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An analytical form has been derived using Ostrogradski’s integration method for the interaction
between two thin rods of finite lengths in arbitrary relative configurations in a 3-dimensional space,
each treated as a line of material points interacting through the Lennard-Jones 12-6 potential. Sim-
plified analytical forms for coplanar, parallel, and collinear rods are also derived. Exact expressions
for the force and torque between the rods are obtained. Similar results for a point particle inter-
acting with a thin rod are provided. These interaction potentials can be widely used for analytical
descriptions and computational modeling of systems involving rod-like objects such as liquid crys-
tals, colloids, polymers, elongated viruses and bacteria, and filamentous materials including carbon
nanotubes, nanowires, biological filaments, and their bundles.

I. INTRODUCTION

First proposed to explain the behavior of gases, van
der Waals (vdW) forces are ubiquitous among atoms,
molecules, clusters, nanostructures, and macrobodies,
underscoring their unique role in determining the prop-
erties of materials and condensed matter.[1-3] Dispersive
vdW forces are fundamentally a Casimir effect, originat-
ing from the electrodynamic correlations of charge den-
sity fluctuations in interacting bodies.[4-6] London was
the first to show that an attractive potential exists be-
tween two neutral atoms, and that is scales as 1/7% in the
nonretarded regime with r being the interatomic separa-
tion. The system is in this nonretarded regime when 7 is
smaller than the characteristic wavelengths of the atomic
absorption spectra.[7-10] The 1/r® vdW-London poten-
tial has been directly confirmed in an experiment with
Rydberg atoms by Béguin et al.[11] More than a decade
after London’s seminal work, Casimir and Polder showed
via perturbation calculations that in the retarded regime,
the distance-dependence of the attractive potential be-
comes 1/r7.[12] This result was subsequently confirmed
in the calculation of Dzyaloshinskii using the Feynman
diagram technique.|[13]

With the understanding of the atomic origin of vdW-
London forces, the focus shifted to computing such forces
for ensembles of atoms ranging from molecules to mac-
robodies. Along the way, various methods have been
attempted. Casimir and Polder calculated the interac-
tion between a neutral atom and a perfectly conduct-
ing plane using quantum electrodynamics and perturba-
tion methods.[12] Casimir further showed that similar
expressions can be obtained by using classical electro-
dynamics to compute the change of zero-point energies
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and applied the method to calculate the vdw-London at-
traction between two metal plates, revealing the famous
Casimir force.[14] Lifshitz established a macroscopic the-
ory of intermolecular forces between solids by introducing
a random field into the Maxwell equations, where many-
body and retardation effects are naturally captured.[15]
This theory was later reformulated and generalized by
Dzyaloshinskii et al. using the language of quantum field
theory.[16] A simpler macroscopic derivation of Lifshitz’s
result on the non-retarded vdW interaction between two
dielectric media was later provided by van Kampen et
al.[17]

Many other theories and methods [1, 18-20] for
explaining and computing the vdW forces between
molecules and macrobodies have been proposed, in-
cluding the reaction field method developed by Linder
[18, 21-24], the general susceptibility theory of McLach-
lan [25-29], and the screened field method based on the
Drude-Lorentz model.[10, 30-37]. In particular, Renne
and Nijboer provided an atomistic derivation of Lifshitz’s
result on the vdW forces between macroscopic bodies by
treating atoms as isotropic harmonic oscillators.[33, 34]
Langbein proposed a plane wave method based on the
eigenfunctions of the Helmholtz equation to compute
the retarded dispersion energy.[38] However, it is usually
challenging to apply these methods, including the Lif-
shitz theory, to systems other than half-spaces, plates,
and spheres [39, 40]. More recently, methods based
on the density-functional theory [41], quantum Monte
Carlo simulation [42, 43], and the adiabatic-connection
fluctuation-dissipation theorem [44] were used to com-
pute the vdW interactions among molecules and con-
densed bodies including nanostructures.

To deal with complicated shaped bodies, Derjaguin has
proposed an approximation method for computing the
vdW interaction between macrobodies by summing the
potential of parallel facing surface-element pairs, which
can be readily approximated as the potential between
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two plates.[45] The Derjaguin approximation is valid
when the closest-approach distance is much smaller than
the sizes of the involved macrobodies but larger than
the characteristic length scale of their surface rough-
ness. This method has been extended and improved by
others.[46-48]

In the de Boer-Hamaker approach, the total vdW in-
teraction between two bodies is obtained by summing
over all interacting pairs of atoms or molecules which the
bodies are composed of.[49-54] Obviously, pairwise ad-
ditivity is assumed in this “microscopic” approach. For
bodies that can be treated as continuous media, the sum
becomes a double integral of a pair potential between
two volume elements, one on each body.[55-63] A stan-
dard choice of the pair potential is the Lennard-Jone (LJ)
12-6 potential, which includes not only a 1/r% term de-
scribing the nonretarded vdw attraction but also a 1 /712
term for the Pauli repulsion between atoms.[64] Closed
forms of the integrated vdW 1/r°® attraction have been
reported for various planar and spherical geometries and
also for infinitely long cylinders in parallel or perpendic-
ular configurations. These results are nicely summarized
in Ref. [1]. The integrated form of the full LJ 12-6 poten-
tial repulsion can also be obtained for certain geometries
and some results have been reported in the literature.[65—
78]

Understanding the interactions between cylindrical ob-
jects is crucial for the description of diverse systems such
as liquid crystals [79], polymers [80-82], colloids [83], car-
bon nanotubes (CNTs) [84], nanowires [85, 86], and bi-
ological filaments [87]. Many Viruses and bacteria also
have rod-like shapes.[88] Tt is thus of great interest to
integrate the LJ 12-6 potential for two rods. Some at-
tempts have been reported in the literature, mainly in
the context of CNT-CNT interactions. Henrard et al.
have used the integration approach to evaluate the vdW
interaction between CNTs in bundles.[68] Girifalco et al.
have integrated a LJ carbon-carbon potential for two par-
allel, infinitely long CNTs.[69] Sun et al. have developed
an approximate approach to obtain the vdW potential
between two CNTs.[72] Within the LJ approximation,
Popescu et al. have calculated the vdW potential energy
between two parallel infinitely long single-walled CNT's
that are radially deformed.[89] Lu et al. have studied the
interaction between walls in multi-walled CNTs by inte-
grating the LJ 12-6 potential.[90] Zhbanov et al. have de-
veloped analytical expressions for the vdW potential en-
ergy and force between two crossed CNTs.[74] Pogorelov
et al. have reported algebraic expressions for the vdW
potentials and forces between two parallel and crossed
CNTs.[75] Vesely has proposed an approximate form of
the integrated LJ interaction between two sticks, each
made of a homogeneous distribution of LJ centers.[73]
Recently, Logan and Tkachenko have proposed a com-
pact interaction potential for the vdW attraction of two
finite rods at arbitrary angles and separations via inter-
polating various asymptotic limits.[78] However, a fully
analytical form of the rod-rod interaction based on the

LJ potential has been elusive.

In this paper, we present an analytical form of the in-
tegrated LJ 12-6 potential between two thin rods at ar-
bitrary relative configurations in 3-dimensions, with the
rods having radii that are much smaller than their separa-
tion and thus can be approximated as two material lines.
By treating each line as a continuous distribution of LJ
point particles, we are able to integrate the LJ 12-6 po-
tential between two LJ thin rods with both finite and infi-
nite lengths in arbitrary arrangements. Analytical forms
of the forces and torques are derived. Furthermore, an-
alytical results on the integrated potential between a LJ
point particle and a LJ thin rod are obtained.

II. THEORETICAL MODEL OF ROD-ROD
INTERACTIONS

0 I X0 P

FIG. 1. A general skew configuration of two thin rods of finite
lengths in 3-dimensions. The z-axis is perpendicular to both
rod 1 and 2; the zp-plane is perpendicular to z and contains
rod 1 located on the z-axis. The projection of rod 2 in this
plane is along the p-axis. The angle between rod 1 and the
projection of rod 2 is 6.

