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(ABSTRACT) 

Simulation is one of the most important tools for system performance evaluation in 

communication networks as well as many other areas. However, simulation is computa- 

tionally intensive. A traditional sequential simulation of a complex model or a rare-event 

system may require days or even weeks of computer execution time. Therefore, simula- 

tion often becomes a bottleneck of a performance study. With the growing availability of 

multi-processor computing systems (e.g., tightly-coupled parallel computers or distributed 

networks of workstations), parallel simulation, which parallelizes a simulation program for 

execution on multiple processors, becomes an attractive means to reduce simulation execu- 

tion time. 

With few exceptions, existing parallel simulation algorithms can be broadly classified 

into four methods: multiple replication, time-parallel, parallel regenerative, and spacc- 

parallel. Each method is associated with some advantages and limitations. We study these 

methods and propose a number of parallel simulation algorithms for a class of communica- 

tion network systems modeled by queueing systems. 

In multiple replication simulation, each processor simulates a replication of the target 

simulation model independently. Due to the lack of a prior: knowledge about the steady- 

state conditions, an arbitrarily selected initial state is often used for each simulation run. 

This can result in significant bias in the simulation outcome. To reduce this initial transient 

bias, we propose a polling initialization technique, in which a pilot simulation is used to 

find ‘good’ initial states that are representative of the steady-state conditions.



Time-parallel simulation obtains parallelism by partitioning the time domain of the 

simulation model into a number of batches. Each batch is computed by a processor inde- 

pendently. Time-parallel simulation has not been fully explored by the research commiu- 

nity partly because finding the exact initial states for the batches is often challenging and 

problem dependent. We develop two approximation time-parallel simulation algorithins 

for acyclic networks of loss G/G/1/K and G/D/1/K queues. These algorithms exploit 

unbounded parallelism and can achieve near-linear speedup when the number of arrivals 

is large. Two other time-parallel approaches are also proposed for Markov chains. For 

more general simulation models, an approximation approach that uses a substate matching 

technique is presented. 

Parallel regenerative simulation exploits parallelisin by partitioning the simulation tra- 

jectory into a number of regeneration cycles. The amount of parallelism relies on the regen- 

eration frequency of the model. In practice a regeneration state that has a short expected 

regeneration cycle length often does not exist in the target simulation model. As a result, 

a sufficient number of observations can not be obtained in a finite simulation interval. To 

overcome this constraint, we propose a partial regeneration algorithm that uses a substate 

matching technique to increase the number of observations. 

When the memory requirement of the target simulation models exceeds the storage 

capacity of a single processor, space-parallel simulation is an appropriate method. In space- 

parallel simulation, the target simulation model is decomposed into a number of components 

such that each component contains a disjoint subset of the model state variables. Each 

component is mapped into a logical process which is responsible for computing the trajectory 

corresponding to the component over the simulation time interval. An important class of 

space-parallel simulation is the conservative simulation, in which each logical process can 

proceed processing an event only if the process ensures that no event. will arrive later with 

a smaller timestamp. 

A number of previous experimental studies have suggested that lookahcad, a capability 

that allows a simulation to look into the simulation time future, plays an important role in



the performance of the conservative simulation. Although the performance of conservative 

simulation has been the interest in many previous studies, there has been a lack of formal 

arguments to quantify the impact of lookahead to conservative simulation performance. 

To address this question, we develop stochastic models to study the relationship between 

the amount of lookahead and the simulation performance with respect to different model 

topologies. We show that for closed simulation models, the simulation execution time is 

proportional to the amount of lookahead. For open models, on the other hand, lookahead 

is effectively useless when the simulation length is long.
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Chapter 1 

INTRODUCTION 

Simulation has been one of the most important tools to study system performance in 

many areas, such as meteorology, economics, and computer networking, in which analytical 

solutions to estimate the system performance are generally unavailable. However, because 

simulation is computationally intensive, executing a simulation model often requires hours 

or even days of CPU time. The real (i.e., wall clock) time required by executing the 

simulation model is referred to as the simulation execution time. This research studies 

parallel simulation which refers to the parallel execution of a simulation model on multiple 

processors for a purpose of reducing the simulation execution time. 

1.1 Motivation 

Since the first commercial digital network was installed in the U.S. in the early 1960s, 

computer networks have become crucial to information communication and computing. 

New digital carrier technology has increased communication bandwidth by several orders of 

magnitude and the link speed of current internets has a range as large as 1000:1. With such 

a rapid growth of communication networks, many questions are often asked by researchers 

and engineers, such as: What changes must be made to an existing communication net- 

work to allow addition of higher speed connections? What additions or changes must be 

made to an existing network to accommodate a wider range (e.g., voice, video, images) of 

communication services? What type of performance can we expect for a network using new 

technologies? Therefore, tools that can help study the performance of existing or planned 

communication networks are highly desirable.
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1.1.1 Why Simulation? 

When studying the performance of a communication network, experimentation can yield 

important insights about protocols and their implementations. However, experimentation 

is limited by practical consideration to a relatively small number of hosts and network ar- 

chitectures. Communication networks have also been studied using analytical approaches 

for years [8, 17, 51, 79]. However, analytical techniques are often limited in the number 

of network connections that can be analyzed [9, 52, 80] and usually require assumptions 

that are violated by real networks, such as stationary Poisson arrival processes, indepen- 

dent service time distributions, and Markovian routing [33, 42, 46]. In addition, analytical 

techniques often require validation using simulation. This leaves simulation as the only tool 

to study communication networks with arbitrary configurations, traffic, and protocols. 

1.1.2 Why Parallel Simulation? 

A major drawback of simulation is its requirement of intensive computation. Simulating 

a ‘big’ system may require days, weeks, or even months of computer time. A system can 

be big in the following cases: 

1. The state vector of the simulation model consists of a large number of variables. 

2. The event of interest occurs rarely so that a long simulation length is required. 

3. The system behavior is highly variable so that a large number of simulation runs is 

required to obtain a reliable estimate for the ‘average’ system behavior. 

For the first case, consider an Internet model which contains thousands of nodes. Because 

of the large system state vector, simulating such a system needs an enormous amount of 

computer resources, both storage and CPU cycles. 

An example for the second case is an ATM (asynchronous transfer mode) switch, in 

which the cell (i.e., the data unit used in an ATM network) loss rate could be on the order 

of 10~° or lower [28, 85]. To obtain a reliable loss rate estimate, a simulation will require a
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number of cell arrivals that is many times larger than 109. Although some variance reduc- 

tion techniques using importance sampling [40, and references therein], which could largely 

reduce the simulation length (while maintaining an accurate estimate), have been proposed, 

these variance reduction techniques require sophisticated statistical skills to find an appro- 

priate importance sampling distribution. Also, these techniques reveal only the limiting 

distribution of the system and hence can not be used to investigate the dynamic behavior 

of the system [50]. Moreover, systems of interest may include a number of interconnected 

switches. In such cases how to apply the importance sampling technique remains an open 

question [40]. 

To exemplify the third case, consider a connectionless datagram network. Suppose we 

are interested in the frequency that a datagram is routed through a particular node for a 

pair of sending and receiving nodes. If many possible paths are available for a datagram to 

reach the receiving node, then a large number of simulation runs is required for an accurate 

estimate. 

To deal with such a dilemma, parallel processing provides a promising solution to speed 

up simulations. In particular, with the advent of massively parallel computers, where 

hundreds to thousands of processors are connected together in a single computer to provide 

up to teraflop computing power, parallel simulation provides great potential in reducing the 

simulation execution time by several orders of magnitude. 

1.2 Problem Statement and Objectives 

Parallel simulation partitions a simulation for a parallel execution on multiple processors. 

That is, the computation required by simulation is distributed among multiple processors 

so that events are executed by different processors concurrently. Parallel simulation has 

been recognized as a challenging problem [27]. The difficulty is threefold: parallelism, ef- 

ficiency, and accuracy. More specifically, a simulation algorithm has to exploit sufficient 

parallelism to support parallel execution while maintaining low overhead and highly reliable
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estimates. It is usually not straightforward to achieve this requirement. Consider simula- 

tion of a queueing network. To obtain parallelism, we usually divide the set of queues into a 

number of subsets, each computed by a processor [11, 44]. Then the amount of parallelism 

is determined by the number of subsets. To ensure that events are executed in a correct 

order, synchronization is required among the participating processors. However, the syn- 

chronization cost grows (e.g., quadratically for a fully connected network) as the number of 

subsets increases. 

Consider another example where a packet multiplexer modeled by a single server queue 

is simulated. For such a small model, we may simply let each processor simulate the entire 

model independently and then average the results from all runs together in the end to obtain 

an estimate for the measure of interest [37]. To justify the use of multiple processors, the 

simulation time of each processor has to decrease as the number of processors used increases. 

However, this will in turn increase the initial transient bias and hence result in less accurate 

simulation results. 

The objectives of this research work are to: 

1. Explore a variety of methods to obtain a better understanding of parallel simulation. 

2. Develop a suite of useful parallel simulation algorithms suitable for communication 

network models. 

3. Evaluate the performance of the proposed algorithms analytically or experimentally, 

or both. 

4. Identify the limitations of the proposed algorithms with respect to model character- 

istics such as topology and workload. 

1.3. Organization 

This dissertation is organized as follows: In Chapter 2 we review four major parallel sim- 

ulation methods: multiple replication, time-parallel, parallel regenerative and space-parallel.
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The advantages and limitations of each method are identified. Chapter 3 describes the sim- 

ulation models considered in this research. In Chapter 4, use of parallel processors through 

multiple replication simulation is studied. The problem of initial transient bias is addressed. 

A polling initialization technique that deals with this problem is proposed. Chapter 5 de- 

velops a set of time-parallel simulation algorithms for a variety of simulation models. In 

Chapter 6, we consider parallel regenerative simulation. Theories of regenerative simula- 

tion are reviewed. Limitations that arise when applying this approach to practical models 

are addressed. A partial regenerative algorithm that enhances the applicability of parallel 

regenerative simulation is proposed. In Chapter 7, space-parallel simulation is investigated. 

We examine the impact of lookahead to the conservative space-parallel simulation. We for- 

mally derive the relationship between lookahead and the simulation performance for both 

open and closed simulation models. Chapter 8 summarizes this research and suggests some 

avenues for future research.



Chapter 2 

PARALLEL SIMULATION PRIMER 

The time evolution of a simulation model can be viewed as a realization of a random 

process X = {X(t),t > O}. Therefore, the execution of a simulation model is a process 

of computing a sample path of the corresponding random process. A number of parallel 

simulation algorithms have been proposed in the past [13, 27, 38, 47, and references therein]. 

With few exceptions, each of these algorithms falls into one of the following four methods: 

multiple replication, space-parallel, time-parallel, and parallel regenerative. Each of these 

methods will also be referred to as a framework of parallel simulation. These methods are 

reviewed individually in the following sections. 

2.1 Multiple Replication Simulation 

Consider the case when X(t) converges in distribution to some random variable X as 

t — oo. If the goal of simulation is to estimate the steady-state mean wp = E(X) = 

(1/T) fo X (t)dt, where rt —> ov, then an intuitive parallel simulation approach is to make 

each processor simulate a replication (representing the entire simulation model) of the 

stochastic process independently beginning with a fixed state for a pre-deterinined siin- 

ulation run length T > 0. When all runs are completed, the results from the runs are 

then averaged together to obtain an estimate for the measure of interest. This approach is 

referred to as the multiple replication method [37, 32]. We discuss how to construct a point 

estimate and a confidence interval using this approach next. 

Let P denote the number of processors. Also, let M; and Y;;, respectively, denote the 

number of observations and the j*" observation generated by processor 7,1 <i < P, during



CHAPTER 2. PARALLEL SIMULATION PRIMER 

the simulation such that 
tes 

¥;; = | X(t)dt, 
tia 

for some 0 < t;;-1 < ti; < T. Then each processor 7 obtains an estimate for x, denoted Y,, 

where M. 

to T . 

Then an obvious estimator for yz, denoted i;(P,T), based on Y,’s can be obtained by: 

, wie Vi 
P,T)= “=. fu (P,T) P 

By the central limit theorem, we can obtain an approximate 100(1— a) percent confidence 

interval for ps by: 

  

S*(P) 
my (P,T)+ 23 4 , fer ( J+ 1~a/2 P 

where S?(P) = a inf (PTY is the sample variance, and z,_,/2 is the upper 1 — a/2 

critical point for the standard normal distribution (i.e., N(0,1)). 

Multiple replication simulation is attractive due to its simplicity (each processor in fact 

performs a sequential simulation) and low overhead (no communication is required among 

processors during the simulation). However, because a simulation generally does not start. 

from the ‘steady-state condition’ (which is unknown before the simulation) of the system, 

the transient period before the system reaches the steady-state will thus cause a bias in the 

simulation outcome. Also, in a simulation where rare events are of interest (e.g., cell losses 

for an ATM switch), a long simulation run (as opposed to multiple short runs in a multiple 

replication simulation) is required to obtain a reliable estimate. Moreover, Heidelberger [37] 

has shown that when the number of processors is large, multiple replication simulation is 

not statistically efficient. Generally speaking, multiple replication simulation is appropriate 

only if all of the following conditions are satisfied: 

1. The memory requirement of each replication does not exceed the memory of a single 

processor.



CHAPTER 2. PARALLEL SIMULATION PRIMER 

2. The initial transient period is short. 

3. The number of processors is relatively small. 

4. Rare instances are not the main interest of the simulation. 

5. For a trace-driven simulation the number of processors usable is bounded by the 

number of traces available. 

2.2. Time-Parallel Simulation 

Chandy and Sherman [13] proposed a space-time model which describes simulation as 

a process of filling-in a space-time rectangle. The space-time model suggests that paral- 

lelism can also be obtained through a time-domain partitioning. Time-parallel simulation 

that uses time-domain partitioning can be generally described as follows. Suppose that 

a simulation model has M state variables, v,,v2,...,uy¢. Let v,(t) denote the value of 

state variable v, at t. Then the system state at time t is represented by an M-tuple: 

X(t) = (v,(t), ve(t), ...vag(t)). Let ty, te,...,tnp, where 0 < ty < tg... < ty, < 7, be 

all the time points when the system changes its state. The trajectory of a simulation 

model represented by a random process X(t) in the simulation time interval [0,7] can 

be represented by the sequence X(0), X(ti),...,X (tn), where X(0) is the initial state 

of the system. In a time-parallel simulation, the simulation time interval is partitioned 

into P intervals: (bo, bi], (61, 2],..., (bp-1, bp], where 0 = by < by... < bp = 7, and 

{bo,..., bp} N {ti,...,tn} = 0. The subtrajectory in interval [b,_,,b,] for k = !, and 

(by—1, 64] for 1 < k < P, is referred to as batch k. Then X(by_1) and X (by) are the initial 

state and final state, respectively, of batch k. In time-parallel simulation, each batch is 

computed concurrently by a processor. 

Because of its time-domain partitioning, time-parallel simulation can potentially yield 

massive parallelism even when the simulation model is small (e.g., [34]). However, to achieve 

efficient time-parallel simulation, the batch initial states have to be determined efficiently.
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That is, a prediction of states that occur in the simulation time future is required. This 

limits the applicability of time-parallel simulation. Most existing time-parallel simulation 

algorithms are designed for specific models, for instance, queueing systems [34, 59, 67, 88, 

89, 90], Markov chains [4], and cache memory systems [39]. 

2.3. Parallel Regeneration Simulation 

A random process is said to be regenerative if there exists an increasing regeneration 

time sequence to, t;,...,tn (where tg = 0), such that processes defined in the time intervals 

[to, t1), [t1, t2),... are independent and identically distributed (IID) replications. The time 

interval between two consecutive regeneration times is called a regeneration cycle. The 

system state at the regeneration time points to,t,,... is referred to as the regeneration 

state. For example, in a GI/G/1 queue, the system reaches a regeneration state whenever 

a job arrives at an empty queue as illustrated in Figure 2.1. 

Because the process in each regeneration cycle is IID, this property provides potential 

parallelism for parallel simulation. For example, in Figure 2.1, each processor can simu- 

late the process for one regeneration cycle independently. That is, the model trajectory is 

partitioned at the regeneration time points (i.e., to,t),...). Therefore, parallel regeneration 

simulation can be viewed as a special case of time-parallel simulation. Because regeneration 

simulation represents a very important class of simulation, we consider this approach in- 

dividually. Most previous research in parallel regeneration simulation is due to Glynn and 

Heidelberger [31, 38]. 

The regenerative structure of a random process allows us to construct an accurate point 

estimate and a confidence interval for the measure of interest. Further details of parallel 

regenerative simulation will be given in Chapter 6. The regenerative structure also allows 

us to partition the execution of a simulation easily. However, a (parallel) regeneration 

simulation requires that the target process regenerates frequently so that sufficient ITD 

observations can be obtained in the desired simulation time interval. This requirement
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Figure 2.1: A trajectory of a GI/G/1 queue. The system regenerates at to, t), te, and ts. 

largely limits the applicability of regeneration simulation. 

2.4 Space-Parallel Simulation 

Space-parallel simulations decompose a simulation model into a number of components 

from the space domain of the model, such that each component contains a disjoint subset of 

the model state variables. Each component is mapped into a logical process (LP) which is 

responsible for computing the values of the state variables of the corresponding component 

over the simulation time interval. Each LP maintains a local clock whose value is equal to 

the timestamp of the last event processed by the LP. To avoid causality errors (i.e., events 

executed out of order), synchronization among LPs is required. LPs communicate with each 

other by passing time-stamped messages. 

Two important classes of space-parallel simulations are the conservative and the opti- 

mistic approaches. The major algorithmic difference between these two is that conservative 

approaches strictly avoid causality errors, while optimistic approaches allow causality errors 

and provide mechanisms to correct them. The first algorithms that used the conservative 

approach were developed by Chandy and Misra [11], Bryant [10], and Peacock et. al [73]. 

Jefferson and Sowizral’s [43] Time Warp mechanism developed in 1982 is the first work 

using the optimistic approach. 

10
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2.4.1 Conservative Approaches 

In conservative simulation, the communication channel between any pair of LPs is mod- 

eled by a link which is specified statically. That is, all possible communication between two 

LPs has to be identified before the simulation run. For each LP, an event, denoted e, can be 

executed if and only if (1) e has the smallest timestamp among all events that have arrived, 

and (2) it is guaranteed that all events that arrive later will not have a timestamp smaller 

than that of e. This policy ensures a correct execution (i.e., by the order of timestamps) of 

events throughout the simulation. However, it can also cause an LP to block unnecessarily. 

More details of the conservative approach will be discussed in section 7.1. 

2.4.2 Optimistic Approaches 

In contrast to conservative approaches, optimistic approaches do not prohibit causality 

errors from occurring. The following discussion of the optimistic simulation is based on 

Jefferson’s Time Warp mechanism [44], which is the first optimistic simulation algorithin. 

In an optimistic simulation, each LP maintains one input message queue, which receives all 

messages sent to the process. The messages in the queue are sorted by their timestamps. 

The LP always executes the next smallest time-stamped message in the queue. When an 

LP receives a message with a timestamp, say t, smaller than the timestamp of a previously 

processed message, a causality error occurs and the process has to roll back to a simulation 

time point earlier then t. If some messages with timestamps greater than ¢ have already 

been send to other LPs before the rollback, these messages have to be canceled or unsent. 

To unsend a message, the process sends an anti-message to annihilate the message to be 

canceled. If the message to be canceled has already been processed by the destination 

process when the corresponding anti-message arrives, a rollback in the destination process 

is again required. 

To accomplish rollbacks, each LP has to save the system states periodically. To bound 

the amount of storage required by such state saving and to determine when the simula- 

1]
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tion may terminate, an optimistic simulation periodically calculates the global virtual tamc 

(GVT), which is a lower bound on the earliest simulation time to which any LP can roll 

back. In other words, all computation before the GVT is guaranteed to be correct, and 

hence all saved system states whose simulation times are smaller than the GVT can be 

discarded. 

Space-parallel simulation is appropriate when the target simulation model is large such 

that the entire model can not fit into a single processor. However, process synchronization 

for a space-parallel simulation is relatively difficult to implement and usually costly. The 

performance (in terms of the execution time) of the simulator is highly model dependent and 

hence is often unpredictable. Also, the speedup of a space-parallel simulation is bounded 

by the number of logical processes. For models with few components such as a single 

queue, space-parallel simulation is not viable because the limited number of components 

limits spatial parallelism. A number of variations on the Time Warp mechanism have been 

proposed in the literature. They include lazy cancellation [29], lazy reevaluation [93], moving 

time windows [81], wolf calls [62], direct cancellation [26], and limited optimism [78]. 

2.5 Summary 

In this chapter, we review the four major parallel simulation methods. Advantages and 

limitations of these methods are identified. A summary is given in Table 2.1, where MR, TP, 

PR, and SP represent multiple replication, time-parallel, parallel regenerative, and space- 

parallel, respectively. It is clear that for a given problem, a method has to be carefully 

chosen in order to achieve a ‘good’ result, where parallelism, efficiency, and accuracy are 

properly addressed. Table 2.1 and Figure 2.2 give a general guideline for selecting a method. 

However, the performance and applicability of a particular algorithm are often affected by 

subtle changes in the simulation model (e.g., the value of a numerical or a topological 

parameter). Thus, it is impossible to give rules that derive absolute answers as to what 

method to use without considering the problem specifically. 

12
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Table 2.1: A summary of the advantages and limitations of parallel simulation methods, 
where MR, TP, PR, and SP represent multiple replication, time-parallel, parallel regenera- 

tive, and space-parallel simulation, respectively. 

Advantages Limitations 
  

MR simple to implement, 

efficient execution, 

generate IID observations. 

small models only, 

results subject to initial transient bias, 

need multiple traces for trace-driven simulations, 

not suitable for rare event simulation. 
  

  

  

TP | potential massive parallelism. | implicit parallelism difficult to discover, 

model dependent algorithms. 

PR | generate IID observations, regenerative systems only, 

simple to implement. steady-state simulation only. 

SP | provide explicit parallelism, limited parallelism for small models,   allow large simulation models.   difficult to implement, 

difficult to predict performance, 

high execution overhead. 

14



Chapter 3 

SIMULATION MODELS 

Four fundamental parallel simulation methods have been discussed in the last chapter. 

In the subsequent chapters we develop a number of parallel simulation algorithms based 

on these parallel simulation methods. Each of these algorithms is evaluated empirically 

with at least one simulation model. This chapter describes the simulation models that are 

considered for the evaluation of the proposed algorithms. 

3.1 Multiplexer and Switch 

A communication network consists of a set of computers, or nodes, which are intercon- 

nected by physical transmission channels. A host is a node which transmits and receives 

data onto and from the network. A switch is a node which routes data by diverting the 

traffic that enters the node from its input channel(s) to its output channel(s). A multiplexer 

is a device which receives traffic from several sources and merges them into a single out- 

put channel to share the bandwidth of the channel. In general, there are three multiplexing 

schemes: statistical multiplexing, time-diviston multiplexing (TDM), and frequency-division 

multiplexing (FDM) [8, pp. 52,150-151]. In statistical multiplexing, all traffic streams are 

merged into a single queue and data are transmitted in a first-come first-serve basis. In time- 

division multiplexing, multiple source bitstreams are multiplexed into successive frames of 

one bitstream. Each frame contains multiple fix-sized slots, one for each source bitstream. 

In frequency-division multiplexing, a physical channel is shared by multiple streams of sig- 

nals, each constrained to a different portion (in terms of signal frequency) of the available 

bandwidth. Statistical multiplexing is the most commonly used scheme for computer com- 

15
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Figure 3.1: A multiplexer. 

  

munication networks. Thus, we consider only statistical multiplexers. 

A multiplexer can be modeled by a loss G/G/1/K queue (Figure 3.1) which receives 

packets from severa] sources and merges thein into a single output stream. Any packet tliat 

arrives at a full buffer will be droppcd, representing a packet loss due to a buffer overflow. A 

switch can thus be modeled by a set of loss G/G/1/Ix< queues, which routes arriving packets 

from multiple sources to selected destinations. 

3.2 Virtual Circuit 

Based on the switching technology, communication networks can be divided into two 

types: circutt-switched and packet-switched. In a circuit-switched communication network, 

before a transmission between any pair of nodes starts, a circuit, or the path through 

which the bitstream will be transmitted to the destination, has to be established. A circuit 

once established will be dedicated to this connection during the transmission. The classic 

example of a circuit-switched network is the public telephone system. 

In packet-switched networks, bitstreams are grouped into smaller pieces called packets. 

Each packet carries additional information which identifies the destination of the packet. 

such that multiple communications among computers can proceed concurrently. There are 

two data transmission modes in packet-switched networks, namely connection-ortented and 

connectionless 

The connection-oriented mode is similar to circuit switching; before a transmission be- 

tween a pair of computers begins, an end-to-end path called virtual circuit (VC) las to be 

16
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Figure 3.2: A virtual circuit with a sliding-window control. Acknowledgments are trans- 

mitted back to the source node via the feedback connection. 

  

  

  

set up. Unlike a circuit, a VC (or a portion of it) can be shared by multiple connections. 

To control the amount of traffic admitted to a VC and to ensure correct data transinission 

over the VC, an end-to-end control mechanism is required. We consider the sliding-window 

mechanism [79, section 5.2]) which is commonly used in computer communication networks. 

A VC with a sliding-window control is often modeled by a queueing network [79, section 

5.2.2] as depicted in Figure 3.2. A sliding-window control mechanism allows packets to be 

transmitted onto the circuit only if there are less than Nw (or the window size) outstanding 

packets of the connection in the VC. When the destination node receives a packet from the 

source node, the destination node acknowledges the source node the reception of the packet. 

Acknowledgments are assumed to be transmitted at a higher priority than regular packets, 

so the transmission of the acknowledgments is modeled by a direct connection from the 

destination node to the source node as shown in Figure 3.2. Node 0 is a virtual node used 

to model the arrival process of the source node. When there are Nw outstanding packets 

from the source node in the VC, node 0 is empty so that no more packets will be transmitted! 

onto the circuit. Otherwise, packets enter the VC at an arrival rate of Xo. 

