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Optimal weight settings in locally weighted regression: A guidance through
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Roshan Puri

ABSTRACT

Locally weighted regression is a powerful tool that allows the estimation of different sets of coefficients for
each location in the underlying data, challenging the assumption of stationary regression coefficients across
a study region. The accuracy of LWR largely depends on how a researcher establishes the relationship across
locations, which is often constructed using a weight matrix or function. This paper explores the different
kernel functions used to assign weights to observations, including Gaussian, bi-square, and tri-cubic, and
how the choice of weight variables and window size affects the accuracy of the estimates. We guide this
choice through the cross-validation approach and show that the bi-square function outperforms the choice of
other kernel functions. Our findings demonstrate that an optimal window size for LWR models depends on
the cross-validation (CV) approach employed. In our empirical application, the full-sample CV guides the
choice of a higher window-size case, and CV by prozy guides the choice of a lower window size. Since the CV
by Proxy approach focuses on the predictive ability of the model in the vicinity of one specific point (usually
a policy point/site), we note that guiding a model choice through this approach makes more intuitive sense
when the aim of the researcher is to predict the outcome in one specific site (policy or target point). To
identify the optimal weight variables, while we suggest exploring various combinations of weight variables,
we argue that an efficient alternative is to merge all continuous variables in the dataset into a single weight

variable.
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GENERAL AUDIENCE ABSTRACT

Locally weighted regression (LWR) is a statistical technique that establishes a relationship between de-
pendent and explanatory variables, focusing primarily on data points in proximity to a specific point of
interest/target point. This technique assigns varying degrees of importance to the observations that are in
proximity to the target point, thereby allowing for the modeling of relationships that may exhibit spatial

variability within the dataset.

The accuracy of LWR largely depends on how researchers define relationships across different locations/s-
tudies, which is often done using a “weight setting”. We define weight setting as a combination of weight
functions (determines how the observations around a point of interest are weighted before they enter the
model), weight variables (determines proximity between the point of interest and all other observations), and
window sizes (determines the number of observations that can be allowed in the local regression). To find
which weight setting is an optimal one or which combination of weight functions, weight variables, and win-
dow sizes generates the lowest predictive error, researchers often employ a cross-validation (CV) approach.
Cross-validation is a statistical method used to assess and validate the performance of a predictive model. It
entails removing a host observation (a point of interest), predicting that point, and evaluating the accuracy

of such predicted point by comparing it with its actual value.

In our study, we employ two CV approaches. The first one is a full-sample CV approach, where we remove
a host observation, and predict it using the full set of observations used in the given local regression. The
second one is the CV by prozy approach, which uses a similar mechanism as full-sample CV to check the
accuracy of the prediction, however, by focusing only on the vicinity points that shares similar characteristics

as a target point.

We find that the bi-square function consistently outperforms the choice of Gaussian and tri-cubic weight
functions, regardless of the CV approaches. However, the choice of an optimal window size in LWR models

depends on the CV approach that we employ. While the full-sample CV method guides us toward the



selection of a larger window size, the CV by prozy directs us toward a smaller window size. In the context of
identifying the optimal weight variables, we recommend exploring various combinations of weight variables.
However, we also propose an efficient alternative, which involves using all continuous variables within the
dataset into a single-weight variable instead of striving to identify the best of thousands of different weight

variable settings.
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1 Introduction

Locally weighted regression (LWR), also known as geographically weighted regression, is a widespread tool
in a variety of disciplines such as environmental science and health (Gilbert and Chakraborty, 2011; Harris
et al., 2010), and housing markets (Brunsdon et al., 1998; Cao et al., 2019; Manganelli et al., 2014), geology
(Atkinson et al., 2003; Pasculli et al., 2014), landscape ecology (Gao and Li, 2011; Zhang et al., 2019), remote
sensing (Kamarianakis et al., 2008; Propastin, 2012), geography and urban planning studies (Cleveland, 1979;
Cleveland and Devlin, 1988; Li et al., 2019; Loader, 1999; McMillen and Redfearn, 2010; Wang et al., 2020).
This estimation approach challenges the assumption made by ordinary least squares that the regression
coefficients remain stationary across the study region. When location—often in a geospatial space which
could usually be a specific study site or a set of study sites with shared characteristics—characterizes a data-
generating process, then one set of coefficients does not reflect the true relationship between the response
and the predictor variables for the entire data, making an estimation from ordinary least squares approach
questionable (Fotheringham and Brunsdon, 1999). In such a case, it is reasonable to consider that there
could be inherent disparities in relationships across different locations or that there could be some issue with
the model specification used to measure the relationships, resulting in varying parameter estimates across

space (Brunsdon et al., 1998).

LWR allows us to examine such relationships across locations, by estimating a different set of coefficients
for each location in the underlying data. However, the accuracy of the predicted outcome variable in this
estimation framework largely depends on how a researcher establishes a relationship across locations. A local
relationship is often constructed using the weight matrix or function, which is then used to assign weights to
each observation in the dataset based on its distance (geographic or Euclidean distance, for instance) from
the location being predicted (Fotheringham et al., 2015). The weights are higher for observations that are

closer or more similar to the location being predicted and lower for observations that are farther away.!

Weights are typically defined using a kernel function such as Gaussian, bi-square, or tri-cubic, which assigns
a weight to each observation based on its distance from the point of interest (Fotheringham et al., 2002,
2009). Gaussian kernel assigns a higher weight to observations that are closer to the point of interest and
gradually reduces the weight as the distance increases. This makes it a suitable choice for models that

require smoothness and continuity. The bi-square kernel assigns a higher weight to observations that are

IThe closeness or the proximity can be determined just by the geographic distance, or the distance among the few or
all explanatory variables (see section 2 for more details).
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closer to the point of interest but reduces the weight abruptly as the distance increases beyond a certain
threshold. This makes it a good choice for models that need to be robust to outliers and have a sharper
cut-off. Similarly, the tri-cubic kernel assigns an even higher weight to observations that are closer to the
point of interest and reduces the weight more slowly as the distance increases. This makes it a good choice

for models that require a higher degree of smoothing than the Gaussian kernel.?

