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INTRODUCTION 

Compaction is the action of changing the volume of a given mass 

of material. Soil compaction may then be thought of as the action of 

decreasing the volume of a given quantity of soil. The degree of 

compaction may be quantified as a change in bulk density, void ratio, 

porosity, or absolute volume, or as volumetric strain. Regardless of 

the measure, compaction is of major concern to those in the agri-

cultural industry, for the following reasons. 

Investigations have shown that the soil compaction increases the 

mechanical strength of the soil so that the root growth is impeded. 

Compaction changes the relative proportions of solids, air, and mois-

ture in the-three phase soil system. Compaction also decreases the 

infiltration rate of air and water into the soil so that smaller amounts 

of air, moisture, and plant nutrients reach the plant roots. Decreased 

water infiltration produces an increased run-off which provides more 

opportunity for erosion. These changes can have a significant influence 

upon seed germination, root development, plant growth, and thus affect 

total crop yield. 

Soil compaction is caused by forces which act on the soil medium, 

These forces originate from two general sources, natural and mechani-

cal. Natural forces are caused by rain, wind, freezing, and thawing. 

Mechanical forces are caused by animals and machines. The increased 

use of heavier equipment for planting, tillage, and harvesting 

operations is a primary contributing factor in causing soil compaction, 
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In order to prevent or control soil compaction which is undesirable 

in agriculture, one must be able to predict the amount of compaction 

which a particular soil will undergo for given loads. To predict the 

degree of compaction one needs to obtain a more complete understanding 

of the relationship between compaction and the forces which cause it. 

Recognition of this need is reflected in the research which has 

been conducted to relate soil compaction to the force system. Based 

on experimental results, attempts have already been made to relate soil 

* compaction to the major principal stress (1) , to the mean or octa-

hedral normal stress (2,6,12) and to the stress invariants (8). Some 

of the relationships include the effects of shear stress (2,6) or shear 

strain (14) which, at best, are difficult to measure even under labora-

tory conditions. Needless to say, it becomes practically impossible 

to obtain measures of these in the field. 

The experimental approaches taken in the past have been laborious 

and time consuming. In recent years, with the high speed electronic 

computers becoming more easily accessible, use of numerical methods to 

solve complex boundary value problems has increased considerably. It 

might be possible to adapt one of these numerical techniques to study 

soil compaction. Therefore, the broad objective of this study is to 

consider the feasibility of adapting a numerical method to study force-

compaction phenomena in soils. 

*Numbers in parentheses indicate references to appended bibliography. 



REVIEW OF LITERATURE 

Force Compaction Relationships 

The need for a better understanding of soil compaction has led 

many researchers to attempt to relate compaction to applied soil forces 

and resulting stresses. Soehne (12) used a small cylindrical container 

of soil to study the static and dynamic force effects on soil compac-

tion. For the static tests a hydraulic ram was used to load the soil. 

The dynamic load was applied by using a spring loaded kneading appara-

tus. The spring was graduated so that a constant maximum force could 

be applied to the sample. From this study the porosity of the soil 

was related to the applied axial force by: 

* n = A log(p) + C [1] 

* ~) where: A is the slope of the log vs. n graph. 

p is the applied axial pressure 

C is the porosity at an axial pressure of 10 psi. 

n is the porosity of the soil. 

This is to say that the soil porosity, which indicates the compactness 

of the soil, may be related to the maximum principal stress. 

Chancellor et al. (3) later concluded that compaction does not 

relate uniquely with the largest principal stress. In these tests, 

much larger cylindrical soil samples were loaded. Deformation and 

volumetric strain due to a load applied on the soil surface were deter-

mined using a lime and wet plaster grid system or by taking X-ray 
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photographs of lead shot movements. From a similar study Chancellor 

and Schmidt (4) found that the soil deformation, and thus the compac-

tion, was influenced to some extent by shear deformations. 

Based on continuum mechanics theories, Vanden Berg et aZ. (13) 

hypothesized that compaction was proportional to mean stress or the 

spherical stress tensor and theoretically not influenced by the 

deviatoric stress tensor. Vanden Berg (14) later concluded that the 

theories of continuum mechanics did not completely describe the soil 

deformation. He proposed that the soil compaction results from two 

types of soil reactions to the applied forces. First, the compression 

of the soil medium under load, which is theoretically related to the 

spherical stress tensor. Second, the rearrangement of the grains or 

soil particles to occupy less space. This rearrangement would be 

indicated by the shear deformation or shear strain. From the results 

of this study the relationship of compaction to normal stress and 

shear strain was: 

[2] 

where: BD is the bulk density of the soil (weight per unit vol.). 

BD0 is the original bulk density of the sample. 

a is the mean (octahedral) normal stress m 

ymax is the principal natural shear strain. 

C is a soil parameter. 

Vanden Berg concluded that the proposed hypothesis of compaction being 

the result of compression and reorientation was valid, but for practical 
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usefulness the maximum shear strain must be related to the state of 

stress. 

Harris et al. (8) tried to relate volumetric strain to mean 

normal stress, maximum principal stress, deviatoric stress, and maxi-

mum shear stress. They found best correlation with the maximum shear 

stress, while the results of the relationship of volumetric strain to 

mean normal stress were inconclusive. 

Bailey and Vanden Berg (2) proposed a soil compaction yield sur-

face described by the following relationships: 

BWV = m log cJ 2 
(J 

m 

T 
+ 2 ) + n (~) + BWV 'max cr o 

m 

where: cr is the mean normal stress. 
m 

, is the maximum shear stress. max 

[3] 

BWV is the bulk weight volume of the sample (volume per 

unit wt). 

BWV is the original BWV of the sample. 
0 

m and n are material parameters. 

Bailey (1) later showed the concept of this compaction surface on the 

yield diagram to be invalid because triaxial samples which were pre-

compacted to different stress levels had different strengths. 

Dunlap and Weber (6) developed a relationship from the results of 

triaxial tests in which a soil sample in the shape of a parallelepiped 

was acted upon by a general force system. During the tests normal 

loads acting on the specimen could be varied independently of each 
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other. From the results of this study the following relationship 

was developed: 

BWV = BWV + m ln(a) o m 

T max 
aa. + b m 

where: a is the mean normal stress. 
m 

, is the maximum shear stress. max 

BWV is the bulk weight volume of the sample. 

BWV is the original bulk weight volume of the sample. 
0 

m, a and bare material parameters. 

Note in the above equation when the sample is hydrostatically loaded, 

that is, when the three normal loads applied are equal, the shear 

stress becomes zero and the last term drops from the equation. 

Numerical Methods 

The two numerical methods generally used for solving boundary 

value problems are the finite difference method and the finite element 

technique. Christian (5) utilized the'finite difference method to 

study stress and strain distribution in soils, due to a surface load, 

using plastic strain increment. However, recent advancements in struc-

tural analysis have led to the development of a relatively versatile 

technique known as the finite element method. This method of analysis 

offers several distinctive advantages over techniques previously employed. 

Hith the finite element method the continuum can be approximated 

by a finite number of elements, thus the name finite element. The 

accuracy of the solution may be increased by decreasing the size of 
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the elements, In two dimensional analysis these elements may be tri-

angles or quadrilaterals of varying sizes. These elements can be 

assembled to approximate irregular boundries and geometric discontinui-

ties. Elements may be of different materials with anisotropic strength 

properties. Boundary loads may be applied at any internal or external 

node in the continuum as forces, displacements, thermal and accelera-

tion loads. Many of these things could be included in other numerical 

methods, but the programming and computation time which would be 

required makes their inclusion prohibitive. 

Girijavallabhan and Reese (7) employed the finite element method 

to obtain a load-settlement relationship for a rigid footing on a soft 

clay and a load-displacement relationship for a strip of long vertical 

wall retaining sand. In both problems the material response of the 

soil was considered to be non-linear, and the stress-strain relation-

ship was expressed as: 

E = f (a , T ) 
0 0 0 

[ 4] 

Yo g (a o' T ) 
0 

where: E is the octahedral normal strain. 
0 

Yo is the octahedral shear strain. 

0 is the octahedral normal stress. 
0 

T is the octahedral shear stress. 
0 

This relationship represents a modified Von Mises theory of 

yielding. The data obtained from triaxial tests were expressed in 
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the form of equations [4] by plotting T /(a). vs. y. This relation-o O l 0 

ship was then used to obtain pseudoelastic constants during the finite 

element analysis. 

Perumpral et al. (10) used the finite element method to study the 

stress distribution and soil deformation beneath a stationary and mov-

ing tractive device. The stress-strain relationship used for the non-

linear analysis was similar to that developed by Girijavallabhan and 

Reese (7). However, in this analysis the stress-strain curve was 

approximated by two straight lines. This relationship was expressed 

as: 

T = G (a). y 0 0 0 0 l 
if: y < (y )y 

0 O 

where: (a). is the initial octahedral normal stress. 
0 l 

T is the octahedral shear stress. 
0 

y 0 is the octahedral shear strain. 

(y) is the octahedral shear strain at yield. 
0 y 

G0 , G1 , and c2 are material parameters. 

[5] 

The stationary wheel problem was analyzed by assuming that the 

eliptic soil-wheel contact area could be replaced by an equivalent cir-

cular contact area. The finite element results compared favorably 

with closed form solutions. 

The analysis of the moving tractive device was performed by consid-

ering it as a plane strain problem. From the results of the analysis 

of the moving tractive device, he concluded that the finite element 
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approach which was developed could be useful, but insufficient experi-

mental data existed to permit a valid comparison of the experimental 

and analytical results. 

Perloff and Pombo (9) used this technique to study the end re-

straint effects on the stress distribution in a triaxially loaded soil 

sample. They assumed horizontal and vertical mid planes of symmetry 

for a cylindrical sample so that analysis was required for only one 

quarter of the sample. The constitutive relationship assumed was a 

modified version of the law proposed at Cambridge by Roscoe (11). The 

tangent shear modulus was expressed as: 

G 
dTo 

G + Glao if: (T )y = = T < 
dyo 0 o- 0 

[6] 

G 
dTo 

G2 if: (T )y = = T > 
dyo 0 0 

(T )y = C + cl a 
0 0 0 

where: G is the tangent shear modulus. 

Yo is the octahedral shear strain. 

T is the octahedral shear stress. 
0 

0 is the octahedral normal stress. 
0 

(T )y is the octahedral shear stress at yield. 
0 

G0 , G1 , G2 , c0 and c1 are material parameters. 

The sample was axially loaded by incrementally displacing a rigid 

loading plate. Their results show that the stress distribution in the 

sample is not uniform and the effects of the end restraints on the 



stress distribution depends upon the soil type. 