3.3. Datagram Network 

In contrast to connection-oriented transmission, in connectionless transmission no ded- 

icated connection is established. Instead, each individual packet (sometimes referred to as 

a datagram) is routed independently from one end to another. Datagrams may thus arrive 

17
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Figure 3.3: Feed-forward queueing models. Each model contains 7 queues. 

at the destination node out of order. Also, the datagram may be lost, duplicated, or de- 

layed, but the sender will not be informed for such conditions [16, Chapter 7]. Therefore, 

connectionless transmission provides unreliable service. Due to the lack of ‘hand-shaking’ 

between the sender and the receiver, a network which provides connectionless transmission 

(referred to as a datagram network) can be modeled by an acyclic feed-forward queueing 

network (assuming that a datagram will not visit a node for more than once). 

There are three basic components for acyclic feed-forward networks: fork, merge, and 

tandem (e.g., Figure 3.3). All feed-forward queueing networks are compositions of these 

three basic structures. 

3.4 Central Server System 

Many empirical studies of parallel simulation (e.g., [25, 45, 77, 86]) have used the central 

server system as shown in Figure 3.4 as a benchmark model for performance evaluation. 

The system consists of a CPU, two disks, and an arbitrary number of jobs which circulate 
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Figure 3.4: A Central Server System. The number associated with each arc represents tlie 

probability of the transition corresponding to the arc. 

around the system. Each job, after being served by the CPU, is routed randomly to one of 

the two disks or back to the CPU for service based on a probability distribution. 

3.5 Summary 

This chapter describes the simulation models considered in this research. The models 

focus on computer systems, particularly communication networks, that can be modeled by 

queueing systems. 
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Chapter 4 

MULTIPLE REPLICATION SIMULATION 

This chapter discusses multiple replication simulation which is suitable for small mod- 

els with a short initial transient period (Table 2.1 and Figure 2.2). One major difference 

between multiple replication simulation and other methods (i.e., time-parallel, parallel re- 

generative, and space-parallel) reviewed in the last chapter is that in multiple replication 

simulation, multiple short trajectories are computed, while in other methods, one long 

trajectory is computed. 

Let {X(t),t > 0} be a random process representing the target simulation model. Sup- 

pose X(t) > X, where t - co and x = F(X). Recall the discussion in Chapter 2 that in 

multiple replication simulation, each processor estimates yp by computing: 

vel pf xwa 1— Fh t)at, 7 | (t) 

where 7 is the simulation run length for each processor. Then an estimator for « can be 

given by: >< 

in (P,T) = Pret 

Heidelberger [37] showed that the expected initialization bias of ~(T) can be generally 

assumed to be |u — E(ji(r))| = n/7r for some constant 7 > 0. Then based on the Strong 

Law of Large Numbers, we can see that the estimator /1;(P, 7) converges to a wrong value 

(i.e., E(ji(7)) with probability one as the number of processors P increases. 

To improve the accuracy, we may run the simulation for a long time to alleviate the 

initial transient bias. However, this imposes a large lower bound on the simulation time 

regardless of the number of processors available. In this chapter, we first review two bias- 

control techniques in sections 4.1 and 4.2. In section 4.3, we propose a multiple replication 
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simulation algorithm that allows short simulation runs while maintaining high accuracy. 

Some experimental results of the proposed algorithm are given in section 4.4. 

4.1 Multiple Replication Simulation with Deletion 

A commonly suggested solution to control the initial transient bias is to discard the 

observations computed in an estimated initial transient (or warm-up) period [0,t,,), where 

tw > 0 is the estimated entry time point to the steady-state. That is, for each processor 2, 

an estimate is computed by: 

] T 

X (t)dt. Y; (tw) = Tot :   

The multiple replication approach with such warm-up deletion will be referred to as thie 

MR-D approach throughout our discussion. 

For parallel simulation, the use of multiple processors is justified by a shorter simulation 

completion time or using fewer overall CPU cycles while achieving the same level of accu- 

racy that would have been achieved by a sequential simulation. Therefore, for the MR-D 

approach, when the number of processors P increases, the simulation length of each proces- 

sor must decrease accordingly. When the simulation length of each processor becomes too 

short, the MR-D approach will fail to remove the initial transient bias. Therefore, it is im- 

portant that the multiple replication simulation starts from a state that is relatively ‘close’ 

to the steady-state condition in order to achieve a small initial transient. For queueing 

systems, Kelton (49] has shown that, an initial state that is as congested as the steady-state 

(in terms of the number of jobs that exist in the system) can induce comparatively short 

transients. However, due to a lack of a priori knowledge of the steady-state, an initial state 

is usually selected arbitrarily and thus significant bias may result. 

4.2 Multiple Replication Simulation with Random Initialization 

To deal with the initial transient problem, Kelton [49] proposed a random initialization 

approach, which assumes that the set of all possible initial states of the simulation model 
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can be represented by a finite integer set J. = {1,2...,r}. The random initialization 

approach first conducts a short pilot simulation run and records the ‘maximum’ state m <r 

that is observed during the pilot simulation run. Then the initial states of the actual 

production runs are selected randomly from {1,2...,m}. This approach, however, still faces 

the problem of initializing the pilot run. Kelton has suggested deterministic initialization 

for the pilot run. 

Kelton has shown that this random initialization approach usually results in a smaller 

bias than a deterministic initialization. However, this approach is not appropriate for 

massively parallel simulation. This is because when P is large, the pilot simulation run 

length needs to be short (in order to achieve a short completion time) and thus the resultant 

upper bound m will be relatively close to the initial state of the pilot simulation. Hence, the 

resultant maximum state will be inaccurate. In the next section, we present a stochastic 

initialization approach suitable for parallel simulation. 

4.3 Multiple Replication Simulation with Polling Initialization 

Let {X,(t),t > 0} represent the random process representing the target simulation model 

with an initial state s € J, (ie, X,(0) = s). Let a(s,T) = 4 fi) X,(t)dt and b(s,T) = 

|4(s,T) — p| be the initialization bias for ji(s,T). We assume that FE (b(s,7)) decreases 

monotonically as T increases (alternatively j:(s, T) converges monotonically toward 1). This 

assumption has been shown to hold for a wide range of models [48, 37]. 

Suppose there exists a state s,»; € J, that is sufficiently representative of the steacy- 

state condition such that b(sop,T) < 6(s,T) for all T > 0 and s # 8s ,;. Because $,,; is 

generally unknown, our approach uses a pilot simulation that applies a polling initialization 

(PI) technique to determine a small interval [a,b] (where a € I,,b € I,, and a < 6) which 

is likely to contain sp. Then the initial states of the actual production runs are selected 

randomly from the range [a,b]. Assuming that P is a multiple of r (the cases where this 

assumption is not true will be discussed later), the PI pilot simulation is described by the 
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following steps: 

PI Pilot Simulation 

1. For all s € J,, perform the following steps concurrently: 

(1) Start P/r independent runs concurrently, one processor for each run, to simulate 

the target system starting from state s for a length Tp. For each run, if the 

resultant estimate ji(s,Tp) > ji(s,Tp) for some pre-determined intermediate 

time point Tp, 0 < Tp < Tp, we say state s ‘wins’ an h-vote, otherwise (i.e., 

f(s, Tp) < fi(s, Tp)) s wins an l-vote. 

(2) Calculate the total numbers of h-votes and ]-votes won by state s. If the number 

of h-votes is greater than |-votes, label s with an ‘h’, otherwise label s with an 

T’. 

2. Compute an interval [a,b] based on the following rules: 

(1) If all states are labeled with /'s, let a=b=1. 

(2) If all states are labeled with h’s, leta=b=r. 

(3) Otherwise, let a = max{k,1} such that state k + 1 is the only state labeled / in 

{1,2,...k +1}. Let b = min{k,r} such that state k — 1 is the only state labeled 

hin {k-1,k,...,r}. 

3. For each processor 7,1 <i < P, randomly select an initial state from [a, b]. 

In the actual production runs, the processors concurrently simulate the system for a fixed 

length T > 0 using the initial states obtained from the PI pilot runs and then compute au 

estimate for « using estimator jt;(P,T). We refer to this approach as MR-PI. 

In the PI pilot simulation, step 1 performs a test for each state s, in which P/r indepen- 

dent pilot runs are performed concurrently. For each run, if ji(s, Tp) > f(s, Tp), it gives a 

strong indication that ji(s,7) is converging toward yz from below. Hence, we ‘guess’ that 
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Figure 4.1: Examples of convergence curves. 

S < Sop: by issuing an h-vote. Similarly, if (s,Tp) < f(s, Tp), we guess s > Sop by issuing 

an l-vote. The outcome of the test (i.e., Sop > 5 OF Sop: < 8) is determined by the majority 

of the votes (we break a tie by favoring |-vote). Based on these tests, step 2 obtains an 

interval [a, b] that is likely to contain s,,;. The lower bound a is obtained in a way that a is 

the largest number satisfying that all states in J, = {1,2,...,a} are labeled with an h (so 

that we are ‘confident’ in predicting that sop: > a). If I, = @ (ie., state 1 is labeled with 

1), we let @ = 1. The upper bound 0 is determined in the same manner. 

Let p(s, Tp) denote the probability of each guess (as a result of a pilot run) being 

correct for state s. Apparently, p(s, Tp) increases as Tp increases. Also, p(s,Tp) is a 

function of the initial state s because the convergence rate typically depends on the initial 

state. This is illustrated in Figure 4.1, where the top curve (corresponding to s2) shows 

a stronger convergence tendency in the initial transient period. Thus, we expect that 

p(se, Tp) > p(si, Tp). 

Let p,(s,Tp) and pj(s,Tp) represent the probabilities that state s is labeled A and 1, 
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respectively. Then 

  

P 
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0 otherwise.   
Then the probability that the PI pilot simulation finds an interval containing 5,)¢ is given 

by: 

prob{a < Sopp <b} = 1 (prob{a > Sopt} + prob{b < Sopt}) 

= 1- (Tet **pa(s, Tp) + Ty =5,y.-1Pt(8, TP) J 

Assume that p(s,Tp) > 0.5 for any s and Tp. If we assign the outcome of each vote a 

numerical value (e.g., 1 for h-vote, 0 for |-vote), then based on the Law of Large Numbers 

we can see that prob{a < sop: < b} 4 1 as P + oo. That is, the region [a, b] will almost 

always contain ~ when P — oo. Also, the interval of [a,b] is expected to decrease as P 

increases. 

Let wa, = b-— a+ 1 denote the ‘width’ of the interval [a,b]. It can be derived that 

r r 

E(wa,) =r YS (s ™ 1)[pi(s+ 1, Tp) j= pa(s, Tp)] ~ So(r ~ s) [p(s ~ 1, Tp) Tj-,pi(s, Tp)]. 

s=1 s=l
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Initial State 

  

    
Figure 4.2: An example of a convergence curve. 

where 

pi(s+1,Tp) = p(s+1,Tp) if s+1<r, 

1 otherwise, 

and 

p(s —1,Tp) = 4 PMS h Tp) ifs—121 

1 otherwise. 

We have assumed that fi(s,T) converges monotonically toward p. It should be noted 

that this is not a necessary condition to apply the PI approach because the purpose of the 

PI pilot simulation is simply to obtain an initial state that is relatively close to p. For 

example, for a convergence curve as shown in Figure 4.2 (where the convergence is not 

monotonic), the PI technique is viable when Tp and Tp are properly chosen. 

An application of PI pilot simulation is shown in Figure 4.3 for an M/M/1/10 queue. The 

state of the queue is represented by the queue length. Let A and yz represent the average 

arrival rate and service rate, respectively of the queue. For A = 90,y = 100, P = 1000, 

T, = 20 and T) = 0, the PI pilot simulation obtains an interval [3,4] for the initial queue 

length (the analytical result for the average queue length is 3.97). Note that, for the cases 

when P < r, we may simply group /, into P subsets and apply the PI pilot simulation by 

treating each aggregated state as a single state. Then an initial state may be randomly 
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Figure 4.3: An example of the PI pilot simulation. The queue length process of an 

M/M/1/10 queue is considered, where P = 1000, Tp = 20, Tp = 0, A = 90, and uw = 100. 

The pilot simulation obtains an interval [3,4] for sopt. 

chosen from the original states corresponding to the resultant aggregated state. 

4.4 Experimental Results 

This section empirically evaluates the performance of the MR-PI approach against the 

MR-D approach and for some queueing models. 

4.4.1 Multiplexers 

We first consider a loss G/G/1/K queue which is often used in modeling multiplexers 

(Figure 3.1) or other components in communication networks. The loss G/G/1/IX model 

can be represented by a regenerative process {NAT (t),QL(t),ST7;(t),t > 0}, where NAT, 

QL,and ST;,1 <7 < K are the time interval before the next arrival time, queue length, and 

the remaining service time of the j** job in the buffer (ST; = 0 for 7 > QL), respectively. 

Supposed we are interested in the average queue length. For the MR-PI runs, the initial 
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value for NAT is drawn from the interarrival time distribution, while the initial values of 

ST;, 1 < 7 < QL, are drawn independently from the service time distribution. For the 

MR-D runs, the queue are idle initially. 

The M/M/1/100 queue and I'(2)/D/1/100 queue are subjected to experimentation, 

where ['(2) denotes the gamma distribution with a shape parameter 2. Note that, the 

M/M/1/K model is considered because an analytical solution is readily available. In our 

experiments, we let 4 = 100 and A = 50,70,90,100 and 110, respectively to represent 

low to overloaded traffic conditions. Under each traffic condition, P = 107, 10°, and 104, 

respectively. For the MR-D simulation, the length of each run is approximately 104/P 

simulation time units. A variety of warm-up period lengths ranged from 0% to 90% of 

the total simulation length are tested. For the MR-PI simulations, we arbitrarily let Tp = 

2000/P (i.e., 20% of the MR-D run length) and Tp = 0. For a fair comparison, the MR-D 

and the MR-PI runs use the same overall simulation time units. That is, the lengths of the 

MR-PI production runs are approximately equal to 8000/P simulation time units. 

Experimental results are given in Tables 4.1 and 4.2, where MR-D, represents MR-D 

simulation with the first 7% of the simulation time interval deleted. We define the statistical 

efficiency of a simulation to be the ratio of the simulation error to the total simulation time 

spent. Then the normalized simulation errors shown in the square brackets in the tables 

indicate the statistical efficiencies of the simulation runs. 

By comparing the MR-PI and the MR-Dg runs (because both of them does not perform 

transient period deletion), it shows that the MR-PI approach almost always produces better 

results. In many cases, the MR-PI approach is more accurate than the MR-D approach 

for all deletion lengths (Note that, for the MR-PI simulation, warm-up deletion can also be 

applied to further reduce the bias). This is due to the PI pilot simulation which enables the 

MR-PI to start with a state that is more representative of the steady-state. The MR-Dy 

runs are competitive in accuracy only when the traffic load is low (e.g., A/j = 0.5). This is 

because QL = 0 is a ‘good’ initial state for a light traffic load. As P or A/j increases, the 

initial transient increasingly impairs the accuracy of the MR-D approach. When P > 1000 
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Table 4.1: The average queue lengths with approximate 90% confidence intervals of the 

M/M/1/100 model. Values in row ‘EXPECT’ are computed analytically. The values in the 

square brackets show the normalized errors against the expected values. Absence of a value 

in square brackets denotes an error no more than 1.0%. 

Average Queue Length (M/M/1/100) 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

P Approach | A/#=0.5 | A/p=0.7) | A/p =0.9 | A/p =1.0 A/p=l.l 
EXPECT | 1.0 2.333 8.997 50.0 90.007 

MR-PI  [1.00(£.01) | 2.34(+£.03) | 8.90(£.32) | 49.49(41.53) | 90.12(4.31) 
[1.0%] 

MR-Dp | 1.01(£.01) | 2.35(£.03) | 9.20(4.33) | 47.13 (£1.67) | 86.54(£.40) 
[2.2%] [5.7%] [3.8%] 

100 | MR-Dy [1-0(+.01) | 2.34(£.03) | 9.15(+.30) | 51.85(42.12) | 90.01(4.33) 
[1.7%] [3.7%] 

MR-Dso_ | 1.00(4.01) | 2.32(£.03) | 8.94(+.39) | 50.30(42.23) | 90.00(+.38) 
MR-Doo | 1.00(£.02) | 2.31(£.07) | 9.98(41.1) | 48.56(£3.91) | 89.51(+.84) 

[10.9%] [2.9%] 
MR-PI 1.00(+.01) | 2.33(+.03) | 8.54(+.22) | 46.73(+1.06) | 90.64(+.25) 

[5.1%] [6.5%] 
MR-Dy [1.00(4.01) | 2.31(£.02) | 8.33(+.21) | 38.16(4.84) | 60.69(4.73) 

[7.4%] [23.7%] [32.6%] 
1000 | MR-Dyy [1.00(£.01) | 2.35(£.03) | 8.56(+.23) | 42.19(+.99) | 68.44(+.82) 

[4.9%] [15.6%] [43.5%] 
MR-Dso [1.00(£.01) | 2.34(£.03) | 9.31(+.32) | 46.31(41.16) 81.53(+.78) 

[3.4%] [7.4%] [9.4%] 
MR-Dgo | 1.03(£.01) | 2.37(£.06) | 9.12(+.38) | 48.08(41.42) | 87.04(4.74) 

[3.0%] [1.7%] [1.3%] [3.6%] [3.3%] 
MR-PI_ | .95(£.01) | 2.43(+.02) | 6.38(+.06) 55 .18(4.4) | 93.96(+.06) 

[4.0%] [4.3%] [29.1%] [10.4%] [4.4%] 
MR-Dy | .96(£.01) | 2.08(+.02) | 5.62(+.06) | 27.40(+.24) | 14.14(+.12) 

[4.0%] [10.7%] [37.5%] [45.2%] [84.3%] 
10000 | MR-Dzo ‘| 1.01(+.01) | 2.27(£.02) | 6.11(+.07) | 30.37(+.28) | 16.76(+.15) 

[2.6%] [32.1%] [39.3%] [81.4%] 
MR-Dso | .99(£.01)  2.30(+.03) | 6864.09) | 35.8 4(4.36) | 20.10(+.24) 

[1.3%] [23.7%] [28.9%] [77.5%] 
MR-Doy [1.00(£.01) | 2.46(+.04) | 7.44(4.11) | 38.96(443) | 24.71(+.24) 

5.6%] [17.3%] [22.1%] [72.5%]   
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Table 4.2: The average queue lengths of the ['(2)/D/1/K model with approximate 90% 
confidence intervals. Each entry in row ‘EXPECT?’ is estimated by a simulation of 10 

independent replications for a total of 10® arrivals. The values in the square brackets are 

the normalized errors against the ‘EXPECT’ values. Absence of a value in square brackets 

denotes an error less than 1.0%. 

Average Queue Length (I'(2)/D/1/100) 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

            

Pp Approach | A/p =0.5 A/p =0.7 A/p =0.9 A/p =1.0 A/p=1.1 

EXPECT | .588 1.045 2.836 50.682(+.358) | 97.28 
MR-PI .589(+.001) | 1.048(+.004) | 2.84(4.04) | 49.19(42.52) | 97.27(+.05) 

[3.0%] 
MR-Do .089(+.001) | 1.047(+.004) | 2.83(4.04) | 45.41(42.31) | 92.53(4.20) 

[10.4%] [4.9%] 
100 | MR-Dao .088(+.002) | 1.048(+.004) | 2.86(+.05) | 48.60(42.71) | 97.32(+.05) 

[4.1%] 
MR-Dso .990(+.002) | 1.043(+.006) | 2.81(+.05) | 48.99(+3.3) 97 .29(+.06) 

[3.3%] 
MR-Dgo .089(+.001) | 1.041(4.013) | 2.81(4.14) | 48.34(44.5) 97.13(+.16) 

[4.6%] 

MR-PI -588(+.001) | 1.03(+.003) | 2.84(4.04) | 49.53(41.31) | 97.29(+.04) 
[2.3 %| 

MR-Do .087(+.001) | 1.046(+.004) | 2.81(+4.04) | 29.12(+.80) 51.37(+.57) 
[42.5%] [47.2%] 

1000 | MR-Dao .588(+.002) | 1.046(+.004) | 2.80(+.04) | 34.40(+.97) 61.55(+.67) 
[32.1%] [36.7%] 

MR-Dso .590(+.002) | 1.044(+.006) | 2.83(4.05) | 37.76(41.20) | 75.61(+.73) 
[25.5%] [22.3%] 

MR-Dso .091(+.005) | 1.035(4.01) | 2.84(4.10) | 41.17(41.386) | 89.35(+.64) 
[1.7%] [18.8%] [8.1%] 

MR-PI .082(+.001) | 1.027(+.003) | 2.45(4.02) | 51.63 (+.41) 97.74(+.02) 
[1.7%] [13.6%] [1.9%] 

MR-Do .578(+.001) {| 1.018(+.003) | 2.37 (4.02) | 14.09(+.13) 8.66(+.06) 
[1.7%] [2.6%] [16.2%] [72.2%] [91.1%] 

10000 | MR-Dao .989(+.002) | 1.053(+.004) | 2.54(4.02) | 15.67(+.15) 9.86(+.07) 
[2.6%] [10.2%] [69.0%] [89.9%] 

MR-Dso .088(+.002) | 1.049(+.006) | 2.68(+.03) | 17.60(+.18) 12.01(+.09) 
[5.3%] (65.3%] [87.5%] 

MR-Dgo .590(+.004) | 1.086(4.01) | 2.76(+4.04) | 2 0.22(+.24) 17.15(+.11) 
[3.9%] [2.5%] [60.1%] [82.4%]   
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Figure 4.4: The estimated intervals [a, b] for so): computed by the MR-PI approach for the 
M/M/1/100 queue. 

and A/p > 0.7, the errors are significant regardless of the deletion period length. 

Our experiments also suggest that except when A/y = 1 (when the steady-state queue 

length is unstable), the PI pilot simulation can very accurately locates the steady-state 

queue length even with a very short pilot run length. This is illustrated in Figure 4.4. 

4.4.2 Virtual Circuit 

Consider a virtual circuit (VC) of three hops as shown in Figure 4.5 where Nw = 20 

and Ap = #1 = 3 = 1.252. Assume that the average number of packets of, the bottleneck 

node (i.e., node 2) is of interest. Other parameters in our experiment are: Ay = 1, the 

desired simulation length rt = 10° (i.e., the guideline stopping time is 10°/P), and A = 30 
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Node 1 Node 2 Node 3 

T= Te 
ANE 

  

Figure 4.5: A virtual circuit with a sliding-window control, in which Nw is the window size. 

Table 4.3: The results of the PI pilot simulation for the VC model. 

| P= 100 | P= 1000 | P = 10000 
[a, b] | [14,18] | [15,16] | [15,16] 
  

for all nodes. Also, in our model, the packet lengths follow the ['(2) distribution and each 

packet is assigned a new length each time when it arrives at a queue. 

For the MR-PI simulation, we let Tp = 0 and Tp = 10 for all P’s. Each run starts 

at a state where the packets are evenly distributed among all nodes. Table 4.3 shows the 

results of the pilot simulation. The MR-PI production runs and the MR-D runs use the 

same initial states as the PI pilot runs. 

Experimental results of the VC model are shown in Table 4.4. Comparing the MR-PI 

and the MR-D approaches, it appears that the PI pilot simulation significantly reduces the 

initial transient bias. For the MR simulation, the errors are large for P > 1000. 

4.5 Summary 

This chapter investigates multiple replication simulation which is suitable for sinall mod- 

els (Table 2.1 and Figure 2.2). This approach is appealing due to its simplicity. However, 

this approach is subject to bias caused by the initial transient. The impact of initial tran- 

sient on the simulation results increases as the number of processors increases. An algorithm 
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Table 4.4: The estimated queue lengths of node 2 with approximate 90% confidence in- 

tervals. Each entry in column ‘EXPECT? is estimated by a simulation of 10 independent 

replications, each of 10° simulation time units in length. The values in the square brack- 

ets are the normalized errors against the ‘EXPECT’ values. Absence of a value in square 
brackets denotes an error less than 1.0%. 

  

  

  

Approach | P = 100 P = 1000 P = 10000 

EXPECT | 13.177(+ .024) 13.177(+ .024) 13.177(+.024) 
MR-PI 13.26(+ 0.15) 13.76(+ 0.10)[3.7%] | 14.58(+ .03)[10.6%] 
MR-Do 12.85(+ .14)[2.4%] | 11.16(+ .12)[15.3%] | 7.86(+ .04) [40.3%] 
MR-Da ‘| 13.29(+ .16) 12.38(+ .14)[6.0%] | 8.51(+ .05)[35.4%] 
MR-Dso_ | 13.20(+ 23) 13.03(+ .15)[1.1%] | 9.33(+.06)[29.2%)] 
MR-Doo_ | 13.25(+ .35) 13.65(+ .19)[3.5%] | 11.30(+ .08)[14.2%]       

called MR-PI that uses a pilot simulation to find initia] states that are representative of the 

steady-state conditions is proposed to reduce the initial transient. Empirical results (Tables 

4.1, 4.1,4.2, and 4.4) suggest that for a class of models the proposed approach can produce 

very accurate results while allowing short simulation run lengths. 
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Chapter 5 

TIME-PARALLEL SIMULATION 

This chapter discusses time-parallel simulation. The value of time parallel simulation 

is particularly significant when the number of processors is large (i.e., massively parallel 

simulation), in which case other methods can not provide sufficient parallelism (Table 2.1 

and Figure 2.2). However, time-parallel simulation has not been fully explored by the 

research community partly because time-domain parallelism is implicit and is often difficult 

to exploit. In this chapter, we first review some related work and then we consider a variety 

of simulation models for which we propose a set of time-parallel algorithms. 

5.1 Related Work in Time-Parallel Simulation 

This section reviews some related time-parallel simulation algorithms: (1) Greenberg, 

Lubachevsky, and Mitrani’s (GLM) prefix algorithm [34], (2) Lin’s network multiplexer 

algorithm [59], (3) Nikolaidis and Fujimoto’s bursty arrival algorithm [67], and (4) An- 

dradottir and Ott’s time segmentation algorithm [4]. The GLM algorithm is discussed with 

more detail because it forms the basis of our approximation algorithms. 

