
′
BN0
\{0}
L(||Tj||)L(||Xj||) + SNR−1 , (5.26)

where SNR =
P0(E[|S|2]+(N−1)|E[S]|2)

σ2
n

is the equivalent transmit SNR of the ambient PS.

Characteristic function of the aggregate interference To calculate the CDF of in-
terference I =

∑
Yi∈ΦPS0

L(||Yi||)+ |α|2
∑

Xj∈Φ
′
BN0
\{0}
L(||Tj||)L(||Xj||) of the PPP, we need to evaluate the

characteristic function of the interference which can be simplified as follows:

ϕI(t) = E[eitI ] = E[eit(IPS+IBN)]
(a)
= E[eitIPS ]E[eitIBN ] = ϕIPS

(t)ϕIBN
(t), (5.27)

where IPS =
∑

Yi∈ΦPS0

L(||Yi||), IBN = |α|2
∑

Xj∈Φ
′
BN0
\{0}
L(||Tj||)L(||Xj||), and (a) follows from the indepen-

dence of the two terms. The distances distributions of Uj = ||Tj||, U0 = ||T0|| and V0 = ||X0||
dependent on the system model considered for the network. Some of the widely used models
for these points are Gaussian and uniform distributions which are considered in our work.
The characteristic function result of the following lemma is used to derive the BER of the
single antenna receiver in the theorem immediately after that.

Lemma 5.7. The characteristic functions of the interference terms IPS and IBN are respec-
tively given as follows:

ϕIPS
(t) = exp

(
−2π

λBN
M

∫ ∞
0

(1− eitL(x))x dx

)
, (5.28)
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ϕIBN
(t) = exp

(
−2π

λBN
2M

∫ ∞
0

(
1−

∫ ∞
0

fR(r)eit|α|
2L(r)L(p) dr

)
p dp

)
, (5.29)

where fR(r) is the distance distribution of the separation between PS and its respective BN
node.

Proof: See Appendix D.5.

Theorem 5.8. The average BER of the single antenna receiver for the scheme M1 can be
expressed as follows:

PSA(e)=
1

4
− 1

π

∞∫
0

∞∫
0

∞∫
0

∞∫
0

Im

e−it( |α|2L(u0)L(v0)
x

−SNR−1)ϕI(t)

t

fU0,V0(u0, v0)g′M1
(x) dt du0 dv0 dx,

(5.30)

where fU0,V0(u0, v0) is the joint distance distribution of the separation between the typical
Rx-BN nodes and the typical BN-PS nodes.

Proof: See Appendix D.6.

5.4.3 Bit Error Rate of the multi-antenna receiver
Cancellation of the dominant interferer and the resultant SINR analysis

Since the interfering devices belong to two different independent point processes, the
selection of the dominant interferer will require the evaluation of the probability with which
the node belongs to a certain point process, and then evaluate the interference field by
removing the dominant interferer, which is tedious. Instead, a simpler mechanism is to
superpose the two point processes and obtain a single point process. In doing that, one should
also make sure that sufficient conditions are met before the simplification to a single point
process, in addition to deriving the intensity of the superimposed PPP. First, the BN point
process Φ

′
BN0

can be simplified to another homogeneous PPP by invoking the displacement
theorem over the additional pathloss resulting from the distance to the power source of the
BN node. Assuming an unbounded pathloss model, the distance Uj can be enveloped into
the distance ||Xj||, where the effective distance can be taken as a random displacement of the
original distance ||Xj|| with a variable Uj. Applying the displacement theorem [94, Lemma
1], the homogeneous PPP Φ

′
BN0

with intensity λBN
2M

, each point Xj ∈ Φ
′
BN0

transformed to
Yj = |α|

2
γUjXj, where Uj are i.i.d. such that E[|α|

4
γU−2

j ] < ∞, the new point process Φ
′′
BN0

formed by the points Yj is also a homogeneous PPP with intensity given by λBN
2M
|α|

4
γE[U−2

j ].
However, the expectation E[U−2

j ] unfortunately would not be finite, and the problem is
circumvented by the bounded pathloss model L(Uj) = min(1, Uj) for the backscatter nodes.
And, the two point processes ΦPS0 and Φ

′′
BN0

are independent, and hence by invoking the
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superposition theorem a single point process Φint for the interference field can be obtained.
Since the two superimposed point processes are PPP, the resultant point process Φint is again
a PPP whose intensity can be determined as λBN

M
+ λBN

2M
|α|

4
γE[L(Uj)

2
γ ].

The dominant interferer belonging to the PPP Φint is removed using the interference
cancellation approach described in the single interference link system. Since non-coherent
detection is performed at the receiver, the dominant interferer is considered to be the nearest
interfering device. Hence, the interference field will lie outside the disc with radius to the
dominant interferer. The distance distribution to the dominant interferer can be evaluated
for the homogeneous PPP as the Rayleigh distribution which is given by:

fP1(p1) = 2π

(
λBN
M

+
λBN
2M
|α|

4
γE[L(Uj)

2
γ ]

)
p1e
−
(
λBN
M

+
λBN
2M
|α|

4
γ E[L(Uj)

2
γ ]

)
πp2

1
. (5.31)

The antenna gain G(θ0, θ1) of the BN of interest is given by [26]:

G(θ0, θ1) = ã∗(θ0, θ1)K̂−1
W̃

ã(θ0, θ1) = Mr −
1

Mr

sin2
(
π d
λ
Mr(cos θ0 − cos θ1)

)
sin2

(
π d
λ
(cos θ0 − cos θ1)

) , (5.32)

while the antenna gain of the interfering nodes G(θi, θ1; θ0) is given by:

G(θi, θ1; θ0) =
|ã∗(θ0, θ1)K̂−1

W̃
ã(θi, θ1)|2

G(θ0, θ1)
, (5.33)

where G(θ0, θ1) is given in (5.32) and ã∗(θ0, θ1)K̂−1
W̃

ã(θi, θ1) =

(M2
r −2Mr+

1

Mr

)− ejπ
d
λ
Mr(cos θi−cos θ0)

Mr

sin
(
π d
λ
(Mr−1)(cos θi−cos θ0)

)
sin
(
π d
λ
(cos θi − cos θ0)

)
− (Mr − 1− 1

Mr

)e−jπ
d
λ
Mr(cos θ0−cos θ1) sin

(
π d
λ
(Mr−1)(cos θ0 − cos θ1)

)
sin
(
π d
λ
(cos θ0 − cos θ1)

)
− (Mr − 1− 1

Mr

)ejπ
d
λ
Mr(cos θi−cos θ1) sin

(
π d
λ
(Mr−1)(cos θi − cos θ1)

)
sin
(
π d
λ
(cos θi − cos θ1)

)
− ejπ

d
λ
Mr(cos θi−cos θ0) sin

(
π d
λ
(Mr−1)(cos θ0 − cos θ1)

)
sin
(
π d
λ
(cos θ0 − cos θ1)

) sin
(
π d
λ
(Mr−1)(cos θi − cos θ1)

)
sin
(
π d
λ
(cos θi − cos θ1)

) .

(5.34)

The modified SINR expression for the multi-antenna receiver after interference cancellation
is given by:

SINR =
|α|2G(θ0, θ1)L(U0)L(V0)∑

Yi∈Φint\{Y1}
G(θi, θ1; θ0)L(||Yi||) + SNR−1 . (5.35)
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Lemma 5.9. The characteristic function of the interference I present in the multi-antenna
receiver is given as follows:

ϕI(t) = EP1

[
exp

(
−2π

(
λBN
M

+
λBN
2M
|α|

4
γE[L(Uj)

2
γ ]

)∫ ∞
p1

(1−EΘi,Θ1

[
eitG(Θi,Θ1)L(v)

]
)v dv

)]
.

(5.36)

where the expectation operator is over the random variables Θi that are uniformly distributed
over [0, 2π).

Proof: See Appendix D.7.

Theorem 5.10. The average BER of the multi-antenna receiver can be expressed as follows:

PMA(e)=
1

4
− 1

π

∞∫
0

π∫
−π

π∫
−π

∞∫
0

∞∫
0

∞∫
0

Im

e−it( |α|2G(θ0,θ1)L(u0)L(v0)
x

−SNR−1)ϕI(t)

t


× fU0,V0(u0, v0)fΘ0,Θ1(θ0, θ1)g′M1

(x) dt du0 dv0 dθ0 dθ1 dx,
(5.37)

where fΘ0,Θ1(θ0, θ1) is the joint distribution of the AoAs of the BN of interest and the strongest
interfering node.

Proof: See Appendix D.8.

5.5 Numerical Results and Discussion
In this section, the numerical results accuracy from the Monte-Carlo simulations are

compared with the analytical results to verify the accuracy of our analysis. The variance of
the fading gain σ2

h and the intensity of the PPP of interfering devices are both configured to
1. Our results correspond to the BER performance of the system both in a single interfering
link system and a large-scale network. The BER performance of the OOK modulation with
increasing SNR and N = 2000 for the MA receiver is shown in Fig. 5.4a. The MA receiver
does not suffer from the BER floor as shown in the figure. Additionally, the BER performance
of the OOK scheme with increasing N for the MA receiver is plotted in Fig. 5.4b. The BER
in block fading decays inversely with N resulting in an asymptotic BER of zero, unlike the
non-zero asymptotic BER observed in time-selective fading due to saturation [25]. In the
same Figs. 5.4a and 5.4b, the performance of the MA receiver with increasing number of
antennas are also shown. It can be observed that with the doubling of antennas there is an
SNR gain of 8 dB, showing a very good performance improvement. The performance of the
frequency-shift backscatter in a large-scale system are discussed now. The performance of
the SA receiver with varying sub-band size are shown in Figs. 5.5a and 5.5b. The increasing
size of sub-bands means that the intensity of the interfering devices modeled as a PPP will
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Figure 5.4: (a) BER vs SNR comparison for increasing receive antenna size Mr in scheme
M1 with N = 2000, (b) BER vs N comparison for increasing receive antenna size Mr in
schemeM1 with SNR = 20 dB.
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Figure 5.5: (a) BER vs SNR comparison for single-antenna receiver with changing sub-band
size Mf and N = 2000, (b) BER vs N comparison for single-antenna receiver with changing
sub-band size Mf and SNR = 20 dB.
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Figure 5.6: (a) BER vs SNR comparison for varying number of antennas at the receiver with
sub-band size Mf = 512 and N = 2000, (b) BER vs N comparison comparison for varying
number of antennas at the receiver with sub-band size Mf = 512 and SNR = 20 dB.
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Figure 5.7: (a) BER vs SNR comparison for single-antenna receiver with changing sub-band
size Mf , Mr = 16 and N = 2000, (b) BER vs N comparison for single-antenna receiver with
changing sub-band size Mf , Mr = 16 and SNR = 20 dB.
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come down resulting in smaller interference and thereby result in improvement of the BER.
The effect of the path loss and multiple interfering devices in the large-scale system can be
drawn from the smaller BER values in comparison to the single-link system. There is a
similar trend in the BER with increasing sample size but the decaying rate is dependent on
the sub-band size. In Figs. 5.7a and 5.7b, we show the similar plots for the MA receiver in
a large-scale network. The BER performance of the MA receiver is better compared to the
SA receiver but the general behavior with respect to the sub-band size is similar.

