THE ELASTIC EFFECT OF COLUMNS ON THE

MOMENTS IN SLABS DUE TO VERTICAL LOADS

by

Kenneth Woodrow Cogan

Thesis submitted to the Graduate Faculty of the

Virginia Polytechnic Institute

in candidacy for the degree of

MASTER OF SCIENCE

in

ARCHITECTURAL ENGINEERING

APPROVED APPROVED

Blacksburg, Virginia

o

August, 1951




I,
II.
III.
IV,
Ve
VI.
ViI.

CONTENTS

Page
Introductionesesesvecssevsssssscsscescssscccovsscence 4
Preceeding Thes6S8eccescsecscsvesscrsesccevsessscccscses O
Derivation of Plate FormulB88esescsccccesscssssssses 7
Preliminary Considerations In Analytical Solution.. 13
The Redistribution of Stresses.esccccsssccscccscoces 14
Reviecw of Westergeard's Articlecceccscsssccsccescse 16

Review of Timoshenko's Methodeeesessssesescccsnssee 18

VI1I., Comparison 0f ResultSeeessvesescsveoscecsssocnsscses 20

Xe
XI,

1.

2.
Se
4,
5.
B,
7.

ConcluslonNSessosesovsrseccncssesecssssecsoesscssovsose 29
ACRnowledgGmenta.....o-..-...o....c....-¢.......o.. 32

Literature Clted,ececscocccvsovsccscesvscosovseccsvensne 33

FIGURES

Plan of 8lab, Showing Load Points and Location of

Strain Rosett@S.esecccsscesessssccsscssesocessccsscnse 6
Rectangular Element Of Sl@Decesscossssccsccescssscssee 9
Single Panel of SlaDeescssvessccsscessscscscssscosccses 19
Conditions of Loading Around Panel...cescscesscscecsce 19
Theoretical Moment Coeffilcients along Bdg@ssscacceesss <1
Theoretical Moment Coefficlents across EdfOesecesceses 22

Theoretical Moment Coefficlients across Center Line.,... 22



8,
9.

10,
11.
12,

Page
Theoretical Moment Coefficlents along Center Line... 23
Left Diagrams Theoretical Moment Coefficlents
across Diagonal
Right Dlagram: Theoretical Moment Coefficients
along Dlagon8leseessssossssvsssssssssacssscsccsscecss 24
for Panel; C/L = Oseessescosssscccocscesscscsssnee 25
for Panel; C/L = 0elOeesessveesscccscassasconscons 2O

for Panel} Bxperimental Result Sevesseesvsvevcccces 27




I. INTRODUCTION

The ever-increasing scarcity of many structural mater-
i{als accentuates the need of continuing Investligatlions Into
the true interaction of stresses in all the components of a
structural frame, These Investigsations can save materlsls,
both by recognlzing the part played by structural elements
hitherto disregarded as beinz too complex to conslder, and
by the restltent reduction of safety factors employed by
the building trades., At the same time 1t must be realized
that, for reasons of economy, designers and engineers are
not likely to spend large sums of money for the complex
analyses now necessery to determine these stress Interactions,
when the cost of such enelyses cannot be offget by approxi-
mately equal savings in the cost of structural materials,

For these ressons it is desirable thwmt methods of analyseis,
which consider the importance of all the structural compon-
ents of a frame, can be presented to tae architect and tue
engineer in such forms that the analyses can be performed
with reasonable rapidity by the regular members of the design
staff,

One of the important structurel elements wilch 1s large-
1y disregarded in present design procedure is tne floor slab,

both continuous and discontinuous, The floor slat at present

1s generally designed by considering & typical strip in fioors




which span in one direction. Slabs which span in both direce-
tions have taeir design rigldly controlled by code specifica=-
tions, which are bssed on emplricel formulas., Little or no
attention 1s directed to the interaction of stresses between
the slabs, the beams, and the columns. It is the purpose of
this thesis to continue the investigation, begun by E. L,
Miller} of a square slab welded to four columns; comparing
Miller's experimental results with the results of snalytical
gsolutions by N, J. Nellson &nd H. M. Westergaard., Later
formulas for analyticel solutions by S. Timoshenko will also
be presented., It 13 hoped that the work done in thls thesls
will provide part of a usgable basls for further experimental
work by the Virginia Polytechnlc Institute's Department of

