APPENDIX A Lln%r daSICIty Of $I|d
bodies

Solid mechanicsis a branch of continuum mechanics that studies the behavior of solid materials under the action
of forces, temperature changes, or other external agents. Elasticity is a branch of solid mechanics that refersto
the ability of the body to return to its original size and shape after the forces causing deformation are removed. In
this appendix the basic equations of the three-dimensional elasticity theory are developed at material point in the
body. A material point, or particle, isidentified by its position in arectangular cartesian coordinate system

(x}, x5, x5) . The fundamental equations of elasticity consist of the geometry of deformation in ArticleA.1, the

stresses and equilibrium in Article A.2, and the stress-deformation relations in Article A.3. The focusis on the
classical linear elasticity theory in which the strains are small with respect to unity and the material islinear elas-
tic. The basic equations are summarized in Article A.4 along with a description of the boundary value problems
of elagticity ,

Al Geometry of deformation

A continuous three-dimensional body occupies a closed region denoted by B, in the reference state. Let every
point of B, be defined in afixed rectangular cartesian system of axes x,, x,, x5 . Let B denote the closed region
of the body after it undergoes a deformation.The position vector of the point P, inregion B, with respect to the
originis

o= X0+ X0 + X303, (A1)

where the unit vectors along the fixed axes are i1, i2, i3 . The particle at Pj:(x,, x,, x3) passes to point
P:(y,,y,, y3) inregion B, where coordinates (y,, v,, v;) are defined in the same fixed coordinate system. See
Fig. A.1. The position vector of point P referred to the sameoriginis

IA? =yt Yyl ysis. (A.2)
The deformation of the body is defined by the equations
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y1 = yi(xp, X, X3) Y1 = oy, xg, X3) V3 = y3(xp, x5 X3), (A.3)

where x|, x,, x; arerestrictedto B, and (y,, y,, y;) arerestrictedto B.Ineq. (A.3)they,,i = 1,2,3,onthe

~

*ia

Fig.A.1 A particleat point ] R
Py:(xy, x,, x5) inthereference x5 P, N
configuration of the body and S~ R P
itsposition P:(y,, y,, ¥3) inthe
body after deformation. x b)) A
y p 2 /. — >
X [’, /,
""" /
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right-hand side denotes a function of three variables x,, x,, x5 , and y; on the left-hand side denotes the value of
the function. Equation (A.3) defines the final location of the particlein B that islocated at point P, in B,,. To
prohibit the possibility that a particle at point P inregion B maps to more than one point in region B, or visa
versa, it isrequired that there is a one-to-one correspondence between pointsin regions B, and B . It follows that
inregion B egs. (A.3) have single-valued solutions

x; = X1y, Y2, 13) Xy = xz()’p)’z;)@) X3 = x3()’p)’2,)’3) (A.4)

The functions defined in egs. (A.3) and (A.4) are assumed to be continuous and differentiable in their respective
variables. Continuity insures no fracture of the body resultsin the deformation. If we choose eg. (A.3) to describe

the deformation of the body then x|, x,, x; are the independent variables, and the formulation is called the
Lagrangian or the referential or material description. In the Lagrangian formulation we follow the particle origi-
nally at point P,:(x,, x,, x5) asthe deformation proceeds. If we choose eg. (A .4) to describe the deformation of
the body then V1> Y2, V3 are the independent variables, and the formulation is called the Eulerian or spatia

description. In the Eulerian formulation the same fixed spatial position Y1- Y2, Y3 isoccupied by different parti-
cles asthe deformation proceeds. The Lagrangian description of the deformation is selected for the devel opments

that follow in this appendix. The position vector of point P relativeto point P, isdenoted by « andiscalled the
displacement vector. Thus,

u=R—r = (y;=x))it+(y,=x)i2 + (y3—x3)is. (A.5)
Components of the displacement vector are
uy(xy, x5, x3) = yy(xp, X0, X3) =X,

Uy (X1, Xy, X3) = VolX), Xy, X5) — X, (A.6)

u3(x1, Xy, x3) = J’3(x15x27 x3) —X3
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Geometry of deformation

Deformation is quantified by the change in distance between any two points in abody. Consider two infini-
tesimally close points P, and Q, inregion B, that passto points P and Q, respectively, in region B . The dif-

ferential line element P?,bo inregion B, shown in Fig. A.2(a) passes to the differential line element f’b in
region B shownin Fig. A.2(b). The differential position vector of line element P;-QO is

dr = dxl;l + dx2;2 + dx3;3 . The square of the length of dr is givenby ds? = dredr = (dx|)? + (dx,)* + (dx;)? .
The unit vector of point O, with respect to point P, is given by

~ dx,~ dx,~ dx
n = dr i+ =2+ i
ds K ds s
Write this unit vector as
= npittny izt ngis, (A7)

dx; . . . ~ . - o o -
where n; = % i = 1,2,3. Thedifferential position vector of PO iSdR = dy i1 +dy,iz +dy,i3, and the
N

sguare of itslengthis ds? = dR* dR = (dyy)? + (dy,)* + (dy;)? . Write the differential vector as dfe = dS]:f
where the unit vector of point O with respect to point P is

dy, 7 dyyn p > 9
1+d—;lz+d—;l3: N, i1+ Nyia + N;i3 (A.8)
K (a) reference configuration 'jl (b) after deformation
11

Fig.A.2 (@) Lineeement P@O passesto (b) line element 13-@

Thetotal differentials (dy,, dy,, dy;) of thefunctions y, (x,, x,, x3) , ¥,(x1, X5, X3) , ¥5(x}, x5, X5) , @rewrittenin
terms of the total differentials (dx,, dx,, dx;) by

dx; dx, dx
dy, PR
dy,| = 9y 92 Wal| 4| (A.9)
2 00Xy 0x, 0Xx3 2
dy; dxs
9v3 9y5 923
0xy 90X, 0x3
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The determinate of the 3X3 matrix in eq. (A.3) is

91 1 N
09Xy 0x, 0X4
J = det| %2 92 s (A.10)
dx| 0x, 0x3
93 9y3 9y
00Xy 0X, 0X3

where J is called the Jacobian. Equations (A.3) possess a continuous single-valued solution satisfying the inverse
(A.4) if and only if the Jacobian is positive for all pointsin region B, (Batra, 2006). The strain of line element

PO isdefined by

o R [

Use the chain rule to write the square of the length of line element @ with respect to the square of the length of
line element PE\QO as
dypn?  dyn?  dys?
ds? = [ 1 + 2 + 2 Jd 2 12
(ds) (ds) (ds) g (12)

From eg. (A.9) usethe chain rule again to write the differential dy, asfollows:
dy, = %dx + %dx + %d)% = [ayldxl %cﬁ + %%st
ax,; ax, 0x5 ax;ds 0x,ds 9dx;ds

Substitute dx,/ds = n; from eg. (A.7), and substitute «, + x, for coordinate y, from eqg. (A.6), into the last
expression for dy, to get
dy, _ [(Ha_”_l) +%n2+a_”_ln4 (A.13)
ds ax, 0x, 04

Starting with differentials dy, and dy, from eqg. (A.9), we perform similar manipulations leading to eg. (A.13)
to find

