CHAPTER 18 |ntroduction to flexible

body dynamics

The transient response of arocket at liftoff is presented to motivate the subject of structural dynamics. The accel-
erations at launch result in significant load factors imposed on the spacecraft, or payload. User guidesfor a
launch vehicle specify load factors for preliminary design of the primary structure of the spacecraft. Often there
are limits placed on the lowest natural frequency of the payload to ensure its dynamic characteristics do not
adversely affect the control system of the booster (Sarafin, 1995). Thus, the capability to predict the load factor
for the primary structure of the payload/spacecraft at launch, and the frequencies of the payload package, are
necessary in the payload design. The example we begin with isthe Atlas|.

18.1 Description of Atlas|

A spacecraft consists of mission-specific equipment called the payload and a collection of subsystem compo-
nents called a bus. Typical subsystem components may include attitude control, propulsion, communications,
electrical power, etc. (Sarafin, 1995, p. 451). The spacecraft bus may be able to support different payloads for dif-
ferent missions. As shown in figure 18.1, the main components of the Atlas | space launch vehicle from bottom to
top are an expendabl e booster, an expendabl e second stage called Centaur, and the payl oad/spacecraft (I sakowitz,
1995). The spacecraft is covered by afairing. An adapter, also known as alaunch vehicle adapter, structurally
links the spacecraft and Atlas |. The spacecraft devel oper usually designs the adapter.

Selected weights and thrust data for the Atlas | in table 18.1 are from | sakowitz (1995).

Table 18.1 Selected data for Atlas|

Gross weight 362,200 Ib.
Booster weight 321,100 Ib.
Centaur (upper stage) 34,300 Ib.
Payload fairing 3,027 1b
Payload 3,773 1b
Engine thrust at liftoff 439,300 Ib.
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Rigid body load factor

Propellant weightsin the booster and second stage, and the approximate structural weight are listed in table 18.2.

Table 18.2 Weights of propellants and structurefor Atlas|
Booster propellant 305,500 Ib.

Centaur propellant 30,000 Ib.
22,927 1b.

Approximate structural weight?

a. Grossweight of 362,200 Ib. less the sum of propellant weights of 335,500 Ib.and the payload weight of 3,773 1.

In terms of percentages

92.6 percent of the total weight is propellant,
6.33 percent of the total weight is structure, and
1.04 percent of the total weight is payload.

Clearly, most of the weight is propellant.

Objective. Determine the maximum vertical |oad factor of the payload at liftoff. We assume the | oss of mass due
to propellant burn-off is small and can be neglected in the initial instants after liftoff.

18.2 Rigid body load factor

First, we assumeAtlas| isarigid body and determine the load factor from dynamic equilibrium. Thisanalysisis
shown in figure 18.2, where it is determined that the load factor is 1.213. However, thisrigid body analysis omits
information on frequencies. To determine frequencies of the structure we must consider flexible body dynamics,
which is discussed beginning in the next section.

w . .
—a, inertia force

Fig. 18.2 Rigid body analysis —
of Atlas| to determinethe n

load factor at liftoff. W, total weight

- - -

T _ 439,3001b.
W 362,200 lb.

1213 * T, thrust

S
1
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18.3 Sepsin flexible body dynamics

Equations of motion relative to the equilibrium state.
Free vibration problem; normal modes.
Coordinate transformation from physical coordinates to modal coordinates.

Transform initial conditions from physical coordinatesto modal coordinates. Solve for the time history of the
modal coordinates.

5. Transform back to physical coordinates.
6. Calculate the payload acceleration time history.

PN PR

Step 1: Equations of motion about equilibrium. Consider a three-degree-of-freedom model of Atlas| shown
infigure 18.3(a). The model consists of three particles with lumped masses my, m,, and mg and two springs with

stiffnesses kq,, and ky3. Mass my is one-half the mass of the booster and Centaur, mass m, is one-half of the mass
of the booster and Centaur plus the mass of the fairing, and mass mg is the mass of the payload. The stiffness of
the booster and Centaur is represented by k;,, and the stiffness of the launch vehicle adapter is represented by

k23.
—
A 4 wit) W,y §F Fas
3 3 23
z3(0) |- (0 b - - - - S *FB ka3 ﬂ
? 0 — | m, F23*
wy(t
2,(0) | § 0 === =~ — W2* *Flz Flz*
Fi ki,
0 0 iwl(t) " Fiy
ENQO)! 21 (0} - - - - Wiy AF)
t=20 t>0
@ (b)
Fig. 18.3 Three-degree-of-freedom model of Atlas|. (a) At rest. (b) Free body diagrams.
The axial coordinates of the particlesin the equilibrium stateatt =0 are z,(0),, i = 1, 2, 3, and the displace-

ments of the masses from their equilibrium state are denoted by w;(¢) , and w,(0) = 0. The weight of each par-

ticleisdenoted by ,,i = 1,2, 3. From the free body diagram shown in figure 18.3(b) the equations of motion
are

Fi(t)—-W,+F;, = mwr, (18.1)
—W,—F, +F,; = myw2,and (18.2)
—W;3—=F,y; = myws. (18.3)

The two dots over the displacements is shorthand notation for the second derivative in time:
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Steps in flexible body dynamics

2

(1) = 1. 18.4
wi(t) i (18.4)

The spring forces are related to the relative coordinates between the particles. That is,
Fiy = k[ (25(0) + wy(1)) = (2,(0) + wy(2))]

. (18.5)
Fy = k23[(z3(0) + W3(t)) _(22(0) + Wz(t))]
Substitute the spring force relations (18.5) into the equations of motion (18.1) to (18.3) to get
Fi (1) =W, +k;,(2,(0) —2,(0)) = myw1+k,,w, —k,w,, (18.6)
=W,y —k5(25(0) =2,(0)) + ky3(25(0) —=2,(0)) = mywa—k,w, + (kyy + ky3)w, — kw5, and (18.7)
— Wy —kyy(25(0) —2,(0)) = myws —kyywy + kyyws . (18.8)

In the equilibrium state the egs. (18.6) to (18.8) are

F(0) =W, +k5(2,(0)—z,(0)) = 0

=Wy —ky5(2,(0) —2,(0)) + ky3(25(0) —2,(0)) . (18.9)
— W3 —ky3(23(0) —2,(0))
The solution of the equilibrium equation (18.9) is

F (0) = W, + W, + W, = 362,200 Ib.

ky[25(0) =2,(0)] = -, : (18.10)
ki[25(0) =z,(0)] = =W, =W,

Force F,(0) isthereaction force from the launch pad acting on the rocket in the equilibrium state prior to liftoff.

The eguations of motion with respect to the equilibrium state are obtained by substituting eg. (18.10) into
the equations of motion (18.6) to (18.8). Writing these equations in matrix form we get

m; 0 0w ki, =k 0 ||w (1)

0 my O ||| ¥ |~kia ki + oy —hos| [wy| = | 0 | (18.11)
. ~ 0

0 0 my w 0 kyy ks || W

where the net thrust after liftoff is 7(¢) = F,(z) —F,(0) . Numerical evaluation for the masses of the particles
are

-g2 _q2
- (321,100 +34,300) _ 5,518.63lbf't—S L my = m,+3,027/322 = 5,612.64%i,and

! 2(32.2)

Q2
m. = 3,773/32.2 = 117.1742:8°
3 ft.

To estimate the structural stiffness of the booster and Centaur, assume the vehicle structure is athin-walled cylin-
drical shell with amean radius of 5 ft., and with an effective wall thickness #,, . We estimate the effective wall
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thicknessin the following way: The approximate structural weight of the booster is 15,600 Ib., and its length is
72.7 ft. The approximate weight of Centaur is4,300 |b., and itslength is 30 ft. We equate this structural weight to
the volume of material in the shell wall of the booster and Centaur times the specific weight of stainless steel; i.e.,

19,900 Ib. = 27(5 ft.)r,,(102.7 ft.)(12in./ft.)20.2861b./in.3 .

Solve this egquation for the booster shell wall thicknessto get ¢, = 0.149763 in . Hence the equivalent cross-sec-

tional area of the booster and Centaur is 56.459 in.2 The structural stiffnessis given by

EA _ (28x10° Ib./in.2)(56.459 in.2) _

15.393x10° 1b./ft.
L (1027 ft.)

kiy =
The estimate of the stiffness of the launch vehicle adapter is

kyy, = kyp/2 = 7.7014x10°Ib./ft. .

We neglect the loss of mass due to fuel burn during theinitial period of liftoff, and assume the net thrust is a step
function of time. That is,

(1) = [439, 300 —362, 200]H(¢) = (77, 100 1b.)H(z),

where the unit step function H(z) = 0 for t <0, and H(¢) = 1 for > 0. Numerical evaluation of eg. (18.11) is

5,518.63 0 0 wi 15.4027 —15.4027 0 Wi 76, 100

0 561264 0 ||y T10°-154027 23.1041 —7.70136||wo| = | 0 |- (1812
0 0 17.174)| - 0 =7.70136 7.70136 | |w, 0
3

Theinitia conditions for the rocket at rest are:

w;(0) =0 v.v,-(O) =0 i=1,2,3. (18.13)

In compact notation the matrix equations of motion (18.12) are

(] 0w} + [] {w} = {T}. (18.14)

Thelinear ordinary differential equation (18.14) with constant coefficients can be solved numerically by step-by-
step integration with respect to time, or they can be solved by the mode-separation method. The mode-separation
method is limited to linear differential equations, but the step-by-step method can be used for linear and nonlin-
ear ordinary differential equations. Step-by-step methods are discussed by Craig (1981, pp. 455-464) and
Schiesser (1994), which contain many references to the literature. The mode-separation method is detailed in the
following steps.

Step 2: Freevibration problem. For the freevibration problem set {7} = 05, , and seek asolution of the
form

{w(t)} = {¢p}cos(wt—a). (18.15)
Substitute eg. (18.15) into the free vibration equation of motion to get

([K} —wz[M}){q)}(coswt—oc) =0 Vi>0. (18.16)

Satisfying eq. (18.16) leads to
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Steps in flexible body dynamics

([&] = [m {6} = 0 .where & = 2. (18.17)

One solution to eg. (18.17) isfor the amplitude vector {¢} = 05, , which leadsto w(¢) = 0 for al time. For
non-zero solutions of the amplitude vector we require

Det([K] —7{2\/1]) =0. (18.18)
Evaluating the determinate (18.18) leads to the characteristic equation for A, which in this caseis a cubic poly-
nomial:
M= kpokys(my + my +my) + (kyymy(my +my) + kyymy(my + my))h—mm,m;A>] = 0. (18.19)
Numerical solution for the roots of (18.19), which are called eigenvalues, are

A, = 67159.2 A, = 5474.23 Ay = 0. (18.20)

For each eigenvalue (18.20) there are three linear equations to determine the amplitude vector {¢} obtained
from eqg. (18.17). Since the determinate of eq. (18.17) vanishes for each eigenvalue, the three linear equations to
determine the amplitude vector {¢} corresponding to each A are not independent. Solutionsfor {¢} arecalled
eigenvectors. From eigensystem software we find the following eigen pairs:

0.945544x10°° ~0.953559 1
o {011) = 67,1592, | ) 018065 ||+ o 1021) = [5,47423, | 9916711 ||+ & (g {03}) = |0, |1]{ - (28.2D)

1 1 1

The eigen pairs (A, {¢,}) and (A,, {9, }) correspond to elastic modes, and (A, {¢,}) correspondsto arigid
body mode. An eigenvector {¢;} can be multiplied by a non-zero constant and still be a solution to eq. (18.17)
with A = A;.

