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Spherical Elements in the Affine Yokonuma-Hecke Algebra
Richard Martin Shaplin III
ABSTRACT

In Chapter 1 we introduce the Yokonuma-Hecke Algebra and a Yokonuma-Hecke Algebra-
module. In Chapter 2 we determine that the possible eigenvalues of particular elements in
the Yokonuma-Hecke Algebra acting on the module. In Chapter 3 we find determine module
subspaces and eigenspaces that are isomorphic. In Chapter 4 we determine the structure of
the g-eigenspace. In Chapter 5 we determine the spherical elements of the module.



Spherical Elements in the Affine Yokonuma-Hecke Algebra
Richard Martin Shaplin III
GENERAL AUDIENCE ABSTRACT

The Yokonuma-Hecke Algebra-module is a vector space over a particular field. Acting on
vectors from the module by any element of the Yokonuma-Hecke Algebra corresponds to a
linear transformation. Then, for each element we can find eigenvalues and eigenvectors. The
transformations that we are considering all have the same eigenvalues. So, we consider the
intersection of all the eigenspaces that correspond to the same eigenvalue. I.e. vectors that
are eigenvectors of all of the elements. We find an algorithm that generates a basis for said
vectors.
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Chapter 1

Introduction

1.1 Definitions

—1

We follow the setup and notation of [RS]. We set ring k = Clg,¢"'] and z = =4+ We
consider all tensor products to be over k. We call C, the cyclic group of order d, generated
by 0. We denote o; = 19071 © ¢ ® 190"=) € kC$". Then for n > 2, H*(kCy, 2), the affine
Yokonuma—Hecke algebra, is the free product of algebras,

k[XE o XEN A kO % (T, : 1 <i<n—1
1 n d

modulo the relations:

RS, (2.2)] T, =151, 1<i,j<n-—11]i—j|>1,
RS, (2.3)] LT =T 1T, I1<i<n-2
RS, (2.4)] T? = 2t Ty + 1, 1<i<n-—1,
RS, (2.5)] Tia = s;(a)T;, acekC 1<i<n-1
RS, (2.8)] T.X; = X;T;, 1<i<n—1,1<j<n,j#ii+]1,
RS, (2.9)]  T.X/T = Xip1, 1<i<n-1,
RS, (2.10)]  X;a = aX;, 1<i<n,aeckCsm
Where t,; = Z;(l) afaj_k € IkC'?”. For w € S, we define T, = T;,T;,---T;, , where
w = 8;,8, -5 is a reduced decomposition. Since the generators 7; satisfy the braid

relations (2.2) and (2.3), this definition is independent of the choice of reduced decomposition.
RS,3]

We also set P, = k[Xi, -+, X*!], and P,(kCy) = P, @ kCS™. Let f € Py(kCy), w € S,,.
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Then define w(f) as the permutation of the X; and factors of kC3™ in f. Define “(f) as the

permutation of only the the X;. And define the Demazure operator A;(f) = ; 1);Xf_1 .
TG4

Then for H free k-module with basis {7}, : w € S,}, we see that V = P,(kC,;) ® H is a
tensor product of k-modules. So by [RS,3.8], V' is an H*I(k(Cy, z)-module with action given
by,

flg@Ty) = fg@T,

7 w Sz(f) & Tsiw + Zti,iJrlXi:_llAi(XiJrlf) X Tw lf Z(Slw) < l(w)

V has basis B = {p@o°®T, | p=X"=X{" - X" € P,,0° =0 ®---®c € kO™, w €
Sn}.

We also introduce our own definitions, B, = {e € Z" | """ e; = s (mod d)}, and K, C V
with basis {p®c*®T, | pRo*®T, € B,e € E;}. Note: K, = K; if s =t (mod d).
Denote r; = 1%07Y @ ¢! @ 071 @ 12"=*+D. Then, t;,,, = Zi;é r¥. Finally for f € V,
f=2wes, fu ®Tw. So denote [T,]f = fu.

