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Equilibration Dynamics of Strongly Interacting Bosons in 2D Lattices with Disorder
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Motivated by recent optical lattice experiments [Choi et al., arXiv:1604.04178], we study the
dynamics of strongly interacting bosons in the presence of disorder in two dimensions. We show
that Gutzwiller mean-field theory (GMFT) captures the main experimental observations, which are
a result of the competition between disorder and interactions. Our findings highlight the difficulty
in distinguishing glassy dynamics, which can be captured by GMFT, and many-body localization,
which cannot be captured by GMFT, and indicate the need for further experimental studies of this

system.
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Introduction: Ultracold atoms loaded into optical lattices
[1-3] offer ideal platforms to study localization [4, 5]. Ex-
amples in the noninteracting limit include fermionic band
insulators [6], and, in the presence of (quasi-)disorder,
Anderson insulators [7-12]. In clean systems, localiza-
tion can also occur because of interactions, which can
produce Mott insulating phases [13—-17]. Recent exper-
imental studies have started exploring the interplay be-
tween disorder and interactions [18-28]. In the ground
state of bosonic systems, this interplay can generate a
phase known as the Bose-glass [29, 30]. The Bose-glass,
like the bosonic Mott insulator, is characterized by a van-
ishing superfluid density but, unlike the Mott insulator,
it is compressible. At extensive energy densities above
the ground state, the interplay between disorder and in-
teractions can lead to a remarkable phenomenon known
as many-body localization (MBL) [31-33]. In the MBL
phase, eigenstate thermalization [34-36], and as a result
thermalization, do not occur [37].

Signatures of MBL were recently observed with
fermions [26, 27] and bosons in two dimensions (2D)
[28]. Our work is motivated by the latter experiment
(see Refs. [38, 39| for theoretical studies inspired by the
former). In Ref. [28], a Mott insulating state with one
boson per site was prepared in a harmonic trap in a very
deep optical lattice. All bosons in one half of the system
were then removed and the remaining half was allowed
to evolve by lowering the lattice depth, in the absence
or presence of disorder. During the dynamics, the par-
ity projected occupation of the lattice sites was measured
using fluorescence imaging, allowing the study of the evo-
lution of the imbalance Z between the initially occupied
and unoccupied halves of the system. In the absence of
disorder, or for weak disorder, Z vanished within times
accessible experimentally, i.e., it attained the value ex-
pected in thermal equilibrium. But beyond a certain
disorder strength, 7 appeared to saturate to a nonzero
value. This saturation was taken as evidence for MBL
[28].

Features of the experimental setup in Ref. [28] can lead
to a very slow equilibration of Z to the point of making
it very difficult to distinguish the ergodic from the MBL

phase. First, the initial dynamics in the unoccupied half
of the trap is dominated by Anderson physics (because of
low site occupation). The second feature sets in at longer
times. We note that the initial Mott insulator, before the
removal of the bosons in one half of the system, is close
in energy to the ground state after the lattice depth is
lowered but the system remains deep in the Mott regime.
The latter, in turn, is close in energy to a Bose-glass with
a site occupancy slightly below one at the same interac-
tion strength (if the disorder is strong enough to generate
a Bose-glass). As a result, the dynamics resulting from
the gradual decrease of the site occupations in the occu-
pied half of the system, after the removal of the bosons in
the other half, can be dominated by Bose-glass physics.

To study the impact of glassy physics we use Gutzwiller
mean-field theory (GMFT) to model the dynamics of the
experimental setup in Ref. [28]. GMFT is known to pro-
vide qualitatively correct phase diagrams for strongly in-
teracting clean [40-43| and disordered [44-48] (away from
the tip of the Mott lobe) systems. It has also been used
to study nonequilibrium effects such as the dynamical
generation of molecular condensates [49] and Mott in-
sulators [50], dipole oscillations [51], quantum quenches
[48, 52, 53], expansion dynamics [54, 55|, and transport
in the presence of disorder [48, 56]. However, since the
Gutzwiller ansatz wavefunction is a product state, it has
zero entanglement entropy for any partitioning of the sys-
tem. GMFT is therefore not suited to describe thermal-
ization and MBL phases [57], which after taken out of
equilibrium, e.g., using a quantum quench, exhibit a lin-
ear [58] and logarithmic [59] growth of the entanglement
entropy, respectively, with time.

We study the dynamics of three initial states under
the same (or similar) final conditions as the experiment.
The first initial state is the same (within GMFT) as in
the experiment, the second one has lower site occupancies
to show how a superfluid/Bose-glass evolves under sim-
ilar conditions, and the third one is devised to enhance
the effects of interactions. We show that the dynamics of
those initial states is qualitatively similar to the one ob-
served experimentally, while quantitative differences do
occur. Given the fact that GMFT cannot describe dy-



namics in an MBL phase, our results raise concerns as to
whether what was observed experimentally is the result
of MBL or the result of slow transport due to glassy dy-
namics. Only the latter is qualitatively captured by our
GMFT treatment.

