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(ABSTRACT) 

Partial group delay is a spectral parameter, which meas-

ures the time lag between two time series in a system after 

the spurious effects of the other series in the system have 

been e:liminated. 

For weakly-stationary processes, estimators for partial 

group delay are proposed based on indirect and direct ap-

pro aches. Conditions for weak consistency and asymptotic 

normality of the proposed estimators are obtained. Applica-

tions to a multiple test of partial group delay are investi-

gated. 

The time lag interpretation of partial group delay is 

justified, which provides insight into the nature of linear 

relationships among weakly-stationary processes. 

Extensions are made to group delay estimation and partial 

group delay estimation for non-stationary "oscillatory" 

processes. 
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1.0 INTRODUCTION 

The group delay at frequency A between two univariate time 

series represents the time lag between the harmonic component 

at that frequency of the first series behind the correspond-

ing harmonic component of the second series. Three examples 

follow. 

Think of a furnace where a time series of fuel input ob-

servations is a "leading indicator" of the time series of 

furnace temperature readings. The group delay between these 

series measures the time lag between changes in the input 

series and corresponding changes in the temperature output 

series. 

Two univariate series correspond to two spatially sepa-

rated recorders. Each recorder receives a signal plus noise 

which is independent of the signal. The noises between the 

two recorders are also independent. The speed of propagation 

of the signal might be frequency dependent, as in a wave 

transmitted through a dispersive medium. Then the group de-

lay between these two series will measure the lag at a cer-

tain frequency, in the receipt of the signal at the second 

site as compared to its reception at the first (see Hannan 

and Thomson (1973)) 

The simplest case of group delay arises when 

x 1 (t)=z(t)+u(t) and x 2 (t)=z(t+-r)+v(t), where u(t) and v(t) 
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are mutually independent noise components. In this case the 

group delay identically equals T. ~hus it seems that group 

delay is physically meaningful, since it has the direct in-

terpretation as a time lag parameter. 

The estimation of group delay is treated in Akaike and 

Yamanouchi (1963), Cleveland and Parzen (1975) and in Hannan 

and Thomson (1971, 1973). Foutz (1980) extended the procedure 

of Hannan and Thomson (1973) to the case of two multiple time 

series. 

Deaton ( 1979) extended the concept of group delay to 

multivariate time series by defining the partial group delay 

between two series within a system of three or more time se-

ries. For example, an economic system might be monitored by 

an interest rate time series, a time series of stock prices, 

a series of unemployment rates, ... etc. Partial group delay 

measures the time lag between two of the series in the system 

after the spurious effects of the other series in the system 

have been eliminated. Thus, if an apparent time lag between 

two series is due solely to a strong relationship between 

each of the two series to a third series in the system, then 

the partial group delay will be zero. 

No statistical estimators for partial group delay are 

available in the literature. The aim of this research is to 

develop procedures for estimating partial group delay. 

Chapter 2 introduces concepts from spectral analysis. The 

mathematical definitions of group delay and partial group 
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delay are given. Important results from the literature are 

described for use in later chapters. 

Chapter 3 suggests an "indirect approach" for estimating 

partial group delay. Weak consistency and asymptotic 

normality are obtained in this case. As an application, mul-

tiple tests for partial group delay are considered. For this, 

the asymptotic covariance matrix for a vector of partial 

group delay estimators is derived. 

Chapter 4 introduces a "direct approach" for estimating 

partial group delay. Limiting properties of the direct ap-

proach, such as weak consistency and asymptotic distribution, 

are obtained. 

Chapter 5 gives a numerical example to illustrate the es-

timation procedure. 

Chapter 6 considers partial group delay and time lag re-

lationships among multiple time series. Extensions of the 

result of Deaton and Foutz (1980) to a multiple time series 

are obtained. 

Chapter 7 considers extensions of the concepts of group 

delay and partial group delay to non-stationary processes. 

Chapter 8 gives a brief summary. 
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2.0 PRELIMINARIES 

2.1 INTRODUCTION TO SPECTRAL ANALYSIS 

A stochastic process X={x(t); teT} is said to be weakly 

stationary if 

(1) E[x(t)]=µ for all teT (assume throughout that µ=0), 

(2) E[x(t+s) x(t)]=R(s) for all teT, t+seT 

(3) Var[x(t)]=R(O)<~. 

Similarly, a multivariate process X={[x1 (t) ... xp(t)]' b:T} 

is said to be weakly· stationary if (1)--(3) hold for each 

component xi and 

(4) E[x.(t+s) x.(s)]=R .. (s) for all i,j=l, ... p 1 J 1J 
for all t,t+seT. 

If the index set T is countable, the process is called a 

discrete process. When discussing discrete parameter proc-

esses, T is taken to be the set of integers. If T is un-

countable, the process is called a continuous parameter 

process, and T is taken to be the real line R. In this re-

search, we will assume that all processes are continuous time 
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processes but observations on all processes are made at 

t=l, ... ,N. 

If X is a p-dimensional zero-mean stationary process, then 

X has a spectral representation of the form (Rozanov, 1967 

p. 18): 

for all tg(-oo, oo). (2.1.1) 

The process Z (A) is a p-dimensional process with orthogonal x 
increments and is called the random spectral measure of the 

processes X. 

The above representation affords a decomposition of X into 

frequency components. The component of X for frequency A in 

a band A is 

* Let Z (A) be the conjugate x 
ZxP,)=[Z 1 (A), ... Zp(A)]' given in (2.1.2). 

matrix by 

It can be shown that 

oo i As E[x.(t+s) xk(t)]=J e- dF.k(A) J -oo J 

PRELIMINARIES 

(2.1.2) 

transpose of 

Define the pXp 

j,k=l, ... p, 

j J k=l, • • • p I 

s 



(see Koopmans, 1974, p.43). 

The matrix F(A) is called the spectral distribution matrix 

of X. If each element in F(A) is absolutely continuous with 

respect to the Lebesgue measure on R, then the Radon-Nikodym 

derivative of F with respect to the Lebesgue measure is a 

matrix function f (A) which is called the spectral density 

matrix of X. Write f(A )=[ f .. (A)]. We call f .. (A) the auto-
1J 11 

spectral density or spectral density of x .. Sometimes we de-
1 

note it by f.(A). We call f .. (A) the cross-spectral density 
1 1J 

of x. and x. when i#j. 
1 J 

An important cross-spectral parameter is the group delay 

parameter. To define this parameter, for simplicity, we as-

sume p=2. The function £12 (A)/[ f 11 (A) f 22 (A) J 112 is written 

in polar form as follows 

f ( ')/f& (') f22<')ll/2=rl(')ei8(\) 12 " ..... 11 " " v " 
(2.1.3) 

We call o(A) the coherence spectrum between x 1 and x 2 and 

8(A) the phase spectrum between x 1 and x 2 . 

Under the assumption that 8 (A.) is differentiable the 

group delay, denoted by t(A.), is defined to be the phase de-

rivative. That is t(>..) =d8(A)/dA.. 

If e (A )=tA., for all A. and g(A) is a constant for all >.., 

then it is known that (see Deaton, 1979, p.43) 
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where <: (t) is orthogonal to the li.near space spanned by 

{x(t)}. Thus for this special case, •is the time lag of x 1 (t) 

behind x2 ( t). 

2.2 LINEAR FILTERS AND MULTIVARIATE CORRELATION ANALYSIS 

2.2. 1 LINEAR FILTERS 

A linear filter is a time-invariant linear transform. It 

transforms time series into new time series where the term 

"time series 11 can be interpreted in the broadest sense as 

meaning any numerical function of time whether continuous or 

discrete, random or nonrandom. A linear filter can be de-

fined in the following way: A linear filter L transforms a 

time series {x(t)}, the input, into an output time series 

{y(t)}, 

{y(t)}=L({x(t)}), 

where the transform L has the following properties: 

(1) scale preservation: 

L(a{x(t)})=aL({x(t)}) for any complex constant a 

(2) the superposition principle: 
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L({x(t)}+{y(t)})=L({x(t)})+L({y(t)}); 

(3) time invariance: If L({x(t)})={y(t)}, then 

L({x(t+h)})={y(t+h)} 

for every number h, where {x(t+h)} and {y(t+h)} are 

the time series whose values at time t are x(t+h) 

and y(t+h), i.e., the time series obtained from {x(t)} 

and {y(t)} by shifting the time origin by.the amount h. 

From Koopmans (1974) p.82-83, we know that each linear 
i\t ").t filter L transforms e back into e 1 multiplied by a fac-

tor B (A) , i.e. , 

B(A) is called the transfer function of the filter. 

For weakly-stationary stochastic process {x(t)} the spec-

tral representation (2.1.1) yields 

i).t x ( t) =! e dZ (A ) . 

Then from Koopmans (1974) p.86, 
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and 

i \. t y(t)=L(x(t))=fe B(\.)dZ(\.) 

dF ( \. ) = I B ( A ) i 2 dF ( \. ) I y x 

(2.2.1.1) 

(2.2.1.2) 

where F (\.) and F (\.) are the spec~ral distribution function y x 
of {y(t)} and {x(t)}. (see Koopmans, 1974, p.86) 

Thus for the spectral density function we have 

f (\.)=JB(A)i 2 £ (\.). yy xx (2.2.1.3) 

Further if x 1 (t) and x2 (t) are independently passed 

through linear filters with transfer func~ion B1 (\.) and 

B2 (\.), and if y1 (t) and y2 (t) are the outputs, then for the 

cross-spectral densities we have 

(2.2.1.4) 

(see Koopmans, 1974, p.138), 

We use "c" to denote the complex conjugate throughout the 

whole thesis. 

If we write fxy(\.)/fxx(\.) in polar form, i.e., 

f (\.)/£ (~)=g(\.)eiB(\.), 
xy xx 

then g(\.) is called the gain function of the filter. 
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2.2.2 MULTIVARIATE CORRELATION ANALYSIS 

If X(t) is a multivariate weakly-stationary process with 

p>2 components, then it is often important to account for the 

interaction among several of the components when the associ-

ation between two of the components is to be assessed. 

Here we account for the influence of components x ( t), 
ml 

x ( t) , ... , x ( t) on x . ( t) by constructing the linear func-
m2 mq J 

tion of these series which best approximates x. (t). That is 
J 

if 

y.(t)=l(x (t), ... ,x (t)) 
J m1 mq 

(2.2.2.1) 

is a multivariate linear filter with q inputs and one output, 

then the filter which best approximates xj(t) is one which 

minimizes 

2 E[xj(t)-yj(t)] . (2.2.2.2) 

Let x~ (t) be the output of the minimizing filter where J .m 
Then (see Koopmans, 1974, p.153) the 

partial coherence is the coefficient of coherence of the 

residual processes xj(t)-xj.m(t) and xk(t)-x;.m(t). 

Using the spectral representation (2.1.1) 

r=l, • • • I q • 
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From Koopmans, 1974, p.130), we can write 

(2.2.2.3) 

where B. ( \) is the transfer function of the linear filter 
JI r 

from x (t) to y. (t). 
mr J 

Then for the spectral measure of y.(t), 
J 

where the lXq vector B.(\)=[B. (\)] is the transfer function 
J Jr 

of L. Thus (2.2.2.2) can be written as 

E[x.(t)-y.(t)J 2 
J J 

=iEJdZ=-:(\)-l:q 1B. (\)dZx (\)J 2 . 
J r= Jr m r 

(2.2.2.4) 

Thus, the minimum of this expression occurs at the transfer 

function B~(l) which determines the projection of az=-:(\) 
J J 

x x on the linear subspace generated by dZ (\), ... ,dZ (\)for 
m1 mq 

each \. By minimizing ( 2. 2. 2. 2), we obtain (see Koopmans, 

1974, p.154) 

(2.2.2.5) 
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s=l, ... ,q x where f (\) is the cross-spectral density of mm r s 
x and x and f~ (\) is the cross-spectral density of xJ. 

mr ms Jms 
and xrn 

s 
We can write (2.2.2.5) in vector form 

(2.2.2.6) 

x x where fm(A) and fjm(A) are the qXq matrix and lXq vector 

of spectral densities indicated in (2.2.2.5). Thus when the 

inverse exists 

(2.2.2.7) 

Based on (2.2.2.6) (see Koopmans, 1974, P.154-155) we can 

derive 

where 

x~ (t) J .m 
x 

fjm(A). 

f~.., . ( A ) = f~ ( A ) fx ( A ) - l f ~ ( A ) * 
J,J.m Jm m Jm ' (2.2.2.8) 

x-. 
f .. (A) is ] /] • m 

and f~ (\)* 
]ID 

the spectral density function of 

is the complex conjugate transpose of 

Further if we denote by ff.! k (A) the cross-spectral ] / • m 

density of the residual process x. ( t) -x ~ ( t), and xk( t) -J J .m .., 
xk.m(t), we obtain 

f U ( , ) _x ( . ) fx. ( , ) - 1 fx ( , ) * . · k A =r.k A - A 1 A J, . m J Jm Km (2.2.2.9) 
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We also call £1! k (\) the partial cross-spectral density 
J / • ffi 

between x. ( t) 
J 

x (t), ... ,x (t). m2 mq 

and 

The 

adjusted for X ( t) / 
ml 

(p-q)X(p-q) matrix f~(A.) with ele-

men ts given by ( 2. 2. 2. 8) as j and k range over the indices 

1,2, ... ,p is called the residual 

spectral matrix. 

2.3 CUMULANT AND CUMULANT SPECTRUM 

Consider for the present a r-dimensional random vector 

(y1 , ... ,yr) with Ejyj Ir<~ where yj is real, for j=l, ... ,r. 

The rth order joint cumulant, Cum(y1 , ... ,yr) of 

(y1 , ... ,yr) is defined as 

Cum(y1 , ... ,y )=E(-l)p-l(p-l)!E(II. y.) .... E(II. y.) 
r JEVl J JEVp J 

where the summation extends over all partitions 

( v 1 I • • • I \) p ) I p= l , . . . r I 0 f ( l , . . . I r ) . 

Now given the r vector valued time series X(t), t=0,±1, ... 

with components 

Elx.(t) lk<~, define 
J 

x.(t), 
J 

j=l, ... ,r and E [ x . ( t) ] 
J 

c . . ( t l ' . . . I tk ) =Cum ( x . ( t 1 ) I .. • I x . ( tk) ) 
J1· .. Jk J1 Jk 

=C ( tl I ••• I tk) 
xjl ... xjk 
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Such a function is called a joint curnulant function of order 

k of the series t=0,±1, .... 

Suppose that the series x(t), t=0,±1, ... is stationary and 

that its span of dependence is small enough that 

l: IC . . ( u 1 , ... , Uk- l) I <00 , J1, ... ,Jk 

where the summation is over all u 1 , ... ,uk. Then the kth order 

cumulant spectrum 

f. . P. 1 , ... Ak_ 1 P:f p. 1 , ... , Ak-l) is defined by 
J1, · ·. ,Jk xjl'xjk 

C . . ( u 1 , ... , uk- l) J11•••1]k 
1T 1T . k-1 =J .. . J exp{ ii: ._1 A.µ. }f. . p. 1 , ... , Ak 1 )dA 1 ... d;\.k 1 . 
-1T -1T ]- J J J1· .. Jk - -

2.4 RES UL TS FROM THE LITERATURE 

2.4. 1 

Deaton and Foutz ( 1980) showed that whenever the phase 

9(\) in (2.1.3) is not linear or the gain g(A) in (2.1.4) is 

not constant for all A, the group delay can still be thought 

of as the lead time of the frequency components of x 1 over 

those of x2 . Let A be the frequency band, d(A) the length 

of the interval A, and let ~x~ be the standard deviation of 

the random variable x. Then the following theorem holds. 
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THEOREM 2.4. 1. 1 (Deaton and Foutz, 1980) 

Let X={(x1 (t),x2 (t)}; -~<t<~} be a bivariate weakly-

stationary stochastic process with mean zero, having abso-

lutely continuous spectrum, and spectral densities f 11 (A), 

that are nonzero and boundedly 

differentiable in a frequency band A containing the frequency 

}1. 0 . Then with t(A) the group delay of x 1 behind x2 , and with 

a(A)=exp[iAt(A)]f12 (A)/f22 (A), there exist zero-mean weakly-

stationary stochastic processes tA and OA that give a pres-

entation of the frequency component x 1A as 

(2.4.1.1) 

where the process £A is uncorrelated with each of the proc-

esses x2A and O A. When A is a narrow frequency band with band 

length d( A), and for a (A) the coherence between x 1 and x2 , 

the relative importance of the terms in (2.4.1.1) is indi-

cated by the limits 

limd(A)~o~OA(t)~/~xlA(t)~=O; 

limd(A)~o~a(\ 0 )x2 A(t-t(\ 0 ))~/~x1A(t)~=o{A 0 ); 

limd(A)~o~EA(t)~/~xlA(t)~ ={l-02(\0)}1;2_ 

(2.4.1.2) 

(2.4.1.3) 

(2.4.1.4) 

In the proof of the theorem, OA(t) is defined as 

OA(t)=I 1 (t)+I 2 (t), where, 
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I 1 (t)=/Aa(\ 0 )exp{i\[t-t(A 0 )]} 

** [exp{-i(t(\ )-t(A 0 )(A-\ 0 )}-l]dz2 (\), 

I 2 (t)=/A(dlg(\) l/dAl\*)(\-\ 0 ) 

exp[-i{9(\ 0 )-\ 0 •(\ 0 )+\t(\ 0 ) 

** +(t(\ )-r(\ 0 )(\-\ 0 )-\t}]dz2 (t), 

(2.4.1.5) 

(2.4.1.6) 

* ** where \ is an interior point of A and with \ and \ each 

Here we notice that if r(\) and g(\) are constants in A, 

From that proof, we also know 

2.4.2 

E[x1A(t)J 2=0(d(A)) 

E[OA(t)J 2 =0[d(A) 3 ]. 

(2.4.1.7) 

(2.4.1.8) 

The results of Hannan and Robinson (1973) are applied in 

Chapter 3 to establish the indirect approach to estimating 

partial group delay. These results treat the model 

y(t)=a +~ z(t-9 )+x(t) 
0 0 0 

-=<t<~, 

where x(t) and z(t) are uncorrelated stationary processes, 

x(t) having zero mean and z(t) having mean µz. 
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The aim of that paper is to estimate a I a and the lead 
0 0 

or lag a on the basis of observations on y(t), z(t) made at 
0 

the points t=l,2, ... ,N. 

The procedure is to estimate 13 0 , 80 by minimizing 

QN( a, a) 

-1 2 =N I. I I w ( s) - a exp ( i aw ) w ( s) I ¢ ( w ) • y s z s (2.4.2.1) 

Here the function 9(A) will be defined in Conditions A later 

and the summation is over s such that ws=2ns/NEB(which will 

also be defined later) but excluding w0 , and wy, wz are fi-

nite Fourier transform of y and z, i.e. 

-1/2 N inw wy(s)=(2nN) r 1y(n)e s 

( ) ( 2 N) -l/2_N ( ) inw wz s = TI i 1z n e s. 

We denote the estimators by 13# and a*. 
The lirni ting properties of the estimators in Hannan and 

Robinson (1973) are summarized in the following theorems. 

To begin with, we state three sets of conditions. 

(I) conditions A 

(1) x(t) and z(t) are uncorrelated stationary process-

es; x(t) has zero mean; and z(t) has mean µz. 

(2) The spectral densities off (A) and f (A) are x z 
continuous. 

(3) The set B lies wholly within the set 
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{\I l\l<~-o}, made up of a finite number of 

disjoint interval and symmetric about A • 
0 

(4) a is restricted by IS !~a, 
0 0 

O<a<co. 

