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Bending and Warpage of Elastic Plates

Harrison G. Wood

Abstract

This thesis presents two studies on elastic plates. In the first study, we discuss the choice
of elastic energies for thin plates and shells, an unsettled issue with consequences for much
recent modeling of soft matter. Through consideration of simple deformations of a thin
body in the plane, we demonstrate that four bulk isotropic quadratic elastic theories have
fundamentally different predictions with regard to bending behavior. At finite thickness,
these qualitative effects persist near the limit of mid-surface isometry, and not all theories
predict an isometric ground state. We discuss how certain kinematic measures that arose in
early studies of rod mechanics lead to coherent definitions of stretching and bending, and
promote the adoption of these quantities in the development of a covariant theory based on
stretches rather than metrics.

In the second work, the effects of in-plane swelling gradients on thin, anisotropic plates are
investigated. We study systems with a separation of scales between bending energy terms.
Warped equilibrium shapes are described by two parameters controlling the spatial “rolling
up” and twisting of the surface. Shapes within this two-parameter space are explored, and it
is shown that shapes will either be axisymmetric or twisted depending on swelling function
parameters and material anisotropy. In some axisymmetric shapes, pitchfork bifurcations to
twisted solutions are observed by varying these parameters. We also show that a familiar
soft mode of the catenoid to helicoid transformation of an isotropic material no longer exists
with material anisotropy.



Bending and Warpage of Elastic Plates

Harrison G. Wood

General Audience Abstract

This thesis presents two studies on the subject of thin, elastic bodies, otherwise known as
plates. Plate theory has important applications in many areas of life, ranging from the design
and construction of civil structures to the mechanics of wrinkling sheets. In the first work,
we discuss how different elastic plate theories have qualitatively different predictions on how
a plate will behave when bent. We discuss the different physical implications of each model,
and relate our findings to previous studies. Additionally, we promote the use of certain
technical measures in the study of plates corresponding to the most coherent definitions of
bending and stretching.

In the second work, we study the effects of in-plane swelling gradients on elastic plates whose
material stiffnesses vary with direction. Inspired by wood panels that warp when exposed
to moisture, we model elastic plates exposed to various swelling patterns and determine the
resulting warped shapes. We find that some shapes are axisymmetric, while others prefer
to twist when exposed to moisture-induced swelling. By varying certain parameters of the
swelling functions, or by increasing the material fiber stiffness, we also find a qualitative
change in shape from an axisymmetric to a twisted surface.

This work was partially funded by the Wood-Based Composites Center, a National Science
Foundation Industry/University Cooperative Research Center. (Award 1624536-IIP)
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Chapter 1

Introduction

The material presented in this thesis focuses on the study of elastic plates, models of their
energies, and their deformations as a result of swelling gradients. This includes comparing
various isotropic energy models and discussing their physical implications for thin plates, and
studying the effects of in-plane swelling gradients on resulting shapes of anisotropic plates.

Plate theory has a broad range of application in science, engineering, and industry, and
can provide insight into certain physical systems. Industry applications include laminated
composite materials for the aerospace, wood, and civil structures industries, as well the
design and implementation of printable and shape-programmable materials. From a more
academic standpoint, the study of plates can provide new information on the behavior of
common phenomena such as the wrinkling of sheets, tearing plastic trash bags, and the
complex shapes of leaves.

The content of this thesis is broken up into two independent manuscripts that appear as
separate chapters. In Chapter 2, four separate elastic theories and the different predictions
they have on the bending behavior of a thin plate are studied. By considering two simple
deformations, it is shown that these differences persist near the limit of a mid-surface isom-
etry. The advantages and disadvantages of each model are discussed, and the promotion of
certain definitions of stretching and bending in the context of plates and rods is made.

In Chapter 3, the effects of in-plane swelling gradients on the warped shapes of anisotropic
plates are studied. Inspired by warping in engineered wood products that are exposed to
moisture, and the lack of understanding of swelling in anisotropic materials, a reduced two-
dimensional elastic energy model is used to determine equilibrium shapes for a given swelling
function within a class of isometric surfaces. Shapes are found to be either axisymmetric
or twisted, with some swelling functions resulting in surface shapes that can bifurcate to a
twisted configuration by varying material or swelling patterns.
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Chapter 2

Contrasting bending energies from
bulk elastic theories

The contents of this chapter have appeared almost as-is in Soft Matter, volume 15, pages
2411-2417, 2019. The published article can be found at: https://pubs.rsc.org/en/

content/articlelanding/2019/sm/c8sm02297f#!divAbstract.

Attribution

The work presented in this chapter was done in collaboration with J. A. Hanna, who con-
tributed to the inception and development of the main ideas of this work.

Abstract

The choice of elastic energies for thin plates and shells is an unsettled issue with consequences
for much recent modeling of soft matter. Through consideration of simple deformations of
a thin body in the plane, we demonstrate that four bulk isotropic quadratic elastic theories
have fundamentally different predictions with regard to bending behavior. At finite thickness,
these qualitative effects persist near the limit of mid-surface isometry, and not all theories
predict an isometric ground state. We discuss how certain kinematic measures that arose in
early studies of rod mechanics lead to coherent definitions of stretching and bending, and
promote the adoption of these quantities in the development of a covariant theory based on
stretches rather than metrics.

2

https://pubs.rsc.org/en/content/articlelanding/2019/sm/c8sm02297f#!divAbstract
https://pubs.rsc.org/en/content/articlelanding/2019/sm/c8sm02297f#!divAbstract


Harrison G. Wood Chapter 2. Contrasting bending energies from bulk elastic theories 3

2.1 Introduction

Much recent work in soft matter mechanics has explored the interplay of stretching and
bending elasticity in incompatible plates and shells composed of isotropic gels or elastomers,
or nematic solids [1, 2, 3, 4, 5]. This subject has inspired, among other things, fundamental
questions about embeddings [6, 7, 8], design principles for shape-programmable materials
[9, 10, 11, 12], and insight into the complex shapes of leaves and torn plastic trash bags
[13, 14].