5.6 Summary
In this chapter, the BER performance characterization of the frequency-shift ambient

backscatter system under a single-interfering device and a large scale network has been
investigated. A non-coherent detection technique is deployed for the backscatter system
and the performance under a block fading channel has been analyzed. Our results related
to the single interference link system suggest that the BER performance can be improved
drastically using multiple antennas at the receiver. Similar to the time-selective fading, we
have shown in block fading that multiple antennas can be used to remove the BER floor
observed for the single-antenna receiver in non-coherent ambient backscatter. In addition,
the BER improvement in block fading is observed to be larger compared to the improvement
seen for time-selective fading in [25]. The increase in the number of antennas at the receiver
resulted in considerable gain, and the increase in the size of the samples of the test statistic
will similarly result in decreased BER of the system. Coming to the large scale network, the
BER performance is observed to improve with decreasing intensity of the interfering point
process. This can be achieved by increasing the sub-band size which can result in smaller of
number of devices transmitting simultaneously in the same frequency sub-band.
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Chapter 6

Conclusion

In this chapter, we summarize the main contributions of the dissertation work and briefly
discuss the potential future problems and research directions of ambient backscatter.

6.1 Summary
Ambient backscatter technology is expected to play an important role in enabling self-

sustainability and communication capability in a new class of physical devices deployed at
an unprecedented scale as part of the Internet-of-Things (IoT) paradigm. However, due to
the asymmetric operation of these systems the direct link from the source to the receiver
will act as an interference. They also suffer from the two-way propagation loss resulting in
a limited communication range. In addition to that, any receiver in ambient backscatter
has to detect the backscatter data in the presence of some randomness from the unknown
ambient data of the radio frequency (RF) source signal. For a quick and wider adoption of
the ambient backscatter technology, it is highly important to overcome these challenges and
limitations of the ambient backscatter. In this dissertation, we have addressed these chal-
lenges by developing a good theoretical understanding of the ambient backscatter systems.
The work has thoroughly investigated some new transmitter/receiver designs and signal de-
tection procedures while analyzing the bit error rate (BER) performance of the proposed
techniques.

In Chapter 2, the main focus is on the system design of coherent and semi-coherent
detection and the exact BER analysis of the ambient backscatter system in a flat Rayleigh
fading channel. The analysis is performed for a block fading channel by first characterizing
the exact conditional distributions of the average energy of the received signal in terms of the
noncentral chi-squared distribution. Then, the exact analytical expressions of the conditional
BER are derived from the conditional distributions both for the receivers with and without
channel state information (CSI). The average BER analysis requires careful treatment of
the joint distribution of correlated fading components that appear in the two hypotheses
of the problem. In addition, we explore the evaluation of maximum likelihood threshold,
and provide two alternate detection threshold techniques due to the complexity of maximum
likelihood (ML) detection. Several key insights are drawn from the aforementioned analysis.
First, the optimal BER of the ambient backscatter system is dependent on the energies of
the signal and noise through signal-to-noise ratio (SNR) and not separately on the individual
energies. Second, increasing the sample length N provides diminishing returns in terms of
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BER improvement.

In Chapter 3, we have considered the problem of signal detection in a time-selective
fading channel. Ambient backscatter systems have mainly been studied for low mobility
scenarios that are modeled using a block fading channel. While the block fading model is
sufficient for stationary environments like home and office, a time-selective fading model is
more suitable for non-stationary environments, such as roads and campuses. In this work,
we have investigated the performance of an ambient backscatter system by studying the
design and BER of a non-coherent detector under time-selective fading channels. A new
receiver architecture based on the direct average of the signal samples is proposed which
departs from the conventional energy averaging-based receivers used in the literature. The
new architecture is simpler to implement, robust to timing errors, and lends tractability to
the asymptotic analysis. A key intermediate step in the BER analysis is the derivation of
a new concentration result for a general sum sequence which is encountered while deriving
the conditional distributions of the received signal. In the analysis, it is demonstrated that a
BER floor exists for the single antenna (SA) receiver due to the direct link (DL) interference
of the ambient power source, thereby resulting in poor performance. The BER floor is
removed using a multi-antenna (MA) receiver which eliminates the interference by tracking
the angle-of-arrival (AoA) of the DL and drastically improving the performance. Further,
increasing the number receive antennas improves the angular resolution which can support
applications where the AoAs of the DL and backscatter link (BL) are very close. The BER
of the system in time-selective fading improves with the increasing number of signal samples
for the test statistic, but saturates asymptotically. The BER is also observed to improve
with increasing temporal-correlation of the fading channel.

In Chapter 4, we have looked at the advantages of implementing coding in an ambient
backscatter system by analyzing the impact of Manchester encoding on the performance of
non-coherent detection. Once again considering a time-selective channel, we have analytically
and numerically shown the advantages of the encoding scheme over the conventional direct
on-off keying (OOK) modulation. The optimal decision rule for Manchester encoding is
shown to be dependent only on the relative magnitude of the test statistic for the two
symbols of the codeword, making the optimal detection threshold independent of all the
system parameters. In addition, the proposed encoding scheme also achieves an SNR gain
over the direct OOK modulation with the MA receiver, the exact value of which will vary
based on the joint distribution of the AoAs of the DL and BL links. In our analysis, the SNR
gain evaluated for the uniformly and narrowly spread AoAs came to be around 4 dB and
3 dB, respectively, which is a substantial improvement in the performance of the ambient
backscatter system.

In Chapter 5, we shift our focus to the characterization of BER performance of the
frequency-shift ambient backscatter system under a large-scale network. First, the perfor-
mance of the system in a single interfering-link system is presented whose performance is
compared to the one obtained in a large-scale network. A non-coherent detection technique
is deployed for the backscatter system and the performance under a block fading channel
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has been analyzed. The interfering devices in the large-scale network are modeled as a ho-
mogeneous Poisson point process (PPP) which lends tractability to the BER analysis. Our
results related to the single interference link system suggest that the BER performance can
be improved drastically using multiple antennas at the receiver. Similar to the time-selective
fading, we have shown in block fading that multiple antennas can be used to remove the
BER floor observed for the single-antenna receiver in non-coherent ambient backscatter. In
addition, the BER improvement in block fading is observed to be larger compared to the
improvement seen for time-selective fading. The increase in the number of antennas at the
receiver resulted in considerable SNR gain, and the increase in the size of the samples of the
test statistic will result in decreased BER of the system. Similarly, with encoding we also
achieve an SNR gain that is reflected in the improvement of the system BER. Coming to the
large-scale network, the BER performance is observed to improve with decreasing intensity
of the interfering point process. This can be achieved by increasing the sub-band size which
can result in lesser of number of devices transmitting in the same frequency sub-band.

6.2 Future Work
The problems studied in this dissertation have addressed some of the important chal-

lenges faced by ambient backscatter systems, and the proposed mechanisms can result in a
faster adoption of the technology. However, there are still many open and unsolved problems
in ambient backscatter that require novel solutions. From the solid foundation laid by our
work, we have outlined below some of the most promising problems that are worth solving
in the future.

Frequency Domain Analysis of Ambient Backscatter. An ambient backscatter sys-
tem can be considered as the secondary user within a cognitive radio setup where the primary
user is given by the ambient power source. Therefore, it is important to design the ambient
backscatter system such that the bandwidth occupied by the backscatter signal is within the
allowed bandwidth of the primary user. Otherwise, unintentional interfering signals come
into the system model that will have to be taken into consideration when analyzing the
system performance. In fact, many ideas are proposed in the ambient backscatter literature
disregarding this essential point, which promise outstanding results that are not achievable
in practice. For example, consider the scenario where the symbol duration of the ambient
and backscatter data symbols are equal, and that the waveforms are assumed to be rectan-
gular in the frequency domain. The bandwidth occupied by the backscatter signal will be
twice the bandwidth of the independent waveforms since the convolution of two rectangular
waveforms will result in a triangular waveform. The additional bandwidth requirement due
to the convolution operation in the frequency domain is generally ignored in the literature.
Although the performance promised by these studies are superior it is not practically pos-
sible to achieve them since the additional interference signals are ignored in their system
model. To properly design these systems, it is important to determine the frequency domain

89



Chapter 6. Conclusion

representation of the ambient backscatter signal. We believe that this analysis will act as a
guideline when proposing new system designs for the ambient backscatter in future.

Wideband Ambient Backscatter. Our initial analysis found some similarities between
the narrowband version of ambient backscatter and the spread spectrum signals [95–97].
Using this connection, advanced techniques that combine the two techniques can be designed
which we call wideband (WB) ambient backscatter. The main objective of this work would be
to determine the frequency domain representation of the WB ambient backscatter, and then
come up with system designs that can result in good performance even with the imperfections
of the wireless channel. The proposed research will involve the study and design of long
range (LoRa) backscatter communication while simultaneously investigating the problem of
multiple access for the different ambient backscatter devices.