(5) the function ¢(\) is even, positive and continuous. 

( 11) condition (*) 

( 111) conditions B 

1) x(t) satisfies a strong mixing condition 

(Rozanov, 1967, p.80, formula (9.6)). 

A stationary process X satisfies the 

strong mixing condition if 

a(t)=supAcUt B Uco IP(AB)-P(A)P(B) !~O, 
v - .. ' E: t+t 

as t~co. Here U~ denotes the a-algebra of w sets 
v generated by the variables xj(t) u~t~v, i.e., Uu is 

the algebra generated by sets of the form 

where u~tk~v for k=l, ... N, r 1 , ... rN are intervals 

in R1 . This condition means that, in the course 
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of time, events concerning the "future" of the process 

become almost independent of events in the past. 

2) If C (p,q,r) is the fourth cumulant between x(m), x 
x(m+p), x(m+q), x(m+r), then 

L l: l: IC (p,q,r)l< 00 • p q r x 

3) z(t) has finite fourth cumulants and the fourth 

cumulant between z(t1 ), z(t2 ), z(t3 ), z(t4 ), namely 

Cz(t2-t1 , t 3 -t1 , t 4-t1 ), satisfies 

Cz(t2-tl,t3-tl,t4-tl) 

=!!!!EA .=O exp{il:tjAj}f(A 1 ,A 2 ,A 3 ,A 4 )TijdAj' 
J 

where f is continuous on the plane l: .A .=O. 
J J 

4) 8 is an interior point of the set of points ISl~a. 
0 

THEOREM 2.4.2.1. (Hannan and Robinson, 1973) 

Let conditions A and ( *) be satisfied, and let x( t) and 

z(t) be ergodic. Then 8 # and ~ :jj: converge almost surely to 

8 0 and ~ 0 . 

THEOREM 2.4.2.2. (Hannan and Robinson, 1973) 
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Let conditions A, B, and (*) be satisfied, then 

Nl/2 ( a# - e ) and N1/ 2 ( Q #_ Q ) t t . 11 . d d t 0 "' "' 0 are asymp o ica y in epen en 

and each is asymptotically normally distributed. 

2.4.3 

Hannan and Thomson (1973) propose an estimation procedure 

of the group delay between processes {x(t)} and {y(t)}. The 

finite Fourier transform of x.(n) for n=l, ... ,N and j=l,2 is 
J 

wj(s)=(21TN) 112 t~=lxj(n)einws (ws=21Ts/N, O<s$[N/2]) 

We define 

(2.4.3.1) 

t 0 is the summation over a band 

of frequencies w =21Ts/N such that s 

Here we have 2rnM=N, so that B contains m fundemantal fre-

quencies ws. 

We state the following conditions. 

(I) conditions C 

1) {xj(t)} are ergodic stationary processes for j=l,2 

and are purely nondeterministic in the sense that 

they contain no component that is perfectly 

predictable, linearly or nonlinearly. 
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2) {x.(t)} (j=l,2) have zero means and finite variances 
J 

and have absolutely continuous spectra with boundedly 

differentable spectral densities. 

3) The phase 9(A) is twice boundedly differentiable and 

the coherence a(A) is positive. 

( 11) conditions D 

l} x.(t) (j=l,2) have finite fourth moments. 
J 

2) Let Cijkl{m,n,p,q) be the fourth cumulant 

between xi(m), xj(n}, xk(p) and x 1 {q} (i,j,k,1=1,2} 

then assume Cijkl is a Fourier transform, namely, 

cijkl(m,n,p,q) 

=JJJJEA.=Oexp{i(mA 1+nA 2 +p\ 3+qA 4 } fijkl(A 1 ,A 2 ,A 3 ,A 4 )IldAj. 
J 

Here IAjl~~ (i=l, ... ,4), and f is a boundedly 

differentable function on the plane EAj=O. 

This is basically a condition on the rate at which 

dependence falls off as the lag increases. 

3) Let mn be the subfield generated by xj(m} 

(m~n; j=l,2), and let m be the intersection of -... 
all m . Let H =H(m ) be the Hilbert space n n n 
of random variables measurable with respect to 

m and of finite mean square. Consider n 

(j,k=l,2; p=0,1, ... ,s). 
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If we arrange this as a vector of 4s+3 components, 

Y(n), then Y(n) is stationary with finite 

covariances and with mean vectors, 6, having 

components rjk(p). Let U (n) be the vector of r 

projections of the components of Y(n) on the 

orthogonal complement of H in H . n-r n 
We require, following Gordin (1969), that 

inf limsupN ijEN 1 {Y(n)-l-U (n)}ij 2=o, r ~~ n= r 

where by IXl 2 we mean E(x*x). 

This condition is also a condition on the rate at 

which dependence falls off and is not independent 

of the condition on the fourth order cumulant in 2). 

of Conditions D. 

Let t # be the value of t maximizing q# ( t )=Ip# ( t) 1 2 . For 

this estimate, the following results in Hannan and Thomson 

(1973) will be applied in this research later. 

LEMMA 2.4.3. l (Hannan and Thomson, 1973,) 
+1-

The convergence of [ptr(t)-(M/TI)p(t) 1~0 when N~~ and hold-

ing M fixed, is almost sure and uniform for all t, where 

p#(t) is defined in (2.4.3.1) and 

(2.4.3.2) 
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LEMMA 2.4.3.2. (Hannan and Thomson, 1973) 

If tM(N) (M=l,2, ... ;N=l,2, ... ) is a family of random var-

iables satisfying almost surely, and 

lim... tM=t, almost surely, then there is a sequence M(N) in-
1v.i~oo 

creasing monotonically with N so that almost surely 

THEOREM 2.4.3.3. (Hannan and Thomson, 1973) 

Under the conditions C, there is a sequence M(N) increas-

ing with N such that T# converges almost surely to c 0 . 

The main point of that proof is as follows: 

Let TM be the value of T maximizing 2 Ip ( L) I for fixed M, 

it is shown that when M~oo, then tM~1 0 . Then by Lemma 2.4.3.l 

and Lemma 2.4.3.2 T#~T . 
() 

THEOREM 2.4.3.4. (Hannan and Thomson, 1973) 

Under the conditions of Theorem 2.4.3.3 and conditions D, 

there is a sequence M(N) increasing with N, such that 

"T-1 3 /2 ( # _ ) 
L' m t TM is asymptotically normally distributed with 

mean zero and variance 3{1-o 2 (A 0 )}/{2Tio 2 (A 0 )}, where TM is 

the value of t maximizing IP(T) 1 2 for fixed M. 

The main steps of that proof are as follows: 

1) When N is big enough and M is fixed, 
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Nl/2q# I ( i:M) 
1/? # # 1 I 0 =-N -(i: -i:M)q (i: ) 

=2(M/ir}2Nl/2Re{p#' (i:M)p(i:M)c+?' (rM)p#(i:M)c}, 

#' where q' (i:) is the derivative 

and Ji: 0 -i:MJ~(•#-i:M). 

From Lemma 2.4.3.1 when Mis fixed 

# 1 I 0 2 q' (i: )~(M/ir) q' 1 (i: ) when N~oo. M 

2) Define 

¢(A)=(M/ir) 21Bi(6-A)eirM(S-A)f12 (S}cd9 

for AEB, and let ¢(A) be zero on the complement 

of B in [O, ir] and let ¢(-A)=¢(A), then 

3) Nl/2q#' {i:M) 

=N1/2 1~1T¢(A)[I 12 (\)-E{I 12 (A)}]dA. 

2irl:ir{j¢(A)j 2 f 1 (A)f2 (A)+¢ 2 (A)f~2 (A)}dA 
+2irJJ:ir¢(A)~(µ)cfl2 l2 (-A,A,µ,-µ)dAdµ. 
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The derivation of the above formula does not depend 

on any special properties of ¢(A) other than 

piecewise continuity. On B, 

* 4) Let ¢ (A)=¢(A) on the support of ¢{\), but it 

differs from it on a set of measure e and is continuous 

* and periodic. Let ¢ (A) be the Cesaro sum to s terms s 
* of the Fourier series of¢ (\), i.e., 

* s * -iuA ¢ (A)=L _ (l-lul/s)¢ (\)e . s u--s 

* * Chooses so that supl¢ (A)-¢ (\) l<e. s 

5) Keeping M fixed, then 

* where o(u) is the uth Fourier coefficient of¢ (A) and 

-1 N-u c 12 (u)=N Ln=lx1 (n)x2 (n+u)=c21 (-u). 

r 12 (u)=E[c12 (u)]. 
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Now the central limit theorem holds if it holds for 

the vector of quantities N112 rc12 (u)-t 12 (u)]; 

the central limit theorem holds for this vector by an 

obvious vector generalization of Theorem 1 of 

Gordin (1969). Then as 

is a linear combination of the components of the vector 

the asymptotic normality of N112q#' (tM) nolds. 

6) By using Lemma 2.4.3.2, the asymptotic normality of 

(m/N) 3/ 2N1/ 2 (1#-1 ) is obtained. 
M 

7) For the fixed M, the asymptotic variance of 
-1 3/2 # N m (t -tM) can be obtained based on 

the limit result of 1) and 3) as follows: 

(2M)-3 { (M/'IT )2q' I { tM)} -221T [!~'Tr {I¢ p.) 12 

f 1 (A)f2 {A)+¢(A) 2 f 12 (A) 2 }dA 
'IT c +JJ_'IT¢(A)¢(µ) f1212(-A,A,µ,-µ)dAdµ]. 

It is evident that 
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converges to zero as M increases, since the integrand 

is bounded and zero except on a set whose area is 

O(M- 2 ). We consider next 

On B 

Since the fj(A) (j=l,2) are boundedly differentiable 

we may replace them in the integral by fj(A). 

Evaluating the integral, we obtain 

limM4•4~MJ~~l¢(A)j 2 f 1 (A)f2 (A)dA 
=(2/3)~2 1f12 (A 0 )i 2 f1 (A 0 )f2 (X 0 ). 

In the same way 

limM4•4~MJ~~¢(A) 2 f12 (A) 2dA 
=(-2/3)~ 2 if12 (A 0 )1 4 , 

li~4.(4M4/~2)q' '<~M)=(2~2/3)lf12<Ao)l2. 

Using these formulae we obtain the variance stated 

in the theorem. 

Hannan and Thomson ( 1973) also consider the problem of 

wide band estimation. That is the case where the group delay 

is constant over a band B. The band shall now be held fixed 
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when N-+oo. In that case the weighting of individual frequen-

cies is considered. Instead of p#(t) and p(t) in (2.4.3.1) 

and (2.4.3.2) we have 

# -itw p$(t)=(l/N)l. 0 I 12 (s)$(ws)e s, 

and 

Here $ is an even real function. Choose t# so as to maximize 

IP$(t)! 2 , then the following theorems are established. 

THEOREM 2.4.3.5. (Hannan and Thomson, 1973) 

If a (). ) = 't: 0 ). EB, and Ip: ( t ) J 2 has a unique maximum at 

t=i: then under condition C, t#-+t almost surely. o' o 

THEOREM 2.4.3.6. (Foutz, 1980) 

If the conditions of Theorem 2.4.3.3 and conditions D are 

satisfied and 

is an even function of ). and µ, 

asymptotically normally distributed with zero mean as N in-

creases. The variance of the limiting distribution is bounded 

by 
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where ~(A)=-(l/2~)$(A)exp[-i1 A]p. (• ). 
0 tp c 

2.4.4 

In chapters 3 and 4, we apply the following results from 

Brillinger (1975) 

THEOREM 2.4.4.1 (Brillinger, 1975) 

Suppose F.(y1 , ... ,y ;z1 , ... ,z ) j=l, ... ,mare holomorphic 
J m n 

functions of m+n variables in a neighborhood of 
rn+n (u1 , ... ,u ;v1 , ... ,v )EC , the m+n dimensional complex m n 

space. I f F j ( u 1 , . . . , um; v 1 , . . . , v n) =O j = l , . . . , rn, 

determinant of the Jacobian matrix 

a ( y 1 , ... , y ) m 

while the 

is nonzero at (u1 , ... ,urn;v1 , ... ,vn) then the equations 

F.(y1 , ... ,y ;z1 , ... ,z )=O j=l, ... ,m have a unique solution 
J m n 

yj=yj(z 1 , ... ,zn) j=l, ... ,rn which is holornorphic in a neigh-

borhood of (v1 , ... ,vn). 

ASSUMPTION 2.4.4.2 (Brillinger, 1975, assumption 2.6.1 and (4.3.10)) 
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x(t) is a strictly stationary r vector-valued series with 

components xj(t), j=l, ... ,r all of whose moments exist, and 

satisfy 

L00 
_ [l+lu.IJ IC (u1 , ... uk_ 1 )1< 00 

ul, ... ,uk-1--oo J al, ... ,ak 

for a 1 , ... ak=l, ... ,rand k=2,3 .... and j=l, ... ,k-1. 

THEOREM 2.4.4.3. (Brillinger, 1975) 

(N) -Let Y ,N-1,2, ... be a sequence of r-dirnensional vectors, 

with complex components, and such that all cumulants of the 
. [ (N) (N)c (N) (N)c] . , variate Y1 ,Y1 , ... ,Yr ,Yr exist and tena to the 

-corresnonding cumulants of a variate [Y1 ,Yc1 , ... ,Y ,Ye] that ,_ r r 

is determined by its·moments. Then y(N) tends in distribution 

to a variate having components Y1 , ... ,Yr. 

THEOREM 2.4.4.4 (Brillinger, 1975, Theorem 4.3.2 and (4.3.15) p.93) 

Let x(t), t=0,±1, ... be a stationary r vector-valued se-

ries satisfying the condition 

t ... L [ 1 +I u. I ] c ( ul ... Uk 1) I <00 j =l, ... I k-1 
ul uk-1 J al ... ak -

where 

C (ul ... uk-1) al ... ak 
=Cum{x (t+u1 ), ... ,x (t+uk 1 ),x (t)}. a 1 ak_ 1 - a, 

- - K 
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Then 

Cum ( w ( ). 1 ) , . . . , w (A ) } 
al ak 

=(21T)(k/2-l)N-k/2A(N)(Ekl). .)f ().l' ... ,).k-l)+O(N-k/2), 
J a., ... a, 

.L ,-{ 

where w ( >.. ) is the finite Fourier transform of x at A. a. 1 a. i 
l l 

for i=l, ... ,k and A(N)(>.)=N for >.:o (mod 21T), A(N)(.21Ts/N)=O 

for s an integer with s=O (mod N). The error term is uniform 

THEOREM 2.4.4.5. (Brillinger, 1975) 

Let x(t) t=0,±1, ... be an r vector value series satisfying 

Assumption 2.4.4.2. Let be an integer with 

A.(N)=21TK.(N)/N-+A. as N-+oo for j=l, ... ,J, suppose 2A.(N), 
J J J J 

).j(N)±).k(N)jo (mod21T) for l~j~kSJ. Let 

for -oo<).<oo. 

Then wx(Aj) j=l, ... ,J are asymptotically independent 

Nc(O,f ()..))variates respectively . . r x J 

THEOREM 2.4.4.6. (Briilinger, 1975) 

Let x(t), t=O±l, ... be an r dimensional vector series 

satisfying Assumption 2.4.4.1. and 

f# ().)=(l/[2m+l])Em_ I (21T[K(N)+s}/N) xx s--m xx 
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be the r dimensional vector smoothed periodogram with K(N) 
# being an integer and 2irK(N)jN-+A. as N-+oo. Then fxx(A) is 

asymptotically distributed as (l/[2m+l])Wc(2m+l,f (A.)), r xx 
i.e., as (1/[2m+l]) times a matrix with a complex Wishart 

distribution of dimension r and degrees of freedom 2m+l, if 

A.JO(modir) 

f# (A.) 
xx J 

and as if A.:O(modir). Also 

j =l, ... J are asymptotically independent if 

Now let the (r+s) vector-valued series [X(t) Y(t)] 

t=0,±1, ... satisfy Assumption 2.4.4.2 and suppose its values 

are available for t=l, ... ,N. We consider forming the matrix 

of statistics 

f# (A.) xx 
f# (A.) yx 

where f!y< A.), f~x (A.} and f~Y( A.) are defined in the same 

way as f# (A.) in Theorem 2.4.4.6. Let xx 

Then we have the following theorem. 

THEOREM 2.4.4.7. (Brillinger, 1975, p.305-306) 
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Let the (r+s) vector-valued series ((X(t) Y(t)]' satisfies 

Assumption 2.4.4.2, then is asymptotically 
-1 c (2m+l-r) Ws(2m+l-r,f11 (A)) if A~O(nod~) and asymptotically 

(2m-r)- 1W5 (2m-r,f1 (A)) if A= 0 (mod~) , where 

f (A)=f (A)-f (A)f (\)-lf (\). 11 yy yx xx xy 

2.4.5 

The following results will be applied in Chapter 4. 

THEOREM 2.4.5.1 (Billingsley, 1968) 

The probability measures on (R 00
, 6 00

) converge weakly if 

and only if all the corresponding finite-dimensional dis-

tributions converge weakly. 

THEOREM 2.4.5.2 (Billingsley, 1968) 

If X ~x in distribution and P{X1Dh}=O, where D, is the set n n 

of discontinuties of the continuous mapping, then h(Xn)~h(X). 

THEOREM 2.4.5.3. (Billingsley, 1968) 

If xn~x in distribution and p(Xn' Yn)~o in probability, 

then Y ~x in distribution, where p ( X Y ) is the di stance n n n 

between X and Y . n n 
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2.5 PARTIAL GROUP DELAY 

Partial group delay can be defined in terms of partial 

phase. For simplicity, we consider the weakly-stationary 

processes {X(t)} , {Y(t)} and {Z(t)} and assume that all of 

these have absolutely continuous spectra with continuous 

densities. 

Let {Z(t)} be a series with a continuous spectrum and a 

spectral density, which is bounded from above and away from 

zero (see Koopmans (1974) (A 6.1) p.205). The.n we firstly 

remove the influence of {Z(t)} on {X(t)} and {Y(t)} by con-

sidering the processes 

tx(t)=X(t)-! b 1 (u)Z(t-u) 

ty(t)=Y(t)-! b 2 (u)Z(t-u) 

(2.5.1) 

(2.5.2) 

where b 1 (u),b2 (u) are determined by minimizing E[e 1 (t)] 2 and 

E[E 2 (t)] 2 or alternatively, in general, by using the follow-

ing Hilbert space technique. Let H(Z) be the closed linear 

manifold generated by {Z(t);-~<t<~} and let IT(X(t)JH(z)) and 

IT(Y(t)!H(Z)) be the projections of X(t) and Y(t) on H(Z). 

