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ABSTRACT

In this thesis, we present a simple and efficient a posteriori error estimation procedure for
a discontinuous finite element method applied to scalar first-order hyperbolic problems on
structured and unstructured tetrahedral meshes. We present a local error analysis to derive
a discontinuous Galerkin orthogonality condition for the leading term of the discretization
error and find basis functions spanning the error for several finite element spaces. We de-
scribe an implicit error estimation procedure for the leading term of the discretization error
by solving a local problem on each tetrahedron. Numerical computations show that the
implicit a posteriori error estimation procedure yields accurate estimates for linear and non-
linear problems with smooth solutions. Furthermore, we show the performance of our error
estimates on problems with discontinuous solutions.

We investigate pointwise superconvergence properties of the discontinuous Galerkin (DG)
method using enriched polynomial spaces. We study the effect of finite element spaces on the
superconvergence properties of DG solutions on each class and type of tetrahedral elements.
We show that, using enriched polynomial spaces, the discretization error on tetrahedral el-
ements having one inflow face, is O(hp+2) superconvergent on the three edges of the inflow
face, while on elements with one inflow and one outflow faces the DG solution is O(hp+2)
superconvergent on the outflow face in addition to the three edges of the inflow face. Fur-
thermore, we show that, on tetrahedral elements with two inflow faces, the DG solution is
O(hp+2) superconvergent on the edge shared by two of the inflow faces. On elements with
two inflow and one outflow faces and on elements with three inflow faces, the DG solution is
O(hp+2) superconvergent on two edges of the inflow faces. We also show that using enriched
polynomial spaces lead to a simpler a posteriori error estimation procedure.

Finally, we extend our error analysis for the discontinuous Galerkin method applied to lin-
ear three-dimensional hyperbolic systems of conservation laws with smooth solutions. We
perform a local error analysis by expanding the local error as a series and showing that its
leading term is O (hp+1). We further simplify the leading term and express it in terms of an
optimal set of polynomials which can be used to estimate the error.
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Chapter 1

Introduction

Partial differential equations arise in a number of applications, such as fluid flow, heat
transfer, solid mechanics, biological processes, and astrophysics. These equations often fall
into one of the three types: hyperbolic, parabolic and elliptic equations. Our emphasis in this
thesis is on hyperbolic conservation laws, which describe a number of interesting problems
in diverse areas in science and engineering.

There are quite a number of different methods for solving differential equation computa-
tionally. Among these are the widely used finite difference, finite volume, and finite element
methods, which are techniques used to derive discrete representations of the partial derivative
operators and give an approximation for the exact solution. If one also needs to advance the
equations in time, there is likewise a wide variety of methods for the integration of systems
of ordinary differential equations.

Discontinuous Galerkin methods (DG methods) are a family of locally conservative, stable
and high-order accurate methods that are easily coupled with other well-known methods and
are well-suited to adaptive strategies. For these reasons, they have attracted the attention
of many researchers working in computational mechanics, computational mathematics and
computer science. They provide an appealing approach to address problems having discon-
tinuities, such as those arising in hyperbolic conservation laws. The DG method does not
require the approximate solutions to be continuous across element boundaries; it instead
involves a flux term to account for the discontinuities.

1.1 Review of Past Work and Historical Perspective

Over the past several years, significant advances have been made in developing the discon-
tinuous Galerkin finite element method for solving fluid flow and heat transfer problems.
Certain unique features of the method have made it attractive as an alternative to other
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popular methods such as finite volume and finite elements.

DG methods form a class of numerical methods for solving partial differential equations.
They combine features of the finite element and the finite volume framework and have
been successfully applied to hyperbolic, elliptic and parabolic problems arising from a wide
range of applications. DG methods have, in particular, received considerable interest for
problems with a dominant first-order part, e.g., in electrodynamics, fluid mechanics and
plasma physics. The DG method was developed first to solve the neutron transport equation
[53]

σu+∇ · (au) = f

where σ is a real constant, a (x) is a piecewise constant, and u is unknown. The method was
then studied for initial-value problems for ordinary differential equations [6, 19, 49, 41, 45],
hyperbolic [26, 27, 29, 30, 32, 18, 37] and diffusion and convection-diffusion [13, 16, 17,
20, 24, 31, 35, 36, 38, 39] partial differential equations. The method may be regarded as
a cross between a finite volume and finite element method and it has many of the good
properties of both, for example, it has the following properties: (i) locally conservative, (ii)
well suited to solve problems on locally refined meshes with hanging nodes, (iii) exhibits
strong superconvergence that can be used to estimate the discretization error, (iv) has a
simple communication pattern between elements with a common face that makes it useful
for parallel computation, (v) can handle problems with complex geometries to high order,
and (vi) does not require continuity across element boundaries, it instead involves a flux
term to account for the discontinuities, which simplify both h-refinement (mesh refinement
and coarsening) and p-refinement (method order variation).

The first analysis of this method was presented by LeSaint and Raviart [49], showing a
rate of convergence of O (hp) in the L2 norm on a general triangulated grid, where h is the
mesh size and optimal convergence rate O (hp+1), on a Cartesian grid with a local polyno-
mial approximation of order p. Later, this result was improved by Johnson and Pitkaranta
[52] to O

(
hp+1/2

)
-convergence on general grids. Hesthaven and Gottlieb [51] confirmed the

optimality of this convergence rate by a special example. These results assume the exact
solution to be smooth, whereas for linear problems with nonsmooth solutions the method
were analyzed in [25, 50]. Techniques for postprocessing on Cartesian grids to improve the
accuracy to O (hp+1) for linear problems have been developed in [28, 44, 55].

For nonlinear systems of conservation laws, Chavent and Salzano [23] constructed an explicit
DG Method, by discretizing in space using the DG method with piecewise linear elements
to obtain an explicit semi-discrete scheme. Then to solve in time, they use a simple Euler
forward method. Later, Chavent and Cockburn [22] modified the scheme by introducing
a slope limiter, introduced by van Leer [56], to improve the stability of the scheme. The
Runge-Kutta Discontinuous Galerkin (RKDG) methods were introduced by Cockburn and
Shu [30]. They used a piecewise linear DG method for the space discretization, a special
explicit TVD second-order Runge-Kutta time discretization, and a modified slope limiter to
maintain formal accuracy of the scheme at extrema. A generalized approach for high-order
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accurate RKDG methods for scalar conservation laws, was developed by Cockburn and Shu
[29]. Cockburn, Lin, and Shu [27] extended the RKDG method to one-dimensional systems,
and then Cockburn, Hou and Shu [26] to multi-dimensional scalar equations.

Regardless of which DG method is used, a posteriori error estimations are needed to guide
adaptivity and stop the refinement process in an adaptive framework and to provide a mea-
sure of the numerical solution with respect to the exact solution. According to Adjerid et
al. [5], a good a posteriori error estimate should:

(i) be asymptotically correct in the sense that they converge to the true error under h and
p-refinement,

(ii) be computationally inexpensive to compute relative to the solution cost,

(iii) be robust by giving accurate estimates for a wide range of meshes and method orders,

(iv) supply relatively tight upper and lower bounds of the true error in a particular norm,
and

(v) provide local error indicators that can be used to compute global error estimates in
commonly used norms.

The efficiency of the a posteriori error estimates is measured by the effectivity index which
is the ratio of the estimated error to the exact error. Ideally, the effectivity indices should
approach unity under mesh refinement.

Asymptotically exact a posteriori DG error estimates for hyperbolic problems were first con-
structed for one-dimensional hyperbolic problems by Adjerid et al. [6]. Later, Adjerid et al.
[8, 9, 10, 11, 12] presented asymptotically exact implicit error estimates for multi-dimensional
problems on rectangular meshes. Krivodonova and Flaherty [48] showed that the leading
term of the local discretization error on triangles having one outflow edge is spanned by a
suboptimal set of orthogonal polynomials of degree p and p + 1 and computed DG error
estimates by solving local problems. Adjerid et al. [1, 7] constructed asymptotically exact
a posteriori error estimates for a local discontinuous Galerkin method applied to convection
and convection-diffusion problems. Adjerid and Baccouch [2, 3, 4] investigated the super-
convergence properties of the discontinuous Galerkin method applied to scalar first-order
hyperbolic partial differential equations on structured and unstructured triangular meshes.
They showed that the discontinuous finite element solution is O (hp+2) superconvergent at
Legendre points on the outflow edge for triangles having one outflow edge. For triangles
having two outflow edges the finite element error is O (hp+2) superconvergent at the end
points of the inflow edge. With these results they constructed asymptotically correct global
a posteriori error estimates by solving a local hyperbolic problem on each triangle.
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1.2 Problem Statement

Let d denote the space dimension, x = (x1, ..., xd)
T the space variable defined on a domain

Ω ⊂ Rd, and t the time variable defined on [0, T ]. Let us consider a system of hyperbolic
conservation laws [14, 57]

ut +∇ · F (u) = ut +
d∑
i=1

∂F (u)

∂xi
= r (u) ,x ∈ Rd, t ∈ [0, T ] , (1.2.1a)

u = g, at t = 0, (1.2.1b)

with well posed boundary data prescribed on ∂Ω. The symbol ∇ refers the spacial gradient
operator, the components of the solution u = u (x, t) = (u1 (x, t) , ..., un (x, t))T are the
densities of various conserved quantities, and ∇ ·F (u) is the divergence of the flux function
F (u) = (F1 (u) , ...,Fn (u))T , where Fi (u) : Rn −→ Rd is the ith component of the flux F.
The function g describes the initial condition of u.
For instance, the three-dimensional Euler equations have the following form:

ut + F (u)x + G (u)y + H (u)z = 0, in Ω ⊂ R3, t ∈ [0, T ] , (1.2.2)

where

u = (ρ, ρu, ρv, ρw,E)T , (1.2.3a)

F (u) =
(
ρu, ρu2 + p, ρuv, ρuw, u (E + p)

)T
, (1.2.3b)

G (u) =
(
ρv, ρuv, ρv2 + p, ρvw, v (E + p)

)T
, (1.2.3c)

H (u) =
(
ρw, ρuw, ρvw, ρw2 + p, w (E + p)

)T
, (1.2.3d)

and ρ, u, v, w, p, respectively, denote density, x, y, z components of velocity, and pressure.
E is the total energy per unit volume, defined as E = ρe + 1

2
ρ (u2 + v2 + w2), where e is

specific internal energy given by a caloric equation of state e = p
ρ(γ−1)

, with γ =
cp
cv

denoting

the ratio of specific heats.
Although the DG formulation applies to arbitrary conservation laws, our discussion is re-
stricted to the following hyperbolic problems:

(i) A convection reaction problem

a.∇u+ φ (u) = f (x, y, z) , (x, y, z) ∈ Ω, (1.2.4a)

subject to the boundary condition

u|∂Ω− = g (x, y, z) , (1.2.5a)

with φ (u) is a smooth function and ∂Ω− = {(x, y, z) ∈ ∂Ω|a · n < 0}, where n denotes the
outward unit normal vector.
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(ii) A nonlinear scalar hyperbolic problems of the form

∇ · F (u) = f (x, y, z) , (x, y, z) ∈ Ω, (1.2.6a)

subject to the boundary condition

u (x, y, z) = h0 (x, y, z) , (x, y, z) ∈ ∂Ω−, (1.2.7a)

where F : R −→ R3, u : R3 −→ R, f and h0 are analytic functions. We further assume
that F(u) is such that the boundary ∂Ω can be split into inflow ∂Ω−, outflow ∂Ω+ and
characteristic ∂Ω0 boundaries using a(u) = F′(u).

(iii) A first-order symmetric linear hyperbolic system in multiple space dimensions of the
form

ut +
d∑
i=1

Ai
∂u

∂xi
= g (x, t) ,x ∈ Ω, t ∈ [0, T ] , (1.2.8a)

with source term g : (0, T )× Ω −→ Rm, subject to the initial and boundary conditions

u (x, 0) = u0 (x) ,x ∈ Ω, (1.2.9a)(
d∑
i=1

niAi

)−
u (x, t) =

(
d∑
i=1

niAi

)−
uB (x, t) ,x ∈ ∂Ω, t ∈ (0, T ) , (1.2.9b)

where A1,A2, . . . ,Ad are constant matrices in Rm×m, m is the size of the system, n denotes
the unit outward normal on ∂Ω, and

if M = Pdiag (λ1, λ2, . . . , λm) PT =⇒
M− = Pdiag (min (λ1, 0) ,min (λ2, 0) , . . . ,min (λm, 0)) PT ,

where λ1, λ2, . . . , λm ∈ R.

1.3 Research Goals

In this thesis we extend the error analysis of Adjerid and Baccouch [2, 3, 4] and Adjerid and
Weinhart [54], to three-dimensional hyperbolic problems using general tetrahedral meshes.
First, each tetrahedron is of Class I, II and III, respectively, if it has one, two and three
outflow faces. Moreover, elements are of Type 1, 2 and 3, respectively, if they have one,
two and three inflow faces. We perform a local error analysis on an arbitrary tetrahedron
by constructing a family of similar tetrahedra with size h and having the same center. This
family of tetrahedra is such that as h → 0 the limit is the common center. Assuming we
compute a p-degree DG approximation of a smooth solution, we expand the local error as a
power series with respect to h and prove that the leading term of the DG error is a O(hp+1)
polynomial of degree p+1. We further simplify the leading term and express it in terms of
an optimal set of polynomials which will be used to estimate the leading term of the error.
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We investigate the pointwise superconvergence properties of the DG method, using enriched
polynomial spaces. We study the effect of finite element spaces on the superconvergence
properties of DG solutions on each class and type of tetrahedral elements. We show that
the discretization error on tetrahedral elements having one inflow and one outflow faces is
O(hp+2) superconvergent on the outflow face and on the three edges of the outflow face. On
tetrahedral elements with one inflow face, we prove that the discretization error is O(hp+2)
superconvergent on the three edges of the inflow face. Furthermore, we show that, on
tetrahedral elements with two inflow faces, the DG solution is O(hp+2) superconvergent on
the edge shared by two of the inflow faces. On elements with two inflow and one outflow
faces and on elements with three inflow faces, we establish O(hp+2) superconvergence on two
edges of the inflow faces.

We further present an error estimation procedure to compute accurate DG error estimates
on structured and unstructured tetrahedral meshes and solve several linear and nonlinear
problems to validate our theory for smooth and discontinuous solutions.

Finally, we present an a posteriori error analysis for the discontinuous Galerkin discretization
error of first-order linear symmetric hyperbolic systems of partial differential equations with
smooth solutions. We perform a local error analysis by expanding the local error as a series
and showing that its leading term is O (hp+1).

1.4 Outline

In this dissertation, we will discuss the numerical approximation of hyperbolic equations
using the DG method. In Chapter 2, we introduce our notations and present the discon-
tinuous Galerkin formulation for three-dimensional conservation laws. This chapter also
includes an overview of orthogonal basis functions, and numerical quadratures on triangles
and tetrahedra.

In Chapter 3 we present the problem and state its discontinuous Galerkin formulation for
the space of polynomials of degree not exceeding p. A local error analysis for each class of el-
ements is presented. Then we construct optimal error basis functions and spaces and present
an a posteriori error estimation procedure. We present several computational examples to
validate our theory.

Chapter 4 is devoted to proving new pointwise superconvergence results for all classes and
types of elements using enriched polynomial spaces. After a summary of our supercon-
vergence results, we show how to construct efficient and asymptotically correct a posteriori
finite element error estimates for all classes and types of elements. Finally, we provide several
examples showing the DG errors and their rates of convergence under mesh refinement.

In Chapter 5, we extend our error analysis to three-dimensional nonlinear hyperbolic prob-
lems and present an a posteriori error estimation procedure. Then we test our a posteriori
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error estimates on problems having smooth and discontinuous solutions to show their effi-
ciency and accuracy under mesh refinement.

In Chapter 6 we present an a posteriori error analysis for the discontinuous Galerkin dis-
cretization error applied to first-order linear symmetric hyperbolic systems with smooth
solutions.

Finally, we conclude and discuss our results in Chapter 7. A short summary and an outline
of future work are given.
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Chapter 2

The Discontinuous Galerkin Method
for Hyperbolic Problems

In this chapter we introduce our notations and present the discontinuous Galerkin formu-
lation for three-dimensional conservation laws. We also include an overview of orthogonal
basis functions, and numerical quadratures on triangles and tetrahedra.

2.1 Notations

Throughout this dissertation, we use the L2 norm of a function f (x, y, z) over a domain Ω
defined by

‖f‖2,Ω =

∫∫∫
Ω

|f (x, y, z)|2 dxdydz

 1
2

.

The local error is denoted by ε = u− U , where u and U , respectively, denote the exact and
numerical solutions.
The divergence and Jacobian of a differentiable vector function
a (x, y, z) = (a1 (x, y, z) , a2 (x, y, z) , a3 (x, y, z))T are defined by

∇ · a (x, y, z) =
∂a1

∂x
+
∂a2

∂y
+
∂a3

∂z
,

and

J (a (x, y, z)) =


∂a1

∂x
∂a1

∂y
∂a1

∂z
∂a2

∂x
∂a2

∂y
∂a2

∂z
∂a3

∂x
∂a3

∂y
∂a3

∂z

 .
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The gradient (or gradient vector field) of a scalar function u (x, y, z) is denoted by ∇u and
is defined by

∇u =

(
∂u

∂x
,
∂u

∂y
,
∂u

∂z

)T
.

2.2 The Discontinuous Galerkin Method

To illustrate the basic ideas of the discontinuous finite element method, we consider the
hyperbolic conservation laws (1.2.1), and partition the domain Ω into a collection of N
elements such that

Ω =
N
∪
j=1

∆j,

then multiplying (1.2.1a) by a test function v, integrating over the element ∆j, and applying
Stokes’ theorem to write∫

∆j

vTutdx−
∫

∆j

vTF (u) dx +

∫
∂∆j

vTF (u) · ndσ =

∫
∆j

vT r (u) dx, (2.2.1)

where n is the normal vector to ∂∆j.
On ∆j, u is approximated by Uj ∈ Pp (∆j), where Pp consists of polynomials of degree
not exceeding p on ∆j, and v by V taken from the same function space as Uj, with j =
1, 2, . . . , N . Substituting u and v, respectively, by U and V in equation (2.2.1), we obtain
the discontinuous Glerkin finite element formulation∫

∆j

VTUj,tdx−
∫

∆j

VTF (Uj) dx +

∫
∂∆j

VT F̂ (Uj) · ndσ =

∫
∆j

VT r (Uj) dx. (2.2.2)

In the traditional finite element, the field variable Uj is forced to be continuous across the
boundary. However, the discontinuous Glerkin method allow to Uj to be discontinuous
across the boundary. Therefore, across the element, the following two different values are
defined at the two sides of the boundary:

U−j (x) = lim
s−→0+

Uj (x + sn) , and U+
j (x) = lim

s−→0−
Uj (x + sn) .

Moreover, we note that Uj is piecewise smooth function and is discontinuous only at the
element boundaries. The solution u and F (u) are smooth within (but excluding) the bound-
ary. There is no direct coupling with other elements, except between elements sharing the
same boundaries (faces in case of tetrahedral meshes). The field values F (Uj) at the inter-
face between two elements, are not unique. Cockburn and Shu [29] present several possible
numerical flux functions. An example of numerical flux that can apply to vector systems
and employs upwind information is the Lax-Friedrichs function [29]

F̂ (Uj (x)) =
1

2

[(
F
(
U−j (x)

)
+ F

(
U+
j (x)

))
− λmax

(
F
(
U−j (x)

)
− F

(
U+
j (x)

))]
,
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with
λmax = max

1≤i≤m
|λi| ,

where λi for 1 ≤ i ≤ m are eigenvalue of the Jacobian matrix [F · n]u =
∂

∂u
(F (u) · n).

The discontinuous formulation expressed in (2.2.2), may be viewed from different perspec-
tives, which all involve the cross-element treatments either by weakly imposing the continuity
at the element interface, or by using numerical fluxes, or by boundary constraint minimiza-
tion.

Finally, selecting a time integration strategy, typically, this is performed by classical Runge-
Kutta integration scheme [29] with a time step chosen according to the Courant-Friedrichs-
Levy (CFL) condition.

2.3 Orthogonal Polynomial Basis on Tetrahedra

In our error analysis we use the complete space of polynomials of degree not exceeding p
defined as

Pp =

{
q| q =

p∑
m=0

m∑
i=0

i∑
j=0

cmi,jx
m−iyi−jzj

}
, (2.3.1)

and the enriched polynomial spaces Lp, Up, and Mp defined in (4.1.1). The spaces Lp, Up,
and Mp are suboptimal but they lead to a simpler a posteriori error estimation which we
present in chapter 4.
The finite element space P4 is shown in Table 2.1 and has dimension

dim (Pp) =
(p+ 1) (p+ 2) (p+ 3)

6
. (2.3.2)

Let P δ,ρ
n (x); −1 ≤ x ≤ 1, denote the n-degree Jacobi polynomial defined by the Rodrigues’

formula [46]:

P δ,ρ
n (x) =

(−1)n

2nn!
(1− x)−δ (1 + x)−ρ

dn

dxn

[
(1− x)δ+n (1 + x)ρ+n

]
, δ, ρ > −1,

which can also be computed using the following recursion formula [46]:

P δ,ρ
0 (x) = 1,

P δ,ρ
1 (x) =

1

2
(δ − ρ+ (δ + ρ+ 2)x) ,

a1
nP

δ,ρ
n+1 (x) =

(
a2
n + a3

nx
)
P δ,ρ
n (x)− a4

nP
δ,ρ
n−1 (x) ,
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1
x

y z

x2

xy xz
y2 yz z2

x3

x2y x2z
xy2 xyz x2z
y3 y2z yz2 z3

x4

x3y x3z
x2y2 x2yz x2z2

xy3 xy2z xyz2 xz3

y4 y3z y2z2 yz3 z4

Table 2.1: The space P4.

where

a1
n = 2 (n+ 1) (n+ δ + ρ+ 1) (2n+ δ + ρ) ,

a2
n = (2n+ δ + ρ+ 1)

(
δ2 − ρ2

)
,

a3
n = (2n+ δ + ρ) (2n+ δ + ρ+ 1) (2n+ δ + ρ+ 2) ,

a4
n = 2 (n+ δ) (n+ ρ) (2n+ δ + ρ+ 2) .

An orthogonal basis for Pp on the reference tetrahedron defined by the vertices v1 = (0, 0, 0),
v2 = (1, 0, 0), v3 = (0, 1, 0) and v4 = (0, 0, 1) is given in terms of Jacobi polynomials [46] as

ϕmq,r (ξ, η, ζ) = P̄ 0,0
m (ξ, η, ζ) P̄ 2m+1,0

q (η, ζ) P̄ 2m+2q+2,0
r (ζ) ,m, q, r ≥ 0,

of degree m+ q + r, where

P̄ 0,0
m (ξ, η, ζ) = (1− ζ − η)m P 0,0

m

(
2ξ

1− η − ζ
− 1

)
,

P̄ 2m+1,0
q (η, ζ) = (1− ζ)q P 2m+1,0

q

(
2η

(1− ζ)
− 1

)
,

P̄ 2m+2q+2,0
r (ζ) = P 2m+2q+2,0

r (2ζ − 1) ,

and satisfy ∫ 1

0

∫ 1−η

0

∫ 1−η−η

0

ϕmi,jϕ
n
k,ldζdηdξ = cmnij,klδikδjlδmn.
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ϕ0
0,0 = 1

ϕ1
0,0 = ζ + η + 2ξ − 1

ϕ0
1,0 = ζ + 3η − 1

ϕ0
0,1 = 4ζ − 1

ϕ2
0,0 = ζ2 + 2ζη + 6ζξ − 2ζ + η2 + 6ηξ − 2η + 6ξ2 − 6ξ + 1

ϕ1
1,0 = ζ2 + 6ζη + 2ζξ − 2ζ + 5η2 + 10ηξ − 6η − 2ξ + 1

ϕ1
0,1 = 6ζ2 + 6ζη + 12ζξ − 7ζ − η − 2ξ + 1

ϕ0
2,0 = ζ2 + 8ζη − 2ζ + 10η2 − 8η + 1

ϕ0
1,1 = 6ζ2 + 18ζη − 7ζ − 3η + 1

ϕ0
0,2 = 15ζ2 − 10ζ + 1

ϕ3
0,0 =

ζ3 + 3ζ2η + 12ζ2ξ − 3ζ2 + 3ζη2 + 24ζηξ − 6ζη + 30ζξ2 − 24ζξ
+3ζ + η3 + 12η2ξ − 3η2 + 30ηξ2 − 24ηξ + 3η + 20ξ3 − 30ξ2 + 12ξ − 1

ϕ2
1,0 =

ζ3 + 9ζ2η + 6ζ2ξ − 3ζ2 + 15ζη2 + 48ζηξ − 18ζη + 6ζξ2 − 12ζξ + 3ζ
+7η3 + 42η2ξ − 15η2 + 42ηξ2 − 48ηξ + 9η − 6ξ2 + 6ξ − 1

ϕ2
0,1 =

8ζ3 + 16ζ2η + 48ζ2ξ − 17ζ2 + 8ζη2 + 48ζηξ − 18ζη + 48ζξ2 − 54ζξ
+10ζ − η2 − 6ηξ + 2η − 6ξ2 + 6ξ − 1

ϕ1
2,0 =

ζ3 + 13ζ2η + 2ζ2ξ − 3ζ2 + 33ζη2 + 24ζηξ − 26ζη − 4ζξ + 3ζ + 21η3

+42η2ξ − 33η2 − 24ηξ + 13η + 2ξ − 1

ϕ1
1,1 =

8ζ3 + 48ζ2η + 16ζ2ξ − 17ζ2 + 40ζη2 + 80ζηξ − 54ζη − 18ζξ
+10ζ − 5η2 − 10ηξ + 6η + 2ξ − 1

ϕ1
0,2 = 28ζ3 + 28ζ2η + 56ζ2ξ − 42ζ2 − 14ζη − 28ζξ + 15ζ + η + 2ξ − 1

ϕ0
3,0 = ζ3 + 15ζ2η − 3ζ2 + 45ζη2 − 30ζη + 3ζ + 35η3 − 45η2 + 15η − 1

ϕ0
2,1 = 8ζ3 + 64ζ2η − 17ζ2 + 80ζη2 − 72ζη + 10ζ − 10η2 + 8η − 1

ϕ0
1,2 = 28ζ3 + 84ζ2η − 42ζ2 − 42ζη + 15ζ + 3η − 1

ϕ0
0,3 = 56ζ3 − 63ζ2 + 18ζ − 1

Table 2.2: Orthogonal basis functions for the space P3 on the reference tetrahedron.

The orthogonal functions ϕmq,r of degree ≤ 3 are presented in Table 2.2.

In our analysis we will also use the two-dimensional (k + l)-degree orthogonal polynomials
[46] given by

ϕlk (ξ, η) = 2kP 0,0
k

(
2ξ

1− η
− 1

)
(1− η)k P 2k+1,0

l (2η − 1) , k, l ≥ 0, (2.3.3)

where Lp and P δ,ρ
p , respectively, denote Legendre and Jacobi polynomials shifted to [0, 1].

The set of polynomials
{
ϕlk, k, l ≥ 0

}
satisfy the L2 orthogonality on the reference triangle

defined by the vertices (0, 0), (1, 0) and (0, 1)∫ 1

0

∫ 1−η

0

ϕlkϕ
q
pdξdη = clqkpδkpδlq. (2.3.4)

2.4 Numerical Integration Rules

Numerical integration constitutes an important part of any finite element computation. The
most popular methods for approximating integrals are Gauss quadrature, where weights and
nodes are selected to obtain the highest degree of precision possible.

12



In our computations we use Gauss quadrature rules on the canonical triangle {(ξ, η) ,−1 ≤
ξ ≤ 1,−1 ≤ η ≤ −ξ} of the form∫ 1

−1

∫ −ξ
−1

f (ξ, η) dξdη ≈
n∑
i=1

wif (ξi, ηi) ,

where n denotes the number of integration points. Gaussian integration points and weights
on the canonical triangle are given in [42].
Quadrature on the reference tetrahedron {(ξ, η, ζ) , 0 ≤ ξ ≤ 1, 0 ≤ η ≤ 1−ξ, 0 ≤ ζ ≤ 1−ξ−η}
has the form ∫ 1

0

∫ 1−ξ

0

∫ 1−ξ−ζ

0

f (ξ, η, ζ) dζdηdξ ≈
n∑
i=1

wif (ξi, ηi, ζi) ,

where n denotes the number of integration points. We use Keast quadrature formulas with
degree of precision 8 for numerical integration over tetrahedra [47]. For the sake of complete-
ness we present the weights and points in Table 2.3; for higher degrees of precision we use
Grundmann-Moeller quadrature [43]. Matlab codes for these two quadratures can be found
in [21].
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ξi ηi ζi wi

0.250000000000000 0.250000000000000 0.250000000000000 -0.039327006641293
0.617587190300083 0.127470936566639 0.127470936566639 0.004081316059343
0.127470936566639 0.127470936566639 0.127470936566639 0.004081316059343
0.127470936566639 0.127470936566639 0.617587190300083 0.004081316059343
0.127470936566639 0.617587190300083 0.127470936566639 0.004081316059343
0.903763508822103 0.032078830392632 0.032078830392632 0.000658086773304
0.032078830392632 0.032078830392632 0.032078830392632 0.000658086773304
0.032078830392632 0.032078830392632 0.903763508822103 0.000658086773304
0.032078830392632 0.903763508822103 0.032078830392632 0.000658086773304
0.450222904356719 0.049777095643281 0.049777095643281 0.004384258825123
0.049777095643281 0.450222904356719 0.049777095643281 0.004384258825123
0.049777095643281 0.049777095643281 0.450222904356719 0.004384258825123
0.049777095643281 0.450222904356719 0.450222904356719 0.004384258825123
0.450222904356719 0.049777095643281 0.450222904356719 0.004384258825123
0.450222904356719 0.450222904356719 0.049777095643281 0.004384258825123
0.316269552601450 0.183730447398550 0.183730447398550 0.013830063842510
0.183730447398550 0.316269552601450 0.183730447398550 0.013830063842510
0.183730447398550 0.183730447398550 0.316269552601450 0.013830063842510
0.183730447398550 0.316269552601450 0.316269552601450 0.013830063842510
0.316269552601450 0.183730447398550 0.316269552601450 0.013830063842510
0.316269552601450 0.316269552601450 0.183730447398550 0.013830063842510
0.022917787844817 0.231901089397151 0.231901089397151 0.004240437424684
0.231901089397151 0.022917787844817 0.231901089397151 0.004240437424684
0.231901089397151 0.231901089397151 0.022917787844817 0.004240437424684
0.513280033360881 0.231901089397151 0.231901089397151 0.004240437424684
0.231901089397151 0.513280033360881 0.231901089397151 0.004240437424684
0.231901089397151 0.231901089397151 0.513280033360881 0.004240437424684
0.231901089397151 0.022917787844817 0.513280033360881 0.004240437424684
0.022917787844817 0.513280033360881 0.231901089397151 0.004240437424684
0.513280033360881 0.231901089397151 0.022917787844817 0.004240437424684
0.231901089397151 0.513280033360881 0.022917787844817 0.004240437424684
0.022917787844817 0.231901089397151 0.513280033360881 0.004240437424684
0.513280033360881 0.022917787844817 0.231901089397151 0.004240437424684
0.730313427807538 0.037970048471829 0.037970048471829 0.002238739739614
0.037970048471829 0.730313427807538 0.037970048471829 0.002238739739614
0.037970048471829 0.037970048471829 0.730313427807538 0.002238739739614
0.193746475248804 0.037970048471829 0.037970048471829 0.002238739739614
0.037970048471829 0.193746475248804 0.037970048471829 0.002238739739614
0.037970048471829 0.037970048471829 0.193746475248804 0.002238739739614
0.037970048471829 0.730313427807538 0.193746475248804 0.002238739739614
0.730313427807538 0.193746475248804 0.037970048471829 0.002238739739614
0.193746475248804 0.037970048471829 0.730313427807538 0.002238739739614
0.037970048471829 0.193746475248804 0.730313427807538 0.002238739739614
0.730313427807538 0.037970048471829 0.193746475248804 0.002238739739614
0.193746475248804 0.730313427807538 0.037970048471829 0.002238739739614

Table 2.3: A 45-point quadrature on a tetrahedron

14



Chapter 3

Discontinuous Galerkin Error
Estimation for the Space Pp

In this chapter, we extend the error analysis of Adjerid and Baccouch [2, 3, 4] to three-
dimensional hyperbolic problems on general tetrahedral meshes. We perform a local error
analysis on an arbitrary tetrahedron by constructing a family of similar tetrahedra with size
h and having the same center. This family of tetrahedra is such that as h → 0 the limit
is the common center. Assuming we compute a p-degree DG approximation of a smooth
solution, we expand the local error as a power series with respect to h and prove that the
O(hp+1) leading term of the DG error is a polynomial of degree p+1. We further observe
that the leading term of the error satisfies a DG orthogonality condition which simplifies the
form of leading term of the error. For instance, on a tetrahedron of Class I, the leading term
may be written in terms of orthogonal polynomials of degrees p and p+1 only. We further
simplify the leading term and express it in terms of an optimal set of polynomials which
will be used to estimate the error. Similarly, optimal error basis functions are derived on
elements of Class II and III. Moreover, on the outflow face of an arbitrary element of Class I
the local error is O(h2p+2) on average. Finally, we present an error estimation procedure to
compute accurate DG error estimates on structured and unstructured tetrahedral meshes and
solve several linear problems with both smooth and discontinuous solutions. All numerical
examples show that the proposed error estimates are very accurate for smooth solutions.

3.1 Discontinuous Galerkin Formulation

In this section we consider linear first-order hyperbolic scalar problems on a bounded do-
main Ω ⊆ R3. Let a = (a1 (x, y, z) , a2 (x, y, z) , a3 (x, y, z))T and n, respectively, denote
a non zero velocity vector and the outward unit normal vector. The boundary of Ω can
be witten as ∂Ω = ∂Ω− ∪ ∂Ω+ ∪ ∂Ω0, where ∂Ω− = {(x, y, z) ∈ ∂Ω|a · n < 0}, ∂Ω+ =
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{(x, y, z) ∈ ∂Ω|a · n > 0} and ∂Ω0 = {(x, y, z) ∈ ∂Ω|a·n = 0}. The boundaries ∂Ω−, ∂Ω+, ∂Ω0,
respectively, are called inflow, outflow and characteristic.

Let u (x, y, z) be the solution of the hyperbolic problem

a · ∇u+ cu = f (x, y, z) , (x, y, z) ∈ Ω, (3.1.1a)

∇ · a =
∂a1

∂x
+
∂a2

∂y
+
∂a3

∂z
= 0, (3.1.1b)

u|∂Ω− = g (x, y, z) , (3.1.1c)

and assume that a (x, y, z), c (x, y, z), f (x, y, z) and g (x, y, z) are selected such that the
exact solution u (x, y, z) ∈ C∞ (Ω).

In order to obtain the weak discontinuous Galerkin formulation, we partition the domain
Ω into a regular mesh having N tetrahedral elements ∆j, j = 1, 2, . . . , N and assume, for
simplicity, that this can be done without error. Let us further assume that each face in the
mesh is either, inflow, outflow or characteristic.

In the remainder of this chapter we omit the element index and refer to an arbitrary element
by ∆ whenever confusion in unlikely, with its boundary Γ = Γ+ ∪ Γ− ∪ Γ0, where Γ+, Γ−

and Γ0, respectively, denote the outflow, inflow and characteristic boundaries.

Multiplying (3.1.1a) by a test function v, integrating over an arbitrary element ∆, and
applying Stokes’ theorem we write∫∫

Γ−
a ·nuvdσ+

∫∫
Γ+

a ·nuvdσ−
∫∫∫

∆

(a · ∇v − cv)udxdydz =

∫∫∫
∆

fvdxdydz. (3.1.2)

Now, we approximate u (x, y, z) by a piecewise polynomial function U (x, y, z) whose restric-
tion to ∆ is in Pp consisting of complete polynomials of degree not exceeding p given by
(2.3.1).

Next, we define the space SN,p consisting of piecewise polynomial functions

SN,p = {U,U |∆ ∈ Pp}, (3.1.3)

and consider the discrete DG formulation which consists of determining U ∈ SN,p such that∫∫
Γ−
a · nŨV dσ +

∫∫
Γ+

a · nUV dσ −
∫∫∫

∆

(a · ∇V − cV )Udxdydz

=

∫∫∫
∆

fV dxdydz, ∀ V ∈ Pp. (3.1.4)

In order to complete the definition of our DG method we need to select the upwind numerical
flux Ũ on Γ− as

Ũ =

{
u, if Γ− ⊂ ∂Ω−

U−, otherwise
, (3.1.5a)
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for the standard DG method and the corrected flux

Ũ =

{
u, if Γ− ⊂ ∂Ω−

U− + E−, otherwise
, (3.1.5b)

for a modified DG method, where U− is the limit from the inflow element sharing Γ−, i.e.,
if (x, y, z) ∈ Γ−, then

U− (x, y, z) = lim
s→0+

U ((x, y, z) + sn) ,

and E is an a posteriori error estimate that will be defined in section 3.3.

Subtracting (3.1.4) from (3.1.2) with v = V to obtain the DG orthogonality condition for
the local error ε = u− U for all V ∈ Pp,∫∫

Γ−
a · nε−V dσ +

∫∫
Γ+

a · nεV dσ −
∫∫∫

∆

(a · ∇V − cV ) εdxdydz = 0. (3.1.6)

We map a physical tetrahedron ∆ having vertices vi = (xi, yi, zi), 1 ≤ i ≤ 4, into the reference
tetrahedron ∆̂ with vertices v̂1 = (0, 0, 0), v̂2 = (1, 0, 0), v̂3 = (0, 1, 0), v̂4 = (0, 0, 1), by
the standard affine mapping illustrated in Figures 3.1 and 3.2. The inverse of this mapping
F−1 : ∆̂ −→ ∆ is given by

(x (ξ, η, ζ) , y (ξ, η, ζ) , z (ξ, η, ζ))T =
v1 + v2 + v3 + v4

4
+ (v2 − v1)

(
ξ − 1

4

)
+ (v4 − v1)

(
η − 1

4

)
+ (v3 − v1)

(
ζ − 1

4

)
, (3.1.7)

such that
F (vi) = v̂i and F (Fijk) = F̂ijk, 1 6 i, j, k 6 4,

where Fijk = vivjvk and F̂ijk = v̂iv̂jv̂k, respectively, denote the faces of ∆ and ∆̂.

An element of Class I and Type 1 is shown in Figure 3.1 (upper-left) with Γ− = F234,
Γ+ = F124 and Γ0 = F123 ∪ F134 while element of Class I and Type 2 shown in Figure 3.1
(center-left) has Γ− = F234 ∪ F134 , Γ+ = F124 and Γ0 = F123. An element of Class I and
Type 3 is shown in Figure 3.1 (bottom-left) with Γ− = F234 ∪ F123 ∪ F134 and Γ+ = F124.
In Figure 3.2 (upper-left), we show an element of Class II and Type 1 with Γ− = F234,
Γ+ = F124 ∪ F134 and Γ0 = F123 while the element of Class II and Type 2 shown in Figure
3.2 (center-left) has Γ− = F234 ∪ F123 and Γ+ = F124 ∪ F134. An element of Class III and
Type 1 is shown in Figure 3.2 (bottom-left) with Γ− = F234 and Γ+ = F124 ∪ F123 ∪ F134.

In order to show the explicit dependence of the mapping on h = diam (∆), we consider
a family of similar tetrahedra parameterized by the diameter h such that as h → 0 these
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(a) ∆1,1: Γ+ = F124, Γ− = F234

Γ0 = F123 ∪ F134

(b) ∆̂1,1: Γ̂+ = F̂124, Γ̂− = F̂234

Γ̂0 = F̂123 ∪ F̂134

(c) ∆1,2: Γ+ = F124,
Γ− = F234 ∪ F134, Γ0 = F123

(d) ∆̂1,2: Γ̂+ = F̂124,

Γ̂− = F̂234 ∪ F̂134, Γ̂0 = F̂123

(e) ∆1,3: Γ+ = F124

Γ− = F234 ∪ F134 ∪ F123

(f) ∆̂1,3: Γ̂+ = F̂124

Γ̂− = F̂234 ∪ F̂134 ∪ F̂123

Figure 3.1: Mapping of physical elements of Class I (left) to corresponding reference elements
(right).

18



(a) ∆2,1: Γ+ = F124 ∪ F134,
Γ− = F234, Γ0 = F123

(b) ∆̂2,1: Γ̂+ = F̂124 ∪ F̂134,

Γ̂− = F̂234, Γ̂0 = F̂123

(c) ∆2,2: Γ+ = F124 ∪ F134,
Γ− = F234 ∪ F123

(d) ∆̂2,2: Γ̂+ = F̂124 ∪ F̂134,

Γ̂− = F̂234 ∪ F̂124

(e) ∆3,1: Γ+ = F124 ∪ F134 ∪ F123,
Γ− = F234

(f) ∆̂3,1: Γ̂+ = F̂124 ∪ F̂134 ∪ F̂123,

Γ̂− = F̂234

Figure 3.2: Mapping of physical elements of Class II and III (left) to corresponding reference
elements (right).
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tetrahedra converge to the center v1234 = v1+v2+v4+v3

4
. By the law of sines and the fact that

the angles in these tetrahedra are the same as h→ 0 we have

v2 − v1 = hu1, v4 − v1 = hu2, v4 − v1 = hu3,

where the vectors u1, u2, and u3 are independent of h.

Letting z = u1

(
ξ − 1

4

)
+ u2

(
η − 1

4

)
+ u3

(
ζ − 1

4

)
, the affine mapping (3.1.7) is written as

(x (ξ, η, ζ, h) , y (ξ, η, ζ, h) , z (ξ, η, ζ, h))T = v1234 + zh,

and its inverse Jacobian matrix J = 1
h
J0, where J0 is a 3× 3 matrix independent of h.

By the affine mapping the DG orthogonality (3.1.6) becomes∫∫
Γ̂−

(Jâ) · n̂ε̂−V̂ dσ +

∫∫
Γ̂+

(Jâ) · n̂ε̂V̂ dσ −
∫∫∫

∆̂

(
(Jâ) · ∇V̂ − ĉV̂

)
ε̂dξdηdζ = 0, (3.1.8)

for all V̂ ∈ Pp, where Γ̂− and Γ̂+, respectively, denote the inflow (Jâ · n̂ < 0) and outflow

(Jâ · n̂ > 0) boundaries of ∆̂ with respect to the vector Jâ and unit normal n̂ on ∆̂. Here
we also have

â(ξ, η, ζ, h) = a(x(ξ, η, ζ, h), y(ξ, η, ζ, h), z(ξ, η, ζ, h)),

ĉ(ξ, η, ζ, h) = c(x(ξ, η, ζ, h), y(ξ, η, ζ, h), z(ξ, η, ζ, h)),

ε̂(ξ, η, ζ, h) = ε(x(ξ, η, ζ, h), y(ξ, η, ζ, h), z(ξ, η, ζ, h), h).

Note that ε̂(ξ, η, ζ, h) depends explicitly on h since U depends on x, y, z and h with all
derivatives of U with respect to h exist at h = 0.

Therefore, the DG orthogonality condition (3.1.8) becomes∫∫
Γ̂−
ã · n̂ε̂−V̂ dσ +

∫∫
Γ̂+

ã · n̂ε̂V̂ dσ −
∫∫∫

∆̂

(
ã · ∇V̂ − hĉV̂

)
ε̂dξdηdζ = 0, (3.1.9)

for all V̂ ∈ Pp, where ã = J0â.

In the remainder of this chapter we will omit the ˆ unless needed for clarity. In our error
analysis we need Taylor series of the analytic function J0a(x, y, z, h) about the center of the
element ∆. Applying Taylor’s theorem we expand J0a as

ã(ξ, η, ζ, h) = a0 +
∞∑
k=1

hkak(ξ, η, ζ), (3.1.10a)

where ak ∈ [Pk]3 are obtained by the chain rule as
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ak (ξ, η, ζ) =
1

k!
J0

dka (x (ξ, η, ζ, h) , y (ξ, η, ζ, h) , z (ξ, η, ζ, h))

dhk

∣∣∣∣
h=0

,

and
a0 = (α, β, γ)T = J0a (1/4, 1/4, 1/4) . (3.1.10b)

Similarly, Maclaurin series for c and ε can be written as

c(ξ, η, ζ, h) =
∞∑
k=0

hkCk(ξ, η, ζ), Ck(ξ, η, ζ) ∈ Pk, (3.1.11)

and

ε(ξ, η, ζ, h) =
∞∑
k=0

Qk(ξ, η, ζ)hk, Qk(ξ, η, ζ) ∈ Pk. (3.1.12)

In the next section we will investigate the local DG error on elements of Class I, II and III.