Step 3. Coordinate transformation. Now consider the solution to the forced vibration problem (18.14). Define
the modal marix || whose columns are the eigenvectors:

0.945544x10" —0.953559 1
@] = [{¢1}{¢2}{¢3}} = | —0.0218065 0916711 1" (18.22)
1 11

Transform from physical coordinates {w(#)} to modal coordinates {¢(#)} using the modal matrix:

wy (1) q,(1)
wy(8)| = [dﬂ q,(1)| - (18.23)
ws (1) q5(1)

Step 4: Solutionsfor thetime history of modal coordinates. Substitute transformation (18.23) into the force
vibration problem (18.14) to get

(M| [CDJ{(.I-(I)} + k] [o|{a(O} = {T}. (18.24)
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Pre-multiply the previous matrix equation by the transpose of the modal matrix and write the result as
[ J{a} + [k a0} = {7} (18.25)
The generalized mass matrix is defined by [Mj = [o] T[M} @] . the generalized stiffness matrix by

[Kg} = [q)] g [K] [(D} , and the generalized force vector by {7,} = [(D} "{T} . The generalized mass and stiff-

ness matrices are diagonal matrices, that is, the off-diagonal elementsin these matrices are zero and the diagonal
elements are non-zero. Numerical results for these generalized matrices are

119.848 0 0 8.04888x10° 0 0 72.9014
M/ =| 0 98517 0 K, = o 53930810 0 {T,} = |=73, 549.4| - (18.26)
0 0 11,2484 0 o o 77,100

The equations of motion for the modal displacements are decoupled. Equations (18.13) and (18.23) determine
theinitial conditions for the modal displacements as

aO® O a@ (o)
q,(1)| = [CD] w,(0) and éz(t) - [cp] w./z(O)
q3(t) W3(0) q-3(t) W3(0)

A convenient way to find the inverse of the modal matrix is to start with definition || [ = (] - pre-multi-

py ity (o] [s] tofind [o] [ o] [o] " = [0]" [s1]- Bt [a] [] [@] = [s1,]- Hence

o] = [Mg]_l @] [m]- (18.27)

Theinverse of the generalized mass matrix is equal to the reciprocal of the diagonal elements of [MJ . For this

example the initial conditions for the modal coordinates are
g(0)=0  g(0)=0  i=1,23. (18.28)
The differential equation for the first modal displacement is

119.848¢) + 8.04888x10°g, = 729014 ¢, =q,()  t=0. (18.29)
The solution to differential equation (18.29) is
q,(1) = 9.05734x10° + ¢, cosw, £ + ¢, sinw, 7, (18.30)

where w, = ,/A; = 259.151 rad/s . The congtants ¢, and ¢, are determined from initial conditions (18.28). The
final result for the first modal displacement is

q,(1) = 9.05734x10°(1 — cosw, £) w, = 259.151 rad/s. (18.31)

The differential equation for the second modal displacement is
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Eigenvalue problems for real symmetric matrices

9,851,762 + 5.39308x10'q, = 73,5494 g, =q,(1)  t=0. (18.32)
The solution to differential equation (18.32) subject to initial conditions (18.28) is

¢,(t) = —=0.00136322(1 — cosm,?) w, = /A, = 73.988 radss. (18.33)
The differential equation for the third modal displacement is

11,2484¢3 = 77,100 g5 = q5(t)  1=20. (18.34)
The solution to differential equation (18.34) subject to initial conditions (18.28) is

q5(1) = 3.42714¢. (18.35)

Step 5: Transform back to physical coordinates. Equations (18.30), (18.33), and (18.35) are substituted for
01, Op- and g, respectively, into the transformation (18.23) to determine the physical displacements. The payload
displacement is

w;(t) = —0.00135416 + 3.42714¢% + 0.00136322 cos(73.988¢) ~9.05734x10 °cos(259.1517).. (18.36)
Step 6: Payload acceleration. The payload acceleration computed from the second derivative of eq. (18.36) is

wa(t) = 6.85428 —7.46257 cos(73.9887) + 0.608283 cos (259.1511). (18.37)

The payload acceleration over one period of the lowest frequency is plotted in figure 18.4. Maximum accelera-
tionis 14.56 ft./s?2 at t = 0.0453 s. The payload load factorisn = 1 +14.56/32.2 = 1.452,whichisa19.7
percent increase with respect to the rigid body load factor.

15+

10+
Fig. 18.4 Timehistory of the - )
payload acceleration. ws ft./s

18.4 Eigenvalue problems for real symmetric matrices

In general an nxn real matrix [4] actson an nxl vector {¢} by changing both its magnitude and direction. For
example consider

[M:Fﬁ {M:%
12 0

[41{¢} = H - (a)
2

Vectors {¢} and [4]{¢} aredepictedin figure 18.5(a). Matrix [ 4] may act on certain vectors by changing
only their magnitude, and leaving their direction unchanged; e.g.,
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21001 = |3 = 3|1, ®)
12][1 3 1
Vector [1 ﬂT is an eigenvector of matrix [ 4] and the number “3” is an eigenvalue. Consider the vector

[_1 ﬂ T Then, the matrix [A4] operating on this second vector is

210 |-1 = |-1] ©
121 |
Thus, vector [_1 1] Tisan eigenvector and the number “1” isthe eigenvalue. The eigenvectors of matrix [ 4] are

depicted in figure 18.5(b).

4
3{¢:}

[41{¢}

(b)
Fig. 18.5 (&) Matrix A operating on a vector. (b) Matrix A operating on eigenvectors

The eigenpairs of matrix [A4] are written as

(o 10,]) = (3, M) and  (hy {02)) = (1, M) | o

The standard matrix eigenvalue problem is

[41{¢} = Mo}, (18.38)

where [4] isarea nxn matrix and {¢} isan nx1 vector. It isalso written as

([4]1=A[1D{e} = 0. ©
where [] isthe nxn identity matrix. (i.e., adiagona matrix with each diagonal element equal to one). One solu-
tiontoeq. (18.38) is {¢p} = 0,4, , whichiscalled the trivial solution. Non-trivial solutionsfor {¢} require

Det([A]-7[1]) = p(A) = 0, (18.39)

where p(\) isapolynomial of degree n having n roots. The polynomial p(A) is called the characteristic equa-
tion. Therootsof p(A) = 0 arethe eigenvalues of matrix [4]. The eigenvalue problem for the r-th modeis
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[41{¢,} = »{¢,}. (18.40)

The eigenpairs are denoted by (X, {¢,}) . If {¢,} isasolution to eq. (18.40)), then ¢, {¢,} isasoasolution

where ¢, isan arbitrary constant. Thus, the solution for the eigenvector is not unique. Scaling, or normalization,
is the process to make the amplitude of the eigenvector unique. One method to normalize the amplitudeisto
require {¢,} be aunit vector in the n-dimensional space. That is, we specify

{6, }{o,} = 1. (18.41)
Consider the eigenvalue problem for s-th mode
[A1{os} = o) (18.42)
Pre-multiply the r-th modein eq. (18.40) by {¢,}” to get
{00 T4} = Mo {9, (18.43)
Pre-multiply the s-th modein eq. (18.42) by {¢,}”:
{0, T4l o} = A {0} T{o,}- (18.44)
Take the transpose of eg. (18.43) and use the property of symmetry [4]7 = [A] tofind
{0} T4} = M A0, {o) (18.45)
Subtract eg. (18.45) from eg. (18.44) to find
0= =2){,{ds}- (18.46)
For A, = A,
{6,}{¢,} =0 S rns=1,2,..,n. (18.47)

The eigenvectors for distinct eigenvalues are orthogonal. The eigenvectors are said to be orthonormal if

1l r=gs

0 r=s

(0,)7(0,} = {

(18.48)

Since the characteristic equation p(A) = 0 hasreal coefficients, the roots A arereal or occur as complex
conjugate pairs. It can be shown that roots are real (Boresi, 1965, p. 34).

Let [®@] denote the nxn modal matrix whose columns are the orthonormal eigenvectors. The r-th column
contains the eigenvector {¢,} associated with eigenvalue A, » = 1,2, ..., n. Since the eigenvectors are
orthonormal, the modal matrix has the property

[®][®] = [®][@]” = [1]. (18.49)

The modal matrix is called an orthogonal matrix, and it has the properties
[@]! = [@] Det[®] = 1. (18.50)

Using the modal matrix the standard eigenval ue problem can be written as

Aerospace Structures 545



Article 18.4

[4][®] = [®][D], (18.51)
where [ D] isadiagona matrix of the eigenvalues:

[D] = diag[A}, Ay, ..., A, ]. (18.52)

Post-multiply eq. (18.51) by [@]” to get
[4] [@][®]” = [®][D][®]"
[1] ) (18.53)

Hence, matrix [ 4] has the decomposition

[4] = [®][D][®]". (18.54)

An nxn real, symmetric matrix is positive definiteif al eigenvalues A, >0, r = 1,2, ..., n. Itispositive
semidefiniteif the eigenvalues A, = 0, that is, some of its eigenvalues may equal zero. For structures having
rigid body freedoms the stiffness matrix [K] has as many zero eigenvalues as it has rigid body modes.

The mode superposition method leads to the generalized eigenval ue problem

[KHo} = MM o}, (18.55)

where the nxn matrices[K] and [M] arereal and symmetric, {¢} isthe nx1 eigenvector, or modal vector, and the

eigenvalue A\ isequal to the square of the natural frequency w . Refer to eq. (18.17). The generalized eigenvalue
problem (18.55) can be reduced to the standard form in eq. (18.38) if the mass matrix is positive definite (Bathe,
p. 573). Then al the properties of the eigenvalues, eigenvectors, and characteristic polynomials can be derived
from the properties of the standard eigenvalue problem. In particular, for the generalized eigenvalue problem

» alnof the A, ’sarerea (no complex conjugates), and

o forr=s, {9} [M]{¢,} = 0 (i.e, theeigenvectors are M-orthogonal).

Vanishing of the determinate Det([K]-A[M]) = p(A) = 0 isequivaent to finding the roots of a polyno-

mial of degreen. If n = 5, iterative solution procedures have to be employed (Graig, 1981). There are many effi-
cient subroutines available in various scientific subroutine libraries to numerically solve eigenvalue problems. In
Mathematica the function “Eigensystem[{ K,M}]” finds numerical eigenvalues and eigenvectors of the general-
ized eigenvalue problem. In MATLAB the statement “[V,D] = EIG(K,M)” finds a diagonal matrix D of general-
ized eigenvalues and a full matrix V whose columns are the corresponding eigenvectors so that

[K][V] = [M][V][D]. For the numerical solutionsto the practice exerciseslisted in article 18.11 it is assumed
the reader has access to a subroutine to find eigenvalues and eigenvectors.
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Hamilton’s principle and Lagrange’s equations

18.5 Hamilton's principle and Lagrange’s equations
Consider aparticle of mass M in motion along the x;-x, plane as shown in figure 18.6. The position vector of the

particle at timet is denoted by IA?(t) , Where

fe(r) = xl(t);1 + xz(t);z , (18.56)
where ;1 and ;2 are unit vectorsin the x, -, and xy-directions, respectively. From Newton's second law the equa-
tion of motion for the particle is solved for its motion ﬁ(z) , t>1,, given its position fe(to) and the velocity

%(zo) at t = t,.Incontrast to Newton's method, Hamilton's approach to this moving particle is to determine

the motion ﬁ(t) given the positions ﬁ(to) and fe(tl) , t, >, .All positionsin theinterval ¢, <t =<1, describea
time-dependent path illustrated by a curve in figure 18.6. The path labeled f?(t) represents the actual motion.

The path labeled fe*(t) represents amotion from ﬁ(to) to fe(t,) in the vicinity of the actual motion.

2 A R(t,)
R (t
() OR(t)
Fig. 18.6 Dynamical pathsfor a R
particlein plane motion. R(t,) h;
- R(t
A “
> - X

Begin with D’ Alembert’s principle and introduce the inertia force in addition the applied force ff and write the
dynamic equation of equilibrium asfollows:

N 24\
F—M%e = 0. (18.57)

At afixed timeintroduce an infinitesimal virtual displacement denoted by the function 6§(t) . We can imagine

the motion is stopped at time t when the virtua displacement isimposed on the particle with both the applied
force and inertia force acting on the particle. The virtual changes in the coordinates imposed on the particle at a

fixed time are denoted by 6x,(#) and dx,(¢), so that
Bﬁ(t) = 6x1(t);1 +6x2(t);2. (18.58)
The varied path ﬁ*(t) in the vicinity of the actual path ﬁ(t) is

R (1) = R(t) + 8R(1). (18.59)
Since the varied path and actual path coincide at t = tg and t = t; the virtual displacement vanishes at these times:
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dR(1y) = dR(1,) = 0i1+0is. (18.60)

The virtual work of the applied force and the inertia force acting through the virtual displacement is given by the
scalar product of eg. (18.57) with the virtual displacement in eq. (18.58):

s> PR

FedR-M . 61% =0. (18.61)
dr?