If Z(t) has a continuous spectrum and a spectral density 

function which is bounded from above and away from zero (see 

Koopmans (A 6.1 p.205)), then the residuals are 
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ex(t)=X(t)-IT(X(t)jH(Z)) 

e ( t) =Y ( t) -IT ( Y ( t) I H ( Z) ) . y 

(2.5.3) 

(2.5.4) 

Assuming that the cross-spectral density function of ex(t) 

and e (t) is f (A.), we call f (A.) the partial cross-y e E E E x y x y 
spectral density function of{X(t)} and {Y(t)} adjusted for 

{Z(t)} and also denote it by f (A.). xy.z 
From Koopmans (1974) (5.74) p.156, 

f (A.)=f (A.)-f (A.)f (A.)-lf (A.). xy.z xy xz zz zy 

The partial coherence is defined as 

If <A> I e E x y 

(2.5.5) 

where f (A.) and f (A.) are auto-spectral density functions 
Ex ey 

of Ex and ey separately, and the partial phase spectrum is 

similarly defined as 

l 
~ (A.)=arg ;---------xy.z 

{f (A.)f (A.)}1/2 
l e E x y 
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Assuming that~ (A) is differentiable w.r.t. A,then the xy.z 
partial group delay is defined as the simple group delay be-

tween E (t) and E (t), x y 

i.e, t (A)=d~XY (A)/dA. xy.z .z 

The notion of partial cross-spectra and coherence were 

introduced by Tick (1963), and developed by Koopmans (1964, 

1974), Akaike (1965), Goodman (1965) and Parzen (1967). Re-

lated material can also be found in Priestley (1981). 
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3.0 ESTIMATING PARTIAL GROUP DELAY -INDIRECT APPROACH 

3.1 ESTIMATING PROCEDURE 

To simplify the problem, we assume that the given proc-

esses X(t), Y(t) and Z(t), are bounded in probability, i.e., 

P ( I x ( t ) I = 00 ) =O . 

In Chapter 2 we introduced the frequency component of X(t) 

in a frequency band A as 

the indicator function of the band A. From Section 2.2.1, 

we can think of {XA(t)} as the output of a linear filter with 

{X(t)} an input and transfer function lA (A). Therefore we 

can assume that the frequency components in any band A, 

We assume that for these processes, the spectral densities 

f ( A ) , f ( :\ ) and f ( A ) xx yy zz are nonzero and boundedly 

differentiable in A, which is centered at A 
0 

We then have the following lemma. 
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LEMMA 3. 1. 1 

The partial group delay between X and Y adjusted for Z at 

A0 is equal to the partial group delay between XA and YA ad-

justed for ZA at A0 when A0 is an interior point of A. 

PROOF 

We shall derive the relationship among spectral densities 

of X, Y, Zand XA, YA' ZA. 

Without loss of generality, we consider the cross-spectral 

densities fxx(A) and fxy(A). From (2.2.1.3) we have 

'? 
f A (A)= I lA (A) I .... f (A), xx, xx (3.1.1) 

where fxx, A (A.) is the auto spectral density of XA (A.); and 

lA(\), the indicator· function of the frequency band A, is the 

transfer function corresponding to the band filter. 

Similarly we have 

f A (A ) = I lA (A ) I 2 f ( A ) yy, yy 
f I (A)= I lA (A) 1

2 f (A) . 
zz,1~ zz 

From {2.2.1.4), the cross-spectral density between XA 

and YA is 

(3.1.2) 

(3.1.3) 
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Also we have similar formulas for fxy' f etc. zy Thus from 

expresssion (2. 5. 5), the partial cross-spectral density be-

tween XA and YA adjusted for ZA is 

-1 f A(A)=f A{\)-f A{\)f A{A)f A(A). xy.z, xy, xz, zz, zy, 

On substituting (3.1.1)~-(3.1.4) into the above ex-

pressions, when \eA we have 

f (\)=f (A). xy.z,A xy.z 

By definition 

8 (\)=arg{f (\)} xy.z xy.z 
and 

8 A(A)=arg{f, A(A)}. xy.z, xy.z, 

Hence we have 

8 {A)=S lA). xy.z,A xy.z' 

Then by definition, t A(A)=t (A) when AeA. xy. z, xy. z 

Based on this lemma to estimate the partial group delay 

between X and Y adjusted for Z, is equivalent to estimating 

the partial group delay between XA and YA adjusted for ZA. 
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From (2.5.3) and (2.5.4), XA(t) and YA(t) can be decom-

posed as 

X A ( t) =IT [ X A ( t) I H ( Z A) ] +:: xA ( t) , ( 3. 1. 5) 

YA(t)=IT[YA(t) iH(ZA)]+::yA(t), (3.1.6) 

where II[XA (t) IH(ZA)] and II[YA (t) IH(ZA)] are the projections 

of XA(t) and YA(t) on H(ZA)' the closed linear manifold gen-

erated by {ZA}. By definition, the group delay between XA 

and YA adjusted for Z A is just the group delay between :: xA 

and EyA" 

By Theorem 2.4.1, IT[XA(t)\H(ZA)] and IT[YA(t)IH(ZA)] can 

be written as 

IT[XA(t)iH(ZA)]=aZA(t-¢ 1 )+zxA(t)+OxA(t) 

II[YA(t)iH(ZA)]=~ZA(t-¢ 2 )+::yA(t)+OyA(t) 

( oo<t<oo) . 

Then from (3.1.5) and (3.1.6) we have 

XA(t)=aZA(t-¢ 1 ) +:: . (t)+O i(t) 
... Xi\ x,~ 

(3.1.7) 

(3.1.8) 

We have already stated that for the given X, Y and Z, we 

can assume that the frequency components XA' YA and ZA are 

also known. In (3.1.7) and (3.1.8) OXA(t) and OYA(t) are un-
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observable. However by ( 2. 4. 1. 2) ii OxA ( t) II =o (ii XA ( t) II ) when the 

band length d(A)~o. Thus when the band length of A is small 

enough, we can approximate XA(t) and YA(t) by 

XA(t)=aZA(t-¢ 1 )+exA{t) 

YA(t)=aZA(t-¢ 2 )+eyA(t). 

(3.1.9) 

(3.1.10) 

Because of the approximations ( 3. 1. 9) and ( 3. 1. 10), we 

propose to estimate partial group delay in the following way. 

(1) Suppose that A0 is the frequency at which we want 

to estimate the partial group delay t(A ). We choose 
0 

a band of frequencies A which include A as an 
0 

interior point and whose length is relativety small. 

Based on model (3.1.9) and (3.1.10) apply the 

estimating procedure proposed by Hannan and Robinson 

(1973) and described in Section 2.4.2. We can obtain 

the + 
C,t I 

+ + 
¢ 1 , and ¢2 , the estimates of a, ~' 

¢1 , and ¢2 . Then we define 

e;A(t)=XA(t)-a+ZA(t-¢~) 

e;A(t)=YA(t)-~+ZA(t-~;). 

(3.1.11) 

(3.1.12) 

+ + (2) Based on &xA(t) and &yA(t), t=l, ... N, apply the 

estimating procedure of Hannan and Thomson (1973), 

which is described in Section 3.4.3. We define the 

finite Fourier transforms 
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+ ( )-~N + ( ) inw s, we s -Ln=l&XA n e 
x 

+ )- N + ( ) inw s, W (s -i: _ 1 &u 1 n e e n- .l•1 y 

where w =2~s/N, O<s~[N]/2. s 
Then we define the cross periodogram 

+ + + c I (s)=w (s)w (s). & & & & x y x y 

(3) Choose a band B of frequency A, that is 

( 3. 1.13) 

(3.1.14) 

( 3. 1. 15) 

Here we have in mind the relation 2mM=N. Then when M 

is big enough B can always be a subset of A. 

(4) Define 
+ + -irw p (t)=(l/m)i: I (s)e s, 0 g g 

(3.1.16) 
x y 

where the summation is over the m fundamental 
+ frequencies w =2~s/N in B. We call t the value s 

oft that maximizes jp+(t)! 2 . This t+ is the estimate 

of the partial group delay between X and Y adjusted 

for Z at l<.=A . 
0 

To obtain the weak consistency of our estimate 

return to (3.1.7) and (3.1.8), 
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XA(t)=aZA(t-¢ 1 )+txA(t)+OxA(t) 

YA(t)=aZA(t-¢ 2 )+txA(t)+OyA(t) 

(-oo<t<oo) 

{-oo<t<oo). 

Alternatively we can write those in the following way, 

XA(t)-OxA(t)=aZA(t-¢ 1 )+txA(t) 

YA(t)-OyA(t)=aZA(t-¢ 2 )+tyA(t). 

(3.1.17) 

( 3. 1. 18) 

Now we assume temporarily that we can observe OxA(t) and 

OyA (t). Thus if we use the estimating procedur.e of Section 

2.4.2, but based on XxA(t)-OxA(t) and Z(t) (t=l, ... N), we can 

* * obtain a and ¢1 . We write 

* * * txA(t)=XA(t)-a ZA(t-¢ 2 )-0xA(t). (3.1.19) 

Similarly we have 

* * * tyA(t)=YA(t)-6 ZA(t-¢ 2 )-0yA(t). (3.1.20) 

* * Now based on txA(t) and &yA(t), t=l,2, ... N we can apply 

* the estimating procedure in Section 2.4.3, and obtain t by 

* * replacing exA(t) and &yA(t) by exA(t) and &yA(t) respec-

tively. 

* Section 3.2 will give the weak consistency of t . 
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3.2 WEAK CONSISTENCY OF THE ESTIMATE 

In this section we consider the models (3.1.17) and 

(3.1.18). We have the following lemma. 

LEMMA 3.2. 1. 

Assume that the conditions of Theorem 2. 4. 2. 1 hold for 

We also assume that ZA(t) satisfies 

the following condition: for any E>O there exists an L >O 
E 

such that 

* Then for and g xA defined in (3.1.5) and (3.1.19), 

* ExA(t)-ExA(t)~o in probability and uniformly for all t. 

PROOF 

By definition 

For any g>Q and 6>0, 

* * P{ I a ZA (t-<1> 1 )-aZA (t-¢ 1 ) I >d 

* * * ~P{ I a ZA (t-¢ 1 )-aZA (t-<1> 1 ) I >E/2} 

* +P{ I aZA (t-¢ 1 )-aZA (t-¢ 1 ) I >E/2} 

=Pl+P2. 
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As ZA(t) is bounded in probability, for this o, there ex-

ists a M0 such that P{IZA(t) l>M0}<o/4. Then 

* * * P1=P{la -al IZA(t-¢ 1 )>E/2, !ZA(t-<t> 1 )1>M0} 

* * * +P{la -aJIZA(t-¢ 1 )J>E/2, IZA(t-<t> 1 )JSM0}. 

* Hence P1<o/4+P(la -alMo>E/2). * As a -+a a. s from Theorem 

2.4.2.1, there exists a N such that when N>N , 
0 0 

* P( la -alM0 >a/2)<o/4. Thus P1 <o/2. Without loss of gen-

erality, by assuming Jal<L, we have 

By the assumption of the lemma, for this cS, there exists a 

R0 such that 

Then 

* * * P2SP{IZA(t-ef>1)-ZA(t-<t>1)i>E/2L, IZA(t-¢1)-ZA(t-¢1) l>R5l¢1-¢1l} 
f * I * * +P{ I ZA (t-ef>l)-ZA (t-¢1) I >::/2L, I ZA (t-¢1)-ZA (t-¢1) !SRO I ¢1-¢11} 

* S6/4+P( l¢ 1 -<t> 1 1>E/2LR0 ). 

* We know that ¢ 1-+¢ a. s from Theorem 2. 4. 2. l, thus there 

exists a N1 such that when N>N1 , 
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Let N'=max(N0 ,N1 ), when N>N' we have 

* i.e., &xA(t)-&xA(t)~o in probability, and uniformly for all 

t. Q.E.D. 

Now define the finite Fourier transforms: 

and 

where w =2ns/N and s is an integer. s 
We have the following Corollary. 

COROLLARY 3.2.2. 

Under the condition 

t A(t)-&*A(t)=O (N-l/2 ) when N~~. x x p 

PROOF 

of 

(3.2.1) 

(3.2.2) 

(3.2.3) 

(3.2.4) 

Lemma 3.2.l, 
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* From Theorem 2. 4. 2. 2, we know that v'N (a -a) and 

* v'N(¢ 1-¢ 1 ) are asymptotically normally distributed. We also 

know that 

* a ~a a.s. when N~oo. 

Then 

* Hence in Lemma 3.2.1, if we replace UN(t)=ExA(t)-ExA(t) by 

UN(t)/N-l/2 + 0 for any o>O, then since [a*-a]/N-l/2 + 0 ~0 and 

[¢~-¢ 1 ]/N-l/2 + 0~o in probability when N~oo, we still have 

[E*A(t)-E A(t)]/N-l/2 + 0~o in probability. Thus we have 
X Xii 

* -1/2 E A(t)-£ A(t)=O (N ). x x p Q.E.D. 

Based on Lemma 3.2.1 and Corollary 3.2.2 we have the fol-

lowing lemma. 

LEMMA 3.2.3. 

Suppose that the conditions of Lemma 3.2.1 are satisfied 

* and ExA(t) and ExA(t) satisfy Assumption 2.4.4.2 and the 

covariance function of UN(t)=ExA (t)-&:A (t), C~U), satis-

fies 00 I (U)I Lk=-oo Ck <oo. Then the convergence 

* !w (s)-w (s) 1~0 is in probability for all w =2irs(N)/N 
Ex Ex s 

where s(N) is an integer and ws~A. 0 ?0,ir when N~oo. The con-

vergence is also uniform for all such ws. 

* w ( s) -w ( s) =O ( 1/N) . 
t E p x x 

Further we have 
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PROOF 

* Let UN(t)=ExA(t)-ExA(t), then UN(t)~O in probability and 

uniformly for all t by Lemma 3. 2. 1. We denote the corre-

spending finite Fourier transform of UN(t) at frequency ws 

by WU ( S). 
N 

We know that 

Theorem 2.4.4.4 

E(wu (s))=O, 
N 

since E ( E xA) =E ( E YA) =O. From 

(3.2.5) 

where fu (w ) is the spectral density of UN(s 1 ), and the 
N sl 

function ~(N)(A)=N for A:O(mod2TI) and A(N)(2Tis/N)=O for s an 

integer with s:O(mod N). Hence 

(3.2.6) 

As UN(t)~o in probability for any t when N~~, thus 

(3.2.7) 

Then 

lfu (A) 1=(1/2TI) 1r;=-~c~U)e-iAkl~(l/2TI)L:~1c~U)I. 
N 

(3.2.8) 
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Under the condition ~oo JC(U)J<co, 
-.. k from (3.2.7) and 

(3.2.8) we know that fu (\)~O unifo~mly for all \ when N~"". 
N 

Combining this with (3.2.6), we have 

COV(wu (s), wu (t))~O when N~"". 
N N 

Finally from Theorem 2.4.4.4 

Since ~(N)(\)=O or N and fu (\)~o when N~"", it follows that 
N 

the above cumulant ~o when k>2 and N~"". 

Hence by Theorem 2.4.4.3, we know that wu (s) ~o in dis-
N 

tribution for w =2~s/N, w ~\ =O(mod~). Equivalently wu (s)~o 
s s o N 

* in probability, or w (s)-w (s)~o in probability. 
E E x x 

For the rate of convergence, from (3.2.7) and 
-1 '2 UN(t)=Op(N I ), we 

fuN(\)=OP(l/N) and 

Chebyshev inequality 

have 

from 

c ( U) =O ( 1/N) . Then from ( 3. 2. 8) s p 

(3.2.6) Efwu (A)J 2=o(l/N). By the 
N 

2 2 P ( I wu ( s) I > o ) <E [ wu ( s) l ; o . 
N N 

* Hence w (s)-w (s)=O (l/N). 
E E p x x 

Q.E.D. 
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LEMMA 3.2.4. 

Suppose that the conditions of Lemma 3.2.3 are satisfied 

* * and exA(t), exA(t) as well as eyA(t), and eyA(t). satisfy 

* Assumption 2.4.4.2. Then the convergence I (s)-I (s) 
£ £ £ £ x y x y 

~o is in probability and uniformly for all w =2~s(N)/N with s 
c w ~A , when N~~, where I (s)=w (s)w (s) and s 0 £ £ £ £ x y x y 

* * * c * I (s)=w (s)w (s) . Further I (s)-I (s)=O (1/N). 
exey ex ey exey exey P 

PROOF 

* II (s)-I (s) I 
£ £ £ £ x y x y 

c * * c =lw (s)w (s) -w (s)w (s) I 
& £ £ & x y x y 

c * c ~ I w < s > I I w < s > -w < s > I £ £ £ x y y 
* c * +lw (s) I lw (s)-w (s) I. 
ey ex ex 

* By Theorem 2.4.4.5 w (s) and w (s) are asymptotically 
ex ey 

normally distributed; thus they are asymptotically bounded 

in probability. Obviously I (s)=w (s)w (s)c~o in prob-e £ & £ x y x y 
ability uniformly for all ws by Lemma 3.2.2. Since 

* w - ( s) -w ( s) =O ( l/N) I 

ex &x P 
it follows that 

* I (s)-I (s)=O (1/N). 
£ £ £ & p x y x y 

Q.E.D. 

We can now prove Theorem 3.2.5. 
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THEOREM 3.2.5. 

For any fixed band A under the conditions of Lemma 3.2.4, 

we have t*-t#~o in probability when N~~, where t# and t* are 

the estimates obtained by using the procedure of Section 

* * 2.4.3, based on e:xA and e:yA' 

Further t*-t#=O (l/N). 

e: 1. and e: A respectively. 
x.~ y 

p 

PROOF 

# -itw Let p (t)=(l/m):E (I (s))e s, with :E the sum over 
0 E E 0 x y 

them frequencies w in the band B={\IA -mTI/N<\<A +mTI/N} and s 0 0 

let t# be the value oft maximizing q#(t)=lp#(t) J
2 . 

-itw . # As e s is holomorphic for t, thus p (t) is holomorphic 

fort and q#(t) is a holomorphic function oft. 

Similarly 

is a holomorphic function oft. Obviously G(I (s),t) is a 
E E x y 

holornorphic function of IE e: (s) for s=l, ... m. Since t# 
x y 

# 2 ~ 2 # maximizies q (t), aG/at=a q~(t)/at evaluated at t' is nega-

tive. 

Hence by Theorem 2.4.4.1, ,#as a function of I (s) or, 
E E x y 

equivalently, of (l/m)I (s), is continuous. The partial 
E E x y 

derivatives exist and are also continuous. Then by the 

multivariate Taylor expansion 
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* # * t -t =(1/rn)! A(s)(I (s)-I t (s)), 
o txty tx y 

(3.2.9) 

where A(s) is uniformly bounded in probability in the neigh-

* borhood of >. 0 • E'rom Lemma 3. 2. 3 I (s)-I (s)~o in 
txty ... txty 

probability and uniformly in ws. Thus we have t *-t#~o in 

probability when N~oo. 

(3.2.9), it follows that 

COROLLARY 3.2.6. 

Assume that the conditions of Theorem 2.4.3.3 are satis-

fied for txA(t) and tyA(t). Then under the conditions of 

* Theorem 3. 2. 5 for any fixed band A, we have t ~t in proba-o 

.bility when N ~oo. 

The proof is easy to obtain when we combine Theorem 3.2.5 

with the fact that t#~t 0 almost surely by Theorem 2.4.4.3. 

Unti 1 now we consider only the case that the frequency 

band is fixed. However to obtain the asymptotic property of 

the estimate t + in Section 3 .1, we need to consider a se-

quence of bands Ak with the band length d ( Ak) tending to 

zero. 

We give the following lemma for later use. 
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LEMMA 3.2. 7. 

If tM(N) (M=l,2, ... ;N=l,2, ... ) is a family of random var-

in probability, and 

li~-+ootM=t, in probability, then there is a sequence M(N) 

increasing monotonically with N so that limN-+ootM(N)(N)=t. 

This lemma is similar to Lemma 2.4.3.2. The proof can be 

obtained easily by using Lemma 2.4.3.2. 

Now we have the following theorem. 

THEOREM 3.2.8. 