Single side band (SSB) Ambient Backscatter. Single-side band (SSB) modulation
in the communication systems exploits the symmetry of the pulse amplitude modulation
(PAM) scheme to reduce the signal bandwidth of the transmitted SSB signal by half. How-
ever, the complexity of generating SSB modulation signals and receiver detection in initial
communication systems have prohibited their widespread implementation. Instead, quadra-
ture amplitude modulation (QAM) which achieves similar spectral efficiency by transmitting
two orthogonal signals in the overall bandwidth is preferred due to the ease of generating
the QAM signal. The technological progress in the receiver detection techniques, such as
turbo equalization and decoding [98], over the past two decades has spurred research efforts
into the joint treatment of the SSB and QAM modulation schemes [99–101]. In the ambient
backscatter system, the joint SSB and QAM design can be achieved in a slightly different
but subtle way by limiting the backscatter signal transmission to either the upper or lower
side-band in the bandwith occupied by the ambient RF signal. At the receiver side, iterative
decoding techniques can be applied to efficiently decode both the ambient and backscatter
data. This approach can result in tremendous improvement in the throughput of the ambient
backscatter data in comparison to the current transmission techniques, where the backscat-
ter data is transmitted at a much lower rate compared to that of the ambient RF data. A
thorough investigation into the SSB transmission of the backscatter data (which we call SSB
backscatter) over the ambient RF signal is required to achieve the targeted performance.
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Appendix A

A.1 Proof of Lemma 2.7
The conditional PDF of Y under H0 can be obtained from the conditional PDF of a

scaled version given by Z = Y
c
, where c = σ2

2N
. The expression of Z can be written as follows:

Z =
2

σ2

N∑
n=1

|h0x(n) + w(n)|2. (A.1)

Expanding h0 = h0r+jh0i, x(n) = xr(n)+jxi(n) and w(n) = wr(n)+jwi(n), where j =
√
−1,

results in the form:

Z =
2

σ2

N∑
n=1

|(h0r + jh0i)(xr(n) + jxi(n)) + wr(n) + jwi(n)|2 (A.2)

=
N∑
n=1

2

σ2
(h0rxr(n)− h0ixi(n) + wr(n))2 +

N∑
n=1

2

σ2
(h0ixr(n) + h0rxi(n) + wi(n))2 , (A.3)

where each term in the two summations is a square of an independent non-zero mean Gaus-
sian RV with unit variance when conditioned on fading and x(n). Also, notice that there
are a total of 2N independent real-valued RVs.

The density function of this sum is given by noncentral chi-squared distribution [102].
This distribution is associated with a non-centrality parameter λ which is equal to the sum of
the squared means of each Gaussian RV. The value of λ corresponding to Z can be evaluated
as:

λ =

2
N∑
n=1

(h0rxr(n)− h0ixi(n))2

σ2
+

2
N∑
n=1

(h0ixr(n) + h0rxi(n))2

σ2
(A.4)

=

2
N∑
n=1

|x(n)|2|h0|2

σ2
=

2
N∑
n=1

|x(n)|2µ

σ2

(b)
=

2NĒµ

σ2
, (A.5)

where (b) follows from the average energy given by (2.2).

Notice that the distribution of Z is independent of x(n) since the parameter λ approaches
a constant value because of (2.2). Therefore, the PDF of Z conditioned on H0 and µ is given
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by the noncentral chi-squared distribution with parameter λ calculated above:

fZ|H0,µ(z) =
∞∑
i=0

exp(−λ
2
)(λ

2
)i

i!
fχ2(z; 2N + 2i) =

∞∑
i=0

exp(−µNĒ
σ2 )(µNĒ

σ2 )i

i!
fχ2(z; 2N + 2i),

(A.6)

where fχ2(z; 2N + 2i) is the PDF of central chi-squared distribution with degree 2N + 2i.

The conditional PDF fY |H0,µ(t) follows from the distribution of scaled transformation
of a RV. The conditional PDF of Y under H1 is derived using similar procedure.

A.2 Proof of Lemma 2.9
The distribution of a noncentral chi-square RV with degree 2v can be alternatively

represented as a function of the modified Bessel function of the first kind Iv(z) where v
represents order of the function. Hence, the conditional PDFs of average signal energy Y
whose distribution is characterized as noncentral chi-square with degree 2N can also be
expressed as follows:

fY |H0,µ(t) =
N

σ2
e
−
(
N
σ2 t+

NµĒ

σ2

)(
4t

µĒ

)N−1
2

IN−1(
2N

σ2

√
µĒt)

(c)
=

N

πσ2
e
−
(
N
σ2 t+

NµĒ

σ2

)(
4t

µĒ

)N−1
2
∫ π

0

e
2N
σ2

√
µĒt cos θ cos(N − 1)θ dθ, (A.7)

fY |H1,ν(t) =
N

σ2
e−( N

σ2 t+
NνĒ
σ2 )

(
4t

νĒ

)N−1
2

IN−1(
2N

σ2

√
νĒt)

(d)
=

N

πσ2
e−( N

σ2 t+
NνĒ
σ2 )

(
4t

νĒ

)N−1
2
∫ π

0

e
2N
σ2

√
νĒt cos θ cos(N − 1)θ dθ, (A.8)

where (c) and (d) follow from the integral form of the modified Bessel function of the first
kind with integer order given for reference in definition 2.4.

By the ML rule, the threshold value Tmlt is chosen as the point where the two conditional
distributions are equal and the simplified expression is given by the following equation:

e
N
σ2 Ē(ν−µ)

(
ν

µ

)N−1
2
∫ π

0

e
2N
σ2

√
µĒ Tmlt cos θ cos(N − 1)θ dθ =

∫ π

0

e
2N
σ2

√
νĒ Tmlt cos θ cos(N − 1)θ dθ.

(A.9)
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A.3 Proof of Lemma 2.10
The approximations to the conditional PDFs can be derived from (2.19) which again is

provided below for reference:

Y = |hr + αhbhtb|2Ē︸ ︷︷ ︸
Y0: constant

+
2

N
Re

{
(hr + αhbhtb)

N∑
n=1

x(n)w∗(n)

}
︸ ︷︷ ︸

Y1: Gaussian RV

+
1

N

N∑
n=1

|w(n)|2︸ ︷︷ ︸
Y2: Central-χ2 RV

.

The conditional mean and variance of the Gaussian component Y1 in the above equation is
given by:

H0 : E[Y1|H0] = µĒ,VAR[Y1|H0] =
2

N
µĒσ2, (A.10)

H1 : E[Y1|H1] = νĒ,VAR[Y1|H1] =
2

N
νĒσ2. (A.11)

The Central-χ2 component Y2 will be approximated either as a constant or a Gaussian. In the
first case (first Gaussian approximation), Y2 can be simply approximated as the conditional
mean of Central-χ2 RV which is σ2. For the second case (second Gaussian approximation),
Y2 will be approximated as a Gaussian RV with conditional mean and variance equal to that
of Y2, as given below:

H0 : E[Y2|H0] = σ2,VAR[Y2|H0] =
1

N
σ4, (A.12)

H1 : E[Y2|H1] = σ2,VAR[Y2|H1] =
1

N
σ4. (A.13)

It is easy to see that Y is Gaussian distributed under both approximations. For the first
Gaussian approximation, the conditional distributions of Y under the two hypotheses are
given by:

fY |H0,µ(t) =
1√

2π 2
N
µĒσ2

exp

(
−
(
t− µĒ − σ2

)2

2 2
N
µĒσ2

)
, (A.14)

fY |H1,ν(t) =
1√

2π 2
N
νĒσ2

exp

(
−
(
t− νĒ − σ2

)2

2 2
N
νĒσ2

)
. (A.15)

Similarly, the conditional distributions of Y under the two hypotheses for the second Gaus-
sian approximation are given by:

fY |H0,µ(t) =
1√

2π
(

2
N
µĒσ2 + 1

N
σ4
) exp

(
−
(
t− µĒ − σ2

)2

2
(

2
N
µĒσ2 + 1

N
σ4
)) , (A.16)
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fY |H1,ν(t) =
1√

2π
(

2
N
νĒσ2 + 1

N
σ4
) exp

(
−
(
t− νĒ − σ2

)2

2
(

2
N
νĒσ2 + 1

N
σ4
)) . (A.17)

After equating the conditional distributions under the two hypotheses (separately for each of
the approximations) and rearranging the terms, we get the final expressions of the threshold
values.

A.4 Proof of Lemma 2.12
We note that [103] has derived the marginal distribution of h1 and its magnitude squared

parameter ν in the context of outage analysis for ambient backscatter systems. However,
our derivation here is different since our focus is on the joint distribution of h0 and h1, and
their magnitude squared parameters µ and ν for the bit error rate analysis.

The distribution of fading terms of direct links hr and ht are given by CN (0, σ2
h1

) and
backscatter link is given by CN (0, σ2

h2
). The distribution of αhb ∼ CN (0, |α|2σ2

h2
), formed by

combining α and hb, follows from the scalar multiplication property of circularly symmetric
Gaussian random vectors [104, Sec. 7.8.1].

The joint distribution of the real and imaginary parts of fading component h0 is Gaus-
sian. Similarly, the joint distribution of the real and imaginary parts of double Gaussian
term U = αhbht of the fading component h1 is given in [105, 106]. For completeness, the
expressions are provided below:

fh0R,h0I
(h0r, h0i) =

1

πσ2
h1

exp

(
−h

2
0r + h2

0i

σ2
h1

)
, (A.18)

fUR,UI (ur, ui) =
1

2π
(
|α|σh1

σh2

2

)2K0

(√
u2
r + u2

i
|α|σh1

σh2

2

)
, (A.19)

where K0 is the zeroth order modified Bessel function of second kind.