Consider therelation

d(dR . 3\ _ PR .5 .dR . d, >
—(=— e J3R)| = e R+ — -+ —(3R). 18.62
dt( dt ) dt? dt dz( ) ( )

The virtual changein velocity is defined by

dR\ _dR dR _ d3* 3 _ d,3
=—)|==—-—-22== =(R —=R) = =(8R). 18.63
(dl) dt dt dt( ) dt( ) ( )

Equation (18.63) shows we can interchange the virtual operator §( ) and the differential operator d( )/dt.Use
the result from eg. (18.63) to write eq. (18.62) as

d(‘@--&%) _ &R, A+‘ﬁ§.5<‘§.)_

- OR 18.64
dr\ dt dr? dt dt ( )
Equation (18.64) isincorporated into the virtual work eg. (18.61) to get
S 3. dR . o(dRY _d [, dR . 3
FedR+M— 03— )| ——(M—°*08R) = 0. 18.65
ar " )~ M > ase9

The virtual work of the applied forceiswrittenas d W = FeoR , and let the velocity of the particle be denoted

EN EN

by ; = % , and itsvirtual velocity by 6; = 6(‘%) . Then, eg. (18.65) for the virtual work is

6W+M; o 6;—6%(M; J 6?2) =0. (18.66)
The kinetic energy of the particleis T = %M; . ; , and its kinetic energy on the varied path is

T+AT = MM +ov)e (v+ov) = *Mvev + Mvesy + Luovesy
2 2 —_— 2
[ — [ —

2
T ST 82T (18.67)

For infinitesimal virtual velocities AT = 8T . Integrate eq. (18.66) with respect to time from tj to t; to get

1

Jlow+ 8T)di —(Mv » 8R)

1
=0. (18.68)
ly

Iy

The virtual displacement 6?? vanishes at times ty and t;. Then eg. (18.68) becomes
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4
f(6W+ 8T)dt = 0. (18.69)
fy

Equation (18.69) is Hamilton's principle. Note that 6 W is not the total virtual work. It isthe virtual work of the
non-inertial forces.

18.5.1 Lagrange'sequations

Deriving equations of motion for connected bodies using Newton’s laws as was done in step 1 of article 18.3
requires separate free body diagrams of each component, and the forces of interaction had to be eliminated to
arrive at the final set of equations. An alternative method is to use the scalar functions kinetic energy T and the
potential energy V of the system in Lagrange’s equations to obtain the equations of motion. Lagrange’s equations
are derived from Hamilton’s variational principle (18.69). In general, the kinetic energy of a particle as depicted
infigure 18.6 isafunction of its position (x4, X,) and its velocities (x1, x2) attimet (i.e, 7 = T(x,, x,, X1, X2) ).
The virtual changein kinetic energy is

oT = a—T(le +a—T6x2+a—.T6x1 +8—T6xz. (18.70)
9%, 0%, ax1 dx2

Thevirtual work of the applied force acting on the particleis 8 W = FeoR = F,0x, + F,0x,. Theapplied
forces can bedecomposedas F; = Q;+R;, i = 1,2, where Q, arenon-conservative forcesand R, arethe con-

servative forces. Conservative forces are determined in terms of the potential energy function V(x,, x,) by the
relations

v av
R, = —-— R, = -—). 8.
Il trol BTt as )
The virtual work is expressed as
|4 |4
OW = (O *+ R )dx; + (0, + R,)dx, = (Ql _37)6)51 + (Qz‘%‘)éxz- (18.72)
1 2

Substitue the virtual kinetic energy from eq. (18.70) and the virtual work from eq. (18.72) into Hamilton's
principle (18.69) to get
4

f{(gl - a—V) ox, + (0, —a—V) oy + Ll + WL, + WL, + a—ré)c-z}dt = 0. (18.73)
t ax, X, ax; 0x, 0x1 9%
0

Rearrange thetermsin eq. (18.73) to
f

f{(Ql A, a—T) ox, + (Q2 vy, a—T) Ox, + a—.Téxll + a—.Téxlz}dt =0. (18.74)
; dx; dx, d0x, 0x, ax1 ax2
0

Integrate by parts the last two terms in the integrand of eg. (18.74) and note that the virtual coordinates 6x, and
dx, vanish at the beginning and end time. Hence, eg. (18.74) becomes
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a1 a1

JUroeerona = =g ) =500 Jo (]

a1

)a +<-8—T>6x4

" ax1 dx2 " X1 0x1 dx2 o
=0 (18.75)
The result of the manipulations from eg. (18.73)to eg. (18.75) is
a1
oV, dT _d v, 9T _d
-— ox, + — b =0. 18.76
f“Ql x| axl dt(a)m)) (Q 8x2 ax, dt(axz)) sz ( )
ty
Define the Lagranian function L by
L=T-V. (18.77)
Incorporating the Lagranian function in eq. (18.76) we get
a1
JL d JL d
ox, + Ox,|dt = 0. 18.78
filon+ 22424 o + (014 2 - (2 carm

ty
Equation (18.78) vanishes for every choice of the virtual coordinates dx, and dx, , which leadsto Lagrange’s
equations of motion given by eq. (18.79) below.

%(%) _%{L_l = ‘%<ij2> _%L; =0,. (18.79)

Example 18.1 Double pendulum

The pendulum shown figure 18.7 oscillates in the X;-X, plane under the

action of gravity. The massis concentrated in the particle at the end of
the lower bar. The hinges are frictionless. Two coordinates, angles 6,

and 0,, describe the configuration the pendulum and are called gener-
Fig. 18.7
9 alized coordinates.! The coordinates of the particle are

x,(t) = lcosB,(t) + IcosB,(1)
x,(t) = Isin®,(r) + IsinB,(¢)

@

Thekinetic energy is

T = %M[(x'l)%(x'z)z] = %Mlz[(él)z+(éz)2+26162cos(61—62)]. ®)

The potential energy is

1. Requirementsfor generalized coordinates are (1) that there is a one-to-one correspondence between the coordinates and
the configuration of the mechanical system, and (2) that infinitesimal increments in the generalized coordinates result in
infinitesimal increments in the configuration. Requirement (1) precludes constraint equations between the generalize coor-
dinates.
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V = Mg(2l—x,—x,) = MgI[(1—cos6,)+(1—cosh,)]. (c)
Lagrange's equations (18.79) for the pendulum are

%(j?i)_;_é =0 %(;_éz)‘;—éz = 0. @

Derivatives of the Lagranian function (18.77) with respect to 6, and 6, follow.

JaL

ol —MI26,6,sin(0, —0,) —Mglsin®, , ©
1
% = M12[61 + ézcos(el -0,)], and i<£> = Mlz[él + ézcos(el —62)—62(61 —lez)sin(el -0,)]. ®
90, di\ye,

Substitute egs. (e) and (f) into the Lagrangian equation for 6, in eg. (d) to get the equation of motion

M6, + 0,c0s(0, —6,) + (0,)*sin(0, —0,)] + Mglsin®, = 0. @)

Similar mathematical manipulations for Lagrange’s equation in coordinate 6, lead to the second equation of
motion

MP[6; +8)cos(0, —0,)—(01)*sin(0, —6,)] + Mglsin6, = 0 1 (h)

18.6 The dynamic response of an elastic thin-walled bar

Starting with Hamilton's principle we develop aweak form for the dynamic response of athin-walled bar suit-
able for afinite element analysis. Assume the bar is homogenous with a uniform cross section along the z-axis,

0 =z =< L, where L denotes the length of the bar. Since the bar is a one-dimensional continuum, Hamilton’s prin-
ciple (18.69) is expressed as

LhL
J‘U(BT+ 6W)dz}dt =0, (18.80)
0

ty
where 8T isthe virtual kinetic energy per unit axial length, and 8 isthevirtual work of the non-inertial forces

per unit axia length. From egs. (3.20) and (3.22) on page 36, and eqg. (3.26) on page 37, the displacements of a
material point on the contour of the cross section are

us,zt) = —u(z, t)sinB(s) + v(z, t)cosB(s) +r,(s)9,(z 1), (18.81)
uc(s, z, t) = u(z, t)cosO(s) +v(z, t)sinO(s)—r(s)9.(z, ), and (18.82)
u(s,z,1) = w(z, 1) +y(s)9,(z, 1) +x(s),(z, 7). (18.83)

The virtua kinetic energy term in Hamilton's principle (18.80) is written as
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oL t L
j( ff’ sz) di = 6Ttds> dz}lt, (18.84)
0 0 ¢

N N

where the kinetic energy per unit volume, or the kinetic energy density, is
.2 T2 2
7= Sl + () + ()], 18.95)

The mass density is denoted by p. The dot over the displacement function is a shorthand notation for the partial
derivative of the function with respect to time; e.g.,

L (18.86)
Uus = —. .
Y
The virtual kinetic energy density at afixed timeis
6T = Ly + WL sue + 2L 80, = p(usdus + uedue + uzdus) (18.87)

dus Jdug du:

where 61/;3, 6@ , and 6@ aretheinfinitesimal virtual velocity components. Interchange the order of the tempo-
ral and spatial integralsin eq. (18.84) to write the virtual kinetic energy term as

t L L 141
f S Ttds) dz} dt = j{ J{ S Tdt] tds] dz . (18.88)
t, -0 ¢ 0LC N\

Theinterior integral in eg. (18.88) with respect to timeis integrated by parts as follows:
t t
féTdt = pf(uséus + ucdue + u-du:)dt
ly

ly
31

. . . . . . I3
- pf(uséus + ucdug + usOuy)dt + p(usdu, + ucduy + u-du,) )
0

fo . (18.89)

By Hamilton’s principle the virtual displacements {du,, du, du_} vanish at times ¢, and ¢, . Return to eq.
(18.84) and identify

t

L 1L
f 6Ttds) dz} dt = d 6sz} dt, (18.90)
0

ty 0 ¢ ty

where the virtual kinetic energy per unit axial lengthis

ST = [orids = f(iisaus + ucdu + usdu, )tds . (18.91)

We assume the density of mass p isindependent of the contour coordinate s. The individual termsin the integral

for 8T are asfollows:
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pf(b-t-séus)tds = pf[— using + vcos + r,¢-1[—dusin® + dvcosO + r,8¢_rds , (18.92)
pf(b.t.gf)ug)tds = pf[tlt.cose +vsin® —r,¢-1[ducos + dvsin® —r,8¢_]zds , and (18.93)
pf(tlt.zf)uz)tds = pf[w +y¢x +x, J[dw + y80, +x8¢,]rds . (18.94)

Sum egs. (18.92) to (18.94) and collect termsin the integral multiplying the virtual displacements and virtual

rotations. In the process of evaluating and simplifying the result for & T , the following terms are identified or
defined:

» From eg. (3.9) on page 34 the relationship between normal and tangential coordinates of the contour and the
Cartesian coordinates {x(s), y(s)} of the contour is

r,cos0 —r,sinB = x(s)—x,, r,sin® +r,cos0 = y(s)—y,,. (18.95)

e From egs. (4.2) and (4.3) on page 79 the geometric properties of the cross section are identified as
A= ftds fxtds =0 fytds =0 (Ui 1y 1)) = f(yz, x2, xy)tds . (18.96)

» Termsassociated with the mass are defined by

m=p ftds = pd, (18.97)

(L 1,0 1) = pAL /A, 1, /A, 1, /A) = m(ri, v}, r3,), and (18.98)
1

I = pf(r3+r,2)tds = pA[Zf(r3+r,2)tdsJ = mr?. (18.99)

The mass per unit length is denoted by m, rotary inertial moments due to bending by p(Z,,, /,,, /,,) , and the

polar moment of inertia about the z-axis through the shear center by 7, . Thefinal result for virtual kinetic energy
per unit lengthin eg. (18.91) is

8T = —{m(u +yscdl)z)6u + m(\./'—xw'q.)Z)év + mwdw + m(rf'(f)x + rfy'q;y)f)q)x + m(r%,d}x + r;diy)éq)y +

m(r2¢. + y, u—x,v)d¢. } . (18.100)

Thevirtual work per unit axial length is determined from conservative forces and non-conservative forces. It
isexpressed as

SW = —8U +Whe, (18.101)

where U isthe potential energy of the conservative forcesand 6 Whe. isthevirtual work of the non-conservative
forces acting at point z in the bar. The potential energy per unit length represents the energy due to elastic defor-
mation of the bar and it is given by

Aerospace Structures 553



Article 18.6

U= U+Uy. (18.102)

The strain energy due extension and bending is denoted by Ue , and the strain energy due to transverse shear and

torsion by ﬁY . From eg. (5.47) on page 140
Ue = %[EA(W’)2 +EL(0,))+EL(¢,')*+2EI(¢,")(,)], (18.103)
and from eqg. (5.82) on page 145
va = %[Sxx 25,90, s, 7+ GI(9.)?]. (18.104)