A general skew configuration of two rods in a 3-
dimensional space is illustrated in Fig. 1. The axis of
rod 1 is on the straight line OP while that of rod 2 is on
the straight line HQ. The common perpendicular of the
two lines is OH, and the distance between O and H is
denoted as |r|, which is the minimal distance between the
rod axes. Through point O, a straight line OT is drawn
to be parallel with HQ, and rod 2 is then projected to
OT by a translation parallel with OH. The angle ZPOT
is denoted as 6. A right-handed coordinate system (xpz)
is constructed by defining 3 unit vectors, n,, n,, and
n., along the rays OP, OT, and OH, respectively. For
any relative configurations of two rods, such a coordinate
system can always be constructed with =g > 0, pg > 0,
0<6fd<mand n, = ﬁnw x n,. Note that this coor-
dinate frame, with point O as the origin, might not be
orthogonal. In this frame, the center of rod 1 is located
at (x0,0,0) while the center of the projection of rod 2
is located at (0, pp,0) and the center of rod 2 is located



t (0, po,r). Using this frame, the configuration of the
two rods is completely determined by xzq, pg, r, and 6.
Furthermore, in this setting, r is allowed to be negative if
rod 2 is below the xp-plane, but the integrated potentials
will be even functions of r, as expected.

We will use the following conventions for special con-
figurations. For two parallel rods, § = 0 and |r| is the
shortest distance between their axes. For two coplanar
but nonparallel rods, » = 0. For collinear rods, we will
adopt r =0 and 6 = 0.

The Lennard-Jones (LJ) potential between two point
particles separated at a distance R can be written as

A B

U(R) = —55 + 21z » (1)

where A and B are two constants governing the interac-
tion strength and characteristic size of the particles.
A. Attractive Potential

We start with the attractive potential and its inte-

grated form is
d3r1 d3r2
mw//h—wﬁ’ (2)

where r; and ry are the position vectors of volume ele-
ments, and 7; and 72 are the number densities of point

particles on the two rods. For simplicity, n; and 7y are
assumed to be constant here.

1. Integrated Attractive Potential in 3-Dimensions

Using the coordinate system in Fig. 1, for thin rods we
have r; = zn; and ry = pn, 4+ and can integrate out
the cross sections to get d®r; = ¥dx and d3ry = 3adp,
where X1 and Y5 are the cross-sectional areas of the rods.
Furthermore, |r; —r2|? = 72 + 2% + p? — 2xp cos§ and the
integrated attractive potential becomes

(r2 4+ 22 + p? — 2zpcos 9)3

potle  pxo+li
Ua=—A / /
po—l2 Jxo—l1
(3)

where [; and [y are the half lengths, and \y = m¥;
and Ay = 1939 are the line number densities of point
particles of the two rods. With a variable change, this
integral can be converted into an integral of rational func-
tions, which can be evaluated using the method proposed
by Ostrogradski.[91, 92] The details are included in the
Supporting Information. The final expression of the in-
tegrated potential can be written as

A1 Aedxdp

A1 A2

UA = - sind [G(I0+llv(p0+12 Sinovr)

)
=G (zo + 11, (po — l2)sin b, r)
=G (zo — 1, (po + 12)sin b, r)

+G (zo — l1, (po — I2)sind,7)] . (4)

Here G(z,a,r) is a function defined as

Gl ) = 1 —br? + ax (b2 +1)(br? — ax) + 2ba?
Har =g r2(a® +1r2)(0%2r2 + 22)  (O%r2 +22) (% + 1)r2 + 22) (a2(b% 4+ 1) — 2abx + 12 + 22)
N a(2a® + 3r? )acta < x —ab )
9T T ) retan [ 22
(a2 +1r2)2 Va2 +12
z (30578 4 05(3r® + 11r%22) + 3b*(3r02? + 5rizt) + 9% (r*a?t + r22%) + 3r2a® + 228)
X
r4(D2r2 + 223 (B2 4+ 1)r2 + :102)§
b2 +1)a—b
arctan (b" + a — bz , (5)
(b2 4+ 1)r2 + 22
[
where b = cot 6. and
For two rods with infinite length, we can adopt zg =
po=0and l; =1y =1 in Eq. (4) and show that lim G(l,—Isinf,r)
l—o0
= lim G(—I,Ilsin6,r)
lim G(I,lsin6,r) fmreo
00 1 1+ cosé
= — arctan —— . (7)

= lim G(—I,—Isin6,r)
=00

1
g arctan — , (6)

2rd sin @

Therefore, for two infinitely long rods at separation |r|,



the integrated mutual attraction is

_ 7TA/\1 /\2
2rtsind ’

(8)

lim Uy =
l—o0

which agrees with the result obtained by Logan and
Tkachenko.[78]

For crossing rods, § = /2 and b = 0. In this case, the
expression of G(z,a,r) can be simplified as

ax (a2 +x2 4+ 21"2)
a2 +12) (22 + r2) (a2 + 22 + r2)

G(z,a,r) = % lTQ(

a(2a® + 3r?) ; < x )
——— Zarctan | —
r4(a2 +12)3 Va? +r?

2x2 + 3r2
2227 +317) | ctan
ri(z? 4+ r2)2

(7))

which is an odd function of both x and a and is symmetric
between z and a, as expected. For two crossing rods with
the same length, 1 = lo = [, and the common perpendic-
ular passing through their centers, we have g = pp =0
and the relevant function becomes

1 12

4 [r2 (12 +1r2) (202 4+ 1r2)
1202 + 3r2)
- Lar
r4(12 +12)2

Gl lr) =

Using the property G(l,l,r) = -=-G(,-l,r) =
—G(=1,1,r) = G(—I,—1,r), the integrated attraction be-

comes
Ua = —4AN NG, 1,7) . (11)
In the limit of very long rods, [ > |r| and we get

1 T TAN Ao
~ —A — |~ — 12
Ua Ao <2r2l2 * 2r4> 2rt 7 (12)

which is a known result.[1] It is also noted that Eq. (8) is
reduced to Eq. (12) for crossing rods with infinite length.

2. Integrated Attractive Potential in 2-Dimensions

For two coplanar but nonparallel rods (r = 0 and 6 #
0), the integrated attractive potential becomes

po+la  pxo+ly dad
UA:—A/ / i A;Azflfp W)
po—ls Jzo—t, (¥%+ p* —2xpcosb)

It can be written as

AMA .
—ﬁ [G (zo + 11, (po + 12) sinb)

-G (1170 + ll, (po - lg) sin 9)
-G (IO — ll, (p() + lg) sin 9)
+G (IO - ll, (po - lg) sin 9)] . (14)

Ua =

where the function G(z,a) is defined as

3(b% + 1)%2a* — 3b(b? + 1)a®z + 2a%2? — 3bax® + 32*

at a

3(b% +1)?
x4

G(x,a) = % {i arctan<ab_x> —

+ arctan <—

x

8. Integrated Attractive Potential for Parallel Rods

For two rods parallel with each other (§ = 0) and sepa-
rated at a distance |r|, the integrated attractive potential
becomes

po+l2  pxo+li drxd
Ug = —A/ / Aurpdedp . (16)
po—ls Jwo—t; (r? + 224 p% —2xp)

The result can be written as

Usg = =AM\ [K(xo+ 11, po0 + l2,7)
—K(xo+ 11, p0 — la,7)
—K(xo — l1,po +12,7)
+K(zo —l1,p0 — l2,7)] . (17)

a3x3 (a?(b% + 1) — 2bax + 2?)