Under the conditions of Corollary 3.2.6, there is a se-

quence K(N) with K(N)too. Correspondingly there is a sequence 

of bands AK(N) with d(AK(N))~O when N-+oo. Based on AK(N), ap-

plying the estimating procedure of Section 2.4.3 the corre-

* * spending estimate 1: which is denoted by 1: A , converges 
K(N) 

to 1: in probability when N-+oo. 
0 

PROOF 

From Corollary 3. 2. 6, we know that for each fixed A, we 

* have 1: -+1: . Next we want to consider a sequence of bands 
0 

{Ak}, with each band centered at >.. 0 and the band length 

d(Ak)-+O when K-+oo. 

Thus for each fixed Ak' we have a sequence of estimates 

* 1: A l' 
k 

* * 1: Ak2 , ... 1: AkN that converges to 1: 0 in probability 

* * where !A N represents the estimate 1: based on the band se-
k 

quence {Ak} and its sample size is N. We can express the 

convergence in the following way: 
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* * 
T~1l'-.A12' · .. ~·ro 

* * TA2l'TA22' ... ~To 

* * 'Akl'TAk2' .. -~'o· 

Then by applying Lemma 3. 2. 5 and by letting tM(N) in that 

* lemma be TA N and by letting tM be T 0 , we complete the proof. 
k 

3.3 WEAK CONSISTENCY OF THE ESTIMATE 

In Section 3.2 * T is based 

Q.E.D. 

on {XA(t)-OxA(t)}, 

{YA(t)-OyA(t)}, and {ZA(t)}, t=l,2, ... N .. However OxA(t) and 

are unobservable. Thus we return to Section 3.1 and 

the estimate T+ which is motivated by the the following model 

approximation. 

XA(t)=aZA(t-¢ 1 )+ExA(t) 

YA(t)=6ZA(t-¢ 2 )+EyA(t). 

By Theorem 3.2.8 we have chosen a sequence of bands AK(N) 

with d(AK(N))~o when N~~. Based on this band sequence {AK(N)} 

correspondingly we have t ~ • To simplify the notation, 
K(N) 

in this section we denote AK(N) by Ak 

We have the following lemma. 

ESTIMATING PARTIAL GROUP DELAY ~INDIRECT APPROACH 54 



LEMMA 3.3. 1. 

The random variable OA(t) in (2.4.1.1) converges in prob-

ability to zero at the rate 

o (t)=O (d312 (A)) when d(A)~o. A p 

PROOF 

We consider the case that there is a sequence of bands 

{Ak) with the band length d(Ak)~o when k~~ From (2.4.1.8), 
2 3 llOA (t) ll~o when d(A)~o, also E[OA (t) ]=O(d (A)). Then there 

exists a M and K such that when k>K 

Then for this Mand the given o, there exists an L>O such that 

M/L<o. By Markov's inequality, when k>K, 

i • e • / 

0 (t)=O (d3/ 2 (A )). Ak p k 
Q.E.D. 

In this section we write 

* N inw w (s)=E _1 [XA (n)-0 A (n)]e s x n- k x k 
(3.3.1) 

and 

ESTIMATING PARTIAL GROUP DELAY ~INDIRECT APPROACH 55 



where XA (n) is the frequency component in the band AK(N) 
k 

which we have chosen in Theorem 3.2.8. The frequency compo-

nent 0 is defined similarly. We have the following lemma. 
xAk 

LEMMA 3.3.2. 

Assume that 0 A (t) satisfies Assumption 2.4.4.2 and the 
x k 

covariance function of 0 1 (t), 
Xi\k 

satisfies 

probability, when N-)-oo where w =21Ts/N-)-A. when N-)-oo. s 0 
Further 

* + 3/2 we have w (s)-w (s)=O (d(AK) ). x x p 

PROOF 

When N-)-~, the length of the frequency band AK(N) obtained 

in Theorem 3. 2. 7, goes to zero. Thus by Theorem 2. 4. 1. 1 

0 A (t)-)-0 in probability when d(Ak)-)-0, or N-)-oo. 
x K 

The result 

now follows by the argument used to prove Lemma 3.2.2. 

We denote the corresponding finite Fourier transform of 

0 A ( t) by w0 ( s) . 
x k N 

We know that E(w0 (s))=O from Theorem 2.4.1.1. From The-
N 

orem 2.4.4.4 

COV{w0 (s) 
N 

WO (t)}=(l/N)~(N)(21T(s-t)/N)fo (w )+0(1/N), 
N N s 

(3.3.3) 

where f 0 (w ) is the spectral density 
N s 

the function ~(N)(A.)=N for A.:O(rnod21T) 

s an integer with s:O(mod N). Hence 

of 0 A , and 
x k 

and ~ ( N ) ( 21T s /N ) =O for 
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COV{w0 (s), w0 (t)}=f0 (w )+o(l) or o(l). 
N N N s 

(3.3.4) 

From Theorem 2.4.l.l, Var[O 1 (t)]~o for any t when N~~, thus 
XJik 

c< 0 >=E[O (t) ON(t+k)J~o for any k when N~~. k N (3.3.5) 

Then 

(3.3.6) 

Under the condition !JC~O)J<~, from (3.3.5) we know that 

f 0 (A.)~o uniformly for all A. Combining this with (3.3.4), 
N 

we have 

COV(w0 (s), w0 (t))~o when N~~. 
N N 

Finally from Theorem 2.4.4.4 

CUM { w 0 ( w ) I • • • w 0 ( w ) } 
N sl N sk 

=N-k/2( 21T)k/2-l,(N)('·' + ... +'" )& ( ) O(N-k/2) Ll W W .J..o (!) / • • • / (!) + • 
5 1 5 k N 5 1 sk-1 

Since /:i.(N)(A)=O or N and f 0 (A)~o when N~~, it follows that 
N 

the above cumulant ~o when k>2 and N~~. 

Hence by Theorem 2.4.4.3, we know that w0 (s) ~o in dis-
N 

tribution for w =21Ts/N, w ~A :Q(mod1T). Equivalently w0 (s)~O 
s s o N 

in probability, or w*(s)-w+(s)~o in probability. x x 
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. ~ * + Further i.... we replace OxA (t) in wx(t)-wx(t) by 
3/2-6 3/2-6 

oxA(t)/d(AK(N)) for any 6>0, oxA(t)/d(AK(N)) con-

verges to zero in probability when N~.... If we use the same 

argument in the above proof, then we know that 

Q.E.D 

LEMMA 3.3.3. 

Under the conditions of Lemma 3.3.2, the convergence of 

* + ExA(t)-txA(t)~O is in probability and uniformly for all t 
* + when N~ ... , where ExA(t) and ExA(t) are defined in (3.1.19) 

and (3.1.11). Further we have 

PROOF 

* * From Section 2.4.2 a and ¢1 are the a and ¢1 maximizing 

Similar to the proof of Theorem 3. 2. 4 by maximization, we 

* * obtain ¢ 1=V1 (wx(s), wz(s)) and a =V2 (wx(s),wz(s)), where v1 

and v2 are some continuous functions. 

Using Taylor sereies expansions we can write 

+ * * + a -a =(l/m)E B(s)[w (s)-w (s)] 
0 x x 
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where B(s) is uniformly bounded in probability for s. Then 

+ * by Lemma 3.3.2 we know that a -a ~o in probability. Further 
* + . 3/2 + * 3/2 as wx(s)-wx(s)=Op[d (Ak)], we have a -a =Op[d (AK)] 

when N~~. Similar results hold fer¢~-¢~. 

Now 

(3.3.7) 

Under the conditions of Lemma 3.2.1, and following the same 

argument used to prove Lemma 3.2.1, it is easy to show that 

From Lemma 3.3.2, we also know that 0 (t)=O (d312 (A )). 
xAk p k 

Substituting this in (3.3.7) completes the proof. 

Q.E.D. 

From (2.4.1.7), we know that XA (t)=O (d112 (AK)). Recall 
k p 

from (3.1.11) that 

thus 

Also from Lemma 3.3.3, 
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Let I+ ( s) be the cross periodogram 
t t x y 

defined in (3.1.15) 

+ of txA ( t) and 

defined in (3.1.16). 

IP+(t)l 2 . 

+ t is the value of t maximizing 

We have the following theorem. 

THEOREM 3.3.4. 

* Suppose that txA(t) and txA(t) satisfy Assumption 2.4.4.2 
- * (V) and the covariance function of V-txA(t)-txA(t), Ck , sat-

isfies r 00 C(V). <oo 
k=-oo k Also suppose that the above condi-

* tions are satisfied for and t 1 ( t). Then the 
yi1 

+ * + convergence t -t ~o is in probability, where t is the esti-
+ mate based on t 
xAk 

(3.1.12) and based 

+ and t defined 
yAk 

on the band AK(N) 

in (3.1.11) 

with K(N) too 

and 

where 

d(AK(N) )~O when N~oo. 

+ * - 3/2 
Further the rate of convergence is 

t -t -Op[d (AK(N))]. 

PROOF 

The proof is similar to the proofs of Lemma 

3.2.2~~-Lernrna 3.2.5. Thus we summarize the main steps of 

these proofs. 

(1) Similar to Lemma 3.2.2, based on 
.... * t'A(t)-t A(t)~O in probability when N~oo, x x 

which is obtained from Lemma 3.3.3, we have 

+ * w c s) -w ( s) ~o < 3 . 3 . s) 
tx tx 
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in probability when N~~. Similarly, 

+ * we < s) -we ( s )~o (3.3.9) 
y y 

in probability when N~~ The rate of convergence is 

(2) Similar to Lemma 3.2.3, based on (3.3.8) and (3.3.9) 

we have 

I+ (s)-I* (s)~o 
t e e e (3.3.10) 

x y x y 

in probability when N~~. 

The rate of convergence is 

(3) As T+ is the value oft maximizing + 2 
IP (T)I I 

+ it follows from the proof of Lemma 3.2.4, that T is a 

function of (l/m)I+ (s) for s=l, ... m and has 
exey 

partial derivative with respect to I: e (s) 
x y 

for s=l, ... m. Hence by the multivariate Taylor series 

expansion we have 
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where C(s) is uniformly bounded in probability in the 

neighborhood of X0 • Thus by (3.3.10) we have 

•*-•+-+O in probability when N-+oo. 

(4) Furthermore the rate of convergence is 

since 

Q.E.D. 

Now we can establish the weak consistency of the estimate 
+ 

'! • 

THEOREM 3.3.5. 

Under the conditions of Theorem 3.3.4 and Theorem 3.2.8, 
+ + 

'! -+'! in probability when N-+oo where '! is based on the fre-o 
quency components xA , y and z 

K(N) AK(N) AK(N) 

PROOF 

From Theorem 3. 3. 4 we have + * '! -• -+O in probability when 

* N-+oo. On the other hand '! -+t in probability from Theorem 
0 

3.2.8. Combining these two results completes the proof. 

Q.E.D. 
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3.4 CENTRAL LIMIT THEOREM 

This section deals with the asymptotic distribution of the 

estimate t+. To begin with, we recall that in Section 2.4.3 

p(t) is defined as 

-it A p(t)=/Bf (A.)e dA., £ £ x y 

with B={>..j>.. -~/M<A.<A. +~/M} and 2mM=N. Let TM be the value 
0 0 

of t maximizing Ip( t) 1 2 for fixed M. Then we have the fol-

lowing theorem. 

THEOREM 3.4. 1 

Assume Condition~ D of Section 3.4.3 and the conditions 

of Theorem 3.2.7. There is a sequence M=M(N) and there is a 

sequence K(N) increasing with N and a corresponding sequence 

of bands AK(N) with d( AK(N) )-+O when N-+oo such that the esti-
+ 

mate t which is based on AK(N)' satisfies 

in distribution when N -+oo. 

PROOF 

+ * - 3/2 From Theorem 3.3.4, we know that t -r -Op{m (AK(N))). 

We also know from Theorem 2.4.3.4, that 
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(3.4.1) 

The convergence is in distribution, where t# is the estimate 

based on ExA and EyA by using the procedure of Section 2.4.3 

and maximizing the square of the norm of 

p#(t)=(l/m)~ I (s)e-itws. 
0 EXEY 

From (3.4.1) m=N( 2 +5 )/3 for some 6 such that 0<6<1 , thus 

In the proof of Theorem 3.2.8 we can have a sequence {Ak} such 

that d(Ak)-+O as fast as we want. Thus we can have the se-

quence AK(N) such that 

{d( A . ) } 312N612 0 when N-+oo. K(N) -+ (3.4.2) 

Write 
-1 3/2. + -1 3/2 + * * # # N m (t -tM)=N m {t -t +t -t +t -tM). (3.4.3) 

From Theorem 3.3.4 

By (3.4.2) we have 
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F Th 3 2 5 ~*-~#=O (l/N). rom eorem . . , • • p Thus in (3.4.3) 

We have 

N- 1m3/2 (•*-•#)~0 in probability when N~~. (3.4.5) 

Combining (3.4.2)~~(3.4.5) and using Theorem 3.4.5.2 we 

complete the proof. Q.E.D. 

3.5 APPLICATION 

As discussed in Chapters 1 and 2, for three given weakly-

stationary stochastic processes {x1 (t)}, {x2 (t)} and {x3 (t)} 

the partial group delay t 12 _3 p. 0 ) measures the time-lag of 

{x(t)} behind {y(t)} adjusted for {z(t)}. Based on the re-

sults in Section 3.2 an immediate application of the 

asymptotic distribution of the estimator of partial group 

delay is in testing hypotheses about time lag relationships. 

Theorem 3.2.l gives the asymptotic distribution of 
-1 3/2 + + N m (• 12 _3-• 12 _3 ,M) where t 12 _3 is the estimate of par-

tial group delay between x1 and x2 adjusted for x3 and 

• 12 _3 ,M is the value of • maximizing IP(•)i 2 defined in 

(2.4.3.2) and Theorem 2.4.3.3. The obvious defect of that 

result is that • 12 _3 ,M may not equal the partial group delay 

• 12 . 3 (A. 0 ). Thus strictly speaking we can not readily apply 

the result to test the hypothesis 
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However from the proof of Theorem 1 of Hannan and Thomson 

(1973) (see the statement after Theorem 2.4.3.3) when M (the 

length of B=n/M) increases to infinity, •M~t 0 . Thus when the 

band length is small enough, it is feasible to approximate 

t 12 _3 p. 0 ) by the corresponding t 12 _3 ,Mp.. 0 ), so that the re-

sult is applicable. 

Further if we want to know whether x1 lags behind x2 after 

both series have been adjusted for x3 and at the same time 

we want to know whether x1 lags behind x3 after both series 

have been adjusted for x2 at X0 , then we need to test of the 

two hypotheses 

Ho: •12.3(Xo)=•o3 

Ho: •13.2<Xo)=•o2· 

The aim is + to find the joint distribution of t 12 _3 and 
+ t 13 _2 , which are the estimators defined in Section 3.1 step 

(4). To do this we £irst extend the result of Hannan and 

Thomson (1973) (see Theorem 2.4.3.4) to the case of four 

processes x1 , x2 , x3 and X4 . 

Now we have the following theorem. 
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THEOREM 3.5. 1. 

For weakly-stationary time series {X1 (t)}, {X2 (t)}, 

{X3 (t)} and {X4 (t)}, if the conditions C and conditions D in 

Section 2.4.3 are satisfied for x1 , x2 , x3 , and x4 , then 

there is a sequence M(N) increasing with N, such that the 

vector with components and 
-1 3/2 # N m (1 34-1 34 ,M) has a distribution converging to the 

bivariate normal distribution with zero mean and variances 

2 2 2 3{1-o.(A )}/{21T o.(A )} 
l 0 l 0 

(3.5.1) 

and covariance 

where f .. (A.) 
l] 

is the cross-spectral density of X. and X. for 
l J 

i,j=l,2,3,4, and where o~ is the partial coherence between 
l 

Xi and Xi+l for i=l and 3. 

PROOF 

We start by considering the asymptotic bivariate normality 

of the vector statistic 
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where we denote the estimator of group delay between x1 and 
# # X2 by t 12 . Similarly define t 34 . Write 'ij,M for the value 

of t maximizing 

I -id. 2 q. = 1 8 f .. e dA. I 
]. l J (i,j)=(l,2) or (3,4). 

We repeat the argument of the proof of Theorem 2.4.3.4 for 

and individually 

from step 1) up to 4). Then in step 5), instead of cons id-

ering the vector with components 

we consider the following vector with 2s+2 components, -

Nl/2{(c12(-s)-r12(-s)), ... ,(c12(s)-ol2(s)), 

(c34(-s)-r34(-s)), ... , (c34(s)-r34(s))}. (3.5.3) 

Then by using exactly the same argument as in the proof of 

Theorem 2.4.3.4 step (5), by using the vector generalization 

of Theorem 1 of Gordin (1969), the vector in (3.5.3) has an 

asymptotic multivariate normal distribution, as each compo-

nent of the bivariate statistic in (3.5.2) is a linear com-

bination of the components of the vector statistic in 

(3.5.3). Thus the bivariate statistic in (3.5.2) has a dis-

tribution that converges to the bivariate normal di strib-
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ution, with zero mean and with each variance of the form in 

Theorem 2.4.3.4. 

We have found the asymptotic normality and the asymptotic 

variances. Now we shall find the asymptotic covariance. 

Just as in the proof of Theorem 2.4.3.4 (see step (1) there) 

1/2 # N (1 .. -T.. M) 
1] 1], 
#' #" 0 

- Nl/2q. (1: .. M)/q. (1:.) I -- 1 1], 1 l 

where 1'? is some value such that 11'?-T.. Ml::;l1~.-1 .. Ml 
1 1 lJ, 1] 1], 

for (i,j)=(l,2) and (3,4). 

Then 

• (3.5.4) 

When N~~, we know from Lemma 2.4.3.1, that 

a.s. 

a. s .. 

1/2 ~I 
Thus instead of the mean square of N q~ (TM) in step 3) in 

Theorem 2.4.3.4, (3.5.4) can be approximated by 
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(3.5.5) 

Substituting m=N/2M, (3.5.5) becomes 

(3.5.6) 

Following step 2) and step 3) in Theorem 2.4.3.4 

N112 q~' ( T.; . M) can be replaced by (in the sense of approxi-
..L. .... J , 

ma ti on) 

1/2 1T N J ¢. (l)[I .. (\)-EI .. (\)]dl -1T 1 1] l] 
(i,j)=(l,2) and (3,4). 

Now similar to step 2) and step 3) in Theorem 2.4.3.4 when M 

is fixed and N~~, the numerator in (3.5.6), i.e., 
1/2 #' 1/2 #' E[N q 1 (t 12 ,M) N q 3 (t 34 ,M)l converges to 

where 

1T c 21Tf_1T[f31(\)f24(l)¢1(l) ¢3(\) 

+f14(l)f32(l)¢1(\)¢2(l)]dl 

+2nff~n¢ 1 (\)¢ 3 (µ)cf1234 (-l,l,µ,-µ)dldµ, 

¢ . ( l ) = ( M/ 1T ) 2 l Bi ( 8 - >. ) e i' i j , M ( 8 - l ) f . . ( 8 ) c d 8 
1 1] 

(3.5.7) 

for \EB and¢.(\) is zero on the complement of Bin (0,1T) and 
1 

¢i(-\)=¢i(\). 
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Hence by (3.5.4)-(3.5.7) the 

and N~~, converges to 

-3 -4 '' '' -1 (2M) (M/TI) [ql ( 1 12,M)q3 ( 1 34,M)] 

2 TI{f:TI(f31(\)£24(\)¢1(\)C¢3(\) 

+f14(\)f32(\)¢1(\)¢2(\)]d\} 
TI C +2Tiff_TI¢l(\)¢3(\) fl234(-\,\,µ,-µ)d\dµ. 

