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Spherical Elements in the Affine Yokonuma-Hecke Algebra

Richard Martin Shaplin III

ABSTRACT

In Chapter 1 we introduce the Yokonuma-Hecke Algebra and a Yokonuma-Hecke Algebra-
module. In Chapter 2 we determine that the possible eigenvalues of particular elements in
the Yokonuma-Hecke Algebra acting on the module. In Chapter 3 we find determine module
subspaces and eigenspaces that are isomorphic. In Chapter 4 we determine the structure of
the q-eigenspace. In Chapter 5 we determine the spherical elements of the module.



Spherical Elements in the Affine Yokonuma-Hecke Algebra

Richard Martin Shaplin III

GENERAL AUDIENCE ABSTRACT

The Yokonuma-Hecke Algebra-module is a vector space over a particular field. Acting on
vectors from the module by any element of the Yokonuma-Hecke Algebra corresponds to a
linear transformation. Then, for each element we can find eigenvalues and eigenvectors. The
transformations that we are considering all have the same eigenvalues. So, we consider the
intersection of all the eigenspaces that correspond to the same eigenvalue. I.e. vectors that
are eigenvectors of all of the elements. We find an algorithm that generates a basis for said
vectors.
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Chapter 1

Introduction

1.1 Definitions

We follow the setup and notation of [RS]. We set ring k = C[q, q−1] and z = q−q−1

d
. We

consider all tensor products to be over k. We call Cd the cyclic group of order d, generated
by σ. We denote σi = 1⊗(i−1)⊗ σ⊗ 1⊗(n−i) ∈ kC⊗nd . Then for n ≥ 2, Haff

n (kCd, z), the affine
Yokonuma–Hecke algebra, is the free product of algebras,

k[X±1
1 , · · · , X±1

n ] ? kC⊗nd ? 〈Ti : 1 ≤ i ≤ n− 1〉

modulo the relations:

[RS, (2.2)] TiTj = TjTi, 1 ≤ i, j ≤ n− 1, |i− j| > 1,

[RS, (2.3)] TiTi+1Ti = Ti+1TiTi+1, 1 ≤ i ≤ n− 2,

[RS, (2.4)] T 2
i = zti,i+1Ti + 1, 1 ≤ i ≤ n− 1,

[RS, (2.5)] Tia = si(a)Ti, a ∈ kC⊗nd , 1 ≤ i ≤ n− 1

[RS, (2.8)] TiXj = XjTi, 1 ≤ i ≤ n− 1, 1 ≤ j ≤ n, j 6= i, i+ 1,

[RS, (2.9)] TiXiTi = Xi+1, 1 ≤ i ≤ n− 1,

[RS, (2.10)] Xia = aXi, 1 ≤ i ≤ n, a ∈ kC⊗nd .

Where ti,j =
∑d−1

k=0 σ
k
i σ
−k
j ∈ kC⊗nd . For w ∈ Sn, we define Tw = Ti1Ti2 · · ·Tik , where

w = si1si2 · · · sik is a reduced decomposition. Since the generators Ti satisfy the braid
relations (2.2) and (2.3), this definition is independent of the choice of reduced decomposition.
[RS, 3]

We also set Pn = k[X±1
1 , · · · , X±1

n ], and Pn(kCd) = Pn ⊗ kC⊗nd . Let f ∈ Pn(kCd), w ∈ Sn.
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Then define w(f) as the permutation of the Xi and factors of kC⊗nd in f . Define w(f) as the
permutation of only the the Xi. And define the Demazure operator ∆i(f) = 1−sif

1−XiX
−1
i+1

.

Then for H free k-module with basis {Tw : w ∈ Sn}, we see that V = Pn(kCd) ⊗ H is a
tensor product of k-modules. So by [RS, 3.8], V is an Haff

n (kCd, z)-module with action given
by,

f(g ⊗ Tw) = fg ⊗ Tw

Ti(f ⊗ Tw) =

{
si(f)⊗ Tsiw + zti,i+1∆i(f)⊗ Tw if l(siw) > l(w)

si(f)⊗ Tsiw + zti,i+1X
−1
i+1∆i(Xi+1f)⊗ Tw if l(siw) < l(w).