Note that the partial derivatives of the axial displacement and bending rotations are denoted by a prime super-
scriptin eg. (18.103). That is,

' ow ' a¢x ' %
= == = =2 = . 18.105
iz O oz O dz ( )
The transverse shear strainsin eg. (18.104) are related to the displacements and rotations by
Y, = u' o, Y, = v+, (18.106)

Refer to figure 3.6 on page 38. The virtual strains are denoted by dw’, 8¢,", 8¢,", dy,, dy,, and d¢,", where

oy, = du' +9d¢,,

and dp, = &' +8¢,. (18.107)

At afixed value of the coordinate z the virtual strain energies per unit axial length are

- aﬁgéw,+ 9 Us aU

dU: = 8¢, +—=L8¢, = Now' + M 8¢ '+ M 6¢ ', and 18.108
aw aq)x! q)x a(by! ¢y W X ¢X y q)y ( )
— _ U IU. IU
dU, = —Ldy + —=Ldyp +—L8¢.' = V.o + V. oy, +M_d¢. . 18.109
Y aw( wx awy IPy a¢zr ¢z X wx v wy z q)z ( )
The generalized forces corresponding to the virtual strainsin egs. (18.108) and (18.109) are given by
N = E4Aw' M, = EI.¢, +EI_ ¢, M, = El ¢, +EIL,¢, , and (18.110)
Ve = 50 T 5,0, Vi = suW t5,, M, = GJp, . (18.111)

Thetotal virtual strain energy is the sum of egs. (18.108) and (18.109). That is,
SU = dU:+0Uy = Now' +M.39, + M3, + V.0, + V, 0y, + M. 8¢, . (18.112)

Substitute eg. (18.101) into Hamilton’s principle (18.80) to get

t L t L
fU(aﬁ 6W)dz}lt = —f{ (8T +dU—8Wne)dz |dt = 0. (18.113)
t, 0 t, -0

Equation (18.113) is setisfied for #, <t < ¢, by
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L
f(—ah SU=8Wne)dz| = 0. (18.114)
0

Substitute eq. (18.100) for 7 and eq. (18.112) for U into eq. (18.114) to get the wesk form for the elastody-
namics of the thin-walled bar as

L
JALOn G+ 3 9200+ m(v =, 92)0v + mwdw +m(r29s + 12,0080, + m(r2 bc + 179,39, +
0 L
m(r2; +y, 1 —x, V)00, 1+ [NOw' + M5, + M 3¢, + V.0, + V0, + M.5¢.']}dz = fé?Vn,C,dz

0 . (18.115)

The non-conservative virtual work is expressed in terms of the prescribed external 1oads acting on the bar
shown in figure 18.8. The generalized forces acting on the cross sections at z= 0 and z= L are denoted by Q,(¢),

i =1,2,...,12. Theprescribed distribution of force intensities (F/L) and distribution of momentsintensities (F-
L/L) arefunctions of coordinate zand timet. Distributions 1,(z, r) and f,(z, ) areresolved at the shear center,

and distribution f(z, ¢) isresolved at the centroid. Distributions of moments m,(z, t) and m,(z, ¢) areresolved
at the centroid, and distribution m,(z, ¢) isresolved at the shear center. Also, refer to figure 3.8(b) on page 41.

0,(1)
O(1)

V4

Fig. 18.8 External loads
acting on the bar.

The virtual displacements and rotations are independent variables. We can take 6« and its derivative du’
not equal to zero, and the remaining virtual displacements and rotations equal to zero in eg. (18.115). Then the
weak form governing virtual displacement du is

L L
ﬂ(m(ii + .. 6.)0u+ V.u'ldz = iz 09Utz 0z + 0, ()0u(0, 1) + O5()oulL ). (18.116)
0 0

From eq. (18.115) and eg. (18.107) the weak form governing dv and its derivativeis
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L L

ﬁm(;—xsc'qsz)év #1001z = [1,(2, 08V(z, )= + 02(0¥(0, 1)+ Qy(O(L ). (18.117)
0 0

The weak form governing dw and its derivativeis

L L

f[mv.t;éw +Now']dz = ffz(z, 1)dw(z, t)dz + O5(1)dw(0, 1) + Qo (1)dW(L, 1) . (18.118)
0 0

The remaining weak forms governing the virtual rotationsin the order 3¢, , 8¢, and 8¢, are asfollows:

L L
ﬂm(rg;{)x +72,0,)00, + M 8¢, + V,5¢,]dz = [, 080,(2, 1)z + 04(1)0,(0, 1) + 01(130, (L, 1), (18119)
0 0

L L

ﬂm(rgyi{)x +r20,)80, + M50, + V8¢, ]dz = fmy(2,1080,(z, 1)z + O5(1)50,(0,1) + 0,1 (139, (L, 1), and - (18.120)
0 0

L L
f[m(rzzil.)z +yu—x,,v)00, + MO39, |dz = fmz(z, 1)d¢_(z, t)dz + Qy(1)0¢_(0, 1) + O, ()0¢_(L, 1) . (18.121)
0 0

18.7 Finite element model for the dynamics of an axial bar

The weak form governing the response of the bar is given by eqg. (18.118). Following the discussion in article
17.2 on page 494 consider the mesh

0 =z <zy<z3<..<zy<zy4 =1L, (18.122)
where M denotes the number of elements, and M+1 is the number of nodes. The kth element is denoted by
Q,={z|z;=z=z,,.,} k=1,2,...,M. (18.123)
Each element is mapped into a standard element denoted by
Q.={C|-1<C<1}. (18.124)
The standard element is mapped onto the kth element by
z = n(Q)z; ¥ My(T)z4 4, Where m, (T) = (1-0)/2 and n,(T) = (1+8)/2. (18.125)
Theinverse mapping is

22—z —z 22—z —z
¢ = z Tkl - z Tktl ZEQ,. (18.126)
Zk+1 "%k hy

The length of the element is denoted by #, where i, = z,,, —z,. Let wiH)(z, ¢) denote the axial displacement
in Q. , which expressed in terms of the nodal displacements and the shape functions is

wB(T, 1) = M (Q)wi(1) + My(D)wy 4 (1) CEQ,. (18.127)
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dwlk) = bm(T) + by, () (18.128)
The external loads acting on element €2 are shown in figure 18.9.
LImwe+mawyiy, 1]
Fig. 18.9 External loadsacting on axial bar 0k g b > —— > — ¢_>ng)
element Q. z
| hi = Zps1 =2k
-t
d - . .
Letn, = —6—% . Thefinite element representation of eq. (18.118) is
M 1 . . h
DK [m( + My +EAZ(, ' w, +1y 2 L+
k f N Wk T MyWk+1)N, hk(m Wit N, wk+1)hkm 5
k=1 -1
1
bk+l{f[m(nlv.‘;k"”z‘;k“mz+EA£(”1'Wk+“2'Wk+l)énzl}@dc} i
J hy h 212
M
E bilO() + Fi()]+ by ([Of 4 () + Fiy (D]
k=1 (18.129)
External loads at a common node between elements are defined by
0,(1) = Q§=D(1) + 0{F(1) k=23,..,M-1, (18.130)
which are depicted in figure 18.10.
O
Fig. 18.10 ® F— 0 a— @<e— 0 —] ¢
Zk-1 Q %k Q Zk+1
At the first node z; and the last node z; 1 the external forces are
0,(t) = 0§(1), and Q,,(t) = QM) . (18.131)
The distributed loads lead to forces
1 h 1 h
Fi(t) = ffz[mzk““ﬂzzkﬂat]mgkd(@ Froy (1) = f/{z[nlzk+nzzk+lst]n25kd<g- (18.132)
-1 -1
For b,=0,and b,,, = 0, eg. (18.129) leads to
mhk(lv.v.k+ l\:V.k+ 1) + E“é(wk—wm 1) = Op(0) + (1) (18.133)
3 6 hy
For b, = 0 and b, , = 0 eq. (18.129) leadsto
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B EA
mhk<6Wk+§Wk+l> +h—(—wk+wk+1) = 0, () +F L (D).
k

Finally we write the matrix form for element @ as

m_h,{z l} v.vlk +Eﬁ{l —1} Wi | = O,(1) + Fi (1)
6 112/ P l=1 1] |wpy, 04+ 1(D)+Fpy (1)

Wik+1

(18.134)

Note that the mass matrix in eg. (18.134) is not diagonal, but it is symmetric. This mass matrix is caled aconsis-
tent mass matrix, since the spatial distribution of the velocity function is consistent with the assumed spatial
distribution of the axial displacement function (18.127).

Example 18.2 Unrestrained axial motion of a bar

Consider athree-degree-of freedom model of a uniform bar shown in figure 18.11 that undergoes unrestrained
axial motion. The mass per unit length m and the axial stiffness E4 are constant. The bar is modeled with two
finite elements Qq and Q,, each with lengths #, = 4, = L.

Fig. 18.11 Unrestrained axial |—> "1 |—> w2 |—> W3
° )

motion of bar modeled with 0,(t) —»¢§
two elements.

Q, ) Q,

z Z3
I S S S

For element Q; the mass and stiffness matrices are

wi w2 W W,

) = mLi2 1 and k) = E4| 1 -
6112 L1 1

@
For element Q, the mass and stiffness matrices are

v.v.z v.t;3 Wy W3
pe = mL|21 and k@ = E411 ~1
6112 L1
(b)
The matrix equation of motion after assembly is
Wl _ w t
mL 21007 L EA 1 =10 ' 0,(1)
6 1 4 1 W2 L —1 2 —1 W2 - 0 . (C)
012 w, 0 =1 1w, 0

For the bar at rest at timet = O the initial axial displacements are
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wi(0) = w,y(0) = ws(0) = 0. (d)

Consider the impulsive response of the bar Q,(7) = éf)(t) , Where é is the magnitude of the impulse and 6(z)
isthe Dirac delta function. The Dirac delta function is defined by

o0

8(¢) = 0 for r=0,and fa(t)dt =1. (e)

The Dirac delta function is depicted in figure 18.12, in which we take the limit
as ¢ — (. Theamplitude of 8(0) isundefined, but the area under the function { o Fig. 18.12
iswell defined. Note the dimensional units of the Dirac deltafunction arerecip- ¢ ﬁ]reg_under

- eDirac
rocal seconds, and the dimensional units of impulse Q are force-seconds. The delta.
impulsive force causes an initial velocity of the bar. To determine the initial function.
velocity of the bar we integrate the equations of motion (c) with respect to time 04 t

over an infinitesimal interval att=0from ¢ = —0 to + = +0. During thistime

interval thereis no displacement of the bar and the velocities M(—O) =0,i=1,2,3.Integration of eg. (c)
over theinfinitesimal timeinterval is

210 wi(+0)[  _*01§(s) A1
--6-— 141 W2(+0) = Qf 0 dt = Q 0l - )
012 a(40) 0| 0 0

Solve eq. (f) for theinitia velocities to get

wi(+0) _Q 7/2
wa(+0)| T | -1 (9)
o) 172

{¢}cos(wr—a) toeq. (c), which leads to the general -

Freevibration solution. Assumeasolution {w(¢)}
ized eigenvalue problem

1 =1 0|1 2109
—1 2 =1[[dy] =M1 4 1|0y (h)
0 =1 1|{¢, 01 2|¢,

2
where A = (%) 2, The eigenvalues and modal matrix are
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1 -1 1
(oo {0D) = |2 | [+ O 1021 = | 3. 0| |- and (s {051 = [0, ]3] |- 0
1 1 1

The eigenvalue Ay = 0 and its associate mode {¢;} = [1 1 1] " correspond to arigid body motion of the bar.

The non-zero eigenvalues A, and A, , and their associated modes correspond to elastic modes of the bar. The fre-
guencies are

_ 2.3 [E4 _ 3 [E4
T (DZ___

! L m L AN m @3 = 0. O

Transient response. The transformation from physical displacements to modal displacementsis given by

wi(t) 1 -1 1||9:(0)
wy(8)] = =1 0 1||g,(1)|- (k)
W3(t) 1 11 %(t)

Substitute the transformation (k) into the equations of motion (c) to get equations of motion in modal coordi-
nates:

2m 8EA
3 q1 L q1 0
T+ = ,t>+0. I
o 2Lm o |lg o 2E4 |2 0 0
3 : L gl 10

0 0 2LmP 0 0 0
Theinitial conditionsin modal coordinates are (refer to eg. (18.27))

-1

. 2Lm 0 0 r
q,(0) 0 q1(0) 3 =11 210 5 7/2 =13
0:(0) = fo]ad | oy T | g 2Lm | <101 o147 - _2_&mL =3[ (m
0 ) 1 11 012 1/2 1
B0 93(0) 0 0 2Lm
The solution of eq. (1) for the modal displacements are
7. (0) isinoolt
1 S Wy
.0 ]
%(t) W3

t

Substitute the modal displacements (n) into eg. (k) to find the results for the response of the physical displace-
ments:
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w (1) ~ [t+(3/w,)sinw,+ (3/w,)sinw,t
waD = 5 t—(3/w)sinw,¢ : (0)
ws(1) t+(3/m;)sinw,t—(3/w,)sinw,?