Then just as in step 7) in Theorem 2.4.3.2, 

covariance 

¢.(\)~(-i)(M/TI)(\-\ )f .. (\ )c{l+o(l)} 
J. 0 J.] 0 

of 

Since f .. (\) is boundedly differentiable, we may replace 
l] 

it in the integral by f .. ( \ ) . Evaluating the integral 
J. J 0 

and let M~~ we obtain 

4TIMf:Tif31(\)f24(\)¢1(\)c¢3(\)d\ 

~ ( 2 TI 2/ 3 )f31(\o)f24(\o)fl2(\o)f43(\o) 

and 

It is evident that 
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converges to zero as M increases, since the integrand is 

bounded and zero except on a set whose area is O(M-2 ). 

As step 7) in the proof of Theorem 2.4.3.4, when M~~ 

Therefore based on the choice of m(N) 

3/2 -1 # 3/2 -1 # 
E[m N (t12-tl2,m)m N (t34-t34,m)] 

approaches 

This completes the proof. Q.E.D. 

We now return to the original problem of the multiple 

test: 

H : 
0 tl2.3=to3 

tl3.2=to2· 
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We define the residual processes as in section 2.5, by 

€l(t)=X1(t)-IT(Xl(t) IX3(t)), 

£ 2 (t)=X2 (t)-IT(X2 (t)iX3 (t)), 

£ 3 (t)=X1 (t)-IT(X1 (t)jX2 (t)), 

€ 4 ( t) =x3 ( t) -rr ( x3 ( t) I x2 ( t) ) . 

Then T12 _3 is the group delay between £ 1 and £ 2 , T13 _2 is the 

group delay between £ 3 
-1 3/2 # 

{N m (Tl2.3-Tl2.3,M), 

and £ 4 . Hence from Theorem 
-1 3/2 # 

N m < 1 13.2- 1 13.2~M)}, 

3.5.1 

is 

asymptotically bivariate normally distributed with the 

covariance matrix stated in Theorem 3. 5 .1. If we replace 
# + # + T 12 . 3 by T 12 . 3 and T 13 . 2 by T 13 . 2 , then the asymptotic 

result still holds by following the argument in the proof of 

Theorem 3.2.1. Therefore we can do multiple tests as desired. 
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4.0 ESTIMATING PARTIAL GROUP DELAY--DIRECT APPROACH 

4. 1 THE EST I MA TING PROCEDURE 

In Chapter 3, we discussed an indirect approach to esti-

mating partial group delay. The estimator is weakly consist-

ent and asymptotically normally distributed. 

But for this approach there are the following disadvan-

tages: 

1. For actual data processes,the computation of the estimate 

is rather lengthy. We need to compute the frequency com-

f h . + d ponents o X, Y,· Z, t e estimates, ExA an 

and E yA I 

+ 

and then the estimate of partial group delay 

from ExA and 

2. We estimate z:A (t) by first estimating a. and ¢ 1 by a.+ 

+ and ¢1 ; then we let 

(4.1.1) 

Similarly we let 

(4.1.2) 

ESTIMATING PARTIAL GROUP DELAY~-DIRECT APPROACH 74 



In cases where ZA(t) is observed only at integral times 

t=0,±1, ... and in the case that ¢~ and ¢; are not in-
+ + tegers, ZA(t-¢ 1 ) and ZA(t-¢ 2 ) are not available obser-

vations for computing (4.1.1) ar.d (4.1.2). Hence in that 

case the indirect approach is not available for estimat-

ing partial group delay. 

Therefore we shall look for some other approach. 

We still consider the weakly-stationary processes {x(t)}, 

{y(t)} and {z(t)} with mean zero, and assume that all of 

these have absolutely continuous spectra with continuous 

densities. 

As defined in Chapter 3 we have the finite Fourier trans-

forms of {X(t)}, {Y(t)}, and {Z(t)} as follows: 

-1/2 N inw wy(s)=(2TIN) ~n=ly(n)e s, 

where w =2Tis/N for s~[N/2]. s 
Correspondingly we have the periodograms as follows: 

c I (s)=w (s)w (s) , xy x y 
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c I (s)=w (s)w (s) , xz x z 

c I (s)=w (s)w (s) , zy z y 

c I (s)=w (s)w (s) . zz z z 

We also write Ixy(s) as Ixy(ws) etc .. 

Our aim is to estimate the partial group delay between X 

and Y adjusted for Z at frequency A=A . 
0 

We consider a band of frequencies centered at \ and con-o 

taining m fundamental frequencies W S / i • e • / 

Here we still have the relation 

2mM=N. We also consider two other bands B' and B'' which are 

the location shift ·of B, i • e • / B'={A!A <A<A +2TI/2M} 
0 0 

and 

B' '={Al\ -2TI/2M<\<\ }. 
0 0 

* 

For each w eB define s 

f (w )=(l/3)[I (w )+I (w +n/M)+I (w -n/M)]. xx s xx s xx s xx s 

* * * 

(4.1.3) 

Similarly we also have f (w ) f (w ) f (w ) and 
XZ S I zy S I ZZ S 

* f (w ). With those we define zz s 

* * * *-1 * f (\)=f (\)-f (A)f (A)f (\), xy.z xy xz zz zy (4.1.4) 

and let 
- * -iTW p ( T ) = ( l/m) I f ( w ) e s o xy.z s (4.1.5) 
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where the summation is over the m frequencies w =2Tis/NEB. s 
Let t be the value of T maximizing lp-(t) 1 2 ; this t- is 

the estimate we propose. 

4.2 WEAK CONSISTENCY OF THE ESTIMATE 

and 

From Section 2.5 x(t) and y(t) can be decomposed as 

x(t)=II(x(t) IH(z) )+E (t) x 

y(t)=II(y(t) IH(z) )+E (t), y 

where H(z) is the closed linear manifold generated by {z(t)} 

and II(x(t) IH(z)), II(y(t) IH(z)) are the projections of x(t) 

and Y(t) onto H(z). 

As we defined in Section 2.5, the partial group delay is 

just the simple group delay between E (t) and e (t). However, x y 

we do not know ex(t) and ey(t). We only know x(t), y(t) and 

z(t) for t=l, .. ,N. 

First we want to find the relationship between an estimate 

of partial group delay based on E (t), e (t) and an estimate x y 

based on x(t), y(t) and z(t). 

Let u( t)=(x(t), y( t))'. Then 
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r Il(x(t) IH(z))l ""(t) l 
u(t)=I J+l 1 • l Il(y(t)IH(z)) 'y(t)J 

We represent (E (t) E (t))' by E(t)' and define x y 

f# (>.) xx 
=(l/[2m+l])Em_ w {[2TIK(N)+s]/N}w {[2TIK(N)+s]/N}c s--m x x (4.2.1) 

where K(N) is an integer depending on N with 2TIK(N)/N-+\ when 

N-+oo. We also write 

f# (f.) xy 

=(l/[2m+l])E:=-mwx{[2TIK(N)+s]/N}wy{[2TIK(N)+s]/N}c (4.2.2) 

f# r).) uu\ 

=(l/[2m+l])Em_ w {[2TIK(N)+s]/N}w {[2TIK(N)+s]/N}c s--m u u (4.2.3) 

and 

=(l/[2m+l])Em_ w {[2TIK(N)+s]/N}w {[2TIK(N)+s]/N}c. s--m u z (4.2.4) 

Then as defined in the statement before Theorem 2.4.4.7, 

(4.2.5) 
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when :>..iO(modTI) and C(m,r)=(2m+l)/(2m+l-r). In ( 4. 2. 3), we 

can write the smoothed periodogram f# (:>..) as uu 
f# ().)=(1/[2m+l]p:m_ I (2TIK(N)+s/N), uu s--m uu 

where I (s)=w (s)w (s)c is the periodogram. uu . u u 

(4.2.6) 

Sometimes we 

also denote it by I (w ) for w =21Ts/N. In matrix form, it uu s s 
is written 

wx(s)wx(s)c w (s)w (s)c x y 

Iuu(s)= 

w (s)w (s)c w (s)w (s)c y x y y 

r I ( s) I (s) xx xy 

= l I ( s) yx I (s) yy 

From Theorem 2.4.4.7 with r=l s=2, is 

asymptotically distributed as the complex Wishart di strib-

ution, i.e. , 

(4.2.7) 

when :>..f.O(modTI) and N~oo, where f (:X.) is the spectral density z i;; 
matrix of z(t). 

On the other hand, based on z(t) we define 
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f# (\)=(1/[2m+l])Lrn_ I ([2TIK(N)+s]/N). 
EE s--m EE 

(4.2.8) 

By Theorem 2.4.4.6, 

f# (A)~ (1/[2m+l])W2c(2m+l, f (A)) 
EE EE (4.2.9) 

in distribution, when \¥0(mod(TI) and N~~. 

Now in (4.2.8), let m=O. We obtain the periodogram 

f# (A ) =I (A ) . 
EE EE 

Thus from 2 (4.2.9), I (\)~W2 (1, f (\)). 
EE EE 

In (4.2.7) let m=l then, 

(4.2.10) 

in distribution, wheh X=O(mod TI) and N~~ 

We can write I (\) and g#(\) in partitioned forrn as 
EE E 

and 

I I E E (A) I E E (A) 
x x x y 

I (A)= 
EE l I (A) 

E E 
I (A) 

E E y x 

_, 
..,.# f# .:# -f# 
J... - .J... xx xz zz zx 

..... # #-1 # 
ftT -f' f' f yx yz zz zx 

y y 

-1 
f # f# ~# -~# 

- I I yy yz zz zy 
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Now for the band B defined in Section 4. l, there are m 

fundamental frequencies w =2TI s/N in B and as M~oo w ~A. for s s 0 

s=l, ... m. Define 

* I (w )=(l/2)[I (w )+I (w +(TI/M))] 
EE S EE S EE S 

(4.2.11) 

as the average of the frequencies in B and the corresponding 

frequencies in B', which is defined in Section 4.1 and is a 

location shift of B that contains the frequencies of 

2TI(s+2m)/N, s=l, ... m. 

For later use, we give the following lemma. 

LEMMA 4.2.1. 

Let X( t), t=O, ±1,... be a r-dimensional vector series 

satisfying Assumption 2.4.4.2. Let K.(N) be an integer with 
J 

\j(N)=2TIKj(N)/N~A. for j=l,2, as N~oo. Suppose K1 (N)±K2 (N)~O 

(modN), then the finite Fourier transforms wx(A. 1 (N)) and 

are asymptotically independent N~(O,fx(A.)) 

variates respectively. 

PROOF 

E[w (A. .(N))]=O since E[x(t)]=O. From Theorem 2.4.4.4 x J 

cov { w ( A . ( N) ) I w ( \ k ( N) ) } x J x 
= ( l/N) ~ ( N) { 2 TI [ K . ( N) - Kk ( N) l /N} £ (\ . ( N) ) +O ( l/N) I 

J xx J 
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where !:. (N) (A. )=N if ).:0 (mod1T) and D. (N) (21Ts/N)=O if s is an 

integer. Thus COV{w (A. (N), w ().k(N)} tends to zero if x J x 
Kj(N)-Kk(N)fO (mod N) and Var(wx(A.j(N)) tends to fxx(A.). 

Finally, again from Theorem 2.4.4.4, 

This last tends to 0 as N-+oo if k>2 by the definition of 

!:.(N)(.). 

Putting the above results together, we see that the 

cumulants of the variates at issue, and the conjugates of 

those variates, tend to the cumulants of a normal distrib-

ution. The conclusion of the lemma now follows from Theorem 

2.4.4.3 since the normal distribution is determined by its 

moments Q.E.D. 

Based on the above lemma we have the following lemma. 

LEMMA 4.2.2 

Let X( t), t=O, ±1, . . . be a r-dimensional vector series 

satisfying Assumption 2.4.4.2. Let K.(N) be an integer with 
J 

* A. . ( N ) = 2 1T K . ( N ) /N-+ A. for j = l , 2 as N-+oo let I (A ) =w (A ) w (A ) for J J xx x x 
-oo<A.<oo. Suppose K1 (N)±K,(N)~O(mod N). Then I (A..) j=l,2 are - xx J 
asymptotically independent complex Wishart distributed 
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PROOF 

From Lemma 4.1.1, w ().. .) j=l,2 are asymptotically inde-x J 

pendent Nc(O,f (A)) variates. r xx By the definition of the 

complex Wishart distribution (see Brillinger (1975) p.90) and 

Theorem 2.4.4.6, the lemma is completed. Q.E.D. 

We assume throughout this chapter that E(t) satisfies As-

sumption 2.4.4.2. 

Thus by Lemma 4.2.2, and I (w +2Tim/N) EE S 
are 

asymptotically independent and each of those is 

asymptotically distributed as w2c ( l , f ().. ) ) EE when N--l-oo and 

M~~. Thus from (4.2.11) 

r* (w )~(l/2)W2c(2,f (A)) 
EE S EE 

in distribution when N~~. 

Now, instead of 

# -itw p (t)=(l/m)I I (w )e s, 
0 EXEY S 

consider 
* * _;TW p (t)=(l/m)I I (w )e ~ s, 

0 E E S x y 

where the summation is over the m frequencies 

* 

( 4. 2. 12) 

(4.2.13) 

(4.2.14) 

w EB s and 

* IE E (ws) is the corresponding element in matrix I (w ), 
EE S x y 

i • e •I 

(4.2.15) 
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From Lemma 2.4.3.l for fixed M, 

I p # ( • ) - ( M/ 1T ) p ( r ) I ~o almost surely 

and uniformly for all 1 when N~~, where 

(4.2.16) 

Now let 

Here f(\) st ands for f ( \ ) . 
E E x y 

Now we give the following 

lemma. 

LEMMA 4.2.3. 

* + For fixed M, p (t)-(M/1T)p (•)~O a.s. when N~~ and uni-

formly for t in any bounded interval V. 

PROOF 

We shall omit the subscripts from I during the proof. 
E E x y 

From (4.2.14) 

* -itw -itw p (1)=(1/2m)1 I(w )e - s+(1/2m)I I(w +TI/M)e s 
0 s 0 s 

=(l/2m)I I(w )e-i•ws+(l/2m)E ,I(w )e-itws eitTI/M 
0 s 0 s 

where the summation 0 1 is over all w in B'. By Lemma 2.4.3.l s 
when M fixed and N~~, we have 

ESTIMATING PARTIAL GROUP DELAY~-DIRECT APPROACH 84 



Similarly when we replace B by B', 

* + Thus p {t)-(M/TI)p (t)~o a.s .. Q.E.D. 

It is easy to establish the following lemma. 

LEMMA 4.2.4. 

If u -v -+O when n~co, and if either the sequence u or the n n n 

sequence vn is bounded and if tn~l when n~co, then t u -v -+O n n n 
when n~oo. 

+ Let p {t) be defined by (4.2.17) and p(t) be defined by 

(4.2.16), we also can prove the following lemma. 

LEMMA 4.2.5. 
+ (M/TI)[p {t)-p(t)]-+O when M~co and uniformly for any 

bounded interval oft. 

PROOF 

-it\ -it\ We consider (M/TI)[JBf(A)e d\-JB,f(A)e d\], and de-

fine the real part and imaginary part of g(A)=f(A)e-it\ by 

gR and gI. Then 
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!Bf(A)e-itAdA-lB 1 f(A)-itAdA, 

=IJB(gR+igI)dA-lB' (gR+igI)dAI 

~IJBgRdA-lB,gRdA\+\JBgidA-lB,gidA\. (4.2.18) 

By using the mean value theorem, 

* ** * ** where A EB and A EB' with (A -A )~O when M~oo. Since gR(A) 

is a continuous function of A, the above difference converges 

to zero when M~oo. A similar result holds for 

(M/TI)lBgidA-lB,gidA. 

Thus from (4.2.18) we have 

(4.2.19) 

when M~oo and uniformly for t in any bounded interval. 

Since + p ( t ) -p ( t ) 

=(l/2)[JB,f(A)e-itXdXeitTI/M -JBf{A)e-itXdX], 

also since e-itTI/M~l and uniformly for all bounded t when 

M~oo and by applying Lemma 4.2.3 we complete the proof. 

Further we have the following lemma. 
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LEMMA 4.2.6. 

Let t~ be the value maximizing IP+(t) 1 2 for fixed M, then 

* t ~• =8' (A ) when M~~. M o o 
PROOF 

By definition, * for fixed M r M maximizes + + 2 
q (•)=Ip <•>I 

2 * and t M maximizes q ( r) =Ip ( r) I . Equivalently t M maximizes 
+ 2 + R (t)=(M/~) q (t) and 'M maximizes R(t) .. 

From Lemma 4.2.5 as R(t) is bounded, 

+ R ( , ) - R ( i: ) ~o a.s. (4.2.20) 

when M~~ and uniformly for bounded t. From Theorem 3.4.4.3 

tM~'o when M~~. Thus for any given n>O, there exists an in-

teger M0 >0 such that· when M>M 0 , 'M is an interior point of 

We can assume that 'ME(t -n, t ). 
0 0 

Since "CM maximizes R( "C), in a half neighborhood of 'M' 

say, (tM-n' 'M)' R("C) is an increasing function of t. Then 

in that interval there exists a unique inverse function 

t=V(R). "C is continuous in R. Thus for the above given n 

there exists a E>O such that when IR(r)-R(tM) l<E, 

(4.2.21) 

+ From R (t)-R(t)~o when M~~, in (4.2.20) for that E, there 

exists a M1 such that when M>M1 
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* Without loss of generality, we assume that tM<tM. 

* . . R+ ( ) tM maximizes t , 

Again from (4.2.20) when M>M1 , 

* Combining (4.2.22)~-(4.2.24) we have R(tM)~R(tM)+E. 

(4.2.22) 

Since 

(4.2.23) 

(4.2.24) 

Thus from (4.2.21) when M>M2 =rnax{M0 , M1 }, we have 

* lt 00-t 00 1<n and complete the proof as we know that tM-+t 0 when 

M-+oo. 

Now let * * 2 t be the value oft maximizing IP (t)I which is 

defined in (4.2.14). Then based on Lemma 4.2.6, we have the 

following lemma. 

LEMMA 4.2. 7. 

Assume that Ex ( t), Ey( t) satisfy Assumption 2. 4. 4. 2 and 

conditions C in Section 2.4.3. Then there is a sequence M(N) 

* increasing with N, such that t converges almost surely to 

PROOF 

ESTIMATING PARTIAL GROUP DELAY~-DIRECT APPROACH 88 



Choosing an interval of t which is big enough, say V, it 

follows from Lemma 4.2.3 when M is fixed and N~~, 

* + p (t)-(M/~)p (t)~o. a.s. 

i • e •I * + p (t)~(M/~)p (t) a.s. 

Hence we have 

* 2 + q (t}~(M/~) q (t) a.s. (4.2.25) 

and uniformly for all tc.V where * * 2 q <•>=Ip <•>I and 
+ + 2 q (t)=lp <•>I . Thus from ( 4. 2. 25) for any c. >O and for N 

sufficiently large almost surely we have 

(4.2.26) 

* * However by definition t is the value oft maximizing q {t), 

* * * * q {tM)Sq (t ) . (4.2.27) 

Again from (4.2.25) almost surely, 

* * 2 + * q (t )S(M/~) q (t )+&. (4.2.28) 

Then combining (4.2.26)~~(4.2.28), we know that for fixed 

* * M as N~~, '! must almost surely converge to tM. Then by 
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using Lemma 2. 4. 3. 2 ,· Lemma 4. 2. 5, and letting tM in Lemma 

* * 2.4.3.2 to be tM' t to be t 0 for each Mand tM(N)=t , we 

complete the proof. Q.E.D. 