A work that has been particularly influential on the modeling efforts of several other groups
in this community has been that of Efrati and co-workers [1], who introduced a formalism
for isotropic incompatible elasticity of plates. This work chose a particular form of elastic
energy, quadratic in invariants of Green strain. Issues have been raised with this strain
energy [15, 16] that, while not detracting from the valuable conceptual framework developed
in [1], have important consequences for any attempts to apply this theory to experiments or
use it as a basis for building extended theories.

This note seeks to formalize, flesh out, and amplify a point raised by one of the present
authors in a broader paper on plate elasticity [16], namely that constitutive choices of elas-
tic energy that lead to higher-order effects in the bulk actually have significant qualitative
effects on derived bending energies, even near the limit of vanishing strains. This is related
to ambiguities in the choice of fundamental quantities for “small-strain” expansions. Such
expansions, which are a standard approach in physics, are atypical in the continuum me-
chanics field, where it is also known that different simple constitutive choices for finite strain
measures can have important consequences at moderate to large strains [17, 18].

In the context of two basic deformations of a two-dimensional, compatible plate or flat beam,
we compare four isotropic “quadratic” elastic energies and their reduced one-dimensional
forms within the Kirchhoff-Love framework. Of these, only one is quadratic in stretch (the
ratio of present length to reference length) and leads to a bending energy quadratic in a
simple kinematic bending variable favored in some direct theories of rods. The other bending
energies are not only more complicated but lead to qualitatively different predictions for the
behavior of the plate. This very simple calculation allows us to illustrate our point while
sidestepping the development of a more general theory featuring shearability, the geometry
of a two-dimensional surface, or other complexities. Yet our findings from this restricted
example should be widely applicable. Additionally, we hope that the notational format
we introduce here for Biot strains and similar tensors may prove useful to the soft matter
community in developing new theories.

While much has been written on the contrasting limits of small bending and zero stretching in
plates and shells, problems in which both stretching and bending are important are less well
understood [19], despite being induced by common loading conditions. For example, pulling
and rotating the ends of a sheet requires simultaneous changes in mid-surface lengths and
curvatures, as does inflation of a closed vessel under internal pressure. Even the crumpling
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regime, in which most of a sheet is approximately isometrically deformed, features significant
stretching and bending condensation in “defects” whose fundamental structure is still a
mystery [20]. Experiments, both tabletop and microscopic, in soft matter are often performed
on moderately thin structures of the type found in engineering applications, where separation
of scales is modest.

All of this is to say that bending energy is important, and so it would be a good idea to
work with the right one. The appropriateness of a given energy could be determined by
a connection with experimental observations or, if one seeks to predict material-agnostic
behaviors, by the simplicity of an otherwise reasonable choice. However, convenient choices
for expressing bulk elasticity as an expansion based on position derivatives differ from those
that simplify direct models of low-dimensional bodies [16].

Consider the following question, based on whatever intuition you may have for common
elastic materials. Take a thin plate of such a material and bend it into a cylindrical ring,
and fuse the ends so that the midplane is unstretched. Will the ring:

1. Expand to relieve bending and pay some stretching cost (the prediction of an energy
quadratic in Almansi or Swainger strains),

2. Stay the same radius (Biot strain),
3. Contract to a smaller radius to relieve bending and pay some stretching (compressive)

cost (Green strain)?

It is likely a surprise to many soft matter researchers that they have been working with option
3 for quite a few years. Perhaps less intuitively obvious is that option 1 is equally undesirable
from the point of view of simple direct theories of beams and plates. A related question is,
how do we wish to define a measure of bending, and by extension a bending energy and
the concept of a pure stretching deformation, for a thin structure? One possible answer is
that we’d like a bulk energy density quadratic in some measure of strain, a reduced energy
density quadratic in the corresponding derived measure of bending, and a linear relationship
between this bending measure and the internal moment. These simultaneous requirements
are not trivial to fulfill, and correspond to option 2.

In this note, we consider energies quartic or quadratic in stretch or inverse stretch, built from
the quadratic invariants of four types of strain. All of these invariants are approximately
identical for stretches near unity. The energies can be informally thought of in the following
way,

Green: quartic, reference
Biot: quadratic, reference
Almansi: inverse quartic, present
Swainger: inverse quadratic, present

Using convected material coordinates, the covariant components of Green strain in the co-
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ordinate reference basis and those of Almansi strain in the present basis are simply (one
half of) the familiar metric differences [21], quadratic in stretch. Invariants of these two ten-
sors are formed by raising indices and contracting with the components of the reference or
present metrics, respectively. The Almansi form leads to natural geometric quantities such
as curvatures of deformed plates and membranes. The mixed components of Biot strain in
the reference basis are linear in stretch, and those of Swainger in the present basis are in-
verse linear. Another way to express this is that Biot is the finite elastic version of the naive
measure given by change in length over reference length, while Swainger is change in length
over present length. We will see that to the usual quadratic order in bending terms, the
two “present” energies, Almansi and Swainger, give the same bending energy, qualitatively
distinct from those arising from Green or Biot.

Biot and similar measures have arisen explicitly or implicitly in both soft matter physics
and continuum mechanical works, either as a natural consequence of bead-spring models
of molecular mesostructures [22, 23], from a desire to obtain simple constitutive relations
between moment and kinematic variables [15, 24], or from a recognition that a reduction
process will generate certain direct theories of rods [25, 26, 27, 28]. Such direct theories
[29, 30, 31] for low-dimensional objects are constructed from a convenient choice of kinematic
variables without consideration of whether they inherit their form from a bulk elastic theory.

After defining strains and other quantities in Section 2.2, we derive reduced energies for a
restricted geometry in Section 2.3, and examine these for two simple operations in Section
2.4, namely the expansion of a closed circular ring, and the extension of a circular arc at
fixed radius. We finish with some comments in Section 2.5.