Each of the kernel functions mentioned above itself is the function of weight variables and window size.
McMillen and Redfearn (2010) discuss that the weight-determining variables could be all of the predictor
variables, a subset of those (e.g. only continuous variables), a simple geographic distance measure, or
variables that are external to the set of predictor variables. Including too many variables into the weight
function may degrade the precision of estimates, especially when the model (baseline meta-regression model
(MRM) in our case) consists of many explanatory variables (McMillen and Redfearn, 2010). Including only
one variable as weight into the weight function, however, may not sufficiently capture the features of a
source study’s underlying population or spatial characteristics. Hence, it is necessary to find an optimal
combination of weight variables that increases the precision of estimates while adequately capturing the

source study’s features.

The choice of window size in the above-mentioned kernel function is as important as the choice of weight
variables since it determines the number of observations that can be allowed in the local regression (McMillen
and Redfearn, 2010). This window size approach sets the same specific value for all locations. This allows
the number of observations receiving some positive weights to be fixed for each target, producing the same
number of observations for each local regression.? A smaller value of window size should be chosen if the goal
is to predict the dependent variable (Pagan and Ullah, 1999) as it usually reduces predictive bias. However, a
very small value of window size relative to the number of explanatory variables may produce highly variable
results (Pagan and Ullah, 1999). Choosing a very large value of window size, on the other hand, can yield
locally biased estimates as observations far away from the target point are used in regression (Fotheringham

et al., 2009). Therefore, it is important to work with an optimal value of window size.

In summary, the choice of kernel function and its components (weight variables and window size) is an impor-

tant consideration when defining weights in the statistical modeling of LWR. Understanding the properties

2More details on the choice of weight function is provided in section 2.

3 Alternatively, a fixed bandwidth that allows the number of observations receiving some weights to vary on the avail-
ability of the observations around the target point is possible. However, such fixed bandwidth will either lead to excessive
smoothing (case, when there are too many observations near the target point) or to highly variable results (case, where
data/observations are sparsely populated around target point) (Fotheringham et al., 2009; McMillen and Redfearn, 2010).
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of different kernels can help researchers select the appropriate weighting scheme for their specific needs and
ensure that their models accurately reflect the underlying data. However, since a researcher often doesn’t
know the true data-generating process, assuming a weight setting (a combination of the weight function,
weight variables, and window size) to fit the local regression could deteriorate the predictive accuracy of the
model. To circumvent this problem, we use an experimental set-up that guides toward the optimal weight

settings through a cross-validation (CV) approach.

A CV approach allows us to evaluate the within-predictive accuracy of our different model choices, given
by different weight settings. In this application, we use two different CV approaches. The first one is
a full-sample CV, an exercise similar to the standard leave-one-out exercise, where a home observation is
first removed and then predicted using output from local regression as discussed in Brunsdon et al. (1996),
Farber and Péez (2007), and Fotheringham et al. (2009). Intuitively, we can interpret this as an out-of-sample
prediction, but within the sample-at-large. We can then use the output obtained from this CV exercise to

calculate summary statistics for assessing the predictive fitness of the model.

The above procedure allows us to determine the ability of a particular weight setting that generate accurate
within-sample predictions for the sample-at-large. However, when deciding on the optimal weight settings
if the researcher believes that the target point (where an outcome variable needs to be predicted) shares
similar underlying characteristics with only the sub-sample of the data, then it may be more relevant to
focus on the predictive ability of the model in the vicinity of such point rather than the full sample. Hence,

we also consider an alternative CV approach which we labeled as CV by prozy (see next section for details).

In this paper, we provide guidance on the choice of optimal weight settings in LWR by systematically varying
the specification of the weight functions, weight variables, and window sizes across a suite of models. We use
two CV approaches, i.e., full-sample CV and CV by prozy to compute the predictive fitness of our different
model choices. We then compare the predictive performance of those model choices with that of the generic
regression model (referred to as the baseline model). We consider the weight setting that produces the lowest
predictive error as the optimal one. We carry out the entire analysis in the Bayesian estimation framework
as it provides the advantage of non-reliance on asymptomatic theory, given the small sample size of the data
as in our case, and allows us to obtain a full posterior distribution of estimates, which can be conveniently
used for generating predictive distributions for secondary outputs if the researcher aims to do so (Moeltner
et al., 2019). We find that LWR has the potential to improve the predictive accuracy of the model as this

consistently generates lower prediction errors than the baseline model. We then show that such gain in
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accuracy is largely driven by the choice of window size and weight functions.

The remainder of this paper is comprised of the following sections: Section 2 presents the empirical framework
required for LWR and presents its experimental setup in a Bayesian framework; Section 3 presents the data
used for the meta-regression purpose along with the spatially explicit variables that serve as our external

weight variables; Section 4 summarizes and discusses the results; and Section 5 concludes.

2 Empirical Framework

We frame our empirical setup to fit the meta-data on willingness-to-pay (WTP) for water quality improve-
ment.* In an environmental valuation context, such meta-data is used to predict the WTP in policy sites
(typically not investigated) through the transfer of estimates, functions, or models. We start by adopting a
“best-practiced” MRM, referred as MRM2 on Moeltner (2019) and Moeltner et al. (2019), and consider it

as our baseline model. For any observation 7 in location/study ¢, MRM2 can be written as:

i it 4o,
l09<yt) =x'uB+m'yy + 5((11’tqo’t> + €it, (1)
q1,it — qo,it 2

€it ~ n(0,02)

where y;; is the WTP for a water quality change from qg ;: to ¢1 ¢, X4+ is a vector of context-specific regressors,
i.e., variables that are usually available for the policy site, and my; is a vector of methodological indicators
which needs to be controlled to avoid any potential omitted variables problem, €;; is the idiosyncratic error

term distributed normally with mean 0 and variance o2.

Equation (1) produces a single set of estimates of parameters 3, 7, and § across all locations t. However,
as discussed earlier, these estimates of parameters or coefficients may vary across locations, requiring us to
fit the regression locally to produce local estimates at each target point.” Location ¢ in our meta-analysis
is a set of study sites that share common characteristics; however, this can also be a single study site. This
non-parametric approach of estimating the local estimates is known as the LWR method. Simply put, LWR
provides estimates of 3, v, and ¢ at the target location t, i.e., Bt, 4., and 5, for a given value of x, m and

q1+490
2

g-average, i.e., . This necessitates an assignment of the weight to each observation in equation (1). We

4See next section for details on meta-data.
5We use “target point” to specify the location where parameters are being estimated.
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use the weight function 1; and estimate the following equation:

; it T qo.i
\/%GOQ(?“qM)) = /1y (x’itﬁt +m' v, + O <qlt2qot> + €it)7 (2)

q1,it —
Yy = K(2it, 2¢, w)
€it ™~ n(oﬂ O—tz)

where 1, is a non-negative valued weights determined by a kernel function K(.). K(.) itself is characterized
by z;;+—a vector of variables that determine observation i’s proximity or similarity with the target point, z
and a window size w. An error term is still normally distributed, however, with location-specific variance

2
o;.

