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Mathematics

(ABSTRACT)

A one-dimensional refractive, randomly-layered medium is considered in an acoustic
context. A time harmonic plane wave emitted by a source is incident upon it and generates
totally reflected fields which consist of “signal” and “noise”. The statistical properties, i.e.,
mean and correlation functions, of these fields are to be obtained. The variations of the
medium structure are assumed to have two spatial scales; microscopic random fluctuations
are superposed upon slowly varying macroscopic variations. With an intermediate scale of
the wavelength, the interplay of total internal reflection (geometrical acoustics) and random
multiple scattering (localization phenomena) is analyzed for the turning point problem.
The problem, in particular, above the turning point is formulated in terms of a transition
scale. Two limit theorems for stochastic differential equations with multiple spatial scales,
called Theorem 1 and Theorem 2, are derived. They are applied to the stochastic initial
value problems for reflection coefficients in the regions above and below the turning point,
respectively. Theorem 1 is an extension of a limit theorem on O(1) scaled interval to infinite
scale and provides uniformly-valid approximate statistics for random multiple scattering in
the region above the turning point (transition as well as outer regions). Theorem 2 deals
with stochastic problems with a rapidly varying deterministic component and approximates
the reflection process in the region below the turning point which is characterized by the
random noise. Finally, the evolution of the reflection coefficient statistics in the whole region
is described by combining the two results as a product of a transformation at the turning

point and two evolution operators corresponding to the two regions.
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Chapter 1
INTRODUCTION

Waves are expected to undergo some scales of fluctuations when they propagate in
a randomly inhomogeneous medium. If the random inhomogeneities are strong, multiple
scattering and the interference of waves produce phenomena in which the waves are localized
around the region where they are generated. They lose coherence and eventually they are
totally converted to random fluctuations; the waves do not propagate at all. Localization
phenomena can be found in one or two dimensional settings of layered media even when the
random inhomogeneities are weak. Anderson [1] discovered these localization phenomena
in connection with electronic waves in semiconductors in 1958. The wave nature of an
electron produces allowed energy bands and forbidden gaps for its motion in the solid.
Electrical conductivity is hindered by disorder in the crystal and the electronic waves are
localized in space for some energies. Recently, an analogous localization of light has also
started getting attention from physicists. Light in a certain class [2] of strongly scattering
dielectric microstructure exhibits localized modes. It took time, however, before localization
of classical waves became fully appreciated. One reason [3] is that localization phenomena
are observed usually over the long range of distances unless the random scattering is very
strong and the dissipation is rather weak. In the last decade, the localization of various
types (cf. [3],[4] for references) of waves in inhomogeneous media has been studied with a
great deal of interest.

One typical type of randomly inhomogeneous medium, i.e., a one-dimensional refrac-
tive, randomly-layered mediun, is considered here in an acoustic context. One model that
fits very well our framework is reflection of acoustic waves from ocean sedimentary layers.

Over the ages the various physical deposition processes in the ocean have created a het-
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erogeneous material; in the depth direction it possesses a rapid fine-scale layering structure
superposed upon a slow-scale increase induced by compactification while variability in the
transverse direction is much more gradual to such an extent that one-dimensional modeling
is a reasonable approximation. The sediment layer rests upon a semi-infinite rock basement.
The sediment acoustic parameters such as density and sound speed become rapidly-varying
functions of depth variable, undergoing a slow-scale increase in average. This increase re-
fracts the penetrating acoustic energy back upward towards the water-sediment interface.
Within the layer, dissipation can be neglected.

When we have a point source above a medium, one can think of it as launching rays in
all directions. We consider an oblique wave incident upon the medium. The problem that
we shall consider is schematically shown in Figure 1 in Section 2.1. A plane wave is incident
upon a layered slab from an upper homogeneous medium; the slab itself rests upon another
homogeneous medium. In the geometrical acoustics picture (high frequency regime), an
asymptotic representation of acoustic fields, i.e., pressure and particle velocity, within a
layered medium can be obtained explicitly. If the sound speed is assumed to increase in the
layer, then there exist depths at which the rays turn. These are called turning points. The
waves propagate in the region above the turning point and evanesce in the region below the
turning point.

Our problem in this work is to study the effects of fluctuations of acoustic waves in a
randomly-layered slab. Average acoustic parameters are assumed to increase with depth so
that an obliquely incident wave, undergoing some random fluctuation, turns at some point
in the medium, leading to stochastic turning point problem. To see the variations of the
large-scale structure of the medium, the wave needs to have short wavelength compared to
the length scales of the macrostructure but to acquire the statistical properties of the details
of the random inhomogeneities, the wavelength needs to be long compared to the size of
the microstructure. This allows us to combine both a geometrical optics-like accomodation
of the large-scale macroscopic variations and a Central Limit Theorem or diffusion limit

theorem for the random microscopic details. The combined limits can reveal the very rich
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structures of stochastic problems for suitably defined quantities. Our modeling hypothesis
is this separation of scales with random layering and compactification of the medium. The
statistics of the reflected signal at the interface is to be obtained based on this hypothesis.

Limit theorems for stochastic differential equations remain our mathematical tool. They
say in brief that a large class of random processes defined by the following stochastic differ-
ential equation, not of Ito type, converge weakly to a Markov diffusion process which solves

a Kolmogorov backward equation:

Z—:: }'F(T,T/fz,l‘,w), 0<7<170~0(1), weq, (1.1)
€
2(0) = 2o, (1.2)

where the random field F' has zero-mean and Q denotes an underlying probability space.
Such a type of theory was called attention to first by Stratonovich [5] in 1963 for problems of
nonlinear vibrations in the presence of noise. Then mathematical theory was developed by
Khasminskii [6] and extended by Papanicolaou and Kohler [7]. The theory has been applied
effectively in a variety of problems [8]-[13], [3] (and references therein). Our problem of
interest in the region above the turning point, however, requires an extension of this theory
to an asymptotically infinite interval. We present a limit theorem, called Theorem 1, for

stochastic equation (1.1)-(1.2) over an extended interval [0, 70/¢], i.e.,

%:%F(T’T/fz’x’w)v OSTSTO/ENO(E_I), w € Q, (1.3)
2:(0) = Zo, (14)

where the random field F' has zero-mean. For the problem below the turning point, we
derive another limit theorem, called Theorem 2, which deals with the following stochastic

problem with rapidly varying deterministic component:

% = %Fo('r,x)—k %Fl(r,r/e‘z,x,w), 0<7<1, wefq, (1.5)
2(0) = o, (1.6)

where Fp is (non-zero) deterministic and the random field F; has zero-mean.
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Our goal in this work is to analyze the interplay of total internal refraction (caused
by compactification) and diffusion effects (produced by random scattering). Aimed at this
purpose, there has been a series of works by Kohler [13]-[16] using both analysis and sim-
ulations; the structure of fields within the medium and interface reflection properties over
a wide range of frequencies and incidence angles have been revealed.

We introduce, in Chapter 2, the deterministic problem of acoustic waves in layered
media before our stochastic problem is studied. Using the results from [17], explicit results
for a uniform slab and the WKB analysis for high-frequency regimes are included.

We consider, in Chapter 3, the problem of time-harmonic acoustic plane waves impinging
upon a randomly-layered slab. We first introduce the linearized acoustic equations and
quantify the scaling condition for the acoustic parameters. Using the fundamental matrix
of an effective system, we formulate a stochastic boundary value problem for the scattering
variables. Using the explicit uniformly-valid results of Lynn and Keller [18], we establish the
problem above the turning point in terms of a new stretched variable. Finally we recast it as
a nonlinear stochastic initial value problem (Riccati differential equation) for the reflection
coefficient. We can characterize the quantities of our interest (i.e., mean and correlation
functions of reflected pressure) as expectations of functions of the reflection coefficient.

We approach the problem of stochastic characterization of the relection coefficient by
using a “two-step decomposition”. Using the properties of conditional expectation, we first
assume that the region below the turning point is known. Considering the region above
the turning point, we solve the Kolmogorov backward equation with final value given at
the turning point. This provides us with an asymptotic characterization of the conditional
expectation of the reflection coefficient in terms of a Markov diffusion process along the lines
of known theory, i.e., limit theorems for stochastic differential equations. But it requires
an extension of these ideas in order to get uniformly-valid characteristics throughout the
turning point region. In Chapter 4, we derive a limit theorem (Theorem 1) on an extended
interval in general terms and subsequently apply this theorem to our particular problem in

the region above the turning point. Theorem 1 is proved in Chapter 5.
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Now we can characterize uniformly the reflection process from the random slab above
the turning point. Then we replace the assumed final value, evaluated at the turning point,
of the Markov diffusion process by the small random noise value which arises from our
characterizing reflection process from the region below the turning point. The governing
statistics of reflected signal from the region below the turning point is estimated by Theorem
2 which is derived in Chapter 6.

Final characterization of the problem in the whole region can be obtained by taking
the expectation of the Markov diffusion process containing the random noise. In Chapter
7, from the results of Theorem 1 and Theorem 2, its characterization is expressed by the
product of an operator (representing the transformation at the turning point between the
two reflection coefficients corresponding to the two regions) and the two evolution operators

(representing the Markov diffusion processes in the two regions).



Chapter 2

DETERMINISTIC WAVES IN LAYERED
MEDIA

2.1 The Acoustic Equations and Acoustic Energy

We will focus on the following linearized acoustic equations which describe the space-

time evolution of a pressure P(x,t) and a vector particle velocity U(x,t) in the medium:

p0iU+ VP =0, (2.1)

HP+KV.-U=0, (2.2)

where p(x) and K(x) represent time-independent material density and bulk modulus at a

spatial point x = (z,y, z), respectively, and satisfy the following relation
K=pc (2.3)

with sound speed ¢(x). Equations (2.1)-(2.2) are the fundamental equations in fluid dynam-

ics, i.e., Euler’s equation and the equation of continuity coming from conservation laws of
momentum and mass, respectively [19]. The linearized equations are usually derived from
a consideration of small amplitude acoustic disturbances in a fluid (or gas); the velocity u
(= \/ﬁ) of the fluid particle in the wave is small compared with the sound speed, i.e.,
u < c¢. They are also useful in describing the propagation of acoustic waves through solids
if elastic effects can be ignored.

Equations (2.1)-(2.2) can be recast as a pair of second order differential equations,
each involving only one of the acoustic variables P or U; by appropriate differentiation of

equations (2.1)-(2.2) and by substitution,

LU - p V(K V-U) =0, (2.4)



CHAPTER 2. DETERMINISTIC WAVES IN LAYERED MEDIA

OLP~ KV -(p~'VP)=0. (2.5)

In particular, if p and KA (and thus ¢) are constants (i.e., a homogeneous medium), equations

(2.4)-(2.5) reduce to the following constant coefficient wave equation:
%0 — c*Ap =0, (2.6)

where ¢ is P or U.
Using acoustic equations (2.1)-(2.2) and the time independence of p and K, one can
readily verify the identity

o Lo+ 2y v.(PU) =0 (2.7)
HoPY T IR - '

Here both %pu2 and .—2}-}; have the dimensions of energy per unit volume; they represent the
kinetic and potential energy densities, respectively, of an acoustic wave. On the other hand,
the vector quantity PU, which is called Umov vector, has the dimensions of energy per unit
area per unit time; it is the energy flux in the acoustic wave. Equation (2.7), therefore,

states the conservation of acoustic energy.

2.2 Time-Harmonic Plane Waves in Layered Media

We shall consider a scattering problem in which acoustic energy impinges upon a slab,
occupying the region —L < z < 0. The slab is assumed to be transversely homogeneous,
i.e., layered in z-direction; its constitutive parameters, i.e., density and bulk modulus (and
thus sound speed), are functions only of the variable z. The exterior regions z > 0 and
z < —L are assumed to be ones in which both density and bulk modulus are constant.
For the incident acoustic fields, the question of transients is completely ignored; we assume
that the acoustic source emits a monochromatic sinusoidal signal which persists for all
subsequent time. In this time-harmonic problem (or continuous wave problem), the steady
state solution will be focused on. We refer to [20] as a general text for waves in layered

media.
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z
4
INCIDENT PLANE WAV
/' HOMOGENEOUS MEDIUM
\< (Constant Sound Speed and Density)
z=0 o— y
X

LAYERED MEDIUM
(Sound Speed and Density are Functions
Only of the Vertical Variable)
z=-L

HOMOGENEOUS MEDIUM
(Constant Sound Speed and Density)

Figure 1. Problem configuration

By assuming plane wave excitation, transverse homogeneity considerably simplifies the
acoustic propagation problem; the problem can be reduced to the analysis of ordinary
differential equations. The plane wave is assumed to impinge upon the slab at an angle 6
from the region z > 0. As Figure 1 indicates, this incidence angle is the acute angle that
the propagation vector (or displacement velocity vector) makes with the vertical axis; in
other words, the incidence angle is the acute angle that the plane wave phase front makes
with the horizontal axis.

For the time-harmonic problem, the obliquely incident acoustic fields can be written

from (2.6) in the following form:

Pz'nc(x, t) — PO e—iwie-—ik(—ysin 9+zcos€)’ (28}

Po
Poco

_iwte—ik(—ysine-{—z cosﬂ)’ (29)

Uine(x,t) = [sin @yo — cos 6zg] e
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where pg, ¢p and k (= w/¢g) are constant density, sound speed and wave number in the
region z > 0, respectively.

All three regions (i.e., above, below and within the slab) are transversely homogeneous;
no physical mechanism exists to create any transverse phase variations other than that
impressed upon the problem by the incident fields. Likewise, no physical mechanism exists
to create an out-of-plane (or z) component of displacement velocity. Since the pressure and
normal velocity component must be continuous across z = 0 and z = — L, the solutions in

all three regions must have the following general form:
P(x,t) = P(z) e Wtethysing, (2.10)
U(x,t) = [Ux(2)yo + Us(2)zo] e ™" e*kvsing, (2.11)

When (2.10)-(2.11) are substituted into acoustic equations (2.1)-(2.2), one obtains the fol-

lowing ordinary differential equations:

dP
J. ] 5 -
-(Z(—;’ = ;—L:[l — ¢y %c?sin’ 0] P, (2.13)
iné
Uz = S:clo P. (2.14)

In the region z > 0, the solution of equations (2.12), (2.13) and (2.14) leads to the

following expression for the total fields:

P(x, t) — Po(e—z'k:: cos 8 + Teik: cosﬁ)e—iwteiky sinB, (2_15)
P hz . kz .
U(x,t) = —O{e"‘" os8 [sin fyo — cos Ozo] + T€*7°°%¢ [sin Oy + cos Oz0] }-
PoCo
Cemiwtgikysing oo g (2.16)
The parameter (complex constant) r relates the amplitude of the reflected wave to that of
the incident wave and is called the refection coefficient. In our problem formulation, r is

the ratio of reflected to incident pressure at the interface z = 0 and is called the pressure

reflection coefficient at z = 0. The above solutions (2.15) and (2.16) simply represent

10
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the superposition of the incident wave and a reflected wave propagating in the specular

direction.

In the region z < — L, one must impose an outgoing wave radiation condition. From the

solution of equations (2.12), (2.13) and (2.14) in this region, the total fields become

P(x,t) = Pyt e—iwte—ik(——y sin 8+ (z+ L) cos 8) , (217)

Pyt : ; in 6+(z
U(x,t) = —— [sin fyg — cos fzq] e *“te~tk(-ysinb+(z+L)cost) -~ 1 = (2.18)
PoCo

where the complex constant ¢ represents the ratio of transmitted pressure at z = —L to
incident pressure at z = 0 and is called the pressure transmission coeflicient of the slab.
From equations (2.8)-(2.9) and (2.17)-(2.18), it is clear that the transmitted wave is a wave
propagating in the same direction as the incident wave but scaled by the transmission
coefficient . One must solve the scattering problem in order to determine these reflection

and transmission coefficients.

2.3 The Uniform Slab Case

In order to actually determine the pressure reflection and transmission coefficients that
were introduced in the previous section, one must determine the fields within the slab region
and impose continuity conditions upon the fields at the interfaces z = 0 and 2 = —L. In
this section, we briefly consider the simplest case, that of the uniform slab, for which one
can obtain explicit results.

The slab will now be assumed to have constant density p; and constant bulk modulus
K, (and thus ¢; will denote the corresponding constant sound speed). Equations (2.12) and
(2.13) can then be explicitly solved; the following representation for the fields within the

slab can be obtained:

P(z) = €™dy + €7 dy, (2.19)

Us(z) = ——(e*2dy — e="*dy), —L < z<0, (2.20)
w/
(k= w\/:;z — ¢52sin?9)

11
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where dy and d;, are constants to be determined and radian frequency w is assumed to be
positive. The solutions of equations (2.12)-(2.13) in the exterior regions z > 0 and z < —L
are represented by equations (2.15)-(2.16) and (2.17)-(2.18), respectively. It is required
that the pressure P and the normal component of the velocity Us be continuous across
the interfaces z = 0 and z = —L. We have, therefore, a system of four equations for the
four unknowns 7, t, d; and d, and thus the solution of this system of equations can be

determined, being represented in the following manner:

_ A12kL kL1 _ 12
- M, t = w’ (2.21)
1— FlezZAL 1 — I‘?ezZAL
o Po(1+7T)
_ 2kL _ 0 5 o«
dy = —Te"dy, dy = T TZe2eL’ (2.22)
where I' is defined to be
cosf 1—cé_2cf sin? @
[ = £oc p1c) ' 2.93
cos @ + lfl—cgch sin? @ ( )
Poco p1cy

The parameter T' defined by (2.23) is same as the uniform half-space pressure reflection
coefficient, i.e., it is the reflection coefficient that would exist at z = 0 if the slab thickness
L were infinite.