2.2 Geometry

Consider a body in the plane, with uniform thickness t � 1, parameterized by material
coordinates x and z in the axial and thickness directions, respectively. Its present position
is r(x, z) and that of its mid-line is x(x) = r(x, 0). These two- and one-dimensional objects
have natural coordinate bases gi = ∂ir and ax = ∂xx = gx(x, 0), respectively. The mid-line
has a unit normal n̂. The body also has corresponding reference quantities R, X, Gi, Ax,
and N̂. For simplicity we take x to be the reference arc length, so that Ax is a unit vector.
Reciprocal bases of inverse tangents are defined such that gi ·gj = δij and GI ·Gj = δIj , with
the definitions of ax and AX following in the obvious way. Capitalization on upper indices
is simply a reminder that such indices appearing on reference objects are not raised with the
present inverse metric; implied summation ignores case [16]. Note that x and z or X and Z
will always serve as specific material indices and not free or summable indices. Metric and
inverse metric components can be defined using the tangent vectors and their inverses, but
we will not need them. The deformed mid-line is conveniently described using a stretch Λ(x)
and a tangential angle θ(x), so that the tangent and normal have Cartesian representations
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ax = ∂xx = Λ

(
cos θ
sin θ

)
and n̂ =

(
− sin θ
cos θ

)
. Figure 2.1 is a schematic of the reference and

present configurations.

Figure 2.1: Reference and present configurations of a thin body in the plane.

The deformation gradient F = giG
I maps line elements from reference to present configu-

rations, F · dR = dr. It will be used along with its transpose FT = GIgi to construct four
symmetric tensors. The right and left Cauchy-Green deformation tensors are C = FT · F
and B = F · FT . The right and left stretch tensors are defined by the decompositions
F = Q ·U = V ·Q, where Q is a rotation tensor. The four strains of interest involve C, U,
the inverses B−1 and V−1, and the identity I, where the inverse of a symmetric tensor T is
defined such that T ·T−1 = T−1 ·T = I.

For exemplary — not endorsement — purposes, we consider the idealized constrained kine-
matics of the Kirchhoff-Love assumptions and associated standard but non-rigorous proce-
dures for deriving a reduced energy. The first Kirchhoff-Love assumption tells us that the
x and z directions correspond to principal stretches Λx(x, z) and Λz(x, z). We will write
things in somewhat non-traditional format using mixed reference or present bases in princi-
pal directions. As with the non-coordinate orthonormal principal direction bases commonly
used in continuum mechanics [32], the invariants can be read off easily from these mixed
components, but we believe this representation will be more amenable to future theoretical
generalizations in convected coordinates.1

Thus, in the restricted situation we are concerned with, the relevant deformation tensors
may be written as

right Cauchy-Green C = Λ2
xGxG

X + Λ2
zGzG

Z , (2.1)

inverse left Cauchy-Green B−1 = (1/Λ2
x)gxg

x + (1/Λ2
z)gzg

z, (2.2)

right stretch U = ΛxGxG
X + ΛzGzG

Z , (2.3)

inverse left stretch V−1 = (1/Λx)gxg
x + (1/Λz)gzg

z, (2.4)

1We note one disadvantage of this asymmetric representation of symmetric tensors. When used in concert
with our adoption above of the traditional transpose notation for the deformation gradient (the latter is
unfortunately entrenched in continuum mechanics, and serves to indicate which tensor legs the inner product
refers to), one may get the mistaken impression that it might make sense to write transposes of these
symmetric tensors. To be consistent, one should either replace the transpose notation, or symmetrize the
bases in expressions such as (2.1-2.8). We emphasize that these expressions are not general, but work for
our restricted situation.
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and the corresponding strain tensors as

Green 1
2
(C− I) = 1

2

(
Λ2

x − 1
)
GxG

X + 1
2
(Λ2

z − 1)GzG
Z , (2.5)

Almansi 1
2
(I−B−1) = 1

2

(
1− 1/Λ2

x

)
gxg

x + 1
2

(
1− 1/Λ2

z

)
gzg

z, (2.6)

Biot U− I = (Λx − 1)GxG
X + (Λz − 1)GzG

Z , (2.7)

Swainger I−V−1 = (1− 1/Λx)gxg
x + (1− 1/Λz)gzg

z. (2.8)

The Green and Almansi tensors will be more familiar to physicists as γijG
IGJ and γijg

igj,
using the metric differences 2γij = gi · gj − Gi · Gj , a form that holds for more general
deformations.

A two-dimensional, isotropic, quadratic energy in terms of a nonspecific strain tensor ε(r)
will take the form ∫

dĀ
[
c1 (Tr(ε))2 + c2Tr

(
ε2
)]
, (2.9)

where dĀ = 1dxdz is the simple reference volume measure and the ci are moduli. The first
Kirchhoff-Love assumption allows for determination of the transverse strain as proportional
to the axial strain [1], εzz = f(c1, c2)ε

x
x , and thus rewriting of the energy∫

dx E =

∫
dx

∫ t/2

−t/2
dz Ỹ (εxx)2 , (2.10)

with some suitably defined modulus Ỹ . After this, the second Kirchhoff-Love assumption
can be invoked, setting the geometry of the present configuration as r(x, z) = x(x) + zn̂(x)
and allowing us to express the axial stretch Λx(x, z) in terms of the mid-line stretch Λ(x) =
Λx(x, 0) and angle θ(x) [28],

Λx(x, z) = Λ(x)− z∂xθ, (2.11)

so that we may integrate to explicitly obtain the density E .

2.3 Four quadratic energies

We may now evaluate the forms of the energy density E from (2.10) that take as input
the axial component of the four strains (2.5-2.8) containing the bulk axial stretch (2.11).
For each density, this will result in quadratic terms involving one of the four corresponding
mid-line strains ε(x), namely

Green εG = 1
2

(
Λ2 − 1

)
, (2.12)

Almansi εA = 1
2

(
1− 1/Λ2

)
, (2.13)

Biot εB = Λ− 1, (2.14)

Swainger εS = 1− 1/Λ, (2.15)

and one of three bending measures,
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1. Almansi or Swainger: The present arc length derivative of the tangential angle, which
generates the invariant (Frenet) curvature ∂sθ = ∂xθ/Λ. In the Almansi context, this
can be thought of as applying the inverse present metric to the covariant component
of the curvature tensor, (ax · ax) bxx, where bxx = ∂xax · n̂ = Λ∂xθ.