% = [%nl+<1+a_u2>n2+%n4 % = [%nl‘*%”z"'(l*’%)ns] (A.14)
ds ax, ax, dx;5 ds ax, dx, dx,
Substitute eg. (A.12) into eg. (A.11) to write the equivalent expression for the strain in eq. (A.11) as

o= 5 B )

and usethe fact that nf + n3 + n3 = 1. Substitute the results from egs. (A.13) and (A.14) into eg. (A.15) and
write the result as
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_ 2 2 2
g = epnitepnny Y epnny t ey nyny T Epny FEx3nong ey nyng +expnzn, +ex3ng. (A.16)

The expression (A.16) for the strain can be written in the matrix form

€ =

€11 €12 €13

€31 €3 €33

ny

[”1 ny ”3} €31 £2p €23 Mg -

n3

(A.17)

The coefficients in the expression for the strain are as follows:

r 2 2 29
e, = 2,1 (%) +(8_£‘z) +<%>
ax, 20\ax, ax,; dx,/ |

( >

()X2

(()x >
3

rou, + du, + du, au1+ du, 8u2+ Uy dus)]

(A.18)

+

_ duy %(%) " (8_”2)2 (A.19)

0x, dx, 9x,

+

(A.20)

%A*(%)Z(a_”z)z
dx;  2L\0x; dx;4

(A.21)

DN |—

Ldox, dx; 0x; dx, 0x; dx, 0Jx; 0x,]

[Quy  Quz  duy ouy dup duy dus Jus) (A.22)

N I—

Ldx; dx; 0dx; dx3 0x; dx3 0x; dxsl

rou Ju du, du, 0u, 0u, Ou, 0US]
2 Ty T2 e, T3 73 (A.23)

BN I—

Ldx; 0dx, 0x, dx3 0x, dx3 0X, dx3l

A.11 Physical interpretation of strain components e,

For the line element parallel to the x, -axisin the reference configuration the components of the unit vector are
(n,ny,ny) = (1,0,0),andfromeq. (A.16) itsstrainisgivenby ¢, = ¢,, . For line element parallel to the x, -
axis the components of the unit vector are (n,, n,, n;) = (0, 1,0), and itsstrainisgiven by &, = &,, . For the
line element parallel to the x; axisitsstrainise, = &4;. The physical interpretation of component ¢, is deter-

mined from the passing of line elements dx1;1 and de;z inregion B, to directions (]II)1 and (]if)2 , respec-

tively, inregion B . In general the components of unit vector N are given by

dy. dy. dy. 0y, 0y; 0y;
= Wi o Dids i(—l ) = (inﬁinﬁi%)(—l ),i = 1,2,3. (A.24)
dS dsdS ds\ [ +2¢, 0x, 0x, 0x n +2¢;

If wetake (n,, n,, n;) = (1,0,0) ineq. (A.24),then e, = ¢,, andinthetransitionfromregion B, toregion B

the unit vector ;1 — (]Kf)1 . The unit vector (]:J)1 isgiven by

(A.25)

Aerospace Sructures



Article A

If weand take (n,, n,, n;) = (0, 1,0) ineq. (A.24),then ¢, = &,, and thetransition of the unit vector is

i2 = (N), . Theresult for (N), is

(N), = [%;ﬁ%;# %;3“;) . (A.26)

0xy  dxy  0x, /1 +2¢e,y

The scalar product of the two unit vectors (]§7 ); and (]A\f )» isequal to the cosine of the angle between them. Let
this angle be denoted by nt/2 —6,, such that,

(N);*(N), = cos<§—6]2> = sinf,, (A.27)

where 6,, denotes the change in the angle with respect to aright angle. Substitute eqg. (A.25) for (IAV)I and eq.
(A.26) for (]2/)2 in the left-hand side of eq. (A.27) to get

I, s , 0] !
dx;dx;  dx;0x;  0x;0x, ,\/1+28”,\/1+2822

Next substitute y, = u;+x;,i = 1,2, 3, inthetermsin the square brackets of the previous equation, and com-
pare the result to eg. (A.21) to find

sin@,, = [

2¢g4,
ST+ 28 [T+ 2,

sinf,, = (A.28)

Thus, the right angle between line elements dx 1;1 and dx2;2 inregion B, ischanged in the transition to region
B indirect proportion to the strain component €, . If ¢;, = 0,then 6,, = 0, and theright angleispreserved in
the deformed body. Similarly, the strain component ¢, isproportional the changein theright angle between line
elements dx, and dx; inthe transition to the deformed body.

A.1.2 Engineering strain
Engineering strain is defined by

_dS—ds _ dS

-1 A.29
¢r ds ds ( )

Substitute for dS/ds fromeqg. (A.29) intoeq. (A.11)toget ¢, = ¢, +¢€z/2 . Equation (A.16) can be written in
the equivalent form

1
€, = gpt 551% = e ni+epnd +e3ng +y Ny Fy 30y Y 3nyny, (A.30)
since the product of the direction cosines commute. In eg. (A.30) the engineering the shear strains are defined by

Yio = eptey Yiz = €13 T &3 Va3 = €3t E3. (A.31)
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A.1.3 Linear strain-displacement relations

For many materials the strains are very small in the elastic range. A linear theory of deformation is characterized
ou;

0x;

displacement gradients with respect to the linear termsin the strain-displacement egs. (A.18) to (A.23). The
resulting linear strain-displacement relations are

by the magnitude of the nine displacement gradients ~ 1073 . Hence, we neglect the quadratic termsin the

T P 7 .
tn =g € = €33 = ' (A.32)
X 9x, 0x5

_duy  Ouy _ Ouy . duy _ Ouy  Jduy
Vi = 5o T Vi3T5 T on Y23—a_+a_:and (A.33)

Xy 00Xy X3 0Xy X3 0Xp

= 2 2 2

€p = EpN{ T Eppny T ENS Ty N Ny FY 30 N3 F Y3050 (A.34)

A.14 Transformation of the strains between two cartesian coor dinate systems

In the reference configuration B,, consider the two orthogonal cartesian coordinate systems (x, x,, x3) and
(x,",x,',x5") which have the same origin. In (x|, x,, x;) System, or simply the x; system, the corresponding
unit vectors are (i1, i2, i3) . Inthe (x,', x,’, x;") system, or the x;" system, the corresponding unit vectors are
(i1, i2, i3") . The position vector » of apoint P, in spaceisthe sameif written in the x; -system or in the x,’ -
system. That is,

N ~ ~ ~ ~

o= X+ X0 Hxsi3 = x)i +xy  +xyis (A.35)
Thelinear form x,i1 + x,i2 + x3i3 issaid to remain invariant under the transformation of variables. Take the sca-

lar product, or dot product, of eqg. (A.35) with unit vector ;1’ to get

xpir it Fxyi 0 it xzi3 i’ = xy. (A.36)

Define the nine direction cosines kij, i,j = 1,2,3, by
;,-’ U ;jE A; = cos(x;, x,). (A.37)

Y J
For example, A, = cos(x,’, x,) isthe cosine of the angle between the x," axis and the x, axis, and

Ay = cos(x,’, x;) isthe cosine of the angle between the x," axisandthe x, axis. Fromthe definitionof A,; eq.
(A36)isx;" = Ajjx; + A px, + A 5x5. If wetake the dot product of eg. (A.35) with ;2’ and use the definition

(A.37), thenwefind x," = A,,x, + Ayx, + Ayzx; . Therelation between the x,” coordinates and the x; coordi-
nates at point P, is given by the linear transformation
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xy' My Ay M| (X
X' T Mg Mgy Azl | x| - (A.38)
x5’ A3 Ay Agz| |3
The compact form of matrix eq. (A.38) is
{x'} = [3]{x} where (A.39)
xy' My Ap Ags X1
{x'} = |y (W = 21 A 2 {x} = |x,|- (A.40)
x5’ Ay Ay Ay X3

The unit vectorsin the x;” system arerelated to thosein the x; system by the same relation givenin eg. (A.38):

i My hpp sl |d
;2 = Mgy Ay Ay ;2 ’ (A-41)

- Ay Ay Mgzl |7
i’ 31 A3z A3l |4y

—_

Consider the dot product ;1' . ;1’ = 1, and fromeg. (A.41) writeit in terms of the unit vectorsin the x; system;
i.e,

1 = (Api1 +Appiz+ hp5i3) © (Ain+ Appiz + hysis) .

