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Local Correlation: Implementation and Application to Molecular

Response Properties
Nicholas J. Russ

(Abstract)

One of the most promising methods for surmounting the high-degree polynomial scaling wall
associated with electron correlating wave function methods is the local correlation technique
of Pulay and Saebg. They have proposed using a set of localized occupied and virtual
orbitals free of the canonical constraint commonly employed in quantum chemistry, resulting
in a method that scales linearly (in the asymptotic limit) with molecular size. Pulay and
Saebg first applied their methods to configuration interaction and later to Mgller-Plesset
perturbation theory. Werner et al. have have extended the local correlation scheme of Pulay

and Saebg to coupled-cluster theory.

One of the pitfalls of the local correlation methods developed by Pulay and Saebg is the
dependence of domain selection on the molecular geometry. In other words, as the geometry
changes the domain structure of the local correlation calculation can change also, leading to
discontinuities in the potential energy surface. We have examined the size of these discontinu-
ities for the homolytic bond cleavage of fluoromethane and the heterolytic bond dissociation

of singlet ketene and propadienone.

Properties such as polarizabilities and optical rotation are realized through linear response
theory, where the Hamiltonian is subject to an external perturbation and the wave function
is allowed to respond to the applied perturbation. Within the context of local correlation
it is necessary to understand how the domain structure alters in response to an applied
perturbation. We have proposed using solutions to the CPHF equations (coupled-perturbed
Hartree-Fock) in order to predict the correlation response to an applied perturbation. We
have applied this technique to the calculation of polarizabilities, with very favorable results,

and also to optical rotation, with mixed results.
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Chapter 1

A Brief Survey of Conventional

Techniques

One of the most fundamental quantities to quantum chemistry is the (electronic) wave func-
tion, ¥, which depends on the spatial and spin coordinates of all electrons in a molecular
system,

W (w1, Y1, 21, 81, T2, Y2, 22, 52, - - s TN, YN 2N, SN) (1.1)
where N is the number of electrons in the system. Finding the wave function for a particular
molecular system is tantamount to solving the (time-independent, electronic) Schrodinger

equation,

HU = EV (1.2)

where H is the Hamiltonian operator and FE is the associated energy. The form of the

(electronic) Hamiltonian operator, within the Born-Oppenheimer approximation® is
N NM NN
. 1 Z, 1 1
H=_—_= \VE . e, - —— 1.3
DI Y s P "

where Z, is the charge on nuclear center «, r;, is the distance between electron ¢ and nucleus

a and r;; is the distance between electrons ¢ and j. The first two terms in eqn. 1.3 are electron
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operators describing the kinetic energy of the electrons and the nuclear-electronic attraction
energy, respectively. The third term in eqn. 1.3 precludes the ability to solve the Schrodinger
equation (eqn. 1.2) exactly for all but a handful of systems. As a result, we are forced to
make approximations by introducing a basis set and assuming certain forms of the wave

function. And so begins our journey through the landscape of quantum chemistry.

The Hamiltonian operator can be rewritten using second-quantization®* as
2 1
H =) (plhlg)aa, + 3> (pallrs)alala.a, (1.4)
pq pqrs

where aL and a, are creation and annihilation operators, respectively. The first term of eqn.
1.4 includes the kinetic and electron-nuclear attraction energies. The second term in eqn.

1.4 portrays the % in a basis of {¢,}, usually taken to be MOs (molecular orbitals).

1.1 Single Configuration Theory

The most common starting point for solving the Schrodinger equation is to assume the wave

function can be written as a single Slater determinant, or configuration, following the form

(1.5)

Pi(rn) a(ry) oo Un(ry)

where r; includes all spatial and spin coordinates of electron 1. This is known as Hartree-
Fock theory and is a good starting guess. But, there is a major oversimplification inherent

to the fundamental assumption, a lack of electron correlation.

The Hartree-Fock approximation converts the many-body problem of electron-electron in-
teraction into a one-body problem through the use of the Fock operator in the Hartree-Fock

equations:

A

[y = &1y (1.6)
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where €, is and eigenvalue of the Fock operator and the energy associated with molecular

orbital 1,. The form of the Fock operator is
f:iLﬂLZ(jz—Kz) (1.7)

where h is the core Hamiltonian (includes kinetic energy of the electrons and electron-
nuclear attraction energy), J and K are the coulomb and exchange operators, respectively.

Mathematically, the coulomb and exchange operators have the form

Wt = [ v, [w:m)}uwi(u)} Uy(ar) (1)
Eieiy(o) = [ an [wm)i%(wz)] diln) (19)

Combining the coulomb and exchange operators as in eqn. 1.7 describes the Hartree-Fock

potential, 77 and is defined

v =30 - K) (1.10)

i
Employing the Fock operator results in a wave function that lacks instantaneous interaction
(correlation) between electrons. In other words, each electron sees the other N —1 electrons as
an averaged electronic field® instead of individual electrons in real time and space undergoing
collisions and various other interactions. Correlating the motions of electrons in a system

allows the entire system to relax and lower the total molecular energy.

Commonly, the Hartree-Fock equations are solved by introducing an atomic orbital basis in

order to write the molecular orbitals as linear combinations of the atomic orbitals:
Up = Z Clou (1.11)
“w

where ¢,, is an AO (atomic orbital) and ¢, is an MO (molecular orbital). Solving the Hartree-
Fock equations in the presence of atomic orbital basis functions was first proposed in 1951
by Roothaan.® The Hartree-Fock equations can be rewritten in terms of an AO basis set,
using matrix notation, e.g.,

FC = eSC (1.12)
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Where the AO basis overlap matrix, S,, = (u|v), appears due to the lack of orthonormality
within the AO basis functions.

The MO coefficients are determined by variationally optimizing the energy of the Hartree-

Fock equations with the constraint that the MOs must remain orthonormal:

<¢p‘wq> = Spq = 0pq (1~13)

where the S, are referred to as the overlap integrals and d,, is the usual Kronecker delta
which equals 1 if p = ¢ and 0 if p # ¢. This is tantamount to finding MOs that force the

occupied-virtual blocks of the Fock matrix to zero,

fia = fai =0 (1.14)
where ¢, 7, k,... and a,b,c,... represent occupied and virtual MOs, respectively. A single
Fock matrix element, defined

foa = hpq+z<pi||qi>a (1.15)
where p,q,r, ... represent a general MO (either occupied or virtual). The second term in

eqn. 1.15 is a sum over antisymmetric two electron integrals in Dirac notation,

(pillqi) = (pilqi) — (pilig) (1.16)

and

(pilqi) = / dry / i 3 )07 (22) o) ). (1.17)

Commonly, there is a second restriction placed on the MOs, such that the Fock matrix must

be diagonal,
fotq = 0. (1.18)

MOs that satisfy this condition are called canonical MOs. Requiring canonical MOs has the
advantage of simplifying the mathematical expressions, but at the cost of spatially delocalized

orbital plots. We will address this issue in the local correlation section. Assuming canonical
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MOs, the Hartree-Fock energy is
1 e
E:Zhii+§z<”||w>‘ (1.19)
i ij

Looking back at eqn. 1.4, we can rewrite the second-quantized form of the Hamiltonian oper-
ator for a specific reference, such as the Hartree-Fock reference by subtracting the reference

expectation value:

Hy = H — (0|H|0) (1.20)

where |0) is the Hartree-Fock reference, |®g), and Hy is defined as the normal-ordered
Hamiltonian operator. Through algebraic manipulation, a more explicit form of the normal-

ordered second-quantized Hamiltonian operator is derived as

Fiy = 3 hoolabag} + 3 3 (pallrs) {alala.a,}. (1.21)

pars
where the use of curly brace denotes the normal-ordered form of the creation and annihilation
operator string. The first term of eqn. 1.21 is defined as the normal-ordered Fock operator
and the second term is the normal-ordered two-electron operator. eqn. 1.21 may be simplified

to

Hy = Fy + Vy. (1.22)

We will return to this form of the Hamiltonian operator at the discussions of perturbation

and coupled-cluster theories.

1.1.1 Static Field Molecular Properties in Hartree-Fock Theory

Calculating properties like a dipole moment, polarizability, magnetic moment, magnetizabil-
ity, etc., are accessible via a perturbational expansion of the Hamiltonian and subsequent
differentiation of the energy with respect to the perturbing field.” While we are not actu-
ally interested in calculating Hartree-Fock level properties, we will be using the resulting

coupled-perturbed Hartree-Fock equations to modify domain structures for response-type
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calculations within a local correlation framework, vide infra. The Hamiltonian can be ex-
panded by perturbation order as

H=Hy+ P, + )Py + ... (1.23)

where P, are perturbation operators with a strength determined by \. Differentiating the

energy with respect to the perturbation and evaluating at A = 0 yields

OE 9, - T
S 5<O\HO+AP1+)\ P|0) -
o . .
= 2(50|H0|0>+<0|P1|0> (1.24)

where |0) is the Hartree-Fock wave function and we have assumed real orbitals. Looking at

the first term in eqn. 1.24, we can use the chain rule to give

oc, o

20| Hp|0) (1.25)

Eqn. 1.25 is equal to 0 because of the variational nature of the Hartree-Fock wave function
(i.e., 7=|0) = 0). Therefore, the derivative of the energy is equal to the expectation value of

the derivative of the Hamiltonian, e.g.,

o -
ax OIH|0) = (0] 7+ H|0> (1.26)

and the Hartree-Fock wave function obeys the Hellmann-Feynman theorem.® Before deriving
expressions for specific properties and perturbations, it is helpful to first differentiate one-

and two-electron integrals with respect to a generic real perturbation, .

Differentiating a general one-electron integral with respect to a real perturbation A yields
0 0
5}%(1 - BN Z Cﬁhqug
v

0 0 0
= %[GR+ L)L+ Ol 5|

g

_ +Z
= Z ihig + Upthpt) (1.27)

ZUACt Y G+ Clly ( ZUACt
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where we have made several steps in one series of equations. The U;‘t define the set of

derivative coefficients by a linear combination of the original set of MO coefficients, e.g.,

50}; = Z UCt (1.28)

The notation, h , represents the derivative of the quantity in the AO basis transformed to

pq’

the MO basis, e.g.,
0
hyy=> Chl 5w )C (1.29)
n%
It is important to note that the AO basis derivative transformed to the MO basis is not

equal to the MO basis derivative, i.e.,

0
A
Moy # 2y (1.30)

Differentiating a general one-electron operator reveals a pattern that can be exploited to
quickly elucidate the form of the derivative overlap and two-electron integrals. Differentiating

the MO basis overlap integrals reveals a unique relationship between U,, and S,,.

9
xS = Z oSt + UpSpi)

_ A )\ A
= ShHUN+UL=0 (1.31)

recalling that S,; = d,, from eqn. 1.13. The two-electron integrals follow the same pattern

already outlined by the one-electron integrals, but with a few more terms:

0
oy, (pallrs) = (palIrs) +Z (tallrs) + U (ptllrs) + Up(pallts) + Uz (pqllrt))  (1.32)

Combining the results of eqns. 1.27, 1.31 and 1.32, we can write the complete derivative of

the Hartree-Fock energy with respect to a generic real perturbation, A, as

Zh + = ZZ]HZ] Z oy (1.33)

where we have used the definition of a Fock matrix element from eqn. 1.7.

So far we have looked at integrals with respect to a real perturbation A. Since we will be

using solutions to the CPHF (vide infra) equations to predict domain structures for both
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polarizabilities and optical rotation we must also consider integral derivatives with respect
to an imaginary perturbation, which is introduced in the magnetic operator employed in the
calculations of optical rotation. The only difference that arises when differentiating with
respect to an imaginary perturbation is a negative sign when operating on the bra of an
integral.” For example, a one- and two-electron integral differentiated with respect to an

imaginary perturbation, v, yields

hpg = My + > (= Upihug + Ugihipe) (1.34)
t

and

0
%<pQII7’S> (pql|rs)” +Z e (tallrs) — Ug(pt||rs) + Up(pallts) + Ug(pglrt)), (1.35)

respectively. Also, differentiating the MO basis overlap integrals with respect to an imaginary

perturbation gives
0
vy

We can use the above expressions for differentiating integrals with respect to a real pertur-

Spg = S3, — U + U =0 (1.36)

bation, A, and an imaginary perturbation, -, to calculate properties specific to an electric
and magnetic field perturbation in order to calculate polarizabilities and magnetizabilities,

respectively.

Static Polarizability and ‘Pseudo-’Magnetizability via Analytic Derivatives

Calculating a polarizability requires a perturbing electric field as described in eqn. 1.23,
which can be rewritten as,

H=Hy+ ji.F (1.37)

where [i. is the electric dipole moment operator and F is the field strength. The static field

polarizability can be calculated as the negative of the second derivative of the energy with

respect to an electric field perturbation,” ! e.g.,

0*F
gy = ~ 520y (1.38)
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where oy, is one element of the polarizability tensor and « is one component of the electric

field perturbation, F. The dipole moment is defined as the negative of the first derivative of

the energy with respect to the dipole moment operator,”1°

oF

It e (1.39)

Using the definition of the electric dipole moment in eqn. 1.38, we can rewrite the polariz-

ability as
ou* oY
oy = = 1.40

Ty T o (1.40)
Differentiating the energy with respect to an electric field perturbation yields the dipole
moment as

or -

or M

= —(0]£l0)
= > d (1.41)
where d]; are the electric dipole moment integrals and are defined as
dpy = —(plpcla) (1.42)
Differentiating the dipole moment integrals appearing in the above equation yields the po-
larizability.

Since the dipole moment integrals involve only one electron operators, we can use the form

of a one-electron derivative to write the polarizability as

ouy
Gy = i:Z(Uﬂﬁdy+Ul’dy)

O pitlip
= Z Uz dy
= Z Uzdy, + 2 Z ULdy,
— 2 Z Usd’, + Z UL+ US)dY,
= 2 Z Uzd, (1.43)
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where we have omitted the second-order derivative term db; which is commonly considered
unimportant and usually ignored.'® Also, the AO basis functions do not depend on the

electric field perturbation, meaning S;, = 0. As a result, eqn. 1.31 can be rewritten as
Uy, = —Uy, (1.44)

which has been used in the derivation of eqn. 1.43. What remains now is to solve for the set

of MO derivative coefficients, Ul;.

The magnetizability is defined analogously to the polarizability; a magnetic perturbation
is applied to the Hamiltonian followed by differentiating the energy with respect to the

magnetic field. Rewriting the Hamiltonian including a magnetic field perturbation yields,
H=H,+mB (1.45)

where m is the magnetic moment operator and B is the strength of the magnetic field.
Differentiating the energy with respect to a magnetic field is more cumbersome than an
electric field, not only due to the imaginary nature of the magnetic moment operator, but
also due to the fact that more quantities depend on the magnetic field, which gives rise

7

to more terms in the derivative expression.” Since we are not interested in calculating

magnetizabilities we instead choose to mimic the equation for calculating polarizabilities

and compute a ‘pseudo-'magnetizability as
Loy =2 Z Usi9a; (1.46)

where g?. are magnetic dipole moment integrals. We must now solve for the set of U,; for

both an electric and magnetic field perturbation.

Coupled-Perturbed Hartree-Fock Equations (CPHF)

The coupled-perturbed Hartree-Fock?1? (CPHF) equations provide a route to for solve the

set of MO derivative coefficients. The variational condition for the Hartree-Fock equations
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is that the occupied-virtual blocks of the Fock matrix must be zero (see eqn. 1.14). The

derivative of the Fock matrix must also yield zeros in the occupied-virtual blocks, e.g.,

0 0

afai = afia =0 (147)

Differentiating the f,; matrix elements with respect to real perturbation A will provide a set
of coupled equations that can be iterated to obtain the set of MO derivative coefficients, U?.

The analytic form of a% fai 18
O0=Fa+ > Unfi—> Unfa— > UpiAang (1.48)
J b bj
where we have used an Ag;; quantity defined as
Aairy = (abl[j) + (aj]|ib)
— 2ablij) — (ablji) — (ajlbi) (1.49)

The U2 coefficients are solved in a very similar manner to the Tj-amplitude equations in

coupled-cluster theory, vide infra.