(b + 1)a — bx)] | 15)

where the function K (z,p,r) is given by

1
K(xupur) = 2
8r2|(p—x)” + rﬂ
3(p—=) p—x
o arctan ( . . (18)

As expected, the integrated attraction between two par-
allel rods is a function of |z¢ — po| (i-e., the offset between
the rod centers along their axial direction) and r (i.e., the
distance between the axes of the rods), with rod lengths
[y and [y as parameters. When the offset is 0, the inte-
grated attraction can be simplified to

A 1 1
S AlAQ[

472 (12 — 11)2 +r2 ; (12 + 11)2 + r2



lo — 1 lo — 1
gl <u)
T

3

+3M arctan bth . (19)
r3 T

For two rods with the same length (I; = Iy = I), this
potential can be further simplified to

AXihg [ 1 1 l 2l
BT P Tr e + 6r_3 arctan - .
(20)
For infinitely long rods in a parallel configuration, the

attraction per unit length is

Ua =

UA 37TA/\1)\2
e 21
21 85 7 (21)

which is consistent with the result known for this special
geometry.[1]

4. Integrated Attractive Potential for Collinear Rods

Two rods that are collinear can be represented using
the coordinate system in Fig. 1 with » = 0 and 6 = 0.
That is, the two rods are both on the x-axis with their
centers located at g and pg. Of course, since they cannot
overlap, we must have |zg — po| > I3 + l2. The integral
in Eq. (2) can be evaluated and the result is

Al Ao
20
— (o +1—po— o) "
— (w0 — 11— po+12) 7"
+ (2o — 1y — po — 12)—4] . (22)

Uy = — [($0+11—Po+l2)74

As expected, the potential between two collinear rods
depends only on |rg — pol, the distance between their
centers, and their respective lengths. For two rods with
the same length (I; = lo = [), the integrated attraction
is reduced to

AN
20 [(xo_ po+20)""

+ (o — po — 21)‘4} , (23)

Up = — (ﬂﬁo—po) !

which agrees with the result previously reported.[1]

B. Repulsive Potential

In this section, we work out the integrated repulsive
potential. The general integrated form of the 1/R'? re-
pulsion between two bodies can be written as

Prid®r
UR—B771772//| =2 (24)

r| — I'2|12
1. Integrated Repulsive Potential in 3-Dimensions

Using the coordinate system in Fig. 1, for thin rods
the integrated repulsive potential becomes

Un =B /PO“‘Z /““1 M Aodadp i
po—la Jao—1y (124 22+ p2 —2xpcosh)
(25)
This integral is more challenging than the one in Eq. (3)
but can be evaluated similarly using the Ostrogradski
method.[91, 92] The details can be found in the Support-
ing Information.
For a general skew 3-dimensional configuration, the re-
pulsive potential after integration can be written as

B .
W [H (ZZ?O + ll, (PO + 12) Slno,T)

—H (zo + 11, (po — l2)sind,r)
—H (zo — U1, (po + l2)sind,r)
+H (zo — 1, (po — I2) sin6,7)] . (26)

Ur =

where H(x,a,r) is a function with its expression included
in the Supporting Information.

For two rods with infinite length, we can adopt z¢ =
po=0and l; =l =1 in Eq. (26) and show that

lim H(l,1sin0,r)
[—00

= lim H(-l,—lsin6,r)
[—00

1 1 —cosf
= arctan

2
5r10 sinf ' (27)
and

lim H(l, —lsin6,r)

l—o0

= lim H(-!l,lsin6,r)
l—o0
1+ cosé
£ 10 arctan ey (28)

Therefore, for two infinitely long rods at separation |r|,
the mutual repulsion is

lim UB _ 7TB)\1)\2

—_— 29
00 5710 sin 0 (29)

For two crossing rods, § = /2 and b = cot§ = 0. The
expression of H(x,a,r) in this case can be simplified as



ax

3840r8(a? 4 r2)* (22 + r2)*(a® + 22 +1?)
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1280710 (a2 + 1r2)*/?

+ 31578z + 840752 + 1008r*25 4 5767227 4 12827
1280710 (22 + r2)%/2

H(z,a,r) =

20
o X [1950r

X arctan <

x
va? + 7°2>

X arctan (

Obviously, in this case H(z,a,r) is an odd function
of both z and a and is symmetric between = and a, as
expected. When the common perpendicular goes through
the centers of the two crossing rods with the same length,

12
192078(12 + r2)4(212 + r2)

H(l,l,r) =

315181 4+ 8407613 + 1008741° + 5767217 + 1281°

we have 0 = 7/2, xp = pop = 0, and l; = ls = [. The
integrated repulsion for this system can be expressed in
terms of the following function,

- % (97512 4 654071 %1% + 17780r°1* + 25056r°1° + 196481

+84487%1"° + 15361'") +

Using the property H(l,l,r) = —H(,-l,r) =
—H(-1,l,r) = H(=l,—1,r), the integrated repulsion for
two crossing rods of length 2/ becomes

Ur = 4BM M\ H(,T) | (32)

with H(l,1,r) given in Eq. (31). For very long rods, I > r
and the integrated repulsion is

7TB/\1/\2

Ur = 510

(33)

As expected, this expression is a special case of Eq. (29)
at 0 = /2.

640710 (12 + r2)9/2

X arctan (

2. Integrated Repulsive Potential in 2-Dimensions

The configuration of two unparallel coplanar rods cor-
responds to r = 0 and 0 # 0 in Fig. 1. The integrated
repulsive potential can be written as

Un — BS?SM [H (20 + L, (po + L2) sin )
—H (zo + 11, (po — I2) sin §)
—H (zo — 1, (po + 12) sin )
+H (o — l1, (po — l2)sinb)] . (34)

The function H(z,a) has the following form.

( ) 1 1
H(x,a) = —
12800 | %29 (a2 (b2 + 1) — 2abx + x2)

: [315 (0% +1)% '
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—525h (b2 +1)° (2107 + 11) a*¥a® 4+ 21 (0> + 1) (525b* + 5500% + 73) a2
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+21 (525" + 55006° + 73) a'z'? — 525b (216* + 11) a®2™?

+105 (63b% + 11) a®z'* — 2205baz'® + 3152'°]

315 (b2 +1)°
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10 arctan <7) -~ arctan ( - )} . (35)

3. Integrated Repulsive Potential for Parallel Rods

For two parallel rods (§ = 0 but r # 0 in Fig. 1), the
integrated repulsive potential adopts the form of

After integration, the potential can be written as

Ur = BMXo[J (20 + 11, po + l2,7)
—J($0+ll7p0_l27r)

—J (wo — l1, po + l2,7)
+J (o — 1, po — l2,7)] (37)
po+lz  pxo+ly M \odxd
Ur = B/ / LA2Cep 5 (36)  The function J(x,p,r) is given by
po—ls Jwo—t; (r?+ 2%+ p% —2xp) |
63 (p — — 21 21
J((E,p,r) e _(pillx)arctan (p x)‘i‘ 5 + 3
256r " 25673 [(p —z)" + 72] 64016 [(p — 1)+ T2:|
3 1
+ 3+ 1- (38)
16074 [(p —z)’+ T2:| 8072 [(p —z)’ + 7’2]
[
For parallel rods, the integrated repulsion is a function 1
of |xg — po| (the offset between the two rods) only, as ex- _ . (39)

pected. When zo = pg, the offset is 0 and the integrated
repulsion between parallel rods becomes

B\ 63 (Il — 1) lo —1q
Ur = 32 {— 169 arctan —

21 21
- +

167 [(12 —h)*+ 7”2} 4074 [(lz 1)+ 7“2}2
+ ; -+ ! .
1072 [(12 —1)?+ TQ} 5 [(12 — 1)+ rﬂ

63 (l2 + 1)

arctan M
1679 r
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B - 2
167 [(lz +0)?+ rﬂ 4074 [(12 T L) 7’2}

3

1072 [(lg + 11)2 + T2:| ’

9 4
5 [(12 R

For parallel rods with the same length (I; = lo = )
and zero offset, the integrated potential can be further
reduced to

B\ Ay | 187 631 21
Ur = 80W—I—S?arctan —

8r2 r
21 21
1676 (412 +72) 4074 (412 4 12)?
3 1

(40)

C10r2 (42 +72)° 5 (42 +r2)]

For infinitely long rods, the integration repulsion per unit
length is
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4. Integrated Repulsive Potential for Collinear Rods

The integrated 1/R'? repulsion for two collinear rods
reads

B\
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As expected, it is a function of their center-to-center sep-
aration, |zo — pol, only. In this case, |xg — po| > 1 + 12 is
required since the two rods cannot overlap.