V has basis B = {p⊗σe⊗Tw | ρ = Xa = Xa1
1 · · ·Xan

n ∈ Pn, σe = σe1⊗· · ·⊗σen ∈ kC⊗nd , w ∈
Sn}.

We also introduce our own definitions, Es = {e ∈ Zn |
∑n

i=1 ei ≡ s (mod d)}, and Ks ⊂ V
with basis {p ⊗ σe ⊗ Tw | p ⊗ σe ⊗ Tw ∈ B, e ∈ Es}. Note: Ks = Kt if s ≡ t (mod d).
Denote ri = 1⊗(i−1) ⊗ σ1 ⊗ σ−1 ⊗ 1⊗(n−i+1). Then, ti,i+1 =

∑d−1
k=0 r

k
i . Finally for f ∈ V ,

f =
∑

w∈Sn
fw ⊗ Tw. So denote [Tw]f = fw.

1.2 Overview

In Chapter 2 we determine that the only possible eigenvalues of the Ti’s acting on V are
1,−1, q,−1

q
. In Chapter 3 we determine that the Ks’s are isomorphic Haff

n (kCd, z)-modules.

We also find that the 1 and −1 eigenspaces are isomorphic along with the q and −1
q

eigenspaces. In Chapter 4 we determine the structure of the q-eigenspace for any partic-
ular Ti. In Chapter 5 we determine the spherical elements of V .
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Chapter 2

Eigenvalues of Ti

Proposition 1. The only Ti eigenvalues are 1,−1, q, and −1
q
.

Proof. Suppose f ∈ V is an eigenvector of Ti. Then, Tif = λf for λ ∈ k. Next we observe
(2.4) in [RS], T 2

i = zti,i+1Ti + 1 So,

T 2
i f = (zti,i+1Ti + 1)f

λ2f = zti,i+1λf + f

(λ2 − 1)f = zλti,i+1f.

We also see that,

f =
∑

p,σe,Tw

αp⊗σe⊗Tw(p⊗ σe ⊗ Tw) αp⊗σe⊗Tw ∈ k.

So,

ti,i+1f =
∑

p,σe,Tw

d−1∑
k=0

αp⊗σe⊗Tw(p⊗ rki σe ⊗ Tw)

=
∑

p,σe,Tw

d−1∑
k=0

αp⊗rki σe⊗Tw(p⊗ σe ⊗ Tw).

Then,

[p⊗ σe ⊗ Tw](λ2 − 1)f = [p⊗ σe ⊗ Tw]zλti,i+1f

(λ2 − 1)αp⊗σe⊗Tw = zλ

d−1∑
k=0

αp⊗rki σe⊗Tw .
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Case 1: ∀p⊗ σe ⊗ Tw ∈ B,
∑d−1

k=0 αp⊗rki σe⊗Tw = 0.

Since f 6= 0, ∃αp⊗σe⊗Tw 6= 0 and we see,

(λ2 − 1)αp⊗σe⊗Tw = 0

(λ2 − 1) = 0

λ = 1,−1.

Case 2: ∃p⊗ σe ⊗ Tw ∈ B,
∑d−1

k=0 αp⊗rki σe⊗Tw 6= 0.

Observe that ∀x ∈ [0, d− 1]

(λ2 − 1)αp⊗rxi σe⊗Tw

= zλ

d−1∑
k=0

α
p⊗r(x+k)

i σe⊗Tw

= zλ
d−1∑
k=0

αp⊗rki σe⊗Tw .

So,

d−1∑
x=0

(λ2 − 1)αp⊗rxi σe⊗Tw = dzλ
d−1∑
k=0

αp⊗rki σe⊗Tw

(λ2 − 1)
d−1∑
x=0

αp⊗rxi σe⊗Tw = dzλ
d−1∑
k=0

αp⊗rki σe⊗Tw

λ2 − 1 = dzλ

λ2 − 1 = (q − q−1)λ

(λ− q)(λ+ q−1) = 0

λ = q,−1

q
.
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Chapter 3

Isomorphisms Between Eigenspaces

3.1 Subspace Isomorphism

Proposition 2. The Kj subspaces are invariant under Ti.