When ¢ > ¢ sin 8, the vertical wave number parameter & is real. Acoustic waves prop-
agate and undergo multiple reflections within the slab; the total fields are a superposition
of upward and downward propagating waves. The half-space reflection coefficient T is real
and bounded in magnitude by unity; the pressure reflection coefficient r and transmission
coeflicient ¢ are generally complex-valued but also bounded in absolute value by unity. The
slab wave coefficients, d; and d;, respectively, are likewise periodic functions of kL. When
co < c1sind, on the other hand, the acoustic fields within the slab become evanescent,
i.e., exponentially decaying. In this case, the interface reflection coefficient I' becomes a
complex number and unimodular (since the uniform half-space becomes totally reflecting).
The magnitude of the pressure transmission coefficient ¢ now decreases exponentially with

increasing slab thickness since el = e~IsIL,

12



CHAPTER 2. DETERMINISTIC WAVES IN LAYERED MEDIA

2.4 From Boundary Value Problem to Initial Value Problem

We have discussed, in Sections 2.2 and 2.3, a linear two-point boundary value scattering
problem for the layered slab. The differential equations to be solved in the slab region are
equations (2.12)-(2.13). Noting equations (2.15)-(2.16) and (2.17)-(2.18), the corresponding

boundary conditions can be expressed in the following manmner:

Poco . 9
P(0) - cosHU3(0) = 2Fo, (2.24)
PoCo _ o oF
P(=L) + ——ZUs(-L) = 0. (2.25)

There are two ways by which this two-point boundary value problemn can be recast as
an initial value problem. The first method is to introduce the fundamental or propagator
matrix and to solve the corresponding initial value problem for this matix. Let ®(z) be
a propagator matrix for the system of equations (2.12)-(2.13); it solves an initial value

problem of the form

Py 0 P 1o, &)=y, -L<z<0,  (2.26)
dz K=Y (1 - cy%c?sin?6) 0
where ( is some fixed point within the domain (typically z = —L or z = 0) and & is any
(convenient) nonsingular 2x2 matrix. Then the pressure and velocity can be expressed in
terms of this propagator matrix solution as
_e(n)| |, (2.27)
Us 2
where ¢; and ¢, are constants to be determined by imposing boundary condition (2.24)-
(2.25). This propagator matrix approach, therefore, replaces a linear two-point boundary
value problem for a vector-valued dependent variable with a linear initial value problem for
a matrix-valued dependent variable. In the next section, this method will be demonstrated
in the high-frequency regime using the WKB approximation.
The second method involves the formulation of a Riccati differential equation for an

appropriately defined reflection coefficient which will be defined using appropriately cho-

13
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sen dependent variables. In this approach, a linear two-point boundary value problem is
replaced by a nonlinear (scalar-valued) initial value problem. In order to find appropriate
dependent variables, we observe the form of boundary condition (2.24)-(2.25) as well as the
structure of the acoustic fields in the regions z > 0 and z < —L, i.e., equations (2.15)-(2.16)

and (2.17)-(2.18). These suggest we consider the following form of dependent variables:

A2) = G2 () + (20120 ), (2.28)
B(z) = -[(COSG 1/2p (z)—(%)lﬂlf;;(z)]. (2.29)

In terms of these new variables, basic equations (2.12)-(2.13) together with boundary con-

ditions (2.24)-(2.25) become the boundary value problem

d| A ; a ay; A
—_— - l‘—w 1 12 ) -L S z S Oa (2‘30)
dz B 2 —ayjp —an B
0s 0
A(=L)=0, B(0)=(—=2)1/2p,, (2.31)
PoCo
where the coefficient matrix is given by
‘ 6
a”E(—l)'q&p%— Poco K71 - ¢5%c?sin? 6), 1,2.
PoCo cos @
In the region z > 0, (2.15)-(2.16) lead to
0 . 0
A(Z) — (COS )1/2P0T€tkzcose, B(Z) - (COS )1/2P e—tk.,cosﬁ 2> 0. (232)
PocCo PocCo
In the region z < —L, on the other hand, (2.17)-(2.18) lead to
0s6 4. ez
A(z) =0, B(z) = (S22)1/2pyge=ikle+Llcoss (2.33)

Poco

Therefore, A and B are basically “upward”- and “downward”- propagating scattering vari-
ables, respectively.

In this scattering formulation, one can verify easily the conservation of energy relation
|7]2 4+ |t|2 = 1. Basic system (2.30) leads, by direct calculation, to the following relation

between amplitudes of the scattering variables:

LB - 1A =0, ~L<z<0. (230

14
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Thus the quantity |B|? — |A|? is constant throughout the slab; in particular, it follows by

(2.32)-(2.33) that

. poc _
L=|r? = 0OIPIZHBO)IZ |A(0)]

= p°c°|Po|-2uB< L) ~ |A-D)"] = It (2:35)

In view of these properties, one can identify | B|> with an incident energy flux and |A|? with
a reflected enegy flux throughout the slab region. Equation (2.35), then, simply asserts that

the slab is lossless.

We are now ready to reformulate boundary value problem (2.30)-(2.31) into an initial

value problem. Let us define the following reflection coefficient:

R(z) 28 —L<2<0. (2.36)

By direct calculation, one can show from (2.30)-(2.31) that the reflection coefficient R

satisfies the following Riccati differential equation:
dR
dz
R(-L)=0. (2.38)

zw[anR + -—(112(1 + Rz)] -L S Z S 0, (237)

It is clear from (2.32) that R(0) = r. Therefore, the solution of the above initial value
problem provides directly information about the pressure reflection coefficient. Since |t|> =
1—|r|2, the magnitude of the pressure transmission coefficient is likewise directly determined.
In order to obtain full knowledge of the transmission coeflicient including the phase, one
needs to do the following additional work. Once the pressure reflection coefficient r is
known, both A(0) and B(0) are obtained by (2.32). Hence one can now solve differential
equation (2.30) as a final value problem to determine B(—L) which is same as (;z—scf)l/QPgt

from (2.33). The pressure transmission coefficient ¢t is, therefore, finally determined.

2.5 High Frequency Regime - WKB Analysis

In Section 2.3, we have obtained explicitly the acoustic fields for the uniform slab. For

nonuniformly layered slabs, i.e., for slabs in which the acoustic parameters actually vary
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with depth, explicit results are generally not attainable. In this section, we shall consider a
high frequency (or geometrical acoustics) regime, in which an asymptotic representation of
fields within a nonuniformly layered slab can be obtained. The approximation is referred to
as the approximate solution of WKB (Wentzel-Kramers-Brillouin) type. We shall use the
ansatz of Ludwig [21] to derive formally these approximate acoustic fields.

Consider again the case of a time-harmonic plane wave obliquely incident upon a layered

slab as discussed in Section 2.3. Basic differential equations (2.12)-(2.13) are rewritten as

P 0 P
d — iw PL2) , (2.39)

dz | g, K-Y(2)(1 - cg%cX(z)sin?8) 0 Us
where the z-dependence of the coefficient matrix is now explicitly noted. In our regime of
interest, the radian frequency w is large (and thus acoustic wavelength is small). Compared
with this large parameter w, the constitutive variables p, K and ¢ are assumed to undergo
O(1)-length scale variations as functions of z; therefore, the slab composition varies slowly
with depth relative to acoustic wavelength.

For brevity, let system (2.39) be represented as

ad—zv(z,w) = wA(2)v(z,w). (2.40)

One seeks a solution of system (2.40) of the following form:

v(z,w) = ewo(? Z w v, (2). (2.41)

n=0

Then the WKB approximation will consist of the leading order term, i.e.,
vo(z,w) = vo(z) €73, (2.42)

If ansatz (2.41) is substituted into equation (2.40) and coefficients of like powers of w are

equated, one obtains the following hierarchy of equations:

W' (A(2) = (2))vo(2) =0, o = g-g, (2.43)
Wi (A(2) - a'(z)I) vi(z) = —iad;vo(z), (2.44)

16
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W (A(2) = 0 (D)) Vaga(z) = —ztdivn(z), n=12.., (2.45)
z

where I denotes the 2x2 identity matrix. Equation (2.43) requires that o' and vo form an
eigenpair of the matrix A, while equation (2.44) leads to a solvability constraint upon vy.

Consider first the eigenvalue problem for the matrix A. The eigenpairs are found to be

o'(2) = Mi(2) = (1) /em2(2) - c5 sin? 6, (2.46)

p'*(z)
(1Y 1K =V2(2)(1 - ¢ %c¥(2) sin? 6)1/2

The factor ¢~2(z) — c5%sin?@ controls the character of the eigenvalues and the integrals
of these eigenvalues represent the phases of two WKB solutions which are given by (2.42).
Therefore, we now encounter a situation qualitatively similar to that of uniform slab in
Section 2.3. If for a given incidence angle § and depth z this factor is positive (i.e.,
¢(2)sinf < cp), the eigenvalues A;(z) will be real; in this case the resulting two WKB
solutions will correspond locally to (upward and downward) propagating acoustic waves.
On the other hand, if the factor is negative (i.e., ¢(z)siné > ¢g), the eigenvalues become
imaginary and the solutions will correpond to exponentially damped or evanescent waves.

We consider the case where ¢(z) is increasing in the slab such that ¢=2(z) — ¢52sin?#8
changes sign from positive to negative as z decreases. The depth at which the eigenvalues
vanish (i.e., ¢(z)sinf = cg) are called turning points; these are depths at which, in the
geometrical acoustics picture, the rays turn or become tangent to the horizontal. For the
present discussion, we shall assume that ¢(2)sin @ < ¢o for all § and z values of interest; the
region above the turning point will be considered in the rest of this section.

In view of the form of (2.42), the two leading order terms corresponding to the eigenpairs

are constrainted to have the form

Ve (5.0) ~ s (2)X5(2)e T, =2, (2.48)

17
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where p; are arbitrary functions of z to be determined and (for definiteness)

0
o(z) = —/ \/c—"’-(s) —- caz sinf ds, —L <2<0. (2.49)

The integrand in equation (2.49) has the following ray interpretation. Let é(z) denote the
incidence angle of the acoustic ray at depth z (i.e., let us define é(z) to be the angle that the
tangent to the ray path at depth z makes with the vertical). A consequence of the interface
boundary conditions and the fact that the medium is layered is that the transverse (or
horizontal) wavenumber must remain constant with depth. We must have, therefore, the

following relation:

. 9 . A
sin :smG(z)’ _L<:<o. (2.50)
Co c(2)

From equation (2.50), it is clear that the integrand in (2.49) is simply ¢~!(s) cos# and thus
the exponent of (2.48), wo(z), represents the integrated vertical wavenumber from 0 to z.
Also o(z) represents the accumulated time from 0 to z and is called travel time.

Since the matrix A is real-valued, the eigenvalues of the adjoint matrix A* are equal to
those of A; let the corresponding eigenvectors be denoted by Y;, 7« = 1,2. One readily finds

that
A'—]/‘Z 1_ -2.2 H 29 1/2
Yi(z) = (@1 = e e (@i 6)75 ) Ly (2.51)
(~1)"1p1/%(2)

From equation (2.44), the following solvability conditions (from the Fredholm alternative)

are imposed:
d (V=0 i1 o &
( - Vo (2),Yi(z))=0, i =1,2 (2.52)

which, in turn, lead to the following first order linear differential equations for p;:
d (X Y+ '(dX-Y-)—O L =1,2 2.53
dzﬂz 19 1 /141 dZ 19 t) T Y = y L ( ot )

The solution of equations (2.53) determines the leading order terms v(()i)(z) to within a

multiplicative constant. In particular, one can obtain the following approximation to the

18
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propagator matrix solution of equation (2.39)

‘ p(2) \1/2 iwo(z) ) \1/2—iwo(z)
o(2) = d11 P12 _ (;#(T)) € | —r(j
b1 D22 (%)—1/2€1w0(2) __;il) 1/2 —two (
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Chapter 3

STOCHASTIC WAVES IN
RANDOMLY-LAYERED MEDIA

3.1 Stochastic Problem with Turning Points

From now on, we consider a stochastic problem in a randomly-layered medium; the
effects of fluctuations of plane waves in a random multilayer are going to be studied. An
acoustic plane wave impinges obliquely upon the medium. The average acoustic parameters
such as density and sound speed are assumed to increase with depth. This increase refracts
the penetrating acoustic energy upward so that an obliquely incident wave, undergoing
random scattering, turns at some depth leading to the stochastic turning point problem.

The geophysical nature of ocean sediments [13] exhibits this structure very well. The
various physical deposition processes have created a material with a highly-laminated fine
structure in the vertical or depth direction. Sediment constitutive parameters vary with
depth on two length scales; they possess a fine-scale layering structure superposed upon
a gradual slow-scale increase induced by compactification effects. This nominally linear
increase tends to refract the penetrating acoustic energy back upward towards the water-
sediment interface. In the transverse directions, the sediment acoustic parameters are ho-
mogeneous to a degree that makes one-dimensional modeling a reasonable approximation.

The medium considered here is a randomly-layered slab. The schematic picture of our
stochastic problem that we shall consider is basically the same as Figure 1 in Chapter
2. An oblique acoustic plane wave impinges on a refracting rapidly-layered random slab
occupying the region —L < z < 0 from above. The exterior regions z > 0 and z < —L

are homogeneous ones; in these regions acoustic parameters are constant. We consider an
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idealized model in which the random multilayer has a one-dimensional fine structure; it is a
homogeneous in the transverse directions. Thus the acoustic parameters are the functions
of only one variable z.

We formulate the problem of interest as a stochastic boundary value problem for the
scattering variables. We shall subsequently recast it as a stochastic initial value problem for
the reflection coefficient. We approach the problem by using a “two-step decomposition”;
we deal with problems above and below turning points separately using the properties of
conditional expectation and then combine the two results using the continuity of the fields
at the turning point. The scattering variables are suitably defined in each region.

In this chapter, we consider the problem above the turning point. The problem below
the turning point will be considered later in Chapter 6. First a system of linearized acoustic
equations with a random coefficient matrix is derived using the continuity condition at the
interfaces of the slab. Using the fundamental matrix of an effective system, we derive a
stochastic boundary value problem for the scattering variables. Then we use the Lynn and
Keller uniformly-valid results [18] to obtain a centered system in the stretched region above
the turning point. Finally a stochastic initial value problem, over an interval of infinite

scale, for the unimodular reflection coeflicient is derived.

3.2 Basic Equations and Scaling

In this section, we introduce the basic acoustic equations in the random slab and two
kinds of scale dependence of the field parameters. These scales represent a deterministic
macroscale and a random microscale.

The basic equations are the linearized acoustic equations coming from linear momentum

and mass coservation for a pressure P(x,t) and a particle velocity U(x,):

p(2)0:U(x,t) + VP(x,t) = 0, (3.1)
0:P(x,t)+ K(2)V -U(x,t) =0, (3.2)

where p(z) and K(z) denote time-independent density and bulk modulus, respectively,
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satisfying K = pc? with sound speed c(z).

Within the random slab —L < z < 0, the acoustic parameters p and ¢ are assumed to
vary with depth > in a manner that superposes a randomly-fluctuating component upon
a slowly-varying (nominally linear) increasing mean value. We introduce a small positive
parameter € to quantify this two-scale dependence, i.e., randomness on the microscale and

smooth deterministic macroscopic variations:
p(2) = p(z,2z/€*), K(z)= K(z,2/¢?), —-L<z<0, (3.3)

where p and K are unit correlation length random functions of the second arguments while
the first arguments account for deterministic nonstationary modulation; the actual correla-
tion length of the processes is, therefore, 2. Let the frequency of the incident wave also be

scaled by
w=u/e, (3.4)

where @ is O(1) (the overbar will subsequently be omitted throughout). Consequently
the orders O(1), O(¢) and O(€?) correspond to the large-scale structure of the medium,
the wavelength of incident wave and the correlation length of the random features of the
medium, respectively. This means that the wavelength is “large” enough to average over
microscopic random effects and “small” enough to probe macroscopic variation. A limit is,
therefore, possible which combines a diffusion limit for fine-scale random fluctuation with a
geometric acoustics-like limit for large-scale deterministic variation. Also the high-frequency
scale (i.e., O(e™!)) will permit the use of WKB analysis.

The monochromatic, time-harmonic, plane wave is incident upon the layer with an
incidence angle 6 measured from the normal as shown in Figure 1. We introduce a pressure
P(x,t) and a particle velocity U(x,?) incident from the region z > 0 of the following form

from the constant coeflicient wave equation (2.6):

f)ivzc(x7t) — PO e—i-‘{‘l(cot-—ysin€+zcos9), (35)
P, K . i 7
Uinc(x,t) = po_zo[sin 9}’0 — COS gzo] e—lf(cot—y sinf+z cos@), > U, («56)
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where pg, cp and k (= w/co) are the constant density, sound speed and wave number of
the upper homogeneous medium, respectively. The quantity pc is called the impedance of
the medium. As seen above, the incident pressure and particle velocity aree related to each
other by the impedance of the obliquely incident wave.

The assumed plane wave excitation and transverse homogeneity imply that the acoustic
fields in the random multilayer depend only on depth z and one transverse coordinate y:
no physical mechanism exists to create any transverse phase variations other than that
impressed upon the problem by the incident fields. Since the acoustic pressure and the

normal component of the particle velocity must be continuous across the boundaries z = 0

and z = —L [20], the acoustic fields in all three regions must have the following general
form:
P(x,t) = P(z)e™"¢(cot=ysind) (3.7)
U(x,t) = [U(2)yo + Us(z)zgle~te (cot=vsinf), (3.8)

If (3.7)-(3.8) are substituted into acoustic equations (3.1)-(3.2), one obtains the system

of ordinary differential equations:

d P i 0 z P
2 _w pz) ; (3.9)
Z | Us €| K71 (2)-p~Y(2)cg?sin?8 0 Us
iné
U= 222p. (3.10)
pco

From now on, system (3.9) for the pressure P and the z-component of the particle
velocity Us is focused on in the high frequency regime; the y-component of the particle
velocity will be determined immediately by (3.10) once the pressure is determined. In the
random slab, scaling condition (3.3) is assumed to take the form

p(z,2/€%) = a(2)[1 + (2, 2/€%)], (3.11)
K™Yz, 2/¥) = p~ 2,2/ €%)eg 2 sin 6 = B(2)[1 + v(z, z/ %)), (3.12)

where a and 3 are defined to be
a(z) = E{p(z,2/€")}, B(z)= E{K"Y(z,2/€) = p7'(z,2/€")c5*sin* 6},  (3.13)
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and the fluctuations 7 and v are zero-mean, unit correlation length random functions of

their second arguments; we define the random functions
aq(z,2/€%) = a(2)n(z,2/€%), Bi(z,2z/e¥) = B(2) v(z,z/€?). (3.14)

We assume that «, 4, a; and 3; are all bounded in the region —L < z < 0. Using the

following notation

0 « 0 o
.A() = s .A] = N (3.15)
B 0 B 0

we decompose (3.9) within the random slab —L < z < 0 into the sum of a deterministic

part and a mean-zero random part; (3.9) is rewritten in the simple form

d P

; P
P = 240+ A1) , —L<z<0. (3.16)
A U3 €

Us

In the case that high-frequency system (3.9) is deterministic, as discussed in Section 2.5,
there are turning points dividing the behavior of the WKB solutions; they correspond to
propagating waves and evanescent waves, respectively, above and below the turning point.
These are depths at which the rays turn in the geometrical acoustic picture.

If (3.9) is a random system, in the asymptotic theory of interest, the turning point of
the deterministic matrix %Ao of the following system will define the turning point for the

stochastic problem.

P
Us

LN P ey,

-L<z<0. 3.
Z | 0 L<z<0 (3.17)

’ — —

Note that Ay defines an effective acoustic medium. The eigenvalues of Ay satisfy
A = ap, (3.18)

where o and 8 are defined by (3.13). Note that « is positive always. We assume that the

density and the sound speed increase in such a way that 3 is monotone decreasing and
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changes sign from positive to negative as = decreases. The eigenvalues of A vanish at some
point, say z7, and they are real valued on 2y < 2z < 0 and pure imaginary on —L < z < zT;
in the effective medium, waves propagate in the region zr < z < 0 and evanesce in the region
—L < z < zr. The point zr will remain the dividing point for the stochastic problem in

our scaling and it is called the turning point of our stochastic problem.

3.3 Scattering Variables and Boundary Value Problem

In order to obtain quantities exhibiting a limiting stochastic behavior as € | 0 in our
turning point problem, one needs to remove the rapid deterministic phase variations of
(3.16) so that there is only a mean-zero term on the right-hand side of (3.16). For this
step of centering, we need a fundamental matrix (or propagator matrix) of (3.17). In this
section, we use the Lynn and Keller uniformly-valid approximant and derive a system of
equations for the scattering variables.