2. Biot: The material derivative of the tangential angle ∂xθ,
3. Green: Λ∂xθ, which can be thought of as obtained by applying the trivial inverse

reference metric AX ·AX to bxx, viewed now as a component of some unnamed tensor.

While the four mid-line strains all linearize to Λ−1 when Λ is close to unity, the three bending
measures have qualitatively different forms. They are either inversely linearly dependent,
independent, or linearly dependent on Λ. Interestingly, the two “present” energies agree on
the definition of bending energy.

We will derive expansions to quadratic order in strain ε and thickness z∂xθ ≤ t∂xθ, dropping
any pure or mixed terms of higher order. Each expansion is different because the strains ε
have different dependencies on stretch. All have the same structure at quadratic order in
strain and thickness, namely a stretching term linear in thickness and quadratic in strain,
and a bending term cubic in thickness and quadratic in a bending measure. Although it is
a bit redundant, we write out each expansion to emphasize differences at higher order and
in terms linear in thickness that, while integrating to zero for a symmetric plate, may be
relevant in shells. The Green density is

EGreen =

∫ t/2

−t/2
dz Ỹ

(
1
2

[
(Λ− z∂xθ)2 − 1

])2
=

∫ t/2

t/2

dz Ỹ
(
ε2G − 2zεGΛ∂xθ + z2 (Λ∂xθ)

2)+O (cubic)

≈ tỸ
[
1
2
(Λ2 − 1)

]2
+ 1

12
t3Ỹ (Λ∂xθ)

2 . (2.16)

The Almansi density is

EAlmansi =

∫ t/2

−t/2
dz Ỹ

(
1
2

[
1− 1

(Λ− z∂xθ)2

])2

,

=

∫ t/2

−t/2
dz Ỹ

(
ε2A − 2zεA∂xθ/Λ + z2 (∂xθ/Λ)2

)
+O (cubic)

≈ tỸ
[
1
2

(
1− 1/Λ2

)]2
+ 1

12
t3Ỹ (∂xθ/Λ)2 . (2.17)

The Biot density is special in that, given the prior assumptions in the approach we’ve taken,



Harrison G. Wood Chapter 2. Contrasting bending energies from bulk elastic theories 9

it is exact at quadratic order,

EBiot =

∫ t/2

−t/2
dz Ỹ (Λ− z∂xθ − 1)2

=

∫ t/2

−t/2
dz Ỹ

(
ε2B − 2zεB∂xθ + z2(∂xθ)

2
)

= tỸ (Λ− 1)2 + 1
12
t3Ỹ (∂xθ)

2 . (2.18)

The Swainger density is

ESwainger =

∫ t/2

−t/2
dz Ỹ

(
1− 1

Λ− z∂xθ

)2

=

∫ t/2

−t/2
dz Ỹ

(
ε2S − 2zεS∂xθ/Λ + z2 (∂xθ/Λ)2

)
+O (cubic)

≈ tỸ (1− 1/Λ)2 + 1
12
t3Ỹ (∂xθ/Λ)2 . (2.19)

In this simple context, one can see upon close inspection that the non-Biot bending terms
could be rewritten as Biot plus a higher-order correction. This clumsy additional step would
be less apparent in a general treatment that does not admit a simple description in terms of
a single stretch and angle.

2.4 Two simple deformations

Here we demonstrate the individual and combined behavior of the stretching and bending
terms ES and EB from the four energies (2.16-2.19). The expansion of a closed circular ring
and the extension of a circular arc at fixed radius will be considered.

The stretching contents of the four energies for a general deformation are shown in Figure
2.2. As is well known, the curves share a minimum, and thus are tangent to each other
at Λ = 1, and remain close nearby. Important differences are found at large deformations,
irrelevant to the present discussion of quadratic energies. The “reference” Green and Biot
energies are bounded in compression (Λ → 0) while the “present” Almansi and Swainger
energies are bounded in tension (Λ → ∞), reflecting the fact that the respective measures
are normalized using reference or present quantities.

Consider a thin plate or beam, a body whose rest state is flat and of length L0. The
body is bent into a circular cylinder or ring, with its ends fused together (Figure 2.3). The
resulting bending energies from the four models have qualitatively different dependencies on
ring radius R. The material derivative of the angle, ∂xθ, and thus the Biot bending energy,
are independent of radius. Expansion or contraction of a ring is “pure stretching” in the
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Figure 2.2: Stretching energy density ES as a function of mid-line stretch Λ. Green and Biot
are bounded as Λ→ 0 while Almansi and Swainger are bounded as Λ→∞.

Biot model, a definition preferred by Antman [33]. The identical Almansi and Swainger
bending energies are given by the curvature, so decrease with increasing radius, approaching
zero as the radius tends to infinity. The Green bending energy does the opposite — it
approaches zero with the radius, and increases without bound as the ring expands and its
curvature vanishes. These qualitative differences in bending energy appear as zero, negative,
or positive slopes at unit stretch, when the mid-line strain vanishes. The curves are nowhere
tangent to each other.

Consider the same plate bent into a circular arc of unit radius, and the dependence of the
bending energies on the length of this arc or, equivalently, its subtended angle φ (Figure
2.4). The curvature, and thus the identical Almansi and Swainger bending energies, are
independent of the subtended angle, making extension or compression of any arc at fixed
radius “pure stretching” in either of these models. The Biot and Green bending energies
increase without bound with subtended angle, and approach zero as the arc shortens to zero
length.

What is “pure stretching” in the Green model? This would be any combination of changes
in length and curvature that preserve the value of Λ∂xθ = Λ2∂sθ. In terms of circular arcs,
this could be achieved by simultaneous radial expansion and axial compression, or radial
shrinkage and axial extension.

Returning to the closed ring of Figure 2.3a, the competition between stretching and bending
may be seen in the total energies of Figure 2.5, calculated for a mid-line isometric radius
of unity and a thickness t = 0.05. Among the class of symmetric circular solutions, only
the Biot energy predicts a mid-line isometry as the ground state. Almansi and Swainger,
which are close enough to be indistinguishable in the small stretch range of the figure, relieve
bending energy through an expansion of the ring to a larger radius, while Green contracts
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the ring. These shifts in the equilibrium stretch scale as the ratio of bending to stretching
moduli, t2/12, with corresponding decreases in the energy scaling as the square of this ratio.