Architecture,
II, PRECEEDING THESES

Miller's thesis dealt with the losding of & square steel
plate supported on round columns, and with tne measurement of
strains produced by the loading. The columns were welded to
the plate and were simply supported In countersunk holes at
their lower ends., Results were recorded from readings taken
from SR-4 strain rosettes placed at the corners of squares,
L/6 on & side, in one quadrant of the plate (Flg, 1). Four
SR-4 strain gages, ninety degrees apart, were affixed to the

top of ti®» adjacent column., The plate was divided into
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squares, L/4 on e side, and loads of 5000# were applied In
symmetrical pairs at the corners of the squares; excent thnat
a single 5000# load was eppllied at the interssetion of the
mein diagonals, and no loads were spplied over the columns
(Fige 1)+ Tihe readings obtained from these loadings were
superimposed to obtain approximately the same conditione as
would be obtalned from & uniform load of approxlimnately
635pasf. An overhang was left on all sldes of the plate.
Unfortunately, no strein measurements were made on thils over=-
nang, so its influence on tle siresses in the plate, ard on
tne moments in the column cannot be studled,

In eddition to the experimental work done by Hiller and
the data recorded by him, a valuable thesis was presented by
R. J, Kolker? 11sting 8 large amount of the literature pub-
1ished on the design and analysls of slabs and plates, and
reviewlng briefly the literature which was listed., FKefer-
ence has been made repeatedly to Kolker's thesls in select-

ing articles wiich bear on the topic of the present thesis,
III. DERIVATION OF PLATE FORMULAS

The derivations of the plate formulas vary scmewhat
among different autnors, but tie results are in general

accordance with one another. The derlivation presented hLere

follows approximately that of H. M. Westergaard?
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Preliminary conslderations used ir tnae derivation are:

(1) the materisl 1is homogeneous and isotropic throusi-
out,

(2) stress varies linearly with straln,

(3) the neutrsal axis is & plene (& warped plane during
deflection) &t 211 times half tie thickness of the plate be=
neati. the apper surface,

(4) the plate 1s medlux thilck, l.e. not so thlck that
an appreclacle part of the energy of deformation 1s contril-
buted by the vertical stresses, a~d not so thin that arn anpre-
clable part of the energy ls contributed by the plate's stret-
chinge

Twe following notations will be used:

X,y = horlgzontel rectangular coordinates,

w s vertical deflection, positive downward,

Vx w vertical shear per unlt length in sectlon perpendi-
cular to x at point (x,y).

Vy = sare in sectlon perpendicular to y.

My s Dbending moment per unit length in sectlon perpendi-
cular to x at point (x,y); positive whern causing

compression at top &.d tenslon at bottom.

Mxy = torsional moment per unlt length in sections serpene

dieular to xy plane at poirt (x,y); positive when 1t

|
|
My = same In sectlon perpendicular to y.
causes shortenings at ton slorng the diagonal through
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the corner (x,y) of the element,
E e modulus of elasticity.
Polsson's ratio of lateral deformation to longitud-
inal deformation,
I = moment of inertis per unit length; 1/12 h® when h is
slab thickness,

An element of the slab !s taken with dimensions dx, 4y,
and h. The deflection at point (x,y) is measured by w, which
i1s positive downward,

-The loads ares the vertical uniform load, gdxdy and the
internal vertical snears, moments, and torsions, as Indlcated
by Fig. 2.

The vertical shears and moments are snalogous to vertl-
cal srears and moments in beams. The torsiornal moments are
resultants of the horizontal shears in the vertlical faces.