First we consider the case of a uniform slab for which one can obtain explicit results
similar to those of Section 2.3; the only difference is that we now have a high-frequency
scale. With constant density p; and sound speed ¢y of the slab (i.e., with Ay zero and Ag

a constant matrix), our basic system (3.9) in a uniform slab becomes

P €' e d;
- e o , (3.19)
Us G €T o dz
where K (vertical wavenumber) is defined to be
k=wy/e7? — cg?sin? 4. (3.20)

. — (B . . .
In view of the e7*<* dependence, a wave of the form e‘<* is “up-coming”; a time depen-

2 -2 _: 2 p\—
—cg ~ sin® 6)

. B L (e 1/2 . . .
dent solution of the form e*<{*=(e "2t} travels to increasing values of z as time

increases. Similarly, a wave of the form e™'%7 is “down-going”. System (3.19), therefore,
identifies P and Us as sums of up-coming and down-going scattering variables. Also note
that the constants d; and d; (to be determined) correspond to the up-coming and down-

going wave amplitudes, respectively.
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We shall use the constant coefficient case as a guide to analyzing the variable coefficient
case of interest. In order to remove rapid deterministic phase variations of random system
(3.16), let us introduce a WKB approximant for the fundamental matrix of system (3.17);
we denote this approximant by . The new dependent variables A and B are introduced

by

P A .
=9 . (3.21)
Us B
As we will see later when ® is expressed explicitly, the dependent variable A will represent
a reflected or upward-propagating wave amplitude while B will correspond to an incident
downward-propagating one. These amplitudes of scattering variables are constants in the
uniform slab case previously discussed. System (3.16) for pressure and velocity transforms
into the following system of equations for scattering variables A and B:
d| A
dz B

= iﬂquAlq» 4 + <1>-1(3°3A0¢> . icp) 4 : (3.22)
€ B € dz B
where the second term on the right side of (3.22) would vanish if & were an exact funda-
mental matrix for (3.17).
To produce a two-point boundary value problem, we consider a unit down-going wave
in z > 0 impinging on the random slab (i.e., B = 1 in z > 0), while for simplicity we assume
total reflection at z = —L. For a physical point of view, the presence of a turning point

at 27 makes the nature of the termination at z = —L < zr irrelevant. Thus the following

boundary conditions are imposed:

B(0) =1, (3.23)
A(-L)=T_pB(-L), |T_p|=1. (3.24)
Let
® = d11 P12 (3.25)
P21 P22
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Then the right-hand side of system (3.22) becomes

iw 1921022 — B1d11012 a2, — B,
edetd —on %, + Bio —a1¢n 022 + F1d11b12
1

1w d o o
—_ P = —— 3.2
e € Ao dz(p) detfbA’ (3.27)

. (3.26)

%qr‘Al«b =

where the matrix A is (using a prime to denote derivative)

L (apa1d22 — Br11012) — (11022 — P1201)  2(agd, — Be2,)) — (¢1a022 — Dr2¢22)
L(—agl + Bdd) + (11021 — d11dy1)  L(—adadan + Boridiz) + (b12021 — P1103,)

If a propagator matrix ® can be chosen to have A negligible, then the right-hand side
of (3.22) becomes essentially mean-zero. To obtain such a ¢ explicitly, we use results of

Lynn and Keller [18] from which it follows that det® = 2 and the ¢;;’s are

b1 = 2By Vi(AY3g), A =i (3.28)
€

¢12 = a1/2B0 ‘/2()\2/3(1)), (329)
ba1 = A7 a2 (o' By/2a + By) Va(A3¢) + A~13a~ 2BV (AM34), (3.30)

baz = A a7V (o Bof2a + By) Va(A3¢) + ATV3am 2 BI Y Vy (A3, (3.31)

where the functions By and ¢ are defined to be

Bo= ()M, 6(2) = (30 = () (3:32)

7(z) = /20 VaBds, rr=rt(zr), (3.33)

and the functions V; and V, are defined as follows in terms of Airy functions ([22] for

definition):

Vi(-) = w1/ 2A6e=CTr{ i Ai(-) + Bi(+)}, (3.34)
Va() = =2m 2A1/6e7 ST Aq(). (3.35)
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As one can notice from (3.13), (aﬂ)_l/z roughly represents a mean propagation speed in
the random medium (see also Section 2.5). Thus 7(z) represents an accumulated time from
z to 0 and is called the travel time. It is worth noting that 7, ¢ and By are real positive
funtions above the turning point 27 but are complex-valued functions below zr.

If we use properties of Airy functions, the right-hand side of system (3.22) can be
simplified and some underlying group structure of (3.22) can be revealed. First we need the

following some useful conjugacy relations among the ¢;;’s.

Lemma 3.3.1 The ¢;;, i,je{1,2}, defined by (3.28)-(3.31), satisfy the following relations:
P12 = _¢¥1 and ¢y = ¢E1

Proof: From (3.34) and the following identity (cf. Abramowitz and Stegun [22])
Ai(ze=2/3) = %e""’/:*{Ai(z) +iBi(2)), (3.36)
one can obtain

1/1(/\2/3(;5) — ﬂ_l/‘2|)\I]/ﬁe—i%TTe—iSW/lZ{Ai(/\2/3¢) + iBi()\Z/3¢)}

= 2V /2|\[M6e=i%7T g=im/12 g4 \23ge=i2n/3), (3.37)
From (3.35) and A = |A|e""/2, one has
Va(A2/3g) = —2r1/2|\|V/6ei%rrein/12 g;(\2/3g). (3.38)
The identity A?/3¢ = '™/3|\[2/3¢ gives
emi2T/3\2/3g — o=in/3|\|2/35 = (NP3, (3.39)
Upon applying the identity A:™(2)=Ai(2*), (3.37), (3.38) and (3.39) lead to
Vo= =V (3.40)
It follows that ¢12 = —¢7;. The derivative of (3.36) with respect to z is
e~ B A (267273 = %6_”/3{Ail(z) +1Bi (2)}. (3.41)
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Using (3.41), the derivatives of V; and V;, with respect to A%/3¢ are given by

VI(A2/30) = nl /A8 iS5 /121 A7 (A38) 4 i B (X3¢}
= o V2 \[V/6e=i% 7T =iB7/4 4 (\2/3ge=i2n/3), (3.42)
Vy(A3g) = —2r /2| \|V/0e e eim/12 45" (A2 3¢), (3.43)
leading to the identity (from (3.39))
V, = ™3V (3.44)
Since the identity A=1/" = ¢=*"/»(A~1/7)* holds for n = 1,2,... , (3.40) and (3.44) imply
that dpy =¢3,.

Due to Lemma 3.3.1, one can simplify system (3.22); matrices (3.26) and (3.27) become

the following;:

. . a . 2+ } 2 a * 2__ * 2
B 14,0 = zQ_w 1|¢21]* + Bilén| 1(631) | ﬂl(qbu)‘ ’ (3.45)
¢ ¢ —a183, + P93, —ar|eal? - Bilénl?

i1l —i(Vy)?

| ‘ (3.46)
Vi —i|)?

1% 400 - Loy = < By(a’ '
d ( p Aoq) dZCD) = 2wB0(Q B0/201+ BO)

Both (3.45) and (3.46) (and thus the coefficient matrix on the right-hand side of (3.22)) have
the following common structure that generates fundamental matrices belonging to SU(1,1)

[23]:

aiy a2 )
, a1 = —an. (3.47)
* *
G132 a1
It means that the Lynn and Keller approximant preserves the group structure of the fun-
damental matrices for the exact problem.

With the help of Lemma 3.3.1 and the above observation, one can prove the invariance

of the time average energy flux (see [20] for definition) for a time-harmonic wave.

Lemma 3.3.2 The time average energy flux for a time-harmonic wave, defined by 1 =

$Re(PU3), is same as (|A|* — | B|*) and it is invariant.
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Proof: From (3.21) and Lemma 3.3.1 and det® = 2, one can obtain
1 1 .
A= §(¢-§1P +¢11U3), B = 5(—¢21P + ¢11U3) (3.48)
so that
1 l * TX v
A"~ BB" = Z(¢h16n + bndis)(PUs + PUs) = 5 det® Re(PU3) = Re(PUS). (3.49)
Using matrix structure (3.47), system (3.22) can be represented as
d d . . ar
EA =a;1A+ a2B, EB =aj,A+a}B (3.50)

which lead to the identity &£(AA* -~ BB*)=0by aj; = —a11. ®

This lemma leads to the fact that |A| = |B| everywhere in the random slab since total

reflection at z = — L is assumed in our problem of interest.

3.4 Transition Region Scale above the Turning Point

Throughout this chapter, only the region above the turning point, i.e., zp < z < 0, is
considered. The problem in the region below the turning point will be discussed later in
Chapter 5. In this section, we stretch the region 27 < z < 0 by defining a new argument
and identify the growth behavior of the coefficient matrix of our system using asymptotic

expansions.

Let
1= (S70% = {32 — ()P (3.51)

Note that ¢ is positive above the turning point 27 and therefore so is 7. Then, in terms of

this new variable 7, system (3.22) becomes

d o p2 o Y1/35-1 Wi_2/35-1,.% d A a K

o = B {i(=)'*07 418 + (2) P87 (=A@ - =) 2| (3.52)
0<n<mp= (é—tTTV”’ ~ O(7%?), (3.53)
B(no) =1,  A(0) = T, B(0), (3.54)
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where the reflection coefficient I';, at the turning point zr is assumed for the present
discussion to be known. The relation dn = (%)2/3B0_2dz was used here. The corresponding
functions Vi, &17 and ¢,; are written as follows in terms of new argument: Using the
complex conjugate of (3.36)-(3.37)and Ai*(z) = Ai(z*), one obtains
Vi = w““‘(%)”%-f(%w-%){Az‘(—n) — iBi(-n)}, (3.55)
¢ = 7r1/2(%)1/6a1/2Boe_i(%TT‘%){Ai(—n) _iBi(-n)}, (3.56)
én = 1V/2(2) %12 (o Bo/2a + By)e ETH D Ai(—1) — iBi(-n))
! /3(2) 7P 12 Bt e T Al (<) — B (—m)). (3.57)
Also we note that the correlation length in the 7)-scale becomes €*/3 instead of €2 in the
z-scale. Let us introduce here the terminology “transition region” and “outer region”; the
former is a region in distance of order 0(62/3) from the turning point 27 while the latter
is the rest of the transition region. If one uses the following asymptotic expansions of Airy
functions and their first derivatives, then one can identify the growth or decay behavior of

components of exact transformation (3.52) as they reach the outer region after starting at

the turning point z7:
Ai(=n) = +7 72y~ 4 sin(( + 7 /4) - %c—l cos(( +7/4)+ O(C™%)},  (3.58)
Bi(—n) = +7 712y 4 {cos(¢ + 7/4) + %c*l sin(¢ +71/4)+0(C7%)},  (3.59)
Ai'(—n) = a2 4 cos(¢ + 7 /4) - 75—.24-1 sin(C+7/4)+ O(C™%)}, (3.60)
Bi'(=n) = +7=1/2y "V /A Lsin(C + 1/4) + %c—l cos(C +1/4) + O(C-2)}. (3.61)

(frgrl < 2r, = 24)

Now, based on above expansions (3.58)-(3.61), one can arrange the coefficient matrix on
the right-hand side of (3.52) into the following four types of terms according to the “size”

of growth:

A
4 - (3.62)
dn | p
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L Wia/s_ pa Ai*(—-n) + Bi*(-7) —eX =D Ai(—n) + iBi(-1)}?
{ 5(—') WaBol[jl W n . )
) e 2 (ETr = Ai(~-n) - iBi(-n)}? —A(—n) - Bi*(-1)
+2mala (AT (=m)* + (B (-n))? TR A (=) + 1B (—m)}?
P 1 oW s N . Ni Wi ‘ N .
2 —e PETTHINA (=) =B (—)) (AT (=)? = (Bi (-m)* |
v Uy

1w .
+§(;)1/3B§a1 o
P P11

; ) , Vil2 —(V)? A
+ %(f)—5/3Bg(a Bo/2a + By) vil Vi ) }
€ Vi —w? B
where 117 and 3; are defined to be

Y11 = |6l — 20(=) 7 (aBo) ™ (o' Bo/2a + Bo){Ai(—m)Ai (=) + Bi(—n)Bi (-}, (3.63)
Yo = ¢ — 20(=) 7 (aBo) (o' Bo/2a + By)e X+ D { Ai(—n) - iBi(—1)}-
{Ai'(-n) — iBi (-)}. (3.64)
(@ = w‘/2<§>-5/6a-1/2(a’30/2a + Bo)e e ) { Ai(—n) — iBi(—n)})

The major contribution in the diffusion limit comes from the first two terms on the right
hand side of (3.62); the first term is a dominant term in both the transition region and the
outer region, while the second term will not contribute on a finite n-interval but it will
become as significant in the outer region as the first term. In the next section, we are going
to show that the third and fourth terms are “negligible” uniformly, i.e., when one rescales

back to z. Therefore, we will need to consider only the first two terms in the diffusion limit.

3.5 Negligible Terms of the Exact Transformation

In the following lemmas, we will justify that we can neglect the last two terms of exact
transformation (3.62) in the diffusion limit. The proofs of the lemmas basically use the

asymptotic expansions of the Airy functions and their first derivatives. We note that
Ai,Bi,Ai ,Bi ~0(1), 0<n<mn, (3.65)
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Ail,Bi~ 0(77"1/4), Ai,, Bi ~ 0(1)1/4), m < n < o, (3.66)
for any finite number 7, of order O(1) between 0 and 7.

Lemma 3.5.1 The third term (i.e., the third coefficient matriz) of ezact transformation

(3.62) has the form of a zero mean term times an order O(1) term uniformly on zr < 2 < 0.

Proof: From asymptotic expansions (3.58) and (3.59) of Airy functions 4; and B;, we have
that ¢ ~ €/60(5~1/%). Then, using asymptotic expansions (3.58)-(3.61), the orders of v,

and 1, will become
Y11, ¥ ~ P07 + €0(1) ~ O(e).

Thus the third term on the right-hand side of (3.62) is a; times an O(€*/3) term, which
means that it has order O(1) when one rescales back to z. Obviously its mean is zero
because of a mean zero term «a; (cf. (3.14)). =

The fourth term is not mean-zero but, as we will see in the next lemma, it is “small”
enough to be ignored in the diffusion limit. Therefore, the second coefficient matix on the

right-hand side of (3.22) turns out to be negligible.

Lemma 3.5.2 The fourth term of ezact transformation (3.62) has an order O(e*/3) uni-

formly on 27 < z < 0.

Proof: From asymptotic expansions (3.58) and (3.59), V; has an order ¢~1/60(5~1/4) and
thus the fourth term of the exact transformation has an order ¢*/30(~1/2). Even when
one rescales back to z, this one still becomes 0(62/3) on:r<z2<0. m

We next will show that the first two mean-zero terms of the right-hand side of (3.22)
are significant and comparable in the outer region. So we will retain these two terms in the

diffusion limit.

Lemma 3.5.3 The first two terms of ezact transformation (3.62) have the same order

O(€7') uniformly in the outer region.
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Proof: From asymptotic expansions (3.58) and (3.59), the first term of the exact tranfor-
mation has an order ¢~2/30(~1/2). From asymptotic expansions (3.60) and (3.61) of the
first derivatives of Airy functions, the second term of exact transformation (3.62) has an
order O(n'/?). In particular, in the outer region, both of them are of order O(¢~'/3). They

become, therefore, of order O(e~!) when one rescales back to 2. m

3.6 Stochastic Initial Value Problem on an Unbounded Interval

In this section, we recast our stochastic boundary value problem (3.52)-(3.54) without
negligible terms as a stochastic initial value problem. Because of the total reflection (i.e.,
|A| = |B|) throughout the region (see Section 3.3), the problem reduces to a consideration
of the phase of the unimodular reflection coefficient.

First let us introduce the following moduli and phases for the Airy functions and their

first derivatives:

Ai(—n) + iBi(—n) = M () e{00+7/4} (3.67)
Ai'(=n) + iBi'(=n) = N(n) e{®m+37/4}, (3.68)

From Abramowitz and Stegun [22], the asymptotic expansions of moduli (M and N) and

phases (Q and @) for large 7 are given by

. 1, '
M*(n) ~ =y~ 2+ 00777, (3.69)
N3(n) ~ %7’1/2 +0(n~%?), (3.70)
2 - p «
Qn), ®(n) ~ =51 + O(=). (3.71)

In terms of these moduli and phases for the Airy functions, (3.62) becomes the following

system of equations with mean-zero right side after the small terms are neglected:

. 2¢{< Q
d A _ i( )2/37ral?31\42,31 1 —e { ~TT+ } A
2

w
dn | p € - 2{2rr+0) 1 B

34



CHAPTER 3. STOCHASTIC WAVES IN RANDOMLY-LAYERED MEDIA

R 1 T} A 2 e
+ TTQ N a1 e . (372)
2 __6—21{?TT+¢} _1 B
The linear two point stochastic boundary value problem for the scattering variables
A and B can be recast as a nonlinear stochastic initial value problem for the reflection
coefficient. In Section 3.3, we noted that the reflection coefficient is unimodular in the

random slab. The problem reduces to a consideration of the phase of the unimodular

reflection coefficient. Let

=Y. (3.73)

@

Then system (3.72) for the scattering variables A and B leads to the following Riccati

differential equation for the phase 9 of the reflection coefficient as follows:

dv 1 7 n o -2/3 .

Eﬁ = m]ﬂ(n,m,d)) + fg(?),m,w), 0< <o~ 0(e ), (3.74)

¥(0) = o, (3.75)
where e~ = zp» 1.€., ¥ is the phase of the reflection coefficient at the turning point 27

and it is considered known for present discussion and the random fields F; and F, are given

by

Fi(n, ==, %) = w*PraBE MAn)5:( 4/3) {1 — cos(¥ + 2(—7‘7 + Q)M (3.76)

> ¥) = 1T N mar() {1 +cos(v 4 2 Emr + @)} (37)

64/3

]:2(773 64

Here, 31(=7s) (for example) is actually

—1((£\2/3
Brlai) = Aa(e™ (o), LG, (3.78)

corresponding to 1(z, %), where ¢! denotes the inverse function of ¢.
From the above stochastic initial value problem, a number of facts should be noted.
Riccati equation (3.74) is expressed in terms of the stretched variable 7 (transition region

scale); €2/37 and =77 correspond to z (or ¢(z)) and % in the z-scale, respectively. The
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deterministic functions a, a~! and By depend on only a slow-variable €2/37) and thus they
behave like constants in the 7-scale. Both random fields F; and F; have the form of a mean-
zero nonstationary random function, either a; or 31, times deterministic functions. In short,
stochastic initial value problem (3.74)-(3.77) has the form of model problem (1.3)-(1.4).

The interval 0 < 7 < 79 considered in our case, however, is not a bounded interval; it
is order O(¢2/3). Thus the mean-zero random field F, must be retained (not like the case
of previously known theory). It will contribute in the diffusion limit since it is significant
in the outer region (i.e., N2(n) ~ !/? if ) is large). Hence it requires an extension of limit
theorems for stochastic differential equations to understand the diffusion effects caused
by random multiple scattering in the region above the turning point. This work will be
performed in the following two chapters.

Usual ordinary differential equation existence and uniqueness theory tells us that the
solutions of (3.74)-(3.77) are well-defined stochastic processes. Our goal is to characterize
quantities of interest (i.e., the mean and correlation function of the reflected pressure) as
expectations of functions of solutions of stochastic differential equation (3.74)-(3.77), using

the extended limit theorem that will be described in the next chapter.
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Chapter 4

EXTENDED LIMIT THEOREM AND ITS
APPLICATIONS

4.1 An Extended Limit Theorem in Banach Space — Theorem 1

In the previous chapter, we have formulated a model of a stochastic initial value problem
to which the result of Khasminskii [6] can be used in order to characterize the limiting
stochastic behavior as ¢ — 0. Our problem, however, requires an extention of this idea,
because the former result deals with only an O(1) interval, not our O(¢~2/3) interval. In
this section, we state in general terms a result about the extension of the limit theorem to
an unbounded interval. In the next section, we apply the extended limit theorem to the
stochastic model established in Chapter 3.