Weight function 1; determines how the observations around target point ¢ are weighted before they enter
the model. We pick the three most commonly used weight functions. i.e., Gaussian, bi-square, and tri-cubed
from geography literature (Farber and Paez, 2007; Fotheringham et al., 2002; Redfearn, 2009). All of these
functions produce weights that monotonically decrease with the distance®, i.e., observations closer to the

home observation/s receive higher weights than others.

The first, the Gaussian function, is given by:

e ()

where d;+ = \/z}2; is a Euclidean distance between observation(s) at location ¢ and any other observation 4,

*

+ w 18 the maximum distance in the set of observations at location ¢, as (implicitly) imposed by window size

w. Since weight must decay as the distance between observation i and location ¢ increases, it is necessary to
sort the entire sample in increasing order of distance. This produces distance d;; of 0 for all the observations
associated with home location ¢, thereby providing unit weight to all the observations in the same location.
The weight will decrease in conformity with the Gaussian curve as we move away from the observations at
location ¢ and eventually reach close to 0.6065 (: exp(—é)) once we are at the furthest point (or cut-off

point as determined by window size w) from observation i.

The second and third weight functions, i.e., bi-square and tri-cubed kernel functions differ from the Gaussian

6By saying “distance”, we refer to the Euclidean distance between two locations based on the different choice of weight
variables. Hence, it should not be confused with the geospatial distance between two locations.
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weight function in weight received by the observation/s at the cut-off point. In these cases, weights decrease
more rapidly as the distance between home observation ¢ and the observations at location t decreases,

approaching zero at the cut-off point.

Equations (4) and (5) provide the functional form of the bi-square and tri-cubed weight functions:

e (- (22
e (- (2))

where 1; in equations (4) and (5) takes a value of 0 if d;; < df .

As evidenced in equation (2) and discussed in section 1, the variables comprised in z, and window size w
ultimately affect the estimates of all parameters. We consider a different combination of weight variables and
window sizes (discussed in sections 3 and 4 respectively). To find an optimal combination of weight functions,
weight variables, and window size, we use the CV method. We use two CV approaches, i.e., full-sample CV
and CV by prozy. In the full-sample CV approach, we first consider observation j at location ¢ as our
target point and predict the WTP of water quality change y;; by removing the target point—a leave-one-out
exercise. In cases where a location ¢ has multiple observations, we repeat this procedure locally for each
observation within ¢. Then, we average the predicted y;s from this CV method across locations to calculate

the Mean Absolute Percentage Error (MAPE), a measure of prediction accuracy.

CV by prozy builds on similar concepts. However, there is a subtle difference. Unlike a full-sample CV, this
approach allows us to find an optimal weight setting that generates more accurate predictions for locations
in the vicinity of the target or a policy point. When the aim of the researcher is to predict the outcome in
one specific site, which would often be the case in an environmental valuation context such as predicting
WTP in a policy site, then it makes an intuitive sense to make the model choice based on the sub-sample
of the data or nearby location as the policy point might share a same data-generating process as its vicinity
points. To account for this possibility, we first define a hypothetical policy point, and select the 10 closest
sample locations based on the Euclidean distance (using weight variables) between the hypothetical policy
point and location in the meta-data. We then predict those 10 sample locations based on the number of

observations determined by the window size and average them to generate the MAPE.

Mathematically, the MAPE associated with a given weight setting can be written as:
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T net

100
MAPE = — Z Z

t=1 j=1

Yit — ﬁjt,j#i(w)
Yit

; (6)

= . + .
Yjt = €$P(X/jtﬂt +m’ iy, + & (W) +log(quj¢ — qo,jt) + €t>

where n is the total number of predicted 9;5s from CV approach across all locations, and g;; is the predicted

value of y;; after removing target point from the location ¢, §;; is the mean of predicted values of y;.

We use a Bayesian approach to carry out an entire estimation. For this, we assume the terms in equation

(2) as \/mg() — g, /Bxi=x, v/Brmy =, and

q1,it —qo0,it
Vb <qlt;q°‘) =q;, and estimate the following likelihood function for location t¢:

ply* |61, 07 X7) = (2m) <a?>"%“exp< (v — X0 (y" X*eo) )

T 9,2
20}

where n,, is the number of observations that receive weight greater than zero 7, y* is the vector of y; within
the location ¢, X* is the weighted matrix of our explanatory data set that collects X*, M*, and q* which
themselves are the vectors of x}, m; and ¢; at location ¢, respectively. Coefficients B¢, ¢, and d;, as provided

/
in equation (2), are collected in 6y, i.e., O;= {,@2 ~4 (54 )

Equation (7) produces a posterior distribution of 8; and o2, which we obtain by employing a Gibbs Sampling
approach. We assign the same prior distribution as in Moeltner et al. (2019) and Moeltner (2019), i.e, a
standard multivariate normal prior for 8; and inverse-gamma priors for o?. We repeat the analysis for all

available locations, as determined by our weight variables.

We summarize our entire analysis in the following fashion:

1. First, we select a set of variables—both intraneous and extraneous to our data set that serve as our
weight vector z. These weight variables allow us to split the dataset into small groups that share
the same underlying population or spatial characteristics, provided by the same value of the weight
variables in each group. These small groups represent our locations. Note that the observations in

these locations may not necessarily overlap with the observations of the individual source studies.

2. We then compute the Euclidean distance between the local observation(s) and all other observa-

"The number of observations that receives positive weight are implicitly determined by the window-size w as discussed
above.
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tions based on z. We sort the data in ascending order of calculated distance and retain the first w

observations as local sample for estimation purposes.

3. Next, we assign a weight based on a specific weight function 1; to each observation in the local sample

and estimate the LW-MRM model using the Bayesian approach.
4. We repeat this analysis for all the locations as determined in step 1.

5. We then repeat steps 1-4 for each weight setting, i.e., all possible combinations of weight variables,

weight functions and window sizes.

