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(ABSTRACT)

Partial group delay 1is a spectral parameter, which meas-
ures the time lag between two time series in a system after
the spurious effects of the other series in the system have
been eliminated.

For weakly-stationary processes, estimators for partial
group delay are proposed based on indirect and direct ap-
proaches. Conditions for weak consistency and asymptotic
normality of the proposed estimators are obtained. Applica-
tions to a multiple test of partial group delay are investi-
gated.

The time lag interpretation of partial group delay 1is
justified, which provides insight into the nature of linear
relationships among weakly-staticnary processes.

Extensions are made to group delay estimation and partial

group delay estimation for non-stationary '"oscillatorv”
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1.0 INTRODUCTION

The group delay at frequency )\ between two univariate time
series represents the time lag between the harmonic component
at that frequency of the first series behind the correspond-
ing harmonic component of the second series. Three examples
follow.

Think of a furnace where a time series of fuel input ob-
servations is a "leading indicator" of the time series of
furnace temperature readings. The group delay ketween these
series measures the time lag between changes in the input
series and corresponding changes in the temperature output
series.

Two univariate series correspond to two spatially sepa-
rated recorders. Each recorder receives a signal plus noise
which is independent of the signal. The noises between the
two recorders are also independent. The speed of propagation
of the signal might be frequency dependent, as in a wave
transmitted through a dispersive medium. Then the group de-
lay between these two series will measure the lag at a cer-
tain frequency, in the receipt of the signal at the second
site as compared to its reception at the first (see Hannan
and Thomson (1973))

The simplest case of group delay arises when

xl(t)=z(t)+u(t) and xz(t)=z(t+t)+v(t), where u(t) and v(t)
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are mutually independent noise components. In this case the
group delay identically equals 1. Thus it seems that group
delay is physically meaningful, since it has the direct in-
terpretation as a time lag parameter.

The estimation of group delay is treated in Akaike and
Yamanouchi (1963), Cleveland and Parzen (1975) and in Hannan
and Thomson (1971, 1973). Foutz (1980) extended the procedure
of Hannan and Thomson (1973) to the case of two multiple time
series.

Deaton (1979) extended the concept of group delay to
multivariate time series by defining the partial group delay
between two series within a system of three or more time se-
ries. For example, an economic system might be monitored by
an interest rate time series, a time series of stock prices,
a series of unemployment rates,...etc. Partial group delay
measures the time lag between two of the series in the system
after the spurious effects of the other series in the system
have been eliminated. Thus, if an apparent time lag between
two series is due solely to a strong relationship between
each of the two series to a third series in the system, then
the partial group delay will be zero.

No statistical estimators for partial group delay are
available in the literature. The aim of this research is to
develop procedures for estimating partial group delay.

Chapter 2 introduces concepts from spectral analysis. The

mathematical definitions of group delay and partial group
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delay are given. Important results frcoem the literature are
described for use in later chapters.

Chapter 3 suggests an "indirect approach" for estimating
partial group delay. Weak <consistency and asymptotic
normality are obtained in this case. As an application, mul-
tiple tests for partial group delay are considered. For this,
the asymptotic covariance matrix for a vector of partial
group delay estimators is derived.

Chapter 4 introduces a "direct approach" for estimating
partial group delay. Limiting properties of the direct ap-
proach, such as weak consistency and asymptotic distribution,
are obtained.

Chapter 5 gives a numerical example to illustrate the es-
timation procedure.

Chapter 6 considers partial group delay and time lag re-
lationships among multiple time series. Extensions of the
result of Deaton and Foutz (1980) to a multiple time series
are obtained.

Chapter 7 considers extensions of the concepts of group
delay and partial group delay to non-stationary processes.

Chapter 8 gives a brief summary.
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2.0 PRELIMINARIES

2.1 INTRODUCTION TO SPECTRAL ANALYSIS

A stochastic process X={x(t); teT} is said to be weakly

stationary if

(1) E[x(t)]=u for all teT (assume throughout that u=0),
(2) Elx(t+s) x(t)]=R(s) for all teT, t+seT

(3) Var[x(t)]=R(0)<=.

Similarly, a multivariate process X={[x1(t)...xp(t)]’ teT}
is said to be weakly stationary if {1)——(3) hold for each

component Xy and

(4) E[xi(t+s) xj(s)]=Rij(s) for all i,j=1,...p

for all t,t+seT.

If the index set T is countable, the process is called a
discrete process. When discussing discrete parameter proc-
esses, T is taken to be the set of integers. If T is un-
countable, the process 1is called a continuous parameter
process, and T is taken to be the real line R. In this re-

search, we will assume that all processes are continuous time
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processes but observations on all processes are made at
t=1,...,N.

If X is a p-dimensional zero-mean stationary process, then
X has a spectral representation of the form (Rozanov, 1967
p.18):

X(t)=ff”ei*tdzx(x) for all te(-w, =). (2.1.1)
The process ZX(X) is a p-dimensional process with orthogonal
increments and is called the random spectral measure of the
processes X.

The above representation affords a decomposition of X into
frequency components. The component of X for frequency X in

a band A is

, _ it
hA(t)—fAe de(k). (2.1.2)
*
Let ZX(X) be the conjugate transpose of
ZX(X)=[21(X),...Zp(k)]’ given in (2.1.2). Define the pXp

matrix by

* oo
F(V=E[Z,(}) 2, (M)]=(Fy, (M)} J.k=1,...p,
It can be shown that

or. e _ids,. Lo
m[xj(t+s) xk(t)]—f_“e dnjk(k) i, k=1,...p,
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(see Koopmans, 1974, p.43).

The matrix F(\) is called the spectral distribution matrix
of X. If each element in F()) is absolutely continuous with
respect to the Lebesgue measure on R, then the Radon-Nikodym
derivative of F with respect to the Lebesgue measure is a
matrix function f£()) which is called the spectral density
matrix of X. Write f(X)=[fij(X)]. We call fii(X) the auto-
spectral density or spectral density of X - Sometimes we de-
note it by fi(X). We call fij(X) the cross-spectral density
of Xy and xj when i#j.

An important cross-spectral parameter is the group delay
parameter. To define this parameter, for simplicity, we as-
sume p=2. The function £,,(})/[£;;(}) fzz(x)]l/2 is written
in polar form as follows

£,(0/18,(0) £5,(0) 11 2=a (1) (M)

(2.1.3)
We call o()\) the coherence spectrum between X and X, and
8(X) the phase spectrum between X and Xy

Under the assumption that 8()) is differentiable , the
group delay, denoted by 1()), is defined to be the phase de-
rivative. That is t(X) =do(\1)/dX.

If e8(\)=tX, for all X and g(X) is a constant for all ),

then it is known that (see Deaton, 1979, p.43)

Xz(t)':gxl(t-T )""E(t) ‘
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where ¢(t) is orthogonal to the linear space spanned by
{®(t)}. Thus for this special case, 1 is the time lag of xl(t)

behind xz(t).
2.2 LINEAR FILTERS AND MULTIVARIATE CORRELATION ANALYSIS

2.2.1 LINEAR FILTERS

A linear £filter is a time-invariant linear transform. It
transforms time series into new time series where the term
"time series" can be interpreted in the broadest sense as
meaning any numerical function of time whether continuous or
discrete, random or nonrandom. A linear filter can be de-
fined in the following way: A linear filter L transforms a
time series {x(t)}, the input, into an cutput time series

{y(t)},
{y(e)I=L({x(t)}),
where the transform L has the following properties:
(1) scale preservation:
L{a{x{t)})=cL({x(t)}) for any complex constant «

(2) the superposition principle:

PRELIMINARIES 7



L{x(E)I+{y () })=L{{x(E) ) +L({y(t)});
(3) time invariance: If L{{x(t)})={(y(t)}, then
L({x(t+h)})={y(t+h)}

for every number h, where {x(t+h)} and {y(t+h)} are
the time series whose values at time t are x(t+h)
and y(t+h), i.e., the time series obtained from {x(t)}

and {y(t)} by shifting the time origin by the amount h.

From Koopmans (1974) p.82-83, we know that each linear
filter L transforms elkt back into elXt multiplied by a fac-
tor B(\), 1i.e.,

t

e )= (n)e?tE.

L(

B(X) is called the transfer function of the filter.
For weakly-stationary stochastic process {x(t)} the spec-
tral representation (2.1.1) yields
ixt

2(t)=ret*taz().

Then from Koopmans (1974) p.8%,
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v(t)=L(x(t))=le*TB(N)dz()) (2.2.1.1)

and

| 2
= = I

dLy(k) [B(X)| d&x(X), (2.2.1.2)
where Fy(k) and Fx(k) are the spectral distribution function
of {y(t)} and {x(t)}. (see Koopmans, 1974, p.86)

Thus for the spectral density function we have

fyy(k)=|B(X)§2fxx(X). (2.2.1.3)

Further if xl(t) and x2(t) are 1independently passed

through linear filters with transfer function Bl(k) and

B2(X), and 1if yl(t) and y2(t) are the outputs, then for the

cross-spectral densities £ (\) and £ () we have
1%z YiY
172 142
c
= 4
Fy v, WITBLNIB 0078, o (1) (2.2.1.4)

(see Koopmans, 1974, p.138),

We use "c"

to denote the complex conjugate throughout the

whole thesis.

If we write xxy(k//xxx(k) in polar form, i.e.,

ceiaif )
£y M/ E ()=a(1)e ,

then ¢g()\) is called the gain function of the filter.
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2.2.2 MULTIVARIATE CORRELATION ANALYSIS

If X(t) is a multivariate weakly-stationary process with
p>2 components, then it is often important to account for the
interaction among several of the components when the associ-
ation between two of the components is to be assessed.

Here we account for the influence of components xml(t),
sz(t)""’xmq(t) on xj(t) by constructing the linear func-

tion of these series which best approximates xj(t). That is

if
yj(t)=L(xm1(t),...,xm (t)) (2.2.2.1)
q

is a multivariate linear filter with g inputs and one output,

then the filter which best approximates xj(t) is one which

minimizes

- 2

u[xj(t)-yj(t)] . (2.2.2.2)
Let x; m(t) be the output of the minimizing filter where
m=(m1,m2,...,mq). Then (see Koopmans, 1974, p.153) the

partial coherence is the coefficient of coherence of the
j.m(t) and xk(t)-x T

residual processes xj(t)-x k.m( ).

Using the spectral representation (2.1.1)

x_ (t)=1" ettrgzX®
m -0 m

r r

()) =1,...,qQ.
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From Koopmans, 1974, ».130), we can write

v =sd it b4
yj(t) 2r=1!e ler(X)dZmr(k) (2.2.2.3)
where Bj r(X) is the transfer function of the linear filter
from xmr(t) to yj(t).

Then for the spectral measure of yj(t),

Yy —v4 X
de(k) Zrlejlr(X)dzmr(X)
where the 1Xg vector Bj(X)=[Bjr(k)] is the transfer function

of L. Thus (2.2.2.2) can be written as

2
E[Xj(t)-yj(t)]

- X e b4 2 a
JElej(X) 2r=1Bjr(k)dZmY(k)| . (2.2.2.4)

Thus, the minimum of this expression occurs at the transfer
function B;(X) which determines the projection of dZ?(X)
on the linear subspace generated by dzi (x),...,dzi (\) for

1

q
each X. By minimizing (2.2.2.2), we obtain (see Koopmans,

1974, p.154)

q - X _eX ’
zrlejlr(x)fmrms(x) fjms(x) (2.2.2.5)
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s=1,...,q , where f; m (\) is the cross-spectral density of
r's

X and x and £ (X) is the cross-spectral density of x.
My Ms g J

and x_ .
Ms
We can write (2.2.2.5) in vector form

- X X
BI(M) fR(h) =f5 (}) (2.2.2.6)

where f;(k) and.f?m(X) are the gXg matrix and 1Xg vector
of spectral densities indicated in (2.2.2.5). Thus when the

inverse exists

- _ (X X -1 -
Bj(X)— fjm(X) fm(X) . (2.2.2.7)

Based on (2.2.2.6) (see Koopmans, 1974, P.154-155) we can

derive
£ = £ T T (2.2.2.8)
j.3.m jm m jm ’ R

where f?ﬁj m(X) is the spectral density function of

A *

xj m(t) and f?m(X) is the complex conjugate transpose of

X

fjm(k).

Further 1if we denote by fg

i,k m(X) the cross-spectral

-

density of the residual process xj(t)-xJ m

(t), and xk(t)-

-
X,

x.m(t)’ we obtain

U

fj,k.m

(V=E5, ()= f‘;.‘m(x)‘l £ (2.2.2.9)
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We also call fg

j,k.m
between x.(t) and %, (t) adjusted for x_ (t),
3j k my

() the partial cross-spectral density

X (t),...,x_ (t). The (p-q)X(p-g) matrix fU(k) with ele-
m, m m
ments given by (2.2.2.8) as j and k range over the indices

1,2,...,p excluding ml,mz,...,mq is called the residual

spectral matrix.
2.3 CUMULANT AND CUMULANT SPECTRUM

Consider for the present a r-dimensional random vector

(yl,...,yr) with Eiyj|r<» where yj is real, for j=1,...,r.
The rth order joint cumulant, Cum(yl,...,yr) of
(yl,...,yr) is defined as
Cum(y v =2 (-1)P" (p-1)1B(,_ v.).. . E(TL . v.)
1Yy ! jsvl IREREE jsvp i
where the summation extends over all partitions
(vl,...,vp),p=l,...r, cf (1,...,r).

Now given the r vector valued time series X(t), t=0,Z%1,...
with  components xj(t), j=1,...,r and E[xj(t)] with

Eixj(t)lk<~, define

C, o(ty, ot =Cum(x; (L), ..., R, (T
Jl'“Jk( 1 k) ( Jl( 1) Jk( k))
=c (t l"olt )
le...xjk 1 k
for j;..3,=1,...,r and t,..., %, =0, %1,
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Such a function is called a joint cumulant function of order
k of the series t=0,%1,....
Suppose that the series x{(t), t=0,%1,... is stationary and

that its span of dependence is small enough that

1lc, . (ug,....u <=,
S FURRUIE N k-1

where the summation is over all u ..,u Then the kth order

17 k

cumulant spectrum

f. Ay oo X _q)EE (Ay,+--+,X,_q) 1s defined by
Jqgreerdg 1 k-1 le’xjk 1 k-1

Cc . (u,, Uy )
Jqseeeady 1 k-1

N T Lo k-1

_f_“. J 1Texp{l‘z‘j:lkjuj}fjlu.jk()\l,...,xk_l)d)‘l...dkk_l.

2.4 RESULTS FROM THE LITERATURE

2.4.1

Deaton and Foutz (1980) showed that whenever the phase
8(X) in (2.1.3) is not linear or the gain g(X) in (2.1.4) is
not constant for all )\, the group delay can still be thought

of as the lead time of the frequency components of x, over

1
those of Xg- Let A be the frequency band, d(\) the length
of the interval A, and let [|[x| be the standard deviation of

the random variable x. Then the following theorem holds.
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THEOREM 2.4.1.1 (Deaton and Foutz, 1880)

Let X={(x1(t),x2(t)}; ~o<t<we} be a bivariate weakly-
stationary stochastic process with mean zero, having abso-
lutely continuous spectrum, and spectral densities fll(k),
fzz(X), and flz(k) that are nonzero and boundedly
differentiable in a frequency band A containing the frequency
Xo. Then with t(X) the group delay of Xy behind X5, and with
a(k)=exp[ikt(k)]flz(X)/fzz(k), there exist zero-mean weakly-
stationary stochastic processes I\ and OA that give a pres-

entation of the frequency component x as

1A

x4 (£)=a (X )Ry, (E=T(X ) )*+e, (£)+0, (t) (==<t<=) (2.4.1.1)

where the process ) is uncorrolated with each of the proc-
esses X, and OA' When A is a narrow frequency band with band
length d()\), and for o()A) the coherence between Xq and Xo

the relative importance of the terms in (2.4.1.1) is indi-

cated by the limits

Limg 41000, (£)1/1%y, (£)1=0; (2.4.1.2)
Limg 4 ola (g) g, (5=t (A I/Txy, () I=0 (3 ) (2.4.1.3)
Limg ) Lole, (8)1/0xy, ()] =(1-0(x )31/ (2.4.1.4)

In the proof of the theorem, OA(t) is defined as

OA(t)=Il(t)+I2(t), where,
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I,(t)=f,a(x )explirlt-t (2 )]}

lexp{-1(1(A" )=t (A ) (A= )}-1]dz, (), (2.4.1.5)
100024 (@500 1/ L) (imh,)

exp[-1{0(2 )=2_t (1 )+kt(},)

+(T(x**)-x(xo)(x-xo)—xt}]dzz(t), (2.4.1.6)

* ER
where X 1s an interior point of A and with X and ) each
between A and XO, and g(k)=112(X)/f22(k).
Here we notice that if 1(X) and g()\) are constants in 4,
then OA(t)EO.

From that proof, we also know

E[xlA(t)]2=O(d(A)) (2.4.1.7)

E[0, (t)1%=0[a(4)°]. (2.4.1.8)
2.4.2
The results of Hannan and Robinson (1973) are applied in
Chapter 3 to establish the indirect approach to estimating
partial group delay. These results treat the model

y(t)=ao+Boz(t-90)+x(t) —w<t<ew,

where x(t) and z(t) are uncorrelated stationary processes,

X(t) having zero mean and z(t) having mean -

PRELIMINARIES 156



The aim of that paper is to estimate L B and the lead

o
or lag Bo on the basis of observations on y(t), z(t) made at

the points t=1,2,...,N.

The procedure is to estimate BO, 60 by minimizing

QB 8)

_"lv : 2
=N "I |wy(s)-5exp(18ws)wz(s)| ¢(ws). (2.4.2.1)

Here the function 8(X) will be defined in Conditions A later
and the summation is over s such that ws=2vs/NsB(which will

also be defined 1later) but excluding Wy and wy, w_ are fi-

&

nite Fourier transform of y and z, i.e.

-I/Zle\.Iy(n)elnwS

Wz(S)=(2ﬁN)-l/2Z§Z(n)eian.

wy(s)=(2nN)

We denote the estimators by B# and 8#.
The limiting properties of the estimators in Hannan and
Robinson (1973) are summarized in the following theorems.
To begin with, we state three sets of conditions.
(1) conditions A
(1) ®x(t) and z(t) are uncorrelated stationary process-
es; x(t) has zero mean; and z(t) has mean M-
(2) The spectral densities of fX(k) and fz(k) are
continuous.

(3) The set B lies wholly within the set
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{A|X]|<w-8}, made up of a finite number of
disjoint interval and symmetric about Xo.
(4) 60 is restricted by ISOISa, O<a<w.

(5) the function ¢()) is even, positive and continuous.
(11) condition (¥*)

fBIBeXp(iGX)-BoeXp(ieol)|2¢(X)fz(k)>0, (B, 8)#(B ., 8,)-

o
(111) conditions B
1) x(t) satisfies a strong mixing condition
(Rozanov, 1967, p.80, formula (9.6)).
A stationary process X satisfies the

strong mixing condition if

a(t)=supAsUE~IBtUz+rIP(AB)-P(A)P(B)IﬂO,

as 1-». Here UX denotes the o-algebra of w sets
v

generated by the variables xj(t) ustsv, i.e., Uu is
the algebra generated by sets of the form
{w: Xy (tl)eI'l,...,xk (tN)sPN}
1 N
where uStkSV for k=1, ...N, Fl,...PN are intervals

in Rl. This condition means that, in the course

PRELIMINARIES 18



of time, events concerning the "future" of the process

become almost independent of events in the past.

