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LINEARLY IMPLICIT MULTISTEP METHODS FOR TIME
INTEGRATION *

ROSS GLANDON T, MAHESH NARAYANAMURTHI ¥, AND ADRIAN SANDU §

Abstract. Time integration methods for solving initial value problems are an important compo-
nent of many scientific and engineering simulations. Implicit time integrators are desirable for their
stability properties, significantly relaxing restrictions on timestep size. However, implicit methods
require solutions to one or more systems of nonlinear equations at each timestep, which for large
simulations can be prohibitively expensive. This paper introduces a new family of linearly implicit
multistep methods (LiMM), which only requires the solution of one linear system per timestep. Order
conditions and stability theory for these methods are presented, as well as design and implementa-
tion considerations. Practical methods of order up to five are developed that have similar error
coefficients, but improved stability regions, when compared to the widely used BDF methods. Nu-
merical testing of a self-starting variable stepsize and variable order implementation of the new Limwm
methods shows measurable performance improvement over a similar BDF implementation.

Key words. Time integration, ODEs, linear multistep methods, linearly implicit schemes
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1. Introduction. In this paper we are concerned with the numerical solution of
initial value problems (IVP):

(1.1) ‘% =f(t,y), to<t<tp, y(to)=yo; yt)eRN, f:RxRN RN
Systems of ordinary differential equations (ODEs) of this form appear in a wide variety
of scientific and engineering simulations. Some types of simulations, such as those of
chemical kinetics or aerosol dynamics [16,43], can be directly modeled by systems of
densely coupled ODEs. Others, such as those of fluid dynamics [30], arise from the
semi-discretization in space of partial differential equations (PDEs) via the method
of lines, resulting in a large sparse system of ODEs.

Two time integration families of methods are used to discretize (1.1): explicit or
implicit. Explicit schemes advance the solution to a new timestep using only infor-
mation from previous steps, and are simple in structure with very low computational
cost per timestep. However, they have stability limitations that result in problem-
dependent bounds on the largest allowable stepsizes. For stiff problems, implicit time
integration methods that determine solutions at a new timestep using both past and
future information, are preferable. These schemes avoid stability-bound stepsize lim-
itations at the cost of solving one or more nonlinear systems per timestep.

As solving large nonlinear systems can be very expensive, many types of linearly
implicit methods have been developed that only require solutions of linear systems
at each step. Rosenbrock methods [39] (and their many extensions [20,47,50]) are
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2 R. GLANDON, M. NARAYANAMURTHI, AND A. SANDU

linearized implicit Runge-Kutta methods. Implicit-explicit (IMEX) methods [1,2,14,
38, 54-56] couple an implicit scheme for the stiff component with an explicit scheme
for the non-stiff component of a split problem. A common splitting treats the non-
linear part of the problem explicitly and the linear part implicitly, therefore avoiding
the need for nonlinear solves. Exponential integrators [27,31-33,48,49] also effec-
tively treat a linear-nonlinear problem splitting, with the linear portion solved via
an exponential integrating factor. It is also common to linearize implicit methods
which would normally require nonlinear solves by taking only a single Newton itera-
tion [46,51], or to replace parts of the implicit scheme with an extrapolation of past
values [12,13,18,52], at the possible cost of order reduction and/or reduced stability.

In this paper we construct linearly implicit multistep methods (LiMM) in much the
same way that Rosenbrock methods are obtained from implicit Runge-Kutta methods.
We determine order conditions which account for the linearization [6,25], and solve
for a family of k-step order k methods for £ = 1,...,5. LiMM methods have more
free coefficients than traditional linear multistep methods with the same number of
steps, and this additional freedom enables the optimization of accuracy and stability
properties. The new schemes designed herein have linear stability regions larger than,
and error constants comparable to, the widely used BDF [15] family of methods.

The remainder of the paper is organized as follows. Section 2 describes the con-
struction of the LiMM general form. Section 3 builds order conditions for k-step
LiMM methods of order p. Section 4 considers the linear stability of LiMM meth-
ods, and Section 5 their convergence for step sizes not limited by the stiffness of the
system. Section 6 discusses the design of new methods with optimal stability prop-
erties and error coefficients, and develops a family of k-step order k methods with
k=1,...,5. Section 7 provides the details necessary for an efficient implementation
of LiMM methods with variable stepsize and variable order. Section 8 reports numer-
ical results comparing LiMM to BDF methods. Finally, Section 9 draws concluding
remarks.

2. Linearly Implicit Multistep Methods. A linear k-step method computes
the solution of (1.1) as follows [25, Chapter II1.2]:

k—1 k—1
(21) Z O Yn—i = hn Z 51 f(tn—iy}’n—i)v

i=—1 i=—1

where the numerical solution y,,_; ~ y(t,—;) and the step size is h,, = t,41 — t,,. The
simplest way to obtain a linearly implicit multistep method is to linearize the implicit
evaluation of f(t,4+1,yYn+1) in (2.1) about (¢,,yn), to obtain:

k—1 k—1
Z Ay Yn—i = hn Z /8; f(tn—i;yn—i)
(2.2) i=—1 i=0

of

+ hnﬁ—l fy(tna Yn) (Yn+1 - Yn) + hiﬁ—la(tn? yn)’

where 8 = Bo+ 81, Bl =Bifori=1,... k—1.

Remark 2.1 (Autonomous and non-autonomous forms). In order to simplify the
notation in the remainder of the paper, we will make use of the autonomous form of
(1.1), with Z—’t’ = f(y) and the notation

fn = f(Yn)a Jn = fy(Yn)'
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LINEARLY IMPLICIT MULTISTEP METHODS 3

As the original non-autonomous form can be recovered by stacking ¢ with the vector y
and making corresponding changes to f and J, the methods developed for autonomous
problems are also applicable to non-autonomous problems.

Now, because the direct linearization approach in (2.2) maintains the same number of
degrees of freedom, one can expect a degradation of accuracy and stability properties
of (2.2) when compared to the standard nonlinear scheme (2.1) with the same number
of steps. In order to increase the number of degrees of freedom one can generalize
the approach by retaining in the formulation past linearized steps scaled by new p
coefficients:

(23) Zalyn z*h Zﬁzn1+h Z,Ufz n—i—1Yn—i-

1=—1 1=—1

However, method (2.3) requires the storage of multiple past Jacobian-vector products
in addition to past solutions and function values, which is not desirable. For this
reason we consider a hybrid of the two approaches (2.2) and (2.3), and, drawing
inspiration from Rosenbrock methods [39], [26, Section IV.7], define the following
computational process.

DEFINITION 2.2 (LiMM methods). A linearly implicit multistep method (LiMM)
advances the numerical solution of (1.1) over one step [t,tn11] as follows:

(24) Zazyn z—h Zﬂznz"_h'] <Zﬂzyn z+h Zyznz>a

i=—1 i=—1

where, without loss of generality, a_1 = 1.

A linearly implicit multistep method of W-type (LIMM-W ) advances the numerical
solution using (2.4), where the exact Jacobian J,, is replaced by an arbitrary matric
A.,,. This matriz is chosen to ensure the numerical stability of the scheme, but without
impacting the order of accuracy of the method.