6. Finally, we obtain a set of posterior distributions of parameter estimates for each weight setting
and determine the predictive performance following the full-sample CV and CV by prozy exercise as
discussed above, for which we again use the Bayesian estimation approach similar to step 3. This
process generates r draws of predicted WTP for each observation within each model, of which we
calculate the mean and compare it to the actual value of WTP to then compute the MAPE statistics.

A lower value of MAPE means higher predictive accuracy.

3 Data

We use the same water quality meta-data as in Moeltner et al. (2022). The core of this data set was first
used by the U.S. EPA in designing regulations on steam electric power plant discharges (U.S. Environ-
mental Protection Agency, 2015).% This meta-data originally consisted of 140 observations drawn from 51
different primary research efforts, which we refer as source studies. We revise the original sample by adding
observations from other studies (e.g., more recent contributions such as Moore et al. (2018), Choi and Ready
(2021), see Table 1) that are found appropriate in generating a benefit transfer prediction in an environ-
mental valuation context. Specifically, we add a total of 73 observations, from 14 source studies. Some of
these studies overlap with existing ones in terms of populations and study sites. Therefore, seven studies
contributing to a total of 25 observations were dropped from the original meta-data. The final meta-data,

hence, consists of 58 studies, providing a total of 188 observations.

8This data set is then adopted by Newbold et al. (2018) and Moeltner (2019) to examine and achieve the consistency
of the theoretical properties, which is then followed by Johnston et al. (2019) to systematically model the distance-decay
mechanism while using meta-regression in BT context.
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While Table 1 presents the final meta-data with a brief overview of all the studies that were added to the
original data set, Table 2 presents the descriptive statistics and the description of the variables used in our
analysis. Our meta-data consists of 22 explanatory variables, 16 of which are context-specific and six are
moderators/methodological indicators. Context-specific variables (i.e., X) consist lnyear, noann, nonusers,
sub-proportion, northeast, central, south, swim, fish, 1nag, lnincome, paytax, payuse, ln_ar_ratio,
dg, and q; and are known for policy sites while the methodological variables (i.e., m) consist of thesis,
volunt, nonrev, oneshotval, rum, and ibi which are more of a nuisance for the actual transfer step but
need to be controlled to avoid any potential omitted variable problems. Out of these 22 regressors, seven
variables (lnyear, sub-proportion, lnag, lnincome, ln_ar_ratio, gy, and ql) are continuous; the rest

enter the regression model as binary indicators with values of 0 and 1.

Table 1 and Table 2

The average willingness to pay to obtain the change in water quality in our sample is $140.85 (adjusted to
2019 dollar value). The baseline water quality in our samples is 46.90 (100-point scale) while the endpoint
water quality is 59.99 (100-point scale), on average. This provides us with an average point difference of 13.09
for water quality from the baseline through the endpoint. While around 60% of the observations come from
studies conducted in the central and southern regions of the U.S., only 13% come from studies conducted in
the northeast region of the country. Our sample not only consists of observations from published studies in

a peer-reviewed (PR) journal, but also from theses (8%) and other non-PR sources (16%).

Table 3 presents the descriptive statistics of external variables (not included in MRM) that enters as a weight
variable for a different weight combination used in our analysis. The first two variables, i.e., 1In_pop (the
log of the population within the affected resource area) and 1n_sz_ratio (logged ratio of the size of the
affected resource area over the population-averaged distance from the resource) had already been included
in previous MRM installments, while the remaining four, i.e., pctdev (percentage of the catchment area that
is developed land), pctopen (percentage of catchment area that is open and ag. land), pctfor (percentage
of the catchment that is forest land), and pctwet (percentage of the catchment area that is wetland) were
derived by merging the spatial information from our source studies with the EPA’s database on land features

of lakes and stream catchment regions, as described in Hill et al. (2016) and Hill et al. (2018).

Table 3
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We use the context-specific variables and external variables from Tables 2 and 3, respectively and define
four different combinations of weight variables as wvar 1, wvar 2, wvar 3 and wvar 4 (see Table 4). The
first weight variable combination wvar 1 includes the pctdev, pctopen, pctfor, and pctwet. All of these
variables are extraneous to our baseline model. We add 5 more variables, i.e., sub-proportion, lnag,
lnincome, 1n_pop, ln_sz_ratio to wvar 1 (the first three of which are internal to our baseline model)
and define our wvar 2. While our third weight variable combination wvar 3 consists of all the continuous
variables presented in panels 1 and 2, the third weight variable combination wvar 4 goes beyond and includes

all the variables in panels 1 and 2 (i.e., all context-specific and external variables).

Table 4

4 Results and Discussion

With this data in hand, we estimate the models discussed in section 2. First, we use the estimates from
equation (1) to calculate the mean APE for the baseline MRM. Then, we estimate equation (2) with the
use of different weight functions and window sizes as described in section 2. We use a full sample (188
observations) as a starting point for the window size, indicating the full use of observations in the regression
process. We then decrease our window size until we reach a window size of 100. This process yields seven
window sizes (188, 170, 150, 130, 110, 105, 100), the combination of which with three functions (Gaussian,
bi-square and tri-cubed) provides us with a total of 21 models for each weight version, providing a total
of 84 models for four weight versions (wvar 1, wvar 2, wvar 3, and wvar 4). We estimate each model
and perform a CV exercise to calculate MAPE as in equation (6). Within each model, we estimate WTP
locally, i.e., for each identified location (see details below) using a Bayesian estimation framework. For each
coefficient that @ takes in equation (7), we specify their priors as a mean vector of zeros and a variance of

ten. For the error variance o2

, we specify inverse-gamma priors with the value of 1/2 for both shape and
scale. We remove the first 10,000 draws as “burn-ins” and keep the following 10,000 draws for the purpose of
inference. These specifications of priors, burn-ins, and “keepers” are exactly the same as in Moeltner et al.