5.1.1 The GLM Algorithm 

Before discussing the GLM algorithm, we have to first review the prefix problem. Let ¥® 

be a domain and o be any associative operator on #. Let N be any positive integer and let 

£1,%2,...,%N be a sequence, where z; € R for 1 < 7 < N. The prefix problem [55] is to 

compute 8s; = 2902,0...02;, for 1 <7 < N. Greenberg et al. [34] show that the task of 

simulating some queueing networks can be transformed into a prefix problem. The GLM 
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algorithm is in fact a parallel algorithm that solves the prefix problem efficiently. 

Now we review how the GLM algorithm is applied to a FCFS G/G/1/oo queue. Let 

D denotes the departure time of job 7 from a G/G/1/oo queue. If A; (i.e., the arrival 

time of the first job) is given, the arrival and departure time sequences A,, A2,..., AN and 

1°, D3°,..., DX are the solution of the following recurrence relations [65]: 

Aj= Aj-rtaj1 1<j<N, (5.1) 

A;+ 6; j=l, 
D® = 70 (5.2) 

j 
max(D% ,, Aj) +46; L<g <n. 

From (5.1), Aj = A; +a, +...+ ;-1. Thus, solving Ai,...,An is a prefix problem. 

For the departure time sequence, equation (5.2) can be rewritten by a matrix recurrence 

relation [34] to which a prefix algorithm can be applied directly. In the rest of this paper. 

a sequence Tg, 2%q41,---,2b-1, 2%, where a < b, will be denoted by (aq, x5). 

In a G/G/1/co model, an event time sequence (E?°, E5h,) is the result of merging two 

sequences (A,, An) and (D?°, DX) in ascending time order. Event i (for 1 <i < 2N) is a 

job arrival or a departure corresponding to E?°. When there are N arrivals, a total of 2N 

events will be simulated. Let t= and t+ represent the instances immediately before and after 

t, respectively, such that tt —t = t—t7 ~ 0 and no event occurs in the intervals [t~ ,t) and 

(t,t+]. For example, Et represents the instance immediately after the occurreuce of event 

t and A> represents the instance immediately before job j arrives. Then the G/G/1/oc 

queue length at Et, denoted L%, is obtained by solving the following recurrence relation: 

Le = L&,+1 if event 2 is an arrival, (5.3) 

L&,—1 if event 2 is a departure, 

where L¢° is defined to be the initial queue length of the G/G/1/oo queue. Therefore, the 

computation of the queue length sequence is again a prefix problem. 

Suppose that the number of processors, denoted P, divides N evenly, and there exists an 
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identity element . € ®, such that cor; = 2;, for 1 < 7 < N. Tocompute s; = 790% )0...0%; 

for 1 <7 < N in parallel, the GLM algorithm performs the following steps: 

Algorithm GLM 

input: (2), ry). 

onput: (s;, Sy). 

1. Partition the sequence (z,;,zy) into P batches evenly such that batch k, 1 <k <P 

contains (Z((k-1)N/P) 411 TELN/P)- 

2. Compute Sk = Z((k-~1)N/P)+1°-- -OLkKN/P for all 1 < k < P. 

3. Compute 

L k=1, 

firo...ofg-y 1<k<P. 
by = 

4. Let q(j) and r(j) be the quotient and the remainder of NOP respectively. For 1 < 

j < N, compute 

Bo(5)+1 r(j) =0,q(9) < P, 

0 Bo(j)41 0 Fq(j)(N/P)410---02; TI) F 

The GLM algorithm can be directly applied to compute (Az, Ay), and (D,, Dn) (by 

solving (5.1) and (5.2)) in time O(N/P + log P). The GLM algorithm can be seen as 

a time-parallel algorithm because it partitions a sequence, for example (A2, An), into P 

batches (i.e., (Ai, An/p), (An/p, Aonyp)s---(A(p-1)n/P) An)) such that each batch is com- 

puted concurrently. Computing (E??, Ex) requires merging two N-element sorted lists (i-e., 

(Ay, An) and (D,, Dy)). This can be done in time O(N/P + log N) using a parallel merg- 

ing algorithm described in [3]. While computing (E?°, EX?), we associate each event time 

with its corresponding event type (i.e., arrival or departure). Then the GLM algorithm can 

again be applied to compute (L>°, L354) (by solving (5.3)) in time O(N/P+log P). In total, 
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the GLM algorithm requires time O(N /P + log P + log N) to compute the job arrival time 

sequence, the job departure time sequence, the event time sequence, and the queue length 

sequence for a FCFS G/G/1/co queue [34]. 

5.1.2 The Network Multiplexer Algorithm 

Lin [59] has developed an approximate trace-driven algorithm for simulating network 

multiplexers which are modeled by loss G/D/1/K queues. The algorithm first partitions 

the input trace consisting of N arrivals into P subtraces as evenly as possible. Then the 

algorithm computes a lower bound and an upper bound on the number of lost jobs by 

assuming, respectively, at each of the partition time points the queue length is zero (for the 

lower bound), and the remaining service time of the first job in the queue has a full service 

time quantum (for the upper bound). Overall, Lin’s algorithm requires time O(N/P + P). 

When N > P, Lin’s algorithm produces accurate results and can achieve near-linear 

speedup. However, with a fixed trace length, the accuracy decreases as P increases be- 

cause when fewer jobs are simulated by each processor, the initial state approximation will 

increasingly affect the accuracy of the simulation. 

5.1.3. The Bursty Arrival Algorithm 

Nikolaidis and Fujimoto [67] model a network multiplexer as a finite FCFS queue which 

receives packets from several sources. The packets generated by each source arrive at the 

queue in bursts. In each burst, the packet lengths and interarrival times are assumed to 

be constant so that the input trace can be compressed by recording the arrivals on a burst 

basis rather than tracking each individual packet. This characterization of the workloacl 

allows us to obtain a set of simulation times (through a pilot simulation) when the queue is 

guaranteed to be empty or full regardless of the initial queue length. The input trace is then 

partitioned into subtraces at these time points, hence permitting time-parallel simulation. 

Therefore, the amount of parallelism obtained by this algorithm relies on the workload of 

the system. In a circumstance where the multiplexer becomes idle or saturated very often, 
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the amount of parallelism permitted by the bursty arrival could be significant, and hence 

good speedup can be achieved. However, the bursty arrival simulation assumes constant 

interarrival times and constant job service times within each traffic burst which, in turn, 

limits the applicability of this approach. 

5.1.4 The Time Segmentation Algorithm 

Recently, Andradottir and Ott [4] have proposed a time-parallel algorithm for systems 

that can be modeled by a positive recurrent Markov Chain. Andradottir and Ott show that 

for certain queueing systems, there exists a finite time beyond which the trajectory of the 

system is guaranteed to converge regardless of the initial state of the system. Therefore, it 

is possible to correctly ‘predict’ a state at time t > 0 without simulating the systein for the 

entire time interval [0,t), hence permitting temporal parallelism. 

5.2 Time-Parallel Simulation for Loss Queueing Networks 

Consider a single loss G/G/1/K queue. Let N be the number of arrivals. Also, let a, 

denote the interarrival time between job 7 and job 7 + 1 to the queue, and 4; denote the 

service time of job 7, where 1 < 7 < N. Let A;, D;, and L(t) denote the arrival time of 

job 7, the departure time of job 7, and the queue length at simulation time t, respectively, 

for all ¢ in the simulation time interval [0,7] (where t > 0). Job interarrival and service 

times are continuous random variables whose values can be pre-sampled. Given a; > 0 and 

6; > 0, we wish to find A; and Dj, for all 1 < 7 < N, and L(t), for all t in [0,7], so that 

measures such as average queue length and job loss rate can be obtained. We assume that 

an arrival and departure do not occur simultaneously. 

5.2.1 The GGIK Algorithm 

This section presents the GG1K algorithm for loss FCFS G/G/1/K queues, where the 

job service times are independent and identically distributed random variables. Let L(t) 
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denote the loss FCFS G/G/1/K queue length at time t. For convenience, the departure time 

of a lost job is defined to be its arrival time because a lost job leaves the queue immediately 

upon arrival. The departure time of any job 7 is: 

D; = max(D,,...,Dj;-1, Ai) +6; L(A;) < K, (5.4) 

A; L(A; )=K. 

An open question is whether there exists an efficient exact parallel algorithm to solve (5.4). 

The GGIK algorithm presented next provides an approximate solution to (5.4). 

The GGIK algorithm (stated in Section 5.2.1.2) consists of two phases. The first phase 

relaxes the finite buffer constraint and simulates a FCFS G/G/1/oo queue using the GLM 

algorithm. If the queue length computed in the first phase never exceeds K, phase two is 

skipped because the trajectory generated by phase one is also an exact trajectory for the 

corresponding FCFS G/G/1/K queue. Otherwise, the second phase is performed, which 

takes the finite buffer storage into account and transforms the phase one trajectory into an 

approximate trajectory for the corresponding G/G/1/K queue. 

The transformation technique is illustrated in Figure 5.1 and 5.2. This transformation 

is based on the following assumptions: 

A1: Whenever an arrival occurs in the G/G/1/o0 queue, an arrival will also occur in tle 

corresponding G/G/1/K queue. 

A2: Whenever a departure occurs in the G/G/1/oo queue, a departure will also occur in 

the corresponding G/G/1/K queue except when the G/G/1/K queue is empty. No 

departure will occur in the G/G/1/K queue at any other times. 

For the models of interest (i.e., acyclic networks of G/G/1 queues), Al is always true. 

However, when job losses occur in the G/G/1/K queue, A2 may not hold (Figure 5.2). 

Hence the GG1K algorithm is approximate. The next section shows that A2 enables us to 

approximately simulate a G/G/1/K queue efficiently with unbounded parallelism. Sectious 

5.2.1.3 and 5.2.4 show that the error arising from A2 is small in general. 
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Queue Length — Exact G/G/1/oo trajectory 
4 —~— Approximate G/G/1/K trajectory 

3 

K=2 

1 
  

  

Figure 5.1: An example of computing an approximate trajectory based on the transforma- 

tion technique. 

  

  

Exact G/G/1/00 trajectory 

———-— Approximate G/G/1/K trajectory 

b4 

Queue Length 
) 

3 

K=2 

1 

  

Time 

  

Figure 5.2: An example of computing an approximate trajectory based on the transforma- 

tion technique. In the exact G/G/1/K queue, because job 3 is lost, job 4 should depart at 

D2 + 64. Thus, A2 holds if and only if 63 = 64 (e.g., when service times are constant) 
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b, b, 
batch 1 batch 2 batch 3 batch 4 

Figure 5.3: Each of the P=4 batches contains 5 events. The last event of each batch k is 

labeled by ax, for 1 < k < 4. 

5.2.1.1 Determining the Initial Queue Lengths 

Before presenting the algorithm, we consider a key problem: how to determine the ini- 

tial queue length for each batch required by time-parallel simulation. This section presents 

an efficient approzimate solution to this problem. The rest of this paper uses the FCFS 

queueing discipline. In addition, we use prefixes “A-” and “E-” to distinguish between 

an approximate simulation, which uses the GG1K algorithm (Section 5.2.1.2), and its cor- 

responding exact simulation. For instance, “A-G/G/1/K trajectory” and “A-G/G/1/Ix 

queue length” represent the approximate trajectory and queue length, respectively, result- 

ing from the GG1K algorithm, while their exact G/G/1/oo counterparts will be referred 

to as “E-G/G/1/o0 trajectory” and “E-G/G/1/o00 queue length,” respectively. Finally, all 

approzimate quantities are denoted by bold (and non-italics) font. 

Let L* denote the A-G/G/1/K queue length at E°°+. Let AL* denote the difference 

between the E-G/G/1/oo queue length (L%) and the A-G/G/1/K queue length (L*) at 

Est. Formally: 

ALK = 1% — LF. (5.5) 

Let ag = O and let event a, be the last event of batch k, for 1 < k < P, as illustrated 

in Figure 5.3. Formally, a, satisfies a, € {1,2,...,2N}; a1 < a2,...,< @p_1; and EP < 

by < EZ?4,. Our goal is to efficiently determine ALF , for 1 <k < P, asa function only of 
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quantities known at the end of an exact G/G/1/oo simulation using the GLM algorithm: 

(Lo, L3,) and K. From L% and ALK , equation (5.5) yields the desired quantity: Lh 

(the initial A-G/G/1/K queue length of batch k +1). Our approach computes ALK by 

deriving lower and upper bounds on AL . The bounds are computed using only AK and 

the E-G/G/1/o0 queue lengths in batch k (i.e., (L9?_1, L3°)). 

Consider for a moment the problem of finding the initial queue length of batch k + 1 

(i.e., LF ) from batch k. Consider any event 7 in batch k (i.e., a,_1 < 2 < a,x). Let ALS 

respectively, AL* .) denote a lower (upper) bound on AL* computed using only A’ and 
P Qrk—-1;t PP 1 & 

the E-G/G/1/o0 queue length in (L&°__, L&°). Formally, 
ap-1? 

ALK, < ALK CALS |, forall apy SiS a. (5.6) 
K 

Then ALf i and AL for 2 = ax, yields the desired quantity, ALS . The subsequent 
ak-1 1) 

Kk 
and AL - as recurrences. 

. . . KN 

four equations will express AL? , ; dg —ast 

The first recurrence for the lower bound arises because immediately after event az_1, 

for any 1 < k < P, if the E-G/G/1/o0 queue has more than K jobs in the buffer, then the 

E-G/G/1/oo queue length and the A-G/G/1/K queue length must differ by at least the 

amount by which the E-G/G/1/o0 queue length exceeds K. Otherwise, they differ by at 

least 0. Formally: 

AL‘ = max{0, Lo 
TTA mL Ak) 

— Kk}. (5.7) 
1 

The first recurrence for the upper bound arises because immediately after event a,_,, the 

queue length difference must be no more than the E-G/G/1/oo queue length. Formally: 

AL" — 1 ro 

Ok—1,4n-1 ae—1" (5.8) 

Now, consider any event 2 in batch k (i.e., ag < 2 < ag41). To compute a lower and 

an upper bound on AL*, we consider two cases: (1) event 7 is an arrival, (2) event 7 is 

a departure. In case (1), after event 2 occurs, the queue length difference either remains 

the same or increases, and must be no less than the amount by which the E-G/G/1/o0 
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queue length exceeds K. In case (2), the queue length difference either remains the same 

or decreases, and must be no more than the E-G/G/1/o00 queue length. These observations 

are formally stated in (5.9) and (5.10). For ag_1 <i < ax, 

max{L&° — K, ALF i-i} L > LR, ALK .= (5.9) 
——8 154 . oO K oo CO 

min{ LS ALY i-a} Le < DP, 

and 

arr 
__e max{L° —Kk,AL, | ;_ Le > Le 
ALe i = th, K pei ' (5.10) 

min{L®, ATS sy} L® < Ly. 
The fact that ALt i and AL, are indeed ower and upper bounds on ALF (i.e., (5.6) 

holds) can be proven from (5.7) to (5.10) by induction on i. 

Lemma | states that the difference between the E-G/G/1/o0 and the A-G/G/1/K initial 

queue lengths for batch k (i.e., ALP ) can be one of the following three values: the lower 

bound AL* , the difference between the E-G/G/1/o0 and the A-G/G/1/K initial queue 
———- k—1 ;2k 

lengths for batch k — 1 (i.e., AL‘ _), or the upper bound AL . These three cases 
age 12k 

= Kk ; K+: K K | occur when, respectively, AL is in the interval (0,ALS ,4,), [Ala _, a, Aba, ,.,]) 0 

(AL* 
Ap—1,4%? 

+oo) (Figure 5.4). 

Lemma 1 Foralll<k< P-1, 

. - ox . ; 
ALP = max{min{AL* AL, ,.a,}s MUP a, }. (5.11) 

ape}? 

Proof: See Appendix A.1. 

Equation (5.11) is a linear recurrence in the semiring on non-negative integers, where 

maz is the addition operator with identity —oo, and min is the multiplication operator 

with identity +oo. That is, (5.11) can be expressed as: 

K aT K K 
ee (5.12) 
OO 0 CO CO 
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K 
ALax-1 

  

Figure 5.4: Relationship of ALE , and ALR , which are the initial queue length differences 

of the E-G/G/1/o0 and the A-G/G/1/K queues for batches k and k + 1, respectively 

Solving equation (5.12) is a parallel prefix problem. Using Stone’s combining scheme 

[82, pp. 200-206] to compute P — 1 values of ALP for all k requires O(log P) of execution 

time. Note that we only compute P — 1 initial queue lengths because the initial state of thie 

first batch is the initial state of the system. We next describe how to use (5.5) to (5.12) to 

compute the initial A-G/G/1/K queue lengths. 

Algorithm IQL (to compute initial A-G/G/1/K queue lengths): 

input: (Le, Ls), K. 

output: (LA, LA). 
a1 ap—1 

1. Compute AL’ and AL, , 
man 1 AK 

a, using (5.7) to (5.10), for al 1< k < P—1. 

2. Compute ALF , for all 1 < k < P, using (5.12). 

3. Compute Le for all 1 < k < P, (i.e., the initial A-G/G/1/K queue lengths of batches 

2 to P) using (5.5). 
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Table 5.1 

Computing ALK ; and AL?, for the trajectory in Figure 3. 

  

  
  

  

  

(a, 1) (0,0) (0,1) (0,2) (0,3) (0,4) (0,5) 

AL} 0 0 0 0 0 1 
ALF, 0 0 0 0 0 1 

(a,t)| (5,5) (5,6) (5,7) (5,8) (5,9) | (5,10) 
ALi, 3 2 1 1 1 1 
AL, 1 1 1 1 1 1 

(a,%) | (10,10) (10,11) (10,12) (10,13) (10,14) ] (10,15) 
AL? 2 2 2 1 0 0 
ALK, 0 1 1 1 0 0     
  

Assume that each batch contains approximately the same number of events. Then with 

P processors, step 1 requires time O(N/P). Step 2 requires O(log P) as discussed above. 

Step 3 requires constant time. In total, the algorithm takes O(N/P + log P). 

We use the example in Figure 5.1 to illustrate the computation of the initial A-G/G/1/K 

queue lengths using the algorithm described above. Suppose P = 4. Thus, the trajectory 

is partitioned into four batches (Figure 5.3). Each batch contains 5 events. The last event 

of the first three batches are numbers 5, 10, and 15, respectively. Therefore, we are solving 

for ALF, ALA,, and AL‘. Each of these is computed by a processor independently. We 

first (step 1 of algorithm IQL) compute in parallel three pairs of upper and lower bounds: 

(ALK, ALG); (ALF, ,,AL? 0), and (ALK, ,,AL i 15) by applying (5.7) to (5.10) as shown 

in table 5.1. Then (step 2 of IQL) we apply (5.12) to obtain ALA =1, AL‘,=1, and then 

ALK =0, respectively. Note from Figure 5.3 that LX and LA, differ by one from the exact 

values while L/, matches the exact. value. Finally, (step 3 of IQL) using (5.5), we obtain 

LK =2, LK=1, and LK=1. 
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5.2.1.2 Algorithm GG1K 

The complete GGIK algorithm is given below: 

Algorithm GG1K 

input: (a@),ay), (61,46n), K, Ai, LB. 

output: (EF&°, £32), (LE, LA). 

Phase I: G/G/1/oo Simulation 

1. Use algorithm GLM to compute (Ef°, E>), and (Le, L3h). 

2. If there exists no 2 that satisfies L°° > K, for 1<121< 2N, skip phase II. 

Phase II: Transformation 

1. Partition (L§°, L3{,) evenly into P batches such that each batch contains about. the 

same number of events. 

2. Use algorithm IQL (Section 5.2.1.1) to compute LA,LA,...,LA,_, (i.e, the A- 

G/G/1/K initial queue lengths for P — 1 batches). 

3. Each processor k, for 1 < k < P, performs the following computation in parallel: 

Lk, +1 if LK, < K and event 7 is an arrival, 

K if Lh, = K and event 7 is an arrival, 

Lh, —1 if LA, > 0 and event 2 is a departure, 

0 if L! , = 0 and event 7 is a departure. 

In the GG1K algorithm, phase I requires time O(N/P + log N + log P). In phase IH, 

step 1 requires constant time and step 3 requires time O(N/P). Section 5.2.1.1 shows that 

step 2 requires time O(N/P + log P). Therefore, in total, the GG1K algorithm requires 

time O(N/P + log N + log P), which is the same as the GLM algorithm. Thus, near-linear 
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E-G/G/1/o0 A-G/G/1/K 
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m” m m m’ 

  

  

     

Figure 5.5: Case 1: When job m” arrives, the E-G/G/1/oo and the A-G/G/1/K queue 
lengths are both greater than zero. 

speedup can be achieved when N > P. In addition, because the GG1K algorithm allows 

arbitrary batch partitioning (Section 5.2.1.1), “unbounded” parallelism (as defined in [34]) 

is achieved. 

5.2.1.3 Analysis of the Approximation Technique 

This section analyzes the approximation technique of the GG1K algorithm. Consider 

some simulation time t at which both the E-G/G/1/oo simulation and the A-G/G/1/K 

simulation experience a departure. Let jobs m and m’ be the departing jobs, respectively. 

Recall from A2 that for each departure in a A-G/G/1/K trajectory, there exists a departure 

in the corresponding E-G/G/1/o0 trajectory at the same simulation time. Let job m”, where 

m" > m' +1, be the first non-lost job that arrives after job m’ arrives in the A-G/G/1/K 

simulation. Computing the departure time of job m” can be described by the following four 

cases: 

Case 1: When job m” arrives, the E-G/G/1/oo and the A-G/G/1/K queue 

lengths are both greater than zero (Figure 5.5). 

In this case, the departure time of job m” should occur at time t + d,,” (ie., dj,” time 

units after the previous departure). However, the GG1K algorithm will assign t + 6,,4) as 

the departure time for job m”. If m” #4 m+1, the algorithm effectively reassigns the service 

time of job m+ 1 to job m”. Assume that job service times are independent and identically 
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E-G/G/1/00 A-G/G/1/K 

  

  

  

  

  

m” m m” m’ 

Figure 5.6: Case 2: When job m” arrives, the E-G/G/1/oo and the A-G/G/1/K queue 

lengths are both zero. 

E-G/G/1/oo A-G/G/1/K 

5 Tk) 

  

      

Figure 5.7: Case 3: When job m” arrives, the E-G/G/1/oo queue length is greater than 
zero while the A-G/G/1/K queue length is zero. 

distributed (IID) random variables and are uncorrelated with job arrival times. Then such 

re-association of service times is unbiased since the asymptotic job service time distribution 

will not be changed. Asymptotically, no approximation error is introduced in this case. 

Case 2: When job m” arrives, the E-G/G/1/oo and the A-G/G/1/K queue 

lengths are both zero (Figure 5.6). 

In this case, the departure time of job m” should occur at time A,,0 + 6,,” (ie, dn” 

time units after job m” arrives). Since both systems are idle at A,,”, the GGIK algorithm 

will assign A,,” +6,,” as the departure time for job m”. Therefore, no approximation error 

will be introduced. 
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Case 3: When job m” arrives, the E-G/G/1/oo queue length is greater than 

zero while the A-G/G/1/K queue length is zero (Figure 5.7). 

In this case, the departure time of job m” should occur at time Aj,“ +6” (i.e., dj.” time 

units after job m” arrives). Let t’ denote the simulation time of the first departure that 

occurs in the E-G/G/1/o0 queue after job m” arrives. In this case, the GG1K algorithm will 

assign t’ as the departure time for job m”. In other words, the GG1K algorithm effectively 

replaces the service time of job m” with the remaining service time of the job that is in 

service in the E-G/G/1/o00 server when job m” arrives. If job service times are constant, 

the approximation is biased since a service time will be under calculated each time this case 

occu®!s. 

Case 4: When job m” arrives, the A-G/G/1/K queue length is greater than 

zero while the E-G/G/1/oo queue length is zero. 

This case is impossible with the GG1K algorithm. 

Therefore, only case 3 causes an approximation error. As a result, the occurrence 

frequency of case 3 governs the accuracy of the GGIK simulation. In the rest of this paper, 

case 3 is referred to as the case-3 condition. Also, A,, is referred to as the occurrence time 

of the case-3 condition, and job m” is said to cause the case-3 condition. 

5.2.1.4 Error Analysis 

This section considers the approximation error of the GG1K algorithm in terms of the 

number of job losses for G/D/1/K queues. Let A, and A, be two simulation times at. which 

the following conditions are satisfied: 

1. Ap < Ag. 

2. Case-3 condition occurs (hence a job arrives at. A, and A,/, respectively). 
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3. The E-G/G/1/K queue is empty immediately before the time (i.e., L(AZ) = 0 and 

L(A;) = 0). 

4. There exists no other simulation time that satisfies conditions two and three. 

Let 6 and 6* denote the exact and the approximate loss count (i.e., the number of lost 

jobs) computed by the GG1K algorithm, respectively, in the time interval (A., A..). Then 

for any pair of A, and A,., the following lemma holds: 

Lemma 2 If 69 = 6; =,..., 6N, ok <O0< O® 4.1. 

Proof: See Appendix A.2. 

Let Abk, denote the amount by which the E-G/G/1/K loss count exceeds the A- 

G/G/1/K loss count in the interval [t, t’]. Also, let C4 denote the number of case-3 

condition occurrences in [t, t’], and Jg be the number of times that the E-G/G/1/K queue 

becomes idle in (0,7]. The following lemma gives an upper bound on the approximation 

error in terms of the total loss count for the entire simulation. 

Lemma 3 0 < Abt, < min{Io, Co,7}. 

Proof: Follows from Lemma 2. 

Lemma 3 suggests that the GGIK algorithm produces less error when the value of A/}: 

is either very large or small, where \ and jz are the average job arrival rate and service 

rate, respectively. This is because when A/ji is large (e.g., 2) both the A-G/G/1/Kk queue 

and the E-G/G/1/K queue will rarely become idle. Thus, both Jo and Cy,, will be small. 

