CHAPTER IV. One-Dimensional Analysis

1. Formulation of the Problem

1.1 Problem Statement

The objective of thiswork is to determine the temperature as a function of position
and time of arod of known properties as it travels with a steady velocity through a
microwave cavity. The section that passes through the cavity is being heated

volumetrically by microwave energy that is modeled by

q(T) = 2pf e,'(T)i Ei 2 (1.1)

where g, is the permittivity of free space, €' isthe dielectric loss coefficient of the material

being heated, f is the frequency, and E is the applied electric field. Heat is being
transferred through the rod by conduction, and heat 10ss occurs at the surface due to

convection and radiation. The cylindrical rod initially starts at ambient temperature of
25°C, and the cavity wall is constantly cooled to maintain a temperature also at the

ambient. Our goal isto calculate the time-dependent temperature distribution in the rod

after application of the microwave field. Figure 1.1 shows a ssimple diagram of the system.
1.2 Problem Setup
If acylindrical rod is very thin, it can be assumed that the temperature through the

diameter is constant. Thisyields a one dimensional analysis with conduction aong the

length in the x-direction only, and radiation and convection account for the heat loss at the
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Figure 1.1 Diagram of Problem Statement

surface. Applying the conservation of energy principle to a differential cylindrical el ement,

we obtain
i M1 To 1 2h 2h 3 17T
ﬂ§ﬂ5+q_ Ve (CoT) - (M) - T Tua) = 1 G pg L2
where

q = volumetric heating source from microwave energy,

T =T(x,r,t) = temperature,

Ty = ambient temperature,

Twar = Microwave cavity temperature,

k = temperature dependent thermal conductivity,
C, = temperature dependent specific heat,
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h = convection heat transfer coefficient,

h. = radiation heat transfer coefficient,

v = velocity of therod in the x-direction,
and

t=time.

The boundary and initial conditions are
TON)=T(L,t)=T(x,0) =Ty . 1.3

A numerical approach is used to solve the model equation due to the nonlinear
nature of the equations and the temperature dependent properties. The implicit finite
difference method is chosen [13], centra in x and backward in time. The resulting finite

difference form of the equationsis

TEH eé kT VCp—H + T gk+ +k”  2h+h) T Cpg
ngz 2Dx g & Dx? R Dt g
€k rvcyu rc ~ 2h_  2h
i P A Pio=—PT0 4 qe =Ty +51T, ), 14
m+1 ngz 2Dx EI Dt M q R ¥ R wall (1.4)
with boundary and initia conditions
Tép) - T'E/I?) - Ti(O) =25°C. (1.5

T® isthe notation used to refer to the temperature at a given time, and it is known
from either the initial condition or from previous calculations at full time step earlier.
T® js the temperature at one time step after the same given time. These are the

unknownsin Eq. 1.4.
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C," and k" are the specific heat and conductivity evaluated at an average
temperature of T, and Tra. C, @nd kK™ correspond to evaluated values at an average

temperature of T, and Tyys.
The resulting algebraic equations are solved by atridiagonal matrix equation solver

to obtain the temperature distribution along arod at any given time. The one dimensional

model is used for comparison purposes to the two dimensional model.
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CHAPTER V. Two Dimensional Analysis

1. Formulation of the Problem

As thicker rods are heated, the one-dimensional model becomes less accurate since
thismodel assumes that the temperature gradient along the radius is zero. Intuition would
tell usthat asathick rod is volumetrically heated, the inside is hotter than the outside as
the result of convection and radiation at the surface. This second-dimensional effect needs

to be taken into account, so atwo-dimensional model was devel oped.

Thefirst step in developing this model is to derive the differential equation that
describes the temperature distribution in the rod. To do this, we analyze a differential ring

element asdisplayed in Fig. 1.2.

Figure 1.2 Differential Control Volume for Two-Dimensional
Conduction

16



Allowing conduction in both x- and r- directions, we apply the conservation of

energy principle to the element shown in Fig 1.2:

Ein' Eout'*' Egen: Estorage (1.6)

where

Ein= kATl 4 r CuAT], - KA,
T xly X

T
qr

r

~ T
Eout: 'klo\_TI
1 x

+ 1 CpVAT 5, - 0
X+Dx

Egen: qV,

and

E sorage = 1 CPV.ET_I ,
and where

V = volume of the differential ring,

A = cross-sectional area of the differentia ring,
and

A =radia surface areaat r.