3.2 Local DG Error Analysis

For the sake of the local error analysis we solve a problem on one element of size h with
Ũ |Γ− = u, i.e., ε− = 0 while in practice we only need ε− = O (hp+2). We start by stating
and proving the following preliminary result.

Lemma 3.2.1. Let a0 6= 0 in R3, ∆ the reference tetrahedron with Γ− (a0 · n < 0) and Γ+

(a0 · n > 0), respectively, are the inflow and outflow boundaries and n be its unit normal
vector. If Qk ∈ Pk, k = 0, 1, . . . , p satisfies∫∫

Γ+

a0 · nQkV dσ +

∫∫∫
∆

(−a0 · ∇V )Qkdξdηdζ = 0, ∀ V ∈ Pp, (3.2.1)

then
Qk = 0, 0 ≤ k ≤ p. (3.2.2)

Proof. Using Stokes’ theorem we write (3.2.1) as

−
∫∫

Γ−
a0 · nQkV dσ +

∫∫∫
∆

a0 · ∇QkV dξdηdζ = 0, ∀ V ∈ Pp. (3.2.3)

Adding (3.2.1) to (3.2.3) with V = Qk we obtain

−
∫∫

Γ−
a0 · nQ2

kdσ +

∫∫
Γ+

a0 · nQ2
kdσ =

∫∫
Γ

|a0 · n|Q2
kdσ = 0, 0 ≤ k ≤ p.

This leads to Qk = 0 on Γ−∪Γ+ which, when combined with (3.2.3) for V = a0 ·∇Qk, yields
a0 · ∇Qk = 0 on ∆ and completes the proof.
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In the next theorem we state and prove several orthogonality conditions for the leading DG
error term.

Theorem 3.2.1. Let u ∈ C∞ (Ω) and U ∈ Pp, respectively, be the solutions of (3.1.1a),
(3.1.1c) and (3.1.4) with Ũ |Γ− = u. Then the local finite element error can be written as

ε (ξ, η, ζ, h) =
∞∑

k=p+1

hkQk (ξ, η, ζ) , (3.2.4)

where ∫∫
Γ+

a0 · nQp+1dσ = 0, (if c 6= 0), (3.2.5)∫∫
Γ+

a0 · nQkdσ = 0, k ≥ p+ 1, (if c = 0). (3.2.6)

Furthermore, on the outflow boundary the local error satisfies∫∫
Γ+

a0 · nεdσ = O
(
hp+2

)
, (if c 6= 0), (3.2.7)∫∫

Γ+

a0 · nεdσ = 0, (if c = 0). (3.2.8)

Proof. Substituting (3.1.10), (3.1.11) and (3.1.12) in (3.1.9) and collecting terms having the
same power of h we obtain the following series

∞∑
k=0

Zkh
k = 0, ∀ V ∈ Pp, (3.2.9)

where

Z0 =

∫∫
Γ+

a0 · nQ0V dσ −
∫∫∫

4
a0 · ∇V Q0dξ dηdζ, V ∈ Pp,

and

Zk =

∫∫
Γ+

a0 · nQkV dσ −
∫∫∫

4
[a0 · ∇V Qk − C0Qk−1V ]dξ dηdζ, V ∈ Pp, k > 0.

Thus Zk = 0, ∀ V ∈ Pp. By Lemma 3.2.1, Qk = 0, k = 0, 1, . . . , p which proves (3.2.4).
The leading term satisfies∫∫

Γ+

a0 · nQp+1V dσ −
∫∫∫

∆

(a0 · ∇V )Qp+1dξdηdζ = 0, ∀ V ∈ Pp, (3.2.10)

while for k ≥ p+ 2∫∫
Γ+

a0 · nQkV dσ −
∫∫∫

∆

((a0 · ∇V )Qk − C0V Qk−1) dξdηdζ = 0, ∀ V ∈ Pp. (3.2.11)
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Testing against V = 1 in (3.2.10) yields (3.2.5), similarly, we prove (3.2.6) by testing against
V = 1 in (3.2.11) with c = 0.

Multiplying (3.2.4) by a0 · n and integrating over Γ+ we obtain∫∫
Γ+

a0 · nεdσ =
∞∑

k=p+1

hk
∫∫

Γ+

a0 · nQkdσ,

which by (3.2.5) establishes (3.2.7). The orthogonality condition (3.2.8) follows from (3.2.6).

In particular for elements of Class I, we state and prove the following theorem.

Theorem 3.2.2. Let u ∈ C∞ (Ω) and U ∈ Pp, respectively, be the solutions of (3.1.1a),

(3.1.1c) and (3.1.4), with Ũ
∣∣∣
Γ−

= u. Let ∆ be a tetrahedron of Class I, then the leading

term Qp+1 of the local finite element error satisfies∫∫∫
∆

Qp+1V dξdηdζ = 0, ∀ V ∈ Pp−1, (3.2.12)∫∫
Γ+

a0 · nQp+1V dσ = 0, ∀ V ∈ Pp, (3.2.13)

and for p+ 2 ≤ k ≤ 2p+ 1∫∫∫
∆

QkV dξdηdζ = 0, ∀ V ∈ P2p−k, (3.2.14)∫∫
Γ+

a0 · nQkV dσ = 0, ∀ V ∈ P2p−k+1. (3.2.15)

Furthermore, on the outflow boundary the local error satisfies∫∫
Γ+

a0 · nεdσ = O
(
h2p+2

)
. (3.2.16)

Proof. On an element of Class I with one outflow face at η = 0, (3.2.10) becomes for all
V ∈ Pp∫∫

Γ+

a0 · nQp+1 (ξ, 0, ζ)V (ξ, 0, ζ) dξdζ +

∫∫∫
∆

(−a0 · ∇V )Qp+1dξdηdζ = 0. (3.2.17)

We now consider the set Πq of all monomials of degree q and establish (3.2.12) and (3.2.13)
by proving ∫∫∫

∆

Qp+1V dξdηdζ = 0, ∀ V ∈ Πq−1, 1 ≤ q ≤ p, (3.2.18)

23



and ∫∫
Γ+

Qp+1 (ξ, 0, ζ)V (ξ, 0, ζ) dξdζ = 0, ∀ V ∈ Πq, 0 ≤ q ≤ p. (3.2.19)

Setting V = 1 in (3.2.17) yields∫∫
Γ+

a0 · nQp+1 (ξ, 0, ζ) dξdζ = 0, (3.2.20)

thus, satisfying (3.2.19) for q = 0.

Testing against V = ξq−iηi−jζj, 1 ≤ i ≤ q, q > 0 and 0 ≤ j ≤ i − 1 and substituting the
resulting equation into (3.2.17) to obtain∫∫∫

∆

Qp+1 (ξ, η, ζ)a0 · ∇
(
ξq−iηi−jζj

)
dξdηdζ = 0, 1 ≤ i ≤ q and 0 ≤ j ≤ i− 1, (3.2.21)

where the face integral in (3.2.17) has vanished (V (ξ, 0, ζ) = 0). The condition (3.2.21) for
V = ξq−iηi−jζj, 1 ≤ i ≤ q and 0 ≤ j ≤ i−1, is equivalent to (3.2.18) for all V ∈ Πq−1. Thus,
we have established (3.2.18).

Testing against V = ξq−iζj, is redundant in the sense that a0 · ∇ (ξq−iηi−jζj) , 1 ≤ i ≤ q and
0 ≤ j ≤ i − 1, form a basis for Πq−1, and a0 · ∇ (ξq−iζj) can be expressed in terms of this
basis. Thus, (3.2.21) is also satisfied when j = i. Using (3.2.18) in (3.2.17) yields (3.2.19).
Combining results for q = 0, 1, . . . , p proves (3.2.12) and (3.2.13).

For k = p+ 2, (3.2.11) yields∫∫
Γ+

a0 · nQp+2V dσ −
∫∫∫

∆

((a0 · ∇V )Qp+2 − C0V Qp+1) dξdηdζ = 0, ∀ V ∈ Pp. (3.2.22)

Using the orthogonality conditions (3.2.12) we obtain∫∫
Γ+

a0 · nQp+2V dσ −
∫∫∫

∆

(a0 · ∇V )Qp+2dξdηdζ = 0, ∀ V ∈ Pp−1. (3.2.23)

By induction we can show that for p+ 2 ≤ k ≤ 2p+ 1∫∫
Γ+

a0 · nQkV dσ −
∫∫∫

∆

(a0 · ∇V )Qkdξdηdζ = 0, ∀ V ∈ P2p−k+1. (3.2.24)

Using (3.2.24) and the same argument as in (3.2.12) and (3.2.13) we establish (3.2.14) and
(3.2.15).

Finally, testing against V = 1 in (3.2.15) we obtain

∞∑
k=p+1

hk
∫∫

Γ+

a0 · nQk (ξ, η, ζ) dσ = O
(
h2p+2

)
,

which completes the proof.
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A direct consequence of Theorem 3.2.2 is the following corollary.

Corollary 3.2.1. Under the assumptions of Theorem 3.2.2 the leading term Qp+1 of the
local finite element error can be written as

Qp+1 (ξ, η, ζ) =

p∑
i=0

i∑
j=0

cpi,jϕ
p−i
i−j,j +

p+1∑
i=0

i∑
j=0

cp+1
i,j ϕ

p+1−i
i−j,j , (3.2.25a)

Qp+1 (ξ, 0, ζ) =

p+1∑
i=0

Cp+1
i ϕip+1−i (ξ, ζ) , (3.2.25b)

Qp+1 (ξ, η, ζ) =

p+1∑
i=0

Cp+1
i ϕip+1−i (ξ, ζ) + η

p∑
l=0

l∑
i=0

i∑
j=0

C l
i,jϕ

l−i
i−j,j (ξ, η, ζ) . (3.2.25c)

Furthermore, for p+ 2 ≤ k ≤ 2p+ 1

Qk (ξ, η, ζ) =
k∑

m=2p−k+1

ψm (ξ, η, ζ) , (3.2.26a)

Qk (ξ, 0, ζ) =
k∑

m=2p−k+2

m∑
i=0

Cm
i ϕ

i
m−i (ξ, ζ) , (3.2.26b)

Qk (ξ, η, ζ) = Qk (ξ, 0, ζ) + η
k−1∑

m=2p−k+1

Ψm (ξ, η, ζ) , (3.2.26c)

where ψm and Ψm are in the span of {ϕm−ii−j,j, i = 0, 1, . . . ,m, j = 0, 1, . . . , i}.

Proof. Since
{
ϕmij
}

are orthogonal, (3.2.12) yields (3.2.25a). Splitting the leading term Qp+1

as
Qp+1(ξ, η, ζ) = Qp+1(ξ, 0, ζ) + ηqp(ξ, η, ζ), qp ∈ Pp, (3.2.27)

and applying (3.2.13) leads to (3.2.25b). Equation (3.2.25c) follows directly from (3.2.27)
and (3.2.25b).

Following the same line of reasoning, we establish (3.2.26a), (3.2.26b) and (3.2.26c) from the
orthogonality conditions (3.2.14) and (3.2.15).

In the remainder of this section we state and prove several orthogonality conditions on
elements of Class II and III. Let Γ1, Γ2, Γ3 and Γ4, respectively, denote the faces η =
0, ζ = 0, ξ = 0 and 1− ξ − η − ζ = 0 of the reference element ∆ shown in Table 3.1.

In the following theorem we state several orthogonality results on ∆ of Class II.
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Type 1 Type 2 Type 3
Class I Class II Class III Class I Class II Class I

∆1,1 ∆2,1 ∆3,1 ∆1,2 ∆2,2 ∆1,3

Inflow Γ4 Γ4 Γ4 Γ4,Γ2 Γ4,Γ2 Γ4,Γ2,Γ3

Outflow Γ1 Γ1,Γ3 Γ1,Γ2,Γ3 Γ1 Γ1,Γ3 Γ1

Characteristic Γ2,Γ3 Γ2 − Γ3 − −

Table 3.1: Reference element for each class and type.

Theorem 3.2.3. Let u ∈ C∞ (Ω) and U ∈ Pp, respectively, be the solutions of (3.1.1a),

(3.1.1c) and (3.1.4), with Ũ
∣∣∣
Γ−

= u. Let a0 = (α, β, γ)T be such that ∆ is a tetrahedron

of Class II with Γ+ = Γ1 ∪ Γ3. Then the leading term Qp+1 of the local finite element error
satisfies the following orthogonality conditions for all V ∈ {ξiηj} ⊗ Pp−(i+j) with i, j = 0, 1,

(1− j)
∫∫

Γ1

βQp+1V dσ + (1− i)
∫∫

Γ3

αQp+1V dσ +

∫∫∫
∆

Qp+1 (a0 · ∇V ) dξdηdζ = 0, (3.2.28)∫∫∫
∆

(αη + βξ)Qp+1dξdηdζ = 0, (3.2.29)

and ∫∫
Γ3

αηQp+1dσ + β

∫∫∫
∆

Qp+1dξdηdζ = 0, (3.2.30)∫∫
Γ1

βξQp+1dσ + α

∫∫∫
∆

Qp+1dξdηdζ = 0. (3.2.31)

Furthermore, for 1 ≤ k ≤ p we have∫∫
Γ3

αk+1ηkQp+1V dσ + (−1)k
∫∫

Γ1

βk+1ξkQp+1V dσ +∫∫∫
∆

(αη − βξ)kQp+1 (a0 · ∇V ) dξdηdζ = 0, ∀ V ∈ Pp−k , (3.2.32)

and ∫∫
Γ3

αk+1ηkQp+1dσ + (−1)k
∫∫

Γ1

βk+1ξkQp+1dσ = 0. (3.2.33)

Finally, for elements of Class II and Type 1, ( i.e. γ = 0) we have∫∫
Γ+

a0 · nQp+1ζ
kdσ = 0, k = 0, 1, . . . , p. (3.2.34)
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Proof. Testing against ξiηjV in (3.2.10) and noting that ξiηjV |Γ1
= 0 for j = 1 and

ξiηjV |Γ3
= 0 for i = 1 yields (3.2.28), which, in turn, since ∇ (ξηV ) = V∇ (ξη) + ξη∇V,

yields∫∫∫
∆

(αη + βξ)Qp+1V dξdηdζ +

∫∫∫
∆

ξηQp+1 (a0 · ∇V ) dξdηdζ = 0, ∀ V ∈ Pp−2 ,

(3.2.35)
which for V = 1 proves (3.2.29).
Testing against ξV (with (i, j) = (0, 1)) and ηV (with (i, j) = (1, 0)), (3.2.28) gives∫∫

Γ3

αηQp+1 (0, η, ζ)V dσ + β

∫∫∫
∆

Qp+1V dξdηdζ

+

∫∫∫
∆

ηQp+1 (a0 · ∇V ) dξdηdζ = 0, ∀ V ∈ Pp−1 , (3.2.36)

and ∫∫
Γ1

βξQp+1 (ξ, 0, ζ)V dσ + α

∫∫∫
∆

Qp+1V dξdηdζ

+

∫∫∫
∆

ξQp+1 (a0 · ∇V ) dξdηdζ = 0, ∀ V ∈ Pp−1 . (3.2.37)

Testing against V = 1 in (3.2.36) and (3.2.37), respectively, yields (3.2.30) and (3.2.31).

Next, multiplying (3.2.36) by α and (3.2.37) by β and subtracting the resulting equations,
we obtain (3.2.32) for k = 1. Now, using (3.2.32) (with k = 1) and taking as test functions
ξV , ηV for V ∈ Pp−2 to find

−
∫∫

Γ1

β2ξ2Qp+1 (ξ, 0, ζ)V dξdζ +

∫∫∫
∆

α (αη − βξ)Qp+1V dξdηdζ

+

∫∫∫
∆

(αη − βξ) ξQp+1 (a0 · ∇V ) dξdηdζ = 0, ∀ V ∈ Pp−2 , (3.2.38)

and ∫∫
Γ3

α2η2Qp+1 (0, η, ζ)V dηdζ +

∫∫∫
∆

β (αη − βξ)Qp+1V dξdηdζ

+

∫∫∫
∆

(αη − βξ) ηQp+1 (a0 · ∇V ) dξdηdζ = 0, ∀ V ∈ Pp−1. (3.2.39)

Multiplying (3.2.38) by β and (3.2.39) by α and subtracting the resulting equations, we
obtain ∫∫

Γ1

β3ξ2Qp+1 (ξ, 0, ζ)V dξdζ +

∫∫
Γ3

α3η2Qp+1 (0, η, ζ)V dηdζ

+

∫∫∫
∆

(αη − βξ)2Qp+1 (a0 · ∇V ) dξdηdζ = 0, ∀ V ∈ Pp−2 .
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Repeating the same argument k times for 2 ≤ k ≤ p, we establish (3.2.32). Testing against
V = 1 in (3.2.32) yields (3.2.33). Finally, testing against ζk in (3.2.10), for k = 0, 1, . . . , p
and noting that a0 · ∇(ζk) = 0, we obtain (3.2.34) which completes the proof.

In the next theorem we state and prove new orthogonality conditions for elements of Class
III.

Theorem 3.2.4. Let u ∈ C∞ (Ω) and U ∈ Pp, respectively, be the solutions of (3.1.1a),
(3.1.1c) and (3.1.4), with U−|Γ− = u. Let a0 = (α, β, γ)T be such that ∆ is a tetrahedron
of Class III, with Γ+ = Γ1 ∪ Γ2 ∪ Γ3. Then the leading term Qp+1 of the local finite element
error satisfies the following orthogonality conditions for all V ∈

{
ξiηjζ l

}
⊗ Pp−(i+j+l) with

i, j, l = 0, 1

(1− j)
∫∫

Γ1

βQp+1V dσ + (1− i)
∫∫

Γ3

αQp+1V dσ + (1− l)
∫∫

Γ2

γQp+1V dσ

+

∫∫∫
∆

Qp+1 (a0 · ∇V ) dξdηdζ = 0, (3.2.40)∫∫∫
∆

(αηζ + βξζ + γξη)Qp+1dξdηdζ = 0 , (3.2.41)

and

(1− j)
∫∫

Γ1

β
(
ξiζ l
)k
Qp+1V dσ + (1− i)

∫∫
Γ3

α
(
ηjζ l

)k
Qp+1V dσ

+ (1− l)
∫∫

Γ2

γ
(
ξiηj

)k
Qp+1V dσ +

∫∫∫
∆

(
a0 · ∇

(
ζ lηjξi

)k)
Qp+1V dξdηdζ

+

∫∫∫
∆

(
ξiηjζ l

)k
Qp+1 (a0 · ∇V ) dξdηdζ = 0, (3.2.42)

for all V ∈ Pp−nk with 1 ≤ n ≤ nk ≤ p, n = (i+ j + l) and i, j, l = 0, 1.
Furthermore, for 1 ≤ k ≤ p and V ∈ Pp−k we have∫∫

Γ1

β2ξ (βξ − αη)k−1Qp+1V dσ −
∫∫

Γ3

α2η (βξ − αη)k−1Qp+1V dσ (3.2.43)

+

∫∫
Γ2

γ (αη − βξ)kQp+1V dσ +

∫∫∫
∆

(αη − βξ)kQp+1 (a0 · ∇V ) dξdηdζ = 0.

Finally, on the outflow boundary we have∫∫
Γ1

βk+1ξkQp+1dσ + (−1)k
∫∫

Γ3

αk+1ηkQp+1dσ

+

∫∫
Γ2

γ (αη − βξ)kQp+1V dσ = 0 for 1 ≤ k ≤ p. (3.2.44)
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Proof. Testing against ξiηjζ lV in (3.2.10), for V ∈ Pp−(i+j+k), yields (3.2.40).
From (3.2.40) with i = j = l = 1 and V ∈ Pp−3 we have∫∫∫

∆

(αηζ + βξζ + γξη)Qp+1V dξdηdζ +

∫∫∫
∆

ξηζQp+1 (a0 · ∇V ) dξdηdζ = 0, (3.2.45)

which, for V = 1, yields (3.2.41).

Again, testing against
(
ξiηjζ l

)k
V , V ∈ Pp−nk with k ≥ 1 and n ≤ nk ≤ p, (3.2.40) yields

(3.2.42).
Next, testing in (3.2.40) against ξV ((i, j, l) = (1, 0, 0)) and ηV ( (i, j, l) = (0, 1, 0)) we obtain∫∫

Γ1

βξQp+1V dσ +

∫∫
Γ2

γξQp+1V dσ + α

∫∫∫
∆

Qp+1V dξdηdζ

+

∫∫∫
∆

ξQp+1 (a0 · ∇V ) dξdηdζ = 0, ∀ V ∈ Pp−1, (3.2.46)

∫∫
Γ3

αηQp+1V dσ +

∫∫
Γ2

γηQp+1V dσ + β

∫∫∫
∆

Qp+1V dξdηdζ

+

∫∫∫
∆

ηQp+1 (a0 · ∇V ) dξdηdζ = 0, ∀ V Pp−1. (3.2.47)

Multiplying (3.2.46) by β and (3.2.47) by α, subtracting the resulting equations to obtain
(3.2.43) for k = 1. Now, use (3.2.43) (with k = 1) and testing against ξV , ηV , V ∈ Pp−2 we
find ∫∫

Γ1

β2ξ2Qp+1V dσ −
∫∫

Γ3

α2ηξQp+1V dσ +

∫∫
Γ2

γξ (βξ − αη)Qp+1V dσ (3.2.48)

+

∫∫∫
∆

α (βξ − αη)Qp+1V dξdηdζ +

∫∫∫
∆

(βξ − αη) ξQp+1 (a0 · ∇V ) dξdηdζ = 0,

∫∫
Γ1

β2ξηQp+1V dσ −
∫∫

Γ3

α2η2Qp+1V dσ +

∫∫
Γ2

γη (βξ − αη)Qp+1V dσ (3.2.49)

+

∫∫∫
∆

β (βξ − αη)Qp+1V dξdηdζ +

∫∫∫
∆

η (βξ − αη)Qp+1 (a0 · ∇V ) dξdηdζ = 0.

Multiplying (3.2.48) by β and (3.2.49) by α and subtracting the resulting equations, we
obtain ∫∫

Γ1

β3ξ2Qp+1 (ξ, 0, ζ)V dξdζ +

∫∫
Γ3

α3η2Qp+1 (0, η, ζ)V dηdζ∫∫∫
∆

(αη − βξ)2Qp+1 (a0 · ∇V ) dξdηdζ = 0, ∀ V ∈ Pp−2 .

Repeating the same argument k times for 3 ≤ k ≤ p, we establish (3.2.43). Finally, testing
against V = 1 in (3.2.43) yields (3.2.32) and completes the proof.
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3.3 A Posteriori Error Estimation

In this section we present an error estimation procedure by first constructing bases functions
for the leading term of the DG error and stating a weak problem on each element to compute
error estimates. In order to construct efficient and asymptotically exact a posteriori error
estimates for the leading term Qp+1 on each element, we assume that the global error has
the same behavior as the local error holds on all elements, i.e., we write

(u− U)(x, y, z, h) ≈ E(ξ, η, ζ, h) = Qp+1(ξ, η, ζ)hp+1 =

p+1∑
i=0

i∑
j=0

j∑
k=0

cij,kϕ
i−j
j−k,k(ξ, η, ζ),

where Qp+1 ∈ Pp+1 and E satisfies the following orthogonality conditions on the reference
element ∫∫

Γ+

a0 · nEV dσ −
∫∫∫

∆

(a0 · ∇V )Edξdηdζ = 0, ∀ V ∈ Pp. (3.3.1)

Testing against V = ϕq−rr−s,s, 0 ≤ s ≤ r ≤ q ≤ p, yields∑
i,j,k

cij,k

[∫∫
Γ+

a0 · nϕi−jj−k,kϕ
q−r
r−s,sdσ −

∫∫∫
∆

(
a0 · ∇ϕq−rr−s,s

)
ϕi−jj−k,kdξdηdζ

]
= 0. (3.3.2)

Let m = dimPp = (p+ 1)(p+ 2)(p+ 3)/6, n = dimPp+1 = (p+ 2)(p+ 3)(p+ 4)/6 such that
n−m = (p+ 2)(p+ 3)/2. Thus, if

C = (c0, c1, . . . , cp+1)T ∈ Rn,

and
Φ = (Φ1,Φ2, . . . ,Φn)T =

(
φ0,φ1, . . . ,φp+1

)T
,

where
cl = (cl0,0, c

l
1,0, c

l
1,1, . . . , c

l
l,0, c

l
l,1, . . . , c

l
l,l),

and
φl = (ϕl0,0, ϕ

l−1
1,0 , ϕ

l−1
0,1 , . . . , ϕ

0
l,0, . . . , ϕ

0
l−1,1, . . . , ϕ

0
l−j,j, . . . , ϕ

0
0,l),

the orthogonality conditions (3.3.2) may be written in a matrix form AC = 0 where

aij =

∫∫ +

Γ

a0 · nΦjΦidσ −
∫∫∫

∆

(a0 · ∇Φj) Φidξdηdζ, j = 1, 2, . . . , n, i = 1, 2, . . . ,m.

(3.3.3)
A direct computation reveals that the dimension of N (A), the null space of A, is (p+2)(p+
3)/2, p = 0, 1, 2, 3 on all elements.
Without loss of generality we assume a0 = (α, β, γ)T such that β 6= 0 and let λ = α

β
, µ = γ

β
.

We now define the finite element space

E =
{
CTΦ, C ∈ N (A)

}
,

for the error and state the following lemma.
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Lemma 3.3.1. The polynomial space E is isomorphic to the null space N (A), and the
leading term Qp+1 may be written as

E = Qp+1h
p+1 =

n−m∑
i=1

diχi,

where χi = CT
i Φ, i = 1, 2, . . . , n−m, with {C1,C2, . . . ,Cn−m} being a basis of N (A).

Furthermore, on elements of Class I, there exists a basis {χ1, χ2, . . . , χn−m} independent of
λ and µ.

Proof. The application F : N (A) −→ E such that F (C) = CTΦ is clearly an isomorphism.
Thus, every basis {C1,C2, . . . ,Cn−m} for N (A) is mapped into a basis {χ1 = CT

1 Φ, χ2 =
CT

2 Φ, . . . , χn−m = CT
n−mΦ} of E .

Applying (3.2.25a) on an element of Class I and noting that for V ∈ Pp, a0 · ∇V ∈ Pp−1 is
orthogonal to Qp+1 on ∆, (3.3.3) with β 6= 0 may be written as

aij =

∫∫
Γ̂+

βΦjΦidσ, j = 1, 2, . . . , n, i = 1, 2, . . . ,m.

Thus, the null space of A is independent of λ and µ which completes the proof of the
lemma.

Remark 3.3.1. Lemma 3.3.1 gives an optimal basis for the leading error term Qp+1 and re-

duces the number of degrees of freedom from n =
(p+ 2) (p+ 3) (p+ 4)

6
to m =

(p+ 2) (p+ 3)

2
,

which leads to a more efficient error estimation procedure.

In the following section we construct the error basis functions χi.

3.3.1 Error Basis Functions

We follow Lemma 3.3.1 to find a basis of N (A) and construct basis functions for E . For
instance, a basis of N (A) for p = 0 on a reference element of Class I is given in terms of
the canonical vectors ei, i = 1, 2, 3, 4 in R4 as

C1 = e2, C2 = 2
3
e1 + e3, C3 = −1

3
e1 + e4,

Φ = (ϕ0
0,0, ϕ

1
0,0, ϕ

0
1,0, ϕ

0
0,1)T ,

and χi = CT
i Φ, i = 1, 2, 3.
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p = 0 χ1 = ϕ1
0,0 χ2 = 2

3
ϕ0

0,0 + ϕ0
1,0 χ3 = −1

3
ϕ0

0,0 + ϕ0
0,1

p = 1
χ1 = ϕ2

0,0 χ2 = 4
5
ϕ1

0,0 + ϕ1
1,0

χ3 = −1
5
ϕ1

0,0 + ϕ1
0,1 χ4 = 1

10
ϕ0

0,1 + 4
5
ϕ0

1,0 + ϕ0
2,0

χ5 = 3
5
ϕ0

0,1 − 1
5
ϕ0

1,0 + ϕ0
1,1 χ6 = −1

2
ϕ0

0,1 + ϕ0
0,2

p = 2

χ1 = ϕ3
0,0 χ2 = 6

7
ϕ2

0,0 + ϕ2
1,0

χ3 = −1
7
ϕ2

0,0 + ϕ2
0,1 χ4 = 2

21
ϕ1

0,1 + 6
7
ϕ1

1,0 + ϕ1
2,0

χ5 = 16
21
ϕ1

0,1 − 1
7
ϕ1

1,0 + ϕ1
1,1 χ6 = −1

3
ϕ1

0,1 + ϕ1
0,2

χ7 = 2
105
ϕ0

0,2 + 2
21
ϕ0

1,1 + 6
7
ϕ0

2,0 + ϕ0
3,0 χ8 = 16

105
ϕ0

0,2 + 16
21
ϕ0

1,1 − 1
7
ϕ0

2,0 + ϕ0
2,1

χ9 = 8
15
ϕ0

0,2 − 1
3
ϕ0

1,1 + ϕ0
1,2 χ10 = −3

5
ϕ0

0,2 + ϕ0
0,3

Table 3.2: Error basis functions on a reference tetrahedron of Class I.

If ei, i = 1, 2, . . . , 10 are the canonical vectors in R10, a set of basis vectors in N (A) for
p = 1 are

C1 = e5, C2 = 4
5
e2 + e6, C3 = −1

5
e2 + e7,

C4 = 4
5
e3 + 1

10
e4 + e8, C5 = −1

5
e3 + 3

5
e4 + e9, C6 = −1

2
e4 + e10.

With
Φ = (ϕ0

0,0, ϕ
1
0,0, ϕ

0
1,0, ϕ

0
0,1, ϕ

2
0,0, ϕ

1
1,0, ϕ

1
0,1, ϕ

0
2,0, ϕ

0
1,1, ϕ

0
0,2)T ,

the basis functions for E are given by χi = CT
i Φ, i = 1, 2, . . . , 6.

Error basis functions for p = 2 are computed using Mathematica and are shown in Table 3.2.

Error basis functions on a reference tetrahedron of Class II are obtained following the pre-
vious lemma, i.e., we compute a basis for N (A) which depends on λ and µ and construct
the basis functions for E shown in Table 3.3.

Similarly, error basis functions for p = 0, 1 on a reference tetrahedron of Class III are
shown in Table 3.4. Error basis functions for higher-degree polynomials are computed using
Mathematica and are not presented here.

3.3.2 Error Estimation Procedure

Integrating (3.1.4) by parts shows that the DG solution U on a physical element ∆ satisfies∫∫
Γ−
a · n

(
Ũ − U

)
V dσ +

∫∫∫
∆

(a · ∇U + cU)V dxdydz =

∫∫∫
∆

fV dxdydz, (3.3.5)
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p = 0
χ1 = λ

3(λ+1)
ϕ0

0,0 + ϕ1
0,0, χ2 = − (λ−2)

3(λ+1)
ϕ0

0,0 + ϕ0
1,0,

χ3 = −1
3
ϕ0

0,0 + ϕ0
0,1,

p = 1

χ1 = − λ
10(λ+1)2ϕ0

0,0 +
λ(7λ+µ+3λ2+4)

5(λ+1)3 ϕ1
0,0 +

λ(3λ+µ+λ2+2)
15(λ+1)3 ϕ0

1,0

+
λ(3λ+4µ+λ2+2)

30(λ+1)3 ϕ0
0,1 + ϕ2

0,0,

χ2 = + λ
2(λ+1)2ϕ0

0,0 −
(3λ2+λ3+λ(5µ−2)−4)

5(λ+1)3 ϕ1
0,0 +

λ(λ−µ+λ2)
3(λ+1)3 ϕ0

1,0

−λ(7λ+20µ+λ2+6)
30(λ+1)3 ϕ0

0,1 + ϕ1
1,0,

χ3 = −1
5
ϕ1

0,0 + 3λ
10(λ+1)

ϕ0
0,1 + ϕ1

0,1,

χ4 = − λ
(λ+1)2ϕ0

0,0 + 2λ(λ+µ+1)

(λ+1)3 ϕ1
0,0 +

(6λ2−8λ3+2λ(5µ+13)+12)
15(λ+1)3 ϕ0

1,0

+
(15λ2+λ3+λ(40µ+17)+3)

30(λ+1)3 ϕ0
0,1 + ϕ0

2,0,

χ5 = −1
5
ϕ0

1,0 −
3(λ−2)
10(λ+1)

ϕ0
0,1 + ϕ0

1,1,

χ6 = −1
2
ϕ0

0,1 + ϕ0
0,2,

Table 3.3: Error basis functions on a reference tetrahedron of Class II, a0 = (α, β, γ)T ,
λ = α/β, µ = γ/β
.

p = 0
χ1 = λ

3(λ+µ+1)
ϕ0

0,0 + ϕ1
0,0 χ2 = − (λ−2)

3(λ+µ+1)
ϕ0

0,0 + ϕ0
1,0

χ3 = − λ−3µ+1
3(λ+µ+1)

ϕ0
0,0 + ϕ0

0,1

p = 1

χ1 = − λ(µ+1)

10(λ+µ+1)2ϕ0
0,0 + λ(3λ+4µ+4)

5(λ+µ+1)2 ϕ1
0,0 + λ(λ+2µ+2)

15(λ+µ+1)2ϕ0
1,0

+ λ(λ+2µ+2)

30(λ+µ+1)2ϕ0
0,1 + ϕ2

0,0

χ2 = λ(µ+5)

10(λ+µ+1)2ϕ0
0,0 −

(−4µ+λ2+2λ(µ+1)−4)
5(λ+µ+1)2 ϕ1

0,0 + λ(5λ+4µ)

15(λ+µ+1)2ϕ0
1,0

− λ(λ+2µ+6)

30(λ+µ+1)2ϕ0
0,1 + ϕ1

1,0

χ3 = 3λµ

5(λ+µ+1)2ϕ0
0,0 −

(−4µ+λ2−5µ2+2λ(µ+1)+1)
5(λ+µ+1)2 ϕ1

0,0 −
2λµ

5(λ+µ+1)2ϕ0
1,0

+ λ(3λ+µ+3)

10(λ+µ+1)2ϕ0
0,1 + ϕ1

0,1

χ4 = − (3µ+λ(µ+10))

10(λ+µ+1)2 ϕ0
0,0 + (3µ+λ(µ+10))

5(λ+µ+1)2 ϕ1
0,0 +

(15µ−8λ2−7λ(µ−2)+12)
15(λ+µ+1)2 ϕ0

1,0

+
(6µ+λ2+2λ(µ+7)+3)

30(λ+µ+1)2 ϕ0
0,1 + ϕ0

2,0

χ5 = − 3µ(λ−2)

5(λ+µ+1)2ϕ0
0,0 + 6µ(λ−2)

5(λ+µ+1)2ϕ1
0,0 −

(λ2−5µ2+λ(−6µ+2)+1)
5(λ+µ+1)2 ϕ0

1,0

− (λ−2)(3λ+µ+3)

10(λ+µ+1)2 ϕ0
0,1 + ϕ0

1,1,

χ6 = − 3µ(λ+1)

2(λ+µ+1)2ϕ0
0,0 + 3µ(λ+1)

(λ+µ+1)2ϕ1
0,0 + µ(λ+1)

(λ+µ+1)2ϕ0
1,0+

(2µ−λ2+2µ2+2λ(µ−1)−1)
2(λ+µ+1)2 ϕ0

0,1 + ϕ0
0,2

Table 3.4: Error basis functions on a reference tetrahedron of Class III, a0 = (α, β, γ)T ,
λ = α/β, µ = γ/β.
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where the numerical flux Ũ is given by (3.1.5a) or (3.1.5b).
Next, we consider the following weak formulation for the exact solution u∫∫

Γ−
a · nu−V dσ +

∫∫
Γ+

a · nuV dσ −
∫∫∫

∆

(a · ∇V + cV )udxdydz =

∫∫∫
∆

fV dxdydz,

(3.3.6)
with u = U + e and u− = U− − e−, respectively, the finite element error on ∆ and Γ−.
The weak formulation (3.3.6) can be written as∫∫

Γ−
a · n

(
U− + e−

)
V dσ +

∫∫
Γ+

a · n (U + e)V dσ

−
∫∫∫

∆

(a · ∇V + cV ) (U + e) dxdydz =

∫∫∫
∆

fV dxdydz. (3.3.7)

Applying Stokes’ theorem to write∫∫
Γ−
a · n

((
e− − e

))
V dσ +

∫∫∫
∆

(a · ∇ (e))V dxdydz

=

∫∫∫
∆

rV dxdydz −
∫∫

Γ−
a · n

(
U− − U

)
V dσ, (3.3.8)

where r = (f − a · ∇U − cU) is the interior residual.
In order to estimate the finite element error e = u − U on ∆ we assume that the leading
term of the DG error exhibits the same asymptotic behavior as the local error on ∆. Thus,
the DG error e on ∆ is approximated by

E (x, y, z) =
K∑
i=1

diχi(ξ(x, y, z), η(x, y, z), ζ(x, y, z)). (3.3.9a)

and determined by solving the weak finite element problem∫∫
Γ−
a · n

(
E− − E

)
V dσ +

∫∫∫
∆

(a · ∇E)V dxdydz

=

∫∫∫
∆

rV dxdydz −
∫∫

Γ−
a · n

(
U− − U

)
V dσ, ∀ V ∈ E , (3.3.9b)

This local weak formulation can be approximated by∫∫
Γ−
a · n

(
E− − E

)
V dσ = −

∫∫
Γ−
a · n

(
U− − U

)
V dσ, ∀ V ∈ E . (3.3.10)

The accuracy of a posteriori error estimates is measured by the ratio of the error estimate
over the true error. In this manuscript we use the element effectivity indices in the L2 norm
as

θj =
‖E‖2,∆j

‖e‖2,∆j

, (3.3.11)
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and the global effectivity index

θ =
‖E‖2,Ω

‖e‖2,Ω

. (3.3.12)

Ideally, the effectivity indices should approach unity under mesh refinement, thus, the error
estimates are asymptotically exact.

The following are the main steps of our modified DG method with error estimation.

1. Create a mesh for the domain Ω

2. Find the set Z0 of elements whose inflow faces are on the domain inflow boundary
∂Ω−.

3. For k = 1, 2, . . . , find the set Zk of all elements not in Zk−1 whose inflow faces are
either on ∂Ω− or are shared by an element from Zk−1.

4. For k = 0, 1, . . . , find the DG solution and error estimate:

(a) Compute the DG solution U on each element in Zk by solving the DG finite ele-
ment problem (3.1.4) with boundary conditions (3.1.5a) or (3.1.5b), respectively,
for standard and the modified DG method.

(b) Compute the error estimate E on each element of Zk by solving (3.3.9).

3.4 Computational Examples

We solve several linear hyperbolic problems on uniform and general unstructured tetrahedral
meshes and test our a posteriori error estimation for the standard and modified DG methods.
In order to test the robustness of our procedures we use the following three families of meshes.

1. A family of uniform meshes obtained by partitioning the domain [0, 1]3 into n3 cubes,
n = 7, 8, . . . , 16 and subdividing each cube into five tetrahedra [40]. The resulting
meshes have N = 5n3 = 1715, 2560, . . . , 20480 tetrahedral elements with diameter
hmax =

√
2
n

.

2. A family of uniform meshes obtained by partitioning the domain [0, 1]3 into n3 cubes,
n = 7, 8, . . . , 16 and subdividing each cube into six tetrahedra [40]. These meshes have

N = 6n3 = 2058, 3072, . . . , 24576 tetrahedral elements with diameter hmax =
√

2
n

.

3. A family of unstructured meshes generated by COMSOL software [33] with maximum
mesh size hmax = 1/n, n = 1, 2, . . . , 10 which yields ten unstructured meshes having
N = 24, 192, 476, 943, 2121, 3731,5846, 8713, 12525, 17120 tetrahedral elements. See
Figure 3.3 for two typical meshes having 943 and 8713 elements generated by COMSOL.
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We solve also (11) on a uniform thetrahedra meshes obtained by COMSOL for hmax = 1
2
,

1
4
, 1
8
, 1
16
with number of elements N = 192, 943, 8713, 70617.

Figure 2: Thetrahedral meshes obtained by COMSOL with N = 953 elements.

Pp

p N kek2,Ω Order kecrk2,Ω Order θ∆,min θ∆,max θ

192 3.4745 − 3.1181e− 01 − 0.9238 1.1619 1.0425

0 943 4.6847 −0.431 15 2.5427e− 01 0.294 31 0.8808 1.1882 1.0051

8713

192 2.1633e− 01 − 1.3457e− 02 − 0.9455 1.1219 1.0200

1 943 1.8087e− 01 0.258 29 7.6782e− 03 0.809 52 0.8649 1.2019 1.0035

8713

Tasks:

I. Solve the problem an a given regular mesh of the cube Ω = [0, 1]3, let partition the

domain Ω into a regular mesh having N tetrahedra elements Ωe, e = 1, ..., N

for e = 1 : N

1. Solve the problem on the element Ωe,

i- Compute:

- The DG finite element solution Ue

- The local finite element error estimation ee and Ee

xxiii

Figure 3.3: Unstructured tetrahedral meshes (obtained by COMSOL) having 943(left) and
8713(right) elements on [0, 1]3.

Example 3.4.1.

Let us consider the following linear hyperbolic problem

−3ux − 7uy + 13uz = 3ex+y+z, (x, y, z) ∈ Ω = [0, 1]3 , (3.4.1a)

subject to the boundary conditions on the inflow boundary Γ− such that the exact solution
is given by

u (x, y, z) = ex+y+z. (3.4.1b)

We solve (3.4.1) with the exact inflow boundary condition, U− = u, using the standard and
the modified DG method on uniform tetrahedral meshes having N = 1715, 2560, . . . , 20480
elements and p = 0, 1, 2, 3. We present the L2 errors ||e|| and ||ec|| = ||u − U − E|| , their
orders of convergence, the maximum and minimum element effectivity indices, and the global
effectivity indices in Tables 3.5 and 3.6.

Next, we solve (3.4.1) using the modified DG method on unstructured tetrahedral meshes
having N = 24, 192, 476, 943, 2121,3731, 5846, 8713, 12525, 17120 elements and present the
L2 errors ||e|| and ||ec|| = ||u − U − E|| , their orders of convergence, the maximum and
minimum element effectivity indices, and the global effectivity indices in Table 3.7.

We observe that the effectivity indices for the standard DG method deviate significantly from
unity for all meshes and do not converge to unity under mesh refinement. This confirms that
the DG error on an element does not behave like the local DG error unless the flux is an
O(hp+2) approximation of the true flux. This motivated us to construct the new modified
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DG method with a numerical flux corrected by the error estimate and which yields much
more accurate results. We note that the modified DG errors are smaller than the standard
errors for the same meshes and polynomial degrees. The corrected modified DG solution
U + E is O(hp+2) convergent to the true solution while the modified DG solution is only
O(hp+1) for constant coefficient problems. Moreover, the effectivity indices are close to unity
for all meshes and polynomial degrees and they converge to unity under mesh refinement.

We also solve problem (3.4.1) using the modified DG method and the approximated weak
formulation for the error (3.3.10) on uniform meshes having N = 5n3 elements with p =
0, 1, 2, 3. The L2 errors, their orders and effectivity indices presented in Table 3.8 show that
modified DG method exhibit optimal O(hp+1) convergence rates and the effectivity indices
approach unity under mesh refinement.

Example 3.4.2.