For the case of an imaginary perturbation, v, the CPHF equations become
0=f%=Y Ulfii+> Upfa—> UpBan (1.50)
J b bj
where we have used a Bg;; quantity defined as

Buij = —({abllij) + (aj||ib)

= (ablji) — (aj|bi) (1.51)

It is worth noting that we do not incorporate the solutions to the CPHF equations into the
calculation of any properties within the scope of this research. Instead, we have merely used
the U,; coefficients, which represent the orbital response to an applied perturbation, predict
the correlated wave function response to the applied perturbation. This technique provides

an a priori domain selection with respect to an applied perturbation.
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1.2 Enter Electron Correlation

Electrons are constantly colliding and scattering in Cartesian space. These types of motions
are not included in the Hartree-Fock wave function. Accounting for this behavior in orbital

space is equivalent to including multiple configurations into the wave function.'?

Electron correlation is required for an accurate description of the wave function. Hartree-
Fock theory accounts for approximately 98% of total energy, the remaining 2% is called the
correlation energy. This may seem like a small percentage, but its effect can qualitatively

change the properties of a molecular system.!? 16

1.3 Configuration-Interaction Theory

In Hartree-Fock theory, only a single determinant is used to describe the total wave func-
tion, with all of the electrons in the energetically lowest molecular orbitals. Configuration-
interaction uses this single determinant as a reference from which to add a series of singly,
doubly, triply, etc. excited determinants. The order of excitation refers to the number of elec-
trons being excited; e.g. a doubly excited determinant means that two electrons are removed

from their occupied orbitals and placed into unoccupied orbitals.

The exact form of the wave function can be described by a linear combination of all unique
determinants. This would require an infinite basis set, but since we are forced to use a
finite basis, we can only include the unique determinants within the confines of the chosen
basis.!” Configuration-interaction (CI), like many other correlated methods, integrates elec-
tron correlation by incorporating a linear combination of excited determinants into the wave

function.820

Wer) = (14 C)|0) (1.52)

where |¥¢;) is the CI wave function, |0) is the reference determinant, and C is the excitation

operator. The C operator can be expanded as C=C+Ch+ C’g + - -+, where the operator
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o generates all single excitations, Cy generates all double excitations, etc. The truncation
of the excitation operator determines the level of CI theory. Truncation at C = C’l + C’g
defines CISD; C' = C; + Cy + Cs defines CISDT. The general form of a C, operator is
1) &
A _ ab...
c, = (m) Z cij_._alazﬂ ...aja; (1.53)
ij...ab...

The excitation operator, O, provides the excited determinants from which configuration-

interaction is able to describe electron correlation.

Clis a tried and true method in quantum chemistry. In fact, full CI (FCI) provides the exact
solution to the electronic Schrodinger equation within a given basis set.?!’ Full CI means that
all possible excited determinants, within the given basis set, have been incorporated into the
wave function. The quality of performance in other quantum chemical methods are often
determined by comparison to FCI.223% The only drawback of FCI is the computational
expense, scaling as O(N!), where N is some measure of the system size. This makes FCI a

realistic option for only very small molecules with small basis sets.

1.4 Perturbation Theory

One of the simplest ways to incorporate electron correlation into the system is though pertur-
bation theory. The Hamiltonian is split into two parts, a zeroth order part and a perturbation
as

H=Hy+ \V (1.54)
where A is an used as a bookkeeping tool for perturbation order and 1% represents the first-
order Hamiltonian. The division in the Hamiltonian can be imposed on the Schrodinger

equation to partition the Schrodinger equation by order:

A=0  H0)=E0) (1.55)
A=1  HlypW) +V]0) = EQOpMy + EW)0) (1.56)

A=2 Holp®) +V[p®) = EQW®) + BO ) + E@0) (1.57)
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Where |0) are eigenfunctions of the zeroth-order Hamiltonian, Hy, and we have limited our
discussion to ground state energies.

Left projecting the above equations by (0| yields expressions for the energy at various per-

turbation orders:

E© = (0|H,|0) (1.58)
EW = (0|V|0) (1.59)
E® = (0[V]p") (1.60)

Within the context of electronic structure theory and using the Hartree-Fock wave function
as the reference, solving the energy through first-order returns only the Hartree-Fock energy.
The first correction to the Hartree-Fock energy is obtained at second-order. Eqn. 1.60 implies
that the first-order wave function is required to calculate the second-order energy. Defining
an analytic form of the first-order wave function requires a deeper look at the first-order
Schrodinger equation. We will look at the definition of the first-order wave function in terms

of Mgller-Plesset perturbation theory.

MP2

Mgller-Plesset theory?! is a specific form of perturbation theory where the reference is strictly

the Hartree-Fock wave function and Hamiltonian is partitioned as in eqn. 1.21, 7.e.,

Fy = H, (1.61)

VW = V (1.62)
Looking at the second-order correction to the energy, MP2, we can rewrite eqn. 1.60 as

Enpr = (0|Vy|p™) (1.63)

Again, finding the first-order wave function requires an in-depth look at the first-order
Schrodinger equation:

Ex|p™) 4+ Vy|0) =0 (1.64)
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As is common practice for Rayleigh-Schrgdinger perturbation theory, the first-order wave
function can be written as a linear combination of eigenfunctions of the zeroth-order Hamil-

tonian (| ) =" cg)|0>). Plugging this into eqn. 1.64 yields

> D En|0) + Viv]0) = 0 (1.65)

Solving for the ¢V coeficients now becomes a question of what can be left-projected onto
eqn. 1.65 to produce a non-zero result. The reference cannot produce a non-zero result
due to the definition of a normal-ordered operator (eqn. 1.22). The set of singles, {(®¢|}
cannot produce a non-zero result due to Brillouin’s theorem.!” The set of triples and higher,
{(@Z”,ﬁ |}, is not able to produce a non-zero result due to Slater’s rules.!” However, the set

of doubles, {(®$*]}, is able to produce a non-trivial solution to the set of coefficients:
D DY Fy|0) + (®5F|Vv]0) =0 (1.66)
ijab

where we have replaced the c,(ll) with t?}’ to maintain consistency with coupled-cluster theory,

vide infra.

Eqn. 1.66 can easily be solved using diagrammatic techniques®?? to obtain an algebraic

expression:
> (5 foe = 1 fae) = D (E88 fj — t90ufim) + {abllif) =0 (1.67)

Assuming canonical orbitals (eqn. 1.18) the above equation can be further simplified to

ab||tg

o __{abllif) (1.68)
€ T € — €, — €

where €, is the energy associated with orbital ¢, and the denominator of the above expression

is commonly referred to as an energy denominator. Looking back at eqn. 1.63, we can plug

in the set of doubles to define the MP2 energy as

Enpo = Zt%b<0|‘71v|0> (1.69)

ijab
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We already know the form of the t?;) amplitudes, the other part of the above equation can

be analyzed diagrammatically to obtain a final form of the MP2 energy as

1 ijllab)?
Pura= Ly LGl
ijab

(1.70)

€ T € — €, — €

The MP2 energy expression is non-iterative, scaling as O(N?) and is relatively inexpensive

to compute.

The ability to solve the t;’;’ amplitudes through a one-time calculation rather than iteratively
as achieved by assuming canonical orbitals. If the Fock matrix is not diagonal, as is the
case for a local-correlation calculation, the MP2 t?}’ amplitudes must be solved iteratively.
However, the savings inherent in a local-correlation calculation more than make up for the

iterative algorithm.

1.5 Coupled-Cluster Theory

Coupled-cluster theory address the lack of electron correlation in a Hartree-Fock reference

determinant by using an exponential ansatz of excitation operators as
[Wee) = e’ ]0). (1.71)

Where 7' = Ty + Th + Tg + ... decomposed into single excitations, double excitations, etc.
The general form of an excitation operator, in second quantization, is given as
) 1\2
T, = (m) Z t?;’.'."'{alaz ..aj0;) (1.72)
ij...ab...
The T operator is identical to the C operator of CI theory. The only difference between to
the two is the manner in which they are used in their respective theories. CI theory uses

the C operator linearly, eqn. 1.52, while coupled-cluster theory adopts an exponential form,

eqn. 1.71.
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Looking back to eqn. 1.71, we can use a power series expansion of an exponential to rewrite
eqn. 1.71

~ 1 - 1 -
Weoe) = <1+T+ §T2+ §T3+...) |0) (1.73)

Using the power series expansion of an exponential operator may not seem beneficial, but

the series naturally truncates at T4, This is a result of the Hamiltonian operator being at

most a two-body and retaining only connected terms.
Using the coupled-cluster wave function in the Schrodinger equation yields,
eT|0) = Ecee®|0). (1.74)
Suppose we multiply on the left by e*TA,
H|0) = Ecc|0) (1.75)

where the over-bar denotes a similarity transformed operator (e.g. H = e TH eT). Left

projecting eqn. 1.75 by the reference yields the coupled-cluster energy,
(01H10) = Ecc (1.76)

Assuming the 7" operator has been truncated at T = T} +T5, (CCSD) we can left project by
the set of singles, {(®{|}, and doubles, {(®¢’|}, to obtain the amplitude defining equations:

(®YIHI0) = 0 (1.77)

(PPIHI0) = 0 (1.78)

The T-amplitude equations are a set of coupled nonlinear equations that must be solved
iteratively. Solving this set of equations can be a computationally demanding task scaling

as O(N®) for CCSD.

CcC2

CC2 has been designed by Christiansen et al. to be a computationally less demanding ap-
proximation to CCSD,*? scaling as O(N?®). The difference between CC2 and CCSD is found
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only in the doubles amplitude equation. The singles amplitude equation has been preserved
to allow for orbital relaxation in linear-response calculations.®* In order for the 7}’s to be in-
cluded in their entirety, Christiansen et al. propose the use of a T} similarity transformation

of the Hamiltonian operator, i.e.,
H=e T yeh (1.79)

where the hat above the over-bar denotes an “incomplete” similarity transformation. In this
case, we have omitted the 75 in the similarity transformation even though the full T' operator

in CC2 is T} + Tb.

Incorporating concepts from perturbation theory, singles are regarded as second-order pa-
rameters due to their lack of contribution in the MP2 energy expression (eqn. 1.66). However,
Christiansen et al. have chosen to treat T amplitudes as zeroth-order parameters to ensure
their inclusion in all aspects of the CC2 model and return an energy complete through second

order, whereas the CCSD energy is correct through third order.

Reformulating the CCSD equations using the 77 similarity Hamiltonian along with commu-

tator notation yields

(®2|H + [H, T)|0) = 0 (1.80)
(O H + [H,Ty) + 3[[H, T2], T5]|0) = 0 (1.81)

Using this same notation, the T; equation for CC2 is
(| [Fy, To) + H|0) = 0 (1.82)

The T5 equation of CC2 is much less computationally demanding the CCSD analogue. The
CC2 T, amplitude equations can be written in an MP2-like expression using the 7} similarity

transformation notation: .
o {adlif)
Yoo te—en—€

(1.83)

The CC2 T; equation (eqn. 1.80) reveals the coupling of the 7} amplitudes to themselves

resulting in a necessarily iterative procedure to solve the T amplitude equations. Even
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though MP2 and CC2 both scale as O(N?), CC2 is computationally more demanding due,

in part, to the iterative nature of CC2.

We have chosen to implement CC2 for many of our local methods due to its decreased scaling
as compared to CCSD, allowing the opportunity to perform calculations on larger molecu-
lar system that would otherwise be unattainable for CCSD. The concepts and algorithms
discovered for CC2 will be directly transferable to CCSD. One of the drawbacks to MP2
theory is its lack of a well-defined response function making it difficult or impossible to cal-
culate second-order properties. CC2 offers an ideal framework for assessing the merits and

shortcomings associated with local correlation methods.

1.5.1 Coupled-Cluster Linear-Response Theory

The ability to calculate properties such as dipole polarizabilities, optical rotation, magneti-
zabilities, oscillator strengths, rotational strengths, spin-spin coupling constants, etc. (also
known as second-order properties) are all obtainable through response theory. Subjecting

the Hamiltonian to a perturbation of the form
H=Hy+p3V (1.84)

where 3V is an external perturbation applied to the molecular system. The property of
interest determines the type of perturbation that must be applied to the Hamiltonian (see

Table 1.1).

The groundwork for calculating response-type properties within coupled-cluster theory was
laid out by Koch and Jgrgensen in 1990%° in their seminal paper on coupled-cluster response
functions and later revisited by Pedersen and Koch in 1997.3¢ The linear response of the

coupled-cluster wave function for operator A perturbed by B is governed by

((A;B)), = %Oiwﬁ (A(—w), B(w)) [<0|A [A,Xﬂ 0) + %<o|fx HHX(}] ,X_Bw] |o>} .
(1.85)
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Table 1.1: A brief sampling of applied perturbations necessary for the calculation of partic-

ular properties.

Molecular Property Perturbation
Polarizability —ii-F
Magnetizability -m-B

NMR Chemical Shieldings ), ™5™ — i - B
k
Optical Rotation —ji. - F—m-B

where the permutation operator, C’iw, simultaneously changes signs on the chosen field fre-
quency, w, and takes the complex conjugate of the equation, while P (A(—w), é(w)) permutes

the property operators A and B.

The lambda operator, A, represents a set of de-excitation operators, similar to the T operator,

but parametrizes the left-hand state of the coupled-cluster wave function:
(Woe| = (0] (1 + A) T (1.86)
The A-amplitudes are determined by solving a set of coupled-linear equations:
> (O (|(H = E)|p) + (0] H|u) = 0 (1.87)
where |u) and |v) represent excited determinants relative to the reference, |0). The com-

putational expense (scales as O(N°) for CCSD) and storage requirements for solving the

A-amplitude equations are similar to those of the T-amplitude equations.

The X A operators in eqn. 1.85 are perturbed wave function amplitudes that must be solved

iteratively through a set of coupled-linear equations, much like the A-amplitude equations:
> (ul(H = w)|v)(v]XZ10) + {ulAl0) = 0 (1.88)
n

were w is the frequency of the perturbation applied to the system. It is important to note

that there is a different set of perturbed amplitude equations that must be solved for each
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perturbation applied to the system. For example, calculating the optical rotation at a single
frequency may require upwards of 12 different sets of perturbed amplitudes (i.e. eqn. 1.88

must be solved 12 times).

As is always the case in quantum chemistry, there is more than one way to skin Schrodinger’s
cat. Frequency independent response-type properties, such as static polarizabilities, can
be calculated using a second-order energy derivative with respect to the perturbation of
interest.>” In the static limit of linear-response theory (i.e. when w = 0) the two approaches
will yield the exact same result. However, the linear response approach offers a much more
robust solution that is easily extendable to response-type properties which require frequency

dependence, such as optical rotation.

Polarizability

The quantity of interest when performing polarizability calculations is the electric dipole-

polarizability tensor, e.g.

Qay(w) =

2 wno(0]pa|n) (nfpy|0)
: > s (1.89)
where the summation runs over all electronically excited states, 1, each with an excitation
energy of wypo. The value of ay, is directly related to the value of the coupled-cluster linear-

response function by
Uy (W) = = (e fiy)) o (1.90)

which completely eliminates the costly sum over states approach of eqn. 1.89.

Comparing eqn. 1.90 to the general linear response function in eqn. 1.85, it is clear that both
A and B operators have been set to components of the electric dipole moment operator, i,

defined as
A= a (1.91)
k
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The general coupled-cluster linear-response function of eqn. 1.85 can be rewritten more

specifically for the calculation of static and frequency dependent polarizabilities as
. 144 N Lo (5 oul ou
(i 7)) = 5CP () | (OIA [ X#] 10y + 501 [ |71, X#] , %] 10) (1.92)
and
oo - Lakep s ; A xn Loa [Tg su] s
(i i) = SC=P (=), o)) |01 |1, X2] 10) + S (0/A [ | . x| %2 ] 0|, (1.99)

respectively. Performing a coupled-cluster static polarizability calculation (w = 0) would
require only three sets of perturbed wave function amplitudes, one for each component
of the electric dipole moment operator, fi. Computing a dynamic, frequency-dependent,
polarizability calculation requires six sets of perturbed wave function amplitudes, one for
each coordinate of i for both positive and negative frequencies of w. Recall, each set of
perturbed wave function amplitudes requires approximately the same computational expense
and resources as the ground state T-amplitude equations resulting in a potentially very

expensive calculation.