First, we divide Eq 1.6 by Dx and take the limit as Dx approaches zero, then divide by A
and take the limit as Dr approaches zero. These steps lead to

al
9 x

17

Pyt (1.7)

LIS RO P b
(k'ﬂx) rvﬂx(CpT)+rﬂr(krﬂ r)+q r C
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The differentia equation (1.3) is not solvable without four boundary conditions
and oneinitia condition. Since heating is only applied to a small segment of the rod inside
the microwave cavity, far from the cavity where the heat source is not present and the
axial conduction has no effect at all, the temperature can be fixed at the ambient
temperature. For the left axial boundary condition, we fix the axial temperatures at the
ambient air temperature at a distance of two cavity lengths from the |eft side of the cavity,
and the right axial boundary temperature is aso fixed at the ambient temperature at two
cavity lengths from the right side of the cavity. There are also two boundary conditions for
theradial direction. In the center of the rod where the radius is zero, we can invoke
symmetry and state that the temperature gradient is equal to zero. The final boundary
condition, applied on the radial surface of the rod, is that heat conducted in the rod to the
outer surface must be equal to the heat loss by convection and radiation. We assume the
initial temperature is the ambient temperature. These boundary conditions and initial
condition are summarized in Table 1.1, and the location of the boundary conditions are
shownin Fig 1.3.

2. Finite Difference Form of the Equations

2.1 Finite Difference Form of the Heat Conduction Equation

Since the equation is non-linear due to the temperature dependent properties, a
numerical method for the solution isrequired. The finite difference method is chosen over

the finite element method because of the smple geometry of the problem.

In order to account for temperature-dependence properties, the control volume

integration approach isused. Thefirst step in deriving the finite difference equationsis to
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Table 1.1 Summary of Two-Dimensional Heat Conduction Equation
with Boundary Conditions and Initial Condition

RS SR B I eI e IT
'ﬂx(k'ﬂx) rvﬂx(CpT)+rﬂr(krﬂr)+q rcp.ﬂt
TXx,rt)= Ty @ x=0
TXx,rt) =Ty @ x=L
17 _ _
k'ﬂr 0 @r=0
A =TT (T Ty) @R
T(X,rt) = T¥ @t=0
L 2¢ pY A X
‘ ‘ _|—I=R
U ) J—r=0
=0 =L

¢ = length of the cawity

Figure 1.3 Boundary Condition Locations
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integrate the differential equation (Eq. 1.2) over a control volume over x from (X - %) to

(x+%) and over r from (r-%) to (r+%) asfollows:

+% x5 +0p D8y

—(kﬂ) rdxdr- O r v%(CpT)rdxdr +

9 x
rDnyy r%x-%

r+DV2 x+Dx 19 (T 077 x+Dx |
0O ?ﬂ(krw) dxdr+ o O ddxdr=
- % % - D5 xP%
r+077 x+D%7 0T
0 O r Cpﬁ dxdr. (1.8)

r- O x- D¢

Evaluating the integralsin Eq. 1.4 we and grouping the terms we obtain the finite

difference form of the equation. For example, thefirst termin Eq. 1.8 is evaluated as

follows

r+DV2 x+Dy2 r+% e u
l(k.l.;—T)rdxdr = 0 rgku 0 k.l%—T DXHdr

e q x|, ,Dx ey

r'DVz % D, 8 0 T 20
D26 @ GW_T GNe g 0T G0

= Q& ' - k& ’ *0dr =

oy & & Dx 5 & Dx of
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Integrating over all of the termsin Eq. 1.8 and grouping the temperature terms, we obtain

1 1 & pr rvC, Drf
kDX (=- )T PP + ¢ + L
(DI’ 2I’) m,n-1 % Dx 2 B m-1,n
- + -
g? k'Dr k'Dr kDx T CprngTmn(p+1) N
e Dx Dx Dr Dt g
1.1 1 a&*Dr r vCpDro 1
Rl R
A r C,DxDr
-q DxDr - —‘E)t TonP (1.9)

where

Trna®™ = Temperature at a (-Dr ) step from the point of evaluation at time t+Dt

Tim1n™® = Temperature at a (-Dx ) step from the point of evaluation at time t+Dt

Trmn™™ = Temperature at the point of evaluation at time t+Dt

T ™ = Temperature at a (+Dr ) step from the point of evaluation at time t+Dt
Trien®™ = Temperature at a (+Dx ) step from the point of evaluation at time t+Dt

Tmn® = Temperature at the point of evaluation at time't.

Anillustration of the finite difference element is shown in Fig. 1.4.
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Figure 1.4 Finite Difference Element

2.2 Finite Difference Form of the Axial Boundary Conditions

A different approach is used to determine the finite difference equations for the

boundary conditions. Since the axia endpoints are fixed, we can smply state

TP = Tuern”® =Ty (1.10)
where
M = 5" cavity length (1.11)
Dx

2.3 Finite Difference of the Radial, Outer Boundary Condition

The finite difference form of the radial boundary conditions are not as smpleto

determine as are the axial ones. An analysis of an individual boundary node is done by
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applying the first law of thermodynamicsto the finite, differential element. Figure 1.5

illustrates this element.

Now, we apply thefirst law of thermodynamicsin the form

SEin+ Egen=Ex«- (1.12)

After substitution of the energy rate terms, use of Fourier's Law, and dividing by 2pR, Eq.