Let us consider the following linear hyperbolic problem

−ux − 2uy + 3uz = − −x− 2y + 3z

(1 + x2 + y2 + z2)
3
2

, (x, y, z) ∈ Ω = [0, 1]3 , (3.4.2a)

and select the boundary conditions such that the exact solution is

u (x, y, z) =
1√

1 + x2 + y2 + z2
. (3.4.2b)

We solve problem (3.4.2) using the modified DG method on uniform meshes having N = 5n3

elements with p = 0, 1, 2, 3. The L2 errors, their orders and effectivity indices presented
in Table 3.9 show that modified DG method exhibit optimal O(hp+1) convergence rates.
Furthermore, the effectivity indices for the modified DG are close to unity and converge
under mesh refinement.

Next, we solve (3.4.2) using the modified DG method on the unstructured tetrahedral meshes
having N = 24, 192, 476, 943, 2121,3731, 5846, 8713, 12525, 17120 elements and present the
L2 errors ||e|| and ||ec|| = ||u − U − E|| , their orders of convergence, the maximum and
minimum element effectivity indices, and the global effectivity indices in Table 3.10. Again
the method exhibits optimal convergence rates and the effectivity indices converge to unity
under mesh refinement.

We also solve problem (3.4.2) using the modified DG method and the approximated weak for-
mulation for the error (3.3.10) on uniform meshes havingN = 5n3 elements with p = 0, 1, 2, 3.
The L2 errors, their orders and effectivity indices presented in Table 3.11. We observe that
modified DG method exhibits optimal O(hp+1) convergence rates and the effectivity indices
approach unity and mesh refinement. We note that U +E is O(hp+1) convergent to the true
solution, while it is O(hp+2) convergent if E is computed using the weak formulation (3.3.9b)
as shown in Table 3.9.
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p=0
N ‖e‖2,Ω order ‖ec‖2,Ω order θ∆,min θ∆,max θ

1715 3.4639e-01 - 3.0300e-01 - 0.0668 1.7226 0.3984
2560 3.0492e-01 0.9549 2.6829e-01 0.9111 0.0667 1.7406 0.3901
3645 2.7232e-01 0.9600 2.4040e-01 0.9319 0.0665 1.7536 0.3831
5000 2.4605e-01 0.9627 2.1797e-01 0.9296 0.0664 1.7640 0.3777
6655 2.2441e-01 0.9663 1.9923e-01 0.9429 0.0663 1.7724 0.3730
8640 2.0627e-01 0.9682 1.8356e-01 0.9416 0.0662 1.7792 0.3691
10985 1.9085e-01 0.9709 1.7011e-01 0.9508 0.0662 1.7849 0.3657
13720 1.7758e-01 0.9722 1.5855e-01 0.9500 0.0661 1.7897 0.3629
16875 1.6604e-01 0.9743 1.4842e-01 0.9568 0.0661 1.7939 0.3603
20480 1.5591e-01 0.9754 1.3954e-01 0.9562 0.0660 1.7974 0.3581

p=1
1715 1.6053e-02 - 1.4907e-02 - 0.0424 1.0042 0.2810
2560 1.2524e-02 1.8594 1.1664e-02 1.8371 0.0420 1.0046 0.2794
3645 1.0047e-02 1.8706 9.3771e-03 1.8531 0.0419 1.0049 0.2783
5000 8.2401e-03 1.8820 7.7041e-03 1.8652 0.0420 1.0052 0.2777
6655 6.8805e-03 1.8919 6.4413e-03 1.8782 0.0421 1.0054 0.2773
8640 5.8321e-03 1.8999 5.4661e-03 1.8868 0.0422 1.0056 0.2771
10985 5.0066e-03 1.9068 4.6966e-03 1.8955 0.0423 1.0057 0.2769
13720 4.3450e-03 1.9125 4.0792e-03 1.9016 0.0423 1.0058 0.2768
16875 3.8065e-03 1.9178 3.5760e-03 1.9083 0.0424 1.0060 0.2767
20480 3.3624e-03 1.9224 3.1607e-03 1.9131 0.0424 1.0060 0.2767

p=2
1715 3.5980e-04 - 3.4323e-04 - 0.0238 1.0498 0.3315
2560 2.4287e-04 2.9433 2.3252e-04 2.9163 0.0236 1.0507 0.3360
3645 1.7105e-04 2.9765 1.6406e-04 2.9610 0.0234 1.0507 0.3403
5000 1.2502e-04 2.9754 1.2010e-04 2.9603 0.0233 1.0501 0.3428
6655 9.4271e-05 2.9617 9.0664e-05 2.9501 0.0232 1.0494 0.3442
8640 7.2938e-05 2.9485 7.0234e-05 2.9343 0.0231 1.0485 0.3450
10985 5.7596e-05 2.9504 5.5518e-05 2.9375 0.0230 1.0476 0.3460
13720 4.6238e-05 2.9639 4.4615e-05 2.9503 0.0229 1.0468 0.3474
16875 3.7635e-05 2.9841 3.6340e-05 2.9734 0.0229 1.0459 0.3492
20480 3.1013e-05 2.9985 2.9965e-05 2.9890 0.0228 1.0455 0.3510

p=3
1715 6.3532e-06 - 6.0112e-06 - 0.0157 1.0111 0.3502
2560 3.7927e-06 3.8634 3.6049e-06 3.8293 0.0154 1.0109 0.3505
3645 2.3955e-06 3.9012 2.2831e-06 3.8780 0.0153 1.0109 0.3523
5000 1.5843e-06 3.9242 1.5134e-06 3.9028 0.0152 1.0108 0.3539
6655 1.0887e-06 3.9357 1.0415e-06 3.9209 0.0151 1.0107 0.3554
8640 7.7314e-07 3.9340 7.4055e-07 3.9189 0.0150 1.0107 0.3561
10985 5.6441e-07 3.9314 5.4117e-07 3.9186 0.0149 1.0106 0.3566
13720 4.2178e-07 3.9306 4.0485e-07 3.9163 0.0149 1.0106 0.3569
16875 3.2144e-07 3.9380 3.0881e-07 3.9250 0.0148 1.0106 0.3575
20480 2.4910e-07 3.9502 2.3952e-07 3.9370 0.0148 1.0105 0.3582

Table 3.5: L2 errors, orders and effectivity indices for the standard DG method applied to
problem (3.4.1) on uniform meshes having N = 5n3 elements for the spaces Pp, p = 0, 1, 2, 3.
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p=0
N ‖e‖2,Ω order ‖ec‖2,Ω order θ∆,min θ∆,max θ

1715 2.9960e-01 - 1.6053e-02 - 0.9476 1.1220 1.0198
2560 2.6212e-01 1.0009 1.2524e-02 1.8594 0.9538 1.1070 1.0181
3645 2.3306e-01 0.9974 1.0047e-02 1.8706 0.9586 1.0952 1.0168
5000 2.0975e-01 1.0002 8.2401e-03 1.8820 0.9626 1.0858 1.0156
6655 1.9071e-01 0.9983 6.8805e-03 1.8919 0.9658 1.0780 1.0146
8640 1.7482e-01 0.9999 5.8321e-03 1.8999 0.9686 1.0716 1.0137
10985 1.6139e-01 0.9988 5.0066e-03 1.9068 0.9709 1.0661 1.0129
13720 1.4986e-01 0.9998 4.3450e-03 1.9125 0.9729 1.0614 1.0122
16875 1.3988e-01 0.9990 3.8065e-03 1.9178 0.9746 1.0573 1.0116
20480 1.3114e-01 0.9998 3.3624e-03 1.9224 0.9762 1.0538 1.0110

p=1
1715 9.7472e-03 - 3.5980e-04 - 0.9083 1.0519 1.0101
2560 7.4596e-03 2.0031 2.4287e-04 2.9433 0.9192 1.0458 1.0093
3645 5.8961e-03 1.9970 1.7105e-04 2.9765 0.9278 1.0409 1.0086
5000 4.7751e-03 2.0014 1.2502e-04 2.9754 0.9348 1.0370 1.0079
6655 3.9471e-03 1.9982 9.4271e-05 2.9617 0.9405 1.0337 1.0074
8640 3.3164e-03 2.0009 7.2938e-05 2.9485 0.9453 1.0310 1.0070
10985 2.8261e-03 1.9989 5.7596e-05 2.9504 0.9494 1.0287 1.0066
13720 2.4367e-03 2.0005 4.6238e-05 2.9639 0.9529 1.0267 1.0062
16875 2.1227e-03 1.9991 3.7635e-05 2.9841 0.9560 1.0249 1.0059
20480 1.8657e-03 2.0002 3.1013e-05 2.9985 0.9587 1.0234 1.0056

p=2
1715 2.2252e-04 - 6.3532e-06 - 0.8752 1.0305 1.0042
2560 1.4897e-04 3.0048 3.7927e-06 3.8634 0.8890 1.0277 1.0038
3645 1.0466e-04 2.9976 2.3955e-06 3.9012 0.9004 1.0252 1.0035
5000 7.6278e-05 3.0023 1.5843e-06 3.9242 0.9096 1.0232 1.0032
6655 5.7317e-05 2.9985 1.0887e-06 3.9357 0.9173 1.0214 1.0029
8640 4.4143e-05 3.0015 7.7314e-07 3.9340 0.9238 1.0199 1.0027
10985 3.4721e-05 2.9993 5.6441e-07 3.9314 0.9293 1.0186 1.0025
13720 2.7797e-05 3.0013 4.2178e-07 3.9306 0.9341 1.0174 1.0024
16875 2.2601e-05 2.9997 3.2144e-07 3.9380 0.9383 1.0164 1.0023
20480 1.8621e-05 3.0009 2.4910e-07 3.9502 0.9420 1.0155 1.0022

p=3
1715 3.8956e-06 - 8.4228e-08 - 0.7860 1.0156 1.0030
2560 2.2825e-06 4.0035 4.3753e-08 4.9049 0.8149 1.0136 1.0026
3645 1.4254e-06 3.9973 2.4512e-08 4.9193 0.8371 1.0121 1.0023
5000 9.3502e-07 4.0018 1.4587e-08 4.9264 0.8547 1.0109 1.0021
6655 6.3872e-07 3.9986 9.1105e-09 4.9384 0.8690 1.0099 1.0019
8640 4.5094e-07 4.0011 5.9244e-09 4.9459 0.8807 1.0091 1.0017
10985 3.2741e-07 3.9992 3.9871e-09 4.9477 0.8906 1.0084 1.0016
13720 2.4341e-07 4.0008 2.7628e-09 4.9497 0.8990 1.0078 1.0015
16875 1.8471e-07 3.9995 1.9629e-09 4.9546 0.9062 1.0073 1.0014
20480 1.4268e-07 4.0006 1.4252e-09 4.9598 0.9124 1.0068 1.0013

Table 3.6: L2 errors and effectivity indices for problem (3.4.1) using the modified DG method
on uniform meshes having N = 5n3 elements for the spaces Pp, p = 0, 1, 2, 3.
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p=0
N ‖e‖2,Ω order ‖ec‖2,Ω order θ∆,min θ∆,max θ

24 1.2423 - 1.9127e-01 - 0.8581 1.2251 1.0625
192 6.1422e-01 1.0162 5.5121e-02 1.7950 0.9238 1.1620 1.0425
476 4.7248e-01 0.6471 3.2789e-02 1.2811 0.8782 1.1442 1.0118
943 3.6819e-01 0.8669 1.9908e-02 1.7345 0.8809 1.1883 1.0046
2121 2.8091e-01 1.2125 1.2014e-02 2.2634 0.9037 1.1082 1.0050
3731 2.3522e-01 0.9736 8.6014e-03 1.8327 0.9151 1.0995 1.0043
5846 2.0161e-01 1.0002 6.4742e-03 1.8429 0.9092 1.0918 1.0022
8713 1.7554e-01 1.0370 4.8318e-03 2.1913 0.9328 1.0682 1.0030
12525 1.5818e-01 0.8840 3.9963e-03 1.6120 0.9451 1.0718 1.0019
17120 1.4036e-01 1.1347 3.1523e-03 2.2517 0.9427 1.0720 1.0020

p=1
24 1.5617e-01 - 1.5700e-02 - 0.8968 1.1535 1.0213
192 3.8243e-02 2.0299 2.3789e-03 2.7223 0.9456 1.1220 1.0200
476 2.5148e-02 1.0338 1.3144e-03 1.4632 0.8883 1.1427 1.0084
943 1.4583e-02 1.8943 6.0792e-04 2.6803 0.8649 1.2019 1.0032
2121 8.6147e-03 2.3588 2.7321e-04 3.5842 0.8933 1.1333 1.0028
3731 5.9949e-03 1.9886 1.6530e-04 2.7562 0.9177 1.1039 1.0028
5846 4.4744e-03 1.8976 1.1182e-04 2.5354 0.9019 1.1424 1.0013
8713 3.3727e-03 2.1168 7.3732e-05 3.1189 0.9045 1.0882 1.0018
12525 2.7415e-03 1.7594 5.4546e-05 2.5589 0.9245 1.0831 1.0009
17120 2.1551e-03 2.2842 3.8053e-05 3.4173 0.9333 1.0890 1.0014

p=2
24 1.3130e-02 - 1.0244e-03 - 0.9173 1.1337 1.0264
192 1.6180e-03 3.0206 7.5291e-05 3.7662 0.9569 1.0816 1.0161
476 9.9069e-04 1.2098 4.3144e-05 1.3732 0.8670 1.1226 1.0079
943 4.1263e-04 3.0445 1.4898e-05 3.6963 0.8224 1.1343 1.0024
2121 1.8990e-04 3.4777 5.3293e-06 4.6068 0.7354 1.1254 1.0021
3731 1.0915e-04 3.0376 2.6278e-06 3.8781 0.8753 1.1288 1.0021
5846 7.1829e-05 2.7143 1.5817e-06 3.2931 0.8976 1.1021 1.0013
8713 4.6621e-05 3.2370 8.7999e-07 4.3913 0.7475 1.0834 1.0014
12525 3.4164e-05 2.6394 5.9287e-07 3.3530 0.8337 1.0926 1.0007
17120 2.3753e-05 3.4498 3.6549e-07 4.5912 0.8221 1.0860 1.0012

p=3
24 8.3118e-04 - 5.2796e-05 - 0.9308 1.1141 1.0230
192 5.1438e-05 4.0142 1.8696e-06 4.8196 0.9642 1.0625 1.0132
476 3.1925e-05 1.1764 1.1723e-06 1.1512 0.7970 1.1083 1.0070
943 9.2356e-06 4.3114 2.9574e-07 4.7873 0.7303 1.1497 1.0020
2121 3.3315e-06 4.5695 8.7329e-08 5.4664 0.5758 1.0968 1.0020
3731 1.5809e-06 4.0884 3.6117e-08 4.8426 0.7082 1.0887 1.0014
5846 9.2656e-07 3.4660 1.9267e-08 4.0764 0.6201 1.2761 1.0011
8713 5.1258e-07 4.4336 8.8672e-09 5.8115 0.5423 1.0764 1.0012
12525 3.3928e-07 3.5033 5.5606e-09 3.9620 0.6686 1.1702 1.0007
17120 2.0813e-07 4.6380 3.0086e-09 5.8299 0.4434 1.0761 1.0009

Table 3.7: L2 errors and effectivity indices for problem (3.4.1) using the modified DG method
on unstructured meshes having N elements for the spaces Pp, p = 0, 1, 2, 3.
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p=0
N ‖e‖2,Ω order ‖ec‖2,Ω order θ∆,min θ∆,max θ

1715 2.9974e-01 - 1.4991e-02 - 0.9213 1.1082 1.0081
2560 2.6223e-01 1.0011 1.1621e-02 1.9069 0.9306 1.0952 1.0078
3645 2.3316e-01 0.9976 9.2721e-03 1.9174 0.9379 1.0850 1.0075
5000 2.0984e-01 1.0004 7.5701e-03 1.9248 0.9438 1.0768 1.0071
6655 1.9079e-01 0.9985 6.2966e-03 1.9327 0.9487 1.0700 1.0068
8640 1.7489e-01 1.0002 5.3197e-03 1.9375 0.9528 1.0643 1.0065
10985 1.6145e-01 0.9990 4.5537e-03 1.9426 0.9563 1.0595 1.0062
13720 1.4991e-01 1.0000 3.9421e-03 1.9460 0.9593 1.0554 1.0060
16875 1.3993e-01 0.9993 3.4459e-03 1.9499 0.9619 1.0517 1.0057
20480 1.3118e-01 1.0000 3.0379e-03 1.9525 0.9642 1.0486 1.0055
24565 1.2347e-01 0.9994 2.6983e-03 1.9556 0.9663 1.0458 1.0052
29160 1.1661e-01 0.9999 2.4126e-03 1.9577 0.9681 1.0433 1.0050
34295 1.1048e-01 0.9995 2.1700e-03 1.9601 0.9697 1.0411 1.0048
40000 1.0495e-01 0.9999 1.9623e-03 1.9618 0.9712 1.0390 1.0047

p=1
1715 9.7643e-03 - 4.0733e-04 - 0.8607 1.0675 1.0004
2560 7.4708e-03 2.0050 2.7346e-04 2.9840 0.8769 1.0594 1.0011
3645 5.9039e-03 1.9985 1.9192e-04 3.0063 0.8898 1.0530 1.0015
5000 4.7808e-03 2.0027 1.4003e-04 2.9915 0.9002 1.0479 1.0016
6655 3.9513e-03 1.9993 1.0545e-04 2.9757 0.9089 1.0437 1.0018
8640 3.3196e-03 2.0019 8.1463e-05 2.9665 0.9162 1.0401 1.0019
10985 2.8286e-03 1.9999 6.4189e-05 2.9774 0.9224 1.0371 1.0020
13720 2.4387e-03 2.0015 5.1412e-05 2.9950 0.9277 1.0345 1.0021
16875 2.1243e-03 2.0000 4.1757e-05 3.0151 0.9324 1.0323 1.0021
20480 1.8670e-03 2.0010 3.4354e-05 3.0235 0.9365 1.0303 1.0021
24565 1.6538e-03 2.0000 2.8602e-05 3.0229 0.9401 1.0286 1.0020
29160 1.4751e-03 2.0008 2.4076e-05 3.0137 0.9434 1.0270 1.0020
34295 1.3239e-03 2.0000 2.0464e-05 3.0066 0.9463 1.0256 1.0019
40000 1.1948e-03 2.0007 1.7542e-05 3.0033 0.9489 1.0243 1.0019

p=2
1715 2.2287e-04 - 7.7680e-06 - 0.7942 1.0229 0.9950
2560 1.4916e-04 3.0071 4.6294e-06 3.8762 0.8154 1.0213 0.9962
3645 1.0477e-04 2.9996 2.9133e-06 3.9321 0.8335 1.0191 0.9970
5000 7.6345e-05 3.0037 1.9208e-06 3.9535 0.8482 1.0175 0.9974
6655 5.7362e-05 2.9995 1.3169e-06 3.9604 0.8607 1.0169 0.9978
8640 4.4174e-05 3.0022 9.3402e-07 3.9482 0.8713 1.0169 0.9980
10985 3.4744e-05 3.0001 6.8122e-07 3.9429 0.8804 1.0167 0.9982
13720 2.7814e-05 3.0021 5.0859e-07 3.9435 0.8883 1.0164 0.9985
16875 2.2613e-05 3.0006 3.8700e-07 3.9602 0.8953 1.0160 0.9987
20480 1.8630e-05 3.0018 2.9929e-07 3.9821 0.9014 1.0156 0.9989
24565 1.5532e-05 3.0005 2.3476e-07 4.0060 0.9069 1.0151 0.9990
29160 1.3083e-05 3.0011 1.8660e-07 4.0169 0.9118 1.0147 0.9991
34295 1.1124e-05 3.0001 1.5018e-07 4.0154 0.9162 1.0143 0.9991
40000 9.5373e-06 3.0008 1.2231e-07 4.0019 0.9202 1.0139 0.9992

p=3
1715 3.8988e-06 - 1.0151e-07 - 0.7656 1.0149 0.9966
2560 2.2840e-06 4.0047 5.2896e-08 4.8817 0.7921 1.0134 0.9972
3645 1.4261e-06 3.9984 2.9670e-08 4.9090 0.8131 1.0126 0.9977
5000 9.3545e-07 4.0025 1.7668e-08 4.9202 0.8306 1.0115 0.9980
6655 6.3898e-07 3.9991 1.1037e-08 4.9362 0.8454 1.0106 0.9982
8640 4.5110e-07 4.0015 7.1819e-09 4.9386 0.8578 1.0098 0.9984
10985 3.2752e-07 3.9996 4.8359e-09 4.9410 0.8685 1.0091 0.9986
13720 2.4348e-07 4.0012 3.3526e-09 4.9432 0.8778 1.0085 0.9987
16875 1.8476e-07 4.0000 2.3824e-09 4.9517 0.8859 1.0082 0.9988
20480 1.4271e-07 4.0010 1.7298e-09 4.9595 0.8930 1.0081 0.9990
24565 1.1198e-07 4.0001 1.2799e-09 4.9684 0.8993 1.0079 0.9990
29160 8.9090e-08 4.0007 9.6320e-10 4.9741 0.9048 1.0077 0.9991
34295 7.1764e-08 4.0000 7.3593e-10 4.9776 0.9098 1.0075 0.9992
40000 5.8451e-08 4.0005 5.7012e-10 4.9769 0.9144 1.0073 0.9992

Table 3.8: L2 errors and effectivity indices for problem (3.4.1) using the modified DG method
and the approximated weak formulation for the error (3.3.10) on uniform meshes having
N = 5n3 elements for the spaces Pp, p = 0, 1, 2, 3.
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p=0
N ‖e‖2,Ω order ‖ec‖2,Ω order θ∆,min θ∆,max θ

1715 1.0803e-02 - 5.3947e-04 - 0.9169 1.2099 0.9944
2560 9.4551e-03 0.9981 4.1486e-04 1.9669 0.9145 1.2244 0.9952
3645 8.4053e-03 0.9992 3.2889e-04 1.9714 0.9127 1.2351 0.9958
5000 7.5657e-03 0.9988 2.6714e-04 1.9738 0.9114 1.2431 0.9962
6655 6.8782e-03 0.9995 2.2127e-04 1.9767 0.9105 1.2492 0.9966
8640 6.3055e-03 0.9992 1.8628e-04 1.9783 0.9098 1.2540 0.9969
10985 5.8206e-03 0.9997 1.5897e-04 1.9803 0.9092 1.2578 0.9972
13720 5.4051e-03 0.9994 1.3726e-04 1.9814 0.9087 1.2608 0.9974
16875 5.0448e-03 0.9998 1.1971e-04 1.9829 0.9083 1.2633 0.9976
20480 4.7296e-03 0.9996 1.0533e-04 1.9838 0.9080 1.2654 0.9977

p=1
1715 4.3912e-04 - 1.7130e-05 - 0.9667 1.0237 0.9998
2560 3.3617e-04 2.0007 1.1555e-05 2.9487 0.9713 1.0212 0.9998
3645 2.6559e-04 2.0008 8.1585e-06 2.9549 0.9743 1.0193 0.9999
5000 2.1511e-04 2.0008 5.9721e-06 2.9609 0.9769 1.0180 0.9999
6655 1.7776e-04 2.0009 4.5022e-06 2.9643 0.9788 1.0164 0.9999
8640 1.4936e-04 2.0008 3.4774e-06 2.9683 0.9801 1.0154 0.9999
10985 1.2726e-04 2.0008 2.7415e-06 2.9708 0.9816 1.0145 0.9999
13720 1.0972e-04 2.0008 2.1993e-06 2.9733 0.9829 1.0136 0.9999
16875 9.5574e-05 2.0008 1.7912e-06 2.9752 0.9838 1.0130 1.0000
20480 8.3996e-05 2.0007 1.4781e-06 2.9772 0.9848 1.0123 1.0000

p=2
1715 1.2847e-05 - 5.5804e-07 - 0.9438 1.0720 0.9985
2560 8.6110e-06 2.9963 3.2908e-07 3.9551 0.9448 1.0775 0.9987
3645 6.0499e-06 2.9971 2.0640e-07 3.9604 0.9455 1.0814 0.9988
5000 4.4113e-06 2.9979 1.3592e-07 3.9651 0.9460 1.0842 0.9989
6655 3.3148e-06 2.9983 9.3112e-08 3.9687 0.9463 1.0863 0.9990
8640 2.5535e-06 2.9987 6.5903e-08 3.9721 0.9465 1.0878 0.9991
10985 2.0086e-06 2.9989 4.7946e-08 3.9743 0.9467 1.0890 0.9992
13720 1.6083e-06 2.9992 3.5708e-08 3.9767 0.9468 1.0900 0.9993
16875 1.3077e-06 2.9993 2.7136e-08 3.9785 0.9470 1.0907 0.9993
20480 1.0775e-06 2.9995 2.0989e-08 3.9801 0.9470 1.0914 0.9994

p=3
1715 4.3921e-07 - 2.0224e-08 - 0.9650 1.0266 0.9987
2560 2.5753e-07 3.9980 1.0474e-08 4.9277 0.9697 1.0249 0.9990
3645 1.6080e-07 3.9985 5.8543e-09 4.9388 0.9724 1.0212 0.9991
5000 1.0551e-07 3.9991 3.4765e-09 4.9462 0.9756 1.0196 0.9992
6655 7.2070e-08 3.9994 2.1685e-09 4.9522 0.9786 1.0181 0.9993
8640 5.0887e-08 3.9997 1.4088e-09 4.9568 0.9808 1.0167 0.9994
10985 3.6946e-08 3.9998 9.4712e-10 4.9607 0.9822 1.0157 0.9995
13720 2.7468e-08 4.0001 6.5561e-10 4.9639 0.9828 1.0148 0.9995
16875 2.0843e-08 4.0001 4.6540e-10 4.9667 0.9838 1.0139 0.9996
20480 1.6101e-08 4.0002 3.3772e-10 4.9690 0.9849 1.0133 0.9996

Table 3.9: L2 errors and effectivity indices for problem (3.4.2) using the modified DG method
on uniform meshes having N = 5n3 elements for the spaces Pp, p = 0, 1, 2, 3.
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p=0
N ‖e‖2,Ω order ‖ec‖2,Ω order θ∆,min θ∆,max θ

24 4.4631e-02 - 7.2492e-03 - 0.9072 1.0660 0.9883
192 2.2423e-02 0.9931 2.0201e-03 1.8434 0.9266 1.0743 0.9946
476 1.6478e-02 0.7597 1.3667e-03 0.9638 0.8488 1.1024 0.9959
943 1.3271e-02 0.7525 9.2814e-04 1.3450 0.8124 1.1570 0.9993
2121 1.0015e-02 1.2614 4.8471e-04 2.9113 0.8705 1.1205 1.0000
3731 8.3494e-03 0.9976 3.4583e-04 1.8517 0.8938 1.2834 1.0000
5846 7.1101e-03 1.0423 2.5820e-04 1.8956 0.7843 1.1655 0.9995
8713 6.2194e-03 1.0023 1.9864e-04 1.9640 0.8445 1.1282 0.9997
12525 5.5558e-03 0.9579 1.5306e-04 2.2129 0.8020 1.2234 1.0000
17120 4.9715e-03 1.0547 1.2556e-04 1.8801 0.8397 1.1901 0.9999

p=1
24 6.4496e-03 - 1.0624e-03 - 0.9036 1.0364 0.9788
192 1.6743e-03 1.9456 1.4584e-04 2.8649 0.9423 1.0573 0.9962
476 1.0889e-03 1.0611 6.9086e-05 1.8427 0.9402 1.1042 1.0021
943 7.4144e-04 1.3360 3.7764e-05 2.0995 0.9010 1.0934 0.9987
2121 3.8325e-04 2.9573 1.5933e-05 3.8673 0.9434 1.0518 0.9987
3731 2.6385e-04 2.0477 9.3452e-06 2.9264 0.9387 1.0536 0.9994
5846 1.9917e-04 1.8241 5.8635e-06 3.0238 0.9409 1.0583 1.0001
8713 1.5413e-04 1.9199 4.0410e-06 2.7878 0.9563 1.0359 1.0001
12525 1.1827e-04 2.2484 2.8100e-06 3.0844 0.9634 1.0350 0.9997
17120 9.6815e-05 1.9000 2.0712e-06 2.8953 0.9633 1.0334 1.0000

p=2
24 9.6475e-04 - 9.9804e-05 - 0.9338 1.0929 0.9937
192 1.1810e-04 3.0301 8.1798e-06 3.6090 0.9325 1.0579 0.9977
476 5.3176e-05 1.9680 3.9522e-06 1.7940 0.9220 1.0526 0.9933
943 2.8492e-05 2.1690 2.1122e-06 2.1779 0.8200 1.1014 1.0018
2121 1.1337e-05 4.1299 5.1692e-07 6.3080 0.9467 1.0927 0.9995
3731 6.5722e-06 2.9903 2.6299e-07 3.7064 0.9347 1.0784 0.9999
5846 4.1194e-06 3.0305 1.4453e-07 3.8836 0.8717 1.0947 0.9997
8713 2.8160e-06 2.8487 9.0756e-08 3.4846 0.8904 1.0511 0.9994
12525 1.9291e-06 3.2115 5.3179e-08 4.5381 0.8749 1.1863 0.9999
17120 1.4051e-06 3.0083 3.7066e-08 3.4259 0.9237 1.1098 0.9998

p=3
24 8.5074e-05 - 1.9427e-05 - 0.8686 1.0589 0.9617
192 6.6187e-06 3.6841 8.3147e-07 4.5463 0.9354 1.0482 0.9928
476 3.0334e-06 1.9243 2.8148e-07 2.6713 0.9294 1.1184 1.0057
943 1.6934e-06 2.0262 1.1230e-07 3.1941 0.8150 1.0814 0.9905
2121 3.7579e-07 6.7468 2.0285e-08 7.6689 0.9318 1.0800 0.9977
3731 1.8445e-07 3.9034 9.3848e-09 4.2277 0.9079 1.1340 0.9984
5846 1.0102e-07 3.9057 4.0051e-09 5.5239 0.9269 1.0812 0.9995
8713 6.4030e-08 3.4145 2.4732e-09 3.6102 0.8566 1.1009 0.9997
12525 3.6863e-08 4.6877 1.1388e-09 6.5841 0.9377 1.0544 0.9995
17120 2.4935e-08 3.7107 7.1453e-10 4.4243 0.9245 1.0453 0.9999

Table 3.10: L2 errors and effectivity indices for problem (3.4.2) using the modified DG
method on unstructured meshes having N elements for the spaces Pp, p = 0, 1, 2, 3.
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p=0
N ‖e‖2,Ω order ‖ec‖2,Ω order θ∆,min θ∆,max θ

1080 1.2694e-02 - 1.2321e-03 - 0.6826 1.0952 0.9610
1715 1.0882e-02 0.9994 9.9228e-04 1.4045 0.6693 1.0973 0.9612
2560 9.5233e-03 0.9986 8.2935e-04 1.3432 0.6863 1.0987 0.9614
3645 8.4654e-03 0.9998 7.1245e-04 1.2900 0.6950 1.0997 0.9616
5000 7.6194e-03 0.9992 6.2461e-04 1.2489 0.7028 1.1004 0.9617
6655 6.9268e-03 0.9999 5.5637e-04 1.2138 0.7030 1.1010 0.9618
8640 6.3498e-03 0.9996 5.0182e-04 1.1861 0.7086 1.1014 0.9619
10985 5.8613e-03 1.0000 4.5723e-04 1.1625 0.7110 1.1017 0.9619
13720 5.4428e-03 0.9997 4.2008e-04 1.1434 0.7132 1.1020 0.9620
16875 5.0799e-03 1.0001 3.8866e-04 1.1270 0.7166 1.1022 0.9620
20480 4.7625e-03 0.9998 3.6171e-04 1.1135 0.7193 1.1023 0.9621
24565 4.4823e-03 1.0001 3.3834e-04 1.1017 0.7224 1.1025 0.9621
29160 4.2333e-03 0.9999 3.1787e-04 1.0918 0.7221 1.1026 0.962

p=1
1080 5.9807e-04 - 2.9725e-05 - 0.9498 1.0638 0.9972
1715 4.3934e-04 2.0008 1.9163e-05 2.8478 0.9539 1.0537 0.9974
2560 3.3634e-04 2.0007 1.3165e-05 2.8116 0.9557 1.0451 0.9975
3645 2.6572e-04 2.0008 9.5031e-06 2.7672 0.9563 1.0433 0.9975
5000 2.1522e-04 2.0007 7.1318e-06 2.7245 0.9568 1.0418 0.9976
6655 1.7785e-04 2.0007 5.5209e-06 2.6862 0.9584 1.0391 0.9976
8640 1.4944e-04 2.0007 4.3868e-06 2.6426 0.9591 1.0391 0.9976
10985 1.2732e-04 2.0007 3.5612e-06 2.6049 0.9596 1.0381 0.9976
13720 1.0978e-04 2.0006 2.9440e-06 2.5683 0.9599 1.0373 0.9976
16875 9.5626e-05 2.0006 2.4721e-06 2.5324 0.9607 1.0372 0.9976
20480 8.4043e-05 2.0006 2.1038e-06 2.4993 0.9609 1.0363 0.9977
24565 7.4444e-05 2.0006 1.8113e-06 2.4692 0.9612 1.0360 0.9977
29160 6.6400e-05 2.0005 1.5756e-06 2.4392 0.9616 1.0357 0.9977

p=2
1080 2.0415e-05 - 1.5050e-06 - 0.9134 1.1048 0.9881
1715 1.2865e-05 2.9954 8.5917e-07 3.6364 0.9239 1.0877 0.9882
2560 8.6220e-06 2.9970 5.3299e-07 3.5757 0.9260 1.0831 0.9883
3645 6.0572e-06 2.9977 3.5282e-07 3.5026 0.9275 1.0752 0.9884
5000 4.4165e-06 2.9984 2.4541e-07 3.4456 0.9285 1.0669 0.9884
6655 3.3186e-06 2.9986 1.7746e-07 3.4012 0.9292 1.0627 0.9884
8640 2.5564e-06 2.9991 1.3255e-07 3.3537 0.9297 1.0733 0.9885
10985 2.0108e-06 2.9992 1.0163e-07 3.3184 0.9302 1.0695 0.9885
13720 1.6100e-06 2.9994 7.9653e-08 3.2877 0.9305 1.0704 0.9885
16875 1.3090e-06 2.9995 6.3619e-08 3.2579 0.9308 1.0705 0.9885
20480 1.0786e-06 2.9997 5.1634e-08 3.2342 0.9310 1.0667 0.9886
24565 8.9928e-07 2.9997 4.2493e-08 3.2140 0.9312 1.0710 0.9886
29160 7.5758e-07 2.9998 3.5403e-08 3.1938 0.9313 1.0676 0.9886

p=3
1080 8.1482e-07 - 5.8877e-08 - 0.9254 1.0664 0.9910
1715 4.4003e-07 3.9970 2.8875e-08 4.6219 0.9263 1.0600 0.9912
2560 2.5800e-07 3.9981 1.5712e-08 4.5576 0.9282 1.0551 0.9913
3645 1.6110e-07 3.9986 9.2597e-09 4.4891 0.9299 1.0576 0.9915
5000 1.0570e-07 3.9992 5.8047e-09 4.4324 0.9297 1.0501 0.9915
6655 7.2202e-08 3.9994 3.8211e-09 4.3871 0.9304 1.0559 0.9916
8640 5.0981e-08 3.9997 2.6186e-09 4.3431 0.9299 1.0574 0.9917
10985 3.7014e-08 3.9998 1.8552e-09 4.3061 0.9293 1.0522 0.9917
13720 2.7519e-08 4.0000 1.3512e-09 4.2774 0.9305 1.0575 0.9917
16875 2.0882e-08 4.0001 1.0079e-09 4.2480 0.9302 1.0572 0.9917
20480 1.6131e-08 4.0002 7.6738e-10 4.2249 0.9308 1.0541 0.9918
24565 1.2657e-08 4.0002 5.9470e-10 4.2051 0.9304 1.0577 0.9918

Table 3.11: L2 errors and effectivity indices for problem (3.4.2) using the modified DG
method and the approximated weak formulation for the error (3.3.10) on uniform meshes
having N = 5n3 elements for the spaces Pp, p = 0, 1, 2, 3.
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Example 3.4.3.

Next, we consider the following linear hyperbolic problem with variable coefficients

(x+ 3)ux + (y + 3)uy + (z + 3)uz = f (x, y, z) , (x, y, z) ∈ Ω = [0, 1]3 , (3.4.3)

where we select f and the boundary conditions such that the exact solution is given by
(3.4.1b).

We solve problem (3.4.3) using the modified DG method on uniform meshes having N = 5n3

tetrahedral elements for p = 0, 1, 2, 3. We present the errors, orders and effectivity indices
in Table 3.12. We again observe that the error estimates are accurate and asymptotically
exact under mesh refinement.

Example 3.4.4.

We consider the following divergence-free linear hyperbolic problem with variable coefficients

(y + 3)ux + (z + 3)uy + (x+ 3)uz = f (x, y, z) , (x, y, z) ∈ Ω = [0, 1]3 , (3.4.4)

where we select f and the boundary conditions such that the exact solution is given by
(3.4.2b).

We solve problem (3.4.4) using the modified DG method on uniform meshes having N = 5n3

tetrahedral elements for p = 0, 1, 2, 3. We present the errors, orders and effectivity indices
in Table 3.13. We again observe that the error estimates are accurate and asymptotically
exact under mesh refinement.

Example 3.4.5.

We consider the following divergence-free linear convection-reaction problem

2ux + uy + uz + πu = f (x, y, z) , (x, y, z) ∈ Ω = [0, 1]3 , (3.4.5)

and select f and the boundary conditions such that the exact solution is given by (3.4.2b). We
solve problem (3.4.5) using the modified DG method on uniform meshes having N = 6n3,
n = 7, 8, . . . , 16 tetrahedral elements for p = 0, 1, 2, 3 and present the errors, orders and
effectivity indices in Table 3.14. We again observe that the error estimates are accurate
and asymptotically exact under mesh refinement for reaction diffusion problems. We also
note that we solved the weak error problem (3.3.9) where we dropped the reaction term
and expect to obtain more accurate estimates by including the reaction term in the error
estimation problem.