Since unit vectors (i1, i2, i3) are mutually perpendicular we find the relation

L= Af + A5 + 05
Consider the dot product ;1’ . ;z’ = 0 and write ;1’ and ;2' from eg. (A.41) to get

0 = (Ayit+hppiz +N303) © (Mgt + Appin + hy3i3) .

Again (i1, i2, i3) are mutually perpendicular, so we find the relation
0 = Aphgy + hphgy A3

We can proceed by performing the scalar productsgl’ -23’ = 0,;2’ -;2’ = 1,22’ -;3’ =0,and ;3’ -23’ =1.
Collectively we find the following relations between the direction cosines:

1= Af) +Af A
1= A3 +A5 +25
0 = Ayhgp+Apphyy + sk, cand 1= Af) +A3, + 435 (A.42)
_ 0 = Ay Ay + Apohgy + Ap3has
0 = Ajhsy t Aphs T 3R
Thereare six relationsin eg. (A.42) between the nine direction cosines. Hence, only three of direction cosinesare
independent. We show some interesting properties of the direction cosine matrix m beginning with the matrix
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product [3] [5] " Theresultis

2 P 2
At A tAG

. Mkt Aoy th3hgy Ayyhgy + Aphsy + Ag5hs;
m D\] T MiAg F Aphgy + A3y

2 2 2
A+ A5, + A5,

My Agp + hgphgy + A3k - (A-43)
Mihsgp H hphgy Fhshg Ay gyt Aghgy + Agshg

Mgt A5 A5
Compare the elements of the matrix in eg. (A.43) to the relationsin eg. (A.42) to find

100

DI = Joro] = [1- (n.44)
001
Equation (A.44) shows that the matrix m isan orthogonal matrix. That is, the inverse m ! isequal toits

transpose [ T Also det( [ [ hy = det[3]det 3] T but det[3) T = det [»] - Hence

det([3] [3)] hy = (det [y ) = (det[]] )y = 1.

The determinate of an orthogonal matrix is either 1 or -1. Theinverse of eq. (A.39) is {x} = m "{x'} which
written in expanded formis

TR
Xyl T Mo Ay Ayl Xy
Mz Az A

(A.45)
X3

13

From eg. (A.35) with obtain the unit vector 1A1 in both the x; system and the x;," system in the invariant forms

S gr _dxp dxy dxys _dx)'n ) dxys | dxy's
n = Z—: = £i1+disziz+£i3 :%i1'+%—i2'+%—i3'. (A.46)
The derivatives of the coordinatesin eq. (A.46) are obtained from eq. (A.38). These derivatives are
kdxl’ﬁ *dxlﬁ
d d
d S’ TRSPRH ds
X — X
d_sz = A1 My Mg d_s2 ) (A.47)
dx3' }‘31 )‘32 >‘33 dx3
| ds | | ds |

dx, dx,' . .
Letn, = % andn, = %—,i = 1,2, 3. Thematrix form of eq. (A.47) is
S

[y = [n},

(A.48)
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where we write the unit vector in matrix notation as {n} = [”1 n, nS}T and {n'} = [’11' ny' nJT.The

inverse of eq. (A.48) is
{n} = mT{n'}- (A.49)

The strain components ¢,; are functionsin the variables (xy, x,, x;) , and the strains ;" are functionsin the
variables (x,’, x,', x;") . These strain matrices are

! ! !
€11 €12 €13 €11 €12 €3
= = ' ' o, A.
[E] €1 €22 €23 ,and [8] €1 €2 Ep3 (A-50)
! ! !
€31 €32 €33 €31 €3 €33

Note that the strain matrix M is symmetric. The strain of line element P@O must the same if computed in the

x; systemor inthe x;," system. The expression for the strain (A.17) in matrix notation is
e, = {n}7[e[{n} (A51)
Substitute eg. (A.49) for the unit vector into eg. (A.51) to get
e = () D e ] ) o

g, = {”/}T[k] [e] m "{n'} (A.52)
For eg. (A.52) to be an invariant form of eg. (A.51) we conclude

] = B[ 0] (n.59)
Hence,
g, = {n/}T[e'}{n/}. (A.54)

Compare the forms of eg. (A.51) and eg. (A.54) to note their similarity. Also, we have the inverse transformation

(] = [ [e][2] - (A.55)

If we take the transpose of eq. (A.53) and use the fact that matrix M issymmetric, then [SET = [8] . The engi-

neering shear strainy,, = €, +¢,;,and e, = &,,. Thuse;, = &,; = y,,/2.Intermsof engineering shear
strains (A.31) the strain transformation (A.53) is

e’ Y1 /27152 €1 Y1/2v13/2 ;
Y'/2 &' vx'/2| T D\} Y12/2 €5 Yy3/2 D\} ) (A.56)
Vi3 /2232 sy V13/2V23/2 €33
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A2 Sress

The reference configuration B,, the body is assumed to be the natural or unstressed state. External forces acting
on the body cause a state of stress in the deformed configuration B, and it isin the configuration B where the
study of stressesisto be carried out. However, for infinitesimal displacement gradientsthe point P, inregion B,

and point P inregion B lie very close together so that we do not distinguish between them. For small deforma-
tion theory, the study of equilibrium at a point in a deformable body is performed in the reference configuration.

Consider a continuos deformable body acted on by external forces shownin Fig. A.3(a). Dueto the action of
the external forces there will be internal forces acting between particles of the body. To examine the internal

forces we pass a plane labeled mmthrough point P that is parallel to the x,x, plane. Consider the free body to the
left of the plane mm shown in Fig. A.3(b). Plane mmis divided into alarge number of small aress, each Ax, by

Ax; . Theinternal forces acting on each of these areas variesin magnitude and in direction.

>
=
[95]

X

X
X3 1

A N WEA
7

(b)

Fig. A.3 (@) Isolated, continuous body acted on by external forces.
(b) Internal forces acting on plane mm.

Theinternal force AF acting at point P is aresultant of distributed force intensities acting over area

Ax,Ax,.Let A4, denotethe area Ax,Ax, . Force AF represents the action exerted by the material outside the

plane mm through area A4, on the material inside the plane mm. Point forces do not occur in nature. Forces are
always distributed throughout regions which can have dimensions of length, area or volume. (However, point
forces are an essential concept in the mechanics of solid bodies.) Consequently, as A4, — 0 the resultant of the

distributed force intensities acting over A4, vanishes; i.e, AF — 0. The stress vector or traction vector acting at
point P is defined as

7 = lim(AF/A4,)
A4, =0
, (A57)

where the unit normal to area A4, is ;1 . Now consider arectangular parallelepiped with edges Ax, , Ax,, and

Ax; cut out of the body. It will have six separate plane surfaces which enclose the volume containing point P.