1.2 Overview

In Chapter 2 we determine that the only possible eigenvalues of the T;’s acting on V' are
1,—1,q, —%. In Chapter 3 we determine that the K,’s are isomorphic H2(kCy, z)-modules.
We also find that the 1 and —1 eigenspaces are isomorphic along with the ¢ and —%
eigenspaces. In Chapter 4 we determine the structure of the g-eigenspace for any partic-
ular 7;. In Chapter 5 we determine the spherical elements of V.



Chapter 2

Eigenvalues of T

Proposition 1. The only T; eigenvalues are 1,—1,q, and —%.

Proof. Suppose f € V is an eigenvector of T;. Then, T;f = Af for A € k. Next we observe
(24) in [RS], T;Q = Zti,i—i—lﬂ +1 SO,

T f = (etiin T+ 1) f
Nf =zt f+ f
(N = 1)f = 2Mtiipa f.

We also see that,

f = Z Oép®de®Tw (p ® O-e ® TU}) ap®Ue®Tw e Ik

p,0¢, T
So,
d—1
k __e
ti,i+1f = Z Z Oép®o.e®Tw (p ® T’i o ® T”LU)
p,O’e,T'w k:O
d—1
- e
o Z Z Ap@rkoe@Ty, (p ®o"® Tw).
pvgeva k:(]
Then,

PR TN —1)f =p®0c°@T,)2Mii f

d—1
2 — §
(A - 1)ap®06®Tw - 2)\ Oép@?"fo'e@Tw'
k=0



Case 1: Vp®o°®1T, € B, Zk 0 Yparkoeer, = 0-

Since f # 0, Jopgeear, # 0 and we see,

(A — )%@oee@Tw =0
()\2 )
A\ =

Case 2: p®o*®@1T, € B, Zk 0 Ypertocer, 7 0-
Observe that Vo € [0,d — 1]

<)‘2 - 1)ap®rfcre®Tw

d—1
— ZA Z ap®T£x+k)a'e®Tw
k=0
d—1
=z E VpgrkoeqT, -
k=0
So,
d—1 d—1
2 E
<>‘ - 1)ap®rfaE®Tw = dz ap@rfo*@Tw
=0 k=0
d—1 d—1
2 E — E
A — 1) Olp®7~fo-e®Tw =dz\ ap@TfO'e(X)Tw
=0 k=0
A —1=dz\



Chapter 3

Isomorphisms Between Eigenspaces

3.1 Subspace Isomorphism

Proposition 2. The K; subspaces are invariant under T;.

Proof. In order to show invariance we first observe that for any basis element p ® ¢ ® T,
€ Kj,

tiiip @0 R Ty
d—1

= Zp R7r¥o¢ @ T,
k=0

d—1
=) peo"® @ TR e 0" T, €K,
k=0

since (31, €)+k—k=j (mod d).
And,

sipRo°)@Ty=5i(p) R0 ®--- RN R“®--- @0 T, € Kj.
So,
Ti(p® 0° @ Ty)
= Sz(p X Je) & Tsiw + Zti,i-i—lAi(p & 06) ® Tw
= 5 (p ® 06) ® Tsiw + Zti,i-l—lAi(p) ®0o°® T

Since Sz(p X 0'6) X Tsiw c Kj and tz,z—i—lAz(p) ® o ® Tw < Kj,
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Ti(p®o°®T,) € K.
We conclude that K is invariant under 7;.

Proposition 3. The K; subspaces are isomorphic H (KkCy, 2)-modules.

Proof. 1t is sufficient to show
vy, Kj = Kj

Let ¢ : K; — K1, be the linear V' isomorphism given by

¢(p®0—61®...®0'6”®Tw):p@o’el®...®O—ew(1)+1®...®O—8"®Tw.

We first show:

oT; = Tig.

We show this by considering ¢7; on basis element p ® 0% @ -+ - ® 0 ® Ty,.
Case 1: [(w) < I(s;w).