C. Forces and Torques

The forces and torques on each rod can be derived from
the integrated potentials presented in the previous sec-
tions. The results are summarized below. The derivation
process is included in the Supporting Information.

1. Forces between Rods

In this section, the subscripts 1 and 2 refer to rod 1
and 2 in Fig. 1, respectively. The subscripts x, p, and z
refer to the components of forces and torques along the
corresponding axes in the coordinate system defined in
Fig. 1.

For rod 1, which is located on the z-axis, the total
force is

Fl = Flznz + Flpnp + Flznz
1 <8U 8U)
= —— | =— +cosf— | n,

sin26 dxg dpo
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where Ul(xo, po,7,0) = Ua(x0, po,r,0)+Up(x0, po,7,0) is
the rod-rod interacting potential obtained in the previous
sections. The force on rod 2 can be obtained from the
Newton’s third law and is Fy = —F.

2. Torques between Rods

For a general skew configurations of two rods as shown
in Fig. 1, the torque on rod 1, with respect to its center
(20,0,0), has the following components.

T, = B_U_ o a—U—i—cosHa—U n
7 190 sing dpo Oxg =
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where n, = n, xn,. The expressions of the force compo-
nents and the rod-rod potential U(zg, po, T, ) are given
in the previous sections. The components of the torque
on rod 2, with respect to its center (0, pg,r), are
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where n; = n, x n,.

IIT. THEORETICAL MODEL OF BEAD-ROD
INTERACTIONS

A. Integrated Bead-Rod Potential

Bead

) Rod
0 21

FIG. 2. A polar coordinate system describing the configura-
tion of a rod and a point particle (bead).

X

It is useful to derive the interaction between a point
particle and a thin rod by integrating the LJ 12-6 po-
tential. A general bead-rod configuration is sketched in
Fig. 2. By setting the z-axis along the central axis of the
rod and choosing one end of the rod as the origin, we
can build a polar coordinate system with the point mass
located at (p,0). The interaction potential between the
rod and point particle can then be denoted as a function
W(p, 8), which represents the integrated form of the LJ
12-6 potential.

B
(22 + p? — 2zpcosh)’

- A ] dx , (46)

21
W(p,0) = A /O
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where [ is the half length of the rod and A the line number
density of LJ material points that the rod consists of.

In a general case where 6 # 0 and 6 # 7, the integrated
bead-rod potential W (p, 6) can be written as

W(ﬂv 6‘) = A [L (2lvp7 9) - L (07 Ps 9)] ’ (47)
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where the function L(z, p, 0) is
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For the special situation where the point particle and
rod are collinear (f = 0 or § = 7), the integrated bead-
rod potential can be expressed as W (ps), which has the
following form.

\ A A
5(ps +20)°  5p5
B B
+
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W(ps) =

+ 11 (49)

Here py is the distance of the point particle from the near
end of the rod, which is obviously the shortest distance
between the point particle and rod. Using the coordinate

system sketched in Fig. 2, ps = p — 2] when 6 = 0 while
ps = p when 6 = 7.

B. Forces and Torques in Bead-Rod Interactions

Using the coordinate system defined in Fig. 2, the force
on the bead (i.e., the point particle) is

cosf OW

The force on the rod can be obtained from the Newton’s
third law as F1 = —F5.
The torque on the rod is

1w o
2_psin6’69 * ap

0w l ow
Ti. = {—lsm@a—p + (1 - ;cos@) W} n., (51)

where n, = ﬁnw x n, is the unit vector perpendicular
to the zp plane. As expected, the torque is 0 for 6 = 0
and 7 where the point particle and rod are collinear. This
is evident from the fact that at a given p, the potential

(p? 4 22 — 2px cos f) sin® 0

(48)

W (p,0) achieves extremes at § = 0 and 7. It can also be
proven that the torque on the rod is 0 when p =1/ cos¥,
i.e., when the point particle is on the perpendicular bi-
sector of the rod.

IV. CONCLUSIONS

Using the Ostrogradski method, we have successfully
integrated the Lennard-Jones (LJ) 12-6 potential for two
thin rods of both finite and infinite lengths in arbitrary
3-dimensional configurations, with each rod modeled as a
continuous distribution of LJ point particles. Both inte-
grated attraction and repulsion are expressed in analyti-
cal forms. The previously known expressions for two thin
rods in special configurations (e.g., parallel or crossing)
are all asymptotic cases of the general forms reported
here. The general closed forms can greatly facilitate the-
oretical treatments and computational studies of systems
involving rod-like objects. Examples include rod-shaped
liquid crystal molecules, colloidal nanorods, polymer seg-
ments, nanowires, carbon nanotubes, rod-like microbes,
filamentous materials, and filament bundles. An analyt-
ical form is also obtained for the integrated LJ potential
between a point particle and a thin rod. Such potential
can be used to investigate the behavior of thin rods in a
solvent modeled as a liquid consisting of LJ beads.
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In this Supporting Information, we first show how the function H(x,a,r), which is involved in the expression of
the integrated repulsive potential between thin rods, is derived. Then we show how the expressions of forces and
torques can be derived from the integrated potentials. We also include comparisons between the analytical results
and the numerical results from direct numerical evaluation of the double integrals for the integrated potentials. The
comparison fully verifies the analytical formulae presented in the main text.

S1. INTEGRATED REPULSIVE POTENTIAL

Using the coordinate system in Fig. 1 of the main text, the integrated repulsive potential between two thin rods
has the following form.

po+lz  pxotly dxzd
Ur = B\ / / wep .
po—lz Jao—t; (124 22+ p?2 —2xpcosb)
po+lz  pxo+ly dxd
= BMA2 / / P 5 (S1)
po—lz Jxo—1y (z — pcosB)? + p2sin® 0]

We introduce the changes of variables: a = psiné and y = x — pcosf. Then da = dpsin € and dp = bm@ Note that
pcosf = psinb‘g?sg = acotf. If we set b = cot @, then pcosf = ab and y = x — ab. At a constant p, we have dy = dx

and the integration over = in Eq. (S1) can be completed and the resulting integrated repulsive potential becomes

- By [(poti2)sing p 63 y
= _— t _
" sin ¢ /(Po—lz)sin9 ¢ [256(7"2 + a2z e an(\/r2 + a2>

193y 637°
256(7“2 +a?)(r? +a® +y?)5 256(r2 +a2)5(r? +a% +y2)°
n 147y7 219°
128(r2 + a?)*(r? + a? + y2)° 10(1"2 +a?)3(r2 4+ a? + y?)°
237 3 y=x0+Il1—ab
+128( 25 2)2(y2_|_ 2 2)5} (S2)
r2+a2)2(r2 +a?+y y—wo—l1—ab
If we define
Y
ZC a, T /da |:256 7‘2 + a2)11/2 arctan(\/ﬁ)
193y 63y°
256(7’2 +a?)(r? +a? + y?)d 256(1"2 +a?)5(r? 4+ a? + y?)°
n 147y" n 219
128012 + a2) (2 + a2 + 25 ' 1002 + a2)3(r2 + a2 + y2)°
237y3
S3
128(7°2 +a?)?(r? +a® + y2)5] (53)

where y = x — ab, then Ugr can be written as

BMA
811192 [H (w0 + l1, (po + l2) sin 6, r) — H(xo + l1, (po — l2) sin 6, r)

—H(xg — 1, (po + l2)sinb,r) + H(xg — 11, (po — l2) sin b, r)] (S4)

Ur =
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The target integral to compute is

63 x —ab
H("IH a, 'f') = da W arctan ﬁ
n 193(z — ab) n 63(x — ab)?
256(r2 + a2) [r2 4+ a2 + (x — ab)?]”  256(r2 + a2)5 [r2 + a2 + (z — ab)?]’
. 147(z — ab)” n 21(x — ab)®
128(r2 + a2)1 12 + a2 + (z — ab)?2]®  10(r2 + a2)3 [r2 + a® + (x — ab)?]’
237(x — ab)3
i (o - ab) 5 (S5)
128(r2 + a?)? [r2 + a® + (z — ab)?]