Recalling (4.2.12), we know that, 

I *cw >~Cl/2)wc2 (2,f (A )) 
£E S EE 0 

(4.2.29) 

in distribution, when A/0 (mod ir) and N~~ and M ~~. 

As we defined in Section 4.1, 

* f (w )=(l/3)[I (w )+I (w +ir/M)+I (w -ir/M)] xx s xx s xx s xx s . (4.2.30) 

With W =21TS/N s s=1~2, ... m. Similarly, we also have 

and 

* f (w )=(1/3)[I (w )+I (w +ir/M) +I (w -ir/M)]. xy s xy s xy s xy s 

With these, we form a special case of g!(w 0 ) as 
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* * *-1 * * * *-1 * f -f f f f -f f f xx xz zz zx xy xz zz zy 
* g p )=(3/2) 
€ 

* * *-1 * * * 
_, 

* - * f -f f f f -f f f (4.2.31) yx yz zz zx yy yz zz zy 

As defined in(4.1.4) 

* * * *-1 * f (A)=f (A)-f (A)f (A)f (A) xy.z xy xz zz zy 

and in ( 4 . 1. 5 ) 

- * -iTW p ( T ) = ( l/m) i: f ( w ) e s, o xy.z s 

when T - 2 is the value of T maximizing IP (1)1 , then we have 

the following theorem. 

THEOREM 4.2.8. 

Assume the conditions of Theorem 4. 2. 7, and assume that 

x(t), y(t) and z(t) satisfy Assumption 2.4.4.2 and Conditions 

C in Section 2. 4. 3. The estimator of partial group delay 

,-(A) is a weak consistent estimator of T =1(A ). 
0 0 

PROOF 

* * We know from Lemma 4.2.2 that f (w ) and f (w ) are xx s 1 xx s 2 
asymptotically independent when w #w for w =21Tk./N 

s 1 s 2 sj J 

(j=l,2) with k. an integer and w ~A . when N and M tend to J s . 0 
J 

* * infinity. Similar results also hold for f (w ), f (w ), xz s zy s 
* * * * f (w ), and f (w ). Then g (w ) and g (w ) are also zz s xy s € s 1 € s 2 
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as:yrnptotically independent when and 

(l/2)W2c(2,f (A )) for w ~A when N~oo and M~oo. 
EE 0 S. 0 

J 

We know from (4.2.12), 

r* (w )~(l/2)W2c(2,f (A )) in distribution. 
EE S EE 0 

and from the above, 

* c g (w )~(1/2)W2 (2,f (A )) 
E S EE 0 

in distribution 

* when N~oo and M~oo. Since I ( w ) and ( 2/3) f ( w ) are 
E E s xy.z s x y 

the first row and second column elements in the matrix 

* * I t w ) 
EE\ S 

and the matrix g ( w ) E s I 
by Theorem 2.4.5.2 

* * I ( w ) and ( 2/3) f ( w ) have the same limiting dis-
E E s xy.z s x y 

tribution. 

Now let w =2Tik./N with k. an integer (j=l, ... ,m) be the 
sj J J 

frequencies in the band B. 

* IE E ( w s ) are 
x y 2 

asymptotically independent and 

* * (2/3)f (w ) xy.z s 1 
and (2/3)f (w ) xy.z s 2 

are also 

asymptotically independent. Hence 

and 

* * (2/3){f (w ), fxy.z(w 52 )} xy.z s 1 _ 
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have the same joint limiting distribution. Note that pairwise 

independence is equivalent to joint independence for normal 

distributions as well as for Wishart distributions. Hence 

* * {I (w ), •••• I (w )} 
£ e s 1 e e s x y x y m 

and 

* * (2/3){f (w ), •••• ,f (w )} xy.z s 1 xy.z sm 

have the same limiting distribution for any integer k. 

Further we define the elements in R~ 

* * u1N={I (w ), .... ,I (w ),0,0, ... } 
.i: £ £ s 1 e e s x y x y m 

and 

* * u2N= { ( 2/3 ) f - ( (/J ) / • • • • / ( 2/3 ) f ( (/J ) / 0 / Q / • • • } • xy.z s 1 xy.z sm 

As the corresponding finite dimensional distribution of 

u1N and u2N have the same limiting distribution, thus by 

Theorem 2.4.5.1, u1N and u2N have the same limiting distrib-

ution. We denote the common limiting distribution by W. 

Now recall that ,# (defined in Section 2.4.3) is the value 

maximizing q#(•)=Jp#(•)J 2 ,where as defined in (4.2.13) 

# -itw p (•)=(l/m)t I (s)e s. 
0 £ £ x y 

Instead of I ( s) £ £ I 
we replace it by In 

x y 
(4.2.14) we defined 
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* * -itw p (t)=(l/m)Z I (s)e s, 
0 € € x y 

* whose norm is maximized when r=t . Corresponding to the 

maximization, we obtain the equation 

where ~N is some function which satisfies the conditions of 

Theorem 2.4.4.1 for Fj there. Then by Theorem 2.4.4.1 

We know that ::: is continuous and differentiable for u 1N. 

* Similarly after replacing I (s) by (2/3)f (w ) defined xy xy. z s 
in (4.2.31), we obtain the estimator 

* From Lemma 4.2.7 '! =3N(u1N) -+t 0 thus ~N converges to some 

function:::. 

For any Borel set AeR1 , we consider 

(4.2.32) 
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where BN(A) is the inverse image of A in R•. 

Now consider 

(4.2.33) 

As u1N~w in distribution when N and M ~-, the second differ-

ence in the last expression converges to zero a$ N and M~-. 

The third difference also converges to zero when N and M ~-

since ::N converges to • For the first difference 

--1 --1 p(U1Ne:N (A))-p(UlNt: (A)) 

::::p{UlNt[::~l(A) (3-l(A)c]}, 

-1 c -1 where :: (A) is the complement of :: (A). As ::N~:: the 
-1 -1 measure of the set of SN (A) :: (A) converges to zero. Then 

the second difference in (4.1.33) ~o when N and M ~-. 

Thus 

Similarly, 

* Hence from (4.1.32) t and t have the same limiting dis-

tribution when N and M tend to infinity. 
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For the sequence of M(N) chosen in Lemma 4.2.7 , we know 

that M~~ when N~~ and 

* t ~t a.s when N~~. 
0 

* * Thus t ~t in probability. Finally since t and t have the 
0 

same limiting distribution, we obtain t ~t 
0 

in distribution 

i.e. ,-~t in probability when N~~. 
0 

Thus we complete the 

proof. Q.E.D. 

4.3 CENTRAL LIMIT THEOREM 

For the asymptotic distribution of the proposed estimate 

t in Section % . l, · we sti 11 consider the frequency band 

B={AIA +TI/2M<A<A +TI/2M} which contains m=N/2M frequencies 
0 0 

w =2Tik /M ( s=l, ... m) with k an integer. We begin with the s s s 
following theorem. 

THEOREM 4.3. 1. 

Assume that x(t), y(t), z(t) and t: (t), e (t) satisfy As-x y 
sumption 2. 4. 4. 2 and Conditions D in Section 2. 4. 3. Then 

there is a sequence M(N) increasing with N such that 

-1 3/2 * * N m (t -tM) has an asymptotic normal distribution. 

PROOF 

We shall omit the subscripts from I e e (A) 
x y 

and f 'A) 
E: E: \ x y 

in this proof. 
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Just as in the proof of Theorem 2.4.3.4, we keep M fixed. 

Then 

* 1 I 0 2 * q ( L ) ~ ( M/ 1T ) q I I ( L M) . 

Using the same argument as in step 1 of the proof of Theorem 
1/2 *I * 2.4.3.4, N q (•M) can be replaced approximately by 

Thus * -itw -itw p (i:)=(l/2m)I 0 I(ws)e s +(1/2m)I 0 I(w 5 +1T/M)e s 

=(1/2m)I I(w )e-i•ws +(l/2m)I ,I(w )[e-itws]ei•1T/M, 
0 s 0 s 

where I , is the summation over all w tB'. 
0 s 

Hence by Lemma 2.4.3.1, 

Similarly, 

* *I dp ( t ) /d 1: =p ( 1: ) 
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-it A -it A itTI/M =(M/2ri){JB(-iA)I(A)e dA +JB, (-iA)I(A)e dA e 

+/B 1 I(A)e-itAdA(iTI/M)eitTI/M}. 

On the other hand by definition 

p+' (t)=(l/2)1Bf(A)e-it\(-i\)d\+(l/2)JB 1 f(\)e-itA(-i\)eitTI/MdA 

+(l/2)JB,f(A)e-itA(Tii/M)d\eitTI/M 

Hence 
*' * + * c +' * * * c (2TI/M)Re{p (tM)p (tM) +p (tM)p (tM) } 

* -it \ + * c =1 8 I(A)(-iA)[e M ]p (tM) dA 
* + * +JBI(\)c(iA)[eitM\]p (tM)d\ 

* * +1 8 ,I(A)(-iA)[e-itMA]p+(t~)cdAeitMTI/M 
* * +1 8 ,I(A)c(iA)[eitMA]p+(t~)dAe-itMTI/M 

* * . -it A + * c it TI/M +(TI1/M)J 8 ,I(l)[e M ]p (tM) dle M 

* * -(Tii/M)JB,I(l)c[e-itMl]p+(t;)dle-itMTI/M 

* +1 8 I(A)c[eitMl]p+' (t~)dA 

* -it :'<. +' * c +J 8 I(A)[e M )p (tM) dA 

* * +JB,I(\)[eit MA]p+' (T~)d\e-itMTI/M 

* * +JB,I(l)[e-itMA]p+' (t~)cdAeitMTI/M 

=t.1+ ... +t.10· 
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It is easy to see that 

Further we substitute the expression 

After arranging the terms, we obtain 

Thus 

Let 

*' * + * c +' * * * c (4~/M)Re{p (tM)p (tM) +p (tM)p (tM) } 
- 8 -2Re p: i=l Ai), 

* =J 1 I(A)i(8-A)eitM(S-A)f(S)cd8dA B B 
* * +JBJB,I(A)i(8-A)eitM(S-A)f(S)ce-itMTI/Md8dA 

* * +JB,JBI(A)i(8-A)eitM(S-A)f(S)ceitMTI/Md8dA 

* +JB,JB,I(A)i(8-A)eitM(S-A)f(S)cd8dA 

* * + 1B1 B , ( - i ) ( TI /M) I (A ) e i t M ( 8 - A ) f ( 8 ) c e - i t M TI/Md 8 d A 

* * +JB,JBi(TI/M)I(A)eitM(S-A)f(8)ceitMTI/Md8dA 

* +JB,JB,i(TI/M)I(A)eitM(S-A)f(S)cd8dA 

* + 1 B' 1 B' ( - i ) (TI /M) I ( A ) e it M ( 8 - A ) f ( 8 ) c dS dA . 

* ~l(A)=(l/2)(M/TI) 2 1Bi(8-A) eitM(S-A)f(8)cd8 
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on B, and ¢ 1 (A)=O on the intersection of the complement of B 
c and (0, TI). Also let ¢ 1 (-A)=¢ 1 (A) . Similarly, we have 

* * ¢2(A)=(l/2)(M/TI) 2 JB,i(6-A)eitM(S-A)f(8)ce-itMTI/Mde on 

B', and ¢2 (A)=O on the intersection of the complement of B' 
c and (0, TI). Also let ¢2 (-A)=¢ 2 (A) . 

on B', and ¢3 (A)=O on the intersection of the complement of 

B' and (0, TI). Also let ¢3 (-A)=¢ 3 (A)c. 

* ¢4 (A)=(l/2)(M/TI) 2 JB,i(8-A)eitM(S-A)f(8)cd8 

on B', and ¢4 (A)=O on the intersection of the complement of 

B' and (0, TI). Also let ¢ 4 (-A)=¢ 4 (A)c. 

* * ¢5(A)=(l/2)(M/TI) 2 JB, (-2iTI/M)eitM(S-A)f(8)ce-itMTI/Md8 

on B, and ¢ 5 (A)=O on the intersection of the complement of B 

and (0, TI). Also let ¢5 (-A)=¢ 5 (\)c. 

* * ¢5(A)=(l/2)(M/TI) 2 JBi(2TI/M)eitM(S-A)f(6)ceitMTI/Md8 

on B', and ¢ 6 (A)=O on the intersection of the complement of 

B' and (0, TI). Also let ¢ 6 (-A)=¢ 6 (A)c. 
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It is feasible to assume the above, because when N is big 

enough then Band B' are subsets of (0, TI). 

* 6 Now let¢ (\)=Li=l¢i(\). We want to show that 

* + + 2 Since 'M maximizes q (t)=lp (t) I , thus from 

we have 

+' * + * c + * +' * c p (tM)p (tM) +p (tM)p (tM) =O. 

or +' * + * c Re [ p ( t M) p ( i: M) ] =O . 

We further manipulate as follows: 

* * * =(l/2)[1Bf(\)e-itMA(-i\)d\+JB,f(\)e-itM\(-i\)eitMTI/Md\ 

* * +(TI/M)JB,f(\)e-itMA(Tii/M)eitMTI/Ml 

* * * (l/2)[1Bf(8)ceitMBdS+J 81 f(8)ceitMSe-itMTI/Md8] 

* =(l/4)J 8 J 8 f(\)f(8)c(-i\)eitM(S-\)d8d\ 

* * +(l/4)1 8 ,JBf(\)f(8)c(-i\)eitM(S-\)eitMTI/Md8d\ 

* * + ( 1/ 4) J BI J Bf (A ) f ( e ) c ( 2 TI i/M) e i '! M ( e - A ) e iL M TI /Mde d\ 

* * +(l/4)1 8 JB,f(\)f(8)c(-i\)eitM(S-\)e-itMTI/Md8d\ 
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* +(1/4)JB,JB,f(A)f(S)c(-i\)eitM(B-A)d9dA 

* +(l/4)JB,/B,f(A)f(8)c(TI/M)eitM(S-\)d8d\. 

+' * + * c We can write p (tM)p (tM) in an alternative way, i.e., 

* * * =(l/4)[JBf(\)ceitM\d\+J 31 f(\)ceitM\e-itMTI/Md\] 

* [J f(S)e-itM\(-i8)d8 
B 

* * +JB,f(S)e-itMS(-iS)eitMTI/MdS 

* * +JB,f(S)e-i'M8 (Tii/M)eitMTI/Md9] 

* =(1/4)1 3 J 3 f(\)cf(S)eitM(\-S)(-i8)d8d\ 

* * +(1/4)JB,/Bf(\)cf(S)eitM(\-S)e-itMTI/M(-i8)d8d\ 

* * +(1/4)1 3 1 B' f (A )cf( 6 )e1 'M(\-S )eitM1T/M(-i8 )dSd\ 

* +(l/4)1 3 ,J 3 ,f(\)cf(S)eitM(\-S)(-i8)d8d\ 

* * +(1/4)1 3 JB,f(\)cf(8)eitM(\-S)eitM2 1T/M(1Ti/M)d8d\ 

* * +(l/4)JB,JB,£(\)cf(9)eitM(\-S)eitMTI/M(1Ti/M)d9d\. 

Hence 

+' * + * c 4Re[p (tM)p (tM) ] 

* =J J f(\)£(9)ceitM(S-\)i(9-\)d8d\ B B 
* +J 3 ,J 8f(~)f(S)ceitM(S-\)i(B-\)d8d\ 
* * +J 3 J3 ,f(\)f(S)ceitM(S-\)e-itM1T/M[i(9-\)]d8dl 
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* +JB,JB,f(\)f(8)ceitM(S-A)[i(8-\)]d9d\ 

* * +JB,JBf(\)f(9)ceitM(S-\)eitMir/M(iri/M)d9dX 

* * +JBJB,f(X)f(9)ceitM(S-X)e-itMir/M(-iri/M)d9dX 

=(M/ir)-2 2Jir[r 61¢~(X)]f(X)d\ 0 1 

=(M/ir)-2Jir [r 61 ¢~(X)]f(X)dX -ir 1 

=(M/ir)-2 Jir ¢*(X)f(X)dX. -ir 

+' * + * c Since Re[p (tM)p (tM) ]=O, we have 

Hence we have 

which corresponds exactly to step 2 of the proof of Theorem 

2.4.3.4. 

Now consider 

J 1T i/i * ( X ) I ( X ) d\ -ir 
=/~ir+/~¢*(\)I(X)dX 

=-J 0 ¢*(-X)I(-X)dX+/ir¢*(X)I(X)d\ 
1T 0 

=2/irRe[¢*(\)I(X)]dX. 
0 

It is easy to see that 
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Thus 

Following the argument of the proof of Theorem 2. 4. 3. 4, 

or just copying the first 14 lines of that proof with re-

placing the corresponding notation, we conclude 

1/2 *I * N q (!M) 
1/2 * I * + * C + I * * * C 

~(M/TI)2N Re{p (!M)p (!M) +p (!M)p (!M) } 

=(M/TI)2Nl/2 (TI/M)JTI¢*(A)I(\)dA 
0 

=N1121TI ¢*(A)I(A)dA. -TI 

As f(A) is differentiable, E{I(A)-f(A)}=O(logN/N). Hence 

* Since ¢ (A) is piecewise continuous, by the argument of 

step 4 of the proof of Theorem 2.4.3.4 we know that 

N112 (,*-,~) is asymptotically normally distributed for fixed 

M. 

To complete the proof, we cite Lemma 2 in Hannan and 

Thomson (1973) here. 
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LEMMA (Hannan and Thomson, 1973) 

If tM(N) (M=l,2 ... ;N=l, ... ) is a sequence of random vec-

tors whose distributions converge to FM as N~~ for each fixed 

M, and if FM converges properly to F as N~~, then there is a 

monotone increasing sequence M(N) such that the distributions 

of tM(N)(N) converge properly to Fas N~~ 

Th 1 t t (N) b (m/N) 312N1/ 2 ( 't * -'tM*). us we e M(N) e When M is 

fixed, -1 3/2 * * i.e. m/N is fixed, N m ('t -'tM) is asymptotically 

normally distributed from the above conclusion. Then by the 

cited lemma we complete the proof. Q.E.D. 

Now we calculate the asymptotic variance of 

THEOREM 4.3.2. 

Under the conditions of Theorem 4. 2. 1, the asymptotic 

3/2 -1 * * variance of m N ( '! -i:M) when N and M ~~ is 
2 2 2 2 12{1-o p. 0 )}/{1T a (\ 0 )}, where a (). 0 ) is the partial coher-
2 ence a at \=\ . xy.z o 

PROOF 

Just as in the proof of 2.4.3.4 step 1) to 3) the variance 

3/2 -1 * * of m N (1: -'tM) when M is fixed converges to 

-3 2 +' ' * -2 (21T)(2M) {(M/TI) q ('tM)} 

[11T l¢*p)i 2 f (A)f (A)+¢*p) 2 f (U}d\ 
-1T € € € € ' x y x y 

ESTIMATING PARTIAL GROUP DELAY~-DIRECT APPROACH 105 



1T * * c +fl ¢ (X)¢ (µ) f (-X,X,µ,-µ)dXdµ). (4.3.1) -ir e e e e x y x y 

Write the coefficient in (4.3.1) as 

Now the last term in (4.3.1) 

1T * * c . 4irM// ~ (X)~ (µ) f (-X,X,µ,-µ)dXdµ~O -ir e e e e x y x y 

when M~~ since the integrand is bounded and zero except on a 

set whose area is O(M- 2 ). For the first term in (4.3.1), as 

we defined in the proof of Theorem 4.3.1 and stated in step 

3) of the proof of Theorem 2.4.3.4, 

(4.3.2) 

on B. Similarly let x1=X 0 +(ir/M), then as fe e (X) is bounded 
x y 

differentiable, 

* * ¢2 (X)=(M2/2ir 2 )J 8 ,i(8-X)e-itM(S-X)f12 (8)ce-itM(ir/M)d8 

=(-i/2)(M/1T){A-X 1 )f (A )c (4.3.3) _ e e o x y 

on B' when M is big enough. 
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We also have 

(4.3.4) 

on B. 