2) If Cx(p,q,r) is the fourth cumulant between x(m),

X(m+p), x(m+qg), X(m+r), then

LIt lCp(Pia ) <m.
3) z(t) has finite fourth cumulants and the fourth
cumulant between z(tl), z(tz), z(t3), z(t4), namely
Cz(tz_tl’ t3-t1, t4—t1), satisfies
Cp(p=%y, B3=ty Ty~ ty)

=ffffzx'
J

s /

exp{iIt.\.}£()
PiZt )5 j

AT A

=0 142773

wnere f is continucus on the plane ij.=0.
4) 8, is an interior point of the set of points |8]<a.

THEOREM 2.4.2.1. (Hannan and Robinson, 1973)
Let conditions A and (*) be satisfied, and let x(t) and

#

.
z(t) be ergodic. Then 8" and B" converge almost surely to

90 and Bo.

THEOREM 2.4.2.2. (Hannan and Robinson, 1973)
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Let conditions A, B, and (*) Dbe satisfied, then

1/2

Nl/z(e#-eo) and N (B#-Bo) are asymptotically independent

and each is asymptotically normally distributed.
2.4.3

Hannan and Thomson (1973) propcse an estimation procedure

of the group delay between processes {x(t)} and {y(t)}. The

finite Fourier transform of xj(n) for n=1,...,N and j=1,2 is

w.(s)=(2m) 225N x (nyel™s (u_=2rms/N, O<s<[N/2])

j n=1"j S
We define
-i

p#(t)=(l/m)20I12(s)e s, (2.4.3.1)

= c . ; e
where Ilz(s)—wl(s)wz(s) . Eo is the summation over a band

of frequencies ws=2ws/N such that
wssB={kIXo-ﬂ/2M<X<ko+ﬂ/2M}.

Here we have 2mM=N, so that B contains m fundemantal fre-
quencies 0
We state the following conditions.
(1) conditions C
1) {xj(t)} are ergodic stationary processes for j=1,2
and are purely nondeterministic in the sense that

they contain no component that is perfectly

predictable, linearly or nonlinearly.
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2) {xj(t)} (j=1,2) have zero means and finite variances
and have absolutely continuous spectra with boundedly
differentable spectral densities.

3) The phase 8(X) is twice boundedly differentiable and

the coherence o(\) is positive.

{11) conditions D
1) xj(t) (j=1,2) have finite fourth moments.

2) Let Cijkl(m,n,p,q) be the fourth cumulant
between xi(m), xj(n), xk(p) and xl(q) (i,3,%,1=1,2)

then assume Cijkl is a Fourier transform, namely,

Cijkl(m,n,p,q)

Y} CH

- 5 \
—ffffzszoexp{l(mk1+nk2+pA3+qX4} fijkl(kl’XZ’XS’ i

Here IleSn (i=1,...,4), and f is a boundedly
differentable function on the plane ij=0.
This is basically a condition on the rate at which
dependence falls off as the lag increases.

3) Let m_ be the subfield generated by xj(m)
(msn; j=1,2), and let m__ be the intersection of
all m.- Let Hn=H(mn) be the Hilbert space
of random variables measurable with respect to

m, and cf finite mean square. Consider

yjkp(n)=xj(n)xk(n+P) (j,k=1,2; p=0,1,...,s8).
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If we arrange this as a vector of 4s+3 components,
Y(n), then Y(n) is stationary with finite
covariances and with mean vectors, ¥, having
components Xjk(p). Let Ur(n) be the vector of
projections of the components of Y(n) on the
orthogénal complement of Hn—r in Hn.

We require, following Gordin (1969), that
inf_limsup HEN {Y(n)-¥-U (n)}ﬂ2=0
r N-e " “n=1 r !

where by IXI2 we mean E(X*X).

This condition is also a condition on the rate at
which dependence falls off and is not independent
of the cohdition on the fourth order cumulant in 2).
of Conditions D.

Let T#

be the value of 1 maximizing q#(t)=|p#(t)[2. For
this estimate, the following results in Hannan and Thomson

(1973) will be applied in this research later.

LEMMA 2.4.3.1 (Hannan and Thomson, 1973,)
44
The convergence of |p"(1)-(M/7)p(t)|-0 when N-« and hold-
ing M fixed, is almost sure and uniform for all 1, where

p#(r) is defined in (2.4.3.1) and

_ -it)
p(t)—folz(X)e dx. (2.4.3.2)
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LEMMA 2.4.3.2. (Hannan and Thomson, i973)

If tM(N) (M=1,2,...;N=1,2,...) is a family of random var-
iables satisfying limNﬂth(N)th' almost surely, and
limM»»tht’ almost surely, then there is a sequence M(N) in-
creasing monotonically with N so that almost surely

14 =
‘lmN»»tM(N)(N) t.

THEOREM 2.4.3.3. (Hannan and Thomson, 1973)

Under the conditions C, there is a sequence M(N) increas-
ing with N such that t# converges almost surely to L

The main point of that proof is as follows:

Let 1y be the value of 1 maximizing Ip(t)l2 for fixed M,
it is shown that when M-«, then Mo Then by Lemma 2.4.3.1
and Lemma 2.4.3.2 t#éto.

THEOREM 2.4.3.4. (Hannan and Thomson, 1973)

Under the conditions of Theorem 2.4.3.3 and conditions D,
there is a sequence M(N) increasing with N, such that
N‘lmB/Z(I#-TM) is asymptotically normally distributed with
mean zero and variance 3{1-02(ko)}/{2n02(ko)}, where ™ is
the value of 1 maximizing Ip(r)l2 for fixed M.

The main steps of that proof are as follcows:

l) When N is big enough and M is fixed,
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2)

3)

N1/2 %"

q" (1y)
=~ Fond® (%)
=2(M/1) 2N PRe (" (1,)p(1y) S +n" (100" (1),

TR )
where qg (t) is the derivative of q#(t) etc.,

o #
and |1 -tM}S(r tM).

From Lemma 2.4.3.1 when M is fixed

q# (TO)*(M/H)Zq"(tM) when N-ow.

Define

s =(/m)%rgie-n)et M e (8)Cas

for XeB, and let ¢(X) be zero on the complement

of B in [0, n] and let ¢(-x)=¢()), then

v _
1T 8 (X)) £, (\)ar=0.

N1/2 # (IM)
NPT 6 (0 [T, (M) =BT, (V) 1y
E[Nl/z #(TM)] converges to

anj“{l¢(k)lzfl(k)fz(k)+¢2(x)f§2(x)}dx

#2107 9(0)9 (1) E 515N, A, 1, -u)drdu.
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The derivation of the above formula does not depend
on any special properties of ¢{()\) other than

piecewise continuity. On B,
.y s \ c
$(N)=(=1) (M/m) (A=) )£, (0 )C.

4) Let ¢*(X)=¢(X) on the support of ¢()), but it
differs from it on a set of measure & and is continuous
and periodic. Let ¢;(X) be the Cesaro sum to s terms
of the Fourier series of ¢*(X), i.e.,

A

S (1-lul/s)e  (n)e T U,

*x_

P (M)=2as
* *

Choose s so that sup|¢S(X)-¢ (\) | <e.

5) Keeping M fixed, then

N/ 2T 6T ()11, (M) =E(I,, (1) ]d)

S
u

=528 (w) (1-lul/s)NY 2 e (u)-1 (W),

*
where §(u) is the uth Fourier coefficient of ¢ ()\) and

_a~1.N-u _ _
clz(u)—N anlxl(n)xz(n+u)—c21( u).

Xlz(u)=E[c12(u)].
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Now the central limit theorem holds if it holds for
the vector of quantities Nl/z[clz(u)-xlz(u)];

the central limit theorem holds for this vector by an
obvious vector generalization of Theorem 1 of

Gordin (1969). Then as

S
u=-s

- 172 -
X §(u) (1-lul/s)N""“lc i, (u)-¥,,(u)]
is a linear combination of the components of the vector

. . 1/2 #'
the asymptotic normality of N q (rM) holds.

6) By using Lemma 2.4.3.2, the asymptotic normality of

(m/N)3/2N1/2(t#-TM) is obtained.

7) For the fixed M, the asymptotic variance of

N-1m3/z(t#-TM) can be obtained based on

the limit result of 1) and 3) as follows:
(2m) 2 emy et () 22n T (e (0|2
2 2
fl(l)fz(k)+¢(k) flz(k) rdX

#1078 (V)8 (W) CE 5, (=X, N, 1, -u)dhdu].

It is evident that

arMr T e (M6 (1) E 5q, (=2, ), u, ~u)drdu
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converges to zero as M increases, since the integrand
is bounded and zero except on a set whose area is

o(m™?

). We consider next
arMI™ o (N) |2, (V)£ () )d)
-l 84 1 (M £,(00dx.

On B

8 (\)=(=1) (/1) (A=) )£, (A ) {1+o(1)).

Since the fj(k) (j=1,2) are boundedly differentiable
we may replace them in the integral by fj(X).

Evaluating the integral, we obtain

. 4 T 2
llmmﬁw-ﬂMf_ﬂ|¢(k)| fl(X)fz(k)dk

- 2 2
=(2/3)1°1 £, (A )T (A ) E, (X)) -
In the same way

. T 2 2
llmM*“4an_w¢(k) flz(k) dx
2 4
=(-2/3)1° 1 £, ) 1%,

Limg  (an%/n%)q' ' (1)=(21%/3) 1£,(0 ) |2,

Using these formulae we obtain the variance stated
in the theorem.
Hannan and Thomson (1973) also consider the problem of
wide band estimation. That is the case where the group delay

is constant over a band B. The band shall now be held fixed
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when N-~». In that case the weighting c¢f individual frequen-
cies 1is considered. Instead of p#(t) and p(1) in (2.4.3.1)

and (2.4.3.2) we have

PF(T)=(1/M I T, (s)u(u)e T ™s,
and

pw(t)=(1/2n)fo12(X)¢(X)e-itxdk.

#

Here ¢ is an even real function. Choose 1 s0 as to maximize

Ipw(1)|2, then the following theorems are established.

THEOREM 2.4.3.5.(Hannan and Thomson, 1973)
If 8(X)=t \eB, and lpj(t)!z has a unique maximum at

T=To, then under condition C, t#+10 almost surely.

THEOREM 2.4.3.6. (Foutz, 1980)

If the conditions of Theorem 2.4.3.3 and conditions D are

satisfied and
exp{-ito(x-u)}f1212(-k,k,u,-u)

is an even function of X and u, then Nl/z(I#-to) is
asymptotically normally distributed with zero mean as N in-
creases. The variance of the limiting distribution is bounded
by

2 . 2,042
81/, 187 (M) £, (O Ey, (-M)dh +7 87 (M) £], (M)A
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H1/a" (1) Y200 5015085 () £1,0 (=3, 0,0, -u)dhdu,
where ¢(X)=-(1/2n)¢(k)exp[—itok]pw(tc).
2.4.4

In chapters 3 and 4, we apply the following results from
Brillinger (1975)
THEOREM 2.4.4.1 (Brillinger, 1975)

Suppose Fj(yl,...,ym;zl,...,zn) j=1,...,m are holomorphic
functions of m+n variables in a neighborhocd of

m+n . .

(ul,...,um,vl,...,vn)sc , the m+n dimensional complex
space. If Fj(ul,...,um;vl,...,vn)=0 j=1,...,m, while the

determinant of the Jacobian matrix

3(Fy, -/ F)

(Yqr-er¥y)

is nonzero at (ul,...,um;vl,...,vn) then the equations

. . - . . 3 .
Fj(yl,...,ym,zl,...,zn) 0 j=1,...,m have a unigque solution
yj=yj(zl,...,zn) j=1,...,m which is holomorphic in a neigh-
borhood of (vl,...,vn).

ASSUMPTION 2.4.4.2 (Brillinger, 1975, assumption 2.6.1 and (4.3.10))
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X(t) is a strictly stationary r vector-valued series with

components xj(t), j=1,...,r all of whose moments exist, and
satisfy

5 ___[1+]u |l |C (Uq, .- Uy 1)<

ul, Uy =7 j a, .,ak 1 k-1
for al,.. ak=1, ,r and k=2,3.... and j=1,...,k-1

THEOREM 2.4.4.3. (Brillinger, 1975)

Let Y(N),N=1,2,... be a sequence of r-dimensional vectors,
with complex components, and such that all cumulants of the
variate [Y§N),Y§N)c,...,YiN),YgN)C] exist and tend to the
'corresponding cumulants of a variate [Yl,Yi,...,Yr,Yil that
is determined by its moments. Then Y(N) tends in distribution

to a variate having components Y , Y

LERERAE IS

THEOREM 2.4.4.4 (Brillinger, 1975, Theorem 4.3.2 and (4.3.15) p.93)

Let x(t), t=0,%x1,... be a stationary r vector-valued se-

ries satisfying the condition

T....2 [1+]u.]]C (Uy...uy, _4)l<e 3=1,...,k-1
u, o 3j aj...ap 1 k-1
where
C (uy...uy )
a;-.-ap 1 k-1
=Cum{x_ (t+u,),...,x (t+u, _;).x_ (£)}.
a, 1 ap_q k-1 ay
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Then
Cum(w_ (X.),...,w_ (A)}
a1 1l ak

_ (k/2-1),-k/2 (N), .k -k/2
=(21) N A (e E, (Aps -+ eidy 1) +O(N ),

...a
1 k

where L (ki) is the finite Fourier transform of X at ki
i i
for i=1,...,k and AN (X)=N for xz0 (mod 2m), AN (271s/N)=0

for s an integer with s=0 (mod N). The error term is uniform

THEOREM 2.4.4.5. (Brillinger, 1975)

Let x(t) t=0,%1,... be an r vector value series satisfying
Assumption 2.4.4.2. Let Kj(N) be an integer with
lj(N)=2nKj(N)/N—+Xj as N-oe» for 3j=1,...,J, suppose ij(N),
kj(N)ikk(N)¥O (mod2w) for 1<j<k<J. Let

-I/ZXN inX

wx(k)=(l/2nN) n=1x(n)e for -—w<i<w,

Then wx(kj) i=1,...,d are asymptotically independent

Ni(O,fx(xj)) variates respectively.

THEOREM 2.4.4.6. (Brillinger, 1975)

Let =x(t), t=0%xl1l,... be an r dimensional vector series

satisfying Assumption 2.4.4.1. and

£ ()=(1/[2me1]) G| T, (27 [R(N)+5)}/N)

PRELIMINARIES 31



be the r dimensional vector smoothed periodogram with K(N)
being an integer and 27K(N)/N-»\ as N-«. Then fzx(k) is
asymptotically distributsd as (1/[2m+1])W§(2m+l,fxx(k)),
i.e., as (1/[2m+1l]) times a matrix with a complex Wishart
distribution of dimension r and degrees of freedom 2m+l, if
X#O(modn) and as (1/2m)Wr(2m,fxx(l)) if X=0(modmr). Also
ix(xj) j=1,...J are asymptotically independent if

AeEhj=0(modn) for 1<j<ksd.

Now let the (r+s) vector-valued series [X(t) Y(t)]
t=0,%1,... satisfy Assumption 2.4.4.2 and suppose its values
are available for t=1,...,N. We consider forming the matrix

of statistics

oy |
SORENESMEY

# ,
SORNNE MEY:

# # # . e .
pY t
where fxy(X), fyx( ) and fyy(k) are defined in the same

way as fix(k) in Theorem 2.4.4.6. Let
gf)=l(zmely/(2me-n)10eh 00 -£F ook oo oo

Then we have the following theorem.

THEOREM 2.4.4.7. (Brillinger, 1975, p.305-306)
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Let the (r+s) vector-valued series [(X(t) Y(t)]' satisfies

#
Assumption 2.4.4.2, then q;(k) is asymptotically
-1..c

(2m+1-r) Ws(2m+l—r,fse(k)) if kéO(modv) and asymptotically

(Zm-r)-lws(2m~r,f8()\)) if =0 (mod) , where
- - -1

fgs(X)-fyy(k) fyx(X)fXX(A) zxy(k).

2.4.5

The following results will be applied in Chapter 4.

THEOREM 2.4.5.1 (Billingsley, 1968)
The probability measures on (R, B”) converge weakly if
and only if all the corresponding finite-dimensional dis-

tributions converge weakly.

THECREM 2.4.5.2 (Billingsley, 1968)
If Xn+X in distribution and P{Xth}=O, where Dh is the set

of discontinuties of the continuous mapping, then h(xn)»h(X).

THEOREM 2.4.5.3. (Billingsley, 1968)
If Xn+x in distribution and p(Xn, Yn)»O in probability,
then Yn»X in distribution, where p(Xn Yn) is the distance

between X_ and Y .
n n
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2.5 PARTIAL GROUP DELAY

Partial group delay can be defined in terms of partial
phase. For simplicity, we consider the weakly-stationary
processes {X(t)} ,{¥(t)} and {2(t)} and assume that all of
these have absolutely continuous spectra with continuous
densities.

Let {Z2(t)} be a series with a continuous spectrum and a
spectral density, which is bounded from above and away £from
zerco (see Koopmans (1S974) (A 6.1) p.205). Then we firstly
remove the influence of {2(t)} on {X(t)} and {¥(t)} by con-

sidering the processes

£, (£)=X(£)-I by (u)Z(t-u) (2.5.1)

e (£)=Y(t)-1 by(u)Z(t-u) (2.5.2)

where bl(u),bz(u) are determined by minimizing E[sl(t)]2 and
E[ez(t)]2 or alternatively, in general, by using the follow-
ing Hilbert space technique. Let H(Z) be the closed linear
manifold generated by {Z(t);-«=<t<e} and let I(X(t)|H(z)) and
N(Y(t)|H(Z2)) be the projections of X(t) and ¥Y(t) on H(Z).

If 2(t) has a continuous spectrum and a spectral density

function which is bounded from above and away from zero (see

Koopmans (A 6.1 p.205)), then the residuals are
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e, (£)=X(t)-I(X(t)[H(Z)) (2.5.3)

e, (E)=Y () =T(¥(t) |H(Z)). (2.5.4)

Assuming that the cross-spectral density function of sx(t)

and e_(t) is £ (X)), we call £ (\) the partial cross-
3% sxsy £ L&
spectral density function of{X(t)} and {Y¥(t)} adjusted for

{Z(t)} and also denote it by fxy.z(k).

From Koopmans (1974) (5.74) p.1l56,

1

(M) TF__(\). (2.5.5)

fxy.z(x)=fxy(x)-fxz()‘)fzz zy

The partial coherence is defined as

£, . ()]
Xy

(£, of, 02
X ‘y

where fs (A) and f8 (X) are auto-spectral density functions
X

cf €y and sy separately, and the partial phase spectrum is

similarly defined as

§Xy‘z(k)=arg ) .

(£ (ME. ()12
L Sx Sy
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Assuming that §xy z(k) is differentiable w.r.t. X, then the
partial group delay is defined as the simple group delay be-

tween sx(t) and ey(t),

rxy.z(k)=d§XY.z(A)/dx’

The notion of partial cross-spectra and coherence were
introduced by Tick (1963), and developed by Koopmans (1964,
1974), Akaike (1965), Goodman (1965) and Parzen (1967). Re-

lated material can also be found in Priestley (1981).
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3.0 ESTIMATING PARTIAL GROUP DELAY —INDIRECT APPROCACH

3.1 ESTIMATING PROCEDURE

To simplify the problem, we assume that the given proc-
esses X(t), Y(t) and Z(t), are bounded in probability, i.e.,
P(|X(t)]|==)=0.

In Chapter 2 we introduced the frequency component of X(t)
in a frequency band A as

. it
X, (t)=/ etz _(0).

We can write it as XA(t)=J1A(X)eiktde(k), where lA(k) is
the indicator function of the band A. From Section 2.2.1,
we can think of {XA(t)} as the output of a linear filter with
{X(t)} an input and transfer function lA(k). Therefore we
can assume that the frequency components in any band A,
XA(t), YA(t) and ZA(t) are known.