Optical Rotation

Similar to polarizabilities, the calculation of optical rotation is based on the [ tensor devel-

oped by Rosenfeld®® and defined as, e.g.

O,umn n|m,|0

_ 2
nO w

where the second integral in the numerator employs the magnetic dipole operator,

m=S 2z 5. (1.95)
A ka

The [ tensor is related to the coupled-cluster linear-response function by

ﬁxy = _Im<<,ux7 my>>w' (196)

Again, avoiding the very costly sum over states approach implied by eqn. 1.94.
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Averaging over all molecular orientations and relating the  tensor to the specific rotation,

[a].,, leads to the following expression

al, = (72.0 x 10°)7*Naw ETM)} | (1.97)

AmiM

where the notation Tr(3) denotes the trace of 5 (summation of the diagonal components),
Ny is Avogadro’s number, c is the speed of light (%), m, is the mass of an electron at rest

(kg), and M is the molecular mass (amu).

Computing optical rotation is more demanding than even dynamic polarizabilities due to
the use of both electric and magnetic dipole moment operators. For polarizabilities only s,
ty and g, perturbed wave function amplitudes are required. Calculating optical rotation
also requires the sets of m,, m, and m, perturbed wave function amplitudes. Also, since
there is no such thing as a zero field frequency optical rotation, all calculations concerning
optical rotation are performed at w # 0 require positive and negative variants for each of the
perturbations. This result in a total of 12 perturbed wave function amplitudes that must
be solved, each nearly as costly as the ground state T-amplitude equations. Calculating
optical rotation at the coupled-cluster level of theory can be an extremely computationally

demanding endeavor.

1.6 Conclusions

“Are coupled-cluster calculations of response-type properties worth the expense?” There
are many sources in literature which compare the performance of coupled-cluster level op-
tical rotation to other methods, such as density functional (DFT)3* % and Hartree-Fock*’
methods. Coupled-cluster level optical rotations usually agree with comparable experiments
much more closely than DFT or Hartree-Fock,**3 especially when vibrational effects are

taken into account.*:%

Unfortunately, the level of accuracy associated with coupled-cluster theory has come at the



Nicholas J. Russ Chapter 1. Survey of Conventional Techniques 24

expense of computational resources. DFT has similar computational demands to Hartree-
Fock theory, scaling as O(N?3) formally, but through recent developments, able to achieve
linear scaling.“¢4° The ability to maintain the high accuracy of coupled-cluster calculations
at a competitive resource expense of DF'T or Hartree-Fock may be realized though the local

correlation concepts pioneered by Saebg and Pulay.’%5!

The topic of local correlation as
a means to reduce the scaling of coupled-cluster calculation will be the topic of the next

chapter.



Chapter 2

Introduction to Local Correlation

2.1 Why Local Correlation

Hyper-accurate quantum chemical techniques, like coupled cluster theory, suffer from high-
degree polynomial scaling. For example, CCSD scales as O(N°®), where N is some measure
of system size. This means that if the system doubles in size the calculation will take, not

twice as long, but approximately 64-times as long.

This high-degree scaling wall is due, in part, to the use of canonical orbitals. The delocalized
nature of canonical MOs lead to an inability to truncate the wave function within a given
excitation class. For example, the set of doubles included in CCSD must be included in
its entirety, without truncation. There is no proven a priori method to detect and discard
negligible configurations. By contrast, a set of localized occupied and virtual MOs would
provide a spatial criterion to predict insignificant parts of the wave function and ultimately

reduce the number of wave function parameters that need to be calculated.

There have been many attempts to reduce the high-degree polynomial scaling wall associated
with correlation-including methods. Head-Gordon et al. have developed a dual-projection

technique where the occupied space is projected against the virtual space and vice versa.5* >

25
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Flocke and Bartlett have based their reduced-scaling method on natural bond orbitals which
allow the occupied-virtual blocks of the Fock matrix to be non-zero.?%>” The main drawback

of the Flocke and Bartlett procedure is that the Hartree-Fock reference has been destroyed.

We have chosen to use the local correlation procedure pioneered by Saebg and Pulay®%51:58-62

who demonstrated that localized orbitals are attainable by abandoning the canonical orbital
formulation and employing separate localization schemes for the occupied and virtual spaces.
Within this framework, there is a spatial criterion to discriminate and neglect insignificant
pieces of the wave function. The local correlation method of Saebg and Pulay was first imple-

mented in configuration-interaction theory®®°! then later applied to many-body perturbation

58-61 d63, 64 d65, 66

theory, and extended to coupled-cluster theory for groun and excite states, as
well as coupled-cluster response theory for static®” and dynamic5® polarizability. The current
state-of-the-art in large scale calculation of ground state energies was performed by Schiitz
and Manby on 16 glycine molecules in only a few hours on a modern high performance

workstation.%?

2.2 Orbital Localization

A prerequisite of local correlation is a set of localized occupied and virtual orbitals. Occupied
and virtual orbital subspaces are localized by two very different procedures. The reason for
this is due to the inability to achieve sufficiently localized orbitals by one procedure and

maintain the Hartree-Fock condition (eqn. 1.14).

Localizing the Occupied Space

Several methods have been proposed to localize occupied orbitals, including, Boys, ™™

7273 and Pipek-Mezey.™ While we do not wish to spend much time

Edmiston-Ruedenberg
discussing the localization of occupied MOs, it is helpful to mention the merits and short-

comings of each of these methods. All the procedures mentioned here require solving the
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Hartree-Fock equations in a canonical basis followed by localization that does not destroy

the Hartree-Fock condition.

The Boys localization procedure scales as O(N?), which makes it a relatively fast procedure.
The Boys procedure attempts to maximize the distance between orbital centers. Boys local-
ization can have difficulty converging and often breaks symmetry as discussed by Boughton
and Pulay.”™ Localized Boys orbitals cannot maintain 7= and ¢ symmetry separation of a

(A}

double bond. The two bonds will mix to form a pair of “7” or “banana” bonds.”™

Edmiston-Ruedenberg (ER) localization seeks to maximize the orbital self-repulsion energies.
ER localized orbitals are able to maintain o-7 separation and do not suffer from an inability
to converge. The main drawback of the ER procedure is that it must be performed in the

MO basis and therefore scales as O(N®).

Pipek-Mezey (PM) localization offers the best of both worlds, so to speak. The scaling of
the PM procedure is only O(N?) and it is able to maintain 7 and o separation of double
bonds. The localization criterion for the PM procedure is to minimize the number of atoms

each orbital is associated with by maximizing electronic charge on as few atoms as possible.

Due to the merits and very few drawbacks of PM localization, we have chosen to use PM lo-
calized orbitals for all local-correlation calculations performed here. Also, work by Boughton
and Pulay™ suggest the localization procedure of the occupied space has little effect on the

final local correlation calculation.

Localizing the Virtual Space

As mentioned above, the virtual space is localized by a completely different procedure than
the occupied space due to the fact that similar methods to those used for the occupied space
do not work for the virtual space.?® Instead, the virtual space is restricted to a subset of the

atomic orbital basis functions projected against the occupied MO space.’®®! This is handled
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by a projection operator as

|6 = (1 - Z |¢i><wi|> ) = Z |60) Ry (2.1)

where quantities in the PAO (projected AO) basis are represented with a tilde and the R
matrix defines a transformation between the AO basis and the PAO basis. Through algebraic

manipulation we can elucidate the form of the transformation matrix as

R =1-DS, (2.2)
where D is “half” the usual Hartree-Fock density matrix,
Dy = Z C'/iC’f” (2.3)
and S is the overlap matrix in the AO basis,

Suv = (Guldv)- (2.4)

The PAO basis, {gz;u}, defines our correlation space. Unfortunately, this PAO basis is an over-
determined space compared to the original virtual MOs and therefore contains redundancies

that must be dealt with to eliminate the m zero eigenvalues.

2.3 Local Truncation

Once localized MOs are obtained for the occupied and virtual spaces, the next step is to
truncate the correlation space associated with each T-amplitude. For the case of CCSD or
CC2 (CC2 is an O(N?) approximation to CCSD), a subset of the PAO space must be defined
as the excitation space for each single and double excitation. The set of PAOs assigned to
each occupied orbital is called its domain. If we choose not to truncate orbital domains,
the calculated correlation energy will be identical to the canonical result. This provides a
route to the “correct” correlation energy. If we wish to reduce the localization error in a
calculation we can simply increase the orbital domains. The trade off for more accurate

correlation energies is the increased cost of the calculation.
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2.3.1 Singles Domains

The most common way of defining orbital domains was proposed by Boughton and Pulay,™
referred to as the Boughton-Pulay completeness check defined by

f(R') = min { / (thi — w;fdf} =1-> > CiSuC; (2.5)

peli] v

where 1)/ is an approximate occupied orbital comprised of the current orbital domain for []
and the MO coefficients, C’l,j, are solved separately for each occupied orbital. We will refer to
domains defined by the above equation as BP domains. Typically, a cutoff value of 0.02 for
f(R/) is sufficient to retain upwards of 98% of the correlation energy.®®™ Basis functions are
added atom-wise to the domain of [¢] until the criterion is satisfied. Since AOs (and PAOs)

are added to the domain by atom, domains can be discussed in terms of atoms instead of

individual AOs (or PAOs).

The set of AOs used to satisfy eqn. 2.5 for occupied orbital ); defines the single excitation
space for that particular occupied orbital after the set of AOs, {¢,}, has been transformed
to the PAO basis, {gz;u}, by eqn. 2.1. For example, single excitations from occupied orbital

1; into the canonical virtual space can be written as
t; = Z t*{ala;} (2.6)
Using the definition of the virtual space defined earlier, eqn. 2.6 can be rewritten as
t; = th}{a}ai} (2.7)
i

where fi is an orbital in the PAO basis; specifically, only the ®,’s required to satisfy eqn.
2.5 are used in eqn. 2.7. Thus, only a subset of the full PAO basis, {d;#}, is used, resulting
in fewer Tj-amplitudes that need to be calculated. In this sense, eqn. 2.5 defines the singles

domains.
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2.3.2 Pair Domains

Double excitations within canonical coupled-cluster theory are defined as

U QR
tij =5 > ti{alaja;a;}. (2.8)
ab

It is necessary to define pair (or doubles) domains for each ij pair. There are a number of
ways to handle each ij pair depending on the distance, or bond connectivity, between each
occupied orbital, ¢; and 1, setting up a hierarchy of importance. If the single domains of ¥
and v; have an atom in common we can call that particular ¢j pair a strong pair and treat
them explicitly within the method we are using. The domain for a strong ij pair is taken to

be the union of the individual domains for orbital ¢ and j (i.e. [ij] = [i] U [j]).

Suppose 1; and 1); are separated by only one bond, about one ag. The effect of this particular
17 pair would not be as important as the strong pair described above. Occupied orbitals
separated by one bond may be defined as the set of weak pairs. Further separation of

orbitals 7; and v; by two or more bonds can be used to define distant pairs and so forth.

Setting up the hierarchy of importance within the double excitation space allows different
pairs to be calculated by various levels of theory. For example, suppose local correlation is
being implemented within CCSD, all strong pairs can be treated explicitly by CCSD. Since
the weak pairs are not as important as the strong pairs, they can be treated with a lower,
and less expensive, level of theory, such as MP2 or CC2. Distant pairs can be completely
ignored or treated by a multipole expansion.”® Using a hierarchical method of pairs and
levels of theory can greatly decrease computational time and resources while maintaining

accurate energies compared to the canonical analogue.®% 7"

2.3.3 Local Domains for Response Calculations

One of the main questions that must be answered concerning local correlation calculations for

the determination of response-type properties is, “How does an applied perturbation affect
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the localizability, and ultimately the domains, of a molecular system?” The Boughton-Pulay
completeness check described by eqn. 2.5 does not take into account the perturbation applied
to the system for a response-type property calculation. Instead, we propose using solutions

to the CPHF (coupled-perturbed Hartree-Fock) equations'! to augment the BP domains.

Calculating polarizability within the context of Hartree-Fock theory requires solution of
the CPHF equations. Solutions to the CPHF equations define the response of the orbitals
themselves to the applied perturbation. Looking at polarizability, for example, a single

component of the dipole polarizability tensor (e.g. ay,) is determined by

Ay = Z Z Ugibais (2.9)

where the UZ, are the solutions to the CPHF equations, and j,; are electric dipole integrals.

The summation over virtual orbitals may be ‘back-transformed’ into the AO basis to yield

gy = Z > UL, (2.10)
i op

where p denotes an AO basis function. Further decomposing eqn. 2.10 into atomic contri-
butions per occupied orbital gives
ol = UL, (2.11)
peEA

where the summation over p includes only those basis functions centered on atom A.

Using eqn. 2.11 along with a certain cutoff criterion would be a mistake due to the fact
that individual contributions from each AO can be either positive or negative, resulting in
artifactually small domains. Instead, we choose to employ absolute values of individual AO
contributions, leading to a completeness check similar in spirit to the original Boughton-

Pulay criterion
oy = D |Ustthal = 2 |Uzrial (212)
P pEld]

where the notation (p € [i]) appearing in the summation of eqn. 2.12 indicates that only the

AOQOs within the current estimated domain of orbital v; are used.
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The importance of this approach is that the domain selection now takes into account the
perturbation that has been applied to the system. Recall from Table 1.1 that optical rotation
is the summation of an electric and magnetic dipole perturbation. Including the effects of
both these perturbations requires solving the CPHF equations twice, once for the electric
dipole operator and once for the magnetic dipole moment operator. The domains used for
an optical rotation calculation are taken to be the union of the CPHF-based domains from

each perturbation.

2.4 Conclusions

One potential shortcoming of the local correlation method revealed in this chapter is the
dependence of the domain structure on the geometric framework. In other words, the au-
tomatic domain selection of the BP completeness check can alter throughout the plot of
a potential energy surface (PES). Such a change in the domain structure will result in a
discontinuity on the PES. Looking at something like a bond dissociation, it is important to
understand where these discontinuities may occur in relation to the equilibrium structure,
what types of bond dissociation will result in discontinuities and how large they are. These

topics will be addressed in Chapter 3.

In order to perform response-type calculation on large molecular systems using coupled-
cluster theory, it is of utmost importance to understand how an applied perturbation to the
Hamiltonian affects the localizability of the wave function. Calculating a static polarizability
is one of the least computationally demanding response calculations and is a good starting
point to understand the effects imposed on local correlation calculations by a perturbed
Hamiltonian. Chapter 4. Extension of the concepts learned from static polarizabilities will
be carried over and expanded upon through the study of local optical rotation calculations

as performed in Chapter 5.



Chapter 3

Potential Energy Surface

Discontinuities

Reproduced in part with permission from Nicholas J. Russ and T. Daniel Crawford, J. Chem.

Phys. 2004, 121, 691-696. Copyright 2004 American Institute of Physics.