The values of Mxy in the lower and in the lefte«hand faces are

equal,
The directions indicated by the arrows are positive,
The forces in Fig, 2 must hold the element In equili-

brium. Equating the sum of the vertical components to zero

and dividing by dx, dy

We L OV _
‘5:*%‘%"%‘0‘ (1)

By equating to gzero the sum of the moments about & line

parallel to y anxd through the center of the element, and

dividing by dx, 4y




d My, I M

d x aY = Vs (2)
similarly, d My . 3 M v,
oy A% (3)

Differentiating (2) and (3) with respect to x erd y,

respectively, and aubstituting in (1)
aa?f? ZBM’; +%~—‘--—q (4)
Since equations (1) to (4) are equations of equlilibrium
only, thevy do not conslder the elastic properties of the
plate. If the elastic deformations are considered 1V 1s
seen trat any type of deformation can be resolved into (a)
bending in the x direction, (b) bending in the direction,

and/or (c) torsion in the xy-directlons. The amounts of

deformation in (a) and (b) ars measured by the curvaiures

A
-éﬁ-andn-_Y;respectively, Just as in beams, awd n {(c) by

o 5( 5( 3
D ) - b4 w -
the rate of change of the slope Sy _x;*— Sxay

From the theory of beams, a bending moment My, acting

T
alone, produces the curvatures = %—%:M—‘— in the x-direction,

El
Aw ;ut%% in the y-direction, and no twlst, The torsional
S
couples produce a twlst -Q%GW whlch may be determined by

introducing temporarily another system of coordinates,
x!',y', making angles of 452 with the system of x,y. The
couples, Mxy' are replaced by an equlvalent combination of
couples consisting of the bencing moments My' = Mxy in the

xtedirection and My' z - My in the y'=direction. These




-12-

bending moments produce the curvatures

3 w o Mg - My' . My G+v) c)z My Grw)
&X‘ EL El > a \['l El
in terms of which the twiat may ve expressed by ths transe

Moy (1 +V
( x'z %—“—L’-’) - E§_|+ ) -

T.e derivation of tue trensformation formula follows

formation formula =
8 ay

from the relatlonsiiips
X' & xcosa + ¥y gina
y' 2 =xslna + y coso

w.ere & s the angle vetween tize two sets c¢f coordlnates,

In this case cosa = sinaz 145 . Then

_,:bw Ox' L Ow Jy' . W 1 _ Jw 1
I x Sk T Sy 3)\ T dx' ¥z dyt vz

3. (3 dy' Y us S
S0l G 8 SEN3 - S E0Y -5 k]

buts""L %l"(z

S dw W 3% ;
T r*rz[ax.z”féis* SUPEECH RES L EPLN

wilch equals the transformation formula sbove when both sides
of tlie equation are multliplied LY minus one,.
Taking the general case where ly, :ﬁy, and Mxy are glil

oresent, tie resultant deformations are
— "W M, -V My

ST (5)
Bw ~ -’UM&

aye ‘JT—:I (6)
w_, Mey (14V) (7)
TORNY EL

Solving (5), (6), and (7) for the moments give

M " - vl)( Vg'“/ (8)
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a‘c
My = = vz><"a“' v (9)

Mw =g W) (-& ) (10)
If the values of (8), (9) and (10) are substituted In
equation (4) the Lagrange equation for the flexure of plates
results. This 1s the general "plate equation" used by the
ma jority of authors on the subject.

2% 4 4w -Vt
I x#* 231&1*':FF EI L (11)

In the solution of the Lagrange equation, Poisson's

ratio 1s generally teken as zero ard the solution 1s convert=

ed by
Mlx': Mx'\'_VM‘{ V‘X=Vx
Yy = v Mg y =
My= My = VT W (12)
M‘xy=<\"v) Mxy w ’(“UI)W

There is as yet no general solution of equation (11),
Marcus? gave a reasonably accurate gsolution for several
cases, which involved, however, the solution of & number
of simultaneous equations., For some cases Sir Richard
Southwell'!s Relaxation method5 is applicable, In all cases

e minimum of two boundary corditions 1s required for a s0lu=

tioni |

IV. PRELIMINARY CONSIDRRATIONS IN ANALYTICAL SOLUTION

In attempting an analytical solutlion of the slab under
dlscussion, the following conditions must be recognized:

(1) the plate is rigidly perpendicular to the column at the
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points of connection, i.e. at the welds, (2) the plate 1is
free to deflect vertically at all points, except at the
colums, (3) the columns are hinged at the base and rigldly
supported at the plate,

The difficulty with the slab under conslideration is the
selection of two satisfactory boundary conditions which can
be applied in a workable fashion to the Lagrange equation,