Identify a surface face in terms of the coordinate axis normal to the surface. A faceis defined as a positive face
when its outwardly directed normal vector pointsin the direction of the positive coordinate direction, and as a

Aerospace Structures A-11



Article A

negative face when its outward normal vector pointsin the negative coordinate direction. The projection of the
parallelepiped in the x,-x, planeisshown Fig. A.4, where only theinternal forces acting on the positive and neg-

ative faces normal to the x, -axis are explicitly shown. Not shown in the figure are the surface forces acting on
the four lateral faces and the body force acting in the volume. Let Ax;, — 0 without changing the values of Ax,

and Ax; . In the limit the forces acting on the lateral surfaces and the body force vanish, and force equilibrium
yields

TA4, +TA4, = 0.

Since A4, > 0, wefind from equilibrium that the stress vector on the negative x, -faceis equal to the negative of
the stress vector on the positive x, -face; i.e.,

7 = g (A.58)

Y 7A4, T4, L
i R \ / . To simplify the notation let 71 = 7" Stress vectors acting on
Xy —ii—| |"—i1 - -
the positive x, -face and the positive x, -face are denoted by
—j l— 7> = 7 and T3 = T, respectively. Stress vectors acting on
X1 N N
Fig.A4 Tractionsacting on the the neg.atlve x, -face and the negative x, -face are —7> and —T3,
positive x, -face and negative x, -face ~ respectively.
of anarrow width parallelepiped
Define the stress components o;; = 7i*ij, i,j = 1,2,3.The
first subscript on o;; is associated with the direction normal to the

face and the second subscript is associated with the direction of the stress component. Thus the stress vectorsin
terms of components are

N ~ ~ -
T\ = oyi1 + O i2 + O ;i3 2 -
11 12 13 .
n O11 O O3 |11
N - - - _
= j i iy Or equiVi ly |7.] = B A.
T2 = Gy i1 + Opyia + Oyyiz OF EQUIVAENLlY |7, 021 022 023 | i, (A-59)
7 P P p > 03, O3, O35 |7
T3 = 0y,i1 + O3yi2 + 03303 Ts 31 932 O33] |1,

Positive stress components acting on the positive faces of the rectangular parallelepiped are show in Fig. A.5. The
stress components on the negative faces of the parallelepiped are equal and oppositely directed to those on the
positive faces according to conditions like eq. (A.58). Hence, there are nine stress components at a point, not
eighteen. We express the nine stress components at point in the matrix form

Oy1 012 Oy3
[0] T |02 Oy O - (A.60)

031 O3, O3

The diagonal elementsin the stress matrix (A.60) are the normal stresses, and the off-diagonal elements are the
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shear stresses. The nine stresses in matrix (A.60) are shown in Fig. A.5.

Fig.A.5 Stressesacting on the
positive coor dinate faces of a
rectangular parallelepiped

We pose the following question: Are the nine stress components at point P sufficient to determine the
stresses on an arbitrarily orientated plane face through the point? To answer this question we consider equilib-
rium of atetrahedron cut from the body at point P. The external surfaces of the tetrahedron shownin Fig. A.6 (a)

—}1 A4,

Ax5i3

- —f‘zAA2
AAnn N ;1)
"4,

Ax,i2

Axlil BdVol

—?3AA3
Fig. A.6 (a) Geometry of thetetrahedron at point P. (b) Free body diagram of thetetrahedron

consist of three right triangles normal to the coordinate axes, and one oblique triangular areathat is shaded in

Fig. A.6. For the surface with unit outward normal vector —i1 the areais A4, = (Ax,Ax;)/2, for the surface
with unit outward normal —i» the areaiis AA, = (Ax,Ax;)/2 ,andfor the surface with unit outward normal vec-
tor —;3 theareais A4; = (Ax,Ax,)/2 . Theareaof the oblique surface is denoted by A4, and its unit outward

normal vector is z; . To calculate the area of the oblique face we use the fact the cross product of two position vec-
torsisequal to the area of a parallelogram formed by the vectors and in adirection normal to the plane of the par-

allelogram. The vectors along the edges of the oblique face are — Ax,;l + Ax2;2 and — Axﬁ 1+ Ax3;3 , and the
area of the parallelogram formed by these vectorsis equal to 24, . Thus,

2AA,n = (—Axyi1 + Axyi2) x (—Ax i1 + Ax;i3) = (Ax,Axyit + Ax Axziz + Ax Ax,i3),
which simplifiesto

Ad,n = AAd,it+ Adyis + Adsis . (A.61)

From eg. (A.61) we find that area of the oblique face A4, = J(AA1)2 +(AA4,)? + (AA45)?, and the components
of the unit normal vector are
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ny = A4,/ AA, ny, = Ad,/AA, ny = AA;/AA,,. (A.62)
Equilibrium of the free body diagram in Fig. A.6(b) leads to

TMAA, + (~T1AA,) + (~ToA4,) + (~T5AA45) + B(dVol) = 0, (A.63)

where l§ isthe body force vector per unit volume. The tetrahedron is also atriangular pyramid where A4, isthe
area of itstriangular base, and the volume of the pyramidis #A4,/3 where i isitsheight. Divide eg. (A.63) by
A4, toget

1" = Tin, + Tan, + Tsny —B(h/3)

It can be shown that the height in thiscaseisgivenby 2 = Ax\n; = Ax,n, = Axzny.Inthelimit where
Ax;, =0, Ax, — 0 and Ax; — 0, the height # — 0. Hence, in the limit the equilibrium equation is
7 = ?m, + ?zn2 + %3n3 . (A.64)

Theimplication of eg. (A.64) isthat the nine stress components o, at point P are sufficient to determine the trac-
tion, or stresses, on any face through the point.

A.2.1 Equilibrium differential equations
Consider the forces acting on arectangular parallelepiped at point P. The free body diagram is shown in Fig. A.7.

T3Ax,Ax,

X3+ Axy

Fig.A.7 Surface
forcesand a body
forceactingon a
rectangular
parallelepiped
Ax|Ax,Ax,

—T1Ax,Ax,
X

1

?’1 Ax,Axy

X, +Ax,

' X, + Ax,
EAxlezAx3 —}3Ax1Ax2

X3

The vector sum of forcesis

;’1 Ax,Ax, - }1Ax2Ax3 + }2Ax1Ax3 — %’zAxle3 + %3Axle2 - ?"3Axle2 +§Ax1Ax2Ax3 .
X X .X2 Xz X3 X3

|+ AXx, 1 + Ax, +Ax;

For small incrementsin Ax,, i = 1, 2, 3, the Taylor series representation of surface forces results in the equilib-
rium equation
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%(?lezAmel + %(%zAxleg_)sz + %(%3Axle2)Ax3 + BAx,Ax,Ax; + O((Ax,)) = 0.  (A.65)
1 2 3

0T, 0T>, 0T3 , 3

Ax Ax,Ax;+ O((Ax,)*) = 0 A.66
dx;  0x, 0x, Y1858 ((Ax)%) (A.66)

Divide eqg. (A.66) by the volume followed by the limit as Ax;Ax,Ax, — 0 to get the vector differential equation

of force equilibrium at point P as

0Ty, 9T> , 0T3,

B=0. (A.67)
ax;  0x, 0x3

Substitute eq. (A.59) for the traction vectorsin eq. (A.67) to write the equilibrium differential equationsin the x;
coordinate directions. In the order of x, x,, x; coordinate directions these equations are

Jdo Jdo Jdo
1, 2921, 9931

+B, =0
0x;  dx,  0Jxj
00 00 Jd0
242, ,p =, (A.68)
0x;  dx,  Jxj
003 + 0053 + 0033 +B. =0
dx;  Jdx,  0x;3 3

Now consider moment equilibrium about the coordinate axes of the rectangular parallelepiped at point P. For
moment equilibrium about the x, axis refer to the free body diagram in Fig. A.8.