(2019).
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4.1 Full-sample CV results

The results from the full-sample CV approach for four weight versions, i.e., wvar 1, wvar 2, wvar 3, and
wvar 4 are presented in Table 5 through Table 8, respectively. Across all tables, we present two effective
window sizes: minimum and maximum. While the minimum window size represents the window sizes that
we pre-specify in our model, the maximum window size goes beyond and captures all observations in the
“boundary or cut-off” point (as dictated by the minimum window size) sharing the same distance. For
any given model, this number would be either equal to or slightly higher than its corresponding minimum
window size as evidenced in Tables 5 through 8 (second row vs third row, for example). The fourth column
“identified local regression” presents the number of locations that we identify in our regression. These
identified locations vary and range from 37 to 65 for wvar 1, 44 to 82 for wvar 2, 98 to 143 for wvar 3,
106 to 155 for wavr 4, and depending on the window sizes. For larger window sizes, we retain all possible
locations in the model. However, this number decreases as we decrease the window size because some of the
observations—hence their corresponding locations—fall outside of the specified window size. Even for the
included locations, when we decrease the window size, there is a possibility that all “0” or “1” of one of the
binary indicators may drop out or create perfect collinearities, thus causing a rank violation in the underlying
local regression. For the same reason, we may lose an additional number of observations while dropping the
host observation during the leave-one-out exercise. This further reduces the number of identified locations in
our model. The fifth column captures only those observations that are retained for the APE calculation while
running local regressions within each model. The last four columns report the mean, median, minimum, and

maximum absolute percentage error.

Table 5, Table 6, Table 7 and Table 8

The first row of Tables 5 through 8 reports the statistics for the baseline MRM. This baseline MRM is free
of any weight functions and generates a MAPE of 112% (approx). All other rows present MAPEs computed
with different settings of window sizes and weight functions. We consistently find an accuracy gain in each of
these settings relative to the baseline MRM. These gains range from 6% to 55% and are consistent across the
choice of all weight variables. We notice a decrease in the value of MAPE (hence, improvement in accuracy)
as the window size decreases when the Gaussian weight function is used for LW-MRM. The overall trend is
consistent for the use of the bi-square and tri-cubed weight functions. The only exceptions are mid-range

window sizes where we find the larger values of MAPEs relative to higher window-sized cases (170 vs 130
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for the choice of wvar 4 in Table 8, for example). This can occur when the home observation is effectively
an outlier for its own local regression model, which is possible when the home observation takes different
explanatory variables than the majority of the observations. The MAPE values, then, decrease for the lower
window size cases and become the smallest (largest accuracy gain) for the window size range of 110-105 since
such troublemaker locations get no longer identified in lower window size cases. However, these gains occur
with the loss of usable observations for APE. Although we succeed to retain a relatively larger number of
observations in our model even for the use of lower window size, the corresponding MAPEs still can’t be
interpreted and compared directly with the baseline MRM as they don’t truly represent the entire data.

These results are consistent across the choice of all weight variables.

Next, we just look at those window-size cases where we were able to retain full observations back in the
model within the choice of each weight function and weight variable. We notice that window size 170 is
out-performing window size 188 across all cases. We then examine the performance of the weight function
when the window size is 170 and find that choice of the bi-square function outperforms the choice of Gaussian
and tri-cubic function, the latter one being close. We then proceed toward the choice of weight variables.
Specifically, we evaluate the performance of the weight variables in the afore-selected weight function and
the window size configuration. While the choice of wvar 1 and wvar 2 yield similar results, they slightly
outperform the choice of wvar 3 and wvar 4. This result holds not only in the chosen weight function and
the window size configuration (i.e., bi-square, 170), but also applies in general across all choices. It is worth
mentioning that we perform a lot of trials before we reach the choice of wvar 1 and wvar 2 So, this paper
doesn’t provide any guidance on how to make these choices and hence requires an experiment with different
combination of weight variables. However, when selecting wvar 3 and wvar 4, we exclusively employ all
continuous variables and all context-specific and external variables, respectively. As can be seen in Tables 5
through 8, the performance of wvar 3 and wvar 4 is not significantly inferior to that of wvar 1 and wvar
2. So, a researcher might save some computational time and can avoid the cumbersome exercise of varying
the analysis with the different choices of weight combinations by picking all continuous variables (for say)

as a weight.
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4.2 CV by proxy

As discussed in section 2, CV by proxy requires us to create a hypothetical scenario for the policy point
based on which we choose 10 sample locations in the vicinity. For this, we create a stylized scenario where a

researcher wants to predict the WTP for the change in water quality from gy = 65 to ¢ = 70. We pre-define

context-specific variables as follows: “study year” = log(2023-1980), “non-annual payments” = 0, “tax
payment” = 1, “non-users” = 1, “central” = 1 (all the other regions get the value 0), “swimming” = 1,
“fishing” = 1, “user fees” = 0, and all other continuous variables that are both internal and external to

context-specific variables are set to their sample mean. We use these values to define the weight variables
related to this scenario, which is then used to find the 10 closest sample points based on the Euclidean
distance. Each of these points is first removed and then predicted using the given weight setting and then

averaged to calculate the MAPE—a similar exercise as we carried out before.

Table 9, Table 10, Table 11, and Table 12

Tables 9 through 12 present the results from CV by prozy for the choice of wvar 1, wvar 2, wvar 3, and
wvar 4, respectively. Similar to the full-sample case, the first row in each of these tables presents the results
for the baseline MRM. The baseline MRM is free of weight function and the MAPE is solely dictated by the
weight variables. Hence, unlike in full-sample, the MAPE for baseline is different (i.e., 77.812%, 85.656%,
94.561%, and 509.976% respectively for wvar 1 - wvar 4 for the different choice of weight variables. All

other rows present the MAPE statistics for the different weight functions and window-size configurations.

A quick overview of these statistics across all tables suggests that LWR can bring a substantial gain in
predictive accuracy compared to the baseline model. These gains are consistent across the tables and are
up to 40%, 50%, 60%, and 90% for the choice of wvar 1, wvar 2, wvar 3, and wvar 4, respectively. A
close look at these tables suggests that wvar 4 even though it generates up to 90% accuracy gain, has some
exceptions where the MAPE generated by LWR, is higher than that of baseline (mid-window size ranges,
for example). This can occur because of the similar reason we discussed above, i.e., when the window size
is reduced the home observation can effectively be an outlier for its own local regression model. There is
a similar exception for the choice of wvar 3 when the window size is 170-150 and the weight function is

Gaussian. Besides this, our result is stable across all weight settings.

Next, we look at the performance of the window size and weight function for the choice of each weight variable
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setting (i.e., in each table). We notice that within each weight function, lower window sizes (105 and 100) are
outperforming all other choices and for these window sizes, the bi-square weight function consistently brings
more accuracy gain into the model.” While wvar 2 clearly outperforms other weight variables for the afore-
selected configuration, it is important to note that wvar 3—the weight variable that includes all continuous
variables, is not significantly inferior. Hence, for the same reason discussed in section 4.1, a researcher may

want to consider all continuous variables available in the dataset as one combination of weight.