Triaxial Compression Test 

The triaxial compression test has been used widely to determine 

the strength properties of soil. One of the basic assumptions involved 

with the triaxial test is that only uniform normal stresses are applied 

along the sample boundries and that the material is homogeneous and 

isotropic. As a result of these assumptions the resulting stress 

distribution within the sample is assumed to be homogeneous thus the 

stresses at any point in the sample are directly related to the applied 

boundary loads. The strains in the sample then can be related to the 

changes in length and radius of the sample. 

These simplifications reduce the analysis of triaxial test results 

to a simple boundary value problem for which a solution is readily 

available. Perloff and Pombo (9) have shown that these assumptions 

are erroneous and that the stress distribution within the sample is 

not uniform. This knowledge indicates that an analytical approach 

such as the finite element method might be desirable. With such a 

technique, the boundary loads could be specified as displacements, 

forces, or a combination of both. 



FINITE ELEMENT ANALYSIS 

The finite element technique provides a versatile method of 

analysis which may be used to solve boundary value problems in struc-

tural mechanics, fluid flow, heat and mass transfer, and electrical 

circuit analysis. In this study the finite element method was used to 

determine how the state of stress affects the volume change in a soil 

sample. 

The finite element analysis of any problem will be valid only if 

certain conditions are satisfied. These conditions are: 

1. The deformation of adjacent elements must be compatible, so 

that the line between any two adjacent nodes is initially 

straight and remains straight in its displaced position. 

2. The stress and strain components are constant within ~ny 

element. 

3. The internal forces acting in any element must be in equi-

librium with the external forces acting on the element nodes. 

4. The internal forces and displacements in any element must be 

related by the physical properties of that element's material. 

The basic steps to be followed in the development of a finite 

element solution are: 

1. Idealization of the system. 

2. Selection of the appropriate displacement model. 

3. Formation of the individual element stiffness matrices. 

4. Formation of the system stiffness matrix. 

11 
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5, Determination of nodal point displacements, 

6. Determination of element stresses. 

Element Stiffness Matrix 

In this study the effect of stress on soil compaction will be 

studied using a cylindrical soil sample. Since the geometry of the 

sample and the boundary loads were symmetric about the vertical axis, 

the finite element analysis of the system could be carried out by con-

sidering it as an axi-symmetric system. Therefore, only the deriva-

tion of the stiffness matrix for the axi-symmetric element is included 

in this section. A typical axi-syrrnnetric sample is shown in Figure 1. 

Since the displacements within the sample are functions of the radial 

and vertical coordinates only, the sample can be idealized as a two 

dimensional system. A typical two dimensional idealized system com-

posed of rectangular elements is shown in Figure 2. Note that these 

elements represent complete rings in the three dimensional sample. 

For a single rectangular element (as shown in Figure 3) in the 

idealized system let the displacement functions within the element be: 

w (r,z) [7] 

[8] 

Where: w is the displacement of the point in the radial direction. 

vis the displacement of the point in the vertical 

direction. 
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ZA 
Axis of symmetry 

Figure 1. Typical Axi-Symmetric System 
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Figure 2. Idealized Two Dimensional System. 
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Figure 3. A Typical Rectangular Element in the Idealized System. 
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r is the radial coordinate of the point. 

z is the vertical coordinate of the point. 

al .••. a6 are the displacement coefficients. 

If this rectangular element, as shown in Figure 3, is acted upon 

by a force system so that its nodes are displaced as shown in Figure 4, 

the displacements of each node can be obtained by substituting appro-

priate nodal point coordinates in equations [7] and [8]. In matrix 

form the nodal displacements for this element may be expressed as: 

w. 1 a. 0 0 0 0 0 0 al l l 

w. 1 a. 0 0 0 0 0 0 a2 J J 

wk 1 a b a .b 0 0 0 0 a3 j J 

wl 1 a. b a~ 0 0 0 0 a4 l = 
V. 0 0 0 0 1 a. 0 0 as l l 

V. 0 0 0 0 1 a. 0 0 a6 J J 

vk 0 0 0 0 1 aj b ajb a7 

vl 0 0 0 0 1 a. 
l 

b a.b 
l a8 

or in matrix notation as: 

{u} = [A] {a}. 

-1 
By post multiplying both sides of equation [10] by [A] , the 

displacement coefficients are: 
-1 {a}= [A] {u} 

[9] 

[10] 

[11] 

From structural mechanics, the strain components at any point 

within the element can be expressed in terms of the two displacement 
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w. 
J 

Figure 4. Displaced Rectangular Element. 



components as: 

£ z 

£ r 
= 

av/az 

aw/ar 

w/r 

18 

av /ar + aw /az 

[12] 

Then by taking appropriate partial derivatives of equations [7] and 

[8] the strain components can be expressed as: 

£ 0 0 0 0 0 0 1 r z 

£ 0 1 0 z 0 0 0 0 r 
= 

£8 1/r 1 z/r z 0 0 0 0 
{a} [13] 

yrz 0 0 1 r 0 1 0 z 

or in matrix notation as: 

{d = [H] {a} [14] 

Substituting for {a} from equation [ 11]' the strain components may be 

expressed in terms of the nodal displacements as: 

-1 {d = [H] [A] {u} [15] 

or by letting: 

[B] = [H] [A]-l [16] 

equation [15] becomes: 

{d = [B] {u} [17] 
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The stresses on a typical element in the continuum are shown in 

Figure 5. For the axi-symmetric analysis the shear stresses and shear 

strains in the 0 direction are zero. If the material is assumed to 

be homogeneous, isotropic, and elastic, the stress-strain relationships 

can be expressed in terms of two elastic constants, E and v, as: 

£ = 1/E (cr - va - va ) z z r 0 

£ = 1/E (-va + a - va 0 ) r z r 

£0 = 1/E (-va - VO + 00) z r 

y rz = 2/E (1 + v)T rz 

Where: Eis the modulus of elasticity. 

vis poisson's ratio 

£2 , £r' and £0 are normal strains in the z, r, and 0 

directions. 

a , a , and 08 are normal stresses in the z, r, and e z r 
directions. 

y and, are the shear strain and the shear stress rz rz 
acting on the element. 

By defining: 

1 -v -v 0 

[C] 1 -v 1 -v 0 = E 
-v -v 1 0 

0 0 0 2 (l+v) 

equation [18] may be expressed in matrix form as 

[18] 

Il9J 
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~Axis of Symmetry 

0 z 
A 

0 r 

Figure 5. Stresses on an Axi-Symmetric Element. 
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{d = [C] {a} [20] 

The element stresses may be expressed in terms of the strain components 

as: 

[21] 

or by letting: 

[22] 

equation [15] becomes: 

{a} = [D] {d [23] 

Substituting for the element strains from equation [17], the stresses 

may be expressed in terms of the nodal displacements as: 

{a}= [D] [B] {u} [24] 

Consider a typical element in the idealized system under the 

action of a group of forces such that: 

{f} is the group of nodal forces. 

{ u} is the group of nodal displacements. 

{d is the group of element strains. 

{a} is the group of element stresses. 

If this element's nodes are given a system of virtual displace-

* * ments, {u }, causing internal strains, {E }, then the internal and 

external work performed may be expressed as: 



. * T 
WEXT = {u } {f} 

22 

Equating the external and internal work: 

[25J 

[26J 

Substituting from equations [17] and [24J for the stresses and strains, 

and removing the displacements from the integral: 

[27] 

By taking each element, in the virtual displacement matrix, in succes-

sion as unity while the rest are zero, the group of equations each of 

the form of equation [27J may be written in matrix notation as: 

I ( [BJ T [DJ [BJ dv )° { u} 
V 

[28] 

Since ['-I--.] represents the identy matrix, equation [28J may be 

written as: 

. {f} = J ([BJT [DJ [BJ dv). {u} 
V 

[29J 

The element stiffness matrix which relates the nodal forces in terms 

of the displacements is then defined as 

[kJ = J [BJ T [DJ [B] dV 
V 

[30J 

and equation [29J may be written as 

{f} = [k]° {u} [31] 
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System Stiffness Matrix 

Based upon the element assemblage information, that is the identi-

fication of nodes common to adjacent elements and the nodal boundary 

conditions, the element stiffness matrices may be combined to form the 

system stiffness matrix, [K]. This stiffness matrix is then used to 

relate node forces and node displacements for the entire system as: 

{F} = [K] {U} [32] 

Where: {F} is the system force matrix. 

{U} is the system displacement matrix. 

[K] is the system stiffness matrix. 

Although quite simple in appearance, equation [32] may actually repre-

sent several hundred algebraic equations of the form: 

F. = K. U. + K. U. + K, U ...... + K U 1r 1r 1r 1z 1z Jr Jr nr nr [33] 

for which a simultaneous solution is desired. Before an actual solu-

tion is obtained, these equations are divided into three categories, 

in which: 

1. known forces are related to known or unknown displacements. 

2. known displacements are related to known or unknown forces. 

3. unknown forces are related to unknown displacements. 

The first group of equations is solved to determine unknown displace-

ments. The second group is solved to determine unknown forces. Now 

that some of the unknown forces and displacements have been determined, 

the third group of equations is subdivided into two groups as 1 and 
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2 previously and solved as before. When all node displacements have 

been determined, the element displacement matrices can be formed and 

the element strains and stresses determined from equations [17] and 

[24]. 



:METHOD OF ANALYSIS 

The Soil Sample 

The finite element analysis was carried out on a sample which 

was two inches in diameter and four inches high. Due to synnnetry 

about the vertical and horizontal axes only one quarter of the sample 

had to be analyzed. The quarter sample with a cross sectional area 

of 2 in. x 1 in. was then idealized with square elements. The area 

-3 2 of each element was 2.5 x 10 in .• The idealized system had 

20 elements in each row and a total of 40 rows. There were a total of 

800 elements and 861 nodal points. 

The section analyzed represented the upper, right quarter of the 

sample. The top and left boundary nodes were restrained from moving 

in the radial direction. The lower boundary nodes were restrained 

from moving in the vertical direction. All other nodes were free to 

displace in either direction. 

Stress-Strain Relationship 

It is known that the stress-strain relationship for soil is non-

linear in nature. However, from a review of the literature it was 

found that a majority of the soil mechanics problems solved using 

analytical methods were based on the assumption that soil is a linearly 

elastic material. Those who have attempted to include the non-linear 

behavior in their analysis have used different stress-strain relation-

ships. The relationship used in this study was similar to that used 

25 
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by Girijavallabhan and Reese (7) as shown in equation [4] in which 

a generalized Von Mises yield criterion was assumed. 

For the finite element analysis, the stress-strain relationship 

obtained from triaxial tests was modified by plotting, /(cr ). 
0 0 l. 

vs. y so that it will be in the form proposed by Girijavallabhan and 
0 

Reese (7). 

where: y0 is the octahedral shear strain. 

T is the octahedral shear stress. 
0 

(cr ). is the initial octahedral normal stress (confining 
0 l. 

pressure). 

The triaxial test data used were collected by Perumpral et al. (10) 

using prepared soil samples from Ottawa silica sand. Several polynomial 

equations were fitted to data obtained for various confining pressures. 