Proof. In order to show invariance we first observe that for any basis element p ⊗ σe ⊗ Tw
∈ Kj,

ti,i+1p⊗ σe ⊗ Tw

=
d−1∑
k=0

p⊗ rki σe ⊗ Tw

=
d−1∑
k=0

p⊗ σe1 ⊗ · · · ⊗ σei+k ⊗ σei+1−k ⊗ · · · ⊗ σen ⊗ Tw ∈ Kj

since (
∑n

i=1 ei) + k − k ≡ j (mod d).

And,

si(p⊗ σe)⊗ Tw = si(p)⊗ σe1 ⊗ · · · ⊗ σei+1 ⊗ σei ⊗ · · · ⊗ σen ⊗ Tw ∈ Kj.

So,

Ti(p⊗ σe ⊗ Tw)

= si(p⊗ σe)⊗ Tsiw + zti,i+1∆i(p⊗ σe)⊗ Tw
= si(p⊗ σe)⊗ Tsiw + zti,i+1∆i(p)⊗ σe ⊗ Tw.

Since si(p⊗ σe)⊗ Tsiw ∈ Kj and ti,i+1∆i(p)⊗ σe ⊗ Tw ∈ Kj,
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Ti(p⊗ σe ⊗ Tw) ∈ Kj.

We conclude that Kj is invariant under Ti.

Proposition 3. The Kj subspaces are isomorphic Haff
n (kCd, z)-modules.

Proof. It is sufficient to show

∀j, Kj
∼= Kj+1.

Let φ : Kj → Kj+1 be the linear V isomorphism given by

φ(p⊗ σe1 ⊗ · · · ⊗ σen ⊗ Tw) = p⊗ σe1 ⊗ · · · ⊗ σew(1)+1 ⊗ · · · ⊗ σen ⊗ Tw.

We first show:

φTi = Tiφ.

We show this by considering φTi on basis element p⊗ σe1 ⊗ · · · ⊗ σen ⊗ Tw.

Case 1: l(w) < l(siw).

φTi(p⊗ σe1 ⊗ · · · ⊗ σen ⊗ Tw)

= φ(si(p)⊗ σe1 ⊗ · · · ⊗ σei+1 ⊗ σei ⊗ · · · ⊗ σen ⊗ Tsiw (3.1)

+ zti,i+1∆i(p)⊗ σe1 ⊗ · · · ⊗ σen ⊗ Tw).

Case 1a: w(1) 6= i, i+ 1.

(3.1) = Ti(p⊗ σe1 ⊗ · · · ⊗ σew(1)+1 ⊗ · · · ⊗ σen ⊗ Tw)

= Ti(φ(p⊗ σe1 ⊗ · · · ⊗ σen ⊗ Tw)).

Case 1b: w(1) = i+ 1 and siw(1) = i.

(3.1) = si(p)⊗ σe1 ⊗ · · · ⊗ σei+1+1 ⊗ σei ⊗ · · · ⊗ σen ⊗ Tsiw
+ zti,i+1∆i(p)⊗ σe1 ⊗ · · · ⊗ σei ⊗ σei+1+1 ⊗ · · · ⊗ σen ⊗ Tw

= si(p⊗ σe1 ⊗ · · · ⊗ σei ⊗ σei+1+1 ⊗ · · · ⊗ σen)⊗ Tsiw
+ zti,i+1∆i(p)⊗ σe1 ⊗ · · · ⊗ σei ⊗ σei+1+1 ⊗ · · · ⊗ σen ⊗ Tw

= Ti(p⊗ σe1 ⊗ · · · ⊗ σew(1)+1 ⊗ · · · ⊗ σen ⊗ Tw)

= Ti(φ(p⊗ σe1 ⊗ · · · ⊗ σen ⊗ Tw)).