1.8 becomes

2
k Dx (i_ i)(T (p+1) _ Trr(]pn+1)) + ki(Dr_Zf_R)(T (p+1) _ Tng?r;rl)) +

Dr 2R m,n-1 , 2Dx m-1,n
1 Dr2 (p+1) (p+1) (p+1)
kﬂ(m'ﬁ)a—mﬂ,n - Tmn”’) + hDx(Ty - Tyin ) +
m-1n m,n mt+ln

Figure 1.5 Finite Difference on Outer Boundary Elements
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- Dx Dr 2
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Dx

DZ
" Coore Dr-ﬁ)(Tngﬁfl) - TR (1.13)

Finally, the temperatures in Eq 1.9 can be grouped together to obtain

1 1. () Dr? sk VO (p+1)
ST T 8 o VO
KD R Tt * () on ¥ CoggTmin
¢ ka(i_ i)_ L(Dr_Dr_z)_ h.Dx- h.Dx-r C &(Dr_Dr_z)gT(pﬂ)
5 Dr 2R’ Dx' 4R’ © r PaDtt 4R’y ™
Dr2 1 V.- 1
+ (Dr-ﬁ) ?ﬂ- r szg-rn(]glr)l = - hCDXT¥ 'hrDXTwaII -
Dr?. . Dx Dr?. Dx _p
(DT'E) q— - T Cp(Df'E)ETm,n- (1.14)

2.4 Finite Difference Form of the Radial, Inner Boundary Condition

Figure 1.6 displays the symmetric boundary at the center of therod. Again, we

apply the conservation of energy principle to the element and divide by pDr to obtain
Dx 1 Dr 1 Dr 1 1
> (T 7 D)y 4 ko (T el Ty 4 ko (T o) TPy

,n+1 m-1,n m+1,n

+ qDxDr + r va%(Tnﬁf’lfﬁ) + TPy
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Figure 1.6 Finite Difference on Inner Boundary Element

DrDx

Dr
r cpv7(Tn§Efg +TPy = ¢ CpF(Tm(f’nﬂ) - TR (1.15)

By arranging the equations so that the temperatures are grouped together, we have

gf(%” CPV%%TnSPﬁ) *
e, Dx  Dr DXDr 6§ (p+1) DX __ (p+1)
%- 4kE- k&- r Cp TETm’n + 4kETm,n+1 +
Dr Do (pr) _ DxDr
?{a- r va?a nge_lrz = -qDxDr -1 Cp ?Tr?]’n. (1.16)
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3. Matrix Equation Solver

Now we have the governing equation, the four boundary condition equations, and
theinitial condition equation al in finite difference form. The next step isto solve the

system of equations using the necessary material properties. It is noted that the number of

+19. These equations are put in

o

equations will be &b cavity length +1'g'aeRad| us
& Dx o6

matrix form before solution.
3.1 Gaussian Elimination

One way to solve this set of equations may be to use Gaussian elimination.
However, this method is slow and requires much more memory than needed, the reason
being that the coefficients of the matrix are mostly zeros. This method requires that all of
the zeros be stored and participate in the calculations. A modification of this method
using sparse matrix techniques by eliminating most of the zeros reduces memory

requirements but is still slow.
3.2 Line-by-Line Method

In the one-dimensional analysis, atridiagonal matrix was derived from the
governing heat transfer equations; hence, atridiagonal matrix equation solver, a special
case of Gaussian elimination, was used to solve the set of equations. This specific solver
isvery quick and uses less memory than a complete Gaussian elimination or some other
type of matrix equation solver. The matrix for the two-dimensional case consists of five
non-zero diagonal elements, thus precluding application of atridiagona solver; however,
the line-by-line method, sometimes called the Alternating Direction Implicit (ADI) method
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[14], can use the tridiagonal matrix equation solver in combination with iteration. This
method allows the quickness and low memory requirements that result from applying the

tridiagonal solver and still arrives at accurate results for the two-dimensiona case.

Instead of analyzing all of the axia finite difference nodes with al of the radial
finite difference nodes at the same time, this method requires that we examine only arow
of axia finite difference nodes at agiven radius a atime. By analyzing the temperatures
at any radius and guessing the temperatures at the bordering radia elements, the
tridiagonal matrix equation solver can be used. This, however, allows for predicted axial
temperatures only at one value of radius. By repeating this process for different radii or
by “sweeping” through the different rows at different radii, we have a good estimate for all
of the unknown temperatures. Since this process involves iteration, we must repesat the
process using the newly determined values as the “guessed” values. Thisiteration is

repeated until a desired convergence is achieved.

An improvement to this method isto alternate the direction of the sweep. In other
words, we sweep in the x-direction for one iteration and sweep in the r-direction in the

next iteration. The computer model included in the appendix implements this method.

4. Computer Model

A computer program was created to solve the earlier described sets of equations
by using the line-by-line method. The computer model requires 2 major iterations. First
an iteration is required to find the temperature profile at a given time using the line-by-line
method. The program uses "old" values of temperature and calculates "new" values of
temperature until a convergence criteriais satisfied. The second iteration is to determine
whether steady state is reached. A simplified flow chart describing how the computer

model runsis shown in Fig. 1.7.
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