The computation of H(x,a,r) can be broken down to the calculation of the following six integrals, labeled as #1 to

#6.

H(z,a,r) = / 25607 + a%?i(i;j? o ab)T da (#1)
+/ 256(r2 + QQ)?[ESZ :rzl;)i (@ — b da (#2)
+/ 128(r2 + a214g:;§f)+ (- ab)2]5da (#3)
+/ 10(r? + a2)? 21::;;51 e ar (#4)
+/ 1282 + a223§;v;$))+ e a (#5)
+/ 256(r2 + a2)11/2 ““‘Ctan<\/%> da (#6) (S6)

A. Integral #1

As shown in Eq. (S6), the function H(x,a,r) is the sum of six integrals, five of which are in the form of an integral
of a rational function. These integrals can be computed with Ostrogradski’s integration method [91, 92]. Here we
demonstrate the process using the first integral in Eq. (S6), the integral #1, as an example. The integral to compute
is

/ (” + a?) [r2x+_a; i @ (57)
We define
P(a) =z — ab (S8)
and
Qa) = (r* +a®) [r* + a® + (v — ab)*]’ (39)
then
Q'(a) =10 [(1* + Da — ba] (> + a®) [1* + a® + (z — ab)?]" + 24 [r* + a® + (x — ab)*]’ (S10)

The greatest common divisor of Q(a) and Q' (a) is
Qi(a) = [+ a® + (z —ab)?]" (S11)

and dividing Q(a) by Q1(a) yields
Q2(a) = (r* +a®) [r* + a* + (z — ab)?] (S12)
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Using Ostrogradski’s method [91, 92],

z —ab
2 2) [2 2 25da
(r2 4+ a?) [r2 4+ a® + (x — ab)?]

Ad” + BaS + Ca® + Da* + Ea® + Fa® + Ga+ H Ra®+Sa® + Ta+V
= + da
Q1(a) Q2(a)
Aa” 4 Ba® 4 Ca® + Da* + Ea® + Fa® + Ga+ H Ra3 +Sa? + Ta+V
= 1 + 3 CINA 3 2da (S13)
[r2 + a2 + (z — ab)? (r? +a?) [r* + a® + (z — ab)?]

Here all capital letters in the cursive font are functions of =, b,and r. That is
A= A(x,b,r), B=DB(z,b,r), ..., V=V(x,br) (S14)

Taking derivatives with respect to a on both sides of Eq. (S13) and equating the corresponding coefficients yields the
following linear equation,

z—ab = (TAa® +6Ba® + 5Ca* + 4Da® + 3€a® + 2Fa + G)(r? + a?) [r? + a® + (z — ab)?]
—42a — 2b(z — ab)] (Aa” 4 Ba® + Ca® + Da* + Ea® + Fa® + Ga + H)(r* + a?)
+(Ra®*+8a® + Ta+ V) [r* + a® + (z — ab)z]4 (S15)

The Python code used to solve this equation symbolically is attached as a separate file.
The integral term on the right hand side of Eq. (S13) can be written as

/ Ra’>+Sa>+Ta+V
da

(r2 4+ a?) [r2 4+ a® + (x — ab)?]

Ra3 Sa?
= [wramrareman®t [ wr e e

Ta V
/ (r2 4 a?) [r? + a® + (x — ab)?] da / (12 +a?) [r? + a® + (z — ab)?] da (516)

Below we solve each of these four integrals separately. For the first integral, performing a partial fraction decomposition
and using linearity, we obtain

a3
/ (r2 +a?)[r2 4+ a? 4 (x — ab)?] da
(:c4 + (3b2 + 1) r2x? — b2T4) a — 2br?x® — 2brtx
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2 2 _ b2 2 — 2 2
_ " (x " )a " xda (S17)
x4 4+ 2b2r222 4 bird a? 4 r?
We now solve the following integral.
4 3b2 1 22_b24 _2b2 3—2b4
/(w +( + )r:v T)a 74T Txda (818)
(0% +1)a? — 2bxa + 2% + 2

Using the following identity,
(174 + (3b2 + 1) rlz? — b27’4) a — 2br?x® — 2brts
ot + (302 + 1) r2a? — b*rt

= TG (2(0*+1)a—2bx)
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+bx (:104 + (3b2 + 1) r2z? — b2r4)

I — 2br%a3 — 2brtx (S19)

the integral in Eq. (S18) can be split as

da

/ (:104 + (3b2 + 1) rix? — b27°4) a — 2brx3 — 2brix
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d
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/ ! d (S20)
a
(b2 +1)a? — 2bxa + 22 4+ 12

We now need to solve the following integral

/ (b*+1)a—bx d
(%2 +1)a? — 2bxa + 22 + 2 “

Using the substitution

u= (b*+1)a® — 2bxa + 2° + r* (s21)
we have
d
d—z =2(b? + 1)a — 2bx (S22)
and
! : d (S23)
1= du
2(b2 + 1)a — 2bx
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(b*+1)a—bax 171 1
da=5 ) ut=3! $24
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da = 3 In[(b* +1)a® — 2b 2442 25
/(b2+1)a2_2bxa+x2+,’,2a 21?1[( + )a ra + x +T} ( )

The integral in the second term on the right hand side of the final expression in Eq. (S20) can be rewritten as

1
d
/(b2+1)a2—2bxa+x2+r2 “
1

/ 2
(\/b2+1a— —lf;-i-l) —é’jfj—l—xz—l—rz

da (526)

Using the following substitution

W (b2 + 1) a—bx (827)

V2 + 1/ 55 + a2 + 72
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we get

= (528)

and

da = dw (529)

The integral in Eq. (S26) becomes
1

/ 2
(\/bz—i-la— hf’fﬂ) — &= a2 402

/ —iriy a4
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ES
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dw

dw

So the integral in Eq. (S20) becomes

at + (3b? + 1) r2a? — b2t (b*+1)a—bax
da
/ v +1

b2 41 )a? — 2bxa + 22 + r?
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The integral in the second term on the right hand side of the final expression in Eq. (S17) can be completed as

($2—b2r2)a—2br2x 9 9 9 a 9 1
/ - da = (x —br)/7a2+r2da—2brx/7a2+r2da

2 2,2
= % In(a® +1%) — 2bra arctan(;) (S32)

Putting all things together, the result of the target integral in Eq. (S17) is

a3
/ (r2 +a?)[r?2 4+ a? + (x — ab)?] da
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_ 1 2.4 2 2 2 2
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In (a2 (b2 + 1) — 2abx +r* + x2)

Using the same method, we obtain
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and

a
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and

1
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The integral in Eq. (S13) is then completed after we obtain R, S, T', and U using linear equations such as the one in
Eq. (S15).
The final result for the integral #1 is
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(S37)

B. Integral #2-#°5

The second to fifth integrals in Eq. (S6) can be computed using the same process described in the previous section
for obtaining the integral #1.