The non-autonomous form of (2.4) adds the following term to the right side of

equation (2.4)
8
hn n7yn (Z/'Lln ’L+h ZV’L>'

i=—1
We note that k-step LIMM schemes (2.4) have 4k+1 free coefficients (compared to 2k+
1 for classical nonlinear methods (2.1)), and require storing only k past solution and k
past function values at each step (the same as nonlinear methods (2.1)). Evaluation of
the LIMM numerical solution at each step (2.4) requires to only solve a linear system
of equations, expressed in a computationally efficient form as:

k—1 k—1
(I_hnﬂflJn)Z:Z(,U/z//i 1_aZ)Yn z+h Zyz/ﬂ 1+57,) n—i
=0 =0
k—1 k—1
Ynt1 =2 — Z(Mi/u—l) Yn—i — hn Z(Vi/ﬂfl) £ i
=0 =0

Rosenbrock-W methods [26, Section IV.7] seek to increase the computational efficiency
of Rosenbrock methods by replacing the exact Jacobian J, with an arbitrary matrix
A, such that the corresponding linear system at each step can be solved more easily.
This concept is extended to linearly implicit multistep methods by considering LimMm-
W schemes.
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4 R. GLANDON, M. NARAYANAMURTHI, AND A. SANDU

3. Order Conditions. Derivation of the order conditions amounts to equating
the Taylor series coefficients of the numerical and exact solutions about the current
time t,, up to a specific predetermined order. This is the approach taken for building
the classical order condition theory for linear multistep methods [25, Chapter I11.2].
We discuss a direct Taylor series approach to obtain order conditions for LiMM-w
schemes in Section 3.1. However, constructing Taylor series by repeatedly differen-
tiating the numerical solution becomes increasingly difficult for high-order schemes,
and we use a B-series approach [6,25] to derive LiMM order conditions in Section 3.2.

Assumption 3.1 (Sequence of time steps). The linearly implicit scheme (2.4)
computes the solution of (1.1) using (possibly) non-uniform time grids {¢; }o<i<n over
[to,tr] (where t = tp), with step sizes hy, = t,+1 — t,. The ratios of consecutive
step sizes are uniformly bounded below and above:

hn

(3.1) wy = W D Wmin < Wp < Wmax V1,  where 0 < wmin < 1 < Whnax < 00.
n—1

It is convenient to express the distances between the solution points used during one
step of (2.4) as fractions of the current step size hy,:

(3.2a) thei = tn—cih,, 1=-—1,...,k  where:
i £—1

(3.2b) .1 = -1, co =0, c=> [Jw.t; i=1
=1 j=0

Remark 3.2 (Method coefficients notation). When operating on a non-uniform
time grid, the fractions (3.2a) depend on the current step, c¢;(n). Moreover, all the
coefficients of the method (2.4) depend on the current step, o;(n), 5;(n), p;(n), vi(n),
i € [-1,k — 1]. In order to simplify the notation, in the remainder of the paper we
will leave out the explicit dependency on the step, unless it is needed for clarity, and
will explicitly call out when we are considering fixed stepsize methods (as in the latter
half of Section 6).

3.1. Order conditions for LiMM-W methods. The order conditions for LiMM-
w methods (2.4) can be obtained by the standard Taylor series approach, leading to
the following result.

THEOREM 3.3 (LIMM-W order conditions). The LIMM-w method (2.4) has order
of consistency p if and only if its coefficients satisfy:

k—1
(3.3a) > =0,

1=—1
k—1
i=—1
k—1 k—1
(3.3¢) Zaicf—i—fz&cf*l:Q {=1,...,p,
i=—1 i=0
k—1 k—1
(3.3d) Z pici Tt — (0 —1) Zl/icf_gzo, £=2,...,p.
i=—1 i=0
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Proof. We show that the local truncation error is of order p + 1. To this end we
apply the method (2.4) starting with exact past solution values:

k—1

k-1
Yn+1+zai nz*h Zﬂz n2+hA Z/ii nz)
=0

=0
k—1

+ hn H-1 An Yn+1 + hn An Z v hn f(tnfia y(tnfi))a
=0

(3.4)

and show that y,1 — y(tnt1) ~ O(hET!). We insert the exact solution in (3.4):

k—1 k—1
Z%y(tn h Zﬂz n 1 +h A ZH’L n 1)

1=—1 1=0 i=—1

(3.5)
+ho A, Zuz tn—i) +Tn,

where 7, is the local residual, and expand in Taylor series about the current time t,

YD IRTACTELNCIRES 3) pAcch ?w(m

>0 1i=—1 £>1 i=0
+AL DY Z y V() + A, ZZ y“ D(tn) 4 7.
(>1i=-1 £>2 i=0

Equating powers of h,, on both sides of the equality up to power p yields (3.3), and
rn ~ O(hEFL). Subtracting (3.5) from (3.10) leads to the local truncation error:

(3.6) Ynt1 = Y(tns1) = = (T = hn An)71 T'n,
and therefore y,, 11 — y(tn+1) ~ O(hET!) in the asymptotic case h, — 0 [25, Chapter
IT1.2]. Consequently the method has order p. 0

Remark 3.4 (Stiff case). From (3.5) we see that the residual has the form r,, =
qn + hnA, sn, where imposing (3.3a), (3.3¢) leads to ¢, ~ O(hE*!), and imposing
(3.3b), (3.3d) leads to s, ~ O(h2). From (3.6) the local truncation error is

(3'7) Yn+1 — Y(thrl) = - (I —hn An)71 ((In + Sn) + Sn-

In the asymptotic case where h, A, — 0 the s, components from the two terms
cancel, leaving y,,+1—y (tn+1) = gn+O(hy) $pn, which recovers Theorem 3.1. Consider
now the stiff case where h,, — 0 but ||k, A, || 4 0, and the above cancellation does not
happen. Assume that the matrix A, in (2.4) has simple eigenvalues with non-positive
real parts, which implies that |(I — h,A,)"!|| < C < o for all step sizes h,, > 0.
The local error (3.7) is dominated by s, ~ O(h2). A simple way to recover the full
order is to impose conditions (3.3d) up to order p + 1, which gives s, ~ O(hE*1).

Remark 3.5 (Connection with traditional LMM). Equations (3.3a) and (3.3c) rep-
resent the order conditions for a traditional linear multistep method [25, Chapter
I11.2]. Consequently, the coefficients {«;, 8;} correspond to an order p explicit k-
step method. The coefficients u; and v; are selected such that they only contribute
O(h2t1) to the local truncation error.
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6 R. GLANDON, M. NARAYANAMURTHI, AND A. SANDU

Equation (3.3) pose 2p+1 constraints for the 4k+1 free coefficients of the method.
Simpler order conditions are possible when A, is the exact Jacobian fy(t,,y.), or
a well specified approximation of it. In this case the direct Taylor series approach
becomes difficult to handle, and we employ the Butcher series machinery.

In practice we may consider only linearly implicit schemes (2.4) with v; = 0,
i =0,...,k — 1, since the remaining 3k + 1 free coefficients offer sufficient degrees
of freedom for good method design. Sections 6, 7, and 8 describe construction and
testing of methods that make this simplification, and Section 5 considers convergence.

Remark 3.6 (Coefficients for variable steps). The order conditions (3.3) are linear
in the unknown method coefficients, with the system matrix depending on stepsize
fractions ¢; (or analogously, on the stepsize ratios w;). From (3.2b) we have that

— —1i
(3.8) ﬁ <¢g < Lfm—miwmull and ¢y > +wplt > ¢

Consider methods with p < k. Using (3.8) we conclude that, due to the Vandermonde
structure, the system (3.3) has a solution where the method coefficients o, p;, depend
continuously on 3;, v;, the stepsize fractions ¢; (and analogously, on the stepsize ratios

w;), and on k — p free parameters [29)].

3.2. Order conditions for LiMM methods with exact Jacobian. We employ
the Butcher series (B-series) formalism to derive order conditions for the LiMM meth-
ods (2.4). B-series [25] offer a representation of Taylor series expansions of numerical
and exact solutions as expansions over a set of elementary differentials, represented
graphically using rooted-trees.