X3 (033Ax1Ax2)x3 ‘Ax,
X, T (032Ax1Ax2)x3 + Ax,

Fig.A.8 A freebody —

diagram of the (0330x AX3) 4o,
parallelepiped at point P T

for moment equilibrium (00Ax1AY;), o ||Ax; @P > (0 AX A,
about the x, axis. The x, o
axis points normal to the (0334, Ax; )xz Ax,

page towardsthereader. P

(03,Ax,Ax, )x3 l
(033Ax,Ax, )X3

The moment arm from point P to the line of action of the normal force (o,,Ax,Ax;) acting on the positive

X, +Ax,
x, faceisdenoted by eAx;, where 0 < |¢| < 1/2 . Parameter ¢ isnot known, but thiswill not matter in the end

result. The moment arm from point P to the line of action of the shear force (o,;Ax;Ax;) acting on

X, +Ax,
the positive x, faceis Ax,/2 . Including all the forces shown in Fig. A.8, the sum of moments about the x, axis
through point P, counterclockwise positive, is
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Ax Ax
2 2
- sAx3(022Axle3)xZ+AX2 + eAx3(022Axle3)x2 + 7—(023Ax1Ax3)x2 +Ax, + —2-(023Ax1Ax3)x2 +

Ax Ax
3 3 _
£A2(033Ax1Ax2)x3 Ax, —8A2(033Axle2)x3 ——2-(032Ax1Ax2)x3 v, ——2-(032Ax1Ax2)x3 =0

(A.69)

Use the Taylor series to expand the forces acting on the positive coordinate faces with respect to the forces
acting on the negative coordinate faces to get

00,5, Ax, 9053
—£Ax, {—sz + O(Ax%)}Axle3 + —[2023 +—=Ax, + O(Ax%)}Axle3 +
dx, 2 dx,y
0033 : Axy 903, :
EAXZ{?AX:; + O(Axz )}Axle2 —7{2032 + ?A)% +O(Ax3 )}Axlez =0
3 3 (A.70)

Expand eg. (A.70) in powers of Ax; towriteit as
3005, 5 0033 2
(053 = 037)Ax | Ax,Axy + {— a—szxlezAx3 + a—x3Axle2Ax3} +HO.T. =0, (A.71)

where H.O.T. means higher order terms. That is, terms of quartic powers and higher in the increments in the
coordinates. Notice the terms multiplied by ¢ are quartic powers of the increments in the coordinates. Division
of eg. (A.71) by Ax,Ax,Ax,, followed by thelimit of Ax; — 0 leadsthe condition of moment equilibrium about

the x, axisthat o,; — o3, . Moment equilibrium about the x, -axisleadsto o,; — o5, = 0, and moment equilib-
rium about the x, -axisleadsto o,, —0,, = 0. The equations of moment equilibrium are
O = Oy O13 = Oy Oy = O3 (A72)

Hence, the stress matrix (A.59) is symmetric.

A.2.2 Transformation of stresses between two cartesian coordinate systems

At point P coordinates (x,’, x,’, x;") arelinearly related to coordinates (x|, x,, x;) by eq. (A.38). The stress
components o; are functionsin the variables (x,, x,, x;) , and the stresses 0,:,’ are functionsin the variables

(x,',x,', x5") . The stress vectors acting on the x, -faces are denoted by T, and those acting on the x,’ -faces are

denoted by 7' . These stress vectors are written in their respective coordinate systems by

N -~ N .
. I3 1 ! ! L

T Oy O O3 |11 T O Oy O3 (|1

S = ~ S = ’ ’ AR

T 031 O O3] s »and T, Oy1 O O3 ||jn'| " (AT3)

> O3, O3, Oxsf |7 > Oy 03, 033|[7

T3 31 032 O33] |4, 75 31032 O33 | |00

In eg. (A.73) the stress matrices are

! ! 1A
Oy O Oy3 Oy Opp Op3
[0] = |0y Oy Oy , and [01 = |0y 0y 0| (A.74)
! ’ 1A
O31 O3 O3 O31 O3 O33
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Equation (A.72) shows that the stress matrix H is symmetric. The stress transformation equations between the
cartesian coordinate systems (x|, x,, x5) and (x,’, x,’, x;") isdetermined by selecting the unit normal in eq.
(A.64) to beeither i1, i2’, or i3’ . Firstlet n = i1’ suchthat 7 = T1' ineq. (A.64), and from eq. (A.41) we
have n = )»”;1 + )»12;2 + )\13;3 . Hence, eg. (A.64) becomes

TV = AT+ a1+ M3 T3
Second, let n = ;2' suchthat 7" = f"z’ and from eqg. (A.41) we have n = 7»21;1 +}»22;2 + 7\23;3 . Hence, eq.
(A.64) becomes

72" = M T1+ Ny T2+ Nys T35

Third, let n = 3" suchthat 7 = T5' and n = Ayyit + hyyia + hasis . Hence,

N

73" = Ay Ti+ gy 1o+ h33 T3

The three selections for the unit normal in eg. (A.64) relate the tractions acting on the x;" coordinate faces to the
tractions acting on the x; faces by

T Ay A A3l | T
%2' = |1 Mgy Ay }2 ) (A75)
}3, My Agy Ay }3
Substitute the expressions for the stress vectors from eg. (A.73) into eg. (A.75) to get
o 0y o' |i My My M3l |0y Oy O3] i
051" 0" 033" | [iy'| T [Ma1 Aap Mas| | 091 0oy O3 |y (A.76)
031" 03’ O35’ iy’ A3 A3y hy3|[O31 O3 O i
The unit vectors in the x, -coordinates are related to the unit vectorsin x;" -coordinates by
i1 My Mgy Mgy i
;2 = (Mo Ay Ay ;2’ ) (A77)
i [SERCIRES PN
Substitute eq. (A.77) into the right-hand side of eq. (A.76) and rearrange the result to find
o' 0" 03’ My Mg M3l |01 O O3] [ Mg Mgy Mgy |id) 0
031" 02" On3'| 7 | Mgy hyp Ap3| |0a1 Onp 0| | Aja Mg Ay i'| = 0] (A.78)
03" 03, 033’ M3 Mgy Ny3| [O31 O3 O3] [ M3 Mgz Ass ;3, 0
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To satisfy eq. (A.78) we find that the stress components o, inthe x;" system are related to the stress compo-
nents o,; inthe x; system by

! ’ !

Oy O Op3 Ay Mg 3| |04y Opp O3] [ Ay Ay Ay
! ! ! =

031 Oy O Ayi Ayy Ays| [Ogy Opp O3 | Mg Ay Ay - (A.79)
! ! !

031 O3 O3 A31 Ayp As3| |03y O3y O3] | A3 Ay Mgy

Equation (A.79) in compact formis

(o] = [[a[2]" (480

Pre-multiply eq. (A.80) by m " post-multiply it by m , and note that m Tw = m m "= @ to find the
inverse transformation

(o] = [W'[o][2]- (A.81)

The transpose of eq. (A.80) is m [G]TMT, but [(,}T = [0] , S0 the stress matrix [0/] is also symmetric. Com-

paring the strain transformation eq. (A.53) to the stress transformation eq. (A.80), it is clear that the transforma-
tion of strains ¢,; isthe same form as the transformation of the stresses o, .