We first establish notation and hypotheses before stating our theorem. Let (2, F,P)
be a probability space and let F}, 0 < s <t < 00, be a family of o-algebra contained in F

such that
FlCF2 0<s<s1 <ty <ty < oo (4.1)
We assume the strong mixing condition in the sense that

sup  sup |P(A|B) — P(A)|=p(t) | 0, astT]oo. (4.2)
20 AEFS, BEF;

The monotonically decreasing nonnegative function p is called the mixing rate which is

assumed to satisfy the following rate condition:

/;0 p'/*(s)ds < . (4.3)
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For example, ergodic Markov processes on a compact state space are mixing processes with
an exponential mixing rate. Note that decreasing monotonicity (4.2) and rate condition (4.3)
imply that X p(1) is uniformly bounded in € € (0,1] and [5* p(s)ds < 0o and [57 sp(s)ds <
oo. The conditional probabilities relative to F§, 0 < s < oo, are assumed to have a regular

version so that we are able to have the following representation almost everywhere:
E{- |55y = [ - Pu(dwls). (44)

Let F(n,v,z,w) be a function from [0, 00) X [0,00) Xx R x © into R, where R denotes the
set of real numbers. The random field F is assumed to be jointly measurable with respect
to its arguments and, for fixed 7, v and z, F(n,v,z,w) is F, measurable as a function of
w € (.

We introduce the one-point compactification of R, denoted by R, and C® denotes the
space of bounded continuous real valued functions on R, with the supremum norm ||-||. Let
C* denote the space of real valued functions on R. with bounded continuous derivatives up
to order k with norm || || the sum of the supremum norm of the function and its derivatives
up to order k. Then the spaces C* are separable Banach spaces and dense subspaces of C°
such that C¥ ¢ C*~' and || fllk=1 < ||fllx, f € C*.

With a positive parameter ¢, we consider the following stochastic initial value problem

on an O(€~!) interval which is a general form of our model problem (3.74)-(3.77):

L at(r,0,8) = TF(r, 7/ 2 (0,2 ), 0<0 <7 <m0, (45)

z‘(o,0,2) =z, (4.6)
T 2 .
where the solution z°(7,0,2) is fa//; measurable as a function of w for any fixed z.
To develop a limit theory for our problem of interest, it is convenient to introduce so-

lution operators U¢(o, 7), called random propagators, associated with (4.5)-(4.6); we define

U¢(o,7) by

(U(e,1)f)(2) = f(*(r,0,2)), (4.7)
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for arbitrary f € C°. These are contraction operators on C® — C°. The function U¢(o,7)f,

f € C% is strongly Fle

ofe? measurable. It is also useful to define the following random

differential operator V(7):
V(1)) (z) = F(r,7/€,2)0: f(x), (4.8)

for arbitrary f € C*¥, k > 1. Note that the e dependence of V(7) is not explicitly expressed.
For each f € C*, V(7)f is strongly .7-"://:: measurable.
Let the interval 0 < 7 < 79 ~ O(e™!) be covered by O(1) intervals denoted by [6,,—1, 7],

n=1,2,..,mo~ 0 1), ie.,

mo

[07 7)0] = U [071—17 U'n.] (49)

n=1
suchthat 0 =0 < 01 < -+ < 0y < -+ < Oy = 7.

We adopt, throughout, the convention that, for each fixed n, ¢ dependent constant C),,
introduced in the following theorem is not necessarily the same constant; constant multiples
of Cy, will again be denoted by C, .

Now we are ready to state one of our main results. The proof of the following theorem

will be given in the next chapter.

Theorem 1 Let U(a,7) and V(7), 0 < 0 < 7 < ng = 7o/€ ~ O(e71), be the operators,
respectively, defined by (4.7) and (4.8) corresponding to stochastic initial value problem
(4.5)-(4.6). Suppose the strong mizing condition (4.2)-(4.3) and the hypotheses stated above
are satisfied. Let us assume the following conditions (i)-(iv) hold:

(i) For f € C?,
E{v(r)f} =0. (4.10)
(11) There are positive constants oy and By independent of o, T and € such that for arbitrary

fECk,k‘I 1,2,

T—0O T—0

.*__*_(_( )k—l}eak%z

|U(a, 7) fllk £ Bi{l + Iflle a.e.. (4.11)

€
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(#ii) For each interval (0,1, 0,), there is a positive constant C,, . such that
sup V(™) fllke1 € Cuclifllc ae., feCk 1<k<4. (4.12)
on—1<7<0n
The above constants Cy, ., n = 1,2,...,1mq, are uniformly bounded in n by a constant inde-

pendent of € and satisfy the following decay condition

mo
> Chue ~ O(e), (4.13)
n=1

for some number v < 1.

(iv) Let (A(o,7)f)(x) denote the solution u(a,7,z; f) of the backward Kolmogorov equation

9 u(o,7,2)+ Lou(o,7,2) =0, (4.14)

do
u(r,7,2) = f(z), (4.15)

with infinitesimal generator L, defined on C? — C° by the strong limit in C°
1/¢
Lof = lin(l) E{V(a)V(o + €*t)f} dt, (4.16)
[ d 0
which ezxists and satisfies the rate of approach
1/¢ 5
s || [ EV(@)V(o + 01 dt = Laflo < Codl (417)
an—lsasdn 0
for all sufficiently small ¢ > 0. The (averaged) backward propagators A(o,T) satisfy the
following inequality for some positive constants ay,
sup  ||A(e, T)fllk < akllfllx, FeCk, 1<k<4. (4.18)
0<o<r<n0
Then, for arbitrary f € C*, we have the estimate
sup [|[E{U(0,7)f} = A(0,7)fllo < €77C(f;70), (4.19)
0<7<n0
where C(f; 7o) ts a positive constant depending on f and its derivatives up to order J and

10 (which comes from 19 = 1o/€) but independent of .
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Remark. The known limit theorems so far have dealt with the random field of the form
%F = %Fl + F, for some mean-zero random fields F; and F), on a finite scaled interval.
In this case, the random field F, can be ignored in the diffusion limit. On the interval of
infinite scale considered here, however, F, may grow and become comparable to %Fl as 7
increases while Fy remains controlled. Then F, can not be ignored anymore in the diffusion
limit. This is the case in the stochastic model established in the previous chapter; the
random fields F; and F; there (cf. (3.76) and (3.77)) correspond to Fy and F, respectively.
Unless such a problem is dealt with separately in two different regions, therefore, we need

Theorem 1 for a uniform diffusion approximation.

4.2 Application to Wave Propagation above the Turning Point

Theorem 1 can be applied to the stochastic model in Chapter 3 for a uniform diffusion
limit. In this section, we check the necessary hypotheses described in Theorem 1 for the
model problem and obtain the expression of the corresponding infinitesimal generator.

First of all, the phase % of the reflection coefficient in the model corresponds to the
variable z in Theorem 1. The small parameter €/3 corresponds to ¢ and the random fields

(3.76) and (3.77) together correspond to the random field F;
n 7 Ui y
F(’I, /3’ 1/’) = fl("a /3’ 1/’) + 62/3]:2(777 ET/-B-’ 1/’) (4'20)

Conditions (4.10)-(4.13) are related with the random field F. Since F; and F, are
multiples of the mean-zero functions 8; and ay, respectively (see (3.76) and (3.77)), the
random field F is centered so that (4.10) holds. The following quantity corresponds to the

end point 7g:

3w 23 .
Mo = (;TT) . (4.21)
Let us take a fixed interval 7; ~ O(1) and define

op,=nm, n=0,1,2,...mp. (G, = o) (4.22)
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Then mg ~ 0(6’2/3) and obviously [0,10] = U;%, [0y-1,0,]. We assume oy and f; to be
bounded each by some constant; then (3.69)-(3.70) provide the following estimates on each

interval [0,,_1,0,]: For n = 2,3, ..., mg, we have
7 —1/; 7 : e
Fi o 0 < @l D)™, 1FO) o vl < calo) 2, (423)

where ¢; and ¢, are some positive constants. From the way that ¢ appears in the random

fields F; and F3, therefore, not only F but also 85,_'¢F, k > 1, are bounded by
Cre = c1((n = Vi)~ V2 4 ¢pe23(nmy )12, (4.24)

on each interval [6,_1,0,] for n = 2,3,...,mg. Since 7, is finite, C'; , can be defined as
a fixed positive number. In view of definition (4.8), therefore, (4.12) holds. Obviously
{Crn,e : n = 1,2,..,mp} is bounded uniformly in n by a constant since mg ~ 0(6_2/3).

From stochastic initial value problem (4.5)-(4.6) (using % instead of z),

(z;;; (1,0,9) = €« i Fds (4.25)
2
%:’2 (rya,4) = et Jo F s / F' ‘j;f;} (4.26)

Since 9y, F(s, 6433,1/)), n > 0, are each bounded by a constant independent of s, 1 and
€, there exist positive constants &, and [3’n independent of 7, ¢, ¢ and ¢ such that from
(4.25)-(4.26)

on ,”/,c
81[)71

St (T—:a-)“_l}e&" = ae, n=12 (4.27)

Using the chain rule for the derivatives of U(¢,7)f, one can obtain

. O i 021/)( 2 e in
”a g ]((UvT)f”O S /371 sup - 3.9 N f n
Y. ¥ i1+2i24§nin=n 01/7 01/)2 01/171, H H
ae., n=12  (YP=¢(1,0,¢)) (4.28)

for some constant 3, independent of 7, ¢ and ¢. We apply inequalities (4.27) to (4.28)

and rearrange the result to obtain the right side of (4.28) as a form of the right side of
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(4.11). Since ||U*(o, ) f||x is simply the sum of ||} ,U*(a,7)fllo, 0 < n < k, (4.11) can be
obtained for some suitably chosen constants o, and Jy.
Let us check now whether the ', . satisfy the decay condition (4.13) required as one of

the hypotheses of Theorem 1: From (4.24),

mo mo mo

Y Cue=a /2 Yon—1)"" e EPpES " i
n=2

n=2 n=2

. mo ) ) . mo+1
< e 7}1_1/2(1 + /2 (s - 1)_1/2ds) + ¢ 62/377%/2/0 s1/2ds

- 5 2 . ;
< 2¢1 1 1/Z(mO - 1)1/2 + 3¢ 62/37];/2(7710 + 1)/, (4.29)

Since mo ~ O(¢~2/3), therefore, the following estimate for the decay condition (4.13) cor-

responding to ¥ = 1/2 is obtained:

mo
S Che ~ O(73). (4.30)

n=1

As is shown in (4.31), the diffusion and drift coefficients of our generator £,, behave like
an O(1) term times n~! when 7 is large (cf. (3.69)-(3.70)); thus the corresponding A(a,7)f
satisfies condition (4.18) on our O(¢~2/3) interval as the solution of parabolic differential
equation (4.14)-(4.15) (cf. Lemma 4 in [7] or [24]-[25]).

We assume that the random functions a; and f; satisfy the strong mixing condition
(4.2) with the appropriate rate (4.3). Also these random functions are assumed to satisfy
the existence of limits (4.32)-(4.35) and the rate of approach (4.17).

Therefore, every hypothesis of Theorem 1 is fulfilled; the limiting behavior of stochastic
initial value problem (3.74)-(3.77) can be characterized by Theorem 1. According to Theo-
rem 1, expectations of functions of solutions of stochastic initial value problem (3.74)-(3.77)
can be approximated by the solution of backward Kolmogorov equation (4.14)-(4.15) with
generator given by (4.16).

We present here explicitly the single-frequency generator of the corresponding diffusion
process for the stochastic model in Chapter 3. If one substitutes the operator V(7) with

the random field given by (4.20) into (4.16), a direct calculation gives the following uniform
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expression for the infinitesimal generator:
L,f = [pgﬁw“/r’wzangM‘l(n) {1 — cos(v + 2( 4+ QUn))}? (4.31)

6 pgot P BEM ()N () {1 = cos(+ 2 Zrp + m))} {1+ cos(+ 2 Lrr + 8(3))}
6o Pm? BEMA ()N () {1 = cos(+ 2 Zrp + Q) {1+ cos(p+ 2 =77+ 2(m)))}

+ eV () (14 cos(y 4 2L + o)) | 5
+ [ paawtPr2a BEMA() 1 = cos( + 2 Zrr + Q) sin(w + A7y + ()
—62/3p3aw2/37r2B3M2(n)N2(7]) {1 — cos(v + 2(—TT + Q2(n)))} sin(v + 2(—TT + ®(n)))

M pagt P BEMA )N (n) sin(y + 2= + Q) {1+ cos(th + 277 + 8()))}

— e poam?a” N4 (n) sin(y + 2( —7r + ®(7))) {1+ cos(¢ + 2(—TT +2(m)} 31]/[

where paa, Pags PBa and pgp are given by

e—2/3

Pac = ggn/o B{an(—r)aa( oy + 0} dt (4.32)
e—2/3 n

pog =1y [ Edea()( +0) dt, (433)
e=2/3

. n

poo =l [ B{Bi(s)an(75 + 0} d, (434)
—2/3

poo =limy [ EB(75)B (57 + 0) dt (4.35)

The above generator (4.31) is uniformly valid in the region above the turning point
(transition as well as outer regions). Note that there is a competition among diffusion (and
drift) coefficients due to the asymptotic behavior of M(n) and N (7)) (cf. (3.69)-(3.70)); the
terms involving pgg, Pgas Pas a0d paq are of orders O(1), O(€*/3), O(€*/3) and O(e*/?),
respectively, in the transition region whereas all of these are of comparable 0(62/3) order
in the outer region. When one rescales back to z by the change of variable 7 = (£)%/3¢(z),

the orders (in the z-scale) of the diffusion and drift coefficients of the generator £, are
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determined by dividing the orders in the 7-scale by ¢2/3; then one gets O(1) diffusion
equation in the outer region.
In (4.32)-(4.35), the limits are finite in view of the mixing rate condition (4.3). These
quantities represent the “noise intensity”; €2/35 (= w?/3¢(z)) represents the (nonstationary)
n

slow-scale (2) dependence even though it is not expressed explicitly (cf. (3.78)) while —r=
(= L/f,dizl) represents the fast-scale (%) dependence.

4.3 Application to Random Scattering at Low Grazing Angles

If the incidence angle 8 is near grazing, i.e., if it is sufficiently close to a right angle, then
the region above the turning point z7 will become only transition region. Let us consider
this particular case in this section. The Riccati equation and the corresponding generator
for the stochastic initial value problem will have simpler forms.

The turning points of our stochastic problem are given by the zero eigenvalues of the
matrix Ag that defines the effective medium (cf. (3.17)). From (3.18), these are solutions

zT (as functions of ) of the following equation:
E{p(z1)}E{K~(21) — p~ ' (21)c5 *sin? 6} = 0. (4.36)

Knowing that the density is positive always in the medium, then, sin 6 is given by

/2

B er)zi) |

E{p~1(21)} (4:37)

sinf =

Here ¢g < c(zr) always. Note that sin# 7 1 as zr 1 0. If 8 is so close to a right angle that
equation (4.37) holds for z7 satisfing

27 ~ O(€¥/3) (4.38)

in the z-scale, then the region above the turning point z7 will be only a transition region
and the interval 1o (= 7o/€*/?) is of order O(1). In this case, the second term of the right

side of system (3.72) will not contribute in the diffusion limit because it is significant only
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in the outer region. The relevant system for the scattering variables in the case of grazing

angle incidence, therefore, is given by

_ 2i{ &)}

. A
Gt ey 4.39
(f) maBy M* (1)1 e~ 2:{#mr+0(n)} -1 B O

d | A i
d?] B _2

and the corresponding Riccati differential equation for the phase of the refection coeflicient

is given by
d 1 P i
ET"(/’ = 273 1(7Ia€_4/'—3a@/’)a 0<n<n~0(1), (4.40)
¥(0) = 1o, (4.41)

where the random field F; is defined to be (3.76). The single-frequency generator also has
the simpler form since there is no contribution from the terms involving paqa, pag and pgq.

In this case, we have

2
Lof = papwiPr2a®BSM*(5) {1 - cos(v + 2(%77 + Q)N}? g’[fi (4.42)
4/3.2 2 p8jrd o . oW of
+ g om0t BEMA () {1 cos( + 2y + R} sin+ 2L+ 2n)) S

where the noise intensity pgg is defined by (4.35). Note that the diffusion and drift coeffi-

cients are both O(1).
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Chapter 5

PROOF OF THE EXTENDED LIMIT
THEOREM

5.1 Propagator Formulas

The proof of Theorem 1 is based on a “bootstrapping” idea; we decompose the quantity
to be estimated, i.e., the left side of (4.19), into many parts such that each part corresponds
to the quantity on the O(1) interval [o—1,0,]. These estimates on each interval are then
added up to obtain the desired estimate for the whole O(¢~!) interval. For the estimate
of each part, a mixing lemma is going to be applied or a limit theorem on each interval
[0n-1,0%] in our framework is going to be derived and used.

In this section, we first derive some useful properties about the random propagators
U¢(o,7) and the backward propagators A(o, 7) defined in Section 4.1. These properties will

be used for the appropriate decomposition of the left side of (4.19).

Lemma 5.1.1 The random propagators U¢(o, ) and the operator V(7), defined by (4.7)
and (4.8), respectively, satisfy the following properties:

(i) finite propagator property:

Us(a,m)U(n,7)=U(o,T), (5.1)

U(r,7)=1. (5.2)
(i1) infinitesimal forward and backward propagator properties:
1 T
U(or) =1+ / U (a,n)V (n) du, (5.3)
[

U(e,7)=1+ % [: V(mU«(n,T)dn. (5.4)
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Proof: Let z°(r,0,z) be the solution of stochastic initial value problem (4.5)-(4.6) and
f € C*. Then from definition (4.7) of the propagators U*(c, 1)

(U (o.)U(n, 7)f)(z) = f(2*(7,m,2°(n, 0, 2)))

= f(z*(r,0,2)) = (U(a, ) f)(2), (5.5)

where the second equality holds because of the uniqueness of the solution of the differential
equation. Thus (5.1) is proved. From (4.7),

(U (r,7))(z) = f(z(7,7,2)) = f(2). (5.6)
Thus (5.2) is proved. For the proof of (:¢), if one differentiates the identity (U¢(o,7)f)(x)

= f(z*(7,0,2)) with respect to 7, then by using (4.7), (4.5), (4.8) and (4.7) consecutively
one obtains
8- (U(a,7)f)(z) = f (z(,0,2)) e F(r, {5, z(1,0,z))
= e (V(n)f)(z'(r,0,2)) = € (U(a,)V(T)f)(2), (5.7)
which is equivalent to the integral form (5.3). For the proof of (5.4), let us differentiate the
identity U¢(e,7) = U(0,1)U*(n, T) with respect to 7:
0 =BV (a,m)U(n,7)+ U(a,m)(0yU*(n, 7))
= U (a,mV(U(n,7)+ U(a,n)(0,U (1, 7)), (5.8)
where the product rule and (5.7) were used. Let 77 | . Then one obtains
0,U(a,7) = — 'V (a)U(a,T), (5.9)
which is equivalent to the integral form (5.4). =

Lemma 5.1.2 The backward propagators A(c, 1) defined in Theorem 1 satisfy the following

properties:
0, A(o,7)+ L,A(0,7) =0, (5.10)
A(o,n)A(n, 1) = A(o,7), A(o,0)=1, (5.11)
Ao,y =1+ / £, A(n, 7)dn. (5.12)
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Proof: Equation (5.10) comes from equation (4.14) directly. The uniqueness of the solution
of final value problem (4.14)-(4.15) leads to (5.11). Equation (5.12) is just equivalent to the
integral form of (5.10). m

For the proof of Theorem 1, using Lemmas 5.1.1-5.1.2, we now decompose the left
side of (4.19) into many terms on O(1) intervals [a,_1,0,] that can be estimated by a limit
theorem on these intervals. Let us first decompose the interval [0, 7] into intervals [o,,—1, 7,,],
n=1,---,m, (such that 0 = 69 < 09 < --- < 0, = 7) which, without loss of generality,
are the same as the intervals introduced in Section 4.1. Using a “telescope” argument and

Lemmas 5.1.1-5.1.2, one obtains for arbitrary f € C*

E{U*(0,7)f} - Ao, 7)f

=Y E{U(0,0.)A(04,7)f — U (0,0,-1)A(00_1,7)f}

n=1

= Z E{UE(O’ On-1 )[U((Un—l ’ o'n) - A(an—l y O'n)]A(Un’ T)f}

n=1

= Z E{UE(U, Un—l)[E{UC(an—l ) Un)gn} - A(Un—l ] f’n)gn]}

n=1

+ Z E{U(0,0,,-1)[U(0n=1,00)9n — E{U(0n-1,02)gn}]}, (5.13)

n=1

where g, = A(0,,7)f is a deterministic function which is in C* and ||gn |4 < ca| f||4 because
of condition (4.18). Since the propagators U¢(0, 0,,—1) are contraction operators on C% — CO,

the || - |lo norm of the above (5.13) satisfies the following inequality:

IE{U ‘(0 7)f} = A0, 7)fllo
< Z ”E{U((Un 1, ("n)gn} A(Un-laan gn“O

n=1
m

+ Z ”E{U((O7 On—1 )U((Un—l ) Gn)gn} - E{UC(U, On-1 )E{UC(Un—l s Un)gn}}HO

n=1
m

Z( (f)+125)). (5.14)

n=1

From now on, therefore, we are left to obtain the desired estimate for each term of the
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right side of (5.14). In the following two sections, we will show that

Ivlt(f) S fC’n,(“f”th (515)

Once (5.15)-(5.16) are proved, then the estimate (4.19) of Theorem 1 follows from the decay
condition (4.13) for (), ;

[{U“(0,7)f} = A0, 7)fllo

m m

< D2 €Cocllflls +1£11) < 2€liflla Y Coe = € 77C(f570), (5.17)

n=1 n=1
where C(f; 7o) is a positive constant depending on f and its derivatives up to order 4 and

To but independent of .