Case 1c: w(1) = i and siw(1) = i+ 1.
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(3.1) = si(p)⊗ σe1 ⊗ · · · ⊗ σei+1 ⊗ σei+1 ⊗ · · · ⊗ σen ⊗ Tsiw
+ zti,i+1∆i(p)⊗ σe1 ⊗ · · · ⊗ σei+1 ⊗ σei+1 ⊗ · · · ⊗ σen ⊗ Tw

= si(p⊗ σe1 ⊗ · · · ⊗ σei+1 ⊗ σei+1 ⊗ · · · ⊗ σen)⊗ Tsiw
+ zti,i+1∆i(p)⊗ σe1 ⊗ · · · ⊗ σei+1 ⊗ σei+1 ⊗ · · · ⊗ σen ⊗ Tw

= Ti(p⊗ σe1 ⊗ · · · ⊗ σew(1)+1 ⊗ · · · ⊗ σen ⊗ Tw)

= Ti(φ(p⊗ σe1 ⊗ · · · ⊗ σen ⊗ Tw)).

Case 2: l(w) > l(siw).

Similar to Case 1.

We next show,

∀g ∈ Pn(kCd), φg = gφ.

We show this by considering φg on basis element p⊗ σe1 ⊗ · · · ⊗ σen ⊗ Tw.

φg(p⊗ σe1 ⊗ · · · ⊗ σen ⊗ Tw)

= φ(gp⊗ σe1 ⊗ · · · ⊗ σen ⊗ Tw)

= gp⊗ σe1 ⊗ · · · ⊗ σew(1)+1 ⊗ · · · ⊗ σen ⊗ Tw
= g(p⊗ σe1 ⊗ · · · ⊗ σew(1)+1 ⊗ · · · ⊗ σen ⊗ Tw)

= gφ(p⊗ σe1 ⊗ · · · ⊗ σen ⊗ Tw).

So φ is a Haff
n (kCd, z)-module isomorphism.

3.2 Eigenspace Isomorphisms

Proposition 4. The λ = q eigenspace of Ti is isomorphic to the λ = −1
q

eigenspace of Ti.

Proof. Let ϕ : V → V be the V isomorphism given by,

ϕ(q) = −1

q
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ϕ(p⊗ σe ⊗ Tw) = p⊗ σe ⊗ Tw (ϕ = ϕ−1).

Claim:

ϕTi = Tiϕ.

We show this by considering ϕTi on basis element p⊗ σe ⊗ Tw.

Case 1: l(w) < l(siw).

ϕTi(p⊗ σe ⊗ Tw)

= ϕ(si(p⊗ σe)⊗ Tsiw + zti,i+1∆i(p⊗ σe)⊗ Tsi)
= si(p⊗ σe)⊗ Tsiw + zti,i+1∆i(p⊗ σe)⊗ Tsi (ϕ(z) = z)

= Ti(p⊗ σe ⊗ Tw)

= Tiϕ(p⊗ σe ⊗ Tw).

Case 2: l(w) > l(siw).

Similar.

So for Ti(v) = qv,

Ti(ϕ(v)) = ϕ(Ti(v))

= ϕ(qv)

= −1

q
ϕ(v).

So ϕ(v) is a −1
q

eigenvector of Ti.

Proposition 5. The λ = 1 eigenspace of Ti is isomorphic to the λ = −1 eigenspace of Ti.

Proof. Let ψ : V → V be given by,

ψ(q) =
1

q

ψ(p⊗ σn ⊗ Tw) = (−1)l(w)p⊗ σn ⊗ Tw.

Claim:
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ψTi = −Tiψ.

We show this by considering ψTi on basis element p⊗ σe ⊗ Tw.

Case 1: l(w) < l(siw).

= ψTi(p⊗ σe ⊗ Tw)

= ψ(si(p⊗ σe)⊗ Tsiw + zti,i+1∆i(p⊗ σe)⊗ Tw)

= (−1)l(siw)si(p⊗ σe)⊗ Tsiw + (−1)l(w)(−z)ti,i+1∆i(p⊗ σe)⊗ Tw)

= (−1)l(w)+1(si(p⊗ σe)⊗ Tsiw + zti,i+1∆i(p⊗ σe)⊗ Tw)

= (Ti((−1)l(w)+1p⊗ σe ⊗ Tw)

= Ti(−ψ(p⊗ σe ⊗ Tw))

= −Tiψ(p⊗ σe ⊗ Tw).

Case 2: l(siw) < l(w).