PTi(pRc @ @0 QT,)
= <Z5(Sz(p) RITR- RN R R Q™ ® Ty,
+ 2t Ai(p) ® 0T @ - @0 RTY).

Case la: w(1) #i,i+ 1.

B =T(poe" @ @0l g. . ®T,)
— T ® 0" ® - @ 0™ @ T,)).

Case 1b: w(l) =i+ 1 and s;w(1l) = 1.

B =s(p)®c"®@ @M Q"R ®" R Ty
+2tii18i(p) © 01 @ - @R Q- @0 O T,
=s5(pRcT @ R0 R - @0™)® Ty
+ 2t Ai(p) ® 0 @ Qo R R R QT
=T(p®c" Q- Qo0 ®...Qc" QT,)
=Ti(p(p® o ® - @0 QT,)).

Case 1c: w(l) =i and s;w(l) =i+ 1.

(3.1)



(B.1) =si(p)®c"® @M RN ®0" R Ty
+ 2,11 0i(p) 0 @ @ RO R R0 T,
=5(pR0® - QTR R R0™) ® Ty
+ 2t Ai(p) R0 @ @0 RN ® @0 R T,
=T(pRc"® - @O Q- Qo™ RT,)
=Ti(p(p®0c" @ - @™ @T,)).

Case 2: l(w) > l(s;w).
Similar to Case 1.

We next show,

Vg € P(kCy), ¢g = g¢.

We show this by considering ¢g on basis element p ® 0 ® - - - ® 0 ® T),.

PgpRT R R0 RTy)
=o(gpRo"®--- R RT,)
:gp@o’el®...®0‘ew(1)+1®...®0—6"®Tw
—gpR ®- - @O @...®c" T,)
=go(pRT R Q" RTy).

So ¢ is a H(kCy, z)-module isomorphism.

3.2 Eigenspace Isomorphisms
Proposition 4. The A = q eigenspace of T; is isomorphic to the A\ = —é eigenspace of T;.

Proof. Let ¢ : V — V be the V isomorphism given by,



PpRo°RT,) =pRc°RT, (@:(p_l).

Claim:

¢oT; = Tip.
We show this by considering ¢7T; on basis element p ® 0¢ ® T,,.
Case 1: l(w) < l(s;w).

WTi(pe o T,)

= p(si(p®0°) @ T, + 2ti i 10i(p® 0°) @ T,)

= 5,(p®0°) @ Ty, + 2ti i1 Mi(p® 0°) @ T, (p(2) = 2)
=T(p®c°®T,)

=Tip(p®o°RTy).

Case 2: [(w) > I(s;w).
Similar.

So for T;(v) = qu,

So ¢(v) is a —% eigenvector of T;. O

Proposition 5. The A =1 eigenspace of T; is isomorphic to the A = —1 eigenspace of T;.

Proof. Let ¢ : V' — V be given by,

Claim:



YT = =T

We show this by considering ¢/T; on basis element p ® 0¢ ® T,,.
Case 1: [(w) < I(s;w).

=yTi(p®o°®Ty)

=YP(5i(p®0°) @ Ty + 2tii10i(p @ 0°) @ T)
= (- )l(sl“’) i(Pp®0%) @ Tg + (—1)l(w)(—2)ti,i+1Ai(p ®0°) @ Ty)
= (=) (55(p ® 0°) ® Ty + 2tii18i(p ® 0°) @ T,)
= (L((-1)“"*'pe o e T,)

=Ti(—v(p®o*®Ty))

= -Tip(p® o ®T,).

Case 2: [(s;w) < l(w).
Similar.

So, for T;(v) = v

So 1(v) is a —1 eigenvector of T;.