Explicitly, the minima are located at Λ = (1− t2/6)
1/2

for Green, Λ = (1− t2/6)
−1/2

for
Almansi, Λ = 1 for Biot, and Λ = 1 + t2/12 for Swainger.

Figure 2.3: (a) Geometry of a closed ring of naturally flat material. (b) Bending energy
densities as a function of ring radius R. Biot is independent of R and thus stretch Λ in this
geometry. Green → 0 as R→ 0 while Almansi/Swainger → 0 as R→∞.

Figure 2.4: (a) Geometry of an open arc of naturally flat material. (b) Bending energy
densities as a function of subtended angle φ. Almansi/Swainger is independent of φ and
thus stretch Λ in this geometry. Green and Biot → 0 as φ→ 0.
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Figure 2.5: Total energy densities E as a function of ring radius R for the closed ring of
Figure 2.3a with thickness t = 0.05 and L0 = 2π. The difference between Almansi and
Swainger energies is not visible in this range. These and Green experience shifts from the
equilibrium Biot stretch of order t2/12.

2.5 Concluding discussion

The Biot-Antman definition of pure stretching is that which remembers and respects the
original symmetry of the plate. Changing the radius of a section of a bent, naturally flat
body, while preserving its subtended angle, changes the lengths on either side of the mid-
line by the same amount. A suitable modification of this definition should be possible for
naturally curved bodies. Extension of our brief calculation to naturally curved beams and
shells will likely prove informative.

All four quadratic energies have the same definition of pure bending, a change at constant
stretch Λ in the kinematic variable ∂xθ, the material derivative of the angle. But only the
Biot bending energy is simply the square of this variable, which should not be confused with
the invariant curvature ∂xθ/Λ. The other energies could, however, be rewritten as Biot plus
a small correction.

Our simple example of a closed ring of naturally flat plate material illustrates important
differences between the limits of vanishing strain (mid-surface isometry) and vanishing thick-
ness. The effects we have noted vanish with thickness, not with strain. At finite thickness,
there are nontrivial effects of the choice of bending energy near isometry. In particular, only
the Biot strain predicts an axisymmetric isometric ring as the ground state, despite the ab-
sence of any incompatibility between the mid-line metric and the boundary conditions. This
is an important point, given that a primary interest in soft matter elasticity is the manner
in which (self-)incompatibility of two-dimensional metrics causes stretching and bending of
sheets. Additionally, those who seek to rationalize the behavior of soft plates and shells of
finite thickness by invoking the concept of isometry might find a Biot model more agreeable
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than the commonly employed Green model. Finally, the simplicity of expression (2.7) and
exactness of the derivation (2.18) points to the possible role of stretch as a fundamental
quantity, with its deviation from unity being the appropriate choice for expansions, rather
than more complex fields such as the metrics that appear in Green and Almansi.

Thus we should reemphasize the potential value of a fully general Biot theory whose devel-
opment was not required by the present simple example. Within the soft matter literature,
Oshri and Diamant have recently developed an axisymmetric Biot theory [15], and Knoche
and Kierfeld [24] have worked with Biot-like measures of bending in shells. A Biot theory
would also connect with common bead-spring models [23]. The main hindrance appears to
be the present lack of a simple and physics-friendly representation of a Biot energy in terms
of position derivatives in arbitrary coordinates. An incompatible model would also require
the concept of a reference stretch tensor akin to the reference metric employed in [1].
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Chapter 3

Swelling in anisotropic plates

The work presented in this chapter is part of a larger ongoing project on swelling in
anisotropic plates. The contents of this chapter have not been published yet.

Attribution

The work presented in this chapter was done in collaboration with J. A. Hanna, who con-
tributed to the inception and development of the main ideas in this work.

3.1 Introduction

The study of swelling gradients in thin plates and shells is one of great interest in the soft
matter community. Several groups have explored the effects of through-thickness swelling
gradients achieved via differential growth or shrinking between layers in isotropic elastic
sheets [1, 2, 3, 4, 5]. In-plane swelling variations in isotropic elastic plates are also of interest
[6], with [7] introducing a theoretical framework for the incompatible elasticity of plates and
then applying said theory to a swollen hemispherical plate. Such studies provide valuable
insight into the design of shape-programmable materials [8] and bistable morphing structures
[9, 10].

The analysis of swelling gradients in plates and shells is not limited to isotropic materials.
More recently, groups have studied swelling in nematic solids and liquid crystal elastomers
[11, 12], which includes thin nematic elastomer strips that show transitions to twisted shapes
[13, 14, 15]. Similar works have shown that swelling in anisotropic materials can aid in the
design of three-dimensional printed structures [16, 17]. Outside of the soft matter community,
studies have been conducted on composite materials widely used in the aerospace industry

17



Harrison G. Wood Chapter 3. Swelling in anisotropic plates 18

[18, 19]. Studying swelling gradients in anisotropic materials can also be beneficial in the
design of wooden architectural adaptive systems [20].

Inspired by warping in engineered wood products exposed to moisture, we look to study
plates in which both the in-plane swelling and the material properties are anisotropic. We
focus on plates loosely based on laminated veneer lumber, whose anisotropic stiffnesses lead
to a separation of scales between individual bending energy terms. As early as the 1920’s, the
effects of moisture gradients during the construction and use of engineered wood products had
been documented [21], with one of the first scientific studies on wood warp being conducted
in 1940 [22]. Since then, work has been done on understanding the effects of moisture
gradients in a wide variety of engineered wood products [23, 24, 25]. Theories and methods
have been developed for the analysis of such systems, and existing theoretical plate models
such as classical lamination theory have been applied to the wood warping problem [26].

Our work attempts to shed light on the unsolved problems of engineered wood warp by
introducing a previously unused (in the context of the wood literature) incompatible elasticity
model to predict warped shapes of anisotropic materials subject to anisotropic swelling.
While the inception of this work is rooted in the wood industry, the treatment of the problem
is general enough that it can be applied to a wide variety of anisotropic materials.