The joint distribution of the real and imaginary parts of h1 conditioned on h0 is related
to the joint distribution of U by the shift transformation property of a RV:

fh1R,h1I |h0R,h0I
(h1r, h1i) = fUR,UI (h1r − h0r, h1i − h0i). (A.20)

The joint distribution of the polar coordinates of h0 and h1 is derived from rectangular
coordinates using the transformation property of RVs as follows:

fRh0
,Θh0

,Rh1
,Θh1

(rh0 , θh0 , rh1 , θh1)
(e)
= fRh0

,Θh0
(rh0 , θh0) fRh1

,Θh1|Rh0
,Θh0

(rh1 , θh1|rh0 , θh0)

(f)
= rh0fh0R,h0I

(rh0 cos θh0 , rh0 sin θh0)rh1fUR,UI (rh1 cos θh1−rh0 cos θh0 , rh1 sin θh1−rh0 sin θh0)
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= rh0

1

πσ2
h1

e
−
r2h0
σ2
h1 rh1

1

2π
(
|α|σh1

σh2

2

)2K0


√
r2
h1

+ r2
h0
− 2rh1rh0 cos(θh1 − θh0)

|α|σh1
σh2

2

 , (A.21)

where (e) follows from de-conditioning of RVs through chain rule, and (f) follows from the
relationship between the joint distribution functions of polar and rectangular coordinates.
Since the joint distribution is only a function of the difference θh1 − θh0 , we can further
simplify it by replacing θh1 with θ = θh1 − θh0 . The modified joint distribution is obtained
by the transformation of RVs and is given by:

fRh0
,Θh0

,Rh1
,Θ(rh0 , θh0 , rh1 , θ) =

rh0

πσ2
h1

e
−
r2h0
σ2
h1

rh1

2π
(
|α|σh1

σh2

2

)2K0


√
r2
h1

+ r2
h0
− 2rh1rh0 cos θ

|α|σh1
σh2

2

 ,

(A.22)

where 0 ≤ θh0 ≤ 2π and −θh0 ≤ θ ≤ 2π − θh0 . The joint marginal distribution of Rh1 , Rh0 ,
obtained by integrating over the ranges of Θh0 and Θ, is given by:

fRh0
,Rh1

(rh0 , rh1)

=

∫ 2π

0

∫ 2π−θh0

−θh0

rh0

πσ2
h1

e
−
r2h0
σ2
h1

rh1

2π
(
|α|σh1

σh2

2

)2K0


√
r2
h1

+ r2
h0
− 2rh1rh0 cos θ

|α|σh1
σh2

2

 dθdθh0 (A.23)

(g)
=

∫ 2π

0

∫ 2π

0

rh0

πσ2
h1

e
−
r2h0
σ2
h1

rh1

2π
(
|α|σh1

σh2

2

)2K0


√
r2
h1

+ r2
h0
− 2rh1rh0 cos θ

|α|σh1
σh2

2

 dθdθh0 (A.24)

(h)
=

∫ π

0

2rh0

πσ2
h1

e
−
r2h0
σ2
h1

rh1(
|α|σh1

σh2

2

)2K0


√
r2
h1

+ r2
h0
− 2rh1rh0 cos θ

|α|σh1
σh2

2

 dθ (A.25)

where (g) follows from the periodicity of cos θ which is 2π, and (h) follows from marginalizing
the PDF over the range of θh0 and the symmetry of cos θ around θ = π.

Finally, the joint distribution of µ and ν is given by:

fµ,ν(µ, ν)
(i)
=

1

4
√
µν
fRh0

,Rh1
(
√
µ,
√
ν) (A.26)

=
2

πσ2
h1

e
− µ

σ2
h1

1

|α|2σ2
h1
σ2
h2

∫ π

0

K0

(√
µ+ ν − 2

√
µν cos θ

|α|σh1
σh2

2

)
dθ, (A.27)

where (i) follows from the relation between the joint PDFs of modulus of RVs given by Rh0

and Rh1 , and the square of modulus of the same RVs given by µ and ν, respectively.
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B.1 Proof of Lemma 3.3
The value of the summation

∑
n1 6=n2

ρ|n1−n2|, which is used in the subsequent steps is given

by: ∑
n1 6=n2

ρ|n1−n2| =
2ρ

1− ρ
(N − 1− ρN

1− ρ
), 0 ≤ ρ < 1. (B.1)

The expectation of the sum sequence SN can be evaluated easily as follows:

E [SN ]=E

[∑
n1,n2

ρ|n1−n2| x[n1]x∗m[n2]

]
=
∑
n

E
[
|x[n]|2

]
+
∑
n1 6=n2

ρ|n1−n2| E [x[n1]]E [x∗m[n2]]

(a)
=
∑
n

E
[
|X|2

]
+
∑
n1 6=n2

ρ|n1−n2| |E [X] |2 (b)
= NE

[
|X|2

]
+

2ρ

1− ρ
(N− 1− ρN

1− ρ
)|E [X] |2, (B.2)

where (a) and (b) follow from the assumption that the ambient sequence x[n] is i.i.d., and
the value of summation given in (B.1), respectively. It can be easily observed that the
expectation of this sum grows asymptotically of the order of N , meaning E [SN ] = Θ[n].
Using this, the expectation of MN = SN

N
can be shown to be a constant, whose value is given

in (3.11).

The variance of the sum sequence SN can first be simplified as given below:

Var [SN ] = E

[(∑
i1,j1

ρ|i1−j1| x[i1]x∗m[j1]

)(∑
i2,j2

ρ|i2−j2| x∗m[i2]x[j2]

)]
− E [SN ]2

= E

[∑
i1

∑
i2

|x[i1]|2|x[i2]|2 + 2
∑
i1

∑
i2 6=j2

ρ|i2−j2| |x[i1]|2x∗m[i2]x[j2]

+
∑
i1 6=j1

∑
i2 6=j2

ρ|i1−j1|+|i2−j2| x[i1]x∗m[j1]x∗m[i2]x[j2]

]
− E [SN ]2

(c)
=
∑
i1=i2

E
[
|X|4

]
+

{∑
i1 6=i2

1 +
∑
i1 6=j1

ρ2|i1−j1| − (
∑
i

1)2

}(
E
[
|X|2

])2

+ 2
∑
i1 6=j2

ρ|i1−j2|E
[
X(X∗)2

]
E [X] + 2

∑
i1 6=i2

ρ|i1−i2|E
[
(X)2X∗

]
E [X∗] +

∑
i1 6=j1

ρ2|i1−j1|
∣∣E [X2

]∣∣2
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+ 2

{ ∑
i1 6=i2 6=j2

ρ|i2−j2| +
∑

i1 6=j1 6=j2

ρ|i1−j1|+|i1−j2| −
∑
i,i1 6=i2

ρ|i1−i2|

}
E
[
|X|2

]
|E [X]|2

+
∑

i1 6=i2 6=j1

ρ|i1−j1|+|i2−j1|E
[
X2
]

(E [X∗])2 +
∑

i1 6=j1 6=j2

ρ|i1−j1|+|j1−j2|
(
E
[
X2
])∗

(E [X])2

+

{ ∑
i1 6=j1 6=i2 6=j2

ρ|i1−j1|+|i2−j2| − (
∑
n1 6=n2

ρ|n1−n2|)2

}
|E [X]|4 , (B.3)

where (c) follows from the piece-wise separation of different summations by permuting the
indices i1, i2, j1 and j2 of the first term, and the expansion of the second term E [SN ].

The main objective here is to show that the variance also grows asymptotically of the
order of N . The complete derivation of the variance expression is conceptually simple but
tedious to present in a limited space. For this reason, we only provide a sketch of the proof,
which is sufficient to understand the approach. Recall the assumption that the higher order
moments of the sequences x[n] upto the highest order present in (B.3) are finite. With
this assumption, it is sufficient to prove that the coefficient of each moment increases of
the order of N . The coefficient of E [|X|4] is straightforward to obtain and is given by
N . Using (B.1), it is again straightforward to show that

∑
i1 6=j1

ρ2|i1−j1| is a function N , and

the summations
∑
i1 6=i2

1 and (
∑
i

1)2 are respectively given by N2 and N(N−1). Hence, the

coefficient of (E [|X|2])
2 is proportional to N and increases asymptotically of the order of

N . Then, the coefficients of E [X(X∗)2]E [X] ,E [(X)2X∗]E [X∗] and |E [X2]|2, given by
either

∑
i1 6=j1

ρ|i1−j1| or
∑
i1 6=j1

ρ2|i1−j1|, are already shown to be proportional to N . Similarly, the

summation
∑

i1 6=j1 6=j2
ρ|i1−j1|+|i1−j2| can be evaluated by piece-wise categorization into different

subsets and be shown to grow of the order of N . In addition, the summations
∑

i1 6=i2 6=j2
ρ|i2−j2|

and
∑

i,i1 6=i2
ρ|i1−i2| can both be shown to have the same factor for N2, and hence the coefficients

of |E [X2]|2 ,E [X2] (E [X∗])2 and (E [X2])
∗

(E [X])2 all increase at the order of N . Finally,
it can also be shown that

∑
i1 6=j1 6=i2 6=j2

ρ|i1−j1|+|i2−j2| and (
∑

n1 6=n2

ρ|n1−n2|)2 are both proportional to

N(N−1) with the same factor, which also means that |E [X]|4 grows of the order of N . From
this, we can conclude that Var [SN ] = Θ(N). As a consequence, the variance of MN = SN

N

will be decreasing at the rate of 1/N asymptotically. This completes the proof.

B.2 Proof of Lemma 3.4
When conditioned on x[n], a sample of the received signal under H0, as given in (3.12),

is a complex Gaussian RV. As a result, the mean of the received samples can also be char-
acterized as a complex Gaussian, albeit the samples correlated with one another. Since the
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complex Gaussian RV is completely defined by its mean and variance, we are just required
to derive them. First, the conditional expectation and variance of an individual sample y[n]
can be derived as:

E [y[n]] = E

[(
ρn−1
r hr[1] +

√
1− ρ2

r

{
n−1∑
k=1

ρn−k−1
r gr[k]

})
x[n] + w[n]

]

=

(
ρn−1
r E [hr[1]] +

√
1− ρ2

r

{
n−1∑
k=1

ρn−k−1
r E [gr[k]]

})
x[n] + E [w[n]] = 0,

Var [y[n]] = Var
[
ρn−1
r hr[1]x[n]

]
+

n−1∑
k=1

Var
[√

1− ρ2
r

{
ρn−k−1
r gr[k]x[n]

}]
+ Var [w[n]]

= (ρ2n−2
r +

n−1∑
k=1

(1− ρ2
r)ρ

2n−2k−2)σ2
h|x[n]|2 + σ2

n = σ2
h|x[n]|2 + σ2

n.

