
Fkdswhu 7

Frpelqlqj wkh Prghov

714 Wkh Qxphulfdo0Lqwhjudwlrq Vfkhph

Wkh dssurdfk iroorzhg lq wkh wkhvlv lv wr wuhdw wkh  rzlqj dlu/ wkh vwuxfwxuh/ dqg wkh ghylfhv

ri wkh frqwuro v|vwhp dv hohphqwv ri d vlqjoh g|qdplfdo v|vwhp/ dqg wr lqwhjudwh doo ri wkh

jryhuqlqj htxdwlrqv qxphulfdoo|/ vlpxowdqhrxvo|/ dqg lqwhudfwlyho| lq wkh wlph grpdlq1 Wkhuh

lv d ixqgdphqwdo frpsolfdwlrq zlwk wkh wlph0grpdlq dssurdfk fkrvhq wr vroyh wkh dhurhodvwlf

sureohp= wr suhglfw wkh dhurg|qdplf ordgv rqh pxvw nqrz wkh prwlrq ri wkh vwuxfwxuh/ dqg wr

suhglfw wkh prwlrq ri wkh vwuxfwxuh rqh pxvw nqrz wkh dhurg|qdplf ordgv1 Wr ryhufrph wklv

frpsolfdwlrq/ dq lwhudwlyh vfkhph wkdw dffrxqwv iru wkh lqwhudfwlrq ehwzhhq wkh dhurg|qdplf

ordgv dqg wkh prwlrq ri wkh vwuxfwxuh zdv ghyhorshg1 Wkh surfhgxuh lv edvhg rq Kdpplqj*v

irxuwk0rughu suhglfwru0fruuhfwru phwkrg +Fduqdkdq hw do1 ^4;4`,1 Wklv vfkhph zdv fkrvhq iru

wzr uhdvrqv +4, wkh dhurg|qdplf prgho ixqfwlrqv ehwwhu zkhq wkh ordgv duh rqo| hydoxdwhg dw

lqwhjudo wlph vwhsv/ dqg +5, wkh dhurg|qdplf ordgv frqwdlq frqwulexwlrqv wkdw duh sursruwlrqdo

wr wkh dffhohudwlrq +wkh vr fdoohg dgghg0pdvv h�hfw,1 Wkhvh frqwulexwlrqv frph iurp
C�

Cw
/ zkhuh

�+U> w, lv wkh yhorflw| srwhqwldo lq Ehuqrxool*v htxdwlrq> �+U> w, lv sursruwlrqdo wr wkh yhorflw|1

Iru erwk uhdvrqv/ Uxqjh0Nxwwd0w|sh phwkrgv duh qrw vxlwdeoh/ exw suhglfwru0fruuhfwru phwkrgv/

xvlqj lwhudwlrq/ fdq wuhdw dffhohudwlrq rq erwk vlghv ri wkh htxdwlrqv ri prwlrq/ dqg wkh| gr

qrw hydoxdwh wkh ordgv dw iudfwlrqv ri wkh wlph vwhs1 Lw wxuqv rxw wkdw wkh suhvhqw qxphulfdo

vfkhph/ zlwk vrph ixuwkhu dgdswdwlrqv dqg lqqrydwlrqv/ lv dovr lghdoo| vxlwhg iru vkls0g|qdplfv

sureohpv1
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Wkh htxdwlrqv ri prwlrq iru wkh vwuxfwxuhv/ Htxdwlrqv +6159,/ +6168, dqg +6169,/ +6177,

dqg +6178,/ dqg +6199,0+619<,/ fdq eh zulwwhq dv d v|vwhp ri 5q �uvw0rughu ruglqdu|0gl�huhqwldo

htxdwlrqv +zkhuh q @ : iru wkh zlqj/ q @ 5 iru eulgjhv rqh dqg wzr/ dqg q @ 7 iru eulgjh

wkuhh,=

b| +w, @ I ^| +w,` +714,

lq wklv htxdwlrq kdoi ri wkh yhfwruI uhsuhvhqwv jhqhudol}hg yhorflwlhv dqg wkh rwkhu kdoi uhsuhvhqwv

jhqhudol}hg irufhv glylghg e| wkh fruuhvsrqglqj lqhuwldv1 Lq jhqhudo wkh ordgv ghshqg h{solflwo|

rq |/ dqg lpsolflwo| rq wkh klvwru| ri wkh prwlrq dqg wkh dffhohudwlrq wkurxjk wkh whup
C�

Cw
/

dv zh vdz lq wkh suhylrxv wzr fkdswhuv1

Lq Htxdwlrq +714, I ^| +w,` @ iI� ^| +w,` > I2 ^| +w,` > = = = > I2? ^| +w,`jA /
| +w, @ ^|� +w, > |2 +w, > = = = > |2? +w,`

A / dqg b| +w, @
g

gw
| +w, duh +5q� 4, yhfwruv1 Wkh ghwdlov ri wkh

edvlf qxphulfdo surfhgxuh xvhg wr ghwhuplqh wkh fxuuhqw ydoxh ri wkh yhfwru | duh jlyhq qh{w=