Similar.

So, for Ti(v) = v

Ti(ψ(v)) = −ψ(Ti(v))

= −ψ(v).

So ψ(v) is a −1 eigenvector of Ti.
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Chapter 4

Structure of the q-Eigenspaces

Proposition 6. f is a q eigenvector of Ti if and only if f = 1
d
ti,i+1f and for all w, siw pairs

in Sn with l(w) < l(siw) we have qfw = si(fsiw) + (q − q−1)∆i(fw).

Proof. Suppose f is a q eigenvector of Ti. Then,

T 2
i f = zti,i+1Tif + f

q2f = zqti,i+1f + f

(q2 − 1)f =
q2 − 1

d
ti,i+1f

f =
1

d
ti,i+1f.

The only components of f that contribute to (Tif)w⊗Tw under Ti are fw⊗Tw and fsiw⊗Tsiw.
So,

q(fw ⊗ Tw + fsiw ⊗ Tsiw) = Ti(fw ⊗ Tw + fsiw ⊗ Tsiw)

= si(fw)⊗ Tsiw + zti,i+1∆i(fw)⊗ Tw
+ si(fsiw)⊗ Tw + zti,i+1X

−1
i+1∆i(Xi+1fsiw)⊗ Tsiw.

So,

qfw =si(fsiw) + zti,i+1∆i(fw)

= si(fsiw) + (q − q−1)∆i(
1

d
ti,i+1fw)

= si(fsiw) + (q − q−1)∆i(fw).
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Now assume f = 1
d
ti,i+1f and for all w, siw pairs in Sn with l(w) < l(siw) we have qfw =

si(fsiw) + (q − q−1)∆i(fw).

qfw = si(fsiw) + (q − q−1)∆i(fw)

(q + (q−1 − q)∆i)fw = si(fsiw)

(q−1 + (q − q−1)∆i)(q + (q−1 − q)∆i)fw = (q−1 + (q − q−1)∆i)si(fsiw)

(1 + (q2 − 1)∆i + (q−2 − 1)∆i + (1− q−2 − q2 + 1)∆i)fw = (q−1 + (q − q−1)∆i)si(fsiw)

fw = (q−1 + (q − q−1)∆i)si(fsiw).

Then,

si(fw) + zti,i+1X
−1
i+1∆i(Xi+1fsiw)− qfsiw

= si((q
−1 + (q − q−1)∆i)si(fsiw)) + (q − q−1)X−1

i+1∆i(Xi+1fsiw)− qfsiw
= (q−1 − q)fsiw − (q − q−1)XiX

−1
i+1∆i(fsiw) + (q − q−1)X−1

i+1∆i(Xi+1fsiw) [RS, (3.6)]

= (q − q−1)(−fsiw −XiX
−1
i+1∆i(fsiw) +X−1

i+1(Xi∆i(fsiw) + fsiw∆i(Xi+1)) [RS, (3.3)]

= (q − q−1)(−fsiw +X−1
i+1Xi+1fsiw)

= 0.

Hence, qfsiw = si(fw) + zti,i+1X
−1
i+1∆i(Xi+1fsiw). So we see that,

Ti(fw ⊗ Tw + fsiw ⊗ Tsiw) = si(fw)⊗ Tsiw + zti,i+1∆i(fw)⊗ Tw
+ si(fsiw)⊗ Tw + zti,i+1X

−1
i+1∆i(Xi+1fsiw)⊗ Tsiw

= q(fw ⊗ Tw + fsiw ⊗ Tsiw).

For all w, siw pairs. Hence, f is an eigenvector of Ti.
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Chapter 5

Spherical elements

We now consider ∩n−1
i=0 Ker{Ti − q}. We saw in the previous proof that fw = (q−1 + (q −

q−1)∆i)si(fsiw) for l(w) < l(siw). So denote the Demazure-Lusztig operator Ai = (q−1 +
(q − q−1)∆i)si. Then for v ∈ Sn with v = sia · · · si1w0, and l(sib+1

· · · si1w0) < l(sib · · · si1w0)
for all 1 ≤ b ≤ a. Denote Avw0 = Aia · · ·Ai1 . Note that Av does not depend on the choice of
sib by Proposition 8.