Similarly, the conditional covariance of any two distinct samples y[i] and y[j] is given by:

Cov [y[i], y[j]]
(a)
= E [y[i]y∗[j]]

= E

[
(ρi+j−2
r |hr[1]|2 +

√
1− ρ2

r

j−1∑
k2=1

ρi+j−k2−2
r hr[1]g∗r [k2])x[i]x∗[j] + ρi−1

r hr[1]x[i]w∗[j]

+ (
√

1− ρ2
r

i−1∑
k1=1

ρi+j−k1−2
r h∗r[1]gr[k1] + (1− ρ2

r)
i−1∑
k1=1

j−1∑
k2=1

ρi+j−k1−k2−2
r gr[k1]g∗r [k2])x[i]x∗[j]

+
√

1− ρ2
r

i−1∑
k1=1

ρi−k1−1
r w∗[j]gr[k1]x[i] + ρj−1

r hr[1]x∗[j]w[i]

+
√

1− ρ2
r

j−1∑
k2=1

ρj−k2−1
r w[i]g∗r [k2]x∗[j] + w[i]w∗[j]

]

= σ2
h(ρ

i+j−2
r + (1− ρ2

r)

min(i,j)−1∑
k=1

ρi+j−2k−2
r )x[i]x∗[j] = σ2

hρ
|j−i|
r x[i]x∗[j],

where (a) follows from zero valued conditional expectation of the signal samples. Using the
above derivations, the conditional expectation and variance of Z can be evaluated as follows:

E [Z] = E

[
1

N

N∑
n=1

y[n]

]
=

1

N2

(
E

[
N∑
n=1

y[n]

])
=

1

N2

(
N∑
n=1

E [y[n]]

)
= 0,

Var [Z] = Var

[
1

N

N∑
n=1

y[n]

]
=

1

N2

(
N∑
n=1

Var [y[n]] +
∑
n1 6=n2

Cov [y[n1], y[n2]]

)
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=
1

N2
(σ2

h

N∑
n=1

|x[n]|2 +Nσ2
n + σ2

h

∑
n1 6=n2

ρ|n1−n2|
r x[n1]x∗[n2]) =

1

N

(
σ2
hMN + σ2

n

)
(b)
≈ 1

N

(
σ2
hE [MN ] + σ2

n

)
=

1

N
(σ2

hE
[
|X|2

]
+

2ρr
1− ρr

(1− 1− ρNr
N(1− ρr)

)|E [X] |2 + σ2
n), (B.4)

where (b) results from the approximation of MN by its expectation, given in Lemma 3.3.

B.3 Proof of Lemma 3.5
Observe that when conditioned on the ambient signal x[n], the three signal components

of the received signal under the alternate hypothesis H1: (i) direct signal from ambient
source, (ii) backscatter signal, and (iii) receiver noise, are independent of each other.

y[n] = hr[n]x[n] + αhb[n]ht[n]x[n]︸ ︷︷ ︸
yb[n]

+w[n] (B.5)

This means that the expectation and variance of the sum can be derived using just
the expectation and variance of each component. Since, we have already computed the
expectation and variance of the direct signal and the receiver noise combination (in Lemma
3.5 for H0), it is now enough to compute the expectation and variance of the backscatter
component yb[n].

To derive that, we further condition the signal on hb[n] since it will preserve and allow us
to use the additive property of the Gaussian RVs. The conditional expectation and variance
of an individual sample of the backscatter signal yb[n] and the conditional covariance of any
two distinct samples y[i] and y[j] can be evaluated as:

E [yb[n]] = E [αhb[n]ht[n]x[n]] = αhb[n]x[n]E [ht[n]] = 0,

Var [yb[n]] = Var [αhb[n]ht[n]x[n]] = |α|2|hb[n]x[n]|2Var [ht[n]] = |α|2σ2
h|hb[n]x[n]|2,

Cov [yb[i], yb[j]] = |α|2hb[i]h∗b [j]x[i]x∗[j]Cov [ht[i], ht[j]] = |α|2σ2
hρ
|j−i|
t hb[i]h

∗
b [j]x[i]x∗[j].

The conditional expectation and variance of the mean of signal samples yb[n] can be
determined from their corresponding expectation and variance of the individual samples as
follows:

E

[
1

N

N∑
n=1

yb[n]

]
=

1

N

(
E

[
N∑
n=1

yb[n]

])
=

1

N

(
N∑
n=1

E [yb[n]]

)
= 0,

Var

[
1

N

N∑
n=1

yb[n]

]
=

1

N2

(
N∑
n=1

Var [yb[n]] +
∑
n1 6=n2

Cov [yb[n1], yb[n2]]

)
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=
1

N2
(|α|2σ2

h

N∑
n=1

|hb[n]x[n]|2 + |α|2σ2
h

∑
n1 6=n2

ρ
|n1−n2|
t hb[n1]h∗b [n2]x[n1]x∗[n2])

=
1

N
|α|2σ2

h

1

N

∑
1≤n1,n2≤N

ρ
|n1−n2|
t hb[n1]h∗b [n2]x[n1]x∗[n2]︸ ︷︷ ︸

Mb
N

. (B.6)

The sequence M b
N , similar to MN , is a function of the sum variable of the ambient sequence

x[n] and can be shown to asymptotically converge to its expectation. This expected value
of M b

N can be evaluated as follows:

E
[
M b

N

]
= E

[
1

N

∑
1≤n1,n2≤N

ρ
|n1−n2|
t hb[n1]h∗b [n2]x[n1]x∗[n2]

]

=
1

N
E

[ ∑
1≤n≤N

|hb[n]x[n]|2 +
∑
n1 6=n2

ρ
|n1−n2|
t hb[n1]h∗b [n2]x[n1]x∗[n2]

]

=
1

N
(
∑

1≤n≤N

E
[
|hb[n]|2

]
E
[
|x[n]|2

]
+
∑
n1 6=n2

ρ
|n1−n2|
t E [hb[n1]h∗b [n2]]E [x[n1]]]E [x∗[n1]])

(b)
=σ2

h

∑
1≤n≤N

E[|X|2]

N
+σ2

h

∑
n1 6=n2

(ρtρb)
|n1−n2| |E[X]|2

N

(c)
=σ2

hE
[
|X|2

]
+σ2

h

2ρtρb
1−ρtρb

(
1− 1−ρNt ρNb

N(1−ρtρb)

)
|E[X]|2,

where (b) follows from the assumption that the ambient sequence x[n] is i.i.d. and the
expectation of hb[n1]h∗b [n2] which is given by σ2

hρ
|n1−n2|, and (c) follows from the value of

summation
∑

n1 6=n2

ρ2|n1−n2| that can be derived using (B.1) in Lemma 3.3.

The conditional variance of the mean of yb[n] can thus be approximated using E
[
M b

N

]
as:

Var

[
1

N

N∑
n=1

yb[n]

]
≈ 1

N

(
|α|2σ2

hE
[
M b

N

])
=

1

N

(
|α|2σ4

hE
[
|X|2

]
+ |α|2σ4

h

2ρtρb
1− ρtρb

(
1− 1−ρNt ρNb

N(1−ρtρb)

)
|E [X] |2

)
.

(B.7)

The final step is to obtain the variance of mean Z of the signal samples under H1 by adding
the individual variances in (B.4) and (B.7) respectively. This completes the proof.

B.4 Proof of Theorem 3.6
The optimal decision rule for the receiver is evaluated through the comparison of the

conditional PDFs of the null and alternate hypotheses H0 and H1 derived in Lemmas 3.4
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and 3.5, which is given by [84]:

ln
[
fZ|H0(z)

]
≷0

1 ln
[
fZ|H1(z)

]
− ln

(
VarSA

0

)
− |z|2

VarSA
0

≷0
1 − ln

(
VarSA

1

)
− |z|2

VarSA
1

=⇒ |z|2 ≷1
0 ln

(
VarSA

1

VarSA
0

)
VarSA

1 VarSA
0

VarSA
1 − VarSA

0

,

where z is the mean of signal samples. The value of the optimal detection threshold TSA is
given by the decision rule.

The decision rule of the optimal detection is only dependent on |Z|2. The variable
|Z|2 is an exponential distributed RV, whose mean parameter equals the variance of the
complex Gaussian. Assuming that the prior probabilities of the two hypotheses are equal,
the conditional BER can be derived as:

PSA(e) = P (H0)PSA(e|H0) + P (H1)PSA(e|H1)

=
1

2

(
Pr
{
|Z|2 > TSA|H0

}
+ Pr

{
|Z|2 < TSA|H1

})
=

1

2

(
1− Fexp

(
TSA,VarSA

0

)
+ Fexp

(
TSA,VarSA

1

))
=

1

2
− 1

2
e
− TSA

VarSA
1 +

1

2
e
− TSA

VarSA
0 ,

where FExp(x, λ) is the cumulative distribution function of the exponential RV |Z|2.

B.5 Proof of Lemma 3.8
The antenna gain ã∗K̂−1

W̃
ã of the receiver is dependent on the inverse of K̂W̃, for which

closed-form expression can be obtained. The matrix K̂W̃ can be re-written as K̂W̃ = IMr−1+
JMr−1, where IMr−1 is an identity matrix and JMr−1 is an all-ones matrix whose rank will
be one. Therefore, JMr−1 can be simplified using singular value decomposition (SVD) as
u1σ1v

T
1 , where the unitary matrices are given by u1 = v1 = −1√

Mr−1

[
1 1 . . . 1

]T , and the
non-zero singular value σ1 = Mr − 1. Due to the symmetry, this can be re-written in the
form JMr−1 = uuT , where u =

[
1 1 . . . 1

]T . Now, according to the Sherman-Morrison
formula [107], inverse of the sum of a invertible matrix A and the outer product uvT is given

by
(
A + uvT

)−1
= A−1 − A−1uvTA−1

1 + vTA−1u
. The Sherman-Morrison formula is considered as a

special case of the Woodbury matrix identity [107]. Using this, the inverse of K̂W̃ can be
derived as:

K̂−1
W̃

= IMr−1 −
uuT

1 + uTu
= IMr−1 −

JMr−1

Mr

. (B.8)

The expression of the SNR gain ã∗K̂−1
W̃

ã can be simplified as follows:

ã∗K̂−1
W̃

ã =

 e−j(φ2−φ1) − 1
...

e−j(Mr−1)(φ2−φ1) − 1


T 

Mr−1
Mr

−1
Mr

. . . −1
Mr... ... . . . ...