3.1 Introduction

The rigorous computation of the properties of large molecules is one of the great challenges
to ab initto quantum chemistry. Although hyper-accurate theoretical predictions of vari-
ous properties of small molecules are now commonplace, the polynomial scaling wall of the
most reliable methods such as coupled cluster theory [e.g., the O(N7) scaling of the popu-
lar CCSD(T) method] has prevented their routine application to molecules containing more
than around ten non-hydrogen atoms. One of the most promising approaches to overcom-
ing the scaling problem is through “local correlation”, which was pioneered by Pulay and
Saebg.?%:62 This idea relies on the fact that electron correlation effects in molecular systems

with large band-gaps (insulators) should decrease asymptotically with the interorbital dis-

33
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tance as 1/r%. By choosing a well-localized form for the molecular orbitals that parametrize
the determinantal wave function expansion, one may limit orbital excitations/substitutions
to occupied-virtual pairs that are in close proximity. This approach thus reduces the number
of independent wave function coefficients one must compute and store, and thus reduces the
computational order of the method, perhaps even to linear scaling. The local correlation

concept has been applied successfully to many-body perturbation theory®? 5%:58,59,62,7779 apd

56,57,63,64,69,80-83 ipycluding triples correction.®® theories. We note

coupled cluster theory,
the particularly impressive work by Schiitz on chains of up to sixteen glycine molecules at

the LCCSD level of theory.®3

One of the criticisms leveled at the Pulay-Saebg local correlation concept, however, stems
from its dependence upon geometry-specific localization criteria. Specifically, the Pulay-
Saebg scheme assigns to each localized occupied molecular orbital (MO) a “domain,” i.e. a
group of atoms whose atomic orbital basis functions (projected onto the unoccupied sub-
space) serve as that MOs excitation space.? These domains commonly correspond to bonded
atoms (e.g. the carbon and oxygen atom participating in a carbonyl 7-bond), lone pairs,
etc., depending upon the choice of localization criteria for the occupied space. (The Pipek-
Mezey charge maximization method is perhaps the most commonly used localization defini-
tion.”™) Unfortunately, if the molecular structure changes significantly, as in a dissociation
or isomerization reaction, for example, the orbital domain structures may change as well,
potentially leading to discontinuities in the resulting potential energy surface (PES). The lo-
cal correlation methods advocated by Scuseria and co-workers”™ % and by Head-Gordon and

co-workerg?3 55,84

have been designed to use atom-based domain structures that are thus
geometry-independent.®? % However, the question remains: do PES discontinuities occur
in practical applications of the Pulay-Saebg-based local correlation methods, such as those

developed by Werner, Schiitz, and co-workers, and, if so, what significance do they have?

The purpose of this work is to investigate these questions using three prototypical systems:
the homolytic cleavage of the C—F bond in fluoromethane, CH3F, and the heterolytic cleav-
age of the methylene C—C bond in singlet ketene, CH,CO, and propadienone, CH,CCO.
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We have chosen these examples in part because of their small size, but also because the
dissociation processes can still be correctly described by single-reference correlation methods

such as CCSD and MP2.

3.2 Theoretical Background

In the ground-state local correlation approach developed by Pulay and Saebg, the orbital
domain structure noted above limits the excitations generated by the cluster/excitation
operators in the construction of the determinantal wave function. In the most widely used
implementations of the Pulay-Saebg scheme, the occupied orbitals are chosen to be the
charge-maximized functions defined by Pipek and Mezey.™ These orbitals are conveniently
orthonormal and well-localized in most cases. In the Pulay-Saebg approach, the unoccupied
orbitals are defined as the set of nucleus-centered atomic orbitals (AOs), orthogonalized
against the occupied space, but non-orthogonal to each other. For a given localized occupied
orbital, ¢;, its virtual domain is chosen as the set of atoms whose associated projected AOs
contribute most strongly to the total population of ¢;. This choice is implemented in an
algorithmic manner using the completeness criterion suggested by Boughton and Pulay:"
£:(C') = min { / (¢ — )’ dT} =1-) > C'S.,Cl, (3.1)
neli] v
where ¢’ is the approximation to ¢; for the chosen set of AOs, ¢,, with associated MO
coefficients, C’;f and C'f“ respectively. Thus, the size (i.e. the number of atoms) in the
domain of a given occupied orbital is dependent solely on the choice of cutoff of the function
fi(C’). A value of 0.02 preserves bonded atoms in well-localized systems and is commonly
used for ground-state local-MP2 and local-CCSD calculations.%® With the Boughton-Pulay
criterion, single excitations out of occupied orbital, ¢;, are allowed only into projected-AO
functions associated with those atoms in the orbital’s domain. Pairwise excitations from
orbitals ¢; and ¢; are chosen as the union of the orbitals’ single-excitation domains, with

additional decomposition into “strong” and “weak” pairs to further reduce the scaling of the
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method,6263

One drawback to the Pulay-Saebg approach that has been pointed out in the literature®® 34

is the dependence of the orbital domain structure (and thus the excitation/Fock space on
which the wave function is defined) on the molecular structure. If the geometry changes
significantly across the PES, e.g. as bonds are broken and formed, the orbital domain
structure may change abruptly and a concomitant discontinuity in the PES will appear.
Thus, local correlation methods defined in this way cannot adhere to the widely accepted

ideal of a “theoretical model chemistry”, first defined by Pople.!

On the other hand, Pulay and Saebg have argued that the changing structure of the cor-
relating space with molecular geometry should be considered a feature of their method. In
particular, the local correlation approach may lead to a reduction in intermolecular basis-set

superposition error (BSSE),?%93

in which the local wave function on one fragment benefits
from the presence of AO basis functions on another nearby fragment resulting in overestima-
tion of the computed dimerization energy. BSSE can have a substantial effect on fragmen-
tation energies (ca. 2 kcal/mol or more) and is often reduced using so-called counterpoise
corrections.” However, as Pulay and Saebg have discussed, for weakly interacting fragments,
their local correlation method limits the intramolecular correlation space of occupied orbitals
on a given fragment to (projected) AOs on that same fragment, thus reducing the correlation

contribution to the BSSE.®! The same advantage is expected for the Head-Gordon and the

Scuseria approaches.

In this work, we seek to answer two important questions: (1) Under what circumstances can
PES discontinuities occur in local correlation methods based on the Pulay-Saebg approach?

and (2) What are the magnitudes of these discontinuities for typical systems?
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3.3 Computational Details

Canonical-MO and local-MO second-order perturbation theory (MP2)3! and coupled cluster

32,95 were carried out for fluoromethane, CH3F,

singles and doubles (CCSD) calculations
singlet ketene, CH,CO, and propadienone, CH,CCO, using the PSI3 quantum chemical
program package.”® The local-CCSD approach we have implemented is a “pilot” program
that uses the canonical-MO code to simulate the local correlation treatment. This method

9 and

was briefly described by Pulay and Saebg in one of their earlier local correlation papers,’
was used by Hampel and Werner in their seminal paper on local-CCSD% and by Crawford
and King in a recent extension of these methods to excited states via the local-EOM-CCSD
approach.% No distinction was made between weak and strong pairs in these calculations,
i.e., all localized pair domains were treated explicitly in the local-CCSD calculations. Core
orbitals were held frozen in all these calculations, and a Boughton-Pulay completeness cutoff

of 0.02 was used throughout. The correlation-consistent polarized-valence double-zeta (cc-

pVDZ) basis set developed by Dunning was used for all calculations reported here.””

3.4 Homolytic Bond Dissociation: Fluoromethane

Fig. 3.1 plots the conventional and localized MP2 and CCSD potential energy curves for
breaking the C—F bond in fluoromethane, CH3F, with all other geometric parameters fixed
at their CCSD/cc-pVDZ optimized values. Although this dissociation involves homolytic
bond cleavage, the bond in question nominally involves only two electrons. Therefore, the
CCSD approach is still capable of providing a qualitatively reasonable potential curve, though
CCSD significantly overestimates the well depth.?® On the other hand, the MP2 curve [as
well as curves from perturbative methods such as CCSD(T)] will exhibit a characteristic
“turnover” at long distances due to the narrowing of the HOMO-LUMO gap; the early
stages of this phenomenon are already visible in the figure near r(C—F) = 3.75 A.
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Figure 3.1: Canonical- and local-MO MP2 and CCSD potential energy
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Figure 3.2: LMP2 and LCCSD localization errors (in mFEj,) for dissociation of the C—F

bond in CH3F. The inner discontinuity corresponds to expansion of a fluorine lone-pair

orbital domain for short bond lengths.
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(a)

Figure 3.3: Contour plots of the Pipek-Mezey localized C—F bonding orbital of CH3F (a)

near the equilibrium geometry and (b) at dissociation.

The most striking feature of Fig. 3.1 is that there is clearly no discontinuity in either the
LMP2 or the LCCSD energy in the bond-breaking region of the potential energy curve,
indicating that the orbital domain structure remains constant for long C—F distances. (A
discontinuity of about 1.0 mE, occurs at very short C—F distances — less than 1.25 A
— due to expansion of the domain of a fluorine lone pair to include the carbon atom,
as is visible in Fig. 3.2.) We emphasize that this lack of discontinuity in the dissociation
region of the curve is not the result of user-defined constraints on the orbital domains, but
instead stems naturally from the inability of the Pipek-Mezey scheme to truly localize the
C—F “bonding” MO. Fig. 3.3 illustrates this point: near equilibrium and at dissociation
the Pipek-Mezey localized C—F bonding MO clearly involves AOs on both fragments, CHz
and F. That is, since the electrons in this MO are singlet-coupled and only occupied-orbital

mixings are allowed, no charge-localization can occur, and the MO remains delocalized.
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We may therefore conclude from these results that for homolytic bond-breaking, the Pulay-
Saebg local-correlation approach will not necessarily lead to discontinuous potential energy
surfaces, due to the natural (and appropriate) inability of orbital localization methods such
as Pipek-Mezey to separate singlet-coupled charges on distant fragments. We also note that
the coupled cluster method [as well as any correlation approach based on a spin-restricted
Hartree-Fock (RHF) wave function] is not size-consistent for this type of bond-breaking

process.

3.5 Heterolytic Bond Dissociation: Singlet Ketene
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Figure 3.4: Canonical- and local-MO MP2 and CCSD potential energy curves (using the
cc-pVDZ basis set) for the dissociation of the C—C bond in singlet ketene, CH,CO. The
structure was reoptimized at the CCSD/cc-pVDZ level of theory for each value of the C—C

bond distance.

Given the above observation of a lack of PES discontinuity for homolytic bond cleavage in the
LMP2 and LCCSD methods, we then chose to examine the effect of heterolytic bond cleavage
on the orbital domain structure. The C—C double bond in singlet ketene, CH,CO, provides
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Figure 3.5: Closeup of the singlet ketene curves shown in Fig. 3.4 focused on the near-

equilibrium “rearrangement” discontinuities described in the text.
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Figure 3.6: Closeup view of the singlet ketene curves shown in Fig. 3.4 focused on the outer

7 and o bond-breaking discontinuities described in the text.

a useful example of this type of dissociation process. This species and its triplet counterpart

have been extensively scrutinized both experimentally and theoretically to test the RRKM
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Figure 3.7: LMP2 and LCCSD localization errors (in m£Ej,) for singlet ketene dissociation,

where the four discontinuities discussed in the text are clearly visible.

behavior of the rate constant for dissociation.?® 1%

It is well known that the lowest singlet
surface (i.e. dissociation to singlet methylene and carbon monoxide) proceeds through a C-
symmetry structure, sometimes referred to in the literature as the C! pathway.?>1% We have
followed this lowest-energy coordinate to ketene dissociation by computing the optimized
CCSD/ce-pVDZ structure for different values of the C—C bond distance. At equilibrium
the structure has Cy, symmetry, but falls to C; symmetry as the C=C=0 moiety bends up

and out of the plane of the molecule near a r(C—C) bond distance of around 1.49 A.

Figs. 3.4, 3.5, and 3.6 plot the conventional and local MP2 and CCSD potential energy curves
for breaking the ketene C—C double bond. Unlike the CH3F curve, the ketene PES exhibits
a total of four discontinuities: two near the equilibrium geometry at ca. 1.298 and 1.467
and two in the dissociation regime at 1.985 and 2.314 A. These discontinuities are better
emphasized by plotting the localization error (i.e., the difference between the canonical and
local energies), as shown in Fig. (3.7). The two inner discontinuities stem from changes

in the valence-MO domain structures involving the C=C=0 chain, while the two outer



Nicholas J. Russ Chapter 3. PES Discontinuities 43

(a)

(b)

Figure 3.8: Contour plots of the relevant Pipek-Mezey localized orbitals for singlet ketene:
(a) The 7 and o bonding orbitals of near the equilibrium geometry; (b) the corresponding

lone-pair dissociated MOs of singlet methylene and carbon monoxide.

discontinuities result from the bond breaking: the cleavage occurs heterolytically, with the
part of the ¢ — m double bond following the CO fragment and the remaining component
following the methylene fragment. The two outer discontinuities appear separately in the
curve because the corresponding orbital domain structures change at different points. This
process is illustrated in Fig. 3.8, which plot contour surfaces of the relevant ¢ and 7 Pipek-

Mezey localized orbitals near equilibrium and at dissociation.

As shown in Fig. 3.7 and in Table 3.1, the inner LCCSD discontinuities are small, 0.1-0.2
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Table 3.1: Estimates of the sizes of the two LMP2 and LCCSD discontinuities on the dis-
sociation surface of singlet ketene. Localization errors (AE) are computed as the difference
between the canonical-MO and local-MO methods at the given value of r(C—C). The dis-
continuity size is estimated as the difference between the two errors at values of r(C—C) on

either side of the orbital-domain shift. Total energies are given in Ej, and energy differences

in mFE),.
MP2 CCSD
Correlation Energy Correlation Energy

r(C—-C) Canonical ~ Local AE  Canonical  Local AE

1.298 -0.437156  -0.434105 3.051 -0.452480 -0.449219 3.261
1.299 -0.437208 -0.434404 2.804 -0.452529 -0.449490 3.039
Discontinuity — — -0.247 — — -0.222
1.467 -0.445013  -0.442492  2.521 -0.460006 -0.457261 2.745
1.468 -0.445049  -0.442370 2.679 -0.460042 -0.457147 2.895
Discontinuity — — 0.158 — — 0.150
1.985 -0.422345 -0.420210 2.135 -0.450137 -0.447689 2.449
1.986 -0.422290 -0.419450 2.841 -0.450101 -0.446678 3.423
Discontinuity — — 0.706 — — 0.974
2.314 -0.409867 -0.407666 2.201  -0.441556 -0.438958 2.598
2.315 -0.409843 -0.407474 2.369 -0.441540 -0.438662 2.878
Discontinuity — — 0.168 — — 0.280

mFE),, while the outer ones are larger at 0.3-1.0 mFE),, of the same order of magnitude as the
localization error (i.e., the difference in the canonical and local CCSD energies). The source
of this difference is related to the structure of the orbital domains and the orbital energies.
The inner discontinuities stem from rearrangements in the orbital domain structure of the

localized HOMO-1, which is a bonding MO on the carbon monoxide; for r(C=C) value less
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than 1.298 A and greater than 1.468 A, the domain of this MO is limited to projected AOs
on the CO moiety, but in between these values the domain includes AOs on the methylene
carbon. These changes result naturally from the Boughton-Pulay criterion in eqn. (3.1). The
outer discontinuities, on the other hand, corresponding to actual bond breaking, with the
skip at 1.985 A corresponding essentially to breaking of the = component of the C—C double
bond and the skip at 2.314 A to breaking of the o component. The former discontinuity is

larger because it involves the HOMO, while the latter orbital is significantly lower in energy.

3.6 Heterolytic Bond Dissociation: Propadienone
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Figure 3.9: Canonical- and local-MO MP2 and CCSD potential energy curves (using the
cc-pVDZ basis set) for the dissociation of the central C—C bond in singlet propadienone,
CH,CCO. The structure was reoptimized at the CCSD/cc-pVDZ level of theory for each
value of the C—C bond distance.

As a second test of discontinuities arising in heterolytic bond cleavage, we considered singlet
propadienone, CH,CCO, which is clearly related to ketene, but whose electronic structure is

somewhat more complicated by increased conjugation. Unlike ketene, propadienone has C|
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Figure 3.10: Closeup of the singlet propadienone curves shown in Fig. 3.9 focused on the

near-equilibrium “rearrangement” discontinuities described in the text.
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Figure 3.11: Closeup of the singlet propadienone curves shown in Fig. 3.9 focused on the

bond-breaking region described in the text.

symmetry at equilibrium (r(C—C) = 1.34 A), with a “kink” in its cumulenic chain discussed

previously by East.!%® At very short C—C bond distances (ca. 1.26 A) the propadienone
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Figure 3.12: LMP2 and LCCSD localization errors (in mFEj) for singlet propadienone disso-

ciation, where the ten discontinuities discussed in the text are more clearly visible.

structure has C5, symmetry. As in the ketene case, we have chosen to follow the minimum-
energy dissociation path by computing the CCSD /cc-pVDZ optimized structure at each value

of the C—C distance leading to carbon monoxide and the lowest singlet state of vinylidene.