3.2 The system

As mentioned previously, the inspiration for this work comes from a common problem in
the engineered wood product industry: flat panels warping out of plane due to differential
swelling caused by moisture variation. Such a problem can be seen at multiple points during
the lifespan of a wood panel: during the cooling phase after hot-pressing, while in storage,
or during application. Our plate of interest is one that mimics the structure of an 8x4
foot laminated veneer lumber (LVL) panel. LVL consists of thin, rotary peeled wood veneers
stacked, glued, and pressed together to form structurally sound panels designed to bear loads.
Each veneer layer has a fiber direction with higher stiffness values and lower dimensional
change coefficients when compared to the two transverse directions. LVL is stacked with all
veneer fiber directions oriented parallel with the long dimension of the panel, so that the
long direction is significantly stiffer than the others.

We model our anisotropic elastic plate as having lateral dimensions of L = 2l and W = l
with thickness h� l. The fibers will be oriented with the long direction, see Figure 3.1. We
use material coordinates x and y to denote the fiber and planar transverse to fiber directions,
with the requirement that x be an arc length coordinate.

Swelling gradients of interest will vary with the x coordinate, and swelling will only occur
in the planar transverse direction. Thus, the metric set by the swelling, or the programmed
metric, will have the form dx2 + U(x)2dy2, where U(x)2 is the swelling function specified
by choosing U(x). Corresponding to physical systems of interest, we will look at swelling
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Figure 3.1: Schematic of anisotropic plate. Fibers are represented by thin, blue lines and
are oriented in the long direction of the plate.

functions where the middle of the plate either shrinks or expands, relative to the outside.

To help guide our intuition when modeling these anisotropic plates, some simple physical
models of plate warp were built. Models were constructed by cutting 8x4 inch sheets out of
0.005 inch thick plastic shim stock, with small slits 0.05 inches wide (at the widest point)
cut out of the middle using a precision desktop cutter. The slits were oriented with the long
direction of the plate to provide the necessary variation in swelling with the x coordinate.
Thin, acrylic rods with a cross-sectional diameter of 0.0625 inches were glued down the
length of the board in regular intervals to provide the anisotropic stiffness, see Figure 3.2. To
simulate the middle of the plate shrinking, the slits were closed and held together with tape.
For the middle expanding case the slits were opened further apart. As seen in Figure 3.3,
the shapes were observed to be approximately cylindrical, with slight longitudinal curvature
occurring near the very center of the plate where the swelling was at its greatest.

Figure 3.2: Top view of plate model before deformation. Clear acrylic rods line the lengthwise
direction to provide the desired stiffness.
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Figure 3.3: (a) Oblique view of plate model after slits were closed to simulate middle shrink-
ing. (b) Oblique view of plate model after slits were opened further apart to simulate middle
expanding.

Before any formal analysis is attempted, the resulting shapes of these models provide us with
new information on anisotropic materials and swelling. As shown in [27], for a circular plate
made from an isotropic material in which the isotropic swelling is greater in the middle of the
plate, the resulting shape is a spherical dome with positive Gaussian curvature. Although
our models are rectangular shaped and the swelling gradients are uni-directional, it is useful
to make some comparisons between the two. Seen in Figure 3.3b, for an anisotropic material
subject to the middle swelling there is a region similar to a spherical dome in the very
middle of the plate, but closer to the ends the shape approximates a cylinder. Gaussian
curvature is positive in the very middle, but changes sign and asymptotically approaches
zero as one moves along the longitudinal direction towards the end of the plate. For an
isotropic material where greater swelling occurs on the outer regions of a plate, the resulting
shape is a saddle with negative Gaussian curvature [27]. Contrast this to Figure 3.3a, where
there is a saddle-like region only in the middle, with cylindrical behavior becoming dominant
towards the ends. For this model, Gaussian curvature starts negative in the middle, and as
the longitudinal coordinate is increased, changes sign and approaches zero near the ends.

3.3 The energy

To write a general, covariant expression for the energy of an anisotropic plate in two dimen-
sions, we start with the expression

E =

∫
dV

1

2
Cijklεijεkl,

where the indices take the range of the material coordinates x and y, Cijkl are contravariant
components of the elastic tensor, and εij are covariant components of the strain tensor. (The
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first Kirchhoff-Love assumption allows for the determination of the through-thickness strain
as proportional to the in-plane strains through definition of appropriate material constants.)
Following the standard procedures of a reduction from three to two dimensions [7], the strain
εij can be expressed as a function of the midsurface strain εij, midsurface curvatures bij, and
thickness coordinate z

E =

∫
dA

∫ h/2

−h/2
dz

1

2
Cijkl(εij − zbij)(εkl − zbkl) +O(cubic),

and upon integration through the thickness of the plate, we obtain an energy expression with
a separation between the midsurface stretching and bending energies

E =

∫
dA

1

2
Cijkl

(
hεijεkl +

h3

12
bijbkl

)
+O(cubic). (3.1)

In [28], a Cartesian representation of the elastic tensor for a transversely isotropic material is
documented. We can take such an expression and apply it to our covariant, two dimensional
formulation of an anisotropic material. For such a case, the elastic tensor takes the following
form

Cijkl =λgijgkl + µT

(
gikgjl + gjkgil

)
+ α

(
qkqlgij + qiqjgkl

)
+ (µL − µT )

(
qiqkgjl + qiqlgjk + qjqkgil + qjqlgik

)
+ βqiqjqkql,

(3.2)

where λ, µT , µL, α, β are material constants related to the standard material constants (i.e.
the elastic moduli, Poisson’s ratios, and shear moduli), gij are contravariant components
of the two dimensional surface metric, and qi are contravariant components of the fiber
direction unit vector.