We consider the family of trees 7; = TU{0} U{7.}, where T is the set of Butcher
T-trees [25], (0 denotes the empty tree, 7 € T denotes the tree with a single node,
and 7, denotes a special tree with a single fat node (a color different than that of
the nodes of T). If t1,...,t;, € T then [t;...tr] € T denotes the tree obtained by
joining all L subtrees to a single root. Each tree in 7 corresponds to a traditional
elementary differential [25]. In addition, F(0)(y) = y and F(7)(y) = J,y. The
latter elementary differential appears in the numerical solution, but not in the exact
solution.

A B-series expansion over the set of rooted-trees 77 is [25]:

[t
(3.9) Blay) = 3 a() - 2 Fo(y)

teT o(t)

where a : 71 — R is a function mapping trees to real values (the coefficients of
the B-series), |t| the order (or number of nodes) of the tree, o(t) is the symmetry
of the tree (the number of equivalent rearrangements of t) [25], and F(t)(y) is the
elementary differential corresponding to a tree t, evaluated at y. B-series are the gold
standard approach to construct the order conditions for one-step methods such as
Runge-Kutta [6,25,36,41], Rosenbrock [50], and exponential [31-33,49] schemes.

To study the LIMM local truncation error we consider the method (2.4) initialized
with the exact solution evaluated at a series of k£ previous time-steps, {tn, cestnokt1 b

k—1
Yn+1+ZOéiy n— z —h Zﬁz n 7, +h f Z,U/z
i=0

(3.10)
""‘hn,uflfy(tm ( ))Yn+1+h f n»y ZVZ ny ))

This manuscript is for review purposes only.
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LINEARLY IMPLICIT MULTISTEP METHODS 7

The time-shifted exact solution (1.1) has the following B-series expansion over Ti:

0, t=1o,
(3.11a) Y(tn + chy) ~ Blaey,y(ta)), ae)(t) = l’m t=10,
e =1

where t € T is a T-tree, and ~(t) is defined as the product of order of the tree t and
of all its subtrees [25]. Similarly, the time-shifted exact solution derivative of (1.1)
has the following B-series expansion over 7i:

0, t=ro,
(3.11b) Ay y'(tn + chy) ~ B(Dae), y(tn)), (Da))(t) = {0 t=40,
¢!t~
MO =1,
where 7 € T is the T-tree with a single node, and [uy,...,ur] denotes the tree where

the root has L children, each the root of a subtree u;.
The Jacobian matrix times a B-series is another B-series over 77 [5]:

ho £y (tn, ¥ (tn)) - B(a, ¥ (tn)) ~ B(Ja, y(tn)),

a(0), t=ro,
(3.11c) o, t=90, t=r,
(Ja)(®) = a(u), for t=[u], u#0,
0, otherwise.

The numerical solution of (3.10) is a B-series over T:

(3.12) Yn+1 ~ B(6,y(tn)).
Next, in (3.10) replace each quantity by the corresponding B-series. Use the exact so-
lutions (3.11a) and their derivatives (3.11b) at the current and past times t,,—g, . . ., tn,

and the numerical solution (3.12) at t,1, to obtain:

k—1
0=p_1(J0) Zaza( o Zﬂi (Da(_,))
i=0

k—1 —
+ ) pi(Jagey) + Z vi (J(Da(—c,)))-
1=0 =0

This leads to the following recursive definition of § over the set 77 of trees:
(3.13)

_sz:_[)l Qi t: @7

Zf oll%JF# 1(= Zf:_()lai)v t=1o,

— iy i (=) + Xy B t=r1,

(t) = k—1
=3 i 00m) - S Dico @i (—e)!
k— _
+‘T‘3 S 120 (G ) (~e) !
HUUD $h2t ()2, €= [u], ] > 1,

_ﬁ Zfz_ol a”‘( CZ)ItI + ’Yl({l) Zf:_()l 61 (_Ci)“'il? t= [u17' . vuLL L=>2.
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8 R. GLANDON, M. NARAYANAMURTHI, AND A. SANDU

To obtain the order conditions we equate the B-series coefficients of the numerical
method (3.13) with those of the exact solution up to order p:

B(t) = —— VteT; with || < p.

Y(©)
For trees with [t| < 1 we have:
k—1 k—1
t=10: —Zaizl & Zaizo (using a1 = 1),
i= i=—1
k
(3.14) t=15: Z p; =0 (using condition for t = (),
i=—1
k—1 k—1
t=r1 —Zal(—ci)—i-z:ﬁz:l
=0 =0

For trees with [t| > 2 with a multiply branched root (t = [uy,...,uz], L > 2) the
order condition reads:

k-1 k—1
(3.15) - Z a; (=)t + )t Zﬁi (—e)l=1 =0,

1=—1 i=0
where we used the relations 1 = 1 and ¢_; = —1. For trees with [t| > 2 with a

singly branched root (t = [uy], [u;| > 1) the order condition reads:

k—1 k—1
(3.16) — Z ai (et £ | Z ((Bi ) (—e) U (1 = 1) m (—Ci)lfI*Z) —0,

where we formally set S_; = 0, and use the lower order condition §(u;) = 1/v(uy) =
[t]/v(t). We make the following observations:

e T-trees of order two, |t| = 2, have a singly branched root and only condition
(3.16) is applied.

e Equations (3.15) and (3.16) depend only on the order of the tree [t|, but not
on the tree topology. For higher orders |t| > 3 there are T-trees with both
singly-branched and multiply-branched roots, therefore both order conditions
(3.15) and (3.16) apply. The only way both equations (3.15) and (3.16) are
satisfied is to require that:

k—1

> (s (=)= (= D (=) 172) =0 for g 23,

i=—1

Using c_; = —1 (3.2a), a—; = 1, and S_; = 0, we have the following result.

THEOREM 3.7 (LIMM order conditions). The LiMM method (2.4) has order of

This manuscript is for review purposes only.
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LINEARLY IMPLICIT MULTISTEP METHODS 9

consistency p > 1 if and only if the coefficients satisfy:

k—1
(3.17a) Z a; =0, (consistency)
i=—1
k
(3.17b) Z wi =0, (consistency)
i=—1
k—1 k—1
(3.17¢) Z a; ¢ + Z Bi; =0, (order one)
i=—1 i=0
k—1 k—1
(3.17d) Z 42 Z ((Bi + pi) ¢ci —v;) =0,  (order two)
i=—1 i=—1
k-1 k—1
(3.17e) Z i+ Zﬁicffl =0, (order¢=3,...,p)
i=—1 =0
k—1 k—1
(3.17f) Z pici Tt — (£ —1) Z vicim? =0, (order £ =3,...,p).
i=—1 =0

Remark 3.8. A comparison of LIMM order conditions (3.17) with LiMM-w order
conditions (3.3) reveals that they are the same, except for the second order condition.
Specifically, LiMM order condition (3.17d) is the sum of LIMM-W conditions (3.3c)
and (3.3d) for £ = 2. There are 2p LiMM conditions for order p, compared to 2p + 1
LiMM-W conditions.

4. Linear Stability Analysis. To study linear stability we apply the LiMMm
method (2.4) to the Dahlquist test equation
y/ = )‘Ya Y(to) = la

to obtain the numerical solution

k-1

(4.1) Z (s — 2 (Bi + i) — 2°v3) yn—i =0, where z=h\, -1 =v_1 =0.
i——1

To solve this homogeneous linear difference equation we substitute (¥~ for y,,_;.
This yields the relation:

0(¢) — z0(¢) — 22 v(¢) = 0, where:

(4.2) k-1 A k—1 . e |
o(¢) = Z ai ¢t a(Q) = Z (Bi 4+ pa) C*71 0 w(Q) = Zm‘ ¢hh
=1 i=-1 i=0

The linearly implicit multistep method (2.4) is zero-stable if all the roots of the poly-
nomial ¢(¢) lie on or inside the unit circle, with only simple roots on the unit cir-
cle [25, Section III, Def. 3.2].