41 Ohw w� @ m�w ghqrwh wkh wlph dw wkh m0wk wlph vwhs/ zkhuh �w lv wkh wlph0vwhs vl}h xvhg

wr rewdlq wkh qxphulfdo vroxwlrq/ dqg

|� @ | +w�, +715,

b|� @ b| +w�, +716,

I� @ I ^| +w�,` +717,

51 Dw wf +l1h1/ w @ 3, zh kdyh wkh lqlwldo frqglwlrqv ri wkh sureohp/ l1h1 zh nqrz |f @ | +wf,1

Khqfh/ xvlqj Htxdwlrq +714, zh rewdlq wkh ydoxh ri b|f dv=

b|f @ If @ I
�
|f

�
+718,

61 Dw w� +l1h1/ w @ �w, wkh suhglfwhg vroxwlrq/ R|� / lv frpsxwhg e| wkh Hxohu Phwkrg

R|� @ |f .�w If +719,
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71 Wkh suhglfwhg vroxwlrq lv fruuhfwhg e| xvlqj wkh Prgl�hg Hxohu Phwkrg

&n�|� @ |f .
�w

5

�
&I� .If

�
+71:,

zkhuh n lv wkh lwhudwlrq qxpehu/ dqg

&I� @ I
�
&|�

�
+71;,

zkhuh �|� @ R|�1

81 Wkh suhylrxv vwhs lv uhshdwhgo| dssolhg xqwlo wkh lwhudwlrq huuru

h� @
��� &n�|� � &|�

���
"

+71<,

lv ohvv wkdq d suhvfulehg huuru wrohudqfh �1

Khuh wkh c"0qrup ri d yhfwru { @ +{�> {2> = = = > {?,
A lv gh�qhg e|

n{n" @ pd{
�$�$?

m{�m +7143,

Li h� A � wkhq zh vhw

&|� @ &n�|� +7144,

& b|� @ &n� b|� +7145,

dqg jr wr Htxdwlrq +71:,> li h� � � wkhq zh vhw

|� @ &n�|� +7146,

b|� @ &n� b|� +7147,

dqg frpsxwh wkh uhvsrqvh dw w2 @ w� .�w1

91 Dw w2 +l1h1/ w @ 5�w, wkh suhglfwhg vroxwlrq/ R|2 / lv frpsxwhg e| wkh Dgdpv0Edvkiruwk
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Wzr0Vwhs Suhglfwru Phwkrg

R|2 @ |� .
�w

5

�
6 I� �If

�
+7148,

:1 Wkh suhglfwhg vroxwlrq lv fruuhfwhg e| xvlqj wkh Dgdpv0Prxowrq Wzr0Vwhs Phwkrg

&n�|2 @ |� .
�w

45

�
8 &I2 . ; I� �If

�
+7149,

zkhuh

&I2 @ I
�
&|2

�
+714:,

dqg �|2 @ R|21

;1 Wkh suhylrxv vwhs lv uhshdwhgo| dssolhg xqwlo wkh lwhudwlrq huuru

h2 @
��� &n�|2 � &|2

���
"

+714;,

lv ohvv wkdq wkh suhvfulehg huuru wrohudqfh �1

Li h2 A � wkhq zh vhw

&|2 @ &n�|2 +714<,

& b|2 @ &n� b|2 +7153,

dqg jr wr Htxdwlrq +7149,> li h2 � � wkhq zh vhw

|2 @ &n�|2 +7154,

b|2 @ &n� b|2 +7155,

dqg frpsxwh wkh uhvsrqvh dw w� @ w2 .�w1

<1 Dw w� +l1h1/ w @ 6�w, wkh suhglfwhg vroxwlrq/ R|� / lv frpsxwhg e| wkh Dgdpv0Edvkiruwk
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Wkuhh0Vwhs Suhglfwru Phwkrg

R|� @ |2 .
�w

45

�
56 I2 � 49 I� . 8 If

�
+7156,

431 Wkh suhglfwhg vroxwlrq lv fruuhfwhg e| xvlqj wkh Dgdpv0Prxowrq Wkuhh0Vwhs Phwkrg

&n�|� @ |2 .
�w

57

�
< &I� . 4< I2 � 8 I� .If

�
+7157,

zkhuh

&I� @ I
�
&|�

�
+7158,

dqg �|� @ R|�1

441 Wkh suhylrxv vwhs lv uhshdwhgo| dssolhg xqwlo wkh lwhudwlrq huuru

h� @
��� &n�|� � &|�

���
"

+7159,

lv ohvv wkdq wkh suhvfulehg huuru wrohudqfh �1

Li h� A � wkhq zh vhw

&|� @ &n�|� +715:,

& b|� @ &n� b|� +715;,

dqg jr wr Htxdwlrq +7157,> li h� � � wkhq iru wkh �uvw wlph zh hydoxdwh wkh Orfdo Wuxqfdwlrq