5 Conclusion

We use the Bayesian Locally-Weighted MRM and provide guidance toward the choice of optimal weight
settings. We first show that LWR has the potential to improve the predictive accuracy of the models
and highlight the importance of exploring different weight functions and window sizes to find the most
appropriate settings. We examine the importance of the weight function in providing guidance on model
choice and suggest the use of the bi-square function as it outperforms the choice of other weight functions,
regardless of the CV approach used. Additionally, we show that the optimal window size for LWR models
depends on the type of cross-validation method employed. While the full-sample CV guides the use of a

higher window-size case, CV by prozy guides the choice of a lower window size.

While searching for optimal weight variables is recommended, combining all available continuous variables
within the data and using them as one single weight can still yield good results and can serve as a practical
and efficient alternative. Our findings have important implications for researchers and practitioners who wish
to employ LWR models in their work as they can optimize the performance of their models and improve
decision-making by considering our configuration. Further, if a researcher is interested in policy prediction,
then she could use the top ten (for say) weight settings from each CV approach and evaluate the performance
of each model (given by weight settings) by directly comparing the predictive efficiency of these models with
that of baseline MRM. Further research can continue to explore the use of different weight functions and
window sizes for LWR models in various applications and the development of new weight variable selection

methods.

9The performance of tri-cubed is similar and very close to that of bi-square.
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Tables

Table 1: Source Studies and Number of Observations

Source Studies

No. of observations.

Remarks

Aiken (1985)

Banzhaf et al. (2006)
Banzhaf et al. (2014)
Bockstael et al. (1989)
Borisova et al. (2008)
Cameron and Huppert (1989)
Carson (1994)

Choi and Ready (2021)
Clonts and Malone (1990)
Collins and Rosenberger (2007)
Collins et al. (2009)

Corrigan et al. (2008)

Croke et al. (1987)

de Zoysa (1995)

Desvousges et al. (1987)
Initiative et al. (2008)

Farber and Griner (2000)
Hayes et al. (1992)

Herriges and Shogren (1996)
Hite et al. (2002)

Holland and Johnston (2017)
Huang et al. (1997)

Interis and Petrolia (2016)
Irvin et al. (2007)

Johnston and Ramachandran (2014)
Johnston et al. (2002)
Johnston et al. (2017)

Kaoru (1993)

Lant and Roberts (1990)
Lant and Tobin (1989)
Lichtkoppler and Blaine (1999)
Lindsey (1994)

Lipton (2004)

Londonio Cadavid and Ando (2013)
Lyke (1993)

Mathews et al. (1999)

Moore et al. (2018)

Nelson et al. (2015)

Opaluch et al. (1999)
Roberts (1997)

Rowe et al. (1985)

Sanders et al. (1990)

Schulze et al. (1995)
Shrestha and Alavalapati (2004)
Stumborg et al. (2001)
Sutherland and Walsh (1985)
Takatsuka (2004)

van Houtven et al. (2014)
Wattage (1992)

Welle and Hodgson (2011)
Welle (1986)

Wey (1990)

Whitehead et al. (1992)
Whitehead et al. (1995)
Whitehead (2006)
Whittington et al. (1994)
Zhao et al. (2013)

WRWHEFNRFAEWNEERFNORAEREAR,R R RFRONRFNNR, O OWRWHRWESNON RN HFORERFNON R NN N

new addition (1 out of 2 obs.)
new addition

new addition

new addition

new addition
new addition
new addition
new addition

new addition
new addition

new addition (2 out of 4 obs.)

new addition

new addition

new addition

Total no. of studies= 58

Total no. of obs. = 188

Total addition = 73 obs

THEsIS



Table 2: Descriptive statistics of variables used in our analysis

Variables Description Mean Std. Dev. Min Max
wtp estimated WTP for specified water quality change, 2019% 140.85 122.91 1.73  498.38
context-specific variables (known for policy context)

Inyear log (years since the earliest study in the sample (1980)) 2.64 0.98 0.00 3.61
nonann 1= payments are not annual (e.g. lump sum) 0.18 0.39 0.00 1.00
nonusers 1= survey population only includes non-users 0.06 0.24 0.00 1.00

sub-proportion proportion of water bodies of same type in the state or region 0.35 0.40 0.00 1.00
northeast 1= study conducted in the northeast region of the U.S. 0.13 0.34 0.00 1.00

central 1= study conducted in the central (midwest or mountain plains) region of the U.S. 0.30 0.46 0.00 1.00

south = study conducted in the southeast and southwest region of the U.S. 0.30 0.46 0.00 1.00

swim 1 = changes in swimming use emphasized in survey 0.22 0.41 0.00 1.00

fish 1= changes in game fishing emphasized in survey 0.19 0.39 0.00 1.00
Inag log of affected resource areas that is agricultural -1.64 0.90 -4.26  -0.08
Inincome log of median U.S. income in the year of data collection, 2019% 10.95 0.16 10.65 11.48

paytax 1= payment mech = increased taxes 0.40 0.49 0.00 1.00

payuse 1 = payment mechanism = increased user cost 0.02 0.14 0.00 1.00
In_ar ratio log of sampled area (“market area”) divided by the affected resource area -0.59 2.41 -8.48 6.65
qo (baseline) baseline water quality, 100-point WQI scale 46.90 15.16 10.00  85.00

T target water quality, 10-point WQI scale 59.99 14.07 12.50  95.00
moderators/methodological indicators

thesis 1= study was a PhD or Master’s thesis 0.08 0.27 0.00 1.00

volunt 1=payment vehicle described as voluntary 0.05 0.23 0.00 1.00
nonrev 1=study was not published in a peer-reviewed journal 0.16 0.37 0.00 1.00

oneshotval 1=only 1 valuation question given 0.53 0.50 0.00 1.00
rum 1=RUM model used 0.56 0.50 0.00 1.00
ibi 1= water quality derived from a biological index 0.08 0.27 0.00 1.00

Std. Dev. = standard deviation
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Table 3: External variables that serves in different weight variables combination

Label Description Mean Std. Min  Max
Dev.