The stability region of the linearly implicit multistep method (2.4) is a subset of
the complex plane defined as [26, Section V, Def. 1.1]:

(4.3) S {z cC: all roots (;(z) of eqn. (4.2) satisty |;(2)] <1, }

and multiple roots satisfy |(;(z)] <1

This manuscript is for review purposes only.
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10 R. GLANDON, M. NARAYANAMURTHI, AND A. SANDU

In order to visualize this stability region we make use of the reverse map

o(¢)

(44 e By = " .
. 26,00, 0, V) = —o ﬁ
©+ 2(5)(254 © @(C)’ otherwise,

and evaluate it for ¢ = €, 0 < § < 27, to produce the root locus curve. Figure
6.1 shows stability region plots for a set of methods constructed via the optimization
approach described in Section 6.

Remark 4.1 (Variable step sizes). For variable step size the method coefficients,
and therefore the polynomials (4.2), depend on the ratios w; of consecutive step sizes
(3.2b) for the last k steps: o(wi—k:i—1,¢), 0(Wi—k:i—1,C), V(Wi—k:i—1,¢). Consequently,
the stability region (4.3) and the inverse map (4.4) also depend on the step size ratios.

4.1. Stability matrix. When all v; = 0 the stability region (4.3) is that of
an implicit LMM method, and equals the region where the following matrix has all
eigenvalues inside the unit disk, with only simple eigenvalues on the unit circle [26,
Section VJ:

—ag otz Bok—2+p0k—2)" —op_142 (Bre_1t+ir—1)
(45) M(wi_k:i_l,z) = l—zp_q T—zp_1 c Rka.
To—1yx@r—1) Ok—1)x1

Stability over the current step. The solution stability over the current step re-
quires the stability of the matrix (4.5), which imposes restrictions on the stepsize
ratios wmin < w; < wmax for particular values of z. For z = 0, we recover the tra-
ditional LMM zero stability condition on ag.x—1 [25, Section IIL.5] [7,9-11,24]. For
the LimM(-w) methods constructed in Section 6, the ag.x—1 coefficients are chosen
to be invariant with respect to w;_.;_1, and so always satisfy the zero stability con-
dition. If we consider z — —oo as in [11], for the 2-step LiMM method we have
M; (w1, 00) = [7(5”;{0)/#—1 *(Blﬂél)/#ﬂ] = (1+2w1—3wlf)/(1+3wf) 8}, where the sec-

ond equality comes from substituting the 2-step LiMM coefficients from Table 77, and
the cancelation of the 51 and u; coefficients. To guarantee stability, we restrict the
spectral radius p (Ma(wq,00)) < 1, which is satisfied for w; > 1/3. In fact, with the
help of a computer algebra system, we find that this condition on w; holds for any
real z < 0.

Stability over multiple steps. In case of fixed step size integration the error am-
plification over n consecutive steps is governed by M(1g, z)™; this matrix is power
bounded if z is in the stability region of M (1, z). In case of variable step size integra-
tion the error amplification factor over n consecutive steps is governed by the product
of stability matrices Hfiz?ﬂ M(w;—g:i—1,2). The stability matrices M(w;_g.;—1,2) at
different time steps do not share the same eigenvectors, and in general the spectrum
of the product cannot be inferred from the spectral radii of individual stability ma-
trices (4.5). Zero-stability (boundedness of the matrix product for z = 0) of LMM
on non-uniform grids was studied in [7,9, 10, 19,23]. Soderlind et al. [45] show that
zero-stability of LMM is preserved on smoothly varying grids where w; = 1+ O(hpmax)-
More general stability results (boundedness of the matrix product for a range of z’s)
are given in [11,17,34].

5. Convergence. Here we consider LIMM-w methods (2.4) with v; = 0, i =
0,...,k—1, satisfying (3.3) up to order p. We write the LIMM-W method (2.4) as an

This manuscript is for review purposes only.
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LINEARLY IMPLICIT MULTISTEP METHODS 11

IMEX LMM scheme applied to a linear-nonlinear partitioning of the system:

k—1 k—1 k—1
i=—1 =0 i=—1

One sees that the order conditions for the IMEX LMM scheme (5.1) are equivalent
to the LIMM-W order conditions (3.3).

For brevity the following discussion considers the autonomous case, however it
can immediately be extended to the non-autonomous case.

Assumption 5.1 (Linear stiffness). We are concerned with solving stiff systems
(1.1) where the Lipschitz constant of the right hand side function f(-) is large. Assume
that, for any 7 € [to,tr], there is an interval [T — &,7 + €] such that the right hand
side function of the system (1.1) can be locally decomposed into a linear part and a
nonlinear remainder:

(5.2) By (1) = T, y(t) +r.(v(1)  Vie(r—er+te),

where the matrix J, is diagonalizable, J, X, = X A, with nonsingular X, and all
its eigenvalues have negative real parts. We choose J, to capture all the stiffness
of the system in a vicinity of the exact trajectory, such that the remaining nonlinear
parts r,(y) are non-stiff. Specifically, we assume that the residual r,(y) has a smooth
Jacobian in a vicinity of the solution:

(5.3) ’ dr;}(,”

H <L = |n®) -5 @) <L ly—z,

and that the residual Lipschitz constant L, is of moderate size, and much smaller
than the Lipschitz constant of the right hand side function f(-).

Equations (5.2), (5.3) mean that the stiffness is due to linear dynamics only, and
that the stiff directions of the system evolution do not change too rapidly along a
trajectory [42]. Due to compactness, there is a finite number of subintervals (7; —
€i,Ti +€),1=1,...,M with 7, > 7; for j > i, that cover [to,tr]. The integration
interval is covered by a finite number of disjoint closed subintervals

[to,tp] = UL [0:-1,0:), 6o =to, On =tp,
max{ﬂ- — 81',7'1‘_1} < 01‘_1 < min{n_l -+ 51’—177—1‘}7 2 < 7 < M,
[91'_1,92‘] C (Ti — &3, Ti + é‘i) Vi.

The integration converges over [tg, tr| iff it converges over each [0;_1,6;],i=1,..., M.
On each subinterval [6;_1,0;] the system admits a decomposition (5.2) with matrix
J.,. Without loss of generality, we carry out the convergence analysis on a single
subinterval [0;_1, 6;] and a single decomposition (5.2); we drop the subscripts 7;, and
denote by J,. the corresponding matrix with eigenvalues with negative real parts.

We note that the Jacobian of the nonlinear remainder is ry(y) = J(y) — J., and
that ||ry|| <L, in a vicinity of the solution from (5.3).

We make the following assumptions on the method.

Assumption 5.2 (Method properties). The LiMM-w scheme (5.1) applied with
fixed step sizes is A(«) stable, for 0 < « < m/2. The fixed step stability matrix
(4.5) M(1, z) is strictly stable at the origin and at infinity [34]. Therefore M(1,0)

has a single eigenvalue of modulus one, and has a spectral radius smaller than one at
infinity, peo = p(M(1,00)) < 1.

This manuscript is for review purposes only.
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12 R. GLANDON, M. NARAYANAMURTHI, AND A. SANDU

The integration of (1.1) sequence of step sizes is carried out using sequences of
step sizes {h;} with ) . h; = tp — 1o, that follow Assumption 3.1. We make the
following additional assumptions on the sequence of time steps.

Assumption 5.3 (Step ratio bounds). Assumption 5.2 implies that p_; > 0 for
constant step sizes. The step size bounds wpyin, Wmax are such that p_; remains
positive for all possible step sequences,

wmingwi—krar‘l-%g)iflgwmax M_l(Wi_k:i_l) > 0.