A reasonable spproach to the problem may be found, however,

in a solution by H, M. Westergaard, which will be discussed

later,

V. THE REDISTRIBUTION OF STRESSES

One of the principal ressons a purely elastic approach
to plate problems fails to give solutions exactly corres-
ponding to experimental results is the phenomena of stress
redistribution. Under very licht loads stresses tend to occur
as the theory of slasticity predicts, but as the load in-
creases reglions of high stress fall to increase proportione
ally, Instead, other ereas of somewhat lower stress patterns
tend to sbsorb more than their proportional share of stresses.
A discussion by Westergsard on this subject considers the
example of a rectangular interior panel supported on beams.

A uniform load wae considered apvlied over the whole sleb,
With small loads the panel behaved as vredicted by elastic

theory and the stresses at the center of the long sides were
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the sreatest in the panel, As the load was Increased the
stresszes at the center of the longest sides falled to ine
cresase proportionally as the deformations, while the stresces
at the corners increased more than proportionally. In other
words, the corner had galned in stiffness whlle the center

of the long side had lost, Secondary and tertiary redlstri-
butions occurred toward the center of the panel and flnelly
from the longer spsn to the shorter. Thils redistribution 1s
probably the result of local stresses exceeding the yleld
point, In effect, 1t allows critlical design coefficlents to
be reduced below theoretical coefficients. An example of the
magnitude of this redistribution is mentioned by Newmark:
"Calculetions reported by Westergaard5 for tasts by Bach snd
6raf® on slabs subjected to uniform loads, indicated comput-
ed stresszes in the reinforcement at fellure from 1,05 to

1.57 of tne yleld polnt of the reinforeing steels.."’

The plate discussed in thls thesls would have large
negative monents at the columns, 1f the columns were rigld,
end would have a sraller positive moment near the center,
Ever though the columns are elastic, they are stiff and would
theoretically behave nearly the same, Redlstribution wlll
produce greater moments along the edges of the plate than
predicted; greater moments at the center of the plate than

predicted; and lesser negatlive moments at the corners of the

plate than predicted.
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VI. REVIEW OF WESTERGAARD'S® ARTICLE

The most common occurernce of the flat plate risldly
connected to colurms is in the so-called "flat slab" construc-
tion, where a whole floor system 1s sunported on a series of
colummna with no connecting girders. Thls ayasten 1is renerally
constructed in reinforced concrete ard 1s rigldly liuited by
the American Concrate Institute's code requirements in its
ratlo of distances between colurms. H. M, Westergaard uses
this system for his analysls, and chooses the theoretical
exanple of an interior panel of an infinitely large flat slab,
The panel selected 1s square, homogeneous, and has Polsson's
ratioc >f zero, The columms on whlch it is sunnorted are
assumed to he infinitely stiff and the slat 1s assuned to be
harizontal at all points along the edge of the column capitals,
and norizontal at all polnts along the panel edres. There 1is
no 1iwitation placed on the deflectlinn between colums, except
trat 1t be small as compared to the overall nanel size, 1l.e.
not & skir-type constructions

Westerpasrd baged his investiwation on éertain reaults
reported by N. J. Neilsons ir hile epnalysis of plates by the
rethind of difference equations. Nelleson analyzed a sguare
interior slab, point-supported, ard uniformly loaded, e
dilvided the panel into square sections, 0,11, on & eide, and

ueed Lhe deflections at the corners of each square as his
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variables, Wesatergaard improved on Nilelson's results by
drawing a smooth curve through the values obtained at the
corners of the squares,

Westergaard used the point supported slab "as a substi-
tute structure which temporarily replaces the slab supported
on columns capltals, and which is made to act like the origl=-
nal slab, that is, have the same deflections and moments at
all points outside the circles marked by the edges of the
column capitals..."9 He accomplished this by using "ring
loads" over the column capitals, i.e. uniformly distributed
upward loads along the capital's circumference and &n equal
downward load at the center of the capltel., In addition he
added a "uniformly distributed bending moment applied at the
edge of the whole eltb,"lo and combined the whole with the
uniform load and the point reactions,