When A/p is small (e.g., 0.5), the G/G/1/00 system becomes idle more frequently so that 

the probability of G/G/1/co queue length being greater than the A-G/G/1/K queue length 

(required by the case 3 condition) is low. Thus, Co,, will be sinall. 

5.2.2. The IGGIK algorithm 

In this section, we discuss a simple alternative for the GG1K algorithm. This approach 

is identical to the GG1K algorithm except that an iterative approach is used to determine 
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the batch initial states. More specifically, in this approach, we use a ‘guessed’ initial state 

for each batch and then conduct a time-parallel simulation as described in step 3 of Phase 

II in the GG1K algorithm. After the computation of all batches is completed, if the new 

initial state of any batch differs from its previous initial state, the batch is recomputed 

based on the new initial state. This iterative process continues until all batch initial states 

converge. 

Let Lk, denote the GG1K queue length computed by the iterative approach at iteration 

j- Then algorithm (referred to as the IGG1K algorithm) can be obtained from the GGIK 

algorithm with a small modification as shown below: 

Algorithm IGG1K 

input: (a,,ayN), (61,6n), K, Ay, Lo. 

output: (Eo, Est), (LA, LA, 

Phase I: G/G/1/oo Simulation 

identical to the Phase I of the GG1K algorithm. 

Phase II: Transformation 

1. Partition (L¢°, L3y) evenly into P batches such that each batch contains about the 

same number of events. 

2. j=0. 

3. For 1 <k < P, compute Li 5. LS . Lag in parallel: 

LK min(Ls,K) 7 =9, 
Qn, - 

. Li jel otherwise. 
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4, Each processor k, for 1 < k < P, performs the following computation in parallel: 

; < K and event 7 is an arrival, LA, +1 if LA, 

LK K if LA, | = K and event 2 is an arrival, 

ij = ; 3 LK, —1 if LK, > 0 and event 2 is a departure, 

0 if Lh | = 0 and event 2 is a departure. 

5. If there exists some k in {1,...P} such that LX . 4 Le j-1 then 7 = j7 +1 and go to 
aK 

step 3. Otherwise, jeon = j and exit. 

In phase two, step 3 assigns each batch an initial queue length which is obtained froin 

the final queue length of the preceding batch resulting from the previous iteration except 

for the first iteration at which a guessed initial queue length is used. The guessed initial 

queue length of each batch is obtained by computing the minimum of the corresponding E- 

G/G/1/00 queue length and the buffer size since the queue length can not exceed the buffer 

size. Step 4 is the same as step 3 of the GGIK algorithm. Step 5 checks the convergence 

of the simulation on queue lengths and advances the simulation to the next iteration if the 

simulation is not converged. 

Phase two requires O(jcon(N/P + logP)) to execute with P processors because step 1 

to 3 take a constant of time; step 4 takes O(N/P); step 5 requires O(logP). Therefore, the 

total execution time of the IGGIK algorithm is O[(N/P+logP+logN)+jeon(N/P+logP)| 

in which the first term is the time required by the GLM algorithm in phase one. 

5.2.2.1 Convergence Analysis 

The efficiency of the IGG1K algorithm relies on the convergence speed (i.e., the number 

of iterations required to reach convergence). In this section, we study the convergence speed 

of the IGG1K algorithm both experimentally and analytically. 

An experiment of the algorithm described above is carried out for an M/M/1/K model. 

The results (Table 5.2) show that, in general, it takes only a few iterations to converge 
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Table 5.2: Numbers of iterations for an M/M/1/K model using the G/G/1/K substate 

matching algorithm. Each data point is an average of 10 runs. Each run simulates 10° jobs 

which are divided into 2!° batches. For each entry (a,b), a is the average iteration number 

and (a — b,a+ b) is the 90-percent confidence interval for a. 

  

K A/p | P=4 P=16 P=64 P=256 P=1024 

1 1.2,0.2 1.7,0.3  2.0,0.0 2.0,0.0  2.0,0.0 

3 1.9,0.2 2.0,0.0 2.0,0.0 20,00 2.0,0.0 

oO 2.0,0.0 2.0,0.0 2.0,0.0 2.00.0 2.0,0.0 

0 2.0,0.0 2.0.0.0 2.0,0.0 2.0,0.0 2.0,0.0 

9 

9 

  

. 2.0,0.0 2.00.0 2.0,0.0 2.0,0.0 2.0,0.0 
95 | 2.00.0 2.0,0.0 2.00.0 2.0,0.0 2.0,0.0 
1.0 | 2.0,0.0 2.0,0.0 2.0,0.0 2.0,0.0  2.0,0.0 
1.05 | 2.0,0.0 2.0,0.0 2.0,0.0 2.00.0 2.0,0.0 
1.1 | 2.00.0 2.0,0.0 2.00.0 2.0,0.0  2.0,0.0 
13 | 2.00.0 2.0,0.0 2.0,0.0 2.0,0.0  2.0,0.0 
1 | 0.0,0.0 0.0,0.0 0.00.0 0.0.0.0  0.0,0.0 
3 | 0.0,0.0 0.0.0.0 0.0,0.0 0.0,0.0 0.0,0.0 
5 |0.0,0.0 0.0,0.0 0.0,0.0 0.0,0.0  0.0,0.0 
7 |1.1,02 1.60.3 2.0.0.0 2.0,0.0 2.00.0 
g 
9 

  

1.9,0.2 20,00 20,00 2.00.0 2.2,0.2 

  

10 | .95 | 1.9,0.2 2.00.0 2.00.0 2.00.0 2.3.0.3 
1.0 | 2.0,0.0 2.0,0.0 2.00.0 2.0,0.0  2.7,0.3 
1.05 | 2.0,0.0 2.00.0 2.00.0 2.0,0.0 2.6,0.3 
1.1 | 2.00.0 2.0,0.0 2.00.0 2.0,0.0 2.60.3 
1.3 | 2.0,0.0 2.0,0.0 2.0,0.0 2.00.0  2.1,0.2 
1 |0.0,0.0 0.00.0 0.00.0 0.0,0.0 0.0,0.0 
3 | 0.0,0.0 0.0,0.0 0.00.0 0.0,0.0 0.0,0.0 
5 | 0.00.0 0.0,0.0 0.0,0.0 0.0,0.0  0.0,0.0 
7 | 0.0,0.0 0.0,0.0 0.0,0.0 0.0,0.0  0.0,0.0 
9 | 1.00.0 1.40.3 2.00.0 2.60.3 7.7,1. 

95 | 1.60.3 2.00.0 21,02 4.7,0.5 15.8,2.1 
50 | 1.0 | 2.0,0.0 2.00.0 2.5,0.3 63,04  21.1,1.5 

2.0,0.0 2.00.0 2.00.0 4.10.4 13.3,1.6 

5 
0 

1.05 | 2.0.0.0 2.0.0.0 2.1,0.2 5.1,0.5 18.2,1.2 
1 
3 | 2.0.0.0 2.0,0.0 2.00.0 2.0,0.0 3.8.0.4 
  

1 100,00 0.00.0 0.0,0.0 0.0,0.0  0.0,0.0 
3 | 0.0.0.0 0.0.0.0 0.0,0.0 0.0,0.0  0.0,0.0 
5 {0.0.0.0 0.0.0.0 0.0,0.0 0.0,0.0  0.0,0.0 
7 | 0.0,0.0 0.0,0.0 0.0,0.0 0.0,0.0  0.0,0.0 
9 | 0.10.2 0.1,0.2 0.20.4 0.3,0.5 1.01.8 
95 | 1.1,0.3 1.30.4 2.10.5 4.81.6 17.06. 

100) 1.0 | 2.00.0 2.20.2 4.90.6 17.3,1.7 66.6,6.6 
1.05 | 2.0,0.0 2.0,0.0 3.20.5 9.91.1  36.5,4.9 
11 2.00.0 2.00.0 2.00.0 4.90.5 16.5,1.5 

'13 2.00.0 2.00.0 2.00.0 2.00.0 3.80.4 
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Queue Length 

  

  

batch / 

Figure 5.8: The first loss occurs at tg. An Er occurs at to and ty and an Eg occurs at fy. 

Sub-trajectories from to to t; and from t, to tz are two propagation segments. 

(mostly no more than 2 extra iterations). Many iterations are required only when both the 

ratio of X to yu is close to 1 and the buffer size is large. We discuss this phenomenon next. 

Recall that phase two of the IGG1K algorithm (and the GG1K algorithm as well) is 

a process of transforming an initial estimated trajectory into a more accurate trajectory. 

When there is no job being lost, phase-two computation is not necessary. Otherwise, phase- 

one trajectory after the first loss is modified using the GG1K transformation technique. 

Based on the GG1K transformation technique, we can see that the following property 

holds: 

Property 1 Foralll1<1<2N and1 <j < Joon, LX > Li, > Lon That is, the queuc 

length as a function of time of any iteration is a lower bound on the queue length of the 

previous iterations. 

Consider the example shown in Figure 5.8. At to where the G/G/1/K queue is full and 

a job is lost. A change in queue length at to has to be made and the change needs to be 

propagated along the queue length trajectory. At time t, the queue becomes full again. By 

property 1, the queue length at time ft; will be changed to K in the first iteration in phase 

two regardless of the initial queue length of batch 7 which contains t;. Therefore, no matter 

how many iterations it takes for a change to propagate from to to ty, it is guaranteed that 
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the propagation segment between t, to t2 would start with a correct initial queue length, 

namely K, at any iteration. Similarly, at t2, where the G/G/1/o00 queues become idle the 

estimated queue length at any iteration in phase two will always be zero as well. Thus, 

the propagation starting from t, will not pass beyond tz. We call time points such as ¢, 

and tg synchronization points. A propagation segment is a trajectory fragment enclosed by 

two neighboring synchronization points. An event which leads to a synchronization point 

is called a synchronization event. Let Er denote a (job arrival) event immediately after 

whose occurrence the A-G/G/1/K queue becomes full, and let E’'g denote a (job departure) 

event immediately after whose occurrence the E-G/G/1/oo queue becomes empty. Then, 

Er and Eg are synchronization events of the queue length trajectory. 

It becomes evident that the number of iterations required for convergence is bounded 

by the number of batches spanned by the longest propagation segment. Therefore we have: 

maz|d(Epr, Eg), d(Er, E-)| 

2N/P 
  1 < joon < f ]4+1 

where (Ep, Eg) and (Ep, E) are any pair of neighboring synchronization events, 2N/P is 

the batch length (assuming P divides 2N evenly), and d(EF,, E,,) is the number of events 

between the occurrence of E, and Ey. 

Therefore, when some losses occur, if the traffic intensity is low or is very high, Ez 

and Fr tend to occur more frequently, respectively, and hence the maximum propagation 

length is shorter. As a result, the number of iterations required for convergence becomes 

small. When the traffic intensity is neither high or low, both synchronization events occur 

more sparsely and the longest propagation length increases. Thus, the number of iterations 

increases. Once the propagation length becomes longer than the batch length, adding more 

processors becomes useless because the number of iterations will grow linearly with the 

number of processors used. This situation can be seen when KC is 50 and 100, and A/ju is 

close to 1 in Table 5.2. 

In Table 5.2, the worst M/M/1/K simulation performance always occurs when A/ji = |, 

regardless of the number of processors and the buffer capacity. Actually, when A/p = 1, it 
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is least likely that the queue will become empty or full. This can be derived as follows. 

Let p = A/p. If Po is the probability that the M/M/1/co queue is idle (when an Eg 

occurs) then Po is given by: 

Po=(1-p) O<p<l. 

If Px is the probability that the M/M/1/K queue is full (when an Fr occurs), then Py is 

given by (Kleinrock 1975): 

Pp. = pK — p+ _ pk 

A T= pktr = Kop 

Because when the M/M/1/o00 queue is empty, the corresponding M/M/1/K must also be 

empty, the joint probability of Eg and Er occurrence can be given as: 

Pt+Pe 0<p<il, 
P(p,K)=4 ON =F 

Pr otherwise. 

Lemma 4 P,(p, K) has a minimum at p= 1 for any K > 1. 

Proof: In the first step of our proof, we show that for 0 < p < 1, P,(p, K) is strictly 

decreasing. That is, for0 < p< 1 

OP, — Kept 7'~(K+ije® | (K+i)o%(oX~p%4') _ y 
Op —_ + _—   

  

1—pht! (1-pK 41)? 

— [Koh =(K+1)p* (1-98 #1) 4+(K +1)0% (pS ~p8 41) -- ph)? g 
i (1-p*+1)* ; 

Because (1 — p**!)? > 0, the above inequality holds if the numerator of the left-hand-side 

expression is less than zero. This is derived as follows: 

[Kp¥-! — (+ 1)pR](1 — pB +) + (i + 1) (pk — p42) — (1 = ptt)? 
= (Kp¥-! — Kp® — pXy(1 — pX+1) + (p¥ 4 Kp) (p® — pK+}) — (1 — ap +) 4 p2h +2) 

= —p?K+2 4 92K 4 aph +1 _ Ke pk — pK 4 KpK-1 1 

= p?*(1— p)(L+ p) + KpX-'(1— p) — p®(1- p) -— (1- ) (Dido) 

= (1— p)[p?* (1+ p) + K pk! — pk - EG p'] 

(1 — p)[(p?8 +1 — ph) + (p?* — p®) + (Kp! — ONG? p')] <0. 
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The second step of the proof shows that for p > 1, P;(p, K) is non-decreasing. When 

p>1, P=0. Thus, P,(p, K) = Px. Otherwise, we take the first partial derivative of Pr 

with respect to p: 

  

OPK _ (Kk p*-} _ Kp*) +4 (p?* _ p*) 

Op (1 — p41)’ | 
Because (1 — p*+!)? > 0 for p > 1, we need to show that: 

(Kp*~* — Kp*)+(p?* - p*)>0 p21. 

Dividing both sides of the above inequation by p*~?! and let g(p, K) be the resulting left- 

hand-side expression, we have: 

g(p, K) = (K - Kp— pt p**). 

Because g(1, K) = 0 and a =KX* + xX* — kK —-1> 0, clearly, g(p, K) > 0 for all p > 1 

and Kk > 1. The lemma follows immediately from the results of steps 1 and 2. O 

The IGGIK algorithm provides a simple alternative for the GG1K algorithm. However, 

the convergence speed (and hence the simulation execution time) of the IGGIK algorithin 

relies on the occurrence frequencies when the A-G/G/1/K queue becomes full and the 

E-G/G/1/oo queue becomes empty. 

5.2.3. The GD1K Algorithm 

We have shown that the GG1K algorithm generates biased results for G/D/1/K queues. 

This section extends the GG1K algorithm and presents a GDIK algorithm for G/D/1/Ix 

queues that can produce highly accurate results. The GD1K algorithm improves the ac- 

curacy of the GGI1K algorithm by accurately estimating the initial queue length for each 

batch. 

Before deriving the GD1K algorithm, we first examine the differences between an A- 

G/D/1/K trajectory and its corresponding E-G/D/1/K trajectory. It can be observed that 
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when no case-3 condition occurs during the simulation, these two trajectories are the same. 

Therefore, we consider only the situations where the case-3 condition occurs at least once. 

Suppose job k causes the first occurrence of case-3 condition. Then the GG1K algorithm 

will effectively underestimate the service time of job k by some amount 6, < 6, where 6 

is the job service time. Thus, in the A-G/D/1/K trajectory the departure time of job / 

should be delayed for d, = 6, time units to compensate the error. This delay should also 

be propagated along the A-G/D/1/K trajectory for the subsequent departures by following 

the rules below: 

Ri: The propagation of a departure delay should stop at the point when the the corre- 

sponding E-G/G/1/oo queue becomes empty. 

R2: When a job k’ (k’ > k) which causes another case-3 condition arrives, and of the 

shortfall of the service time 6), is greater than the current delay d,, then 6,, should 

be used as the delay for the subsequent departures until either Rl or R2 condition is 

met again. 

For R1, because when the E-G/G/1/oo queue becomes empty the A-G/D/1/K queue will 

become empty too. Therefore, the effect (which causes the delay propagation) of the case-3 

condition disappears. To illustrate R2, we consider the example shown in Figure 5.9, in 

which a case-3 condition occurs at Ax42 and the shortfall of the service time (of job k + 2) 

p42 is greater than the current propagation delay 6,. Therefore, 6,,, should be used as 

the new departure time delay for the subsequent jobs (including job k + 2) until either R1 

or R2 condition is met again. It is easy to show that the modified trajectory resulted from 

R1 and R2 is exact. 

The system state of the G/D/1/K queue can be specified by {QL(t), FRST(t)}, where 

QL(t) and FRST(t) denote the length and the first job remaining service time of the queue 

at simulation time t, respectively. The GD1K algorithm is based on a key property of the 

GGIK algorithm: In any A-G/D/1/oo trajectory, the queue length immediately after any 
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Figure 5.9: At Ag a case-3 condition occurs. The departure delay 6; propagates along the 

trajectory until another case-3 condition occurs at Aj4y2 causing a new departure delay 
/ 

Opao . 

departure event is either the same or exactly one less than the exact queue length. This is 

formally stated in the following lemma: 

Lemma 5 For any A-G/D/1/K trajectory, if ES*(1 <j <2N) corresponds to a departure 

event in the A-G/D/1/K trajectory, then L(ES*) ~l< L* < L(ES*). 

Proof: See Appendix A.3. 

Lemma 5 enables us to predict the queue length at any GG1K-computed departure time 

with a maximum error of one. Given lemma 5, the GD1K algorithm can be described as 

follows: 

Algorithm GD1K 

1. Compute an A-G/D/1/K trajectory using the GG1K algorithm. If no case-3 condition 

occurs in the resultant GD1K trajectory, the trajectory is exact; hence exit. 

2. Partition the resultant A-G/D/1/K trajectory (approximately) evenly into P batches 

such that each pair of batches are partitioned at a time point immediately after an 

occurrence of a (GG1K-computed) departure. 
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3. For each batch 7, 1 <i < P, apply lemma 5 to compute the batch initial queue lengths 

{@; — 1, 2;}, where the exact initial queue length is in {@; — 1, @;}. 

4, For each processor 1,1 <i < P, sequentially compute batch 2 using the initial states 

{€;,6}, and {€; — 1,6}, respectively. 

5. Construct a complete trajectory in the following manner: Let B; and B; be the 

subtrajectories computed by processor 72 obtained from the previous step. For all 

1<i< P, select a subtrajectory Bi’ € {B,, Bi} such that the final queue length of 

Bj’ is equal to the initial queue length of Bj! ,. 

In step 4, we approximate the first job remaining service time with 6. Thus, the GDIK 

algorithm produces approximate results. Nevertheless, because each batch is re-computed 

using a sequential simulation, case-3 approximation error is eliminated. The total execution 

time required by the GDIK algorithm is O(N/P+ P+logP+logN), in which step 1, steps 

2, 3, and 4 combined, and step 5 take time O(N/P + logP + logN), O(N/P), and O(P), 

respectively. When N > P, near-linear speedup can be obtained. 

5.2.4 Application and Experimental Results 

5.2.4.1 Multiplexers 

The GG1K simulations are compared with a sequential simulation for multiplexers mod- 

eled by loss G/G/1/K queues. Normalized approximation errors of the average queue 

lengths for three models are shown in table 5.3, in which ['(2) represents a gamma distri- 

bution with a shape parameter equal to 2. 

The results show that the approximation errors are negligible except when the buffer 

size is smaller than 5 for ['(2)/T(2)/1/K and M/D/1/K models. The errors decrease as 

the value of K increases. Also, for all values of AK, the approximation errors peak when 

the ratio of A/j is 1. This is because the case-3 condition occurs more frequently as A/jt 

approaches 1. Consequently the error increases. Also, as indicated in Section 5.2.1.3, 
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Table 5.3 

Normalized approximation errors on the average queue length using the 
GGI1K algorithm. Each table entry is the average value of 100* (exact value 
- approximate value) /(exact value) obtained from 10 simulation runs of 10° 

jobs each. 

  

A/u | K=2  K=5 K=20 K=100 
  

TT 0.03 0.0 0.0 0.0 
5 | -0.01 0.01 0.0 0.0 

M/M/1/K| 9] 0.17 0.83 -0.35 0.0 
1.0 1.2 0.39 1.35 0.49 

13 | 0.17 0.38 0.08 0.16 
  

  

l 0 0.0 0.0 0.0 

5| 0.93 0.007 0.0 0.0 
T(2)/F(2)/1/K | 9] 5.99 2.24 0.22 0.0 

1.0] 7.68 3.84 0.99 0.002 

1.3 | 4.64 1.04 -0.005 0.005 
  

  

170.028 0.0 0.0 0.0 
5 | 2.90 0.80 0.0 0.0 

M/D/1/K| 9 | 12.5 4.66 0.17 0.0 
1.0 | 15.32 8.0 2.22 0.36 

1.3 9.0 1.73 0.02 0.003     
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when the service times are constant, the approximation is biased. Thus, the results for the 

M/D/1/K model in table 5.3 are in general the worst. Because G/D/1/K is an important 

class of queueing models (e.g., useful in modeling ATM switches), we evaluate the GG1LK 

algorithm by also comparing the errors on job loss rates and average job waiting times 

with sequential simulations for some G/D/1/K queues. Table 5.4 shows results for some 

M/D/1/K queues. The GG1K algorithm produces very accurate results except when the 

buffer size is very small (e.g., K = 5). Table 5.5 shows that the GD1K algorithm significantly 

improves the accuracy of the GG1K algorithm when K is small. However, for the GD1K 

algorithm the approximation error grows as P increases due to the increasing effect of the 

approximate initial FRST. 

5.2.4.2 Datagram Networks 

The GG1K algorithm can simulate acyclic feed-forward, finite buffer queueing networks 

that can be used to model datagram networks (see Chapter 3). In an acyclic feed-forward 

queueing network, jobs enter the system from source queues and depart the system from 

destination queues. Because the network contains no cycles, each job visits each queue at 

most once. 

We present results of simulating three networks: a fork, merge, and tandem network as 

shown in Figure 3.3 using the GGIK algorithm. Each of these three models contains seven 

homogeneous M/M/1/K queues. We assume that a job departing from a fork queue has 

equal probability of joining any of the queues connected to the server output. Also, the 

service times of a job at each server are independent. That is, each job is assigned with a 

new service time when arriving at a server. For any of these three models, because there 

are no cycles, the GG1K algorithm can be applied queue by queue in a breadth-first order 

starting from any of the the source queues. 

In our experiments, we let A = 100 for all source queues and pz = 100, AK = 10 for all 

queues. Each model is simulated 10 times. Each run simulates 10° external arrivals. In 

the merge network model, queues 1 to 4 are independent source queues, each admitting 
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Table 5.4 

A comparison of normalized approximation errors on job loss rate and av- 

erage waiting time for M/D/1/K queues for N = 10°. The numbers in 
column ‘SEQ’ are the estimates (with 90% confidence intervals) obtained 

from sequential simulations, and each number in columns ‘GG1K’ is the av- 

erage value of 100*(approximate value - sequential estimate) /(sequential 

estimate) from 10 simulation runs. 

    

    

    

  
  

    

Loss Rate Avg. Waiting Time 

A/p | SEQ(90%c.i.)? | GGIK SEQ(90%c.i.)? | GG1K 
3 | 9.8(+2)x1073 0 1.215 -.08 
5 .22(+.02) -.04 1.484 -.13 

K=5] 9 6.5(+.06) | -5.46 2.527 | -4.94 
95 8.3(4.07) | -7.27 2.685 | -6.92 
1.0 10.4(4.07) | -9.35 2.841 | -8.87 
2.0 50.0(+.06) -.03 4.375 -.04 
3 0 0 1.215 0 
5 | 5.0(45)x 1074 0 1.502 0 

K=10 9 1.7(+.03) | -1.35 3.930 | —107° 
95 3.1(+.05) | -2.74 4.618 | -2.70 
1.0 5.1(4.07) | -4.50 5.345 | -4.62 
2.0 50.0(+.06) 0 9.371 -.04 
3 0 0 1.215 0 
5 0 0 1.502 0 

K=20 | 9 .20(+.01) -.14 5.189 -.13 
95 .86(+.04) -.72 7.415(+.1) -.76 
1.0 2.6(£.07) | -2.18 10.379(+.1) | -2.22 
2.0 50.0(+.06) 0 19.362 04 
3 0 0 1.215 0 
5 0 0 1.502 0 

K=100 |] 9 0 0 5.602(+.1) 0 
95 0 0 10.89(+.89) 0 
1.0 58(+.10) -.27 51.40(+3.9) -.34 
2.0 49.9(+.06) 0 99.211 0             

t+ The 90% half confidence intervals of those not shown are negligible. 
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Table 5.5: Normalized approximation errors of the GD1K algorithms in job loss rate and in 

average waiting time for M/D/1/K queues for N = 10°. The numbers in column ‘SEQ’ are 
the estimates (with 90% confidence intervals) obtained from a sequential simulation, and 
each number in column ‘GD1K’ is the average value of 100* (approximate value - sequential 

estimate) /(sequential estimate) from 10 simulation runs. 