Model: We consider bosons in a 2D square lattice sub-
jected to disorder and a parabolic trapping potential, as
described by the Bose-Hubbard Hamiltonian:

}1——J§:§b+- }:m 1—1-+§jmm, (1)

where EIT creates a boson at site i = (i3,4,) and 73 =
B}Ll;l is the site occupation operator. J parametrizes the
tunneling between nearest-neighbor sites and U is the
on-site repulsive interaction. The chemical potential (u),
harmonic trap (of strength ), and disorder potential (¢;)
are accounted for in y; = —p+ Q |i — ro|® + &, with rg =
(1/2,1/2) to place the center of the trap at the middle
of a 4-site plaquette. We focus on a lattice with 32 x 32
sites in which, for the Hamiltonian parameters used here,
the sites at the edges are always empty. We consider
two types of disorder, uniform and Gaussian distributed,
whose strengths are denoted by A, and A4, respectively.
In what follows, we set kg = h = 1.

Methods: We study the dynamics of zero and nonzero
temperature initial states. The density matrix within
GMFT is:
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where |n); is the state with n bosons at site i, and ¢
is time. This ansatz decouples Eq. (1) into single-site
Hamiltonians of the form AMF = —J(¢rb; + qbli)j) +
(U/2) Y (s — 1) + piig, where ¢y = 37, Tr(piby)
sums over neighbor sites to i. Substituting Eq. (2) into
the von Neumann equation, id;p = [H, p], leads to the
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which yields the time evolution of the site occupations:
ni(t) = Tr(ﬁiﬁi).

Following Ref. [28], we quantify the degree of localiza-
tion using the imbalance:
NL(t)_NR(t) (4)
NL(t) + Nr(t)’

where Np(t) = Ziwgo,ﬁy—§|<3 Ni, i, (t) and Ng(t) =
> i>0 iy — 3] <3 Mz iy (t). We also compute the inverse de-
cay length X\ at time ¢ [28]. To calculate A(t) we first
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Figure 1. Snapshots of the site occupations for the quenched
(left panel) and non-quenched (right panel) dynamics at zero
temperature. Columns (rows) depict results for different dis-
order strengths (different times). At time ¢ = 0 all bosons in
the right half of the system are removed and the remainder
evolves for ¢ > 0. Quenched: The ¢t = 0 state is the ground
state for a very small value of the hopping parameter and no
disorder. For ¢ > 0, Gaussian disorder of strength A, is in-
troduced and the hopping parameter is set to a larger value.
The evolution is studied without further parameter changes
(the same parameters as in Ref. [28], see text). Non-quenched
case: The initial state is the ground state for the same values
of U, J, and  as those in Ref. [28] after the quench. The
state evolves for ¢ > 0 with no parameter changes. The initial
site occupations allow a superfluid or a Bose-glass depending
on the strength of the uniformly distributed disorder, A,.

compute the average: 7;, (t) =
A is then obtained by fitting:
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where n; is the zero disorder steady-state density.

For p(t =0), we take the ground state or a ther-
mal state of the initial Hamiltonian, such that p; =
Zi_lefﬁHiMF (where 8 = 1/T is the inverse temperature
and Z; is the partition function). The computation of ¢;
and p; is done iteratively until convergence, and is car-
ried out for several initial trials of ¢;. The state with the
lowest free energy is the one used for the dynamics. Our
calculations for finite disorder are done for an ensemble
of disorder realizations. Disorder-averaging over around
100 disorder realizations is sufficient for convergence.

It is important to stress that, within GMFT, dynam-
ics occur only when there are nonvanishing values of the
order parameter ¢; [see Eq. (3)] in the initial state. As
a result, a pure Mott insulating state would exhibit no
dynamics within this approximation. We find that, as
in Refs. [55, 56], the small region with a non-vanishing
order parameter generated by the harmonic trap at the
edge of Mott insulating domains is sufficient to drive dy-
namics for the parameters considered here. Remarkably,
the ensuing dynamics is qualitatively similar to that in
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Figure 2. (a) and (c): Time evolution of the imbalance 7
for various disorder strengths when the initial temperature is
T =0 (a) and T = 0.33 (c). Lines show simulation results
while points show the corresponding experimental data from
Ref. [28]. The vertical dashed line marks a time t* (¢* = 20 for
T = 0and ¢t* = 8 for T' = 0.33) below which Z almost does not
change within GMFT. t* is an artifact of GMFT for the initial
state selected. The experimental results are shifted to start
at t*. From bottom to top the lines and symbols correspond
to Ag = 0,3,4,8, and 13. (b) and (d): Corresponding Z for
the same parameters but at times ¢ = 200 and 300 against
disorder strength. The experimental result after an evolution
time of 187 are also plotted. The inset shows the inverse decay
length [Eq. (5)] from our calculation at ¢ = 200 and for the
experiment after an evolution time ¢ = 187.

the experiments [28], especially at long times.