5.2 I!-estimation

In this section, we derive a lemma (Lemma 5.2.1) which corresponds to a limit theorem
on each O(1) interval [¢,_;,0,] in our context. Lemma 5.2.1 claims the desired estimate

for I}(f), i.e., (5.15).

Lemma 5.2.1 Let U‘(0,-1,0,) and A(o,_1,0,), be the propagators defined in Section 4. 1.

Then, under the same hypotheses as described in Theorem 1, we have the estimate
L(f) = |E{U(ou-1,00)g} = A(0u-1,0u)gnllo < €Cr el flla, (5.18)
where g, = A(o,,7)f € CL.
Proof: Let us first define the notation
T = On—1 + ke, k=0,1,...,7m. (75 = 0,) (5.19)

Note that 7, — 741 = € and 7 ~ O(e™!). The n (or 0,,_;) dependence of 74 is not explicitly

expressed. Again using a telescope argument, the finite propagator properties for U¢(a, 1)
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and A(o,7), and the contraction property for U¢(a,7) on C° as we did in Section 5.1, one

obtains the inequality

[111(f) = “E{UE(Un-—l s (Tn)gn} - A(Un—l 5 Un)gn”O
< D NE{U (memrs )i} = A(7her, 7 ekfo
k=1
+ Y NE{U (70, ket )U (k15 k) Ak} = E{U (70, k1) E{U (=1, 70 ) i} o
k=1

m

Z ( n, k n A(f)) (5'20)

where hy = A(7k,00)9n = A(Tk, 0, )A(0n, T)f = A(7g, 7)f which is a deterministic function
in C* from condition (4.18).
Let us estimate Irll}k(f) first. We use the backward and forward infinitesimal propagator

properties (5.3)-(5.4) iterated four times to obtain the expansion

U(Tk=1, Tk )k

=hy + - / a)hy do

+__

= " V(@)W (A\)hy drdo

Thk—1 YO

+€i3/“/0* / V(@)W (0)h dvdrdo
- / / / VNUA, m)V(R)V (v)hg dudvdrdo.  (5.21)

We iterate (5.12) two times to obtain the expansion
Tk

Aoty mdhe = ki + [ Lohy do

Tk=—1

Th Tk
+ ,CU,C,\A()\,Tk)hk d)\do. (5.22)

Tk—1 o
Now we subtract (5.22) from the expected value of (5.21), use (4.10), use the change of

variables and take the || - ||o norms to obtain the inequality

L) = |E{U (Th=1, 7))k} — A(7i—1, k)R lo
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1 [™ [Tk Tk

< |;_/ E{V(0)V(A)h} dAda—/ Lohxdolfo
Th—1

Tk Th
s [ [ £o£aA0 mh drdoll

k-1 YO

TL/E2 Tk/(2 7';../(2 . 2 2
+€3||/ / / E{V(Ea)V(EXNV (*v)hy} dvdrdal|o

Th—1/€2

T 2/;‘/6 /T‘/E / E{V(@a)WV(ENU(EN, Ep) -

Th—1/¢€

V(Eu)V(Ev)hy} dudvdidolfo. (5.23)

In the following lemmas, we proceed with the term-by-term estimation of (5.23). We

first cite the Banach space version of mixing lemma which is proven in [26].

Lemma 5.2.2 Let L, M and N be Banach spaces and let W(w) and U(w), w € 2, be
bounded operators from N' — M and M — L, respectively. Let U be strongly F§ measurable
and W strongly F75, measurable. Then, for arbitrary f € N,

[E{UW f} - E{UE{Wf}}IIc<2p(t)supl|0(w)W WMlle- (5.:24)

In the following four lemmas, we repeatedly use the above Lemma 5.2.2. The following
inequality from condition (4.11) is necessary for the estimate of Ifk(f) and the last term

of (5.23): f0 <7 -0 <, then
(U, 7) flle < Beke®||f|lx ae, feCk k=12, (5.25)
where a; and f; are independent of o, 7 and e.
Lemma 5.2.3 For arbitrary f € C* and k = 1,2,...,7
I /Tk | ;k E{V(c)V(N)f} dAdo — /L: Lo fdollo < ECo||Fllo- (5.26)
Proof: Using the change of variables A = o + €*¢ for (4.16), we have

/01 CE{V(0)V (e + E4)f) dt = —/ E{V(o)VO\f}dA=L5f, feCl (527)
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Then from (4.16) L, f is the limit of £ f as ¢ — 0 and condition (4.17) implies that

sup  ||L5f = Lofllo < €Cuclfllay  fEC (5.28)

0n—-150<0n
By subtracting and adding the integral (from 74_; to 7x) of £ f and using the triangle

inequality, the left side (= J) of (5.26) becomes

J <z / / E{V(e)V(\) f}d/\dcr—/ L5 f doflo

+||/ Lf da—/ L, f dollo
Tk—1 Th—1
=1+ Jy. (5.29)

For Ji-estimate, we use equality (5.27) and Lemma 5.2.2 to obtain the inequalities

Tk o+€
n=l-z " / E{V(@)V())f} drdol,

<o [f [T sup sup [V(@)V(N) o
Thk—1 vV Tk Th—1 LOLTR AL TR +€ W'

< = u o
< 52/0 /Tk_qu(é.Z)dvdu C2 |Ifl2

1/¢
< 2¢? / ap(@) da- Cr||f]l2
0
S ezcvvl,c”f”% (530)

where condition (4.12), the uniform boundedness of {C,, ¢ : n = 1,2,...,mg}, the notational
convention about (), and [;° sp(s) ds < oo were used. For Jy-estimate, we use inequality

(5.28) and T, — Tk—1 = € to obtain
Tk )
s [T 1S = Lofllo do < ol (5.31)
Tkl
Now we combine the above (5.30) and (5.31); from inequality (5.29)

J<h+ L <ECufll, Fec? (5.32)

Therefore, the desired estimate (5.26) of Lemma 5.2.3 is obtained. m
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Lemma 5.2.4 For arbitrary f € C* and k = 1,2,...,Mm,

Tk Tk ;
I Lo LyAN, 1) f dAdol|o < €Ch || Fll4 (5.33)

Thk—=1 YO

Proof: Let g§ = A(),7},)f which is in C* from condition (4.18). For arbitrary f € C*,k > 2,
using the notation L f defined by (5.27), Lemma 5.2.2, and condition (4.12), one obtains

1 a+e€
1o flez =l [ BV@OVN Az k22

1 g+¢
2 ()‘

e <2 [T o0 - CLAIf e = Cocl s (5:34)

where the condition that {C, . : n = 1,2,...,mp} is uniformly bounded in n by a constant
and the notational convention about C), . were used. Since this uniform boundedness implies
that, for each fixed n, C,  is monotone decreasing as ¢ — 0, therefore, (5.34) leads to the

following inequality for (4.16):
”['Gf”k—2 = 31_1}(1) ”[::;f”k-Z < }1_1}6 Cvn,c“f”k < C"n,c“fllk- (535)

Then, using 74 — Tx—1 = € and (5.35) and (4.18), one obtains the following inequalities for

the left side (= H) of (5.33):
H < &C Nlglls < €C3 casl| flls = ECucl flla- (5.36)

Therefore, (5.33) is proved. m
The following two lemmas are basically the same as Lemma 2 and Lemma 3 in [26]. The
only difference is that the constant C' there is replaced by our constant C), .. So we state

these lemmas without proof.

Lemma 5.2.5 For f €C3, k=1,2,...,m,

Ti/€?

/€ pric]é?
/0 / E{V(EaWV(ENV(Ev)f) dvdrdaljo < "‘||f||3 (5.37)

Tk—1/€2
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Lemma 5.2.6 For f €C* k=1,2,...,1m,

7] 2 /e prife? v ) . .
||/‘ /‘ A“ A E{V(20)WV(ENU (N, u) -

k—1/€2

V(EuV () f} dudvdirdallo < —= Crc 1 - (5.38)

From the above Lemmas 5.2.3-5.2.6, we have the following estimate for I} (f) by re-

placing f in these lemmas by hy; inequality (5.23) becomes

L) < ECu (1hillz + 1hella + llells + 112k ls)
< 4626‘11,:”’%”4 < 462(1'",50.4”](”4, (539)

where condition (4.18) was used. Therefore, from the notational convention about C), ., the

desired estimate for I L (f) is obtained;
L(f) < ECucl flla (5.40)

Next, we estimate I}2(f) (defined by (5.20)). Using propagator properties (5.3)-(5.4),

we obtain the equalities

Irllzk(f) = ”E{UC(TOaTk—l)UC(Tk—l,Tk)hk} - E{U((To,Tk—l)E{UC(Tk—laTk)hk}}HO
- —||E{/ Ue(r0,0)WV(0)do [+ VTN, 7)hidA}

Tk—1

—E{/:“’ U‘(TO,U)V(a)dcrE{/;i VU, m)hidA}} o

=20 [ [ 1B o, W VT O )
— E{U (70, 0)V () E{V(NU(\, )i } ]dAdo|fo- (5.41)

Note that U¢(m,0)V(0) is fg/(z measurable and V(A)U(A, ) is F 3} measurable and

thus a gap (= -’%}"—) has been created. We use Lemma 5.2.2 to obtain the estimate

L) < —-/ /

sup supHU (10, )V (a)V(NU(A, i) bk ||o- (5.42)

ToSf’<‘f}. 18287 w'
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Using the contraction property of U¢(71o, ), (4.12), (5.25) and (4.18), we obtain

sup sup || U (10, )V (a )V (MU (A, i) hk||o

TOSUSTA'—I </\<Tk w w'

< C2 (B22€°)ay]|f]]2 = Che (5.43)

where the uniform boundedness of (,, . and the notational convention about these quantities

were also used. Thus inequality (5.42) becomes

2 Th=1 fTk ) ,
B < SCudlfls [ 7 a (5.44)
€ 70 Th—1
Using the change of variables
v=XA-o0, u=o, (5.45)
for the above double integral in (5.44), we have the inequality
AR
Tk—1—T0 k—1 v Tk —T0 Tk—V v
< / / p(=5)dudy + / p(=5)dudv
0 Th—1"V € Tk—1—T0 €
D+ [k d 5.46
= [ veGav + /(k_l)(( €~ v)p()dv. (5.46)
Note that
(k—1)¢ v (k—1)/¢ ‘
/ vp(=)dv = 64/ pp(D)di, (5.47)
0 € 0
ke v ke v 1 k/e .
ke —v ——d1/<e/ —)dv < € 1/2—/ V2(5)dp, (5.48
/( ke neparse [ pGav <) [T o0, (549

where k > 2 (Note that the left side of (5.46) vanishes if £k = 1). Since the mixing rate
condition (4.3) is assumed and [5° sp(s)ds < oo and %pl/z(%) is uniformly bounded for

€ € (0,1], (5.46)-(5.48) implies

Thk—1 [Tk A
[ (). (5.49)
70 Tk—1
Therefore, from (5.44), we obtain the estimate
LA(f) < ECncll fll2- (5.50)
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Now, we substitute two estimates (5.50) and (5.40) into (5.20) and use the fact that

m ~ O(e1). This yields to the desired estimate (5.18) of Lemma 5.2.1;
) <3 (RN + 1)
k=1
<0 Y (I lla+ 11l2) < 262 Cue 30N Sflla = Crcllflls- - (5:51)
k=1

k=1
5.3 I’—estimation

In this section, we derive the desired estimate for I2( f) which is defined by (5.14). The
desitred estimate is (5.16). The main tool for the I2—estimate is the p-norm version of mixing
lemma (cf. [7] or [27]). We first introduce this mixing lemma without proof and then show

“that it can be applied to our problem for the IZ-estimate.

Lemma 5.3.1 Let F(w',w) be a function on Q x Q such that for fired w F(-,w) is F§
measurable and for firedw' F(w',-) is F3, measurable and |F(w',w)| < ¢(w )yh(w), E{¢9} <
oo and E{yP} < co with 1/q+1/p=1 and p,q > 1. Let F! and P satisfy the hypotheses in

Section 4.1 and set

Flw') = E{F(w',-‘)}:/QF(w’,w)P(dw). (5.52)
Then
E{F} - E{F}| < 2pV/9(t)E/o{gn} B/ {yr). (5.53)

We note that, as in Lemma 5.2.2, there must be a gap between two measurable ranges of
the random function F in order to profitably use inequality (5.53). If one uses the backward

propagator property (5.4) for U(o,-1,0y), then from (5.14) one obtains

Irzz(f) = “E{UE((L UTL—])(]((U'IL-—]v Un)gn} - E{UE(Oa Un—l)E{UC(Un—l, 071)911}}”0
= sup ll " [E{U0,0,-1)V(s)U(s,0,)}

TER ¢ € Tn—1

—E{U(0,0,_1)E{V(s)U*(5,0n)} }gn(z)ds

sup I*(f,z), ‘ (5.54)

r€R,

(7]
~1
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where g, = A(0,.7)f. Note that a gap (= s—<:+-1) has been created between U*(0,0,_1),
which is .7:0"’1/ measurable, and V(s)U*(s, 0, ), which is Fofer measurable. This allows
us to apply Lemma 5.3.1 to the integral of (5.54) if corresponding ¢ and v in Lemma 5.3.1
can be found appropriately. Let us take the term U*(0,0,-1)V (s)U(s,0,)gn(2) as the one

corresponding to F'in Lemma 5.3.1. If one writes explicitly this random field (= F,L(wl,w)),

Fu(w',w) = UN0,0,_1)V(s)U (s, 0,)gn(e)

= F('S’ €2 y T (gn—lvov :I:’wl))w) g',’;,(z((an,5,:56(071.—17071:7“),)7“))) '
z* )
'8—2‘(07153ax((0n—190ax7w ),w). (5'55)

Let us define
Fp(w) = E{Fu(w,")}- (5.56)
Then, from (5.54), I*(f,z) becomes
Bra) =1l [ 1B(R) - B{Fs| (5.57)
We define 4,,(w) and ¢, (w') as follows:
$n(w) = sup sup |F(s, z,w w) g(2 (o, 5,7, 0))), (5.58)

s€ln,c€R. wGQ

(5.59)

Pp(w) = sup
s€In,z€R, 0-’17

(In = [(711—1 3 U‘n])
Notice that ¢n(wl) does not actually depend on w'. We wish to control the random variables
¢n and 7, (see Lemma 5.3.2). Anticipating Lemma 5.3.2, we can apply Lemma 5.3.1 to

each integrand of (5.57) and get the following inequality:

0-’!7. v
|E{F,} — E{F}| < 2p”% =)+ (14 Ch) - Crellgnllr, (5.60)
leading to the estimate
C'n,z an S — Opn—
Hfa) <21+ Cu) 2 gl [ P ds
On—1
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o0
< 21+ C)Coellgnlln /0 pM9(u)du

< 2(1+ c,m)cn,(a]||f||1/ pV9(u)du. (5.61)
0

Then, for p = ¢ = 2, the assumed mixing rate condition (4.3) implies that
L(F) = sup Li(f,2) < Cuclifll, (5.62)
TENR
where the notational convention about C,, . was used. Thus the desired estimate for IZ(f),
i.e., (5.16), holds.
To complete the I2-estimate, therefore, we are left to prove the following lemma. In

Lemma 5.3.2, we use general notation ¢ and 7 instead of s and o,, respectively, used in

(5.58)-(5.59).