We assume that for these processes, the spectral densities
fxx(X), fyy(k) and fzz(k) are nonzero and Dboundedly

differentiable in A, which is centered at Xo.

We then have the following lemma.
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LEMMA 3.1.1
The partial group delay between X and Y adjusted for Z at

and Y, ad-

Xo is equal to the partial group delay between X A

A
justed for ZA at Xo when xo is an interior point of A.
PROOCF

We shall derive the relationship among spectral densities

of X, ¥, 2 and X Z

A Tpe By |
Without loss of generality, we consider the cross-spectral

densities fxx(k) and fx (X). From (2.2.1.3) we have

b4

_ 2
fxxlA(X)—llA(X)l (X)), (3.1.1)

where fxx A(k) is the autospectral density of XA(X); and
lA(k), the indicator function of the frequency band A, is the
transfer function corresponding to the band filter.

Similarly we have

_ 2
fyy,A(X)—llA(X)l Loy ) (3.1.2)

_ 2
fzzIA(X)-IlA(X)I fzz(k). (3.1.3)

rom (2.2.1.4), the cross-spectral density between XA

and YA is

- _ 2
Ly, A= 078, (). (3.1.4)
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Also we have similar formulas for fxy' fzy etc. Thus from

expresssion (2.5.5), the partial cross-spectral density be-

tween XA and YA adjusted for ZA is

- - \ -1
fxy.z,A()‘)—fxy,A()‘) fxz,A(")fzz,A()‘)fzy,A()‘)'

On substituting (3.1.1)—(3.1.4) into the above ex-

pressions, when AeA we have

fxy.z,A()‘)=fxy.z(k)'

By definition

exy.z(k)=arg{fxy.z(k)}

and

exy.z,A(X)=arg{Ixy.z,A(x)}'

Hence we have

exy.z,A()‘)=exy.z(x)'

Then by definition, Txy.z,A(k)=Txy.z(k) when XleA.
Based on this lemma to estimate the partial group delay
between X and Y adjusted for Z, is equivalent to estimating

the partial group delay between XA and YA adjusted for ZA'
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From (2.5.3) and (2.5.4), XA(t) and YA(t) can be decom-

posed as

Xy (£)=NIX, (£) [H(Z}) I+e ) (£), (3.1.5)

¥ (6)=I0Y, (£) [H(Z)) 1+e, (£), (3.1.6)

where H[XA(t)lH(ZA)] and H[YA(t)IH(ZA)] are the projections
of XA(t) and YA(t) on H(ZA), the closed linear manifold gen-
erated by {ZA}. By definition, the group delay between XA
and YA adjusted for ZA is just the group delay between LI
and syA'

By Theorem 2.4.1, H[XA(t)IH(ZA)] and H[YA(t)lH(ZA)] can

be written as

(m(t(w) .
Then from (3.1.5) and (3.1.6) we have

X, (£)=eZ, (t-8,) *+e_ (£)+0_, (%) (3.1.7)

¥, (£)=B3, (£=9,) +e , (T)+0,, (£). (3.1.8)

We have already stated that for the given X, ¥ and 2, we
can assume that the frequency components XA’ YA and ZA are
also known. In (3.1.7) and (3.1.8) OKA(t) and OVA(t) are un-
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observable. However by (2.4.1.2) "oxﬁ(t)ﬂ=°(ﬂxA(t)") when the

band length d(A)-o. Thus when the band length of A is small

enough,

we can approxXimate XA(t) and YA(t) by

Xy (£)=aZ, (t=8 )+, (t) (3.1.9)

¥y (t)=aZy (t=0,) e, (L), (3.1.10)

Because of the approximations (3.1.9) and (3.1.10), we

propose to estimate partial group delay in the following way.

(1) Suppose that Xo is the frequency at which we want

(2)

to estimate the partial group delay t(ko). We choose

a band of frequencies A which include Xo as an

interior point and whose length is relatively small.

Based on model (3.1.9) and (3.1.10) apply the

estimating procedure proposed by Hannan and Robinson

(1973) and described in Section 2.4.2. We can obtain
+ +

the « , § , ¢I, and ¢;, the estimates of o, B,

¢1, and ¢2. Then we define

S;A(t)=XA(t)-a+ZA(t-¢I) (3.1.11)

s;A(t)=YA(t)—B+ZA(t-¢;). (3.1.12)

+ +

Based on eXA(t) and syA(t), t=1,...N, apply the
estimating procedure of Hannan and Thomson (1973),
which is described in Section 3.4.3. We define the

finite Fourier transforms
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+ _oN + inuws, (3.1.13)
wsx(s)—zn=lsxA(n)e

+ _oN + inuws, (3.1.14)
wsy(s)—znzleA(n)e

where ws=2ws/N, O<s<[N]/2.
Then we define the cross periodogram
c

I: . (s)=w: (s)w, (s)€. (3.1.15)

Xy X Y

(3) Choose a band B of frequency X, that is
B={X|Xo—ﬂ/2M<k<ko+w/2M}.

Here we have in mind the relation 2mM=N. Then when M

is big enough B can always be a subset cf A.

{4) Define
+ + -itw -
o) (r)=(l/m)ZOI8 : (s)e s, (3.1.1%)
XY
where the summation is over the m fundamental
frequencies ws=2vs/N in B. We call T+ the value
of t that maximizes ]p+(t)]2. This 1. is the estimate
of the partial group delay between X and Y adjusted
for Z at A=) _.
o
To obtain the weak consistency of our estimate et

, we

return to (3.1.7) and (3.1.8),
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XA(t)=aZA(t-¢l)+sxA(t)+OXA(t) (==<t<=)

YA(t)=aZA(t-¢2)+sxA(t)+OyA(t) (-=<t<=).
Alternatively we can write those in the following way,

X, (£)-0,, (£)=aZ, (t=¢,)+c_, (t) : (3.1.17)

¥, (£)=0,, (£)=aZ (t=g,)+e ) (). (3.1.18)

Now we assume temporarily that we can observe OxA(t) and
OyA(t)' Thus if we use the estimating procedure of Section

2.4.2, but based on XXA(t)-OxA(t) and Z(t) (t=1,...N), we can

* *
obtain ¢« and ¢1, We write

* * *
sxA(t)=XA(t)-a ZA(t-¢2)-OxA(t). (3.1.19)
Similarly we have
* * *
syA(t)—YA(t)-B ZA(t-¢2)-OyA(t). (3.1.20)
* * _
Now based on sXA(t) and syA(t), t=1,2,...N we can apply

*
the estimating procedure in Section 2.4.3, and obtain t by

*

replacing e, (t) and =, (t) by e, () and S;A(t) respec-
tively.

*
Section 3.2 will give the weak consistency of =1
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3.2 WEAK CONSISTENCY OF THE ESTIMATE

In this section we consider the models (3.1.17) and

(3.1.18). We have the following lemma.

LEMMA 3.2.1.

Assume that the conditions of Theorem 2.4.2.1 hold for
XA(t)—OxA(t) and ZA(t). We also assume that ZA(t) satisfies
the following condition: for any £>0 there exists an LE>O

such that

P{lZA(tl)—ZA(tZ)|>L8|t1-t2|}<sfor any t and tsy-

* .

Then for I and € A defined in (3.1.5) and (3.1.19),
*

axA(t)-exA(t)*O in probability and uniformly for all t.

PROOF

By definition
* _ * *
SXA(t)‘LXA(t)—a ZA(t—¢1)-aZA(t-¢l).
For any £>0 and §>0,

P(la’2, (t-9))-aZ, (t-9,)| >e)
<P(|a’2, (t-97)-aZ, (t-9])|>2/2)
+P{|eZ, (t=4])-aZ, (t=6,)|>c/2)}
=P +P,.
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As ZA(t) is bounded in probability, for this §, there ex-
ists a M; such that P{IZA(t)|>M5}<6/4. Then
_ * * " | - *
Pl_P{la —alle(t_¢l)>s/‘/ IZA(“-¢1)|>M5}

* * *
*P{le -a| ]2, (t-¢,)[>e/2, [Z,(t-¢;)|<M,}.

* *
Hence Pl<6/4+P(|a -a|M&>e/2). As o »a a.s from Theorem
2.4.2.1, there exists a No such that when N>NO,
*
P(|e -a]M6 >a/2)<8/4. Thus Pi<6/2. Without loss of gen-

erality, by assuming |a|<L, we have
*
- - o |
P,SP{]2,(t-97)-Z, (t-9,)|>=/2L}.

By the assumption of the lemma, for this §, there exists a

Ré such that

* *
Then
- * _ _ . _ * - - | *"
P,SP(12Z, (t=9,)-2, (t-¢;) [>s/2L, |2, (t=81)=2,(t=81) >R 10 -6,)
| _ * - _ - . _ * _ _ *_
+P{[2, (t=9,)=Z, (t=6,)[>/2L, [Z,(t=97)-2,(t=6,)[SRz10;-¢])
*
S5/4+P(|¢1‘¢1|>8/2L35)-
*
We know that ¢1»¢ a.s frcm Theorem 2.4.2.1, thus there
exists a Nl such that when N>N

1/

*
P(193-9,1>c/2LRy)<5/4.

ESTIMATING PARTIAL GROUP DELAY

INDIRECT APPROACH 4

wm



Let N'=max(No,N1), when N>N' we have
* e >g} <6
P{lsxA(t)-sxA(")l e} ‘

i.e.

7

t.

Now define the finite Fourier transforms:

1/2 N 1nw

w, (s)=(1/2m)

A(n)e
X

we (s)=(1/2m) /2N _e¥ (n)e™
X

and

1/2 N inw

W (s)=(1/27) S

Y
w, (s)=(1/2m)
Y

=1 yA(n)e

1/2 N
n—l yA®

inw
(n)e

where ws=2ns/N and s is an integer.

We have the following Corollary.

COROLLARY 3.2.2.

Under the condition of Lemma

L ¥ _ -1/2
sxA(t) sxA(t)—Op(N ) when N-w.

PROOF
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sXA(t)-s;A(t)+O in probability, and uniformly for all

0.E.D.

(3.2.1)

(3.2.2)

(3.2.3)

(3.2.4)
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From Theorem 2.4.2.2, we know that /N(a*—u) and
/N(¢;-¢1) are asymptotically normally distributed. We also
know that
a —a a.s. and ¢;»¢1 a.s. when N-w.
Then

* -1/2 * -1/2
a”-a=0_ (N /2y and $1-51=0 (N /2y,

- . — *
Hence in Lemma 3.2.1, if we replace UN(t)—sxA(t)-sxA(t) by
Uy (£) /N2 ~1/2+5

[91-6,1/N

(e, (£)=e,, (£) /N

*
for any 6>0, then since [a -a]/N
-1/2+48

-0 and
-0 in probability when N-»», we still have

=1/2*6 .5 in probability. Thus we have

s;A(t)-sXA(t)=Op(N_l/2). 0.E.D.

Based on Lemma 3.2.1 and Corollary 3.2.2 we have the fol-

lowing lemma.

LEMMA 3.2.3.
Suppose that the conditions of Lemma 3.2.1 are satisfied
*
~and sxA(t) and sxA(t) satisfy Assumption 2.4.4.2 and the

: . _ ey ¥ (U) {5~
covariance function of UN(t)—ng(“) sxA(t), Ck , satis

fies 2;_ |C£U)|<~. Then the convergence

=00

*
lwE (s)-wE (s)|»0 is in probability for all ws=2ws(N)/N
X X
where s(N) is an integer and ws»ko#o,n when N-w. The con-
vergence is also uniform for all such LI Further we have

W, (s)-w (s)=0,(1/N).
X X
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PROOF
* . o N
Let UN(t)=sXA(t)-sxA(t), then UN(t)+O in probability and
uniformly for all t by Lemma 3.2.1. We denote the corre-

sponding finite Fourier transform of UN(t) at frequency W

by wUN(s).
We know that E(wUN(s))=O, since E(sXA)=E(syA)=O. From
Theorem 2.4.4.4

Covtiy (51) Wy (32))=(1/M)8 ) (21(s1-8) My (ug )+0(1/M),

(3.2.5)

where fU (w_ ) 1is the spectral density of U,.(s,), and the
N 51 N'T1

function A(N)(k)=N for A=0(mod27m) and A(N)(Zws/N)=O for s an

integer with s=0(mod N). Hence
COV{w.. (s,) wW;; (s,)}=£f_. (w_ )+o(1l) or o(l). (3.2.6)
UN 1 UN 2 UN Sy
As UN(t)+O in probability for any t when N-~, thus
C(U)=E[UN(t) U, (t+k)]-0 for any k when Now. (3.2.7)

k

Then
|fUN(X)|=(1/2ﬂ)|Ziz_“C£U)e'ikk|5(1/2n)2f”|c£U)|,

(3.2.8)
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Under the condition walcéU)[<a, from (3.2.7) and

(3.2.8) we know that fU (X)=0 uniformly for all X\ when N-w.
N
Combining this with (3.2.6), we have

CoOV(w,, (s), w,. (t))=0 when N-w.
[§] U

N N
Finally from Theorem 2.4.4.4

CUM{w

U (ws ),...wU (ws )}
n

1 N k

“k/2 . k/2-1 (N |
=N 2 2m) 2 N (o el Vg (e o

. y+O(N"K/2y
1 k' Un S1 k-1

since 4" (1)=0 or N and £, ()20 when Noe, it follows that
- N
the above cumulant -0 when k>2 and N-ow.

Hence by Theorem 2.4.4.3, we know that Wiy {s) -0 in dis-

N
tribution for w _=27s/N, w -\ =0(modr). Equivalently w,, (s)-0
S s 0O UN
*
in probability, or W (s)-ws (s)»0 in probability.
X X
For the rate of convergence, from (3.2.7) and

_ -1
Uy (£)=0_ (N

/2), we have C;U)=Op(l/N). Then from (3.2.8)
fy (A)=0_(1/N) and from (3.2.6) Ele (k)l2=0(l/N). By the
N p N :

Chebyshev inequality

2 ,.2
P(|w,, (8)]|>8)<E[w,, (s)]7/8%.
UN UN

Hence w_ (s)-w. (5)=0,(1/M).
X X
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LEMMA 3.2.4.
Suppose that the conditions of Lemma 3.2.3 are satisfied
* * .
and exA(t), sxA(t) as well as eyA(u), and syA(t). satisfy

(s)

Assumption 2.4.4.2. Then the convergence Ie

> £_¢€
Xy Xy
-0 is in probability and uniformly for all ws=2ns(N)/N with
c
wsexo, when N-«~, where IE c (s)=wE (s)w8 (s)~ and
Xy S y
I =w * €. Further I -1 =0_(1
g ¢ (8)=w_ (s)w_ (s)”. Further I_  (s)-I_ _ (s)= p( /N).
Xy X 3% Xy Xy
PROOF
*
1, . (s)-I_ _ (s) |
Xy Xy
c _* * c
=lw, (s)w, (s)7-w_ (s)w_ (s)7|
X Y X Yy
*
slw, ()] lw, (8)S-w_ ()|
X Yy b4
* o *
+lw_ (s)Tilw, (s)-w_ (s)].
y X X

*
By Theorem 2.4.4.5 W (s) and W (s) are asymptotically
X Yy

normally distributed; thus they are asymptotically bounded

in probability. Obviously Ie (s)=ws (s)ws (s)c»O in prob-

€

XYy X Yy
ability wuniformly for all W by Lemma 3.2.2. Since
*

W (s)-w_ (s)=0_(1/N), it follows that

€ > p

X X

*

I, E.(s)-Is (s)=Op(1/N).

XYy Xy

Q.E.D

We can now prove Theorem 3.2.5.
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THEOREM 3.2.5.

For any fixed band A under the conditions of Lemma 3.2.4,

* *
we have 1 -r#ﬁo in probability when N-~, where t# and t are

the estimates obtained by using the procedure of Section

*

yA” €A and ¢ respectively.

2.4.3, based on ¢ and ¢
vA

XA
* #
Further 1 -1 =Op(1/N).

PRCOF

Let p#(t)=(1/m)20(18 (s))e_ltws, with Zo the sum over

£
XYy
the m frequencies W in the band B={X|ko—mv/N<x<ko+mn/N} and

#

B
let 1" be the value of 1 maximizing q"(r)=|p#(t)|2.

As e *"¥s is holomorphic for 1, thus p#(T) is holomorphic

for t and q#(t) is a holomorphic function of 1.

Similarly

o(1, | (s),t)=3g" (1) /31
x%y

={ap™(1)/8t1p (1) +p™ (1) [ap™ (1) /01

is a holomorphic function of 1. Obviously G(I8 . (s),1) is a
XYy

holomorphic function of I (s) for s=1,...m. Since r#

€ _¢
xy
2_% #

maximizies q#(r), 3G/31=3"¢g (t)/atz evaluated at 1" is nega-

tive.

#

Hence by Theorem 2.4.4.1, 1" as a function of Is c {(s) or,

XYy
equivalently, of (l/m)Is : (s), is continuous. The partial
XYy
derivatives exist and are also continuous. Then by the

multivariate Taylor expansion
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L. (S)-IL _ (s)), (3.2.9)

XYy Xy

*  #
t -t"=(1/m)I_A(s)(I

where A(s) is uniformly bounded in probability in the neigh-

' *
borhood of Xo' From Lemma 3.2.3 Is . (s)-Is c (s)»0 in
Xy 7 Xy
*
probability and uniformly in - Thus we have 1 -t#+O in

*
probability when N-e. Since Is : (s)-I8 c
XYy XYy
*
(3.2.9), it follows that t -t#=0p(1/N). Q.E.D.

(s)=0_(1/N) in

COROLLARY 3.2.6.

Assume that the conditions of Theorem 2.4.3.3 are satis-
fied for axA(t) and syA(t). Then under the conditions of
Theorem 3.2.5 for any fixed band A, we have t*»ro in proba-

‘bility when N -,

The proof is easy to obtain when we combine Theorem 3.2.5

with the fact that r#ato almost surely by Theorem 2.4.4.3.

Until now we consider only the case that the fregquency
band is fixed. However to obtain the asymptotic property of
the estimate r+ in Section 3.1, we need to consider a se-
quence of bands Ak with the band length d(Ak) tending to

Zero.

We give the following lemma for later use.
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LEMMA 3.2.7.

If tM(N) (M=1,2,...;N=1,2,...) is a family of random var-
iables satisfying llquth(N)=tM, in probability, and
limM#th=t, in probability, then there is a sequence M(N)

increasing monotonically with N so that 1lim (N)=t.

N CM(N)
This lemma is similar to Lemma 2.4.3.2. The proof can be
obtained easily by using Lemma 2.4.3.2.

Now we have the following theorem.

THEOREM 3.2.8.

Under the conditions of Corollary 3.2.6, there is a se-
quence K(N) with K(N)t~. Correspondingly there is a sequence
of bands AK(N) with d(AK(N))»O when N-~. Based on AK(N)' ap-

plying the estimating procedure of Section 2.4.3 the corre-
sponding estimate T* which is denoted by T:K(N), converges
to T in probability when N-w.
PROOF

From Corollary 3.2.6, we know that for each fixed A, we
have t*+to. Next we want to consider a sequence of bands
{Ak}, with each band centered at xo and the band length
d(Ak)eO when K-,

Thus for each fixed A we have a seguence of estimates

kl
% * * . . bili
TA 17 TA 2""TA N that converges to To in probability
k k k
* *
where TN represents the estimate t based on the band se-
k
quence {Ak} and its sample size is N. We can express the

convergence in the following way:
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* *

T ;T see T
1 Qll A12 o
A * *
T , T PR {
2 A21 A22 o
* *
Ak TAkl’tA,Z""*To'
K

Then by applying Lemma 3.2.5 and by letting tM(N) in that
*
lemma be T\ N and by letting tM be T, We complete the proof.

k
Q.E.D.