−1
Mr

−1
Mr

. . . Mr−1
Mr


 ej(φ2−φ1) − 1

...
ej(Mr−1)(φ2−φ1) − 1


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=
Mr−1∑
i=1

[
eji(φ2−φ1) − 1

] [
e−ji(φ2−φ1) − 1

]
−
SMr−1S

∗
Mr−1

Mr

= −SMr−1 − S∗Mr−1 −
SMr−1S

∗
Mr−1

Mr

,

where SMr−1 =
Mr−1∑
i=1

[
eji(φ2−φ1) − 1

]
is the summation of all the elements in the weight vector.

Since, SMr−1 is a geometric sum it can be simplified, and the sum SMr−1 +S∗Mr−1 and product
SMr−1S

∗
Mr−1 can be derived as following:

SMr−1 + S∗Mr−1 = 2
sin
(
(Mr − 1)φ2−φ1

2

)
sin
(
φ2−φ1

2

) cos

(
Mr

2
(φ2 − φ1)

)
− 2(Mr − 1)

SMr−1S
∗
Mr−1 =

sin2
(
(Mr − 1)φ2−φ1

2

)
sin2

(
φ2−φ1

2

) + (Mr − 1)2

− 2(Mr − 1)
sin
(
(Mr − 1)φ2−φ1

2

)
sin
(
φ2−φ1

2

) cos

(
Mr

2
(φ2 − φ1)

)
.

Using these simplifications, the final expression for the SNR gain can be determined as
follows:

ã∗K̂−1
W̃

ã = Mr−
1

Mr

− 2

Mr

sin
(
(Mr−1)φ2−φ1

2

)
sin
(
φ2−φ1

2

) cos

(
Mr

2
(φ2 − φ1)

)
− 1

Mr

sin2
(
(Mr−1)φ2−φ1

2

)
sin2

(
φ2−φ1

2

) .

B.6 Proof of Lemma 3.10
The effective signal yeff [n], given in (3.22), under H0 is a complex Gaussian RV with

variance σ2
n. Hence, the mean Z of the received samples under H0 is a complex Gaussian

RV with variance VarMA
0 = σ2

n

N
. On the other hand, yeff [n] under H1 is the sum of a scaled

version of the backscatter signal yb[n] in Lemma 3.5 with the same receiver noise variance.
Using the procedure similar to the ones in Lemmas 3.4 and 3.5, the mean Z of the received
samples under H1 can also be shown to follow a complex Gaussian distribution, the variance
of which is given by

VarMA
1 =

G|α|2σ4
h

{
E [|X|2] + 2ρtρb

1−ρtρb

(
1− 1−ρNt ρNb

N(1−ρtρb)

)
|E [X] |2

}
+ σ2

n

N
.

B.7 Proof of Theorem 3.11
By comparing the conditional PDFs of the two hypotheses given in (3.24), the optimal

detection threshold TMA can be obtained. The conditional BER, evaluated using a procedure
similar to the one used in the case of SA receiver, is a function of the phase-offsets of the DL
and BL links, and the average BER is obtained by marginalizing the conditional BER over the
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variables θ1 and θ2. The assumption here is that θ1 and θ2 are i.i.d. and uniformly distributed
over (−π, π], and the final expression in the result can be obtained by marginalizing over this
range of θ1 and θ2. One can choose more complex distributions of AoAs to model different
scenarios.
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C.1 Proof of Lemma 4.1
The test statistics Z0 and Z1 are correlated due to the common signal component from

the DL present in the two codeword symbols. And, since they are jointly Gaussian, deriving
covariance for the two symbols in addition to their individual variances is sufficient. The
joint distribution of the bivariate Gaussian random variables is given by:

fZ0,Z1 (z0, z1) =
1

π2|Cz|1/2
e−

1
2

(z−m)HC−1
z (z−m), (C.1)

where the mean in this case is m = E[Z0Z1] = 0̄ since the channel is Rayleigh faded, and
from this the covariance matrix also simplifies as follows:

Cz =

[
Var[Z0] ¯Cov[Z0, Z1]

Cov[Z0, Z1] Var[Z1]

]
.

The covariance is non-zero as a result of the DL present in the two consecutive symbols, and
it can be easily verified that Cov[Z0, Z1] = ¯Cov[Z0, Z1] from the symmetry of the problem
(and therefore real). Due to this symmetry, it is enough to evaluate Cov[Z0, Z1] under null
hypothesis H0. The conditional covariance of any two samples y[i] and y[j], for j > i, is
given by:

Cov [y[i], y[j]]
(a)
= E [y[i]y∗[j]]

= E

[
(ρi+j−2
r |hr[1]|2 +

√
1− ρ2

r

j−1∑
k2=1

ρi+j−k2−2
r hr[1]g∗r [k2])x[i]x∗[j] + ρi−1

r hr[1]x[i]w∗[j]

+
√

1− ρ2
r

i−1∑
k1=1

ρi+j−k1−2
r h∗r[1]gr[k1] + (1− ρ2

r)
i−1∑
k1=1

j−1∑
k2=1

ρi+j−k1−k2−2
r gr[k1]g∗r [k2])x[i]x∗[j]

+
√

1− ρ2
r

i−1∑
k1=1

ρi−k1−1
r w∗[j]gr[k1]x[i] + ρj−1

r hr[1]x∗[j]w[i]

+
√

1− ρ2
r

j−1∑
k2=1

ρj−k2−1
r w[i]g∗r [k2]x∗[j] + w[i]w∗[j]

]

= σ2
hρ

i+j−2
r + (1− ρ2

r)
i−1∑
k=1

ρi+j−2k−2
r )x[i]x∗[j] = σ2

hρ
j−i
r x[i]x∗[j],
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where (a) follows from the fact that the conditional expectation of the samples is zero. The
covariance CovSA can be evaluated as:

CovSA = Cov[Z0, Z1] =
4

N2
(
∑
n1,n2

Cov [y[n1], y[n2]])

=
4σ2

h

N2

N/2∑
n1=1

N∑
n2=N/2+1

ρn2−n1
r x[n1]x∗[n2]=

4ρr(1−ρN/2r )2

N2(1−ρr)2 |E[X]|2.

For the null hypothesis H0, the variances Var[Z0] and Var[Z1] are given by VarSA
0 and VarSA

1 ,
respectively, whose derivations follow a procedure similar to the one used for CovSA. These
derivations are, therefore, skipped here due to space constraints, and interested readers can
refer to [25, Lemmas 2 and 3] for the details. The variances of H0 are simply exchanged to
get the respective variances of Z0 and Z1 under the alternate hypothesis H1.

C.2 Proof of Theorem 4.2
Comparing the joint conditional PDFs derived in Lemma 4.1, the optimal decision rule

can be obtained as:

ln
[
fZ0,Z1|H0 (z0, z1)

]
≷0

1 ln
[
fZ0,Z1|H1 (z0, z1)

]
=⇒ −|z0|2 VarSA

1 − |z1|2 VarSA
0 + (z0z

∗
1 + z∗0z1)CovSA

≷0
1 − |z0|2 VarSA

0 − |z1|2 VarSA
1 + (z0z

∗
1 + z∗0z1)CovSA

=⇒ |z0|2 ≷1
0 |z1|2. (C.2)

Since the two hypotheses are symmetric, it is sufficient to evaluate the average BER for the
null hypothesis H0, which is evaluated using the joint PDF as follows:

PSA(e) = Pr
{
|Z0|2> |Z1|2 |H0

}
=

∞∫
0

∞∫
v

f|Z0|2,|Z1|2 (u, v) du dv

(a)
=

∞∫
0

∞∫
v

exp
{
−
(

u
(1−ρ2)Var[Z0]

+ v
(1−ρ2)Var[Z1]

)}
π(1− ρ2)Var[Z0]Var[Z1]

I0(
ρ
√
uv

(1− ρ2)
√

Var[Z0]Var[Z1]
) du dv,

where (a) results from the fact that the joint distribution of magnitude squares of the bi-
variate Gaussian random variables is characterized as a bi-variate Rayleigh [108].

From the expressions given for VarSA
0 ,VarSA

1 and CovSA in Lemma 4.1, one can conclude
that the covariance CovSA decays faster compared to the variances VarSA

0 and VarSA
1 . Hence,

for a sufficiently large value of the sample-size N , the random variables |Z0|2 and |Z1|2 can
be approximated as independent. Consequently, the joint distribution of |Z0|2 and |Z1|2
simplifies to the product of their marginal distributions. Note that the marginal PDFs of
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|Z0|2 and |Z1|2 are exponential. Due to the symmetry present in the two hypotheses of
the problem, we only need to derive the error probability for H0. The derivation for the
theoretical average BER of the SA receiver is given as follows:

PSA(e) = Pr
{
|Z0|2> |Z1|2 |H0

}
=Pr

{
|Z0|2>t | |Z1|2 = t,H0

}
=

∞∫
0

[
1− FExp

(
t,VarSA

0

)]
fExp

(
t,VarSA

1

)
dt

=

∞∫
0

e
− t

VarSA
0
e
− t

VarSA
1

VarSA
1

dt =

∞∫
0

e
−t
(

1

VarSA
0

+ 1

VarSA
1

)

VarSA
1

dt =

(
1 +

VarSA
1

VarSA
0

)−1

,

where FExp(x, λ) and fExp(x, λ) are the cumulative distribution function and the PDF of an
exponential RV with mean λ, respectively.