Figs. 3.9, 3.10 and 3.11 plot the conventional and local MP2 and CCSD potential energy
curves for breaking the central C—C bond of propadienone. In this case, the curve exhibits
a total of ten discontinuities, including five near the equilibrium geometry at 1.161, 1.185,
1.264, 1.390, and 1.544 A, ranging in size from 0.1 to 0.8 mE},, and five in the bond breaking
region at 1.829, 2.089, 2.225, 2.232, and 2.269 A, ranging from 0.3 to 1.0 mFE,, again on
the same order as the localization error. As is evident from Fig. 3.12, which plots the
localization error as a function of the central C—C distance, several of the discontinuities
correspond to shifts back-and-forth in the orbital domain structures leading to a “jagged,”

unphysical appearance to the PES.
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3.7 Conclusions

We have examined the occurrence of discontinuities in the potential energy surfaces given by
the LMP2 and LCCSD local correlation methods based on the orbital domain approach of
Pulay and Saebg. We find that for “pure” homolytic bond cleavage, as illustrated by breaking
the C—F bond in fluoromethane, no such discontinuities appear due to the natural tendency
of the Pipek-Mezey localized orbitals to remain delocalized between the separating fragments.
On the other hand, for heterolytic bond cleavage and for shifts in the the bond structure of
conjugated systems, multiple discontinuities can occur, even in the vicinity of the equilibrium
geometry, far from the bond-breaking regime. These discontinuities are usually small, but
can often be of the same magnitude as the localization error (ca. 1 mFE,), as illustrated
above by singlet ketene and propadienone. The existence of such discontinuities prevents
these types of local correlation models from adhering to the definition of a “theoretical model

chemistry” %!



Chapter 4

Local Correlation Applied to Static

Polarizabilities

Reproduced in part with permission from Nicholas J. Russ and T. Daniel Crawford, Chem.

Phys. Lett. 2004, 400, 104-111. Copyright 2004 Elsevier B.V.

4.1 Introduction

A variety of molecular properties, including dipole polarizabilities and hyperpolarizabilities,
optical rotation, magnetizabilities, oscillator strengths, rotational strengths, spin-spin cou-
pling constants, etc. are all accessible via so-called response theory.'®” One of the simplest ab
initio approaches to response theory is realized in the random phase approximation (RPA)
lalso known as time-dependent Hartree-Fock theory (TDHF)],!%® in which the Hartree-Fock
wave function is allowed to evolve under the influence of a time-dependent perturbation,
while maintaining its single-determinant structure. More recently, time-dependent density-
functional theory (TDDFT) has emerged as an efficient approach to incorporating electron

correlation effects into the modeling of response properties.!%11% Unfortunately, a com-

49
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mon shortcoming of modern density functionals is their inability to describe correctly diffuse
excited electronic states, such as Rydberg or charge-transfer states, often leading to quali-
tatively incorrect descriptions of the effect of frequency dispersion on the related response

properties.*!

32,95, 111,112 5ne of the most reliable quantum chemical methods, also

Coupled cluster theory,
provides a convenient approach to response properties.*® For many small molecules, the cou-
pled cluster linear response (CC-LR) approach has been found to give polarizabilities, optical
rotation, and other properties that compare superbly to experiment, often to within only a
few percent error.*? 3 Unfortunately, this high accuracy is limited to only small molecules,
containing at most a few atoms, due to the high-degree polynomial scaling of coupled cluster
methods with molecule size [e.g., O(N®) — O(NT)]. For example, a coupled cluster sin-
gles and double linear-response (CCSD-LR) optical rotation calculation of the amino acid
valine would require approximately one week on modern high-performance computational
hardware with a state-of-the-art quantum chemical program. A similar computation on the
valine dimer, however, would require more than a year to complete. This polynomial scaling

wall represents the greatest obstacle to the application of high-level quantum mechanics to

mainstream chemistry.

Local correlation, a concept pioneered by Pulay and Saebg, provides one possible route
over the scaling wall through a judicious choice of molecular orbital (MO) basis.?®%* The
“canonical” MOs, although convenient, are delocalized over the entire molecular framework
and often lead to overestimation of electronic interactions on spatially distant atoms. Pulay
and Saebg demonstrated that if one abandons canonical MOs and instead chooses a more
localized orbital form, vast numbers of electronic wave-function parameters become negligible
and may thus be ignored. By limiting excitation components to unoccupied/virtual orbitals
that are within certain “domains” of a given occupied orbital or orbital pair, one can a priori
organize the wave-function calculation to exclude components that are expected to be small.
This approach is tantamount to correlating only the motions of electrons on parts of the

molecule that are in close proximity. The local correlation concept was originally applied
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to many-body perturbation theory,> %7 hut more recently has found success in ground-

54,63,69,80,83 65,66

state and excited-state calculations, as well as a recent implementation of

dipole moments and static polarizabilities.”

In this work, we consider the extension of the local correlation approach to both static and
dynamic molecular response properties. In particular, we have modified our canonical-MO
CCSD-LR program to simulate the effect of local truncation on the perturbed and unper-
turbed wave functions in order to judge the ability of various orbital domain definitions to
reproduce untruncated CCSD-LR polarizabilities. We find that an extension of the “stan-
dard” orbital domains using a Hartree-Fock-level estimate of the atomic polarizability con-
tributions provides a reliable route to defining a local-CCSD-LR approach. We have tested
the method on two one-dimensional systems: helium-atom chains and n-alkanes, as well as

on several other representative molecules, including N-acetylglycine and N-methylacetamide.

4.2 Theoretical Approach

Molecular properties such as dipole polarizabilities, optical rotation, etc. may be computed
with the CC-LR model through the linear response function, which governs the change in

the expectation value of operator A with respect to perturbation B:
1 w A A vw 1 A [T vw o —w
(4B, = JC=P(A(-) B) |04 [8,%5] 10+ S0l [[7.55] %57 0] (@)

where |0) is the Hartree-Fock reference state, the overbar denotes the similarity transfor-
mation of the given operator [e.g., H = exp(—=T)H exp(T)], and A is a cluster operator
parametrizing the coupled cluster “left-hand” ground-state wave function (developed also in
coupled cluster analytic energy gradient theory).®® The permutation operator C* simulta-
neously changes signs on the the chosen field frequency, w, and takes the complex conjugate
of the equation, while ]5(/1, B) permutes the property operators A and B. For example, the
dipole polarizability is the negative of the linear response function with both C and D taken

to be the electric dipole operator, . The perturbed wave functions, X %, are determined by
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solving the system of linear equations
(@i (H — w)|@;)(2;1XZ]0) = —(®:] Al0), (4.2)

where the ®; represent excited determinants. It is worth noting that the eigenvalues of the
response matrix on the left-hand side of the above equation (sometimes referred to in the
literature as the coupled cluster Jacobian matrix) are related to the excitation energies of
the system, an approach to UV /Vis spectra known as the equation-of-motion coupled cluster
(EOM-CC) method.*'* Thus, the linear response function exhibits first-order poles at the
excitation energies, as required by the underlying perturbation theory. We further note that
the above definition of the response function does not include orbital relaxation explicitly,
but instead uses single excitations to account for these effects . This approach is necessary

in coupled cluster methods with fixed orbitals in order to avoid the occurrence of artifactual

CPHF poles.3%107

In the local correlation approach developed by Pulay and Saebg, excitations generated by the
cluster operator, T', are limited to orbital “domains” (subsets of the virtual orbital space).%?
In a locally correlated CC-LR approach, this truncation must be applied not only to the
ground-state T operator, but also to its left-hand counterpart, A, as well as to the perturbed
wave functions defined in eqn. 4.2. Furthermore, in order for response properties computed
using analytic expressions such as eqn. 4.1 above to match those using finite-field (numerical

differentiation) techniques, the orbital domain structure must be consistent throughout all

facets of the calculation.

In the current work, the occupied orbitals are chosen to be the charge-maximized functions
described by Pipek and Mezey.™ These functions are conveniently orthonormal and well
localized, in most cases, to chemically intuitive bond types. (i.e. o, m, lone pairs, etc.) The
virtual orbitals are constructed by projecting out all occupied pieces of the original atomic
orbital (AO) basis set. These projected AOs (PAQOs) are orthogonal to the occupied space,

but not to each other.

Given the above definition of localized orbitals (which is identical to that used in the original
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work by Pulay and Saebg®?), we assign to each occupied orbital ¢; a domain — a subset of the
full PAO space — which becomes the orbital’s correlation space. For ground-state energies,
the most common domain definition is that based on the Boughton-Pulay completeness

63,75 However, while these domains are generally sufficient for the recovery of ca.

criterion.
98% of the correlation energy,’® %3 they are inadequate to describe correlation effects within
field-perturbed wave functions (vide infra). We therefore propose a new domain selection
scheme that explicitly incorporates the perturbation into the construction of the domains

via the coupled-perturbed Hartree-Fock (CPHF) equations.

Within Hartree-Fock theory, a single component of the dipole polarizability tensor (e.g., )

may be determined using

occ vir

Ay = Z Z Usittais (4.3)

i
where 7 and a index occupied and virtual MOs, respectively, the U, are the solutions to
the CPHF equations, and p?; are electric dipole integrals. The summation over the virtual

orbitals may be “back-transformed” into the AO basis to give

occ AO

gy = Z Z UL, (4.4)
P

where p denotes AO basis functions. eqn. 4.4 can be further decomposed into atomic con-

tributions per occupied orbital as

AO
gy = Unitihy, (4.5)

pEA

where the summation includes only the basis functions on atom A.

One could use eqn. 4.5 to define the domain for occupied orbital ¢;: if the contribution of

aﬁfy‘ exceeds a prescribed cutoff, then the PAOs on atom A, would be included in the domain.

However, such an approach would hide the fact that individual AO contributions on the same

atom can be either positive or negative, thus leading to artifactually small domain sizes. We

therefore choose an alternative approach using the absolute values of the individual AO
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contributions, leading to a completeness check in the spirit of the original Boughton-Pulay

criterion: A0 20
€y = D NUsntil = > |Unitati] (4.6)
P pEli]

where the notation p € [i] indicates that the summation includes only those AOs within the
current estimated domain of orbital ¢;. Atoms are first ranked by decreasing value of the
above “pseudo”-polarizability contribution, and then incorporated into the domain until the
value of e;y falls below a certain percentage cutoff. The final domain of orbital ¢; is taken to
be the set of PAOs on the atoms included in eqn. 4.6 as well as those already incorporated
through the original Boughton-Pulay procedure. The domains obtained from this CPHF-
based approach are necessarily larger than those using the Boughton-Pulay completeness

check alone, which results in increased computational expense.

The domains are determined immediately following the Hartree-Fock reference calculation
and, as noted above, must be held constant throughout the entire response calculation.
Pairwise excitations of orbitals ¢; and ¢, are chosen as the union of the orbitals’ single-
excitation domains, with additional decomposition into “strong” and “weak” pairs to further
reduce the scaling of the method.®>% However, because of the unique role of the single
excitations to account for orbital relaxation, as noted earlier, we choose to leave the T 1 Al,
and X; cluster operators untruncated. In an efficient, production-level code, some truncation
of the singles will be necessary, but even for very large-distance cutoffs, the wave function

will remain compact.

We note that Korona, Pfliiger, and Werner have also reported recently a local-CC approach
to polarizabilities.®” Their scheme differs from the present method in that the domains
are chosen based on a bond-connectivity /nearest-neighbor criterion using atomic covalent
radii. While this approach was found to produce small localization errors (less than 0.5%),
the performance of the method degrades considerably if orbital relaxation is omitted, with
errors approaching 10% or more. As noted above, for frequency-dependent polarizabilities, a

qualitatively correct pole structure can be maintained only if the orbital response is included
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indirectly (via single excitations, as above) or through explicit orbital optimization.!*® Thus,
one purpose of the present work is to develop a scheme that reproduces the untruncated

properties with or without direct orbital contributions.

We also should point out that the current analysis focuses only on the truncation of the orbital
domain structure, and does not consider additional reduction in the number of correlated
pairs. Our future efforts in this arena will be directed towards development of a weak-pair
scheme, analogous to the use of local-MP2 energies in ground-state local-CCSD methods.
However, one important complication in the case of frequency-dependent properties is the
coupling between the strong- and weak-pair domains, which may be ignored for ground-state

energies, but could introduce artifactual poles in polarizabilities, for example.

4.3 Computational Details

Canonical- and local-MO CCSD-LR polarizability calculations using spin-restricted Hartree-
Fock (RHF) orbitals were carried out using the PSI3 quantum chemical program package.®
Although the current work reports only static polarizabilities, the program is also capable
of computing frequency-dependent polarizabilities, according to eqn. 4.2. The local-CCSD
approach we have implemented here is a “pilot” program that uses our canonical-MO code
to simulate the local correlation treatment. This method was briefly described by Saebg
and Pulay in one of their earlier local correlation articles,® by Hampel and Werner in their
seminal paper on local-CCSD% and by Crawford and King in a recent extension of these
methods to excited states via the local equation-of-motion (EOM)-CCSD approach.%® As
mentioned earlier, no distinction was made between weak and strong pairs in these calcula-
tions, i.e., all localized pair domains were treated explicitly in the local-CCSD calculations.

This allows us to confine our analysis strictly to the orbital domain truncation.

Test calculations of the local-CCSD-LR scheme were carried out on helium-atom chains, n-

alkanes, and the pseudo-linear series of molecules glycine, N-acetylglycine, N-methylformamide,
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and N-methylacetamide. Helium-chain calculations used the diffuse-augmented correlation-
consistent polarized-valence double-zeta (aug-cc-pVDZ) basis set by Dunning and co-workers.?" 116
All other calculations used the split-valence 6-31G* and 6-314+G* basis sets of Pople and

7

co-workers.''”  (Basis sets were obtained from the Extensible Computational Chemistry

Environment Basis Set Database, Version 12/03/03, as developed and distributed by the
Molecular Science Computing Facility, Environmental and Molecular Sciences Laboratory

which is part of the Pacific Northwest Laboratory.)

4.4 Benchmark Calculations
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Figure 4.1: Localization errors (%) for CCSD/aug-cc-pVDZ polarizabilities («.,) for helium-
atom chains (at He—He distances of 2.0 and 2.986 A) using Boughton-Pulay and CPHF-based

domain structures, with cutoffs of 0.02 and 0.05 respectively.
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Fig. 4.1 plots the localization error in the largest components of the CCSD /aug-cc-pVDZ
polarizability for helium chains ranging from 2-24 atoms at two different bond lengths: 2.0
A and 2.986 A(the CCSD/aug-cc-pVQZ optimized geometry of He,). Table 4.1 reports the
corresponding data for the shorter bond distance, which is representative, as well as the to-
tal polarizabilities and canonical versus local double-excitation amplitude ratios. Both bond
lengths correspond to well-localized systems — indeed, the Pipek-Mezey localized occupied
orbitals are simply 1s AOs on each atom — involving primarily dispersion-force interactions.
This example therefore represents a “best-case” scenario for local-CC schemes and allows
us to measure the minimum capabilities of the proposed approach. Two different double-
excitation domain structures were used: the standard Boughton-Pulay domains obtained
with a cutoff of 0.02 and CPHF-based domains with a cutoff of 0.05. (As described above,
for appropriate comparison, single-excitations remained untruncated for both sets of calcu-
lations.) These cutoffs lead to Boughton-Pulay domains consisting of only single atoms, and

CPHF-based domains of at most three atoms.

As expected, the localization errors for both domain types is small (less than 0.5% in all
cases), though the Boughton-Pulay domains naturally lead to errors approximately five times
larger than the CPHF-domains, and, for greater interatomic interactions, the former will be
inadequate (vide infra). The key observation here, however, is that for the short He—He
distance results, both the Boughton-Pulay and CPHF-based domain structures lead to max-
imum values in the localization error: approximately 0.30% and 0.075%, respectively. In
other words, the polarizability is not a completely delocalized property in this system, and
a local-CC model can recover the canonical-CC result to within a finite percentage, even for
an infinite system. We also note that the CPHF-domains for the long-bond chains actually
lead to a decrease in the localization error with increasing chain length, a result obviously

attributable to the decreased He—He interaction coupled with overdetermined domain sizes.