It was found that a third order polynomial approximated the non-linear 

portion of the stress-strain relationship well with slight deviation 

in the linear region. Therefore, the modified relationship was approxi-

mated in two parts as shown in Figure 6. The linear portion is shown 

with a broken line, while the non-linear cubic approximation is repre-

sented by a solid line. The correlation index (r) for this approxima-

tion, as given below, was 0.985. 

= 0.04641 (,) o n if: (T ) < (T )y o n o 

y0 = 0.01409 (T) - 0.04169 (, ) 2 + 0.04558 (, ) 3 
o n o n o n 

if: (, ) > (, )y on - o 

where: y0 is the octahedral shear strain. 

[34] 

[35] 
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(T) is the normalized octahedral shear o n 

stress= T /(a) .• 
0 0 1 

T is the octahedral shear stress. 
0 

(a). is the initial octahedral normal stress 
0 1 

(confining pressure). 

(T) is the normalized octahedral shear stress at yield. 
0 y 

Non-Linear Analysis 

In applying the finite element technique to the analysis on non-

linear material response, two general methods may be used, the itera-

tive or the incremental approach. ~{ith the iterative method an 

initial elastic constant is assumed for each element in the idealized 

system. The total load is applied to the system and the state of 

stress and strain for each element is determined by the finite element 

method. Based upon the state of strain, each element's pseudoelastic 

constants are computed as the secant modulus from the stress-strain 

relationship. Again a finite element solution is obtained and new 

values of the elastic constants determined. This iterative procedure 

is continued until the state of strain for each element reaches 

equilibrium. 

In using the incremental loading technique, an initial elastic 

constant is determined for each element in the system based upon the 

initial slope of the stress-strain curve. An increment of the total 

load is applied to the system and the state of stress and strain is 

determined for each element by the finite element method. Based upon 
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the state of stress, each element's elastic modulus is computed as 

the tangent modulus or slope of the stress-strain curve. This tan-

gent modulus is used as the elastic constant for the next increment of 

load. This incremental procedure is continued until the total load 

has been applied to the system. 

Both methods have been previously used for finite element analyses 

of non-linear soil mechanics problems. During this study the incre-

mental loading technique was used to include the non-linear behavior 

of the soil since this approach could provide information on the force 

compaction relationship at different stages depending upon the magni-

tude of the increment chosen. 

The analysis was initiated based on the assumption that the sample 

was 2 inches in diameter and 4 inches long with an initial confining 

pressure acting on the boundries. The state of stress at the centroid 

of each element was initialized to the confining pressure. This state 

of stress was then used for the computation of the initial modulus of 

elasticity for each element. A 1 psi increment of axial pressure was 

then applied to the sample and the corresponding finite element solu-

tion was obtained. At the end of each increment, depending upon the 

state of stress, each element's elastic constants were computed as the 

tangent modulus of the stress-strain curve. From equations [34] and 

[35] the tangent shear modulus was determined as: 

dT 
Gl 

0 215.5 (cro)i [36] = = dy 
0 

dT 3 2 T2} 0 (cr ).T +0.13674 [37] G2 = = (cr )./{0.01409 (cr ). - 0.08338 dy 0 l 0 l 0 l 0 0 
0 
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The modulus of elasticity may then be expressed in terms of the 

shear modulus and poisson's ratio as: 

E = 2 G(l + v) [38] 

It was beyond the scope of this study to consider poisson's ratio to 

be variable. Previous research (7) indicates that variations in v 

are small and error associated with the assumption of a constant vis, 

likewise, small. Poisson's ratio was assumed to be constant with a 

value of 0.4. 

This elastic modulus was then used for the next increment of 

axial load. The axial loading was continued until the total axial 

pressure had reached a predetermined limit (42 psi was used) or until 

the normalized deviatoric pressure exceeded 3.2. This latter con-

dition corresponded approximately to the shear failure condition in 

the triaxial tests. 

Volumetric Strain 

The original volume of a given element may be computed as: 

V = /:i (r )de m m m 
(39] 

Where: V is the volume of an element m. m 
/:i is the area of the element cross section. m 

r is the radial coordinate of the element centroid. m 

de is the angular dimension of the sample wedge. 

After the application of a set of loads, the modified element volume, 

* vm' may be computed by substituting the appropriate quantities into 

equation (39]. The average volumetric strain for a typical element, m, 
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may then be expressed as 

* V - V m m [40] s = m V m 

The total sample volume, before and after loading, may be expressed 

as the sum of the volumes of all of the elements in the sample, before 

and after loading. 

s [41] 

Finite Element Program 

The finite element method was employed to compute stresses, volu-

metric strain and deformation of sand in a triaxial compression test. 

The program (see Appendix 1) used in this study was developed by 

Wilson (15) and modified by Perumpral (10) for use in soil sample 

simulation. For this study, the program was further modified to 

include the polynomial stress-strain relationship and the method of 

non-linear analysis presented in previous sections. 



RESULTS AND DISCUSSION 

The finite element analysis was conducted for confining pressures 

ranging from 2 to 18 psi intervals. For each confining pressure, the 

axial pressure was incremented, in 1 psi intervals, from the confining 

pressure to 42 psi or until the normalized deviatoric pressure reached 

the point at which the actual soil sample failed in shear. Even though 

the 42 psi limit was specified within the program, it was found, later, 

that results of the problems could not be obtained within reasonable 

time. Such long delays could be avoided either by specifying a higher 

priority or by specifying a limit on the computation time. Since the 

use of a higher priority was not economically feasible, a time limit of 

120 minutes was placed on the programs. Within this time useable data 

could be obtained. A better turnaround time could also be obtained by 

decreasing the number of elements (i.e., increasing the element size) 

or by increasing the increment of axial pressure. However, either of 

these procedures would reduce the accuracy of the solution and hence 

was not used. 

For each increment of axial pressure the nodal displacements, 

element stresses, sample volume, and cross sectional area were computed. 

The printed output at the end of each increment included: 

1. nodal displacements and coordinates. 

2. total element stresses, including principal stresses. 

3. elastic constants for the elements. 

4. volume, area, and volumetric strain for each element. 

5. boundary pressure conditions. 

32 
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6. sample volume, area, and volumetric strain. 

Appendix II contains a sample of the printed output for a limited number 

of nodal points and elements. 

Axial Strain in the Sample 

To determine the reliability of the finite element solution, and 

thus the feasibility of using such a method for the soil compaction 

study, the stress-strain relationships determined from the finite ele-

ment results were compared with the stress-strain relationship used 

for the analysis as shown in Figure 7. The relationship shown for both 

cases are in terms of normalized deviatoric stress and axial strain for 

various confining pressures. 

For each unique confining pressure, the path shown represents that 

followed in the finite element solution. As the axial pressure in-

creased, each path moved further away from the stress-strain relation-

ship used for the analysis, indicating the additive effect of the error 

associated with the piece-wise, linear approximation. As the confining 

pressure increased, the normalized deviatoric pressure increment corres-

ponding to a 1 psi axial pressure increment decreased and the path of 

axial pressure incrementing followed more closely the given behavior 

equations. 

The error associated with the tangent modulus method of approxima-

tion as used in this study was dependent upon the normalized deviatoric 

pressure increment. By decreasing this increment the analytical solution 

would have been improved. However, the error associated with the 
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increment used was not deemed significant enough to justify any change 

in the increment or the method of approximation. 

Total Sample Volumetric Strain 

In Figure 8 is shown the relationship between the total volumetric 

strain of the sample and the mean normal stress for various values of 

maximum shear stress. For a constant maximum shear stress an increase 

in the mean normal stress produced a decrease in the amount of compac-

tion. This corresponded to an increase in the confining pressure while 

the difference between the axial and confining pressures remained 

constant. The increase in confining pressure caused an increase in soil 

strength resulting in more resistance to deformation and compaction. 

For higher values of the mean normal stress the amount of compaction 

exhibited a linear dependence upon the mean normal stress for constant 

values of maximum shear stress. This behavior corresponded to the linear 

portion of the stress-strain relationship (see quation [34]) used in 

the analysis. The range of this linear relationship was determined 

from the results of the analysis to be: 

3.8 T max 

which corresponded to the linear range used for the analysis. 

The relationship between total sample volumentric strain and the 

maximum shear stress at various levels of mean normal stress is shown 

in Figure 9. At lower maximum shear stresses the compaction exhibited 

a linear dependence upon the maximum shear stress for constant values 
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of mean normal stress. For constant values of mean normal stress the 

compaction increases as the maximum shear stress increases. This 

corresponds to a decrease in the confining pressure and an increase 

in the axial pressure which results in lower soil strength and more 

deformation. 

The relationship between the mean normal stress and the maximum 

shear stress for various values of constant volumetric strain is shown 

in Figure 10. From the relationship shown it is possible to determine 

which combinations of axial and confining pressures will produce the 

same amount of compaction. 

Based upon the results of the finite element analyses, soil com-

paction exhibited a dependence upon the maximum shear stress as well as 

the mean normal stress. In an effort to develop a single relationship 

which would adequately predict the compaction resulting from both 

stresses, several empirical equations were fitted to the data obtained 

from the analyses. The relationship which most suitably predicted the 

amount of compaction over the entire range of pressure conditions for 

which data were available was: 

s 6 -2 -6.582xl0- a +l.149xl0 a ln 1+0.01409(, ) m m max n 

-0.04169(, ) 2 + 0.4558(, ) 3 
max n max n 

where: S is the total volumetric strain. 

a is the mean normal stress (psi). 
m 

(, ) is the normalized maximum shear stress 
max n 

[43) 
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o1 is the axial boundary pressure (psi). 

o2 is the confining pressure (psi). 

The correlation index, r, obtained for this relationship was 0.955. 

The total sample volumetric strains as determined from the analy-

ses and from equation [43] for various combinations of axial and 

confining pressures are shown in Figure 11. 

Compaction Zones Within the Sample 

Shown in Figure 12 are the compaction zones (contours of equal 

volumetric strain) for various combinations of axial and confining pres-

sures. For the two cases where the confining pressure was 3 psi and the 

axial pressures were 9 and 12 psi, maximum compaction occurs on the axis 

of symmetry in a region slightly below the top of the sample. By looking 

at the stress distribution within the sample it was found that the mean 

normal stress was maximum at the top of the sample, but the shear stress 

was maximum in the region where the maximum compaction occurred. Notice 

also for 12 psi axial pressure that the lowest volumetric strain occur-

red at the top of the sample, in the region where the mean normal stress 

was a maximum. In both of these cases the soil in the regions of maxi-

mum compaction exhibited non-linear material response. 