C.3 Proof of Theorem 4.4
Since the DL is canceled in the MA receiver, no correlation exists between the two

variables Z0 and Z1 of the codeword. Hence, the conditional joint PDFs of Z0 and Z1 are
given by:

H0

{
Z0 ∼ CN

(
0,VarMA

0

)
Z1 ∼ CN

(
0,VarMA

1

)
,
H1

{
Z0 ∼ CN

(
0,VarMA

1

)
Z1 ∼ CN

(
0,VarMA

0

)
,

where VarMA
1 =

G|α|2σ4
h

{
E[|X|2]+ 2ρtρb

1−ρtρb

(
1− 1−ρNt ρ

N
b

N(1−ρtρb)

)
|E[X]|2

}
+σ2

n

N
and VarMA

0 = σ2
n

N
are the variances of

the MA receiver as derived in [25] for the direct OOK modulation. The optimal decision
rule once again turns out to be (C.2), from which the conditional BER can be derived as:

P (e|φ1, φ2) =

(
1+

VarMA
1

VarMA
0

)−1

=
σ2
n

G|α|2σ4
h

{
E[|X|2]+ 2ρtρb

1−ρtρb
(1− 2(1−ρ

N
2
t ρ

N
2
b )

N(1−ρtρb)
)|E[X]|2

}
+2σ2

n

.

Since the antenna gain depends on the phase offsets of the two links (and thereby their
AoAs), the average BER is derived by marginalizing over the range (−π, π] of the AoAs θ1

and θ2.
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Appendix D

D.1 Proof of Lemma 5.1
Since expectation is a linear operator, the evaluation of the expectation of the sum

sequence SN is straight-forward and is given by:

E [SN ] = E

[∑
n1,n2

x[n1]x∗[n2]

]
=
∑
n

E
[
|x[n]|2

]
+
∑
n1 6=n2

E [x[n1]]E [x∗[n2]]

(a)
=
∑
n

E
[
|X|2

]
+
∑
n1 6=n2

|E[X]|2 =NE
[
|X|2

]
+N(N−1)|E[X]|2,

where (a) follows from the i.i.d. assumption of the sequence x[n]. Hence, the asymptotic
growth rate of the expectation is of the order of N2, i.e., E [SN ] = Θ(N2). From this, the
expectation of MN = SN

N
can be easily derived as given in (3.11), for which the asymptotic

growth rate is Θ[N ]. Now coming to the variance of SN , it can be first simplified as follows:

Var [SN ]=E
[(∑

i1,j1

x[i1]x∗[j1]
)(∑

i2,j2

x∗[i2]x[j2]
)]
−E [SN ]2

=E
[∑
i1

∑
i2

|x[i1]|2|x[i2]|2+2
∑
i1

∑
i2 6=j2

|x[i1]|2x∗[i2]x[j2]+
∑
i1 6=j1

∑
i2 6=j2

x[i1]x∗[j1]x∗[i2]x[j2]

]
−E[SN ]2

(b)
=
∑
i1=i2

E
[
|X|4

]
+

{∑
i1 6=i2

1+
∑
i1 6=j1

1− (
∑
i

1)2

}(
E
[
|X|2

])2
+ 2

∑
i1 6=j2

E
[
X(X∗)2

]
E [X]

+2
∑
i1 6=i2

E
[
(X)2X∗

]
E [X∗] +2

{ ∑
i1 6=i2 6=j2

1+
∑

i1 6=j1 6=j2

1−
∑
i,i1 6=i2

1

}
E
[
|X|2

]
|E [X]|2+

∑
i1 6=i2 6=j1

E
[
X2
]

(E [X∗])2

+
∑

i1 6=j1 6=j2

(
E
[
X2
])∗

(E [X])2 +
∑
i1 6=j1

∣∣E [X2
]∣∣2+

{ ∑
i1 6=j1 6=i2 6=j2

1− (
∑
i1 6=i2

1)2

}
|E [X]|4 , (D.1)

where (b) follows from the piece-wise separation of the independent summation terms by
permuting the indices i1, i2, j1 and j2 of each term and the expansion of E [SN ]. The coefficient
of each of the term in (D.1) can be shown to be proportional to either N2 or N3. As a result,
the growth rate of the variance of SN andMN can be shown as Θ[N3] and Θ[N ], respectively.
The result in (3.11) follows from the fact that both the expectation and variance grow at
the same order.
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D.2. Proof of Lemma 5.3

D.2 Proof of Lemma 5.3
Since the distribution of Z when conditioned on x1[n] is a complex Gaussian under null

hypothesis H0, the expectation and variance of Z are sufficient to completely characterize
its distribution which are given by:

E [Z] = E [hr]

∑N
n=1 x1[n]

N
+

∑N
n=1 E [w[n]]

N
= 0,

Var [Z] =
1

N2

(
Var

[
hr

N∑
n=1

x1[n]

]
+ Var

[
N∑
n=1

w[n]

])
=

1

N2

(
σ2
h

∑
1≤n1,n2≤N

x1[n1]x∗1[n2] +Nσ2
n

)

=
1

N

σ2
h

∑
1≤n1,n2≤N

x1[n1]x∗1[n2]

N︸ ︷︷ ︸
MN

+σ2
n

 (a)
≈ σ2

h (E [|X|2] + (N − 1)|E [X] |2) + σ2
n

N
,

where (a) is a consequence of approximating MN with its expectation given by Lemma 5.1.

An approach similar to the one taken for time-selective fading in [25] is used to derive
the distribution of Z under H1. There the statistic Z is divided into two components (a)
and (b) given in (5.3), where the first one is common to both H0 and H1 while the second
one is specific to H1. When conditioned on x2[n], the PDF of the second component is given
by [106]:

fU(u1, u2) =
1

2πσ2
SA

K0

(√
u2

1+u2
2

σ2
SA

)
, where σ2

SA =
|α|2σ4

h

4

(
E [|X|2] + (N − 1) |E [X] |2

N

)
.

The next steps follow the procedure of [20, Lemma 4] with minor variations, and are
repeated here for completeness. The joint distribution of the real and imaginary components
of (b) conditioned on (a) can be expressed in terms of the joint distribution of U as:

f(b)|(a)(y1, y2) = fU(y1 − v1, y2 − v2). (D.2)

The joint distribution of the components (a) and (b) in (5.3) can be derived as follows:

f(a),(b)(v1, v2, y1, y2)
(b)
= f(a)(v1, v2)f(b)|(a)(y1, y2|v1, v2) = fYM1

|H0(v1, v2)fU(y1 − v1, y2 − v2)

=
1

2π2σ2
SAVarSA

0

exp(−v
2
1 + v2

2

VarSA
0

)K0

(√
(y1−v1)2+(y2−v2)2

σ2
SA

)
,

where (b) follows from de-conditioning of RVs through chain rule. By marginalizing the joint
distribution over the domain of v1 and v2, we get the result in (5.5).
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Appendix D.

D.3 Proof of Lemma 5.4
The conditional PDFs of R and Φ under H0 can be directly inferred from the complex

Gaussian distribution of Z. The derivation of the same conditional PDFs under H1 follows
the same procedure as in [20, Lemma 4] with few modifications. The joint distribution of
A0 and Φ0 of H0 and A1 and Φ1 of H1 can be derived using the relation between the polar
RVs and their corresponding rectangular form RVs as:

fA0,Φ0,A1,Φ1(a0, φ0, a1, φ1) = fA0,Φ0 (a0, φ0) fA1,Φ1|A0,Φ0 (a1, φ1|a0, φ0)

(a)
= a0 fYM1

|H0 (a0 cosφ0, a0 sinφ0) a1fU (a1 cosφ1 − a0 cosφ0a1 sinφ1 − a0 sinφ0)

=
a0a1

2π2σ2
SAVarSA

0

exp(− a2
0

VarSA
0

)K0

(√
a2

1+a
2
0−2a1a0 cos(φ1−φ0)

σSA

)
, (D.3)

where (a) follows from the relationship between the joint distribution functions of polar and
rectangular RVs. We can obtain the joint marginal distribution of A1 and A0 by integrating
over the domain of Φ1 and Φ0 but another simplification can be made to decrease the number
of integrals. The joint distribution is just a function of the difference φ1 − φ0, and thus we
can further simplify it by replacing φ1 with φ = φ1 − φ0. The modified joint distribution is
given by:

fA0,Φ0,A1,Φ (a0, φ0, a1, φ) =
a0a1 exp(− a2

0

VarSA
0

)

2π2σ2
SAVarSA

0

K0

(√
a2

1+a
2
0−2a1a0 cosφ

σ2
SA

)
,

where 0 ≤ φ0 ≤ 2π and −φ0 ≤ φ ≤ 2π − φ0. The joint marginal distribution of A1 and A0,
obtained by integrating over the domain of φ1 and φ, is given by:

fA0,A1 (a0, a1) =

2π∫
0

2π−θh0∫
−θh0

a0a1 exp(− a2
0

VarSA
0

)

2π2σ2
SAVarSA

0

K0

(√
a2

1+a2
0−2a1a0 cosφ

σ2
SA

)
dφ dφ0

(b)
=

2π∫
0

2π∫
0

a0a1 exp(− a2
0

VarSA
0

)

2π2σ2
SAVarSA

0

K0

(√
a2

1+a
2
0−2a1a0 cosφ

σ2
SA

)
dφ dφ0

(c)
=

π∫
0

2a0a1 exp(− a2
0

VarSA
0

)

πσ2
SAVarSA

0

K0

(√
a2

1+a
2
0−2a1a0 cosφ

σ2
SA

)
dφ,

where (b) follows from the periodicity of cos θ which is 2π, and (c) follows from marginalizing
the PDF over the range of φ0 and the symmetry of cosφ around φ = π.

Finally, the joint distribution of magnitude squares of A1 and A0, given by R1 and R0

respectively, can be derived as:

fR0,R1(r0, r1)
(d)
=

1

4
√
r0r1

fA0,A1(
√
r0,
√
r1) =

exp(− r0
VarSA

0
)

2πσ2
SAVarSA

0

π∫
0

K0

(√
r1+r0−2

√
r1r0 cosφ

σ2
SA

)
dφ,
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D.4. Proof of Theorem 5.5

where (d) follows from the relation between the joint PDFs of the modulus and the square
of modulus of the RVs.