We specify the following datafor an duminum aloy bar: L = 16 in., 4 = 0.2651 in.%, [, = 0.2985 in.#,

and E = 9.9x10° Ib./in.2. The mass density p = 0.0978 Ibm/in.? Convert the pound-mass (Ibm) to pound-
force (Ib.) in the U.S. customary units by recognizing that one pound-force accel erates one pound-mass at the

. . . Ib. —4.1b.-s2
local acceleration of gravity g. Thu = (0.0978 Ibm/in.3)( ———————) = (2.531x10 , and the
gravity g. Thus, p = " )<(lbm)386.4in./s2> (2:531x107)7
mass per unit length is
g2 6 b <2
m = pd = (2.531x10 2520 2651in.2) = 67.0968x100 125 ®)
in.4 in.?
The natural frequencies are
o, = 42,819.61/s = 6,814.94Hz w, = 21,409.8 1/s = 3,407.47Hz w; = 0. @Q)

Take the impulse é = 6 Ib.-s, and compute é/(ZLm) = 2,794.47 in./s . The transient response for displace-
ments w,(¢) and w,(¢) for 0 < ¢ =<2t isshown infigure 18.13. The period for one complete oscillation at the

lowest frequency is denoted by t , where
T = (2m)/(21,409.8 s7') = 0.00029347 s . W

20

| [ b \/
Fig. 18.13 Transient w,in. 1.0¢ W,

response of the axial
displacementsin example
18.2. 0S¢

I
0.0001 0.0002 0.0003 0.0004 0.0005 0.0006

>

18.7.1 Trusselement

Take one element to represent atruss bar of length L at an angle 6 with respect to the X-axis connected between
the nodes labeled i and j as shown in figure 18.14(&). Let 4, = L. Thenodal displacements tangent and normal
to the bar at nodei are denoted by (w,, v,) , respectively, and the nodal displacements tangent and normal to the
bar at node ] are denoted by (w;, v;) , respectively. The nodal displacementsin the X- and Y- directions to the bar
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at nodei are denoted by (u,;_,, u,;) , respectively, and the corresponding nodal displacements at node j are
denoted by (u,;_;, u;) , respectively. Seefigure 18.14(b).

Vi \ / W), Qj U sz? ty; 1, sz_l
L node;] I nodej
Vs Vi \ Y iy, inT
0 i X 0
wy, O /nodei @ “2i-1 QZ"‘T» nodei (b)

Fig. 18.14 (a) Axial bar at an oblique angle. (b) Truss element.

Expand eg. (18.134) to include displacements normal to the bar by adding rows and columns of zeros to get

mL/3 0 mL/6 0| |"i| | EA/L 0 —EA/L 0 O
0 0 0 Ofvijyg| 0 0 0 Offvil_|0] @
mL/60 mL/30|| | |~EA/LO EA/L 0 0,
0 0 0 o0ff- 0 0 0 0 0
LV

At node i the displacementsin figure 18.14(a) are related to the displacements in figure 18.14(b) by
w; = (cosB)u,,_; +(sin®)u,;, and v; = (—sinB)u,; _, + (cosO)u,,. At nodej we have similar displacement
relations. The nodal displacements are related by matrix

c s 0 0f|%2i-1

= e OO = gy {u), (b)

00 ¢ s||uy_,

00-sc iy

where ¢ = cos® and s = sin@ . Substitute eq. (b) into eg. (a), followed by pre-multiplication by [T(e)] " to get

mL/30 mL/60| |42~ EA/L 0—EA/L0|  |*2i-1 0| Q-1
0 0 0 0 - rf 0 0 0 0 uy, | _ rarjo] 2 | Qa
i AL |+ ] Ml i 4 el Pl ER
mL/6 0 mL/3 07| | ~EA/L O EA/L O|~~ |uy; O |91
0 0 0 0 - 0 0 0 0
u2j 1 ‘ sz

The mass matrix for the truss bar is
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c=s0 0||mr/30mrs60llc s 00 2¢2 2¢s ¢ cs

[M}:scOO 0 0 0 O||=sc 00| - mL{2sc 25% cs s? (18.135)
00 c¢—s||mL/60mL/30[|00 ¢ s 6 | c2 ¢s 2¢2 2¢s
00 s ¢ 0 0 0 0][00=sc cs s2 2sc 2s?

The stiffness matrix for the truss bar is

c=s0 0| E4/L 0-E4/L0l[c s 00 2 cs —c? —cs

[]{}:SCOO 0 0 0 Off-sc00] _Edlcs s> —cs—s?| (18.136)
00 c—s||-EA/LO EA/L 0/|0 0 ¢ s Li_¢2 ¢5 ¢2 cs
OOSC 0 0 0 OgOO—SC —cs—s2 cS s2

The stiffness matrix (18.136) is the same stiffness matrix as determined by the direct stiffness method. See eq.

(16.12) on page 439.

Example 18.3

Freevibrations of a three-bar truss

Thetruss shown in figure 18.15 consists of three bars: 1-2, 1-3, and 1-4. Joints, or nodes, 2, 3, and 4 are fixed and

only joint 1 is movable. For al three bars the cross-sectional area 4 = 475 x10°m2 , the modulus of elastici ty

E = 70 GPa, and the massdensity p = 2710 Kg/m3. Thelength L = 2m . Determine the natural frequencies
in Hz and the corresponding modal vectors. Normalize the modal vectors such that the component with the larg-

est magnitude is equal to one.

Fig. 18.15 Freevibration.
(a) Three-bar truss
configuration. (b) Nodal
displacements.

Uy

Solution. The unknown nodal displacement vector {u,(¢)} = [ul(t) u2(tﬂ T, and the known nodal displace-

ment vector {ug(1)} = [u3(t) wy (1) us(t) ug(t) us(t) ug(tﬂT = [O 0000 OJT, t= 0. Thelength of each

bar and the direction cosines are listed in table 18.3.
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Table 18.3 Direction cosines for each truss bar

Bar Length 0, deg. c s c? s cs
1-2 2L 120 -1/2 NYZ) 1/4 3/4 —3/4
1-3 L 180 -1 0 1 0 0
1-4 5L/4 216.87 —4/5 —-3/5 16/25 9/25 12/25

From the mass matrix (18.135) and stiffness matrix (18.136) for the generic truss bar, we formulate the mass and
stiffness matrices for each truss bar in degrees of freedom one and two as follows:

1 2 3 4 1 2 3 4
174 =541 172 =321
(K,_,] = EA ~3/4 34 AW (M _,]= 6 eACL)| 372 372 HM
HE H ENR H H BN
H H BN H H BN @
1256 1256
1 0 B 2 0 B
EA AL
[K1—3]—T 0 0 MM [M1—3]:pT 0 0 MM
EEEN EEEN
EEEN EEEN )
1 27 8 1 2 7 8
16725 1225 A pA(g> 32/25 24725 B
[k, ] = LA| 12725 9/25 M (M, ] = 4712425 18725 BB
7 I I | | 6 H H BN
H H BN H H BN ©
Assembly of the structural stiffness matrix in DOFs 1 and 2 resultsin
EA 213 (5)(;) _Tf+0+< )(2_2) 2.72151x10° 2.78458x10°
[Koal = A = |~ x : X IN/m , )
NE 12y 3 4(9 2.78458x10° 1.10224x10’
+0+ 2404+ (2 (= . .
8 ( )(25) 8 <5> <25)

inwhich E4/L = 16.625x10° N/m was used to get the numerical result for [ K, ]. Assembly of the structural
mass matrix in DOFs 1 and 2 resultsin
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(M, 1= 04l 1+2+<‘§‘><%§) _ﬁ+0+(§)(%> _ {1.97378 —0.22829}(& ©

_ 30+ (%) <%> 340+ (%) (;%) —0.22829 1.67343

inwhich pAL = 2.5745 Kg was used to get the numerical result for [M ] . The matrix eigenval ue problem for

the natural frequenciesand modesis[K,,,1{¢} - MM, 1{o} = {0}, wheretheeigenvalueish and A = w?.
Written in detail for this structure the matrix eigenvalue problem is

{2.7215“107 2.78458x10°

O} . ")
2.78458x10" 1.10224x10’ 0

{b 1} ~ }{ 1.97378 —0.22829} M _ {
5 —0.22829 1.67343 || ¢,

This eigenvalue system in eg. (f) was solved in Mathematica using the function Eigensystem[{K_,,, M, }],
which finds the generalized eigenvalues and eigenvectors. The eigen pairs are

(h {0,)) = (5.92732x106, {—0-266679}) ,and (M, {0,}) = (1.51655x107[ 1.0 D ©
1.0 0.435137

The natural frequencies are

W, = «/5.92732><106 = 2,434.61 rad/s = 387.48 Hz, and w, = «/1.51655><107 = 3,894.28 rad/s = 619.795 Hz [ (h)

18.8 Dynamic bending of a bar with two axes of symmetry

If the cross section is symmetric with respect to both the x- and y-axes through the centroid, then x,, = y,. = 0,

I, =0,r,=0,ands,, = 0.Inthiscaseof double symmetry, transverse bending is decoupled from torsion
in both the inertia and stiffnessterms. That is, the inertia axis and elastic axis coincide. However, the motions of
the lateral displacement v(z, ) and therotation ¢,(z, ) arelinked because of the presence of transverse shear

deformation v, . The governing weak forms (18.117) and (18.119) are

L L

ﬁm(&')av #5, (0" + 0,00V 1dz = [z D8V(2)dz + 0o(D07(0, ) + Oy(DOV(L, 1)
0 0

L L
f[WZ(Vfif)x)Bd)x +EL,9,'00, +5,, (v +¢,)0¢,]dz = Jm(2:080,(z, t)dz + 04 (1)09.(0, 1) + ()99, (L, 1)
0 0

The previous two equations are combined to the matrix form
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flbosify

{f] + 80, EL, 0, +(0v' +80,)s,,(v' +,) \dz = W, , (18.137)
0

v

where the virtual work of the non-conservative forcesis

L
Wie. = [|06, & mz(z’ﬂdﬂé 0, 1) 8v(0, {2(0}6 L, 1) dv(L, {QS(’)] (18.138)
[loe V}L;(m) o0.00.0 0000 g ) * ot otonl o L

18.8.1 Finite element

The development of the generalized displacementsin 2, follows the discussion in article 17.3.1 on page 508.
The lateral displacement of the kth element is denoted by v(¥)(T, 7) and the rotation by ¢#)(T, ) . Define the
generalized external displacementsin terms of the rotation and displacement at the nodes by

viB(=1,1) = Uy (1) ¢,$k)(_1,f) = uy(1) viO(1, 1) = Uyp 4 1(2) ¢§k)(1,t) = Uppeo(f) . (18.139)

Seefigure 18.16. The 7X1 displacement vector of element 2 is denoted by,
fy["’hzk"'nzzkﬂaf] me[mszfnzzkﬂ, t]

; Upp_1, O Upgr 1> OFF)
" A gy O3 * f T ))) A‘ Unp 425 OFF)
o E ) ®

®

Zy Zr+1

< e

Fig. 18.16 Beam element Q.