For the two cases shown where the confining pressure was 6 psi 

and the axial pressures were 9 and 12 psi, maximum compaction occurred 

at the top of the sample on the axis of symmetry. An investigation of 

the stress distribution within the sample showed that the mean normal 

was also maximum in the same region. In fact, contours of equal mean 
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normal stress could be plotted to nearly coincide with the volumetric 

strain contours. Further investigation showed that the material 

response for all elements in the idealized system was still in the 

elastic range. 

The transition of the location of maximum compaction zones from 

the top of the sample to a region within the sample was observed at 

several confining pressures as the axial pressure increased. This tran-

sition was observed to be occurring when the deviatoric stress exceeded 

the confining pressure. 



CONCLUSIONS 

1. The finite element technique can be used to study force-compaction 

relationships for soils. 

2. The amount and variety of information which can be obtained from 

the finite element solution is far more than that which can be 

obtained from any experimental tests. 

3. Soil compaction is dependent upon the mean normal stress and the 

maximum shear stress. 
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RECOMMENDATIONS 

The author recommends that further investigations be undertaken 

to develop suitable stress-strain relationships for soil types other 

than sand. These relationships could eventually include the creep 

(time dependent) deformations for soil. As such relationships are 

developed, analytical methods should be developed in which such rela-

tionships could be included. 

From the bulk of information obtained by the finite element method, 

stress-compaction relationships could be studied within a soil sample 

under given loads. To be of maximum practical usefulness these force-

compaction relationships must be extended from the cylindrical sample 

to larger quantities of soil as it is encountered in the field. 
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PAV~=(PAXI+2.•PC0~)/3a 
~EITC(l,~ ~5)PCO~,PAXJ,P1V~ 

C ff, ; ~. ST F P,, S S MA 1 ,, I X 
c,itL STJFi:: 

C S Cl L V i' r: , , ;.. .: I S P L .ii S F M E 1\, T C: 
C ,\ L L t ,\ \i :, L 
! .. ,u ~6 , I =1, "·!UH\JP 
f(:,(1 )-=dR( I)+h(2"'1-i} 
Ul ( I )=:Jl( l )+:H2°'.'1) 
:<(I )=R(l)+L(7':I-l) 

3 (, Z ( l } = Z. ( I ) + ,,, ( 2 ,, I ) 

DJ :0z I=l,21 
-;,;c,7 SUIJ;=SUV+f.Z(T)/2.,lf;J 

\',i,~IT::(7,~~ .. -.)PCCN,PAXI,StlM 
:, , F,-,',1ef'f( :;rs,, 1,,")2.,.b) 

h h I 1 t ( b , "l f: ) ( h , B ( ?. t, t' - , ) , /l ( ? '' \l ) , H ( i'' ) , l ( N ) , 1~ R { ;\; ) , i3 l ( :'l ) , 
1 f\,= 1 , iH!I\; P) 

J ,, i;:r·,;.,,v:1'>T('··,.2.4// 
1 ?•:11 1\!tJ"'.(<FF DF NUGAi. 

2'1>l·1 :.:U''hi ,- or:: ,"Lf-r,1:0 t,·TS , 13/ 
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' 1 • •· r r_ ; F ~- ., ,,, .•' T ,- ' T •\ L S , I ~, / 
,J - , C i'f- PFC'~~,!_! Ci.\.'T•:; 'I?/ 

Y-,.,:-c~-1 i:'}1\.TI !\ ,Fl/"4/ 
6 ? :;; i l . X - [. C '~ f L c f. AT I : ! t·. , F 1 ,, 4 / 
7 zff-'.'•3,1\C[.::. Tl-:'APHl:Tf!i) ,Fl2 0 4/ 
,·-, './~J-1 h:U 1 't_;,;:·· ~Jf ,~;..-,µf.r,xit'{.f_Tlfit,'.S ,1~~) 

) ., ; i. f'' :-·, · • c\ 1 { 1 ·: f , <' i , 1 ;= L O f , •; Y t I I 1 , :. X , • J f , C' Y. , 'K 1 , '' X J I l • , t, X t 
''-'Lt'/) 

' F:' .· :c.T(Tl ,Fl ··.,•.,c:f-l ,,, 7 ,::,i:.J .. -~,Fl·,.,?) 

? '! 1+ r r:H~~ _:vi A T < • :, • , :, x , , r< jJ c E- • , ,~ ... x ., • r ·v P r.. • , 7 x , • r , , ·s x , • .z 1 , \.) x. , , tJ : . • , 
: /., 'UL' ,, 8 X, 'T ;0 ;v P 1 / ) 

:;, ') F- : - " i.' T ( ' ' (, -, 1• F I!'' J N r: 
l I ~XIAL 

b F. 

P~f SSo 
P}F<:.S,. 
P?':'~S .. 

::: • , f- 1 '' .. :. I 
= 1 ,F:1 o2/ 
= 1 , F 1 ,: ,. 2 I I/ ) 

, 1 C : 'J'. · D • , 7 X , ' Z L'~ C, F '-·' ' , '', >< ,, ' S l '~' F. n I S O 1 , 6 , X, 
• \ i, •1 1 o Ts P • 11 < \._ P n .1, _Pr 14,. -) , "f-14 ... : , , 

,-) - 1 -~ r i F' -\1 _;'.t T ( -~ ~) t P L Ji f\l t= S TR A I i 5 T !. H~ T \,J r: '.= ) 
,, 19 F:• '·•"1T(?,)n iJr-•nAL Fr1 It;T c,,.:-c; ,-•:Jc•:· N=,I"i) 
_>,::,:n '~ ,,,,,,,l'T(•: 1 H.•iVF \;f1\CHi::L ·rH~ •~JJL ''F tHL THAT i c·•c,: i:T•) 

S Ti-:p 

1-"~•I_ICIT ,;::';.',L,i[l {1\-h,C-Z) 
C ; '' M r,r ! /\ C ,: l Z, t'\ ~: G f {;, I\~, C, L ... : ( Li- ) , CC r, · ( fl'- l ) , r ( l , 7, , :· , ) , V C,t , 

Pr (l.) ,Q,,f (;<;:, l ,•~·,-,( :<,_ ),TCr,,P,T{ ·':',,) ,liiZ( .:61_), 
,, • · l ( :- 6 l ) , l ( ,_, , . 1 l , <', < ::: le , Mi F P :-' T , T l r { ? . ) , J ,~; ;: ( ? .· ) ,, \ P , 

'•·''TYt·::,f'i,1~'~' 'cl ,\1:,,:~-,t,T,!\~WF'C, ·lJl':~•n.:i 
C . ·p "'i ; ,\ / A ,;, r; I ( ( 4 , 4 ) , r· ( f , 6 ) , r (; ( 3 , :;, > ,, f !: ( 7 ) , F ( ;C, , 1 ) , 

l-~ ( r , l _, ) , ' I ! ( 6 , 1 } , P { 1 J ) , l ;' ( "'· ) , f; H, { :5 ) , S ( l , 1 : ) , 
:. , C ( g 1 _ - , t ) , ': I (; ( l ) , T P ( f, l , 1 T ( 4 ) , V ' - l_ ' J: ·: ( ' ) , 
)(f(l ),l7Utl,ZZL(5),IX{? ··>,~>l,U•(4l 

:_:,·i,1 '' / ._'11~r.'C / i(1.,-'l, f{lJi:',~A), f',P,t\.NL,, f,Jut,.PU< 
c,••.,1,-'. ··J 0 i ;,.1•1··~PP 
f:{1 'M.1·,,, I r•;~.SUF' / P(.','.,P.~XI,Pc-..Vf,Pr)IV,PT;\'.J,cT.-1l'N 

( · c _-, •1' ·• u T . - 1. · ·· r1 •- N r s 1 · •'. i <:", s t ,-, 

XK'"="'" 
X P 1:= D 

;,,p: lJ',T= 
T 1._, T /\ t._' L = . a 

H 1TViL= .~ 
;•,i· "=l,1i:i'"''L 

I X ( i .' ,, ') ) = T ,\ , ( I X ( !~, j ) ) 
'HY;,,· =IX ( \ , ~' ) 



(. 

T, TV ·t=i TVCL+VtL 
I X ( > t ~) ) =' Ty p ;-

,- l/ I=l,<+ 
II::c2,,T 
,JJ= "lX(i;,I) 
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P{ II-1) => ( JJ-1) 
] ' .. p ( I1 ) = R ( J J ) 

[' c, 1 _, I = 1 , ;:· 
F'?(!}=P(J+) 

C C-; Yr.;= S ( r: , '? ) ,:- S ( 1 : , , J . >' ) - 5 ( ', , 1 i ) _;, S ( 1 t , '1 ) 
TF(C''\'•.:) l::,':i,16(,15~ 

J '.--i 5 P ( 9) == ( S ( 1 , 1 ) ".: R 1d 1) - S ( 9, 1 ( ) vi-: R ( 2 ) ) / C U'"i ~1 

P(l1..)=(-<.(l ,9}0c:r~; (l)+S(9,Q):!<~'':(?))/CU"1M 
"i 6 .) D /·1 17 I-= 1 , [·. 

TP(I)=_,. 
'.J · l 7 _, V = l , 1 1 

17J F>(J)=TP(IHHH(I,!<)'~P(K) 
F1<{1)=TP(2} 

J 7.f, 

,,; {2)=TP( ~-) 
Cc ' ( 3 ) = ( 'T P ( L l + T P ( 2 l /: P i-. h ( 5 ) + T P ( 3 ) ,:, l l Z ( 5 ) ) l R ! F ( 5 ) 
!-'l~(c+)=TP( 3)+TP(5) 
r :-j l 1 3 I = 1 , ~3 
S Ld I ) =-TT ( 1) 
IJU lf; i<-=1,3 
~,IG(T)=SIC(I)+C(I,K)''F (V) 
SI~(4)=CC4,~)*RR(4) 
l'IITPUT ~~r-c:SSCS 
1,· ''.S? 1=1,4 

2 ,:; ' S :-:: G { i\ , l ) ·= '.:;: ( ( N, I ) + S I G { I l 
C [ALCLLAT' i·•~ TNCJPi'.\L SL .::ssrs 

c c = < s -~ ;; < :· , 1 ) + s r: G c r , ·:, , > / 2 ., 
RP=(SrG(~,l)-SEG(~,2))/?. 
[' = ''SU'~T(~'L"":t•PF\+S!:.C(i<l,4),,"?) 
;; ,cc; ( ;,, , -5 ) ==CC +U~ 
\Fr; ( f';, 6} = CC -C -~ 
) L; CT = ;'/;F'S ( SE.'_; ( t,J, 1 ) + ~. i-:: (; ( ,\;,? ) +Sc G ( !\, 3 ) ) /? " 
T ,-: r l ,v <'\ = ( •; L ; ( r , 1 ) - S E: <.; ( ;\J , Z ) l ::'; i, 2 
T F F H L = ( <:; - r:, ( f\ , :? ) -Sr h ( '' , ? ) ) ~,,: ? 