3.3 WEAK CONSISTENCY OF THE ESTI!MATE

In Section 3.2 1t is based on (X, (t)-0_, (%)},
{YA(t)-OyA(t)}, and {ZA(t)}, t=1,2,...N.. However oxA(t) and
OyA(t) are unobservable. Thus we return to Section 3.1 and

the estimate 1= which is motivated by the the following model

approximation.

X, (t)=aZ, (t=¢;)+s , ()

¥, (£)=BZ, (t-9y)*e ().

By Theorem 3.2.8 we have chosen a sequence of bands A

K(N)
with d(AK(N))*O when N-~. Based on this band sequence {AK(N)}
correspondingly we have TZ . To simplify the notation,

K(N)
in this section we denote AK(N) by Ak

We have the following lemma.
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LEMMA 3.3.1.

The random variable OA(t) in (2.4.1.1) converges in prob-

ability to zero at the rate
OA(t)=Op(d3/2(A)) when d(A)=0.

PRCOF

We consider the case that there is a sequence of bands
{Ak) with the band length d(Ak)+O when k- From (2.4.1.8),
10,(£)[-0 when d(4)+0, also E[0%(t)]=0(d>(A)). . Then there
exists a M and K such that when k>K

2 3
E[OAk(t)/d (A)) ]<M.

Then for this M and the given §, there exists an L>0 such that
M/L<§. By Markov's inequality, when k>K,

2 2

P(IOAk(t)/d3(Ak)|>L)S{E[0Ak(t)/d3(Ak)]/L}<M/L<5/

i.e.,

— 3/2
OAk(t)—Op(d (Ak)). Q.E.D.

In this section we write

* N 3
wx(s)=2n=l[XAk(n)-oxAk(n)]elnws (3.3.1)
and
+ _N inws
wx(s)—2n=lXAk(n)e , (3.3.2)

ESTIMATING PARTIAL GROUP DELAY ——INDIRECT APPROACH 55



where XA (n) 1is the frequency component in the band A
X K(N)

which we have chosen in Theorem 3.2.8. The frequency compo-

nent OXA is defined similarly. We have the following lemma.
k

LEMMA 3.3.2.

Assume that OxA (t) satisfies Assumption 2.4.4.2 and the
k

covariance function of o) (t), C(O) satisfies
xAk k

oo *

I =_“|C£o)|<~. Then the convergence wx(s)-w;(s)»O is in

probability, when N-« where ws=2ﬂs/N+Xo when N-oe. Further
* _t _ 3/2

we have wx(s) wx(s)—Op(d(AK) ).

PROOF

When N-», the length of the frequency band 4 ocbtained

K(N)
in Theorem 3.2.7, goes to zero. Thus by Theorem 2.4.1.1

OXA (t)=»0 in probability when d(Ak)ﬁO, or N-ew. The result
K
now follows by the argument used to prove Lemma 3.2.2.
We denote the corresponding finite Fourier transform of
OXAk(t) by wON(s).
We know that E(wO (s))=0 from Theorem 2.4.1.1. From The-
N

orem 2.4.4.4

Coviwg (s) wo (£)1=(1/Ma M) (2n(s-£)/M) gy (0 )+0(1/N),

ON N N

(3.3.3)

where fON(ws) is the spectral density of OxAk

the function A (M) (1)=N for AzO(mod27) and AN (27s/M)=0 for

, and

s an integer with s=0(mod N). Hence
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CoOV{w, (s), wa (t)}=£. (w_)+o(1l) or o(l). (3.3.4)
ON ON ON S

'From Theorem 2.4.1.1, Var[OXA (t) 120 for any t when N-«, thus
k

C£0)=E[ON(t) Oy (t+k)]-0 for any k when Now. (3.3.5)

Then

£, (M) [=(1/2m) 27 cl0) e7HE

|<(1/2myz” 1)), (3.3.6)
N

Under the condition zlcéo)|<~, from (3.3.5) we know that

fO (A)-»0 uniformly for all ). Combining this with (3.3.4),
N

we have
COV(wO (s), Wy (t))=»0 when N-e.
N N
Finally from Theorem 2.4.4.4

CUM{w. (w_ ),...Wwo (w_ )}
ON s1 ON sk
_—~—K/2 k/2-1, (N) - -
=N (2m) A (w_ +...+w_ Y)E. (w_ ,...,w y+O (N
1 S N S1 Sk-1

k/2y

since A™ (1)=0 or N and fo (3)-0 when Now, it follows that
N
the above cumulant -0 when k>2 and N-ow.

Hence by Theorem 2.4.4.3, we know that w5 (s) -0 in dis-
N
tribution for ws=2ns/N, ws»XOEO(modn). Equivalently Wq (s)-0
N

*
in probability, or wx(s)-w;(s)»o in probability.
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Further if we replace oxA(t) in w;(t)-w;(t) by
3/2-8 3/2-6
OXA(t)/d(AK(N)) K(N))

verges to zero in probability when N-«. If we use the same

for any §6>0, OKA(t)/d(A con-

argument in the above proof, then we know  that

/2y

w;(s)—w;(s)=op(d(AK Q.E.D

3
vy
LEMMA 3.3.3.

Under the conditions of Lemma 3.3.2, the convergence of
*
sXA(t)-s;A(t)*O is in probability and uniformly for all t

*
when N-», where sxA(t) and s;A(t) are defined in (3.1.19)

and (3.1.11). Further we have
* .t _ 3/2
EXA(t) EXA(t)_Op(d(AK(N)) )'

PROOF

* *
From Section 2.4.2 a and ¢1 are the o and ¢l maximizing
i 2
o(e,6)=" [w_(s)-ae*®1¥s w_(s)|%¥(u ).

Similar to the proof of Theorem 3.2.4 by maximization, we
. *__ *_
obtain ¢1—Vl(wx(s), wz(s)) and « —Vz(wx(s),wz(s)), where Vl
and V2 are some continuous functions.
Using Taylor sereies expansions we can write

+ % * +
a - =(1/m)ZOB(s)[wx(s)-wx(s)]

ESTIMATING PARTIAL GROUP DELAY ——INDIRECT APPROACH S8



where B(s) is uniformly bounded in probability for s. Then

*
by Lemma 3.3.2 we know that ¢ -a -0 in probability. Further

* Lt o~ 1 43/2 +_ Kk 3/2
as w,(s) wx(s)—op[d (A )], we have a -a —Op[d (A)]
*
when N-«. Similar results hold focr ¢I-¢l.
Now
* +
€ (t)-¢ (t)
xAk xAk
+ + * *
=a ZA (t-¢l)—a ZA (t—¢1)+oXA (t). (3.3.7)
k k k

Under the conditions of Lemma 3.2.1, and following the same

argument used to prove Lemma 3.2.1, it is easy to show that

* *
|a+ZA (t-¢§)-a z, (t-¢1)[=Op(d3/2(Ak)) when N-e.
k k

From Lemma 3.3.2,.we also know that Ox (t)=Op(d3/2(A

)) -
Ay k

Substituting this in (3.3.7) completes the proof.

Q.E.D.

From (2.4.1.7), we know that X, (t)=0 (a2 (4.,)). Recall
Kk P K

from (3.1.11) that

+ + +
e, (E)=X, (t)-a 2, (t-9.),
xA Ak Ak 1
thus
2
/ ).

a;A(t)=Op(d(AK(N))l

Also from Lemma 3.3.3, z. . (t)-£, (£)=0_(d(A /2y
LC ° . 7 GXA XA p \ .

3
K(N))
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* + + . . '
Hence sXA(t)-exA(t)/axA(t)»O in probability when N-w.

Let I: . (s) be the cross periodogram of e;A(t) and

X'y

S;A(t) defined in (3.1.15) and p (1)=(1/m)II, _ (s)e s
Xy

defined in (3.1.16). 1 is the value of 1t maximizing

12" (1) 2.

We have the following theoremn.

THEOREM 3.3.4.

*
Suppose that sxA(t) and sxA(t) satisfy Assumption 2.4.4.2

. : _ _F (V) -

and the covariance function of V—sxA(t) eXA(t), Ck , sat

isfies Ziz_”C£v)' <w. Also suppose that the above condi-
*

tions are satisfied for syA(t) and syA(t). Then the

+ % . . Lo + .
convergence 1t -t -0 is in probability, where t is the esti-

mate based on E;A and ¢ defined in (3.1.11) and

k YAy
(3.1.12) and based on the band AK(N) with K(N)?%~ where
d(AK(N))*O when N-o=. Further the rate of convergence is
+__F 3/2
T -1 —Op[d (AK(N))]'
PROCF

The proof is similar to the proofs of Lemma

3.2.2

Lemma 3.2.5. Thus we summarize the main steps of

these proofs.
(1) Similar to Lemma 3.2.2, based on
+ * . sqs
sxA(t)-sxA(t)aO in probability when N-=,
which is obtained from Lemma 3.3.3, we have

+ *
W, (s)-ws (s)-0 (3.3.8)
X X :
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in probability when N-«. Similarly,

+ *
W (s)-wE (s)-0 (3.3.9)
Yy Y

in probability when N-»« The rate of convergence is

+ * _ 3/2
W, (s)-ws (s)—Op[d (A

)],
y v K(N)

(2) Similar to Lemma 3.2.3, based on (3.3.8) and (3.3.9)

we have

+ *
I, (s)-I_ _ (s)-0 (3.3.10)
XYy XY

in probability when N-w.

The rate of convergence is

3/2

+ * _
I, . (s)-1_ _ (s)=0_[a”/“(4

€

) 1.
xSy xSy KR(N)

(3) As 17 is the value of 1 maximizing lp+(1)[2,
it follows from the proof of Lemma 3.2.4, that 1  is a

function of (l/m)I: (s) for s=1,...m and has

x%y
partial derivative with respect to If : (s)

XYy
for s=1,...m. Hence by the multivariate Taylor series

expansion we have

+ * o+ *
T -1 =(1/m)ZOC(s)[Is c (s)-I8 :
X'y Xy

(s)1,
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where C(s) is uniformly bounded in probability in the
neighborhood of Xo. Thus by (3.3.10) we have

*
T -t+»0 in probability when N-w.
(4) Furthermore the rate of convergence is

* 4+ 3/2
T T —Op(d (Ak(N)))l

since

3/2

+ * _
Ie : (s)-Is c (s)~0p[d (A

) 1.
xSy xSy K(N)

Q.E.D.

Now we can establish the weak consistency of the estimate

THEOREM 3.3.5.
Under the conditions of Theorem 3.3.4 and Theorem 3.2.8,
t++r° in probability when N-« where 17 is based on the fre-

quency components X and z,

Y .
A Ag () K(N)

K(N)

PROOF

From Theorem 3.3.4 we have T+-T*4O in probability when
N-+«». On the other hand t*éto in probability from Theorem
3.2.8. Combining these two results completes the proof.

Q.E.D.
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3.4 CENTRAL LIMIT THEOREM

This section deals with the asymptotic distribution of the
estimate t+. To begin with, we recall that in Section 2.4.3
p(t) is defined as

_ -it
p(t)-—fos . (\)e dl,
XYy
with B={)\] Xo-ﬂ/M<x<xo+1r/M} and 2mM=N. Let 1y be the value
of t maximizing |p(1.')]2 for fixed M. Then we have the fol-

lowing theorem.

THEOREM 3.4.1

Assume Conditions D of Section 3.4.3 and the conditions
of Theorem 3.2.7. There is a sequence M=M(N) and there is a
sequence K(N) increasing with N and a corresponding sequence
of bands AK(N) with d(AK(N))—>O when N-» such that the esti-
mate t° which is based on A satisfies

R(N)’

N3 2 (171 )oN(0,3(1-0% (1)) /21762 (1))

in distribution when N -,
PROOF
+  F_ 3/2
From Theorem 3.3.4, we know that 1t -1 -Op(m (AK(N)))'

We also know from Theorem 2.4.3.4, that
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T3/ (For )oN(0,3(1-0% (A ) } /(2110 (3 ) 17} (3.4.1)

#

The convergence is in distribution, where 1 is the estimate

based on = and ¢ by using the procedure of Section 2.4.3

XA vA
and maximizing the square of the norm of
-itw
o) (t) (1/m)ZOIs ¢ (s)e S.
Xy

From (3.4.1) m=N(2+5)/3 for some § such that 0<8§<1 , thus

N-1m3/2[d3/2(AK(N))]=N6/2[d(A 1372

R(N))

In the proof of Theorem 3.2.8 we can have a sequence {Ak} such

that d(Ak)+O as fast as we want. Thus we can have the se-
guence AK(N) such thét
{d(AK(N))}3/2 N%/2.0 when Now. (3.4.2)
Write
N-lm3/2(t+-tM)=N-lm3/2(t+—t*+t*-r#+t#-tm). (3.4.3)
From Theorem 3.3.4
N m3/2(r+-t*)=0P[N5/2 3/2(AK(N))].
By (3.4.2) we have
1m3/2(t+-t*)»o in probability when N-w. (3.4.4)
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%
From Theorem 3.2.5, 1 -T#=Op(l/N). Thus in (3.4.3)

N-1m3/2(t*-t#)=0p(N6/2-l).
We have
N m3/2 (1" -t%)20 in probability when Noe. (3.4.5)
Combining (3.4.2)——(3.4.5) and using Theorem 3.4.5.2 we
complete the proof. Q.E.D.

3.5 APPLICATION

As discussed in Chapters 1 and 2, for three given weakly-
stationary stochastic processes {xl(t)}, {xz(t)} and {XB(t)}
the partial group delay 112.3(Xo) measures the time-lag of
{x(t)} behind {y(t)} adjusted for {z(t)}. Based on the re-
sults in Section 3.2 an immediate application of the
asymptotic distribution of the estimator of partial group
delay is in testing hypotheses about time lag relationships.

Theorem 3.2.1 gives the asymptotic distribution of
N-1m3/2(122'3-112.31M) where 112.3 is the estimate of par-

tial group delay between X1 and X2 adjusted for X, and

3

112.3,M is the value of 1 maximizing Ip(t)}2 defined in
(2.4.3.2) and Theorem 2.4.3.3. The obvious defect of that
result is that 112-3,M may not equal the partial group delay
112.3(Xo)' Thus strictly speaking we can not readily apply

the result to test the hypothesis
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Ho: 112.3(X0)=to.

However from the proof of Theorem 1 of Hannan and Thomson
(1973) (see the statement after Theorem 2.4.3.3) when M (the
length of B=n/M) increases to infinity, YR Thus when the
band length is small enough, it is feasible to approximate
112.3(Xo) by the corresponding T12.3,M(Xo)' so that the re-
sult is applicable.

Further if we want to know whether X1 lags behind X2 after
both series have been adjusted for X3 and at the same time
we want to know whether X1 lags behind X3 after both series

have been adjusted for X2 at Xo’ then we need to test of the

two hypotheses

o' T12.3()‘o)=103

of T13.2(2 ;)%

The aim is to find the joint distribution of 112 3 and

113 20 which are the estimators defined in Section 3.1 step
(4). To do this we first extend the result of Hannan and
Thomson (1973) (see Theorem 2.4.3.4) to the case of four
processes Xl’ XZ’ X3 and X4.

Now we have the following theorem.
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THEOREM 3.5.1.
For weakly-stationary time series {Xl(t)}' {Xz(t)},
{X3(t)} and {X4(t)}, if the conditions C and conditions D in

Section 2.4.3 are satisfied for X X X and X then

17 727 737 4’
there is a sequence M(N) increasing with N, such that the
. -1 3/2 _
vector with components (112 112 M) and
137

2(134 34,M) has a distribution converging to the

bivariate normal distribution with zero mean and variances
2 2 2
3{1-0i(ko)}/{2v oi(ko)} . (3.5.1)
and covariance

L2 2
3E5) (A Eo (AN E (A ) Eg3 (M) =TE (A ) 1T E5, (A ) |

2 2 2
218 1E£,00 ) 1% 1£5,000)

where fij(k) is the cross-spectral density of Xi and Xj for
i,j=1,2,3,4, and where o? is the partial coherence between
X. and X, for i=1 and 3.

i i

+1
PRCOF

We start by considering the asymptotic bivariate normality

of the vector statistic

-1.3/2

(N Im (T t ) N /2 (<% - a0} (3.5.2)
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where we denote the estimator of group delay between X1 and

# # .
X2 by Ty 34° Write Tij,M for the value

of 1t maximizing

Similarly define 1

qi=|foije‘l”dx|2 (i,3)=(1,2) or (3,4).

We repeat the argument of the proof of Thecrem 2.4.3.4 for

-1 3/2, # _ -1 3/2, # _
m (112 TlZ,M) and N ™m (134 T34,M)

from step 1) up to 4). Then in step 5), instead of consid-

N individually

ering the vector with components

{Nl/ N1/

2(clz(-s)—Xlz(-s)),..., 2(clz(s)-Klz(s)},

we consider the following vector with 2s+2 components, -
1/2 e _ _
N7 7 {(c ,(=8)-¥,5(=8)), ..., (c,(8)=-¥,,(8)),

(C34(-S)—X34(-S)), v e ey (C34(S)-X34(s))} (353)

Then by using exactly the same argument as in the proof of
Theorem 2.4.3.4 step (5), by using the vector generalization
of Theorem 1 of Gordin (1969), the vector in (3.5.3) has an
asymptotic multivariate normal distribution, as each compo-
nent of the bivariate statistic in (3.5.2) is a linear com-
bination of the components of the vector statistic in
(3.5.3). Thus the bivariate statistic in (3.5.2) has a dis-

tribution that converges to the bivariate normal distrib-
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ution, with 2zero mean and with each wvariance of the form in
Theorem 2.4.3.4.

We have found the asymptotic normality and the asymptotic
variances. Now we shall find the asymptotic covariance.

Just as in the proof of Theorem 2.4.3.4 (see step (1) there)

1/2, # _
SR LS
#l #11 o
=-N1/2qi (Tij,M)/qi (Ti),
o . ; o #
where 1 is some value such that |t -1.. ,IS|1tii-T.: ol
i i "ij,M ij "ij.,M
for (i,3)=(1,2) and (3,4).
Then
3/2,-1, % __ 3/2,-1, # _
E[?. N Tty pmtip ) mTTN (1347t ) ]
1/2 #' 1/2 #'
N7y (typ, ) N7 ag (T34 )
=m°N"°E . (3.5.4)
‘ tt o : L ]
a@f (<) o (13

When N-«, we know from Lemma 2.4.3.1, that

#l ! 2 '
af (DM ey (g, ) a.s.
r
2
af (D mPay (g, ) as..

M !
Thus instead of the mean square of Nl/zqTr (TM) in step 3) in

Theorem 2.4.3.4, (3.5.4) can be approximated by
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Nl/zq? (t12,m) Nl/2q§ (34 M)
3.-3

=m°N “E - .
(/m ey (tq, 0 0/m2ay (15, ) (3.5.5)

Substituting m=N/2M, (3.5.5) becomes

_
1/2 %' 1/2 &'

N™"ay (11, ) N7 7ag (134 )

- (2m)3z ) (3.5.6)

it

/) fay (T, )9s (T )

u

Following step 2) and step 3) in Theorem 2.4.3.4
1
Nl/zqﬁ (tij M) can be replaced by (in the sense of approxi-

mation)

Nl/zfﬁﬂ¢i(x)[Iij(x)-EIij(x)]dx (i,3)=(1,2) and (3,4).