Assumption 5.4 (Linear stability over each step). For each step z; = h;\ € S for

any eigenvalue A of J,.

Assumption 5.5 (Linear stability across step size sequences). Consider applying
the method (5.1) to solve the linear stiff ODE y’ = J,y with the sequence of steps
{h;}. The sequence of steps is stable, i.e., there exists Cyt > 0 such that:

(5.4) T2, M(@ickiie1, hid)|| < Ome Yh e 3002, hy <tp —to, Vs > £y

Remark 5.6 (Sufficient conditions for stability). A sufficient condition for sta-
bility (5.4) is that each matrix has a norm smaller than one, |M(w].,2)|] < 1 for
all wmin < W) < wmax and z = hA, h > 0, and A any eigenvalue of J,.. Butcher and
Heard [7] take this approach and find suitable matrix norms for analyzing the stability
of BDF2 and BDF3 methods. Taking this approach for the 2-step LiMM-w method
constructed in Section 6 using the variable coefficients from Table 77, we find that
the matrix norm ||Ma(wf,2)[|g = [|[R™Ma(w}, 2)R||, <1 for all real z < 0 and for
all w] € [Wmin,Wmax], where

1 0
— . — 13204873 A~y __ 10262629+ \/284910319930160 ~
R = [1 120209304 |, Wmin = 53114177 ~ 0.1, wmax = SAsdy 10 ~ 1.57.

Remark 5.7 (General conditions for stability). General sufficient conditions for
linear stability are given by Ostermann et al. [34]. They consider the case where
the sequence of time steps satisfy Assumptions 3.1, 5.3, 5.4, with wyin = Wi, and
Wimax < P’ 2. Tf there are constants A, C' > 0 such that Hfiel(l +Alw; —1))2<C
for any £ > ¢1, and Assumptions 5.1 and 5.2 hold, then the stability equation (5.4)

is satisfied cf. [34, Theorem 2].

THEOREM 5.8 (Convergence). Apply an order p LIMM-w scheme (5.1) to solve
the system (1.1), using step size sequences that satisfy Assumption 3.1. Denote the
global numerical errors by Ay, =y, — y(t,). If Assumptions 5.1, 5.2, 5.3, 5.4,
5.5 hold then the numerical solution converges with order p to the exact solution for
sequences of sufficiently small step sizes hj < h,

AVl = O (M) Vir, B = | amax By < .
whenever the initial conditions are sufficiently accurate, ||Ay,| = O (h2,..) for i =
1,...,k. The upper bound h, is independent of the stiffness of the system.

Proof. Using Remark 3.6 and the assumption on the step size ratio bounds, the
method coefficients depend continuously on step size ratios and remain uniformly
bounded: [a;(wn—k:n—1)|, |Bi(Wn—kn—1)|, |pi(Wn—km—1)| < const for all wyin < w; <
Wmax- For notation brevity in the remaining part of the proof we omit the explicit
dependency of method coefficients on step size ratios.

This manuscript is for review purposes only.
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Since p—1 > 0 and all the eigenvalues of J, have non-positive real parts the

following matrix is uniformly bounded:

Tn = IN — hn H—1 J*, ||T;l|| S CT, th

Using the linear-nonlinear splitting (5.2), and the fact that (ry), = J, — J., the

method (5.1) reads:

k—1
Toyntr = Y (i + (Bi+ ) hnd.) Yo
i=—1
(5-5) k—1 k—1
+ by, Z Bitp—i + hy Z i (ry)n Yn—i-

i=0 i=0

Replace y,—; by the exact solution y(¢,—;) into the method (5.5), and f,_; by
f(tn—i,y(tn—i)) (but keep the same (ry), = J,, — J, since the choice of J,, does
not change the order of accuracy); subtracting the numerical solution (5.5) leads to

the following recurrence of global errors:

AYni1 = hp 8y + hy G+ 0, + T, Ry,

k—1
(Sn = T:Ll Z/Bl Arn(yn—i)a Cn - T Z i AYn ()
(56) =0 i=—1
n="T, 12 + (Bi + i) hnJ.) Ayn_i,

where the local truncation error is R, ~ O(hPT1).

Let Y, = [yl ...y} _.1)" be the solution history vector. Taking norms in (5.6)

we have that:

16n]l < Cr L. Zlﬁz _max Ay < CL|AY, ],
=0 ’.
T3 hudsll = [l(n-) ™ (T_ 1) || <uZi (1+Cr),
k—1 1+C
T
< il < .
16, (cT > lail+ lz;wlm) _max Ay < G AT,

Consider the step size bound h, that is independent of the stiffness of the system:

< (CTLM,1>71 = h, CTL/L,1 =(C5 < 1.

For any h,, < h, the error in the solution is bounded by:

h.Cy +C B CTL
Ayl € T2 AT + 75 Zmz Ay, )+ =2
el £ CUAYL 4 Co IRl

where all constants C; to C5 are independent of the stiffness of the system.

This manuscript is for review purposes only.
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14 R. GLANDON, M. NARAYANAMURTHI, AND A. SANDU

The global error vector obeys the recurrence:

A§{7Hr1 = M(wnfk:nfla hn']*> AYTL +e® (hn (5n + Cn) + Trr_Ll Rn)

= H M(wi—pii—1, hiJs) AYy
(5.7) i—k

+ Z H M(wi—kii—1, hiJs) €1 ® (he (84 Co) + T, Re)
0=k +1i=n—t

where e; € R” has the first entry equal to one and all other entries equal to zero, and
® is the Kronecker product. From (5.4) the products of stability matrices are bounded
by the constant Cpg. Taking norms leads to the following global error bounds:

n

[AY piall < Cm|AYR] +Cpm (Cr+Ca) D (haax |AY el + o), pe ~ O(REEL),

(=k+1
where hpax = maxy hy. Solving this recurrence inequality by standard techniques,
and using the fact that the initial state is AYy ~ O(h2,..), proves the result. |

Remark 5.9 (Non-stiff case). Theorem 5.8 is also valid for the non-stiff case where
the Lipschitz constant of f(-) is moderate.

Remark 5.10 (LiMM applied to index-1 DAEs). Consider the index-1 differential-
algebraic equation (DAE, [26])

(58) x' = f(X, Z)a 0= g(X, Z)7 = z = G(X), 7 = 7g;1 8x fa

where the sub-Jacobian g, is nonsingular and has a negative logarithmic norm in
a neighborhood of the exact solution. When starting with consistent initial values
the exact solution of (5.8) is smooth. Here we consider LiMM methods (2.4) with
v; =0,1=0,...,k — 1 satisfying (3.3b) up to order p, and strictly stable at infinity.
Application to (5.8) gives (after rearranging the equations):

k-1 k—1 k—1
(5'93‘) Z 0iXp—y = hy Z Bi fr—i +hn (fx —f, gz_1 gx)n Z M Xn—i
1=—1 =0 i=—1

k—1
_hn (fz ggl)n Z ﬁ’t n—i,
=0

k—1 k—1
i=—1 i=—1

The order conditions (3.3b)—(3.3d) imply that Zf;_ll i (tn—i) = O(hE ) for any
smooth function ¢(t), where hpax = maxh,. Under the assumption that the global
error is smooth, and recalling that the exact solution is smooth, one can fit smooth
curves through the numerical solutions z,_; and x,,_; for i = —1,... k; in this case
the right hand side of (5.9b) is O(hE,,.). Since u;+ F; is a stable recurrence with roots
strictly smaller than one [26, Chapter VI.2], g,, ~ O(h%,, ) for all n, and consequently
zn = G(x,) + O(hE,,.). Substituting these into (5.9a) shows that (5.9a) is the LIMM
method applied to the reduced ODE, plus a perturbation of the size of the local
truncation error O(hPEL). Consequently, the global errors for the differential variable