(4.3.5) 

on B, and 

(4.3.6) 

on B' when M is big enough. 

- * * 
¢ 6 (A)=(M/1T) 21B1i(TI/M)eitM(S-A)fE E (8)ce-itM(TI/M)d8 

x y 

= ( i/2) ( 1/1T) (A-\ l) f (A ) c 
E E 0 

(4.3.7) 
x y 

on B when M is big enough. 

Any terms that include ¢ 5 (A) and ¢ 6 (A) in the first term of 

(4.3.1) will go to zero when M~oo. In this sense we can have 

* ¢ (\)=¢ 1 + ••• +¢ 4 . Thus we have 
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as '1> 11 <P 3 are nonzero only on B and '1> 21 <P 4 are nonzero only 

on B'. Thus by (4.3.2)-(4.3.5) 1 

11T I 'I>* p. > 1 2 f p. > f p. > d:\ 
-'IT e E x y 

~4/B(M2/1T 2 )(;\-;\ ) 2 1f (;\ )1 2 £ (;\)f (;\)d;\ 
0 E E 0 E t x y x y 

==4(M/1T) 2 (1/8)lf (A )1 2 f (A )f (A )(2/3)(1T/M) 3 
E t 0 t 0 t 0 x y x y 

==(ir/3M)lf (A )1 2 f (A )f (A). 
t E 0 E 0 E 0 x y x y 

Hence 

For the second term in (4.3.1) 1 

== ( -1/3 ) ( ir /M) I f p ) I 4 . E E 0 x y 

Thus when M approaches infinity 
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+I I * 
Now we consider q {rM). Since 

* 
p+(r;)=(l/2){1BfE E (/..)[e-irMA]d/.. 

and 

thus 

where 

Hence 

x y 
* * +JB,f (A) [e-i'!Ml ]dA[ei 1 M1T/M]} 

E E x y 

+ * + * 2 q (rM)=lp {1M) I 
* * =ql ( r M) + · · · +q4 ( r M) ' 

ql ( r) 

=(l/4)1Bf" (A)e-id.dl!Bf (8)ceirSd8 E E E E x y x y 

=(1/4)11Bf12(/..)fE E (8)cei1(8-l)d8dA. 
x y 

q1' '(r)=(l/4)IIB(-1)(8-l..) 2 fE € (/..)f€ € (6)ceii:(S-/..)d8dA. 
x y x y 

When M is big enough and in any bounded interval of r, we have 

Thus * q '' (r ) can be approximated by 1 M 
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proxirnation. Thus 

Now the variance is 

= 

2 2 By definition o (.)=if (.)! /f (.)f (.). 
ExEy Ex Ey 

Thus the limiting variance equals 

Q.E.D. 

Based on Theorem 4. 2. 1 and Theorem 4. 2. 2 , we have the 

following central limit theorem. 
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THEOREM 4.2.3 

For the estimator t - (see Section 4. 1. ) , there is a se-

-1 3/2 - * quence M(N) increasing with N, such that N m (t -i:M) has 

a distribution converging to the normal distribution with 

zero mean and variance 12[1-o2 (X )]/[~ 2 o 2 (X )]. 
0 0 

PROOF 

From Theorem 4.2.1 has an asymptotic 

-1 3/2 * * normal distribution. Now we want to show that N m (t -i:M) 
-1 3/2 - * and N m (t -i:M) have the same asymptotic distribution. 

As we defined in (4.2.14) 

We can write the above as 

* p ( t) 

Similar to the proof of Theorem 4. 2. 8 corresponding to the 

maximization of IP*{t) 12 , we obtain the equation 

where u1N is defined in the proof of Theorem 4.2.8, i.e., 
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and ~N is some function which satisfies the conditions of 

Theorem 2.4.4.2 for F. there. Then by Theorem 2.4.4.2 
J 

Similarly we have 

where u2N is defined in the proof of Theorem 4.2.8, i.e., 

* * u2N=((2/3)f (w ), ... , (2/3)£xy.z(w_s ),0,0, ... ). xy.z s 1 m 

From Theorem 4.2.1 has an asymptotic 

normal distribution. Thus QN converges to some function Q. 

Then using the argument in the proof of Theorem 4. 2. 8, we 
-1 3/2 * * -1 3/2 - * know that N m (• -•M) and N m (• -•M) have the same 

asymptotic distribution. Hence N- 1m312 (•--•~) has the 

asymptotic distribution as stated in the theorem. Q.E.D. 
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5.0 NUMERICAL EXAMPLE 

In this chapter the proposed procedure for estimating 

partial group delay is illustrated with simulated time series 

data that are designed to satisfy the conditions required by 

Theorem 4.2.8. 

For the simulation let a(t), ~(t), n(t) and o(t) be mutu-

ally independent zero mean, normal random variables for 

t=O,l, .... The varianc~s of a(t) and ~(t) are. taken to be 

0.04 and the variance of n(t) is taken to be 3.0. The variance 

of o(t) is taken to be 0.06. Define the time series s(t) to 

satisfy the relation 

s(t)=n(t)+0.75n(t-l); 

and for t=l,2, ... construct E (t) and E (t) as x y 

and 

E (t)=s(t)+a(t) x 

Ey(t)=s(t+3)+~(t). 

Define the time series z(t) to satisfy the relation 

z(t)=0.5z(t-l)+o(t). 

Now construct 
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and 

x(t)=O.Sz(t+l)+&x(t) 

y(t)=0.6z(t+2)+& (t). y 

(5.5) 

(5.6) 

Thus by the definition the partial group delay between x(t) 

and y(t) adjusted for z(t) is the group delay between &x(t) 

and & (t). The conditions of Theorem 4.2.8 may be verified y 

for these time series. The autospectra for &x(t) and ey(t) 

are 

f e (:\. ) =f E (). ) 
xx yy 

=(21T)-l[ ll+0.75ei>.1 2 0.04+3] 

and the coherence between ex(t) and ey(t) is 

i>. 2 i>. 2 a(A)=[ll+0.75e I 0.04]/[ll+0.75e I 0.04+3]. 

Since 

the group delay between ex(t) and &y(t) is t 0 =3. 

For the example &x(t) and ey(t) were simulated 

t=l, ... ,500 according to (5.5), (5.6) and (5.4). 

for 

Choose >. =1T/2 and center the band Bat 1T/2. Let rn=l8, 24, 
0 

30 respectively. Then M=500/2m. Based on x(t), y(t) and z(t) 

for t=l, ... ,500, according to (4.1.3) construct 
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* f (w )=(1/3)[I (w )+I (w +~/M)+I (w -~/M)]. zz s zz s zz s zz s 

where Izz is the periodgram of z(t). As ws is in the form of 

2~ks/N with ks an integer (s=l, ... ,m), and since ws belongs 

to B, thus [N-2m/4]SksS[N+2m/4]. Similarly we also define 

Let 

as defined in (4.1.4) and 

as defined in (4.1.5). 

Then by maximizing IP-(•)1 2 the estimate t is obtained. 

These exact steps were repeated 20 times for independent 

realizations of x(t), y(t) and z(t) (t=l, ... ,500) to give 20 

corresponding estimates oft. 

Table 1 summarizes the result of 20 cases of this example. 

From table 1, the mean oft when m=l8, 24, 30 are 2.18, 2.52, 

and 2.71 respectively, which shows that the estimate is bi-
-1 3/2 - * ased. From Theorem 4.2.3 the variance of N m {t -•M) is 

approximated by 12(1-o 2 );~ 2 o 2 . Here for the partial coher-

ence o2 , we have 
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When A=~/2, a (~/2)=0.92. Thus Var1-=0.96 which coincides 
t & x y 

with the result of 0.92 in table 1 for m=30. 
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Table 1. Summary of results of simulations. 

No. ,-(m=18) I ,-(m=24) ,-(m=30) 
I I I I 1-------- ----------------1----------------1----------------1 
I 1 3.7 I 2.7 I 1. 6 I 
I 2 1. 6 I 2.1 I 2.6 I 
I 3 2.4 I 2.0 I 4.8 
I 4 2.8 I 3.4 I 3.8 
I 5 1. 4 I 1. 5 I 2.8 
I 6 1.3 I 1. 8 I 4.9 
I 7 1.4 I 1. 5 I 2.8 
I 8 4.9 I 4.0 I 1. 2 
I 9 3.0 I 1.8 I 2.3 
I 10 3.1 I 2.0 I 1. 9 
I 11 1. 7 I 2.8 I 2.1 
I 12 1. 8 I 4.2 I 2.5 
I 13 0.1 I 1. 9 I 3.5 
I 14 3.3 I 1.1 I 2.7 
I 15 3.5 I 4.5 I 1. 9 
I 16 3.3 I 1. 5 I 1.5 
I 17 1. 8 I 1. 4 I 2.6 
! 18 0.2 I 1. 6 I 2.7 
I 19 2.1 I 4.7 I 2.8 I 
I 20 0.1 3.9 I 3.2 I !-------- ---------- -----1----------------1----------------1 
I average I I I 
lof t 2.18 2.52 I 2.71 I 
I I I I 1-------- ----------------1----------------1----------------1 
!sample I I I 
I variance I 1. 65 I 1. 35 I 0.95 I 
I of t 
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6.0 PARTIAL GROUP DELAY AND TIME LAG RELATIONSHIPS AMONG 

MULTIPLE TIME SERIES 

Theorem 2. 4. 1. 1 gives the result from Deaton and Foutz 

(1980) for the time lag relationship between two stochastic 

processes. A time-lag interpretation is given for the group 

delay between two continuous time weakly-stationary 

stochastic processes that can be summarized as 

(-oo<t<oo), 

The notations are defined in Theorem 2. 4. 1. 1. That result 

shows that as the band A shrinks to a single frequencv >- , .• 0 

the relationship between x1A and x2 A approaches the simple 

form 

Now we extend the result to the case of more than two 

stochastic processes. 

THEOREM 6.1 

Let {X(t),Y1 (t), ... Yp(t); -oo<t<~} be a multivariate weakly 

stationary stochastic process. Assume the component proc-

esses have mean zero and have absolutely continuous spectra 

and spectral density matrix 
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f f xl · · · f xx xp 

f lx f 11 ... flp 

. 
f f pl ... f px pp 

with each element nonzero and boundedly differentiable in a 

frequency band A containing the frequency A . Further assume 
0 

the spectral density matrix of [Y1 (t), ... Yp(t)] is Hermitian 

positive definite. Then with •i(A) the partial group delay 

of X behind Y. adjusted for Y1 , ... Y. 1 , ... Y, and with 
J. J.- p 

a . ( A ) =exp [ i A• . A ] { f . 1 (A ) If . . 1 (A ) }, 
J.. 1 XJ. , ... ,p JJ. , ... ,p 

. where f . 1 (A) is the partial cross-spectral density XJ . I ... Ip 

adjusted for Y1 , ... Y. 1 ,Y .. 1 , ... Y and f .. 1 (A) is the J- ]T p JJ. 1•••1P 

auto-spectral density adjusted for Y1 , ... ,Yj-l'yj+l' ... ,Yp' 

there exist zero-mean weakly-stationary stochastic processes 

EA and OA that give a representation of the frequency compo-

nent XA as 

XA(t)=l:~_ 1 cx. (A )Y.A(t-t. (A ))+E\(t)+OA(t) 
1- 1 0 J. 1 0 ' 

( 6. 1) 

where the process EA is uncorrelated with each of the proc-

esses yiA (i=l, ... p); and OA. When A is a narrow frequency 

band, and for 0. (A) the partial coherence between X and Y. 
1 J 
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adjusted for Y1 , ... Yj-l'yj+l' ... Yp the relative importance 

of the terms in (5.1) is indicated by the limits 

limd(A)~o~OA(t)~/~XA(t)~=O, 

limd(A)~olai(l 0 )Yi(t-ti(l 0 )l/IXA(t)~=ai(l 0 ), 

. II I I 1- P 2 112 limd(A)~o £A(t)l/IXA(t)l-{1-ri=lai(l 0 ) } 

PROOF 

(6.2) 

(6.3) 

(6.4) 

Let H(Y) be the closed linear manifold generated by 

Y1 ,Y2 , ... ,Yp. It is well known and stated in Section 2.5 that 

the process X can be decomposed into a unique process in H(Y) 

plus a noise £={£(t); -~<t<~}, that is uncorrelated with el-

ements of H(Y), this decomposition takes the form 

If we consider the components of X(t) and Yi(t) i=l, ... ,pin 

the band A we have 

From (2.2.2.3) 
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where B(A)=[B1 (A), ... ,BP(A)] is the transfer function. From 

(2.2.2.7) 

where fxi(A) is the cross-spectral density between X and Yi 

and 

f(A )= 

is the spectral density matrix of the vector process 

(Y1 ,Y2 , ... ,YP). As we assumed before, f(A) is Hermitian pos-

itive definite. 

We want to derive the expressions of Bi(A), i=l, ... ,p. 

Without loss of generality we work on B (A), the others are p 
similar. 

Let f(A) be partitioned into the following way, 

Partial Group Delay and Time Lag Relationship 121 



f(A )= 

fp-1 1 ... fp-1 p-1 

fp1· .... fp p-1 

and write it as 

A B 

c 

f p-lp 
f pp 

Then from Rao (1973) p.33, the inverse of f(A) can be written as 

* 

** 

where "*" is a (p-l)X(p-1) matrix and "**" is a lX(p-1) vec-

tor. As f(A} is assumed to be a Hermitian positive definite, 

so is A. Thus the inverse of A exists. 

We also write the vector (fxl' ... fxp-l fxp) as (fr fxp)' 

where fr is a lX(p-1) vector. 
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Hence 

B{A.)=(fI f ) xp 

and so 

* 
I 

** 

* We know that C=B the conjugate transpose matrix of B. 

Since A is Hermitian positive definite, there exists a non-

singular (p-l)X(p-1) matrix Q such that A- 1=QQ*. Then 

We decompose X and Y in the following way p 

X(t)=IT(XjY1 , ... ,Y 1 )+E (t) p- x 
Yp(t)=IT(YpiY1 , ... ,YP_ 1 )+ep(t). 

scalar. 

Comparing with (2.2.2.9), fxp-fIA- 1B is just the spectral 

density of the residual processes XA -IT (XA I Y1 A, ... Yp-lA) and 

YpA-II(YpAjYlA' ... Yp-lA). Thus fxp-fIA-lB is the partial 

cross-spectral density between X and Y p 

Y1 , ... Yp_ 1 . We denote it by f 1 1 . xp. I••• Ip-

adjusted for 

Similarly f -CA- 1B=f is the partial spectral pp pp.l, ... ,p-1 
-1 density of Yp adjusted forY1 , ... Yp_ 1 . Thenfxp-fIA Bis 

the cross spectral density between ex(t) and Ep(t) and 

f -CA-lB is the auto-spectral density of e (t). pp p 
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Thus if we replace f 12 (A) and f 22 (A) in the proof of The-

orem 2.4.1.1 (see Deaton and Foutz, 1980) by 

f (A) and f (A) respectively and fol-xp • 1, • • • I p-1 pp• 1, • • • / p-1 
low exactly the same proof word by word we have 

where 1: (A ) p 0 
is the partial group delay of X behind Yp at 

For other /B. (A)eiAtdZ. (A) i=l, ... ,p-1, we .have similar 
l. 1 

expressions. 

Obviously OA(t) is uncorrelated 

with E(t) as each OiA(t) is. Thus we obtain (6.1). 

As to (6.2)~-(6.4), these results can be obtained easily 

as proof of Theorem 2.4.1.1 (see Deaton and Foutz, 1980) 

From (6.1) and the uncorrelateness of EA(t) with all 

ai (A 0 )YA (t-i:i (A 0 ))+0jA (t) and OjA (t) the variance of EA (t) 

becomes 

Var [EA ( t) ] 

=Var[X(t)]-Var[IJ? 1 {a.(A )Y.A(t-i:.(A ))+O.A(t)}] i= l. 0 l. l. 0 J 

=Var[X(t)]-Il? 1var[a.(A )Y.(t-i:.(A ))] 
i= l. 0 J l. 0 

-Il=l Var[OjA (t)] 

-Il=lE[ai(A 0 )Yi(t-i:j(A 0 )) 
c c ak(A ) Yk(t-i:.(A )) ] 

0 J 0 

-Il=lE[ai(Ao)Yi(t-i:i(Ao)) 
c OkA ( t) ] . 

p c 
-Ii=lE[oiA (t) okA (t) l, 
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where the last three summations are over the j and k =l, ... ,p 

and j~k. Similar to the proof of 2.4.1.1 the last four terms 

are of order d(A) 2 . 

We also have 

Var[X(t)]=f (A )d(A)+O[d(A)J 2 , x 0 

= 

Var[cx.(A )Y.(t-i:.(A ))] 
1 0 1 1 0 

If . P > 12 
XJ . 1, ... Ip 0 

f .. 1 (A) JJ. , ... ,p 0 

Thus we have 

d(A)+O[d(A) 2 ]. 

If . p > 12 
XJ . 1, ... Ip 0 

--------] d(A)+O[d(A) 2 J. 
f .. 1 (A ) JJ. , ... ,p 0 

Hence we complete the proof. Q.E.D. 

Interpretations of the results can be given in the geom-

etry of the Hilbert space L2 ( P) . The elements of this space 

are random variables on (Q, B, P ) having mean zero and finite 

variances, and the norm of each random variable in L2 (P) is 

defined to be its deviation. Thus (6.2), (6.3) and (6.4) give 

the asymptotic relative sizes of the terms in (6.1) as A 
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shrinks to :X. 0 • Expression (6.1) show that XA(t) can be ap-

proximated by the the two uncorrelated processes as 

(-oo<t<oo). (6.5) 

with approximation error 

The importance of this theorem is that it justifies a time-

lag interpretation of partial group delay: As A shrinks to 

A and the relationship in (6.5) becomes precise, the partial 
0 

group delay, ti(:X. 0 ) is seen to be the time lag between X and 

Yi in (6.5). 

Furthermore, this theorem provides insight into the nature 

of linear relationships between weakly stationary processes. 

From this theorem, we know that as A shrinks to A 
0 

Il(XiY1 ,Y2 , ... ,Yp) 

=!l=lai(:X.o)YiA(t-ti(:X.o)). 

Thus it provides a frequency-by-frequency decomposition of 

the relationship characterized by Il(XiY1 ,Y2 , ... ,Yp). It 

shows that in the frequency domain this relationship becomes 

a simple linear relationship between XA(t) and p time-lagged 

variables YiA(t-ti(A 0 )). 
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7.0 EXTENSION TO NON-STATIONARY PROCESSES 

7.1 UNIVARIATE NON-STATIONARY PROCESSES 

Consider a continuous parameter stochastic process 

X={x(t); -~<t<~}. We assume that E[x(t)]=O and E[x(t)J 2 <~. 

The covariance function is defined by 

c R(s,t)=E[x (s) x(t)]. 