{uO(0)} = [u2k—1(t) (1) Uy i1 (1) thyy o (2) ufP(2) uiP(2) ”§k>(l‘)}T’ (18.140)

where u{¥(z), u§F)(r), and u{F)(¢) areinternal generalized displacement degrees of freedom. Rotation and dis-

placement functions within the element are expressed in terms of the 2X7 shape function matrix and the 7X1 dis-
placement vector:

oG, 1) - (1)}, (18.141)
L")(C, J o)

where the shape function matrix is

(18.142)

(o m@ 0 m@ o m@ o]
Ve [m(n) 0 Mm@ 0 Mm@ 0 ny©)

The basis functions for the element are

566 Aerospace Structures



Dynamic bending of a bar with two axes of symmetry

me=0-02 wme=0+02 wo=(he-n wo =@ Rue-n. s

The virtua rotation and displacement within the element are
hﬂ = [ve)] (3 (18,141

where the 7X1 vector {50} = [bZk—l bay Bygsy Bogsy BIF) BEP bgk)r. The virtual generalized displacements

b{k), b§H) , and b§F) correspond to theinternal degrees of freedom u{K)(¢) , ul¥)(¢), and u{k)(¢) , respectively. The
virtual generalized displacement vector {»¥)} isindependent of the physical generalized displacement vector
{u®} . The external virtual work of the non-conservative forces (18.138) for the elementsiis given by

M M 1
h
Wy = E b1 08 + by O + by | O + by, O + E {b(k)}f []\ﬂ T@)‘] Ekdﬁ (18.145)
k=1 k=1 %

Y
At the common node z, between elements Q_; and Q there is an equilibrium relation between the externally

applied force Q,,_, and the externally applied moment Q,, and theinternal actions at the end of element Q_;
and the beginning of element Q.. Refer figure 18.17. These relations are

sz—l
o~ 28
Fig. 18.17 Free body 1) o)
diagram at a node ¢ '\ off Ok e
between two elements Q,, Z, Q§k—1)¢ * o -, R
Il Y BYE
Oy = O~V + 00 Oy = Off~ D+ 0 k=23,..,M-1,ad (18.146)
0, = oV 0, = 0V Os+1 = O Osp+a = O (18.147)

We now write the virtual work of the non-conservative generalized forces as

M
Wy = E {pW}({QW} +{F®}), (18.148)
k=1

where

1
100} = [0y, sy Ongay Oy 000 a0 (PO} =[] | "7 12 T 2

dC . (18.149)
T A @)z 4y (Q)z 4,11 2

The partia derivatives with respect to coordinate zin eq. (18.137) are replaced by derivatives with respect to
dimensionless coordinate T using the chain rule. That is,

a¢x aq)xtié 2 aq)x 2 dz hk
—Ix = _Tx = 2 X = Zp! dz = =dC = =dC. 18.150
0z atd:  mat  mY 2= gds =gt (18.150)
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Note that in the following finite element devel opment the prime superscript denotes a derivative with respect to C.
The derivative of the rotation for element Q| and the virtual rotation are

o = [N¢(Cﬂ{”(k)} 09, = [Nq)(t)}{b(k’}y (18.151)

where the 1X7 matrix is given by
(N,©)] = [om, 0my 0my 0] (18.152)
The shear strain for element Q and the virtual shear strain are
2 ! —_ 2 ! —
<th +0,) = [v, @] {u®} <;va +30,) = [v,(@)] {0}, (18.153)

where the 1X7 matrix is given by

2 2 2
[N (C)} { n' I, k| P I, =15’ M h}(”’h} (18.154)

Substitute egs. (18.151) and (18.153) into the finite element representation of eq. (18.137), and substitute eq.
(18.148) for the virtual work, to get

3, 1000 0772 0+ 2o 2] o ) )

k=1 -1 0 m

M
3 {0} oW} + {FW})
k=1 . (18.155)
We satisfy eg. (18.155) for each element in the mesh by

(T[] '} + [ (0} ~({QW} + {FO}) = 0 V({bO} = 0s). (18.156)

Hence, the equation of motion for element Q, is

[ ('} + [ {u®} = {QW} + {F0}. (18.157)
The mass, and stiffness matrices are
1 7\ mr? hy 1 hy
= [0 e [ = R s o

Perform the matrix algebrain eg. (18.158) to find the 7X7 mass matrix
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1/3 0 1/6 0 -1/2./6 0 1/64/10
0 r2/3 0 r2/6 0 22006 0
1/6 0 1/3 0 -1/2./6 0 -1/64/10
(M) = mhi| r2/6 0 r2/3 0 —2/206 0 (18.159)
-1/2./6 0 -1/2J6 0 1/5 0 0
0 —2/(26) 0 =226 0 r2/5 0
11/(64/10) 0 -1/6J10 0 0 0 1721 |
Perform the matrix algebrain of eqg. (18.158) to find the 7X7 stiffness matrix
ksyy/hk —=s,,/2 =5,/ Iy —s,,/2 0 5,/ /6 0o |
—5,,/2 EL /hy+hs, /3 s, /2 —EL /hi+hys, /6 =s, /J6  —hs, /2.6 0
=,/ hy 5,72 s,/ hy $,/2 0 —s,,/ /6 0
(K] = |=s,,/2 ~EL/ly+hys, /6 s,/2 EL/h+hys, /3 s, /06 —hys, /2.6 0 |- (18.160)
0 —s,,/ /6 0 53,/ /6 25,/ hy 0 0
s, /N6 —hys, /246 s, /A6 —hys, /2.6 0 2EL /h+hys, /55s,./A15
|0 0 0 0 0 s,/ 15 2s,,/hy|

18.8.2 Method of dynamic condensation

To eliminate the internal degrees of freedom we employ the Guyan reduction method (Craig, p. 413) and (Qu,
2004, p. 52). The Guyan condensation matrix is determined by ignoring the inertiaterms in the internal degrees
of freedom. Of course, an error is introduced with respect to the full dynamic model of element Q.. Refer to the

discussions about the error in the | atter references. Let

Upp—1 Upp—1
{uh} = []4)(4} Uk | = T Upg
M u u
2¥1 [GW} 2k+1 2k+1
— U2k +2 Upk+2
TX4 (18.161)

where the 3X4 matrix [Gau} is the Guyan condensation matrix which was developed in the static condensation

procedure of article 17.3.3 on page 514. Matrix [Gaq] in eq. (17.102) on page 514 is equal to the matrix [Gau} .

The explicit form of eq. (18.161) is
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| 1 0 0 0 ]
: ; ? :
S R o0 o Lo i
ok B 0 i 0 i Upk
Yak+2| = 2./6 2./6 - (18.162)
ugk) —ﬁhks ’ Mh%syy A/ghksyy Mh,fs ZZk+l
ugh) 12EL, +h}s,, 12EL, + h}s,, 12EL +h}s,, REL +hs, | n
I ng) | h,%syv —h,%syv —h/%syy —hisyy
|T0(12EL +h}s, ) 24100121, + hps, ) NTO(12EL +his, ) 24/1012E1 +h}s, |

The coefficients in the virtual generalized displacements (18.144) are also transformed through matrix [TR} :

b2k—l

(0} = [TR} by

x1 P2
x4 b2k+2
. (18.163)

Substitute the transformation for the generalized displacement {(®} in eq. (18.161), and the transformation of
the virtual coefficients (18.163), into the matrix form of Hamilton's principle (18.156) to get

';2k—1 Upg—1

s s | B |+ | ™ |- (0@ 0] =0, s
U2k +1 Upk+1
Uok+2 Uk +2

The previous eguation is to be satisfied for every choice of [b } = 0, v, . Consequently, we

2k-1 b2k b2k+ 1 b2k+2
obtain the reduced form of the equations of motion in the external degrees of freedom for element €.

U2k—1 Upp
u
[MR} U2k +[KR} 26| = {R}. (18.165)
Uk +1 Y2k
” u
|u2k 2 2k+2

The 4X 4 symmetric mass matrix [MR} , the 4X4 symmetric stiffness matrix [KR} , and the 4X 1 generalized force

vector, are given by

[ = [1d [ [ = [1) [ [1] -and (R} = [1,] {0} +{F®}. (18.166)

The explicit form of the mass matrix is
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Wi gy Wiy gy

_ 2 _ _p2
[MR} = mh, hiay hilgy —hios —hiug, , (18.167)
Wy~ a3 Ayl
hibgy —hiwg hings hiug,
where formulas for the dimensionless coefficients Wy, ij = 1,2,3,4 follow:
1680(EI. )2 +294EI_ h?s, + hZ(13h2 +42r2)s?2
Wi = W33 = (Eler) xe kT 3 k(z - ’”x)Syy (18.168)
35(12E1xx+hksyy)
1260(E1,,)? +21EL_(11h} —60r2)s,, + hZ(11h7 +21r2)s2,
Wop = Wpp = Wy3 = Mgy = ) ; . P . ‘ S (18.169)
210(12E1, .+ hksyy)
3(560(EL,,)*>+84EI h}s, +h}(3hf—28r2)s2)
Wy = U3 = xx _k7yy - k : k X7 yy (18.170)
70(12E1, .+ hksyy)
2520(EL,,)? + 126 E1 (3h} +20r2)s,, + hZ(13h7 —42r2)s2
Wgp = Wpg = Ugp = Up3 = pva. 5 = > : : — (18.171)
420(12E1 , + hksyy)

126(EI_)2(h? +40r2) + 21 EI_h?(h? + 1072 + h}(h? + 14r2)s2

Wpp = Ugy = (Bl (kg 1) TS U > rxzsw i rie)siy (18.172)
IOShk(12Elxx+hksyy)

504(EI, )2 (h# —20r2) + 84EI__hZ(h? + 10r2 + hH(3h? + 14r2)s2

Uy = Woy = ( xx) ( k rx) XX k( k rx)Syy k( k rx)syvy (18.173)

420h3(12EL,, + h}s,,)>?

Note that of the sixteen coefficients u,; only six areindependent. The 4X4 stiffness matrix [KR} isthesame 4X4
stiffness matrix given by eq. (17.106) on page 515.

Example 18.4 Freevibration of a cantilever beam

Consider the homogeneous, uniform cantilever beam shown in figure 18.18(a). The beam is a thin-walled tube

with the data from example 6.5 on page 162. Thelength | = 0.8 m, cross-sectional area 4 = 171.014x10 °m2,
second areamoment /. = 124.25x10 m* , radius of gyration r, = JI./4 = 0.026955 m, modulus of elas-
ticity £ = 68.3GPa, transverse shear coefficient s, = 2.195 MN, and the mass density p = 2, 710 Kg./m? .
The flexural stiffness E7,, = 8, 486.28 N-m?.

Determine the natural frequenciesin Hz and the corresponding vibration modes for the one-element model
shown in figure 18.18(b).

Solution. Generalized displacements u,(¢) = u,(¢) = 0 foral =0 . Soformulate the restrained structural
stiffness matrix, and the mass matrix, in DOFs 3 and 4. The total mass of the beam is
mh, = pAh, = 0.37075 Kg. The numerical result for the 4X4 mass matrix (18.167) is
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() (b)

Fig. 18.18 (a) Cantilever beam. (b) One-element model.

i w0 u3 ua
15529 —17.3257; 54.7098 10.6725
] = 173257 255726 (10725 1973 - |l [V
B 4201 547098 —10.6725' 155.29 17.3275 ()] [
o

M,
10.6725 —-1.9736"' 17.3275 2.55726 }

ao
(@)
The numerical evaluation of the 4X4 stiffness matrix is

ul 1/[2 u3 u4
185461. —74184.2: —185461. —74184.2
(k] = [T41842 4028181 741842 190656 - <] 4
—185461. 74184.2: 185461. 74184.2 [Kﬁa [K(m}
—74184.2 19065.6. 74184.2 40281.8

. (b)
The mass and stiffness matrices are partitioned in terms of known and unknown generalized displacements as
shown in egs. (a) and (b). The equations of motion for the generalized displacements u,(¢) and u,(z) are

OJ : ©
0

Assume a harmonic motion given by the equation

)
uy(t)

Substitute eqg. (d) into the equation of motion (c) to get

IPEIEE O,or( 18,5461 74,184.2| _, | 0.137083 0.0152959 ) Gl =0 o
a4 74,1842 40,281.8)  |0.0152959 0.00225743/ |q,| |0

where A = w?. The eigenvalues and eigenvectors are

q3
94

cos(wt—a.). (d)
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(A, {q1}) = (541,936, —0~509895) (hyy {q}) = (4_80887x107, ~0.102686 )
0.860236 0.994714

The frequenciesin Hertz are
w; = JN/(2m) = 117.164 Hz w, = JA/(2m) = 1,103.68 Hz.
The lateral displacement for the first vibration mode is given by

vi(€) = m,y(0)(g3), +n3(Q) ("), + My(Q)(udD),,

where the interior generalized displacements for mode one are determined from

uf) 0
0
n =g
uh = 6|,
ulh)
1 q4 1

The 3X4 matrix [GMJ is obtained from the last three rows of eq. (18.162). Its numerical evaluation is