C. Integral #6

To compute the sixth term on the right hand side of Eq. (S6), we need to evaluate the following integral

/ arctan(\/%) ;

(r2 + a2)11/2 (S38)
The trick is to integrate by parts,
[ #5da= g~ [ gda
where f and ¢ are functions of a, and ¢’ = % and [/ = %.
For the integral in Eq. (S38),
r — ab
f = arctan<ﬁ) (839)
and
S S (S40)
9= (12 + a2)11/2
Therefore,
[ ax + br? (S41)
Vr2 4+ a? [(:v - ab)2 + 12+ a?
and
128a” + 57612a” + 1008r%a® + 840r%a3 + 3151%a (842)
g =
315710 (r2 + a2)*/?
Thus

—ab
/arctan(\/%)
————’da

(r2 + a2)11/2



SI-9

< x —ab ) 128a° + 576124 + 1008r%a® + 840r%a2 4 315r%a
= arctan

VrZ+a? 315710 (r2 + g2)"/2
/ a (315r® 4 840ar% 4 1008a*r* + 576a°r? + 12848%) (ax + br?)
315710 (12 4 q2)° [(:17 —ab)® + 712 + QQ]

da (S43)

The integral in the previous equation can be broken down into the sum of various integrals, each of which is an
integral of a rational function.

da =

/ a (3157°8 + 840a?r% + 1008a*r* + 5764512 + 128a8) (a:v + brz)
315710 (12 4 a2)° {(:v —ab)® + 72 + a2}
a’x 8atx

/ da+/ da
r2 (r2 + a2)5 [(:c - ab)2 +r2 4 QQ} 3rd(r2 + a2)5 [(:17 - ab)2 +7r2 4 aQ]

16a8z da + / 64a8x
5r6 (r2 + a2 [(x — ab)2 +7r2 + aQ} 3518 (r2 + a2)5 [(x — ab)2 +r2 4 aQ}
8a3b

/ da
10

/ 128a"x da +/ da

315110 (2 4 a2) [(:c - ab)2 +7r24 QQ} 3r2 (r2 + a2)5 [(:17 - ab)2 +7r2 4 aQ]

+

+

16a°b / 64a"b
da +
5r (r2 + a2 [(:c - ab)2 +r2 4 CLQ} 35r6 (r2 + a2)5 [(:c - ab)2 +7r2 4 CLQ}
/ 128a%b / ab
+ da +
31578 (r2 4+ a2)5 [(:v — ab)2 +r2 4 a2] (r2 + a2)5 [(:v — ab)2 +7r2 4+ a2]

+ da

da (S44)

Each integral above can be evaluated using Ostrogradski’s method. Here we use the first term as an example. The
integral to compute is

CLQI

/ r2 (2 +a2)” [(z - ab)’ +7 + 2 o (519)
Setting
P(a) = a*z (S46)
and
Q(a) = (r* +a®)° [(z — ab)® + r* + a?] (S47)
then
Q'(a) = 10a(a® + r*)* [(x — ab)® + r* + a®] + 2(a® +1°)® [(b* + 1)a — ba] (S48)
The greatest common divisor of Q(a) and Q'(a) is
Q1(a) = (a® +r*)* (S49)
and dividing Q(a) by Q1(a) yields
Q2(a) = (r* +a®) [(z — ab)® + 1% + d?] (S50)

Therefore,

2

/ a“x d
a
r2(r? + a2)5 (x — ab)2 +7r24 QQ}
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7i Aa7+Ba6—|—Ca5+Da4+8a3+}'a2+ga+7{+ Ra®+Sa?+Ta+V da (S51)
T2 (a? + r2)* (r2+a?)[(z — ab)? + 12 + a?]

Taking derivatives with respect to a on both sides of Eq. (S51) and equating the corresponding coefficients yields a
linear equation that can be used to determine the capital letters in the cursive font, which are all functions of z, b,
and r. The integral term on the right hand side of Eq. (S51) has already being evaluated. The final result for the
integral in Eq. (S38) is

63 arctan ( £z )
/ 256 (a2 + r2)'!/?
1 { 1680 (br2 — az)
© 491520 | 42 (a? + T2)4 (D212 4 22)
— ;LO 3 [6&()21"2 (28r2:17 + 473:3) +225ab*riz 4+ a (573:5 — 567“2173)
rd(a? +1r2)” (b?r2 + 22)
—8b% (9r'a? + 7r%) — 1206°r° + 24b (Tr'a? + 2r?2?)]
3
8 (a2 4+ 72) (b2r2 + 22)"
+ab®r®z (79352r2* + 570407 4 2140952*)
+4abSr%z (—27440r*2? — 199087%2* + 3920r° + 442252°)
—ab'r'z?® (137760r"2* 4 105488r°2" + 78400r° — 847752°)
+2ab*r?2” (1552002 — 11076r°2” + 23520r° 4 117272°)
+az” (2000r*z* — 2152r°z* — 2240r° + 28332°)
—11968b"*r™* — 64b" ' r'? (23372 + 4232%) — 64071 (—1217r°2% + 1450 4 352")
—64b"r® (—1895r*2% — 3073r%z” + 35r° — 5952°)
+646°r02? (315r12® + 1547r°2* + 735r° 4 5702°)
—64b°r12* (17150 2 + 92r%2* + 1225¢° — 2082°)
+64br?2° (10r*2? — 16r2z” + 245r° + 322°)]
2
I (a2 +12)% (b2r2 + 22)°
+2ab*r* (4100r°2® + 4200r'z + 170072°) — 4ab*r*2® (3790r%2* 4 4200r* — 3039z")
+ax® (—1640r°z” + 1680r* + 1809z") — 5904br' — 96b"r® (551 + 8127)
—48b°r° (—460r°2® 4 35r* — 772*) 4 96b° (175r%2% + 275r%" 4 74r%2°)
—48b (—32r°2® 4 20r'2® + 175r%2*)]
_7“9(b2r?;—$—|—x2)9 arctan (=) [992256'%7'° + 26460001 (52 + 20%)
+8820b" %12 (50r°2? + 361 + 1412*) + 75606'0r0 (—84rz? — 49r%2* 4 2475 + 22829)
+126b°r° (—8160r°2z” — 1461672 — 9060r°z°® + 320r° + 125452°)
—168b°r02% (720r52% + 2808r 2 + 4555r22° + 2240r® — 59102%)
+36b*r*x* (27360r%2% 4 1268472 — 5810r%2° + 156807° + 114452%)
—72b*r*2° (1480r%z* — 588r*z* + 595r°2°% + 2240r° — 14002°)
+2° (—2880r%22 + 3024r*2* — 42007°2° + 4480r° + 110252°)]
| 384a (576a5r% 4 1008a’r* + 840;%6 +128a® + 315r%) sretan ( x —ab )
r10 (12 + a2) /2 V2 + a2

384
+ — (31561571 4 10566016 (150 4 2327)
r10(b2r2 4+ 22)7 /(b2 + 1) 12 + 22

[34969ab'*r' %z + 2ab'°r'%x (367487 + 6815927)

[15129ab%r® + 12ab°r° (1810r°z + 32332°)
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+420M 71 (160r°2? + 750 4+ 1992) + 6b'?r'? (455112 + 1939r°2” + 525r° + 28612°)
+b'0r0 (=7980r%2% — 108361 + 111241720 + 1575¢° + 230632°)
+b°r% (—9345r%2® — 18732r%" — 17460r"2° + 7495r°2® + 315r'0 4 209952')
—2b%7%2% (105r%2” + 444r%2" + 3665r"2° — 2210r%2° 4 1470r'° — 64602'°)
+20%r 1zt (4635r%2% + 3379r%" — 1957120 + 1020r22® + 2205r' 4 25842'7)
+b°r2a0 (—1445r%2% 4 52r%2" — 120r'2% + 544r%2® — 1260r'° + 12162'°)
+2% (=5r%2% + 8r%2* — 16r*2° + 64r°2® + 35r'0 4+ 1282'%)] x
arctan ( ab +a—bo )

L2 4+1)r2 422

192
+36b" (—168r%2® — 280r'a" + 35r22° + 5r%)
+b7 (—4680r°2% — 5292r*z* — 10920r°2° + 35r% + 3152%)
—36b" (—252r°2° — 180r'a” + 35r%2® + 1052%) + 126b° (60r°2°® + 35r'2" + 632°)
a? (b2+1) —2abx+r2+x2}
r2 +a?

[315b" 77 + 4200"° (3r%2” 4+ 7%) 4+ 126b'% (—20r°2” 4 15r*2* + 3r%)

—4200° (7r?2° 4 92°) + 315b2°] In (S52)

Combining all the results above, we get the final expression of H (z, a, ), which can be used to express the integrated
repulsive potential (i.e., the integration of the 1/r12 term) between two thin rods.