If {x(t)} is weakly-stationary, i.e. R(s,t) is a function of 

Ix-ti only, then we know R(s,t) admits the representation 

R(s,t)=J~ e-i(s-t)dF(\), 
-~ 

(7.1.1) 

where F{\) is the integrated spectrum. From Chapter 2, X(t) 

admits the spectral representation 

(7.1.2) 

where Z ( \) is a process with orthogonal increments, and 

E [ I dZ (A ) I 2 l =dF (A ) . 

It thus follows that if X(t) is non-stationary, it cannot 

be represented in the form (7.1.2), and R(s,t) cannot be re-

presented in the form (7.1.1). However we know (cf. 
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Priestley, 1981, 4.11) that for a fairly general class of 

stochastic processes, R( s, t) can be represented in a form 

similar to (7.1.1), provided we replace the functions {eiAt} 

by a more general "family" of functions {cpt(A)}. 

We now restrict attention to the class of processes for 

which there exists a family of functions {cpt} defined on the 

real line, and a measure µ(A) on the real line, such that for 

each s,t the covariance function R(s,t) admits a represen-

tation of the form 

(7.1.3) 

In order for Var{x(t)} to be finite for all t, cpt(A) must 

be quadratically integrable with respect to the measure µ for 

each t. 

It then follows, from the theorem of general orthogonal 

expansions (see Theorem 4.11.2 in Priestley, 1981, p.262), 

that whenever R(s,t) has the representation (7.1.3), the 

process {x(t)} admits a representation of the form 

(7.1.4) 

where Z(A) is an orthogonal process with 
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Suppose that, for each fixed A, ¢t(A) (considered as a 

function of t) possesses a generalized Fourier transform 

whose modulus has an absolute maximum at frequency S(A}, say. 

Then we may regard ¢t(A) as an amplitude modulated sine wave 

with frequency 9, and write ¢t(A) in the form 

(7.1.5) 

Now we have the following definition: 

DEFINITION 7 .1.1. 

The function oft, ¢t(A) is called an oscillatory function 

if for some (necessarily unique) S(A), ¢t(A) is of the form 

( 7 . 1. 5) where 

A (A)=/~ eitS dK (9) t -® A . 

with !dKA(S)! having an absolute maximum at 80 • We now can 

write (7.1.4) as 

(7.1.6) 

and we also have 

(7.1.7) 
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DEFINITION 7.1.2. 

If there exists a family of oscillatory functions 

F:{~t(\)}:{At(\)ei\t}, in terms of which the process {X(t)} 

has representation of the form (7.1.6), {X(t)} will be called 

an oscillatory process. 

For an oscillatory process, we can define the evolutionary 

power spectrum at time t with respect to the family F, 

Thus from (7.1.7), we have 

When the measureµ(\) is absolutely continuous with respect 

to the Lebesgue measure, we may write dFt(\)=ft(\)d\ and call 

ft(\) the evolutionary spectral density. 

For estimating the evolutionary group delay, we are in-

terested in the oscillatory processes whose non-stationary 

characterics are changing "slowly" over time. For the purpose 

of defining this "slowly changing" character Priestley (1965) 

introduces the semi-stationary process by specifying that the 

Fourier transform of the oscillatory function must be "highly 

concentrated" in the region of zero frequency. 
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For each family, define the function BF(A) by 

[note that BF(A) is a measure of the "width" of ldKA(S)I] 

DEF JN ITION 7 .1.3. 

A family of oscillatory functions will be termed semi-

stationary if the function BF(X) is bounded for all X, and 

the constant BF defined by 

will be termed the characteristic width of the family. 

DEFINITION 7.1.4. 

A semi-stationary process {x{t)} is defined as one for 

which there exists a semi-stationary family in terms of 

which {x(t)} has a representation of the form of (7.1.6). 

For a particular semi-stationary process {x(t)}, consider 

the class C of semi-stationary families, in terms of each 

of which {x{t)} admits a spectral representation. We define 

the characterstic width, Bx of the process {x(t)} by 
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7.2 EVOLUTIONARY CROSS-SPECTRA FOR MUL Tl VARIATE 

OSCILLATORY PROCESS 

Let X(t)={(X1 (t), ... Xp(t))' t&T} be a vector process, in 

which each component is an oscillatory process. We can write 

i=l,2, ... p (7.2.1) 

or 

- it:X. X(t)-Je At,X(:X.)dZx(A), (7.2.2) 

where 

E[dZ (:X.)dZc(A')]=OforU:X.' i=jori#j x. x. 
1 J 

2 
EldZx. (:X.)I =dµx.x.(:X.) 

1 1 J 
E [ dZ (A ) dZ c (A ) ] =d µ (A ) i I j = l , 2 I • • • I p . 

xi xj xi xj 

We have the following definition. 

DEFINITION 7 .2.1. 

Let {F , ... ,F } be a vector family of oscillatory func-
x1 xp 

tions, and let { (x1 (t), ... ,xp(t)'} be a multivariate 

oscillatory process with components admitting represent-

ations of forms (7.2.1) with respect to the family 

{F , ... ,F }. 
x 1 xp 

The evolutionary power cross-spectrum at time 

t with respect to the families F 
xi and Fx.' dFt,x.x.(:X.), 

J 1 J 
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is defined as dFt (>.)=At (A )At (A) cdµ .. (A). ,x.x. ,x. ,x. 1J 
J. J 1 J 

When the measureµ .. (>.) is absolutely continuous with respect 
J. J 

to Lebesgue measure, we may write dFt (A)=ft (A)d>. 
,xixj ,xixj 

and call ft,x.x.(>.) the evolutionary cross-spectral density 
1 J 

function of x. and x. when i#j, and the evolutionary spectral 
1 J 

density function when i=j. The matrix 

is termed correspondingly the evolutionary spectral density 

matrix. 

Similar to the stationary case, we can now have the fol-

lowing definition. 

DEFINITION 7.2.2 

We call 

lft,x.x.<A>I 
1 J 

the coherency between {x. (t)} and {x.(t)}, and 
1 J 
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¢t p. )=arg ,x.x. 
J. J 

the phase spectrum between {x. (t)} and {x.(t)}. 
J. J 

We note from 

dF t Ix. x. p.) =E [At Ix. (A) dZX. (A) A~ Ix . (A) dZ~. (A) ] I 
J. J J. J. J J 

that o (A) x.x. 
J. J 

lft,x.x.P.)I 
J. J 

E [ dZ ( \ ) dZ c ( \ ) ] x. x. 
J. J 

Thus the coherency is independent of the parameter t. However 

the phase is not time invariant. Now assuming that 

<Pt,x.x.(\) is differentiable with respect to \, we define 
J. J 

Tt(\)=d¢t , (A)/d\ the group delay of {x.(t)} behind {x.} 
,xixj i J 

at frequency \. 
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7 .3 PARTIAL GROUP DELAY FOR OSCILLATORY PROCESSES 

As in the case for stationary process, partial group delay 

between the oscillatory processes can be defined in terms of 

partial phase. However some difficulties will arise in de-

fining the partial phase between the oscillatory processes. 

We still consider the oscillatory processes {x1 (t)}, 

{x2 (t)} and {x3 (t)}, and assume that all of these have abso-

lutely continuous evolutionary spectral densities. 

Similar to Chapter 2 we first remove the influence of 

{x3 (t)} on {x1 (t)} and {x2 (t)} and consider the residual 

process 

z 1 (t)=x1 (t)-IT(x1 ix3 ) 

E2 (t)=x2 (t)-IT(x2 ix3 ) 

or alternatively, if {x3 (t)} has a continuous spectrum and a 

spectral density, which is bounded from above and away from 

zero (see Koopmans, 1974), (A 6.1) p.205), then we can write 

E 1 (t) and E2 (t) in the following way, 

E 1 (t)=x 1 (t)-r:~blt(u)x3 (t-u) 

E 2 (t)=x2 (t)-E=~b2 t(u)x3 (t-u) 

where blt(u) and b 2t(u) are determined by minimizing 
2 2 E(z 1 (t)] and E[z 2 (t)] We denote IT(x1 ix3 ) by w1 (t) and 

TI(x2 ix3 ) by w2 (t). 
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Here the question arises: Are &1 (t) and &2 (t) also 

oscillatory processes? 

The answer is affirmative when certain conditions are met. 

To begin with, we consider a linear open loop system in 

the form 

where {x(t)}, {y(t)}, and {&(t)} are oscillatory processes. 

Assume that for all t. Then we write 

for each fixed t 

and term Dt(l) the time dependent transfer function corre-

sponding to the (time-dependent) impulse response function 

{ dt (u)}. Further we assume that Dt (A) is "slowly" varying 

over time. To make the statement more precise, we need the 

following definition. 

DEFINITION 7 .3. 1. (Subba Rao and Tong, 1972) 

If for each fixed l, D~(l) considered as a function of t, 
l.. 

possesses a generalized Fourier transform 
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such that I dLA. ( 8) I has an absolute maximum at 8=0, then we 

define the bandwidth, BL' of dLA.(8) by 

From now on we assume that BL is greater than zero. We also 

assume BL~Bx. 

Back to our question. If {x1 (t)} is an oscillatory process 

and the conditions of definition 6. 3. 1 are satisfied for 
oo -iA.u E_ 00 b 1 t(u)e '· then it follows from Tong (1972) or Subba 

Rao and Tong (1972) that {w1 (t)}is also an oscillatory proc-

ess. 

We further assume that each oscillatory process of {x1 (t)} 

and {w1 (t)} has evolutionary spectral representation with 

respect to the same function, ¢ t (A) =Atl (A) ei 8 t say, that is 

just the case which Abdrabbo and Priestley (1969) considered. 

Based on the above assumptions, x1 (t) and w1 (t) can be 

represented as 

x1 (t)=J 

w1 (t)=J 

Thus 
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where dZ ().. )=d(Z ().. )-z ()..)). From 
vl xl wl 

we have 

and 

=E [ dZ (A) 
wl 

=E [ dZ ()..) 
xl 

=O 

dZC (A I ) ] 

wl 

dZC (A I ) ] 

wl 
for A.it>..', 

E[dZ (A.) dZc (A.' )]=O for A.~A.' 
vl vl 

EI dZ (A) 12 
vl 

=E I dZ (A ) I 2 + E I dZ (A ) I 2 
xl wl 

=dµvl (A) I 

i • e • / {Z (A.)} is an orthogonal increment process. By the 
vl 

definition, E 1 (t)=J A (A.)eiA.tdZ (A.) is an oscillatory t,l v 1 
process with respect to the family. We denote its evolution-

ary spectral density by ft (A.) on the condition that it 
,El 

exists. 

Similarly we also have that E 2 (t) is an oscillatory proc-

ess with evolutionary spectral density ft (A.). 
,E2 

We further assume that the evolutionary cross-spectral 

density between El and E2 is ft (A.). 
,ElE2 

Now we define the evolutionary partial coherency between 

{x1 (t)} and {x2 (t)} adjusted for {x3 (t)} as the coherence 

between {E 1 (t)} and {E 2 (t)}, which is 
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Similarly the corresponding partial phase is defined as 

and the partial group delay is defined 

7.4 ESTIMATING THE EVOLUTIONARY GROUP DELAY AND PARTIAL 

GROUP DELAY 

(a) Estimating evolutionary group delay 

as 

Suppose we are given one vector sample record of the 

bivariate semi-stationary process {x(t), y(t)}, t=l, ... N (see 

Definition 7.1.3). One method of estimating the evolutionary 

auto-spctral density ft (A), ft (A) and cross-spectral ,x ,y 
are proposed in Priestley (1965) and 

Priestley and Tong (1973) respectively. 
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In those papers, by choosing suitable filter and weight-

function and using "double window" technique, an approxi-

mately unbiased estimate of the average value of ft (A) in ,X 

the neighborhood of t, f#t (A) is obtained. Similarly we ,x 
also obtain f#t (A) and f#t (A). 

I y / xy 
The evolutionary spectral phase can be estimated by 

~# (A )=arg t,xy 

f#t (A) ,xy 

(7.4.1) 

Thus to estimate the evolutionary group delay between 

{x(t)} and {y(t)} at frequency A0 , we can choose a small 

frequency interval centered at A0 i.e. [A 0 -&, A0 +&], then the 

estimator of group delay can be 

T# (A)={~# (A +&) -~#t (A -&)}/2&. t,xy t,xy o ,xy o (7.4.2) 

(b) Estimating partial evolutionary group delay 

Just as in the stationary cases , to estimate partial 

group delay, we consider the indirect and direct approaches. 

For the indirect approach, we need to approximate the resi-

dual process. However to obtain the approximations of the 

residual processes might be very complicate for the non-

stationary case. Hence we only consider a direct approach. 
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We have the following theorem. 

THEOREM 7.4. 1. 

Under the following conditions 

1) {x1 (t) and {x2 (t)} satisfy the conditions of 

definition 6.3.1. 

has an spectral representation w.r.t. the same family 

of function. 

3) At p) is 11 slowly" varying over time, i.e., 

then we have the following conclusion: 

PROOF 

We know that x 1 (t)=w1 (t)+E 1 (t). By the assumption 

D.t x 1 (t)=!At(\)e dZx1 (\) 

i\t x 3 (t)=!At(\)e dZX3 (\) 

i\t w1 (t)=!At(\)e dZw1 (\) 

i\t E3 (t)=!At(\)e dZv1 (\) 

Then we have 
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as A~(A)~At (A), for any u. Then 
I.. -u 

We know that dZ (A) and dZ (A) 
X3 Vl 

are orthogonal, thus 

i • e • / 

Under similar conditions, we also have 

and 

Based on Theorem 7.4.l, we can obtain the estimate of the 

evolutionary spectral densities for and i • e • / 
# # # ft (A), ft (A)and ft (A). Then following the same ,€1 ,€2 ,€1£2 

procedure described in Section 7.4 (see (7.4.1) and (7.4.2)), 
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we can obtain t#t (l) 
,xlx2.x3 

# 
or tt,12.3' the estimate of 

partial group delay. 
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8.0 SUMMARY AND DISCUSSION 

In this chapter, we will briefly summarize this disserta-

tion. 

This dissertation proposes procedures for estimating par-

tial group delay. The partial group delay between two 

stochastic processes adjusted for the third stochastic proc-

ess is a spectral parameter. However, no estimating proce-

dure has been proposed for partial group delay. 

In this dissertation two procedures are proposed. The es-

timates of both procedures are weakly consistent. Also the 

asymptotic distributions of both estimates are derived. 

This dissertation also extends the result of the time lag 

relationship between two stochastic processes (Deaton and 

Foutz, 1980) to the case of more than two stochastic proc-

esses. Partial group delay plays an important role in that 

result. 

This dissertation extends the concept of partial group 

delay to non-stationary stochastic processes. The corre-

sponding estimating procedure is investigated. However the 

sample properties of the proposed estimate need to be found. 

The results of this dissertation may be extended to 

multivariate processes. For example, let X(t), Y(t) and Z(t) 

be p-dimensional stochastic time series, the partial group 
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delay between X(t) and Y(t) adjusted for Z(t) could be con-

sidered. For this a general definition of group delay between 

two multivariate stochastic processes can be established. 

Based on this, by using the approaches of multivariate anal-

ysis the corresponding result for the partial group delay and 

its estimation may be obtained. 

SUMMARY AND DISCUSSION 145 



BIBLIOGRAPHY 

Akaike, H ( 1965) On the statistical estimation of the fre-
quency response function of a system having multiple in-
put. Ann. Inst. Statist. Math. 17, 185-210. 

Akaike, H and Yamanouchi, Y (1963) On the statistical esti-
mation of frequency response function. Ann. Inst. 
Statist. Math. (Tokyo) 14, 23-56. 

Billingsley, Patrick (1968) Convergence of Probability Meas-
ures. John Wiley & Sons, Inc. 

Brillinger, D. R. (1975) Time Series Data Analysis And 
Theory. New York: Holt Rinehart And Winston, Inc. 

Cleveland, Williams S., and Parzen, Emanual (1975) The esti-
mation of coherence, frequency response and envelope de-
lay. Technometrics, 17, 167-172. 

Deaton, M. L (1979) The Causal Analysis Of- Multiple Time Se-
ries: A Frequency Domain Approach Using Group Delay. Ph. 
D. Thesis, Department of Statistics, VPI&SU. 

Deaton, M. L and Foutz, Robert, V. (1980) Group delay and the 
time-lag relationship between stochastic processes. 
Journal of Time Series Analysis, 1, 111-118. 

Foutz, Robert V. ( 1980) Estimation of a common group delay 
between two multiple time series. Journal Of The American 
Statistical Association. 75, 779-788. 

Goodman, N.R. (1965) Measurement of matrix frequency response 
functions and multiple coherence functions. Research And 
Technology Division, AFSC, AFFDL. TR 65-66, Wright-
Patterson Air Force Base, OHIO. 

Gordin, M. I. (1969) The Central Limit Theorem For Stationary 
Processes. Soviet Math. Dokl. 10, 1174-6. 

Hannan, E. J. and Robinson, P. M. (1973) Lagged regression 
with unknown lags. Journal Of The Royal Statistical So-
ciety, B, 35 252-267. 

Hannan, E. J. and Thomson, P. S. (1973) Estimating group de-
lay. Biometrika, 60, 241-253. 

Bibliography 146 



Koopmans, L. H. (1974) The Spectral .Analysis Of Time Series, 
Academic Press. 

Parzen, E (1967) On empirical multiple time series analysis. 
Proc. 5th Berkeley Syrop. Math. Statist. Prob. (Eds. L. 
Le Carn and J. Neyman), 305-340, University of California 
Press, Berkeley. 

Priestley, M. B. (1965) 
stationary processes. 
Society, B 27, 204-237. 

Evolutionary spectra and non-
Journal Of The Royal Statistical 

Priestley, M. B. ( 1981) Spectral analysis and time series, 
Academic Press. 

Priestley, M. B. and Tong, H. (1973) 
Bivariate Non-stationary Processes. 
Statistical Society, B 35 179-188. 

On The Analysis Of 
Journal Of The Royal 

Rao, C. R. (1973) Linear Statistical Inference And Its Ap-
plication. Second edition, John Wiley & Sons. 

Rozanov, Yu. A (1967) Stationary Random Processes, Translated 
by A. Feinstein, Holden-Day. 

Subba Rao, T. and Tong, H. (1972) A test for time-dependence 
of linear open loop systems Journal Of The Royal Statis-
tical Siciety, B, 32, 312-322. 

Tick, L. J. (1963) Conditional Spectra, Linear Systems And 
Coherency. In Time Series Analysis, 197-203, Wiley, New 
York. 

Tong, H. (1972) Some problems in the spectral analysis of 
non-stationary stochastic processes. Ph. D. Thesis, Uni-
versity of Manchester. 

Bibliography 147 



The vita has been removed from 
the scanned document 


	0001
	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067
	0068
	0069
	0070
	0071
	0072
	0073
	0074
	0075
	0076
	0077
	0078
	0079
	0080
	0081
	0082
	0083
	0084
	0085
	0086
	0087
	0088
	0089
	0090
	0091
	0092
	0093
	0094
	0095
	0096
	0097
	0098
	0099
	0100
	0101
	0102
	0103
	0104
	0105
	0106
	0107
	0108
	0109
	0110
	0111
	0112
	0113
	0114
	0115
	0116
	0117
	0118
	0119
	0120
	0121
	0122
	0123
	0124
	0125
	0126
	0127
	0128
	0129
	0130
	0131
	0132
	0133
	0134
	0135
	0136
	0137
	0138
	0139
	0140
	0141
	0142
	0143
	0144
	0145
	0146
	0147
	0148
	0149
	0150
	0151
	0152
	0153
	0154
	0155