A.2.3 Cartesian tensors

A tensor isasystem of numbers or functions, whose components obey a certain law of transformation when the
independent variables undergo alinear transformation. If the independent variables are the rectangular cartesian

systems x; and x," transforming by the linear relations given by {x'} = m {x} at point P, then the systems
obeying certain laws of transformation are called cartesian tensors.
Definition. A system of order two may be defined to have nine components ¢,; in x; and nine components ¢’

inx, . If

&) = [ e [ '

then the functions ¢,; and ¢,;" are the components in their respective variables of a second order cartesian ten-

sor. Similarly, functions o,; and o;;" are the components in their respective variables of a second order carte-
sian tensor.

A3 Linear elastic material law
To this point in the study of the mechanics of a solid body we have eighteen unknown functions of the cartesian
coordinates x,, x,, x5 . These are the three displacements u,, u,, u; , the six strains €, €,, €43, Y53, Y31, 712 » ad

nine stresses o, 0,5, O3, 021, 02, Oa3, O3y, O3, O35 . There are twelve equations relating these unknowns; the
six strain-displacement equations (A.32) and (A.33), and the six equilibrium equations (A.68) and (A.72). There-
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fore we need six more equation to get the number of unknowns equal to number of equations. The additional six
equations come from the relations between the strains and the stresses which express the material law. Thisrela-
tion between strains and stresses for different materials is established by material characterization tests on stan-
dard test specimens.

Solid bodies that can instantly recover their origina size and shape when the forces producing the deforma-
tion are removed are called perfectly elastic. The elastic limit is defined as the greatest stress which can applied
without resulting in permanent strain on release of the stress. Elasticity is applicable to any body provided the
stresses do not exceed the elastic limit. For many solid bodiesthere is aregion where the stressis very nearly pro-
portional to strain. The proportional limit is defined as the greatest stress for which the stressis still proportional
to the strain. Both the elastic limit and proportional limit cannot be precisely determined from test data since they
are defined by the limiting cases of no permanent deformation and no deviation from linearity. In practice the
definition of the yield strength of a material is used to determine the limit of elastic behavior.

The theoretical basis for an elastic material law isthefirst law of thermodynamics applied to an arbitrary
infinitesimal rectangular parallelepiped isolated from the body. We assume the deformation processis adiabatic.
That is, no heat islost or gained in the body during the deformation. The work expended in the transition from
the reference state to the final deformed state is independent of the manner in which the process proceeds. The
first law of thermodynamics states that work done on the rectangular parallelepiped is equal to the change in

internal energy of the material contained in the parallelepi ped.1 In elasticity the internal energy is called the
strain energy. The strain energy per unit volume of the reference configuration, or strain energy density, isafunc-

tion of the six strain components and is denoted by U(e ;, €55, €33, Y23, Y31, Y12) - The strain energy density func-

tion depends on the physical properties of the material. The incremental work of the tractions and body force
acting on the parallelepiped is formulated in terms of incremental displacements from the equilibrium state.

These incremental displacements functions are denoted by du,(x,, x,, x5), i = 1,2, 3, and to be kinematically
admissible they are continuous and single-valued in the independent variables. In addition, functions du;, are

assumed to be infinitesimal in magnitude. The total displacement is u; = u; + du; , where u; are the displace-
ments components in the equilibrium state.

Thedistinction between du, and du; Inone- A ;1(x1)
dimension we define u,(x,) as the displacement
function of aparticle originally at coordinate x, in
the reference configuration of the body. (region B,)).

The definition of incremental work necessitates con-
sideration of the incremental displacement of a parti-

clein the body. The distinction between du, and
du, isillustrated in Fig. A.9. Theincremental dis-
placement du, is at fixed value of the independent

Fig.A.9 Graph of u,(x,) and ;1(x1)

variable x; and the differential du, isthe changein
displacement with respect to the change in the independent variable x, . In the formulation of incremental work

1. Weare not considering th e change in kinetic energy for simplicity. If kinetic energy were actuated for in the first law of
thermodynamics, then the final results obtained in this article would be unchanged.
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we interpret du, astheinfinitesimal changein athe displacement of one particle identified by its coordinatein
region B, . Theinterpretation of du, isthe relative displacement between two particles, one originally at
x, +dx, and the other originally at x, inregion B, .

For an adiabatic deformation process thefirst law of thermodynamics for the material in the rectangular par-
allelepiped of Fig. A.7 is

T1Ax,Ax; ® du + (=T Ax,Axs * du) an T (=T2Ax;Axy ® du)
xz Xz

+
X2

+ T2Ax | Axy ® du
*i

X, +Ax,

+ (=TsAx,Ax, * du)

X3+ Axy

T3AxAx, * du

+ BAx,Ax,Ax; = SUAx,Ax,yAx,
X3
where the incremental displacement vector is du = du,i1 + du,iz + du,is . Expand the tractions acting on the

faces of the rectangular parallelepiped at point P in a Taylor series keeping only those termsto thefirst degreein
the differentials Ax; to get

AT * du (T, * du (T, * du
MAXIAXZA)% + MAxlezA)% + M

Ax,Ax,Ax: + BAx Ax,Ax:s = SUAX, Ax,Ax. .
axl axz ax3 1 2 3 1 2 3 1 2 3

Divide by the volume Ax,Ax,Ax; to get

011 4 012 L OT5 4 Bl e sy + Ty o -2 (bu) + To o - (6u) + T3 » < (6u) = dU (A.82)
0x;  0x, 0xy ax; 0x, 0x5

Thefirst term on the | eft-hand side vanishes via equilibrium eq. (A.67). Hence, (A.82) reducesto

Tie 2 (du)+ Tr e 2 (5u)+ T3 » <2 (6u) = 65U (A.83)
X dx, dx5
Consider theterm
p= J Sy N N N Jd ~ J ~ J ~
Ti o < (du) = [0),i1+ Gpyia + G y3i3] ® [—(fml)u +—(6u2)zz+—(6u3)13] (A.84)
dx, dx, dx, dx,
The variation in the derivative of afunction is defined as
dus 1o du
6<ﬁ>5@——u’,i,]’= 1,2,3. (A.85)
dx_/- dxj dxj
Substitute u; = u; + du; into eg. (A.85) to get
du; d du; d
8(—) = —(u,+du,)—— = —(du,
<dx_/> dx_/-(u’ ) dx; dxj( )
Hence,
du; d
8= = L (8u. A.86
( dx_,.) v (20 (A 86)
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Employing the result of eqg. (A.86) in eq. (A.84) we write the latter as

[0yl +Gyyi2 + O 2i3] 6aulf+6auzt+6au3f
O 411 0512 Oq,13]°® — 11 — 12 — 13
1nH T 91282 " %1 [ <6x1> (axl) <0x1> }

6u1 8u2 au3
0116<_> + 0126(_> + 0136(_)
axl axl d

X1

s g s
Tie S
1 axl( u)

(A.87)

Similarly the remaining terms on the | eft-hand side of eg. (A.83) can be evaluated as was done starting with eqg.
(A.84). Theresult is

aul 8142 6143
o1d(37) (37 +ond(33) +
1 2 3

o 852 *o(a) | *on[o() +o(52) [+ oulol5) +o(5)] = v

The increments in the strains are determined from eg. (A.32) and eq. (A.33) by letting u, — u; + du; , The strain
increments are