Example 3.4.6.
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p=0
N ‖e‖2,Ω order ‖ec‖2,Ω order θ∆,min θ∆,max θ

1715 4.0253e-01 - 4.5996e-02 - 0.8555 1.0331 0.9640
2560 3.5193e-01 1.0062 3.9695e-02 1.1033 0.8554 1.0339 0.9606
3645 3.1236e-01 1.0125 3.4938e-02 1.0837 0.8556 1.0316 0.9579
5000 2.8095e-01 1.0060 3.1231e-02 1.0646 0.8559 1.0315 0.9557
6655 2.5516e-01 1.0101 2.8246e-02 1.0541 0.8555 1.0363 0.9539
8640 2.3378e-01 1.0056 2.5794e-02 1.0436 0.8552 1.0339 0.9524
10985 2.1566e-01 1.0085 2.3738e-02 1.0375 0.8545 1.0398 0.9512
13720 2.0017e-01 1.0052 2.1992e-02 1.0312 0.8541 1.0375 0.9501
16875 1.8674e-01 1.0073 2.0487e-02 1.0274 0.8538 1.0425 0.9492
20480 1.7501e-01 1.0048 1.9177e-02 1.0235 0.8534 1.0404 0.9484

p=1
1715 1.1524e-02 - 5.2082e-04 - 0.9739 1.0796 1.0278
2560 8.8166e-03 2.0052 3.6182e-04 2.7280 0.9676 1.0792 1.0245
3645 6.9598e-03 2.0079 2.6390e-04 2.6794 0.9661 1.0778 1.0218
5000 5.6347e-03 2.0046 2.0038e-04 2.6133 0.9629 1.0779 1.0197
6655 4.6539e-03 2.0066 1.5692e-04 2.5651 0.9610 1.0766 1.0179
8640 3.9092e-03 2.0041 1.2615e-04 2.5090 0.9587 1.0776 1.0165
10985 3.3294e-03 2.0056 1.0355e-04 2.4664 0.9573 1.0758 1.0152
13720 2.8700e-03 2.0037 8.6543e-05 2.4206 0.9556 1.0774 1.0141
16875 2.4992e-03 2.0049 7.3413e-05 2.3849 0.9546 1.0754 1.0132
20480 2.1961e-03 2.0033 6.3089e-05 2.3481 0.9532 1.0773 1.0124

p=2
1715 2.4991e-04 - 1.0260e-05 - 0.9581 1.1026 1.0195
2560 1.6727e-04 3.0064 6.3174e-06 3.6320 0.9515 1.1031 1.0170
3645 1.1739e-04 3.0069 4.1396e-06 3.5889 0.9516 1.1022 1.0150
5000 8.5527e-05 3.0053 2.8567e-06 3.5204 0.9468 1.1026 1.0135
6655 6.4221e-05 3.0061 2.0507e-06 3.4780 0.9475 1.1019 1.0122
8640 4.9446e-05 3.0046 1.5226e-06 3.4223 0.9436 1.1024 1.0112
10985 3.8874e-05 3.0053 1.1612e-06 3.3853 0.9446 1.1017 1.0103
13720 3.1115e-05 3.0041 9.0652e-07 3.3409 0.9414 1.1022 1.0095
16875 2.5290e-05 3.0047 7.2144e-07 3.3101 0.9426 1.1016 1.0088
20480 2.0833e-05 3.0037 5.8399e-07 3.2749 0.9397 1.1020 1.0083

p=3
1715 4.1702e-06 - 1.5088e-07 - 0.9480 1.1119 1.0189
2560 2.4425e-06 4.0060 8.2495e-08 4.5214 0.9428 1.1135 1.0166
3645 1.5240e-06 4.0049 4.8737e-08 4.4685 0.9414 1.1120 1.0147
5000 9.9940e-07 4.0046 3.0645e-08 4.4035 0.9381 1.1135 1.0133
6655 6.8231e-07 4.0045 2.0221e-08 4.3622 0.9372 1.1121 1.0121
8640 4.8159e-07 4.0039 1.3892e-08 4.3140 0.9349 1.1135 1.0111
10985 3.4954e-07 4.0040 9.8609e-09 4.2824 0.9342 1.1122 1.0103
13720 2.5980e-07 4.0034 7.1988e-09 4.2460 0.9326 1.1136 1.0096
16875 1.9710e-07 4.0036 5.3799e-09 4.2214 0.9321 1.1123 1.0089
20480 1.5222e-07 4.0030 4.1043e-09 4.1934 0.9310 1.1136 1.0084

Table 3.12: L2 errors and effectivity indices for problem (3.4.3) using the modified DG
method on uniform meshes having N = 5n3 elements for the spaces Pp, p = 0, 1, 2, 3.
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p=0
N ‖e‖2,Ω order ‖ec‖2,Ω order θ∆,min θ∆,max θ

1715 1.2873e-02 - 1.3952e-03 - 0.7377 1.1044 0.9837
2560 1.1260e-02 1.0029 1.2623e-03 0.7499 0.7190 1.1178 0.9815
3645 1.0007e-02 1.0015 1.1734e-03 0.6198 0.7036 1.1551 0.9795
5000 9.0080e-03 0.9980 1.1114e-03 0.5155 0.6967 1.1886 0.9776
6655 8.1922e-03 0.9961 1.0666e-03 0.4313 0.6608 1.2315 0.9757
8640 7.5142e-03 0.9928 1.0333e-03 0.3644 0.6505 1.2599 0.9739
10985 6.9414e-03 0.9905 1.0080e-03 0.3103 0.6216 1.2973 0.9720
13720 6.4517e-03 0.9872 9.8822e-04 0.2668 0.6062 1.3274 0.9702
16875 6.0281e-03 0.9846 9.7258e-04 0.2312 0.5857 1.3572 0.9683
20480 5.6582e-03 0.9811 9.5998e-04 0.2021 0.5675 1.3911 0.9664

p=1
1715 4.1383e-04 - 4.1523e-05 - 0.8482 1.2147 1.0032
2560 3.1727e-04 1.9898 3.0976e-05 2.1944 0.8440 1.2171 1.0036
3645 2.5095e-04 1.9908 2.4083e-05 2.1372 0.8385 1.2029 1.0039
5000 2.0346e-04 1.9915 1.9196e-05 2.1524 0.8343 1.2244 1.0040
6655 1.6827e-04 1.9919 1.5695e-05 2.1130 0.8310 1.2023 1.0040
8640 1.4149e-04 1.9922 1.3059e-05 2.1133 0.8283 1.2282 1.0040
10985 1.2064e-04 1.9923 1.1054e-05 2.0815 0.8261 1.2099 1.0040
13720 1.0408e-04 1.9923 9.4830e-06 2.0690 0.8242 1.2305 1.0039
16875 9.0712e-05 1.9922 8.2384e-06 2.0393 0.8198 1.2152 1.0038
20480 7.9768e-05 1.9921 7.2330e-06 2.0167 0.8162 1.2320 1.0036

p=2
1715 1.3201e-05 - 1.3271e-06 - 0.8277 1.1806 1.0078
2560 8.8522e-06 2.9928 8.6794e-07 3.1799 0.8142 1.1951 1.0066
3645 6.2208e-06 2.9950 5.9748e-07 3.1702 0.8199 1.2029 1.0059
5000 4.5374e-06 2.9950 4.2879e-07 3.1489 0.7949 1.2072 1.0052
6655 3.4102e-06 2.9964 3.1795e-07 3.1380 0.8028 1.2094 1.0047
8640 2.6275e-06 2.9963 2.4221e-07 3.1270 0.7849 1.2105 1.0043
10985 2.0671e-06 2.9971 1.8875e-07 3.1157 0.7879 1.2108 1.0039
13720 1.6554e-06 2.9970 1.4989e-07 3.1101 0.7792 1.2128 1.0035
16875 1.3461e-06 2.9976 1.2105e-07 3.0980 0.7786 1.2157 1.0032
20480 1.1094e-06 2.9976 9.9125e-08 3.0958 0.7757 1.2175 1.0030

p=3
1715 4.3286e-07 - 5.9356e-08 - 0.7749 1.2296 0.9980
2560 2.5414e-07 3.9880 3.5130e-08 3.9278 0.7485 1.2753 0.9983
3645 1.5884e-07 3.9903 2.2162e-08 3.9113 0.7185 1.2658 0.9987
5000 1.0431e-07 3.9913 1.4696e-08 3.8991 0.7568 1.2635 0.9990
6655 7.1295e-08 3.9928 1.0125e-08 3.9084 0.7160 1.2632 0.9992
8640 5.0368e-08 3.9934 7.2040e-09 3.9124 0.7542 1.2606 0.9995
10985 3.6584e-08 3.9945 5.2600e-09 3.9292 0.7473 1.2520 0.9997
13720 2.7209e-08 3.9949 3.9285e-09 3.9385 0.7548 1.2457 0.9999
16875 2.0654e-08 3.9957 2.9908e-09 3.9530 0.7722 1.2408 1.0000
20480 1.5958e-08 3.9960 2.3161e-09 3.9614 0.7680 1.2384 1.0002

Table 3.13: L2 errors and effectivity indices for problem (3.4.4) using the modified DG
method on uniform meshes having N = 5n3 elements for the spaces Pp, p = 0, 1, 2, 3.
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p=0
N ‖e‖2,Ω order ‖ec‖2,Ω order θ∆,min θ∆,max θ

2058 1.4554e-02 - 3.5720e-03 - 0.9678 1.2684 1.0635
3072 1.2736e-02 0.9994 3.1487e-03 0.9447 0.9715 1.2789 1.0674
4374 1.1321e-02 0.9994 2.8157e-03 0.9490 0.9745 1.2880 1.0704
6000 1.0190e-02 0.9994 2.5468e-03 0.9528 0.9769 1.2944 1.0728
7986 9.2639e-03 0.9995 2.3249e-03 0.9561 0.9789 1.3005 1.0748
10368 8.4923e-03 0.9995 2.1388e-03 0.9590 0.9806 1.3052 1.0765
13182 7.8394e-03 0.9995 1.9804e-03 0.9616 0.9820 1.3096 1.0779
16464 7.2796e-03 0.9995 1.8438e-03 0.9639 0.9832 1.3130 1.0791
20250 6.7945e-03 0.9996 1.7249e-03 0.9660 0.9843 1.3162 1.0802
24576 6.3701e-03 0.9996 1.6205e-03 0.9679 0.9853 1.3189 1.0811

p=1
2058 3.4699e-04 - 4.8510e-05 - 0.8394 1.1896 0.9636
3072 2.6691e-04 1.9650 3.5227e-05 2.3961 0.8383 1.1693 0.9687
4374 2.1163e-04 1.9702 2.6719e-05 2.3470 0.8542 1.1622 0.9727
6000 1.7188e-04 1.9747 2.0952e-05 2.3078 0.8581 1.1809 0.9761
7986 1.4235e-04 1.9776 1.6873e-05 2.2714 0.8541 1.1701 0.9789
10368 1.1982e-04 1.9803 1.3883e-05 2.2420 0.8637 1.1670 0.9812
13182 1.0224e-04 1.9822 1.1627e-05 2.2154 0.8656 1.1763 0.9833
16464 8.8261e-05 1.9840 9.8826e-06 2.1936 0.8619 1.1711 0.9850
20250 7.6964e-05 1.9853 8.5061e-06 2.1740 0.8686 1.1699 0.9866
24576 6.7703e-05 1.9865 7.4004e-06 2.1576 0.8697 1.1738 0.9879

p=2
2058 1.8959e-05 - 1.5185e-06 - 0.8940 1.0458 0.9690
3072 1.2725e-05 2.9860 9.5542e-07 3.4698 0.8914 1.0471 0.9731
4374 8.9500e-06 2.9876 6.3911e-07 3.4136 0.9002 1.0507 0.9763
6000 6.5322e-06 2.9888 4.4836e-07 3.3644 0.8962 1.0534 0.9789
7986 4.9124e-06 2.9899 3.2671e-07 3.3210 0.9026 1.0556 0.9810
10368 3.7869e-06 2.9907 2.4551e-07 3.2837 0.8998 1.0574 0.9828
13182 2.9805e-06 2.9915 1.8926e-07 3.2512 0.9055 1.0588 0.9843
16464 2.3878e-06 2.9921 1.4904e-07 3.2234 0.9008 1.0601 0.9856
20250 1.9423e-06 2.9927 1.1952e-07 3.1991 0.9055 1.0611 0.9868
24576 1.6011e-06 2.9931 9.7358e-08 3.1783 0.9019 1.0620 0.9878

p=3
2058 5.5606e-07 - 3.9205e-08 - 0.8819 1.0465 0.9724
3072 3.2719e-07 3.9717 2.0612e-08 4.8148 0.8557 1.0759 0.9758
4374 2.0482e-07 3.9768 1.1710e-08 4.8005 0.8968 1.0535 0.9784
6000 1.3466e-07 3.9805 7.0730e-09 4.7853 0.8803 1.0493 0.9805
7986 9.2120e-08 3.9833 4.4899e-09 4.7680 0.8989 1.0459 0.9823
10368 6.5125e-08 3.9854 2.9697e-09 4.7507 0.9062 1.0489 0.9837
13182 4.7332e-08 3.9871 2.0334e-09 4.7321 0.9089 1.0417 0.9850
16464 3.5220e-08 3.9884 1.4338e-09 4.7139 0.9145 1.0474 0.9861
20250 2.6745e-08 3.9895 1.0371e-09 4.6948 0.9165 1.0424 0.9870
24576 2.0673e-08 3.9905 7.6695e-10 4.6762 0.9223 1.0415 0.9878

Table 3.14: L2 errors and effectivity indices for problem (3.4.5) using the modified DG
method on uniform meshes having N = 6n3 elements for the spaces Pp, p = 0, 1, 2, 3.
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Figure 3.4: Effectivity indices on the planes y = 0, 1/3, 2/3, 1 for Example 3.4.6, with
a = 1, b = 0, P0 and using uniform meshes having N = 2058 elements (left) and N = 13182
(right).

We consider the following problem with a contact discontinuity

ux + auz = 0, (x, y, z) ∈ Ω = [0, 1]3 , (3.4.6a)

subject to inflow boundary conditions on ∂Ω− such that the true solution is given by

u (x, y, z) =

{
ex+y−z/a + 0.25 if x− z/a < b
ex+y−z/a if x− z/a ≥ b

. (3.4.6b)

The true solution has a contact discontinuity on the plane x− z/a = b. If we chose a mesh
where all elements are on either side of the discontinuity, the previous theory applies and our
error estimates converge to unity under mesh refinement, as shown in Figures 3.4 and 3.5.
However, if we allow elements to intersect the discontinuity plane, the error estimator fails
to provide an accurate error estimate on elements near the discontinuity which may further
pollute neighboring elements with a smooth solution.

First, we consider a special mesh such that every element intersecting the discontinuity plane
has one inflow face, one outflow face and two characteristic faces. Moreover, we assume that
the neighbors of each discontinuity element sharing the inflow and outflow faces are also
discontinuity elements. Thus, on this mesh, the elements having a discontinuous solution
do not pollute neighboring elements with smooth solutions. We illustrate this by solving
(3.4.6) with a = 1 and b = 1/3 and apply exact inflow boundary condition, U− = u, using
the modified DG method on uniform meshes having N = 6n3 = 16464 tetrahedral elements
and p = 0, 1. The local effectivity indices of Figure 3.6 show that local and global effectivity
indices, as expected, are close to unity on all elements except at the discontinuity.

Next, we solve (3.4.6) with a = 1/2 and b = 0 on a general unstructured mesh having
N = 17120 tetrahedral elements with p = 0, 1 and plot the local effectivity indices in
Figure 3.7. These results show that the error estimate, as expected, performs poorly near
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Figure 3.5: Effectivity indices on the planes y = 0, 1/3, 2/3, 1 for Example 3.4.6, with
a = 1, b = 0, P1 and using uniform meshes having N = 2058 elements (left) and N = 13182
(right).

p = 0 p = 1

Figure 3.6: Effectivity indices on the planes y = 0, 1/3, 2/3, 1 for Example 3.4.6, with
a = 1, b = 1/3 using P0 (left) and P1 (right) on a uniform mesh.
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the discontinuity and the region polluted by it. These pollution effects can be reduced by
local adaptive h-refinement resulting in fine meshes near the discontinuity and/or applying
appropriate limiting.

p = 0 p = 1

Figure 3.7: Effectivity indices on the planes y = 0, 1/3, 2/3, 1 for Example 3.4.6, with
a = 1/2, b = 0 using P0 (left) and P1 (right) on a unstructured mesh.

Example 3.4.7.

We consider the following problem with a contact discontinuity

ux = 0, (x, y, z) ∈ Ω = [0, 1]3 , (3.4.7a)

subject to the boundary conditions on the inflow boundary Γ− such that the exact solution
is given by

u (x, y, z) =

{
ex+y + 0.25 if z < 1

3

ex+y if z ≥ 1
3

. (3.4.7b)

We solve (3.4.7) with the exact inflow boundary condition, U− = u, using the modified DG
method on uniform tetrahedral meshes for p = 0, 1, 2, 3. We present the local effectivity
indices in Figures 3.8, 3.9, 3.10 and 3.11.

The exact solution has a contact discontinuity along z = 1
3
. Therefore, the smoothness

assumption of Theorem 3.2.2 is violated and as a result we expect our a posteriori error
estimates to perform poorly near the discontinuity. We observe that the local effectivity
indices close to unity in regions where the solution is smooth.
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Figure 3.8: Effectivity indices on the planes y = 0, 1/3, 2/3, 1 for Example 3.4.7, with P0

and using uniform meshes having N = 2058 elements (left) and N = 16464 (right).

Figure 3.9: Effectivity indices on the planes y = 0, 1/3, 2/3, 1 for Example 3.4.7, with P1

and using uniform meshes having N = 2058 elements (left) and N = 16464 (right).
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Figure 3.10: Effectivity indices on the planes y = 0, 1/3, 2/3, 1 for Example 3.4.7, with P2

and using uniform meshes having N = 2058 elements (left) and N = 16464 (right).

Figure 3.11: Effectivity indices on the planes y = 0, 1/3, 2/3, 1 for Example 3.4.7, with P3

and using uniform meshes having N = 2058 elements (left) and N = 16464 (right).
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3.5 Conclusion

We investigated higher-order discontinuous Galerkin methods for three-dimensional scalar
first-order hyperbolic problems on tetrahedral meshes. We constructed simple, efficient and
asymptotically correct a posteriori error estimates for discontinuous finite element solutions
an we explicitly write the basis functions for the error spaces. The leading term of the
discretization error on each tetrahedron is estimated by solving a local problem. Our modified
DG method and a posteriori error estimates are tested on several linear problems to show
their efficiency and accuracy under mesh refinement for both smooth and discontinuous
solutions.
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Chapter 4

Superconvergence Error Analysis

In this chapter, we investigate the pointwise superconvergence properties of the DG method
described in section 3.1 using the enriched polynomial spaces Lp and Up, defined below. We
study the effect of finite element spaces on the superconvergence properties of DG solutions
on each class and type of tetrahedral elements. We show that, using the space Lp, the
discretization error on tetrahedral elements having one inflow and one outflow faces, is
O(hp+2) superconvergent on the outflow face. For the space Up, the discretization error on
tetrahedral elements with one inflow face, is O(hp+2) superconvergent on the three edges of
the inflow face, while on elements with one inflow and one outflow faces the DG solution is
O(hp+2) superconvergent on the outflow face in addition to the three edges of the inflow face.
Furthermore, we show that on tetrahedral elements with two inflow faces, the DG solution
is O(hp+2) superconvergent on the edge shared by two of the inflow faces. On elements with
two inflow and one outflow faces and on elements with three inflow faces, the DG solution
is O(hp+2) superconvergent on two edges of the inflow faces. Finally, we show that using the
enriched spaceMp defined below leads to a simpler a posteriori error estimation procedure.
In the next section, we define the enriched polynomial spaces Lp, Up, and Mp, derive the
weak DG formulation for the method and present superconvergence analysis.

4.1 Introduction

Before starting our error analysis, let us define the following enriched polynomial spaces on
the reference element

Lp = Pp ∪ span
({
ξp+1−iζ i, i = 0, 1, . . . , p+ 1

})
, (4.1.1a)

Up = Pp ∪ span
({
ξp+1−iηi, ξp+1−iζ i, ηp+1−iζ i, 0 ≤ i ≤ p+ 1

})
, (4.1.1b)

Mp = Pp ∪ span
({
η
(
ξp−iηi−jζj

)
, 0 ≤ i, j ≤ p

})
, (4.1.1c)
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1
ξ

η ζ

ξ2

ξη ξζ
η2 ηζ ζ2

ξ3

ξ2η ξ2ζ
ξη2 ξηζ ξ2ζ
η3 η2ζ ηζ2 ζ3

ξ4

ξ3η ξ3ζ
ξ2η2 ξ2ηζ ξ2ζ2

ξη3 ξη2ζ ξηζ2 ξζ3

η4 η3ζ η2ζ2 ηζ3 ζ4

1
ξ

η ζ

ξ2

ξη ξζ
η2 ηζ ζ2

ξ3

ξ2η ξ2ζ
ξη2 ξηζ ξ2ζ
η3 η2ζ ηζ2 ζ3

ξ4

ξ3η ξ3ζ
ξ2η2 ξ2ηζ ξ2ζ2

ξη3 ξη2ζ ξηζ2 ξζ3

η4 η3ζ η2ζ2 ηζ3 ζ4

Table 4.1: Monomials in black for P4 (left) and L3 (right).

where Pp is the complete space of polynomials of degree not exceeding p given by (2.3.1).
The finite element spaces Lp, Up and Mp are shown in Tables 4.1, 4.2, 4.3, and have the
following dimensions

dim (Lp) = dim (Pp) + (p+ 2) , (4.1.2)

dim (Up) = dim (Pp) + 3 (p+ 1) , (4.1.3)

dim (Mp) = dim (Pp) +
(p+ 1) (p+ 2)

2
. (4.1.4)

In order to obtain the weak discontinuous Galerkin formulation for the linear first-order
hyperbolic scalar problem (3.1.1), we partition the domain Ω into a regular mesh having
N tetrahedral elements ∆j, j = 1, 2, . . . , N , and assume, for simplicity, that this can be
done without error. Assume the mesh is such that each face is either, inflow, outflow or
characteristic, as discussed in chapter 3.
We multiply (3.1.1a) by a test function v, integrate over an arbitrary element ∆, and apply
Stokes’ theorem to write∫∫

Γ−
a·nuvdσ+

∫∫
Γ+

a·nuvdσ+

∫∫∫
∆

(−a · ∇v + cv)udxdydz =

∫∫∫
∆

fvdxdydz. (4.1.5)

Next we approximate u (x, y, z) by a piecewise polynomial function U (x, y, z) whose restric-
tion to ∆ is either in Lp, Up, or Mp defined in (4.1.1).
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1
ξ

η ζ

ξ2

ξη ξζ
η2 ηζ ζ2

ξ3

ξ2η ξ2ζ
ξη2 ξηζ ξ2ζ
η3 η2ζ ηζ2 ζ3

ξ4

ξ3η ξ3ζ
ξ2η2 ξ2ηζ ξ2ζ2

ξη3 ξη2ζ ξηζ2 ξζ3

η4 η3ζ η2ζ2 ηζ3 ζ4

1
ξ

η ζ

ξ2

ξη ξζ
η2 ηζ ζ2

ξ3

ξ2η ξ2ζ
ξη2 ξηζ ξ2ζ
η3 η2ζ ηζ2 ζ3

ξ4

ξ3η ξ3ζ
ξ2η2 ξ2ηζ ξ2ζ2

ξη3 ξη2ζ ξηζ2 ξζ3

η4 η3ζ η2ζ2 ηζ3 ζ4

Table 4.2: Monomials in black for P4 (left) and U3 (right).

1
ξ

η ζ
ξ2

ξη ξζ
η2 ηζ ζ2

ξ3

ξ2η ξ2ζ
ξη2 ξηζ ξ2ζ
η3 η2ζ ηζ2 ζ3

ξ4

ξ3η ξ3ζ
ξ2η2 ξ2ηζ ξ2ζ2

ξη3 ξη2ζ ξηζ2 ξζ3

η4 η3ζ η2ζ2 ηζ3 ζ4

1
ξ

η ζ
ξ2

ξη ξζ
η2 ηζ ζ2

ξ3

ξ2η ξ2ζ
ξη2 ξηζ ξ2ζ
η3 η2ζ ηζ2 ζ3

ξ4

ξ3η ξ3ζ
ξ2η2 ξ2ηζ ξ2ζ2

ξη3 ξη2ζ ξηζ2 ξζ3

η4 η3ζ η2ζ2 ηζ3 ζ4

Table 4.3: Monomials in black for P4 (left) and M3 (right).
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From here on, we use Wp to denote either Lp, Up, or Mp and let SN,p denote the space of
piecewise polynomial functions

SN,p = {U,U |∆ ∈ Wp}.

The discrete DG formulation which consists of determining U ∈ SN,p such that∫∫
Γ−
a · nŨV dσ +

∫∫
Γ+

a · nUV dσ −
∫∫∫

∆

(a · ∇V − cV )Udxdydz

=

∫∫∫
∆

fV dxdydz, ∀ V ∈ Wp. (4.1.6)

In order to complete the definition of our DG method we need to select the corrected upwind
numerical flux Ũ on Γ− given by (3.1.5), where the error will be discussed later in section 4.5.
Subtracting (4.1.6) from (4.1.5) with v = V leads to the DG orthogonality condition for the
local error ε = u− U for all V ∈ Wp,∫∫

Γ−
a · nε−V dσ +

∫∫
Γ+

a · nεV dσ +

∫∫∫
∆

(−a · ∇V + cV ) εdxdydz = 0. (4.1.7)

We map a physical tetrahedron ∆ having vertices vi = (xi, yi, zi)
T , 1 ≤ i ≤ 4, into the

reference tetrahedron ∆̂ with vertices v̂1 = (0, 0, 0), v̂2 = (1, 0, 0), v̂3 = (0, 1, 0), v̂4 =
(0, 0, 1), by the standard affine mapping (3.1.7).

Thus, after applying the affine mapping (3.1.7) with ε̂ (ξ, η, ζ, h) and V̂ (ξ, η, ζ), the DG
orthogonality (4.1.7) becomes∫∫

Γ̂−
(Jâ) · n̂ε̂−V̂ dσ̂ +

∫∫
Γ̂+

(Jâ) · n̂ε̂V̂ dσ̂

−
∫∫∫

∆̂

(
(Jâ) · ∇V̂ − hĉV̂

)
ε̂dξdηdζ = 0, ∀V̂ ∈ Wp, (4.1.8)

where Γ̂− and Γ̂+, respectively, denote the inflow ( Jâ · n̂ < 0) and outflow ( Jâ · n̂ > 0)
boundaries of ∆̂ with respect to the vector Jâ and unit normal n̂ on ∆̂. Here J denotes the
Jacobian matrix of the affine mapping (3.1.7) and

â(ξ, η, ζ, h) = a(x(ξ, η, ζ, h), y(ξ, η, ζ, h), z(ξ, η, ζ, h)),

ĉ(ξ, η, ζ, h) = c(x(ξ, η, ζ, h), y(ξ, η, ζ, h), z(ξ, η, ζ, h)),

ε̂(ξ, η, ζ, h) = ε(x(ξ, η, ζ, h), y(ξ, η, ζ, h), z(ξ, η, ζ, h), h),

where ε̂(ξ, η, ζ, h) depends explicitly on h since

ε̂(ξ, η, ζ, h) = u(x(ξ, η, ζ, h), y(ξ, η, ζ, h), z(ξ, η, ζ, h))

−U(x(ξ, η, ζ, h), y(ξ, η, ζ, h), z(ξ, η, ζ, h), h),
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and as discussed in section 3.1, this dependance is smooth such that ε̂ has derivatives at
h = 0.

Therefore, the DG orthogonality condition (4.1.8) becomes∫∫
Γ̂−
ã · n̂ε̂−V̂ dσ +

∫∫
Γ̂+

ã · n̂ε̂V̂ dσ −
∫∫∫

∆̂

(
ã · ∇V̂ − hĉV̂

)
ε̂dξdηdζ = 0, (4.1.9)

for all V̂ ∈ Wp, where ã = J0â, J0 is independent of h as in (3.1.8).

In the remainder of this chapter we will omit the ˆ unless needed for clarity. In our error
analysis we need Taylor series of the analytic function J0a(ξ, η, ζ, h) about the center of the
element ∆. Applying Taylor’s theorem we expand J0a as

ã(ξ, η, ζ, h) = a0 +
∞∑
k=1

hkak(ξ, η, ζ), (4.1.10)

where ak ∈ [Pk]3 are obtained by the chain rule as

ak (ξ, η, ζ) =
1

k!
J0

dka (x (ξ, η, ζ, h) , y (ξ, η, ζ, h) , z (ξ, η, ζ, h))

dhk

∣∣∣∣
h=0

,

and
a0 = [α, β, γ]T = J0a (1/4, 1/4, 1/4) . (4.1.11)

Similarly Maclaurin series for c can be written as

c(ξ, η, ζ, h) =
∞∑
k=0

hkCk(ξ, η, ζ), Ck(ξ, η, ζ) ∈ Pk. (4.1.12)

Finally, we write a Maclaurin series of ε with respect to h as

ε(ξ, η, ζ, h) =
∞∑
k=0

Qk(ξ, η, ζ)hk, (4.1.13)

where Qk(ξ, η, ζ) ∈ Pk.

In the next section we will state few preliminary results that will be needed in the supercon-
vergence error analysis.

4.2 Preliminary Results

For the sake of the local error analysis we solve a problem on one element of size h with
Ũ |Γ− = u, i.e., ε− = 0 while in practice we only need ε− = O (hp+2). We start by stating
and proving the following lemma.
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Lemma 4.2.1. Let a0 6= 0 given in (4.1.11), ∆ be the reference tetrahedron, and n be its
unit normal vector. If Qk ∈ Pk, k = 0, 1, . . . , p satisfies∫∫

Γ+

a0 · nQkV dσ +

∫∫∫
∆

(−a0 · ∇V )Qkdξdηdζ = 0, ∀ V ∈ Wp, (4.2.1)

then
Qk = 0, 0 ≤ k ≤ p. (4.2.2)

Proof. Since Wp is either Lp, Up, or Mp, i.e. it contains Pp, the proof follows the same line
of reasoning as for Lemma 3.2.1.

In our analysis we need two sets of orthogonal polynomials in L2 with respect to the weight
functions w = ξ − (1− η − ζ) and w = η on the reference tetrahedron.

First, the following lemma gives a set of orthogonal polynomials in L2 with respect to the
weight function w = ξ − (1− η − ζ).

Lemma 4.2.2. If P s,t
k denote Jacobi polynomials (2.3), then the polynomials

q̃mij = (1− η
(1−ζ))

m(1− ζ)m+iP 1,0
m ( 2ξ

(1−η−ζ) − 1)P 2m+2,0
i ( 2η

(1−ζ) − 1)P 2m+2i+3,0
j (2ζ − 1), (4.2.3)

for 0 ≤ m, i, j,m+ i+ j ≤ p, satisfy the orthogonality condition on the reference tetrahedron
∆ ∫∫∫

∆

(ξ − (1− η − ζ)) q̃mij q̃
n
kldξdηdζ = cmnij,klδikδjlδmn. (4.2.4)

Thus,
{
q̃mij , 0 ≤ m, i, j,m+ i+ j ≤ p

}
is a basis for Pp.

Proof. Applying the change of variables

ξ̂ =
2ξ

1− η − ζ
− 1, η̂ =

2η

1− ζ
− 1, ζ̂ = 2ζ − 1, (4.2.5)

the polynomial q̃mij can be written as

q̃mij (ξ, η, ζ) =

(
1− η̂

2

)m(
1− ζ̂

2

)m+i

P 1,0
m

(
ξ̂
)
P 2m+2,0
i (η̂)P 2m+2i+3,0

j

(
ζ̂
)

.

Using the Jacobian of the mapping (4.2.5)

∂ (ξ, η, ζ)

∂
(
ξ̂, η̂, ζ̂

) =
1

8

(
1− η̂

2

)(
1− ζ̂

2

)2

,
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and noting that

ξ − (1− η − ζ) = −(1− ξ̂)
2

(1− η̂)

2

(1− ζ̂)

2
,

one can write ∫ ∫ ∫
∆

(ξ − (1− η − ζ)) q̃mij q̃
n
kldξdηdζ = −I1I2I3,

where

I1 =

∫ 1

−1

(1−ξ̂)
2

P 1,0
m

(
ξ̂
)
P 1,0
n

(
ξ̂
)
dξ̂,

I2 =

∫ 1

−1

(
1−η̂

2

)m+n+2
P 2m+2,0
k (η̂)P 2n+2,0

i (η̂) dη̂,

I3 =

∫ 1

−1

(
1−ζ̂

2

)m+n+i+k+3

P 2m+2i+3,0
j

(
ζ̂
)
P 2n+2k+3,0
l

(
ζ̂
)
dζ̂.

The integral I1 is zero if m 6= n. When m = n, I2 becomes the orthogonality relation for the
Jacobi polynomials P 2m+2,0

k (η̂) which yields I2 = 0 if k 6= i. Finally, I3 is zero if j 6= l, m = n

and k = l by the orthogonality of Jacobi polynomials P 2m+2i+3,0
j

(
ζ̂
)

and P 2m+2i+3,0
l

(
ζ̂
)

.

The following lemma gives a set of orthogonal polynomials in L2 with respect to the weight
function w = η on the reference tetrahedron.

Lemma 4.2.3. If P s,t
k denote Jacobi polynomials (2.3), then the polynomials

qmij = P 1,0
m

(
2ξ
ξ+η
− 1
)(

ξ+η
(1−ζ)

)m
P 2m+2,0
i

(
1− 2(ξ+η)

(1−ζ)

)
(1− ζ)m+i P 2m+2i+3,0

j (2ζ − 1) , (4.2.6)

for 0 ≤ m, i, j,m+ i+ j ≤ p, satisfy the orthogonality condition on the reference tetrahedron
∆ ∫ ∫ ∫

∆

ηqmij q
n
kldξdηdζ = cmnij,klδikδjlδmn. (4.2.7)

Thus,
{
qmij , 0 ≤ m, i, j,m+ i+ j ≤ p

}
is a basis for Pp.

Proof. The transformation ξ
η
ζ

 7−→

 ξ
w = 1− ξ − η − ζ
ζ

 ,

maps the reference tetrahedron ∆ into itself and the polynomials q̃mi,j to qmi,j which yields∫∫∫
∆

(ξ − (1− η − ζ)) q̃mij q̃
n
kldξdηdζ =

∫∫∫
∆

wqmij q
n
kldwdξdζ.

Applying Lemma 4.2.2 completes the proof.
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In the next section we will investigate the local DG error analysis and superconvergence
points on elements of Class I, II, III, and Type 1, 2, 3 using the enriched polynomial spaces
Lp, Up, and Mp.

4.3 DG Superconvergence Error Analysis

Now we are ready to state our superconvergence results for the local discretization error
using the enriched polynomial spaces Lp and Up.
Since Lp and Up contain Pp, the results of Theorems 3.2.1, 3.2.2 and Corollary 3.2.1 still
hold. Moreover, the DG solution in the enriched spaces satisfies additional orthogonality
conditions that will be used to prove superconvergence. Guided by the work of Adjerid
and Baccouch [2] for triangular meshes, we will show several pointwise superconvergence
results. For instance, using the space Lp, we show in the following theorem that the leading
term Qp+1 of the local finite element error is O(hp+2) superconvergent on the outflow face
of elements having one inflow and one outflow faces.

Theorem 4.3.1. Let u ∈ C∞ (Ω) and U ∈ Lp, respectively, be the solutions of (3.1.1a),
(3.1.1c) and (4.1.6), with U−|Γ− = u. Let ∆ be a tetrahedron of Class I and Type 1 (i.e.
one inflow and one outflow faces), then the local finite element error can be written as

ε (ξ, η, ζ, h) =
∞∑

k=p+1

hkQk (ξ, η, ζ) , (4.3.1)

and its leading term Qp+1 satisfies,∫∫∫
∆

Qp+1V dξdηdζ = 0, ∀ V ∈ Pp−1, (4.3.2)

and ∫∫
Γ+

a0 · nQp+1V dσ = 0, ∀ V ∈ Lp. (4.3.3)

Furthermore,

Qp+1 (ξ, 0, ζ) = 0, on the outflow face, (4.3.4a)

Qp+1 (ξ, η, ζ) = η

p∑
i=0

i∑
j=0

cpi,jq
p−i
i−j,j (ξ, η, ζ) , on ∆, (4.3.4b)

where qij,k are defined in Lemma 4.2.3.
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Proof. Substituting (4.1.10), (4.1.12) and (4.1.13) in (4.1.9) and collecting terms having the
same power of h we obtain the following series

∞∑
k=0

Zkh
k = 0, ∀ V ∈ Lp, (4.3.5)

where

Z0 =

∫∫
Γ+

a0 · nQ0V dσ −
∫∫∫

4
a0 · ∇V Q0dξ dηdζ, V ∈ Lp,

and

Zk =

∫∫
Γ+

a0 · nQkV dσ −
∫∫∫

4
[a0 · ∇V Qk − C0Qk−1V ]dξ dηdζ, V ∈ Lp, k > 0.

Thus Zk = 0, ∀ V ∈ Lp. By Lemma 4.2.1, Qk = 0, k = 0, 1, . . . , p which proves (4.3.1).
The leading term Qp+1 satisfies∫∫

Γ+

a0·nQp+1 (ξ, 0, ζ)V (ξ, 0, ζ) dξdζ−
∫∫∫

∆

(a0 · ∇V )Qp+1dξdηdζ = 0, ∀ V ∈ Lp. (4.3.6)

Since Pp ⊂ Lp, (3.2.12) holds which in turn yields (4.3.2). Similarly, (3.2.13) holds which
implies (4.3.3) for all V ∈ Pp. Thus, it remains to show (4.3.3) for all V ∈ Lp\Pp to establish
(4.3.3).
Testing against V (ξ, η, ζ) = ξp+1−jζj, j = 0, 1, . . . , p+ 1 in (4.3.6), and noting that

a0 · ∇V = β
∂

∂η

(
ξp+1−jζj

)
= 0, forj = 0, 1, . . . , p+ 1,

yields (4.3.3).
Next, we write Qp+1 as

Qp+1(ξ, η, ζ) = rp+1(ξ, ζ) + ηr̃p(ξ, η, ζ), (4.3.7)

where
rp+1(ξ, ζ) = Qp+1(ξ, 0, ζ), and r̃p ∈ Pp.

Substituting (4.3.7) in (4.3.3), yields

β

∫∫
Γ+

rp+1(ξ, ζ)V (ξ, 0, ζ)dξdζ = 0, ∀ V ∈ Lp, (4.3.8)

which establishes (4.3.4a) and (4.3.4b), since restriction of Lp to the face η = 0 is the space
of polynomials of degree not exceeding (p+ 1) in ξ and ζ.
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Figure 4.1: Superconvergence points (red) using the space Lp on elements of Class I and
Type 1.

In Figure 4.1, we illustrate the superconvergence result stated in Theorem 4.3.1.

Noting that, the enriched polynomial space Lp can be expressed in terms of the two-
dimensional orthogonal basis functions ϕij (ξ, ζ) (2.3.3) as

Lp =

{
q| q =

p∑
k=0

k∑
i=0

i∑
j=0

cki,jη
k−iϕi−jj (ξ, ζ)

}
∪ span

({
ϕp+1−i
i (ξ, ζ) , i = 0, 1, . . . , p+ 1

})
,

(4.3.9)
where Lp|η=0 = span

{
ϕi−jj (ξ, ζ) , 0 ≤ j ≤ i ≤ p+ 1

}
is the space of (p+ 1)-degree polyno-

mials in ξ and ζ.
Thus, using an enriched polynomial space W̃p for the DG solution on elements of Class I
and Type 1 such that Pp ⊂ W̃p ⊂ Lp, leads to the following superconvergence results.

Corollary 4.3.1. Let u ∈ C∞ (Ω) and U ∈ W̃p, respectively, be the solutions of (3.1.1a),
(3.1.1c) and (4.1.6), with U−|Γ− = u. Let ∆ be a tetrahedron of Class I and Type 1 (i.e.
one inflow and one outflow faces), then the following results hold:

(i) If W̃p = Pp∪ span
{
ϕp+1−j
j (ξ, ζ) , j = 0, 1, . . . , i− 1, i+ 1, . . . , p+ 1

}
for i = 0, 1, . . . , p+

1, then the leading term Qp+1 on the outflow face can be written as

Qp+1(ξ, 0, ζ) = Cϕp+1−i
i (ξ, ζ) , (4.3.10)

and the DG error is O (hp+2) superconvergent at the zeros of ϕp+1−i
i .

(ii) If W̃p = Pp ∪ span
{
ϕp+1−k
k (ξ, ζ) , k = 0, 1, . . . , i− 1, i+ 1, . . . , j − 1, j + 1, . . . , p+ 1

}
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for 0 ≤ i < j ≤ p+ 1, then the leading term Qp+1 on the outflow face can be written as

Qp+1(ξ, 0, ζ) = C1ϕ
p+1−i
i (ξ, ζ) + C2ϕ

p+1−j
j (ξ, ζ) , (4.3.11)

and the DG error is O (hp+2) superconvergent at the intersection of the zeros of ϕp+1−i
i and

ϕp+1−j
j .

(iii) If W̃p = Pp ∪ span
{
ϕp+1−k
k (ξ, ζ) , k = 2i, 0 ≤ i ≤ floor(p+1

2
)
}

, then the leading term

Qp+1 on the outflow face can be written as

Qp+1(ξ, 0, ζ) =

floor( p+1
2

)∑
i=0

Ckϕ
p−2i
2i+1 (ξ, ζ) , (4.3.12)

and the DG error is O (hp+2) superconvergent on the edge ζ = 1− 2ξ.

Proof. The proof of (i) and (ii) follows the same line of reasoning as for Theorem 4.3.1.
For assertion (iii), we note that on the line ζ = 1− 2ξ the Legendre polynomials

Li

(
2ξ

1− ζ
− 1

)
= P 0,0

2k+1 (0) = 0, for i = 2k + 1, k ≥ 0,

which yields
ϕp+1−i
i (ξ, 1− 2ξ) = 0, for i = 2k + 1, k ≥ 0.

Next, following the same line of reasoning as for Theorem 4.3.1 establishes assertion (iii).

In order to illustrate the superconvergence result stated in Corollary 4.3.1, assertion (i), we
plot the zero level curves of ϕ1

0, ϕ
0
1 for p = 0, ϕ2

0, ϕ
1
1, ϕ

0
2 for p = 1 and ϕ3

0, ϕ
2
1, ϕ

1
2, ϕ

0
3 for p = 2,

respectively, in Figures 4.2, 4.3 and 4.4. Thus, the DG solution is O(hp+2) superconvergent
on the zero level curves.

In Corollary 4.3.1, assertion (ii) and p = 0, we combine in Figure 4.5 the zero level curves
of ϕ1

0 and ϕ0
1. In Figure 4.6 we combine the zero level curves of ϕ2

0 and ϕ1
1, ϕ2

0 and ϕ0
2,

ϕ1
1 and ϕ0

3 for p = 1. For p = 2, we combine the zero level curves of ϕ3
0 and ϕ2

1, ϕ3
0 and

ϕ1
2, ϕ3

0 and ϕ0
3, ϕ2

1 and ϕ1
2, ϕ2

1 and ϕ0
3, ϕ1

2 and ϕ0
3 in Figure 4.7. Thus the DG solution is

O(hp+2) superconvergent at the intersection of the zero level curves of any pair of functions
(ϕp+1−i

i , ϕp+1−j
j ) with i 6= j.

Next, let ζk, 1 ≤ k ≤ p+ 1− i, are the roots of the Jacobi polynomial P 2i+1,0
p+1−i for 0 ≤ i ≤ p,

the functions ϕp1, ϕ
p−2
3 , ϕp−2

7 , . . . , ϕ
p+1−floor( p+1

2
)

2floor( p+1
2

)
and ϕp+1−i

i with i /∈
{

1, 3, . . . , 2floor(p+1
2

)
}

vanish at the points
(

1−ζk
2
, ζk
)
, 1 ≤ k ≤ p+ 1− i. Thus, if W̃p = Pp ∪ span{ϕp1, ϕ

p−2
3 , ϕp−2

7 ,

. . . , ϕ
p+1−floor( p+1

2
)

2floor( p+1
2

)
, ϕp+1−i

i }, the DG solution isO(hp+2) superconvergent at the points
(

1−ζk
2
, ζk
)

for 1 ≤ k ≤ p+ 1− i.
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Figure 4.2: Superconvergence points at the zero level curves (red) of ϕ1
0 (left) and ϕ0

1 (right).
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Figure 4.3: Superconvergence points at the zero level curves (red) of ϕ2
0 (left), ϕ1

1 (center)
and ϕ0

2 (right).
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Figure 4.4: Superconvergence points at the zero level curves (red) of ϕ3
0 (top-left), ϕ2

1 (top-
right), ϕ1

2 (bottom-left) and ϕ0
3 (bottom-right).
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Figure 4.5: Superconvergence points at the intersection of the zero level curves (marked by
x) of ϕ1

0 (blue) and ϕ0
1 (red).
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(a) Zero level curves of
ϕ2
0 (blue) and ϕ1

1 (red)
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(b) Zero level curves of
ϕ2
0 (blue) and ϕ0

2 (red)
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(c) Zero level curves of
ϕ1
1 (blue) and ϕ0

2 (red)

Figure 4.6: Superconvergence points (marked by x) for DG solutions as in Corollary 4.3.1
assertion (ii).
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(a) Zeros intersection of
ϕ3
0 (blue) and ϕ2

1 (red)
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(b) Zeros intersection of
ϕ3
0 (blue) and ϕ1

2 (red)
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(c) Zeros intersection of
ϕ3
0 (blue) and ϕ0

3 (red)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

x

z

Printed by Mathematica for Students

(d) Zeros intersection of
ϕ2
1 (blue) and ϕ1

2(red)
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(e) Zeros intersection of
ϕ2
1 (blue) and ϕ0

3(red)
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(f) Zeros intersection of
ϕ1
2 (blue) and ϕ0

3(red)

Figure 4.7: Superconvergence points (marked by x and the dashed line) by combining ϕ3−i
i

and ϕ3−j
j , for 0 ≤ i, j ≤ 3, i 6= j.
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For general tetrahedral elements, we need to consider more enriched polynomial spaces to
show superconvergence results.
Before we prove our next pointwise superconvergence results, we note that Γ4 can be param-
eterized as

Γ4 = {(ξ, η, ζ) , ζ = 1− ξ − η, 0 ≤ η ≤ 1− ξ, 0 ≤ ξ ≤ 1} ,
= {(ξ, η, ζ) , η = 1− ξ − ζ, 0 ≤ ζ ≤ 1− ξ, 0 ≤ ξ ≤ 1} ,
= {(ξ, η, ζ) , ξ = 1− η − ζ, 0 ≤ ζ ≤ 1− η, 0 ≤ η ≤ 1} ,

then for a given function g (ξ, η, ζ), we have

1√
3

∫∫
Γ4

gdσ =

∫ 1

0

∫ 1−ξ

0

g (ξ, η, 1− ξ − η) dηdξ =

∫ 1

0

∫ 1−η

0

g (ξ, η, 1− ξ − η) dξdη,

=

∫ 1

0

∫ 1−ξ

0

g (ξ, 1− ξ − ζ, ζ) dζdξ =

∫ 1

0

∫ 1−ζ

0

g (ξ, 1− ξ − ζ, ) dξdζ,

=

∫ 1

0

∫ 1−η

0

g (1− η − ζ, η, ζ) dζdη =

∫ 1

0

∫ 1−ζ

0

g (1− η − ζ, η, ζ) dηdζ. (4.3.13)

Let vi, i = 1, 2, 3, 4 be the vertices of the reference tetrahedron defined in section 3.1, and
Γ1, Γ2, Γ3, Γ4, respectively, denote the faces η = 0, ζ = 0, ξ = 0, 1− ξ − η − ζ = 0 of the
reference element.
In the next theorem, we prove that the local discretization error is O (hp+2) superconvergent
on the edges v2v3, v2v4, and v3v4 of the inflow face using the space Up on elements of
Type 1.

Theorem 4.3.2. Let u ∈ C∞ (Ω) and U ∈ Up, respectively, be the solutions of (3.1.1a),
(3.1.1c) and (4.1.6), with U−|Γ− = u. Let ∆ be a tetrahedron of Type 1, with Γ4 being the
inflow face on the reference element. Then the local finite element error can be written as
(4.3.1), and its leading term Qp+1 satisfies∫∫∫

∆

(ξ + η + ζ − 1) (a0 · ∇Qp+1)V dξdηdζ = 0,∀ V ∈ Pp−1, (4.3.14)

and

Qp+1 (ξ, 1− ξ − ζ, ζ)− 1
(α+β+γ)

∫ 1−ξ−ζ

0

a0 · ∇Qp+1dη = 0, (4.3.15a)

Qp+1 (ξ, η, 1− ξ − η)− 1
(α+β+γ)

∫ 1−ξ−η

0

a0 · ∇Qp+1dζ = 0, (4.3.15b)

Qp+1 (1− η − ζ, η, ζ)− 1
(α+β+γ)

∫ 1−η−ζ

0

a0 · ∇Qp+1dξ = 0. (4.3.15c)

Furthermore, the leading term Qp+1 is zero on the edges v2v3, v2v4, and v3v4

Qp+1|v2v3
= Qp+1|v3v4

= Qp+1|v2v4
= 0. (4.3.16)
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Proof. Applying Lemma 4.2.1 yields (4.3.1). Now, substituting (4.1.10), (4.1.12) and (4.3.1)
into (4.1.9) yields the following orthogonality condition for the leading term Qp+1∫∫

Γ+

a0 · nQp+1V dσ −
∫∫∫

∆

(a0 · ∇V )Qp+1dξdηdζ = 0,∀ V ∈ Up. (4.3.17)

Applying Stokes’ theorem we write

−
∫∫

Γ−
a0 · nQp+1V dσ +

∫∫∫
∆

(a0 · ∇Qp+1)V dξdηdζ = 0,∀ V ∈ Up. (4.3.18)

Testing against V = (ξ + η + ζ − 1) Ṽ in (4.3.18), where Ṽ ∈ Pp−1 ∪ span {ξp, ηp, ζp}, and
noting that V |Γ− = 0 leads to (4.3.14).
Testing against V = ξiζj in (4.3.18) for 0 ≤ i, j, i+ j ≤ p+ 1 yields∫ 1

0

∫ 1−ζ

0

Qp+1 (ξ, 1− ξ − ζ, ζ) ξiζjdξdζ − 1
(α+β+γ)

∫∫∫
∆

(a0 · ∇Qp+1) ξiζjdξdηdζ = 0,

(4.3.19)
which, in turn, can be written as∫ 1

0

∫ 1−ζ

0

{
Qp+1 (ξ, 1− ξ − ζ, ζ)− 1

(α+β+γ)

∫ 1−ξ−ζ

0

(a0 · ∇Qp+1) dη

}
ξiζjdξdζ = 0. (4.3.20)

and leads to (4.3.15a).
Next, testing against V = ξiηj in (4.3.18) for 0 ≤ i, j, i+ j ≤ p+ 1 yields∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, η, 1− ξ − η) ξiηjdηdξ − 1
(α+β+γ)

∫∫∫
∆

(a0 · ∇Qp+1) ξiηjdηdξdζ = 0,

(4.3.21)
which, in turn, can be written as∫ 1

0

∫ 1−ξ

0

{
Qp+1 (ξ, η, 1− ξ − η)− 1

(α+β+γ)

∫ 1−ξ−ζ

0

(a0 · ∇Qp+1) dζ

}
ξiηjdηdξ = 0. (4.3.22)

and leads to (4.3.15b).
Similarly, testing against V = ηiζj in (4.3.18) for 0 ≤ i, j, i+ j ≤ p+ 1 yields∫ 1

0

∫ 1−ζ

0

Qp+1 (1− η − ζ, η, ζ) ηiζjdηdζ − 1
(α+β+γ)

∫∫∫
∆

(a0 · ∇Qp+1) ηiζjdξdηdζ = 0,

(4.3.23)
which, in turn, can be written as∫ 1

0

∫ 1−ζ

0

{
Qp+1 (1− η − ζ, η, ζ)− 1

(α+β+γ)

∫ 1−η−ζ

0

(a0 · ∇Qp+1) dξ

}
ηiζjdηdζ = 0. (4.3.24)

this leads to (4.3.15c), and (4.3.16) follows directly from (4.3.15).
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Similarly, we have the following superconvergence results for elements of Class I and Type 1
(i.e., one inflow and one outflow face), using the space Up.