Proposition 7. ∩n−1
i=0 Ker{Ti − q} has basis {

∑
v∈Sn

Avw0fw0 ⊗ Tv | fw0 = ρ ⊗
∑

e∈Ej
σe,

ρ = Xa, 0 ≤ j ≤ d− 1}.

Proof. Let f ∈ ∩n−1
i=0 Ker{Ti − q}. By Proposition 6 it is sufficient to find a basis for f

such that f = 1
d
ti,i+1f and for all w, siw pairs in Sn with l(w) < l(siw) we have qfw =

si(fsiw) + (q − q−1)∆i(fw).

We first show f is determined by fw0 where w0 is the maximal element of Sn in the Bruhat
order. Let v ∈ Sn. Write v = sia · · · si1w0 so that l(sib+1

· · · si1w0) < l(sib · · · si1w0) for all
1 ≤ b ≤ a. Then, fv = Avw0fw0 provided that Avw0fw0 is well defined. And we observe that
for v with l(v) < l(siv),

Aifsiv

= AiAia · · ·Ai1fw0

= Avw0fw0

= fv.

Hence,
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(q−1 + (q − q−1)∆i)si(fsiv) = fv

qfv = si(fsiv) + (q − q−1)∆i(fv).

We also note for all i, j,

Aj
1

d
ti,i+1 = (q−1 + (q − q−1)∆j)sj

1

d
ti,i+1

=
1

d
ti,i+1(q−1 + (q − q−1)∆j)sj

=
1

d
ti,i+1Aj.

So, if 1
d
ti,i+1fw0 = fw0 , then for all v ∈ Sn we have 1

d
ti,i+1fv = fv. i.e. 1

d
ti,i+1f = f . Hence, it

is sufficient to find a basis for fw0 .

fw0 =
∑

p,σe αp⊗σe(p⊗ σe) αp⊗σe ∈ k.

So,

1

d
ti,i+1fw0 =

1

d

∑
p,σe

d−1∑
k=0

αp⊗σe(p⊗ rki σe)

=
1

d

∑
p,σe

d−1∑
k=0

αp⊗rki σe(p⊗ σe).

So,

[p⊗ σe]fw0 =
1

d

d−1∑
k=0

αp⊗rki σe .

And for c ∈ Z,

[p⊗ rciσe]fw0 =
1

d

d−1∑
k=0

α
p⊗r(k+c)

i σe

=
1

d

d−1∑
k=0

αp⊗rki σe .
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.

So we see,

[p⊗ σe]fw0 = [p⊗ σe] 1

dn−1
t1,2 · · · tn−2,n−1fw0

=
1

dn−1

n−1∑
i=1

d−1∑
ki=0

α
p⊗rkii σe .

And for ci ∈ Z,

[p⊗ (
n−1∏
i=1

rcii )σe]fw0 =
1

dn−1

n−1∑
i=1

d−1∑
ki=0

α
p⊗r(ki+ci)

i σe

=
1

dn−1

n−1∑
i=1

d−1∑
ki=0

α
p⊗rkii σe .

And we observe that for any choice of e ∈ Ej, {(
∏n−1

i=1 r
ci
i )σe|ci ∈ Z} = {σg|g ∈ Ej} So, fw0

has the described basis.

Proposition 8. Let w0 be the maximal element of Sn in the Bruhat order. Let v ∈ Sn.
If v = sia · · · si1w0 so that l(sib+1

· · · si1w0) < l(sib · · · si1w0) for all 1 ≤ b ≤ a, then fv =
Aia · · ·Ai1fw0 is well defined.

Proof. It is sufficient to show that the Ai satisfy the braid relations.

First observe that for |i− j| > 1 we have,

AiAj = (q−1 + (q − q−1)∆i)si(q
−1 + (q − q−1)∆j)sj

= (q−1 + (q − q−1)∆i)(q
−1 + (q − q−1)∆j)sjsi

= (q−1 + (q − q−1)∆j)(q
−1 + (q − q−1)∆i)sjsi

= (q−1 + (q − q−1)∆j)sj(q
−1 + (q − q−1)∆i)si

= AjAi.