Quenched case: In the experiment [28] the dynamics took
place after lowering the lattice depth and introducing a
disorder potential to a Mott insulator created in a very
deep lattice and to which all atoms in one half of the sys-
tem were removed. To distinguish it from other proto-
cols discussed later, we refer to this case as the “quenched
case”. From now on, we use the hopping parameter after
the quench Jp = U/24.4 as our energy unit. To cre-
ate the initial state we used the experimental parameters
[28]: Jr = 0.244, U = 24.4, Q@ = 0.145, and p = 10.6.
After the free energy minimization, the particles on the
right half of the system are manually removed [by setting
a%‘fio) = 0m,00n,0 in Eq. (2)], leaving behind a number
of bosons comparable with the experiment, N, ~ 114.
Q and U were not changed between the initial and final
Hamiltonians. In accordance with the experimental pro-
tocol [28], to generate disorder (at the evolution stage) we
square a two-dimensional array of random numbers dis-
tributed uniformly between 0 and dy,,y, for some positive
number 0.y, then convolve it with a Gaussian profile
with a standard deviation of 0.5. The disorder strength
Ay is defined as the full width at half maximum of the
resulting disorder profile.

The first column in Fig. 1 depicts the evolution of the
site occupations in the absence of disorder. In this case,

one can see that the particles expand to reach a steady
state with no imbalance. When disorder of strength
Ay = 8 is introduced (second column in Fig. 1), the mo-
tion slows considerably and an imbalance remains at the
latest time shown. Note that the width of the disorder
distribution in this case is the noninteracting bandwidth,
8J. For very strong disorder (A, = 13, third column in
Fig. 1), the particles remain almost entirely in the ini-
tially occupied region.

For a more quantitative understanding of the dynam-
ics, in Fig. 2(a) we plot the imbalance Z [defined in
Eq. (4)] as a function of time for five values of the disor-
der strength. For ¢ < t*, the imbalance barely changes.
This is an artifact of GMFT for the initial state, which is
mostly a Mott insulating domain. Beyond t*, one can see
that Z quickly vanishes in the clean limit and for weak
disorder. But as the disorder strength increases it takes
longer for Z to reach the expected Z = 0 steady state
value. The changes in the time evolution are smooth
with increasing A,. In Fig. 2(a), we also plot the exper-
imental results taking t* to be the starting time for the
experiments. The GMFT results are qualitatively similar
to those in the experiments. They are actually quantita-
tively similar for weak disorder. As the disorder strength
is increased, Z can be seen to exhibit a faster decay in
the experiments than within GMFT.

In Fig. 2(b), we plot the imbalance at different times,
alongside experimental results [28], as a function of the
disorder strength. A common feature seen in both theory
and experiment is a transition from zero imbalance (up
to fluctuations) to a nonzero imbalance as the disorder
strength is increased. Within GMFT we find that the
transition point moves to stronger disorder strengths as ¢
increases. A similar trend was seen in experiments for ¢ <
200, but the experimental results appeared to saturate for
200 < t < 300. For any given selected time, the transition
point occurs at a smaller value of A, in GMFT when
compared to the experiments, which is expected given
the slower dynamics of the former seen in Fig. 2(a).

The inverse decay length, A [Eq. (5)], offers another
way to quantify the degree of localization by parameter-
izing the extent to which disorder suppresses the relax-
ation of site occupations. The inset in Fig. 2(b) shows A
versus A, for ¢ = 200 and the experimental results for
t = 187. The behavior of A (inset) is qualitatively simi-
lar to that of Z (main panel) in that they both indicate
an apparent transition point to a localized regime. Our
main finding so far is that the nature of the differences
between GMFT and the experiments is quantitative not
qualitative.

In general in experiments, and in particular in Ref. [28],
Mott insulating states are not at "= 0. In order to un-
derstand how nonzero temperatures in the initial state
modify the dynamics from what we have discussed for
T = 0, we have done calculations for initial thermal states
with T" = 0.33 and the same Hamiltonian parameters as
for T'= 0. The results obtained for Z and A are reported
in Figs. 2(c) and 2(d). They are qualitatively, and quan-
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Figure 3. Same as Fig. 2 but for the non-quenched case.
The initial state is the ground state of Eq. (1) for U = 24.4,
Q = 0.145, and p = 4 in the presence of uniformly distributed
disorder with strength A,. At time ¢ = 0 all bosons in the
right half of the trap are removed while the remainder are
allowed to evolve for ¢ > 0. In panels (a) and (c), the lines
correspond to A, = 0,4, 13 and 20 from bottom to top.