Theorem 4.3.3. Let u ∈ C∞ (Ω) and U ∈ Up, respectively, be the solutions of (3.1.1a),
(3.1.1c) and (4.1.6), with U−|Γ− = u. Let ∆ be a tetrahedron of Class I and Type 1 (i.e.,
α = γ = 0 and β < 0), then the local finite element error can be written as (4.3.1) and its
leading term Qp+1 satisfies,∫∫∫

∆

Qp+1V dξdηdζ = 0, ∀ V ∈ Pp\ span (S) . (4.3.25)

where S =
{
ξi+1ηjζk+1, 0 ≤ i, j, k ≤ p, and i+ j + k = p− 2

}
,

and Qp+1 can be written as

Qp+1 (ξ, η, ζ) = η

1
6
p(p2−1)∑
i=1

Ciψi (ξ, η, ζ) , (4.3.26)

with
{
ψi, i = 1, 2, . . . , 1

6
p (p2 − 1)

}
being an orthogonal basis for span (S) with respect to the

weight function η.
Furthermore, the leading term Qp+1 is zero on the outflow face η = 0, and on the edges v2v3,
v2v4, and v3v4, i.e.,

Qp+1|Γ+ = Qp+1|v2v3
= Qp+1|v3v4

= Qp+1|v2v4
= 0. (4.3.27)

Proof. From Theorem 3.2.2, it suffices to show (4.1.12) for all V ∈ Up\Pp.
Since an element of Class I and Type 1 is a particular case of Type 1, (4.3.17) holds and
yields the following orthogonality condition for the leading term Qp+1∫∫∫

∆

ηqp
∂V

∂η
dξdηdζ = 0, ∀ V ∈ Up, and qp ∈ Pp, (4.3.28)

where we used the fact that α = γ = 0 and Qp+1 (ξ, 0, ζ) = 0 (from (4.3.4a)).
Noting that ∂V

∂η
∈ Pp\ span (S) establishes (4.3.25).

Next, let
{
ψi, i = 1, 2, . . . , 1

6
p (p2 − 1)

}
be an orthogonal basis for the polynomial space

span (S) with respect to the weight function η, and using Gram-Schmidt algorithm to con-

struct orthogonal basis
{
ψ̃i, i = 1, 2, . . . , 1

2
p (8 + 9p+ 3p2)

}
for the polynomial space Pp\ span (S),

such that ∫∫∫
∆

ηψ̃iψjdξdηdζ = 0.

Thus, the orthogonality conditions (4.3.25) leads to (4.3.26).
Combining (4.3.4a) and (4.3.16) establishes (4.3.27).

In the next theorem, we state and prove new superconvergence results for the local dis-
cretization error using the space Up on elements of Type 2.
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Theorem 4.3.4. Let u ∈ C∞ (Ω) and U ∈ Up, respectively, be the solutions of (3.1.1a),
(3.1.1c) and (4.1.6), with U−|Γ− = u. Let ∆ be a tetrahedron of Type 2, with Γ2 and Γ4

being the inflow faces on the reference element. Then the local finite element error can be
written as (4.3.1), with its leading term Qp+1 satisfying∫∫∫

∆

ζ (ξ + η + ζ − 1) (a0 · ∇Qp+1)V dξdηdζ = 0,∀ V ∈ Pp−2 ∪ span
({
ηp−1, ζp−1

})
,

(4.3.29)
and

(α + β + γ)Qp+1 (ξ, η, 1− ξ − η) + γQp+1 (ξ, η, 0)−
∫ 1−ξ−η

0

(a0 · ∇Qp+1) dζ = 0, (4.3.30)

Furthermore, the leading term Qp+1 is zero on the edge v2v3

Qp+1|v2v3
= 0. (4.3.31)

Proof. Applying Lemma 4.2.1 we obtain (4.3.1). Substituting (4.1.10), (4.1.12) and (4.3.1)
into (4.1.9), and applying Stokes’ theorem yields (4.3.18), with Γ− = Γ2 ∪ Γ4.
Testing against V = ζ (ξ + η + ζ − 1) Ṽ ∈ Up for all Ṽ ∈ Pp−2 ∪ span ({ηp−1, ζp−1}) in
(4.3.18), and noting that V |Γ− = 0 leads to (4.3.29).
Testing against V = ξiηj ∈ Up in (4.3.18) for 0 ≤ i, j, i+ j ≤ p+ 1 yields

− (α + β + γ)

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, η, 1− ξ − η) ξiηjdηdξ − γ
∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, η, 0) ξiηjdηdξ

+

∫ 1

0

∫ 1−ξ

0

∫ 1−ξ−η

0

(a0 · ∇Qp+1) ξiηjdζdηdξ = 0, (4.3.32)

which can be written as∫ 1

0

∫ 1−ξ

0

{
(α + β + γ)Qp+1 (ξ, η, 1− ξ − η) + γQp+1 (ξ, η, 0)

−
∫ 1−ξ−η

0

(a0 · ∇Qp+1) dζ

}
ηiζjdηdξ = 0. (4.3.33)

Thus, we obtain (4.3.30).
Next, substituting η = 1− ξ in (4.3.30) and noting that a0 · n < 0 on the inflow faces (i.e.
(α + β + γ) + γ < 0), yields (4.3.31).

In the next theorem, using the space Up on elements of Class I and Type 2, we show that
the local discretization error is O (hp+2) superconvergent on the edges v2v3 and v3v4.

Theorem 4.3.5. Let u ∈ C∞ (Ω) and U ∈ Up, respectively, be the solutions of (3.1.1a),
(3.1.1c) and (4.1.6), with U−|Γ− = u. Let ∆ be a tetrahedron of Class I and Type 2 , with
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Γ2 and Γ4 are the inflow faces on the reference element and α = 0. Then the local finite
element error can be written as (4.3.1), and its leading term Qp+1 satisfies (4.3.29), and

(β + γ)Qp+1 (ξ, η, 1− ξ − η) + γQp+1 (ξ, η, 0)−
∫ 1−ξ−η

0

(a0 · ∇Qp+1) dζ = 0, (4.3.34a)∫ 1

0

∫ 1−η

0

ηjQp+1 (ξ, η, 0) dξdη = 0, for 0 ≤ j ≤ p+ 1, (4.3.34b)

− (β + γ)Qp+1 (1− ζ − η, η, ζ) +

∫ 1−ζ−η

0

(a0 · ∇Qp+1) dξ = 0. (4.3.34c)

Furthermore, the leading term Qp+1 is zero on the edges v2v3 and v3v4

Qp+1|v2v3
= Qp+1|v3v4

= 0. (4.3.35)

Proof. Equation (4.3.34a) follows from (4.3.30), where α = 0.
Letting α = 0 in (4.3.17), and testing against V = 1 and V = ηj, for 1 ≤ j ≤ p+ 1 yields∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, 0, ζ) dζdξ = 0, (4.3.36)

and ∫∫∫
∆

ηj−1Qp+1dξdηdζ = 0. (4.3.37)

Now, testing against V = 1 in (4.3.18), we obtain

(β + γ)

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, η, 1− ξ − η) dηdξ + γ

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, η, 0) dηdξ

−
∫∫∫

∆

(
β
∂Qp+1

∂η
+ γ

∂Qp+1

∂ζ

)
dξdηdζ = 0, (4.3.38)

where we used the fact that α = 0.
The first integral can be written as

β

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, 1− ξ − ζ, ζ) dζdξ + γ

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, η, 1− ξ − η) dηdξ. (4.3.39)

The third integral can be written as

β

∫ 1

0

∫ 1−ξ

0

(∫ 1−ξ−ζ

0

∂Qp+1

∂η
dη

)
dζdξ + γ

∫ 1

0

∫ 1−ξ

0

(∫ 1−ξ−η

0

∂Qp+1

∂ζ
dζ

)
dηdξ, (4.3.40)

which after integration, leads to

β

∫ 1

0

∫ 1−ξ

0

{Qp+1 (ξ, 1− ξ − ζ, ζ)−Qp+1 (ξ, 0, ζ)} dζdξ +

γ

∫ 1

0

∫ 1−ξ

0

{Qp+1 (ξ, η, 1− ξ − η)−Qp+1 (ξ, η, 0)} dηdξ. (4.3.41)
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Substituting (4.3.39) and (4.3.41) in (4.3.38) yields

β

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, 0, ζ) dζdξ + 2γ

∫ 1

0

∫ 1−η

0

Qp+1 (ξ, η, 0) dξdη = 0. (4.3.42)

Using (4.3.36) leads to ∫ 1

0

∫ 1−η

0

Qp+1 (ξ, η, 0) dξdη = 0. (4.3.43)

Testing against V = ηj, 1 ≤ j ≤ p+ 1 in (4.3.18), we obtain

(β + γ)

∫ 1

0

∫ 1−ξ

0

ηjQp+1 (ξ, η, 1− ξ − η) dηdξ + γ

∫ 1

0

∫ 1−ξ

0

ηjQp+1 (ξ, η, 0) dηdξ

−
∫∫∫

∆

(
β
∂Qp+1

∂η
+ γ

∂Qp+1

∂ζ

)
ηjdξdηdζ = 0. (4.3.44)

The first integral in (4.3.44) can be written as

β

∫ 1

0

∫ 1−ξ

0

(1− ξ − ζ)j Qp+1 (ξ, 1− ξ − ζ, ζ) dζdξ

+γ

∫ 1

0

∫ 1−ξ

0

ηjQp+1 (ξ, η, 1− ξ − η) dηdξ, (4.3.45)

while the third integral in (4.3.44) can be written as

β

∫ 1

0

∫ 1−ξ

0

(∫ 1−ξ−ζ

0
ηj
∂Qp+1

∂η
dη

)
dζdξ + γ

∫ 1

0

∫ 1−ξ

0

(
ηj
∫ 1−ξ−η

0

∂Qp+1

∂ζ
dζ

)
dηdξ. (4.3.46)

We integrate by parts the first term and integrate the second term with respect to ζ, to
obtain

β

∫ 1

0

∫ 1−ξ

0

(1− ξ − ζ)j Qp+1 (ξ, 1− ξ − ζ, ζ) dζdξ − jβ
∫∫∫

∆

ηj−1Qp+1dξdηdζ

+γ

∫ 1

0

∫ 1−ξ

0

ηj {Qp+1 (ξ, η, 1− ξ − η)−Qp+1 (ξ, η, 0)} dηdξ. (4.3.47)

Substituting (4.3.45) and (4.3.47) in (4.3.44) and using (4.3.37), we obtain

2γ

∫ 1

0

∫ 1−ξ

0

ηjQp+1 (ξ, η, 0) dηdξ = 0. (4.3.48)

Combining (4.3.43) with (4.3.48) yields (4.3.34b).
Testing against V = ζ iηj ∈ Up in (4.3.18), for 1 ≤ i ≤ p+ 1 and 0 ≤ j, i+ j ≤ p+ 1, leads to∫ 1

0

∫ 1−ζ

0

{
− (β + γ)Qp+1 (1− η − ζ, η, ζ) +

∫ 1−ζ−η

0
(a0 · ∇Qp+1) dξ

}
ζiηjdηdζ = 0. (4.3.49)
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Testing against V = ηj, 0 ≤ j ≤ p+ 1, and using (4.3.34b), we obtain∫ 1

0

∫ 1−ζ

0

{
− (β + γ)Qp+1 (1− η − ζ, η, ζ) +

∫ 1−η−ζ

0
(a0 · ∇Qp+1) dξ

}
ηjdηdζ = 0. (4.3.50)

Combining (4.3.49) and (4.3.50), yields (4.3.34c).
Substituting η = 1− ξ in (4.3.34a), ζ = 1− η in (4.3.34c), and noting that a0 ·n < 0 on the
inflow faces, we obtain (4.3.35) which completes the proof.

For an element of Type 3 with the space Up, we show in the following theorem that the local
finite element error is O (hp+2) superconvergent on the edges v2v3 and v3v4.

Theorem 4.3.6. Let u ∈ C∞ (Ω) and U ∈ Up, respectively, be the solutions of (3.1.1a),
(3.1.1c) and (4.1.6), with U−|Γ− = u. Let ∆ be a tetrahedron of Type 3, with Γ2, Γ3 and Γ4

being the inflow faces on the reference element. Then the local finite element error can be
written as (4.3.1) and its leading term Qp+1 satisfies∫∫∫

∆

ξζ (ξ + η + ζ − 1) (a0 · ∇Qp+1)V dξdηdζ = 0,∀ V ∈ Pp−3, (4.3.51)

and∫ 1

0

{∫ 1−η

0

αQp+1 (0, η, ζ) dζ + γ

∫ 1−η

0

Qp+1 (ξ, η, 0) dξ

}
ηjdη = 0, for 0 ≤ j ≤ p+ 1, (4.3.52a)

(α + β)Qp+1 (ξ, η, 1− ξ − η) + γQp+1 (ξ, η, 0)−
∫ 1−ξ−η

0

(
α
∂Qp+1

∂ξ
+ β

∂Qp+1

∂η

)
dζ = 0, (4.3.52b)

(β + γ)Qp+1 (1− η − ζ, η, ζ) + αQp+1 (0, η, ζ)−
∫ 1−η−ζ

0

(
β
∂Qp+1

∂η
+ γ

∂Qp+1

∂ζ

)
dξ = 0. (4.3.52c)

Furthermore, the leading term Qp+1 is zero on the edges v2v3 and v3v4

Qp+1|v2v3
= Qp+1|v3v4

= 0. (4.3.53)

Proof. Applying Lemma 4.2.1 we obtain (4.3.1). Now, substituting (4.1.10), (4.1.12) and
(4.3.1) into (4.1.9), and applying Stokes’ theorem yields (4.3.18), with Γ− = Γ1 ∪ Γ2 ∪ Γ4.
Testing against V = (η − (1− ξ − ζ)) ξζṼ ∈ Up for Ṽ ∈ Pp−3 in (4.3.18), and noting that
V |Γ− = 0 leads to (4.3.51).
Testing against V = 1 in (4.3.17) yields∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, 0, ζ) dζdξ = 0. (4.3.54)

while testing against V = ηj, 1 ≤ j ≤ p+ 1 in (4.3.17) leads to∫∫∫
∆

ηj−1Qp+1dξdηdζ = 0. (4.3.55)
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Now, testing against V = 1 in (4.3.18), we obtain

(α + β + γ)

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, η, 1− ξ − η) dηdξ

+α

∫ 1

0

∫ 1−η

0

Qp+1 (0, η, ζ) dζdη + γ

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, η, 0) dηdξ

−
∫∫∫

∆

(
α
∂Qp+1

∂ξ
+ β

∂Qp+1

∂η
+ γ

∂Qp+1

∂ζ

)
dξdηdζ = 0. (4.3.56)

Using (4.3.13), the first integral can be written as

α

∫ 1

0

∫ 1−η

0

Qp+1 (1− η − ζ, η, ζ) dζdη + β

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, 1− ξ − ζ, ζ) dζdξ

+γ

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, η, 1− ξ − η) dηdξ, (4.3.57)

while the fourth integral in (4.3.56) can be written as

α

∫ 1

0

∫ 1−η

0

(∫ 1−η−ζ

0

∂Qp+1

∂ξ
dξ

)
dζdη + β

∫ 1

0

∫ 1−ξ

0

(∫ 1−ξ−ζ

0

∂Qp+1

∂η
dη

)
dζdξ

+γ

∫ 1

0

∫ 1−ξ

0

(∫ 1−ξ−η

0

∂Qp+1

∂ζ
dζ

)
dηdξ, (4.3.58)

which, after integration, leads to

α

∫ 1

0

∫ 1−η

0

{Qp+1 (1− η − ζ, η, ζ)−Qp+1 (0, η, ζ)} dζdη +

β

∫ 1

0

∫ 1−ξ

0

{Qp+1 (ξ, 1− ξ − ζ, ζ)−Qp+1 (ξ, 0, ζ)} dζdξ +

γ

∫ 1

0

∫ 1−ξ

0

{Qp+1 (ξ, η, 1− ξ − η)−Qp+1 (ξ, η, 0)} dηdξ. (4.3.59)

Substituting (4.3.57) and (4.3.59) in (4.3.56) yields

β

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, 0, ζ) dζdξ + 2α

∫ 1

0

∫ 1−η

0

Qp+1 (0, η, ζ) dζdη

+2γ

∫ 1

0

∫ 1−η

0

Qp+1 (ξ, η, 0) dξdη = 0. (4.3.60)

Using (4.3.54), (4.3.60) becomes∫ 1

0

(
α

∫ 1−η

0

Qp+1 (0, η, ζ) dζ + γ

∫ 1−η

0

Qp+1 (ξ, η, 0) dξ

)
dη = 0. (4.3.61)
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Next, testing against V = ηj, 1 ≤ j ≤ p+ 1 in (4.3.18), we obtain

(α + β + γ)

∫ 1

0

∫ 1−ξ

0

ηjQp+1 (ξ, η, 1− ξ − η) dηdξ

+α

∫ 1

0

∫ 1−η

0

ηjQp+1 (0, η, ζ) dζdη + γ

∫ 1

0

∫ 1−ξ

0

ηjQp+1 (ξ, η, 0) dηdξ

−
∫∫∫

∆

(
α
∂Qp+1

∂ξ
+ β

∂Qp+1

∂η
+ γ

∂Qp+1

∂ζ

)
ηjdξdηdζ = 0. (4.3.62)

Using (4.3.13), the first integral can be written as

α

∫ 1

0

∫ 1−η

0

ηjQp+1 (1− η − ζ, η, ζ) dζdη + β

∫ 1

0

∫ 1−ξ

0

(1− ξ − ζ)j Qp+1 (ξ, 1− ξ − ζ, ζ) dζdξ

+γ

∫ 1

0

∫ 1−ξ

0

ηjQp+1 (ξ, η, η, 1− ξ − η) dηdξ. (4.3.63)

The fourth integral in (4.3.62) can be written as

α

∫ 1

0

∫ 1−η

0

(
ηj
∫ 1−η−ζ

0

∂Qp+1

∂ξ
dξ

)
dζdη + β

∫ 1

0

∫ 1−ξ

0

(∫ 1−ξ−ζ

0

ηj
∂Qp+1

∂η
dη

)
dζdξ

+γ

∫ 1

0

∫ 1−ξ

0

(
ηj
∫ 1−ξ−η

0

∂Qp+1

∂ζ
dζ

)
dηdξ.

We integrate the second integral by parts, and integrate the first and the third integrals,
respectively, with respect to ξ and ζ, to obtain

α

∫ 1

0

∫ 1−η

0

ηj {Qp+1 (1− η − ζ, η, ζ)−Qp+1 (0, η, ζ)} dζdη

+γ

∫ 1

0

∫ 1−ξ

0

ηj {Qp+1 (ξ, η, 1− ξ − η)−Qp+1 (ξ, η, 0)} dηdξ

+β

∫ 1

0

∫ 1−ξ

0

{
(1− ξ − ζ)j Qp+1 (ξ, 1− ξ − ζ, ζ)

}
dζdξ

−jβ
∫∫∫

∆

ηj−1Qp+1dξdηdζ. (4.3.64)

Substituting (4.3.63) and (4.3.64) in (4.3.62) and using (4.3.55), we obtain∫ 1

0

ηj
(
α

∫ 1−η

0

Qp+1 (0, η, ζ) dζ + γ

∫ 1−η

0

Qp+1 (ξ, η, 0) dξ

)
dη = 0. (4.3.65)

Combining (4.3.61) with (4.3.65) yields (4.3.52a).
Next, in order to prove (4.3.52b), we need to show

(α + β)

∫ 1

0

∫ 1−ξ

0

{
Qp+1 (ξ, η, 1− ξ − η) dηdξ + γQp+1 (ξ, η, 0)

−
∫ 1−ξ−ζ

0

(
α
∂Qp+1

∂ξ
+ β

∂Qp+1

∂η

)
dζ

}
ξiηjdηdξ = 0. for 0 ≤ i, j ≤ p+ 1. (4.3.66)
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Testing against V = ηj, 0 ≤ j ≤ p+ 1 in (4.3.18), and using (4.3.52a), we obtain

(α + β + γ)

∫ 1

0

∫ 1−ξ

0

ηjQp+1 (ξ, η, 1− ξ − η) dηdξ

−
∫∫∫

∆

(
α
∂Qp+1

∂ξ
+ β

∂Qp+1

∂η
+ γ

∂Qp+1

∂ζ

)
ηjdξdηdζ = 0. (4.3.67)

Integrating ∂Qp+1

∂ζ
with respect to ζ, leads to (4.3.66) for i = 0 and 0 ≤ j ≤ p+ 1.

Testing against V = ξiηj for 1 ≤ i, j, i+ j ≤ p+ 1 in (4.3.17), to obtain

α

∫ 1

0

∫ 1−η

0

{∫ 1−η−ζ

0

iξi−1ηjQp+1dξ

}
dζdη + β

∫ 1

0

∫ 1−ξ

0

{∫ 1−ξ−ζ

0

jξiηj−1Qp+1dη

}
dζdξ = 0.

(4.3.68)
Integrating by parts the first and the second integrals, respectively, with respect to ξ and η
yields

α

∫ 1

0

∫ 1−η

0

(1− η − ζ)i ηjQp+1 (1− η − ζ, η, ζ) dζdη

+β

∫ 1

0

∫ 1−ξ

0

(1− ξ − ζ)j ξiQp+1 (ξ, 1− ξ − ζ, ζ) dζdξ

−
∫∫∫

∆

(
α
∂Qp+1

∂ξ
+ β

∂Qp+1

∂η

)
ξiηjdζdηdξ = 0. (4.3.69)

Using (4.3.13), (4.3.69) becomes ∫ 1

0

∫ 1−ξ

0

{
(α + β)Qp+1 (ξ, η, 1− ξ − η)

−
∫ 1−ξ−η

0

(
α
∂Qp+1

∂ξ
+ β

∂Qp+1

∂η

)
dζ

}
ξiηjdηdξ = 0, for 1 ≤ i, j, i+ j ≤ p+ 1. (4.3.70)

Noting that the orthogonality conditions (4.3.70) are the same as (4.3.66), except the integral
with the coefficient γ is missing. Next we show that this missing integral is zero for 1 ≤
i, j, i+ j ≤ p+ 1.
Testing against V = ξiηj, for 1 ≤ i, j, i+ j ≤ p+ 1 in (4.3.18), yields∫ 1

0

∫ 1−ξ

0

{
(α + β + γ)Qp+1 (ξ, η, 1− ξ − η) + γQp+1 (ξ, η, 0)

−
∫ 1−ξ−η

0

(
α
∂Qp+1

∂ξ
+ β

∂Qp+1

∂η
+ γ

∂Qp+1

∂ζ

)
dζ

}
ξiηjdηdξ = 0. (4.3.71)

Integrating ∂Qp+1

∂ζ
in the third integral with respect to ζ, leads to∫ 1

0

∫ 1−ξ

0

{(α + β + γ)Qp+1 (ξ, η, 1− ξ − η) + 2γQp+1 (ξ, η, 0)

−
∫ 1−ξ−η

0

(
α
∂Qp+1

∂ξ
+ β

∂Qp+1

∂η

)
dζ

}
ξiηjdηdξ = 0. (4.3.72)
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Subtracting (4.3.72) from (4.3.70), we obtain

2γ

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, η, 0) ξiηjdηdξ = 0, for 1 ≤ i, j, i+ j ≤ p+ 1. (4.3.73)

Combining (4.3.73) and (4.3.70), leads to (4.3.66) for 1 ≤ i, j, i+ j ≤ p+ 1.
Next, testing against V = ξi, 1 ≤ i ≤ p+ 1 in (4.3.17), yields

β

∫ 1

0

∫ 1−ξ

0

ξiQp+1 (ξ, 0, ζ) dζdξ − α
∫ 1

0

∫ 1−η

0

(∫ 1−η−ζ

0

iξi−1Qp+1dξ

)
dζdη = 0. (4.3.74)

Using (4.3.13), the first integral can be written as∫ 1

0

∫ 1−ξ

0

ξiQp+1 (ξ, η, 1− ξ − η) dζdξ −
∫ 1

0

∫ 1−ξ

0

∫ 1−ξ−η

0

ξi
∂Qp+1

∂η
dζdηdξ, (4.3.75)

while integrating by parts the second integral in (4.3.74) with respect to ξ and using (4.3.13),
leads to∫ 1

0

∫ 1−ξ

0

ξiQp+1 (ξ, η, 1− ξ − η) dηdξ −
∫ 1

0

∫ 1−ξ

0

∫ 1−ξ−η

0

ξi
∂Qp+1

∂ξ
dζdηdξ. (4.3.76)

Substituting (4.3.75) and (4.3.76) in (4.3.74), yields∫ 1

0

∫ 1−ξ

0

{(α + β)Qp+1 (ξ, η, 1− ξ − η)

−
∫ 1−ξ−η

0

(
α
∂Qp+1

∂ξ
+ β

∂Qp+1

∂η

)
dζ

}
ξidηdξ = 0, for 1 ≤ i ≤ p+ 1. (4.3.77)

Noting that the orthogonality conditions (4.3.77) are the same as (4.3.66) with j = 0, except
for the integral with the coefficient γ is missing. Next we show that this integral is zero for
1 ≤ i ≤ p+ 1.
Testing against V = ξi, for 1 ≤ i ≤ p+ 1 in (4.3.18), yields∫ 1

0

∫ 1−ξ

0

{
(α + β + γ)Qp+1 (ξ, η, 1− ξ − η) + γQp+1 (ξ, η, 0)

−
∫ 1−ξ−η

0

(
α
∂Qp+1

∂ξ
+ β

∂Qp+1

∂η
+ γ

∂Qp+1

∂ζ

)
dζ

}
ξidηdξ = 0.

Integrating ∂Qp+1

∂ζ
in the third integral with respect to ζ, leads to∫ 1

0

∫ 1−ξ

0

{(α + β)Qp+1 (ξ, η, 1− ξ − η) + 2γQp+1 (ξ, η, 0)

−
∫ 1−ξ−η

0

(
α
∂Qp+1

∂ξ
+ β

∂Qp+1

∂η

)
dζ

}
ξidηdξ = 0. (4.3.78)
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Figure 4.8: Superconvergence points (red) using the space Up for each type of element.

Subtracting (4.3.77) from (4.3.78), we obtain

2γ

∫ 1

0

∫ 1−ξ

0

Qp+1 (ξ, η, 0) ξidηdξ = 0, for 1 ≤ i, j, i+ j ≤ p+ 1. (4.3.79)

Combining (4.3.79) and (4.3.77) leads to (4.3.66) for 1 ≤ i ≤ p+1 and j = 0, which completes
the proof of (4.3.66).
Now, using (4.3.66) yields (4.3.52b).
The proof of (4.3.52c), follow the same line of reasoning as for (4.3.52b).
Finally, substituting ζ = 1− η, η = 1− ξ in (4.3.52a) and (4.3.52b), respectively, and noting
that a0 · n < 0 on the inflow faces, yields (4.3.53) which completes the proof.

We summarize the new superconvergence results in Table 4.4 and Figure 4.8 for all types of
elements and the space Up.

Next, we consider an element of Class I and show that using the space Mp leads to a more
efficient a posteriori error estimation proceeder.
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Type 1 Type 2 Type 3
∆1,1 ∆2,1 ∆3,1 ∆1,2 ∆2,2 ∆1,3

Γ1 : η = 0 X × × × × ×
Γ2 : ζ = 0 × × × × × ×
Γ3 : ξ = 0 × × × × × ×
Γ4 : ζ + ξ + η = 1 × × × × × ×
Edge1 : v1v2 X × × × × ×
Edge2 : v1v4 X × × × × ×
Edge3 : v2v4 X X X × × ×
Edge4 : v1v3 × × × × × ×
Edge5 : v3v4 X X X X × X
Edge6 : v2v3 X X X X X X
v1 = (0, 0, 0) X × × × × ×
v2 = (1, 0, 0) X X X X X X
v3 = (0, 1, 0) X X X X X X
v4 = (0, 0, 1) X X X X × X

Table 4.4: Superconvergence points using space Up.

Theorem 4.3.7. Let u ∈ C∞ (Ω) and U ∈ Mp, respectively, be the solutions of (3.1.1a),
(3.1.1c) and (4.1.6), with U−|Γ− = u. Let ∆ be a tetrahedron of Class I, then the local finite
element error can be written as (4.3.1) and its leading term Qp+1 satisfies the following
orthogonality conditions, ∫∫∫

∆

Qp+1V dξdηdζ = 0, ∀ V ∈ Pp, (4.3.80)∫∫
Γ+

a0 · nQp+1V dσ = 0, ∀ V ∈Mp. (4.3.81)

Furthermore,

Qp+1 (ξ, 0, ζ) =

p+1∑
i=0

Cp+1
i ϕp+1−i

i (ξ, ζ) , on the outflow face, (4.3.82a)

Qp+1 (ξ, η, ζ) = Qp+1 (ξ, 0, ζ) + η

p∑
i=0

i∑
j=0

Cp
i,jq

p−i
i−j,j (ξ, η, ζ) , on ∆. (4.3.82b)

where qij,k are defined in Lemma 4.2.3.

Proof. Applying Lemma 4.2.1 leads to (4.3.1). From Theorem 3.2.2, it suffices to show the
orthogonality conditions (4.3.80) for V ∈ Pp\Pp−1.
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Substituting (4.1.10), (4.1.12) and (4.3.1) into (4.1.9) yields the following orthogonality con-
dition for the leading term Qp+1∫∫

Γ+

a0 · nQp+1 (ξ, 0, ζ)V (ξ, 0, ζ) dξdζ −
∫∫∫

∆

(a0 · ∇V )Qp+1dξdηdζ = 0,∀ V ∈Mp.

(4.3.83)
Testing against V (ξ, η, ζ) = η

(
ξiηjζk

)
in (4.3.83), 0 ≤ i, j, k ≤ p − 1, i + j + k = p and

noting that V (ξ, 0, ζ) = 0 and

span
{
a0 · ∇

(
ξiηj+1ζk

)
, 0 ≤ i, j, k ≤ p, i+ j + k = p

}
= Pp\Pp−1,

yield (4.3.80) for V ∈ Pp\Pp−1.
Using (4.3.80) leads to (4.3.81).
On the outflow face, (4.3.82a) follows directly from (4.3.81) and (3.2.25b). Writing Qp+1 as
(4.3.7) and substituting into (4.3.80) yields∫∫∫

∆

rp+1(ξ, ζ)V dξdηdζ +

∫∫∫
∆

ηr̃p(ξ, η, ζ)V dξdηdζ = 0, ∀ V ∈ Pp. (4.3.84)

Testing against V = ξiηjζk for 0 ≤ i, j, k, i+ j + k ≤ p− 1, the first integral can be written
as ∫ 1

0

∫ 1−ζ

0

ξiζkrp+1(ξ, ζ)

∫ 1−ξ−ζ

0

ηjdηdξdζ =

∫ 1

0

∫ 1−ζ

0

(1− ξ − ζ)j+1ξiζkrp+1(ξ, ζ)dξdζ.

(4.3.85)
Combining, (4.3.85), (4.3.81) and (4.3.84) yields∫∫∫

∆

ηr̃p(ξ, η, ζ)V dξdηdζ = 0, ∀ V ∈ Pp−1. (4.3.86)

Using Lemma 4.2.3 we write

r̃p(ξ, η, ζ) =

p∑
n=0

n∑
i=0

i∑
j=0

Cn
i,jq

n−i
i−j,j (ξ, η, ζ) . (4.3.87)

By the orthogonality (4.3.86) and (4.2.7) we obtain (4.3.82b).

4.4 Factoring the Leading Term of the DG Error

In this section we introduce Groebner bases, which will alow us to factor the leading term
Qp+1 of the local finite element error. First, in the following subsection we review basic
algebraic geometry results [34].

83



4.4.1 Basic Algebraic Geometry and Notations

Let f1, f2, . . . , fs be polynomials in C[x1, x2, . . . , xn], which denotes the set of all polynomials
in x1, x2, . . . , xn with coefficients in C. Then the set

V (f1, f2, . . . , fs) = {(a1, a2, . . . , an) ∈ Cn : fi (a1, a2, . . . , an) = 0 for all 1 ≤ i ≤ s} ,

is called the affine variety defined by f1, f2, . . . , fs.

Definition 4.4.1. A subset I ⊂C [x1, x2, . . . , xn] is an ideal if it satisfies:

(i) 0 ∈ I.

(ii) If f, g ∈ I, then f + g ∈ I

(iii) If f ∈ I and h ∈ C [x1, x2, . . . , xn] , then hf ∈ I.

If f1, f2, . . . , fs are polynomials in C[x1, x2, . . . , xn], then the set

〈f1, f2, . . . , fs〉 =

{
s∑
i=1

hifi : h1, h2, . . . , hs ∈ C [x1, x2, . . . , xn]

}
,

is an ideal of C [x1, x2, . . . , xn] and is called the ideal generated by f1, f2, . . . , fs [34].

Definition 4.4.2. Let V ⊂Cn be an affine variety. Then we set

I (V) = {f ∈ C [x1, x2, . . . , xn] : f (a1, a2, . . . , an) = 0 for all (a1, a2, . . . , an) ∈ V} .

The observation is that I (V) is an ideal and is called the ideal of V [34].

Next, we define the affine variety by an ideal I (V)⊂C [x1, x2, . . . , xn].

Definition 4.4.3. Let I (V)⊂C [x1, x2, . . . , xn] be an ideal. We will denote by V (I) the set

V (I) = {(a1, a2, . . . , an) ∈ Cn : f (a1, a2, . . . , an) = 0 for all f ∈ I} .

The following proposition holds.

Proposition 4.4.1. V (I) is an affine variety. In particular, if I = 〈f1, f2, . . . , fs〉, then

V (I) = V (f1, f2, . . . , fs) .

Proof. Consult [34].

The operation on varieties corresponds to the operation of intersection on ideals and is given
by the following result.
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Theorem 4.4.1. If I and J are ideals in C [x1, x2, . . . , xn], then V (I ∩ J) = V (I) ∪V (J).

Proof. Consult [34].

Definition 4.4.4. Let I ⊂C [x1, x2, . . . , xn] be an ideal.
(i) The radical of I, denoted

√
I, is the set

{f : fm ∈ I for some integer m ≥ 1} .
(ii) I is prime if whenever f, g ∈ C [x1, x2, . . . , xn] and fg ∈ I, then either f ∈ I or g ∈ I.

Thus we have the following proposition.

Proposition 4.4.2. Let I, J be any ideals in C [x1, x2, . . . , xn], then to following holds:
(i)
√

I ∩ J =
√

I ∩
√

J.
(ii) If I is a prime ideal then

√
I = I.

Proof. Consult [34].

4.4.2 Groebner Bases

In order to introduce Groebner bases, we will use the following terminology.

Definition 4.4.5. A monomial ordering > on C [x1, x2, . . . , xn] is any relation on the set of
monomials xα, α ∈ Zn≥0, satisfying:
(i) > is a total (or linear) ordering on Zn≥0.
(ii) If α > β and γ ∈ Zn≥0, then α + γ > β + γ.
(iii) > is a well-ordering on Zn≥0, i.e. every nonempty subset of Zn≥0 has a smallest element
under > .

Definition 4.4.6. Let f =
∑

α aαx
α be a nonzero polynomial in C [x1, x2, . . . , xn] and let >

be a monomial order. The leading term of f is

LT (f) = amultideg(f) · xmultideg(f),

where multideg (f) = max
(
α ∈ Zn≥0 such that aα 6= 0

)
, (the maximum is taken with respect

to >).

Definition 4.4.7. Let I ⊂C [x1, x2, . . . , xn] be an ideal other than {0}.
(i) We denote by LT (I) the set of leading terms of elements of I. Thus,

LT (I) = {cxα : there exists f ∈ I with LT (f) = cxα}

(ii) We denote by 〈LT (I)〉 the ideal generated by the elements of LT (I).
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Thus, a Groebner basis for an ideal I is defined as follows.

Definition 4.4.8. For a given monomial order. A finite subset G = {g1, g2, . . . , gs} of an
ideal I is said to be a Groebner basis (or standard basis) if

〈LT (g1) , LT (g2) , . . . , LT (gs)〉 = 〈LT (I)〉 .

For a given monomial order, every ideal I ⊂C [x1, x2, . . . , xn] other than {0} has a Groebner
basis [34].
The next proposition states that the remainder is uniquely determined when we divide by a
Groebner basis.

Proposition 4.4.3. Let G = {g1, g2, . . . , gs} be a Groebner basis for an ideal I ⊂C [x1, x2, . . . , xn]
and let f ∈ C [x1, x2, . . . , xn] . Then there is a unique r ∈ C [x1, x2, . . . , xn] with the following
two properties:
(i) No term of r is divisible by any of LT (g1) , LT (g2) , . . . , LT (gs).
(ii) There is g ∈ I such that f = g + r.

Proof. Consult [34].

4.4.3 Factoring Polynomials in C [ξ, η, ζ]

Before stating our main result on factoring the leading DG error term we state and prove
several lemmas.

Lemma 4.4.1. Let Qk (ξ, η, ζ) be a polynomial of degree k ≥ 3 that is identically zero at
these locations: (i) η = 0, (ii) ξ + η + ζ = 1 and ξ = 0, (iii) ξ + η + ζ = 1 and ζ = 0. Then
Qk (ξ, η, ζ) can be factored as

Qk (ξ, η, ζ) = η ((1− ξ − η − ζ) qr (ξ, η, ζ) + ξζqs (ξ, η, ζ)) , (4.4.1a)

= η ((ξ + η + ζ − 1)Rr′ + ζ (η + ζ − 1)Rs′) , (4.4.1b)

where qr, Rr′, qs, and Rs′, respectively, are polynomials of degree r, r′ ≤ k−2, and s, s′ ≤ k−3.

Proof. Noting that Qk = 0 at points of the form (i), (ii), (iii) is equivalent to Qk = 0 on
the set

V (〈η〉) ∪V (〈ξ + η + ζ − 1, ξ〉) ∪V (〈ξ + η + ζ − 1, ζ〉) , (4.4.2)

which, in turn, is equivalent to

Qk ∈ I (V (〈η〉) ∪V (〈ξ + η + ζ − 1, ξ〉) ∪V (〈ξ + η + ζ − 1, ζ〉)) , (4.4.3)

Using Theorem 4.4.1, leads to

Qk ∈ I (V (〈η〉 ∩ 〈ξ + η + ζ − 1, ξ〉 ∩ 〈ξ + η + ζ − 1, ζ〉)) . (4.4.4)
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Next, by the strong Nullstellensatz Theorem [34], we have

Qk ∈
√
〈η〉 ∩ 〈ξ + η + ζ − 1, ξ〉 ∩ 〈ξ + η + ζ − 1, ζ〉, (4.4.5)

which by Proposition 4.4.2, yields

Qk ∈
√
〈η〉 ∩

√
〈ξ + η + ζ − 1, ξ〉 ∩

√
〈ξ + η + ζ − 1, ζ〉. (4.4.6)

Since the ideals 〈η〉, 〈ξ + η + ζ − 1, ξ〉 and 〈ξ + η + ζ − 1, ζ〉 are all prime, so equal to their
own radical, we have

Qk ∈ 〈η〉 ∩ 〈ξ + η + ζ − 1, ξ〉 ∩ 〈ξ + η + ζ − 1, ζ〉 . (4.4.7)

Let J = 〈η〉 ∩ 〈ξ + η + ζ − 1, ξ〉 ∩ 〈ξ + η + ζ − 1, ζ〉, an ideal of C [ξ, η, ζ]. To test whether
Qk ∈ J , we need a Groebner basis for J

{η (ξ + η + ζ − 1) , ηζ (η + ζ − 1)} ,

computed with Mathematica.
Now, Qk ∈ J if and only if Qk can be written as

Qk (ξ, η, ζ) = η (ξ + η + ζ − 1)Rr′ + ηζ (η + ζ − 1)Rs′ ,

for some polynomials Rr′ and Rs′ . Using Mathematica, we can show that the ideal K =
〈η (ξ + η + ζ − 1) , ηξζ〉, has the same Groebner basis as J . Thus K = J , which completes
the proof.

Lemma 4.4.2. Let Qk (ξ, η, ζ) be a polynomial of degree k ≥ 3 that is identically zero at
these locations: (i) ξ + η + ζ = 1 and ξ = 0, (ii) ξ + η + ζ = 1 and ζ = 0. Then Qk (ξ, η, ζ)
can be factored as

Qk (ξ, η, ζ) = (1− ξ − η − ζ) qr (ξ, η, ζ) + ξζqs (ξ, η, ζ) , (4.4.8a)

= (ξ + η + ζ − 1)Rr′ + ζ (η + ζ − 1)Rs′ , (4.4.8b)

where qr, Rr′, qs, and Rs′, respectively, are polynomials of degree r, r′ ≤ k−1, and s, s′ ≤ k−2.

Proof. Noting that Qk = 0 at points of the form (i), (ii) is equivalent to Qk = 0 on the set

V (〈ξ + η + ζ − 1, ξ〉) ∪V (〈ξ + η + ζ − 1, ζ〉) , (4.4.9)

which, in turn, is equivalent to

Qk ∈ I (V (〈ξ + η + ζ − 1, ξ〉) ∪V (〈ξ + η + ζ − 1, ζ〉)) . (4.4.10)

Using Theorem 4.4.1, leads to

Qk ∈ I (V (〈ξ + η + ζ − 1, ξ〉 ∩ 〈ξ + η + ζ − 1, ζ〉)) . (4.4.11)
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Next, by the strong Nullstellensatz Theorem [34], we have

Qk ∈
√
〈ξ + η + ζ − 1, ξ〉 ∩ 〈ξ + η + ζ − 1, ζ〉, (4.4.12)

which by Proposition 4.4.2, yields

Qk ∈
√
〈ξ + η + ζ − 1, ξ〉 ∩

√
〈ξ + η + ζ − 1, ζ〉. (4.4.13)

Since the ideals 〈ξ + η + ζ − 1, ξ〉 and 〈ξ + η + ζ − 1, ζ〉 are all prime, so equal to their own
radical, we have

Qk ∈ 〈ξ + η + ζ − 1, ξ〉 ∩ 〈ξ + η + ζ − 1, ζ〉 . (4.4.14)

Let J = 〈η〉 ∩ 〈ξ + η + ζ − 1, ζ〉 ∩ 〈ξ + η + ζ − 1, ξ〉, an ideal of C [ξ, η, ζ]. To test whether
Qk ∈ J , we need a Groebner basis for J

{(ξ + η + ζ − 1) , ζ (η + ζ − 1)} ,

computed with Mathematica.
Now, Qk ∈ J if and only if Qk can be written as

Qk (ξ, η, ζ) = (ξ + η + ζ − 1)Rr′ + ζ (η + ζ − 1)Rs′ ,

for some polynomials Rr′ and Rs′ . Using Mathematica, we can show that the ideal K =
〈ξ + η + ζ − 1, ξζ〉, has the same Groebner basis as J . Thus K = J , which completes the
proof.