  

  

  

  

  

  

  

  

  

Loss Rate Avg. Waiting Time 

A/p_ | SEQ(90%c.i.)! GD1K SEQ(90%c.i.)' | GDIK 
38 | 9.8(42)x107° .0 1.215 .0 
5 .22(+.02) -.04 1.484 0 

K=5 9 6.5(+.06) .05 2.527 0 
95 8.3(+.07) 07 2.685 0 
1.0 10.4(+.07) 13 2.841 .07 
2.0 50.0(+.06) .02 4.375 .04 
3 0 0 1.215 0 
5 | 5.0(+5)x1074 .0 1.502 0 

K=10 9 1.7(+.03) .04 3.930 .0 
95 3.1(+.05) .09 4.618 .06 
1.0 5.1(+.07) 134 5.345 Al 

P= 100 2.0 50.0(+.06) | —1074 9.371 0 
3 0 0 1.215 0 
5 0 0 1.502 0 

K=20 9 .20(+.01) .0 5.189 .O 

95 .86(+.04) 0.10 7.415(+.1) .02 
1.0 2.6(+.07) 72 10.379(+.1) 24 
2.0 50.0(+.06) | —10—4 19.362 .04 
3 0 0 1215 0 
5 0 0 1.502 0 

K=100 9 0 0 5.602(+.1) 0 
95 0 0 10.89(+.89) 0 
1.0 .58(+.10) 1.5 51.40(+3.9) .39 
2.0 49.9(+.06) | —1074 99.211 0 
3 | 9.8(+2)x107° -1.02 1.215 -.16 
5 .22(+.02) -.22 1.484 -.13 

K=5 9 6.5(+.06) .39 2.527 WW 
95 8.3(+.07) .80 2.685 .29 
1.0 10.4(+.07) 1.36 2.841 63 
2.0 50.0(+.06) .22 4.375 122 
3 0 0 1.215 0 
& | 50(+5)x1074 0 1.502 0 

K=10 9 1.7(+.03) 26 3.930 07 
95 3.1(4.05) 1.08 4.618 38 
1.0 5.1(+.07) 3.04 5.345 1.10 

P=1000 2.0 50.0(+.06) | —107% 9.371 0 
3 0 0 1215 0 
5 0 0 1.502 0 

K=20 9 .20(+.01) “14 5.189 -.03 
95 .8G6(+.04) 1.02 7.415(+.1) 124 
1.0 2.6(+.07) 5.77 10.379(+.1) 1.81 
2.0 50.0(+.06) | —10—3 19.362 04 
3 0 0 1.215 0 
5 0 0 1.502 0 

K=100 9 0 0 5.602(+.1) ) 
95 0 0 10.89(+.89) 0 
1.0 .58(+.10) 4.19 51.40(43.9) 55 
2.0 49.9(+.06) | —107% 99.211 0         

t The 90% half confidence intervals of those not shown are negligible. 
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Table 5.6 

A comparison of the queue lengths for the feed-forward queueing network 

models in which K=10 for all queues. Each number is the average of 10 

runs. 

  

Fork Merge Tandem 
Queue | GGIK_ Exact | GG1K_ Exact | GGIK Exact. 

5.00 5.01 5.02 5.01 4.97 4.99 

0.82 0.82 5.01 5.02 4.05 4.09 

0.82 0.81 4.95 5.04 3.59 3.58 

0.29 0.29 9.05 5.00 3.30 3.30 

0.29 0.29 8.79 8.79 3.08 3.09 

0.29 0.29 8.79 8.78 2.93 2.92 

0.29 0.29 8.96 8.97 2.79 2.77 
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25,000 arrivals for each simulation run. Table 5.6 compares the mean number of jobs in the 

system from the GG1K simulation to an exact simulation. The table shows that the GGLh 

simulations produce very accurate results for all three models. The approximation errors 

are mostly well under 1%, and never exceeds 1.8%. 

5.3. Time-Parallel Simulation for Markov Chains 

Markov chains are an important class of stochastic processes. Let N be the number of 

events to be simulated and let t;,1 <7< N, be the simulation time at which event 2 occurs. 

If the simulation model, represented by process X = {X(t),t > 0}, has a discrete state 

space and the probability distribution of X(t;),1<«< N, depends only on X(t;_;), then 

the simulation model is a Markov chain. This section describes two time-parallel approaches 

for Markov chains. 

5.3.1 The Parallel Prefix Approach 

It is well known that if X={X(t),t > 0} is an irreducible, and positive recurrent, Markov 

chain with a state space S € {1,2,...}, then there exists a random variable X with a. mass 
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distribution 7 = {7;,2 € S}, such that X(t) converges to X in distribution as t + oo. That 

is, 7 is the stationary distribution of X. Suppose that the purpose of the simulation is to 

study the long term behavior of the target system. Then we are interested in estimating 

E(X). 

Let A be the m x m transition probability matrix of the Markov chain. Assume that 

the Markov chain to be simulated is ergodic (i.e., each state of the Markov chain is positive 

recurrent and aperiodic). Then the stationary distribution of the Markov chain 7 can be 

determined by solving the following equations [6]: 

nA=T and 

For ergodic Markov chains, the limiting distribution is asymptotically equivalent to the 

(5.13) 

stationary distribution and can be determined by the following equation: 

lim A” = . (5.14) 
n— Oo 

    Tv 

Here, (5.13) provides a set of linear equations. Let A;; denote the j* element of row i 

in A. Then for (5.14), a lower bound n’, where n’ is a positive integer, can be found such 

that for all k > n’,1< 1,7 < m, |AF; — Af?| < € for some small value ¢ > 0 [6]. Computing 

A”™ (and hence 7) is a prefir problem. Therefore, the GLM algorithm (Section 5.1.1) can 

be applied to solve (5.14). 

The parallel prefix approach described above is simple. However, when the state space 

of the target system is very large (or even infinite in many cases), using equations (5.13) 

and (5.14) to obtain the stationary distribution is computationally prohibitive. In this case, 
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we present another time-parallel approach that is applicable to a more general semi-Markov 

chain. 

5.3.2 The Recurrent State Approach 

The memoryless property of a (continuous) Markov chain requires that the state holding 

times of the process have an exponential distribution. When this requirement is relaxed 

(i.e., to permit arbitrary state holding time distribution), the resultant random process is 

referred to as a semi-Markov chain. 

Let T;(s),1 <j < N+1, denote the simulation time of the j*® occurrence of state s € S$ 

and let r,,(s) denote T,,41(s) — Tm(s),0 < m < N, which is the simulation time between 

the m** and the (m+ 1)" occurrence of state s. Assume that for each s € S, 1,,(s) are 

identically and independently distributed random variables for all m. Then the recurrencec 

period of state s is defined to be: 

E(rm(s)) = = (5.15) 

State s is said to be positive recurrent when E(ri,(s)) < oo. If there exists some c > | 

such that E'(rp(s)) < N then temporal parallelism may be obtained through partitioning 

the simulation time interval into sub-intervals (or batches) at the time points where state s 

occurs. Hence, the batch initial and the final states (in this case, state s) are determined. 

The states used for partitioning the simulation time interval are called matching states 

(because they determine the matching condition between two batches). To obtain a high 

degree of parallelism, we are interested in finding a frequently occurring state (FOS). If 

a priori knowledge of such a state is unavailable, we propose to use a pilot simulation 

described below to obtain an estimated FOS: 

FOS Pilot Simulation 

1. For all 1, 1 < i < P, processor 7 randomly chooses an initial state and simulates the 

system for some short time period. Record the occurrences of each state. 
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2. For each processor 7, identify the most frequently occurring state, denoted by r;, in 

the step 1 simulation run. 

3. Select the state that appears the most times in {r},r2,...,rp}. Break a tie arbitrarily. 

The state obtained in step 3 will be used as the matching state for the time-parallel 

simulation. This heuristic pilot simulation is not guaranteed to select the most frequently 

occurring state which has the minimum recurrence period. However, for our time-parallel 

simulation, it is beneficial as long as the selected state has a relatively high occurrence rate. 

Note that in the time-parallel simulation described above, although only one matching state 

is used, multiple matching states can also be used if necessary. 

The recurrent state approach can be easily extended to non-Markovian models. Consider 

an arbitrary simulation model. Suppose we know that when the simulation model starts 

from an initial state s,, it will reach states s. and then s3, s4 and soon such that the number 

of state transitions between each pair s; and s;4;,, where z > 1, is relatively small. Assume 

that, for all 7, the state transition probabilities after the occurrence of s; are independent. of 

any state that occurs before s;. That is, the process at the instances when states sg, 53,... 

occur is an imbedded Markov chain [51]. Note that this assumption does not imply that 

the model is a Markov chain because the process between the occurrences of s; and s;44 

can be non-Markovian. To achieve parallel simulation for such a model, we may simply 

partition the trajectory into batches by allowing processor 7 to independently simulate the 

model from states s; and terminate when s,;41 occurs. 

The approach described above requires a prediction of state occurrences that take place 

in the (simulation time) future. Unfortunately, such prediction is usually difficult (if not 

impossible) in practice. Consider a FCFS G/G/1/K queue whose state at time t is defined 

by: (NAT(t), QL(t), RST\(t), RST2(t),..., RST (t)), where NAT (t) denotes the simula- 

tion time between t and the next arrival time; QL(t) denotes the queue length at t; RST;(t) 

denotes the remaining service time of the i*” job in the queue at t. Because the system 

has a continuous state space, unless the queue becomes empty periodically, a future-state 
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prediction for the time-parallel approach described above is unlikely to be achieved. To 

deal with this problem, we present a substate matching technique which allows approximate 

simulation results in the next section. 

5.4 Time-Parallel Simulation Using Substate Matching 

The basic idea of substate matching (SSM) is that we relax the requirement that the final 

state of each time-partitioned batch has to exactly match the initial state of tle following 

batch when the simulation terminates. Instead, only a subset of state variables are matched. 

To illustrate the SSM approach, we use the FCFS G/G/1/K model as an example. In this 

model, if we consider only the ‘imbedded’ process corresponding to the time points when a 

job arrives, the state of the imbedded process at a job arrival time t’ can be described by 

(QL(t'), RST, (t'), RST2(t'),..., RST (t’)) (because N AT(t’) = 0). 

Assume that the behavior of the FCFS G/G/1/K queue is relatively insensitive to slight 

changes (or ‘perturbation’ [41]) in the values of RST’s. Then we may conduct a time-parallel 

simulation for the FCFS G/G/1/K model with the following steps: 

1. Processor 1, for each 1 < i < P, initializes the state variables QL, RST,, RST),..., 

and RST; appropriately, and then starts simulating the systern independently. Let. 

qi € {0,1,..., A} denote the initial value of QL corresponding to processor 1. 

2. Processor 2 terminates when QL = q,;4,; and when all other termination conditions 

are satisfied. 

In this approach, we allow batches to partially match on state variable QL (as opposed to 

the entire state vector). 

Suppose we know that the queue length will return to k, for some | < k < AK, relatively 

frequently. Then in step one, we may simply let gq) = q2 =...qp = k. Let 7 be the total 

simulation length. Then the amount of parallelism is determined by the number of times 

that the queue length returns to & in the time interval [0,7]. To find a frequently occurring 

queue length k, again, we may apply the FOS pilot simulation. 
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The SSM approach described above can enhance the applicability of time-parallel sim- 

ulation. The tradeoff, however, is that it generates approximate simulation results. The 

selection of the matching state variable(s) (QL in the above example) has to be balanced 

between parallelism and approximation errors. Fewer state variables, in general (but not 

necessary), permits a higher degree of parallelism but is likely to cause more approximation 

errors. 

5.4.1 Application 

We have shown that the SSM approach can be applied to a G/G/1/K queue. This 

section applies the SSM approach to a central server system. 

5.4.1.1 Central Server System 

Consider the central server system shown in Figure 3.4 which consists of a CPU, two 

disks, and an arbitrary number of jobs which circulate around the system. Each job is asso- 

ciated with a length, which is a constant defined to be the product of the job’s service time 

and the device’s service rate. The length of each job follows some probability distribution 

and remains unchanged as it travels around the system. Thus, this model does not have a 

product form solution. The buffer sizes of the devices are infinite and the time required for 

the job to move between devices is ignored. 

A queueing model with feedback causes both optimistic and conservative algorithins 

to perform poorly [56]. For this central server model, Wagner and Lazowska. [87] have 

shown that for any conservative parallel algorithms, 3.67 is the upper bound of speedup. A 

number of researchers [25, 45, 77, 86] have used this model as a benchmark for their parallel 

simulation protocols and none of them could achieve a speedup better than 3. 

To apply the SSM approach to the central server system, we let batches partially match 

on state variables {QL (t),QL2(t),QL3(t)}. In our experiments, we first let the system 

contain only 3 jobs. The job lengths are generated by an exponentially distributed random 

variable with a mean of 0.01. All three devices have the same job service rate. Since there 
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are only 3 jobs, the service times are effectively 3 small numbers. 

Let y; denote the job service rate of queue i, and QL;(n) denote the queue length 

of queue 7 immediately after the occurrence of event n, respectively. A simulation of 

QL ={QLj(n),QL2(n),QL3(n),n > 0} can be largely simplified by making the following 

assumptions: 

Assumption 1: The departure processes of all queues are mutually independent such 

that the probability that the next job departure will occur at queue 2, denoted p,, is 

given by: 

Pi = ae (5.16) a 
Sr Hy» QL;(n)>0 

where M is the number of queues in the system. 

Assumption 2: The state holding times are constant. 

Violation of these assumptions does not prohibit use of the SSM approach, but reduces 

the accuracy of the FOS algorithm. With assumption 1, QL(n) can be easily modeled by 

a Markov chain. With assumption 2, the computation of job arrival and departure times 

is not required. Also, the pilot simulation does not require an event list because the newly 

created event is always the next event to be executed. These assumptions will reduce the 

real execution time required for the pilot simulation. 

Using the approximation technique described above, the queue length process QL can 

be modeled by a Markov chain of 10 states. Figure 5.10 shows the state transition matrix 

of the resulting Markov chain. Solution of equations (5.13) or (5.14) yields the stationary 

distribution: (3, 4 +, io Zs: ie: ze: aE: 35: ao): State 0 (all three jobs are in the CPU’s 

queue), which has the the smallest recurrence period, is hence chosen as the matching state. 

To validate the accuracy of the occurrence frequencies obtained from the approximate 

Markov chain, we execute the original simulation model 10 times using a sequential simnula- 

tion. Each run uses a different seed and simulates 10° arrival events. A comparison of these 
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0 oO 0 0 1 0 0 0 0 0 
9 

0 oO 0 0 0 1 0 0 0 0 | 

0: <3,0,0> 1: <2,1,0> 2: <2,0,1> 3:<1,1,1> 4: <1,2,0> 

§ : <1,0,2> 6: <0,2,1> 7:<0,1,2> 8 : <0,3,0> 9 - <0,0,3> 

Figure 5.10: The State Transition Matrix of the Central Server System. Each state of the 

Markov chain corresponds to a state (QL,,QL2,QL3), where QL,,QL2, and QL3 are the 

queue lengths of the CPU, Disk1, and Disk2, respectively. 
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Table 5.7: A comparison of the stationary probability distributions obtained from solution 

of the approximate Markov chain and an exact simulation. 

  

  

  

  

  

  

States | Approximate | Exact 

Markov Chain | Simulation 

0 30% 28.6% 

1 20% 21.4% 

2 20% 21.1% 

3 10% 9.9% 
4 6.7% 6.8% 
3 6.7% 6.8% 

6 2.2% 1.7% 

7 2.2% 1.6% 

8 1.1% 1.0% 
9 1.1% 1.1%       

state distributions is given in Table 5.7. It shows that solution of the approximate Markov 

chain generates a very close probability distribution to the results of an exact simulation. 

In our time-parallel simulation, we let each device have a job in its queue initially. 

Because state 0 is chosen to be the matching state, it serves as the final state of each 

simulation sub-interval as well as the initial state of each simulation sub-interval except the 

first one. Therefore, a final state is considered to be reached when all three jobs are in the 

CPU’s queue regardless of the remaining service times 

In the experiment, we let P = 10? and N = 10°. Therefore, for a perfectly balanced 

loading, each processor should simulates 10° events. Because the expected number of events 

in each sub-interval is only 3.33 (i.e. 3/10) each processor is expected to simulate a large 

number of sub-intervals. Therefore, for each processor, the termination condition is defined 

as, “state 0 occurs and at least 10° arrival events have been simulated by the processor.” 

Although this simple algorithm will cause more than WN arrival events to be simulated, 

because state 0 occurs with a very high frequency, experiment results show that only an 

average of 2.64 more arrival events are simulated by each processor (Table 5.8). 

The experiment executes the model 10 times using the SSM approach and a sequential 
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Table 5.8: A comparison of average queue lengths of the central server model. Each number 

is an average of 10 runs. 

  

Algorithm || CPU | Disk1 | Disk2 || Arrivals 

Simulated 

Parallel 2.160 | 0.422 | 0.425 || 100264 

Sequential || 2.188 | 0.406 | 0.406 || 100000 

  

              
  

simulation, respectively. Table 5.8 compares the expected queue lengths. The differences 

for the CPU, Disk1, and Disk2 queues are 1.2%, 3.8%, and 4.2%, respectively. Because the 

load of each processor is nearly perfectly balanced, and the cost of computing the stationary 

distribution (using equation (5.13) or (5.14)) is constant, a linear speedup can be achieved. 

To illustrate that the SSM simulation can achieve massive parallelism and still maintain 

high accuracy, we vary the value of P, ranging from 10 to 10°, and compare the results 

with a sequential simulation. We also increase the number of jobs and the number of events 

simulated from 3 and 10° to 300 and 10’, respectively. In this case, each queue contains 100 

jobs initially. The service times of the jobs are generated by an exponentially distributed 

random variable with a mean of 0.01. All other parameters and assumptions of the system 

remain unchanged from the previous experiment. 

The number of possible states of the imbedded queue length process of this model is 

about 4.5x10*. Because of the large state space, we use the FOS pilot simulation to estimate 

a frequently occurring substate. Table 5.9 compare the expected queue lengths obtained 

from the two simulations. It shows that the SSM approach produces highly accurate results. 

5.5 Summary 

Time-parallel approaches can potentially exploit massive parallelism for a small simu- 

lation model. Several time-parallel approaches are proposed in this chapter. In Section 

5.2, we present the GG1K, IGG1K and GDI1K algorithms for acyclic feed-forward networks 

of loss FCFS G/G/1/K and G/D/1/K queues, respectively. The GG1K and GDLK algo- 
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Table 5.9: A comparison of the average queue lengths of the central server model. In 

the Table, SSM and SEQ represent the substate matching and the sequential simulations, 

respectively. 

  

  

        

P Simulation | CPU Disk1 | Disk2 

SEQ 299.05 | 0.473 | 0.473 

10 SSM 299.06 | 0.471 | 0.471 

100 SSM 299.06 | 0.467 | 0.468 

1000 | SSM 299.06 | 0.470 | 0.469 

10000 | SSM 299.06 | 0.470 | 0.469 

rithms exploit unbounded parallelism and require time O(N/P + log P+log N) to simulate 

N arrivals using P processors. The IGGIK algorithm is a simple, iterative alternative of 

the GGIK algorithm. 

The non-iterative GG1K algorithm consists of two phases. In the first phase, a sitnilar 

system (i.e., a G/G/1/00 queue) is simulated using the GLM algorithm. Then the resultant 

trajectory is transformed into an approximate G/G/1/K trajectory in the second phase. 

The closeness of the approximation is investigated analytically and experimentally. The 

experimental results show that generally the GG1K algorithm achieves highly accurate 

results for G/G/1/K queues where the service times are IID (i.e., G/GI/1/K). However, 

the approximation errors become more significant due to the case-3 condition when both 

K is small (e.g., 5) and the job service times are constant. 

The IGGIK algorithm is identical to the GG1K algorithm except that the IGGIK algo- 

rithm reaches convergence iteratively. The convergence speed is analyzed. For M/M/1/lx 

queues, we prove that the worst performance (in terms of the number of iteratious) of 

the IGGI1K algorithm occurs when A/p = 1. Experimental results show that except when 

A/p—1, the IGGIK algorithm converges very quickly. 

We show that for constant service times, the initial queue length computed by the GGIIx 

algorithm can differ from the exact value by at most one. Based on this property, we develop 

the GD1K algorithm, in which we use the GGIK algorithm to estimate accurate batch 
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initial states. Then each processor performs a regular sequential simulation concurrently 

with others, so that the case-3 approximation bias can be removed. 

In Section 5.3, two time-parallel approaches (i.e., parallel prefix and recurrent state) for 

Markov chains are presented. In the parallel prefix approach, we show that computing the 

stationary distribution of an ergodic Markov chain is in fact a prefix problem. Hence, a 

parallel prefix algorithm (such as the GLM algorithm) can be applied to obtain the station- 

ary distribution of a Markov chain. For a more general semi-Markov chain, we describe a 

recurrent state approach which partitions the Markov chain trajectory into batches at the 

instances where a pre-determined state occurs. The amount of parallelism depends on the 

occurrence frequency of the pre-determined state. We present a heuristic pilot simulation 

algorithm that may help identify a frequently occurring state. 

The SSM approach relaxes the batch matching requirement by allowing two consecutive 

batches to partially match on a subset of the state variables. Substate matching enhances 

the applicability of time-parallel simulation and can potentially exploit massive parallelisin. 

However, the trade-off is that this technique leads to approximate simulation results. Nev- 

ertheless, the degree of approximation error may be assessed by evaluating the gradient (of 

the interested measure) due to a change in the initial values of the state variables that are 

not used for the convergence matching. Some gradient estimation techniques are given by 

Law and Kelton [54, Chapter 12]. 
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Chapter 6 

PARALLEL REGENERATIVE SIMULATION 

This chapter discusses parallel regenerative simulation which utilizes the regenerative 

structure of the target system to exploit parallelism for steady-state simulation (Table 2.1 

and Figure 2.2). 

The time evolution of a simulation model can be viewed as a realization of a random 

process X = {X(t),t > 0}. Assume that X(t) converges in distribution to some random 

variable X ast — oo. Suppose that the purpose of simulation is to estimate the steady-state 

mean p = E(X). Crane and Iglehart [20] showed that if the random process is regenerative, 

a simple procedure can be applied to obtain a strongly consistent point estimator and a 

confidence interval for jp. 

The underlying regenerative structure of a random process provides potential parallelism 

because the trajectory of the process consists of a set of consecutive I[D regeneration cycles, 

each of which can be independently computed by a processor. The amount of parallelism 

thus relies on the regeneration frequency. Unfortunately, for many systems of interest 

the expected regeneration cycle length is very long (or infinite). In this case, parallel 

regeneration simulation is not directly applicable. 

In this chapter we investigate parallel regenerative simulation and propose an approx- 

imation approach for models that do not have a short expected regeneration cycle length. 

The rest of the chapter is organized as follows: Sections 6.1 and 6.2 review regenerative 

simulation using one and multiple processors, respectively. Section 6.3 addresses the im- 

plications of using different regeneration states. Section 6.4 presents an approximation 

parallel regeneration algorithm. The proposed algorithm is evaluated experimentally with 

some G/G/1/K queues and a virtual circuit system in Section 6.5. 
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Queue Length 
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Figure 6.1: A GI/G/1 queue trajectory. The system regenerates (i.e., a job arrives at an 
empty queue) at to, ¢1, t2, and t3. 

6.1 Regenerative Simulation 

A random process is said to be regenerative if there exists a state r such that the portions 

of the process defined in the time intervals [(), G2), [G2, G3),... are IID replications, where 

GB, is the n‘” time point when the system enters state r. The state r is referred to as a 

regeneration state. The time interval between two consecutive regeneration times (i.e., the 

entrance time points to state r) is called a regeneration cycle. For example, in a GI/G/1 

queue, the system regenerates whenever a job arrives at an empty queue (Figure 6.1). 

Define w, = Bn41 — Bn, and 

Bnt1 
Y, = X (t)dt. 

Bn 

That is, w, is the length of the n’* regeneration cycle and Y,, is the n*” observation computed 

by the processor assigned to the simulation time interval [6,,8n41). Then {(Y,,wn),n > 

1} are IID random vectors and p = E(Yn)/E(wn) [20]. Let & be the total number of 

regeneration cycles simulated. Then it can be shown that the following estimator for yp, 

denoted ji2(X), is strongly consistent for p as & increases (i.e., fig(&)  p with probability 

one as 8 > oo) [20]: . 

. jan Yi jig(8) = SEL, 
dint Wi 
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To construct a confidence interval for ji2(%), two well-known methods are the classical 

approach [20] and the jackknife approach [63]. We briefly describe the classical approach 

below. 

Let Z; = Y; — pw;. Then Z;’s are IID random variables with mean Q. Let at denote the 

variance of Z;. By the central limit theorem, 

Z(X) 
\/ 02/8 

where ‘=>’ denotes convergence in distribution. The sample variance of Z;, denoted G2 (N), 

=> N(0,1) as 8 > ~, (6.1)   

is given by: 

67 (RN) = GF (8) + (fie(N))?G2(N) — Qin(N)Cov(¥i, wi), 

where 62. (8) = 7, (¥i-¥ (X))?/(R-1), 62(8) = TX, (6; -G(N))?/(N-1), and Cov(Y;, w;) 

= ,(¥; — Y(8))(w; — @(X))/(8 — 1) are respectively, the sample variance of Y;, the 

sample variance of w;, and the sample covariance of Y; and w;. It can be shown that 

G2(X) + 0% as X > oo. Because 

a(R) mir) 7 = Aa) — 

from (6.1), we have: 

—_)=# __ _N0,1) aX 00, (6.2) 
a7 (R)/R(@(R))? 

Then, an approximate 100(1-@) percent confidence interval for jz is given by: 

. “1~a/2 GZ (R)/ 

6.2 Parallel Regenerative Simulation 

A key property for a regenerative system is that at a regeneration time point the system 

becomes totally independent of any previous states. This property provides potential par- 

allelism for simulation because each processor can compute one or more regeneration cycles 
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independently. This section reviews an estimator for js based on a parallel regenerative 

approach proposed by Glynn and Heidelberger. 

To illustrate parallel regenerative simulation, consider the GI/G/1 trajectory illustrated 

in Figure 6.1. The trajectory in the time interval [to, t3) can be partitioned into three subtra- 

jectories at simulation time points to,t,; and t2, respectively. Because these subtrajectories 

are stochastically identical, each subtrajectory can then be computed by a processor inde- 

pendently. Therefore, parallel regenerative simulation can be treated as a special case of 

time-parallel simulation (e.g., [13, 34, 88, 89, 90]) in which parallelism is obtained through 

partitioning the time domain of the simulation model. 

Let 7, be the real (i.e., wall clock) simulation execution time for a simulation time 

length 7. Assume that the real execution time is linear to the simulation time length. 