0 0.163299 0 —0.163299

®

()]

(h)

0]

[G} = |—2.85495 1.14198 2.85495  1.14198 0
0.294858 —0.117943 —0.294858 —0.117943
Theinterior generalized displacement vector for the first modeis
0
uf!) 0 0163299 0  —0.163299 —0.14047568
uSD| = [-2.85495 1.14198 2.85495  1.14198 0509895 = |-0.47335242] - (k)
ulh) 0.294858 —0.117943 —0.294858 —0.117943 ) 0.048887805
1 0.860236
Hence, the expression for the lateral displacement in the first mode is
v1(2) = 1,(2)(=0.509895) + 15(L)(—-0.14047568) +14(L)(0.048887805) . 0
Thelateral displacement for the second vibration mode is given by
v2(€) = M,(8)(g3), + 3(8) (i), + my(T)(us)),, (m)
where the interior generalized displacements for mode two are determined from
uf) 0
_ 0
ugjj B [Gau} 4s ()
ug 2 q4 2
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Numerical evaluation for the interior generalized displacement vector in the second mode is

0
uf! 0 0.163299 0 —0.163299 —0.1624358

uSD| = |-2.85495 1.14198 2.85495 1.14198 0102686 = | 0.8427801 |- (0)
I 294858 —0.117943 —0.294858 —0.11794 ' —0.087041

ufDf, 0294858 ~0.117943 ~0.294858 ~0.117943] | " 0.087041765

Hence, the lateral displacement in the second mode is

v,(T) = M,(T)(—0.102686) + Nn;(T)(—0.1624358) + 1,(T)(—0.087041765) . (p)
For this two-degree-of-freedom model there is no prediction of the third and higher frequencies i}

For the cantilever beam of example 18.4, numerical analyses were conducted with two to sixteen equally
spaced condensed elements. The details are omitted here, but the results for the first four frequenciesarelisted in
table 18.4. The frequencies decrease with increasing mesh refinement, and the lowest two frequencies are con-
verging to 116.4 Hz and 668 Hz, respectively. The last row in the table lists the frequencies from a continuum
analysis of the cantilever beam using Euler-Bernnolli beam theory. Theinclusion of transverse shear deformation
and rotary inertiain the finite element model result in lower values for the frequencies with respect to the Euler-
Bernnolli theory, particularly in the higher frequencies.

Table 18.4 Freevibration frequencies of the cantilever beam

Number of

condensed dements @1, Hz w,,Hz w5, Hz Wy, Hz
1 117.2 1,103.7 - e

2 116.5 682.0 2,344.4 6,153.1
4 116.4 6725 1,735.9 3,109.9
8 116.4 669.2 1,691.1 2,979.9
16 116.4 668.4 1,679.2 2,920.3
Euler-Bernoulli? 118.3 7415 2,076.2 4,068.8

a. Thefreevibration analysis of acontinuum model of the cantilever beam using Euler-
Bernoulli theory (wy =0 and Sy > ) isfrom the text by Craig (1981, p. 215).

The lateral displacement for the first four modes of the cantilever beam are shown in figure 18.19. The mode
shapes were plotted such that the tip displacement was set equal to 0.2 m for clarity in the plots. The lateral dis-

placement passes through zero in the open domain 0 <z < 0.8 m once for mode two, twice for mode three, and
thrice for mode four. These zeros crossings are called vibration nodes. Vibration nodes are not to be confused
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with finite element nodes.

0.20
Y1 0.15 v, 8%8 W3
0.10 0.10
0.05 0.05
- L L L — Z,m
-0.05 0.2 04 .6 0.8
-0.10
-0.15
0.20 0.2F Wy
Vi 015 @3 vy
0.10 01°¢
0.05 z, m
L L L L Z,m L : L L
-0.05 0.2 0. 0.6 0.8 0. 0.4 0.6 0.8
-0.10 -01¢}
-0.15

Fig. 18.19 First four vibration modes of the cantilever beam.

18.9 \ibrations of a coplanar frame

A bar in acoplanar frame is subject to extension and bending. In the local x-y-z coordinates of a bar, we assume
that it is symmetric with the respect to the longitudinal x-z plane and the y-z plane asin article 18.8. The dynamic
response of the bar for extension and bending in its y-z plane is governed by eq. (18.115) on page 555, which
reduces to

L
- - - IW a9 _
f(mvév +mwdw + mr2¢, 8¢, + N6<¥> + Mxﬁ(a—zx> + Vyéwy) dz =

0
L L

[0,0v+ Q050w+ Q46¢x]‘z o +[Qg0v + Q0w + Q106¢x]‘z _, +ffy(z, t)dv(z)dz +ffz(z, 1)ow(z)dz
0 0 (18.174)

We use Euler-Bernoulli theory so that transverse shear strain vy, = 0, which means the cross-sectional rota-
tion.¢, = —(‘3—") . Also, neglect the rotary inertia mrfi{)x in eq. (18.174). Ignoring rotary inertia and transverse
z

shear deformation has negligible effect on the first few modes of vibration for slender bars (Langhaar, p. 288)™.
Let onefinite element model the bar sothat L = 4, and z = n,(T)L . Theframe element is shown in itsrefer-

ence configuration in figure 18.20(a) and in rotated configuration in figure 18.20(b). The 6X1 displacement vec-
tor of the frame element shown in figure 18.20(a) is

1. Inregard to the effects of rotary inertiaand shear deformation, Langhaar states: “they may cause appreciable perturbations
of all modes when the theory of beamsis employed as a basis for a study of vibrations of complicated structures, such as
airplane wings and hulls of ships.”
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Uz; 1o Q351
node j —p “3j-2 Csj-2
uzp Qs
V2 Oy vg, Og uzi—1> 931
4 Q4 4\ b1 Q10
w3, O3 . Wo, O
— e —== 7 o —» "o Yo node i Ui s O3; 5
@ uzp O3, (b)
Fig. 18.20 (a) Referenceframe element. (b) Rotated frame element.
{1} = [y v, b4 wo vy 0] - (18.175)
The displacements are expressed as
V(g t)} - »
Ny Lu(n)}, (18.176)
L@, ) - el
where the interpolation matrix is
g = | 0 BE© 0@ 0 0© 60 18.177)
() 0 0 my) O 0

Theinterpolation functions for the lateral displacement ¢,(C), i = 1,2, 3, 4, are the Hermite cubic interpola-

tion functions given by eg. (17.140) on page 532. The virtual displacements have the same interpolation as the
displacements,

6‘}(@7 t) = b , .
&W(g IJ (v o} (18.178)

where the 6X1vector {b} givenin the following equation is independent of the nodal displacements
T
{6} = [by by by by by by - (18.179)

The weak form for the element is

1

ool @

-1

1
(L )| L
[b}7{0} + (L) L g
Jlovou Lxm(L, r))] 2

-1 , (18.180)
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where the prime superscript means the derivative with respect to €, and the generalized force vector is

T
. (18.181)

{Q} = [Q3 0, 04 Oy Oy Ql} '

The displacement derivatives with respect to € appearing in the stiffness terms of eg. (18.180) are written in the
matrix form

B HL o
L _ |\l dg? {v = [DN(Z)]{;’}a (18.182)
() L
where the 2X6 matrix relating the derivatives of the displacements to the displacement vector is given by
2\2 g2 N2 2 2\ 2 2 2
7)== O 0 (F) & (7) 97 0 (F) &3 (F) &4
[DN(C)} = (L> dg? L [N(C)} _ i (L) ! (L) 2 X (L) 3 (L) S (18.183)
(Z)d_g AL 0y 0 0

Substitute egs. (18.176), (18.178), and (18.182) into (18.180) to get

{b}rf([N}Tk; ,:j [N]dd?{;’} * [DN}T{E(])” EO,J [Dl\ﬂ{”})sdﬁ = {p}({o} +{F}), (18.184)

where the external force vector due to the distributed loading is

1

(F(r)} = r|f,(i(L, ;))]g
!EN] fx(nl(l’s t)) 2

We identify the mass matrix for the reference element as

T
dC = [Fy F, Fy Fy Fy Fy| - (18.185)

140 0 0 70 0 0
1 0 156 44 0 54 26

7 _ T\m O|p L - _ mL| 0 —44 16 0 —26 —12
= - = — . 18.186
M fm{ MNLC& 420070 0 0 140 0 0 ( )
0 54 —26 0 156 44
L0 26 —12 0 44 16

and the stiffness matrix for the element as

(L/r)> 0 0 —(L/r)> 0 0
0 12 6L 0 —12 -6L
Ly = Elo| 0 -6L4L> 0 6L 2L%|
~L/r)> 0 0 (L/r)> 0 0
0 -126L 0 12 6L
0 —6L2L> 0 6L 4L

(18.187)

EA
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In the stiffness matrix (18.187) r2 = 1./ A . Equation (18.184) isvalid for every choice of {5} = 04y, , which
leads to the equation of motion (18.188) for the reference element bel ow.

[]\7{} j—:z{;‘(f)} + [f(}{;l(f)} = ({0} +{F}). (18.188)

The matrix equation of motion for the rotated frame element in figure 18.20(b) is obtained by using the
transformation matrix in eq. (16.85) on page 478. This transformation equation is repeated below as eg. (18.189):

cs0000
—sc0000
001000
000cs0f
000—=scO
1000 0 01

(18.189)

where ¢ = cosf and s = sinf . The generalized displacement vector for the rotated frame element is given by

{u®} = [T] {;l(k)} . The equation of motion for the rotated element is determined from eg. (18.188) by pre-

multiplying it by [T] "

T d? Tr _ T
[ [ [1551 + [ TK A (e} = [/ der+{FD. (18.190)
Equation Eq. (18.190) iswritten as
d2
M) ot +[KHu} = {0, +{Fi} (18.191)
The 6X 1 transformed generalized force vectors are
— T
{Qi—j} - [(CQ3+SQ2) (CQ2_3Q3) Q9 (CQ9+SQ8) (CQ8_3Q9) Qlo}
_ T
(052 031 05 05,5 05, 03 and w5102
{Fi_} = [(cFy+ 5Fy) (cFy=sFy) Fy (cFy+sFy) (cFy=sFy) Fyy) - (18.193)
The mass and stiffness matrices for the rotated frame element are
k14Oc2 + 15652 —l6c¢s 445  70c2 + 5452 l6¢s —26csﬁ
—l6¢s 156¢2 + 14052 —44c¢ l6¢s 54c2+ 7052 26¢
(] = mL 445 —44c 16 265 —26¢ “12 | ad  (8199)
4201 702 + 5452 16¢s 26s 140c2+ 15652  —l6es — —dds
16¢s 54c2+70s2 —26¢ —l6¢s 156¢2 + 14052 44c
—26¢s 26¢ -12 —445 44c¢ 16 |

578

Aerospace Sructures



Vibrations of a coplanar frame

I 2 2 2 2 ]
<£> 2+ 1252 KA) - 12}cs —6Ls —RLX) 2+ 1232} [12—<£) }cs 6Ls
}"x I’x r }"x
2 2 2 2
[(5) - 12}@ 1262 + (£> 2 —6Lc [12—(% }cs —[12c2 + (5) sz} —6Lc
r. T, T, Ty
[K} _ EI —6Ls —6Lc 472 —6Ls 6Lc 212 | (18.195)
L3 2 2 2 2
{(5) 2+ 1252} [12—(% }cs —6Ls (5) 2+ 1252 [(5) - 12}cs —6Ls
rX r,‘C rX rX
2 2 2 2
[12—(%} }cs —[1202+<£> sz} 6Lc RA) —12Jcs 1202+<£) s2  6Lc
r }"x I’x }"x
I 6Ls —6Lc 212 —6Ls 6Lc 412 |

Example 18.5 A two-bar frame subject to harmonic excitation

The frame shown in figure 18.21(a) consists of two identical bars of length L. It is modeled with two finite ele-
ments. Element Q, is vertical with ¢ = 0 and s =1, and element Q, is horizontal withc =1and s=0. The base

of the vertical bar is subject to ahorizontal harmonic displacement asin(Q¢) , where the amplitude is denoted by
a and the driving frequently by Q. There are nine degrees of freedom as shown in figure 18.21(b) for the unre-

- T
:

“ 9
L
2
1
4 a5in(Q1) 3

(a (b)
Fig. 18.21 (a) Two-bar frame subject to harmonic excitation. (b) Degree of freedom numbering.

strained frame. model. The active, or unknown, generalized displacement vector is

{u (0} = [u3(t) uy (1) us(t) ug(t) ”9(tﬂr' @

The prescribed displacement vector is
{up(} = [y (0) wy(1) uy(1) ug(tﬂT = [asin(@s) 0 00] - ()

The mass and stiffness matrices for element Q, are
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L.l.l 1/.1.2 L'l'3 ’;4 1/.1-5 1:1-6 i uy u, uy Uy us uﬁﬁ

(156 0 44 54 0 —26] 20 6L -2 0 6L

0 140 0 0 70 0 0 (L/r)* 0 0 L/r)* 0

[MU)} _mL{44 0 16 26 0 -12 [KU)] _ELler 0 4ar2-6L 0 212
4200 54 0 26 156 0 —44 L3|-12 0 —6L 12 0 —6L

0 70 0 0 140 0 0 —(L/r)> 0 0 (L/r)*> 0

(726 0 —1244 0 16] 6L 0 212-6L 0  4L%)

. (c)
For element Q25 the mass matrix is given by eg. (18.186), and the stiffness matrix is given by eq. (18.187), where

the order of the columns is associated with generalized displacements [u4 Us Ug Uy Ug ug} . Assemble the mass
matrices to get the 9X9 unrestrained mass matrix [MM} = [M(l)} + [M(z)] with due regard in the summation of
the matrix elements from the individual mass matricesto their location in [MJ . Similarly, the 9X9 unrestrained
stiffness matrix is assembled as [KJ = [K(l)] + [K(z)} . After assembly, the unrestrained matrix equation of

motion is reordered by simultaneously interchanging the rows and columnsto [”3 Uy Us U U Uy Uy Uy “s} .