Lemma 4.4.3. Let Qk (ξ, η, ζ) be a polynomial of degree k ≥ 3 that is identically zero at
these locations: (i) ξ + η + ζ = 1 and ξ = 0, (ii) ξ + η + ζ = 1 and η = 0, (iii) ξ + η + ζ = 1
and ζ = 0. Then Qk (ξ, η, ζ) can be factored as

Qk (ξ, η, ζ) = (1− ξ − η − ζ) qr (ξ, η, ζ) + ηξζqs (ξ, η, ζ) , (4.4.15a)

= (ξ + η + ζ − 1)Rr′ + ζη (η + ζ − 1)Rs′ , (4.4.15b)

where qr, Rr′, qs, and Rs′, respectively, are polynomials of degree r, r′ ≤ k−1, and s, s′ ≤ k−3.

Proof. Noting that Qk = 0 at points of the form (i), (ii) is equivalent to Qk = 0 on the set

V (〈ξ + η + ζ − 1, ξ〉) ∪V (〈ξ + η + ζ − 1, η〉) ∪V (〈ξ + η + ζ − 1, ζ〉) , (4.4.16)

which, in turn, is equivalent to

Qk ∈ I (V (〈ξ + η + ζ − 1, ξ〉) ∪V (〈ξ + η + ζ − 1, η〉) ∪V (〈ξ + η + ζ − 1, ζ〉)) , (4.4.17)

Using Theorem 4.4.1, leads to

Qk ∈ I (V (〈ξ + η + ζ − 1, ξ〉 ∩ 〈ξ + η + ζ − 1, η〉 ∩ 〈ξ + η + ζ − 1, ζ〉)) . (4.4.18)
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Next, by the strong Nullstellensatz Theorem [34], we have

Qk ∈
√
〈ξ + η + ζ − 1, ξ〉 ∩ 〈ξ + η + ζ − 1, η〉 ∩ 〈ξ + η + ζ − 1, ζ〉, (4.4.19)

which by Proposition 4.4.2, yields

Qk ∈
√
〈ξ + η + ζ − 1, ξ〉 ∩

√
〈ξ + η + ζ − 1, η〉 ∩

√
〈ξ + η + ζ − 1, ζ〉. (4.4.20)

Since the ideals 〈ξ + η + ζ − 1, ξ〉, 〈ξ + η + ζ − 1, η〉 and 〈ξ + η + ζ − 1, ζ〉 are all prime, so
equal to their own radical, we have

Qk ∈ 〈ξ + η + ζ − 1, ξ〉 ∩ 〈ξ + η + ζ − 1, η〉 ∩ 〈ξ + η + ζ − 1, ζ〉 . (4.4.21)

Let J = 〈ξ + η + ζ − 1, ξ〉∩∩ 〈ξ + η + ζ − 1, η〉∩〈ξ + η + ζ − 1, ζ〉, an ideal of C [ξ, η, ζ]. To
test whether Qk ∈ J , we need a Groebner basis for J

{(ξ + η + ζ − 1) , ζη (η + ζ − 1)} , (4.4.22)

computed with Mathematica.
Now, Qk ∈ J if and only if Qk can be written as

Qk (ξ, η, ζ) = (ξ + η + ζ − 1)Rr′ + ηζ (η + ζ − 1)Rs′ , (4.4.23)

for some polynomials Rr′ and Rs′ . Using Mathematica, we can show that the ideal K =
〈ξ + η + ζ − 1, ηξζ〉, has the same Groebner basis as J . Thus K = J , which completes the
proof.

Lemma 4.4.4. Let Qk (ξ, η, ζ) be a polynomial of degree k ≥ 3 that is identically zero at
these locations: (i) ξ + η + ζ = 1 and ζ = 0. Then Qk (ξ, η, ζ) can be factored as

Qk (ξ, η, ζ) = (1− ξ − η − ζ) qr (ξ, η, ζ) + ζqs (ξ, η, ζ) , (4.4.24a)

= (ξ + η − 1)Rr′ + ζRs′ , (4.4.24b)

where qr, Rr′, qs, and Rs′, respectively, are polynomials of degree r, r′ ≤ k−1, and s, s′ ≤ k−1.

Proof. Noting that Qk = 0 at points of the form (i) is equivalent to Qk = 0 on the set

V (〈ξ + η + ζ − 1, ζ〉) , (4.4.25)

which in turn is equivalent to

Qk ∈ I (V (〈ξ + η + ζ − 1, ζ〉)) . (4.4.26)

Next, by the strong Nullstellensatz Theorem [34], we have

Qk ∈
√
〈ξ + η + ζ − 1, ζ〉. (4.4.27)
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Since the ideal 〈ξ + η + ζ − 1, ζ〉 is prime, so equal to his own radical, we have

Qk ∈ 〈ξ + η + ζ − 1, ζ〉 . (4.4.28)

Let J = 〈ξ + η + ζ − 1, ζ〉, an ideal of C [ξ, η, ζ]. To test whether Qk ∈ J , we need a Groebner
basis for J

{ξ + η − 1, ζ} . (4.4.29)

computed with Mathematica.
Now, Qk ∈ J if and only if Qk can be written as

Qk (ξ, η, ζ) = (ξ + η − 1)Rr′ + ζRs′ , (4.4.30)

for some polynomials Rr′ and Rs′ . Using Mathematica, we can show that the ideal K =
〈ξ + η + ζ − 1, ζ〉, has the same Groebner basis as J . Thus K = J , which completes the
proof.

As a direct consequence of the last four lemmas, we have the following factoring of the
leading term Qp+1 of the local finite element error.

Theorem 4.4.2. Under the same assumptions of Theorem 4.3.2, the leading term of the
discretization error Qp+1 can be factored as

Qp+1 (ξ, η, ζ) = (1− ξ − η − ζ) qr (ξ, η, ζ) + ηξζqs (ξ, η, ζ) , (4.4.31a)

= (ξ + η + ζ − 1)Rr′ + ζη (η + ζ − 1)Rs′ , (4.4.31b)

where qr, Rr′, qs, and Rs′, respectively, are polynomials of degree r, r′ ≤ p,and s, s′ ≤ p− 2.
Furthermore, if ∆ is a tetrahedron of Class I and Type 1 (i.e. α = γ = 0 and β < 0), then
Qp+1 can be factored as

Qp+1 (ξ, η, ζ) = η ((1− ξ − η − ζ) q̃r (ξ, η, ζ) + ξζq̃s (ξ, η, ζ)) , (4.4.32a)

= η
(

(ξ + η + ζ − 1) R̃r′ + ζ (η + ζ − 1) R̃s′

)
, (4.4.32b)

where q̃r, R̃r′, q̃s, and R̃s′, respectively, are polynomials of degree r, r′ ≤ p−1,and s, s′ ≤ p−2.

Proof. Using (4.3.16), one can verify that Qp+1 is zero at points of the form (i), (ii), (iii) of
the Lemma 4.4.3, which in turn leads to (4.4.31).
Next, from (4.3.4a) and (4.3.16), Qp+1 = 0 at points of the form (i), (ii), (iii) of the Lemma
4.4.1. Thus, (4.4.32) follows from Lemma 4.4.1.

In the next theorem, for elements of Type 2 we show the following factoring for the leading
term of the discretization error.
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Theorem 4.4.3. Under the same assumptions of Theorem 4.4.2, the leading term of the
discretization error Qp+1 can be factored as

Qp+1 (ξ, η, ζ) = (1− ξ − η − ζ) qr (ξ, η, ζ) + ζqs (ξ, η, ζ) , (4.4.33a)

= (ξ + η − 1)Rr′ + ζRs′ , (4.4.33b)

where qr, Rr′, qs, and Rs′, respectively, are polynomials of degree r, r′, s, s′ ≤ p.
Furthermore, if ∆ is a tetrahedron of Class I and Type 2 (i.e. ∆1,2), Qp+1 can be factored
as

Qp+1 (ξ, η, ζ) = (1− ξ − η − ζ) q̃r (ξ, η, ζ) + ξζq̃s (ξ, η, ζ) , (4.4.34a)

= (ξ + η + ζ − 1) R̃r′ + ζ (η + ζ − 1) R̃s′ , (4.4.34b)

where q̃r, R̃r′, q̃s, and R̃s′, respectively, are polynomials of degree r, r′ ≤ p,and s, s′ ≤ p− 1.

Proof. Equation (4.4.33) is obtained by combining Theorem 4.4.2 and Lemma 4.4.4. Next,
Theorem 4.3.5 and Lemma 4.4.2 lead to (4.4.34).

On elements of Type 3 and using the space Up the leading term of the discretization error
Qp+1 have the following factorization.

Theorem 4.4.4. Under the same assumptions of Theorem 4.3.6, the leading term of the
discretization error Qp+1 (ξ, η, ζ) can be factored as

Qp+1 (ξ, η, ζ) = (1− ξ − η − ζ) qr (ξ, η, ζ) + ξζqs (ξ, η, ζ) , (4.4.35a)

= (ξ + η + ζ − 1)Rr′ + ζ (η + ζ − 1)Rs′ , (4.4.35b)

where qr, Rr′, qs, and Rs′, respectively, are polynomials of degree r, r′ ≤ p,and s, s′ ≤ p− 1.

Proof. Equation (4.4.35) is obtained by combining Theorem 4.3.6 and Lemma 4.4.2.

4.5 Basis Functions for DG Error Estimation

In order to compute efficient a posteriori error estimates for the leading error term Qp+1, on
all elements using the spaces Lp, Up andMp for the DG solution, we construct optimal finite
element spaces for the error and solve a local problem on each element. Next we construct
basis functions for the error by approximating the true error u−U by its leading term E as

(u− U) (x, y, z, h) ≈ E (ξ, η, ζ, h) = Qp+1 (ξ, η, ζ)hp+1 =

p+1∑
i=0

i∑
j=0

j∑
k=0

cij,kϕ
i−j
j−k,k (ξ, η, ζ) ,
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and applying the orthogonality conditions∫∫
Γ+

a0 · nEV dσ −
∫∫∫

∆

(a0 · ∇V )Edξdηdζ = 0, ∀ V ∈ Wp. (4.5.1)

Testing against V = ϕq−rr−s,s in (4.5.1) with 0 ≤ s ≤ r ≤ q ≤ p, yields

p+1∑
i=0

i∑
j=0

j∑
k=0

cij,k

[∫∫
Γ+

a0 · nϕi−jj−k,kϕ
q−r
r−s,sdσ −

∫∫∫
∆

(
a0 · ∇ϕq−rr−s,s

)
ϕi−jj−k,kdξdηdζ

]
= 0.

(4.5.2)
Let m = dimWp, n = dimPp+1. Thus, if

C = (c0, c1, . . . , cp+1) ∈ Rn,

and
Φ = (Φ1,Φ2, . . . ,Φn)T = (φ1, φ2, . . . , φp+1)T ,

where
cl =

(
cl0,0, c

l
1,0, c

l
1,1, . . . , c

l
l,l

)
,

and
φl =

(
ϕl0,0, ϕ

l−1
1,0 , ϕ

l−1
0,1 , . . . , ϕ

0
0,l

)
,

the orthogonality conditions (4.5.2) may be written in a matrix form AC = 0 where

aij =

∫∫
Γ+

a0 · nΦiΦjdσ −
∫∫∫

∆

(a0 · ∇Φi) Φjdξdηdζ, j = 1, 2, . . . , n, i = 1, 2, , . . . ,m.

Without loss of generality we assume a0 = (α, β, γ)T such that β 6= 0 and let λ = α
β
, µ = γ

β
.

We now define the finite element space

E =
{
CTΦ,C ∈ N (A)

}
,

for the error and state the following lemma.

Lemma 4.5.1. The polynomial space E is isomorphic to the null space N (A), and the
leading term Qp+1 can be written as

E = Qp+1h
p+1 =

n−m∑
i=1

diχi,

where χi = CT
i Φ, i = 1, 2, . . . , n−m, with {C1,C2, . . . ,Cn−m} being a basis of N (A).

Furthermore, for element of Class I and Type 1, the basis {χ1, χ2, . . . , χn−m} is independent
of λ and µ.

Proof. The proof follows the line of reasoning used in Lemma 3.3.1.
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Remark 4.5.1. Lemma 4.5.1 gives an optimal basis for the leading error term Qp+1 and

reduces the number of degrees of freedom from n =
(p+ 2) (p+ 3) (p+ 4)

6
to m =

p (p− 1)

2
for the space Up. This technique leads to a more efficient error estimation procedure.

In the following section we construct the error basis functions χi.

4.5.1 Basis Functions for Element of Class I, II and III

We use the space Up and follow Lemma 4.5.1 to find a basis of N (A) and construct basis
functions for E . For instance, a basis of N (A) for p = 2 on a reference element of Class I
and Type 1 is given as

C =

(
− 7

60
,−1

9
,− 4

27
,

1

108
, 0,− 2

15
,

1

45
, 0,− 1

27
,

2

135
, 0, 1, 0,

4

3
,
8

3
, 0,

1

3
,
4

3
, 1, 0

)T
,

Φ = (ϕ0
0,0, ϕ

1
0,0, ϕ

0
1,0, ϕ

0
0,1, . . . , ϕ

0
0,3)T ,

and

χ = CTΦ =
1

3
η
(
3ζ2 + 4ζ(η + 2ξ − 1) + η2 + η(4ξ − 2) + 3ξ2 − 4ξ + 1

)
.

Error basis functions for p = 3, 4 are computed using Mathematica and are shown in Table
4.5.

Similarly, error basis functions for elements of Class I and Type 2 are shown in Table 4.6,
while basis functions on elements of Class I and Type 3 are shown in Table 4.7.

Error basis functions on a reference tetrahedron of Class II ant Type 1 are obtained following
the previous lemma and using space Up, i.e., we compute a basis for N (A) which depends
on µ and construct the basis functions for E shown in Table 4.8.

Error basis functions for elements of Class II and Type 2 are shown in Table 4.9.

Similarly, error basis functions for p = 2 on a reference tetrahedron of Class III are shown in
Table 4.10. Error functions for higher-degree polynomials are computed using Mathematica
and are not presented here.

Remark 4.5.2. Using the enriched space U2, and applying Lemma 4.5.1 show that the
dimension of the error space E is one. Thus, we have several interior superconvergence
surfaces for each class and type of elements. For instance, for elements of Class I and
Type 1, the DG solution is O(hp+2) superconvergent on the surfaces given by the following
equations

η =
√
ζ2 + ξ2 − 2ζ − 2ξ + 1,

and
η = −

√
ζ2 + ξ2 − 2ζ − 2ξ + 1,
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p = 3

χ1 = −1
6
η

 +ζ (9η2 + 2η(18ξ − 5) + 27ξ2 − 20ξ + 1)
+3η3 + η2(18ξ − 7) + η (27ξ2 − 28ξ + 5)
−6ζ3 + 6ζ2 − 21ξ2 + +12ξ310ξ − 1


χ2 = 1

27
η(9η − 2)

(
3ζ2 + 4ζ(η + 2ξ − 1) + η2

+η(4ξ − 2) + 3ξ2 − 4ξ + 1

)
χ3 = 1

27
η

 +ζ (4η(9ξ − 1) + 54ξ2 − 44ξ + 4)
+η2(9ξ − 1) + η (27ξ2 − 22ξ + 2) + 18ξ3

+3ζ2(9ξ − 1)− 30ξ2 + 13ξ − 1



p = 4

χ1 = 1
165
η (55η2 − 30η + 3)

(
3ζ2 + 4ζ(η + 2ξ − 1) + η2

+η(4ξ − 2) + 3ξ2 − 4ξ + 1

)

χ2 = 1
55
η


33η4 + 4η3(66ξ − 23) + 6η2 (99ξ2 − 92ξ + 15)
+55ζ4 − 80ζ3 + 36ζ2 + 12η (44ξ3 − 69ξ2 + 30ξ − 3)

+8ζ

(
11η3 + 6η2(11ξ − 3) + 9η (11ξ2 − 8ξ + 1)
+44ξ3 − 54ξ2 + 18ξ − 2

)
+165ξ4 − 368ξ3 + 270ξ2 − 72ξ + 5



χ3 = − 1
110
η


ζ3(20− 110η) + η (220ξ3 − 495ξ2 + 306ξ − 43)

+3ζ

(
20η2(11ξ − 4) + 3η (55ξ2 − 60ξ + 9)
+55η3 +−30ξ2 + 24ξ − 2

)
+5η3(66ξ − 29) + 3η2 (165ξ2 − 200ξ + 43)
+18ζ2(5η − 1) + 55η4 − 40ξ3 + 72ξ2 − 36ξ + 4



χ4 = − 1
220
η


ζ3(20− 220ξ) + 3η2 (165ξ2 − 110ξ + 8)

+6ζ

(
η2(55ξ − 5) + 3η (55ξ2 − 30ξ + 2) + 110ξ3

−120ξ2 + 27ξ − 1

)
+6η (110ξ3 − 150ξ2 + 51ξ − 3) + 275ξ4 − 580ξ3

+18ζ2(10ξ − 1) + 10η3(11ξ − 1) + 387ξ2 − 86ξ + 4


χ5 = 1

165
η


3ζ2(η(55ξ − 5)− 10ξ + 1) + η3(55ξ − 5)− 20ξ3 + 33ξ2

+ζ (20η2(11ξ − 1) + 6η (55ξ2 − 50ξ + 4)− 60ξ2 + 48ξ − 4)
+η2 (165ξ2 − 140ξ + 11) + η (110ξ3 − 210ξ2 + 99ξ − 7)
−14ξ + 1


χ6 = 1

495
η

 9ζ2 (55ξ2 − 20ξ + 1) + 275ξ4 − 560ξ3 + 354ξ2 − 72ξ + 3
+4ζ (3η (55ξ2 − 20ξ + 1) + 220ξ3 − 255ξ2 + 66ξ − 3)
+3η2 (55ξ2 − 20ξ + 1) + 2η (220ξ3 − 255ξ2 + 66ξ − 3)


Table 4.5: Error basis functions for elements of Class I and Type 1 using the space Up.
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p = 2 χ1 =

 3η (ζ2(6µ− 3) + 2ζ(3µ− 2)(2ξ − 1) + (µ− 1) (3ξ2 − 4ξ + 1))
+µ (10ζ3 + 18ζ2(2ξ − 1) + 9ζ (3ξ2 − 4ξ + 1) + (ξ − 1)2(4ξ − 1))
+3η2(ζ(3µ− 4) + (µ− 2)(2ξ − 1)) + η3(µ− 3)



p = 3

χ1 =



−12η


(ξ − 1)

(
µ2 (176ξ2 − 115ξ + 9)− 36ξ
+54ξ2 − 7µ (34ξ2 − 23ξ + 2) + 3

)
+ζ

 µ2 (804ξ2 − 652ξ + 58)
+6 (27ξ2 − 22ξ + 2)
+µ (−789ξ2 + 646ξ − 60)


+3ζ2 (20µ2 − 16µ+ 3) (9ξ − 1)



+µ


105ζ4(µ+ 1)− 40ζ3(µ(78ξ − 4)− 39ξ + 9)
−36ζ2 (5µ (51ξ2 − 40ξ + 3)− 96ξ2 + 86ξ − 11)

−12ζ(ξ − 1)

(
µ (524ξ2 − 340ξ + 26)− 178ξ2

+128ξ − 13

)
−(ξ − 1)2

(
µ (885ξ2 − 502ξ + 37)
−3 (95ξ2 − 58ξ + 5)

)


−6η2

 2ζ (6µ2(41ξ − 3) + µ(61− 465ξ) + 12(9ξ − 1))
+7µ2 (33ξ2 − 24ξ + 1) + µ (−660ξ2 + 558ξ − 59)

+6 (27ξ2 − 22ξ + 2)


+63η4µ(µ+ 1) + 4η3

(
µ2(42ζ − 24ξ − 23)

+µ(42ζ + 363ξ − 66)− 81ξ + 9

)



χ2 =



2η

 14ζ3(µ+ 1) + 9ζ2(µ(58ξ − 8)− 23ξ + 1)
+ζ (µ (738ξ2 − 606ξ + 57)− 477ξ2 + 384ξ − 33)
+(ξ − 1) (µ (158ξ2 − 103ξ + 8)− 166ξ2 + 113ξ − 10)


+3µ

(
18ζ (18ξ3 − 30ξ2 + 13ξ − 1) + (ξ − 1)2 (45ξ2 − 26ξ + 2)
+20ζ3(9ξ − 1) + 18ζ2 (27ξ2 − 22ξ + 2)

)
+9η2

(
2ζ(µ(23ξ − 1)− 40ξ + 6) + 3(7µ− 20)ξ2

+(52− 14µ)ξ − 6

)
−6η3(7ζ(µ+ 1) + µ(ξ − 4) + 37ξ − 8)− 14η4(µ+ 1)



χ3 =



3η2

(
21ζ2(µ+ 1)− 4ζ(9µξ + 6µ− 54ξ + 13)
−21µξ2 + 7µ+ 141ξ2 − 132ξ + 19

)
−6η

 +3ζ2(µ(34ξ − 3)− 20ξ + 3)
+2ζ (µ (75ξ2 − 58ξ + 4)− 60ξ2 + 52ξ − 6)
+(ξ − 1) (32µξ2 − 19µξ + µ− 40ξ2 + 29ξ − 3)


−2µ

(
20ζ3(9ξ − 1) + 18ζ2 (27ξ2 − 22ξ + 2)
+18ζ (18ξ3 − 30ξ2 + 13ξ − 1) + (ξ − 1)2 (45ξ2 − 26ξ + 2)

)
+4η3(21ζ(µ+ 1) + 15µξ − 11µ+ 51ξ − 15) + 21η4(µ+ 1)


Table 4.6: Error basis functions for elements of Class I and Type 2 using the space Up.
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p = 2 χ =


4ζ3(5µ− 1) + 9ζ2(η(4µ− 3) + µ(8ξ − 4)− 3ξ + 1)

+(η + ξ − 1)

(
η2(2µ− 7) + 2η(µ(5ξ − 2)− 13ξ + 4)
+2µ (4ξ2 − 5ξ + 1)− 10ξ2 + 8ξ − 1

)
+6ζ

(
η2(3µ− 5) + 2η(µ(6ξ − 3)− 7ξ + 3)
+3µ (3ξ2 − 4ξ + 1)− 6ξ2 + 6ξ − 1

)


Table 4.7: Error basis functions for elements of Class I and Type 3 using the space Up, with
λ = −1

2
.

p = 2 χ =

 3η

(
ζ2(9λ+ 3) + 4ζ (2λ2ξ + 6λξ − 3λ+ 2ξ − 1)
+(ξ − 1) (4λ2ξ + 9λξ − 3λ+ 3ξ − 1)

)
+λ(ζ + ξ − 1) (8ζ2 + ζ(9λξ + 19ξ − 10) + (ξ − 1)(3λξ + 5ξ − 2))

+3η2 (ζ(8λ+ 4) + 3λ2ξ + 9λξ − 4λ+ 4ξ − 2) + η3(5λ+ 3)


Table 4.8: Error basis functions for elements of Class II and Type 1 using the space U2.

p = 2 χ =



4ζ3 (160µ2 + 105µ+ 36)

+3ζ2

(
320µ2(ξ − 1)− 12µ(ξ + 17) + 27(7ξ − 4)
+η (320µ2 + 96µ+ 270)

)
+6ζ

 (ξ − 1) (64µ2(ξ − 1)− 3µ(23ξ + 13) + 90ξ − 36)
+4η (32µ2(ξ − 1)− 3µ(7ξ + 2) + 99ξ − 45)
+η2 (64µ2 − 15µ+ 144)



+(η + ξ − 1)


+(ξ − 1)

(
32µ2(ξ − 1)− 18µ(5ξ + 1)
+9(13ξ − 4)

)
+η

(
64µ2(ξ − 1)− 18µ(7ξ − 1)
+9(89ξ − 26)

)
+2η2 (16µ2 − 18µ+ 99)




Table 4.9: Error basis functions for elements of Class II and Type 2 using the space Up, with
λ = 1

2
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p = 2 χ =



ζ3 (24µ3 + 96µ2 + 98µ+ 48)

+3ζ2

(
2η (16µ3 + 76µ2 + 96µ+ 45) + 16µ3(2ξ − 1)
+4µ2(37ξ − 18) + 24µ(7ξ − 3) + 9(7ξ − 4)

)

+6ζ


η2 (12µ3 + 72µ2 + 101µ+ 48)

+4η

(
µ3(8ξ − 4) + 24µ2(2ξ − 1)
+µ(70ξ − 31) + 33ξ − 15

)
+4µ3 (3ξ2 − 4ξ + 1) + 24µ2 (3ξ2 − 4ξ + 1)
+µ (89ξ2 − 112ξ + 23) + 6 (5ξ2 − 7ξ + 2)


+(η + ξ − 1)

 η (12µ2(19ξ − 8) + 4µ(118ξ − 37) + 267ξ − 78)
+(ξ − 1) (12µ2(7ξ − 2) + 4µ(32ξ − 5) + 39ξ − 12)
+2η2 (36µ2 + 64µ+ 33)




Table 4.10: Error basis functions for elements of Class III and Type 1 using the space Up,
with λ = 1

2
.

Printed by Mathematica for Students

Figure 4.9: Interior superconvergence points (red) using the space U2 for elements of Class
I and Type 1.
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Printed by Mathematica for Students

(a) ∆1,2: λ = 0 and µ = − 1
2

Printed by Mathematica for Students

(b) ∆1,3: λ = − 1
2 and µ = − 1

3

Printed by Mathematica for Students

(c) ∆2,1: λ = 1 and µ = 0

Printed by Mathematica for Students

(d) ∆2,2: λ = 1
2 and µ = −1

Printed by Mathematica for Students

(e) ∆3,1: λ = 1
2 and µ = 1

Figure 4.10: Interior superconvergence points (red) using the space U2.

addition to the outflow face η = 0, and illustrated in Figure 4.9.

On other classes and types of elements, the DG solution is O(hp+2) superconvergent on the
zero level surfaces of the corresponding error basis functions given in Tables 4.6, 4.7, 4.8,
4.9 and 4.10 where the interior superconvergent surfaces depend in λ and µ. Instances of
interior superconvergent surfaces are shown in Figure 4.10.
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4.5.2 Error Estimation Procedure

Integrating (3.1.4) by parts shows that the DG solution U on a physical element ∆ satisfies∫∫
Γ−
a · n

(
Ũ − U

)
V dS +

∫∫∫
∆

(a · ∇U + cU)V dxdydz =

∫∫∫
∆

fV dxdydz, ∀V ∈ Wp,

(4.5.5)
where the numerical flux Ũ is given by (3.1.5a) or (3.1.5b). In order to estimate the finite
element error e = u − U on ∆ we assume that the leading term of e exhibits the same
asymptotic behavior as the local error on ∆. Thus, the error e on ∆ is approximated by

E (x, y, z) =
K∑
i=1

diχi(ξ(x, y, z), η(x, y, z), ζ(x, y, z)), (4.5.6a)

which satisfies the weak finite element problem∫∫
Γ−
a · n

(
E− − E

)
V dσ +

∫∫∫
∆

(a · ∇E)V dxdydz

=

∫∫∫
∆

rV dxdydz −
∫∫

Γ−
a · n

(
U− − U

)
V dσ, ∀ V ∈ E , (4.5.6b)

where r = (f − a · ∇U − cU) is the interior residual.

This local weak formulation can be approximated by∫∫
Γ−
a · n

(
E− − E

)
V dσ = −

∫∫
Γ−
a · n

(
U− − U

)
V dσ, ∀ V ∈ E . (4.5.7)

The accuracy of a posteriori error estimates is measured by the ratio of the error estimate
over the true error. The local and global effectivity indices are given by (3.3.11) and (3.3.12).

The following are the main steps of our modified DG method with error estimation.

1. Create a mesh for the domain Ω

2. Find the set Z0 of elements whose inflow faces are on the domain inflow boundary
∂Ω−.

3. For k = 1, 2, . . . , find the set Zk of all elements not in Zk−1 whose inflow faces are
either on ∂Ω− or are shared by an element from Zk−1.

4. For k = 0, 1, . . . , find the DG solution and error estimate:

(a) Compute the DG solution U on each element in Zk by solving the DG finite ele-
ment problem (4.5.5) with boundary conditions (3.1.5a) or (3.1.5b), respectively,
for standard and the modified DG method.

(b) Compute the error estimate E on each element of Zk by solving (4.5.6).
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4.6 Computational Examples

We solve several linear hyperbolic problems on uniform and general unstructured tetrahedral
meshes and test our a posteriori error estimation for the standard and modified DG methods.
In order to test the robustness of our procedures we use the following three families of meshes.

1. A family of uniform meshes obtained by partitioning the domain [0, 1]3 into n3 cubes,
n = 1, 2, . . . , 10 and subdividing each cube into five tetrahedra [40]. The resulting

meshes have N = 5n3 = 5, 40, . . . , 5000 tetrahedral elements with diameter hmax =
√

2
n

.

2. A family of uniform meshes obtained by partitioning the domain [0, 1]3 into n3 cubes,
n = 1, 2, . . . , 20 and subdividing each cube into six tetrahedra [40]. These meshes have

N = 6n3 = 6, 48, . . . , 41154 tetrahedral elements with diameter hmax =
√

2
n

.

3. A family of unstructured meshes generated by COMSOL software [33] with maximum
mesh size hmax = 1/n, n = 1, 2, . . . , 10 which yields ten unstructured meshes having
N = 24, 476, 2121,5846, tetrahedral elements. See Figure 3.3 for two typical meshes
having 953 and 8713 elements generated by COMSOL.

In the following examples we compute L∞ error norm ||e||∞,Ξ, where Ξ is either the face Γ1

or the edges v2v3, v2v4, v3v4, as follows

‖e‖∞,Γ1
= max

1≤j≤N
‖e‖j∞,Γ1

, ‖e‖j∞,Γ1
= max

1≤i≤M
|e (ξi, 0, ζi)|∆j

,

‖e‖∞,v2v3
= max

1≤j≤N
‖e‖j∞,v2v3

, ‖e‖j∞,v2v3
= max

1≤i≤M
|e (ξi, 1− ξi, 0)|∆j

,

‖e‖∞,v2v4
= max

1≤j≤N
‖e‖j∞,v2v4

, ‖e‖j∞,v2v4
= max

1≤i≤M
|e (ξi, 0, 1− ξi)|∆j

,

‖e‖∞,v3v4
= max

1≤j≤N
‖e‖j∞,v3v4

, ‖e‖j∞,v3v4
= max

1≤i≤M
|e (0, ηi, 1− ηi)|∆j

,

and

‖e‖∞,Γ∗ =



max
1≤j≤N

{
‖e‖j∞,Γ1

, ‖e‖j∞,v2v3
, ‖e‖j∞,v2v4

, ‖e‖j∞,v3v4

}
, if ∆j of Class I and Type I,

max
1≤j≤N

{
‖e‖j∞,v2v3

, ‖e‖j∞,v2v4
, ‖e‖j∞,v3v4

}
, if ∆j of Type I,

max
1≤j≤N

{
‖e‖j∞,v2v3

}
, if ∆j of Type II,

max
1≤j≤N

{
‖e‖j∞,v2v3

, ‖e‖j∞,v3v4

}
, if ∆j of Type III,

where N the number of elements on the mesh and (ξi, ηi, ζi), 1 ≤ i ≤M are the quadrature
points presented in Table 2.3 for p ≤ 3, or the quadrature points in [43] for p = 4.
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Example 4.6.1.

Let us consider the following linear hyperbolic problem

−19ux = −19ex+y+z, (x, y, z) ∈ Ω = [0, 1]3 , (4.6.1a)

subject to the boundary conditions on the inflow boundary Γ− such that the exact solution
is given by

u (x, y, z) = ex+y+z. (4.6.1b)

We solve (4.6.1) with the exact inflow boundary condition, U− = u, using the standard and
the modified DG methods on uniform meshes having N = 6n3, n = 10, 11, . . . , 19 tetrahedral
elements for p = 1, 2, 3. Since all elements of the mesh are of Class I and Type 1, then the
leading error term is zero on the outflow face for the space Lp, both the standard and the
modified DG methods give the same results. We present L∞ error ||e||∞,Γ+ on the outflow
face, the L2 errors ||e||2,Ω and ||ec||2,Ω = ||u − U − E||2,Ω, their orders of convergence, the
maximum and minimum element effectivity indices, and the global effectivity indices in Table
4.11. We observe that the error estimates are accurate and asymptotically exact under mesh
refinement for the standard and the modified DG methods, which confirm the pointwise
superconvergence results on elements of Class I and Type 1 using Lp.

Next, we solve (4.6.1) using the modified DG method on uniform meshes having N = 6n3,
n = 1, 2, . . . , 11 tetrahedral elements for p = 2, 3, 4 and using the space Up. We present L∞

error ||e||∞,Γ∗ , the L2 errors ||e||2,Ω and ||ec||2,Ω = ||u−U−E||2,Ω , their orders of convergence,
the maximum and minimum element effectivity indices, and the global effectivity indices in
Table 4.12.
Let O∞,Ξ denote the order of convergence for the error, where Ξ is either the face Γ1 or
the edges v2v3, v2v4, v3v4. In Table 4.13, we present the order of convergence O∞,Γ1 and
O∞,v2v3 , O∞,v2v4 , O∞,v3v4 , respectively, on the face Γ1 and the edges v2v3,v2v4,v3v4.

We observe that the effectivity indices for the DG method converge to unity under mesh
refinement, and the DG solution is O(hp+2) superconvergent to the true solution on the
outflow face Γ1 and on the three edges v2v3, v2v4, v3v4 of the inflow face.

Example 4.6.2.

Let us consider the following linear hyperbolic problem

−3ux − 7uy + 13uz = 3ex+y+z, (x, y, z) ∈ Ω = [0, 1]3 , (4.6.2a)

subject to the boundary conditions on the inflow boundary Γ− such that the exact solution
is given by

u (x, y, z) = ex+y+z. (4.6.2b)

We solve (4.6.2) with the exact inflow boundary condition U− = u, the modified DG methods
on uniform meshes having N = 6n3, n = 1, 2, . . . , 10 tetrahedral elements using the spaces
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p=1
N ‖e‖2,Ω order ‖e‖∞,Γ1

order ‖ec‖2,Ω order θ∆,min θ∆,max θ

6 6.1083e-01 - 8.2607e-01 - 1.6375e-01 - 1.0152 1.0858 1.0427
48 1.6605e-01 1.8792 1.9579e-01 2.0770 2.2986e-02 2.8327 1.0049 1.0508 1.0301
162 7.5107e-02 1.9567 7.6039e-02 2.3326 6.9908e-03 2.9356 1.0029 1.0354 1.0222
384 4.2532e-02 1.9767 3.6806e-02 2.5222 2.9803e-03 2.9636 1.0021 1.0270 1.0174
750 2.7311e-02 1.9850 2.0479e-02 2.6273 1.5343e-03 2.9756 1.0016 1.0219 1.0143
1296 1.9003e-02 1.9893 1.2530e-02 2.6944 8.9079e-04 2.9821 1.0013 1.0185 1.0122
2058 1.3979e-02 1.9919 8.2122e-03 2.7409 5.6218e-04 2.9860 1.0011 1.0160 1.0106
3072 1.0712e-02 1.9935 5.6693e-03 2.7751 3.7719e-04 2.9886 1.0010 1.0141 1.0093
4374 8.4691e-03 1.9947 4.0760e-03 2.8013 2.6521e-04 2.9904 1.0009 1.0126 1.0083
6000 6.8632e-03 1.9955 3.0276e-03 2.8221 1.9351e-04 2.9918 1.0008 1.0114 1.0076
7986 5.6742e-03 1.9961 2.3099e-03 2.8389 1.4548e-04 2.9928 1.0007 1.0104 1.0069
10368 4.7693e-03 1.9966 1.8021e-03 2.8528 1.1212e-04 2.9936 1.0007 1.0096 1.0064
13182 4.0647e-03 1.9970 1.4329e-03 2.8645 8.8227e-05 2.9943 1.0006 1.0089 1.0059
16464 3.5055e-03 1.9973 1.1580e-03 2.8744 7.0667e-05 2.9948 1.0006 1.0083 1.0055
20250 3.0542e-03 1.9976 9.4912e-04 2.8830 5.7473e-05 2.9953 1.0005 1.0077 1.0051
24576 2.6847e-03 1.9978 7.8759e-04 2.8905 4.7370e-05 2.9957 1.0005 1.0073 1.0048
29478 2.3785e-03 1.9980 6.6073e-04 2.8971 3.9502e-05 2.9960 1.0005 1.0068 1.0045
34992 2.1218e-03 1.9981 5.5971e-04 2.9030 3.3285e-05 2.9963 1.0004 1.0065 1.0043
41154 1.9045e-03 1.9983 4.7827e-04 2.9082 2.8306e-05 2.9965 1.0004 1.0061 1.0041

p=2
6 1.3908e-01 - 1.1144e-01 - 2.5449e-02 - 1.0224 1.0797 1.0512
48 1.9500e-02 2.8343 1.5002e-02 2.8930 1.8066e-03 3.8163 1.0091 1.0428 1.0297
162 5.9212e-03 2.9395 3.8635e-03 3.3459 3.6696e-04 3.9311 1.0056 1.0295 1.0207
384 2.5218e-03 2.9671 1.3982e-03 3.5329 1.1739e-04 3.9617 1.0041 1.0227 1.0159
750 1.2973e-03 2.9786 6.2114e-04 3.6362 4.8357e-05 3.9747 1.0032 1.0184 1.0129
1296 7.5287e-04 2.9847 3.1628e-04 3.7019 2.3399e-05 3.9816 1.0026 1.0155 1.0108
2058 4.7497e-04 2.9883 1.7750e-04 3.7474 1.2658e-05 3.9857 1.0022 1.0133 1.0093
3072 3.1859e-04 2.9906 1.0713e-04 3.7809 7.4312e-06 3.9885 1.0019 1.0117 1.0082
4374 2.2396e-04 2.9922 6.8426e-05 3.8065 4.6445e-06 3.9904 1.0017 1.0105 1.0073
6000 1.6338e-04 2.9934 4.5721e-05 3.8267 3.0499e-06 3.9918 1.0015 1.0094 1.0066
7986 1.2282e-04 2.9943 3.1699e-05 3.8431 2.0845e-06 3.9929 1.0014 1.0086 1.0060
10368 9.4640e-05 2.9950 2.2662e-05 3.8567 1.4726e-06 3.9937 1.0013 1.0079 1.0055
13182 7.4464e-05 2.9956 1.6628e-05 3.8681 1.0697e-06 3.9944 1.0012 1.0073 1.0051
16464 5.9637e-05 2.9960 1.2475e-05 3.8778 7.9555e-07 3.9949 1.0011 1.0068 1.0047
20250 4.8499e-05 2.9964 9.5411e-06 3.8862 6.0388e-07 3.9954 1.0010 1.0063 1.0044
24576 3.9971e-05 2.9967 7.4211e-06 3.8935 4.6661e-07 3.9958 1.0009 1.0060 1.0042
29478 3.3330e-05 2.9970 5.8585e-06 3.8999 3.6622e-07 3.9961 1.0009 1.0056 1.0039
34992 2.8082e-05 2.9972 4.6864e-06 3.9056 2.9143e-07 3.9964 1.0008 1.0053 1.0037
41154 2.3881e-05 2.9974 3.7932e-06 3.9107 2.3480e-07 3.9966 1.0008 1.0050 1.0035

p=3
6 2.3664e-02 - 1.0298e-02 - 2.5804e-03 - 1.0122 1.1056 1.0599
48 1.6983e-03 3.8005 6.8399e-04 3.9122 9.4132e-05 4.7768 1.0035 1.0580 1.0319
162 3.4568e-04 3.9261 1.1672e-04 4.3608 1.2825e-05 4.9161 1.0018 1.0397 1.0217
384 1.1066e-04 3.9593 3.1576e-05 4.5446 3.0846e-06 4.9532 1.0011 1.0302 1.0164
750 4.5598e-05 3.9733 1.1198e-05 4.6456 1.0178e-06 4.9690 1.0008 1.0243 1.0132
1296 2.2067e-05 3.9807 4.7448e-06 4.7098 4.1071e-07 4.9774 1.0006 1.0204 1.0110
2058 1.1939e-05 3.9851 2.2800e-06 4.7543 1.9054e-07 4.9824 1.0005 1.0175 1.0095
3072 7.0095e-06 3.9880 1.2032e-06 4.7869 9.7914e-08 4.9858 1.0004 1.0154 1.0083
4374 4.3811e-06 3.9901 6.8265e-07 4.8118 5.4412e-08 4.9881 1.0003 1.0137 1.0074
6000 2.8770e-06 3.9915 4.1032e-07 4.8315 3.2164e-08 4.9898 1.0003 1.0123 1.0067
7986 1.9664e-06 3.9927 2.5851e-07 4.8475 1.9988e-08 4.9911 1.0002 1.0112 1.0061
10368 1.3892e-06 3.9935 1.6935e-07 4.8607 1.2946e-08 4.9922 1.0002 1.0103 1.0056
13182 1.0091e-06 3.9942 1.1467e-07 4.8718 8.6808e-09 4.9930 1.0002 1.0095 1.0051
16464 7.5049e-07 3.9948 7.9862e-08 4.8812 5.9957e-09 4.9937 1.0002 1.0088 1.0048
20250 5.6968e-07 3.9953 5.6995e-08 4.8894 4.2481e-09 4.9942 1.0002 1.0083 1.0045
24576 4.4019e-07 3.9957 4.1552e-08 4.8965 3.0775e-09 4.9947 1.0001 1.0078 1.0042
29478 3.4548e-07 3.9960 3.0868e-08 4.9027 2.2734e-09 4.9952 1.0001 1.0073 1.0039
34992 2.7493e-07 3.9963 2.3317e-08 4.9083 1.7088e-09 4.9954 1.0001 1.0069 1.0037
41154 2.2150e-07 3.9966 1.7877e-08 4.9132 1.3043e-09 4.9958 1.0001 1.0065 1.0035

Table 4.11: L2 errors and effectivity indices for problem (4.6.1) using the standard and
modified DG method on uniform meshes having N = 6n3 elements for the spaces Lp, p =
1, 2, 3.
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p=2
N ‖e‖2,Ω order ‖e‖∞,Γ∗ order ‖ec‖2,Ω order θ∆,min θ∆,max θ

6 4.9668e-02 - 2.4679e-02 - 5.0118e-01 - 0.6274 0.9190 0.8368
48 6.9806e-03 2.8309 5.6507e-02 3.1488 1.7462e-03 3.8210 0.8349 0.9790 0.9529
162 2.1540e-03 2.8999 1.3717e-02 3.4917 3.5412e-04 3.9351 0.9045 0.9894 0.9764
384 9.2719e-04 2.9301 4.8199e-03 3.6355 1.1318e-04 3.9649 0.9357 0.9932 0.9852
750 4.8041e-04 2.9466 2.1037e-03 3.7154 4.6596e-05 3.9773 0.9526 0.9951 0.9895
1296 2.8021e-04 2.9568 1.0586e-03 3.7665 2.2537e-05 3.9838 0.9630 0.9962 0.9920
2058 1.7745e-04 2.9638 5.8915e-04 3.8019 1.2188e-05 3.9876 0.9698 0.9969 0.9936
3072 1.1937e-04 2.9689 3.5337e-04 3.8280 7.1541e-06 3.9901 0.9747 0.9974 0.9946
4374 8.4108e-05 2.9727 2.2459e-04 3.8480 4.4705e-06 3.9919 0.9782 0.9978 0.9954
6000 6.1472e-05 2.9757 1.4948e-04 3.8638 2.9352e-06 3.9931 0.9810 0.9980 0.9960
7986 4.6281e-05 2.9781 1.0331e-04 3.8767 2.0059e-06 3.9941 0.9831 0.9983 0.9965

p=3
6 1.0330e-02 - 2.2676e-03 - 8.2930e-02 - 0.8113 1.0009 0.9682
48 7.8372e-04 3.7204 4.6920e-03 4.1436 8.0152e-05 4.8223 0.9108 1.0129 0.9904
162 1.6275e-04 3.8766 7.5859e-04 4.4940 1.0811e-05 4.9409 0.9423 1.0113 0.9947
384 5.2635e-05 3.9239 1.9974e-04 4.6385 2.5877e-06 4.9701 0.9575 1.0095 0.9964
750 2.1822e-05 3.9458 6.9698e-05 4.7183 8.5137e-07 4.9818 0.9664 1.0080 0.9973
1296 1.0604e-05 3.9582 2.9214e-05 4.7692 3.4291e-07 4.9877 0.9722 1.0070 0.9978
2058 5.7539e-06 3.9661 1.3930e-05 4.8043 1.5887e-07 4.9911 0.9764 1.0061 0.9982
3072 3.3857e-06 3.9715 7.3087e-06 4.8303 8.1561e-08 4.9932 0.9794 1.0055 0.9984
4374 2.1198e-06 3.9755 4.1282e-06 4.8498 4.5289e-08 4.9947 0.9818 1.0049 0.9986
6000 1.3939e-06 3.9785 2.4723e-06 4.8661 2.6755e-08 4.9955 0.9836 1.0045 0.9988

p=4
6 1.7291e-03 - 3.0548e-04 - 7.2794e-03 - 0.8908 0.9833 0.9673
48 6.4882e-05 4.7361 2.1363e-04 5.0906 5.8286e-06 5.7118 0.9530 0.9942 0.9881
162 8.9309e-06 4.8908 2.3302e-05 5.4646 5.3211e-07 5.9035 0.9712 0.9967 0.9931
384 2.1595e-06 4.9347 4.6310e-06 5.6165 9.6075e-08 5.9501 0.9795 0.9977 0.9953
750 7.1488e-07 4.9544 1.2976e-06 5.7017 2.5376e-08 5.9662 0.9839 0.9984 0.9964
1296 2.8912e-07 4.9653 4.5364e-07 5.7643 8.5465e-09 5.9690 0.9864 0.9989 0.9971
2058 1.3436e-07 4.9711 1.8439e-07 5.8401 4.1520e-09 4.6833 0.9808 0.9994 0.9972
3072 6.9134e-08 4.9763 8.5564e-08 5.7498 2.1395e-09 4.9653 0.9790 1.0007 0.9979
4374 3.8469e-08 4.9769 4.3803e-08 5.6847 1.5483e-09 2.7456 0.9409 1.0030 0.9978

Table 4.12: L2 errors and effectivity indices for problem (4.6.1) using the modified DG
method on uniform meshes having N = 6n3 elements for the spaces Up, p = 2, 3, 4.
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p=2
N # elements ∆1,1 O∞,Γ1

O∞,v2v3 O∞,v2v4 O∞,v3v4

48 48 2.8930 3.1488 3.1734 3.1755
162 162 3.3459 3.4917 3.5062 3.5064
384 384 3.5329 3.6355 3.6458 3.6457
750 750 3.6362 3.7154 3.7235 3.7233
1296 1296 3.7019 3.7665 3.7731 3.7728
2058 2058 3.7474 3.8019 3.8075 3.8073
3072 3072 3.7809 3.8280 3.8329 3.8326
4374 4374 3.8065 3.8480 3.8523 3.8521
6000 6000 3.8267 3.8638 3.8677 3.8675
7986 7986 3.8431 3.8767 3.8802 3.8800

p=3
48 48 3.9122 4.1436 4.1903 4.1639
162 162 4.3608 4.4940 4.5197 4.5054
384 384 4.5446 4.6385 4.6564 4.6465
750 750 4.6457 4.7183 4.7321 4.7245
1296 1296 4.7098 4.7692 4.7803 4.7742
2058 2058 4.7543 4.8043 4.8137 4.8086
3072 3072 4.7867 4.8303 4.8384 4.8340
4374 4374 4.8125 4.8498 4.8569 4.8531
6000 6000 4.8307 4.8661 4.8723 4.8689

p=4
48 48 4.9279 5.0282 5.1077 5.0906
162 162 5.3699 5.4295 5.4737 5.4646
384 384 5.5534 5.5908 5.6213 5.6165
750 750 5.6505 5.6804 5.7087 5.7017
1296 1296 5.6910 5.7588 5.7626 5.7643
2058 2058 5.6801 5.8259 5.8356 5.8401
3072 3072 6.0729 5.7381 5.7099 5.7498
4374 4374 5.2478 5.5077 5.6834 5.6847

Table 4.13: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.1) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4.
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Up for p = 2, 3, 4. We present L∞ error ||e||∞,Γ∗ on the set Γ∗ of all superconvergence points,
the L2 errors ||e|| and ||ec|| = ||u − U − E||, their orders of convergence, maximum and
minimum element effectivity indices, and global effectivity indices in Table 4.14. Moreover
we present the order of convergence of the maximum errors on Γ1, v2v3,v2v4,v3v4 in Tables
4.15, 4.16, 4.17, 4.18, 4.19, 4.20, respectively, for elements meshes of Type 1, 2, 3, and Class
I, II, III.