That is, there exists a constant 7 > 0, such that 7, = nr. Suppose 7 is the desired 

simulation time length. For balancing the workload it is desirable that each processor 

simulates r/P time units (or equivalently 7,/P real time units). Unfortunately, because a 

regenerative simulation requires that an integer number of regeneration cycles be simulated, 

and because the regeneration cycle length is a random variable, the simulation run length 

of each processor is also a random variable. Therefore, the perfect workload partitioning 

(i.e., all processors execute exactly 7/P simulation time units) can not be achieved. 

In parallel regenerative simulation, a key problem is how to stop the processors. There 

exists a number of ‘stopping rules’, each resulting in a different estimator for uw. An example 

of a stopping rule is the static computation assignment [7], in which each processor completes 

a fixed number of regeneration cycles and then stops. Estimators based on a variety of 

stopping rules have been studied by Glynn and Heidelberger [31, 32, 38]. They showed that 

some intuitive stopping rules could cause severely biased results. Glynn and Heidelberger 

[32, 38] have proposed a strongly consistent estimator [32, 38] that uses 7/P as a guideline 

(because processor execution time is a random variable) stopping time. This estimator 

forms the basis of our PR approach which will be discussed later. For consistency with our 

notations, this estimator is denoted by ji3(P, 5). 
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For ji3(P, 5), all processors start simultaneously to simulate the system from a fixed 

regeneration state. For each processor, when the system enters the regeneration state and 

at least 7/P time units have been elapsed, the processor stops. Let N;(t/P) denote the 

number of regeneration cycles completed on processor 7 in T/P time units. Then processor 

i will simulate exactly N;(r/P) +1 regeneration cycles. Let Y;; and w;; denote the j*” 

observation and the j** regeneration cycle length (RCL), respectively, on processor 7. Then 

fi3(P, ) is obtained by: 

N,(7/P)+1 — Ce cet 
~ P N,(7/P)+1 . 

ee  ., 

It can be shown that fi3(P,7/P) is strongly consistent for as P increases [38]. Because 

  7) (6.3) 

TNAIP Hy, — pw,;), for 1 <i < P, are ID random numbers, based on the central limit. 

theorem, as P + ov, 

B(wi;) E(Ni(r/P) + 1) ial PB) ~ #) 
a(r/P)//P 
  N(0, 1), (6.4) 

where o?(r/P) is the variance of yy, —pw;;). Therefore, an approximate 100(1— 

a@) percent confidence interval can be obtained by: 

. T a(r/P) 
fis(P, 5) $ 21-a/2 tr ’ 

P wey yet IPF Gs /V/P 
  

where G?(r/P) is the sample variance of VPA iy, ~— jw;;). Let T(P) denote the 

completion time of the regenerative simulation using P processors. Also, let y; denote the 

residual time at 7/P for processor 7. That is, 

N,(17/P)+1 r 

y= » Wy; ~ Pp 

j=l 

Then 
Ni(r/P)+1 

T(P) = max. x wish} =7/P + max {yi}. 
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It can be shown that [22, Section 4.2] 

r/P + un(t/P) < B(T(P)) < 1/P + pn(r/P) + (PCED) (6.5 

where p(7/P) and o,(7/P) are the mean and the variance of y;, respectively. 

6.3. The Selection of Regeneration State 

For a regenerative process, there usually exists multiple regeneration states. For exam- 

ple, all states in a homogeneous Markov chain are regenerative. Therefore, to apply the 

parallel regenerative simulation, one concern is how to choose a regeneration state. In this 

section, we first argue that it is advantageous to use regeneration states that have high 

occurrence frequencies. Then we present a pilot simulation that selects regeneration states 

which occur frequently. 

For the parallel regenerative approach, we define the degree of parallelism to be the 

expected number of regeneration cycles in the simulation time interval [0,7]. That is, the 

degree of parallelism denotes the expected number of processors that we can use so that 

each processor can finish at least one regeneration cycle for a total simulation length 7. 

Apparently, to obtain a high degree of parallelism, it is desirable that we use a regeneration 

state that occurs relatively frequently. 

There are two other potential advantages using a frequently occurring regeneration state 

(FORS). Consider ji3(P, =), when regeneration occurs frequently, after the guideline stop- 

ping time has passed, a processor may quickly reach a regeneration point and terminates. 

Therefore, a short simulation completion time results. 

Consider a process which has r > 1 regeneration states. Let +; , denote the residual time 

at_7+/P for processor ? when using regeneration state k, 1 <k <r. Assume that the RCL 

corresponding to each regeneration state k, denoted 2y, is exponentially distributed with 

a mean 1/A,. Due to the memoryless property of an exponential distribution, y;4 and Q, 

have the same distribution. Therefore, for regeneration state k, the simulation completion 

time, denoted 7;(P), is the P** order statistic of the exponential distribution with mean 
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1/Ax. It can then be shown that 

E(T;(P)) =P * te EL eT ety Plat = + S~ s 
t=0 rn = 2 

Therefore, in this case, the expected simulation completion time strictly decreases as we use 

a regeneration state that has a smaller expected RCL. This relationship is also illustrated in 

Figures 6.2 and 6.3 by the queue length process of a loss M/M/1/10 queue where A/p = 0.7. 

Note that the RCL of this process is not exponentially distributed. 

Let T,(P) and T;,(P), respectively, denote the upper and the lower bound on T;,(P) given 

by (6.5). Then as a direct result of (6.5), we can see that if E(Q,) < E(Q,) => 0, < o%,,, 

where ‘=>’ represents ‘imply’ and o.,, denotes the variance of y;,, then the following 

condition holds: 

    

E(Q%) < E(Q,) => (Te(P) < Ti(P)) A (Te(P) < Ty(P)). 
  

The third potential advantage of using a FORS is that a FORS results in a large number 

of observations. This, generally, leads to a smaller confidence interval. 

We have enumerated some potential advantages of using a FORS for the parallel regen- 

erative simulation. When a priori knowledge of a FORS is unavailable, we may estimate one 

by using the FOS pilot simulation discussed in Chapter 5 (Section 5.3). The length of the 

pilot simulation can be determined somewhat arbitrarily because the purpose of the pilot. 

simulation is simply to obtain a regeneration state that occurs relatively frequently. For the 

M/M/1/10 queue where A/p = 0.7, our experiments show that the FOS pilot simulation 

almost always successfully selects the true most frequently occurring state even when each 

processor simulates as few as 20 job arrivals when P > 100. 

The regenerative structure of a random process provides statistical convenience for cou- 

structing an estimate for yz, and allows us to partition the simulation easily for multiple 

processor execution. However, the regenerative approach requires that the expected RCL 

be relatively short so that sufficient IID observations can be obtained in the desired simula- 

tion interval. In practice, many systems of interest (e.g., a congested network) do not have 
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Figure 6.2: Average RCL for the M/M/1/10 queue, where 4 = 70, n = 100, and P = 100. 
The guideline stopping time is 100. 
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Figure 6.3: Parallel regenerative simulation completion time for the M/M/1/10 queue, 

where A = 70, » = 100, and P = 100. The guideline stopping time is 100. 
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a short (or even finite) expected RCL. In such cases, in order to obtain enough observa- 

tions, we may use approximate regeneration cycles by relaxing the regeneration condition. 

The concept of approximate regeneration was originally suggested by Crane and Iglehart 

[21]. In the next section, we present an approximate regeneration technique using substate 

matching which is inspired by the SSM approach described in the previous chapter (both 

cases achieve parallelism by relaxing the matching condition). 

6.4 Parallel Regenerative Simulation with Substate Matching 

Let V = {v1,02,...,Um} be the set of state variables of the target simulation model 

and uz(t), 1 < k < m, denotes the value of vu, at simulation time t. A state variable 

ve C V is redundant if vz, can be uniquely determined by any other state variables in V. 

Assume that no state variables in V are redundant. Then we say that process X can be 

sufficiently described by the process V={vj(t), vo(t),...,Um(t),t > O} if there exists a set 

W = {vk,,Vkg1- ++) Vk} CV, 1 < m’ <m, and a function f such that X(t) = f(W(t)) for 

all t > 0, where W(t) = (vx, (t), Ue, (t),---) Uk_, (t)). If there does not exist any set W’ C W 

and a function f’ such that X(t) = f'(W’(t)) for all t > 0 is satisfied then we refer to set 

W as an essential set for X. That is, the state of X directly depends on the state variables 

in an essential set. 

Assume that process V is regenerative. This is not a restrictive assumption because 

Crane and Iglehart [20] have shown that with appropriate arrangement of the state vector, 

a simulation model can always be structured as a regenerative process. If process V enters 

regeneration state r = (r1,12,...,Tm) at time t (i.e., ry = uz(t) for all 1 < k < m), we say 

that the process regenerates on r at t. 

Define substate rw to be the portion of state r corresponding to set W. For example, 

if W = {v1, v2, v4}, rw={ri, 72,74}. We say that the system partially regenerates’ on rw 

at time ¢ if ug, (¢) = rz, for all 1 < 7 < m’. A partial regeneration cycle length (PRCL) is 

  

‘The term ‘partial regeneration’ was introduced in [58]. 
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the time interval between two consecutive occurrences of partial regeneration. Then we can 

see that for any regeneration state r, the expected RCL on r is no larger than the expected 

PRCL ry. This is obvious because if the system partially regenerates on r at any time 

t, the system must also regenerate on rw at t, and the converse is not true. Therefore, if 

the expected PRCL corresponding ry is finite and when t — oo, it is almost certain that 

number of partial regeneration cycles (corresponding to rw) will be larger than the original 

regeneration cycles (corresponding to r). Based on this property, we consider the following 

approximate regenerative approach: 

Partially Regenerative (PR) Simulation 

1. Identify an essential set W and a substate rw such that the target system partially 

regenerates on rw relatively frequently. 

2. Initialize the state variables corresponding to W with substate ry. 

3. Initialize the state variables corresponding to W’ = V — W (where ‘-’ is the set 

difference operator) appropriately. 

4. For all 2, 1 <7 < P, processor 7 independently simulates the target system until both 

of the following conditions are satisfied: 

(1) The system partially regenerates on ry. 

(2) At least 7/P simulation time units have been simulated. 

5. Let N/(7/P) denote the number of partial regeneration cycles completed on processor 

tin T/P simulation time units and let Y;, and wi; denote the jt observation and the 

j** PRCL, respectively, on processor i. Compute an estimate for pz as follows: 

Ni(7/P)+1 

P Ps se /P +1 w!. 

j=l om) 
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The PR approach obtains an estimate for pz using (6.3) by treating the partial regeneration 

cycles (i.e., on rw) as though they are true regeneration cycles. We refer rw as the matching 

substate because a partial regeneration cycle is determined by a match between the system 

substate corresponding to W and ry. Due to the relaxation of the regeneration condition, 

the partial regeneration cycles are unlikely to be ITD. Consequently, the simulation results 

could be biased. Nevertheless, by applying Gunther’s almost renewal process theorem [35], 

it can be shown that fi4(P, j) is a strongly consistent estimator for yp as T — oo. When 

strong correlation is expected among the partial regeneration cycles, we may apply the 

batch means method by collecting only one observation for every & > 1 consecutive partial 

regeneration cycles. When b is large, under some mild conditions, it can be shown that the 

resultant observations are approximately uncorrelated [53]. 

Application 

To illustrate the PR approach, we consider an example shown in Figure 6.4 which 

represents a packet-switched local area network (LAN) of four hosts (i.e., nodes 1 to 4) and 

a gateway (i.e., node 5) that connects the LAN to other networks. Each node is modeled 

by a loss G/G/1/K queue, where arriving packets that find the queue full are dropped, 

representing a packet loss due to a buffer overflow. For each departing packet from a host, 

the next node to enter is chosen randomly from those connected to the host. 

Let QL; denote the queue length of node 1,1 < 27 < 5. Suppose we are interested in 

the average congestion level (i.e., the queue length) of the gateway. Then the essential 

set W = {QL;}. For the matching substate rw, observe that for any G/G/1/K queue 

where K < oo, the queue length being zero (respectively, A’) will always have a relatively 

high occurrence frequency in the long run when A/, is sufficiently smaller (larger) than 1. 

Therefore, we may simply let rw=K and rw=0 for A/u > 1 and A/p < 1, respectively. 

Otherwise, the FOS pilot simulation can be applied to estimate a frequently occurring 

substate for rw. Finally, the queues corresponding to nodes 1 to 4 have to be initialized 

appropriately to avoid large initial transient. This can be achieved by using the PI pilot 
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Figure 6.4: An open queueing network of five nodes. Each node contains a queue and a 

server to retain and serve the arriving jobs. 

simulation discussed in Chapter 4. 

6.5 Experimental Results 

In this section, we use the multiplexer and the virtual circuit (VC) models considered 

in Section 4.4 to evaluate the performance of the PR approach. 

6.5.1 Multiplexers 

Recall our discussion in Chapter 4 that a multiplexer modeled by a loss G/G/1/K 

queueing can be represented by a regenerative process {N AT (t),QL(t),ST;(t),t > 0}, where 

NAT, QL, and STj,1 < 3 < K are the time interval before the next arrival time, queue 

length, and the remaining service time of the j** job in the buffer (ST; = 0 for j > QL), 

respectively. Note that any process that contains only a proper subset of these three state 

variables is not a regenerative process for general interarrival and service times. Supposed 

we are interested in the average queue length. Then for the PR approach, the essential set 

W = {QL}. For the PR runs, the initial value of NAT is drawn from the interarrival time 

distribution, while the initial values of ST;, 1 < j < QL, are drawn independently froin the 

service time distribution. For the MR-D runs, the queue are idle initially. 
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The M/M/1/100 queue and ['(2)/D/1/100 queue are used, where I'(2) denotes the 

gamma distribution with a shape parameter 2. For the PR simulation, the desired simula- 

tion length is 7 = 107 simulation time units. Thus, the guideline stopping time is 104/P 

simulation time units. The matching substate rw in each case is obtained by applying the 

FOS pilot simulation. The PR approach is compared with the MR-D approach. For a fair 

comparison, the two approaches use the same overall simulation time (including the pilot 

simulations). That is, the simulation lengths for the MR-D runs are given by 

N!(1,/P)+1 P , 
Quist j=l w;, + ATpR 

TMR-D(P) = P ,   

where Tpr denotes the pilot simulation run length for the PR simulation. In our exper- 

iments, Tpr is equal to 20% of the guideline stopping time of the PR runs (i.e., 2000/P 

simulation time units). 

Experimental results are given in Tables 6.1 and 6.2, where MR-D, represents MR- 

D simulation with the first 2% of the simulation time interval deleted. The number in 

the square brackets in the tables are the normalized simulation errors which indicate the 

statistical efficiencies of the simulation runs. 

The results show that the PR approach produces highly accurate estimates for all tested 

cases. Typical errors against the expected values are well under 1.0%. The MR-D simulation 

is competitive in accuracy only when the traffic load is low (e.g., A/p = 0.5). The major 

disadvantage of the PR approach is that the simulation completion time of each processor 

is a random variable. The MR-D approach, on the other hand, has a fixed completion time. 

Nevertheless, for the PR simulation, except when A/j: > 1, each processor reaches a partial 

regeneration point very quickly. Therefore, the completion time of the two approaches 

are approximately the same. When A/ji is near one, however, the queue length becomes 

unstable, some processors may take a long time to reach a partial regeneration point. This 

is illustrated in Figures 6.5, where the simulation completion time increases drainatically 

when A/p — 1. 
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Table 6.1: The average queue lengths with approximate 90% confidence intervals of the 

M/M/1/100 model. Values in row ‘EXPECT’ are computed analytically. The values in the 
square brackets show the normalized errors against the expected values. Absence of a value 

in square brackets denotes an error no more than 1.0%. 

Average Queue Length (M/M/1/100) 

  

  

  

  

  

  

  

  

  

  

  

  

  

                    

Pp Approach | A/p =0.5 A/p =0.7 A/p =0.9 A/p =1.0 A/p=1.1 

EXPECT | 1.0 2.333 8.997 50.0 90.007 

PR 1.00(+.01) | 2.34(+.03) | 9.03(4.32) | 48.87(42.92) | 90.01(+.43) 

[2.3%] 

MR-Do 1.01(+.01) | 2.35(+.03) | 9.20(4+.33) | 47.13 (41.67) | 86.54(+.40) 

(2.2%) | [5.7%] [3.8%] 
100 | MR-Doo 1.00(+.01) | 2.34(4.03) | 9.15(4.30) | 51.85(42.12) | 90.01(+4.33) 

[1.7%] (3.7%| 

MR-Dso 1.00(+.01) | 2.32(4.03) | 8.94(+.39) | 50.30(42.23) | 90.06(+.38) 

MR-Dgo 1.00(+.02) | 2.31(4.07) | 9.98(41.1) | 48.56(43.91) | 89.51(+.84) 

[10.9%] [2.9%] 

PR .99(+.01) | 2.63(+.03) | 8.83(4.31) | 49.03(41.59) | 90.05(+.31) 

1.9%] | (1.9%) 
MR-Do 1.00(+.01) | 2.31(+.02) | 8.33(4.21) | 38.16(+.84) 60.69(+.73) 

[7.4%] [23.7%] [32.6%] 

1000 | MR-Doo 1.00(+.01) | 2.35(+.03) | 8.56(4+.23) | 42.19(+.99) 68.44(+.82) 

[4.9%] [15.6%] [43.5%] 

MR-Dso 1.00(+.01) | 2.34(4.03) | 9.31(+.32) | 46.31(41.16) | 81.53(+.78) 

[3.4%] [7.4%] [9.4%] 
MR-Dgo 1.03(+.01) | 2.37(4.06) | 9.12(+.38) | 48.08(41.42) | 87.04(+.74) 

[3.0%] [1.7%] [1.3%] [3.6%] (3.3%] 

PR 99(+.01) | 2.63(4.03) | 8.98(+.25) | 49.28(+.98) 89.94(+.27) 

[1.4%] 

MR-Do .96(+.01) | 2.08(+.02) | 5.62(4.06) | 27.40(+.24) 14.14(4+.12) 

4.0%] | (10.7%) | [37 5%) | [45.2%] (84.3%) 
10000 | MR-Doo 1.01(+.01) | 2.27(+.02) | 6.11(+.07) | 30.37(+.28) 16.76(+.15) 

[2.6%] [32.1%] [39.3%] [81.4%] 

MR-Dso 99(+.01) | 2.30(+.03) | 6.864.09) | 35.3 4(4.36) | 20.10(+.24) 

[1.3%] [23.7%] [28.9%] [77.5%] 

MR-Doo 1.00(+.01) | 2.46(+.04) | 7.44(+.11) | 38.96(+.43) 24.71(+.24) 

[5.6%] [17.3%] [22.1%] [72.5%] 
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Table 6.2: The average queue lengths of the ['(2)/D/1/K model with approximate 90% 

confidence intervals. Each entry in row ‘EXPECT” is estimated by a simulation of 10 

independent replications for a total of 10° arrivals. The values in the square brackets are 

the normalized errors against the ‘EXPECT’ values. Absence of a value in square brackets 

denotes an error less than 1.0%. 

Average Queue Length (['(2)/D/1/100) 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

            

Pp Approach | A/p =0.5 A/p =0.7 A/p =0.9 A/p =1.0 A/p =. 
EXPECT | .588 1.045 2.836 50.682(+.358) | 97.28 
PR 588(£.001) | 1.046(£.004) | 2.83(4.04) | 50.89(42.61) | 97.31(+.05) 

MR-Do .689(+.001) | 1.047(+.004) } 2.83(4.04) | 45.41(42.31) | 92.53(4.20) 
[10.4%] [4.9%] 

100 | MR-Doy |.588(+£.002) | 1.048(+.004) | 2.86(4.05) | 48.60(+2.71) | 97.32(+.05) 
[4.1%] 

MR-Dso .590(+.002) | 1.043(+.006) | 2.81(+.05) | 48.99(+3.3) 97.29(+.06) 
[3.3%] 

MR-Doo [| .589(£.001) | 1.041(£.013) | 2.81(4£.14) | 48.34(£4.5) | 97.13(4 16) 
[4.6%] 

PR .988(+.001) | 1.045(+.004) | 2.83(4.04) | 50.71(41.81) | 97.27(+.05) 

MR-Do .587(+4.001) | 1.046(+.004) | 2.81(+.04) | 29.12(+.80) 51.37(+.57) 
[42.5%] [47.2%] 

1000 | MR-Doo .988(+.002) | 1.046(+.004) | 2.80(+.04) | 34.40(+.97) 61.55(+.67) 
[32.1%] [36.7%] 

MR-Dso .590(+.002) | 1.044(+.006) | 2.83(4+.05) | 37.76(41.20) | 75.61(+.73) 
[25.5%] [22.3%] 

MR-Doo 591(+.005) | 1.035(4.01) | 2.84(4.10) | 41.17(+1.36) | 89.35(+.64) 
[1.7%] [18.8%] [8.1%] 

PR .087(+.001) | 1.045(+.004) | 2.79(4.03) | 50.21 (41.08) | 97.29(+.04) 
[1.8%] 

MR-Do .578(+.001) | 1.018(+.003) | 2.37 (4.02) | 14.09(+.13) 8.66(+.06) 
[1.7%] [2.6%] [16.2%] [72.2%] [91.1%] 

10000 | MR-Dao .589(+.002) | 1.053(4.004) | 2.54(+.02) | 15.67(+.15) 9.86(+.07) 
(2.6%] (10.2%] [69.0%] [89.9%] 

MR-Dso .988(+.002) | 1.049(+.006) | 2.68(4.03) | 17.60(+.18) 12.01(+.09) 
[5.3%] [65.3%] [87.5%] 

| MR-Doo .590(+.004) | 1.086(4.01) | 2.76(+.04) | 2 0.22(+.24) 17.15(+.11) 
| [3.9%] [2.5%] [60.1%] [82.4%]   
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Figure 6.5: The PR simulation completion time for the M/M/1/100 model for P = 100. 

The guideline stopping time is 100 (simulation time units). 
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Table 6.3: The most frequently occurring state of QL2 for the VC model. 

| P= 100 | P= 1000 | P = 10000 
rw | 16 | 16 | 16 
  

6.5.2 Virtual Circuit 

We consider the VC model that we use to evaluate the PI approach in Section 4.4. 

Compared to the G/G/1/K model in the previous section, the VC model has a much larger 

state vector and the state variables (e.g., the queue lengths) belonging to different nodes are 

correlated. To apply the PR simulation, the essential set W = {QL}. To determine the 

matching substate rw, again, we apply the FOS pilot simulation. The lengths for the FOS 

runs are 10 simulation time units (i-e., 1% of the guideline stopping time when P = 100) 

for all P’s. The results of the FOS pilot simulation are given in Table 6.3. For the MR-D 

simulation, each run starts at a state where the packets are evenly distributed among all 

nodes. 

Experimental results of the VC model are shown in Table 6.4. It shows that the PR 

simulation produces highly accurate and consistent results (less than 1.0% of error) in all 

cases. For the MR simulation, the errors are large for P > 1000. However, the trade-off for 

the high accuracy is the extra completion time (Figure 6.6). 

6.6 Summary 

Regenerative simulation is an appealing alternative for parallel simulation because of its 

potential in producing unbiased results. A problem in applying the parallel regeneration 

approach is that for many applications of interest there does not exist a regeneration state 

that results in a short expected regeneration cycle length. To enhance the applicability of 

the regenerative simulation, we present a partial regeneration (PR) technique which uses 

a substate matching technique (similar to the SSM approach in Section 5.4) to increase 
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Table 6.4: The estimated queue lengths of node 2 with approximate 90% confidence in- 

tervals. Each entry in column ‘EXPECT? is estimated by a simulation of 10 independent 

replications, each of 10° simulation time units in length. The values in the square brackets 
are the normalized errors against the ‘EXPECTED?’ values. Absence of a value in square 
brackets denotes an error less than 1.0%. 

  

  

  

    

Approach P= 100 P = 1000 P = 10000 
EXPECTED | 13.177(+ .024) 13.177(+ .024) 13.177(+£.024) 
PR 13.29(+ 0.15) 13.16(+ 0.13) 13.21(+ 0.10) 
MR-Do 12.85(+ .14)[2.4%] | 11.16(+ .12)[15.3%] | 7.86(+ .04)[40.3%] 
MR-D20 13.29(+ .16) 12.38(+ .14)[6.0%] | 8.51(+ .05)[35.4%] 
MR-Dso 13.20(+ .23) 13.03(+ .15)[1.1%] | 9.33(+.06)[29.2%] 
MR-Doo 13.25(+ .35) 13.65(+ .19)[3.5%] | 11.30(+ .08)[14.2%]   
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Figure 6.6: Completion times of the PR simulation for the VC model. 
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the number of observations. Our experiments with some queueing models show that the 

PR approach has better statistical efficiency compared to the MR-D approach (and the 

PI approach in Chapter 4 as well). The percent error of the PR approach is negligible in 

almost all cases run. 

Note that in many cases, the problems of long expected regeneration intervals can not 

be solved by the substate matching technique along. For example, in the G/G/1 queue 

model, when A/p — 1, the system becomes unstable and some processors may take a long 

time to reach partial regeneration. Also, when the essential set consists of a continuous 

state variable, a matching substate that results in a finite expected PRCL may not exist. 

In such cases, we may further relax the regeneration condition by using a state aggregation 

technique [21], in which we group the state space corresponding to the essential set W 

into some finite aggregated states. Then a partial regeneration is considered to be reached 

whenever the system partially regenerates on any substate in a pre-selected aggregated 

state. 

A major disadvantage of the PR approach (as well as any other regenerative simulation 

approach) is that the simulation completion time is a random variable. Therefore, the 

execution time of the simulation can not be accurately predicted before the simulation. 

Another concern of applying the PR approach is the assessment of the simulation accuracy. 

This can be achieved by conducting a pilot simulation and then evaluating the correlation 

among the partial regeneration cycles generated by the pilot runs. The amount of the 

correlation provides an indication of the accuracy of the resultant PR simulation. 
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Chapter 7 

A STUDY OF CONSERVATIVE 

SPACE-PARALLEL SIMULATION 

In the previous chapters, we have explored multiple replication, time-parallel, and par- 

allel regenerative simulations. In these methods, each processor simulates a replication of 

the entire simulation model. However, when the target simulation model is large, the model 

may not fit in the memory of the processor, and thus these methods are not appropriate. 