For our purposes, we will constrain our surface such that it is an isometric deformation of the
surface prescribed by the programmed metric, thus eliminating all stretching energy. Using
(3.2) in (3.1) with the aforementioned constraint gives us

E =

∫
dA

1

2

h3

12

[
λbiib

j
j + 2µT b

i
jb

j
i + 2αqiqjb

k
kb

j
i + 4(µL − µT )qiqjb

k
i b

j
k + βqiqjq

kqlb
j
i b

l
k

]
,

(3.3)
where we have dropped writing the existence of higher order terms. Further simplifications on
(3.3) can be made in our case. As mentioned in the previous section, material coordinates x
and y will denote the fiber and transverse directions, respectively. Thus, qx = qx = 1 and qy =
qy = 0. We rename the elastic coefficients of (3.3) for simplicity C(11) = λ+2α+4µL−2µT +β,
C(22) = λ+ 2µT , C(12) = λ+α, C(66) = µL, where the parentheses on the subscripts indicate
that these are not tensorial objects, but rather coefficients. These coefficients are identical
to the “reduced stiffnesses” in [18]. Thus, our bending energy takes the form

E =

∫∫
√
g dxdy

1

2

h3

12

[
C(11)(b

x
x)2 + 4C(66)b

x
yb

y
x + 2C(12)b

x
xb

y
y + C(22)(b

y
y)

2
]
, (3.4)

where dA =
√
g dxdy and g is the determinant of the metric.
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3.4 The embedding

We are interested in studying cases where the swelling is anisotropic, only occurring in the y
material coordinate direction and varying in the x material coordinate direction. Our metric
programmed by the swelling will be of the form dx2 +U(x)2dy2, where U(x) is a function of
our choice.

We adopt a useful surface parameterization [29, 30] to embed these warped surfaces in three
dimensional space, given by

x = [Λ(x) + χθ(x, y)] ê1 +
√
η2U(x)2 − χ2 [cos θ(x, y) ê2 + sin θ(x, y) ê3] , (3.5)

where

Λ(x) =

∫
dx

ηU(x)

η2U(x)2 − χ2

√
η2U(x)2 (1− η2U ′(x)2)− χ2,

and

θ(x, y) =
y

η
− χ

η

∫
dx

√
η2U(x)2 (1− η2U ′(x)2)− χ2

U(x) (η2U(x)2 − χ2)
.

The surface is defined by a function U(x) and two parameters η and χ, which control the
“rolling up” and “twisting” of the surface, respectively. Such a surface is an ideal choice for
this study, as its metric is of the same form as the programmed metric dx2 +U(x)2dy2, thus
eliminating all stretching energy. In addition, we have a two parameter isometry with η and
χ, allowing us to explore an isometric class of rolled and twisted shapes.

Curvatures for such an embedding are calculated with bij = gikbkj. Thus, the bending energy
of the form (3.4) for a surface parameterized by (3.5) is

E =

∫∫
Udxdy

1

2

h3

12

[
C(11)

(
(−η4U3U ′′ + χ2)

2

η4U4 (η2U2 (1− η2(U ′)2)− χ2)

)
+ 4C(66)

(
χ2

η4U4

)

− 2C(12)

(
U ′′

U
− χ2

η4U4

)
+ C(22)

(
1− η2 (U ′)2

η2U2
− χ2

η4U4

)]
,

(3.6)

where
√
g dxdy = Udxdy is the volume form.

3.5 Results

Swelled shapes corresponding to energy minima are determined by selecting a function U(x),
numerically integrating (3.6) over dimensionless limits −1 ≤ x/l ≤ 1, −1/2 ≤ y/l ≤ 1/2,
and minimizing the resulting expression with respect to η and χ.

To study middle shrinking and swelling, we choose a swelling function of the form U(x) =
1 + a sech(cx), where parameters a and c control the magnitude and the gradient of the
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swelling, respectively. A positive value of a causes the middle of the plate to expand, while
a negative value causes the middle to shrink.

For an example, we choose parameter values of a = −0.05, 0.05, c = 4 for U(x), and choose
material property values corresponding to yellow poplar LVL of Ex = 14.3, Ey = 0.44,
Gxy = 0.247 GPa, νxy = 0.620, νyx = 0.019 from [31]. The reduced stiffnesses are calculated
with C(11) = Ex/(1− νxyνyx) = 14.471, C(22) = Ey/(1− νxyνyx) = 0.445, C(12) = νxyEy/(1−
νxyνyx) = 0.276, C(66) = Gxy = 0.247 GPa. We then numerically minimize a dimensionless
form of the energy

24E

h3C(11)

=

∫∫
√
g dxdy

[
(bxx)2 + 4

C(66)

C(11)

bxyb
y
x + 2

C(12)

C(11)

bxxb
y
y +

C(22)

C(11)

(byy)
2

]
, (3.7)

with respect to η and χ. We find that for this example, the resulting shapes are axisymmetric
with χ = 0, see Figure 3.4.

Figure 3.4: (a) Surface plot with swelling gradient for the middle shrinking case, with a =
−0.05, c = 4, η ≈ 0.813, χ = 0. (b) Surface plot with swelling gradient for the middle
expanding case, with a = 0.05, c = 4, η ≈ 0.789, χ = 0. Blue regions correspond to greater
swelling.

For axisymmetric shapes, we can come up with a rough idea of how we should expect
principal curvatures to scale with one another by minimizing the following bending energy
expression C(11)(b

x
x)2 + C(22)(b

y
y)

2 subject to a constraint on the Gaussian curvature using a
Lagrange multiplier ζ. Minimizing the expression C(11)(b

x
x)2 + C(22)(b

y
y)

2 − ζ(bxxb
y
y −K) with

respect to the principal curvatures, we find that the principal curvatures should scale with(
bxx
byy

)2
=

C(22)

C(11)
. Figure 3.5 shows how well the scaling argument predicts the average squared

ratio of curvatures for the example shrinking and expanding cases.