r:_·., '.C=( ;:;r C( r, 3 l-S[C(:',1) I !''"'t'. 
T ;- -. :,: L=S ·_:e· ( N, 4) cf c2 

TCJ''l= T A'J,JC T / PClJI\ 
IF(1C/: - ,.5) 255.,;,2:-t',,25:'-i 

; 11 ':, ( : :· \! T I j U '.:• 
~.H 1,· -=?. ic::., ~, ,,pcuN 
: A., CT= Ti--,.! l ;_'CT/SH f'; 



,~; (·. C ' : \: ; I ,\ !J -:-
C i-1 r F /j, = o ; l ..i:., .. • S 
c .-. ;::: r B.=-. =., ·.L,- ·1 ,SQ 
C ri '.-:: r::: -C ::= ,. () 4f 5 5 ? 
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C 4 '-1 Li( T = ( C ~: f· l1•l<T ON +C Ci ( f· f; .,:, Tf:"J {, ,;a 2 + Cc,~: F C ~'TUN"· ,3 
S :-1 F I /-_' V-= ( \' C ~: f ;.\ + 2 ., '' l U F f- ? ' T C; tl+ :; ., ;;, CU F t- C ;;, T C N ,;,, ,:: 2 ) / PC ;: ~-• 
\ 1-ir: /';, = l ., / SH Fd NV 

?57 CCrlfir:'J;: 
[(1,2,~)=29~SHEAR~(l?+f(l,3,N}) 
F(l,4,N)=23*SHFAR*(l,+l(l,3,N)) 
VlH STR=(VLLUt-1(N}-VOL)/VCLUF{Nl 

1.i 1• IF ( \,i) 0 r ~n > J.1,1, 1 ·1s, 11 ,: 
1 ) 5 w FI T F ( 6 , ' :. ) 

1APRI"T=':i. 
11 ; M Vi INT= 1,) i> . H' T - 1 

,...; R I TE ( 6 , ? 1 ) i'.i, V r, L , l\. R f:: ,!I. , V ; J L ST H , ( S E G ( f\ , f. ) , I= 1 , o ) , 
l SIGOCT,Tt\UUCT,TUN,CtMnCT,f(l,2,tn,sfF:;\i'. 

W' I r:: { 1, , .( , • : 2 ) TOT V L, T LT i-'I J-s. E 
W I l T . ( 7 , 1 'C ) r C LJi',J , r· i, X I , I' .'\V ;:- , PD I V , P T P. U, PT A V•j , T (;TV•. : L , 

l TfTAk~ 
=--~ hcTur.:~ 

,: ,., '.' i Fu'~ ~i ,"-, T ( I , '· L.. I\ ( vr; Lu Mr i.\F' :: A, LV / V'l) s I G r: • ' 
1 '}X,'SI(,; l SIG ; TAU iZ-Z SIG t•,X SIG PN SIG L ', 
3 1 T/dl n TAI! 0 N C:"J-', 1,:q;, ET GT 1 / 1 + 1 ,:',6X, 1 -'/) 

? ,; , 1 f- i_l F 1, A T ( I •~- , -, P r 1 l • 7 , F S " 5 , F1 • e t- , : PF n o Z , 2 F S e ? , f 1. _ ., 4 t ? F i-'. ,, ? , 
1 F7.,z,i:::7,.3, ?PF-l{,.';,0Pf7o.,F7,.,l) 

::- - y;, Fr,,:,i\':AT{ '· T'. TALS V(tLUME: !\Rl:/i, 1 / ?X, 2f-J 1,. 7) 
3 ·:- ) :- r u '../ V ,.:\ T ( 4 r ~,. l , :, F 1 '.l,:) 5 ' 2 r 1 ,~; 0 >', ) 

•'\O 

SU.:\,.,::uT u,;: STIFF 
P-':'J[ JCIT lJAL*B ( 1\-H,t.'-l) 
C r: :H•\,: ;~ ,\ C :-- L L , Ar,' G F ,J , A/, .. c: U.: ( 4 } , C DD :~: ( f' .. , l ) , H l , 7 , ,'.' ,: C ) , V O l , 

P; ( 2 _ ) , (~ , 1• ( P 6 l ) , f.; C ( 3 ,y_, ) , T FM P, T( 6(, l ) , U '' ( 8 6 l ) , 
1 ' I 7 ( Pf l ) , Z ( '3 6 1 ) t A 1< F. A , AR;~ P v T , I bL ( 2 :t ) , J fl C { ::i: ,• ) , i\ P , 

-~ >'TYP r, N, NI! "!FL., f\iUMMJ\. T, NUMPC., M!MNP 
cnr-H11 ,--:~1 I fJ,.c; I C(4,4),[:(f-,,f.),DD(?,3),Ff{7),F(6,1"'), 

1 (A, u·q , HH ( f., L.) , P ( h,) , f,? ( 4) , idW ( ~•), S ( J "', l J), 
·· ~- ,: G ( :: Cl C1 , 6 ) , S I C ( 1 ) ) , T P ( 6 ) , TT ( 4- ) , V CL U '-1 ( P . · ) , 
l Xl(l0),ZZ{4),l/Z(5),IX(8C0,5),LM(4) 

ci-"1.r'C:?-.J I f . .:.r:,1~,::>G I 'J(li tl, /J(l ·\,,,_r54), MC,t1f.,Jf', ,~tJlbLK 
Cf:i',1MUI\/ Pl . .tJff /NPP 

C ltiTTIM.IlA1'ICit-' 
Rf t-i Jl'.;fi ?. 
i'i?,=/7 



ST';>=- o 
:\'{!Ht-JI\:= 
UL 1.t: -i,.:=T, i 
;- ( \ ) :.:: c) ; 

A { ", ,, ) = . ' 
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F, 1 ,> '' ST I ~- f-"-l F --~ S ,,~ /1 TR J X f r< 8 L CC KS 
'HJ '''i' L i< = i'U 1s,1 i~ t I< + 1 
;\;f'=f\', '( >Jli",;Li<+l) 
\~M= '-;H-\)F 
1·-.!L ·= '.,.1rv·")-~\l f + ]. 
1< SH IF T = -> t- L- 2 
0 r-1 ? 1 ;,i = l , f< U I" E: L 
IF(IX(~,5))?1 ,2IS,60 

.. :.~ -). '. I=l, 1~ 

. ., 
! 

IF ( Ix ( \!, I )-":L ) g _, r:, 7 
IF(IX(J,I)-\H,qq ,,<J', 

1-, C ~; \,T 1 \JU' 
0 f '; ? 1 
C f' L l ,a: ;i 1.1. '..· 

TF(VOL)l~~,14?,14h 
1 1+ '.' •,,; i: I T ;: ( t, , ., .· ; ~. ) H 

STCIP=l-,. 
J!~'-t IF( lX(!-i,·, )-IX(l\J, 1+)) i ·+'i,165,lli-:, 
1 + 5 r' ,- I ~- J I I = 1 , ? 

C:f=<-;(JT,1 )/S(lr·,1-)) 
P ( I I ) = P ( I I ) -CC"" P (1 ) ) 
n ,- l 5 ., J J = l, 9 

15 .. S { I I , J J ) = ;'. ( I I, J J ) -C C • S ( 1. , J J) 
r·,-. I,, IJ=1,J 
Cf=':.( f 1,·; )/S(CJ,9} 
P(IIl=P(II)-CC*P(=) 
[;C. if .. • JJ=i,;; 

l~. S{II,JJ)=S{II,JJ)-CC~S(G,JJ) 
,.:; /\ ,-i C' ,:- L :: i< l ,: f J F- F r. E S ' T ! TC· Tl\ L S T I F fr.: F S S 

1 ', :.: D i , , (· I = 1 , l; 

7 '., /) L A ( T ) = ;·, ; 1 X ( '.i , I ) - ? 
I=l,4 

II=l~(Il+K-KSblFf 
l<K=:>J-Z+V 
i:( [t )= }( !I}+P{l<K) 

, r-·; .!. .:._,, . J=- 1 7 Lt 

,·1 , ; -, ·, . L = 1 , 2 
J .J = L ',' ( J l+ L - I I+ 1-K SH I f I 
l L:::; J-?+I 
1f(JJ)2 ·,?.:',17'5 

} 7 ': I F ( i•: i l- J .J} 1 c.: .~', 1 q 5, 1 9 ':i 
; . . \,: k I T ~- ( D , ;, ' I; ) f\ 



~-~T i-'=1..> 
r. ,-~: T f' ·) .l 
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1-,,~) \{lI,J,J).:::.\(II,JJ)+<;(v:<,LI.) 
(' CU iT I :•i'J~-
? }, cj·-.r-:r1r,1~J.:: 

'I IT.; .. =!,,, 
C ;~ ) i CY·,1 C '~0: Tf~. i, T'.: C f :Hif' t ~HT~,; f I\ :'> L CU< 

C f - / ·1; F • i 7= i l ' hi f! 
!<=.·(,-,<. ,'1TFT 
l ', ( I<'. ) = !-, ( ,( ) H • l ( t; ) 

?'i '-',(1<-i.l='.1( 1<-l)+UHi-
i' C:!Ji;11/i:<Y c.-,:; JI TH:'\ S 

IF{'\Ii~iP[l;;r, ,::;J •,?_:). 
? t, 1-: ,-; j , L = 1 , MV<l P C 

I = I :_: C ( L ) 
J=.J'",C(L) 
P P = Vi { L ) Ii· ,, i. 
J7={7(I 1-Z(J) 1,;pp 

i) r; = ( P ( J ) - > ( l ) p, PP 
Rs X = 2 , . ·: ,~ ( I l +" ( J ) 
7 X =- ;,._ ( J ) + :: ., ,_ ,.cf ( J t 
IF(~PP) ?f2,264,2l? 

ZX=~,, 
C ·, 1, r I = 2' I - h 'H 1 r T 

J J = 2 ,. J- :< '> l! I rr 
If=(II) -:o· ,;::•:_,?,_::", 

? '.:'• C, I F ( J l - ,j : ; ) ;: 7 '· , ? 7 . , .? f 
~.7 :;I !A=., 

C'' St,=lc) ,,, 
IF(f>iiJc(I)) 271,2.72,.772 

;:7:; SI':f = f"~l\J ( CC!.Ji.:: (J) ) 
CT SA = ,y ! S ( C CD f ( I ) ) 

? 7;; ,_. ( t I - l ) = < r T - i > + :, x ,, ( C' ~' t. ,:. ; l + s r N /\ , r" ) 
, (11)=-,(lT)-?X"'{:~fr,;A rz-C•;SA-,;J;,) 

;-J IF(JJ) l .,3 •·,2,35 
;_· "< ~) l F ( .J J - \j U ) ; c .. , ? <; '.~. , 1 
2J. ~:I>d\-= o. 

C :;i'.=1,,. 

