
Chapter 4 
REVIEW OF PROPOSED CONSTITUTIVE MODELS FOR CHALK 

 
As shown in chapter 3, chalk is characterized by nonlinear stress-strain behavior, time-dependent 

deformations, and pore fluid-dependent behavior. Formulation of a single constitutive model that 

describes these aspects of chalk behavior is challenging. This chapter contains a review of the 

individual constitutive models that have been proposed to describe the various aspects of chalk 

behavior. 

The discussion on constitutive models for chalk is separated into three topics: 

elastoplastic and elastoviscoplastic models, time-dependent models only, and rock-fluid 

interaction models only. Several of the proposed models are included in more than one category. 

Due to their relative simplicity, nonlinear elastic models have been used to simulate the behavior 

of chalk (Potts et al., 1988; Chin et al., 1993). The nonlinear elastic models which have been 

applied to chalk will not be reviewed here. Only models formulated in the framework of 

elasto(visco)plasticity are included here. 

 

ELASTO(VISCO)PLASTIC MODELS 

A summary of the elastic and elastoviscoplastic models that have been proposed for chalk is 

included in Table 4.1. 

 
Table 4.1. Summary of Elasto(visco)plastic Constitutive Models for Chalk 

Reference DeGennaro et al. (2003), Collin et al. (2002), Datcheva et al. 
(2001), PASACHALK (2004) 

Number of independent 
yield mechanisms 

3 

Description of yield 
surfaces in 2 
dimensions (p-q space) 

1. Pore collapse: elliptical yield surface with associated plastic 
flow and isotropic hardening 
2. Shear: straight-line yield surface with non-associated plastic 
flow and isotropic hardening 
3. Tensile failure: vertical straight-line yield surface with 
associated plastic flow, no hardening 

3-dimensional effects Van Eekelen (1980) surface in π-plane 
Elasticity Option for linear or nonlinear elasticity 
Time-dependent 
deformations 

None included in Collin et al.; overstress viscoplasticity included 
in DeGennaro et al., Datcheva et al., PASACHALK 

Model # 1 

Effect of saturating 
fluid 

Uses Barcelona Basic Model (BBM) (Alonso et al., 1990): Size 
of shear and pore collapse yield surfaces change depending on 
suction, which is defined as the difference between oil pressure 
and water pressure. Note that Datcheva et al. do not account for 
pore fluid dependence. 
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Table 4.1 (continued). Summary of Elasto(visco)plastic Constitutive Models for Chalk 
Reference Homand and Shao (2000); follows from Homand et al. (1998) 

and Schroeder and Shao (1996) 
Number of independent 
yield mechanisms 

2 

Description of yield 
surfaces in 2 
dimensions (p-q space) 

1. Pore collapse: elliptical yield surface with non-associated 
plastic flow and isotropic hardening 
2. Shear: straight-line yield surface with non-associated plastic 
flow and isotropic hardening 

3-dimensional effects Mohr-Coulomb surface in π-plane 
Elasticity Linear elasticity 
Time-dependent 
deformations 

None 

Model # 2 

Effect of saturating 
fluid 

Two yield surfaces with different initial sizes exist; one is for 
“oil-like” saturating fluid, one is for “water-like” saturating fluid 

Reference Gutierrez (1998, 1999, 2000) 
Number of independent 
yield mechanisms 

3 

Description of yield 
surfaces in 2 
dimensions (p-q space) 

1. Pore collapse: elliptical cap yield surface with associated 
plastic flow and isotropic hardening 
2. Shear: straight-line yield surface with non-associated plastic 
flow, smooth transition to pore collapse surface, no hardening 
3. Tensile failure: curved yield surface with associated plastic 
flow, no hardening 

3-dimensional effects William-Warnke (1975) surface in π-plane 
Elasticity Linear elasticity 
Time-dependent 
deformations 

Rate-type model based on volumetric creep model of Bjerrum 
(1967) 

Model # 3 

Effect of saturating 
fluid 

Creep parameter varies as a function of saturating fluid; change in 
pore fluid is seen as a modification of time-dependent behavior 

Reference Papamichos et al. (1997) 
Number of independent 
yield mechanisms 

1 

Description of yield 
surfaces in 2 
dimensions (p-q space) 