The marginal distribution of magnitude square of Z can be obtained by integrating over
R0, and by substituting R|H1, r and a in place of R1, r1 and r0, respectively:

fR|H1 (r) =

∞∫
0

π∫
0

exp(− a
VarSA

0
)

2πσ2
SAVarSA

0

K0

(√
r+a−2

√
ra cosφ

σ2
SA

)
dφda.

On the other hand, the marginal distribution of Φ1 can be obtained similarly by integrating
over the domain of A1, A0 and Φ0 of (D.3), and by substituting Φ|H1, φ and λ in place of
Φ1, φ1 and φ0, respectively:

fΦ|H1 (φ) =

2π∫
0

∞∫
0

∞∫
0

a0a1 exp(− a2
0

VarSA
0

)

2π2σ2
SAVarSA

0

K0

(√
a2

1+a2
0−2a1a0 cos(φ−λ)

σ2
SA

)
da1 da0 dλ

(e)
=

2π∫
0

∞∫
0

∞∫
0

exp(− a
VarSA

0
)

2π2σ2
SAVarSA

0

K0

(√
a+b−2

√
ab cos(φ−λ)

σ2
SA

)
da db dλ,

where (e) follows from changing the integrals of a0 and a1 to a = a2
0 and b = a2

1 respectively.

D.4 Proof of Theorem 5.5
The derivation follows the approach used in the time-selective fading model [26]. Similar

to that, equal prior probabilities are assumed for the two hypotheses. The equation for the
average BER ofM1 in block fading is given by:

PSA(e)=P (H0)PSA(e|H0)+P (H1)PSA(e|H1)=
1

2
(Pr{R>TSA|H0}+Pr{R<TSA|H1})

=
1

2

(
1− Fexp

(
TSA,VarSA

0

)
+

∫ TSA

0

fR|H1 (r) dr

)
,

where Fexp(x, λ) = 1− e− xλ is the CDF value of an exponential RV with mean λ at point x.
Substituting the distributions with their expressions will result in (5.10).

D.5 Proof of Lemma 5.7
The characteristic function of the interference term IPS can be evaluated as follows:

ϕIPS
(t) = E[eitIPS ] = E[e

it
∑

Xi∈ΦPS0

L(||Xi||)
] = E

 ∏
Xi∈ΦPS0

eitL(||Xi||)


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(a)
= exp

(
−λBN
M

∫
R2

(1− eitL(||Xi||)) d||xi||
)

(b)
= exp

(
−2π

λPS
M

∫ ∞
0

(1− eitL(v))v dv

)
(D.4)

where (a) follows from the PGFL of the homogeneous PPP, and (b) follows from the transfor-
mation of coordinates from Cartesian to polar domain. Similarly, the characteristic function
of IBN can be determined as follows:

ϕIBN
(t) = E[eitIBN ] = EXj ,Tj

eit|α|2
∑

Xj∈Φ
′
BN0

\{0}

L(||Tj ||)L(||Xj ||)
 = EXj ,Tj

 ∏
Xj∈Φ

′
BN0
\{0}

eit|α|
2L(||Tj ||)L(||Xj ||)


(c)
= EXj

 ∏
Xj∈Φ

′
BN0
\{0}

ETj

[
eit|α|

2L(||Tj ||)L(||Xj ||)
](d)

= exp

(
−λBN

2M

∫
R2

(
1−ETj

[
eit|α|

2L(||Tj ||)L(||x||)
])

d||x||
)

(e)
= exp

(
−2π

λBN
2M

∫ ∞
0

(
1− EUj

[
eit|α|

2L(Uj)L(v)
])
v dv

)
= exp

(
−2π

λBN
2M

∫ ∞
0

(
1−

∫ ∞
0

fU(u)eit|α|
2L(u)L(v) du

)
v dv

)
, (D.5)

where (c) follows from moving the expansion of the expectation with respect to N , and the
independence and identical nature of Xj and Tj, (d) follows from the property of the PPP
and Slivnyak’s theorem, and (e) follows from the expansion of the expectation with respect
to Xj and Tj.

D.6 Proof of Theorem 5.8
Suppose that the distance from the BN-Rx pair of interest and the distance of the

BN to its ambient PS are represented as V0 = ||X0|| and U0 = ||T0||, respectively. Then,
conditioning on the distances V0 and U0, the CCDF of SINR in (5.26) can be evaluated as
follows:

F̄SINR(x) = P [SINR > x] = P

[
|α|2L(U0)L(V0)

I + SNR−1 > x

]
= P

[
I <
|α|2L(U0)L(V0)

T
−SNR−1

]
= EU0,V0

[
P

[
I <
|α|2L(U0)L(V0)

x
− SNR−1|U0 = u0, V0 = v0

]]
=

∫ ∞
0

∫ ∞
0

FI

(
|α|2L(u0)L(v0)

x
− SNR−1

)
fU0,V0(u0, v0) du0 dv0. (D.6)

The CDF FI of the interference can be evaluated from its characteristic function using the
Gil-Pelaz theorem as follows:

FI(x) =
1

2
+

1

2π

∫ ∞
0

eitxϕI(−t)− e−itxϕI(t)
it

dt =
1

2
− 1

π

∫ ∞
0

Im

(
e−itxϕI(t)

t

)
dt. (D.7)
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D.7. Proof of Lemma 5.9

For averaging, the expectation of the conditional BER can be evaluated using the fol-
lowing relation for the complementary cumulative distribution function (CCDF) F̄X(x) of
the function of a random variable X with non-zero support as follows:

P (e) = ESINR[g(SINR)] = −g(x)F̄SINR(x)
∣∣∣∞
0

+

∫ ∞
0

F̄SINR(x)g′(x) dx

=
1

2
+

∫ ∞
0

F̄SINR(x)g′(x) dx, (D.8)

where g(x) = 0|x=∞ and g(x) = 0.5|x=0 since the conditional BER in (5.25) converge to same
values at∞ and 0. The derivative of g(x) for the uncoded scheme OOK modulation scheme
is given by:

g′(x) = −(1 + x)−1− 1
x

ln(1 + x)

2x
. (D.9)

After substituting the individual components in (D.8) and simplifying further, the expression
given in the result is obtained.

D.7 Proof of Lemma 5.9
The characteristic function of the interference I can be evaluated as follows:

ϕI(t) = E[eitI ] = E[e
it

∑
Yi∈Φint\{Y1}

G(Θi,Θ1)L(||Yi||)
] = EΦint,Θi,Θ1,P1

 ∏
Yi∈Φint\{Y1}

eitG(Θi,Θ1)L(||Yi||)


= EΦint,P1

 ∏
Yi∈Φint\{Y1}

EΘi,Θ1

[
eitG(Θi,Θ1)L(||Yi||)

]
(a)
= EP1

[
exp

(
−2π

(
λBN
M

+
λBN
2M
|α|

4
γE[L(Uj)

2
γ ]

)∫ ∞
p1

(1− EΘi,Θ1

[
eitG(Θi,Θ1)L(v)

]
)v dv

)]
(D.10)

where (a) follows from the PGFL of the homogeneous PPP outside a disc of radius p1.

D.8 Proof of Theorem 5.10
Similar to the single antenna receiver, the CCDF of SINR for the multi-antenna receiver

can be evaluated as follows:

F̄SINR(x) = P [SINR > x] = P

[
|α|2G(Θ0,Θ1)L(U0)L(V0)

I + SNR−1 > x

]
= P

[
I <
|α|2G(Θ0,Θ1)L(U0)L(V0)

x
− SNR−1

]
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= EU0,V0,Θ0,Θ1

[
P

[
I <
|α|2G(θ0, θ1)L(u0)L(v0)

x
−SNR−1|U0 =u0, V0 =v0,Θ0 =θ0,Θ1 =θ1

]]
=

π∫
−π

π∫
−π

∞∫
0

∞∫
0

FI

(
|α|2G(θ0, θ1)L(u0)L(v0)

x
−SNR−1

)
fU0,V0(u0, v0)fΘ0,Θ1(θ0, θ1) du0 dv0 dθ0 dθ1,

where I =
∑

Yi∈Φint\{Y1}
G(Θi,Θ1)L(||Yi||) is the interference at the multi-antenna receiver. The

average BER given in the result is obtained by substituting the individual components
in (D.8) and simplifying further.

D.9 Estimation of phase offset of the direct link
The phase offset of the direct ambient RF link at the receiver can be approximated in

slow fading channel using the following approach. The received signal when a stream of bits
valued 0 are transmitted in a preamble sequence is given by:

y[n] =

[
y0[n]
y1[n]

]
= hr

[
1
ejφ1

]
x[n] +

[
w0[n]
w1[n]

]
,

Taking cross-product of the signals at the two antenna elements, we get the following result:

y0[n]y∗1[n] = |hr|2e−jφ1|x[n]|2 + hrx[n]w∗1[n] + h∗rx
∗[n]w0[n] + w0[n]w∗1[n]

Taking summation of this over a sample length N will result as follows:∑
y0[n]y∗1[n]= |hr|2e−jφ1

∑
|x[n]|2+hr

∑
x[n]w∗1[n]+h∗r

∑
x∗[n]w0[n]+

∑
w0[n]w∗1[n]

= |hr|2e−jφ1NĒ + hr
∑

x[n]w∗1[n] + h∗r
∑

x∗[n]w0[n] +
∑

w0[n]w∗1[n]

Taking expectation over the above signal will result in the following equation:

E
[∑

y0[n]y∗1[n]
]
=E
[
|hr|2e−jφ1NĒ

]
+hrE

[∑
x[n]w∗1[n]

]
+ h∗rE

[∑
x∗[n]w0[n]

]
+E
[∑

w0[n]w∗1[n]
]

= NĒE
[
|hr|2

]
e−jφ1 =⇒ e−jφ1 =

E [
∑
y0[n]y∗1[n]]

NĒσ2
h
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