In order to determine the intensity of the ring loads,
and to make the proper addition to the point-supported
moments, Westergaard solved tne Lagrange egquation, (1) for
the case of the ring load by using a double~infinite series,

Westergaard presents hls results for ratios of column
capltals to length of side ranging from 0.15 to 0.,30. He
presents also approximate formulas for moment coefficients

at strategic points based on ratlos of 0.15 to 0.30, To

find the results for a ratioc of 0,10 it was necessary to inter-

polate, using the sapproximate formulas and the curves for




reference,

Curves of o based on Westergaard's Iinterpretation of
Neilson's results for capltal to length ratio of gzero are
presenited later, along with curves of o for caplital to
length ratio of 0,10, These curves are compared with those
obtained for Ok from Miller's experlimental resultsgs, It was
necessary to assume that the dlagonals were stress trajec-
tories in order to obtain some of the velues of <., Thls
assunption seemed loglcal in view of the symmetry of ihe

square plate.
VII. REVIEW OF TIMOSHENKO'S1l METH®D

S. Timoshenko approaches the same problem of the inter-
jor panel of an infinitely large slab through the use of an
infinite series., However, it nes been found in the departe
ment of Applied Kechanics at V,P,I. that reasonable accuracy
cculd be obtalned in tie case of the homogeneous plate by
the use of only the first term in the series.

Timoshenko's equations will be stated here, although no
effort will be made to follow his derivations, The assump=-
tions he mekes are in accord with those of Westergaard, The
equations are somewhat laborious, but their solution can be
obtained with the use of any good mathematical handbook and
a rudimentary knowledge of partial derivatives, No mathema- ‘

tics beyond calculus should be necessary.




The first case considered 's thet of the panels support-

ed on columns of zero cross-section-

al area. Axes are taken as shown in
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finite cross-sectional area, the
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be infinitely large. Timoshenko
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circle of radius e s 0.22ea (Fig. 3), so that the plate
around the column and inslde the circle 1s virtually a
slmply supported plate, The conditions of loading are as
nowm in Flg. 4.

The maximum stresses In the sectlon are obtained from

the formulas

93" P
dma& =k h-‘ or GMBL = E\‘—,L-

where k can be determined accurately enough by consldering
8 radial strip as a beam with end conditions and loading the

game &s in the actual plate,
VIII, COMPARISON OF RESULTS

Figures 5 - 9 show the curves for mozent coefflclents
given by Westergaard for values of ¢/L = 0, and for Polsson's
ratlo of gero. They also show the interpolated curves for
C/L a 0.10 and Polsson's ratioc equal zero. These curves were
used to obtain the contours for the theoretlcal velues of .
All of the moment coefficlents are to be multiplled by qLZ to
obtain values of unit moments.

Plgures 10 - 11 are stress contours for o, derived from
the values stuown in Fige 5 - 9. Final values were obtalned
by use of formula 12, The values of gx= O on the upper and
lower boundaries occur at points approximately .22L from the
coarners. <This confirms, for one point at least, Timosnhenko's

stetement taat tne radial moments prectically vanish in &
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e¢ircle of radius (22L from the corners in a square slab, Tze
contours for the nositive values »f gx are somewhat simllar
far values of C/L = 0 and C/L = 0.10., The center strecs for
C/L w O 18 +91 kail; for C/L « 0.10 1t is + 88 ksi,

In Pig. 11, there was sor-e doubt as to the pattern of
the contours around the colurns, It would be difficult, by
use of Timosnenko'a formuls, to accurately plot this region,
gince tne rapid changes in stress would require the solution
for & lerse number of closely spaced points, The pattern
selected whas chosen because it allowed probable symmetry about
the toundaries and because it would allow reasonably smooth
stress curves through any section.