For swelling cases of the form U(x) = 1 + a sech(cx) where the middle shrinks, it is possible
to tune both the swelling function parameters and the anisotropy of the material such that
warped shapes become twisted, χ 6= 0. As seen in Figure 3.6, decreasing the parameter c
(effectively increasing the area of the panel that shrinks) results in a pitchfork bifurcation
to a twisted solution. A similar pitchfork bifurcation is observed if we increase the value of
a (increasing the magnitude of the shrinking) past a certain point (Figure 3.7). Figure 3.8
shows qualitative differences in the swelling function as the parameters a and c are varied. If
we increase the stiffness of the material in the fiber direction, we see a bifurcation resembling
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Figure 3.5: Squared ratio of curvatures
(

bxx
byy

)2
plotted against the theoretical prediction

C(22)

C(11)

for both middle shrink a = −0.05, η ≈ 0.813, and middle swell a = 0.05, η ≈ 0.789, with
c = 4, χ = 0.

that of a pitchfork, with χ growing with the fiber direction stiffness. As the stiffness is further
increased, χ begins to slowly decrease (Figure 3.9). Further study into the nonlinear shape
of this particular bifurcation could prove useful.

After studying the three parameters and their effects on twisted solutions for middle shrinking
cases of the form U(x) = 1 + a sech(cx), we estimate that the parameter space would look
something like what is shown in Figure 3.10. Little work has been done on investigating the
same parameter space for cases where the middle expands, so we note that future work in
this area would be valuable.

To study other twisted configurations, we choose the swelling function U(x) =
√

1 + (x/a)2,
where a is a parameter that controls the severity of the swelling. For an example where the
middle shrinks, we choose a = 5 and numerically minimize the energy with respect to η and
χ. We find that the resulting shape is completely twisted with η = χ = 5; a section of the
ruled surface known as the helicoid. For a material with one distinct stiff fiber direction, a
ruled surface is a plausible equilibrium shape, as the bending energy term associated with
the fiber direction can be completely eliminated by aligning the rulings of the surface with
the fibers. In this case where the middle shrinks, the helicoid is selected as the resulting
shape due to the longitudinal material coordinate lines needing to be closer together towards
the middle of the plate. See Figure 3.11 for a visual demonstration of the helicoid.

For this form of swelling function, no matter the choice of a, the resulting shape will always
be twisted with η = χ = a, see Figure 3.12. Thus, with prior knowledge of the resulting
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Figure 3.6: χ as a function of the parameter c for the case U(x) = 1 +a sech(cx), a = −0.05,
with material property values of C(11) = 14.471, C(22) = 0.445, C(12) = 0.276, C(66) = 0.247
GPa.

Figure 3.7: χ as a function of the parameter a for the case U(x) = 1 + a sech(cx), c = 4,
with material property values of C(11) = 14.471, C(22) = 0.445, C(12) = 0.276, C(66) = 0.247
GPa.

shape we wish to study, if we set the value of a = η the energy integral has an analytical
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Figure 3.8: Qualitative plot of the middle shrinking case U(x) = 1 + a sech(cx) with param-
eters a and c varied. A larger value of c results in a more localized region of shrinking, and
a larger value of a results in a larger amount of shrinking.

Figure 3.9: χ as a function of the material coefficient C(11) for the case U(x) = 1+a sech(cx),
a = −0.05, c = 4.

solution given by

24E

h3C(11)

=
2

η3
√
η2 + 1

(
η2
(

1− 2
C(12)

C(11)

+
C(22)

C(11)

)
− χ2

(
1− 2

C(12)

C(11)

+
C(22)

C(11)

− 4
C(66)

C(11)

))
.

For this example 0 ≤ χ ≤ η, thus the minimum of this expression occurs at χ = η. For
isotropic materials, C(11) = C(22) = νC(12) = Y/(1 − ν2), C(66) = Y/(2(1 + ν)), where Y is
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Figure 3.10: Qualitative sketch of the three parameter space for the middle shrinking case
U(x) = 1 + a sech(cx). Solutions where twisting occurs are highlighted by the green area.

the elastic modulus and ν is Poisson’s ratio, and the exact energy expression reduces to

24(1− ν2)E
h3Y

=
4(1− ν)

η2
√
η2 + 1

,

which is independent of χ, demonstrating that such materials have a “soft mode” with respect
to the twisting parameter. We have just shown that when the material is anisotropic, no
such mode exists, and that a twisted embedding will be favored.

To understand why some choices of swelling functions result in axisymmetric shapes and
others in twisted shapes, we look at each individual bending energy term in (3.6). For the
(byy)

2, bxxb
y
y, and bxyb

y
x terms, it is clear how each behaves when χ is increased. Both bxxb

y
y and

bxyb
y
x will increase with increasing χ, and (byy)

2 will decrease with increasing χ. To determine
how the dominant (bxx)2 term behaves, we Taylor expand this term for small χ. Up to
quadratic order in χ, we have

(bxx)2 ≈ η2(U ′′)2

1− η2(U ′)2
+

[(
U ′′

U(η2(U ′)2 − 1)

)2

+
2U ′′

η2U3(η2(U ′)2 − 1)

]
χ2 +O(χ4).

For physically immersible surfaces, U > 0, η2U2 < 1. Upon inspection of the twisting term
in brackets, we notice that the first term is always positive, and that the denominator of the
second term, η2U3(η2(U ′)2 − 1), is always negative. Locally, the sign of U ′′ determines the
overall sign of the twisting term. So for the twisting term to lower the overall value of the
(bxx)2 term, U ′′ needs to be positive and large enough for a sufficiently large region over the
plate domain.

This argument is applicable in the limit of large anisotropy C(11) →∞. As C(11) →∞, the
first term in (3.7) becomes dominant as the other terms approach zero. Thus for small χ,
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Figure 3.11: Oblique view of helicoid surface model. Rulings are represented by the thin,
wooden rods. Transverse distance between rulings is greater at the ends held together by
wire than in the middle, which has been pinched together with tape.

Figure 3.12: Surface plot with swelling function for the completely twisted case of U(x) =√
1 + (x/a)2, a = 5, η = 5, χ = 5. Blue regions correspond to greater swelling.

the O(χ2) in the Taylor expansion of (bxx)2 will determine if twisting increases or decreases
the total energy. For moderately anisotropic materials, every term must be taken into
consideration, and the analysis becomes more complicated. For swelling functions of the
form U(x) = 1 + a sech(cx) where twisted shapes are observed, the existence of twisting is
allowing for the relaxation of longitudinal and transverse bending energy for some added
twisting energy. Due to the relative magnitudes of the material stiffnesses, this twisting
lowers the total energy.
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