, (A.88)

dey, = a% de,, = 5(6”2) .y, = 5(“‘;) 5(3_”2>

0x, ax,
Thuseg. (A.88) is
01108; + 0,08, + 0330¢53 + 0,307,3 + 05,075, + 01,07, = 8U. (A.89)

The change in the strain energy for the material in the rectangular parallel epiped asthe strains areincremented is
determined from the series

U U U
Uleyy + 088y, 85 #0850 Y1 7 0715) = Uleyy, &5, - 7Y12)+ 6811+_5922 —degyt .+ =0y,
g, €5, d€33 ay
+H.O.T.

where H.O.T. are higher order termsthat contain quadratic and higher powersin the strain increments. The
change in strain energy is given by

AU = U(eq; +0€1, €95 T 08505 o0y Y12 T 0V 12) —U(€ 115 €995 «-o» Y1p) TOU + H.O.T

For infinitesimal incrementsin the strains AU ~ 8U where

dU = —6 6 6 6 —0y;; +—96 A.90
de,, et 8 Ent 9t €33+ a Y3t . Y31 P Y12 (A.90)
Compare egs. (A.89) and (A.90) to identify
U U aU aU aU U
o, = — 0,, = — Oy = — O,y = — Oy = — O, = —. (A91)
ey, 2 dey P dey 2 oy, Ty, 2oy,

To simplify further developments of the material law, we introduce the following short hand notation for the
stresses and strains

0, = 0y 0, = Op 03 = O33 04 = Oy Os = O3 Og = 0y, and (A.92)

g = g € = €y €3 = €33 €4 = V3 €5 = Y3 €6 = Y12+ (A.93)
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The strain energy function Ul(e, €,, ..., &) isexpanded in aseries

U= éSiei + %i iSijeisj+ ey (A.94)

i=1 i=1j=1
in which the strain energy is assumed to vanish when al the strain components are zero. Employing the proper-
tiesgivenin eg. (A.91) we get

_ U _ 1 -
o, = ol S, + EE(Skf+Sf")E" k=1,2,..6. (A.95)

Note that when all strain components equal zero, eq. (A.95) yields o, = S, . Non-zero stresses can occur in a
state of vanishing strains when there is a change in temperature. L et the change in temperature from the reference
state be denoted by 7 — T, . For the change in temperature | et

Sy = BUT-T,), (A.96)

where the 3, arethermal coefficients. For k = 1 and k = 2 eg. (A.95) expands to

1 1
o = 8 +8¢ +§(S12 +S)e t . "'5(516 +861)€6

1 1
0, = 85,+ 5(521 +Sp)E tSye, Tt E(SZG +Se)eg

Clearly, %(S12+S21) = %(521 +S,,),sowecantake S|, = S,, without changing the stress-strain relation. By

implication S;; = S;;. The full expression for the linear elastic material law is

O By S11 S12 813 S14 S15 S16] €1
0y B, S1 822 S23 S24 S5 Sae| |2
O3 _ _ (B3 (T-T,)+ S31 833 S33 S34 S35 S36| |€3
Oy By Sa1 Saz Sa3 Sas Sus Sae| |4
Os Bs Ss1 S5y Ss3 Ss4 Ss5 S5/ |€5
N LB 1561 S62 S63 Sea Ses Ses) | €6
s (A.97)

The 6X6 elasticity matrix [S] is symmetric which means there are twenty-one independent elastic constants, and

there are six independent thermal coefficients. Equation (A.97) isthe material law for an anisotropic material
where the number of independent elastic constants is determined by the existence of the strain energy density
function and the symmetry of the strain and stress tensors.

A.3.1 Material symmetry

Consider amonoclinic materia for which the x,x, planeat apoint P isaplane of elastic symmetry. This means
that the elastic constants at point P have the same values for a pair of Cartesian coordinate systems which are
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mirror images of one another in the elastic plane. The elastic constants S;; areinvariant under the reflection
coordinate transformation x," = x,, x," = x,,and x;/ = —x; . Thedirection cosines for this reflection transfor-
mation arelisted in Table 1

TABLE 1. Direction cosines

X1 *2 X3
x,’ 1 0 0
x,’ 0 1 0
x5’ 0 0 -1

From strain and stress transformations in eg. (A.53) and eg. (A.79), respectively, we find
o,/ = o g = g i=1,2,3,6
o, = -0y o5’ = =05 ey = —g4 es' = —&;
Inthe x," system thefirst of eg. (A.97) becomes
0, = =B (T=Ty) + S8, + 8" +Sp3e5" + S48,/ + Sp5e5" + 85684
Substitute the stress and strain transformation relations into the latter equation to find
0p = =B(T=Ty) +Sy18, + 8128, + i385 =S 1484 — 51585+ 51606 -
Comparison of last equation to the first equation from (A.97) showsthat S,, = 0 and S,; = 0. Constructing
material law for o," and following asimilar procedure used for the o,” material law leadsto S,, = 0 and
S,s = 0. Considerations for the material law for o, leadsto S;, = 0 and S;5 = 0, materia law o," leadsto
B, = 0 and S, = 0, and finally material law o5’ leadsto f5 = 0 and S5, = 0. The material law for the
x,x, planeof elastic symmetry is

Oy B, S 812813 00 Sl gy
O By Sp1 822 833 0 0 Syg| |2,
O3 = _|Bs (T=T,) + S31 832 833 0 0 Ssq) fe5) (A.98)
o, 0 0 0 0 Sy S 0||e,
o 0 0 0 0 SgSs5 0|es
%6 [Pl Se1 Se2 563 0 0 Seq] |26

There are thirteen independent elastic constants S, and four independent thermal coefficients. Equation (A.98)
isthe material law for amonoclinic material
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Certain elastic constantsin eg. (A.98) vanish if in addition to the x,x, plane of elastic symmetry the x,x
planeis aplane of elastic symmetry. The reflection coordinate transformationis x," = —x,, x," = x,, and
x;' = x5 . Thedirection cosines are listed in Table 2.

TABLE 2. Direction cosines

X o) X3
x,’ -1 0 0
X, 0 1 0
x5/ 0 0 1

The strain and stress transformation equations for the direction cosinesin Table 2 are

| A— LI— 2 -
0, = 0 & =& 1_17273>4

!

o5 = —0;s os = —0q g5’ = —g5 gs = —86.
Inthe x," system thefirst of eg. (A.98) becomes
0" = =B (T=Ty) + S8, + 5" + Sp3e5" + Syeeq’
Substitute the transformations for the stress and strain in the last equation to get
0p = =B(T=Ty) + Sy &, + 8158, + 1383 =568 - (A.99)
Inthe x; system thefirst of eq. (A.98) is
0, = =B (T—T,y)+ S8, +5,8, + 1385 + S 686 - (A.100)

Comparison of eg. (A.99) and eg. (A.100) leadsto S,, = 0.Also, following the same procedure for the equation
starting witho,’ leadsto S, = 0, and starting with the equation for o," leadsto S;, = 0. Following this pro-
cedurefor wefind (o," = Sye,’ + Sys€s5’) — 04 = Syu€4—S4s5€5. Hence S5 = 0. Finally, consider

(0g' = =Be(T—Ty) + Sgee6') = —0g = —Ps(T—T,) —Seeeq, Hence B = 0. The material law for two orthog-
ona elastic planes of symmetry is

O1 B St S 813 00 0 e,
02 B, Sp1 S22 83 0 0 €
T = _|Bs|(roTy)+ |31 5253 00 S 15 (A.101)
o, 0 0 0 0 S, 0 0]le,
os 0 0 0 0 0 Sg 0]]es
o 10} 0 0 0 0 0 Sg|e

If we additonally impose the that the x,x, planeisaplane of elastic symmetry, this condition does not change
the results given in eg. (A.101). An orthotropic material has three mutually orthogonal planes of elastic symme-
try, nine independent elastic constants S,; , and three independent thermal coefficients. Equation (A.101) isthe
material law for an orthotropic material; e.g wood.
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Linear elastic material law

The materia properties are independent of direction for an isotropic material. Starting with the orthotropic
material law (A.101) consider the following sequence of rotations from the (x, x,, x;) coordinates to the

(x,',x,', x5") coordinates.