) we

are x, — X(t,) ~ O(hP.,), and using again the fact that z, = G(x,) + O(h®

max max

have z,, — z(t,) ~ O(h®

max)'
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LINEARLY IMPLICIT MULTISTEP METHODS 15

6. Construction of Optimized LiMM Schemes. In order to construct practi-
cal LiMM schemes we seek to satisfy two requirements: have a small local truncation
error and a large numerical stability region (4.3). For multistep methods, these two
requirements are frequently at odds with each other; thus, it is vital that they are
considered together when designing a method. To quantify the local truncation error
of a method of order p > 1 we consider the (scaled) residuals of the (p 4+ 1)-st order
conditions (3.3¢) and (3.3d):

k—1 k—1
(6.1a) ppita= Y, ™+ (p+1) Y Bid,
1=—1 1=0
k—1 k—1
(6.1b) pprip=+1) > i —(p+1)pYy wid
i=—1 i=0

If p = 1 and exact Jacobians are used then one only needs to consider the sum of
the two residuals. To quantify stability observe that the LiMM method is A(¢) stable
with a stability angle:

(6.2) ¢(a, B, p,v) = argmin ’arg (-2 (eia,a,@u, 1/))| .
0<0<2r

We design practical linearly implicit multistep methods using a multiobjective
genetic optimization algorithm to simultaneously maximize the A(¢) stability angle
(6.2), and minimize the local error of the method. Maximizing the stability angle ¢
is equivalent to minimizing the first objective function:

(6.3) @1 (o, B, p,v) = (14 ¢le, B, p,v)) "

To maximize accuracy we minimize the second objective function:

(64) (1)2 (057/6,/%'/) = p[2)+1,a +p§+1,b'

In order to simplify the search space, we choose to set v; =0,7=0,...,k — 1. Then,
we make use of the method order conditions to write the coefficients «;, §;, and p; in
terms of the ¢;’s and a smaller subset of free parameters. Then, to get fixed stepsize
coeflicients, we substitute ¢; = 7 in the coefficient expressions and in the residuals
Ppt+1,a ad ppr1p (we can later retrieve the variable stepsize coefficients by leaving
the ¢;’s and substituting only for the free parameters). We also make one additional
simplification: by setting ¢(0) = 0, we guarantee that as z — —oo, the stability
function ((z) — 0 (which is a condition for L-stability [26, Section IV.3]). These
simplifications are all directly embedded in the computation of both (6.3) and (6.4).

Finally, the resulting method must also be zero-stable, so we apply a nonlinear
inequality constraint to enforce that roots of p(¢), the first characteristic polynomial
of the method, fall on or inside the unit circle depending on multiplicity.

Making use of Matlab’s optimization toolbox, we use a genetic algorithm to pro-
duce a population of good candidate methods for each of orders 2-5. From the set of
candidates we select a method of each order that has the appropriate balance between
stability angle and error coefficient. To acquire exact coefficients, we rationalize the
optimal free parameters and substitute into the original coefficient expressions. Fixed
stepsize coefficients for the selected LiMM-W methods are presented in Table 6.2, with
error coefficients and stability angles compared with BDF in Table 6.1. Figure 6.1

This manuscript is for review purposes only.



497
498
499
500

(L)
—_

16 R. GLANDON, M. NARAYANAMURTHI, AND A. SANDU

plots the stability regions of the selected LIMM-W methods in the complex plane. Co-
efficients for the fixed stepsize LiIMM methods and the corresponding stability regions
can be found in the supplementary material in Table ?? and Figure ??. The full
variable stepsize coefficient expressions can be found in the supplementary material
in Sections 77 and ?77.

20 20 20
5t k=1 15t k=2 15t k=3
10 10 10
5 5 5

-5 -5 -5
-10 -10 -10
;20 -10 0 10 20‘ -20 -10 0 10 20 -20 -10 0 10 20
(a) Order one method. (b) Order two method. (¢) Order three method.
20 20
151 k=4 151 k=5
10 10
5t 5
0 0
-5 -5
=10F -10
fﬁo 10 20 72# 0 10 20
(d) Order four method. (e) Order five method.

Fic. 6.1. Stability regions for fixed stepsize LIMM-W methods of orders one through five. Orders
one and two are A-stable, and orders three to five are A(¢)-stable with ¢’s listed in Table 6.1.

TABLE 6.1
Characteristics of k-step fized stepsize LIMM, LIMM-W, BDF, and explicit/implicit Adams meth-
ods for k = 1,...,5. Implicit Adams methods are of order k + 1; all others are of order k. For

LiMM and LIMM-W, stability angles are computed from (6.2), and error constants are computed as
in (7.3).

k 1 2 3 4 5
= A(¢)-stability angle n/a n/a n/a n/a n/a
explicit Adams
Error constant 0.5 0.416667 0.375 0.348611 0.329861
o A(¢)-stability angle 90. n/a n/a n/a n/a
implicit Adams
Error constant 0.083333 0.041666 0.026389  0.01875  0.014269
BDF A(¢)-stability angle 90. 90. 86.03 73.35 51.84
Error constant 0.5 0.333333 0.25 0.2 0.166667
L A(¢)-stability angle 90. 90. 87.7849  78.0742 72.9999
Error constant 0.5 0.222222 0.167344 0.204625 0.217405
A(¢)-stability angle 90. 90. 87.3899  77.9101 70.3168
LiMMm-w
Error constant 0.5 0.424915 0.403238 0.380873 0.365325
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LINEARLY IMPLICIT MULTISTEP METHODS 17

7. Variable Stepsize and Variable Order Implementation. In this section
we discuss the details necessary to build an efficient self-starting variable stepsize
and variable order implementation of LiMM methods. We followed these steps to
implement the new schemes in our software package MATLODE [3], which is a Matlab
version of FATODE [53].

Following [25, Chapter II1.7], a key component required for adapting stepsize
and order is an estimate eg:’_}i) of the local truncation error when the solution y,4; is
computed with an order & LiMM scheme and step size h,,. Based on this error estimate
one can determine whether to accept or reject the current step, and can estimate the
optimal stepsize for a method of order k& using:

(71) h(k) h'n, He(k:fl)H_l/(k‘i‘l).

opt = n-+

To determine when a change of method order is needed, we further require the error
estimates e;’:ll’h) and egfll’h) for the order £ — 1 and k& + 1 methods, respectively.
Then, we can select for the next step the method order which gives the best balance
between a low estimated error and a large optimal timestep.

In traditional linear multistep methods [25, Chapter II1.7] a Taylor expansion

reveals that
(7.2) el = Cr(e) REF y M (1,00) + O (hEH2)

where Ci(c) is the method error coefficient as a function of the stepsize ratios ¢ =
[c:]®__, (3.2a), derived from residuals on the k + 1 order conditions. In the LiMm
case different trees in the B-series expansion contribute differently to the O(hk+1)
error term in (7.2), as can be seen from (3.3¢)—(3.3d). In order to build practical
error estimators we will use an expansion of the form (7.2) with our error constant
computed from the two residuals (6.1):

1
(7.3) Ci(c) = ) (Ipkt1,0(S) 5 [P41.a(€) + prrrp(e)])
where the sum of the residuals is used because, for LiMM, (6.1b) always appears on
trees alongside (6.1a), as described in the observations below (3.16). We use past
solutions for y,+1,...,¥n—k to approximate the (k + 1)-st time derivative of the
solution via divided differences:

_yErD(g)

(74) 6k‘+1y [tn+1, PN 7tn,k] — W, 6 6 [tnflw tn+1]

Putting together equations (7.2), (7.3), and (7.4) we arrive at the following estimate
for the local error.