Huuru

h� @ &n�|� � �|� +715<,

vhw

|� @ &n�|� +7163,

b|� @ &n� b|� +7164,

dqg frpsxwh wkh uhvsrqvh dw we @ w� .�w1
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451 Iru we> wD> wS> = = = +l1h1/ w @ 7�w> 8�w> 9�w> = = =, wkh vroxwlrq lv frpsxwhg e| xvlqj Kdp0

plqj*v Irxuwk0Rughu Prgl�hg Suhglfwru0Fruuhfwru Phwkrg1 Wkh suhglfwhg vroxwlrq/ R|� /

lv fdofxodwhg e| wkh Suhglfwru Htxdwlrq

R|� @ |�3e .
7

6
�w

�
5 I�3� �I�32 . 5 I�3�

�
+7165,

461 Wkh suhglfwhg vroxwlrq lv prgl�hg e| xvlqj wkh orfdo wuxqfdwlrq huuru iurp wkh suhylrxv

wlph vwhs

�|� @ R|� .
445

<
h�3� +7166,

471 Wkh prgl�hg0suhglfwhg vroxwlrq lv fruuhfwhg e| xvlqj wkh Fruuhfwru Htxdwlrq

&n�|� @
4

;

k
< |�3� � |�3� . 6�w

�
&I� . 5 I�3� �I�32

�l
+7167,

zkhuh
&I� @ I

�
&|�

�
+7168,

dqg �|� @ R|� 1

481 Wkh suhylrxv vwhs lv uhshdwhgo| dssolhg xqwlo wkh lwhudwlrq huuru

h� @
��� &n�|� � &|�

���
"

+7169,

lv ohvv wkdq wkh suhvfulehg huuru wrohudqfh �1

491 Wkh orfdo wuxqfdwlrq huuru lv hvwlpdwhg iru xvh lq wkh fxuuhqw dqg qh{w wlph vwhsv

h� @
<

454

�
&n�|� � R|�

�
+716:,

4:1 Wkh �qdo vroxwlrq dw vwhs m lv

|� @ &n�|� � h� +716;,
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4;1 Wr fdofxodwh wkh vroxwlrq dw wkh qh{w wlph vwhs/ zh vhw

|�3e @ |�3� +716<,

|�3� @ |�32 +7173,

|�32 @ |�3� +7174,

|�3� @ |� +7175,

h�3� @ h� +7176,

dqg jr wr vwhs +7165,1 Rqh fdq uhshdw vwhsv +7165,0+7176, dv pxfk dv ghvluhg1

715 Lqwhjudwlqj wkh Dhurg|qdplf Prgho lqwr wkh Qxphulfdo

Vfkhph

Gxulqj d wlph vwhs �w/ wkh zdnhv frqyhfw wr wkhlu qhz srvlwlrqv frqvlvwhqw zlwk wkh uhtxluhphqw

wkdw yruwlflw| pryhv zlwk wkh  xlg sduwlfohv zkloh vlpxowdqhrxvo| wkh vwuxfwxuhv pryh wr wkhlu

qhz srvlwlrqv frqvlvwhqw zlwk wkh fxuuhqw irufhv/ htxdwlrqv ri prwlrq/ dqg frqwuro odz1 Wklv

frqfhsw lv lpsohphqwhg e| shuiruplqj wkh iroorzlqj vhtxhqfh ri vwhsv wr fdofxodwh wkh vroxwlrq

dw wlph @ w.�w zkhq wkh vroxwlrq lv nqrzq dw wlph @ w/ w��w/ w� 5�w/ dqg w� 6�w=

41 Wkh zdnhv duh frqyhfwhg wr wkhlu qhz srvlwlrqv1 D  xlg sduwlfoh lq d zdnh lv pryhg wr

lwv qhz srvlwlrq U+w.�w, iurp lwv fxuuhqw srvlwlrq U+w, dffruglqj wr

U+w.�w, @ U+w, .Y^U+w,` �w +7177,

Gxulqj wkh uhpdlqghu ri wkh surfhgxuh iru wklv wlph vwhs wkh zdnh lv qrw pryhg1 Qxphulfdo

h{shulphqwv zlwk pruh dffxudwh dojrulwkpv iru frqyhfwlqj wkh zdnh kdyh vkrzq wkdw wklv

rqh lv dghtxdwh> wkhvh kdyh lqfoxghg lwhudwlyh surfhgxuhv wkdw xvh wkh yhorflw| ri wkh zdnh

lq lwv �qdo srvlwlrq1

51 Wkh fxuuhqw ordgv +l1h1/ wkrvh dw wkh ehjlqqlqj ri wkh wlph vwhs zkhq wlph @ w, duh xvhg wr

�suhglfw� wkh vwdwh ri wkh vwuxfwxuh dqg/ zkhq frqwurov duh ehlqj xvhg/ wkh fxuuhqw vwdwh
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lv xvhg wr uhsrvlwlrq wkh zlqj uhodwlyh wr wkh eulgjh1 Wkh suhglfwhg vroxwlrq lv jlyhq e|