~, 1 s T ll. == :-. s 1 : .: < c r tH: < J , > 
Cr- ': 1, = ~-:~, '\ ( CO iJ c ( J i ) 

·:;,, f{ .. lJ-l)=·(JJ-l)+ZX''.c((f:~.r: :'1 +SJ':t-•L1. ) 
( . I.! ) = :' ( J J ) - z X * { S I N A ,.. r; l -( 'l .'\ ,,, Gr:. ) 

3 , C '·· ;-.., T 1 d '.: 
:j, ,~q::,PL;H.rl'd·t\T r'GU':::;li'..Y ((_.'c,JITIL>l 

? i. I ) i ; ,, ;\' = !" L t • ; H 
IF- ('"'- 11_'•' P) '.~15,:· 1':,.., 

~~11~; )l.:::1!~ ( ) 
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\=? ··i;-1-<i:;11rr:T 
If (C;•;;,-(,)l ·1c1.,4-.,.,?1L 

::.' .L ,: I F ( C i_ ' ( \, ) - l • ) .H 7 , - 7 .' , -:,: i 7 
.:< 1 l I r· ( C ,- iJ ;~ ( ~- > - ;:: ., ) J 1 t<, :, c :_ , :"'- l f 
"3-l,-, IJ:.: (Cnut~(t:)-.:~ .. ) 3,~, .. ,,31- ... ,3'1(. 
·.~ 7 ., C L\l l isi_1;) If y ( ;\' F '!-Fl?' ' 1 ::. /\ \'U 'N 'u) 

GI• Tf. . .1 :,1 
~-\ .. CALL -,,:iHiY(/\,E,~'1D2,"'1Pi.d'HJ,f,•,U) 
-~ ) U= UZ ( '·') 

/\J::: I\: +-1 
C t, L L i~ JC: l f Y ( A , ? , 1-~ D ? , ;, f ,\ i's O , I\; , U ) 

(: w:, TH: E\V:,C:< ~-,F H~U/\TH f\S !\ND SHIFT u::i LDh: .:· ::t.n:K 
WPITi" ('.') (P(N) ,(~_(i11,ri),/J-=l,MFANO),N=l,ND) 
!)(j 4;,, . f\'.= 1, j\f) 
K=!\+~l:1 

!:<{\)=?{:<) 
h(K,)= ·o--· 

nc• Li-~ , 'v:= l, !\[: 
t ( '\; ' ,c,; ) = ), ( \< , r,,; ) 

4 ? t,, ( 1< ' ) = . 0 ' .• 

C CWCK icr,: Lt,:ST 8L':'CK 
I F ( ! JiJ- 'J U -'' t,1 P ) b ;_:. , 4 ,· :·; , ;:, r , J 

4 '."L C C:t\T I \PH' 
I F ( ;-; T ;-, P ) 4 <:; : , 5 ;' f) , 4 9 . , 

4 J' C/\LL CXI I 
i:; . .,,, i.,:TlJ,-t-J 

J 5 f''R,:,:;_1u·(,:J,Htf'<"Gt\TIVi:::. /\Pt:/.\ ::lfMlNT NC.,, I4) 
:-• --~ Fi'r:;-.-,t~T(?iHCHl.NC WIDTH FXC,.:LDS ,~LUJ\,J/\LU-i,14) 

Si.lf-\F!l"'Ufl';f C.JU1"oiJ 
TMPLlCll PfAL*P (A-H,0-Zl 
LG~MG~ ~Cfl7,ANGFW,ANGLL(4),CDDE{~f1),t(l,7,~'C),VOL, 

? ( ? ~· ) , (', r ( P 6 1 ) t PC ( i3 ;,_ ) , 1 t: MP, T ( P-6 l ) , U F'. ( ': 61 ) , 
,- dl{26J),Z(3t~l),i\FF-A,/.i.f<EPFT,!FC('?~l,JBL(2.,J,r,,1p, 
i ', TYF F, N, Nt!Mf: L, i'--i\J!,P•'.fl T, NUfv\f·C, ldJMNP 
c,,,,.,,,r;~' I t,?G I C{4,4) ,:J(f,6),DD('.",.:::),EE(7),F((,,1''), 

l H ( t , 1 :,: ) , H H ( 6 , 1 .. : l , P ( 1 i: ) , F Fd l;) , k. R. F: ( .i:c ) , S ( J. ' , l .d , 
, S[G(P00,6),SlG(l0),TP(6),TT(4),V0LUM(f0~), 
1 Xl(JJ),Zl(4),ZZZ{Sl,IX(r ,5l,LM(4} 
cuw 1 r,~-,' I EAf\iAJ>G / BU. Ed, A{l'iP,":iLd, Mf\Af<O, NUf-\Pt.K 
C fJ '."' r!•~ /',J PL/';:--+/ N PP 

,: T = I X ( f-,1 , l l 
J= TX(!\,, 2 l 
K=IX(~-.,1,) 
L = J X ( ',, !-;- ) 
;.,Tyr·-=lX(!\, ~;) 
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I X p,;, ''!)=-I -~ p,, c;) 
i:- ·• -- , :, r, ': s s s Tr; ,\ T r1 > r L :H I Ll\i s H I P 

TE~P=(T(1)+T{J)+T{K)+T(L))/4o 

M= .2 
:1 r:i:-: J!,", 1<1<=1,6 

l "':i '.:::'(Kl< )='=("-1,KK+l,iV!TYP!. 
F'~(::>.)='::'(l) 
F >: { 4 ) = :.:r ( ? ) 

TF-(f\'PP) 31,,e6,r;5 
~& XX=~b(l)/'C(3) 

C 0'•1 t-' = F :-: ( l ) / ( XX- E { 2 } ':-1:, 2 ) 
C ( l , 1 , = C (J iV '-1 ,, XX 
C ( 1 , 2 ) = {T >1 P. ,:, f"~ != ( 2 ) 
C ( 1 , J ) = 'o ·: 

C(:',l)=Ctl,?) 
C ( --~, ·:) =Cl'F/J 
C(?,3l=•o 
C ( 3 , 1 ) = .. 3 -.' 

C( "',>)= . ., . 
C ( ?- ' J > :: . .;;) :: .. 
C ( ,,. , '-: ) = <> '1 ·,, : r:: ( 1 ) / ( X X + '~ [ ( ? ) ) 

S5 XX=f[(l)/[~(3) 
YY=;r(2)/(XX-EE(2)) 
ZX='~(l)/(lo-ff(2)~~2) 
crvv•.'.= ZXI { xx-yyo,,,,2) 
C ( !. , I ) =CU',~':\ XX 
C { l , ~, l = C' '"1 ~, "Y Y 
C(l,1 )=,.,• 
C ( :' ' :I ) :: ·' ., : 
C ( 3 , ? ) = .- ., :, 
C { :; , i ) = ) -~ ~-· 
C ( ', , ! ) = C , ; •n1 -;, y y 
C( -:,,.:?. )=C'.l..,''J! 
C('.::,3)=.:,., 
C(h 7 -'r}= .,·'>'ZXl(XX+YY) 

•<6 C(l,l}=l,. 1 ,/FE:(l) 
C ( l , n =-·. H 2) /EI::( 1) 
C(!,3)=-rF(£)/~f{5) 
C( _,J )=C(l,?) 
C{",?)=C(l,l) 
C(?,J)=Ctl,3) 
C( ;,,l)=C( 1,3) 
C(3,?l~C(?,3} 
CL:,~-l=L, :/i.:'H3) 
CALL SY/IHlV(C,3) 
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: { ',, ,-}-==,- -( j} /( ?<:> .+?o < n > 
,·n r_ - ! ·; ,• -== l , ~' 

: T ( " l = ( ( C ( ·. · , l ) -t- C ( ' , " l ) .; r- ( ,-; ) + C ( \;, -~ ) -: · ' ( S ) ) T F' 'P 
FC',1 j'li.: ILi\Tf.':f:-,l Sl;Fi.::~::-:;::; ,v,f:if\IX 

( :. l == ( ( I l + ;;, ( J ) + ;< { :-< l + ,:. ( L ) ) / 1t., , 

ZZ7(~J=(i(I)+Z(J)+Z(K)+l(LJ)/4a 

:,! ··•i = I X ( ;, , 
I F ( \ P P ) :; ·3 , 1:_. · • , ,:; -::_ 

: c;- 1 F ( ,_ ( ,n, ) l ·: ? , S l , o J 
~) 1. i·< ( '•H;. l =., . ' ! , ;~ ;: ( 5 ) 

IF (CF(:,,:)} ,:,'?,':,z,,: 
:.· ''.\ F f~ -: ( ,, , ) -== ::, ( ,, v. ) 
:, 't Z l Z ( ~1 ) = l ( ; • ~,; } 

ii fl l - I I = J , 1 , 
D(JI)= ... , 
n:_'' ": JJ=l,'-

,::c;: )ll~(4,JJ,Il)==-o 
:;·: J ,J,J=1,1:, 

I\( TI,J .. ll= " 
i• . l l : I i =- i , 4-
J J = t }((>;,I J) 

1 J ? ,~ !' G l -- ( I 1 ) =ch,;: ( J J ) / 1", 7., J 
IHK-l) 1 2,,l2},1?5 

l C.1\LL FL-TF(l ,?,3) 
"'. : · ( ', ) = ( :: ( l ) + t. ;; : ( ;:: ) + - .- r ( ? ) ) / ::_ ,. 
lZl{~)=fLl7(l)+lll(?)+lll(3))/3o• 
VUL=X1(1) 
i\ ;· •= /\ = r, '.< C p , 
i.~ ·i T:. l :'.' , 

C!\U T?T'.,T'."{'1,1,";) 
V !: L = V t, L + '< ! ( l ) 
i\t • ,\=/..,~ -,"+l.l<tPFT 
C t, I . L 1 ;, I ~; T f ( 1 , :2 , 5 ) 
\ff,l :::-VC,L-+ XI ( 1) 
Ar ;c· ,,:,. -= t:i, ••~ t '• + !-_ F· F: P \ T 
C.'~Lt F F,TF( ?,3,5) 
V ~-: I . = V . I _ + >'. I ( l ) 
1~ ;~ ;· ,\ = /\: ,: i:: !, + .l F. [ PP T 
CALL T TSTF(3,4,5) 
V r: L = V f IL t X T ( J ) 
AH ·. P = I'. -. ': : , + .. \ 1, 1: r:. FT 
f'f I l 4 • i r = 1 , f 

!'I'., ! L; .! J,J = :L f 1 
1+ Hl--l( l I,.lJl=LH( II,JJ)/•;,, _ 
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::i,l< 'JTI\,: TiI')T:-{Il,'-iJ,KK) 
l PLfLlT ,-,.tl,L*S (/\-H,L-!..) 
, __ . , 1'.L,4: · \ :\ C L Z , /\ f'' G f O , ,'.d' (. L - ( ,, } , C (J ;-.:· { E f 1 ) , ; { J , 7, J' _ ) , V C: L , 