1
384078 (a2 + r2)4 (b2 + 1)r2 + 22)* (a2(b? + 1) — 2abx + 12 + 22)*
{3(0* + 1)*z [(187(b* + 1)*r® + 328(b” + 1)%2®r" + 240(b* + 1)z*r® + 642°] a'®
—3b(b* +1)* [64(b% + 1)"r® +1565(b% + 1)°2%r® + 2680(b* + 1)%z*r* + 1936(b% + 1)2%* + 5122°] o'
+(b* 4+ 1)%z [3(b” + 1)*(1196b% + 1455)r® + (b* + 1)*(21093b” + 9857)2°r°
+8(b% +1)%(39516% + 1189)a*r? 4 48(b* 4 1)(443b + 91)2%r? + 768(7b2 +1)2%] o'
—b(b® + 1) [48(b% + 1)°(15b> 4 29)r' + 3(b% + 1)*(75406% + 10883)z*r® + (b* + 1)*(67635b° + 68581 )z"r°
+8(b% + 1)%(102096% + 7937)2%r* + 192(b? + 1)(247b% + 145)2®r® + 1536(7b° + 3)2'°] a'?

z [3(b% + 1)°(2802b" + 7856b + 4923)r'% + 2(b* + 1)*(39954b" + 70537b% + 20405)x*r®
+(0? + 1)%(163731b* + 242506b% + 48663)z 75 + 8(b? + 1)?(19569b* 4 24994b° + 3793)x5r?
+96(b? 4 1)(763b" + 822b% + 99)2®r? + 384(35b" + 30b° + 3)2'%] o'
—b [8(b* 4+ 1)°(123b* + 562b° + 543)r'? + (b* + 1)*(42618b* + 132008b* + 96915)2r'"
+2(b% + 1)%(96486b* + 2167016 4 119915)2*r® + (b + 1)2(301317b* + 585674b% + 267109)2%r°
+16(b* 4 1)(14457b* + 25234b 4 9681)2°r* + 96(8756" + 13906% + 459)2'%r? + 1536(7b% + 3)z'?] a'”
+ [768(7b* + 1)2'? + 96(763b" + 82267 + 99)rx"'? + 16(164856° + 36665b" + 23115b + 2727)r*2®
+(b% + 1)(4280550° 4 1048741b" + 734629b2 + 101399)r%25
+(b% + 1)%(351564b° 4 970913b* + 767622b% + 131185)r52*

+(b% + 1)3(127374b5 4 424378b* + 398879b% + 92579)r1 02>

+(b* 4 1)*(9132b° + 45706b* + 65580b° + 28317)r'?] o’

—b[(b” + 1)*(561b° + 5153b* 4 11767b* + 7575)r'

+(b? + 1)3(38616b° 4 201070b" + 3187922 + 158913) %12
+(b? + 1)2(256584b° + 947360b* + 113630302 + 449877) 410
+(b? + 1)(5022960° + 1629001b* 4 1704494b* + 580869)2.5r°
+2(239793b° + 710497b* + 6742950 + 203991)2%r°
+16(14457b" + 25234b% + 9681)z'Or* +192(247b + 145)2'?r* 4 15362 o®

H(z,a,r) =
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+a [1922'" + 48(443b* + 91)r?x'? + 8(19569b 4 24994b* + 3793)r'z'0

+(4280550° + 10487416 4 7346296 + 101399)7%2®

+8(b% + 1)(70755b° 4 192841b* + 151689b% + 23715)r%28

+4(b% +1)2(944076° 4 299896b + 273347b% + 51922)r' 02

+4(b% +1)3(24564b° 4 106463b* + 122081b% + 31654)r1 22>

+2(b +1)*(2244b° + 175825" + 33093b* + 16761)r'*] a”

—br? [(b% + 1)*(1929b* + 81500 + 7701)r'* + 2(b% + 1)3(7854b° + 60694b* + 124841b% + 76911)2>r"?

+2(b 4 1)(83496b° + 378821b" 4 531204b% + 244219)z*r™°

+4(b% +1)(106743b° + 393911b* + 462833b2 + 178625)x5r°

+(502296b° + 16290016 + 1704494b + 580869)2°r°

+(301317b" + 585674b% + 267109)z'°r* + 8(102096% + 7937)z'2r? + 5808z'*] a°

+r2z [6(b% + 1)*(1929b" + 6248b% + 4110)r"*

+2(b% +1)3(15708b° 4 1078100 + 167127b* + 52897)xr'2

+4(b% +1)2(49602b° 4 1946690 + 215756b% + 49377 )2 171°

+4(b% + 1)(944070° 4 299896b + 273347b% + 51922) 2578

+(351564b° + 970913b* 4 7676226 + 131185)2°r°

+(163731b" + 242506b% + 48663)x'*r" + 8(3951b* + 1189)2'*r? + 7202'] a®

—br* [15(0% + 1)*(153b* + 283)r™* + 15(b + 1)3(1929b* + 66506 + 5631)x*r'?

+10(b% 4 1)%(3927b° 4 28439b* 4 51979b% + 29807 )70

+2(b% +1)(83496b° 4 3788210 + 531204b% + 244219)2%r®

+(2565840° 4 947360b* + 11363030 + 449877) 2576

+2(96486b" + 21670167 + 119915)2'%r* + (676350 4 68581)x'*r? + 80402 a*

+rtz [180(b% + 1) (5167 + 58)r'* + 20(b? + 1)*(1929b* + 5498b% + 2513) 2”72

+2(b% +1)2(15708b° 4 1078100 + 167127b% + 5289721710

+4(b% + 1)(24564b° 4 106463b* + 122081b% + 31654) 2578

+(127374b° + 424378b* + 398879b? + 92579) 21"

+2(39954b" + 70537b + 20405)z'r* + (21093b* + 9857)x'?r? 4 9842'*] o

—brf [975(b% + 1)*r™ + 30(b + 1)*(459b% + 719)x*r'? + 15(6% + 1)%(1929b* + 66500 + 5631)z*r!°

+2(b% + 1)(7854b° + 60694b* + 124841b% + 76911)x57®

+(38616b° + 201070b* + 3187926% + 158913) x5

+(42618b" + 132008b* + 96915)z'r* + 3(75400 + 10883)z'*r* + 46952'*] a?

+r02 [1950(6% + 1)*r'* + 180(b* 4 1)* (516 4 58)2r'? + 6(b* + 1)?(1929b* + 6248b% + 4110)2*r'°

+2(b% +1)(22446° + 175820 + 330930 + 16761)2%5 + (913205 + 45706b* 4 6558002 4 28317)2.5r°

+3(28020" + 78567 + 4923)x'Or* + 3(1196b% + 1455)2' %% + 5612 a

—br®2? [975(b% + 1)%r'? + 15(b% + 1)*(153b> + 283)2°r'™" + (b% + 1)(1929b* + 81506% + 7701)z*r®

+(5610° + 5153b* + 11767b> + 7575)2°r° + 8(123b* 4 562b° + 543)2®r* + 48(15b> 4 29)z'"r* + 1922'%] }
315 (b2 + 1) 82 + 840 (b2 + 1)° 523 + 1008 (b + 1) r*2® + 576 (b2 + 1) 1227 + 1282

" 1280710 (b2 4+ 1) 72 + 22)"/?

( ab® +a — bz )
X arctan

L2+ 1)r2 + 22
315r%a 4+ 8401943 + 1008r%a® + 5761r2a” + 1284 T —ab
4 573 X arctan | —— (853)
1280710 (a2 4 r2) va? +1r?
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S2. INTEGRATED ATTRACTIVE POTENTIAL

The expressions for the integrated attractive potential (i.e., the integration of the 1/r% term) can be derived in
similar fashions. The final results are included in the main text.