Fig. 4.2 plots the number of canonical (untruncated) double-excitation amplitudes versus
the number of local (truncated) amplitudes used to obtain the T, amplitude ratios given in

Table 4.1 for the two domain choices for r(He—He) = 2.0 A. All three curves show quadratic
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Figure 4.2: Number of canonical- and local-CCSD /aug-cc-pVDZ double-excitation ampli-

tudes for helium-atom chains at an interatomic distance of 2.0 A.

behavior (only very subtly in the Boughton-Pulay case), which is expected here because all
occupied-orbital pairs are included in the current analysis. The crossover point between the
canonical and local curves occurs at He, for the CPHF-based domains and immediately at

He, for the Boughton-Pulay domains.

Alkanes provide a slightly more difficult problem for localization schemes for response proper-
ties than helium chains because they test bonding interactions, but they remain well localized
because of their lack of conjugation. Fig. 4.3 plots the localization error in the largest com-
ponents of the CCSD /6-31G* static polarizability for odd-numbered n-alkane chains ranging
from three (propane) to nine (nonane) carbon atoms using the Hartree-Fock/6-31G** op-
timized geometry for each alkane. Table 4.3 reports the corresponding data, as well as the

total polarizabilities and 75 amplitude ratios. CPHF-based domain structures were used for
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Table 4.1: Canonical- and local-CCSD-LR static polarizabilities (in a.u.) and % localization
errors of helium chains at an interatomic distance of 2.0 A with the aug-cc-pVDZ basis set.
Boughton-Pulay domains were determined using a cutoff of 0.02, and CPHF-based domains
using a cutoff of 0.05. 75 ratios are defined as the ratio of the number of canonical-MO

(untruncated) doubles-amplitudes to the number of local-MO (truncated) amplitudes.

Canonical  Boughton-Pulay Domains CPHF-Based Domains
(He),, s a,, % Error T, Ratio o,, % Error T, Ratio
2 2.779 2776 0.1015 0.791 2779 0.0000 1.266
4 5.653 5.641  0.2008 0.257 5.651  0.0354 0.939
6 8.536 8.516  0.2341 0.123 8.532  0.0506 0.629
8 11.422  11.390 0.2508 0.072 11.416  0.0581 0.428
10 14.310  14.273  0.2607 0.047 14.301  0.0625 0.306
12 17.198  17.152  0.2673 0.033 17.187  0.0655 0.228
14 20.087  20.032 0.2721 0.024 20.073  0.0676 0.176
16 22976 22912 0.2756 0.019 22.960  0.0692 0.140
18 25.865  25.793 0.2784 0.015 25.846  0.0704 0.114
20 28.754  28.673  0.2806 0.012 28.733  0.0714 0.094
22 31.643  31.553 0.2824 0.010 31.620  0.0722 0.079
24 34.532 34434 0.2839 0.009 34.507  0.0728 0.067

Fig. 4.3 and Table 4.3 with cutoffs ranging from 0.05 to 0.20.

With the smallest cutoff used here of 0.05, the localization errors remain small, below 0.3%,
while larger cutoffs lead to errors of up to 2.0% with a cutoff of 0.20. Concomitantly, the
average domain size varies as well, with the smallest domains (3-4 atoms) for a cutoff of
0.20 and the largest (6-9 atoms) for 0.05. Thus, the crossover point between the canonical-

and local-CC-LR methods shifts towards larger alkanes as the cutoff decreases, with the
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Figure 4.3: Localization errors (%) for CCSD/6-31G* polarizabilities («,) for n-alkane
chains using CPHF-based domains with cutoffs ranging from 0.05-0.20.

0.20-cutoff crossover occurring immediately at propane and that for the 0.05 cutoff extended
to heptane (cf. Table 4.3). In addition, for each choice of CPHF cutoff the change in the
localization error decreases with chain length, as can be seen most clearly from Fig. 4.3. For
the 0.15 cutoff, for example, the error appears to be converging towards a value between
1.00 and 1.25%, while for the 0.05 cutoff, the converged error will likely be less than 0.4%.
(Note that the “kink” observed in the localization error for each cutoff is related to inherent
symmetry in the alkane chains, the numerical precision of the CPHF polarizabilities, and

the use of separately optimized geometries for each alkane.)

We consider a 1% localization error in the polarizability to be the maximum acceptable loss,
and from the data in Table 4.3 and Fig. 4.3, one thus might assume that a CPHF domain

cutoff of 0.10 is reasonable to maintain an efficient localization. However, we find that the
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Table 4.2: Canonical- and local-CCSD-LR static polarizabilities (in a.u.) and % localization
errors of n-alkane chains with the 6-31+G* basis set for a CPHF-based domain cutoff of
0.20. T5 ratios are defined as in Table 4.1.

Canonical CPHF-Based Domains (0.20)
n-Alkane s P % Error T, Ratio
propane 37.73 37.66 0.19 1.05
pentane 65.44 65.06 0.59 0.81
heptane 94.62 93.90 0.75 0.68
nonane 124.45 123.34 0.89 0.54

localization error is reduced as the basis set quality improves. Table 4.2 reports similar data
as in Table 4.3, but only for a 0.20 CPHF cutoff using a 6-314+G* basis set, which includes
diffuse s- and p-type functions. The localization error in this case drops by a factor of two
relative to that using the 6-31G* basis. This improvement results entirely from a natural
increase in the average domain size, from 3-4 atoms with the 6-31G* basis to 4-5 atoms with
the 6-31+G* basis. In addition, the crossover point between the canonical- and local-CC

methods shifts from propane to pentane.

In order to test more general electronic structure patterns, we have also considered several
other pseudo-linear molecules, including N-methylformamide, glycine, N-methylacetamide,
and N-acetylglycine. Table 4.4 reports the CCSD-LR static polarizabilities for these molecules
using both Boughton-Pulay domains (with a 0.02 cutoff) and CPHF-based domains (with
cutoffs at 0.10 and 0.20) using the 6-31+G™ basis set. For the Boughton-Pulay domains,
the localization errors are, as expected, much too large, exceeding 3.0% even with N-
acetylglycine. The CPHF-based domains, however, are much better behaved, giving local-
ization errors of less than 1.0%, even with a cutoff of 0.20, or less than 0.5% with the tighter
cutoff of 0.10. The cost of this improvement, however, is the increase in the average domain

size, ranging from only 1-3 atoms with the Boughton-Pulay domains to 4-6 atoms with the
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0.10-cutoff CPHF-based domains. This, of course, leads to greater computational expense,
with expanded crossover points in the doubles amplitudes to beyond N-methylacetamide

with the smallest cutoff.
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4.5 Conclusions

We have implemented a reduced-scaling coupled cluster approach to molecular response
properties, such as dipole polarizabilities, optical rotation, etc., using a Pulay-Saebg local-
ization structure based on orbital excitation domains defined using CPHF contributions to
the perturbed wave functions. After testing on several benchmark systems, including He-
atom chains, linear alkanes, and molecules as large as N-acetylglycine, we conclude that this
approach can provide polarizabilities comparable to canonical-MO calculations to within
1% given appropriately chosen cutoffs, even without direct inclusion of orbital relaxation
contributions. This scheme is necessarily more computationally demanding than that used
for ground-state energy calculations, but the crossover between non-local and local methods

remains within reach of production-level implementation.



Chapter 5

Local Correlation Applied to Optical

Rotation

5.1 Introduction

Natural products chemistry and drug discovery employ various techniques for elucidating ab-
solute configurations of naturally occurring chemical compounds. The most reliable method
is x-ray crystallography on the compound itself or a derivative that incorporates a known
stereocenter. Unfortunately, x-ray crystallography is not always feasible. When this is the
case, chemists often turn to NMR spectral analysis and chiroptical methods like optical ro-
tation, electronic and vibrational circular dichroism, etc., sometimes resorting to partial, or
total, synthesis of the compound from known starting materials. Assignment of absolute
configuration by these methods can take upwards of a decade, indeed 14 years elapsed be-
tween the discovery of Bistramide C to assigning the absolute configuration of the naturally
occurring product.'!® The ability to accurately and quickly predict chiroptical properties by

computational methods may greatly speed-up this long, arduous process.

39-42,119-123 124-126 vi-

Recently, calculations of optical rotation, electronic circular dichroism,

65
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126-128 129-131

brational circular dichroism, vibrational Raman optical activity and vibrational
contributions to optical rotation*® 126132 have become much more routine on small molecular
systems. Among the methods listed here optical rotation is the most popular for experimen-
tal chemists and has the largest amount of experimental data, causing the greatest surge in
computational methods. Seemingly, computational chemistry is well suited to aid chemists
in the assignment of natural products. In fact, optical rotation calculations have been per-
formed to help deduce the absolute configuration of previously unassigned enantiomers for
some relatively small molecules.'®® However, the greatest obstacles to computational quan-

tum chemistry are the computational resources and amount of time required to perform

optical rotation calculations.

Optical rotation, as well as many other chiroptical properties, are accessible through response
theory.’” One of the simplest manifestations of response theory within ab initio methods
is the random phase approximation (RPA) (also known as time-dependent Hartree-Fock
theory (TDHF)),'%:13¢ in which the Hartree-Fock wave function is allowed to respond to a
time-dependent perturbation while maintaining its single determinant structure. Based on
this same model, time-dependent density-functional theory (TDDFT) has become one of the
most popular methods for response type properties due to its inclusion of electron correlation
at relatively low computational demands.!?% !9 It is well known that DFT suffers from an
inability to correctly predict excitation energies (especially for diffuse and charge transfer

type excited states) which leads to inaccurate predictions of optical rotation.*!:42

32,95,111,112

Coupled cluster theory, one of the most reliable quantum chemical methods, pro-

vides calculations of response type properties via coupled cluster linear-response theory (CC-
LR).3 In fact, calculations of excitation energies,'®> polarizabilities,''? optical rotation,3 42
etc., have been shown to give errors within only a few percent. This level of accuracy
does not come without a great cost in computational resources. The self consistent field
methods (e.g. Hartree-Fock and DFT) scale as O(N?) (this is only a formal scaling, much
effort has been made to bring the scaling of SCF methods down to linear in the asymptotic
£47,136)

limi compared to the accurate coupled cluster singles and doubles method (CCSD)



Nicholas J. Russ Chapter 5. Optical Rotation 67

which scales as O(N®), where N is some measure of system size. For example, a CCSD-LR
optical rotation calculation on [4]-triangulane requires approximately ten days on a modern
high performance workstation. An analogous calculation on [9]-triangulane (approximately
twice the size of [4]-triangulane) would require nearly two years to complete, while the same
calculation using Hartree-Fock or DF'T would still be feasible. This high-degree polynomial
scaling wall is the bane of electron correlation quantum chemical methods, such as coupled

cluster theory.

This high-degree polynomial scaling has little to no physical justification since dispersion is
a short-range interaction. The source of the scaling issues associated with electron correla-
tion methods is commonly attributed to the use of canonical MOs. While mathematically
convenient, canonical MOs result in orbital contour plots that incorporate significant con-
tributions from most atomic orbitals (AOs) and lead to highly delocalized MO pictures. As
a result, there is no a priori selection scheme to determine (and ignore) negligible pieces of
the wave function within a given excitation class (i.e. if doubles are included in the wave

function, then all possible doubles must be calculated, not just a subset of the doubles).

Many local ansaetze have been proposed to achieve reduced scaling within electron correla-
tion calculations. Head-Gordon et al. have developed a technique where the occupied space
is projected against the virtual space and vice versa to achieve localized MOs (molecular
orbitals). Domains are then chosen to be only the virtual orbitals that are on the same atom
as the occupied orbital.?®®* This has the advantage or maintaining smooth potential en-
ergy surfaces, free of discontinuities, which is a shortcoming of many other local correlation
schemes.!3" Flocke and Bartlett have based their local correlation methods on NBOs (natu-
ral bond orbitals) by allowing the occupied-virtual blocks of the Fock matrix to be non-zero
(but small) they achieve a well localized basis from which to perform local correlation with

the caveat that the Hartree-Fock reference has been destroyed.?®

50, 62

We have chosen to use the local correlation scheme pioneered by Pulay and Saebg, who

demonstrated that localized orbitals are attainable by abandoning the canonical orbital for-
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mulation and employing separate localization schemes for the occupied and virtual spaces.
Within this framework there is now a spatial criterion to discriminate and neglect insignifi-
cant pieces of the wave function. The local correlation method of Pulay and Saebg was first
applied to many-body perturbation theory,* %! than extended to coupled cluster theory for

65,66 as well as to coupled cluster response theory for the calcu-

ground®® and excited states,
lation of static®” and dynamic®® polarizabilities. The current state-of-the art in large scale
local correlation calculation of ground state energies was performed by Schiitz and Manby

on 16 Glycine molecules in only a few hours on a modern high performance workstation.%

The purpose of this work is to extend our previous work on local response properties for
calculating polarizabilities®® to the calculation of optical rotation. We have modified our
canonical-MO CC-LR program to simulate the effect of local truncations on the unper-
turbed and perturbed amplitudes and ultimately the optical rotation as compared to the
canonical-MO (untruncated) approach. There are several new features we have added to our
pilot CC-LR code. 1) CC2 has been implemented to allow calculations on larger molecular
systems (CC23% is an approximation to CCSD and scales as O(N?®) instead of O(N®) for
CCSD.) 2) The ability to calculate optical rotations at the CC2 level of theory for canonical-
and local-MO calculations has been implemented. 3) Even though the state of the pilot code
was able to perform frequency dependent calculations at the time of our previous publica-
tion, we chose to concentrate on static polarizabilities, but take full advantage of frequency
dependent capable code for optical rotations. 4) Magnetic field dependent CPHF-based
(coupled-perturbed Hartree-Fock) domain selection has been introduced to account for the
nature of the Rosenfeld 3 tensor.® Previously, only electric field perturbations were used
when calculating polarizabilities. We have tested this new domain selection algorithm on
the one-dimensional 1-fluoroalkane system ranging from 1-fluoropropane to 1-fluoroundecane

and a series of [n]-triangulanes from [4]-[6]-triangulane and (-pinene
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5.2 Theoretical Approach

The quantum mechanical foundation for calculating optical rotation has been known since
1928, first proposed by Rosenfeld.®® Through the use of time-dependent perturbation theory,
one can derive the Rosenfeld 3 tensor as:

o) = - 1m Z (Ol ) -

2
nO w

where p and m are electric and magnetic dipole moment operators, respectively, the sum-
mation runs over all excited states, [n), wyo is the excitation energy of state |n), and w is the
incident frequency. The sum over states approach is very computationally expensive, and

fortunately, can be avoided through the use of linear-response theory.!3®

Koch et al. have developed the linear-response function for a coupled-cluster wave function®®

relating the § tensor to the CC-LR (coupled-cluster linear-response) function by

5:61/("‘}) = —Im({(p; m)),, (5.2)

where the CC-LR function for a magnetic and electric dipole moment operator is defined as
1 - w A~ vw 1 A 7T vw o —w
(sl = 365 Pla(—) m() |04 [, z] 0+ S0 [[7.52] 2 10| 69

where P is a symmetric permutation operator, O simultaneously changes the sign of w and
takes the complex conjugate of the equation. The A operators are de-excitation operators,
analogous to T, that characterize the left-hand states of the non-hermitian, similarity trans-
formed Hamiltonian, H (e.g., H = e TH eT). The set of X}E“} are perturbed wave function
parameters specific to each perturbation and sign of w, solved by

Y WI(H = w)|o) (o] Xx<|0) + (v]A]0) = 0 (5.4)
where v and o represent excited determinants. It is worth noting that the above definition
of the CC-LR functions has been constructed to neglect orbital relaxation effects, relying on

the singly excited perturbed amplitudes to account for orbital relaxation. The use of singles
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to account for orbital relaxation has been shown to have a negligible effect on response-type

properties®* with the added advantage of avoiding artifactual CPHF poles.?®

Applying the local correlation approach developed by Saebg and Pulay requires consistent
domains for all quantities in the CC-LR function. In other words, the domains used to
calculate the ground-state T amplitudes must also be applied to the left-hand analog, A, and
the perturbed wave function amplitudes, Xjfw, defined in eqn. (5.4). The consistent domain
requirement is to ensure static response properties calculated by the CC-LR function of eqn.