Lemma 5.3.2 Let z°(1,0,2) be the solution of ({.5)-(4.6). Then we obtain the estimate

ozt

p
e (ry0,2)| } <14 Che (5.63)

sup sup EV/7{
on_1<0<1<0, TER,

and thus the pt* moment of %Izi is bounded uniformly in n by a constant. Random functions

¢n and Yy, defined by (5.58)-(5.59) satisfy

E'VP{yR(w)} < 14 Cp, (5.64)
EV{g3(w)} < Cocllgnlhr- (5.65)

Proof: The proof of this lemma consists of several lemmas (Lemmas 5.3.3-5.3.8) following
in the rest of this section. Inequality (5.65) holds from (4.12) because condition (4.12) is

equivalent to the inequality

sup laﬁ._zF(T,‘r/er‘),:r)l <Che ae, 0<k<3, (5.66)

On-—1 _<_75¢7n.
in view of definition of the operator V(1) given by (4.8). Using the dominated convergence

theorem, inequality (5.64) will follow from (5.63) once (5.63) is proved;

e

P
< P 5.
52 } <1+ Che)?, (5.67)

E{vF(w)} = E{ sup

oz
= su E{|l—
s€ln,zeR. } , {l oz

SEIn,IERc
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where for the second equality we used meaning of supremum and the dominated convergence

theorem.

th Bz

moment of . In order to

From now on, therefore, we focus on the estimate of the p
estimate the p** moment of %(T, a,z) on O(1) interval [¢,,_1,0,], we use the variational

argument. First we observe from (4.5)-(4.6) that

d Ozt 0 d J _ T,
. (ry0,2) = %Er‘(’raz)_d—e YF(r ,ez.m(T,a,z))

= (a0 ) I (r,0,0), (5.6%)
%i (0,0,2) = 1. (5.69)

Based on this observation, it is useful to define the following (vector) notation:

2
Tt = , (5.70)
| 72 |
Fy
F= , (5.71)
F; ]
where
zi(r,0,29) = (7' a,z), (5.72)
z5(7,0,29) = (5.73)
24 = (5.74)
F](T, 2 (r,0,29)) = F(r, 2,x (r,0,z)), (5.75)
T dz*
Fz(r,?z—,g‘(‘r,d, Zp)) = F (7, 2,:1: “(1,0,2)) e (1,0,2). (5.76)
Then stochastic initial value problem (4.5)-(4.6) with (5.68)-(5.69) becomes
d 1 T g
d—T—gi (Tv C’,ﬁo) = :E(Tvﬁai (T’ U’%))v (‘)‘77)
2(0,0,20) = o (5.78)
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Now, using the above new notation, we write (5.68)-(5.69) in the integral form

zo(7,0,20) = 1 + %/UT Fz(s,;j,g‘(s,a,go)) ds. (5.79)
Then one can get the following local estimate.
Lemma 5.3.3 Ifo,_1 <0 <717<0, and 0 <1 —0 <, then

|25(7, 0,20)| < €57, [0, 25(T, 0, 20)| < Cone (5.80)
Proof: From (5.79), (5.76) and (5.66), we obtain the inequalities

ssraz)l <147 [M1R(s S (s oz ds

<1+ %/ |z5(s,0,20)| ds. (5.81)
o

If we apply the Gronwall inequality to the above inequality (5.81) and use 0 < 7 — o < ¢,
a4 (r, 0,20)] < e~E(=0) < Cne, (5.82)
which is the first part of (5.80). From (5.79) and (5.76), we have
B, 2%(r, 0, 7o) / (02, F - 2% + Og, F - Oy, 28] ds (5.83)
Then, using (5.66) and (5.82) and the Gronwall inequality,
|0z, 25| < CnceC™ + C: N /: |0z, x5|ds < Cn,(ew"'c = Che, (5.84)

which is the second part of (5.80). m
To continue proving Lemma 5.3.2: Let us rewrite (5.63) in terms of the new (vector)
notation by using (5.73);
S s EMP{|zy(r,0,20)P} < 14 Ch,. (5.85)
Note that, once one can show the above inequality (5.85) for any even integer 2p, the same

result is true for any positive integer p by the Cauchy-Schwartz inequality;
El/p{ |.’I);(T,O’,_.'L_‘D)lp} S E1/2p{ |IIJ4(2(T,(T,£O)I2P} EI/ZP{ 12;9} S 1 + C"M' (‘586)
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So we consider only the case of even integer power of |z(7,0,29)| to prove Lemma 5.3.2.
Let us first divide the interval [o, 7] C [¢,,—-1,0,] into e-length segments such that

CET<NA<N< << < Th1 <Tp =7, T =0+ ke, (5.87)

where ¢ can be chosen such that r = I=Z is an integer without loss of generality. If one
takes the 2p-power of (5.79) and differentiates with respect to 7 and integrates it from o to

7, then one can get

[z5(T, 07_0)]2;, [z5(0,0 10)]
t 2p-1
'7

2”/ [1+ /Fg( g0))dt|  Fals, 5,2(s,0,20)) ds,  (5.88)
which, from (5.69) and (5.79), leads to
(#5(r o) 7 = 14 2L [T Fa(s, 525,020 (2505, 0,20 P s, (5.89)

We decompose the integral on the right side of (5.89) into the integrals on the ¢-length

segments [Ty, Tk4+1]:
[a3(r,0,20) 27 = 14 22 z / 25(5,,20)) [25(5, 0, 20) [P ds. (5.90)
For convenience, let us use the following symbol for the integral of (5.90):

Tht1 < .
Ji(zo) = [ B, 52 (5, 0,20) [25(5,0,20) PN ds, k=0,1,00m (5.90)
%
For k = 0, in particular, the following estimate from (5.76), (5.66) and Lemma 5.3.3 holds:

| (_0)| <eCy, (CZPC'M =eCy, a.e., (5.92)

where the uniform boundedness of {C,, : n = 1,2,..,mg} and the notational convention

for Cy, ¢ were used. Combining (5.90), (5.91) and (5.92), one obtains

{ € p ' 2p = €
Ei |$2(T, Uv.:_l".[))lzp} S 1 + Cn,c + T Z |E{ Jk(%)}l (593)
k=
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This inequality will have the form to which the discrete version of the Gronwall inequality

(cf. [28]) can be used if the following inequality holds:
|E{J{(zo)}| < € Cne E{[25(Tk_1,0,20) 1"}, k=1,2,..,7r— 1. (5.94)

Suppose this is true ((5.94) will be proven in Lemma 5.3.4). Then we can get estimate

(5.85) with even integer 2p in the following way. Using the notation
Ey = |E{[e5(r,0,20) P = 1}],  k=0,1,.7, (5.95)

for convenience, one can obtain from assumption (5.94) that (5.93) becomes

r—1 r—1
E, < Cn,e + fcn,f Z(l + Ek—l) < Cn,s + fcn,c Z Ey, (5'96)
k=1 k=1

where the fact that 7 = O(¢~!) and Ep = 0 and the notational convention for ', were

used. With the notation .5; defined by
So=0, S;=Y Ex, j=12.,r, (5.97)
(5.96) can be expressed as
Sr < Che+ (14 €Che)Sroa, (5.98)

because F, = S, — S,_1. Now we apply the discrete version of the Gronwall inequality to
(5.98);
(1 + fcny()r -1 < eTCne _ 1.

€Ch e €

(5.99)

Sr S Cn,c

By substituting this inequality (corresponding to r — 1 instead of 7) into (5.98), we have

e(r—l)cC,m -1

E, =5, - Sro1 < C"n,c + € C"n,t_e— = C"n,fa (5100)

where we used 7 ~ O(e71). Since 1 + Cp, . < (1 + C,, )?P, therefore, (5.85) follows for even
integer 2p.
To complete the proof of Lemma 5.3.2, we are left to show inequality (5.94). Let us

explicitly restate this inequality as follows by substituting (5.91) into (5.94):
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Lemma 5.3.4 Foro,_1 <o < - <7 <71 < <7< 0y and 71 ’s defined by (5.87),

TH—) s n
'E{/ Fy(s, =, 2(5,0,20)) [ 25(s, 0,20) [ ds }|
< 62(715 E{ [xz(Tk l’aaxO)]zp} (5-101)

Proof: To derive estimate (5.101), we first introduce some useful identities. These identities
provide the creation of gaps to allow a mixing lemma (Lemma 5.3.5) to be used. Let

T < 8 < Tp41. By differentiation and integration, one can get

[25(s,0,20) 77! = [25(Tho1, 0,20) 77

+ 2 7 R g0, 20)) [0, 20) POV, (5102

for any positive integer p. We have the following identity by the fundamental theorem of

calculus and chain rule:

FZ(S _1:1" (q U’—O)) - F2(3, 27_ (Tk 170"—0))

1 ’ OF. $ v o
+_-/7-' 1 ('5‘5(3,6—2,@(1/, U,%)),E(y’ 'ﬁ,!f(”,ﬂ',ﬁo))) dV’ (()103)

€ Jri_
where ( , ) denotes the inner product. From the above two identities (5.102) and (5.103),
the integral on the left side of inequality (5.101) becomes

Th+1 F $ € € 2p—ld
2(87 ;5& (5707%))[12(3707%)] S
r

k

_ Tk41 P 2p—1
= 2(s, 2,_(7'k 1,0,Z0)) [25(Tk-1,0,Z0) ] ds
Tk

2p — 1 [7k+1 S .
= Fi(s, 52 (e-1,0,20)) Fal0, 3,2 (v,0,20)) [25(1, 0,20) [ Vwds

Th—1

1 [Tkt oF s 1
/ / ( 25, 52 (0, 0,20)), (0 g,z(va_o))> [5(rim1, 0,20) 7 dvds

-Fa(p, g,z‘(u» 7, 20)) [ 251, 7, 20) 12~V dpdvds. (5.104)
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There are, therefore, four terms to be estimated for the proof of Lemma 5.3.4. We will

need the following version of mixing lemma from [7] and three lemmas (Lemmas 5.3.6-5.3.8)

for the estimation. We state and prove these lemmas first and then perform the estimation

of (5.104) using these lemmas.

Lemma 5.3.5 Let F(w,w') be a function on Q x Q such that, for fived w', F(-,w') is Fiis

measurable and, for fired w, F(w,-) is F§ measurable and |F(w,w')| < ¢(w").

P satisfy the hypotheses of Section 4.1 and set
F') = E{F(w) = [ Pl P(do)
Then
|E{F(-,w)| 73} = F(w)] < 2p(t)(").
Lemma 5.3.6 foro, 1 o< <11 SV ST < - <7< 0y,

2Cn,.

|25(v, 0, 20)] < €™ <|2(Tho1, 0, Z0)1

Proof: From (5.102) with p = 1, we have the inequality

\ 1 rv t
|x§(1/, 0750)' < ’zE(Tk—laa-,ﬁo)l + :/ |F2(tv g,&t(t, ”’;‘1.50))‘ dt.
Tk—1

When (5.76) and (5.66) are used, the above (5.108) becomes
€ € 3 C‘vﬂyf v €
|23 (vs 05 20)| £ [25(Th-1,0,20)| + p |z5(t, 0, 20)| dt.
Thk—1

So the Gronwall inequality gives

Crn
|25(v,0,20)| < |25(Th-1, 0, 20)| €7 7)< fah(rhor, 0, 20)] €7,

where the fact that v — 74_; < Tppq — Th—1 = 2¢ was used. ®m

Lemma 5.3.7T Foro,_1 <o < <7 <71 <+ - <7< 0y,

/ Hl/ p(s-;ll)dt/ds < 63/ p(t)dt.
Tk Tk—l € 0

Let Ft and

S

(5.105)

(5.106)

(5.107)

(5.108)

(5.109)

(5.110)

(5.111)
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Proof: In order to prove this lemma, we consider the transformation from (v, s)-coordinate

to (u,v)-coordinate defined by

U=s—v, (5.112)
v = . (5.113)
In terms of these new coordinates, the left side of (5.111) becomes
Tk+1 s S —
/ / p( ° 3 V) dvds
Tk Thk—1 €
€ fThy1—U m 26 Ty —U U
= / / p(—z)dvdu-%/ / p(=) dvdu
0 Th—u € € Thk—1 €
€ u 2¢ m
= e/ p(=)du+ (2¢ — u)p(=) du, (5.114)
0 € € €

where the fact that 7, — 7._1 = ¢ was used. Then, using the change of variable t = =,

Lo

<o 1/5 5 2/e s 2/e C
< p(t)dt + € p(t)dt =€ p(t) dt. (5.115)
0 1 0

/e

Therefore, Lemma 5.3.7 is proved. m

Lemma 5.3.8 Foro,_1 <o < - - <1 <Sv<p<s<mp <+ <7< 0, and

Tk < 8 < Try,
OF: S €
B{( Gt 2 (1.0,20)), B 2 20) ) 17
< Co [0, B 2 2o |ETY (5.116)

s 2 .
+ B0 Fis, 32 (0,20 1R |l 0,2

Proof: Let us use definition of inner product and (5.76). Then

OF, \ 0F, _ 0F
(8_x’ﬁ> = 32 1F1+ P ze
(a:t'lxlFl)I?Fl (03:,F1)(dz1p1)-733 (5117)
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Now we take conditional expectation of (5.117) and use the fact that z4(v, 7, zo) and Fy(v, %,
z2¢(v,0,2p)) and 0, Fy(v, 5,2°(v, 0,2)) are fg/ measurable (v < u). Then

oF, i ule? ‘
E{(d;( , 2,27(1/0'1:0)) F(v, z,x(y a"_o))) Ifo/ } (5.118)

S p ¢
= B{04, Fi(s, 2" (1,0,20)) | 7 FHY 25w, 0, om(u, (v, 0,25))

+ E{ 0z, Fa(s, 55 2(,0,20)) |74/} 0, Fu (v, =5 2 (¥ 0&0))963(1/, a,Zp)-
Upon using (5.66), we obtain (5.116) immediately. m
To continue proving Lemma 5.3.4: With the above four lemmas, we are ready
to estimate the four terms on the right side of (5.104). We call the absolute value of
the expectation of each term the /1, /2, 2/ and 22-term from now on and estimate these
individually.
(i) 11-term:

Tkt s € € 2p—-1
B[ Fals, 52 (rimn, 0,20)) [0 Tar, 0,20) PP )
Tk

Th41 ) s ey /€2 ¢ e
< BT B{ 0 Fi( 2 (e, 0, m) |F Y 257, 0,0) P7ds)
Tk

Tk+1 . S — Tk— . E
S E{ / Zp(Tl)dS Cn,c |.'L'(2(7'k_1, U",—L‘-O)lzp}

Tk

. 1 .
< ('77.,5 €P(:)E{ |I§(Tk—1,03§.0)|2p}
_<_ (2 C"n,e E{ le(Tk—lags%)‘zp}’

where we used (5.76), a property of conditional expectation, Lemma 5.3.5 (a mixing lemma)
with (5.66), the monotonicity of the mixing rate, 7x41 — 7% = € and the uniform boundedness
of L p(1) in € € (0, 1], sequentially. Also the notational convention for C, , was used.

(ii) 12-term:

2p—l Tht1

14
S, 27$ (Tk 1» 7__0))F2(V’€_2,£C(V707£0))'

[25(v,0,20) *~dvds }
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2 K+ 1
- IE{ P- / / dIlFl ‘((Tk—la(r’;‘l‘;O))81‘1F1(V":%’ﬁt(\l/v(nﬂ()))'
25(Tho1,0,20) [ 25(v, o, z0) |7 1dvds }|

2 -1 v/e
d / / |E{ 0z, FA(s, 2,_(7'1; 1,0,20)) ifo/ H-

|0z, Fi(v, z(v, Us_()))H'T)(Tk 1,0, Zo)| |25(v, U’_.O)|2p 1d1/d9}|
< B{ zp_lf T 2SS dvds €2 e [, 0,0) )
Tk Tk—1 6

< 62 Cvn,c E{ |$§(Tk—17 a’ﬁo)lzp }7

where we used (5.76), a property of conditional expectation, Lemma 5.3.5 with (5.66),
Lemma 5.3.6 and Lemma 5.3.7, sequentially, with the notational convention for C,, ..

(iii) 21-term:

E{~ /““/ (‘if;ﬁ 502 (1,0,20)), Ev, 5,2 (,0,20)) )
{25(rh1,0,20) [ duds )|
< B [T 1B (G S ma)) B0 5 ) 1
|25(Teo1, 0, 20)|?P 1 drds }
SB[ Coe 1B, R, oz (s ) 1)+ 1B 0 Fils, 5
2 (0,0, 2 ) | Fy Y ] 2, 0, 20) 25Tt 0, 20)| P~ s }

M Tk41 [S S
< Cne / / 2p(°
€ T Ik

< € Cnye E{|25(Tk-1,0,20)*" },

14 . .
Ydvds C,, €2Cm E{ |25(Th_1,0,20)|?P }

where we used a property of conditional expectation, Lemma 5.3.8, Lemma 5.3.5 with (5.66),
Lemma 5.3.6 and Lemma 5.3.7, sequentially, and the notational convention for C, ..

(iv) 22-term:

9 _1 T oF. < V
|E{ 2 /"“/ / ( (8,52 (va:r)),E(U,;—z,z‘(v,mzo)))'
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b L2 (e 0 20)) [ 2511, 0,20) PP dudvds )|
29 — 1 Tk+1 S v 3F S . . v/e
<p2= [ |E(fiﬁwpzwﬂ&ahﬂm2ﬂwum4»)f/}r
€ Tk Th=1Y Thk—1 dl €
190 Fi (s G502 (1 0,20)) |51, 0,20) P dpdvds )
2p—1 [Thtr s rH OF s v, e
+ E{Z / / / IE{(‘—i(&—z,z‘(v,a,ﬁo)),ﬁ(v,—2& (v, m.%))) Fiant
¢ T Tke—1Y Th—1 oz € €
102, Fi (s L5, 2501, @,20))] 2511, 7, 20) 7~ didpuds )

<Eﬁ“‘fﬁLlHRJW{mﬁ@%x<“wrmn

2
+ | E{ dIIF1(87 z’ ('/""7220))1-7:(131/E }l] |z5(v, @, 29)| Cn e [25(1, 0,%)‘2p_ldﬂd”d5}

Thk+1

Zp—l

+E th%JMWJMUmIWH

Thk—1Y Th—1

S

+ | E{ 0z Fa(s. =, 2"(v, 7,20)) | 75" }i] |25(v, 0, 20)| Cne |25(1, 7, 20) [P~  dvdpds }

Cn € Tht1 fS v s —
— e 2/ ,/ / =g
Tk Th—1Y Th—1 Tk—1

€2 2O B (i1, 0,20)| )

Tk41

S—
2p(—

Th—1

a )dud,uds) .

< 52 Cn,f E{ lza(Tk-—la“ag’.O)IQp }’

where we used a property of conditional expectation, (5.76), Lemma 5.3.8, Lemma 5.3.5
together with (5.66), Lemma 5.3.6, the fact that [  p(=5*)dp < 2¢p(25*) for 74y < v <
Tk+1, Lemma 5.3.7, sequentially, and the notational convention for C,, .

In summary of this section, from the above estimates (i)-(iv), Lemma 5.3.4, i.e., inequal-
ity (5.94), is proved. Inequality (5.94) allows us to use the discrete version of the Gronwall

th moment of ° on the entire interval

inequality to show the uniform boundedness of the p
0 < 7 < 1o (see Lemma 5.3.2). This boundedness in turn gives the apphcablhty of a mixing

lemma (Lemma 5.3.1) to the estimation of I(f).
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Chapter 6

PROBLEM WITH RAPIDLY VARYING
DETERMINISTIC PART

6.1 Problem Formulation below the Turning Point

We have formulated in Chapter 3 the problem of interest above the turning point in
the medium as a stochastic initial value problem for the phase of the reflection coefficient.
The asymptotic stochastic behavior of this problem is characterized by the extended limit
theorem established in Chapter 4. For the problem of interest below the turning point,
however, the scattering variables defined in Chapter 3 are not appropriate. The error
term in the Lynn and Keller approximant is not “small” at all below the turning point; it
grows exponentially in the outer region below the turning point. Below the turning point,
therefore, we need different scattering variables for the same basic problem, i.e., (3.9).

First let us introduce the following dependent variables:
n(z) = P(2), (6.1)

v2(2) = pocoUs(z). (6.2)

With these dependent variables, our basic system (3.9) becomes

v 0 6 v
d 1 :iﬁ p 1 ’ (6.3)

dz | o, €| K'=p'sin20 0 || vy
where p, ¢ and K are defined as p/po, ¢/co and pé?, respectively, and k = w/co.