Htxdwlrq +7165,1

61 Wkh suhglfwhg vroxwlrq lv �prgl�hg� e| wkh orfdo wuxqfdwlrq huuru iurp wkh suhylrxv wlph

vwhs/ Htxdwlrq +7166,1

71 Wkh prgl�hg�suhglfwhg vroxwlrq lv �fruuhfwhg� e| wkh lwhudwlyh surfhgxuh zklfk pdnhv

xvh ri wkh fruuhfwru htxdwlrq +7167,1 Wkh ordgv duh uhfdofxodwhg iru hdfk lwhudwlrq/ exw dv

vwdwhg deryh wkh zdnh lv qrw pryhg1 Iru wkh hodvwlf ordgv wklv lv d vpdoo h�ruw/ exw iru wkh

dhurg|qdplf ordgv/ wkh dhurg|qdplf prgho pxvw eh xvhg wr uhfdofxodwh wkh  rz�hog1 Wklv

vwhs lv uhshdwhg xqwlo wkhuh lv frqyhujhqfh> l1h1/ xqwlo wkh lwhudwlrq huuru jlyhq e| Htxdwlrq

+7169, lv ehorz d xvhu0vshfl�hg ydoxh1 Xvxdoo| wzr wr irxu lwhudwlrqv duh uhtxluhg wr uhgxfh

wkh lwhudwlrq huuru wr 433S1

81 Diwhu frqyhujhqfh/ wkh orfdo wuxqfdwlrq huuru jlyhq e| Htxdwlrq +716:, lv rewdlqhg iru wkh

qh{w wlph vwhs dqg iru wkh �qdo hydoxdwlrq ri wkh ordgv dw wkh fxuuhqw wlph vwhs1

91 Wkhq/ Htxdwlrq +716;, lv xvhg wr hydoxdwh wkh �qdo srvlwlrq dqg yhorflw| ri wkh vwuxfwxuh/

dqg wkhvh duh xvhg wr uhfdofxodwh wkh  rz�hog dqg wr rewdlq wkh �qdo hvwlpdwh ri wkh

dhurg|qdplf ordgv1

Dw wklv srlqw wkh srvlwlrq dqg yhorflw| ri wkh vwuxfwxuh/ wkh glvwulexwlrq ri wkh yruwlflw| dqg

wkh dhurg|qdplf ordgv rq wkh oliwlqj vxuidfhv/ dqg wkh glvwulexwlrq ri yruwlflw| lq dv zhoo dv wkh

srvlwlrq ri wkh zdnhv duh nqrzq dw wlph @ w .�w1 Zh duh uhdg| wr fdofxodwh wkh vroxwlrq dw

wkh qh{w wlph vwhs1 Zh ehjlq e| vkliwlqj wkh lqirupdwlrq dffruglqj wr Htxdwlrqv +716<,0+7176,

dqg wkhq zh uhshdw wkh vwhsv ri wklv vhfwlrq1

Wkh surfhgxuh ghvfulehg deryh qhhgv lqirupdwlrq iurp irxu wlph vwhsv1 Dw wkh ehjlqqlqj/

wklv lqirupdwlrq grhv qrw h{lvw vr zh xvh d vshfldo vwduwlqj vfkhph/ zklfk lv sduw ri wkh ghvfuls0

wlrq lq Vhfwlrq 7141

Dw w @ 3/ zh xvh wkh lqlwldo frqglwlrqv wr fdofxodwh wkh dhurg|qdplf ordgv ljqrulqj wkh

frqwulexwlrq ri
C�

Cw
1 Lw lv qrw lpsruwdqw wr fdswxuh wklv frqwulexwlrq dffxudwho| dw wklv vwhs

ehfdxvh zh duh ghwhuplqlqj wkh uhvsrqvh ri wkh vwuxfwxuh wr dq duelwudu| lqlwldo glvwxuedqfh1
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Wkhq zh xvh Htxdwlrq +718, wr fdofxodwh If dqg zh frqyhfw wkh zdnh wr lwv srvlwlrq dw wkh qh{w

wlph vwhs1

Qh{w zh suhglfw wkh vwdwh ri wkh vwuxfwxuh dw wlph @ �w xvlqj wkh �uvw0rughu Hxohu Phwkrg

jlyhq e| Htxdwlrq +719,1 Wkhq zh lwhudwlyho| fruuhfw wkh suhglfwhg vwdwh xvlqj wkh Prgl�hg

Hxohu Phwkrg jlyhq e| Htxdwlrq +71:,/ uh0fdofxodwlqj wkh ordgv dw hyhu| lwhudwlrq1 Dv vwdwhg

deryh/ zh gr qrw uhfdofxodwh wkh srvlwlrq ri wkh zdnh1

Diwhu frqyhujhqfh/ zh dgydqfh wkh wlph dqg frqyhfw wkh zdnhv1 Wkhq zh suhglfw wkh vroxwlrq

dw wlph @ 5�w xvlqj wkh vhfrqg0rughu Dgdpv0Edvkiruwk Wzr0Vwhs Suhglfwru Phwkrg jlyhq e|

Htxdwlrq +7148,1 Qh{w zh lwhudwlyho| fruuhfw wkh suhglfwhg vroxwlrq xvlqj wkh Dgdpv0Prxowrq