Chapter 4

Structure of the g-Eigenspaces

Proposition 6. f is a g eigenvector of T; if and only if f = éti,iﬂf and for all w, s;w pairs
in Sy with l(w) < I(spw) we have qfuw = si(fsw) + (0 — ¢ ) Ai(fu)-

Proof. Suppose f is a q eigenvector of T;. Then,

T f = 2t Lif + f
f= 2qtiim [+ f
¢ —1

(¢ —1)f = —d tiiv1 f
1
f = Etz’,z’—&—lf'

The only components of f that contribute to (7} f), ®T,, under T; are f,,@T,, and fs,, @ Ts 1p-
So,

Q(fw ® Tw + fsz-w & Tsiw) = ﬂ(fw & Tw + fsiw & Tsm;)
= $i<fw) ® Tsiw + zti,i+1Ai(fw) ® Tw
+ Si(fs,-w) X Tw + Zti,i-l—lXi:_llAi(Xi-l—lfsiw) X Tsiw'

So,

qfw =Si(fsiw) + 2ti i1 Ni(fu)
= 8i(fs,w) + (¢ — q_l)Ai(%iti,i—l-lfw)
= 8i(fs,w) + (¢ — q71>Ai(fw>‘
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Now assume f = étmﬂf and for all w, s;w pairs in S,, with {(w) < [(s;w) we have ¢f,

Sz’(fsiw> + (q - q_l)Az‘(fw)'

0fw = 5i(forw) + (@ — ¢ A fu)

(g + (07" = DA fu = 5i( fow)

(' +(g—a AN+ (¢ =)D fo = (" + (¢ — ¢ NA)si(fow)

T4+ (@ -DA+ (@2 =D)A+ (1 =g =+ DA fu= (¢ + (0 — ¢ )A)si(fow)
fo=(0"+ (a—a")A)si(fow)-

Then,

Si(fw) + Zti,iJrlXi:_llAi(XiJrlfsiw) - q.fsiw
= Si((q_l + (q - q_l)Ai)Si(fsiw)) + (q — q_l)XilllAi(Xi—i-lfsiw) - qfsiw

= (" = ) fow — (= XX NA(fow) + (0 — ¢ DX A(Xip1 fow)  [RS,(3.6)]
= (q - q71)<_f8¢w - XiXijs-llAi(fSiw) + Xz';ll (XiAi(f8¢w) + f8¢wAi(Xi+l)) [RS, (3-3)]
= ((] - q_l)(_fsnu + XijrllXi-f—lfsiw)

=0.

Hence, qfsw = si(fw) + Zti,z’+1X;11A¢(X7;+1fsiw). So we see that,

ﬂ(fm X Tw + fsiw ® Tsiw> - 3i(fw> X Tsiw + Zti,z'—l—lAi(fw) ® Tw
+ 5i(foiw) ® Ty + Zti,i+1Xz‘:.11Ai(Xi+1fsiw) ® Tspw
= Q(fw ® Tw + fsiw X Tsiw)-

For all w, s;w pairs. Hence, f is an eigenvector of T;.
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Chapter 5

Spherical elements

We now consider N?—y Ker{T; — q}. We saw in the previous proof that f, = (¢7* + (¢ —
¢ YA Si(fow) for l(w) < I(s;w). So denote the Demazure-Lusztig operator A; = (¢ +
(¢ —¢q")A;)s;. Then for v € S, with v = s;, - - - s5;;wo, and I(s;,,, - - 5, wp) < 1(s4, - - - 55,W0)
for all 1 <b < a. Denote A,,, = 4, - - - Ai,. Note that A, does not depend on the choice of
si, by Proposition 8.

Proposition 7. N Ker{T; — q} has basis {3 cq Avwofuo @ To | fuy = p ® ZeeEj o°,
p=X2 0<j<d—1}.