(5.3) match those calculated via numerical and analytical differentiation techniques.

We have chosen to use the charge-maximization procedure of Pipek and Mezey™ to localize
the occupied orbital space. The Pipek-Mezey localization procedure maintains orthonormal-
ity within the occupied space and provides well localized chemically intuitive bond types.

(i.e., o, m, lone pairs, etc.) The virtual orbital space is handled via a projection operator,
7 = (1= el ) Iv) (5.5)

which removes all occupied pieces of the original AO basis, to form a set of PAOs (projected
AOs), denoted by the tilde. The set of PAOs is localized to atom centers and orthogonal to

the occupied space, but not to each other.

Given the above set of localized occupied and virtual orbitals, we can implement a spatial
criterion to discriminate and neglect insignificant excitations. (i.e. T amplitudes) A subset
of the PAOs is assigned to each occupied orbital and becomes that orbital’s domain, or cor-
relation space. Boughton and Pulay™ have developed a completeness check to automatically

define orbital domains:
£:(C') = min [ / (i — ¢g)2d7'} =1-)Y > C/S,.CL. (5.6)
vell o

Where ¢; is an approximation to ¢; for the current subset of AOs, with associated MO
coefficients C'7. Typically a cutoff of 0.02 is sufficient to retain ca. 98% of the correlation

energy. However, the domains derived from eqn. (5.6), throughout this work referred to as BP
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domains, only consider electronic interaction within the molecular system. It is important
to consider how various perturbations will alter the localizability of the molecular system

and how the domains must be altered to account for an applied perturbation(s).

We have proposed solutions to the coupled-perturbed Hartree-Fock (CPHF) equations to
predict the effects of applied perturbations.®® Our previous work focused only on polarizabil-
ities and domain definitions required solutions to only the electric dipole moment perturbed
CPHF equations. A single element of the electric dipole polarizability tensor, within CPHF,
is

occ vir

Ay = Z Z Ugittai (5.7)

i
where UZ are solutions to the CPHF equations and p!, are dipole moment integrals. The

virtual orbitals in the above expression can be ‘back-transformed’ into the AO basis making

it trivial to write an expression for individual atomic contributions for a particular occupied

orbital as A0
oy = > Usiny, (5-8)
peEK

where p is an AO basis function and o2 is the atomic contribution of the AO basis functions
centered on atom K to occupied orbital 1;. Writing the CPHF polarizability tensor in this
form lends itself to a completeness check similar to the BP domain definitions described by

eqn. (5.6).

Implementing a completeness check based on eqn. (5.8) as it is written would be a mistake
due to the potential sign differences between individual AO contributions to the polariz-
ability. In other words, significant contributions to the polarizability may be ignored due

iK

to a cancellation of positive and negative contributions to ag,

resulting artifactually small
domain sizes. Instead, we propose using absolute values to calculate a difference between

the untruncated and current estimate of the ‘pseudo’-polarizability:

‘ AO AO
ey = > U] = > |Uzps] (5.9)
P

p€Eli]
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where the notation p € [i] indicates that only the AOs associated with the current domain

of orbital v; are included in the summation and €', is a prescribed cutoff to assess ‘com-

y
pleteness’. The domain for occupied orbital v); is assigned by first ranking the atoms by
decreasing ‘pseudo’-polarizability and then incorporating AOs on an atom-wise basis until
the value of €., falls below a certain value. The PAOs centered on the atoms used to bring

e;y below the prescribed cutoff are incorporated into the final domain of occupied orbital ;.

The inclusion of electric dipole perturbed CPHF-based domains is sufficient for the calcu-
lation of polarizabilities,%® which uses only the electric dipole moment operator. However,
optical rotation employs the electric and magnetic dipole moment operators via the § tensor
in eqn. (5.1), requiring solutions to the magnetic perturbed CPHF equations to augment the

orbital domains similar to eqn. (5.9), e.g.,

' AO AO
€y = Y | MEml| =Y | MIm, (5.10)
P pEld]

where M7, are solutions to the magnetic perturbed CPHF equations and mzi are magnetic
dipole integrals. The final domain of occupied orbital 1; is taken to be the union of the
BP domains from eqn. (5.6) and the electric and magnetic dipole perturbed CPHF-based
domain definitions from eqns. (5.9) and (5.10), e.g., [i] = [i]gp U [i]x U [i]m. This domain
selection results in domains that are much larger than the original BP domains leading to

increased computational expense and much smaller localization errors (vide infra).

The domains are determined immediately following the Hartree-Fock reference calculation
and held constant throughout all facets of the CC-LR calculation, as noted above. Pair
domains for excitation and de-excitation operators involving orbitals v; and ¢; are taken as
the union of the single excitation domains for each individual orbital (e.g., [ij] = [i] U [j]).
These pairwise operators can be classified as ‘strong’ or ‘weak’ pairs to further reduce the
scaling of the method.®>% We have chosen to treat all pairs as strong pairs to assess the
localizability of optical rotation and provide a ‘best-case’ scenario for the calculation of
optical rotation within the local correlation framework. We have also chosen to leave all

single domains untruncated due to the unique role X; operators play as orbital relaxation
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parameters.3*

5.3 Computational Details

We have chosen to perform CC2 (approximation to CCSD)3? level optical rotation calcu-
lations due to O(N?) scaling compared to O(N®) associated with CCSD (coupled-cluster
singles and doubles), allowing calculations to be performed on larger molecular systems.
Canonical- and local-MO CC2-LR optical rotation calculations using spin-restricted Hartree-
Fock (RHF) orbitals were carried out using the PS13 quantum chemical program package.
The local-CC2 calculations performed on ‘pilot’ code which uses the canonical version of
the program then filters all 7', A and X quantities to simulate the local correlation treat-

ment.59’ 63,65,68

Optical rotation calculations have been performed on a series of 1-fluoroalkanes ranging from
1-fluoropropane to 1-fluoroundecane, a series of [n]-triangulanes from [4]-triangulane to [6]-
triangulane and the model system (-pinene. All of the structures in this work have been
optimized using Hartree-Fock theory in a 6-31G** basis set. All calculations in this work

used the split-valence 6-31G* and 6-31+G* basis sets of Pople and co-workers. !

5.4 Results and Discussion

Fig. 5.1 plots the localization error for CC2 optical rotation calculations at 589 nm with a 6-
31G* basis set for a series of 1-fluoroalkanes ranging from 1-fluoropropane to 1-fluoroundecane.
The corresponding data is reported in Table 5.1 as well the the ratio of the number of T3
amplitudes in the local calculation to the number of 75 amplitudes in the canonical calcula-
tion. Two different domain definitions have been reported, the standard BP domains defined
by eqn. 5.6 and the CPHF-based domains proposed above with cutoffs from 0.01 to 0.20.

Looking at the smallest cutoff of 0.01 it is clear that % errors are sufficiently small with
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no absolute value exceeding 1%. However, the crossover point, when the local correlation
calculation becomes computationally advantageous, occurs at 1-fluorononane. We prefer the

crossover point to occur at a smaller molecular size.

40.0 T

' — A

D.02
0.20

Boughton-Pulay )
)
0.15)
)
)
)

CPHF-Based
CPHF-Based
CPHF-Based
CPHF-Based
CPHF-Based

N —

0.10
0.05
0.01

30.0 -

—~ o~ o~ o~ —~ —

A

20.0

Localization Error (%)

10.0

n-Alkane Chain Length

Figure 5.1: Localization errors (%) for CC2/6-31G* optical rotation for 1-fluoroalkane chains
using Boughton-Pulay and CPHF-based domain structures.

The most disturbing feature of the plot in Fig. 5.1 are the CPHF-based cutoffs of 0.15 and
0.20 which have larger % errors than the % errors from the original BP domains. This means
that increasing the domain size has resulted in a less accurate calculation of optical rotation.
Decreasing the cutoff to 0.10 drops the error to below 5% for each 1-fluoroalkane in the series.
It appears as though the CPHF-based domains with a 0.15 and 0.20 cutoff suffer from an
unbalanced domain structure leading to large % errors. It is not until the 0.10 cutoff that

the domains become balanced and consistently small % errors are achieved.
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Realizing the source of the optical activity is due to the stereogenic center at the C; carbon
may lead to the notion that the PAOs centered on atoms near the stereo center are the most
important to include in the domains of nearby occupied orbitals. We tried augmenting the
BP domains of spatially close occupied orbitals with PAOs centered on all atoms attached to
the C; carbon but % errors were still very large. In the case of 1-fluoropropane the % error
actually increased from 4.9% to 10.6%. We next attempted to augment the CPHF-based
domains with cutoffs of 0.15 and 0.20 in the same manner as we did for the BP domains.

The localization errors were still far too large, falling in the range of 5-7% error.

We have also looked at leaving the section of the molecule near the stereogenic center com-
pletely untruncated. For the case of 1-fluoropentane, the region of the molecule containing
the fluorine atom and carbons 1, 2, and 3 as well as all attached hydrogens were treated in its
entirety, without truncation. The remaining area of the molecule employed BP domains, re-
sulting in a 7.62% error in the optical rotation. An analogous calculation on 1-fluoroheptane
returned a localization error of 5.67%, indicating that significant contributions to the op-
tical rotation arising from other parts of the molecule outside of the region immediately

surrounding the chiral center.

Fig. 5.2 plots the number of 7, amplitudes used in the various calculations including the
number of canonical and local T3 amplitudes for various local schemes ranging from the BP
domains to the CPHF-based domains. It is clear that significant savings are possible with
a 0.10 cutoff while maintaining satisfactorily small localization errors. The BP domains
show an extreme amount of computational savings but this is at the cost of accuracy in
terms of the optical rotation. For 1-fluoroundecane, the BP domains retained only 5% of the
T, amplitudes to calculate an optical rotation that is off by over 25%. This is simply not
acceptable. By contrast, the CPHF-based domains with a cutoff of 0.10 retains 38% of the

wave function and returns only a 1.6% error in the optical rotation.

It is worth noting that we have looked at the localization errors at a wavelength of 355 nm.

While the actual values of the optical rotation changed greatly, as compared to 589 nm, the %
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Figure 5.2: Localization errors (%) for CC2/6-31G* optical rotation for 1-fluoroalkane chains
using Boughton-Pulay and CPHF-based domain structures.

localization errors changed only very slightly with no qualitative difference in the localization
errors between the two wavelengths. Due to the lack of orbital domain dependence on the
incident wavelength we can avoid the costly recalculation of all facets of the coupled-cluster
calculation with various domain structures, allowing the a prior: selection of orbital domains

immediately following the orbital localization.
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Plots the optical rotation for the same series of 1-fluoroalkanes as in Fig. 5.1 at 589 nm with
a 6-314+G* basis set using the BP and CPHF-based domains with cutoffs from 0.05 to 0.20
are shown in Fig. 5.3. The inclusion of diffuse functions into the basis set made very little
difference in the % errors associated of the BP domains, except at the smaller molecular sizes
where the error is much larger for the 6-314G* basis set. However, the asymptotic limit of
the % error appears to be approximately the same between the two basis sets. By contrast,
the % errors for the CPHF-based domains change drastically as diffuse functions are added
to the basis set. The largest CPHF-based cutoff of 0.20 provide localization errors below 5%

for all 1-fluoroalkanes. However, to ensure errors below ca. 2% it is necessary to use a cutoff

of 0.05.
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Figure 5.3: Localization errors (%) for CC2/6-314G* optical rotation for 1-fluoroalkane
chains using Boughton-Pulay and CPHF-based domain structures.

The difference in the CPHF-based domain structure due to the inclusion of diffuse basis
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functions is easy to glean from figs. 5.2 and 5.4. It is clear that the decrease in localization
error is due, in part, to the larger domains associated with 6-314+G* basis set as evidenced
by the steeper slope in the Fig. 5.4 than in Fig. 5.2. The domain sizes shift from about 5-6
atoms in the 6-31G* basis to about 6-8 atoms in the 6-314+G* basis set for a 0.10 cutoft.
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Figure 5.4: Localization errors (%) for CC2/6-31+G* optical rotation for 1-fluoroalkane

chains using Boughton-Pulay and CPHF-based domain structures.

We have also performed calculations on a series of [n]-triangulanes ranging from [4]-triangulane
to [6)-triangulane, reported in Table 5.3 and 5.4 for 6-31G* and 6-31+G™* basis sets, respec-
tively. One notable difference between the series of 1-fluoroalkanes and [n]-triangulanes are
the much smaller localization errors for the [n]-triangulanes in the 6-31G* basis. Localiza-
tion errors fall below 5% and 2% for all [n]-triangulanes using a 6-31G* and 6-31+G™* basis
set, respectively, within the CPHF-based domain structure. The BP domains also show

lower localization errors for the [n]-triangulanes as compared to the series of 1-fluoroalkanes.
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The localization errors are still far too large with, ranging from 15-20% and just under 15%
for the 6-31G* and 6-31+G* basis sets, respectively. The difference in localization errors
could be due to the manifestation of optical activity within each molecular system. The
[n]-triangulanes are helical structures with Cy symmetry and have a chiral axis as compared

to the 1-fluoroalkanes, which have no symmetry and a chiral center.

The most troubling aspect comparing the 1-fluoroalkane chains to the series of [n]-triangulanes
is the fact that the optical rotation is relatively invariant to chain length for the 1-fluoroalkanes,
which implies that the source of the optical activity is localized to the CHyF- end of the
molecule. However, based on the local correlation calculations performed here, it is clear
that significant contributions to the optical rotation arise from other parts of the molecule
away from the stereogenic carbon. By contrast, the series of [n]-triangulanes changes dra-
matically as the molecule increases length, indicating that the source of optical activity is
distributed across the entire molecular framework. However, the localization error associated

with the set [n]-triangulanes is smaller than those for the 1-fluoroalkanes.

We have also performed optical rotation calculations on the [-pinene molecule which has
two stereogenic centers. Table 5.5 lists the localization errors for the BP and CPHF-based
domains. It is clear that this molecular system proposes an even greater challenge to ob-
taining small localization errors than the series of 1-fluoroalkanes. This is most likely due
to the fact the B-pinene has two chiral centers, leading to localization errors ranging from
about 3-9% for the CPHF based domains. The BP domains exhibit a gross shortcoming in
predicting the optical rotation with a localization error of 57% within the 6-31G* basis and
over 63% for the 6-31+G* basis set. It is clear that further work must be done to achieve
small localization errors in the optical rotation for molecules that possess one or more a

chiral centers.
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5.5 Conclusions

The ability to predict the local domain structure for achieve a reduced scaling algorithm with
sufficiently small % errors has achieved limited success for the calculation of optical rotation.
The 1-fluoroalkane chains have proved to be much more problematic than expected, especially
with a 6-31G* basis set. However, most of the difficulty disappears with the inclusion of
diffuse basis functions. Surprisingly, the series of [n]-triangulanes were better behaved than
the 1-fluoroalkanes. Our preliminary conclusion is that this is due to the source of optical
activity. It appears as though a chiral axis lends itself to a local correlation description
more readily than does a molecule with a stereogenic center. This is further confirmed by
(G-pinene, whose % localization errors are even larger than those calculated for the series of
1-fluoroalkanes, most likely due to the two stereogenic carbons within the framework of the

(-pinene molecule.



Chapter 6

Efficient Implementation of Local
Correlation for the Calculation of

Molecular Energies

Implementing local correlation within quantum chemical methods introduces several com-
plications. First, the Pipek-Mezey localization procedure destroys the canonical nature of
the MOs, leading to an iterative algorithm for solving the MP2 amplitude equations. A sec-
ond complication introduced by local correlation is the use of a nonorthogonal, redundant
virtual space, requiring a pairwise transformation of the 7" amplitudes and residuals (vide
infra) at each iteration, along with the removal of linear dependencies for each pair. Also, all
equations written in the virtual MO basis must be transformed into the PAO basis resulting
in multiplications of the overlap matrix, S. The manner of dealing with these complications
will be addressed in the following sections as well as a complete reformulation of the MP2

and CC2 amplitude equations.