In arrivins at the stresscs to he usged for t.e experi-
mental, uniformly loaded plate, stresses for various corble
nations of concentrated loads were added algebraically, This

pave values, at a number of polnts, beyond the yleld 1linit of

the plate. Since these values are only summaticns, they do

not mean the plate has teen overstressed, The sare thing is
true for the analyticel solutlons, although obviously the
{nfin'te stress st the cornerz of the plate with C/L = O
cennot exist, The fact that the stresses incresse so rapld-
1y at the corners cf the plater used in the theorsticel
solutlon, suprests tist the corners will quickly reach the
vield noint and redistribution of the stresses will beglin,

In the exprrimental plate, the shifting of the zero




00w

moment velues (and consequently the zero.stress curve) towsrd
the columns is analogous to the shifting of the points of
contraflexure toward the supports in a fixed-ended beam whose
supports have been relaxed. This analogy 1s intensified by
the increase in positive moment (stress) at the center of the

slab, and the decrease in negative moment toward the columns.
IX, CONCLUSIONS

In trying to approach, analytically, the results of the
tests on the experimental plate, the cese of an Interior
panel of an infinitely large slab was used, This case pro-
duced solutions of greater negative stresses at the columns
end lesser positive stresses at the centér, than the experi-
mental results. If an analogy is drawn between the slab
supported on 1ts welded columns and a single span bent, the
relationship between the experimental results and the analy-
tical results is similar to the relationshlp between the beam
of the elastic bent and the beam of one with infinitely stiff
columns, 1If this thesis 1s to be used as part of a basis for
further exploration into ths interaction of slabs and columns,
1t 1s sugrested timt the pla te-bent analogy be carried further,
Just es the moment valuss in the beam of the elastic bent lie
between the values found by considering Infinitely stiff
eolumns and columns with no stlffness, so will the moment

values in the slat lie between the cases of the interior panel
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of an infinitely large slab aid & single panel hlnged at the
four corners., It is therefore sugsested that an analytlcal

solutior. oased on a silugle panel hinged at the four corners

would produce a limit for the positlive moments at the center
of the plate.

Because of the probable redistribvution of stresses, 1t
would appear to be overcautious to assume that the large
negative moments at the columns, resulting from the analyti-
cal solution, actually occur, Certalnly the results of the
experimental solution indicate they do nct, If the plate-
vent analogy could be carried farther it wculd seem that
tne maximum negative moment, for the interlior panel of the
infinite slab, should be two times the velue of the maximum
positive moment at the center of the panel. It 1is doubte
ful, nowever, thet the plete-bent analogy can be carried thls
far with any degree of accuracy., A more setlsfactory limit,
until furtner experimental data cen be gathered, would seem
to be & negative moment at the column equal in magnitude to
the positive moment at the center of a single panel support-
ed on hinges at the corners. In a single span Leam the moment
curve retains the same shape regardless of the degree of
fixity of the supports., The total difference between the
maxizum negative moment and the maximum positlve moment is
vL2/8 1s also the value for tae woment ai the center cof a

simply supported beam. Therefore a bean designed for thls




-:51-

momnent value, would te dssigned for tne maximum moment value
possitle under a uniform load only. 1l 1dea of the moment
curve aaving the same smape &t all tlimes in a plate would not
be correct, of course, in theory. Tae case cf the plne-
supported center panel considered in tihls thesis soes from a
finite moment value at the center to an Infinitely large
negative moment value at the supports. The case of a hlnge-
supported single panel would go from a positive moment value
at the center to zero at tae supports. Hevertueless, in
practice, 1t is provable the moment curves aloug the dlago-
nals will be similar for tae various kinds of supports, ard
that the waximum positive moment In the hinge-supported
single panel will Le the maximum condition of moment exlst-
ing.

In view of the large negative wmoments {ound at the
columnns it would be nighly desirsbtle to secure a more accure
ate strain .easurement than that recorded by the usge of a
single SR-4 strain rosette placed over the center of a column.
Adul ttedly the size of the rosetie itself makes thls diffl-
cult, However, the placing of two rosettes along the peri-
neter of the column; one witn the dlagonal gage tangent to
tie perimeter, and uvne witihh all three gages crossing tue
perimeter at about taelr wmld-points; would appear to be a
aore accurate metnod of obtaining the critical straln values

tnan the metanod previously used. An alternative method would
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be to obtain reedings in & fas:lon similar to those obtain-

ed in tae plate dlscussed in tals thesis, and then to &prly

8 siress coal to the wihole plate, Tnls would give critlcal
quantitative results at tne polnts wiiere the gages were locat=-
ed, and & good 1dea of the qualitative stress patterns at

points between the ge:es.
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