Proof. Let f € Ni—y Ker{T; — q}. By Proposition 6 it is sufficient to find a basis for f
such that f = éti,iﬂf and for all w, s;w pairs in S, with I(w) < I(s;w) we have qf, =
Si(fsqzw> + (q - q_l)Ai(fw)'

We first show f is determined by f,, where wy is the maximal element of S, in the Bruhat
order. Let v € S,. Write v = s;, ---s;,wo so that I(s;,,, - si,wo) < (s, -+ - s4,wp) for all
1 <b<a. Then, f, = Ay, fuw, Provided that A, fu, is well defined. And we observe that
for v with l(v) < I(s;v),

Aifsiv

= AiAi, - Aiy fug
= Avwofwo

= fo.

Hence,
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(q_1 + (q - q_l)Ai)si(fsw) = fv
0fs = 8i(few) + (0 — ¢ A(fo)-

We also note for all 7, 7,

1 -~ -~ 1
Ajtiin = (g Y (g—q I)Aj)sjgtmﬂ

1 _ _
= Eti,iJrl(q "+ (a—qhA))s;

1
= C_lti,i—i-lAj-

So, if Cllti,iﬂfwo = fu,, then for all v € S,, we have étmﬂfv = f,. i.e. étmﬂf = f. Hence, it
is sufficient to find a basis for f,,.

fwo — Zp,ae ap@ge (p & Ue) Oép®ae - Ik

So,
1 1 d—1
ati,z‘ﬂfwo =3 Z Z Xpgoe (P ® 7“?06)
p,0¢ k=0
1 d—1
fd C_l Zzap(@rfo.e(p@ 06).
p,0¢ k=0
So,
) =
[p Qo ]fwo = C_l ap@rfoe'
k=0
And for c € Z,
=
[p & nge]fwo — E Oép®7n(k+c)o_e
k=0 ’
d—1



So we see,

[p ® O_G]fu}o = [p ® 06] dn71t172 T tn—?,n—lfwo

n—1 d—1

And for ¢; € Z,

And we observe that for any choice of e € Ej, {(T[I 75)o¢|e; € Z} = {09|g € E;} S0, fup
has the described basis.

]

Proposition 8. Let wy be the mazimal element of S,, in the Bruhat order. Let v € S,.
If v =84, -+ 5,wo so that l(s;,,, -~ s,wo) < U(sy, -~ si,wo) for all 1 < b < a, then f, =
Ai, - Aiy [ 15 well defined.

Proof. 1t is sufficient to show that the A; satisfy the braid relations.

First observe that for |i — j| > 1 we have,

AAj = (g + (= HA)silg + (g — g HA,))s;
= (¢ + (@ =g AN+ (g—q)A))s;si
= (¢ + (@ =g A + (g —a)A)s;si
= (¢ +(g—a)A)si(a" + (2= a HAi)s;
= AjA;
Next we consider A;A;1A; — A1 A; A, We introduce notation A 40y = 11:;(1;2);2, fij =
# Then,
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AiAipn A = (¢ + (g — ¢ HA)si(g + (¢ — ¢ HA)sia(g " + (g — ¢ H)A)s;
= (qil + (q —q 1)Az)(q + (q 1>A 1,i4-2) )5 52+1<q + (q qil)Ai)Si
= (' (@— g HANG T + (= DG (@ + (g — ¢ A 1)sisitsi
= (¢ +q (g —q ) A+ Apivay + Dig1)

q (g — qfl)z(AiA(i,Hz) + Ao + AjAi)
(0 — ¢ (DAt Ait1))SiSis18i

Similarly,

A1 AiAi = (P + 72— ¢ (A + Agivo) + D)
+q (g — q_l)z(Ai+1A(i,i+2) + N2 Ai + A D)
+(q— ¢ ) (A1) D)) Si418iSit1

Noting that, s;5,115; = S;115iS;+1 We see,

(¢ +q(g—q M)A+ Agivo) + D) + 7 (g q_1)2(AiA(i,i+2) + Apir2)Dit1 + AiAiya)
+ (0 — ¢ ) (AiA s Ai1))sisivrsi — (00 + 072 (0 — ) (Dir + Agige) + A)