The above system (6.3) becomes the following second order differential equation if 4 and

K are constants:
d%l k‘z o

o B e = sin oy =0, (64
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a1 dv;

au 6.5
s (6.5)

€
Vo) = —
2Tk
When, in particular, p = 1 and é = 1 (corresponding to the upper homogeneous medium

above the layer), the solutions of equations (6.4)-(6.5) are

UI(Z) — ‘/1 e—i%zcosﬂ + VZ ei%zcosQ’ (66)

1)2(2) - _ COSG[V] e—if:cos«‘) _ VZ ei%zcos&]’ (67)

where V] and V;, are constants to be determined.
Motivated by (6.6) and (6.7), we consider another formulation of (6.3) by introducing

the following dependent variables as in [13]:

a(z) = =[v1(2) + v2(z) sec ], (6.8)

b(z) = =[v1(z) — va(2) sech)]. (6.9)

N — o) —

In terms of these scattering variables, (6.3) becomes
d|e| k| Au(z) An(z) a
dZ b 2e —'A]Z(Z) —All(Z) b
Ai(2) = (=1)""pcos @+ (K1 — 1 sin @) sech, i=1,2. (6.11)

(6.10)

Here the dependent variable a represents an upward-propagating wave, while b corresponds
to a downward-propagating wave.
Within the region of interest, i.e., —L < z < 27, scaling condition (3.11)-(3.12) is

expressed as follows in terms of the new notation:

Bz 2/€) = &=L + 12 /), (6.12)
K™Yz, 2/€%) = p~ Yz, 2/€*)sin? 8 = B(2)[1 + v(z, z/€%)], (6.13)

where & and 3 are mean values of the left side of (6.12) and (6.13), respectively, i.e.,
&= E{j(z,2/%)}, B=E{K Yz z/&) - p(z 2/e)sin? 6}, (6.14)
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and functions 7 and v are zero mean, unit correlation length random functions of their
second arguments. Note that & = p;'a and 3= poci3 compared with old notation « and

B defined by (3.13). We define
a1(z,2/2) = a(2)(z,2/€%), Bi(z,2/€%) = B(2)v(z, 2/ ). (6.15)

Then, using the following notation
Ai(2) = (=1)"1a(z) cos O + B(z)sech, i=1,2, (6.16)
Ari(2,2/€2) = (=1)ay (2, 2/€%) cos B + (2, 2/ €*) sec, (6.17)

the coefficient matrix on the right side of (6.10) is expressed as the sum of an average value

and a zero mean random fluctuation:
Asi(z,2)é%) = Aui(2) + Avi(z,2/€8), —L<z<ozr. (6.18)

To obtain the initial value problem in the region of interest, let us first define the

following quantity called the reflection coefficient 7:

a
= - 6.19
r=y (6.19)
Recall that the total reflection at 2 = — L was assumed in Chapter 3;
a(_L) = F—Lb(_L)7 |F-L' =1, (620)
where I'_;, = r(—L). Here we note that although the total reflection at = = — L was assumed

in terms of the different scattering variables (i.e., A and B in Chapter 3), the above identity
for the scattering variables a and b still holds from relation (6.36) described in next section.

With a (upward) scaled measure
T=z+4+1 (6.21)

from the end point z = —L of the slab, (6.10) together with (6.20) becomes the Riccati

initial value problem for the reflection coefficient:

d ik .
E;T=;—€[2TA11+(1+T2)A12], 0<r<mo=27+1L, (622)

r(0)=T_z, |T_p|=1. (6.23)
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We focus on the evolution of the reflection coefficient from now on. The problem reduces

to a consideration of the phase of the reflection coefficient due to the next lemma.
Lemma 6.1.1 Under assumption (6.23), the reflection coefficient r is unimodular, i.c.,

oy Ja(m)] .
lr(m)| = o 1, 720 (6.24)

Proof: The structure of (6.10) and the initial condition (6.23) establish the lemma as

follows. For simplicity, let A = f—’:All. A direct calculation gives

(ol = [b2) = (A -+ A)(al? = P) (6.25)

Since A is pure imaginary, the right side of the above identity vanishes; |a]? — |b]? is a
constant. This constant is, however, zero at 7 = 0 because of (6.23). Hence, |a| = |b]
throughout the region 7 > 0. m

Due to Lemma 6.1.1, the problem reduces to a consideration of the phase v (of the

unimodular reflection coefficient 7) defined by
r=e (6.26)
Then, from (6.22), one obtains the corresponding initial value problem for the phase :

d .
E;q/) = %Fo(r, P) + %F)(T,T/fz, ), 0<1<T10 (6.27)
¥(0) = o, (6.28)

where Fy and F are the following deterministic and mean-zero random fields, respectively:

Fo(r,9) = —k [A11(7) + A12(7) cos ], (6.29)
Fi(r, 7/, ¢) = =k [An(r,7/€%) + Ara(T,7/€*) cos . (6.30)

Recall that A;; and Ay;, i=1,2, are assumed to be bounded. We also note that Ay, is

negative throughout the region of present interest.
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6.2 Relation between Problems above and below the Turning Point

Our basic stochastic problem in the random slab —L < z < 0 consists of equation (3.9)
with scaling condition (3.11)-(3.12) and the assumed total reflection at z = —L. It has been
dealt with in two divided regions, i.e., the region above the turning point and the region
below the turning point. For each region, the structure of the equations and the total
reflection at z = —L lead to considering unimodular reflecton coefficients. Two nonlinear
stochastic initial value problems for these quantities are formulated corresponding to these
two regions. They are (3.74)-(3.77) and (6.27)-(6.30), respectively.

We are, therefore, required to consider how the transformation between the two prob-
lems occurs at the point where they adjoin, i.e., the turning point zy. Suppose that
Y(21,—L,%0) (= 9¥r in brief) is the random phase evaluated at the turning point for

the problem below the turning point, i.e., (6.27)-(6.30). From (6.26),

r(zr) = % =™V, (6.31)

For the dependent variables v; and v, defined by (6.1)-(6.2), we have the following expression
in terms of the scattering variables a and b: From (6.8)-(6.9), v1(21) = a(z27) + b(27) and
v2(zr) = cosb(a(zr) — b(z7)). So, from (6.1)-(6.2), P(27) = a(zr) + b(zr) and Us(zr) =
cos8 (q(z7) — b(zr)). The pressure and velocity at the turning point obtained by solving the

PoCo

problem in the region —L < z < zr are, therefore, given by

P(zr) = b(zr)(e™¥7 + 1), (6.32)
cos  _ipn ,
Us(zr) = b(z7) pov (e7¥7 —1). (6.33)

Now, consider the problem above the turning point. The scattering variables A and B

at the turning point are given by

1

A(zr) = 5 (P(2r)b22(27) — Us(27)b12(27)), (6.34)

=N

B(z7) = = (= P(zr)d21(27) + Us(27)b11(27)), (6.35)

<

[ \]
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from (3.21), where ¢;;’s are given by (3.28)-(3.31). Let ¥ denote the phase of the cor-
responding reflection coeflicient at z = zp. Then, from the continuity of the fields at the
turning point, we obtain the following algebraic relation between ¥ and 7 from (6.32)-
(6.33), (6.34)-(6.35) and (3.73):

Aler) (67T + 1)oga(zr) — 22 (e7T — 1)yy(2r)

£0C0

B(zr) (=7 + 1)gar(zr) + L=V — 1)¢h11(2r)

poCo

e—z\l’T —

(6.36)

Recall that the limit theory established in Chapter 4 provides uniform approximate
statistics for the stochastic initial value problem for the phase (2,27, ¥T) in the region
27 < z < 0 above the turning point. For arbitrary f € C*, the conditional expectation
of f(v(0,zr,¥r)) is asymptotically approximated by the solution u(zr,0,¥r; f) of the

backward Kolmogorov equation (4.14)-(4.16) uniformly in ¥7 according to Theorem 1;
E{ f(6°(0, 21, ¥1)) |77} = u(zr.0,97: ). (6.37)
The above relation (6.36) defines ¥r as a (multi-valued) function of 7. We call this
function AT, i.e.,
U = hT (7). (6.38)
Then obviously we have
u(zr,0, %73 f) = u(ar, 0, kT ($71); ) = 9(¥r), (6:39)

which is a function of ¥ (= ¥*(27, —L,v0)). Note that g € C* because it solves a parabolic
differential equation. Then, from (6.37) and (6.39), the expected value of f(¥*(0, 27, ¥7))

becomes
E{f($(0, 21, ¥7))} = E{E{f(4 (0, 21, Yr)|FZT/“}} = E{g(# (21, — L, %0))}, (6.40)

where 1 is the initial value given at 2 = — L.
For the final estimate in the whole region —L < 2z < 0, therefore, we are required to
develop another limit theory which can characterize asymptotically the stochastic initial

value problem in the region —L < z < zr. This will be carried out in the following section.
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6.3 A Limit Theorem in Banach Space — Theorem 2

In this section, we develop an abstract limit theorem for the stochastic initial value
problem that models (6.27)-(6.30). We introduce function spaces and evolution operators
as in Chapter 4 and define differential operators relevant to deterministic and random parts
of the right-hand side of (6.27).

We start with introducing some preliminary terminology and hypotheses as we did in
Chapter 4. Let (2, F, P) be a probability space and let 7!, 0 < s <t < 00, be a family of

o-algebras contained in F such that

FICF2, 0<s3<s1<t <ty <oo. (6.41)

$2

We assume that P satisfies the following strong mixing condition:

sup sup |P(A|B) — P(A)|=p(t) |0, ast1 occ. (6.42)
520 A€F%, BEFS
This monotonically decreasing nonnegative function p is called the mixing rate and assumed

to satisfy
/ p?(s)ds < oo. (6.43)
0

The conditional probabilities relative to 73, 0 < s < oo, are assumed to have a regular

version so that we are able to have the following representation almost everywhere:
B{- |75} = [ - Pu(dwlo). (6.44)
Q

Let F(7,v,z,w) be a function from [0, 7] X [0,00) X R x Q into R, where 7 is a fixed
positive number and R denotes the set of real numbers. The random field F is assumed
to be jointly measurable with respect to its arguments and F. measurable as a function of
w € € for fixed 7, v and z.

We introduce the one-point compactification of R, denoted by R, and C° denotes the
space of bounded continuous real valued functions on R. with the supremum norm || - ||o.

Let C* denote the space of real valued functions on R. with bounded continuous derivatives
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up to order k with || - || the sum of the supremum norm of the function and its derivatives
up to order k. The spaces C* are separable Banach spaces and dense subspaces of C° such
that C¥ c C*1 and || f||x—1 < ||f||x for arbitrary f € CF.

With a positive parameter ¢ > 0, we consider the following stochastic initial value

problem which is a general form of our model problem (6.27)-(6.30):

%x‘(r,a,x) = —I-F(T, T/, (r,0,2)w), T >0, (6.45)
€
t(o,0,z) =z, (6.46)

2
where the solution z°(7,0,z) is f;/:z measurable as a function of w for any fixed z. Also

we think of the following deterministic initial value problem:

d
Ezo(r, o,z) = %Fg('r, 2:0(7', o,z)), T >0, (6.47)
z%o0,0,z) = z, (6.48)

which is an averaged problem in the sense that the zero-mean random fluctuation part Fj
is suppressed in the context of (6.27)-(6.30).

To develop a limit theory for the problem of interest, it is convenient to introduce
evolution operators associated with (6.45)-(6.46) and (6.47)-(6.48), respectively; we define

random propagators U*(¢,7) and deterministic propagators U°(o, ) by

(U(o,7)f)(2) = f(z*(,0,2)), (6.49)
(U%(e,7)f)(z) = f(z°(r,0,2)), (6.50)

for any f € C°. These are contraction operators on C® — C°. U¢(o,7)f, f € C°, is strongly

.7-';//:22 measurable. Note that U%(o,7) depends on ¢, though not shown explicitly.

It is also useful to define the following random differential operators V() and V() and

deterministic differential operator Vy(7): Define

(V(1)f)(z) = F(r,7/€%,2) 0. f(2), (6.51)
(Vo(r)f)(z) = Fo(r,2)0:f(x), (6.52)
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for arbitrary f € C!. The operator Vi(7) is defined by the following which corresponds to

the random part of the random field F:
Vi(r)f = V(r)f — Vo(T)/, (6.53)

for arbitrary f € C1.

Both operators U¢(a,7) and U°(a,7) satisfy the finite propagator property and the
infinitesimal forward and backward propagator properties already described in Chapter 5
(see Lemma 5.1.1).

Now we are ready to state and prove our main result of this chapter.

Theorem 2 Let U¢(a,7), U%a,7), V(7), Vo(r) and Vi(7), 0 < 0 < 7 < 19, be the opera-
tors corresponding to stochastic initial value problem (6.45)-(6.46) or deterministic initial
value problem (6.47)-(6.48). Suppose mizing rate condition (6.43) is satisfied. Let us as-
sume the following conditions (1), (i) and (iit) hold:

(i) For f € C1,

E{Vi(n)f}=0. (6.54)
(ii) There are positive constants &y, o, Br and By independent of o, T and € such that for

arbitrary f € C¥,

T—0 T—a

NU(a, 7) flle < Br{1 + Y135 5| fllx avenk=1,2 (6.55)

U, T)fllk < Bi{l +

+...+(
€ €
T—0 T—0O

Fot( Y1 e 2| fllk, 1<k <4. (6.56)

€
(i1i) There are positive constants ¢, and c; independent of T and € such that for arbitrary

feck

”V(T)f”k—l < ék“f”k a.c., k= 1,2, (657)

IVi(T) fllk=1 < ekl|fllx  a-e., 1<k<A4. (6.58)
Let us define operator W¢(a) on C*+1 — Ck=1 k> 1, by

Wee)f = /:/( E{Vi(a)U%e, 0 + E)Vi(o + 1)U o + €*t,0) f) dt (6.59)
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and let (B%(a,7)f)(z) denote the solution u*(o,7.z; f) of parabolic final value problem

gu(a, r,z)+ Lou(o,m,2) =0, o<, (6.60)
a

u(r,7,2) = f(2), (6.61)

where infinitesimal generator LS is defined on C? — C° as the sum of V(o) and W*(a)

given by (6.52) and (6.59), respectively, i.e.,

L = =Vy(o) + W(a). (6.62)

-

Then, for arbitrary f € C*, we obtain the estimate

sup [|E{U“(0,7)f} = B(0,)f]lo < ¢ C(f;70), (6.63)

0<r<10
where C(f; 1) denotes a positive constant depending on f and its derivatives up to order j

and 19 but independent of e.

Remark. From conditions (6.56) and (6.58) and a mixing lemma (Lemma 5.2.2), it is not

difficult to see that for arbitrary f € Ck*1, 1 < k < 3,

W< (o) fllk-1 < Vhs1ll fllk+1 (6.64)

for some positive constant yx4+1 independent of ¢ and € (see the proof of Lemma 6.4.4).
So, the infinitesimal generator L is the sum of a singularly perturbed drift term and a
bounded diffusion term. Theorem 2, therefore, can characterize the solutions of stochastic
differential equations with rapidly varying deterministic behavior plus random noise. This
type of theory can be found also in [29]; the semigroup approach using projection operator

was used. There, however, the scaling is different from our case.

6.4 Proof of Theorem 2

The proof of Theorem 2 will consist of several lemmas including some useful properties
about the operators U¢(a,7), U%,7) and B(a, 7). We prove the following lemmas before

we proceed with the proof of Theorem 2.
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Lemma 6.4.1 The operators U¢(a,7), U%(0,7) and Vi(7) defined by (6.49), (6.50) and

(6.53), respectively, satisfy the following variation of constants formulas:
U(a,7) = U%o,7) + %/o U%a, p)Va(mU (1, 7) d, (6.65)
U(a,7) = U%a,7) + % / U VAU (, ) diy. (6.66)
Proof: If we differentiate U°(o,n)U¢(n, T) with respect to 7 using the product rule, then

U (o, MU (n, 1) = (8,U°(a,n))U(n,7)+ U°(a,m)0,U(n,T)

%UO(U, MVo(mU(n,7) - %UO(G, MV U(n,7)

_%UO(U, mVi(m)U<(n, 7). (6.67)

Here the forward propagator property for U%(a, ), the backward propagator property for
U¢(n,7) and (6.53) were used. When one integrates (6.67) from o to 7, (6.65) can be

obtained. We can derive (6.66) as we did in the proof of Lemma 5.1.1. m

Lemma 6.4.2 The operators B*(o, ) defined in Theorem 2 satisfy the following properties:

0,B(o,7)+ L B*(0,7) = 0, (6.68)
B(o,n)B(n,7) = B*(0,7), B‘(0,0)=1, (6.69)
B(e,r) = U%o,)+ [ U, )W (m) B (m, ) . (6.70)

Proof: Equation (6.68) comes from equation (6.60) directly. The uniqueness of the solu-
tion of final value problem (6.60)-(6.61) leads to (5.69). To prove (6.70), we differentiate

U%o,m)B(n, ) with respect to 7 using the product rule:

oU%a,n)B(n,7) = (8,,(/0(0, ) B(n,7)+ UO(O', 7)0,B (1, T)
= % 7%(a, n)Vo(n) B (n, 1) — U°(a, n)Ly,B (1, 7)
= —U°(a, )W () B (1, 7). (6.71)

Here the infinitesimal forward property for U%(a,7) and (6.68) and definition (6.62) were

used. When (6.71) is integrated from ¢ to 7, (6.70) can be obtained. m
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Let us first decompose the interval [0, 7] into [ke, (k + 1)e], kK = 0,1,...,m — 1, where,

without loss of generality, ¢ is such that 7 = me. Then m ~ O(e”!) and for arbitrary f € C*

E{U(0,7)f}— B‘(0,7)f
m—1
= Z E{U(0,(k+ 1)e)B*((k+ 1)e,7)f — U(0,ke)B (ke, 7)f}
k=0
m—1

= Z E{U(0, ke) [E{U"(ke, (k + 1)e)gr} — B (ke, (k + 1)e)gi]}

m=1

+ Z E{U“(0, ke) [U*(ke, (k + 1)e)gr — E{U (ke, (k + 1)e)gr}]}, (6.72)

where g, = B((k + 1)¢,7)f. Since U¢(0, ke) are contraction operators on C° — C% and g;
is a solution of parabolic differential equation (6.60)-(6.61), the estimate (i.e., || - |[o) of the
quantities in the bracket of (6.72) determines the estimate of (6.72);

[E{U*(0,7)f} = B(0,7)fllo

m-—1

< Y E{U(ke, (k+ 1)€)gi} — B (ke, (k + 1)€)gkllo

k=0
+E NE{U(0, ke)U*(ke, (k + 1)e)gi} — E{U(0, ke) E{U (ke, (k + 1)€)g} }Hlo
k=0
m—1
Z (hk(f)+ Lx(f)). (6.73)

Let us estimate [y x(f) first. If we iterate the variation of constants formulas (6.65)

twice, (6.66) twice, and (6.70) twice, then we can obtain the following expansion

E{U(ke,(k + 1)€)gi} — B (ke, (k4 1)€)gx

k+1)e  p(k+1)e . . .
- ?/k /,, E{U ke, o)Vi(0)U%(a, MV (AUC(A, (k + 1)e)gi} drdo
(k+1)e
—/ JOke, YW (a)U (a, (k + 1)e)gy do ]
ke

k+1 k+1)e
—/k / UO(ke, o)W () U0, YW AV B (M, (k + 1)€)gs dAdo

(k+1)e  p(k+1)e  p(k+1)e )
/ / E{Uke, 0)Va(o)U%(o, VA (A U\, ) Va(w) -
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U°(v, (k + 1)e)gr} dvdMdo
1 ke plk+1)e plk+1)e po
to [ [ B te (@)U (e, N (U (A V() -
ke 4 A A
U, )Vi(v)U% (v, (k + 1)€)gi} dudrdrda, (6.74)

where hypothesis (6.54) was used.