Wzr0Vwhs Phwkrg jlyhq e| Htxdwlrq +7149,/ uh0fdofxodwlqj wkh ordgv dw hyhu| lwhudwlrq1

Diwhu frqyhujhqfh/ zh dgydqfh wkh wlph dqg frqyhfw wkh zdnhv1 Wkhq zh suhglfw wkh vroxwlrq

dw wlph @ 6�w xvlqj wkh wklug0rughu Dgdpv0Edvkiruwk Wkuhh0Vwhs Suhglfwru Phwkrg jlyhq e|

Htxdwlrq +7156,1 Qh{w zh lwhudwlyho| fruuhfw wkh suhglfwhg vroxwlrq xvlqj wkh Dgdpv0Prxowrq

Wkuhh0Vwhs Phwkrg jlyhq e| Htxdwlrq +7157,/ uh0fdofxodwlqj wkh ordgv dw hyhu| lwhudwlrq1

Diwhu frqyhujhqfh/ zh fdofxodwh wkh orfdo wuxqfdwlrq huuru iru wkh �uvw wlph dqg wkhq iroorz

wkh jhqhudo surfhgxuh ghvfulehg dw wkh ehjlqqlqj ri wklv vhfwlrq1

716 Eulgjh Rqh

Wkh htxdwlrqv ri prwlrq iru eulgjh rqh duh jlyhq e| Htxdwlrqv +6168, dqg +6169,/ zklfk iru

frqyhqlhqfh duh uhshdwhg ehorz=

�| +w, @ ��� | +w,� �2 | +w,2 � �� | +w,� .G� T+

�� +w, @ ��� � +w,� �2 � +w,2 � �� � +w,� .G2 Tw

Wkh �uvw vwhs lq wkh vfkhph wr lqwhjudwh Htxdwlrqv +6168, dqg +6169, lv wr uhzulwh wkhp dv d

v|vwhp ri �uvw rughu htxdwlrqv1 Wr wklv hqg zh lqwurgxfh wkh vwdwh yduldeohv |� +w,/ |2 +w,/ |2 +w,/

dqg |e +w,=

|� +w, @ | +w, > |2 +w, @ � +w, > |� +w, @ b| +w, > dqg |e +w, @ b� +w, +7178,
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khqfh/ Htxdwlrqv +6168, dqg +6169, fdq eh uhzulwwhq dv iroorzv

;AAAAAAA?
AAAAAAA=

b|� +w,

b|2 +w,

b|� +w,

b|e +w,

<AAAAAAA@
AAAAAAA>

@

;AAAAAAA?
AAAAAAA=

|� +w,

|e +w,

��� |� +w,� �2 |� +w,
2 � �� |� +w,

� .G� T+ ^| +w,`

��� |2 +w,� �2 |2 +w,
2 � �� |2 +w,

� .G2 Tw ^| +w,`

<AAAAAAA@
AAAAAAA>

+7179,

ru

b| +w, @ I ^| +w,` +717:,

Htxdwlrq +717:, lv lqwhjudwhg e| xvlqj wkh qxphulfdo lqwhjudwlrq vfkhph glvfxvvhg lq Vhfwlrqv

714 dqg 7151

717 Eulgjh Wzr

Wkh htxdwlrqv ri prwlrq iru eulgjh wzr duh jlyhq e| Htxdwlrqv +6177, dqg +6178,/ zklfk iru

frqyhqlhqfh duh uhshdwhg ehorz=

�| +w, @ �$2
� | +w, .G� T+

�� +w, @ �$2
2 � +w,�G2 Tw

Wkh �uvw vwhs lq wkh vfkhph wr lqwhjudwh Htxdwlrqv +6177, dqg +6178, lv wr uhzulwh wkhp dv d

v|vwhp ri �uvw rughu htxdwlrqv1 Wr wklv hqg zh lqwurgxfh wkh vwdwh yduldeohv |� +w,/ |2 +w,/ |2 +w,/

dqg |e +w,=

|� +w, @ | +w, > |2 +w, @ � +w, > |� +w, @ b| +w, > dqg |e +w, @ b� +w, +717;,

khqfh/ Htxdwlrqv +6177, dqg +6178, fdq eh uhzulwwhq lq vwdwh irup dv

;AAAAAAA?
AAAAAAA=

b|� +w,

b|2 +w,

b|� +w,

b|e +w,

<AAAAAAA@
AAAAAAA>

@

5
99999997

3 3 4 3

3 3 3 4

�$2
� 3 3 3

3 �$2
2 3 3

6
:::::::8

;AAAAAAA?
AAAAAAA=

|� +w,

|2 +w,

|� +w,

|e +w,

<AAAAAAA@
AAAAAAA>

.