1. 90° rotation about the x, -axis. The direction cosine matrix |,

1
(=

1

|
—_
o
=

2. 90° rotation about the x; -axis. The direction cosine matrix [

/42 1/20

—1/21/J2 0]
0 0 1

3. 457 rotation about the x; -axis. The direction cosine matrix [ ]

For the material law to be invariant from the first rotation we find
S =81 B3 = B, S33 = Sy Sss = Ses -
For the material law to be invariant from the second rotation we find
By = By Sy = Sy S = Sy Sag = Sss-
For the third rotation the material law for o," inthe (x,’, x,’, x;") coordinatesis
0, = =B(T=Ty) +Syy&, +5,8," + 8585, (A.102)
since S;; = S, . The stress transformation and the strain transformations relations are
(0" = (0,+0,)/2+ 0 g = (g, tey+eq)/2 gy = (e, te,—¢6)/2) & = &3 (A03)
Substitute the transformationsin (A.103) into eq. (A.102) to get
(0,+0,)/2+0, = P (T-T,) + %(S11 +8,)e, + %(S11 +8,)€, +Se5 + %(S11 —S81)eg (A.104)

Inthe (x,, x,, x5) coordinates the formulation of the quantity (o, + 0,)/2 + o, IS
1 1
(0,+0,)/2+04 = P(T-T,) + E(S“ +S5,)e + E(S12 +811)ey + Sp85 + Syt (A.105)
For egs. (A.104) and (A.105) to be identical we get that
1
5(511—512) = Sy (A.106)

For an isotropic material there are two independent elastic constants and one thermal coefficient. Let S, = A

and Sy, = G,where A and G arecalled Lame's elastic constants. From eq. (A.106) S;; = A +2G . Theisotro-
pic material law is
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o) ] A+26 A A 00 0[]
0, B AoA+26 A 00 0[]
o = _|Blrry+| * A 22600 0|| ] (A107)
Oy 0 0 0 0 GO0O
o 0 0 0 0 0Gol|l*
€
o L L0 0 0 00 G L&
The strain-stress form of eq. (A.107) is
¢ | € CpCy 0 0 010 kCn +Cp+ Clzﬁ
1
¢ CprC G, 0 0 01|02 CptC+tCp
2
g5| = CpCp €y 00 0103, |CH+C+C B(T-T,), (A.108)
. 0 0 0 G 0 0|9 0
55 0 0 0 0 G 0||os 0
=9 o oo 0 0 0 GYlo L 0 |
where
A+ G -\
= _AtG C, = — =N A.109
UG +262 27 2(3NG +2G2) (4109

Consider auniaxial tension test conducted on acircular cylindrical bar made of an isotropic, homogenous mate-
ria at the reference state temperature. The test app rat usis configured such that the applied axial normal force

divided by the cross-sectional area of the bar is equal to the normal stress o, , and the remaining stresses

0, = 0 = 04, = 05 = 04 = 0. Thenormal strains (&, ¢,, €¢;) are monitored and plotted with respect to the
applied normal stress o, . In the linear elastic range of the test data the following relationships are established
¢, = 0,/E, &, = ¢, = =vg; = =v(0,/E), where E denotesYoung's modulus, or the modulus of elasticity,
and v denotes Poisson’sratio. The tension test results correspond to the first column of the 6X6 compliance
matrix (A.108). Hence, C,, = 1/E and C,, = —v/E. Substitute the valuesfor C,, and C,, from theten-
sile testinto eg. (A.109) to get

_A+tG  _ 1 =N _ v
3WG+2G2 E  23MG+2G°) E

From the previous eguations we can write Young's modulus an Poisson’'sratio in termsof A and G as

2
= 3GH2E N — (A.110)

E = A __
At G 200+ G)

It can be shown from the two expressionsin eg. (A.110) that the Lame constantsintermsof £ and v are

G =L A= —YE (A.111)

T 2(1+v) (1=2v)(1+v)’

o, where o isthelinear coefficient of thermal expan-

Alsonotethat (C,; +C, +C,)p = [(1-2v)/E]P
sion. In shear tests of an isotropic, homogeneous material Lame's elastic constant G is called the shear modulus
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Summary and the boundary value problems of elasticity

of the material. In terms of engineering constants the material law for ahomogenous and isotropic material is

1
€ = E[Ou_\’ozz_\’on]*‘a(T—To)
Vo3 = 0p3/G
€y = é[—von + 0, —VO3 ]+t a(T-T,),and y;5, = 05,/G. (A.112)
Yi2 = 01/G

1
€33 = E[_\’Ou_V022+033]+(X(T—To)

A4 Summary and the boundary value problems of elasticity
Atapoint P:(x,, x,, x5) inthe body the unknown functions are
 threedisplacements u,(x, x,, x3) , u,(x, x5, x3), and u5(x,, X5, x5)

° SIXStrains €y, €55, €33, Y23, Y315 Y 12

® NINeSresses o4y, 055, 033, 019, 013, 033, 051, 031, O35

The total number of unknown functionsis eighteen.

The number of equations are
* six strain-displacement equations (A.32) and (A.33)
* threeforce equilibrium equations (A.68)
e three moment equilibrium equations (A.72)

* six equations for the material law from one of the following expressions: anisotropic (A.97), monoclinic
(A.98), orthotropic (A.101), or isotropic (A.112).

The total number of equationsis eighteen.
L et the boundary surface of region B,, be denoted by S. On the surface S we can prescribe the displace-

ments and/or the tractions. In eg. (A.64) let n bethe unit outward normal to the surface S . We write eg. (A.64)in
theform

7™ = T i+ T¢ i+ T i3 = Tiny + Tan, + Tany,
where 7", T{"), and T{") are the cartesian components of the traction vector acting on the surface. We use eq.
(A.59) to determine that these traction components are related to the stresses by
T = nyoy;+n,0,+n305;,j = 1,2,3.
On the portion of the surface where tractions are prescribed we have the boundary conditions

T{"W = n;0y;+n,0,;+ny0;; = prescribed functions . (A.113)
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1. Boundary value problem 1: Determine the distribution of stress and displacement in the interior of an elastic
body in equilibrium when the body forces B,(x;) are prescribed and the distribution of the surface tractions
T(m are prescribed.

2. Boundary value problem 2: Determine the distribution of stress and displacement in the interior of an elastic
body in equilibrium when the body forces B,(x;) are prescribed and the displacements u; of points on the
surface of the body are prescribed functions.

3. Boundary value problem 3, or the mixed boundary value problem. Determine the distribution of the stress and
displacement of an elastic body in equilibrium when body forces are prescribed, and the distribution of sur-

face tractions are prescribed on surface S and displacements are prescribed on surface S, . That is, surface
S isseparated into parts S; and S, .

In boundary value problem 1, the prescribed body forces and prescribed surface tractions must satisfy overall
equilibrium of the body.
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