Now similar to step 2) and step 3) in Theorem 2.4.3.4 when M

is fixed and N-»», the numeratcr in (3.5.6), i.e

1/2 #' 1/2 #'
E[N / q? (TIZ,M) N / qg (134,M)] converges to

.7

21T [£5,00) 5,008,000 6500)
+E1, (N E5, (08, (M), (1) 1A
#2107 90 (M)o5 (W) TE 55, (=X, A, u, ~w)drdy, (3.5.7)

where
_ 2, .4l i, L (8-X)2 c
¢i(X)—(M/v) fBl(B A)e” i, M Lij(e) dse
for \eB and ¢i(k) is zero on the complement cf B in (0O,m) and
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Hence by (3.5.4)
m3/2

(3.5.7) the covariance of

3/2,,-1, &

-1, # # ‘ ‘
N (le-le,M) and m N (‘34 T34‘,M) when M is fixed

and N-«, converges to

(2m) 72 (/1) ¥ ey, s (g 1T
20 (1T £, 00 E,, (06, () 8500
P2, (M E5, (18 ()8, (3) Tdb)

" T c _ .
+4.1Tff_ﬂ¢l(X)¢3(k) f1234( A, h,u, -e)didu.
Then just as in step 7) in Theorem 2.4.3.2,

¢i<X>=<-i>(M/w)<x-xo>fij<xo)°{1+o(1>}

for (1i,3)=(1,2) and (3,4).
Since fij(X) is boundedly differentiable, we may replace
it in the integral by fi.(ko). Evaluating the integral

]
and let M-« we obtain

4ﬂM/Eﬂf3l(k)f24(k)¢l(k)c¢3(k)dk

” (2“2/3)fsl(*0)524(*o)f12(*o)f43(*o)
and

4vafnfl4(X)f32(x)¢l(k)¢3(k)dx

» (127370 £, 00 ) 1P £, 00))

It is evident that

2
| <.
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«

u C
ff_ﬂ¢l(k)¢3(X) f1234('>‘,)\,u,-u)d)‘

converges to zero as M increases, since the integrand is
%)

As step 7) in the proof of Theorem 2.4.3.4, when M-

bounded and zero except on a set whose area is O(M

4, 2 ' 2 2
(aM7/77)qy Ty, w2 /3)|fij(>~o)l .
Therefore based on the choice of m(N)

3/2

E[“"‘3/21"—1(‘:‘i#z'le,m)m N_l(‘§4"34,m)]

approaches

. 2 2
3E39 (A Ey (A E (AN £ (A ) =1 E , (A ) [T E55,(0 ) |

2

2 2
21° 1,00 1% 1£5,000) 1

We note that f3l(xo)f24(lo)f12(xo)f takes real wvalue.

c
34(2)
This completes the proof. Q.E.D.

We now return to the original problem of the multiple

test:
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We define the residual processes as in section 2.5, by

£, (£)=K, (£)-T(X,(t) | X5 (t)),
Es(t)=xl(t)_n(xl(t) |X2(t)),

£, (£)=X5(£)-M(X5(t) [X,(1)).

Then T12.3 is the group delay between €4 and ¢ is the

2 f13.2
group delay between = and g Hence from Theorem 3.5.1

3
-1 _3/2 -1.3/2 .
{N (‘12 37%12.3, M) N "m (T13 27 %132, M)} is

asymptotically bivariate normally distributed with the
covariance matrix stated in Theorem 3.5.1. If we replace

# .
by T12 5 and 1,45 5, by T13 5. then the asymptotic

#
'12.3
result still holds by following the argument in the proof of

Theorem 3.2.1. Therefore we can do multiple tests as desired.
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4.0 ESTIMATING PARTIAL GROUP DELLAY——DIRECT APPROACH

4.1 THE ESTIMATING PROCEDURE

In Chapter 3, we discussed an indirect approach to esti-
mating partial group delay. The estimator is weakly consist-
ent and asymptotically normally distributed.

But for this approach there are the following disadvan-

tages:

1. For actual data processes,the computation of the estimate
is rather lengthy. We need to compute the frequency com-
ponents of X, Y, Z, the estimates, s+ and s+ of ¢

XA vA
and syA’ and then the estimate of partial group delay

XA

+ +
from € A and EYA

7

+
2. We estimate S;A(t) by first estimating « and ¢1 by «

and ¢I; then we let

+ + +

sxA(t)—XA—a ZA(t—¢l). (4.1.1)
Similarly we let

S;A(t)=YA—S+ZA(t-¢;). (4.1.2)
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In cases where ZA(t) is observed only at integral times

£=0,

I+

l,... and in the case that ¢I and ¢; are not in-
tegers, ZA(t-¢I) and ZA(t—¢;) are not available obser-
vations for computing (4.1.1) ard (4.1.2). Hence in that
case the indirect approach is not available for estimat-

ing partial group delay.

Therefore we shall look for some other approach.

We still consider the weakly-stationary processes {x(t)},
{y(t)} and {z(t)} with mean zero, and assume that all of
these have absolutely continuous spectra with continuous
densities.

As defined in Chapter 3 we have the finite Fourier trans-

forms of (X(t)}, (¥Y(t)}, and {2(t)} as follows:

wx(s)=(2nN)-1/22§=lx(n)einws,
wy(s)=(2ﬂN)-1/22§=1y(n)elnws,

-1/22N inw

WZ(S)=(2ﬂN) n=lz(n)e s,

where ws=2ns/N for s<[N/2].

Correspondingly we have the periodograms as follows:

_ C
Ixy(S)—wX(S)wy(s) .
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I (s)=w _(s)w_(s)°,

- c
Izy(S)-—WZ(S)wy(S) y
Izz(s)=wz(s)wz(s)c.

We also write Ixy(s) as Ixy(ws) etc..

Our aim is to estimate the partial group delay between X
and Y adjusted for 2 at frequency X=ko.

We consider a band of frequencies centered at XO and con-
taining m fundamental frequencies W i.e.,
B={k|ko—ﬂ/2M<X<Xo+n/2M}. Here we still have the relation
2mM=N. We also consider two other bands B' and B'' which are
the location shift of B, i.e., B'={X|ko<x<xo+2n/2M} and
B"={x|ko-2w/2M<k<xo}.

For each wssB define

*
£r (0 )=(1/3) [T (0 )+I (o _+1/M)+I (v _-7/M)]. (4.1.3)
s 'l- h * * % d
Similarly we also ave fxz(ws), fzy(ws), fzz(ws) an
£° (w_). With those we define
ZZ S
o N=E (V- () f*—1 V) Er (X 4.1.4
fry s (V=En, ()=E1, (VET 00, (), (4.1.4)
and let
- * -itw
- 4
PT(O=(L/mE E (u)e s (4.1.5)
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where the summation is over the m frequencies ws=2ﬂS/N8B.
Let t be the value of 1t maximizing Ip-(T)|2; this 1 is

the estimate we propose.
4.2 WEAK CONSISTENCY OF THE ESTIMATE

From Section 2.5 x(t) and y(t) can be decomposed as

x(t)=I(x(t)|H(z))+e (t)

and

Y(t)=H(Y(t)lH(Z))+8y(t),

where H(z) is the closed linear manifold generated by {z(t)}
and T(x(t)|H(z)), N(y(t)|H(z)) are the projections of x(t)
and Y(t) onto H(z).

As we defined in Section 2.5, the partial group delay is
just the simple group delay between sx(t) and sy(t). However,
we do not know sx(t) and sy(t). We only know x(t), y(t) and
z(t) for t=1,..,N.

First we want to find the relationship between an estimate
of partial group delay based on sx(t), sy(t) and an estimate
based on x(t), y(t) and z(t).

Let u(t)=(x(t),v(t))'. Then
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~ T
T(x(t)[H(2)) | [e (t)

u(t): + .

T(y(t)|H(z)) e, (®)
L

We represent (e (t) ay(t))’ by e(t)' and define
H
Lz (M)

=(1/[2m+1 )™ w {([27K(N)+s]/N}w_{[27K(N)+s]/N}° (4.2.1)
S= X X

-m
where K(N) is an integer depending on N with 21K(N)/N-\ when

N-w. We also write

#
(V)

=(1/[2m+1])370_

£

_mwx{[ZwK(N)+s]/N}wy{[2vK(N)+s]/N}C (4.2.2)

# {
£ (0

=(1/[2m+1]):™

vy ([27TR(N) +s]/Nhw ([27R(N)+s]1/N) S (4.2.3)

and

#
uz (M)

=(1/[2m+1])10__

£
mwu{[2ﬂK(N)+s]/N}wZ{[2wK(N)+s]/N}c. (4.2.4)

Then as defined in the statement before Theorem 2.4.4.7,

gf(k)=C(m,r){fiu(x)—fiz(x)sz(x)“lfju(x)} (4.2.5)
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when X#O(modn) and C(m,xr)=(2m+1)/(2m+1-r). In (4.2.3), we

~

can write the smoothed periodogram :ﬁu(X) as

m
fﬁu(k)=(l/[2m+l])Zs=_mluu(2ﬂK(N)+s/N), (4.2.6)
where I. (s)=w _(s)w (s)C is the periodogram. Sometimes we
uu u u ‘ N ,
also denote it by qu(ws) for ws=2ﬁs/N. In matrix form, it

is written

‘ rwx(s)wx(s)c wX(s)wy(s)c
qu(s)=

| c \C
wy(s)wx(s) wy(s)wy(s)

Tex(5) Iy ()

Iyx(s) Iyy(s)
- - -

From Theorem 2.4.4.7 with r=1 s=2, gﬁ(k) is
asymptotically distributed as the complex Wishart distrib-

“ution, i.e.,
gf(k)é (1/2m)w§(2m,fes(k)) in distribution (4.2.7)
when k#O(modw) and N»w, where fsg(k) is thé spectral density

matrix of e(t).

On the other hand, based on e(t) we define
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NN -
£7 (0=(1/l2me1)IT__ T

([27K(N)+s]/N).

By Theorem 2.4.4.06,

£ (0> (1/02m1))wS (2me1, £ (1))

in distribution, when k#O(mod(n) and N-w,

Now in (4.2.8), let m=0. We obtain the

# _ - 2
fsg(k)—Iss(k). Thus from (4.2.9), IEE(X)-WZ(I,

In (4.2.7) let m=1 then,
# c
gT(\)>(1/2)W5(2,£__(3))

in distribution, wheh A=0(mod 7) and N-

We can write Is~(k) and gf(k) in partitioned
&

- -
I () I ()
X°X Ry
IEE(X)=
I ) I, ()
x voy
and L. -
e . _1 .—1 ‘ -t
AL A S S L i
XX XZ ZZ ZX XYy RZ ZZ Zy
gt (0)=(3/2) :
. -1 -1
yX “yzTzz TzX Yy yz zz ~zy
L -

EST
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(4.2.9)

veriodogram

£..00).

(4.2.10)

form as
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Now for the band B defined in Section 4.1, there are m
fundamental frequencies ws=2ns/N in B and as M- ws+ko for

s=1,...m. Define
IT (0 )=(1/2) [T, (w)+I__(u_*(1/M))] (4.2.11)

as the average of the frequencies in B and the corresponding
frequencies in B', which is defined in Section 4.1 and is a
location shift of B that contains the fregquencies of
2w (s+2m)/N, s=1,...m.

For later use, we give the following lemma.

LEMMA 4.2.1.

Let X(t), t=0,%1,... be a r-dimensional vector series
satisfying Assumption 2.4.4.2. Let Kj(N) be an integer with
Xj(N)=2nKj(N)/N»X for j=1,2, as N-ow. Suppose Kl(N)th(N)¥O
(mod N), then the finite Fourier transforms wx(kl(N)) and
w (A,(N)) are asymptotically independent NJ(0,£_(}))
variates respectively.

PROOF

E[wx(xj(N))]=O since E[x(t)]=0. From Theorem 2.4.4.4

COV{w, (X5 (N)) Wy (A (N))}

=1/ 8 (27 (R, () =Ky (N) I/NYE, (3 (N))+O(L/N),
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where AN (3\)=N if 120 (modr) and &N)(2ms/N)=0 if s is an
integer. Thus COV{wx(Xj(N),wx(xk(N)} tends to zero if

Kj(N)-Kk(N)%O (mod N) and Var(wx(xj(N)) tends to fx ()\).

X

Finally, again from Theorem 2.4.4.4,

Cum(w, (Xq), - -- W, (X))

k “k/2
C(2m)R/27 I R/2 () (B E, gy ) +O(N y.

xY 1Y

This last tends to O as N-»» if k>2 by the definition of
Ay

Putting the above results together, we see that the
cumulants of the variates at issue, and the conjugates of
those variates, tend to the cumulants of a normal distrib-
ution. The conclusion of the lemma now follows from Theorem
2.4.4.3 since the normal distribution is determined by its

moments Q.E.D.

Based on the above lemma we have the following lemma.

LEMMA 4.2.2

Let X(t), t=0,%z1,... be a r-dimensional vector series
satisfying Assumption 2.4.4.2. Let Kj(N) be an integer with
kj(N)=2ﬂKj(N)/N9X for j=1,2 as N-= let IXX(X)=wX(k)wX(k)* for
~=<\<w. Suppose KI(N):KZ(N)#O(mod N). Then I () j=1,2 are
asymptotically independent <complex Wishart distributed

C .
Wr(]lfxx()‘))/ 3—1/2-
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PROOF

From Lemma 4.1.1, wx(lj) j=1,2 are asymptotically inde-
pendent Ni(o,fxx(k)) variates. By the definition of the
complex Wishart distribution (see Brillinger (1975) p.90) and

Theorem 2.4.4.6, the lemma is completed. Q.E.D.

We assume throughout this chapter that e(t) satisfies As-
sumption 2.4.4.2. |

Thus by Lemma 4.2.2, Igs(ws) and Iss(ws+2wm/N) are
asymptotically independent and each of . those is

asymptotically distributed as Wg(l,fss(X)) when N-« and

M-~ . Thus from (4.2.11)
* c
Iss(ws)»(l/Z)wz(Z,fEE(k)) (4.2.12)

in distribution when N-w.

Now, instead of

# _ -itw
p(t)=(1/mz I . (v )e s, (4.2.13)
Xy
consider
* * -itw
= 4
p (1) (l/m)iolsxsy(ws)e s, (4.2.1%)

where the summation is over the m frequencies wSeB and

* *
Ig . (ws) is the corresponding element in matrix Iss(ws)'
Yy
i.e.,
*
I (v )=(1/2)[1 (w )+I (w_+m/M)]. (4.2.15)
SXEY S SXSY S SXEY S
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From Lemma 2.4.3.1 for fixed M,
lp#(f)-(M/ﬂ)p(r) |-0  almost surely

and uniformly for all 1 when N-«, where

p(t)=ig £ . (Ve FTran. (4.2.16)
X'y
Now let
p+(t)=(1/2)[fo(X)e_lTXdk+fB,f(k)e_ltxdkelT“/M]. (4.2.17)
Here £()\) stands for f8 . (X)) . Now we give the following
Xy
lemma.
LEMMA 4.2.3.
*

For fixed M, p (t)-(M/n)p+(t)+O a.s. when N-» and uni-

formly for t in any bounded interval V.

PROOF
We shall omit the subscripts from Is c during the proof.

Xy
From (4.2.14)

p*(T)=(1/2m)ZOI(ws)e'itws+(1/2m)201(ws+w/M)e‘itws

=(1/2m)z T(w_)e  ™¥s+(1/2m)z_  T(w )e Vs etTT/M

where the summation o' is over all W in B'. By Lemma 2.4.3.1

when M fixed and N-«, we have
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it

’“s-(M/n)fB £,(0)e T A0 a.s..

(l/m)ZoI(ws)e-i

Similarly when we replace B by B',

it

Tws-(M/w)IB.flz(X)e—l d\»0 a.s..

-1i
(l/m)XO,I(wS)e
* +
Thus p (1)-(M/7)p (1)»0 a.s.. Q.E.D.
It is easy to establish the following lemma.

LEMMA 4.2.4.
If un-vneo when n—»~, and if either the sequence u, or the
sequence v_ is bounded and if t_-1 when n-»~, then t_u_-v_-0
n n nn n

when n-e.

Let p+(r) be defined by (4.2.17) and p(1) be defined by

(4.2.16), we also can prove the following lemma.

LEMMA 4.2.5.
(M/n)[p+(t)~p(r)]40 when M-« and uniformly for any

bounded interval of rt.

PROOF
We consider (M/n)[/gf(M)e” " rax-s  £(0)e” dr], and de-
fine the real part and imaginary part of g(k):f(k)e-ltx by

IR and 91- Then
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yo—it -itX
IgE()e T ian=T5 £()) dx,
=[/g(gg+ig)dr-T5: (gg*ig )dh]
<|Jgagdh=Spigpdh |+ !

- gIpdr=Tgrg dr]. (4.2.18)

By using the mean value theorem,
f \ _ * * %

* * % * * %
where X ¢B and X eB' with () -2) *)»O when M-«. Since gR(k)
is a continuous function of )\, the above difference converges
to zZero when M- | A similar result holds for
\M/n)fBgIdX-fB,gIdx.

Thus from (4.2.18) we have
(M/a)igE (e ran-r £ (0 e R ano, (4.2.19)

when M-~ and uniformly for t in any bounded interval.

Since p+(T)-p(T)

it itn/M it}

=(1/2)[fB,f(x)e'l die -rgE()e T A,

-itn/M

also since e -1 and uniformly for all bounded 1t when

M-~ and by applying Lemma 4.2.3 we complete the proof.

Further we have the following lemma.
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LEMMA 4.2.6.

*
Let ™M be the value maximizing lp+(t)|2 for fixed M, then

*

1,21 =0'(\_) when M w.
o o

M
PROOF
e e . * .. + + 2
By definition, for fixed M Ty maximizes g (1)=lp (1)
*
and Ty maximizes q(t)=]p(t)|2. Equivalently Ty maximizes
R+(I)=(M/ﬂ)2q+(t) and ™ maximizes R(1).
From Lemma 4.2.5 as R(1) is bounded,
RY(1)-R(7)~0 a.s. (4.2.20)
when M-« and uniformly for bounded 1. From Theorem 3.4.4.3

Mo when M-~. Thus for any given n>0, there exists an in-

teger Mo>0 such that” when M>Mo, 1,, 1s an interior point of

).

M

the interval (ro-n, to+n). We can assume that tMs(ro—n, T

Since ™ maximizes R(1), 1in a half'neighborhood of M
say, (TM-U, TM), R(1) is an increasing function of 1. Then
in that interval there exists a unigque inverse function

1=V(R). 1 is continucus in R. Thus for the above given n

there exists a £>0 such that when lR(r)-R(tM)[<s,

|1-1M|<n. (4.2.21)

From R (1)-R(1)»0 when M-e, in (4.2.20) for that &, there

exists a Ml such that when M>Ml
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R(TM)SR+(1M)+8/2. (4.2.22)

*
Without loss of generality, we assume that TM<TM. Since

*

™™

.. +
maximizes R (1),

R+(TM)SR+(1;). (4.2.23)

Again from (4.2.20) when M>Ml’

+ * *
R (1) SR(1y)*e/2. , (4.2.24)

*
Combining (4.2.22)—(4.2.24) we have R(TM)SR(TM)+S.
Thus from (4.2.21) when M>M2=max{Mo, Ml}, we have

*
ltM-tM|<n and complete the proof as we know that =t T, when

M
M- .

* *
Now let 1 be the value of 1 maximizing |p (1:)]2 which is

defined in (4.2.14). Then based on Lemma 4.2.6, we have the

following lemma.

LEMMA 4.2.7.