DEFINITION 7.1 (Local error estimate). For a k-step order k LIMM method a
practical local truncation error estimate is:

(7.5) e — (k4 1)1 C(e) KA 6"y [bnin, -y b
using method error coefficient Cy(c) (7.3), the current stepsize hy,, and the (k+1)-st

order divided difference of the solution at tpi1,...,tn—k. Due to (7.3), (7.5) may
slightly overestimate the local errors in the asymptotic regime.
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18 R. GLANDON, M. NARAYANAMURTHI, AND A. SANDU

This error estimate is convenient for our purpose, as we can compute estimates for
methods of order kK — 1 and k+ 1 by simply using their error coefficients and changing
the order of the divided difference. Note that the divided difference of order k + 1
requires y,+1 and a history of k+ 1 values of y,,, ..., yn_k, whereas the k-step LIMM
method only requires a history of k£ values of y in order to compute y,,+1. Divided
differences for the higher order methods require storing additional past solution values.

Instead of building divided differences at each step from the history of solutions,
it is more efficient to maintain a history of the divided differences and build new ones
using the following formulas (similar to updating the Nordsieck vector in a variety
of multistep codes [4,8,35]). First, after computing y, 1 via the LIMM method, we
produce the (k 4 1)-st divided difference as follows:

(7.6)
k .
Yn+l — ¥Yn 5Y[na-~-atnfi]

k j .
Hj:() Z-l?:()(tn"rl—l - tn—l) i=1 H] =1 ( n+l1—1 = t’ﬂ—l)

Then, through direct application of the recursive definition, one computes the updated
values of order k and k + 2 divided differences.

To avoid the redundant saving of both the history of solution values and of divided
differences, one can reformulate the LIMM method (2.4) in terms of divided differences:

5k+1

Yy [tn+17 e atnfk‘] -

(I_hnM—I(C)J Yn+1 = — Zh az 6Y[na--~7tn—i]

(7.7) k—1 k—1
+hdn >R G(€) 6y [ty toi] + i > B Bi(€) 8 [t i)
1=0 =0
where §°f [t,,,...,t,—;] are divided differences constructed from evaluations of the

right-hand side function f(t,,,y,) evaluated at (t,,y»), and @, fi;, BZ are transformed
coefficients (as functions of the timestep ratios). The transformed coefficients can be
computed from the original method coefficients as

k—1 A J
(73) aife) = (=)' Y ay(@) [T X (em = em-a).

l=1m=l

The 1; and BZ can be computed from the p’s and §’s in the same manner.

Remark 7.2 (The first step). The first step of integration requires additional care.
Even starting with a one-step order one method requires an order two divided differ-
ence for error estimation (and a difference of order three for estimation of the order
two method’s error). We initialize our divided differences as follows:

8%ylto] = yo, 6"y [to] = fo.
Then, following the computation of y;, we approximate the next divided differences
8%y [t1,to] = ((y1 — yo)/ho — £0) / (2ho), 6%y [t1,t0] = (8% [t1,to]) — Jofo) / (Bho) .

Remark 7.3 (Stability for variable stepsize methods). Evaluating the stability
properties of variable stepsize multistep methods is challenging (see [9-11,24] for
analysis of variable stepsize BDF methods). Specifically, explicit formulas for the
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bounds wpyin and wpax in Theorem 5.8 that ensure stability for a general multistep
methods are not available. Since an in-depth analysis is outside the scope of the
current work, we follow the best practices of other variable stepsize multistep imple-
mentations [25, Section II1.5], by ensuring the base fixed stepsize method (from which
the variable stepsize one is derived) is stable, and limiting stepsize increases to only
occur after k successful steps at the current stepsize.

8. Numerical Results. In this section we present numerical results for LIMM
methods including both convergence and performance experiments. First, we demon-
strate the convergence order of the fixed stepsize LiIMM and LiMM-w methods, then
we examine the performance of the self-starting variable stepsize and variable order
implementation of the LiMM methods which was detailed in section 7.

The convergence tests use fixed stepsize implementations of LiMM and LiMM-w,
with the built-in Matlab time integrator odel5s used as a starter method. For the
performance tests, our primary point of comparison is the BDF methods [25, Section
IT1.1], one of the most widely used families of implicit multistep methods. We use
a self-starting variable stepsize and order implementation of BDF built in the same
framework as the LiMM implementation, using the same error controller and also the
error estimator from definition 7.1. For comparison we include results for SDIRK4a
[26, Section IV.6] (a 5-stage, fourth order singly diagonally implicit Runge-Kutta
method) and RODAS4 [26, Section V1.4] (a 6-stage, fourth order Rosenbrock method)
as examples of high-order single step implicit methods. The variable stepsize LiMM-
(w) and BDF implementations, along with the SDIRK4a and RODAS4 methods can
be found in our MATLODE package [3], in the limm dev branch. We also provide
comparisons against the Matlab built-in ode15s in both BDF and NDF modes.

Each time integrator is tested by sweeping through the same series of tolerances
from 1072,1073, ...,107 1%, with equal relative and absolute tolerances. When GMRES
is used for linear system solves, it uses a tolerance that is one tenth of the integrator
tolerance. All tests are performed in Matlab (version 2019a) on a workstation with
dual Intel Xeon E5-2650 v3 processors with 20 cores (40 threads) and 128GB of
memory. Test problems are drawn from the ODE Test Problems package [37], which
contains Matlab implementations of a variety of ODEs and PDEs suitable for testing
time integrators. Reference solutions are obtained by applying the Matlab built-in
ode15s integrator when full Jacobians are available, or an implementation of RODAS4
using GMRES when only Jacobian-vector products are available; both are applied
with the tightest possible tolerance of 100 times the machine precision.

8.1. Convergence: Lorenz-96 ODE. To test the convergence order of the
fixed stepsize LiIMM and LIMM-w methods, we use the Lorenz-96 problem [28], a
system of nonlinear ODEs defined as

di]']i
dt
with periodic boundary conditions zny1 = z1, g = =y, -1 = zy—1 and forcing
function F(t) = 8 + 4 cos (3wt). We select N = 40, and timespan ¢ € [0, 0.5].

Figure 8.1 shows the convergence results for LIMM orders 1-5 as solid lines, and
for LiMmM-w orders 1-5 as dashed lines. The legend contains the slopes of the linear
interpolants for each test, demonstrating that each method achieves its theoretical
order. LiMM-w shows slightly smaller total errors.

(8.1)

= (Tig1 —Ti—2) T —x; + F(), i=1,...,N,

8.2. Performance: Gray—Scott reaction-diffusion model. We run perfor-
mance comparisons using the Gray—Scott reaction-diffusion model, which describes a
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—6— LIMM k=1 slope=-0.991496
M —6— LIMM k=2 slope=-1.949240
1.0e-03 4 E—o— LIMM k=3 slope=-2.984357
- - —e— LIMM k=4 slope=-3.974819
1.0e-04 + = - E LIMM k=5 slope=-4.925216
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Number of Timesteps

Fic. 8.1. Fized stepsize results for the Lorenz-96 problem (8.1) showing the orders of conver-
gence for LIMM-W (dashed lines) and LIMM (solid lines) methods for orders 1-5.

two species chemical reactions with retirement [21,22]:

(8.2) u =1 Au—ww? + F(1 —u), 9 = o Av +uv? — (F + k),

ot ot
where ¢; = 0.2 and 5 = 0.1 are diffusion rates, and F' = 0.04 and k = 0.06 are
reaction rates. We use a second order finite difference spatial discretization with
periodic boundary conditions on a 128 x 128 2D grid, which brings (8.2) to ODE form
(1.1) with N =2 x 128 x 128. The simulation time interval is ¢ € [0, 2].