Modified surface includes effects of pore collapse and shearing: 
modified straight-line yield surface at low mean stress transitions 
to cap-like yield surface at high mean stress, with non-associated 
plastic flow and isotropic hardening; both friction angle and 
preconsolidation stress are hardening parameters 

3-dimensional effects Mohr-Coulomb surface in π-plane 
Elasticity Linear elasticity 
Time-dependent 
deformations 

None 

Model # 4 

Effect of saturating 
fluid 

Size of initial yield surface depends on water saturation 
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Table 4.1 (continued). Summary of Elasto(visco)plastic Constitutive Models for Chalk 
Reference Plischke (1994, 1996) 
Number of independent 
yield mechanisms 

2 

Description of yield 
surfaces in 2 
dimensions (p-q space) 

1. Pore collapse: elliptical yield surface with associated plastic 
flow and isotropic hardening 
2. Shear: straight-line yield surface with non-associated plastic 
flow, no hardening 

3-dimensional effects None 
Elasticity Linear elasticity 
Time-dependent 
deformations 

Only related to water injection 

Model # 5 

Effect of saturating 
fluid 

Size of initial yield surface depends on water saturation 

Reference Foged et al. (1995) 
Number of independent 
yield mechanisms 

2, with transition surface joining them 

Description of yield 
surfaces in 2 
dimensions (p-q space) 

1. Pore collapse: elliptical yield surface with associated plastic 
flow and isotropic hardening 
2. Shear: straight-line yield surface with non-associated plastic 
flow, no hardening 

3-dimensional effects Drucker-Prager surface in π-plane 
Elasticity Not specified 
Time-dependent 
deformations 

None 

Model # 6 

Effect of saturating 
fluid 

None 

Reference Abdulraheem et al. (1993) 
Number of independent 
yield mechanisms 

2 

Description of yield 
surfaces in 2 
dimensions (p-q space) 

1. Pore collapse: elliptical yield surface with associated plastic 
flow and isotropic hardening 
2. Shear: straight-line yield surface with non-associated plastic 
flow, no hardening 

3-dimensional effects None 
Elasticity Not specified 
Time-dependent 
deformations 

None 

Model # 7 

Effect of saturating 
fluid 

None 
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Table 4.1 (continued). Summary of Elasto(visco)plastic Constitutive Models for Chalk 
Reference Shao and Henry (1991) 
Number of independent 
yield mechanisms 

2 

Description of yield 
surfaces in 2 
dimensions (p-q space) 

1. Pore collapse: p = constant straight-line yield surface with 
associated plastic flow and isotropic hardening 
2. Shear: modified straight-line yield surface (Lade, 1984) with 
non-associated plastic flow and isotropic hardening 

3-dimensional effects Lade (1984) surface in π-plane 
Elasticity Nonlinear elasticity 
Time-dependent 
deformations 

None 

Model # 8 

Effect of saturating 
fluid 

None 

 
The various yield surfaces and constitutive equations for the proposed chalk models are shown in 

Figures 4.1 to 4.8. 

 The eight elasto(visco)plastic models described in Table 4.1 have many similarities with 

a few key differences: 

• Seven of the eight constitutive models (i.e., all except that of Papamichos et al. (1997)) 

are multi-mechanism models which have separate yield surfaces for the shearing and pore 

collapse yield mechanisms; 

• All models are formulated with enclosed yield surfaces that show the effects of yielding 

and/or failure due to pore collapse and shearing, while some also include yield surfaces 

for tensile failure; 

• All models except the model of Shao and Henry (1991) model the pore collapse yield 

surface as an elliptical or near-elliptical cap surface; 

• Most models, including all except that of Papamichos et al. (1997), model the shear and 

pore collapse yield surfaces independently such that evolution of one yield surface does 

not modify the other; 

• All models include non-associated plasticity for the shear yield surface; 

• Most models include associated plasticity for the pore collapse yield surface; only the 

single-surface model of Papamichos et al. (1997) and the model of Homand and Shao 

(2000) specify non-associated plasticity for the pore collapse mechanism; 

• All models are characterized by isotropic hardening for the hardening yield surfaces; 

• All models include hardening to the pore collapse yield surface; and, 
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• Most models, including the two most recently proposed, include hardening to the shear 

yield surface. 