Assume that sx(t), ey(t) satisfy Assumption 2.4.4.2 and
conditicns C in Section 2.4.3. Then there is a sequence M(N)

*

increasing with N, such that 1t converges almost surely to
T .
o
PROOF
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Choosing an interval of t which is big enough, say V, it

follows from Lemma 4.2.3 when M is fixed and N-,

* +
p (1)-(M/m)p (1)-0. a.s.
i.e., o (1)=M/m)pt (1) a.s.
Hence we have
* 2 +
q (1) (M/7m)"q (1) a.s. (4.2.25)

*
and uniformly for all 1g&V where q*(t)=[p (T)IZ and
q+(t)=ip+(t)|2. Thus from (4.2.25) for any £>0 and for N

sufficiently large almost surely we have
2 + % * %
(M/7m)"gq (IM)-sSq (tM). (4.2.26)
* *
However by definition 1 is the value of 1 maximizing q (1),
* * * *
q (tM)Sq (t ). (4.2.27)
Again from (4.2.25) almost surely,
* % 2 +, %
g (1 )S(M/7m) g (1t )+e. (4.2.28)

Then combining (4.2.26)——(4.2.28), we know that for fixed

*
M as N-»», 1 must almost surely converge to ™

Then by
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using Lemma 2.4.3.2, Lemma 4.2.5, and letting tM in Lemma

* *
2.4.3.2 to be Ty t to be T for each M and tM(N)=r , we

complete the proof. Q.E.D.
Recalling (4.2.12), we know that,

Ig:(ws)»(l/z)wg(z,fs (A )) (4.2.29)

g O)

in distribution, when X?O (mod ) and N»« and M -w.

As we defined in Section 4.1,
f;x(ws)=(1/3)[Ixx(ws)+Ixx(ws+v/M)+Ixx(ws-n/M)]' (4.2.30)
with ws=Zﬂs/N s=1,2,...m. Similarly, we also have

£ren (805)=(1/3) [T (W )+ (w bn/M) ] 1 (0 =1 /M1,
£,y (8)=(1/3) [T, (0 )+T, (w sn/M) +I, (u =m/M) ],
£,2(8)=(1/3) [T, (u)+T, (u +a/M) +I, (o -1/M)],

and

f;y(ws)=(l/3)[Ixy(ws)+1xy(ws+n/M) 1 (0 T/ ]

With these, we form a special case of gf(wo) as
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P- —
* * *'1 * % * *“1 *

£ - £ £ £f - £
XX "XzTzz TzX XY "xzTzz Tzy

*
s, (A)=(3/2) .

f* * *-lf* * * f*-lf* 4 3

yX yz- zz TzX fyy-fyz zz 2y (4.2.31)

As defined in(4.1.4)

-1 %

* ' * * *
Fry. 2 (M =E, =E (OET (), ()

and in (4.1.5)

PT(T)=(1/mI E (u)e s,

- P - 2
when t©t is the value of t maximizing |p (t)]|”, then we have

the following theoreﬁ.

THEOREM 4.2.8.

Assume the conditions of Theorem 4.2.7, and assume that
X(t), y(t) and z(t) satisfy Assumption 2.4.4.2 and Conditions
C in Section 2.4.3. The estimator of partial group delay
1 (\) is a weak consistent estimator of T,=T(2,).

PROOF
* *
We know frem Lemma 4.2.2 that £ _(w_ ) and f__(w_ ) are
XX'Us, XS,
asymptotically independent when Wy Fw for Wy =2nkj/N
1 2 J
(j=1,2) with kj an integer and W »ko. when N and M tend to
b
*
infinity. Similar results also hold for fxz(ws), f

),

zy(ws

* * * *
fzz(ws), and fxv(ws). Then gs(wsl) and gg(wsz) are also

<
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asymptotically independent when w_ #w_ ,
°1 S2

c
(1/2)W2(2,f€£(ko)) for wsj+xo when N-» and M-w.

*
and gs(ws) -

We know from (4.2.12),
* c - . . . .
Ist(ws)»(l/2)wz(2,L£e(XO)) in distribution.
and from the above,

* c ~ . . . .
ge(ws)e(l/Z)Wz(Z,:gg(ko)) in distribution

*

when N-« and M-, Since I (w_) and (2/3)f
€ € S XY.2

Xy
the first row and second column elements in the matrix

(ws) are

* *
Isg(ws) and the matrix gs(ws), by Theorem 2.4.5.2
* *
£ it 15—
stsy(ws) and (2/3)‘xy.z(ws) have the same limiting dis
tribution.

Now let W =2nkj/N with kj an integer (j=1,...,m) be the

]
frequencies in the band B. From the above I* : (w_ ) and
Xy 1
I: : (ws ) are asymptotically independent and
X'y 2
* *
(2/3)fxy.z(wsl) and (2/3>fxy.z(wsz) are also
asymptotically independent. Hence
* *
(I, . (eg ), I, o (e )}
Xy 1 Xy 2
and
2/3) (£ £
(27308, Glug ) £y pl8g )

ESTIMATING PARTIAL GROUP DELAY

DIRECT APPROACH S2



have the same joint limiting distribution. Note that pairwise
independence is equivalent to joint independence for normal

distributions as well as for Wishart distributions. Hence

* *
{Ie £ (ws ) 'Is 3 (ws )}
X'y 1 Xy m
and
* *
(2/3){fxy.z(wsl)”'"’fxy.z(wsm)}

have the same limiting distribution for any integer k.

Further we define the elements in R”

*
U, =(I (w

1N e s )""”Is : (ws ),0,0,...}
XYy 1 X'y m
and
U, =(2/3)E, 2/3)e" 0
2N_{( / ) Xy.z(wsl)/...o/( / )fxy.z(wSm),Ol ,.‘.}.

As the corresponding finite dimensional distribution of
UlN and UQN have the same limiting distribution, thus by
Theorem 2.4.5.1, U1N and U2N have the same limiting distrib-
ution. We denote the common limiting distribution by W.

Now recall that T# (defined in Sectipn 2.4.3) is the value

maximizing q"(1)=|p (1) |?,where as defined in (4.2.13)

P ()=(1/m)z 1, | (s)e™ s,
X'y

*
Instead of I8 c (s), we replace it by IE : (s). 1In
X'y Xy
(4.2.14) we defined
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P (1)=(1/m)E I, | (s)e s,
X'y

*
whose norm 1s maximized when ==t . Corresponding to the
maximization, we obtain the equation

*
¥ (Upyr T =0,

where YN is some function which satisfies the conditions of

Theorem 2.4.4.1 for Fj there. Then by Theorem 2.4.4.1
*_—-
T —:N(UlN) .

We know that £ is continuous and differentiable for U1
*
XY.Z

N
Similarly after replacing Ixy(s) by (2/3)f (ws) defined

in (4.2.31), we obtain the estimator

TT=E (Uyy) -

*
From Lemma 4.2.7 1 —:N(UIN) T, thus gy converges to some
function E=.

For any Borel set AsRl, we consider

P(Ey(Ugy) eA) =B (Ey (Uyy) eA)
=p (Ut i  (A))-p(Uyeint(a))
=p (U e igt(B))-p(Hez t(a))

+p(WsE&1(A))-p(UZNtsﬁl(A)) (4.2.32)
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where EN(A) is the inverse image of A in R".

Now consider

(U et (A))-p(WeEig (A))

=p (U eEq (A))-p(U e h(a)

+p(U e T (A)-p(Wez 1 (a))

+p(WsE-1

-=1
(A))-p(Ws:N (A)). (4.2.33)
As U1N+W in distribution when N and M -»~, the second differ-
ence in the last expression converges to zero as N and M-w.
The third difference also converges to zero when N and M -

since £y converges to 2. For the first difference

D(U e En (A))-p(UpeE 1 (a))
=p(U e [251(A) (271 (a)°D),

where E-l(A)c is the complement of E-I(A). As E£,-Z the

measure of the set of E-l(A) E’l(A) converges to zero. Then
the second difference in (4.1.33) -0 when N and M —w.
Thus
(U, e2-1(a))-p(WeE 1 (A))»0 when N and M —w
PUYINEEN °N :
Similarly,

P(U,ye3n (A))-p(Wei ' (A))~0 when N and M .

* -
Hence from (4.1.32) 1t and t have the same limiting dis-

tribution when N and M tend to infinity.

ESTIMATING PARTIAL GROUP DELAY——DIRECT APPROACH 95



For the sequence of M(N) chosen in Lemma 4.2.7 , we RKnow

that M-« when N-» and

T =T a.s when N-w.
* 0 3 3 0 . * -
Thus 1 1, in probability. Finally since t and t have the
same limiting distribution, we obtain r-»to in distribution

i.e. T 2T in probability when N-w. Thus we complete the

proof. Q.E.D.

4.3 CENTRAL LIMIT THEOREM

For the asymptotic distribution of the proposed estimate
1. in Section 4.1,  we still consider the frequency band
B={X]Xo+v/2M<k<ko+n/2M} which contains m=N/2M frequencies
ws=2ka/M (s=1,...m) with ks an integer. We begin with the

following theorem.

THEOREM 4.3.1.

Assume that x(t), y(t), z(t) and sx(t), sy(t) satisfy As-
sumption 2.4.4.2 and Conditions D in Section 2.4.3. Then
there 1is a seguence M(N) increasing with N such that

-1 3/2, * * P . . .
N "m (t -TM) has an asymptotic normal distribution.

PROOF
We shall omit the subscripts from I8 . (X) and fE (X))

XYy XYy
in this proof.
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Just as in the proof of Theorem 2.4.3.4, we keep M fixed.

Then

1/2 %

vk 1/2, % % _ %!
a (=N °

N -IM)q (1

)

*

h o * < * | d
where |1 TM|_|t Tyl an

1!

() mig ().

Using the same argument as in step 1 of the proof of Theorem

1/2 *' * .
2.4.3.4, N q (tM) can be replaced approximately by

1 1

(M/7)2N ?Re(p” (1) (1) +p7 (100" (1)1,

* -itw
where p (t)=(1/2m)20[I(ws)+I(wS+n/M)]e s.

T W

Thus p*(t)=(l/2m)EoI(wS)e—i v +(1/2m)20I(ws+ﬂ/M)e-i s

=(1/2m)_I(u )e " ™s +(1/2m)1_,I(v )"t ¥s1e? ™M,

where Xo' is the summation over all wsaB'.

Hence by Lemma 2.4.3.1,
. . . .
Pl (t)=(M/2m) I )e T Ay +(M/2m) 15, T(0) (e 1td gy eiT?/M,

Similarly,

1

* *
dp (t)/dt=p (1)
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=(/21) (g (-1 T )e T an 75, (min (e T ey 1T

+rg T han (anmet TN
On the other hand by definition
p+(t)=(l/2)fo(k)e_ltxdx+(l/2)JB,f(k)e-ltxdkeltn/M;

p+'(T)=(1/2)fo(X)e_iTX(-ik)dk+(l/2)fB,f(k)e'iTX(_ik)eiT"/de
+(1/2)fB|f(k)e'iTx(wi/M)dxeiT“/M.
Hence

'

(2n/MRe(p” (1) (15 %40 (1) (1))

%
=[BI(X)(—iX)[e_lTMX]p+(t§)ch

. % + *
+fBI(k)c(iX)[eltMX]p (Ty)dA
_'* * .
#1 g IT(0) (=i0) (e MM pT (1) Cane MM
0* *
+fB,I(k)c(iX)[elIMx]p+(tM)dke

+(ni/M)fB.I(x)[e‘iTM*]p+(r;)°dxe

. %
-1 LM'\T/M

L%
lTMﬂ/M

* *
-(wi/M)IB,I(X)c[e—lTMx]p+(1;)dke-lTM"/M

*
c, it N, _+', *
+15I(N) [e""M"]p (ty)dr

X

*
N -int +' % c
I RTO0 [e7H MM T (1) S

*

*
- , * - .
s 1) e Mot (1y)are” ™M

M
-iI*X +' % c it*ﬂ/M
+JB,I(k)[e M" ]p (IM) die™ M

=A1+...+Alo.
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It is easy to see that

—x C A C _ ]
l—A2 , A3—-A4 ..., and Ag—Alo .

*
Further we substitute the expression of p+(TM)
+!

* .
P (tM) in A1+...+Alo.

After arranging the terms, we obtain

! 1

(an/MRelp’ (1)p (1) (1,00 (1))
=2Re(25_JA.),

where ES_ A,
i=1"1
%
=IBJBI(X)i(9-X)elTM(e-X)f(S)cdedk
*
-itMn/M

. *
+JBJB.I(k)i(e-X)elTM(e-x)f(e)ce dedx

+IB,fBI(X)i(B—X)eiT;(G_k)f(G)ceiT;“/Mdedk
+IB,JB,I(X)i(e-k)eiT;(e_x)f(e)cdedx
+foB.(-i)(n/M)I(A)eiT;(e'*)f(e)ce'i‘;"/mdedx
+IB,fBi(w/M)I(k)eiT;(e—x)f(e)ceiT;“/Mdedx
+fB,fB,i(n/M)I(x)eiT;(e“)f(e)cdedx

. *
+IB.JB,(—i)(n/M)I(k)elTM(e-x)f(e)cdedx.
Thus
(an/MRe(p” ()" ()P (1))

. 6
=2Re(£]_4A;).

Let

%
¢1(x)=(1/2)(M/n)2fBi(e-x) et ™m(® "M £(9)Cq0
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on B, and ¢1(k)=0 on the intersection of the complement of B

and (0, 7). Also let ¢1(-X)=¢1(k)c. Similarly, we have
2 it (8-) i
8, (2)=(1/2) (M/n) 1gi(e-2)etm® M e(a)%e ™ Mag on
B', and ¢2(X)=O on the intersection of the complement of B'
and (0, m). Also let ¢2(-x)=¢2(x)c

65 (0)=(1/2) (M/7) %1 i (8-2) et T (8- Me(g)Celt Mg

on B', and ¢3(X)=O on the intersection of the complement of

B' and (O, m). Also let ¢3(-x)=¢3(x)°
. *
¢4(k)=(1/2)(M/v)sz,i(e~k)eltM(e_k)f(9)Cde

on B', and ¢4(X)=O on the intersection of the complement of

B' and (0, 7). Also let ¢4(-x)=¢4(x)c
o * . *
85 (V=(1/2) (/m) 2 s, (-2im /My et M8 ) 0y Ce ™ T Mag

on B, and ¢-.(A)=0 on the intersection of the complement of B
5

and (0, 7). Also let ¢5('X)=¢5(X)c
¢6(x)=(1/2)(M/ﬂ)szi(Zﬂ/M)e M(e x)f(e)c it ﬂ/M

on B', and ¢6(X)=O on the intersection of the complement of

B' and (0, 7). Also let ¢6(-x)=¢6(x)°
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It is feasible to assume the above, because when N is big

enough then B and B' are subsets of (0, ).

%
Now let ¢ (A)=EJ_.4.()). We want to show that

T *
f_n¢ (M) £(X)dXx=0.
. * L + + 2
Since Ty Maximizes g (t)=|p (1)|°, thus from

(0" (100" (1)) =0,

we have
+! * + * ¢ + * +! *
P ()P (1) 0 (1)p  (1)°=
+' * + * Cc,_
or Relp (IM)p (“M) 1=0

We further manipulate as follows:

! * %
P’ (7,)p (ty)°
% % %
=(1/2)[fo(X)e-lth(-ik)dk+fB,f(k)e-lTMx(—ik)eltM“/Mdk
o * . s *
+(ﬂ/M)fB'f(x)e—lTMk(ﬂl/M)elIMﬂ/M]

*
(1/2) (1 ,£(8) e Tulases  £(8) el T o™t ™ Mag

=(1/8) 15 gV E(8)  (-id)e ‘8 RECEN
+(1/4)JB.fo(x)f(e)c(-ix)eITM(e Melr / dod\
. * . *
+(1/8) 5.1 5E () £(8) % (2ni/my et M T T Magan

. * . *
#(1/8) 1505 £00£(8) (-in) et BTN T T Mgy
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+(1/4)IB,/B.f(X)f(e)C(—iX)eitM(e-x)dedk

. *
+(1/4)IB.IB.f(k)f(e)c(n/M)elTM(e-x)dBdk.

. +' x + % c . .
We can write p (IM)p (TM) in an alternative way, i.e.,

. *
=(1/4)l1 f(k)ce‘TMde+fB,f( ) CalTyhg ity My |
[IBf(e)e (-ie)de

*

+1g£(0)e M 0 (-19)et T Mas

. * M
_tMﬂ/ a

*
+fB,f(8)e MO (ni/M)e 8]

. *
=(1/4)foBf(x)Cf(e)eltm(k'e)(-ie)dedx

) . * . *
+(1/4)JB,IBf(X)Cf(G)elTM(k-e)e—lth/M(-ie)dBdk

11M(k 8) it w/M

+(1/8) 15 g £00) E(0)e (-18)dod)

. *
+(1/4)IB,IB,f(k)cf(e)elrM(k_e)(—ie)dedk

. * . *
+(1/4)foB.f(k)cf(8)elTM(k-e)elTMZ“/M(ﬂi/M)dBdk

. * . *
+(1/4)JB,fB.f(x)cf(e)elTM(*‘e)elfm“/M(ni/M)dedx.

Hence
]

4Relp’ (r;>p+<r;>°1

f(x)f(e)ce“vx(e M i(e-1)dsax

+Iglg C(“)f(e)celfw(e M (s-1)dasdx

c 1tM(8 X) lT 'rr/'VIr

#1501 p £V E(8) [i(8-X)]d8d)
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. * \
c 1rM(S-A)[

+1 L E(N)£(8)%e i(8-X)]dedx

8'’B
' . % e )\ . %
11 £ (0 £(0) St TN P T M (15 /M)y dsan

. * . *
1ot 00 £(8) et MM T T M s M) qean

2

=(/m) 2217158 00120

=(M/v)_21fﬂ[2§¢§(x)]f(x)dx

=(M/n)—2ffw¢*(X)f(k)dx.
. +' R+ % .C
Since Relp (TM)p (rM) 1=0, we have
et (M a=Re ™ (1)p" (1) 1=0.

Hence we have

T *

f_ﬂ¢ (M)YE£(x)dr=0,
which corresponds exactly‘to step 2 of the proof of Theorem
2.4.3.4.

Now consider

et
T st 0I()a

o) w,*
_ﬂ+fo¢ (AN)IT(X)dX

=/
o * T, *
==12¢ (-))I(-X)dr+IT8 (V) I(X)dr

=2/"Rel¢"
=21 el¢ (XN)I(X)IdX.

It is easy to see that

fg¢*(k)l(k)dk=(l/2)(M/ﬂ)ZZ?Ai.
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Thus

Re[IgRe[¢*(X)I(k)]dX]

6
1

= (M/1)2(1/2) (1/M)2Re(p

=(/m)%(1/2)Re (254, ]

! 1

* * *
(1) 0" ()P (1))

Following the argument of the proof of Theorem 2.4.3.4,
or just copying the first 14 lines of that proof with re-

placing the corresponding notation, we conclude

1/2 *' *
NG (1)

1l/2 '

= (M/m) 2N ZRe (p* (5)pT (1S4t (typ (1))
"'( /ﬂ) e\p (Tm)p (TM) < (TM)p (Tm)

=(M/n)2N1/2(ﬂ/M)Ig¢*(x)I(k)dx

=N1/fon¢“(x)1(x)dx.

As f(\) 1is differentiable, E{I(A)-£f())}=0(logN/N). Hence

1
N 2q (1)

l/2fv

T 6 OO (I(V-E[1(0) 1ah.

=N
*
Since ¢ (X) is pilecewise continuous, by the argument of
step & of the proof of Theorem 2.4.3.4 we know that
* *
Nl/z(r -TM) is asymptotically normally distributed for fixed
M.

To complete the proof, we cite Lemma 2 in Hannan and

Thomson (1973) here.
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LEMMA (Hannan and Thomson, 1973)

If tM(N) (M=1,2...;N=1,...) 1is a sequence of random vec-
tors whose distributions converge to FM as N-o» for each fixed
M, and if FM converges prcperly to F as N-«, then there is a
monotone increasing sequence M(N) such that the distributions

of tM(N)(N) converge properly to F as N

*
Thus we let ty . (N) be (m/N)B/ZNl/Z(r*—IM). When M is

M(N
. . . . -1 3/2, * * . .
fixed, i.e. m/N is fixed, N ™m (T -TM) is asymptotically

normally distributed from the above conclusion. Then by the

cited lemma we complete the proof. Q.E.D.
Now we calculate the asymptotic variance of
- * *
m3/2N l(T —IM).