Results on the Gray—Scott model are given in Figure 8.2 for our implementations
of LimM, LimMm-w, BDF, SDIRK4a, RODAS4, as well as for the ode15s implementa-
tions of BDF and NDF [44]. Because the full Jacobian is available, all methods use a
direct LU-factorization, that is reused for methods requiring multiple linear solves per
step. The error vs. timestep count results in Figure 8.2a reveal that all five multistep
integrators achieve similar levels of error with similar numbers of timesteps, thus none
of these multistep methods or implementations have a clear stability or error advan-
tage over the others in this test. The one-step methods SDIRK4a and RODAS4 do
show better errors with fewer timesteps, likely as a result of their greater flexibility in
choosing timestep sizes. The CPU time comparison in Figure 8.2b reveals the advan-
tage of the built-in ode15s implementations, as they benefit from a massive amount
of software optimizations. Comparing the results for our implementation of multistep
integrators, we can see a small performance advantage for LiMM and LIMM-W over
the similar BDF implementation, due to the need for only one linear system solve per
timestep. Given a similar level of software optimization, we might expect the LiMm
methods to hold the same advantage over the ode15s BDF implementation. The
SDIRK4a and RODAS4 also show very good performance, due to the lower timestep
count and reuse one LU-factorization per timestep.

8.3. Performance: quasi-geostrophic model. Next, we compare method
performance using the 1.5-layer quasi-geostrophic (QG) model [40], which provides a
simplified representation of ocean dynamics:

dq

(83) G =t —e] (V.q) — AN + 2msin (2my), = A~ FY,
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(a) Variable stepsize convergence results. (b) Work-precision diagram.

Fic. 8.2. Performance results for different integrators applied to the 2D Gray-Scott reaction-
diffusion problem (8.2).

where J (¥, q) = ¥2qy — V¥yqs, and F = 1600, ¢ = 107> and A = 107> are constants.
The implementation discretizes the system in terms of the stream function 1, on the
spatial domain (x,y) € [0, 1], using second order central finite differences and homo-
geneous Dirichlet boundary conditions on a 127 x 127 grid. Integration is performed
over the time span ¢ € [0,0.01]. Due to the required solution of a Helmholtz equation,
a portion of the QG Jacobian is dense; only Jacobian-vector products are available
and all integrators use GMRES as linear solver, except for ode15s which cannot use
iterative linear solvers. Instead, both BDF and NDF results for ode15s make use of
a numerical Jacobian approximation.

Figure 8.3 shows errors versus timestep count and CPU times for LimM, LiMM-w,
BDF, SDIRK4a, RODAS4, and ode15s applied to the QG model. First, we notice the
jagged behavior of both the LiMM and BDF methods, especially at looser tolerances;
this is an artifact of the variable order methods, where methods of lower order are
preferred for their better stability. When the tolerances are tightened, the graphs
smoothen, as the algorithm prefers the better asymptotic errors of the higher order
methods. The LiMM and LiMM-w methods are particularly sensitive to this, possibly
due to the use of GMRES, as inexact linear solves could degrade stability or lead to
LiMM order reduction. Despite this, Figure 8.3b shows that LiMM retains its CPU
time advantage over BDF, and also matches or outperforms RODAS4 and SDIRK4a
for similar levels of error, as the small stability advantages that BDF, SDIRK and
Rosenbrock methods cannot overcome their larger cost per timestep. The built-in
ode15s methods both provide very poor performance for this test case, as they do not
support the use of direct Jacobian-vector products and are forced to build numerical
Jacobian approximations to use with direct solves.

9. Conclusions. Classical implicit linear multistep methods require the solution
of a nonlinear system of equations at each timestep. This work develops the LiMm
class of linearly implicit multistep methods, which only require the solution of one
linear system per timestep. Order conditions for variable stepsize LiMM methods of
arbitrary order are constructed via Butcher trees and B-series operations. Order con-
ditions for LIMM-W schemes that can use arbitrary approximations of the Jacobian
matrix are developed by direct series expansion. A LIMM method has twice as many
coefficients as a traditional linear multistep method (with the same number of steps),
and this additional freedom enables the construction of methods with excellent accu-
racy and stability properties. We discuss the optimal design of LiMM methods, and
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F1G. 8.3. Performance results for different integrators applied to the 1.5 layer QG model (8.3).

develop a set of k-step order k LiMM methods for £k = 1,...,5. We also discuss the
details of a self-starting variable stepsize and variable order implementation of these
LiMM methods. Numerical experiments demonstrate the convergence at the theo-
retical orders for the fixed stepsize LiIMM methods. Moreover, our variable stepsize
LiMM implementation outperforms a comparable BDF implementation for nonlinear
problems.
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R. GLANDON, M. NARAYANAMURTHI, AND A. SANDU

TABLE 6.2
Ezact coefficients for k-step fized stepsize LIMM-W methods of order k, for k=1...5.

% -1 0 1
. 1 _ 146619050 13204873
K 133414177 133414177
Bs 0 193518829 _ 73309525
g 133414177 133414177
73309525 _ 146619050 73309525

Hi | 133414177 133414177

133414177

(a) LIMM-W 1-step order 1 coefficients. (b) LiMmM-w 2-step order two coefficients.

i -1 0 1 2
o 1 _ 192592391 41981416 _ 5229175002546
118869921 61945353 90906657005273
Bi 0 16233524076078647 _4193351041739980 4833530710149845
9817918956569484 2454479739142371 9817918956569484
. 4833530710149845 4833530710149845 4833530710149845 4833530710149845
Hi 9817918956569484 T 3272639652189828 3272639652189828 T 9817918956569484

(¢) Limm-w 3-step order three coefficients.

7 -1 0
) _ 68547635
Qi 1 35752838
Bi 0 136586035293284691
i 70863342514650928

719593273725529014067099

719593273725529014067099

Hi 1590107007076830596400464 ~ 397526751769207649100116
% 1 2
i 332147775 _ 120323842
H 246829693 247754257
ﬁ‘ _ 4675749204985773774031537 3052167106160890365719135
g 1590107007076830596400464 1590107007076830596400464
Wi 2158779821176587042201297 _719593273725529014067099
i

795053503538415298200232

397526751769207649100116

% 3

11382486133370227314625

Qi 198763375884603824550058
B; | —-719593273725520014067099
i 1590107007076830596400464
, 719593273725529014067099
Hi 1590107007076830596400464
(d) LimM-w 4-step order 4 coefficients.
i -1 0
_ 170476503
Qi 1 75237041
B; 0 3317715388830682274181888772466725
@ 1533160577078234002169550303186624
) 659152962863648794216719015147251 _3295764814318243971083595075736255
Hi 1533160577078234002169550303186624 1533160577078234002169550303186624
% 1 2
@ 124149029 _ 53697673
@ 52265116 39342191
B; | — 3387422206381293505203420155442595 294683351120793575703659865634035
@ 766580288539117001084775151593312 63881690711593083423731262632776
| 3205764814318243971083595075736255  _ 3205764814318243971083595075736255
Hi 766580288539117001084775151593312 766580288539117001084775151593312
% 3 4
@ 67073128 _ 2210582774479398588921363466455
g 206463953 31940845355796541711865631316388
ﬂ' _1632980052046035774065588376123413 659152962863648794216719015147251
@ 766580288539117001084775151593312 1533160577078234002169550303186624
| 3205764814318243971083595075736255  _ 659152962863648794216719015147251
Hi 1533160577078234002169550303186624 1533160577078234002169550303186624

(e) LiMM-w 5-step order 5 coefficients.
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