;AAAAAAA?
AAAAAAA=

3

3

G� T+ ^| +w,`

G2 Tw ^| +w,`

<AAAAAAA@
AAAAAAA>

+717<,
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ru

b| +w, @ D | +w, . e @ I ^| +w,` +7183,

Htxdwlrq +7183, lv lqwhjudwhg e| xvlqj wkh qxphulfdo lqwhjudwlrq vfkhph glvfxvvhg lq Vhfwlrqv

714 dqg 7151

718 Zlqj

Dq hvvhqwldo hohphqw ri dq| dhurhodvwlf vlpxodwlrq lv wkh wudqvihu ri irufhv iurp wkh dhurg|qdplf

julg wr wkh vwuxfwxudo julg dqg ri glvsodfhphqwv iurp wkh vwuxfwxudo julg wr wkh dhurg|qdplf

julg1 Lq wklv vhfwlrq/ zh ghvfuleh wkh phwkrg xvhg lq wkh suhvhqw dqdo|vlv1 Zh uhodwh wkh

glvsodfhphqwv ri duelwudu| srlqwv lq wkh dhurg|qdplf julg wr wkh jhqhudol}hg vwuxfwxudo qrgdo

glvsodfhphqwv wkurxjk wkh iroorzlqj olqhdu wudqvirupdwlrq=

XW
� +wW, @ ^JW

�7 ` YW
7 +w

W, +7184,

zkhuh XW
� +w, lv d +6q� � 4, yhfwru frqwdlqlqj wkh frpsrqhqwv ri wkh glvsodfhphqwv ri wkh

vhohfwhg srlqwv lq wkh dhurg|qdplf julg/YW
7 +w

W, lv d +9q7 � 4, yhfwru frqwdlqlqj wkh frpsrqhqwv

ri wkh jhqhudol}hg vwuxfwxudo qrgdo glvsodfhphqwv/ q� lv wkh qxpehu ri vhohfwhg srlqwv lq wkh

dhurg|qdplf julg/ q7 lv wkh qxpehu ri qrghv lq wkh vwuxfwxudo julg/ dqg ^JW
�7 ` lv wkh +6q� � 9q7,

�lqwhusrodwlrq� pdwul{ wkdw uhodwhv wkh jhqhudol}hg glvsodfhphqwv ri wkh qrgdo srlqwv lq wkh

vwuxfwxudo julg wr wkh glvsodfhphqwv ri wkh vhohfwhg srlqwv lq wkh dhurg|qdplf julg1 ^JW
�7 `

ghshqgv rq +4, wkh jhrphwu| ri erwk wkh dhurg|qdplf dqg vwuxfwxudo julgv/ +5, wkh sduwlfxodu

srlqwv vhohfwhg lq wkh dhurg|qdplf julg/ dqg +6, wkh sduwlfxodu nlqg ri �qlwh hohphqw vhohfwhg

wr glvfuhwl}h wkh vwuxfwxuh1

Dv dq h{dpsoh zh ghvfuleh wkh pdwul{ ^JW
�7 ` wkdw uhodwhv wkh glvsodfhphqwv ri wkh qrghv ri

wkh dhurg|qdplf julg wr wkrvh ri wkh vwuxfwxudo julg iru wkh vlpsoh fdvh uhsuhvhqwhg lq Iljxuh

7041 Wkh qxpehu ri dhurg|qdplf qrghv lv 48> wkxv/ q� @ 481 Wkh qxpehu ri vwuxfwxudo qrghv

lv qr @ 81 Htxdwlrq +7184, kdv wkh iroorzlqj h{sdqghg irup=

484



;AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA?
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA=

XW
� +w

W,

XW
2 +w

W,

XW
� +w

W,

XW
e +w

W,

XW
D +w

W,

XW
S +w

W,

XW
. +w

W,

XW
H +w

W,

XW
b +w

W,

XW
�f +w

W,

XW
�� +w

W,

XW
�2 +w

W,

XW
�� +w

W,

XW
�e +w

W,

XW
�D +w

W,

<AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA@
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA>
�

@

5
9999999999999999999999999999999999999999999997

3 3 3 3 3

JW
�72c�

JW
�72c2

3 3 3

3 JW
�7�c2

JW
�7�c�

3 3

3 3 3 JW
�7ece

JW
�7ecD

3 3 3 3 JW
�7DcD

3 3 3 3 3

3 JW
�7.c2

JW
�7.c�

3 3

3 3 JW
�7Hc�

JW
�7Hce

3

3 3 3 JW
�7bce

JW
�7bcD

3 3 3 3 JW
�7�fcD

3 3 3 3 3

3 JW
�7�2c2

JW
�7�2c�

3 3

3 3 JW
�7��c�

JW
�7��ce

3

3 3 3 JW
�7�ece

JW
�7�ecD

3 3 3 3 JW
�7�DcD

6
:::::::::::::::::::::::::::::::::::::::::::::8

;AAAAAAAAAAA?
AAAAAAAAAAA=

YW
� +w

W,

YW
2 +w

W,

YW
� +w

W,

YW
e +w

W,

YW
D +w

W,

<AAAAAAAAAAA@
AAAAAAAAAAA>
7

+7185,

zkhuh iXW
� +w

W,j� lv d +6� 4, yhfwru olvwlqj wkh wkuhh wudqvodwlrqv ri wkh l0wk dhurg|qdplf qrgh/

q
YW
� +w

W,
r
7
@

;A?
A=

XW
� +w

W,

�� +w
W,

<A@
A>
7

lv d +9� 4, yhfwru olvwlqj wkh wkuhh wudqvodwlrqv/ iX� +w
W,j

7
/ dqg

wkh wkuhh urwdwlrqv/ i�� +w
W,j

7
/ ri wkh m0wk vwuxfwxudo qrgh/

k
JW

�76c?