THEOREM 4.3.2.

Under the conditions of Theorem 4.2.1, the asymptotic

3/2,~1

EE
variance of m N (1 -1M) when N and M - is

12{1—02(ko)}/{n202(xo)}, where oz(xo) is the partial coher-

ence 02 at A=) _.
X o

V.2
PROOF

Just as in the proof of 2.4.3.4 step 1) to 3) the variance

3/2.~1

*
of m N (1 -TM) when M is fixed converges to

3 2

(2m) (2M) "3 mymy g’

* -
(1)}
T 1st o0 1%E, (g, O+t 0%E, | ()

X v X
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* *
w107 6T (08 (0SE, | . (=X, %, u,-u)dhdn].  (4.3.1)
x°y"xty

Write the coefficient in (4.3.1) as

41M

11

(an*/n%)% o ()2

Now the last term in (4.3.1)

* * .
amMsIT 67 (M)e (n)°E (=X, %, u,-u)drdp-0

when M-~ since the integrand is bcunded and zero except on a

set whose area is O(M—Z). For the first term in (4.3.1), as

we defined in the proof of Theorem 4.3.1 and stated in stép

3) of the proof of Theorem 2.4.3.4,

* c
¢l(k)=(M2/2v2)fBi(B—k)eTM(e—X)flz(e) ds

(-1/2) (M/m) (A=A )£ (A )€

o (4.3.2)

>
XYy

on B. Similarly let ) =Xo+(ﬂ/M), then as fg c (X) is bounded

X'y

1
differentiable,

. * . %
6,00=2/21%) 15,1 (8-0)e TN e (o) ST/ Mg

=(-1/2) (/) A=A ), - (W)

. (4.3.3)

Xy
on B' when M is big enough.
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We also have

. * R
¢3(x)=(M2/2n2)fBi(e—x)elTM(e'x)fg ] (e)celrM(n/M)de

=(-1/2) (M/T) (A2 )E, . (A )€ (4.3.4)
X7y
on B.

%
¢4(X)=(M2/2n2)IBi(8-X)elTM(e-k)fsxey(B)c

:(-i/2)(M/ﬂ)(X-Xo)fsxsy(xo)c (4.3.5)
on B, and

. _* Lk
¢5()~)=(M/1r)218.(-in/M)eMM(e')‘)f8 . (B)Ce-lTM(“/M)de
x"y
c

=(=1/2)(1/m) (A=A )E_ O (3)) (4.3.6)

o]
Xy

on B' when M is big enough.

: . .
oo (=/m) % 1 (rmet M e (5)Ceity(TMgg
Xy
=(1/2) (/1) (A2 E, . (A )© (4.3.7)

Yy
on B when M is big enough.
Any terms that include ¢5(X) and ¢6(k) in the first term of
(4.3.1) will go to zero when M-»=. In this sense we can have

¢*(X)=¢l+...+¢4. Thus we have

L * 2 .
iTleT 0 FE, O0E, (Mar

X Y
ARy L 2.
=2/ 1e (M ITE OE, (M)dx
X Y
_. 2 - | 2
—2[!Bl¢l+¢3l f8 £, dx+fB.|¢2+¢4I fs fs dx
XY X 'y
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as ¢,, ¢5 are nonzero cnly on B and ¢2, ¢, are nonzero only
on B'. Thus by (4.3.2)—(4.3.5),

T * 2
f_ﬂ|¢ (M) £, ()\)fE (x)ax
x y
=4JB(M2/n2)(x-xo)2]fs . (xo)|2fs (ME, ()@
x*y X y
2 i 3
C 01 0E, (0 (2/3) (/M)
x"y x y
2
RCSIEC NI

=a/m®(1/8) £,

=(m/3M) | £,

Hence

(amnysT o700 1PE, (0, ()

X y
=(4n2/3)lfsxey(xo)lzfsx(xo)fsy(xo).
For the second term in (4.3.1),
ffﬂ[¢*(x>12fﬁxsy<x)dx
=2fg[¢*(k)]2f§xsy(X)dk
=arp[(-1) (M/T) (A2 )E, | (xo)]zfi . (na
Xy XY
=(-a)(/m)Pr (% 1E, () Fa
x“y
=(-4) (/1) % (1/3) (/8 (P lE, . ) 1®
Xy
=(-1/3)(x/my £, . (A )%

Xy

Thus when M apprcaches infinity

4anf“[¢*(x)12f§ . (x)dx»(-s/zl)nzlfs . (xo)|4.

4 XYy
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1t *
Now we consider q+ (rM). Since

*

p+(t;)=(l/2){fo€ _ (o le et a
x"y

o * . *
sl f, . (0le e jan et ™M)
Cx y
and

L
o (e =(1/2) e, . (et e

X"y
) %
(M C1et T tan (e (T M) gy,

+IB,f8 :
x%y
thus
+ * _ + * 2
g (TM)—Ip (TM)I
_ * *
—ql(trq)+'°'+q4(TM)/
where
a4, (%)
=(1/a)755, _ (e T rarge o (0)%etTS
x°y Fxfy
=(1/8) 1158, (VE, (81T (8N ggqy .
x°y
Hence

ql'’(r)-—-(l/@)uB(-l)(e—x)zf8 . OOE (8)SetT (8" M) ggqy .

XY £y

When M is big enough and in any bounded interval of 1,

112 c it(8-))
Igle-0)%E_ _ (Of, | ()% de
Xy XYy

. 2
=(r/M) (A =M)TE (W ME, (O
X'y Xy

*
Thus ql"(tM) can be approximated by
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(-1/4)/B(n/M)(xo-x)2fs e OE, L (ar
X"y Xy

=(-1/8)(n/M) [ £, _ () 1P(1/3) (¢ /ey,

4
X"y

't * (N * ] * -
Also a5 (TM), d3 (TM) and Qg (TM) have the same ap

proximation. Thus

. 4 , 2 #'' _*
llmM»«(4M /77)g (tM)

2 : 2
=(-1/3)° 1, O 1%.
Xy

Now the variance is

(an?/3) (1€, y(xo)|2fex(ko)fay(xo)-|fsx B!

g
X

(%32 g, o1t

X"y
2 2
12778, (A ))E, (A ))-1E. ()]
X y Xy
2
£, . ()]
xy

By definition o2(.)=|f . (.)12/fs (E. ().

€ €

XYy X Y
Thus the limiting variance equals

(12/7%) {1167 (A ) 1/6% (A )}

Q.E.D.

Based on Theorem 4.2.1 and Theorem 4.2.2 , we have the

following central limit theorem.
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THEOREM 4.2.3

For the estimator t—(see Section 4.1.), there is a se-

quence M(N) increasing with N, such that N-lm3/2(t-—1§) has

a distribution converging to the normal distribution with
zero mean and variance lZ[l—oZ(Xo)]/[nzoz(ko)].

PROOCF

-1 3/2, * * .
From Theorem 4.2.1 N ™m (1t -tM) has an asymptotic

normal distribution. Now we want to show that N-]‘m?’/2

- - *
and N 1m3/2(1: -TM) have the same asymptotic distribution.

%
(1 —TM)

As we defined in (4.2.14)

* _ * -itw
o) (t)—(l/m)ZoIs . (ws)e S.
XYy
We can write the above as
*
p (1)
— * _an— 1 3/2,_ __* -13/2, . _*
—(l/m)ZOI8 . (ws)exp{[ iN m (1 IM)ws]/[N m ] lTMws}'

X'y
Similar to the proof of Theorem 4.2.8 corresponding to the
*
maximization of |p (t)lz, we obtain the equation

-1m3/2

* % -0
QN(UIN' N (T -tM))-

where UlN is defined in the proof of Theorem 4.2.8, i.e.,
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and §N is some function which satisfies the conditions of
Theorem 2.4.4.2 for Fj there. Then by Theorem 2.4.4.2
N—lmS/Z

* -k_
(T -IM)—QN(UIN).

Similarly we have

N'1m3/2(r‘-r;)=szN(U2N) .

where U2N is defined in the proof of Theorem 4.2.8, i.e.,

* *

Upy=((2/3) £, L (w_ ), (2/3)€

xy.z' syl Xy.z(ws y,0,0,...).

m

-1 3/2, * * .
From Theorem 4.2.1 N ™m (1 -TM) has an asymptotic

normal distribution. Thus QN converges to some function Q.

Then using the argument in the proof of Theorem 4.2.8, we

- * * - - *
know that N 1m3/2(t -TM) and N lm3/2(1 -TM) have the same
- - %
asymptotic distribution. Hence N 1m3/2(t -TM) has the
asymptotic distribution as stated in the theorem. Q.E.D.
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5.0 NUMERICAL EXAMPLE

In this chapter the proposed procedure for estimating
partial group delay is illustrated with simulated time series
data that are designed to satisfy the conditions required by
Theorem 4.2.8.

For the simulation let a«(t), B(t), n(t) and ¥(t) be mutu-
ally independent zero mean, normal random variables for
t=0,1,.... The variances of a(t) and B8(t) are. taken to be
0.04 and the variance of n(t) is taken to be 3.0. The variance
of ¥(t) is taken to be 0.06. Define the time series s(t) to

satisfy the relation

s(t)=n(t)+0.75n(t-1); (5.1)
and for t=1,2,... construct ex(t) and sy(t) as

e (t)=s(t)+a(t) (5.2)
and

sy(t)=s(t+3)+ﬁ(t). (5.3)

Define the time series z(t) to satisfy the relation

z(t)=0.5z(t-1)+¥(t). (5.4)

Now construct
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x(t)=0.82(t+1)+ax(t) (5.5)
and

y(£)=0.62(t+2)+s (%), (5.6)

Thus by the definition the partial group delay between x(t)
and y(t) adjusted for z(t) is the group delay between sx(t)
and ey(t). The conditions of Theorem 4.2.8 may be verified
for these time series. The autospectra for sx(t) and sy(t)
are

£, (I=F, ()

XX vy
=(21) Y[ ]1+0.75e** |2 0.04+3]

and the coherence between ex(t) and sy(t) is

o (0)=[]1+0.75¢** |2 0.0a]1/[|1+0.75e**|% 0.04a+3].

Since

£ (x)=(2w)'1|1+o.75e“|2 i3k,

X"y

0.04%e

the group delay between sx(t) and sy(t) is TO=3.

For the example sx(t) and sy(t) were simulated for
t=1,...,500 according to (5.5), (5.86) and (5.4).

Choose Xo=n/2 and center the band B at 7n/2. Let m=18, 24,
30 respectively. Then M=500/2m. Based on x(t), y(t) and z(t)

for t=1,...,500, according to (4.1.3) construct
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f;z(ws)=(1/3)[Izz(ws)+Izz(ws+n/M)+I (w=m/M)].

zz
where Izz is the periodgram of z(t). As vy is in the form of
ans/N with ks an integer (s=1,...,m), and since Wy belongs
to B, thus [N-Zm/4]SkSS[N+2m/4]. Similarly we also define
). Let

* f* 4 f*
fxy(ws)’ xz(ws) an zy(ws

£ M=f (M)=f (M E ()T
ry 2 (M=ER, (=5 £, (0T heL ()
as defined in (4.1.4) and
- _ * -itw
pT()=(/ms (s )e Vs

as defined in (4.1.5).

Then by maximizing |p-(T)|2 the estimate 1t is obtained.

These exact steps were repeated 20 times for independent
realizations of x(t), y(t) and z(t) (t=1,...,500) to give 20
corresponding estimates of 1.

Table 1 summarizes the result of 20 cases of this example.
From table 1, the mean of 1 when m=18, 24, 30 are 2.18, 2.52,

and 2.71 respectively, which shows that the estimate is bi-

- - *
ased. From Theorem 4.2.3 the variance of N 1m3/2(t —TM) is
approximated by 12(1-02)/ﬂ202. Here for the partial coher-
ence 02, we have

o (\)=3]1+0.75e*|2/{0.04]1+0.75e* | %43} .

E_¢
2 4
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When \=/2, o_ _ (7/2)=0.92.

Xy

Thus Vart

=20.96 which coincides

' with the result of 0.92 in table 1 for m=30.
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Summary of results of simulations.

Table 1.

1 ! !
| | !
| | I
i | |
| | 1
| | |
| ! — |
_66888982391557956782_ ©~ I
! ! !
_124.32421212232112223_ 1
| [ [
| | |
| | |
[ I |
| ! {
| 1 |

.35

710458r30808291_554679
22231114_1224.114.1114.a9

-

76484349017813538211_
31221_1.14.33110333107~O_ o~
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6.0 PARTIAL GROUP DELAY AND TIME LAG RELATIONSHIPS AMONG
MULTIPLE TIME SERIES

Thecrem 2.4.1.1 gives the result from Deaton and Foutz
(1980) for the time lag relationship between two stochastic
processes. A time-lag interpretaticn is given for the group
delay Dbetween two continuous time weakly-stationary

stochastic processes that can be summarized as
Xy (8)=a (A )y, (E=1 (X)) *e, (£)+0, (£)  (~=<t<w).

The notations are defined in Theorem 2.4.1.1. That result
shows that as the band A shrinks to a single fregquency Xo’
the relationship between X1A and X2A approaches the simple

form

Xy, (£)=aX,, (t=1)+e, (£).

Now we extend the result to the case of more than two

stochastic processes.

THEOREM 6.1

Let {X(t),Yl(t),...Yp(t); -o<t<w} be a multivariate weakly
stationary stochastic process. Assume the component proc-
esses have mean zero and have absolutely continuous spectra

and spectral density matrix
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<X fxl"' fxp

15 f11°-- flp

£ _f ... f
L px “pl pp

with each element nonzero and boundedly differentiable in a
frequency band A containing the frequency Xo. Further assume
the spectral density matrix of [Yl(t),...Yp(t)] is Hermitian
positive definite. Then with ti(k) the partial group delay

of X behind Yi adjusted for Yl,...Yi_l,...Y , and with

p

og(M)Fexplide ML L 0 JO/Eyy 1 (M)

where ij 1 p(X) is the partial cross-spectral density
adjusted for Y.,...Y. Y. . o,... Y and f.. A) is the
J - 1 j=1773+1 p ij.1,...,p™M)

auto-spectral density adjusted for Y1""’Yj—l’Yj+1""’Y .

p
there exist zero-mean weakly-stationary stochastic processes

€ and OA that give a representation of the frequency compo-

nent XA as

xA(t)=z§=1ai(xo)YiA(t-ri(xo))+sA(t)+oA(t) (6.1)

where the process &4 is uncorrelated with each of the proc-
esses YiA (i=1,...p); and OA’ When A is a narrow frequency

band, and for oi(X) the partial coherence between X and Yj
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adjusted for Yl”"Yj—l'Yj+l”"Yp the relative importance

of the terms in (5.1) is indicated by the limits

Limg 41,0l Oy (E)1/1%, (£)1=0, (6.2)

Limg 4y oley (V)Y (5= ) I/1%, (£) =0, (0), (6.3)

Limg 410l ey (8 1/1%, (0)1=02-25 1o, (0 )%) /2, (6.4)
PROOF

Let H(Y) be the closed linear manifold generated by
Yl'Y2'°"'Yp' It is well known and stated in Section 2.5 that
the process X can be decomposed into a unigue process in H(Y)
plus a noise e={e(t); -«<t<wx}, that is uncorrelated with el-
ements of H(Y), this decomposition takes the form

X(t)=H(X|Yl,Y ..,Yp)+s(t).

27"

If we consider the components of X(t) and Yi(t) i=1,...,p in

the band A we have
XA(t)=H(XAIYlA,...,YpA)+sA(t).
From (2.2.2.3)

. it
(X, |Y I,By(M)et ez, (V)

_sP
TURRRES YRR
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where B(X)=[B1(X),..

(2.2.2.7)

B(M\)=[By(}),.

=(£,,(0), -

and

£(x)=
is the spectral
(Yl’YZ"

itive definite.

We want to derive the expressions of Bi(k), i=1, ..

Without loss of generality we work con Bp(k),

similar.

.,Bp(k)] is the transfer function. From

--,Bp(l)]

......

.fxp(k))

......

......

......

density matrix of the vector process

..,Yp). As we assumed before, f£(A) is Hermitian pos-

..D.

the others are

Let £(A) be partitioned into the following way,
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[ £1q-0- - flp_l flp
£())= '
f
p-11 p-1 p-1 “p-1p
foo.... f f
pl p p-1 pp
and write it as B -
A B |
f(\)=
C f
PR

Then from Rao (1973) p.33, the inverse of f£()) can be written

* -A'lB(f -CA'lB)'1
Pp

1

* %

1

f _-CA "B)
( pp )

L

where "#®"

is a (p-1)X(p-1) matrix and "**" is a 1X(p-1) vec-

tor. As f()\) is assumed to be a Hermitian positive definite,

so is A. Thus the inverse of A exists.

We also write the vector (fxl""fxp-l fxp) as (fI fxp)'

where fI is a 1lX(p-1) vector.
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Hence
- -
* -A"1B(s__-ca~lp)~?t
D
BOV=(£; £,0) ,
%% (£_-caip)T?
i pp

and so
-1 -1_,-1
B (\N)=(f__-f.A "B) (£f__-CA "B .
pO=(E, ~f) (fop )
*
We know that C=B , the conjugate transpose matrix of B.
Since A is Hermitian positive definite, there exists a non-
- *
singular (p-1)X(p-1l) matrix @Q such that A 1=QQ . Then
- * % x® -
ca 1B=CQQ C =(CQ) (CQ) show that CA 1B is a real scalar.

We decompose X and Yp in the following way

X(€)=T(X| ¥y, .00 ¥ ) be, (E)

YO(E)=T(Y Yy, oY ) *e ().

Comparing with (2.2.2.9), fxp—f A-lB is just the spectral

I
density of the residual processes XA-H(XAIYIA,...Yp_lA) and
-1 . .
- N N4 T -
YpA H({pAIYlA”"‘p—lA)’ Thus fxp fIA B is the partial

cross-spectral density between X and Yp adjusted for

v b i
‘1""Yp-1' We denote it by fx

Similarly £ __-CA”1B=f
PP

p.1,...,p-1"
is the partial spectral

. - . -1 .
density of Yp adjusted forzx Yl""Yp-l' Then fxp-fIA B is
the cross spectral density between sx(t) and ep(t) and

fpp-CA-lB is the auto-spectral density of sp(t).

pp.l,...,p-1
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Thus if we replace le(X) and fzz(k) in the proof of The-
orem 2.4.1.1 (see Deaton and Foutz, 1980) by

f .,p—l(x) and £

%p.1,.. .,p-l(k) respectively and fol-

pp.1,..
low exactly the same proof word by word we have

izt _
1B (M)e™ " Taz (M)=a (MY, (E=1 (X)) +0,, (£),

where tp(ko) is the partial group delay of X behind YD at
.
o

For other fBi(X)eIXtdZi(k) i=1,...,p-1, we have similar
expressions.

_oP . .

Let OA(t)—ZileiA(t). Obviously OA(t) is uncorrelated
with £(t) as each OiA(t) is. Thus we obtain (6.1).

As to (6.2)—(6.4), these results can be obtained easily
as proof of Theorem 2.4.1.1 (see Deaton and Foutz, 1980)

From (6.1) and the uncorrelateness of sA(t) with all

ai(XO)YA(t-ti(xo))+OjA(t) and OjA(t) the variance of eA(t)

becomes

Var[sA(t)]
=Var([x(t)]1-Var(z]_; (a; (0 )Y (E=1, (1 ))+04, (£)}]
=Var[X(t)]-z§=IVar[ai(xo)Yj(t-ri(xo))]

-z§=1Var[ojA(t)]

1R 1Bl (A )Y (E1500)) & (A )Y (£, (0 ))€]

-z§=lE[ai(xo)Yi(t-ri(xo)) okA(t)C].