S3. FORCES FROM ROD-ROD INTERACTIONS

Using the affine coordinates defined in Fig. 1 of the main text, we can express the displacement, ds, of the rod 1 as
ds = dzn, —dpn, — drn, (Sh4)

Note that in Fig. 1 of the main text, the center of rod 1 is located at (z,0,0) (for simplicity, we denote xy as z in
this section) and the center of rod 2 is located at (0, p,r) (we denote pg as p in this section). The configuration of the
two-rod system is given by (z, p,r) and a configuration change (dr,dp, dr) corresponds to a displacement of the rod
1 given in Eq. (S54).

For a scalar function U(z, p,r) describing the potential between the two rods, its total derivative can be written as

dU =VU -ds (S55)
where VU is the gradient in the affine coordinate system. Meanwhile, the total derivative of U can also be written as

ou ou ou

dU = —d —dp+ —d
U B x + ar P+ 5 o (S56)
Combining those two equations, we have
ou ou ou
cds = —d —d —d
VU - ds B x + a p+ 5, o (S57)
We can write the gradient as
VU = an, + fn, +yn, (S58)

Plugging Eqgs. (S54) and (S58) into Eq. (S57), the left hand side of Eq. (S57) becomes
(ang + fn, +yn;) - (den, — dpn, — drn.,) (S59)

For the unit basis of the affine coordinate system,

n, n; =1 n, n,=1 n, -n,=1
n, n,=0 n, n,=0 n, -n, = cosf (S60)
Thus Eq. (S57) yields
(a+ BeosO)dx — (acosl + B)dp — ~vdr = 8—Udzzr + 8—Udp + 8—Udr (S61)

Ox ap or

We arrive at the following set of equations,

8—U = «a+ fBcost
ox

ou

8_p = —acosf—pf
oU

We can then solve for «, 5, and v and the results are

a = L(a—U—i—COSHa—U)
~ sin?g \ Ox dp



SI-14

1 oUu oUu
- 9
p sin29<5 +eos 8:10)
oU
7= oo (S63)
The force on the rod 1 is
F, = VU
= —(ang + fBn, + ;)
1 oU oU 1 oU oU oU
= —— 09 ) 0o+ —5 (S +cos85- | m, + S, 4
sm@(a +eos 3p>n +sin29<3p+cos 8x)np+8rn (S64)

The force on the rod 2 is Fy = —F;.

S4. TORQUES FROM ROD-ROD INTERACTIONS

This section follows the affine coordinates and the notation in Fig. 1 of the main text. The center of rod 1 is located
at (20,0,0) and the center of rod 2 is located at (0, pg,r). If we denote the force on a volume element dx of rod 1
from its interaction with a volume element dp of rod 2 as f; and the corresponding potential as u(x, p,r,6). It can be
easily proven the following identities.

ﬁ (% +cost9§—z> = % (S65)
@ <% —I—cos@?—Z) = % (S67)
@ <g—z —I—cos@%) = % (S68)

The torque on rod 1 has the following component along n..

//(x — zo)n, X fi,dzdp

//a:flp sin 0dxdpn, — zon, x Fq,

0
// (_u + — cos 9) dxdpn, — xon, x Fq,
sin 6
= // dxdpn, — xon, x Fy,

= 2 //udxdpnz —xon, X Fy,

T1z

ou
= an — ToNn, X Flp
ou .
= (% — 0k, sin 9) n,
ou  zy (0OU ou
= [% ~ng (3_p —l—cosb'%)} n, (S69)

Here U = U(xo, po,r,0) is the integrated rod-rod potential.
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The other component of the torque on rod 1 is
Ty = //(:v — zo)n, x fidxdp
= //xnm x f1,dxdp — xon, X Fq,
//xnm nzdacdp —zony, X Fq,
= _//xgdxdpny —zong X Fq,

r ou ou
- _// sin® ¢ (% * COSG@T,) dzdpny — xon, X Fi.

= r//flxd:rdpny —xon, X Fq,

= rleny — T, X Flz

= rm, X le — Trohn, X Flz
= (Tle +I0F1Z)Ily

r ou ou ou
= |: m<a + cos Gap)—l—xog}ny (870)

Here n, = n, x n, setting a local right-handed Cartesian coordinate system (zyz).
The torque on rod 2 can be derived similarly.

//(p = po)n, x fazdxdp

—//pfgm sin fdxzdpn, — pon, x Fo,

= // (— + — cos 0> dxdpn, — pon, x Fo,
sin 0

= // —dxdpn, — pon, x Fo,

//udxdpnz pon, X Fo,

T2z

= 89 — pPon, X FZm
ou
- < (96‘ + pong sin 9)
[ oU  py (OU U
= {_W—i_—sme (8_+ os@ap)]nz (S71)

and
Tor = //(p— po)n, x fo.dzdp
//pnp x fo.dxdp — pon, x Fa,

= //pnp nzd:rdp pon, X Fo,

//pgdxdpnt — pon, X Fa,
r Ju ou
N //m (a_p “"S@@) dzdpn; — pon, X Fa.

—T//fzpdiﬂdpnt — pon, X Fa,
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= —rky,n; — pon, X Fa,

—rn; X Fa, — pon, x Fa,
= (=rFzp + poFa.)ny

r oU oU ou
= [sm—29 (3_p +cosb’%) - poﬁ} ny (S72)

Here n; = n. x n, setting another local right-handed Cartesian coordinate system (ptz).

S5. FORCES AND TORQUES FROM BEAD-ROD INTERACTIONS

Using the affine coordinates defined in Fig. 2 of the main text, the point particle (i.e., the bead) is located at (p, 0).
Therefore, the force on the bead is

Fy = —VW(p,0)
ow - 1ow
ap 7 p o

ny (S873)

Note that

1 cosf

o, 4
sinb’n sin@np (874)

ng = —
Therefore

1 oW <8W cosf BW) n, (S75)

2= o 00 ™ oy T osmo 00

The force on the rod is F1 = —F5.
The interaction between the point particle at (p, ) and a volume element dz on the rod is

B B A
(22 + p2 — 2zpcosh)® (22 + p? — 2zpcosh)®

w(z, p,0) = (S76)

The integration of w(z, p, ) over x yields the full potential W (p, ). It is easy to show that

x<8w cos (?w) 1 ow

8_p+psin9% " sind 90 (877)

The torque on the rod can be computed as

T, = /(:17 —l)n, x fi,dzx

ow cosf Ow)\ .
/x ((?_p + m%) sinfdzn, — Iln, x Fy,

0
= —wdxnz —In; xFy,

00

= %/wdmnz —In, x Fq,

ow
= an — lnz X Flp

= a—W—l 8_W+_60598_W sinf| n
o dp  psinf 00 N

. OW l ow
[—lsm Ha—p + (1 - ;cos 9) W] n, (S78)

Here n, = ﬁnw x n, is the unit vector perpendicular to the xp plane.
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S6. VERIFICATION OF ANALYTICAL RESULTS

Since our analytical results on the integrated potentials, forces, and torques involve very lengthy expressions, we
compare them to the results from direct numerical integration in this section. An essentially perfect agreement is
found in all cases, as expected. Such comparison thus completely verifies the correctness of the analytical results
presented in the main text. Some examples of the comparison between the two are included below.
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FIG. S1. Comparison of analytical and numerical results for the integrated attractive potential between a pair of thin rods in
various situations.
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FIG. S2. Comparison of analytical and numerical results for the integrated repulsive potential between a pair of thin rods i
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FIG. S3. Comparison of analytical and numerical results on the force components from the attractive (Left) and repulsive
(Right) components of the integrated interaction between a pair of thin rods in a skew configuration in 3-dimensions.
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FIG. S4. Comparison of analytical and numerical results on the torque components from the attractive (Left) and repulsive
(Right) components of the integrated interaction between a pair of thin rods in a skew configuration in 3-dimensions.
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FIG. S5. Comparison of analytical and numerical results for the integrated potentials, force components, and torque components
between a bead and a thin rod with a length of 2l = 10 and A = B = 4.