l
lv d +6� 9, pdwul{ wkdw

uhodwhv wkh glvsodfhphqwv ri wkh p0wk dhurg|qdplf qrgh zlwk wkh jhqhudol}hg glvsodfhphqwv ri

wkh q0wk vwuxfwxudo qrgh/ dqg 3 lv d +6� 9,pdwul{ ri }hurv1 Wkh wrs urz ri ^JW
�7 ` lv }hur ehfdxvh

ri wkh erxqgdu| frqglwlrqv1 Wkh ghulydwlrq ri wkh hohphqwv ri wkhvh pdwulfhv lv glvfxvvhg lq

Vhfwlrq 718151

Wr uhodwh wkh vwuxfwxudo irufhv IW7 wr wkh dhurg|qdplf irufhv IW�/ zh uhtxluh wkdw wkh wzr

v|vwhpv ri irufhv eh vwuxfwxudoo| htxlydohqw1 E| vwuxfwxudoo| htxlydohqw zh phdq wkdw wkh wzr

irufh v|vwhpv zloo gr wkh vdph zrun iru dq| yluwxdo glvsodfhphqw/ l1h1/

��Z W
� @ ��Z W

7 +7186,
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zkhuh wkh edu ryhu �Z W
� dqg �Z W

7 lqglfdwhv wkdw wkhvh txdqwlwlhv uhsuhvhqw lq�qlwhvlpdo lqfuh0

phqwv/ qrw wuxh yduldwlrqv> wkh yluwxdo zrun lv jlyhq e|

��Z W
� @ +�XW

�,
A IW� dqg ��Z W

7 @ +�YW
7,

A IW7 +7187,

��Z W
� lv wkh yluwxdo zrun shuiruphg e| wkh dhurg|qdplf irufhv ryhu wkh yluwxdo glvsodfhphqw �XW

�/

dqg ��Z W
7 lv wkh yluwxdo zrun shuiruphg e| wkh vwuxfwxudo irufhv ryhu wkh yluwxdo glvsodfhphqw

�YW
7 1

Kdylqj douhdg| ghflghg krz wkh glvsodfhphqw �hogv ri wkh wzr julgv duh uhodwhg/ zh fdq

xvh Htxdwlrq +7184, wr uhodwh wkh yluwxdo glvsodfhphqwv lq wkh dhurg|qdplf julg wr wkrvh lq wkh

vwuxfwxudo julg dv iroorzv=
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zkhuh wkh vxshuvfulsw FS lqglfdwhv wkdw wkh vhohfwhg srlqwv xvhg wr ghyhors ^JW
�7 ` lq wklv

dssolfdwlrq duh wkh frqwuro srlqwv1

Wkhq wkh uhtxluhphqw wkdw wkh zrun grqh e| wkh wzr irufh v|vwhpv eh htxdo ohdgv wr
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l
IW� +718<,

Vxevwlwxwlqj wkh h{suhvvlrq iru IW7 jlyhq e| Htxdwlrq +718<, lqwr wkh htxdwlrq ri prwlrq iru wkh

zlqj/ Htxdwlrq +6159,/ zklfk iru frqyhqlhqfh lv uhshdwhg khuh=

�t +w, . ^�` t +w, @ W 2
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l
IW� +7193,

Zh gh�qh d qhz pdwul{
k
J��W

��

l
wr uhodwh wkh dhurg|qdplf irufhv wr wkh prgdo irufhv=

k
J��W
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@

�k
J��W

�7
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^�W`gldj
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pW�

�3��A

+7194,

Htxdwlrq +7193, fdq eh uhzulwwhq dv iroorzv

�t +w, . ^�` t +w, @ W 2
�

k
J��W

��

l
IW� +7195,

71814 Wkh Glphqvlrqohvv Irup ri 6W�

Zh frqvlghu qh{w wkh dhurg|qdplf irufh iIW&j� dfwlqj rq sdqho n1 Wklv irufh lv frqvlghuhg wr

eh dssolhg dw wkh frqwuro srlqw dqg lv jlyhq e|

iIW&j� @ �sW& DW& aq& +7196,

zkhuh �sW& @ +sWu,& � +sWL ,& lv wkh suhvvxuh mxps dfurvv wkh sdqho dw wkh frqwuro srlqw n/ dqg

lv gh�qhg dv wkh suhvvxuh ehorz wkh sdqho +srlqw O, plqxv wkh suhvvxuh deryh wkh sdqho +srlqw