-3P ¢
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where the last three summations are over the j and k =1,...,p
and j#k. Similar to the proof of 2.4.1.1 the last four terms
are of order d(A)z.

We also have

Var[X(t)]=fx(ko)d(A)+0[d(A)]2,

Var[ai(xo)Yi(t-ri(Xo))]

2
xj.l,...,p(ko)l

= d(h)+0[d(A)?].

f.. By
j].l,...,p( o)

Thus we have

2
xj.l,...,p()‘o)|

Var(s, (£)1=[£, (1)~ 15, I aay+ola(n?l.
£, (\
jj.1,...,p' "0

Hence we complete the proof. Q.E.D.

Interpretations of the results can be given in the geom-
etry of the Hilbert space LZ(P)' The elements of this space
are random variables on (2, B, P ) having mean zero and finite
variances, and the norm of each random variable in LZ(P) is
defined to be its deviation. Thus (6.2), (6.3) and (6.4) give

the asymptotic relative sizes of the terms in (6.1) as A
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shrinks to ko. Expression (6.1) show that XA(t) can be ap-

proximated by the the two uncorrelated processes as
XA(t)=X§=lai(Xo)YiA(t-ti(ko))+sA(t) (==<t<e). (6.5)

with approximation error
oA(t)=xA(t)-z§=lai(xo)YiA(t-ri(xo))-sA(t).

The importance of this theorem is that it justifies a time-
lag interpretation of partial group delay: As A shrinks to
X _and the relationship in (6.5) becomes precise, the partial

(e}

group delay, ti(ko) is seen to be the time lag between X and
Yi in (6.5).

Furthermore, this theorem provides insight into the nature
of linear relationships between weakly stationary processes.

From this theorem, we know that as A shrinks to Xo

T(X[¥), ¥y, .00 Y))

=8 1e; (A )Y (B ().

Thus it provides a fregquency-by-frequency decomposition of
the relationship characterized by H(X!YI,YZ,...,Yp). It
shows that in the frequency domain this relationship becomes
a simple linear relationship between XA(t) and p time-lagged

variables YiA(t-ti(Xo)).
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7.0 EXTENSION TO NON-STATIONARY PROCESSES

7.1 UNIVARIATE NON-STATIONARY PROCESSES

Consider a continuous parameter stochastic process
X={x(t); -»<t<e}. We assume that E[x(t)]=0 and E[x(t)]2<~.

The covariance function is defined by
ey c
R(s,t)=E[x " (s) x(t)].

If {x(t)} is weakly-stationary, i.e. R(s,t) is a function of

|x-t]only, then we know R(s,t) admits the representation
R(s,t):ftwe—l(s-t)dF(k), (7.1.1)

where F(X) is the integrated spectrum. From Chapter 2, X(t)

admits the spectral representation
X(t)=1"_e**Taz(n) (7.1.2)

where 2Z()\) 1is a process with orthogonal increments, and
El]az()) % 1=aF()).

It thus follows that if X(t) is non-stationary, it cannct
be represented in the form (7.1.2), and R(s,t) cannot be re-

presented in the form (7.1.1). However we know (cf.
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Priestley, 1981, 4.11) that for a fairly general class of
stochastic processes, R(s,t) can be represented in a form
similar to (7.1.1), provided we replace the functions {eiXt}
by a more general "family" of functions {¢t(X)}.

We now restrict attention to the class of processes for
which there exists a family of functions {¢t} defined on the
real line, and a measure u(A) on the real line, such that for

each s,t the covariance function R(s,t) admits a represen-

tation of the form
R(s,£)=/7 6 (V)% (Mau(). (7.1.3)

In order for Var{x(t)} to be finite for all t, ¢t(k) nust
be quadratically integrable with respect to the measure u for
each t.

It then follows, from the theorem of general orthogonal
expansions (see Theorem 4.11.2 in Priestley, 1981, p.262),
that whenever R(s,t) has the representation (7.1.3), the

process {x(t)} admits a representation of the form
X(t)=f:'°° ¢t(k) dZ(A) (7.1.4)
where Z()X) is an orthogonal process with

E[[dzZ())[?]1=du()).
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Suppose that, for each fixed A, ¢t(k) (considered as a
function of t) possesses a generalized Fourier transform
whose modulus has an absolute maximum at frequency 6(\), say.
Then we may regard ¢t(X) as an amplitude modulated sine wave
with frequency 8, and write ¢t(k) in the form

s ()=a (1)t (7.1.5)

Now we have the following definition:

DEFINITION 7.1.1.

The function of t, ¢t(k) is called an oscillatory function
if for some (necessarily unique) 8(X), ¢t(k) is of the form
(7.1.5) where

_,» _itse
At(k)—f_ﬁe de(e).
with Ide(e)l having an absolute maximum at eo. We now can

write (7.1.4) as

ixt

X(t)=1"_ A (N)e " Taz(h), (7.1.6)
and we also have
R(s,t)=ft“A:(x)At(X)eix(t-s)du(X). (7.1.7)

EXTENSION TO NON-STATIONARY PROCESSES 129



DEFINITION 7.1.2.

If there exists a family of oscillatory functions
F§{¢t(l)}5{A£(k)eiXt}, in terms of which the process {X(t)}
has representation of the form (7.1.6), {X(t)} will be called

an oscillatory process.

For an oscillatory process, we can define the evolutionary
power spectrum at time t with respect to the family F,

dF ()\), by
dF (M)=[A, (V) 1% du())
t t :
Thus from (7.1.7), we have
Var[X(t)1=/7_ dF,_(}).

When the measure u(\) is absolutely continuous with respect
to the Lebesgue measure, we may write dFt(k)=ft(k)dk and call
ft(X) the evolutionary spectral density.

For estimating the evolutionary group delay, we are in-
terested in the oscillatory processes whose non-stationary
characterics are changing "slowly" over time. For the purpose
of defining this "slowly changing" character Priestley (1965)
introduces the semi-stationary process by specifying that the
Fourier transform of the oscillatory function must be "highly

concentrated" in the region of zero frequency.
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For each family, define the function BF(X) by
Be())=/]8]dK, (8).
[note that Bp(}) is a measure of the "width" of IdKX(B)l]

DEFINITION 7.1.3.
A family of oscillatory functions will be termed semi-
stationary if the function BF(X) is bounded for all X, and

the constant B, defined by

F

BF=[supx{B F()‘)}]-1

will be termed the characteristic width of the family.

DEFINITION 7.1.4.
A semi-stationary process {x(t)} 1is defined as one for
which there exists a semi-stationary family in terms of

which {x(t)} has a representation of the form of (7.1.6).

For a particular semi-stationary process {x(t)}, consider
the class C of semi-stationary families, in terms of each
of which {x(t)} admits a spectral representation. We define

the characterstic width, BX of the process {x(t)} by
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B B

X SYPFec °F

7.2 EVOLUTIONARY CROSS-SPECTRA FOR MULTIVARIATE
OSCILLATORY PROCESS

Let X(t)={(Xl(t),...Xp(t))’ teT} be a vector process, in

which each component is an oscillatory process. We can write

_, it ,_
x, (t)=le At’xi(k)dzxi(X) i=1,2,...p (7.2.1)
or

X(t)=feit*At L (N)dZ, (1), (7.2.2)

where
E[dZx (\) dz; (M')1=0 for X#\' i=j or i#j

1 J

2_
Eldz, (M) [7=duy o ()
i i3

c -
Eldz, (\)dz, (\)]=du
i j i%3

()) i,j=1,2,...,p.
We have the following definition.

DEFINITION 7.2.1.
Let {FX ,...,FX } be a vector family of oscillatory func-
1
tions, and let {(xl(t),...,xp(t)'} be a multivariate

oscillatory process with components admitting represent-
ations of forms (7.2.1) with respect to the family

{Fx ,...,FX }. The evolutionary power cross-spectrum at time
1 P

t with respect to the families Fx. and Fx.’ dFt,x.x.(x)'
i 3 175
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is defined as d4dF (\)=A

(X).
t,xixj

When the measure uij(k) is absolutely continuous with respect

c
t,xi(x)At,xj(x) duij

to Lebesgue measure, we may write dFt,xixj(X)=ftlxixj(k)dx
and call ft %. % (X) the evolutionary cross-spectral density
et J

function of Xy and Xj when i7#j, and the evolutionary spectral

density function when i=j. The matrix

£ (A)..... £ (X))
tl Xlxl t, Xlx
ft,X()‘)= ) :
£ ’ (M) ..... £ ! (\)
t,xpx1 t,xpxp

is termed correspondingly the evolutionary spectral density
matrix.
Similar to the stationary case, we can now have the fol-

lowing definition.

DEFINITICON 7.2.2
We call

Ift,x.x.()‘)|
1]

[£ 172

t,x.x.(x) ft,x.x.(x)]
i1 373

the coherency between {xi(t)} and {xj(t)}, and
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the phase spectrum between {xi(t)} and {xj(t)}.

We note from

dF (M=E[A, . (M)dz (V) Az (x)dz® ()1,
1% PRy X5 ,xj xj

| £ (X)) ]

t,X.X.
1]

1/2
(A) ft,x.x.(x)]

It,x.x.
11 J 3]

E[dle(x)dzi'(x)]
i 3

-2}1/2

(Eldz, (V)| 21z
1

(Elaz, )]

Thus the coherency is independent of the parameter t. However
the phase is not time | invariant. Now assuming that

¢t %. % (X) 1is differentiable with respect to X, we define
7 i j

tt(,\)=d¢t x (X)/dX the group delay of {xi(t)} behind {xj}

i%j
at frequency 1.
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7.3 PARTIAL GROUP DELAY FOR OSCILLATORY PROCESSES

As in the case for stationary process, partial group delay
between the oscillatory processes can be defined in terms of
partial phase. However some difficulties will arise in de-
fining the partial phase between the oscillatory processes.

We still consider the oscillatory processes {xl(t)},
{xz(t)} and {x3(t)}, and assume that all of these have abso-
lutely continuous evolutionary spectral densities.

Similar to Chapter 2 we first remove the influence of
{x3(t)} on {xl(t)} and {xz(t)} and consider the residual
process

sl(t)=x1(t)-H(xl|x3)

zz(t)=x2(t)-n(x2|x3)

or alternatively, if {x3(t)} has a continuous spectrum and a
spectral density, which is bounded from above and away from
zero (see Koopmans, 1974), (A 6.1) p.205), then we can write

sl(t) and sz(t) in the following way,

el(t)=xl(t)-zt”b1t(u)x3(t—u)

sz(t)=x2(t)—Ebe2t(u)x3(t-u)

where blt(u) and b2t(u) are determined by minimizing
E[sl(t)]2 and E[sz(t)]z. We denote H(x1|x3) by wl(t) and

H(x2|x3) by wz(t).
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Here the gquestion arises: Are sl(t) and sz(t) also
oscillatory processes?
The answer is affirmative when certain conditions are met.

To begin with, we consider a linear open loop system in

the form
y(t)=2l_d (u)x(t-u)+e(t),

where {x(t)}, {y(t)}, and {e(t)} are oscillatory processes.
Assume that thldt(u)l<~ for all t. Then we write

for each fixed t

e -i\u

Dt(k)—z_mdt(u)e ,
and term Dt(X) the time dependent transfer function corre-
sponding to the (time-dependent) impulse response function
{dt(u)}. Further we assume that D () is "slowly" wvarying

over time. To make the statement more precise, we need the

following definition.
DEFINITION 7.3.1. (Subba Rao and Tong, 1972)

If for each fixed ), Dt(k) considered as a function of t,

possesses a generalized Fourier transform

e itd
D_(\)=/7 e*"dL, (8)

EXTENSION TO NON-STATIONARY PROCESSES 136



such that IdLX(B)I has an absolute maximum at 68=0, then we

define the bandwidth, B of dLX(G) by

LI

BL={supx1j“lelIde(B)I}-l.

From now on we assume that BL is greater than zero. We also

assume B_2B_ .
L 7x

Back to our question. If {xl(t)} is an oscillatory process
and the conditions of definition 6.3.1 are satisfied for
Etwblt(u)e-iXUL then it follows from Tong (1972) or Subba
Rao and Tong (1972) that {wl(t)}is also an oscillatory proc-

ess.

We further assume that each oscillatory process of {xl(t)}
and {wl(t)} has evolutionary spectral representation with
respect to the same function, ¢t(X)=At1(X)eiet say, that is-
just the case which Abdrabbo and Priestley (1969) considered.

Based on the above assumptions, xl(t) and wl(t) can be
represented as
1e“tdzX )

1
it
€1 dzwl(x).

xl(t)=f At

wl(t)=f A

Thus £ (£)=x, (£)-w, (€)
=fAtl(x)ei‘t(dle(X)-dzwl(x))

=1At1(x)eiktd[le(x)-zwl(x)]

_ irt
=/A_ (V)e dzvl(x),
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where dZvl(X)=d(Zx1(X)-zwl(X)). From

E[dle(x) dzil(x')]

—_— c AN
=E[dZ_ ()) dz@ (A")]

1 1
=E[dZ_ ()\) dz° (A')]
X kb1
=0 for \#)',
we have
C ' - N
Eldz, (}) dzg (1')]=0 for M#M'
1 1
and Eldz. (2) ]2
Vi

=slaz, ()|%+zlaz, 01°

=du_q (X)),

i.e., {Zv (X))} 1is an orthogonal increment process. By the
1
definition, e,(t)=/ A (X)eIXtdZ (M) 1is an oscillatory
1 t,1 Vi
process with respect to the family. We denote its evolution-

ary spectral density by ft : (A) on the condition that it
71
exists.

Similarly we also have that sz(t) is an oscillatory proc-

ess with evolutionary spectral density ft c (\).
T2
We further assume that the evolutionary cross-spectral

1 and e, is ftlzlsz(k).
Now we define the evolutionary partial coherency between

density between ¢

{xl(t)} and {xz(t)} adjusted for {x3(t)} as the coherence

between {sl(t)} and {ez(t)}, which is
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| £ (M)

t,e 2

18

1/2
[£¢,0 () £¢ o ()]

Similarly the corresponding partial phase is defined as

ft,slsz(x)
¢t,xlxz.x3()‘)=arg
ERES ft,sz(})ll/2
and the partial group delay is defined as
Tt,xlxz.x3(>‘)=d¢t,xlx2.x3()‘)/d)‘'

7.4 ESTIMATING THE EVOLUTIONARY GROUP DELAY AND PARTIAL
GROUP DELAY

(a) Estimating evolutionary group delay
Suppose we are given one vector sample record of the
bivariate semi-stationary process {x(t), y(t)}, t=1,...N (see
Definition 7.1.3). One method of estimating the evolutionary
auto-spctral density ftlx(X), ftly(k) and cross-spectral

density f£ (X) are proposed 1in Priestley (1965) and

t, xy
Priestley and Tong (1973) respectively.
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In those papers, by choosing suitable filter and weight-
function and using "double window" technique, an approxi-
mately unbiased estimate of the average value of ft X(X) in

the neighborhood of t, £

ct 3

() is obtained. Similarly we

(N

The evolutionary spectral phase can be estimated by

s X

#*

; #
also obtain ft,y(k) and ft,xy

(})=arg N

# e 1/2
(£, x MV EL (M) ] (7.4.1)

¢t,xy

Thus to estimate the evolutionary group delay between
{x(t)} and {y(t)} at frequency Xo’ we can choose a small
frequency interval centered at XO i.e. [ko-s, ko+s], then the

estimator of group delay can be

#

Tt,xy

(M=tsF L Ogre) =of O me)/2e. (7.4.2)
(b) Estimating partial evolutionary group delay
Just as ih the stationary cases , to estimate partial
group delay, we consider the indirect and direct approaches.
For the indirect approach, we need to approximate the resi-
dual process. However to obtain the approximations of the
residual processes might be very complicate for the non-

stationary case. Hence we only consider a direct approach.
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We have the following theorem.

THEOREM 7.4.1.
Under the following conditions
1) {xl(t) and {xz(t)} satisfy the conditions of
definition 6.3.1.
2) Each of {x,(t)}, {x,(t)}, {x5(t)}, {w (%)} and {w,(t)}
has an spectral representation w.r.t. the same family
of function.

3) AL()) is "slowly" varying over time, i.e.,

At (k)=At \) when tl#tz.
1 2
then we have the following conclusion:
-1
£ (\)=f (M)-£f (M) £ (M) £ (x).
t,el t,x1 t,xlx3 t,x3x3 t,x3x1

PROOF

We know that xl(t)=w1(t)+sl(t). By the assumption

xl(t)=1At(x)e“tdzx (1)

1

_ it
x3(t)—fAt(X)e dZXB(X)

_ izt
wi(t)=/A_()\)e dzwl(x)

83(t)=IAt(X)eiXtdzvl(k)

Then we have
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fAt(X)eiktdel(k)
=Zb1t(u)fAt_u(X)eik(t_u)dzx3(k)
+fAt(k)eiXtdZV1(k).
=ra_(M)e b, (wye Maz (n)+dz. (V)]
t 1t x3 v1 ’

as At(X)=At_u(X), for any u. Then

dle(x)=Dt(x)dzx3(x)+dzvl(x),

where D_(X)=Ib (u)e-lxu. We know that dZ_ (A) and dZ_ (X))
t 1t Xy vy

are orthogonal, thus

c
£ (X) =D (M) | (M)D_(X) "+£ (M),
t,xl,t t t,A3x3 t t,sl

- -1
ftlsl(k)—ft'xl(k)-ft,x,x (k)fX % (M) £ (\).

1%3 t,3%3 ToXyRy

Under similar conditions, we also have

-1
£ (X)=£ (X\)-£ (M £f (M £, (X)
t,sz t,x2 t,x2x3 xtl3x3 «.,x3x2
and
-1
£ (A)=£f (\)-£ (M) £ (MY £, ().
t,slsz t,xlx2 t,xlx3 t,x3x3 b,X2x3

Based on Theorem 7.4.1, we can obtain the estimate of the

evolutionary spectral densities for £y and Y i.e.,

Py
® ), £8 _ (and £] (). Then following the same
71 T2 172
procedure described in Section 7.4 (see (7.4.1) and (7.4.2)),

£
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#

t,x the estimate of

. #
we can obtain 1t 1x2.x3(x) or tt/12_3,

partial group delay.
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8.0 SUMMARY AND DISCUSSION

In this chapter, we will briefly summarize this disserta-

tion.

This dissertation proposes procedures for estimating par-
tial group delay. The partial group delay between two
stochastic processes adjusted for the third stochastic proc-
ess i1s a spectral parameter. However, no estimating proce-
dure has been proposed for partial group delay.

In this dissertation two procedures are proposed. The es-
timates of both procedures are weakly consistent. Also the
asymptotic distributions of both estimates are derived.

This dissertation also extends the result of the time lag
relationship between two stochastic processes (Deaton and
Foutz, 1980) to the case of more than two stochastic proc-

esses. Partial group delay plays an important role in that

result.

This dissertation extends the concept of partial group
delay to non-stationary stochastic processes. The corre-
sponding estimating procedure is investigated. However the
sample properties of the proposed estimate need to be found.

The results of this dissertation may be extended to
multivariate processes. For example, let X(t), Y(t) and Z(t)

be p-dimensional stochastic time series, the partial group
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delay between X(t) and ¥Y(t) adjusted for Z(t) could be con-
sidered. For this a general definition of group delay between
two multivariate stochastic processes can be established.
Based on this, by using the approaches of multivariate anal-

ysis the corresponding result for the partial group delay and

its estimation may be obtained.
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