( ,~ ) , (J, F ( i, " l __ ) , c: !"' ( ? _ ) , T f t" P , T { St) J } , U 9 { 3 6 J ) , 
? ~Z(E~l),l(R61),AREA,AREPRT,lµC(2 ),JGC(2 ),NP, 

''•TYi:,r·, N,;\it:MF L, \(lf,'MAT, NUMf'C, tJlMNF 
I ;\FC I C(t,,1.,),U(b,6),Dt1{?',:),Lf(7l,f=(6,l .), 

'--H -~- , 1 ; l , j--1 H ( J'., , 1 ) , P ( l , ) , F ;.;_ ( t,..) , R R l ( ':- ) , '·, ( l .. , , l .d , 
S ;: r:( i: . , 6 ) , '.~ IC ( ) , T P ( 6 ) , 1 T ( 4) , V C l LI'" ( ... ) , 
X1(1 ),Zl(4),ZZ/(5),IX{R ,5),LM(4) 

c , ) ,,, "41 N I w i-\ 1, /: ,~- c I B < 1 :~: > , :.\ < 1 __ ·J , ': L, > , r. e ., 1-.1 r. , r u /J n L :< 
cc 1V: '.i/Pl_f,i'./\.1FF 

1' 1 o 1 T T I id I 7 i\ T J L"'J 
LM{l)=II 
1_1,'-(;')=JJ 
l_i0( ,)=(!<.. 
lF{l)=: (II) 
i-; ,, { ) = < ; ( ( J J ) 
•·:'(_--:,)==?·•· (KK) 
:--· :- ( 1+ l = " ( I I ) 
ll(U=l71.(1I) 
Z Z { :· ) = Z U .. ( J J ) 
lZ{?l-=Ul(f<r'.) 
lZ(·t)=lZl(II) 

_,, ' .. i ,~, n 1 _ I = 1 , {; 
;·);' J=1,1· 
F(I,J)= o· 

o, H(I,J)= ,, 
[JL' 1·_. J=J.,6 
,__1 ( I ' J} = -~ 

> O F [_ 'l T 1< T ;::- G ? J\ l__ { \ ' ) T ' ( C ) !< { G ) 
C! Ll I \; T -- f ( X I , :-1 R , Z Z ) 
1__, ( -, , 6 ) = X I ( l ) ~• ( C ( l , ? ) + C ( ; , J ) ) 
D( ,, '", )c::XI ( l) 'C( ,'./,L,) 
f' ( --:::; , :, ) = X I ( 1 l ,. C ( t+ , 1t ) 

, 1 ( ",, ) = XI ( i ) C ( ; , ? ) 
If""(l.:<'i.,) l it,l,6,1:4 

l i; i ·· ( ,' , 2 ) = X J ( l ) l" C ( ! , J ) 
, .. ) { , : 1 ) = X T ( l l ,, C { 4 , 4 ) 

(;,J Ti.1 l .. '' 
J 1 , 'J { 1 .. , 1 ) = XI C' ) ·' C ( J , ~; ) 

li(L,;)"'Xf(:-)"'(C(l,?,)+C (;,3)) 
''( 1, :, )=XT (':'-) :(( 3,;) 
U(l,G)=XI(l)*C(?,3) 
fJ ( -- , ? ) = X f ( 1 __ ) q C ( 1, l) + ;;• ,, C ( 1, ?) +C ( 3, :: l ) 
: ( ? , 3 ) =XI ( 4 ) " ( C ( 1 , 7) ) +C( : , :·) ) 
U ( } , _'.:\) = x l ( -'-: i ,, C ( J, 3) +XI ( 1 ) 'C ( 4, 1+) 
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]l -)(J,l)=U(J,J) 

l 

'to, 1·-,1 C;- FFICT.\ .. l''T ;:-T~,f'LAS,·H;_NT T•;/1\i!='t;:>'"t,Tii•t, 
CI' ·J = ,, ;· { > ) ,; ( Z Z( 3 )-Z 7 ( J l l 

+ '<. \ < :; ) ' <Z Z ( 2 ) - Z l C -; ) ) 
+1P,(?,),(ZZ{l)-Zl(?}) 

' '') ( 1 , l ) =- ( { ? > ,; Z Z ( 3 ) - ,. •·... ( :i HIZ ( 2 ) ) /(.i M ~•1 
1 , l ( J , :' ) = ( ; ' ( ) "• Z Z ( 1 ) - \' f; ( 1 ) ,: l Z { 3 ) ) / C ,-, r ii' 
'H) < 1, , > = < ;:f< < 1. > ,., z z c 2 , - c L' < ;~ > ~,z z < 1 > > 1c rw'. M 
, 1 ·· • < ; , 1 l = < z z < : > - z z < :i, > ) / r u ,.~ ,.,, 
nr:(Z, )) =( U( ?)-ZZ( l)) /C•-MJ'•1 
,- (i, ',)={ZZ(1-)-ZZ{2))/Cf~<i;,,' 
tlf,{: ,i}=('l'.(:~}-F,,.(,:?.) )/Ct ... Alv 

• if: ( .7 , ? } = ( r i ( 1 ) - k R ( 3 ) ) /Ci ·. i< A 
,1,·(:\,:;l=(;' (?)-P'.<(1))/C M•l 

' 1 ' 1? ~·• I = l , ·:-
J ="" L i•I ( l )-1 
-1( 1 ,J)=;:,( 1, T) 
H( :.,,J)= H (Z, I) 
f i ( _: , J ) = <: ( 3 , I ) 
H ( 1 : , .J .- l ) = i, J ( 1 , I ) 
H(:,J+ll-= 'C(?,I) 

l ? H ( r-. , -.I+ l ) .:: tr- { ·~ , I ) 
c ,. r r ,n: ;y\•r f:C~•iNS Ir ;: ,>.:UJ : D 

'; I \ 1 ::: ,c, J =- l ' ::-
I= U< ( J) 
I F ( /'. N GL ' ( I ) ) 12 2, J ? ~;, 1 c '5 

1 7 ~ SINA= 0iI (A~GLE(Il) 

1 .'/ / , .. + 
125 

( C, ·:, t == '>~ i: '.: ( !< I\ GU' ( I ) ) 
I J=2 I 

r,:-q =H(k.,JJ-1> 
H < 1<.. , 1 ,J-1 , = T, 1v" cc s A+ rt I\ , LI , ,:cs 11u1 
H(K,IJ)=-T~PVSI~A+H(K,IJl*CnSA 

u, ... 1_,:: ____ J=1,1 
;y· l '.) K = ] , ( 
JF (11(1<.,J)) ld',L'G,L:, 

J ? 1> r; l ? : i = 1 , i: 

1/<; F( I,J)=H T,~l)+D(I,1<) 0 H(V,,J) 
1 3 C , , ·, T T "-, U -

, 
J_ 

!V., !4 1-::.:l,1 
L:: 14 .. ~'.:::l,r 
I F ( H { 1-:. , T ) ) l ?, ? , 14 ·. , : , 
1);-_; J_:~:·-(_; J=J,1. 
S ( i , J ) = •_; ( I , J ) + i-c ( !< , J ) ' f { !< , J ) 
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) 'i- _J C , 'TI IJJ 
C . '" F \' :, · ,1 H' FF "' 1\ l LL J'!i , ~1 ;\ 1 f-z IX 

!L~,1~~,1~5 
J-'t5 TTL})=:,.,, 

CU; 1l \\ = X I { 1. ) ,-. t f ( 4 ) 
lS COMM=DLJ(~Tvr-,.i~G~Q~*2 

TP(: )=C,,;;t;"-'XI(7)+XI(~)=+-TT(3) 
Tl--' C:'. ) = Cf>1 /\'' ,;, X I ( 9 ) ·t-X I ( l ) :~, ( TT ( l) +TT ( J ) ) 
T !-) ( .? ) = C , ' !/•• "' X I ( l C ) + X I ( 4 ) ,,,, T T ( J ) 
C '' '1'"'=-Fi: ( /v'TYPF) * AL rt Z 
T F' ( 4 ) = c;; :,,, l'-" .- X I ( 1- ) 
T p ( •; ) =Cl ,,If/! XI ( 7, 
T P ( f,) =C ;_y ;Ai, XI ( r ) + X 1 ( l ) , TT ( 2 } 
fY! 16" I=l,1' 
iY: l t, _, K = 1 , 6 

16.: P(fl=P(l)+H (!(,I)''TP{K) 

4 ' .l DU •tl . I= 1, { 
PO -'~ l , .I= 1 , l -

41• HH(I,J)=Ht-,(I,J)+H(I,J) 
P'-T'U·'_,\) 

5 !fr, ' ':ff I i-.; L iv1 ,) D I FY ( /\, h , N :' ;J , M f\ 1\ ND, N , U ) 
Jt1P1.ICif k:~f\lic.8 (~-h,Cl-l) 
!~I'·"i'~JSI;i1,: ~,(1CtJ,!:i4) ,P(l'g) 
r,c ;:,so, "'=;!,r,.,,r:,;,,t,,!O 
1( =,\-/1-.'+ 1_ 

IF(K) 2~5,235,230 
2~; J(K)=H(K)-A(K,~)*U 

2 K="l+M-1 
1 F ( \; ;:, '.J-i< ) c1 'i •·· , 2 4,.,, 2 4- _'. 

;4 ~(K)=S(K)-A(,,M)xLJ 

t:.'.). C•.,i'.:TI"-1Uc 
!~(\,l}=lo 
? ( /·!) = u 

S\J-',i-il, 1JTI i[: f:'MJSUL 
JMDL ICIT ;,·,::_ti,L_:,;,8 (A-H,C-Z) 
cni-/•\'1',',i / J;'.,f;'\.RG I P,(l'·f.), A(l,E,54), MM,, 



t·.'.t"~=;\ ;\.+·-.ji,.: 

i' ;:: ;.,·II\ f.' 

c,r- T(. l '~ 
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'·· ,,,,:,l;'C·" f,)' 11\TI;.:f'<S FY hLCCK.S 
r ', 1 ,, c 1, 1 FT '"', L CC :< PF r= \~' Li /4 1 L JE 

1 :.i O ·=.:l<'r,+ l 
l\{j 1?'> ,=l,\Jl\ 
:,! ·'1= \, I + •,1 

A ( :-, , J) = ;\ {/\/\I, Ii} 

1 ? 5 il, ( ' 1 ,v; , "i ) = c o . 