 

 From the review of constitutive models for chalk, it may be concluded that only minor 

differences exist regarding the description of time-independent elastoplastic behavior of chalk. 

Less agreement between models exists regarding the best description of time-dependent behavior 

and effect of saturating fluid on mechanical behavior. 

 

TIME-DEPENDENT MODELS 

The various time-dependent models that have been proposed to simulate chalk behavior are 

described in the following paragraphs. 

The constitutive models of DeGennaro et al. (2003), Datcheva et al. (2001), and 

Gutierrez (1999, 2000) have provisions for time-dependent behavior. Of these, the models of 

DeGennaro et al. and Datcheva et al. are overstress elastoviscoplasticity models. Viscoplastic 

strain rate varies exponentially with overstress in these models. The reference surface for these 

time-dependent models is not the yield surface but is smaller and has a similar shape as the yield 

surface (Figure 4.9). Therefore, irreversible strains occur even at stress states below the yield 

surface. Overstress elastoviscoplasticity models are described by a function for the reference 

surface, at least one viscosity parameter, and a function between yield function f and viscoplastic 

strain magnitude Φ. 

The Unified Chalk Model (UCM) of Gutierrez (1999, 2000) is formulated as a rate-type 

model. The UCM uses the logarithmic model of Bjerrum (1967). In this case, the viscoplastic 

volumetric strain rate is inversely proportional to the volumetric age of the material. The 

volumetric age is proportional to the distance in stress space between the stress point and the 

pore collapse yield surface (Figure 4.10). All viscoplastic strain components are scaled from the 

viscoplastic volumetric strain; viscoplastic strains occur only for stress states that may be 

mapped onto the pore collapse yield surface. Borja and Kavazanjian (1985) applied a similar 

model to the Modified Cam-Clay model using both the volumetric scaling used by Gutierrez and 

a deviatoric scaling option. Rate-type models are described by a function for material age and a 

creep parameter. 
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In addition to these constitutive models, the creep behavior of chalk has been modeled by 

Andersen et al. (1992) using the logarithmic rate-type model of deWaal (1986) which was 

developed for soft reservoir rocks. This model is very similar to that of Bjerrum but is 

formulated using lines on which stress rate is equal (Figure 4.11) rather than time-lines on which 

age and viscoplastic strain rate are equal. Use of deWaal’s model produces the same behavior as 

Bjerrum’s model, but this model makes no reference to material age. 

Another approach to simulating creep in chalk was proposed by Rhett (1994) using a 

linear relation between (1/time) and (1/strain). This type of model produces a hyperbolic relation 

between creep duration and creep strain (Figure 4.12). 

The differences between the various time-dependent models described above are 

summarized as follows: 

• Overstress elastoviscoplasticity models and rate-type models are based on the relative 

positions of the stress point and reference or yield surface in stress space. Therefore, 

time-dependent behavior does not depend on loading history, which is consistent with 

laboratory test results; 

• The hyperbolic model does not differentiate between time-dependent and time-

independent irreversible strains. Therefore, time-dependent behavior must depend on 

loading history; and, 

• Overstress elastoviscoplasticity models and rate-type models have no limiting strain 

value, which makes them physically unrealistic in the limit as creep continues. 

Hyperbolic models are characterized by a limiting value. 

 

PORE FLUID-DEPENDENT MODELS 

As related to effects of saturating fluid, several different models have been proposed to describe 

this behavior. The various models are described in the following paragraphs. 

 The pore fluid-dependent model of DeGennaro et al. (2003) and Collin et al. (2002) is the 

Barcelona Basic Model (BBM) proposed by Alonso et al. (1990) for unsaturated soils. The BBM 

is formulated using suction, which is equal to the difference between oil and water pressures in 

chalk, as an independent variable. The BBM separates irreversible strains into mechanical and 

suction-based components. The model of DeGennaro et al. and Collin et al. is formulated such 

that that both cohesion and preconsolidation stress vary with suction, but friction angle is 
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independent of suction. The basic elements of the BBM as applied to chalk are illustrated in 

Figure 4.13. 