Next we consider AiAi+1Ai − Ai+1AiAi+1. We introduce notation ∆(i,i+2) = 1−(i,i+2)1
1−XiXi+2

, fi,j =
1

1−XiX
−1
j

. Then,
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AiAi+1Ai = (q−1 + (q − q−1)∆i)si(q
−1 + (q − q−1)∆i+1)si+1(q−1 + (q − q−1)∆i)si

= (q−1 + (q − q−1)∆i)(q
−1 + (q − q−1)∆(i,i+2))sisi+1(q−1 + (q − q−1)∆i)si

= (q−1 + (q − q−1)∆i)(q
−1 + (q − q−1)∆(i,i+2))(q

−1 + (q − q−1)∆i+1)sisi+1si

= (q−3 + q−2(q − q−1)(∆i + ∆(i,i+2) + ∆i+1)

+ q−1(q − q−1)2(∆i∆(i,i+2) + ∆i+2∆i+1 + ∆i∆i+1)

+ (q − q−1)3(∆i∆(i,i+2)∆i+1))sisi+1si.

Similarly,

Ai+1AiAi+1 = (q−3 + q−2(q − q−1)(∆i+1 + ∆(i,i+2) + ∆i)

+ q−1(q − q−1)2(∆i+1∆(i,i+2) + ∆i+2∆i + ∆i+1∆i)

+ (q − q−1)3(∆i+1∆(i,i+2)∆i))si+1sisi+1.

Noting that, sisi+1si = si+1sisi+1 we see,

(q−3 + q−2(q − q−1)(∆i + ∆(i,i+2) + ∆i+1) + q−1(q − q−1)2(∆i∆(i,i+2) + ∆(i,i+2)∆i+1 + ∆i∆i+1)

+ (q − q−1)3(∆i∆(i,i+2)∆i+1))sisi+1si − (q−3 + q−2(q − q−1)(∆i+1 + ∆(i,i+2) + ∆i)

+ q−1(q − q−1)2(∆i+1∆(i,i+2) + ∆i+2∆i + ∆i+1∆i) + (q − q−1)3(∆i+1∆(i,i+2)∆i))si+1sisi+1

= (q−1(q − q−1)2(∆i∆(i,i+2) + ∆i+2∆i+1 + ∆i∆i+1 −∆i+1∆(i,i+2) −∆(i,i+2)∆i −∆i+1∆i)

+ (q − q−1)3(∆i∆(i,i+2)∆i+1 −∆i+1∆(i,i+2)∆i))sisi+1si.

Then,

∆i∆(i,i+2) + ∆i∆i+1 + ∆(i,i+2)∆i+1 −∆i+1∆(i,i+2) −∆i+1∆i −∆(i,i+2)∆i

= (fi,i+1 − f sii,i+1)(fi,i+2 − f (i,i+2)
i,i+2 ) + (fi,i+1 − f sii,i+1)(fi+1,i+2 − f si+1

i+1,i+2)+

+ (fi,i+2 − f (i,i+2)
i,i+2 )(fi+1,i+2 − f si+1

i+1,i+2)− (fi+1,i+2 − f si+1

i+1,i+2)(fi,i+2 − f (i,i+2)
i,i+2 )

− (fi+1,i+2 − f si+1

i+1,i+2)(fi,i+1 − f sii,i+1)− (fi,i+2 − f (i,i+2)
i,i+2 )(fi,i+1 − f sii,i+1)

= (fi,i+1fi,i+2 + fi,i+1fi+1,i+2 + fi,i+2fi+1,i+2 − fi+1,i+2fi,i+2 − fi+1,i+2fi,i+1 − fi,i+2fi,i+1)

− (fi,i+1fi+1,i+2 + fi,i+1fi,i+2 − fi+1,i+2fi,i+1 − fi,i+2fi,i+1)si

− (fi,i+1fi+1,i+2 + fi,i+2fi+1,i+2 − fi+1,i+2fi,i+1 − fi+1,i+2fi,i+2)si+1

− (fi,i+1fi,i+2 + fi,i+2fi+1,i − fi+1,i+2fi,i+2 − fi,i+2fi+2,i+1)(i,i+2)