titatively, similar to those obtained for 7" = 0. The only
apparent difference is that ¢* is smaller at nonzero tem-
perature than at 7' = 0. This is expected since the Mott
insulating domain at nonzero temperature is surrounded
by a wider region with a nonvanishing order parameter.
Non-quenched case: In order to understand how the dy-
namics change if the initial state is not a Mott insulator
but rather a superfluid or a Bose-glass, depending on the
strength of the disorder, here we consider the dynamics
after removing all bosons in one half of the system but
without quenching any Hamiltonian parameters (we re-
fer to this protocol as the “non-quenched case”). For this
protocol, the initial state is selected to be the ground
state for the same values of J, 2, and U as in the ex-
periment after the quench, but we trap a smaller num-
ber of bosons (the site occupations in the center of the
trap are still very close to those in the Mott insulating
state). Different from the quenched case, here we take
the disorder to be distributed uniformly in the interval
[-Ay/2,A,/2], to show that the qualitative results do
not depend on the details of the disorder profile.

The evolution of the site occupations is shown in the
right panel of Fig. 1, for three values of A,,. The first row
makes apparent that there are no Mott domains (n; < 1),
in contrast to the cases in the left panel. The results dur-
ing the time evolution are, on the other hand, qualita-
tively similar in the left and right panels. Localization is
seen to occur as the strength of the disorder is increased.

Figure 3(a) shows the time evolution of Z for four val-
ues of the strength of the disorder. Comparing Figs. 2(a)
and 3(a) one can see that the behavior of the non-
quenched and quenched cases is qualitatively similar.
Quantitative differences are, on the other hand, appar-
ent. In the non-quenched case there is no t* such that 7
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Figure 4. The solid (dashed) lines plot the normalized im-
balance where the right half of the trap was initialized to
a checkerboard (empty) pattern as shown in the insets. (a)
The normalized imbalance against time for various disorder
strengths. The pairs of (solid/dashed) lines correspond to
A, = 0,13 and 20 from bottom to top. (b) The normalized
imbalance at times ¢ = 200 and 300 against disorder strength.
The other system parameters are the same as those of Fig. 3.

does not change appreciably for ¢t < ¢*. This is because
the order parameter in the non-Mott regime is sizable.
In addition, Z decays more quickly in the non-quenched
than in the quenched case. This is expected for weak dis-
order strengths, for which the initial state is superfluid,
but it is also the case in the Bose-glass regime present
for strong disorder. The results for Z vs A, [Fig. 3(b)]
and for A vs A, [inset in Fig. 3(b)] at different times ¢
are also qualitatively similar to those in Fig. 2(b) and
its inset. The transition point to the localized regime in-
creases as ¢ increases. Figs. 3(c) and 3(d) show that the
dynamics of the system slows down with the introduc-
tion of a nonzero temperature (I' = 0.33) in the initial
state. This is understandable as nonzero temperatures
reduce the magnitude of the order parameter in the su-
perfluid and Bose-glass phases [46]. Overall, we find no
qualitative change in comparing the quenched and non-
quenched cases.

Checkerboard case: As mentioned in the introduction,
the initial expansion of bosons in the empty half of the
trap in the presence of disorder is expected to be dom-
inated by Anderson physics, due to the low site occu-
pations. In order to test how enhancing interactions by
increasing site occupations affects the expansion, we have
devised an “improved” version of the initial state consid-
ered in the non-quenched case. This “improved” initial
state is generated by emptying sites in one half of the
system according to a checkerboard pattern (see the in-
sets in Fig. 4). The dynamics then proceeds as in the
non-quenched case, by allowing the remaining bosons to
evolve without any change in the Hamiltonian parame-
ters. Before emptying sites, the system was in the ground
state as in the non-quenched case.

In Figs. 4(a) [4(b)], we plot the normalized imbalance
Z(t)/Z(0) against t (A,) for various disorder strengths
A, (times t). One can see that the presence of the
checkerboard pattern speeds up the decay of Z(¢)/Z(0)



by enhancing the effect of interactions during the dy-
namics. It would be interesting to find out how changes
in the pattern used for the initial state change the results
in the experiments [28].

Discussion: Motivated by the experiments of Ref. [2§],
we have studied the dynamics of bosons in 2D lattices
in the presence of disorder within GMFT. We have
shown that GMFT qualitatively describes the experi-
mental findings. We have also shown that the features
observed in the experiments are robust for various ini-
tial states: Mott insulator, superfluid, and Bose-glass.
Since GMFT misses the entanglement present in MBL
phases, our results suggest that further experiments will
be needed to unambiguously show that MBL is occurring

in those systems. Avoiding macroscopic mass transport,
as done in Ref. [27], will help rule out slow dynamics due
to Anderson and Bose-glass physics.
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