+ 4 Mg — ) (A1 Ap vy + Dia i + A1 A) + (¢ — ¢ )P (A1 A i42)A0)) i1 8iSis

= (q_l(q - q_l)z(AiA(i,iH) + A2l + DA — D1 Dive) — Dty A — A1)

+ (g — qfl)g(AiA(i,z‘Jrz)Az’H - Ai+1A(i,i+2)Ai))5i5i+15i-

Then,

AiAgito) + AiAip1 + AGiro) At — A1 Qi) — D1 A — Ag i)
i i+2) i i
= (fi,i+1 - f;i+1)(fz‘,i+2 fz szr2 ) (fz i+1 fis,i—i-l)(fi-i-l,i-i-? - fiS+Ji,1i+2)+
ivo _ v
+ (fiiv2 — fz(lzer N(forrive — fiilie) = (fivvive — fiiilive) (fiive — fl(lziz )
i i i+2) i
— (frarinz — ) (Frien — Fii40) = (Fuinz — Fmd) (framn — fii41)
= (fiit1 fiire + fiiri firrive + Jiivafirvive — fivvivafiive — firvivafiivr — fiirafiit)
= (figrrfirrire + fiarr fiive — firvivafiinn — fuofiizr)™
— (fiita firvive + fiivafirtive — firrirafiivr — firvipafiige) ™!
— (s fiive + Frivafirri — fisvirafiire — fiivafiraiv) 52
+ (frivifirrive + fiavafirrs = Frvrirafiipe) B2
+ (fisrifiive — Firvarafiins — fiivafiyas) @FLeD
=0.
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AiAGiv2)Aitr

= (fiirr = [ fiivn = LSS frvive — [0

= fiirtfiivafirrive — fimi fiirafittive — fi z‘+1f¢(§i;2)fi+1,i+2 + fz',z'+1fz(2$2 St
— [ fuive firvive + Fria fuiva foitine + fri 111.11-—’2—2)fi+1,i+2 — [iin ,-(fo)fiﬁliﬁ

= frinifrivafirvive = finfiva Fiitine — foonfiafiins + font e fin )

: Jit1,i+2) it2,i+1) +2)
— fiirr firvivafiie + fi,i+1fi+1,i+2fi;j-2 "Dy fi,i+1fi+1,i+2fi(;j.1 - fi,i+1fi+1,i+2f1(lz.:.1 :

AVIRVAVCRETIVAY
= (forrive = fiiiiae) Fiive = F50) (frinn — i)
= fivvivafiirafiivr — Jivriafi i+2f;§+1 - fi+1,z‘+2f¢,§’$2 Jiit1 + firrivaf; 21;2 i1
- fiﬁﬁfﬁgfi,wzfz’,wl + f111z+2fz,i+2ff§+1 + fsfr+111+2fz Zz:gmfz i+1 fﬁfﬁﬁfﬁiﬁ fz i+l
= fivvivafiivafiizr — fz’+1,z’+2f¢,i+2f§§+1 Jirriralfs, Z+2f2j—;t—2§—1 + firvivafi z+2fl_l|_;t_1|_21+2)

: i+2,i+1) +1,i+2) +2)
— firvirafiirifips + fi+17i+2fi7i+1fi;i2 TV 4 firvieefi H—lfHZ»Zl s - fi+1,i+2fi,i+1f(ﬂ o

So,

AVAVRIT VAVIR IEWAVIS VAR I VAV

= —(firrfigrafirri + fiiri fisvivafiirr — firvivafiivafivoirn — fi+1,i+2fi,i+1fi+1,i+2)(i’iH)
+ (fiirr firvivafiive — firvivofiiva fivivt — fi+1,¢+2f¢,z’+1f¢+u+2)(i’iH’iH)
+ (fiirrfiivafivri + fiira firvivafiivr — fz'+1,¢+2f¢,z'+1fi,z'+2)(i’i+2’i+1)
0
Hence, AjAi 1 A; — Aiy1AiAipr = 0de. AjAi Ay = A1 AiAiga.
O
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