In this case, parallelism can be achieved by partitioning the simulation model into smaller 

components in the space domain of the simulation model such that each component con- 

tains a disjoint subset of state variables. Consider simulating a computer network that has a 

large number of nodes using P processors. A space-parallel simulation partitions the nodes 

into P sets of nodes; each set of nodes are simulated by a single processor concurrently. 

Space-parallel simulations have been studied extensively in the past decade. The major 

two space-parallel approaches, namely optimistic and conservative, are evaluated rigorously 

in the literature. Generally speaking, for the optimistic approach, good performance (in 

terms of speed up) can be obtained only if the roll-back overhead is low [15, 27, 60]. For 

the conservative approach, many previous empirical studies have suggested that good per- 

formance relies on good lookahead capability [25, 27, 69, 77]. Although the performance of 

conservative simulation has been the interest in many previous studies (e.g., [57, 70, 72]), 

there has been a lack of formal arguments to quantify the impact of lookahead on conser- 

vative simulation performance. In this chapter, we develop stochastic models to analyze 

the relationship between the amount of lookahead and the performance of a conservative 

simulation. A review of conservative simulation is given first in section 7.1. In Section 

7.2, the relation between the simulation time and lookahead is analyzed for both open and 
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closed simulation models. Conclusions are given in Section 7.3. 

7.1 Conservative Simulation 

In conservative simulation, the communication channel between any pair of logical pro- 

cesses (LP) is modeled by a link which is specified statically. That is, all possible commu- 

nication between two LPs has to be identified before the simulation run. For any pair of 

LPs, say LP, and LP,, we say that LP, is a descendent of LP, (likewise, LP, is a precedent 

of LP,) if LP, can send LP, messages. In each LP, incoming messages through each link 

are stored in a message queue in FIFO order. Each incoming link is associated with a clock 

whose value is equal to the timestamp of the first message in the corresponding message 

queue or the timestamp of the last received message if the corresponding message queue is 

empty. The term least-valued link of an LP refers to the incoming link that has the smallest 

clock value. Also, logically-next message refers to the first message in the message queue 

corresponding to the least-valued link, if the queue is non-empty. Let t(m) denote the 

timestamp of a message m. In the conservative simulation, each LP repeatedly performs 

the following steps: 

1. Identify the logically-next message m and process all local events (from the local 

event queue of the LP) that have a timestamp no greater than t(m) in the order of 

their timestamps. For each event executed, update the local clock of the LP to the 

timestamp of the event. 

2. Process message m (which may in turn generate some local events and output messages 

for other LPs). Place all newly-created local events and output messages, respectively, 

in the local event queue and output message queues. 

3. Process all output messages (in output message queues) that have a timestamp no 

greater than ¢(m) in the order of their timestamps. 

4. Repeat steps 1 to 3 until the simulation termination condition is satisfied. 
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Figure 7.1: A deadlock. Processes A and B are waiting for each other to send messages. 

The number labeled with each link is the clock value of the link. 

In this paper, we assume message processing is non-preemptive. Note that in step 1, when 

the message queue corresponding to the least-valued link is empty, the logically-next message 

can not be determined and thus the LP has to block until some messages arrive at that 

message queue. A deadlock occurs if such blocking forms a circular dependency. An example 

of a deadlock is given in Figure 7.1. 

Two approaches have been used to handle a deadlock, namely deadlock avoidance and 

deadlock detection and recovery (or simply deadlock recovery}. Deadlock avoidance algo- 

rithms [10, 11] use null messages to prevent deadlocks from occurring. This is achieved in 

a way that whenever an LP finishes processing an event, a null message, whose timestamp 

indicates a lower bound on the simulation time of the next message created by the LP, is 

sent to all its descendants. It can be shown that as long as there does not exist any cycles 

in which the collective timestamp increment of the null messages is zero, no deadlock will 

occur [64]. Note that, a null message does not have any corresponding object in the target 

simulation model. 

The use of null messages may pose a great amount of overhead. To reduce null message 

traffic, a conservative approach in which null messages are created on a demand basis has 

been proposed [64]. In this approach, a null message is created only if any of an LP blocks. 
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Unlike the deadlock avoidance approach, the deadlock recovery approach does not use 

any null messages and allows deadlocks to occur. Instead, a special mechanism is applied 

to detect and remove deadlocks. Lin [57] has shown that the deadlock recovery approach is 

in general inefficient. Unless mentioned otherwise, we assume that the deadlock avoidance 

approach is used for conservative simulation. Throughout this paper, the terms ‘simulation 

time’ and ‘simulation execution time’ refer to the simulated time and the real (i.e., wall 

clock) computation time for the simulation, respectively. 

7.2. The Impact of Lookahead on Performance 

An LP is said to have a lookahead € if the clock value of the LP is t and the LP can predict 

that the timestamps of all events that arrive later are no smaller than ¢t + @, for all t > 0. 

A number of empirical studies (e.g., (25, 27, 69]) have suggested that lookahead plays an 

important role in the performance of the conservative simulation. That is, good lookahead 

ability (i.e, a larger lookahead value) results in shorter execution time. Intuitively, this is 

because a good lookahead reduces the processor blocking time. Consider the example shown 

in Figure 7.2, where the LP has two input links with clock values 8 and 10, respectively. 

The LP has processed a message from the top message queue and updated its local clock 

value to 8. Because the top message queue becomes empty, the LP has to block if the 

LP does not have a lookahead of at least 2. Therefore, it appears that a larger lookahead 

implies a smaller blocking probability, hence a shorter execution time. 

7.2.1 Does Lookahead Help? 

Before we analyze the impact of lookahead on simulation performance with respect to 

different system topologies, this section first argues that a larger lookahead guarantees no 

worse simulation performance. 

Suppose that the target simulation model is mapped into P LPs, denoted LP,, LP, 

... LPp. Let G* and G° be two conservative simulation implementations for an arbitrary 
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Figure 7.2: An LP which has two input links with clock values 8 and 10, respectively. Unless 

the LP has a lookahead of at least 2, the LP has to block until a message arrives at the 

empty input message queue. 

simulation model. Let ¢? (respectively, £?) denote the lookahead of the i** LP for G? 

(G°). Suppose that G* and G° are identical (including all random variates involved in the 

simulation) except that £? > e for all 7, 1 < 2 < P. For convenience, the same set of 

symbols are used for variables in G? and G® except that each symbol is superscripted with 

‘a’ or ‘b’ for distinction. Let T, denote the total simulation execution time. Then T° and 

T° represent the simulation execution times for G* and G®, respectively. 

Assume that G? and G® are run simultaneously on two identical, dedicated (i.e., to only 

the execution of G* and G?) multiprocessor systems. Let €;1,€;,2,... be the sequence of 

events (ordered by their timestamps) that are executed by LP; during the simulation. Also, 

let t,(e;,;), where 1 < 7, denote the real time at which event e;,; is executed. 

Lemma 6 For any simulation model, t?(e;,;) < t®(e;,;), foralll<i<Pand1 <j. 

Proof: Assume that there exists an event e;; such that t?(e;;) > t®(e;,;). Then there must 

exist an event e,;, where 1 < 2’ < P,j’ < j, such that both of the following conditions are 

satisfied: 

1. For all events eqn yt such that t (en yr) < t® (ey,;"), t® (ey) > t2 (e057). 

2. tt (eugr) > tf (ex,57). 
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LP, 
      

  

      

Figure 7.3: A simple simulation model of three LPs. 

Given condition 1, condition 2 can be true only if LP% blocks and LP® does not block 

immediately before e;-;; is executed. However, this is impossible because £% > l,. Oo 
‘ — 

Corollary 1 T? < T° for any given simulation model. 

Proof: Follows directly from Lemma 6. 0 

Therefore, a larger lookahead guarantees no worse performance. Examples showing that 

a larger lookahead does indeed reduce simulation execution time can be easily constructed. 

A question arises immediately is that how much such improvement can we expect? We 

answer this question in the following sections. 

7.2.2 Open Models 

We first consider the simple three-LP model shown in Figure 7.3. This simple model is 

referred to as the basic model. Note that, for an acyclic model a deadlock can not occur and 

hence null messages are unnecessary. Assume that the simulation terminates immediately 

after the local clock of L.P3 reaches time 7. 

To evaluate the effect of lookahead, we consider two implementations G° and G% where 

G° has an optimal lookahead while G% has zero lookahead. That is, in G°, all LPs can 

exactly predict the timestamps of all messages that have not arrived at any time. Thus, 

it is guaranteed that no blocking occurs in G? for any LP only if the message queue 

corresponding to the least-valued link is empty. For G7, on the other hand, no prediction 
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Figure 7.4: Timestamp sequences for the basic model. Each simulation time interval 

[b;, 6:41) consists of a set of timestamps corresponding to messages that are sent by the 
same LP. 

for the timestamps of future messages is made. Based on Corollary 1, we see that G* and 

G°, respectively, give the upper bound and the lower bound on the simulation execution 

time for the conservative simulation with any amount of lookahead. 

Let [0,7] be the simulation time interval. We may obtain a set of subintervals divided 

by a set of n(n > 1) increasing simulation time points bo, b1,...b,, such that: (1) each 8,, 

0 <i <n, corresponds to the timestamp of a message received by LP3 and (2) all messages 

whose timestamps in the interval [6;, b;41) are sent by the same LP (i.e., LP, or LP)). An 

example of such a partition for the basic model is given in Figure 7.4. Each interval [b;, bj41) 

will be referred to as a ‘b-cycle’. 

Analyzing the effect of lookahead requires some definitions. For simplicity, we assume 

that no two messages arrive simultaneously. Let t,(m) denote the real time at which message 

m arrives. Let m(t) denote the message that arrives at simulation time ¢. Let R; be 

the real time interval between the arrivals of messages m(b;) and m(b;41) (i.e., m(d;) and 

m(b;41) are the messages that arrive at simulation times b; and b;41, respectively). That 

is, Rj = t,(m(bj41)) —t,(m(b,)). Also, let T"(t) (respectively, T!(t)) denote the real time at 

which the simulation clock corresponding to G? (G4) advances to simulation time t. Then 
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the ‘execution time gap’ (i.e., the real execution time gap between G? and G7) when the 

simulation clock advances to t is given by: 

AT, (t) = Ti(t) — T'(t) > 0. 

Assume that the message transmission time is negligible. Then we can show that (in Lemma 

7 and Corollary 2) AT,(t) is bounded by maxo<i<n{R;} for all t > 0. 

Lemma 7 For all n > 0, AT, (bn) < maxo<i<n {Ri}. 

Proof: This lemma can be proved by induction on n. When n = 0, T"(bo) and T!(bg) corre- 

spond to the real times that LP? (i.e., LP3 in G°) and LP! (i.e., LP3 in G7) start processing 

their first message. It is clear that T(bo) > 0 and T!(bo) < t,(m/(b1)) — t-(m(bo)) = Ro. 

Thus, AT,(bo) < Ro (induction base). Assume that, AT,(b;) < maxo<x<; {Rx} for some 

2 > 0 (induction hypothesis). We need to show that 0 < AT,(bi41) < maxock<i4i{ Re}. To 

derive AT,(b;41), we consider the following three possible cases that could occur when LP 

processes the messages in the interval [b;, ;41): 

Case 1: LP runs continuously without blocking. Because no time has been spent in 

blocking, in this case, when LP} starts processing m(b;41), the execution time gap between 

G% and G® will not increase (It decreases if LP} blocks while LP processing the messages 

in [6;,6;41)). Therefore, AT,(6;41) < AT,(6;). 

Case 2: LP} blocks for a message, say m(b), in the interval [b;, 5,41). Note that, for 

LP} and LP®, the real message arrival times are the same for all messages. Thus, in this 

case, L-P® also has to block for message m(b). Therefore, at this point, the progress of G7 

‘catches up with’ G°. That is, AT;,(6;41) = 0. 

Case 3: LP! blocks for message m(b;41). At this point, LP; has completed all messages 

in [b;, 5:41). Because m(b;4,) has not arrived yet, we know that G°? must be ahead of G4 

for less than Rj41 real time units. Because LP} can not resume computing until m(b;41) 

arrives, thus A7;(b;41) = Rj41 in this case. 

Combining the above cases yields 0 < AT,(bi41) < maxocg<i4i{ Re}. O 
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Corollary 2 For allt in [0,7], AT,(t) < maxo<icn{Ri}. 

Proof: This corollary follows directly from the proof of Lemma 7. 0 

Corollary 2 gives an upper bound (i.e., maxo<i<n{Ri}) on the execution time gap be- 

tween G? and G4 at any point during the simulation. Assume that {Ro, Ro,...} and 

{R,, R3,...} are two sets of IID (independent and identically distributed) random vari- 

ables. Then an expected upper bound for AT,(t) can be derived easily as discussed below. 

Suppose the simulation terminates after [P3 simulates n b-cycles. For convenience, we 

assume that n is an odd integer. Then from Lemma 7, we have 

E(AT;(bn)) < maz{E(RSY), E(Re!?))}, (7.1) 

where Rin!) and Rin!?) are the (n/2)'* order statistic with respect to Ro and R,, respec- 

tively. Let E(R,) = maz{E(Ro), E(Ri)} and E(R RY?) = = maz{E(Ro)'"/2), E(R1)/2)}. 

Then it can be shown that [22, Ch.4.2] 

E(R'"/?)) < E(R,) + all). (7.2) 

where o? is the variance of R,. Suppose R, is exponentially distributed with a mean 1. 

Then it can be derived that 

n/2 4 

E(AT, (bn) < E(RY) = 5 tet =e) “ty 3-1 gy — LF 
0 

Lemma 8 E(AT,(bn)) < E(Ru) + @92) = O(n). 

Proof: Follows directly from (7.1) and (7.2) and the fact that F(R.) is a constant with 

respect ton. O 

Lemma 8 gives an upper bound on the expected execution time gap between G° and G%. 

Corollary 3 limy+o BAT Cn) — 0.
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Figure 7.5: An open acyclic model. 

Proof: Follows directly from Lemma 8. 0 

Corollary 3 states an important result: no matter how large the lookahead is (assuming 

that it ts finite), the performance improvement due to the lookahead becomes insignificant 

when the simulation length is long. Note that, with arguments similar to those given above, 

we can easily show that this result also applies to the cases where LP3 has more than two 

input message links. 

The results obtained for the basic model extend to a more general acyclic model. Define 

a source LP to be one that has no precedent LP. We say that an LP has depth d (where 

d > 0) if the longest path from a source to the LP consists of d links. Consider the example 

in Figure 7.5. LP,, LP. and LP3 are sources with depth zero while LP, and LPs have depth 

one and LP, has depth two. 

Assume that, except for source LPs, each output message is caused by exactly one input 

message and the output message waiting time is negligible. For example, in a queueing 

model, if each LP contains a single queue, then an output message (representing a job 

departure) can be sent to the decedent LP immediately after it is created (thus no output 

waiting time). Assume that the simulation terminates after an LP, say LP,, simulates n 

b-cycles. 

Let d, denote the depth of DP,. Then, it is expected that E(AT,(n)) increases as d,; 

increases. This is because in G“, messages are ‘propagated’ from the sources to other LPs 
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Figure 7.6: A basic closed model. 
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Figure 7.7: A queueing network representation of the basic closed model. Each queue 

corresponds to a message queue in the cyclic model. The extra queue for LF, is the ‘ready’ 

queue which buffers jobs that are ready for execution. 

at a lower speed due to the lack of lookahead. However, from Corollary 2 and Lemma 8, 

we can see that for each extra level of depth for LP,., E(AT,(n)) can increase by at most 

c,/n for some constant c > 0. That is, 

E(AT,(n)) = O(deVn). 

In this case, again, limn+oo E(OT(n)) — 0. Thus, for acyclic models when the simulation 

length is long, the performance gain due to an increased lookahead becomes insignificant 

regardless of the amount of the lookahead. 
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7.2.3 Closed Models 

This section examines the effect of lookahead for closed models. For simplicity, we 

consider the simple closed model in Figure 7.6. To derive a performance model, we view 

this conservative simulation system as a closed queueing network (shown in Figure 7.7 in 

which the ready queue buffers jobs that are ready for execution) such that each message 

queue and a message, respectively, corresponds to a queue and a job in the queueing network. 

In this section, the terms ‘message’ and ‘job’ are used interchangeably. 

To study the effect of lookahead for such a system, again, we consider two implementa- 

tions G? and G®. The definitions of G? and G° are identical to those given in Section 7.2.1 

(i.e., all LPs in G* have a larger lookahead than that in G°). Define the response time of 

the queueing network to be the time required for a job to circulate the network exactly once 

(i.e., the time interval between two consecutive visits to LP,). Then we mark an arbitrary 

job and let W; denote the i** response time (i.e., the time spent in the i** circulation) with 

respect to this marked job. Assume that, for all ¢ greater than some sufficiently large zo, the 

stochastic processes {W2,i > ig > 0} and {W2?,i > io > 0} are approximately covariance 

stationary. That is, for i > ig, there exist two random variables W* and W® such that 

E(W?) = E(W?) and E(W?) = E(W®). Let AW = W° — W°. From the result of Lemma 

6, we know that E(AW) > 0. 

Consider queues Qjq and Q,, which correspond to the two message queues of LP, in 

Figure 7.7. Normally, if neither queue is empty, the jobs are passed to the ready queue 

with zero service times (representing no blocking). When one of the queues, say 10, 

becomes empty and if the timestamp of the first message in Qj, is greater than the sum 

of the lookahead and the clock value of LP,, messages in Q1, have to wait for some time 

6 (representing message blocking) until a job arrives at Q,,. Then the waiting time 6 can 

be treated as though it is the service time of the first job in Qi,. Therefore, the larger 

the lookahead the less likely it is that a job will be assigned a service time greater than 

zero. As a result, a smaller response time is expected. Therefore, AW increases as the 
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lookahead difference between G* and G® increases. Suppose the simulation terminates after 

the marked job circulates through the network n times, where n >> ip. Then the expected 

execution time gap (i.e., E(AT,(n))) between G? and G° is given by: 

E(AT,(n)) = nE(AW) = O(n). (7.3) 

Then F(AT,(n)) grows linearly with the simulation length. Therefore, the amount of looka- 

head is critical to the simulation performance of closed models. From (7.3), the expected 

speedup of G? over G° due to a larger lookahead is given by: 

(Fes) = (open) 848 are):       

Therefore the speedup is independent of n. 

Note that in our analysis null messages are ignored. With null messages, however, it will 

only increase the performance gap between G? and G® because G? is likely to require more 

null messages. This agrees with our conclusion that lookahead is important for conservative 

simulation for closed models. 

7.3 Summary 

The effect of lookahead to conservative simulation is investigated. For open acyclic 

models, we derive an upper bound on the performance improvement due to lookahead. 

We show that when the simulation length is long, increasing the amount of lookahead will 

not improve the simulation performance significantly. For closed models in which message 

departure times determine future message arrival times, the amount of lookahead is critical 

to simulation performance. In particular, the speedup due to a larger lookahead converges 

to a constant as the simulation length increases. 
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Chapter 8 

CONCLUSIONS 

Simulation is one of the most important tools to study the performance of commu- 

nication networks as well as many other systems. Because of its intense computational 

requirement, simulation often becomes a bottleneck in a system performance study. As 

computer hardware becomes more affordable, parallel simulation, which uses multiple pro- 

cessors to share the computation of a simulation becomes an appealing means to reduce 

the simulation execution time. This research addresses problems that arise as we attempt 

to parallelize simulation execution. By investigating a variety of parallel simulation meth- 

ods, solutions to overcome some of these problems are proposed. The sirnulation models 

considered in this research focus on queueing systems that are representative of communi- 

cation network systems. Specific contributions are summarized by chapter in the following 

sections. 

8.1 Contributions 

8.1.1 Parallel Simulation Primer 

Chapter 2 categorizes parallel simulation approaches into four methods: multiple repli- 

cation, time-parallel, parallel regenerative, and space-parallel. For a given simulation model, 

a parallel simulation method has to be chosen carefully to obtain adequate simulation per- 

formance. We identify the advantages and limitations of each of these methods (Table 2.1). 

This characterization provides a method selection guideline in a parallel simulation design 

(Figure 2.2). 
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8.1.2 Multiple Replication Simulation 

Multiple replication simulation, in which each processor simulates an independent repli- 

cation of the system with a fixed initial state and a fixed simulation length, is the most 

intuitive (and perhaps the simplest) way of conducting a parallel simulation. However, the 

result of a multiple replication simulation is subject to initial transient bias. To address 

the initial transient problem, we develop a polling initialization (PI) technique (Section 

4.3) which uses a pilot simulation to select appropriate initial states that are representative 

of the system steady-state condition. The PI technique is best suited for the case when 

the estimator fi(s,T) converges monotonically toward the steady-state u. We show that 

the accuracy of the PI technique (in terms of the closeness between the resultant initial 

states and u) increases as the pilot simulation length or the number of processors increases. 

Experimental results with some communication network systems suggest that the MR-PI 

approach can largely reduce the initial transient bias. 

8.1.3. Time-Parallel Simulation 

Time-Parallel simulation, which partitions the execution of a simulation model in time 

domain, can potentially exploit massive parallelism that can not be achieved by other 

methods. Therefore, when the target simulation model is small (i.e., in terms of the size of 

the state vector) while a large number of processors are available, timne-parallel simulation 

is an appealing approach. Time-parallel simulation has not been fully explored by the 

research community partly because time domain parallelism is implicit and is often difficult 

to discover. In Chapter 5, we investigate time-parallel simulation and propose a. set of 

approximate time-parallel algorithms (i.e., GGIK, IGGIK, GD1K, and SSM) for a variety 

of simulation models. 

The GG1K and GD1K algorithms (Section 5.2) exploit unbounded parallelisin for acyclic 

networks of G/G/1/K and G/D/1/Ix queues, respectively. The GGII and GDIW algo- 

rithms produce approximate results. The closeness of the approximation is investigated 
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analytically and experimentally. We show that the approxiination errors are in general neg- 

ligible except when the both A is small (e.g., 5) and the job service times are constant, or 

when the job service times are correlated. Experimental results with a variety of queueing 

systems show that the approximation errors are usually well under 1%. An algorithm called 

IGGIK (Section 5.2.2), which is a simple but iterative alternative for the GGIK algorithm, 

is also presented. 

In this chapter we also show that computing the stationary distribution of an ergodic 

Markov chain can be transformed into a parallel prefix problem (and hence solvable through 

a parallel prefix algorithm). We also describe an intuitive recurrent state approach (Section 

5.3.2) which allows time-parallel simulation for semi-Markov chains. In this recurrent state 

approach, we use a pilot simulation to identify a frequently occurring state (FOS), and 

partition the simulation trajectory at the occurrence time points of the resultant FOS to 

exploit time domain parallelism. Finally, for a more general class of simulation models, we 

present a substate matching (SSM) technique (Section 5.4). Substate matching results in 

approximate results. However, experimental results with a central server systein (Section 

5.4.1.1) and a virtual circuit [89] illustrate that the SSM approach can largely enhance the 

applicability of time-parallel simulation while still maintains high accuracy. 

8.1.4 Parallel Regenerative Simulation 

Parallel regenerative simulation obtains parallelism through partitioning the model tra- 

jectory at a set of regeneration time points where the system ‘starts over’. When applicable. 

parallel regenerative simulation is an appealing approach because it is simple to implement 

and can produce highly accurate estimates. Previous research on this approach has focused 

on statistical implications with respect to different stopping rules. However, to apply this 

approach some practical issues have to be addressed. For example, how do we select. an 

appropriate regeneration state? What can we do if the target simulation model does not 

have any regeneration state that occurs sufficiently frequently? Chapter 6 considers these 

questions and propose using FORS pilot simulation and PR simulation, respectively, to han- 
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dle these problems. Experimental results of the PR simulation with some communication 

network models show that the PR approach outperforms straightforward MR-D simulation 

in accuracy. However, the major disadvantage of the PR approach is that the simulation 

completion time is a random variable. 

8.1.5 A Study of Space-Parallel Simulation 

Previous experimental work has suggested that lookahead plays an important role in the 

performance of conservative space-parallel simulation. In Chapter 7, we develop stochastic 

models to study the relationship between the amount of lookahead and the speedup of 

the simulation. We show that for open acyclic simulation models, if the simulation length 

is sufficiently long, the amount of lookahead is not influential to the performance of the 

simulation. For closed models, on other hand, the amount of lookahead is decisive to the 

speedup. 

8.2 Future Research 

It is clear that to achieve good parallel simulation performance, the parallel simulation 

algorithm mus* be carefully devised. In this research, we endeavor to provide parallel algo- 

rithms for simulation practitioners. However, the algorithms presented here (summarized 

in Table 8.1) by no means fully cover the range of possible models. Also, a nuinber of 

assumptions are made by our algorithms. For example, in multiple replication simulation, 

the MR-PI approach assumes that the interested measure converges monotonically toward 

the steady-state. In the GGIK algorithm, independent service times are required to avoid 

possible bias. Efficient parallel simulation for the cases where the assumptions miacde by our 

algorithms do not hold requires further investigation. Also, in the SSM approach we choose 

the matching substate somehow heuristically. To enhance the applicability of the SSM al- 

gorithm, a systematic approach for the selection of the matching substate is desirable. This 

also leaves room for future study. Finally, in this dissertation, four methods are considered 
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individually. A potential research direction for new algorithms is to exploit hybrid methods 

based on those considered here. 
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Table 8.1: A summary of the proposed algorithms, where PI, SSM, and PR represent. polling 

initialization, parallel prefix, recurrent state, substate matching, and parallel regenerative, 

respectively. The term ‘distributed system’ refers to loosely coupled computers (e.g., work- 

stations) interconnected by a communication network. 