The resulting matrix equation of motion in partitioned formis

(d)

[Mad] [l |, |[Kd] [Ke Fuoﬂ _ {{Qaﬂ

(M) [Mg] |G | [Kpa] [pe]|L191) L1903

The submatrices are

16 26 0 —-12 0 4 0 0 O
m 26 296 0 —44 0 mL 54 0 70 0 .
Moo = 5clr12 44 a4 32 —12] My =55 0 70 0 54| = (M) @
0 0 26 -12 16 -26 0 0 =26
0 0 26 —-12 16 0 0 0 44
4L2 —6L 0 2L 0
156000 —6L 12+ (L/r,)? 0 —6L 0
[M}:m_Lomoo 0 [K]:% , "
BR 420 0 0 140 0 ao L3 02 0 12+(L/I"x) —65 —6[21
0 0 0 156 2L —6L —6L 8L2 2L
L 0 0 —6L 212 417
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‘6z 0 0o 0|
12 0 —(L/r)* 0 20 0 0
_ Bl L _ELO Wy 0 o)
Ko |0 Lm0 12 Kyl Kol Lo 0 (L/r)2o ’
6L 0 0 6L *
12
K 0 0 6L 0 0 0
(h)

{04} = 05y {QB} = [Q1 0, 0, Q‘JT'

There are no generalized forces prescribed in degrees of freedom 3, 4, 5, 6, and 9. The unknown generalized
reaction force vector {Qﬁ} corresponds to the prescribed generalized displacement vector {u;} . The matrix

equation of motion for the unknown generalized displacementsis
[M(m} {ua} + [MGB} {up} + [K(m} {ug} + [Kuﬁ} {ug} = 05y -

Numerical data are taken from example 6.5 on page 162: @ = 0.03812 m, 4 = 171.014x10 °m2,
I, = 12425x10°m*, L = 0.8 m, r, = 0.0269546 m, E = 68.3x10° N/m2, p = 2,710 Kg/m3, and

m = pd = 0.463448 Kg/m . The eigenvalue problem for the free vibrations of the frame is

[Kw} {¢}—7\[MW}{¢} = Osx; -

The numerical results for the eigenvalues and corresponding eigen vectors are
-1

0.324108 0.595335
(b {01}) = |9.99471x107, | 0-268035 (s {9,}) = |6.783x10, | —0.595335
0.268035 s
0.324108 _1'026IX10
{ 1
—0.105789 0.0104001
(7\3,{(1)3}) = 1.78362)(107, —0.105789 ()\4,{(])4}) = 2.89664)(106, —0.0104001
0.972216 —2.72413x10" "
1 -1
1
0.00365009
(A5, {ds}) = | 854,421, |0.00365009
~0.991238
1
Li=1,2,...,5.

l

The natural frequencies are given by w; = /A,

0

(k)

U]
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(0, 0, 3 0, 03 = [9,997.36 8,235.9 4,223.3 1,701.95 924.346|rads (m)

The prescribed displacement terms in the matrix egquation of motion lead to a generalized force vector defined by

10a} = = [, {un} = [k, (g} ®

o

Numerical evaluation of this generalized force vector is

—3,032.78 + 0.00148063 QZﬁ
_ 7,581.96 +0.00181714Q2
{Qu} = 0 sin Q1. (0)
—3,032.78 —0.000874919Q2
0

The matrix equation of motion governing the unknown displacementsis rewritten as
(M {a + [K o (e} = {0} ®)

Theinitial conditionsare {u,(0)} = 05,, and {L;Q(O)} = 05y, - Transform from the physical displacementsto

the modal displacementsby {u,(#)} = [®]{q(¢)}, where the columns of the modal matrix [®] are the eigen-
vectors. Equations of motion in modal coordinates are

[m)a+ [ ]{a} = {F 0}, @

where the generalized mass, stiffness, and force vector are

[Mg} = diag[,02135 0.140492 0.0144387 0.0292596 0.098909)] "
[Kg} = diag (213477 9529.59 257.532 84.7545 84.5099|10°,

{F, (1)} = {4(Q)}sinQ¢, and where (s)
—1,983.5 +92.0225x10 Q2
7,275.15 —463.879x10 Q2

AR} =1 g 061.51 +610.799x10°02 | - ®

~2,953.93 + 1,499.53x10 °Q?

| 1.10169 +2, 354.52x10°°Q2 |

The equation of motion for each modal coordinate isin the form

A.(Q)sin(Q¢) i=1,2,..5, (u)

- 1
gi+ wrq; = —A;
M, (i, i)
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subject to initial conditions ¢,(0) = 0, and éi(O) = 0. Thesolution for © = w, is

_ Ai(Q) —Q . .
q(t) = TAe H(0? —Qz)[_mi sin(w;t) + sm(Qt)} . W)
Thesolutionfor Q = o, is
() = =281 1ycos(,1) - sin(w,)]
q,(t) = 20, )02 w;t)cos(w;t) —sin(w;7)]. (W)

Transform from modal coordinatesto physical coordinatesby {u,(¢)} = [@} {q(t)} . Thevertical displacement

at thejoint connecting the frame membersis u;(¢) , and for @ = 09w, itis

us(1) = 256.346x10 °sin(Q¢) —333.609x10 *sin(wt) — 151.009x10 *sin(w, ) —47.4688x10 *sin(w; ) +

41.6693x10 °sin(w, ) +20.1981x10 "sin(w, ) .
X
Thefirst term on the right-hand side of us(#) isthe forced motion and has the same frequency as the excitation.
The remaining five terms on the right-hand side constitute the natural motion with contributions from the five
natural frequencies of the frame. A graph of the displacement responseis shown in figure 18.9 for 0 <7 < 20t
where t isthe period of the lowest natural frequency (i.e., T = (2x)/ws = 0.006797 s). The displacement
response exhibits the phenomena of beating.

Pure undamped beating, in general, is the combination of two sinusoids that have differ-
ent but closely spaced frequencies, as the two sinusoids pass into and out of phase with each
other. (Hallauer, 2016).

In the case of the frame response shown in figure 18.22, the driving frequency Q is close to the lowest natural
frequency s, and it isthe combination of the two sinusoids sin(€¢) and sin(ws#) that are the source of beat-
ing.

For Q = ws, thedisplacement us(¢) is

ue(r) = —0.406236¢cos(Q1) + 319.34x10  sin(w<£) — 158.115x10  sin(w 1) — 52.3109x10  sin (w7) +
5 5 4 3

45.9088><10_6sin((»2t) +22.3042><10_6sin(m1t) )
y
A graph of the displacement responseis showninfigure 18.23 for 0 < ¢ < 10t , wheret isthe period of the lowest
natural frequency. As shown in the graph, the amplitude of the vibrationsfor Q = w; increaselinearly in time,

which is the condition of resonance.
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0.0005

e
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Fig. 18.22 Response of us(t) for Q = 0.90 ws,

0.02}
0.01}
g o.oo;
~0.01}
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Fig. 18.23 Response of us(t) for Q = ws.
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18.11 Practice exercises

1. TheLagrangian for athree-degree-of-freedom model of Atlas| is
L= ’%[(M)z + m./m./z + (M'/z)z] + %mz(w'/z)z + %m3(m.;3)2 —%ku(wl —w,)? —%k23(w3 -w,)2, (18.196)

where w,(#) isthe displacement at the bottom of the booster, w,(#) isthe displacement at the top of Centaur,
and w;(r) isthe displacement of the payload. These displacements are defined with respect to the equilibrium
state. The combined mass of the booster and Centaur is denoted by my, the mass of the fairing by my,, and the
mass of the payload by m;. Masses are determined from the weight data given in “ Description of Atlas1” on
page 535. The spring stiffness kq, and ko3 arelisted in “ Step 1: Equations of motion about equilibrium.” on
page 538. Lagrange's equations of motion are

=0, (18.197)

d(aL)_aL_R d(aL)_a%;_O i(&L)_iI:_

i\, ") " aw, T i\, ") aw,

dt owi aw, dt ows w3
where Ry = 77,100. |b isthe net thrust. Determine the maximum payload load factor during the initia instants of
lift off. Partial answer: the value and its associated eigenvector for the smallest elastic modeis

—0.795164
(A, {2}) = [15,710.5, | 0760969 | | - (18.198)

1

The eigenvector is normalized such that the magnitude of its largest component is a positive one.

2. Determinethe natural frequenciesin Hz and the corresponding modal vectors for the five-bar, pin-jointed
truss shown in figure 18.24. Normalize the modal vectors such that the largest component in the vector is a posi-
tive 1. Sketch the mode shapes.
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Fig. 18.24 (a) Five-bar truss, {
(b) Degrees of freedom.

1
I
I 4m
|
|
1

All bars 8
2
E = 70 GPa 4 4
4 = 475x10°m? |4 Il -7 -1
p = 2,710 Kg/m3 3m
@ (b)

3. Thethree-bar trussin example 18.3 on page 563 is subjected to the following initial conditions

du,
u (0)) _ H dr = Hm/s_ (18.199)
u,(0) 0 du, 1

dr

t=0
a) Determinethe generalized mass matrix [M, ], the generalized stiffness matrix [X, ], and theinitial con-
ditionsin modal coordinates (begin with egs. (d) and (e)).
b) Determine the solution in modal coordinates and in physical coordinates.

c) Determinethetransient bar forces N, _,(¢), N, _5(t), and N, _,(?) .
d) Plot the bar forcesfound in part (c) for 0 <#<0.015s.

4. Model the cantilever beam in example 18.4 on page 571 with two equal length elements as shown in figure
18.25.

a) Determinethe natural frequenciesin Hz and the corresponding modal vectors. Normalize the modal
vectors such that the tip displacement us is equal to one in each mode. Refer to table 18.4.

b) Determine the percentage error of each frequency with respect to the exact frequency from the continu-
ous beam vibration analysis.

c) Plot thelateral displacement of the beam, 0 <z < 0.8 m, for each mode using eq. (17.69) on page 509
and matrix [Gaq} from the last three rows of eg. (18.162).

u Uy Us
MZ u4 u
Fig. 18.25 Beam of example 18.4 6
® D

modeled with two elements. ® — -

I< 0.4m >I< 0.4 m >|

- |
0.8 m
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Practice exercises

5. The uniform beam shown in figure 18.26 is simply supported at
each end. The material and geometric properties are the same as those ?)’
given in example 18.4,

v(z, t)
Ao

a. Determine the first two natural frequenciesin Hz for the 5 é
beam modeled with one element. Use the condensed mass |< 08 m
matrix (18.167) and stiffness matrix (17.106) on page 515. - >|

b. Compute the percent discrepancy of the frequencieswithre- 19+ 18.26 Simply supported beam.

spect to the continuous beam solution. The frequenciesfor the
continuous beam vibration analysisin rad/s are listed in Graig

2 |[ET
(1981) as o, = (%‘) /p—zx n=1,2.
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