We observe that the effectivity indices for the modified DG method converge to unity under
mesh refinement, and the DG solution is O(hp+2) convergent to the true solution for elements
of Type 1 on the edges v2v3,v2v4,v3v4, for all meshes and polynomial degrees. Similarly,
we observe O(hp+2) superconvergence for elements of Type 2 on edge v2v3, and on edges
v2v3,v2v4 for elements of Type 3.

Next, we solve (4.6.2) using the modified DG method on unstructured tetrahedral meshes
having N = 24, 476, 2121,5846 elements using the spaces Up for p = 2, 3, 4. The L∞ error
||e||∞,Γ∗ , the L2 errors ||e|| and ||ec||, their orders of convergence, maximum and minimum
element effectivity indices, and global effectivity indices presented in Table 4.21 show that
the method DG method exhibits optimal convergence rates and the L∞ error on the set of all
superconvergence points is O(hp+2) convergent to the true solution. Moreover, the effectivity
indices converge to unity under mesh refinement.

We also solve problem (4.6.2) using the modified DG method and the approximated weak
formulation for the error (4.5.7) on uniform meshes having N = 5n3 elements for the enriched
finite element spaces Up with p = 2, 3. We present the L∞ error ||e||∞,Γ∗ , the L2 errors ||e||
and ||ec||, their orders of convergence, maximum and minimum element effectivity indices,
and global effectivity indices in Table 4.22. We again observe that the error estimates are
accurate and asymptotically exact under mesh refinement.

Example 4.6.3.

Let us consider the following linear hyperbolic problem

−ux − 2uy + 3uz = − −x− 2y + 3z√
1 + x2 + y2 + z2

, (x, y, z) ∈ Ω = [0, 1]3 , (4.6.3a)

subject to the boundary conditions on the inflow boundary Γ− such that the exact solution
is given by

u (x, y, z) =
1√

1 + x2 + y2 + z2
. (4.6.3b)

We solve (4.6.3) with the exact inflow boundary condition, U− = u, the modified DG
methods on uniform meshes having N = 6n3, n = 1, 2, . . . , 10 tetrahedral elements for
p = 2, 3, 4. We present L∞ error ||e||∞,Γ∗ on the set Γ∗ of all superconvergence points, the L2

errors ||e|| and ||ec|| = ||u − U − E||, their orders of convergence, maximum and minimum
element effectivity indices, and global effectivity indices in Table 4.23. Moreover we present
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p=2
N ‖e‖2,Ω order ‖e‖∞,Γ∗ order ‖ec‖2,Ω order θ∆,min θ∆,max θ

6 4.3725e-02 - 2.8642e-02 - 4.3741e-01 - 0.3751 0.8870 0.7433
48 5.8355e-03 2.9055 5.1102e-02 3.0975 2.1251e-03 3.7525 0.5268 1.0574 0.9043
162 1.7927e-03 2.9108 1.2296e-02 3.5134 4.3979e-04 3.8852 0.6929 1.0550 0.9443
384 7.7238e-04 2.9269 4.3299e-03 3.6280 1.4203e-04 3.9288 0.7796 1.0442 0.9615
750 4.0042e-04 2.9441 1.8896e-03 3.7157 5.8804e-05 3.9520 0.8332 1.0355 0.9713
1296 2.3367e-04 2.9541 9.5099e-04 3.7661 2.8560e-05 3.9611 0.8678 1.0296 0.9773
2058 1.4806e-04 2.9601 5.2928e-04 3.8014 1.5500e-05 3.9646 0.8915 1.0254 0.9810
3072 9.9659e-05 2.9646 3.1747e-04 3.8277 9.1244e-06 3.9685 0.9086 1.0222 0.9837
4374 7.0250e-05 2.9689 2.0178e-04 3.8477 5.7119e-06 3.9767 0.9213 1.0197 0.9858
6000 5.1361e-05 2.9725 1.3431e-04 3.8636 3.7553e-06 3.9805 0.9311 1.0177 0.9875
7986 3.8681e-05 2.9749 9.2821e-05 3.8764 2.5697e-06 3.9807 0.9389 1.0161 0.9887

p=3
6 7.3060e-03 - 3.2978e-03 - 7.1616e-02 - 0.5682 1.0821 0.9471
48 5.5455e-04 3.7197 3.9308e-03 4.1874 1.2706e-04 4.6980 0.7868 1.1703 0.9941
162 1.1593e-04 3.8601 6.3825e-04 4.4834 1.7393e-05 4.9045 0.8717 1.1053 1.0000
384 3.7672e-05 3.9075 1.6731e-04 4.6540 4.2177e-06 4.9248 0.9120 1.0758 1.0018
750 1.5665e-05 3.9324 5.8336e-05 4.7218 1.3914e-06 4.9696 0.9345 1.0591 1.0022
1296 7.6286e-06 3.9464 2.4424e-05 4.7754 5.6292e-07 4.9635 0.9484 1.0484 1.0023
2058 4.1460e-06 3.9556 1.1889e-05 4.6705 2.6111e-07 4.9835 0.9577 1.0410 1.0021
3072 2.4426e-06 3.9621 6.4144e-06 4.6210 1.3437e-07 4.9753 0.9644 1.0356 1.0020
4374 1.5308e-06 3.9672 3.7034e-06 4.6635 7.4662e-08 4.9888 0.9693 1.0314 1.0019

p=4
6 1.2089e-03 - 4.1217e-04 - 8.0347e-03 - 0.7311 0.9935 0.9338
48 4.4790e-05 4.7544 2.1003e-04 5.2576 8.4628e-06 5.6060 0.8560 1.0809 0.9849
162 6.1527e-06 4.8958 2.3005e-05 5.4542 7.8401e-07 5.8674 0.9178 1.0550 0.9949
384 1.4872e-06 4.9359 4.5090e-06 5.6648 1.4269e-07 5.9224 0.9446 1.0410 0.9986
750 4.9239e-07 4.9538 1.2564e-06 5.7264 3.7892e-08 5.9420 0.9590 1.0326 1.0001
1296 1.9919e-07 4.9640 4.3894e-07 5.7681 1.2820e-08 5.9441 0.9676 1.0271 1.0009
2058 9.2576e-08 4.9705 1.7919e-07 5.8121 5.1115e-09 5.9650 0.9731 1.0245 1.0011
3072 4.7644e-08 4.9746 8.2426e-08 5.8153 2.3384e-09 5.8566 0.9767 1.0231 1.0012

Table 4.14: L2 errors and effectivity indices for problem (4.6.2) using the modified DG
method on uniform meshes having N = 6n3 elements for the spaces Up, p = 2, 3, 4.
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p=2
N # elements Type 1 O∞,Γ1

O∞,v2v3 O∞,v2v4 O∞,v3v4

48 8 2.8038 3.1786 2.8480 3.1387
162 27 2.7686 3.5281 3.2898 3.5064
384 64 2.7311 3.6569 3.5156 3.6413
750 125 2.5240 3.7322 3.6143 3.7208
1296 216 2.6151 3.7799 3.6851 3.7707
2058 343 2.6767 3.8132 3.7322 3.8055
3072 512 2.7212 3.8377 3.7673 3.8311
4374 729 2.7549 3.8566 3.7943 3.8508
6000 1000 2.7813 3.8715 3.8156 3.8663
7986 1331 2.8026 3.8835 3.8329 3.8789

p=3
48 8 3.2622 4.1515 3.6292 4.1341
162 27 3.5747 4.4979 4.3120 4.4831
384 64 3.6536 4.6451 4.4985 4.6355
750 125 3.6587 4.7225 4.6082 4.7146
1296 216 3.7212 4.7732 4.6780 4.7668
2058 343 3.7642 4.8078 4.7268 4.8023
3072 512 3.7957 4.8334 4.7626 4.8285
4374 729 3.8197 4.8522 4.7899 4.8489

p=4
48 8 4.2546 5.1705 5.0286 5.0473
162 27 4.5999 5.4989 5.2932 5.2648
384 64 4.5428 5.6466 5.5156 5.5605
750 125 4.5756 5.7198 5.3741 5.5960
1296 216 4.6433 5.8292 5.7317 5.5686
2058 343 4.7259 5.7325 5.3861 6.0339
3072 512 4.7514 5.5983 5.2591 5.5711

Table 4.15: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.2) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4, on elements of Type 1.
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p=2
N # elements Type 2 O∞,Γ1

O∞,v2v3 O∞,v2v4 O∞,v3v4

48 32 1.7344 2.8676 2.9837 2.8932
162 108 2.1228 3.1570 2.5026 3.0829
384 256 2.3491 3.4564 2.5135 2.4875
750 500 2.4993 3.5681 2.6226 2.5860
1296 864 2.5891 3.6439 2.6908 2.6621
2058 1372 2.6518 3.6979 2.7383 2.7144
3072 2048 2.6978 3.7373 2.7731 2.7527
4374 2916 2.7331 3.7676 2.7997 2.7818
6000 4000 2.7609 3.7917 2.8208 2.8048
7986 5324 2.7835 3.8112 2.8378 2.8235

p=3
48 32 2.9155 3.4827 3.2554 3.4953
162 108 3.3157 4.1872 3.3617 3.4136
384 256 3.5173 4.4331 3.5483 3.5829
750 500 3.6221 4.5547 3.6489 3.6436
1296 864 3.6904 4.6333 3.7130 3.7078
2058 1372 3.7374 4.6895 3.7572 3.7530
3072 2048 3.7721 4.7303 3.7896 3.7860
4374 2916 3.7987 4.7615 3.8143 3.8112

p=4
48 32 3.9234 4.6502 3.9048 4.0522
162 108 4.3828 5.1121 4.3838 4.4029
384 256 4.5607 5.3602 4.5583 4.5751
750 500 4.6596 5.5441 4.6581 4.6701
1296 864 4.7209 5.5713 4.7207 4.7283
2058 1372 4.7649 5.7484 4.7640 4.7731
3072 2048 4.7974 5.8304 4.7962 4.8017

Table 4.16: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.2) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4, and elements of Type 2.
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p=2
N # elements Type 3 O∞,Γ1

O∞,v2v3 O∞,v2v4 O∞,v3v4

48 8 1.6071 0.5911 3.0047 3.0975
162 27 2.0373 2.9660 2.9971 3.5134
384 64 2.2840 3.3913 2.4811 3.6280
750 125 2.4512 3.4886 2.5983 3.7157
1296 216 2.5509 3.5897 2.6724 3.7661
2058 343 2.6200 3.6518 2.7173 3.8014
3072 512 2.6707 3.6978 2.7537 3.8277
4374 729 2.7094 3.7332 2.7827 3.8477
6000 1000 2.7399 3.7612 2.8056 3.8636
7986 1331 2.7647 3.7838 2.8241 3.8764

p=3
48 8 2.9578 0.9111 3.5044 4.1874
162 27 3.3802 4.1691 3.3688 4.4834
384 64 3.5660 4.3269 3.5492 4.6540
750 125 3.6340 4.5120 3.6512 4.7218
1296 216 3.6821 4.5891 3.7153 4.7754
2058 343 3.7304 4.6563 3.7596 4.6705
3072 512 3.7660 4.7006 3.7919 4.6210
4374 729 3.7933 4.7369 3.8165 4.6635

p=4
48 8 4.0845 1.2256 3.9979 5.2576
162 27 4.4537 5.2896 4.3934 5.4542
384 64 4.6133 5.2910 4.5660 5.6648
750 125 4.6977 5.5072 4.6640 5.7264
1296 216 4.6327 5.6259 4.7249 5.7681
2058 343 4.6776 5.5535 4.7665 5.8121
3072 512 4.7240 5.5632 4.7965 5.8153

Table 4.17: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.2) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4, and elements of Type 3.
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p=2
N # elements Class I O∞,Γ1

O∞,v2v3 O∞,v2v4 O∞,v3v4

48 8 1.6071 0.5911 3.0047 3.0975
162 27 2.0373 2.9660 2.9971 3.5134
384 64 2.2840 3.3913 2.4811 3.6280
750 125 2.4512 3.4886 2.5983 3.7157
1296 216 2.5509 3.5897 2.6724 3.7661
2058 343 2.6200 3.6518 2.7173 3.8014
3072 512 2.6707 3.6978 2.7537 3.8277
4374 729 2.7094 3.7332 2.7827 3.8477
6000 1000 2.7399 3.7612 2.8056 3.8636
7986 1331 2.7647 3.7838 2.8241 3.8764

p=3
48 8 2.9578 0.9111 3.5044 4.1874
162 27 3.3802 4.1691 3.3688 4.4834
384 64 3.5660 4.3269 3.5492 4.6540
750 125 3.6340 4.5120 3.6512 4.7218
1296 216 3.6821 4.5891 3.7153 4.7754
2058 343 3.7304 4.6563 3.7596 4.6705
3072 512 3.7660 4.7006 3.7919 4.6210
4374 729 3.7933 4.7369 3.8165 4.6635

p=4
48 8 4.0845 1.2256 3.9979 5.2576
162 27 4.4537 5.2896 4.3934 5.4542
384 64 4.6133 5.2910 4.5660 5.6648
750 125 4.6977 5.5072 4.6640 5.7264
1296 216 4.6327 5.6259 4.7249 5.7681
2058 343 4.6776 5.5535 4.7665 5.8121
3072 512 4.7240 5.5632 4.7965 5.8153

Table 4.18: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.2) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4, and elements of Class I.
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p=2
N # elements Class II O∞,Γ1

O∞,v2v3 O∞,v2v4 O∞,v3v4

48 32 1.7344 2.8676 2.9837 2.8932
162 108 2.1228 3.1570 2.5026 3.0829
384 256 2.3491 3.4564 2.5135 2.4875
750 500 2.4993 3.5681 2.6226 2.5860
1296 864 2.5891 3.6439 2.6908 2.6621
2058 1372 2.6518 3.6979 2.7383 2.7144
3072 2048 2.6978 3.7373 2.7731 2.7527
4374 2916 2.7331 3.7676 2.7997 2.7818
6000 4000 2.7609 3.7917 2.8208 2.8048
7986 5324 2.7835 3.8112 2.8378 2.8235

p=3
48 32 2.9155 3.4827 3.2554 3.4953
162 108 3.3157 4.1872 3.3617 3.4136
384 256 3.5173 4.4331 3.5483 3.5829
750 500 3.6221 4.5547 3.6489 3.6436
1296 864 3.6904 4.6333 3.7130 3.7078
2058 1372 3.7374 4.6895 3.7572 3.7530
3072 2048 3.7721 4.7303 3.7896 3.7860
4374 2916 3.7987 4.7615 3.8143 3.8112

p=4
48 32 3.9234 4.6502 3.9048 4.0522
162 108 4.3828 5.1121 4.3838 4.4029
384 256 4.5607 5.3602 4.5583 4.5751
750 500 4.6596 5.5441 4.6581 4.6701
1296 864 4.7209 5.5713 4.7207 4.7283
2058 1372 4.7649 5.7484 4.7640 4.7731
3072 2048 4.7974 5.8304 4.7962 4.8017

Table 4.19: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.2) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4, and elements of Class II.
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p=2
N # elements Class III O∞,Γ1 O∞,v2v3 O∞,v2v4 O∞,v3v4

48 8 2.8038 3.1786 2.8480 3.1387
162 27 2.7686 3.5281 3.2898 3.5064
384 64 2.7311 3.6569 3.5156 3.6413
750 125 2.5240 3.7322 3.6143 3.7208
1296 216 2.6151 3.7799 3.6851 3.7707
2058 343 2.6767 3.8132 3.7322 3.8055
3072 512 2.7212 3.8377 3.7673 3.8311
4374 729 2.7549 3.8566 3.7943 3.8508
6000 1000 2.7813 3.8715 3.8156 3.8663
7986 1331 2.8026 3.8835 3.8329 3.8789

p=3
48 8 3.2622 4.1515 3.6292 4.1341
162 27 3.5747 4.4979 4.3120 4.4831
384 64 3.6536 4.6451 4.4985 4.6355
750 125 3.6587 4.7225 4.6082 4.7146
1296 216 3.7212 4.7732 4.6780 4.7668
2058 343 3.7642 4.8078 4.7268 4.8023
3072 512 3.7957 4.8334 4.7626 4.8285
4374 729 3.8197 4.8522 4.7899 4.8489

p=4
48 8 4.2546 5.1705 5.0286 5.0473
162 27 4.5999 5.4989 5.2932 5.2648
384 64 4.5428 5.6466 5.5156 5.5605
750 125 4.5756 5.7198 5.3741 5.5960
1296 216 4.6433 5.8292 5.7317 5.5686
2058 343 4.7259 5.7325 5.3861 6.0339
3072 512 4.7514 5.5983 5.2591 5.5711

Table 4.20: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.2) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4, and elements of Class III.

p=2
N ‖e‖2,Ω order ‖e‖∞,Γ∗ order ‖ec‖2,Ω order θ∆,min θ∆,max θ

24 4.1814e-03 - 1.0273e-03 - 1.5152e-02 - 0.0023 1.0344 1.0056
476 2.0470e-04 4.3524 1.2220e-03 3.6322 4.3198e-05 4.5718 0.0009 1.0972 0.9690
2121 4.5968e-05 3.6837 2.1566e-04 4.2778 5.3303e-06 5.1605 0.0000 1.1582 0.9919
5846 1.8354e-05 3.1914 6.2261e-05 4.3186 1.5819e-06 4.2227 0.0007 1.2630 0.9956

p=3
24 2.7200e-04 - 4.5241e-05 - 8.2571e-04 - 0.0030 1.0163 1.0032
476 6.7252e-06 5.3379 4.1565e-05 4.3122 1.0089e-06 5.4868 0.0023 1.1442 0.9925
2121 8.8561e-07 5.0000 4.0882e-06 5.7197 8.1894e-08 6.1934 0.0002 1.1976 0.9995
5846 2.6704e-07 4.1673 8.9224e-07 5.2910 1.8262e-08 5.2161 0.0035 1.2248 0.9994

Table 4.21: L2 errors and effectivity indices for problem (4.6.2) using the modified DG
method on unstructured meshes having N elements for the spaces Up, p = 2, 3.
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p=2
N ‖e‖2,Ω order ‖e‖∞,Γ∗ order ‖ec‖2,Ω order θ∆,min θ∆,max θ

5 2.0498e-002 - 1.6645e-002 - 3.9521e-001 - 0.0000 0.7618 0.3468
40 4.3270e-003 2.2441 2.4822e-002 3.9930 9.2981e-004 4.1620 0.0000 1.0282 0.9954
135 1.2824e-003 2.9994 9.6183e-003 2.3382 2.1373e-004 3.6261 0.0000 1.0280 0.9957
320 5.8326e-004 2.7385 2.5880e-003 4.5634 7.1796e-005 3.7920 0.0000 1.0249 1.0004
625 3.0035e-004 2.9743 1.4353e-003 2.6417 3.1431e-005 3.7019 0.0000 1.0218 1.0001
1080 1.7787e-004 2.8736 6.0712e-004 4.7193 1.5947e-005 3.7216 0.0000 1.0192 1.0005
1715 1.1247e-004 2.9731 3.9712e-004 2.7537 9.0136e-006 3.7011 0.0000 1.0170 1.0002
2560 7.6148e-005 2.9210 2.0940e-004 4.7929 5.5100e-006 3.6858 0.0000 1.0167 1.0001
3645 5.3635e-005 2.9756 1.5035e-004 2.8123 3.5747e-006 3.6735 0.0000 1.0167 0.9999
5000 3.9332e-005 2.9438 9.0330e-005 4.8359 2.4353e-006 3.6429 0.0000 1.0164 0.9998

p=3
5 2.6776e-003 - 1.8089e-003 - 5.3071e-002 - 0.0098 0.6553 0.4775
40 2.8585e-004 3.2276 1.6517e-003 5.0059 4.8552e-005 5.2195 0.0001 1.0604 0.9994
135 5.6892e-005 3.9814 4.2358e-004 3.3561 7.4270e-006 4.6305 0.0000 1.0504 0.9976
320 1.9447e-005 3.7315 8.5459e-005 5.5641 1.8304e-006 4.8684 0.0000 1.0412 1.0013
625 8.0233e-006 3.9675 3.7755e-005 3.6610 6.3632e-007 4.7351 0.0000 1.0427 1.0007
1080 3.9628e-006 3.8689 1.3328e-005 5.7112 2.6536e-007 4.7972 0.0000 1.0376 1.0009
1715 2.1493e-006 3.9691 7.4459e-006 3.7766 1.2736e-007 4.7620 0.0000 1.0360 1.0005
2560 1.2738e-006 3.9176 3.4423e-006 5.7779 6.7236e-008 4.7839 0.0000 1.0326 1.0005
3645 7.9778e-007 3.9728 2.1901e-006 3.8391 3.8339e-008 4.7693 0.0000 1.0303 1.0003

Table 4.22: L2 errors and effectivity indices for problem (4.6.2) using the modified DG
method and the approximated weak formulation for the error (4.5.7) on uniform meshes
having N = 5n3 elements for the spaces Up, p = 2, 3.

the order of convergence of the maximum errors on Γ1, v2v3,v2v4,v3v4 in Table 4.24, 4.25,
4.26, 4.27, 4.28, 4.29, respectively, for elements meshes of Type 1, 2, 3, and Class I, II, III.

We again observe that the error estimates are accurate and asymptotically exact under mesh
refinement. The DG solution is O(hp+2) superconvergent, respectively, on the face Γ1 and
on the edges v2v3,v2v4,v3v4, with respect to each type of elements.

Conclusion

We investigated higher-order discontinuous Galerkin methods for three-dimensional scalar
first-order hyperbolic problems on tetrahedral meshes. We construct simple, efficient and
asymptotically correct a posteriori error estimates for discontinuous finite element solutions
where we explicitly write the basis functions for the error spaces corresponding to the enriched
finite element spaces Lp, Up andMp. We showed that the discretization error on tetrahedral
elements having one inflow and one outflow faces, is O(hp+2) superconvergent on the outflow
face and on the three edges of the inflow face. On tetrahedral elements with one inflow face,
the discretization error is O(hp+2) superconvergent on the three edges of the inflow face.
Furthermore, we show that, on tetrahedral elements with two inflow faces, the DG solution
is O(hp+2) superconvergent on the edge shared by two of the inflow faces. On elements
with two inflow and one outflow faces and on elements with three inflow faces, the DG
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p=2

N ‖e‖2,Ω order ‖e‖∞,Γ∗ order ‖ec‖2,Ω order θ∆,min θ∆,max θ

6 2.4735e-03 - 1.5738e-03 - 1.3768e-02 - 0.2194 1.0386 0.8477
48 2.7216e-04 3.1840 1.1629e-03 3.5655 8.3903e-05 4.2294 0.1256 1.1875 0.9564
162 7.4772e-05 3.1863 3.0457e-04 3.3044 1.8777e-05 3.6922 0.0125 1.2010 0.9711
384 3.0502e-05 3.1169 1.6570e-04 2.1160 6.1565e-06 3.8762 0.0063 1.1721 0.9822
750 1.5329e-05 3.0834 8.3577e-05 3.0670 2.5563e-06 3.9390 0.0023 1.1615 0.9886
1296 8.7671e-06 3.0645 4.4234e-05 3.4899 1.2434e-06 3.9529 0.0074 1.1641 0.9925
2058 5.4769e-06 3.0520 2.5029e-05 3.6940 6.7503e-07 3.9626 0.0001 1.1417 0.9948
3072 3.6480e-06 3.0432 1.5293e-05 3.6895 3.9720e-07 3.9715 0.0069 1.1533 0.9964
4374 2.5509e-06 3.0370 9.9825e-06 3.6214 2.4870e-07 3.9751 0.0083 1.1380 0.9975
4374 2.5509e-06 3.0370 9.9825e-06 3.6214 2.4870e-07 3.9751 0.0083 1.1380 0.9975
6000 1.8533e-06 3.0322 6.7659e-06 3.6916 1.6353e-07 3.9794 0.0043 1.1446 0.9982
7986 1.3887e-06 3.0284 4.7351e-06 3.7444 1.1187e-07 3.9830 0.0015 1.1344 0.9988

p=3
6 6.2358e-04 - 1.4087e-04 - 1.3506e-03 - 0.7993 0.9595 0.9195
48 2.9621e-05 4.3959 4.4939e-04 1.5875 1.4040e-05 3.3267 0.3408 1.2056 0.8767
162 5.8470e-06 4.0018 1.0197e-04 3.6581 1.9929e-06 4.8150 0.2043 1.1569 0.9420
384 1.8183e-06 4.0602 2.6299e-05 4.7105 4.8401e-07 4.9195 0.3089 1.1362 0.9658
750 7.3480e-07 4.0603 8.3676e-06 5.1320 1.6135e-07 4.9229 0.2655 1.2249 0.9774
1296 3.5100e-07 4.0523 3.7414e-06 4.4148 6.5636e-08 4.9334 0.2900 1.2195 0.9841
2058 1.8816e-07 4.0446 1.8192e-06 4.6776 3.0630e-08 4.9441 0.3491 1.2301 0.9881
3072 1.0973e-07 4.0384 1.0288e-06 4.2688 1.5811e-08 4.9524 0.3510 1.2708 0.9908
4374 6.8234e-08 4.0337 5.9625e-07 4.6311 8.8164e-09 4.9589 0.3279 1.2136 0.9927
4374 6.8234e-08 4.0337 5.9625e-07 4.6311 8.8164e-09 4.9589 0.3279 1.2136 0.9927
6000 4.4628e-08 4.0298 3.5625e-07 4.8883 5.2257e-09 4.9641 0.3554 1.3424 0.9940

p=4
6 5.3701e-05 - 5.6911e-05 - 7.9804e-04 - 0.4708 2.8159 1.0038
48 5.8464e-06 3.1993 7.9629e-05 3.3251 2.5218e-06 4.4962 0.2592 1.0893 0.9275
162 7.3096e-07 5.1280 7.3985e-06 5.8602 2.0676e-07 6.1686 0.2593 1.1472 0.9627
384 1.6816e-07 5.1079 1.7894e-06 4.9339 3.9132e-08 5.7864 0.1469 1.1369 0.9722
750 5.4166e-08 5.0768 5.0553e-07 5.6645 1.0521e-08 5.8864 0.3816 1.1303 0.9791
1296 2.1529e-08 5.0606 1.7402e-07 5.8493 3.5660e-09 5.9344 0.3759 1.1208 0.9838
2058 9.8844e-09 5.0499 7.5324e-08 5.4321 1.4250e-09 5.9506 0.2787 1.1061 0.9869
3072 5.0415e-09 5.0419 4.0444e-08 4.6572 6.4787e-010 5.9030 0.2786 1.0961 0.9889
3072 5.0415e-09 5.0419 4.0444e-08 4.6572 6.4787e-010 5.9030 0.2786 1.0961 0.9889
4374 2.7858e-09 5.0361 2.2601e-08 4.9404 3.2364e-010 5.8927 0.2985 1.0924 0.9906

Table 4.23: L2 errors and effectivity indices for problem (4.6.3) using the modified DG
method on uniform meshes having N = 6n3 elements for the spaces Up, p = 2, 3, 4.
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p=2
N # elements Type 1 O∞,Γ1

O∞,v2v3 O∞,v2v4 O∞,v3v4

48 8 3.4430 3.1683 4.0553 3.4137
162 27 2.8944 2.4924 3.0712 3.2065
384 64 2.7682 2.6081 2.6665 2.2831
750 125 3.1165 3.3267 3.0842 2.9691
1296 216 2.8962 3.6390 3.4168 3.3795
2058 343 3.0662 3.7934 3.5912 3.5853
3072 512 2.9374 3.5489 3.6959 3.7029
4374 729 2.9652 3.6107 3.7642 3.7763
6000 1000 2.9394 3.6882 3.8115 3.8253
7986 1331 3.0572 3.7435 3.8458 3.8596

p=3
48 8 3.1053 2.2665 2.5603 1.2503
162 27 4.5408 4.1517 3.8251 3.8397
384 64 3.0953 4.9929 4.0125 4.8957
750 125 4.1133 4.6288 4.4182 4.8621
1296 216 4.2979 4.5334 3.9853 4.6517
2058 343 3.9505 4.9049 4.4351 5.0449
3072 512 3.7233 4.7514 4.7568 4.9668
4374 729 4.0327 4.8269 4.5890 4.8649
6000 1000 4.1534 5.0524 4.7063 5.0935

p=4
48 8 4.4292 3.3993 4.0635 3.6656
162 27 4.5236 6.0145 5.6065 5.6031
384 64 5.1156 5.8164 5.5710 5.7308
750 125 4.6649 5.4384 5.2582 5.5015
1296 216 4.8958 5.5246 5.6540 5.2230
2058 343 5.1161 6.0758 5.4420 4.9686
3072 512 5.0657 5.6314 5.6420 5.2820
4374 729 4.9090 5.7679 5.4660 5.3536

Table 4.24: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.3) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4, and elements of Type 1.
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p=2
N # elements Type 2 O∞,Γ1

O∞,v2v3 O∞,v2v4 O∞,v3v4

48 32 2.6057 3.7098 2.1379 2.0808
162 108 3.1190 3.3943 2.9222 3.1629
384 256 2.5210 2.5768 2.7938 2.7929
750 500 3.0506 3.1927 2.8613 2.9291
1296 864 2.9520 3.4637 3.2294 2.9797
2058 1372 2.8823 3.6136 2.7929 3.0253
3072 2048 2.9869 3.7070 3.0552 2.8965
4374 2916 3.0120 3.7697 3.0168 2.9858
6000 4000 2.9484 3.8141 3.0010 3.0490
7986 5324 2.9213 3.8055 2.9481 2.9298

p=3
48 32 3.8542 1.6037 3.2575 2.9677
162 108 3.3701 4.3875 3.6915 4.1122
384 256 2.7637 4.4651 4.2316 3.6029
750 500 3.2985 4.3451 2.7411 2.9948
1296 864 3.5339 4.8434 3.2061 3.3909
2058 1372 3.6641 4.9210 3.4406 3.5899
3072 2048 3.7452 4.5244 3.5804 3.7051
4374 2916 3.7998 4.8286 3.6722 3.7779
6000 4000 3.8383 4.8602 3.7362 3.8267

p=4
48 32 2.4795 4.3030 2.6719 2.5720
162 108 4.6449 4.5141 3.7830 3.9014
384 256 5.3034 5.9114 4.8477 4.9176
750 500 4.6855 5.0987 5.1547 5.1153
1296 864 4.7800 5.8849 4.5784 4.7337
2058 1372 5.1274 5.5732 4.8942 4.8845
3072 2048 5.0064 5.8405 5.0535 4.9783
4374 2916 4.8428 5.2071 4.8912 4.8810

Table 4.25: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.3) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4, and elements of Type 2.
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p=2
N # elements Type 3 O∞,Γ1

O∞,v2v3 O∞,v2v4 O∞,v3v4

48 8 2.6304 2.8259 2.4932 3.5655
162 27 3.0914 2.2084 3.1917 3.3728
384 64 2.5952 2.3846 2.6377 2.0196
750 125 3.0692 3.0315 2.9669 3.0670
1296 216 2.9660 3.3312 3.0695 3.4899
2058 343 2.9292 3.5043 2.9378 3.6940
3072 512 2.8824 3.6169 2.9507 3.6895
4374 729 3.1135 3.6954 2.9488 3.6214
6000 1000 2.8496 3.7523 3.0968 3.6916
7986 1331 3.0070 3.7950 2.8638 3.7444

p=3
48 8 3.7949 -1.0274 2.7253 1.5875
162 27 2.6918 4.0440 3.9633 3.6581
384 64 3.0112 5.2511 4.9571 4.7105
750 125 3.4643 4.7253 2.9786 5.1320
1296 216 3.6691 4.9518 3.3158 4.4148
2058 343 3.7784 4.9654 3.4938 4.6776
3072 512 3.8426 4.9467 3.6058 4.2688
4374 729 3.8830 5.2297 3.6833 4.6311
6000 1000 3.9099 4.6461 3.7397 4.8883

p=4
48 8 2.6617 3.2635 2.7777 3.3251
162 27 4.9018 5.3379 3.9718 5.8602
384 64 5.3616 5.1854 4.9615 4.9339
750 125 4.5536 4.9503 4.9173 5.6645
1296 216 4.8814 6.0312 4.9361 5.8493
2058 343 5.0664 5.4866 4.9411 5.4321
3072 512 4.8772 4.2412 4.8348 4.6572
4374 729 5.0133 4.6284 5.0458 4.9404

Table 4.26: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.3) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4, and elements of Type 3.
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p=2
N # elements Class I O∞,Γ1

O∞,v2v3 O∞,v2v4 O∞,v3v4

48 8 2.6304 2.8259 2.4932 3.5655
162 27 3.0914 2.2084 3.1917 3.3728
384 64 2.5952 2.3846 2.6377 2.0196
750 125 3.0692 3.0315 2.9669 3.0670
1296 216 2.9660 3.3312 3.0695 3.4899
2058 343 2.9292 3.5043 2.9378 3.6940
3072 512 2.8824 3.6169 2.9507 3.6895
4374 729 3.1135 3.6954 2.9488 3.6214
6000 1000 2.8496 3.7523 3.0968 3.6916
7986 1331 3.0070 3.7950 2.8638 3.7444

p=3
48 8 3.7949 -1.0274 2.7253 1.5875
162 27 2.6918 4.0440 3.9633 3.6581
384 64 3.0112 5.2511 4.9571 4.7105
750 125 3.4643 4.7253 2.9786 5.1320
1296 216 3.6691 4.9518 3.3158 4.4148
2058 343 3.7784 4.9654 3.4938 4.6776
3072 512 3.8426 4.9467 3.6058 4.2688
4374 729 3.8830 5.2297 3.6833 4.6311
6000 1000 3.9099 4.6461 3.7397 4.8883

p=4
48 8 2.6617 3.2635 2.7777 3.3251
162 27 4.9018 5.3379 3.9718 5.8602
384 64 5.3616 5.1854 4.9615 4.9339
750 125 4.5536 4.9503 4.9173 5.6645
1296 216 4.8814 6.0312 4.9361 5.8493
2058 343 5.0664 5.4866 4.9411 5.4321
3072 512 4.8772 4.2412 4.8348 4.6572
4374 729 5.0133 4.6284 5.0458 4.9404

Table 4.27: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.3) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4, and elements of Class I.
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p=2
N # elements Class II O∞,Γ1

O∞,v2v3 O∞,v2v4 O∞,v3v4

48 32 2.6057 3.7098 2.1379 2.0808
162 108 3.1190 3.3943 2.9222 3.1629
384 256 2.5210 2.5768 2.7938 2.7929
750 500 3.0506 3.1927 2.8613 2.9291
1296 864 2.9520 3.4637 3.2294 2.9797
2058 1372 2.8823 3.6136 2.7929 3.0253
3072 2048 2.9869 3.7070 3.0552 2.8965
4374 2916 3.0120 3.7697 3.0168 2.9858
6000 4000 2.9484 3.8141 3.0010 3.0490
7986 5324 2.9213 3.8055 2.9481 2.9298

p=3
48 32 3.8542 1.6037 3.2575 2.9677
162 108 3.3701 4.3875 3.6915 4.1122
384 256 2.7637 4.4651 4.2316 3.6029
750 500 3.2985 4.3451 2.7411 2.9948
1296 864 3.5339 4.8434 3.2061 3.3909
2058 1372 3.6641 4.9210 3.4406 3.5899
3072 2048 3.7452 4.5244 3.5804 3.7051
4374 2916 3.7998 4.8286 3.6722 3.7779
6000 4000 3.8383 4.8602 3.7362 3.8267

p=4
48 32 2.4795 4.3030 2.6719 2.5720
162 108 4.6449 4.5141 3.7830 3.9014
384 256 5.3034 5.9114 4.8477 4.9176
750 500 4.6855 5.0987 5.1547 5.1153
1296 864 4.7800 5.8849 4.5784 4.7337
2058 1372 5.1274 5.5732 4.8942 4.8845
3072 2048 5.0064 5.8405 5.0535 4.9783
4374 2916 4.8428 5.2071 4.8912 4.8810

Table 4.28: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.3) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4, and elements of Class II.

119



p=2
N # elements Class III O∞,Γ1

O∞,v2v3 O∞,v2v4 O∞,v3v4

48 8 3.4430 3.1683 4.0553 3.4137
162 27 2.8944 2.4924 3.0712 3.2065
384 64 2.7682 2.6081 2.6665 2.2831
750 125 3.1165 3.3267 3.0842 2.9691
1296 216 2.8962 3.6390 3.4168 3.3795
2058 343 3.0662 3.7934 3.5912 3.5853
3072 512 2.9374 3.5489 3.6959 3.7029
4374 729 2.9652 3.6107 3.7642 3.7763
6000 1000 2.9394 3.6882 3.8115 3.8253
7986 1331 3.0572 3.7435 3.8458 3.8596

p=3
48 8 3.1053 2.2665 2.5603 1.2503
162 27 4.5408 4.1517 3.8251 3.8397
384 64 3.0953 4.9929 4.0125 4.8957
750 125 4.1133 4.6288 4.4182 4.8621
1296 216 4.2979 4.5334 3.9853 4.6517
2058 343 3.9505 4.9049 4.4351 5.0449
3072 512 3.7233 4.7514 4.7568 4.9668
4374 729 4.0327 4.8269 4.5890 4.8649
6000 1000 4.1534 5.0524 4.7063 5.0935

p=4
48 8 4.4292 3.3993 4.0635 3.6656
162 27 4.5236 6.0145 5.6065 5.6031
384 64 5.1156 5.8164 5.5710 5.7308
750 125 4.6649 5.4384 5.2582 5.5015
1296 216 4.8958 5.5246 5.6540 5.2230
2058 343 5.1161 6.0758 5.4420 4.9686
3072 512 5.0657 5.6314 5.6420 5.2820
4374 729 4.9090 5.7679 5.4660 5.3536

Table 4.29: Orders of convergence for the errors on Γ1, v2v3, v2v4, and v3v4, for problem
(4.6.3) using the modified DG method on uniform meshes having N = 6n3 elements for the
spaces Up, p = 2, 3, 4, and elements of Class III.
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solution is O(hp+2) superconvergent on two edges of the inflow faces. Moreover, enriched
polynomial spaces lead to a simpler a posteriori error estimation procedure. Finally, the
pointwise superconvergence results for the leading term of the discretization error on each
elements are tested on several linear problems and tetrahedral meshes for smooth solutions.
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Chapter 5

The Discontinuous Galerkin Method
for Nonlinear Problems

The most challenging hyperbolic partial differential equations are nonlinear, because they
develop propagating discontinuities known as shocks. In this chapter we extend our error
analysis to three-dimensional nonlinear hyperbolic scalar problems.