 The pore fluid-dependent model of Homand and Shao (2000) is formulated so that 

irreversible strains are generated if the water saturation increases from a value less than the 

critical value to a value greater than the critical value. In contrast to the BBM, the variation in 

yield surface not continuous but instead is abrupt, occurs at some critical value of water 

saturation, and does not depend on suction. The yield surfaces contract when water saturation 

increases to a critical value. If the force on a sample remains constant during a decrease in 

suction, large irreversible strains are produced. In the model of Homand and Shao, the cohesion, 

friction angle, and preconsolidation stress all change when water saturation increases to the 

critical value (Figure 4.14). 

 Gutierrez (1999, 2000) formulates the pore fluid-dependent model only as a modification 

to time-dependent behavior. This model is formulated so that the creep parameter ψ increases as 

water saturation increases. Since the age of the chalk depends on the creep parameter in the time-

dependent model of Gutierrez, the viscoplastic strain rate increases when ψ increases, even 

though the yield surface undergoes no instantaneous change. Only the pore collapse yield 

mechanism is a function of the pore fluid-dependent model; the shear yield behavior is not 

affected by pore fluid composition in this model. 

 Pore fluid dependence is included in the model of Papamichos et al. (1997) in much the 

same way as for the models of DeGennaro et al. and Collin et al. Both the tension cut-off (which 

acts as a surrogate for cohesion) and preconsolidation stress vary as a function of water 

saturation. While the weakening mechanism is attributed to changes in capillary forces, the 

model is not formulated in terms of suction. The elastic modulus also decreases as water 

saturation increases, while Poisson’s ratio is not affected. 

 The pore fluid-dependent model of Piau et al. (1998), Maury et al. (1996), and Piau and 

Maury (1994, 1995) is formulated using the concept of the “yield surface jump at the waterfront” 

(YSJW). This concept is much like the model of Papamichos et al. in that the yield surface 

changes continuously as a function of water saturation. Both the shear yield surface and pore 

collapse surface are affected by water saturation in this formulation. The friction angle, critical 

shear stress ratio, and preconsolidation stress all change with water saturation (Figure 4.15). 
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 Plischke (1994, 1996) includes a pore fluid-dependent component in simulating the 

effects of waterflooding. In this model, the preconsolidation stress decreases gradually as water 

saturation increases. An explicit function which relates water saturation to preconsolidation 

stress is not given. 

 The majority of models vary the size of the initial yield surface as a function of the water 

saturation or of the suction, such that changing the pore fluid causes an instantaneous change in 

the position of the yield surface. The UCM of Gutierrez considers the effects of saturating fluid 

in a different way, as a parameter on which creep parameter depends. 
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Figure 4.5. Elastoplastic model of Plischke (1994, 1996) shown in the meridian plane 

(Plischke, 1996). 
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Figure 4.6. Elastoplastic model of Foged et al. (1995) shown in the meridian plane (Foged et 

al., 1995). 
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Figure 4.9. Overstress elastoviscoplasticity model of DeGennaro et al. (2003) and Datcheva 

et al. (2001), showing that reference surface has similar shape to yield surface or plastic 
potential surface. 
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Figure 4.11. Rate-type elastoviscoplastic model of deWaal (1986) is similar to that of 

Bjerrum (1967), but is based on the principle of equal stress rates instead of time-lines and 
equivalent viscoplastic strain rates (deWaal and Smits, 1988). Compare to Figure 2.5. 
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Figure 4.12. Hyperbolic time-dependent model is characterized by a limiting strain value 
shown in (a). Model parameters are found from creep test data by plotting (1/time) versus 

(1/creep strain) as shown in (b). 
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Figure 4.13. Components of the Barcelona Basic Model (Alonso et al., 1990) applied to 

chalk behavior in the models of DeGennaro et al. (2003) and Collin et al. (2002). All yield 
surfaces are enlarged under greater suction as shown in p-q-s space (after Collin et al., 

2002). 
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Figure 4.14. Pore fluid-dependent model of Ho
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Figure 4.15. The pore fluid-dependent model of
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