In the following lemmas, we proceed with the term-by-term estimation of (6.74). We use
repeatedly the Banach space version of mixing lemma, i.e., Lemma 5.2.2 and the following
inequalities from (6.55)-(6.56): If 0 < 7 — o < ¢, then for arbitrary f € C¥,

U0, 7)flle < Brke™* || fllx ace., k=1,2, (6.75)
1U°(a, ) fllk < Brke™ || flxs 1<k <A (6.76)
Here ay, @i, 85 and Bk are independent of ¢, 7 and €. From now on, we will use C,

to denote a positive constant depending on only 7. The constant multiple of C;, will be

denoted also by the same C,,. We will use a general term z instead of ke throughout.
Lemma 6.4.3 For arbitrary f € C? and 0 < z < 7o,
1 z4€ z4¢€
K = HE—Z/ / E{U°(z,0)Vi(a)U (o, WA U\, z + €) f} dAdo
z g
z+e€

- [ UG W (@)0%e, 2+ Of dollo < ECk |, (6.77)
Proof: From definition (6.59) and the change of variables A = o + €2t, we note that

1

o+e€
Weo)f = / E{Vi(a)U%0, WVVi(MU°(N, 0)f}dA,  f € C2. (6.78)

We use Lemma 5.2.2 to obtain

1 z4e€ o+¢€
K=|- ?’-/ / E{U°(2,0)Vi(0)U%a, Wi (MUY(A, z + €)f} dAdallo
z z4e€
1 z4€ o+¢ A -0 o 0
<=/ 2p(“ps)dAda sup  sup [[U(z,0)Va(c)U%a, A) -
€ Jz z4e € 2<0<z+e<A<242e '

VAMU°(A, 2+ €)fllo
€ z+e¢ u
/0 / pl=z) dvdu - ey (Bret)ea(B22¢%2))| f]l2

+e—u
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) 1/e
< 462/ Up(8)dt - cqcaf3 e || £l
0
< GZC'To“fHQ’ (679)
for some constant C,. Here (6.58), (6.76) and that [j° sp(s)ds < co were used. m
Lemma 6.4.4 For arbitrary f € C* and 0 < z < 7o,
z+e z24¢
J= ||/ / 19z, YW ()T (0, VWA B (N, 2 + €)f dAdalo
z o
< €Cx || flla- (6.80)
Proof: For arbitrary f € C2, using Lemma 5.2.2, one obtains

We)slo < [ 20t sup sup [Va()U(o +€)-
0 0<t<1/e '
Vi(o + E)U(o + €t,0) f|lo. (6.81)
From (6.58) and (6.76), the above inequality becomes
IW(e)fllo < /Ooo 2p(t)dt - cr(B1e™ )e2(B22€°?) || fll2 = 2l fl|2s (6.82)
where 7, is a positive constant independent of o and ¢. Similarly, for arbitrary f € C4,
IW Al < [ 20(t)dt - ealBa3e™ea(Bate™) 1l = 2l s (6.53)
From (6.76), therefore, we obtain the following inequality for the integrand of J:
0%z, o)W (@)U (0, WAV B, 2 + ) fll
< 72(P22€ )14|| B (A, 2 + €) fl|a- (6.84)

Since B(A, z 4 ¢€) f solves parabolic differential equation (6.60)-(6.61), the above inequality

leads to the inequality J < €2C,, || f||l4 for some positive constant C;,;. m
Lemma 6.4.5 For arbitrary f € C2 and 0 < z < 79,

1 z4¢ z4¢€ z+e 0 o 10
H=| 5/ /U /A E{U%(z, 0)Va(0) U0, WV (N UO(A, ) VA(r) -
U%v, 2 + €) f} dvdrdollo < €Cq || f|3- (6.85)
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Proof: Let us consider the following change of variables:

G=0 -z, (6.86)
A=A-0o=XA-(2+4) (6.87)
P=v-A=v—(2+8+A). (6.88)
Then (6.85) becomes
1 e fe=F fe—6-A .
H= ||(—3/0 /0 /0 E{U%z, 2+ 8)Vi(z 4+ 6)U%z + 6,2+ 5 + 1)
Vi(z+ 6+ MU+ 6+ X246+ A+ )iz 4+ G+ A+ 7)-
U246+ A+ 0,2+ €) f) dirdAda||o. (6.89)

In this step, we need an inequality

/0‘““’ /0“&‘;(.) did\ (6.90)

ef2 b € €=U . €ef2 by € €= _
5{/ /+/ / (-)}d,\dz7+{/ /+/ / () Ydird},
o Jo /2 Jo o Jo e/2Jo
where the integrand (-) is nonnegative. We use (6.90) and Lemma 5.2.2 to obtain
o o o 1 € e/2 v € €e—U D -
H < eq(1€7 )ea(522€7? )es(f33e 3)—3/ [ / / +/ / ‘2p(—2) dA\dv
€ Jo 0 0 e/2J0 €
/2 rA € =X A ddi ]d
AV LR
(L L et avas s sl
aytoaz4a 1 ¢/2 = v = ‘ ~ v ~ >
< 2creqesBy fafyeitartas Z [/ 1/p(—,)d1/+/ (e = D)p(L)di )| flls-  (6.91)
€2 " Jo €? e/2 €2
Here (6.58), (6.76) and the symmetric property between 7 and A were used. Finally, from
/2 b 4 1/2¢
/ Pp()di = ¢ / Pp(0)dv, (6.92)
0 € 0
¢ IS 2N 2 LS N £V L
/{/2(6 - V)p(e—z)dl/ < 5 /;/2 p(e—2)dl/ <e€ /1/25 vp(v)do, (6.93)

we obtain the inequality H < €2C,|| f||3 for some positive constant C;;. m
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Lemma 6.4.6 For arbitrary f € C* and 0 < z < 79,
L=| / / / / E{U°(z,0)Vi(a)U°(a, V(AU (A, p)Va(p) -
U, V(U (v, 2 + €) £} dudvdMdal|o < €C5 || f]l4- (6.94)
Proof: Let gi(o,A) denote the double integral with respect to g and v of L so that
= ||(4 / / (0, \) dXdalo. (6.95)
By the change of variables (6.86)-(6.87), the above L becomes
L= ||%/0( /(:_&gl(z-}-&,z-}-&-i-:\) drdé|lo. (6.96)
Now let g2(u, ») denote the integrand of the double integral g; so that
Gz+6,z+64+ ) = '/;::_:\ /:&+:\ 92(p,v) dudv. (6.97)
By the change of variables (6.88) (using p instead of v there) and
P=v-—p=v—(24+6+ A+ i), (6.98)
the above double integral g; becomes
qi(z + 7, z+(r+)\ /( ” /\/( 7oA ugz z+(r+/\+u,z+o'+/\+,u+1/) dpdi. (6.99)
Substitute (6.99) into (6.96). Then (6.96) becomes
== / / / e A/ ) E{Uo(z,z+ FWi(z+ &)Wz +6,2+ 6+ A)-
Vi(z+ 6+ AU (z+ 6+ M2+ + A+ @)Vi(z+ 6+ A+ @)Uz + 6+ A+ 3,2+ 6
X+ a+Vi(z+ G+ A+ @+ Uz 4+ G+ A+ i+ 7,2+ €) [} diidizdAdG||o(6.100)

Now we use inequality (6.90) for the double integral in the middle of (6.100) and then use

Lemma 5.2.2 to obtain

L S (8] ([31601 )Cz(gzgeaz )(13(/3336(13 C4([3446‘a4)

/ [/6/2/ //2/( U}f T )d,ud,\du
+{/6/2/ +//2/5 A}/C e )dudzld/\ ld | fle.  (6.101)
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Note that fo_ﬁ"’.\_‘j p(5)dii < ep(%) and f(;_&_:\_‘; p(;:\g)dﬂ < ep(é—). Then, using the
symmetric property between A and v, we have

. . € ef2 i € e—U Y .
L< 960162C36451/52/33ﬁ4€a1+a2+03+a‘l3/ [/ / +/ / P(I,-;)d)‘dﬂ ]d5|lfH4
€ Jo 0 o e/2J0 €

< 96¢1cac304 1 32333461 TR
LU i [ mpan Jasisle 02
el L M /2 e + '
Now we use (6.92) and (6.93). Then the desired estimate will follow immediately. m
From the above Lemmas 6.4.3-6.4.6 (with 2 = ke and f = gi), we obtain that the

supremum norm of (6.74) is bounded by 4€2C,||gk||4;
h(f) < €Cn(llgellz + gulla + llgells + llglla) < 4€°Cr llgilla- (6.103)

Therefore, the desired estimate for /; x(f) is obtained since gx (= B((k + 1)¢,7)f) solves
parabolic differential equation (6.60)-(6.61) (cf. Lemma 4 in [7]); using the notational

convention about C,;, we have

hi(f) £ EC|Ifls. (6.104)

Next, we estimate I x(f) defined by (6.73). As we did in Section 5.2, using the propa-

gator properties (5.3)-(5.4) again, we have the equality

Tl £) = | EAUA(0. kU (ke (k + De)gu) = B0,k E{U (ke (k + D))o
1 ke  p(k+1)e . ) . ‘ »
=3l [ [ B VeV T, (+ Do)

—E{U(0,0)V(a)E{V( MU (X, (k+ 1)e)gx} }dAdefo. (6.105)
From Lemma 5.2.2, we obtain the inequality

1 ke p(k+1)e A—o
L(f) £ 6—2/0 /k( 2p( = YdAdo -

sup sup [[U(0,0)V(a)V(MNU(A, (k+ 1)€)gi/lo- (6.106)
0<o<ke<AL (k+1)e W'

We use the contraction property for U(0,0), (6.57) and (6.75) to obtain

sup sup [|[U(0, )V (o) V(AU (k + 1)e)grllo < &182(22¢52)||gkll2 (6.107)
OSUS}CES/\S(}C'}-])( w'w’
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Thus (6.106) becomes

)ddo. (6.108)

A—o
€

9 ke p(k+1)e
Lx(f) < 6—.26162(/322602)‘|gk[|2/0 /k p(—

The above double integral in (6.108) was already estimated in Section 5.2 (19 and 74_; in
(5.46) are 0 and ke in the present case, respectively). From result (5.49), the above double

integral is O(€*). Hence, we obtain the estimate
L(f) < ECxq ]I fll2s (6.109)

for some positive constant C',.
Now, by substituting two estimates (6.109) and (6.104) into (6.73), we have

[E{U*(0,7)f} = B*(0,7)fllo

m-—1 m—1

< EC, Y (Iflla+1Ifll2) £ 262Cr Y |Iflla = €C(f;70), (6.110)
k=0 k=0

where the fact that m ~ O(e ') was used. Here the positive constant C(f; 7o) depends on
f and its derivatives up to order 4 and 7o but is independent of ¢. Therefore, the desired

estimate (6.63) in Theorem 2 is proved.

6.5 Application to Random Noise below the Turning Point

In Sections 6.3-6.4, we derived a theorem which can characterize stochastic initial value
problems with a rapidly varying deterministic component. According to Theorem 2, the
asymptotic behavior of our model problem (6.27)-(6.30) can be characterized by final value
problem (6.60)-(6.61) with the infinitesimal generator £ defined by (6.62) if the neces-
sary hypotheses are satisfied. We will check these conditions and subsequently represent
explicitly the generator L in the context of the problem formulated in Section 6.1.

The corresponding non-zero deterministic and random fields Fy and F; are (6.29) and
(6.30), respectively. The random field F is the sum of these two fields. Since F7 has zero

mean, condition (6.54) obviously holds. In order to check conditions (6.55)-(6.56), we first
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note the boundedness of the fields Fy, F; and F and their derivatives with respect to the
phase variable. Since Ay;(7) and Aq;(1,7/€?), i = 1,2, were assumed (in Chapter 3) to be
each bounded by a constant independent of 7 and ¢ in the whole region, (6.29)-(6.30) imply
that the fields 8111",_.11,F0(T, R (‘)k,_‘d)Fl(T, 7/€2,1) and so 81{7;"#,}7(7', 7/€%,4) are each bounded
by a constant independent of 7, € and .

From deterministic initial value problem (6.47)-(6.48) with Fp defined by (6.29) (using

¥ instead of z),

f;ﬁ; (rya,9) = et o Fods, (6.111)
2 0 y
% /;, (1,0,9) = € R L / "-(?i—dq (6.112)
PR
fg(r o) = et T 4 { ( / F"-()—Q/—)- dc)
" d ) ua )
+- / (FO( L )2+ F) dfz)dt} (6.113)

84’(/’ s //d’(/)
)

" d’l/J " 0’(/J " 02'410
o, o) (115 G riimie)

" d ) md JO 02 ) " 0'3 )
+- / (FO o O )+ 3F, (;i/ 0172 +F08—;/3) ds }. (6.114)

(F(gn) = 617/2..1,//F0(37 77[’ (570’ "/’))’ l=n=s 4)

Since 3,7/3.,,/,F0(3, ), n > 0, are each bounded by a constant independent of s and %, there
exist positive constants &, and 3, independent of 7, o, ¥ and € such that from (6.111)-

(6.114) we have the inequalities

o 1,/’0
01'/)71

-0 T—o0

< /}11{7- 4ot (T)""l}e&":{i, 1<n<4. (6.115)

Using the chain rule for the derivatives of U%(a, 7)f, we can obtain

. 61,/’0 gl 821/)0 i 8”’(,/)0 in
an} UO(UaT f 0 S /311 sup . a9 R v e f 79
“ Y ) “ " i1+2i2+Z'+nin=n o di/!2 d,/)n ” H
1<n<4, (°=°r, 0,9)) (6.116)

38



CHAPTER 6. PROBLEM WITH RAPIDLY VARYING DETERMINISTIC PART

for some positive constant 3, independent of 7, ¢ and ¢. We apply inequalities (6.115)
to (6.116) and rearrange the result to obtain the right side of (6.116) as the form of the
right side of (6.56) with k = n. Since |U% o, 7)f||x is simply the sum of ||0,ZZ”¢UO((T,T)fH0,
n = 1,2,..,k, (6.56) can be obtained for some suitably chosen constants a; and ;. By
the same procedure as done above, we can obtain condition (6.55) also for the operators
U¢(o,7) due to the boundedness of the random field F and its derivatives with respect to
phase variable.

Since 0% F(r,7/€®,v) are each bounded by a constant independent of 7, ¢ and ¥,

condition (6.57) holds. In view of the definition (6.53) of V;(7), we have for any f € C!
A7) = (7, 7/€,4)0y f. (6.117)

Then condition (6.58) follows by the fact that 65._1/,F1(T, 7/€%,) are each bounded by a
constant independent of 7, ¢ and .

Therefore, all the necessary hypotheses of Theorem 2 are satisfied for our stochastic
initial value problem (6.27)-(6.30). The solutions of the problem are approximated by the
corresponding solutions of (6.60)-(6.61) with the infinitesimal generator given by (6.62). We
shall now write the explicit form of the generator of our stochastic model problem.

In view of the definition (6.59) (or (6.78)) of W¢(a), we have

(We(a)f)(¥)
o+e€
:;12/ E{Fi(0,0/€,9) 04] Fi(X, M/ €, 91) Oy, f(2) I} dA,  (6.118)

where ¥y = ¥%(\,0,9) and ¥, = ¥°%o0, ), ¢ ) = 1. The integrand (= I) of the above
integral (6.118) is the same as

O 0%y | Of

I=E{ F](G,U/€2,”(,/))Fl’(/\,/\/62,1/J1) + Fl(U,U/€2,¢)F1(A,A/€2,?/1)8—¢W 30
1 ’

0y , 0?
+E{ Fl(O’, U/€2’1/))F1(/\’/\/€2’1/))0_'Z//)—12 } a—wfz- (6.119)

Let us substitute the random field Fy given by (6.30) into the above (6.119). Then the
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following expression for the generator £¢ can be obtained by direct calculation:

(L5 1)(#) = 2(Vo(@) )W) + (WH(0)£)()
P _ k.2 o+
= I:—-IE{AH((T) + Aq2(0) cos} + 6—2/ [piz((r,s) + p3a(0, ) cosyp
+{p11(a,5) + pia(0, 5) + p21(0, 5) cos ¢ + phy(a, s) cos ¢} -

x / Zu(t)cos«/,o(t,a,w)e%LZ:z(u)sixw"(uw)d“dt]ds] g_i
€ Js

kz o+¢ _
+ [ ) / {r11(a.3) + pi2(a,s) + p21(0a,s) cos + p3y(a,s) cosp}-

ST R () siny® (tou) di 0*f .
e<J. ds | 575 (6.120)

where the following notation was used:

pij(0,8) = E{A1(0,0/e*) A1;(s,s/€%)}, (6.121)
pii(0,5) = pij(0,s)siny’(s, 0,9), ij=1,2, (6.122)
pij(0,8) = pij(0, 5) cosyP°(s, o, ). (6.123)
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Chapter 7
CONCLUSIONS

Our stochastic problem in the random slab has been dealt with in two divided regions,
i.e., the region above the turning point and the region below the turning point. The two dif-
ferent scattering formulations were established corresponding to these two different regions.
Theorem 1 in Chapter 4 and Theorem 2 in Chapter 6 are general statements that describe
the asymptotic statistics of the reflection coefficient corresponding to the two regions, re-
spectively. In particular, Theorem 1 provides a uniform description for both transition
region and outer region above the turning point.

As shown in [13], the reflection process above the turning point undergoes rapid phase-
wrapping, while the reflection process below the turning point (to leading order) decays
exponentially. Significant diffusion (multiple scattering) occurs in the region above the
turning point, while one expects little diffusion in the region below the turning point.

Using the properties of conditional expectation, we combine the above two statistics
and derive the final approximation in the whole region. When Theorem 1 was applied to
the problem above the turning point, the final value (evaluated at the turning point) of
the Markov diffusion process was assumed to be known. We now replace this value by the
random noise value coming from the characterization of the problem below the turning point.
Final characterization of the problem of interest, then, follows by taking the expectation of
the process containing the random noise. Theorem 2 provides the characterization of the
problem below the turning point.

To understand explicitly the final characterization of the problem, let ¢(71,,7) and
¥i(1,0,9) denote the phases of the problems in the regions, respectively, above and below

the turning point z7. Also we use ¥¢(7,0,1) to denote the “unified” phase of the problem
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throughout the whole region —L < 2 <0, i.e.,

Pe(r,0,v) ifzr<o<r
Y (r,o,9) = ¢ YT, 27, KT (Y§(2r,0,9))) ifo<zr<T (7.1)
Vi(T,0,) ifo<r <2y

where the function AT, defined by (6.38), relates at the turning point the two phases of the
reflection coefficients corresponding to the two regions. Note that we are using the z-scale
instead of the stretched scale (7-scale) for the solution ¢ above the turning point; 7 in the
z-scale corresponds to (£)2/34(r) in the 7-scale (cf. (3.51)) so that zr and 0 correspond to
0 and (3277)2/3, respectively, where ¢(7) and 77 are defined by (3.32)-(3.33).

Then, by Theorem 1 and Theorem 2, we have the following final estimate for the whole

region —L < z < 0. For arbitrary initial phase 1 given at z = —L and function f € C*,
E{f(¥(0,-L, "/’0))}

= BU W0, 20, W (¥ier, =Ly Yo))}
= E{E{f(¥4(0, 21, kT (¥i(or, - L, b)) DIF5™* })

~ E{u(zr,0, kT (%{(21, — L, %0)); f)} by Theorem 1
= E{(A(21,0)f)(RT (¥(21, — L, %0)))}
x u (=L, z7, Yo; (A(z1,0) f) o RT) by Theorem 2
= B(—L, zr)((A(zr,0)f) o AT )(1ho)- (7.2)

Let H(zr) be an operator on C* — (C* defined by the following composition with the

function AT:
H(zr)f = fohT. (7.3)

Conclusively, we can rewrite the result (7.2) in terms of this operator H(zr) and the evo-
lution operators B‘(—L, 27) and A(zr,0) (see Theorem 2 and Theorem 1, respectively, for
definition) which correspond to the regions below and above the turning point, respectively.

If we use (o, 7) to denote the propagator corresponding to the unified solution (7.1), i.e.,

92



CHAPTER 7. CONCLUSIONS

(U(o,7)f)(W¥) = f(V(1,0,1)), then, from (7.2), the evolution of the reflection coeflicient
statistics in the whole region —L < z < 0 can be described as the following product of the

operators:
E{U(~L,0)f} = B(~L,2r)H(2r)A(21,0)f, feC, (7.4)

where the error in the estimate is of order O(¢'/3). The propagator B¢(—L, 1) represents
the Markov diffusion process with singular drift term below the turning point. The operator
H(27) transforms at the turning point the reflection coefficient from the region below the
turning point into the reflection coefficient above the turning point. The propagator A(z7,0)

characterizes the Markov diffusion process above the turning point.
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