C ?,, ~.i!U ·, 2 x1 f~Lrc1< ~f 
Ir( •\ll"'~)L;<-,.:fl 15U,2 .·,15.~ 

] -; _ ? :: /; ,·, ( -,, ) ( .'< ( f, ) , ( A ( 1'J, ;,; ) , rv= l, i-1,Yi) , N'= NL, hH) 
I F { •'-· r, ) ,:.. . , , 1 : ' ,~ , :? .: _ 

t., ,,, -'<=:,i;J~~i El(!CK Uf F(,,L/,1IJ~.; 
:;; , : ., r '':= 1 ., i\ 1\1 

1, (!J(t,Jl) ;:-;s,3· 1 ,/;~'.:i 
t'. ? c:, r.i ( '': ) = F, ( ;,j) / 1-" ( N , 1 ) 

J ~: ? 1 •< L = . , ~· f,1 

I ( ,1 ( , L ) l _· 3 ·J ,, ? Jf.:· , .! ? : 
C=\(N,L)/~{\,l) 
l="':+L-1 
,J =· 
'.J t: ;: 'i X."" l , /M-, 
J=J+l 

2 ,., _ .t, ( f , ,l l = ,'; ( I , ,J ) - u· t\ ( N , K ) 
,_',( I ) = f', ( l l - 2s ( !' , L ) ,-, F ( r ) 
_;\ ( •;' L ) =;: 

?7:::• Ctl".1TI\U;:.: 
C' :.:TI :,1•J:--

C '+... \..'f.'JT'. itCCK UF fsCCt.)r'";;::[) ft/\JATTCNS U\I Ti\P'=: 7 

Ir(":/1'1HL''-,\iF) 3Ti,4;>.,?,7S 
•2 ., -. ~; ,,: I r E < 1 ) t ,", < t" l , ( /i < ,, , ;, , 1 , r, = ;~ , :.;;-0 ) , J\ = 1 , t , :., , > 

Gi; T;: l .· 
[ ;•tiC,.-'. :; 1 ;,;<;Tnu,JUi 

4. , , n ci i+ s, ,; t.--:= 1 , f\ r~ 
~·!=l\f.1+]-\, 
r~1 :J 4.? S K =? , f •· 1 
L=''+K-l 

4 ) 5 ,. ( ,, t = ? ( , .. ) - !\. ( i\' , ¥ ) ,:,. r'. ( L ) 
Iv'="'+ •,1\', 

;l,(!\\ )=H ('i) 
4 S ;\ ( \i i>-' , '.': P l == !' ( f, ) 

,,,:, = (.,-1 
I f ( 1\ t, ) 4 7 ' , '} ,, . , 4 7 S 
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C CRU. ~' ;;\·V'\;_,i/l;l_ ... ; l"-.1 r:: :.\~::·~·,;:y 
L I<= 

i':t'"i=:"·i·+i,i 

~~=~<+l 
( J", ( ~: ) c::: ,:'.\ { \ ', f I, ~. ) 

,:, Fl\J, f'.' 

,.; ip f • . UT f ,. '- f 1' T \::: F { X I , i· ii , l Z ) 
p.i pt I c T T 1' r. LL, "' < ,1 -H, r - z l 
t: J ~', r,, S I : '!'i - ;, ( 4) , l Z ( t., ) , X r ( 1 · ) , X M ( 6 } , ' ( ,";) , Z ( 6) t X )( ( 6) 
( ;_: " M; ;, ' / p L j\ i\ ,: / i\ p p 
DAT :i XX I -:: ,q_ o '. n , '.3 ,;; 3 o 'D ;, / 
Ci 1 >·ii<= i' · ( :;; ) } ( l l ( 3) - l 7- ( l ) ) 

+ ~- :' { -, ) •- · ( Z Z ( l. ) - Z l ( :, l ) 
/ +"H?) 0 UZ(U-ZZ(2)) 

C ' 1 /·,=CJ ,;r I; "+o 
F' ( J ) = •: 1.: ( ] ) 

( :'. ) = _:·. , ; { ,::_' ) 
!'( ;;)=:·,:( .··) 
?. ( ·-· ) = ( '-' ( l ) + t ( ,,, l ) / 2 • ., 
; ( :, ) = ( ~- ( -; ) + 1-.. ( 3 ) } / 2 . ., ', 
1•: ( c, ) = ( "· ( -) ) + P { l ) ) / ? .,, ,_ 
Z( ll=ZZ(J I 
Z(;)=l7(,) 
l(,}=ZlL) 
Z(4)=(Z.(.L )+7(?} )/-;:,._ 
z { ,- ) "'- ( 7_ ( '. ) + z { :: ) ) /?" ", 
Z( ))=(Z(->)+7(1))/?.,C 
1 r < ~.,PP > :. , -•' : , 1 --

J_ _ '. · ' : ?. . I = 1 , , 
? , XM(I)=/X{T) 

r- ., r . , 
b '. , . ·t . 

---~ pr, I ~:i i = l , .. ; 
~j XW(T)=XV{()\ (I) 
4, r'i_ 1 ~) ..• I=~ ,1,, 
r.:-. - l X I ( ] ) = ·_, ·O 

tJ f : 1 I = 1 , 2· 
XI{!}=XI(l )+~~(J} 
YI( })=Xl(t..l+X"N·(I )f;,(f) 
XI ( ., ) =XI ( '.' ) + ·,: "". ( 1 ) / ( i ( I) ,,,..;;) 
X I { 1~. ) '= X I { Li-} + X ~, ( I ) , Z { I ii P ( 1 ) 
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X T { ,. ) = X 1 ( r. I + X ~,, ( I ) ' Z ( I ) / ( h. ( I ) '.- '· I.'. ) 
X 1 (:·, ) = X 1 ( h) + X/li' ( I ) • l ( I ) ; ,-:: /{ : { T ) "' ,-, 2 
YI ( 7 ) = X l ( -:1 I + X :,, ( I ) = e ( I ) 
XI(·~•}=XI("':)+X•>(I) 1Z(l) 
XI ( ,:· ) = X T ( ,-; ) + X"' ( I ) • ;.; ( ! } ~, • 2 
X T ( l .. ) :-= Xi ( l ,.~ ) + XM ( I ) :• f ( I ) t,, Z ( I ) 

1 -' CC,.IT 1 t/U 1~ 

iy:, l 5 , I= 1, 1 ' 
15 ·:'. XI ( I ) ;:= X l ( T );:( on, 

. 'TU-;\ 
,-::· f'iU 

sin-,;r-'JT!'l[ SY/>1INV{1\,:\gt,X) 
H-H>LICIT r1 ttL~~e (A-H,::J-Z) 
: ) I ,,1 t· N S 1 t.: '1 ft- ( 4 , 4 ) 
fl -, :i, · \ ·== J , 1\-ll.1 AX 
l ) = Id ~J ' ,,j ) 

i)(j 1,. J=J,t'MlX 
1 A ( \,, J ) =- ,\ ( r. , J ) /C 

DC· 1i:;_. I=l,NMtiX 
I f { r:- I ) J: ·. , J 5 C,, 11 "' 

l L· D Ci 1 !+ ' J = l , r ~-1 A X 
If (r---J} 12<,14•,,1/;.~J 

12J A(J,J}=1(I,J)+A(1,N)~A(f,J) 
1 ::, r. rnvr I f\U r-
1. •, __ , i~(T,N)=A(J,f'.!)/1: 

t\(i,,h)=l.'.:/G 
2 V; C!JI\TINUF 

H c:T 1JF '-' 
r ,.,;-, 
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('1:' F p,: P-'G p,~ :=',SUP t = 1-. PS I 
~XTAL p~~ssuRF = 2s P~I 
,", 1/ r ') A c; [ P •-< t: S SU F b = 1 5 PS I 

l ,., 
L 

5 
6 
7 
,:; 
') 

l :, 
1 1 
} 2 
1: 
14 
l i:. 

lf 
17 
1 .0 
) 0 
') -. 
.., ; 

l -l 

?2 

24 
.., i;, 

J4 

-· DISFL. 

}. ~: J .;r,-\-·] 
J. ·,, ,.>_1('-,:' 1 

"J. i~.' ~n-,;. . 1 

.._, • '.; C ~:: f) - f _l 

) •. ): , J f) - ' '.l 

J. )C:~T-C iJ 
). )C(.J)-( ··, 
). ·:r;)r,-·: c! 

.J. ,_,r _n-· J 
J • .• , .• fl-'. ) 

1 • . J(' lf1- '.'. 0 
J. )·JCf'•-: J 
.:!e ')!,_· jl'-'J,) 

J • '.· y•r- ) 
1. ,JC()r.-,, ! 

1.145['-c,6 
2. 291 r,-2 A 
3. 1+3CiD-·~6 
4. 5c )f'-: f, 

~. 756fl- .'S 
be CJR 3 f'-; 6 
;i. 3C~r-• 6 
:J • f•, H ·w - ', 6 
1. 1 "7f'-; ''i 
1 • 2 4 7 fl - ~: 5 
le -=lC:,f)-·•5 

1.r55cin-.)5 
lo75Jf'-•~5 
J.. 946D-r 5 
2. Jtt ::>[1-. 5 
2. :Hl4[-,. ,; 
2.ss1:1- 5 
~.)75r-, 5 
3 • s i: qr - ,_. '::> 
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e:" .J J .Jr,-··;c 
t. J·JOn-,:o 

( •. _;;;:,)[!-(:(, 

C • ,- ';·,;,D-00 
~- • :• .. J :,fl-( r: 
C • ',_31•,r,- i' C 
C. J0~1 l)-C-C 
Co lJUD-•JO 
-2. ·JOCD-(:c, 
(. • )')·.'D-!~:'J 
C • :} v ,_1f: - CC 
t: • ) .. -, ;·· n - ·~: o 
'.':. J Y·D-, 1) 

( .(;);)D-(l'.) 
c. )Jc,u-c o 
~" • ./ :J J D - C f\ 

"·• J,.'"'D-(C 
( • J'Y;O-JC 
c. -·''. :ir-~:,: 
P •?. 3 5U-(·6 
l.ti"i3G-C5 
2.492f)-05 
3.3460-05 
4.??10-05 
5ol2.8P-05 
t • )73D-05 
7.)57f:-05 
F. j93D-C5 
~.l6PC-05 
1. ~31[)-')4 
1.lA)D-04 
1. 3 )J:)-,)4 
1•454D-CL•· 
1 .. 62RD-.')4 
1. 83 40-C4 
2.J85D-04 
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FINITE ELEMENT ANALYSIS OF SOIL COMPACTION 

by 

George Edward Coleman, III 

(ABSTRACT) 

The problem of predicting soil compaction is one of major concern 

to those in the agricultural industry. In this investigation the 

feasibility of using a numerical analysis technique to study force-

compaction phenomena in soils was considered. The finite element tech-

nique was used to observe compaction in a triaxially loaded soil sample. 

The stress-strain relationship used for the analysis was a generalized 

Von Mises yield criterion developed from triaxial test data for prepared 

Ottawa silica sand samples. An incremental non-linearization technique 

was employed to approximate this stress-strain relationship. 

It was found that soil compaction was dependent upon the mean 

normal stress and shear stress. The latter had a much greater influence 

upon compaction, for the range of pressures studied. 
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