In_ pop log of population within the affected resource area 14.04 164 9.34 16.87
In_sz_ratio log of size of affected resource area/population-weighted average distance from resource  7.80 2.52 3.48 14.13
pctdev percentage of catchment area that is developed land 9.35 15.52 0.17 77.06
pctopen percentage of the catchment area that is open and ag. Land 29.22  21.26 0.26 91.40
pctfor percentage of catchment area that is forest land 31.95 22.62 0.06 84.47
pctwet percentage of catchment area that is wetland 11.10 12,51 0.01 64.30

Std. Dev. = standard deviation
Iden.Loc. = number of identified locations
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Table 4: Weight variables combination

Variables wvar 1 wvar 2 wvar 3 wvar 4

Context Specific
Inyear 4
noann

nonusers
sub_ proportion v v
northeast
central
south
swim
fish
Inag v v
Inincome v v
paytax
payuse
In_ar ratio
q0
ql

AN NN N N N N N N N NN

NN

external
In sz ratio
Inpop
pctdev
pctopen
pctfor
pctwet

ANENENEN
AANENENENEN
ASANENENENEN
ANANENENE NN




26

Table 5: Full-sample CV results using wvar 1 as weight

THEsIS

weight effective identified usable absolute
function window size local obs. percentage error (APE)
regression for APE
min  max mean median  min max
baseline MRM 188 188 - 188 112.378 57.834 0.410 4337.237
188 188 65 188 104.023 54.101 0.191 3946.724
170 177 65 188 101.476  50.324 0.342 4160.760
150 159 62 176 97.391  48.848 0.211 3379.196
Gaussian 130 139 50 152 84.383  46.010 0.115 3455.496
110 119 47 140 58.532  46.028 0.206 342.849
105 114 43 127 55.709  39.976 0.586  353.240
100 110 37 110 52.565  40.920 0.058  265.115
188 188 65 188 83.233  44.674 1.346 2738.958
170 177 65 188 75.485  43.989 0.189 1824.906
150 159 62 176 71.175  42.369 0.146 1820.820
Bi-square 130 139 50 152 58.852  39.019 0.194 1764.262
110 119 47 140 49.206  36.764 1.259  472.841
105 114 43 127 49.455  34.482 2.343 611.397
100 110 37 110 54.391  34.045 0.872 943.952
188 188 65 188 86.004  46.279  0.654 2929.213
170 177 65 188 77.486  44.560 0.023 1901.706
150 159 62 176 72.494  42.636 0.173 1874.652
Tri-cubed 130 139 50 152 58.302  39.295 0.266 1580.559
110 119 47 140 50.014  35.764 0.106 613.270
105 114 43 127 53.031 34.604 1.814 921.374
100 110 37 110 61.809  34.847 0.020 1655.268
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Table 6: Full-sample CV results using wvar 2 as weight

weight effective identified usable absolute
function window size local obs. percentage error (APE)
regression for APE
min  max mean median  min max
baseline MRM 188 188 - 188 112.378 57.834 0.410 4337.237
188 188 82 188 103.837 54.183  0.458 3903.880
170 174 82 188 97.094  50.277 1.548 3345.113
150 155 76 175 96.680  48.611 0.468 3248.141
Gaussian 130 136 62 152 82.131  45.619 0.089 3330.325
110 119 58 140 58.120  45.683  0.055 307.322
105 110 50 123 54.646 41.247 0.423 316.664
100 110 44 109 52.871  41.128 0.022 262.198
188 188 82 188 82.942  44.810 0.404 2699.419
170 174 82 188 74.541  43.697 0.045 1732.68
150 155 76 175 70.148  41.754 0.310 1765.746
Bi-square 130 136 62 152 57.896  39.070 0.200 1625.299
110 119 58 140 49.155  36.824 0.278 413.611
105 110 50 123 48.163  34.245 1.442  475.693
100 110 44 109 52.309  34.001 0.567  740.225
188 188 82 188 85.686  46.536  0.655 2880.105
170 174 82 188 76.399  44.610 0.994 1791.780
150 155 76 175 71.281 42229 0.014 1795.492
Tri-cubed 130 136 62 152 57.250  38.711 0.966 1439.636
110 119 58 140 49.820  36.155 0.137  515.645
105 110 50 123 50.889  34.665 0.126  643.628
100 110 44 109 57.968  36.884 0.550 1238.147
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Table 7: Full-sample CV results using wvar 3 as weight

THEsIS

weight effective identified usable absolute
function window size local obs. percentage error (APE)
regression for APE
min  max mean median  min max
baseline MRM 188 188 - 188 112.378 57.834 0.410 4337.237
188 188 143 188 105.756  54.150  0.170 4201.613
170 172 143 188 100.698 51.265 0.229 3883.361
150 153 130 175 92.580  50.082 0.193 3630.094
Gaussian 130 137 110 154 85.844  42.222  0.230 4300.907
110 115 107 149 65.921  44.385 0.964 1074.069
105 112 104 145 64.890  42.796 1.273 1167.375
100 106 97 129 63.134  43.856  0.076 1194.019
188 188 143 188 90.331  47.201 1.173 3910.452
170 172 143 188 85.760  42.414 0.039 4529.575
150 153 130 175 85.713  40.970 0.017 5083.155
Bi-square 130 137 110 154 89.803  34.698 0.997 6688.175
110 115 107 149 49.655  31.602 0.017 722.273
105 112 104 145 51.843  30.767 0.152  800.306
100 106 97 129 55.447  31.209 0.804 1082.147
188 188 143 188 92.632  47.856 0.551 3990.099
170 172 143 188 90.440  44.369 0.260 5229.870
150 153 130 175 92.557 39477 0.267 6073.337
Tri-cubed 130 137 110 154 103.626  35.450 0.759 8687.406
110 115 107 149 52.081  31.734 0.146 852.394
105 112 104 145 54.459  31.036 0.012 1086.150
100 106 97 129 59.447  31.137 0.476 1355.856
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Table 8: Full-sample CV results using wvar 4 as weight