5.1 Nonlinear Hyperbolic Problems

We consider nonlinear scalar hyperbolic problems of the form

∇ · F (u) = f (x, y, z) , (x, y, z) ∈ Ω, (5.1.1a)

subject to the boundary conditions

u (x, y, z) = h0 (x, y, z) , (x, y, z) ∈ ∂Ω−, (5.1.1b)

where F : R −→ R3, u : R3 −→ R, f and h0 are analytic functions, such that

F′ (u) 6= 0. (5.1.1c)

We further assume that F(u) is such that the boundary ∂Ω can be split into inflow ∂Ω−,
outflow ∂Ω+ and characteristic ∂Ω0 boundaries using a(u) = F′(u), where, ∂Ω−, ∂Ω+ and
∂Ω0 are defined as follows:

∂Ω− = {(x, y, z) ∈ ∂Ω,F′ (u) · n < 0} , (5.1.2a)

∂Ω+ = {(x, y, z) ∈ ∂Ω,F′ (u) · n > 0} , (5.1.2b)

∂Ω0 = {(x, y, z) ∈ ∂Ω,F′ (u) · n = 0} , (5.1.2c)
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with the boundary of Ω, ∂Ω = ∂Ω− ∪ ∂Ω+ ∪ ∂Ω0 and n is the outward unit normal to ∂Ω.

We obtain a weak DG formulation of (5.1.1a) by multiplying (5.1.1a) by a test function v,
integrating over an arbitrary element ∆, and applying Stokes’ theorem as∫∫

Γ−

n · F (u) vdσ +

∫∫
Γ+

n · F (u) vdσ +

∫∫∫
∆

F (u) · ∇vdxdydz =

∫∫∫
∆

fvdxdydz. (5.1.3)

The discrete DG method consists of finding U ∈ Wp on an element ∆ such that for all
V ∈ Wp we have∫∫

Γ−

n·F
(
Ũ
)
V dσ+

∫∫
Γ+

n·F (U)V dσ+

∫∫∫
∆

F (U)·∇V dxdydz =

∫∫∫
∆

fV dxdydz, (5.1.4)

where Ũ is given by (3.1.5b) and Wp is either Pp, Lp, Up, or Mp.
Subtract (5.1.4) from (5.1.3) with Ũ = u and v = V to obtain the DG orthogonality condition
for the local error, for all V ∈ Wp,∫∫

Γ+

n · (F (u)− F (U))V dσ −
∫∫∫

∆

(F (u)− F (U)) .∇V dxdydz = 0. (5.1.5)

We map a physical tetrahedron ∆ having vertices vi = (xi, yi, zi), 1 ≤ i ≤ 4, into the reference
tetrahedron ∆̂ with vertices v̂1 = (0, 0, 0), v̂2 = (1, 0, 0), v̂3 = (0, 1, 0), v̂4 = (0, 0, 1), by
the standard affine mapping (3.1.7) and as illustrated in Figures 3.1 and 3.2. Thus, the DG
orthogonality (5.1.5) becomes∫∫

Γ̂+

n̂ ·
(
J0

(
F (û)− F

(
Û
)))

V̂ dσ̂ −
∫∫∫

∆̂

(
J0

(
F (û)− F

(
Û
)))

.∇V̂ dξdηdζ = 0,

(5.1.6)
for all V ∈ Wp.
In the remainder of this chapter we will omit theˆunless needed for clarity. In the following
theorem we derive orthogonality condition for the leading term of the local DG error for
(5.1.1a) having smooth solutions.

Theorem 5.1.1. Let u ∈ C∞ (Ω) and U ∈ Wp, respectively, be the solutions of (5.1.1a),
(5.1.1b) and (5.1.4), with Ũ |Γ− = u. Then the local finite element error can be written as

ε (ξ, η, ζ, h) =
∞∑

k=p+1

hkQk (ξ, η, ζ) . (5.1.7)

Furthermore, the leading term satisfies∫∫
Γ+

d · nQp+1V dσ +

∫∫∫
∆

d · ∇Qp+1V dξdηdζ = 0, ∀ V ∈ Wp, (5.1.8)

where
d = J0F

′ (u∗) , (5.1.9)

and u∗ is the average of the values of u at the centers of inflow faces of ∆.
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Proof. The proof follows the same line of reasoning as in [15].

Thus, the results of chapter 3 stated in Theorems 3.2.1, 3.2.2, 3.2.3, 3.2.4 and their corollaries
for the space Pp, and the results of chapter 4 stated in Theorems 4.3.1, 4.3.2, 4.3.3, 4.4.2,
4.3.5, 4.3.6, 4.3.7, 4.4.2, 4.4.3, 4.4.4, and their corollaries for the spaces Lp, Up, andMp, still
hold for nonlinear scalar problems.

5.2 Error Estimation Procedure

The discrete DG method consists of finding U ∈ Pp on an element ∆ such that∫∫
Γ−

n ·
(
F
(
Ũ
)
− F (U)

)
V dσ +

∫∫∫
∆

(F′ (U) · ∇U)V dxdydz

=

∫∫∫
∆

fV dxdydz, ∀ V ∈ Wp. (5.2.1)

We estimate the error by finding E of the form (3.3.9a) solution of the linearized weak
problem

∫∫
Γ−

n · F′ (U)
(
E− − E

)
V dσ +

∫∫∫
∆

F′ (U) · ∇ (U + E)V dxdydz

=

∫∫∫
∆

fV dxdydz −
∫∫
Γ−

n · F′ (U)
(
U− − U

)
V dσ, ∀ V ∈ E , (5.2.2)

where E is the finite element space for the error defined in section 3.3 for Pp and section 4.5
for Up. However, in the numerical examples we use the space Pp.

Remarks:

1. The inflow solution Ũ is given by (3.1.5b)

2. We first find U using Newton’s iteration by solving the nonlinear problem (5.2.1) and
then solve the linear problem (5.2.2) to find the error estimate E.

3. We follow the steps of the modified DG algorithm for linear problems given in section
3.3 to find the DG solution and error on all elements.

4. We utilize the error basis functions χi for linear problems shown in Tables 3.2, 3.3,
and 3.4 with (α, β, γ)T = J0F

′(U∗) where U∗ is the average of the values of U− at the
centers of inflow faces.
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The accuracy of a posteriori error estimates is measured by the ratio of the error estimate
over the true error. The local and global effectivity indices are given by (3.3.11) and (3.3.12).

5.3 Computational Examples

In the following examples we use the exact boundary conditions at the inflow boundary
and solve several nonlinear hyperbolic problems on uniform tetrahedral meshes, and test our
modified DG method and a posteriori error estimation strategy for smooth and discontinuous
solutions.
We use the space Pp on a family of uniform meshes obtained by partitioning the domain
[0, 1]3 into n3 cubes, n = 1, 2, . . . , 14 and subdividing each cube into five tetrahedra [40].
The resulting meshes have N = 5n3 = 5, 40, . . . , 13720 tetrahedral elements with diameter
hmax =

√
2
n

.

Example 5.3.1.

We consider the two-dimensional inviscid Burgers’ equation

ut + uux + uuy = f(x, y, t), (x, y, t) ∈ Ω = [0, 1]3 , (5.3.1a)

and select f and the inflow boundary conditions such that the exact solution is given by

u (x, y, t) = 1 +
1

2
sin (x+ y + t) . (5.3.1b)

We solve (5.3.1) with the exact inflow boundary condition, U− = u, using the space-time
modified DG method on structured tetrahedral meshes havingN = 5, 40, 135, 320, 625, 1080,
1715, 2560, 3645, 5000, 6655, 8640, 10985, 13720 elements with the spaces Pp, p = 0, 1, 2.
The L2 errors, orders of convergence and effectivity indices shown in Table 5.1, indicate
that the modified DG method yields optimal convergence rates. Furthermore, the effectivity
indices for the modified DG are close to unity and converge to one under mesh refinement.
We also observe that the error estimate leads to O (hp+2) convergence of the corrected DG
solution.

Example 5.3.2.

Next, we consider the homogeneous inviscid Burgers’ equation

ut + uux + uuy = 0, (x, y, t) ∈ Ω = [0, 1]3 , (5.3.2a)

subject to the initial conditions

u (x, y, 0) = 1 +
1

2
sin (π(x+ y + 1/2)) . (5.3.2b)
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p=0
N ‖e‖2,Ω order ‖ecr‖2,Ω order θ∆,min θ∆,max θ

5 7.2747e-02 - 4.0382e-02 - 0.8856 1.1489 1.0714
40 4.8896e-02 0.5732 1.0560e-02 1.9352 0.8477 1.1571 1.0016
135 3.3112e-02 0.9613 5.0110e-03 1.8384 0.0801 1.1711 1.0097
320 2.5358e-02 0.9274 2.8915e-03 1.9113 0.3326 1.8542 1.0080
625 2.0367e-02 0.9823 1.9130e-03 1.8514 0.1396 1.5012 1.0075
1080 1.7057e-02 0.9728 1.3787e-03 1.7966 0.1411 1.4226 1.0066
1715 1.4641e-02 0.9906 1.0569e-03 1.7243 0.4408 1.3008 1.0061
2560 1.2836e-02 0.9855 8.4625e-04 1.6644 0.3775 1.4842 1.0057
3645 1.1417e-02 0.9941 7.0141e-04 1.5938 0.3009 2.4717 1.0053
5000 1.0286e-02 0.9909 5.9648e-04 1.5381 0.1660 1.6640 1.0050
6655 9.3541e-03 0.9959 5.1812e-04 1.4775 0.1511 1.4954 1.0048
8640 8.5793e-03 0.9937 4.5748e-04 1.4306 0.1445 1.4220 1.0046
10985 7.9213e-03 0.9970 4.0959e-04 1.3816 0.1408 1.8185 1.0045
13720 7.3581e-03 0.9953 3.7076e-04 1.3440 0.0873 2.6471 1.0043

p=1
5 4.0691e-02 - 3.5262e-03 - 0.9430 1.1378 0.9579
40 1.0880e-02 1.9030 1.1422e-03 1.6263 0.9309 1.1055 1.0290
135 4.8542e-03 1.9906 3.1471e-04 3.1792 0.8683 1.1129 1.0166
320 2.7331e-03 1.9967 1.3918e-04 2.8361 0.8340 1.1063 1.0113
625 1.7494e-03 1.9994 7.1652e-05 2.9753 0.8968 1.0983 1.0081
1080 1.2153e-03 1.9979 4.1422e-05 3.0058 0.8923 1.0915 1.0061
1715 8.9290e-04 1.9998 2.5977e-05 3.0269 0.9163 1.0858 1.0049
2560 6.8373e-04 1.9989 1.7370e-05 3.0139 0.9105 1.0812 1.0040
3645 5.4023e-04 2.0000 1.2181e-05 3.0127 0.9278 1.0774 1.0034
5000 4.3762e-04 1.9993 8.8754e-06 3.0053 0.9236 1.0743 1.0029
6655 3.6166e-04 2.0001 6.6662e-06 3.0032 0.9382 1.0716 1.0026
8640 3.0391e-04 1.9996 5.1355e-06 2.9980 0.9315 1.0693 1.0023
10985 2.5895e-04 2.0001 4.0404e-06 2.9966 0.9442 1.0674 1.0021
13720 2.2328e-04 1.9997 3.2369e-06 2.9917 0.9379 1.0657 1.0019

p=2
5 2.1707e-03 - 7.0465e-04 - 1.0699 1.1125 1.0905
40 4.1651e-04 2.3817 5.0503e-05 3.8025 0.8644 1.0494 1.0110
135 1.2148e-04 3.0389 1.2557e-05 3.4326 0.3881 1.0558 1.0102
320 5.2136e-05 2.9404 4.1295e-06 3.8657 0.6155 1.1316 1.0077
625 2.6737e-05 2.9928 1.7372e-06 3.8804 0.2510 1.1469 1.0062
1080 1.5530e-05 2.9796 8.5697e-07 3.8756 0.1122 1.1123 1.0050
1715 9.7873e-06 2.9952 4.6504e-07 3.9655 0.7552 1.0650 1.0043
2560 6.5657e-06 2.9897 2.7463e-07 3.9445 0.6185 1.1375 1.0037
3645 4.6130e-06 2.9970 1.7230e-07 3.9579 0.6679 1.2512 1.0032
5000 3.3650e-06 2.9939 1.1364e-07 3.9503 0.6348 1.1534 1.0028
6655 2.5287e-06 2.9980 7.7956e-08 3.9544 0.3966 1.0937 1.0025
8640 1.9484e-06 2.9960 5.5293e-08 3.9477 0.5151 1.0569 1.0023
10985 1.5326e-06 2.9986 4.0296e-08 3.9527 0.3589 1.1138 1.0021
13720 1.2274e-06 2.9972 3.0083e-08 3.9443 0.4803 1.1981 1.0019

Table 5.1: L2 errors, their orders and effectivity indices for problem (5.3.1) using the modified
DG method on uniform meshes having N = 6n3 elements for the spaces Pp, p = 0, 1, 2.
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This is subjected to inflow boundary conditions u(0, y, t) and u(x, 0, t) assuming a periodic
true solution.

First we solve (5.3.2) for 0 ≤ t ≤ 0.2 on uniform tetrahedral meshes having N = 5n3 =
5,40,135,320,625,. . . ,16875 elements with the spaces Pp, p = 0, 1 and show the L2 errors,
orders and effectivity indices in Table 5.2 for Pp, p = 0, 1. We observe that the effectivity
indices are close to unity under mesh refinement. The modified DG solution exhibits optimal
O(hp+1) convergence rates, however, U + E is not O(hp+2).

p=0
N ‖e‖2,Ω order ‖ecr‖2,Ω order θ∆,min θ∆,max θ

5 1.4816e-01 - 7.4264e-02 - 0.6630 1.0469 0.7765
40 8.6731e-02 0.7726 3.8110e-02 0.9625 0.1503 1.5470 0.7996
135 5.9875e-02 0.9139 2.0264e-02 1.5577 0.4499 1.8889 0.8750
320 4.5261e-02 0.9727 1.2997e-02 1.5438 0.1675 2.5686 0.8892
625 3.6105e-02 1.0129 9.2082e-03 1.5445 0.4139 2.0871 0.9071
1080 2.9944e-02 1.0262 6.9381e-03 1.5525 0.1393 2.7602 0.9208
1715 2.5564e-02 1.0258 5.4822e-03 1.5279 0.0247 2.1614 0.9318
2560 2.2310e-02 1.0197 4.4808e-03 1.5105 0.0153 2.8448 0.9403
3645 1.9803e-02 1.0120 3.7557e-03 1.4987 0.0406 2.2482 0.9470
5000 1.7813e-02 1.0052 3.2098e-03 1.4909 0.0575 2.8859 0.9522
6655 1.6193e-02 1.0003 2.7864e-03 1.4842 0.0171 2.2957 0.9563
8640 1.4847e-02 0.9972 2.4510e-03 1.4740 0.0337 2.9087 0.9597
10985 1.3710e-02 0.9959 2.1807e-03 1.4597 0.0505 2.3260 0.962
13720 1.2735e-02 0.9957 1.9598e-03 1.4415 0.0635 2.9225 0.9647
16875 1.1889e-02 0.9963 1.7769e-03 1.4200 0.0737 2.3464 0.9667

p=1
5 7.1928e-02 - 5.2996e-02 - 0.5146 0.7117 0.5239
40 3.1054e-02 1.2118 1.4968e-02 1.8240 0.4417 1.8059 0.7662
135 1.5454e-02 1.7212 6.8287e-03 1.9356 0.3728 1.6145 0.7816
320 9.0408e-03 1.8635 3.6777e-03 2.1511 0.1960 1.5647 0.8329
625 5.8697e-03 1.9357 2.1897e-03 2.3237 0.2270 1.6356 0.8737
1080 4.1301e-03 1.9279 1.4001e-03 2.4530 0.3223 1.5525 0.9062
1715 3.0821e-03 1.8988 9.4211e-04 2.5701 0.2281 1.4513 0.9295
2560 2.3996e-03 1.8745 6.5802e-04 2.6877 0.3133 1.3648 0.9457
3645 1.9248e-03 1.8721 4.7853e-04 2.7042 0.3847 1.3467 0.9559
5000 1.5768e-03 1.8929 3.6071e-04 2.6826 0.3576 1.3529 0.9630
6655 1.3118e-03 1.9300 2.8113e-04 2.6151 0.3408 1.3300 0.9681
8640 1.1052e-03 1.9701 2.2581e-04 2.5184 0.2012 1.2993 0.9720
10985 9.4113e-04 2.0073 1.8623e-04 2.4075 0.4688 1.2682 0.9750
13720 8.0950e-04 2.0331 1.5700e-04 2.3039 0.4823 1.2396 0.9774
16875 7.0282e-04 2.0483 1.3465e-04 2.2256 0.4656 1.2258 0.9795

Table 5.2: L2 errors, their orders and effectivity indices for problem (5.3.2) using the modified
DG method on uniform meshes having N = 5n3 elements for the spaces Pp, p = 0, 1.

Next, we integrate until t = 1 where the solution develops shock discontinuities with a first
shock forming and leaving the domain and a second shock entering the domain. We use a
uniform mesh having N = 13720 tetrahedral elements with the spaces Pp, p = 0, 1. We plot
the true solution, L2 local true errors and local effectivity indices at t = 0.5, 1.0 in Figures
5.1 and 5.2, respectively. These numerical results indicate that, before the shock forms,
the error estimates are accurate and converge to the true errors under mesh refinement.
After the shock forms the effectivity indices are still close to one in regions away from the
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Figure 5.1: True solution (left), L2 true local errors (center) and local effectivity indices
(right) for (5.3.2) on a uniform mesh having N=13720 tetrahedra for the space P0 at t = 0.5
(top) and t = 1 (bottom).

discontinuity. By comparing the plots of Figure 5.2 to those of Figure 5.3 on a coarse
mesh with N = 5000 elements and P1, we notice an improvement of the effectivity indices
under mesh refinement. Applying a local adaptive mesh refinement algorithm which refines
elements near the discontinuity should further improve the accuracy of both the a posteriori
error estimate and the solution.

5.4 Conclusion

In this chapter we have extended the error analysis for nonlinear hyperbolic problems. The
numerical results indicate that, before the shock forms, the error estimates are accurate and
converge to the true errors under mesh refinement, and the error estimate leads to O (hp+2)
convergence of the corrected DG solution. After the shock forms the effectivity indices are
still close to one in regions away from the discontinuity. Applying a local adaptive mesh
refinement algorithm which refines elements near the discontinuity should further improve
the accuracy of both the a posteriori error estimate and the solution.
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Figure 5.2: True solution (left), L2 true local errors (center) and local effectivity indices
(right) for (5.3.2) using a uniform mesh having N=13720 tetrahedra for the space P1 at
t = 0.5 (top) and t = 1 (bottom).
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Figure 5.3: True solution (left), L2 true local errors (center) and local effectivity indices
(right) for (5.3.2) using a uniform mesh having N=5000 tetrahedra for the space P1 at
t = 0.5 (top) and t = 1 (bottom).
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Chapter 6

A Posteriori Error Estimation for
Linear Hyperbolic systems

We present an a posteriori error analysis for the discontinuous Galerkin method applied to
first-order linear symmetric hyperbolic systems of partial differential equations with smooth
solutions. We perform a local error analysis by writing the local error as a series and showing
that its leading term is O (hp+1). This can be used to solve relatively small local problems
to compute efficient and asymptotically exact estimates of the finite element error.

6.1 DG Formulation and Local Error Analysis

In this section we introduce a Runge–Kutta discontinuous Galerkin (RKDG) method ap-
plied to first-order symmetric linear hyperbolic systems in multiple space dimensions. Let
u (t, x, y, z) : [0, T ]× R3 −→ Rm be the true solution of the linear hyperbolic system

ut + Aux + Buy + Cuz = f (t, x, y, z) , 0 ≤ t ≤ T, (x, y, z) ∈ Ω = (0, 1)3 , (6.1.1a)

with symmetric real constant coefficient matrices A, B and C in Rm×m, and subject to the
initial and boundary conditions

u (0, x, y, z) = u0 (x, y, z) , (6.1.1b)

M−u (t, x, y, z) = M−uB (t, x, y, z) , (x, y, z) ∈ ∂Ω, 0 < t < T, (6.1.1c)

where the boundary of Ω is denoted by ∂Ω and n = (n1, n2, n3)T denotes the unit outward
normal on ∂Ω, ut, ux, uy and uz respectively, denote the partial derivatives of u with respect
to t, x, y and z.

Let Γi and ni = (ni,1, ni,2, ni,3)T , respectively, denote the faces of ∆ and the unit outward
normal to Γi for i = 1, 2, 3, 4.
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We define M±
i for i = 1, 2, 3, 4 by setting

Mi = ni,1A + ni,2B + ni,3C

= Pdiag
(
λi1, λ

i
2, . . . , λ

i
m

)
PT (6.1.2a)

= M+
i + M−

i ,

with

M+
i = Pdiag

(
max

(
λi1, 0

)
,max

(
λi2, 0

)
, . . . ,max

(
λim, 0

))
PT ,

M−
i = Pdiag

(
min

(
λi1, 0

)
,min

(
λi2, 0

)
, . . . ,min

(
λim, 0

))
PT , (6.1.2b)

where λi1, λ
i
2, . . . , λ

i
m ∈ R.

We select f , the initial condition u0 and the boundary condition u1 such that the exact
solution u (t, x, y, z) ∈ (C2 [0, T ]× C∞ (Ω))

m
.

In order to obtain the weak discontinuous Galerkin formulation, we partition the domain
Ω into a regular mesh having N tetrahedral elements ∆j, j = 1, 2, . . . , N and assume, for
simplicity, that this can be done without error. In the remainder of this chapter we omit the
element index and refer to an arbitrary element by ∆ whenever confusion in unlikely.
Let us multiply (6.1.1a) by a test function v, integrate over an arbitrary element ∆, and
apply Stokes’ theorem to write

−
∫∫∫

∆

(
−vTut + vTxAu + vTy Bu + vTz Cu

)
dxdydz

+
4∑
i=1

∫∫
Γi

vT
(
M+

i + M−
i

)
udσ =

∫∫∫
∆

vT fdxdydz, (6.1.3)

where we used (6.1.2).

Next we approximate u (t, x, y, z) by a piecewise polynomial function U (t, x, y, z) whose
restriction to ∆ is in [Pp]m consisting of complete polynomials of degree p defined in (2.3.1).
The discrete DG formulation consists of determining U ∈

[
SN,p

]m
such that

−
∫∫∫

∆

(
−VTUt + VT

xAU + VT
y BU + VT

z CU
)
dxdydz

+
4∑
i=1

∫∫
Γi

VT
(
M+

i U + M−
i U−

)
dσ =

∫∫∫
∆

VT fdxdydz, ∀ V ∈ [Pp]m , (6.1.4)

where U− is defined as

U− = lim
ε−→0

U (t,x + εn) for x ∈ Γi.

For simplicity, we only consider the approximation (6.1.4) on an element ∆, such that U− =
uB on Γi, i = 1, 2, 3, 4.
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Next, subtracting (6.1.4) from (6.1.3) with v = V to obtain the DG orthogonality condition
for the local error ε = u−U

−
∫∫∫

∆

(
−VT εt + VT

xAε+ VT
y Bε+ VT

z Cε
)
dxdydz

+
4∑
i=1

∫∫
Γi

VTM+
i εdσ = 0, ∀ V ∈ [Pp]m . (6.1.5)

We map a physical tetrahedron ∆ having vertices vi = (xi, yi, zi), i = 1, 2, 3, 4 into the
reference tetrahedron having vertices v̂1 = (0, 0, 0), v̂2 = (1, 0, 0), v̂3 = (0, 1, 0), and v̂4 =
(0, 0, 1) by the standard affine mapping (3.1.7).
Letting τ = T−1t the DG orthogonality condition for the local error ε̂ (τ, ξ, η, ζ, h) becomes

4∑
i=1

∫∫
Γ̂i

VTM+
i ε̂dσ̂−

∫∫∫
∆̂

(
− h
T

VT ε̂t + VT
ξ Aε̂+ VT

η Bε̂+ VT
ζ Cε̂

)
dξdηdζ = 0, ∀V ∈ [Pp]m .

(6.1.6)

If the exact solution is analytic, we can write the local error as a Maclaurin series

ε̂ (τ, ξ, η, ζ, h) =
∞∑
k=0

Qk (τ, ξ, η, ζ)hk, (6.1.7)

where Qk(τ, .) ∈ [Pk]m.

In the remainder of this chapter we will omit the ˆ unless needed for clarity.
Before stating our main results we need the following preliminary lemma.

Lemma 6.1.1. If Qk ∈ [Pk]m for k ≥ 0, satisfies

4∑
i=1

∫∫
Γi

VTM+
i Qkdσ−

∫∫∫
∆

(
VT
ξ A + VT

η B + VT
ζ C
)

Qkdξdηdζ = 0, ∀ V ∈ [Pk]m , (6.1.8)

then
Qk ∈ P̄k, (6.1.9a)

where

P̄k = {V ∈ Pk : AVξ + BVη + CVζ = 0 on ∆,MiV = 0 on Γi, 1 ≤ i ≤ 4}. (6.1.9b)

Proof. Using Stokes’ theorem we write (6.1.8) as

−
4∑
i=1

∫∫
Γi

VTM−
i Qkdσ +

∫∫∫
∆

VT
(
AQk,ξ + BQk,η + CQk,ζ

)
dξdηdζ = 0, ∀ V ∈ [Pp]m .

(6.1.10)
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Adding (6.1.8) to (6.1.10) and testing against V = Qk, we note that by the symmetry of A,
B and C, the double integrals on ∆ cancel out. Thus, Qk satisfies

4∑
i=1

(∫∫
Γi

QT
k

(
M+

i −M−
i

)
Qkdσ

)
dσ = 0. (6.1.11)

Since
(
M+

i −M−
i

)
is symmetric positive semi-definite it admits a Cholesky factorization(

M+
i −M−

i

)
= LT

i Li. Thus, (6.1.11) can be written as

4∑
i=1

(∫∫
Γi

‖LiQk‖2
2 dσ

)
dσ = 0.

Thus, LiQk = 0 on Γi for i = 1, 2, 3, 4 which yields

LT
i LiQk =

(
M+

i −M−
i

)
Qk = 0 on Γi, i = 1, 2, 3, 4. (6.1.12)

Since N
(
M+

i −M−
i

)
= N

(
M+

i + M−
i

)
, (6.1.12) leads to(

M+
i + M−

i

)
Qk = 0 on Γi, i = 1, 2, 3, 4. (6.1.13)

Thus, one can show that
M±

i Qk = 0 on Γi, i = 1, 2, 3, 4. (6.1.14)

Testing against V = AQk,ξ+BQk,η+CQk,ζ in (6.1.10) and combining the resulting equation
with (6.1.14) lead to ∫∫∫

∆

∥∥AQk,ξ + BQk,η + CQk,ζ

∥∥2

2
dξdηdζ = 0, (6.1.15)

which, in turn, yields
AQk,ξ + BQk,η + CQk,ζ = 0, on ∆. (6.1.16)

Combining (6.1.13) and (6.1.16) proves the lemma.

We obtain the following expression for the local DG error.

Theorem 6.1.1. Let u ∈ [C∞ (Ω)]m and U ∈ [Pp]m, respectively, be the solutions of (6.1.1)
and (6.1.4), with

ε (0, ξ, η, ζ, h) = O
(
hp+2

)
,

ε− (τ, ξ, η, ζ, h) = O
(
hp+2

)
, 0 ≤ τ ≤ 1.

Then the local finite element error can be written as

ε (τ, ξ, η, ζ, h) =
∞∑

k=p+1

hkQk (τ, ξ, η, ζ) , (6.1.17)
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where
4∑
i=1

∫∫
Γi

M+
i Qp+1dσ = 0. (6.1.18)

Furthermore, the local error satisfies

4∑
i=1

∫∫
Γi

M+
i εdσ = O

(
hp+2

)
. (6.1.19)

Proof. The orthogonality condition (6.1.6) for the local error can be written for all V ∈ [Pp]m
and 0 < τ < 1 as

h

T

∫∫∫
∆

VT ετdξdηdζ =

∫∫∫
∆

(
VT
ξ A + VT

η B + VT
ζ C
)
εdξdηdζ

−
4∑
i=1

∫∫
Γi

(
VTM+

i ε+ VTM−
i ε
−) dσ. (6.1.20)

Following Adjerid and Weinhart [54], we define the orthogonal complement of P̄p in [L2 (∆)]
m

by

P̄ ⊥p =

{
W ∈

[
L2 (∆)

]m
:

∫∫∫
∆

VTWdξdηdζ= 0, ∀ V ∈ P̄p
}
. (6.1.21)

Since Pp is a subspace of [L2 (∆)]
m

, we can split ε by

ε = ε̄+ ε̄⊥, ε̄ ∈ P̄p, ε̄⊥ ∈ P̄⊥p . (6.1.22)

First, we will show that

ε̄ (τ, ξ, η, ζ, h) =O
(
hp+2

)
, (ξ, η, ζ) ∈ ∆, 0 ≤ τ ≤ 1. (6.1.23)

Since P̄p is a finite dimensional vector space and ε̄ ∈ P̄p, we have for (ξ, η, ζ) ∈ ∆, 0 ≤ τ ≤ 1,

ε̄τ (τ, ξ, η, h) = lim
ε−→0

ε̄ (τ + ε, ξ, η, ζ, h)− ε̄ (τ, ξ, η, ζ, h)

ε
∈ P̄p, (6.1.24)

ε̄ ⊥τ (τ, ξ, η, h) = lim
ε−→0

ε̄ ⊥ (τ + ε, ξ, η, ζ, h)− ε̄ ⊥ (τ, ξ, η, ζ, h)

ε
∈ P̄ ⊥p . (6.1.25)

By the definition of P̄p and the symmetry of A, B, C, Mi and M±
i , 1 ≤ i ≤ 4, (6.1.20)

yields
h

T

∫∫∫
∆

VT ε̄τdξdηdζ = 0, ∀ V ∈ P̄p, 0 ≤ τ ≤ 1. (6.1.26)

Thus ε̄τ ∈ P̄ ⊥p , which combined with (6.1.22) and (6.1.25) yields

ε̄τ = ετ − ε̄⊥ ∈ P̄ ⊥p , 0 ≤ τ ≤ 1. (6.1.27)
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Combining (6.1.24) and (6.1.27) we infer that

ε̄τ (τ, ξ, η, ζ, h) = 0, 0 ≤ τ ≤ 1. (6.1.28)

Consequently, we have

ε̄ (τ, ξ, η, ζ, h) = ε̄ (0, ξ, η, ζ, h) = O
(
hp+2

)
, 0 ≤ τ ≤ 1. (6.1.29)

In the remainder of the proof, we investigate the asymptotic behavior of ε̄⊥. We write the
Maclaurin series of ε with respect to the mesh parameter h as

ε (τ, ξ, η, ζ, h) =

p+1∑
k=0

Qk (τ, ξ, η, ζ)hk +O
(
hp+2

)
, (ξ, η, ζ) ∈ ∆, 0 ≤ τ ≤ 1, (6.1.30)

where

Qk (τ, ξ, η, ζ) =
dkε (τ, ξ, η, ζ)

dhk

∣∣∣∣
h=0

. (6.1.31)

We write the Maclaurin series of ε⊥ with respect to the mesh parameter h as

ε⊥ (τ, ξ, η, ζ, h) =
∞∑
k=0

Q̃k (τ, ξ, η, ζ)hk, Q̃k ∈ P̄ ⊥k , (ξ, η, ζ) ∈ ∆, 0 ≤ τ ≤ 1. (6.1.32)

Subtracting (6.1.31) from (6.1.32) and equating all terms having the same power h yields

Qk = Q̃k ∈ P̄ ⊥k , 0 ≤ k ≤ p+ 1, (6.1.33)

where we used (6.1.22) and (6.1.29).

Substituting (6.1.30) in (6.1.20) yields

p+1∑
k=0

hk
(
h

T

∫∫∫
∆

VTQk,τdξdηdζ −
∫∫∫

∆

(
VT
ξ AQk + VT

η BQk + VT
ζ CQk

)
dξdηdζ

+
4∑
i=1

∫∫
Γi

VTM+
i Qkdσ

)
= O

(
hp+2

)
, ∀ V ∈ [Pp]m , (6.1.34)

where we used the fact that the boundary conditions satisfy

ε− (τ, ξ, η, ζ) = O
(
hp+2

)
.

Now assume T = O (1) and set to zero all terms in (6.1.34) having the same power of h.
The O (1) term Q0 satisfies the orthogonality condition

4∑
i=1

∫∫
Γi

VTM+
i Q0dσ −

∫∫∫
∆

(
VT
ξ AQ0 + VT

η BQ0

)
dξdηdζ = 0, ∀ V ∈ [Pp]m . (6.1.35)
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By Lemma 6.1.1 Q0 ∈ P̄0 which combined with (6.1.33) shows that Q0 = 0 on ∆.
Assume that Qj = 0 for 0 ≤ j ≤ k − 1, where k ≤ p. Thus, the O

(
hk
)

term is written as

4∑
i=1

∫∫
Γi

VTM+
i Qkdσ −

∫∫∫
∆

(
VT
ξ AQk + VT

η BQk + VT
ζ CQk

)
dξdηdζ = 0, ∀ V ∈ [Pp]m .

(6.1.36)
By Lemma 6.1.1 Qk ∈ P̄k, which combined with (6.1.33) shows that Qk = 0 on ∆ for
0 ≤ k ≤ p.
The leading term Qp+1 satisfies

−
∫∫∫

∆

(
VT
ξ AQp+1 + VT

η BQp+1 + VT
ζ CQp+1

)
dξdηdζ

4∑
i=1

∫∫
Γi

VTM+
i Qp+1dσ = 0,∀ V ∈ [Pp]m . (6.1.37)

Let ej, j = 1, 2, . . . ,m be the canonical vectors in Rm and test against V = ej , j =
1, 2, . . . ,m yields (6.1.18). While (6.1.19) follows from (6.1.17) and (6.1.18).

6.2 A Posteriori Error Estimation

In this section we present an error estimation procedure by first constructing bases functions
for the leading term of the DG error and stating a weak problem on each element to compute
error estimates. In order to construct efficient and asymptotically exact a posteriori error
estimates for the leading term Qp+1 on each element, we assume that the behavior of the
local error holds on all elements, i.e., we write

(u−U)(t, x, y, z, h) ≈ E(τ, ξ, η, ζ, h) = Qp+1(τ, ξ, η, ζ)hp+1 =
n∑
k=1

ck (τ) Φk(ξ, η, ζ),

where Qp+1(τ, .) ∈ [Pp+1]m, ck (τ) ∈ Rm, n = dim (Pp+1) and

Φ = (Φ1,Φ2, ...,Φn)T = (φ0, φ1, . . . , φp+1)T ,

with
φl =

(
ϕ0

0,0, ϕ
1
0,0, ..., ϕ

0
0,l

)
.

The leading term E satisfies the following orthogonality conditions on the reference element

4∑
i=1

∫∫
Γi

VTM+
i Edσ−

∫∫∫
∆

(
VT
ξ A + VT

η B + VT
ζ C
)
Edξdηdζ = 0, ∀ V ∈ [Pp+1]m . (6.2.1)
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Testing against Vj=ejΦl, j = 1, 2, . . . ,m, l = 1, 2, . . . , ñ = dim (Pp) yields

4∑
i=1

∫∫
Γi

Φle
T
j M+

i Edσ −
∫∫∫

∆

(
Φl,ξe

T
j A + Φl,ηe

T
j B + Φl,ζe

T
j C
)
Edξdηdζ = 0. (6.2.2)

Next, we define the tensor product

K ⊗A =

 K11A · · · K1nA
...

. . .
...

Kñ1A · · · KñnA

 ,
for K ∈ Rñ×n and A ∈Rm×m.

Thus, if c̃ =
(
cT1 , c

T
2 , . . . , c

T
n

)T ∈ Rnm, the orthogonality condition (6.2.2) may be written in

a matrix form Ãc̃ = 0 where Ã ∈ R(ñ m)×(n m) and

Ã =

[(
4∑
i=1

Di ⊗M+
i

)
−
(
K1 ⊗A+K2 ⊗B+K3 ⊗C

)]
,

with

Di
lk =

∫∫
Γi

ΦlΦkdσ,

K1
lk =

∫∫∫
∆

Φl,ξΦkdξdηdζ,

K2
lk =

∫∫∫
∆

Φl,ζΦkdξdηdζ,

K3
lk =

∫∫∫
∆

Φl,ζΦkdξdηdζ.

We now define the finite element space

E =

{
n∑
k=1

c̃kΦk, c̃ ∈ N
(
Ã
)}

,

for the error and state the following lemma.

Lemma 6.2.1. The polynomial space E is isomorphic to the null space N
(
Ã
)

, and the

leading term Qp+1 may be written as

E = Qp+1h
p+1 =

n−ñ∑
i=1

diχi,

where χi =
n∑
k=1

c̃ikΦk, i = 1, 2, . . . , n− ñ, with {c̃1, c̃2, . . . , c̃n−ñ} being a basis of N (Ã).

Proof. The proof follows the same line of reasoning used in Lemma 3.3.1.
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6.3 Solution and Error Estimation Procedure

Integrating (6.1.4) by parts shows that the DG solution U on a physical element ∆ satisfies

+

∫∫∫
∆

VT (Ut + AUx + BUy + CUz) dxdydz

+
4∑
i=1

∫∫
Γi

VTM−
i

(
Ũ−U

)
dσ =

∫∫∫
∆

VT fdxdydz, ∀ V ∈ [Pp]m , (6.3.1)

where the numerical flux

Ũ =

{
u, if Γi ⊂ ∂Ω

U− + E− otherwise
,

for the modified DG method, subjected to initial boundary condition U(0, x, y, z) = uB(x, y, z).

Next, we write the DG solution as

U =
ñ∑
i=1

ci (t) Φi (ξ, η, ζ) ,

thus, the weak formulation (6.3.1) yields the ode system

ċ = F (c,E, t) .

Next, we select a time integration strategy. For example, using explicit Euler scheme we
write

cn+1 − cn

tn+1 − tn
= F (cn,En, tn) .

Alternatively, we may use TVB Runge-Kutta integration scheme [29].
The initial values c0 is obtained by solving the following problem using the DG method

A (u0)x + B (u0)y + C (u0)z = g (x, y, z) , (x, y, z) ∈ ∆ (6.3.2a)

M−u (0, x, y, z) = M−uB (0, x, y, z) , (x, y, z) ∈ ∂Ω, (6.3.2b)

and then computing the error estimation.

In order to estimate the finite element error e = u −U on ∆ we assume that the leading
term of e exhibits the same asymptotic behavior as the local error on ∆. Thus, the error e
on ∆ is approximated by

E (t, x, y, z) =
N∑
i=1

di(t)χi(ξ(x, y, z), η(x, y, z), ζ(x, y, z)), (6.3.3a)
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and satisfies the weak finite element problem

4∑
i=1

∫∫
Γi

VTM−
i

(
E− − E

)
dσ +

∫∫∫
∆

VT (AEx + BEy + CEz) dxdydz

=

∫∫∫
∆

VT rdxdydz −
4∑
i=1

∫∫
Γi

VTM−
i

(
U− −U

)
dσ, ∀ V ∈ E , (6.3.3b)

where r = (f − (Ut + AUx + BUy + CUz)) is the interior residual.

6.4 Conclusion

In this chapter we have extended the error analysis to first-order linear symmetric hyperbolic
systems of partial differential equations with smooth solutions. We performed a local error
analysis where we showed that the discretization error is O (hp+1) and its leading term
belongs to a smaller polynomial space.
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Chapter 7

Conclusions and Future Work

7.1 Contributions

Discontinuous Galerkin (DG) methods for solving partial differential equations, became pop-
ular among computational scientists because they provide an attractive approach to address
problems having discontinuities, such as those arising in hyperbolic conservation laws. In
the traditional finite element, the approximated solution is forced to be continuous across
element boundaries. However, the discontinuous Glerkin method allow to the DG solution to
be discontinuous across element boundaries, which leads to a simple communication pattern
between elements sharing a common face that makes them useful for parallel computation,
and simplifies h- and p-refinement techniques. However, for DG methods to be used in an
adaptive framework one needs a posteriori error estimates to guide adaptivity and stop the
refinement process.

In this dissertation we presented a simple and efficient a posteriori error estimation proce-
dure for a discontinuous finite element method applied to first-order hyperbolic problems
on structured and unstructured tetrahedral meshes. First we grouped elements of the mesh
into Class I, II and III, respectively, if it has one, two and three outflow faces. Moreover,
elements are said to be of Type 1, 2 and 3, respectively, the sets of elements having one,
two and three inflow faces. We presented a local error analysis on an arbitrary tetrahedron
by constructing a family of similar tetrahedra with size h and having the same center. This
family of tetrahedra is such that as h → 0 the limit is the common center. Assuming we
compute a p-degree DG approximation of a smooth solution, we expanded the local error as
a power series with respect to h and prove that the leading term of the DG error is a O(hp+1)
polynomial of degree p+1. We further observed that the leading term of the error satisfies
a DG orthogonality condition which simplifies the form of leading term of the error. For
instance, on a tetrahedron of Class I, the leading term may be written in terms of orthogonal
polynomials of degrees p and p+1 only. We further simplified the leading term and expressed
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it in terms of an optimal set of polynomials which are used to estimate the error. Similarly,
optimal error basis functions are derived on elements of Class II and III. Moreover, on the
outflow face of an arbitrary element of Class I the local error is O(h2p+2) on average. Nu-
merical computations showed that the implicit a posteriori error estimation procedure yields
accurate estimates for linear and nonlinear problems with smooth solutions. Furthermore,
we showed the performance of our error estimates on problems with discontinuous solutions.

We investigated the pointwise superconvergence properties of the DG method, using enriched
polynomial spaces. We have performed a numerical and theoretical study of the existence of
pointwise superconvergent results for DG methods. We have studied the effect of enriched
finite element spaces on the superconvergence properties of DG solutions on each class and
type of tetrahedral elements. Several superconvergence phenomena have been discovered.

We showed that using the space Lp the discretization error on tetrahedral elements of Class
I and Type 1 is O(hp+2) superconvergent on the outflow face. For the enriched space Up,
the discretization error on tetrahedral elements of Type 1 is O(hp+2) superconvergent on the
three edges of the inflow face, while on elements of Class I and Type 1 the DG solution
is O(hp+2) superconvergent on the outflow face in addition to the three edges of the inflow
face. Furthermore, we showed that, on tetrahedral elements of Type 2, the DG solution is
O(hp+2) superconvergent on the edge shared by two of the inflow faces. On elements of
Class I and Type 2 and on elements of Type 3, the DG solution is O(hp+2) superconvergent
on two edges of the inflow faces. Moreover, we showed that using the enriched space Mp

we obtain a simpler a posteriori error estimation procedure. The superconvergence results
on each elements are tested on several linear problems and tetrahedral meshes for smooth
solutions.

Finally, we extended our error analysis to the discontinuous Galerkin method applied to
linear three-dimensional hyperbolic systems of conservation laws with smooth solutions. We
performed a local error analysis by writing the local error as a series and showing that its
leading term is O (hp+1). We further simplify the leading term and express it in terms of an
optimal set of polynomials which can be used to estimate the error.

7.2 Future Work

In fact, in this work we did not prove the asymptotic exactness of our global a posteriori error
estimates and global pointwise superconvergence for the discretization error. However, the
numerical results suggest that global a posteriori error estimates are asymptotically exact,
and the pointwise superconvergence are globally maintained for smooth solutions. Thus, a
main point of research in the near future will be to establish global superconvergence and a
global error analysis.

Time-dependent problem play an important role in applied mathematics and many other
areas of science. We plan to extend our error analysis to time-dependent problems governed
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by hyperbolic equations and provide numerical study to show the effectiveness of the error
estimate and to validate the theory.

Furthermore, we plan to develop an hp-adaptive framework of the modified DG method ap-
plied to hyperbolic systems and provide numerical computation to test our a posteriori error
estimates on general unstructured tetrahedral meshes for both smooth and discontinuous
solutions. We extend the error analysis to nonlinear hyperbolic systems and study effect of
several numerical fluxes such as LaxFriedrichs, Godunov and Roe fluxes.

We note that our error analysis does not apply near discontinuities and we are not able to
construct asymptotically correct error estimates for discontinuous solutions except in special
cases. We expect to obtain more accurate estimates by investigating the impact of the
strategies of essentially nonoscillatory (ENO) and weighted ENO (WENO) limiters on our
error estimator.
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