X,1 Wklv suhvvxuh mxps lv irxqg iurp Ehuqrxool*v htxdwlrq iru xqvwhdg|  rzv/ Htxdwlrq +51:9,/

dv ghvfulehg lq Fkdswhu 51 DW& lv wkh duhd ri sdqho n/ dqg aq& lv wkh xqlw yhfwru qrupdo wr sdqho

n1

Pdnlqj xvh ri wkh gh�qlwlrq ri wkh suhvvxuh frh!flhqw FR/ jlyhq e| Htxdwlrq +51;6,/ zh fdq

zulwh wkh suhvvxuh mxps dv iroorzv=

�sW& @ +�FR,&
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dqg xvlqj wkh fkdudfwhulvwlf ohqjwk O� / zh fdq zulwh wkh duhd ri wkh sdqho DW& lq whupv ri wkh

glphqvlrqohvv duhd D& dv

DW& @ O2
� D& +7198,

Lqwurgxflqj Htxdwlrqv +7197, dqg +7198, lqwr Htxdwlrq +7196,/ zh rewdlq
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Zh gh�qh wkh glphqvlrqohvv dhurg|qdplf irufh iI&j� dv
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zkhuh QS lv wkh qxpehu ri sdqhov lq wkh dhurg|qdplf phvk1

Wkhq/ vxevwlwxwlqj wkh h{suhvvlrq iru IW� jlyhq e| Htxdwlrq +71:3, lqwr wkh htxdwlrq ri

prwlrq ri wkh zlqj/ Htxdwlrq +7195,/ zh rewdlq
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71815 Wkh Pdwul{ dBW
�7o

Lq wklv vhfwlrq zh glvfxvv krz wkh lqglylgxdo eorfnv wkdw frpsulvh ^JW
�7` duh frqvwuxfwhg1 Hdfk

eorfn uhodwhv wkh wudqvodwlrqv ri d vhohfwhg srlqw rq wkh dhurg|qdplf julg/ srlqw E/ wr wkh
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jhqhudol}hg glvsodfhphqwv ri wkh dssursuldwh qrgdo srlqwv rq wkh vwuxfwxudo julg1 Lq ghyhorslqj

wkhvh eorfnv zh frqvlghu srlqw E wr olh lq d sodqh shushqglfxodu wr wkh xqghiruphg hodvwlf0d{lv1

Wkhuh duh wzr fdvhv= +4, wkh sodqh frqwdlqlqj srlqw E lqwhuvhfwv wkh hodvwlf0d{lv/ dqg +5, wklv

sodqh lqwhuvhfwv dq h{whqvlrq ri wkh hodvwlf0d{lv1 Wkh| duh glvfxvvhg lqglylgxdoo| lq wkh qh{w

wzr vxevhfwlrqv1

Fdvh L= Frqqhfwlrq wr dq Lqwhuqdo Srlqw

Zh vhohfw srlqw E rq wkh dhurg|qdplf julg dqg wkhq �qg srlqw D rq wkh hodvwlf0d{lv ehwzhhq wkh

vwuxfwxudo qrghv L dqg M vxfk wkdw D dqg E olh lq vdph sodqh shushqglfxodu wr wkh xqghiruphg

hodvwlf0d{lv1 Wkh furvv vhfwlrq ri wkh zlqj wkdw frqwdlqv srlqwv D dqg E lv dvvxphg wr eh uljlg1

Wkh srvlwlrq ri srlqw E uhodwlyh wr srlqw D lv jlyhq e| wkh yhfwru uW> vhh Iljxuh 7051 Iru wklv

fdvh/ wkh glvsodfhphqw ri srlqw E lv uhodwhg wr wkh jhqhudol}hg glvsodfhphqwv ri srlqw D e| wkh

iroorzlqj h{suhvvlrq
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zkhuh +uW�> u
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�, duh wkh frpsrqhqwv ri wkh yhfwru u

W/ +xW�> x
W
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W
�,� duh wkh frpsrqhqwv ri wkh

wudqvodwlrq ri srlqw E rq wkh dhurg|qdplf julg/ dqg +xW�> x
W
2> x

W
�> ��> �2> �2,� duh wkh frpsrqhqwv

ri wkh jhqhudol}hg glvsodfhphqw ri srlqw D rq wkh vwuxfwxudo julg> doo frpsrqhqwv duh h{suhvvhg

lq wkh hodvwlf0d{lv frruglqdwh v|vwhp1

Xvlqj wkh fkdudfwhulvwlf ohqjwk O� / zh fdq uhzulwh uW dv iroorzv

uW @ O� u +71:8,
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dqg Htxdwlrq +71:7, ehfrphv
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Wkh glvsodfhphqw �hog lqvlgh hdfk �qlwh hohphqw ghshqgv rq wkh sduwlfxodu nlqg ri �qlwh

hohphqw vhohfwhg lq wkh surfhvv ri glvfuhwl}dwlrq1 Lq jhqhudo/ wkhvh �hogv pd| eh zulwwhq dv olqhdu

frpelqdwlrqv ri wkh vkdsh ixqfwlrqv dqg wkh qrgdo glvsodfhphqwv1 Iru wkh sduwlfxodu �qlwh
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ri vkdsh wkh ixqfwlrqv �Q� wkurxjk �QS/ wkh glvsodfhphqwv xUW� dqg xaW� dv zhoo dv wkh urwdwlrqv
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Iljxuh 705= Frqqhfwlrq wr dq Lqwhuqdo Srlqw
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