+ (fi,i+1fi+1,i+2 + fi,i+2fi+1,i − fi+1,i+2fi,i+2)(i,i+2,i+1)

+ (fi,i+1fi,i+2 − fi+1,i+2fi,i+1 − fi,i+2fi+2,i)
(i,i+1,i+2)

= 0.
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∆i∆(i,i+2)∆i+1

= (fi,i+1 − f sii,i+1)(fi,i+2 − f (i,i+2)
i,i+2 )(fi+1,i+2 − f si+1

i+1,i+2)

= fi,i+1fi,i+2fi+1,i+2 − fi,i+1fi,i+2f
si+1

i+1,i+2 − fi,i+1f
(i,i+2)
i,i+2 fi+1,i+2 + fi,i+1f

(i,i+2)
i,i+2 f

si+1

i+1,i+2

− f sii,i+1fi,i+2fi+1,i+2 + f sii,i+1fi,i+2f
si+1

i+1,i+2 + f sii,i+1f
(i,i+2)
i,i+2 fi+1,i+2 − f sii,i+1f

(i,i+2)
i,i+2 f

si+1

i+1,i+2

= fi,i+1fi,i+2fi+1,i+2 − fi,i+1fi,i+2f
si+1

i+1,i+2 − fi,i+1fi,i+2f
(i,i+2)
i+1,i + fi,i+1fi,i+2f

(i,i+2,i+1)
i+1,i

− fi,i+1fi+1,i+2f
si
i,i+2 + fi,i+1fi+1,i+2f

(i,i+1,i+2)
i,i+2 + fi,i+1fi+1,i+2f

(i,i+2,i+1)
i,i+1 − fi,i+1fi+1,i+2f

(i,i+2)
i,i+1 .

∆i+1∆(i,i+2)∆i

= (fi+1,i+2 − f si+1

i+1,i+2)(fi,i+2 − f (i,i+2)
i,i+2 )(fi,i+1 − f sii,i+1)

= fi+1,i+2fi,i+2fi,i+1 − fi+1,i+2fi,i+2f
si
i,i+1 − fi+1,i+2f

(i,i+2)
i,i+2 fi,i+1 + fi+1,i+2f

(i,i+2)
i,i+2 f sii,i+1

− f si+1

i+1,i+2fi,i+2fi,i+1 + f
si+1

i+1,i+2fi,i+2f
si
i,i+1 + f

si+1

i+1,i+2f
(i,i+2)
i,i+2 fi,i+1 − f si+1

i+1,i+2f
(i,i+2)
i,i+2 f sii,i+1

= fi+1,i+2fi,i+2fi,i+1 − fi+1,i+2fi,i+2f
si
i,i+1 − fi+1,i+2fi,i+2f

(i,i+2)
i+2,i+1 + fi+1,i+2fi,i+2f

(i,i+1,i+2)
i+2,i+1

− fi+1,i+2fi,i+1f
si+1

i,i+2 + fi+1,i+2fi,i+1f
(i,i+2,i+1)
i,i+2 + fi+1,i+2fi,i+1f

(i,i+1,i+2)
i+1,i+2 − fi+1,i+2fi,i+1f

(i,i+2)
i+1,i+2.

So,

∆i∆(i,i+2)∆i+1 −∆i+1∆(i,i+2)∆i

= −(fi,i+1fi,i+2fi+1,i + fi,i+1fi+1,i+2fi,i+1 − fi+1,i+2fi,i+2fi+2,i+1 − fi+1,i+2fi,i+1fi+1,i+2)(i,i+2)

+ (fi,i+1fi+1,i+2fi,i+2 − fi+1,i+2fi,i+2fi+2,i+1 − fi+1,i+2fi,i+1fi+1,i+2)(i,i+1,i+2)

+ (fi,i+1fi,i+2fi+1,i + fi,i+1fi+1,i+2fi,i+1 − fi+1,i+2fi,i+1fi,i+2)(i,i+2,i+1)

= 0.

Hence, AiAi+1Ai − Ai+1AiAi+1 = 0 i.e. AiAi+1Ai = Ai+1AiAi+1.
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