weight effective identified usable absolute
function window size local obs. percentage error (APE)
regression for APE
min  max mean median  min max
baseline MRM 188 188 - 188 112.378 57.834 0.410 4337.237
188 188 155 188 105.766  54.636  0.168 4201.357
170 172 155 188 100.698  50.966  0.227 3882.789
150 153 142 175 92.558  50.082 0.196 3629.623
Gaussian 130 137 122 154 85.985  42.216 0.226 4300.526
110 115 119 149 65.868  45.085 0.958 1074.316
105 112 115 145 65.596  42.795 0.585 1167.649
100 107 106 129 63.114  43.899 0.094 1194.383
188 188 155 188 90.315  47.269 1.628 3908.951
170 172 155 188 85.712  42.404 0.033 4526.251
150 153 142 175 85.693  40.959 0.135 5079.262
Bi-square 130 137 122 154 89.710  35.165 0.924 6693.306
110 115 119 149 50.579  31.613 0.157  724.337
105 112 115 145 51.707  30.479 0.124 795.612
100 107 106 129 55.284  31.147 0.694 1068.234
188 188 155 188 92.617  48.143 0.555 3988.627
170 172 155 188 90.399  44.419 0.318 5229.790
150 153 142 175 92.581 39.471 0.138 6071.216
Tri-cubed 130 137 122 154 103.586  35.514 0.849 8702.623
110 115 119 149 52.944  31.656 0.108 991.518
105 112 115 145 54.408  31.257 0.092 1079.080
100 107 106 129 59.314  31.141 0.399 1333.163
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Table 9: CV by prozy results using wvar 1 as weight

weight . . usable absolute
function window size obs. percentage error (APE)
for APE
mean median min max
baseline MRM 188 10 77.812  84.928 23.637 139.960
188 10 74.274  78.498 25.659 133.564
170 10 74.263 77.516  25.887 132.930
150 10 72.998 74.820 26.676 132.398
Gaussian 130 10 70.737 70.922  28.037 125.600
110 10 62.39  59.838 31.473 108.548
105 10 62.653 58.926  31.458 107.566
100 10 56.867 54.345 31.602 93.773
188 10 66.977 65.919 30.557 118.919
170 10 64.175 61.720 32.205 113.462
150 10 61.654 54.117 33.523 109.362
Bi-square 130 10 50.684 47.329 32.384  82.527
110 10 44.401  45.576  29.653  64.699
105 10 44.202  46.159  25.928  64.294
100 10 39.006 39.777 21.084 54.183
188 10 69.168 69.447 29.060 123.513
170 10 66.202 65.046 30.804 117.711
150 10 63.637 56.432 31.920 113.897
Tri-cubed 130 10 50.250 47.051 32.804 80.953
110 10 43.651  44.802 29.588  62.495
105 10 43.431 45.542  25.238  62.081
100 10 39.678 39.830 26.245  53.448
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Table 10: CV by prozy results using wvar 2 as weight

weight . . usable absolute
function window size obs. percentage error (APE)
for APE
mean median min max
baseline MRM 188 10 85.656  89.722  9.972  180.788
188 10 80.450 83.781 17.351 153.065
170 10 72.939 71.167 26.198 134.592
150 10 66.700 67.383  5.104  131.505
Gaussian 130 10 65.114 64.386  15.387 124.422
110 10 64.404 56.108 27.193 122.688
105 10 44.207 41.512  7.151 82.382
100 10 43.318 40.946  4.263 81.065
188 10 65.747 60.304 30.677 120.363
170 10 59.326  54.565 12.011 113.476
150 10 57.789  51.306 14.723 107.952
Bi-square 130 10 47.070  46.399  2.795 83.078
110 10 43.952  43.106 21.763 68.849
105 10 34.316  33.492 10.468  53.990
100 10 34.285 33.318 10.908 53.184
188 10 67.656 62.273  29.196 125.089
170 10 61.301 57.554 13.010 117.788
150 10 59.987 54.275 16.888 112.531
Tri-cubed 130 10 47.498  46.299  9.861 81.661
110 10 44.521  42.639 28.576  65.661
105 10 35.712 39.572  8.980 53.216
100 10 35.678 38.829  9.425 52.417
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Table 11: CV by prozy results using wvar 3 as weight

weight . . usable absolute
function window size obs. percentage error (APE)
for APE
mean median min max
baseline MRM 188 10 94.561 63.380 16.909 351.030
188 10 87.884  59.478  20.850 344.462
170 10 97.302 59.612 22.342 471.427
150 10 102.126  67.653  17.458 423.170
Gaussian 130 10 87.342 57.811 13.894 380.129
110 10 59.205 58.222  12.278 130.275
105 10 57.031  54.727 11.813 105.957
100 10 49.104 51.854 14.324 105.498
188 10 75.124 48.878 6.733  355.157
170 10 68.791  43.349  1.123  304.370
150 10 49.972  27.623  3.983  200.786
Bi-square 130 10 37.305  30.538  2.470 105.177
110 10 39.577  36.826  9.492  71.894
105 10 41.213 37.407 10.949 70.504
100 10 41.333 38.219  12.100  69.988
188 10 77.732  50.401  9.219  359.430
170 10 68.653  45.755  2.031  290.942
150 10 46.829 25.925 5.292  167.209
Tri-cubed 130 10 33.577 29.967 1.158 79.507
110 10 39.498  35.880 11.170  70.749
105 10 41.750  39.934 13.254 71.334
100 10 41.425 40.325 14.829 72.168
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Table 12: CV by prozy results using wvar 4 as weight

weight . . usable absolute
function window size obs. percentage error (APE)
for APE
mean median min max
baseline MRM 188 10 509.980 63.380 16.909 4280.200
188 10 493.718 59.475 14.945 4165.462
170 10 476.762  59.607 12.870 3882.093
150 10 450.596  83.548 17.459 3537.070
Gaussian 130 10 514.393  69.277 14.243 4303.417
110 10 52.870 43.190 12.274  130.279
105 10 47.086  33.747 11.811 105.980
100 10 40.093  33.376 14.316  105.485
188 10 459.329  49.761 5.446  3884.917
170 10 513.733  54.410 1.098  4479.821
150 10 547.285  40.982  7.902  4977.284
Bi-square 130 10 709.371 37.165 2.956 6727.388
110 10 39.146  41.009  9.505 71.878
105 10 42.841 42.826  10.952 70.500
100 10 43.281 43.312  12.129 70.004
188 10 469.565 53.138  8.634 3963.471
170 10 582.416 57.038  2.566  5164.475
150 10 641.320  40.096 7.940  5950.650
Tricubed 130 10 908.797  36.853 1.218  8759.781
110 10 39.111 38.022 11.188 70.749
105 10 43.240 43.288  13.258 71.334
100 10 42.962 44.014 14.862 72.172
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