  

  

  

  

  

Algorithm Characteristics 

Method: Multiple Replication 

Application: models exhibiting monotonic convergence 
PI Limitations: steady-state simulation only 

Merits: simplicity, generate IID observations, fixed completion times 

Efficiency: workload evenly distributed among processors 

Suitable Architectures: MIMD, distributed system 

Method: Time-Parallel 

GG1K & Application: acyclic feed-forward networks of loss FCFS G/GI/1/K queues 

IGGI1K Limitations: require independent. job service times, generate approximate results 

Merits: unbounded parallelism (for GG1K) 
Efficiency: workload evenly distributed among processors 

Suitable Architectures: MIMD, SIMD, distributed system 

Method: Time-Parailel 

Application: acyclic feed-forward networks of loss FCFS G/D/1/K queues 
GDIK Limitations: generate approximate results 

Merits: unbounded parallelism 

Efficiency: workload evenly distributed among processors 

Suitable Architectures: MIMD, SIMD, distributed systern 

Method: Time-Paralle! 

Application: general 
SSM Limitations: approximate results 

Merits: potential massive parallelism 

Efficiency: workload of each processor is a random variable 

Suitable Architectures: MIMD, distributed system 

Method: Parallel Regenerative 

Application: regenerative systems 

PR. Limitations: steady-state simulation   Merits: potential massive parallelism, generate (approximate) ITD observations 

Efficiency: workload of each processor is a random variable 

Suitable Architectures: MIMD, distributed system 

115



REFERENCES 

[1] Abrams, M. The Object Library for Parallel Simulation (OLPS). Proceedings of the 
1988 Winter Simulation Conference (Dec. 1988), 210-219. 

[2] Abrams, M. A Model of TCP/IP Suitable for Parallel Simulation of Large Internets. 
Technical Report, TR 92-10, Computer Science Department, Virginia Tech (1992). 

[3] S.G. Akl. The Design and Analysis of Parallel Algorithms (Prentice Hall, 1989). 

[4] S. Andrad6ttir and T.J. Ott. Parallel Simulation of Communication Networks through 
Time Segmentation, working paper. 

[5] Bain, W. L., Scott, D.S. An Algorithm for Time Synchronization in Distributed Dis- 
crete Event Simulation. Proceedings of the SCS Multiconference on Distributed Sinu- 

lation 19, 3 (July 1988), 30-33. 

[6] Bhat, U. N. Elements of Applied Stochastic Process, 2nd ed., Jnon Wiley & Sons, 82-98. 

[7] Bhavsar V. C., Isaac J. R. Design and Analysis of Parallel Monte Carlo Algorithms. 
SIAM J. Sct. Stat. Comput. 8, (1987), s73-s95. 

[8] Bertsekas, D., Gallager, R. Data Networks. 2nd ed. (1992), Prentice Hall. 

[9] Bolot, J., Shankar, A. U. Analysis of a Fluid Approximation to Flow Control Dynamics. 

Technical Report 2553, Dept. of Computer Science, Univ. of Maryland (Oct. 1990). 

[10] R. E. Bryant. Simulation of Packet Communication Architecture Computer Systeins. 

MIT-LCS-TR-188, Massachusetts Institute of Technology, 1977. 

[11] Chandy, K. M., Misra, J. Distributed Simulation: A Case Study in Design and Veri- 

fication of Distributed Programs. JEEE Trans. on Softw. Eng. SE-5, 5, (Sept. 1979), 

440-452. 

[12] Chandy, K. M., Misra, J. Asynchronous Distributed Simulation via a Sequence of 

Parallel Computations. Commun. ACM 24, 11 (Nov. 1981), 198-205. 

[13] Chandy, K.M., Sherman, R. Space-Time and Simulation. Proceedings of the 1989 SCS 

Multiconference on Distributed Simulation (March 1989), 53-57. 

[14] Chang, C., Heidelberger, P. Fast Simulation of Packet Loss Rates in a Shared Buffer 

Communications Switch. ICASE Report 93-79, ICASE, Hampton, VA (1993). 

116



REFERENCES 

[15] Cleary, J., Gomes, F., Thudt, R. Cost of State Saving & Rollback, Proceedings of the 

1994 Workshop on Parallel and Distributed Simulation 94-101. 

[16] Comer, R. B. Internetworking with TCP/IP. vol. 1 (1991), Prentice Hall. 

[17] Cooper, R. B. Introduction to Queueing Theory. 2nd ed. (1981), North Holland. 

[18] Corson, M. S. A Distributed, Object-Oriented Communication Network Simulation 

Testbed Proceedings of the 1992 Winter Simulation Conference (Dec. 1992), 672-679. 

[19] Crane, M., A., Iglehart, D. L. Simulating Stable Stochastic Systems, I]: Markov Chain. 

J. Assoc. Comput. Mach, 21, (1974), 114-123. 

[20] Crane, M., A., Iglehart, D. L. Simulating Stable Stochastic Systems, III: Regenerative 

Process and Discrete-Event Simulations. Operations Research, 23, 1, (Jan. 1975), 33-45. 

(21] Crane, M., A, Iglehart D. L. Simulating Stable Stochastic Systems, IV: Approximation 
Techniques. Management Science, 21, 11, (July 1975), 1215-1244. 

[22] David, H. A. Order Statistics, 2nd ed., John Wiley, New York, 1981. 

[23] Earnshaw R. W., Hind, A. A Parallel Simulator for Performance Modeling of Broad- 

band Telecommunication Networks. Proceedings of the 1992 Winter Simulation Con- 

ference (Dec. 1992), 1365-1373. 

[24] Fujimoto, R. M. Performance Measurements of Distributed Simulation Strategies. Pro- 
ceedings of the 1988 SCS Multiconference on Distributed Simulation (July 1988), 14-20. 

[25] Fujimoto, R. M. Lookahead in Parallel Discrete Event Simulation. Proceedings of In- 

ternational Conference on Parallel Processing. St. Charles, IL (August 1988) 

[26] Fujimoto, R. M. Time Warp on a Shared Memory Multiprocessor. Trans. Soc. for 

Comput. Simul., 6(3), (July 1989), 211-239. 

[27] Fujimoto, R. M. Parallel Discrete Event Simulation. Commun. ACM 33, 10 (Oct. 1990), 

31-53. 

[28] Fujimoto, R. M. Parallel Discrete Event Simulation: Will The Field Survive? Submitted 
for publication. 

[29] Gafni, A. Rollback Mechanisms for Optimistic Distributed Simulation Systems. Pro- 

ceedings of the 1988 SCS Multiconference on Distributed Simulation, 19 (July 1988), 

61-67. 

[30] Gaujal, B., Greenburg, A. G., Nicol, D. M. A Sweep Algorithm for Massively Parallel 
Simulation of Circuit-Switched Networks. Submitted for publication 

117



REFERENCES 

[31] Glynn, P., Heidelberger, P. Analysis of Parallel Replicated Simulations Under a Com- 
pletion Time Constraint. ACM TOMACS. 1(1), (Jan. 1991), 3-23. 

[32] Glynn, P., Heidelberger, P. Analysis of Initial Transient Deletion for Parallel Steady- 

State Simulations. SIAM J. Stat. Comput. 14(4), (July 1992), 904-922. 

[33] Gordon, Gordon, W. L., Newell, G. F. Closed Queueing Systems with Exponential 

Servers. Opns. Res, Vol. 15, No. 2, 254-265 

[34] Greenberg, A. G., Lubachevsky, B. D., Mitrani, I. Unboundedly Parallel Simulations 

via Recurrence Relations. Proceedings of the Conference on Measurement and Modeling 

of Computer Systems. Boulder, Colorado, (May 1990), 1-12. 

[35] Gunther, F., L., Wolff, R. W. The Almost Regenerative Method for Stochastic System 

Simulation. ORC 75-21, University of California, Berkeley, 1975. 

[36] Heidelberger, P. A Renewal Theoretic Approach to Bias Reduction In Regenerative 
Simulations. Management Science, 28, 2, (Feb. 1982), 173-181. 

[37] Heidelberger, P. Statistical Analysis of Parallel Simulations. Proceedings of the 1986 
Winter Simulation Conference (Dec. 1986), 290-295. 

[38] Heidelberger, P. Discrete Event Simulations and Parallel Processing: Statistical Prop- 

erties. SIAM J. Stat. Comput. 9(6), (Nov. 1988), 1114-1132. 

[39] Heidelberger, P., Stone H. S. Parallel Trace-Driven Cache Simulation by Time Parti- 

tioning. Proceedings of the 1990 Winter Simulation Conference (Dec. 1990), 734-737. 

[40] Heidelberger, P. Parallel Trace-Driven Cache Simulation by Time Partitioning. Pro- 

ceedings of the 1990 Winter Simulation Conference (Dec. 1990), 734-737. 

[41] Ho, Y. C., Cao, X. R. Perturbation analysis of discrete event dynamic systems. Kluwer 

Academic Publishers, 1991. 

[42] Jackson J. R. “Jobshop-like Queueing Systems”. Management Science, 10, (1963), 449- 
460. 

[43] Jefferson, D. R., Sowizral H. Fast Concurrent Simulation using the Time Warp Mech- 

anism, Part I: Local Control. Technical Report N-1906-AF, RAND Corporation, (Dec. 

1982). 

[44] Jefferson, D. Virtual Time. ACM Transactions of Programming Languages and Systems 

7, 3 (July 1985), 404-425. 

[45] Jones, D. W., Chou C., Renk, D., Bruell S. C. Experience with Concurrent Simulation 

Proceedings of the 1989 Winter Simulation Conference (Dec. 1989), 756-764. 

118



REFERENCES 

[46] Jow Y. L. An Approximation Method for Tandem Queues with Blocking Opns. Res, 

36, 1, 73-83. 

(47] Kaudel, F. J. A literature Survey on Distributed Discrete Event Simulation. Simuletter 

18, 2 (June 1987), 11-21. 

[48] Kelton, W. D., Law, A. M. A New Approach for Dealing with the Startup Problems 
in Discrete Event Simulation. Naval Res. Logist. Quart., 30,(1983) 641-658. 

[49] Kelton, W. D. Random Initialization Methods in Simulation. ITE Trans, 21, (1989), 
335-367. 

[50] Kleijnen, L. Statistical Techniques in Simulation. Vol. 1,2 (1974), Marcel Dekker, Inc 

(51] Kleinrock, L. Queueing Systems. Vol. 1,2 (1975), Wiley-Interscience. 

[52] Konheim, A. G., Reiser M. Finite Capacity Queueing Systems with Applications in 

Computer Modeling. SIAM J. Comput. 7, 210-229. 

[53] Law, A. M., Carson, J. S. A Sequential Procedure for Determining the Length of a 

Steady-State Simulation. Operations Research, 27, (1979), 1011-1025. 

[54] Law, A. M., Kelton, W. D. Simulation Modeling & Analysis. (1991), McGraw Hill, 2nd 

Edition. 

[55] Lander, R. E., Fischer, M. J. Parallel Prefix Computation, . J. of the ACM, 27, (1980), 

831-838. 

[56] Leung, E., Cleary, J., Lomow, G., Baezner, D., Unger, B. The Effect of Feedback on 
the performance of conservative algorithms. Proceedings of 1989 SCS Multiconference 

on in Distributed Simulation, 44-49. 

[57] Lin, Y. B. Understanding the Limits of Optimistic and Conservative Parallel Simula- 

tion. Technical Report 90-08-02, Department of Computer Science and Engineering, 

University of Washington, 1990. 

[58] Lin, Y. B., Lazowska, E. A. Time-Division Algorithm for Parallel Simulation. ACM 
TOMACS 1, 1 (Jan. 1991), 73-83. 

[59] Lin, Y. B. Parallel Trace-Driven Simulation for Packet Loss in Finite-Buffered Voice 
Multiplexers. to appear in Parallel Computing. 

[60] Lin Y. B., Preiss, B. R., Loucks, W. M., Lazowska E. D. Selecting the Checkpoint 

Interval in Time Warp Simulation. Proceedings of the 1993 Workshop on Parallel and 

Distributed Simulation 3-10. 

119



REFERENCES 

[61] 

[68] 

[69] 

[70] 

[72] 

[72] 

[73] 

[74] 

[75] 

Liu, L. Z., Tropper, C. Local Deadlock Detection in Distributed Simulations. Proceed- 

ings of 1990 SCS Multiconference on Advances in Distributed Simulation 22, 1, (Jan 

1990), 64-69. 

Madisetti V., Walrand. J., Messerschimitt, D. Wolf: A Rollback Algorithm for Op- 

timistic Distributed Simulation Systeins. Proceeding of the 1988 Winter Simulation 

Conference. (Dec. 1988), 296-305. 

Miller, R. G., The Jackknife-A Review. Biometrika, 61, (1974), 1-15. 

Misra, D. Distributed-Discrete Event Simulation. ACM Comput. Surv. 18, 1, (Mar. 

1986), 39-65. 

D. Mitra and I. Mitrani. Control and Coordination Policies for System with Buffers. 

ACM SIGMETRICS Performance Evaluation Review 17(1989) 156-164. 

Nance, R. The Time and State Relationships in Simulation Modeling. CACM, (April 

1981), 173-180. 

Nikolaidis I., Fujimoto R. Parallel Simulation of High-Speed Network Multiplexers. 

Unpublished draft. (Oct. 1992) 

Nicol, D. M., Reynolds, P. F., Jr. Problem Oriented Protocol Design. Proceeding of the 

1984 Winter Simulation Conference. (Dec. 1984), 471-474. 

Nicol, D. M. Parallel Discrete-Event Simulation of FCFS Stochastic Queueing Net- 
works. SIGPLAN Not. 23, 9 (Sept. 88), 124-137 

Nicol, D. M. Performance Bounds on Parallel Self-initiating Discrete-Event Simula- 
tions. ACM TOMACS 1, | (Jan. 1991), 24-50. 

Nicol, D. M., Greenberg, A. MIMD Parallel Simulation of Circuit Communication 

Networks. Proceeding of the 1992 Winter Simulation Conference. (Dec. 1992), 629-635. 

Nicol, D. M. The Cost of Conservative Synchronization in Parallel Discrete Event. 

Simulations. Journal of the Association for Computing Machinery, Vol. 40, No. 2, 304- 

333, April 1993. 

Peacock, J. K., Wong, J. W.. Manning Concurrent Discrete-Event Simulation Tools. 

IEEE Journal of Selected Areas in Conanunications. 9, 3, (April 1991), 477-485. 

Phillips, C. I., Cuthbert, L. G. Concurrent Discrete-Event. Simulation Tools. JEEL 

Journal of Selected Areas in Communications. 9, 3, (April 1991), 477-485. 

Pool, R. Massively Parallel Machines. Technology Edge. (Oct. 1992), 13-15. 

120



REFERENCES 

[76] Prasad S., Deo N. An Efficient and Scalable Parallel Simulation for Discrete-Event 
Simulation Proceeding of the 1991 Winter Simulation Conference. (Dec. 1991), 652- 

658. 

[77] Reed, D. A., Malony, A. D., McCredie, B. D. Parallel Discrete Event Simulation Using 
Shared Memory. JEEE Transaction on Software Engineering Vol. 14, No. 4, (Apr. 

1988), 541-553. 

[78] Reiher, P., Jefferson D. Limitation of Optimism in the Time Warp Operating System 
Proceeding of the 1989 Winter Simulation Conference, (Dec. 1989), 765-770. 

[79] Schwarz, M. Telecommunication Networks. (1987), Addison Wesley. 

[80] Singh S., Agrawala A. K., Keshav S. Deterministic Analysis of Flow and Congestion 

Control Policies in Virtual Circuits, Technical Report 2490, Dept. of Computer Science, 

Univ. of Maryland (June 1990). 

[81] Sokol, L. M., Briscoe, D. P., Wieland, A. P. MTW: A Strategy for Scheduling Discrete 

Simulation Events for Concurrent Execution. Proceedings of 1988 SCS Multiconference 

on Distributed Simulation. 19, 3 (July 1988), 34-42. 

[82] H.S. Stone. High Performance Computer Architecture (Addison Wesley, 1987). 

[83] Su, W. K., Seitz, C. L. Variants of the Chandy-Misra-Bryant Distributed Discrete 
Event Simulation Algorithm. Proceedings of 1989 SCS Multiconference on Advances in 

Parallel and Distributed Simulation. 21, 2, (Mar. 1989), 79-84. 

[84] Tallieu F., Verboven F. Using Time Warp for Computer Network Simulations on Trans- 

puters. IEEE 1991, 112-117. 

[85] Verbiest, W., Pinnoo, L., and Voeten, B. The Impact of the ATM concept on Video 
Coders. IEEE Journal on Selected Areas in Communications, 6(9), (Dec. 1988), 1623- 

1631. 

[86] Wagner, D. B., Lazowska, E. D. Parallel Simulation of Queueing Network: Limitation 

and Potentials. Proceedings of 1989 ACM SIGMETRICS and PERFORMANCE (May 

1989), 146-155. 

[87] Wagner, D. B., Lazowska, E. D., Bershad B. N. Techniques for Efficient Shared-Memory 

Parallel Simulation. Distributed Simulation 1989. Society for Computer Simulation 

International, San Diego, CA (March 1989) 

[88] Wang, J.. Abrams, M. Approximate Time-Parallel Simulation of Queueing Systems 

with Losses. Proceedings of the 1992 Winter Simulation Conference (Dec. 1992), 700- 

708. 

121



REFERENCES 

[89] Wang, J., Abrams, M. Determining Initial States of Time-Parallel Simulations. Pro- 

ceedings of the 1993 Workshop on Parallel and Distributed Simulation (May 1993), 

19-26. 

[90] Wang, J., Abrams, M. Massively Time-Parallel, Approximate Simulation of Loss 

Queueing Systems. Annals of the Operations Research, Vol. 53, (1994), 553-576. 

[91] Wang, J.. Abrams, M. Massively Parallel Simulation with Application to Networks. 
submitted to Parallel Computing. 

[92] Wang, J., Abrams, M. The Impact of Lookahead on Conservative Simulation. submitted 

to the International Journal of Computer Simulation. 

[93] West, D. Optimizing Time Warp: Lazy Rollback and Lazy Re-evaluation. M.S. Thesis, 

University of Calgary, Jan. 1988. 

122



Appendix A 

PROOFS 

A.1 Proof of Lemma 1 

The correctness of (5.11) can be proven by showing that for any pair of integers a and 

a’, for 1 <a<a' < 2N, given L* the following equation always holds: 

AL* = max{min{AL* , AL*,,}, ALK}. (A.1) 

The proof uses induction on a’. It is clear that equation (A.1) holds (induction base) for 

a =a’ for any 1 < a < 2N because AL* 1 < ALK < AL, y. Assume that equation (A.1) 

holds for some integer y satisfying a < [a’ = y] (induction hypothesis). Then: 

: ; K ALF = max{min{AL* , AL? }, ALS, }. (A.2) 

The proof completes if we show that (A.1) holds for a’ = y + 1. Consider event y + I. 

There are four possible cases: 

Case 1: Event y+ 1 is an arrival and Li <k 

In this case, LY, = LP +1. From Al, bys Ey + and hence ALK 41 =ALF. Because 

L* < K, from (5.6) and (5.5), we have AL »> ALK > Le -K+1=L1%,—K. Thus, 

AL, y2 ALP > Ly, — K. Applying 6.10) vields: 

AL‘ 4, = AL, (A.3) 

Because event y + 1 is an arrival, from (5.9), we have: 

ALS 4, > ALA (A.4) 
—a,y° 
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Now consider AL,. There are three possible situations: 

1. AL, < ALA; From (5.6) and (A.2), AL* y=AlLt. Because AL* yi < AL*, |, from 

(A.4), ALE, |, = ALF. Thus, (A.1) yields ALA,, = AL*,,, = dLiky. > =—Sajyytl] ~— —a,y' 

2. AL, > ALF; From (5.6) and (A.2), AL* =ALK. From (A.3), AD 41 = AL*,. 

Thus, (A.1) yields ALA,, = AL? ,, = ALF. 
3. AL, = ALF: From (A.3) and (A.2), AL* <ALK <AL*. But because AL*, = 

ia, y 

ADs 41 (A.3) and ALK .,<AL¥, (A.1) yields AL, =AL*. 

Case 2: Event y +1 is an arrival and LA=K 

In this case, L93, = L&’ +1. From Al, LA,, = L* = K. Thus, ALA, = ALP +1 = 

y+1 — 4. Now consider AL,. There are three possible situations: 

1. AL, < ALF: From (5.6) and (A.2), AL2,, = ALK= L& — K. 
i——a,y 

From (5.9), AL¥,,, = L®+1-— K = AL‘, +1. Thus, (A.1) yields ALK,, = ALF, , 

= AL 41 = ALF +1. 

2. AL, > ALK; From (5.6) and (A.2), AL, =ALK =L —K. From (5.10), ALe i= 

1% 4+1~K =AL* +1. Thus, (A.1) yields ALK,, =AL*,,,= ALS +1= ALS 41, 

3. AL, = AL#: From (5.6) and (A.2), AL?,,<AL‘ = L& — K. From (5.9), 

AL* 41:=L2 +1- K. Thus, (A.1) yields ALA,, = ALK, = L° 4+1- 6 =ALK +1. 

An analogous argument holds for case 3 (event y+ 1 is a departure and AL > 0) and 

case 4 (event y+ 1 is a departure and Lh = 0). O 
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. ——— E-G/G/1/0° trajectory 
Queue Length —— E-G/G/1/K trajectory 

———— A-G/G/IK trajectory 

  

  

  

  

    

K , 

I { J | __ 

} j Simulation Time 
, 

A. bj Ac’ 

Fig. A.1: Sample trajectories for E-G/G/1/o00, E-G/G/1/K, and A-G/G/1/K que ues. 

A.2 Proof of Lemma 2 

Let 6 denote the constant job service time. Let 4(t) denote the remaining service time 

of the first job in the E-G/G/1/K queue at simulation time t. That is, 6(t) is the amount of 

time between t and the next departure time. Define R(t) to be the total remaining service 

time of all jobs in the E-G/G/1/K queue at simulation time t. Formally, 

(t) + (L(t)—1)8 L(t) > 1, 
L(t) = 0. S

 
o
>
 

R(t) = 

Analogously, define R*(t) to be the total remaining service time of all jobs in the A- 

G/G/1/K queue at simulation time t. Let L* (t) denote the A-G/G/1/K queue length at 

simulation time t. Then the following corollary holds: 

Corollary 4 R(t) > R*(t) > L(t) > L*(t); R(t) < R*(t) > L(t) < LA(t). 

A proof of Corollary 4 follows directly from the fact that the service times are constant. 

Suppose a case-3 occurs at A; (hence L* (A>)=0). Assume L(A) = 0. Based on the 

GGI1K transformation technique (section 5.2.1.3), the GGIK algorithm will underestimate 

the service time of job 7 by some amount 6’, where 0 < 6’ < 6 (as illustrated in fig. A.1). 

Then R(At) = R¥(AT) + 6. 

Corollary 5 For allt in the time interval (A,, A-:), eractly one of the following situations 

must be true: 
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S1: 0 < R(t)-— RA (t) < 5 and Abk ,=0. 

S2: 0 < R¥(t) — R(t) < 6 and Ad} ,=1. 

Corollary 5 can be proved by induction on t. Because AO at 

R* (At), S1 holds at At (induction base). Assume that an event occurs at some time 

=0 and R(At) > 

t, AF <t < Aj, and S1 or S2 is true at t+ (induction hypothesis). Now, consider time ¢’, 

t < t' < Aw, when the next event occurs. Then this event can be an arrival (to both the 

E-G/G/1/K and the A-G/G/1/K queues) or a departure (to either or both the E-G/G/1/K 

and the A-G/G/1/K queues). For the event that occurs at t’, there are four cases: 

Case 1: S1 holds at ¢t and an arrival occurs (to both queues) at t’: 

S1 holds in [t*,t’]. From Corollary 4, if the job that arrives at t’ is lost in the E- 

G/G/1/K queue and is not lost in the A-G/G/1/K queue, then S2 holds at t’*. Otherwise, 

S1 holds at t’t. 

Case 2: S1 holds at t* and a departure occurs (to either queue) at ?’: 

From Corollary 4, S1 holds in [¢*, t’*]. 

Case 3: S2 holds at ¢+ and an arrival occurs (to both queues) at ?’: 

S2 holds in [¢*,t’]. From Corollary 4, if the job that arrives at t/ is lost in the A- 

G/G/1/K queue and is not lost in the E-G/G/1/K queue, then S1 holds at t/t. Otherwise, 

S2 holds at t't. 

Case 4: S2 holds at tt and a departure occurs (to either queue) at 0’: 

From Corollary 4, S2 holds in [t*, t’*]. 

Therefore, Corollary 5 holds. Note that because both queues are empty at AZ and 

Aj, the jobs arrive at A, and Ay are not lost. Therefore, Lemma 2 follows directly from 

Corollary 5. QO. 
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A.3 Proof of Lemma 4 

Proof: A proof can be carried out by induction on departure events. Suppose event 

jo is the first departure event in the corresponding E-G/D/1/o0 trajectory. It is clear that 

the L* = L(Ex*) (induction base). Let event j and 7’, 7 < 7’, be any two consecutive 

departure events in the E-G/D/1/co trajectory. Assume that L(E#°t)—1 < LS < L(E?*) 

holds for some 7, 1 < 7 < N (induction hypothesis). The proof completes if we show that 

L(ES*) -l< Lt < L(ES?*) holds. Let n; denote the number of jobs that arrive in the 

simulation time interval (Ej, Ej]. If n; = 0, clearly, L(E%*) -l1l< Li < L(EYt). If 

n; > 0, there are two cases: 

Case 1: L* = L(E**) 

If nj + L(ES°*) < K, no job will be lost in (Ej, Ej] and LE = L(E%*). If n, + 

L(ES*) > K, at least one job will be lost. Let d; and a; denote the departure delay for 

event j and the last job arrival time in (£}, Ej], respectively. Then if d; = 0, obviously, 

Li = L(ES*). Otherwise, if E9° +d; > aj, LY = L(E%°+). On the other hand, if 

ES +d; <a;, Lh = L(E?t) - 1. 

Case 2: L* = L(ESt)—-1 

If nj + L(Ex*) < K, no job will be lost in [E;, Ej») and Li = L(EW*) — 1. Otherwise, 

at least one job will be lost . If E° +d; > aj, LA) = L(E5°*). On the other hand, if 

Ex +d; <a;, Lt = L(E?t) -1. 

O 
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