84
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6.1 Impact of Noncanonical MOs

Recall the MP2 amplitude equation as

<6Lb||2j> + Z (t?jefeb + tfjbfae) - Z (t?&fmg + tzfjfzm) =0 (61)

m

Employing canonical MOs (i.e. f,, = 0), eliminates the summations in the above equation
and the MP2 T, amplitudes can be solved directly though the use of energy denominators
(see eqn. 1.68). A basis for which the Fock matrix is not diagonal results in a coupling of

the Ty amplitudes to themselves and the set of T5 equations must be solved iteratively.

Iteratively solving the T, amplitude equations requires an initial guess as well as an up-
date procedure. The initial guess is usually taken to be the two-electron integrals (i.e.
R§) = (abl|ij), which is the leading term in the MP2 T} equation) and a set of residuals are

commonly used to provide updates to the T, amplitudes:

ab

At = 6.2
L Py (6:2)
Where the residuals, R%’, are defined as

R3Y = (abllif) + > (85 foe + 50 fac) = D (150 fons + timy fim) (6.3)

The AT, from eqn. 6.2 is added to the original T5’s to recompute the residual from eqn. 6.3.
The new residual leads to a new AT5; and so on, until the norm of the residual falls below
a prescribed cutoff. Convergence is normally accelerated through the use of DIIS (direct

inversion of the iterative subspace).!3% 140

6.2 Impact of a Nonorthogonal, Redundant Virtual
Space

The iterative solution to the MP2 and CC2 amplitude equations requires the use of diagonal

elements of the Fock matrix (e.g., eqn. 6.2), assumed to be diagonally dominant. However,
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the use of a nonorthogonal, redundant virtual space destroys the diagonal dominance in
the virtual-virtual block of the Fock matrix, causing convergence problems. Dividing the
residual by diagonal elements of the Fock matrix, as in eqn. 6.2 requires a transformation to
a basis for which Fock matrix is diagonally dominant (we will go one step further and enforce
a canonical basis). A matrix, W, is constructed to handle the transformation from the
PAO space to an orthogonal, nonredundant (and canonical) virtual space specific for each ij
pair, denoted by the subscript [ij]. This process can be viewed as a ‘mini-canonicalization’

of the PAO space specific to each 5 pair.

The residuals from eqn. 6.3, rewritten in the PAO space (Rﬁﬁ), are transformed to the

mini-canonical space by the Wy;;; matrix:

(6.4)

i3] " [ig]

pab aa paf 3b
Ry = WEARW,
af

where the over-bar denotes a quantity in the mini-canonical space and reiterated by indices
a,b, ... and the Greek indices «, 3, ... are used to denote an AO basis function. The update
to the T amplitude equations, in the canonical space, can now be obtained by

Dab
Af?b} — R[U}
RN CE N TR e )

(6.5)

where the €3] and el[’i j are diagonal elements of the orbital energies within the mini-canonical
space. The At_ﬁ?] is then transformed back to the original PAO space using the W;; matrix
similar to eqn. 6.4,

(6.6)

lij] — lig] "V i)

Tof aa A Fab 8b
AED = WS AR,
ab

where the Afﬁf] can easily be added to the original fﬁf] amplitudes to obtain a new set of T

amplitudes. What remains now is to build the W{;;; matrix for each 75 pair.

Constructing the Wy;;) Matrices

A separate W{;;) matrix is constructed for each ij pair to transform the residuals and 7" am-

plitudes from the nonorthogonal, redundant PAO space to a virtual space that is orthogonal,
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nonredundant and also canonical. There are several steps that need to be taken to build
the set of Wy;;; matrices. We have chosen to follow the procedure outlined by Hampel and

Werner.% The first step is to diagonalize the overlap matrix in the PAO basis, e.g.,
XfSX =35 (6.7)

where § and X are the eigenvalues and eigenfunctions, respectively. The subscript [ij] in
the above and all remaining equations in this section have been omitted for the sake of
readability. Small eigenvalues correlate to linear dependencies in the PAO space and are

thus eliminated followed by renormalizing the eigenvectors:

S

b jf 5, > 1076
Xab - ?
0 if 5, <1076

S

(6.8)

The remaining eigenfunctions form an orthonormal basis and are used to transform the Fock
matrix as

F = X'FX (6.9)
The Fock matrix is now represented in an orthogonal, nonredundant basis that spans the
same space as the original PAO basis. This new Fock matrix can now be diagonalized in a

similar manner to the overlap matrix to obtain eigenvectors and eigenvalues by
U'FU =« (6.10)

The U matrix is the usual unitary transformation matrix normally associated with the Fock

matrix in the canonical basis (restricted to a particular ij pair) and e are the eigenvalues.

The X defined in eqn. 6.8 provides a transformation from the PAO basis to an orthogonal,
nonredundant basis that spans the same space as the original PAO space. The U matrix
from eqn. 6.10 furnishes a transformation from the orthogonal, nonredundant basis to a

canonical basis. Combing these two matrices forms the W transformation matrix:
W = XU (6.11)

The procedure used to build the W matrix is repeated for each 75 pair producing a different

W matrix for each ij pair, represented by the subscript [ij] as, Wy;;.
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6.3 Local MP2 and CC2

In order to efficiently implement local correlation within the MP2 or CC2 framework, we
must present the 1" amplitude equations in terms of the PAO basis. One way to achieve this is
to use a tensor based formulation and completely rederive the T" amplitude equations already
presented by Head-Gordon et al.®®> Another method is to ‘back-transform’ the normal MO
expression into the PAO basis using a transformation matrix, which will be shown in this
work. Since the PAOs are just ‘pieces’ of AOs, the transformation properties that apply
for quantities in the AO basis also apply to quantities in the PAO basis, with the only
difference being the specific transformation matrix employed. Quantities in the PAO or AO
basis can be easily transformed to the MO basis using the C or C matrix, respectively. In
the final T amplitude equations, the transformation matrix multiplications are relegated to
multiplications by the PAO, or AO, basis overlap matrix, S, or S vide infra. For this reason
we will formulate all equations using the AO basis and the C matrix, where in the end all
occurrences of S are replaced by S to represent the use of a PAO basis. As a result, the PAO
to MO transformation matrix, é, never needs to be formulated, only the PAO basis overlap

matrix, S.

Quantities in the AO basis can be easily transformed to the MO basis using the coefficient

matrix, C, defined by Hartree-Fock theory. For example,

Spq = Z CMPSIWCVQ (6-12)

7%

Where p and v represent AOs and p and ¢ represent MOs. Transforming the MO basis
quantities to the AO basis is achieved by multiplying the above equations by C~!, as

S =Y CrtSpCrf (6.13)
prq

Recalling that the overlap matrix in the MO basis is the identity matrix (S, = d,4), reveals

a special relationship between the AO basis overlap matrix and the C~! matrix,

S =Y CplCpt (6.14)
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The residuals of eqn. 6.3 function similarly to the Fock and overlap matrices above with the

exception that the transformation must be performed separately for each ¢5 pair, e.g.,

af —1 pab -1

Ry = Y CudRinCyy (6.15)
ab

B = Y Curicn 616
of

where we have used a and b to represent virtual MOs and the indices o and 3 to represent

AOs specifically transformed from the virtual MO space.

All of the above quantities have units of energy, by contrast, the 7" amplitudes are unitless.

Thus, their transformation properties are reversed from those listed above?™> 141,142
t28 = > CaalfCay (6.17)
ab
ab _ —1,a08 ~—1
iy = D CaatinCan (6.18)
af

In summary, the pertinent equations for transforming from the MO basis to the PAO basis

(instead of the AO basis) are listed below:'*2

Sep = D CaiCs) (6.19)

Sap = iCMSQBCgb (6.20)
apf

Fu = Y CoaFupCa (6.21)
apf

Ky = Y CaaCs (6.22)
apf

Ry = ) CaalRiCay (6.23)
af

tih = D Cadli)Ca (6.24)
apf

Where the tildes represent quantities in the PAO basis and the indices o and [ are used
to re-enforce that only the virtual orbitals are in the PAO basis. We have introduced a
two-electron integral as K[‘;;’.] = (ab||ij), which is the leading term in the MP2 amplitude

equations (eqn. 6.3)
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6.3.1 The MP2 Equations in a Nonorthogonal Virtual Basis

Starting from the MO expression for the MP2 amplitude from eqn. 6.3, and using the ex-

pressions from eqns. 6.19-6.24, the MP2 amplitude equations can be rewritten as

Y Cuaiy Con = Y CaaKiyy Con
a/B/ a//g/

+ Z (Z C lt[zj]cee Z Cee eﬁ'Cﬁ’b + Z Ca afa eCee Z C 1tf7,ﬁ]] ﬁ’b)
o Z <Z [zm] Oﬁ’bfm] + Z [m]]cglbfzm> (625)

m \a/g o/

Where we have use o’ and /3, due to subsequent multiplications by C.! and Cﬁ_b1 (vide infra).
Looking at both terms that depend on the summation over e we see only two quantities that
depend on the e index, C;! and C,. Performing the summation over e reveals the identity
matrix (z.e., C"'C = 1). Eqn. 6.25 can be further simplified by multiplying by C..! on the
left and C’ﬁ_bl on the right. Substituting all instances of Y, C,1Cy, with the identity matrix

yields
J— % Oéﬁ —1 Eﬂ/ ~
R[w] - K[ij] + Z(Cfm [w]fﬁb + Z Cﬂ/b [w]fae (6.26)
ac’e bA'e
-5 (3 (o R+ X €O R )
m aba! B! aba! B’

This equation can be greatly simplified by replacing C™*C~! by the overlap matrix in the
PAOQO basis, i.e.

Y ocllcn =52 (6.27)
The final form of the MP2 T5 equations is
O{ﬂ _ a[z
Ry = [w] §t Z . [w] ) ety Z fa [i]€i3]

/B 1, Oc[i ] /ﬁ/ B[z ]
- Z [zm] S’B,z:n] )fm] E (Sa 'ri] [m]] 6/ ’ )fzm (628)
ma/ [’ ma! B
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Where the subscript [ij] has been added to explicitly indicate the domain of each PAO index
(except POA indices on four-dimensional quantities where the domain is obvious due to the
already included subscript [ij]). The inclusion of domains on each PAO index further reveals
the need for multiplications by the PAO basis overlap matrix where the domains of o and
o’ can be different. In some cases, the multiplication by S can be thought of as a domain

transformation between the the domains of a and /.

6.3.2 The CC2 Equations in a Nonorthogonal Virtual Basis

Formulating the CC2 equations in the PAO basis employs all of the same concepts and
identities described above for the transformation of the MP2 T, equations. The biggest
difference between CC2 and MP2 is that CC2 has a T} and 75 equation and there are many

more terms in the T5 equation. CC2 T; and T, equations in the MO basis are, for the T}

lef)

equation
R? - fai+zt§fae_zt%fmi_zt fme+zte a'?nHZ6 +Zt am||ef
e m me mef
—Zt“ te (mnl|ie) — Z t 1t (mnl|ef) + Zt fme + Zt (am||ef) (6.29)
mne mnef mef
——Zt“e (mnllie) + Z te t! (mnllef) — = Z et (mnllef) — = Z 12t (mn)
mne mnef mnef mnef

and for the T, equation

i} = (o) Pl 2 5 o= PUG) Sty + P L ilatled) = Plat) 3t )

P(ij Ztetf abllef) + P(ab) Zt“ t® (mn|ij) — P(ab) Zt (mbllej)
——P (1) P(ab) thtftl;n aml|lef) — —P (1) P(ab) Zt;tfntg mn||ie)
mef mne
P(ab) Z tftftﬁntz (mnl|ef)
mnef

The CC2 T} and T, equations are never implemented as shown in eqns. 6.29 and 6.30. The

Ty and T, equations are always factorized by intermediate quantities to greatly reduce the

(6.30)
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scaling from O(N®), as shown, to O(N®).

As stated above, the same procedure for transforming the MP2 T; equations from the MO
to the PAO basis can be applied to transform the CC2 T amplitude equations. After trans-

formation, the 77 equation becomes

o € QL4 € Q4]
Ry = faw-+Zt[i]famem—Z< [m]S Vfmi = Zt[z t[m15 )fmegy

T Z ) (i [i€m) + Z ot la (€6 Ym))
me mey
= 2 tthaSep Ymnlliew) = > 8hytha (i Sey” ) (mnllegq in)
mnea’ mneya!
+ Z t[zm]S [i] fme [im)] + Zt[zm] Oé[l]mHﬁ[lm]’}/[,Lm]>
mea’ mey
3 Z g St ) (i€ + > iy St )l €fim) )
mnEOC mne’ya
) Z i O;nzL]Sa » D mallenYimm)
mne'ya
1
=5 2 o Sal’ Ymnllegnyom) (6.31)
mneyo’

and the Ty equation
af . . Be B[z ] . . o ,3/ ij] i
R[Z]] - <a[z]}ﬁ[”] ’ ’7’]> + P(Oéﬁ) Z(t[z]]sﬁ[mj )fa[i]’]f[ij] - P(Z]) Z (t[]m]sa[];] Sﬁ yin])fmi
B! ma' 3!

P(ij) th¢]<06[z‘j]ﬁ[ij}€[z‘]’|j> — P(ap) Z( [m]Sa[J])<m6[U]||Zj>

ma/

N . . B .
P(ij) Ztm 1y (s Bl e + P@B) D (1St (1S (manl i)

mna’ 3
aﬁ >t t[m]Sa[”] (m Bz le )
1 .
—5Pj)PaB) Y tyt); (155 o) (aggmlle )
mey
1. (s ” .
—§P(ZJ)P(045) Z [J](t[m]s )(t[ﬁn]sg[[ )(mnlfie;)
mnea’ 3
1 . € o i / ﬁij
+3P(i7) P(ap) >t e, }Safn]])(tﬁﬁggﬂ])(mn\\E[z‘ww (6.32)

mneya! 3’
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6.3.3 Intermediate Quantities

The T} and T5 equations can be factored into a much more efficient form as follows, for T}

i = Joys +Zt[,] Z( [m]S% VFoi — Z( [Zm]Sa[l ) F et —I-Zt[lm] am||iepm)

+§ >t bl €mim) — % > o Sa” Wonnicy,, (6.33)
mey et
and for T
R = aBullis) + P(aB) D (7585 faryyen = P D (Sl S5 ) f
B mal B
~Flef) Z(t% Szf[:]])wmﬁ“ﬂij +P(ij) Z tfi] Wa[mﬁ[mﬁ[i]j (6.34)

The F' intermediates are defined as,

FmE[w] = fme[x] + Z t?n] (mn| |€[x]7[n]> (635)
Fogey = Joggew T 2 iy {Qtml € vim) (6.36)
my

F. = fmz+2t ety +Zt (mnlliem) + >t (mnllegmym)  (6.37)

ney
Notice, the Fine, intermediate is used twice, once in the fourth term of the 77 equation and
once in the F,,; intermediate, each with a different domain for e. The generic [z] domain is

used to denote that the domain of € depends on where Fmem is used. The W intermediates
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are defined as,

Wonnicyy = (mnlliepmn) + Yt (mn] [y €mm) (6.38)
f
Wmnij = <m7’L||Z]>+P’Lj Zt mnzem (639)

| Blij
Wmﬁ[ij]ij = <mﬁ[ij]||zj>_52(t[€l]sﬁfl ]) Wnnij + P(ij) th] mBiz € (6.40)

ng’
. 1
Wopsbpnens = (@inBuallens) + 5 >t i Bl v (6.41)
Y
where the Z intermediates are defined as,
Ly, = (mnllieg) + B Zt[i] (mnl|ypey) (6.42)
v
. 1
Zmgegs = mBglled) + 5 Dt mBiller ) (6.43)
v

Almost all intermediates shown above are identical to those used in the canonical version of

CC2 with one difference. Look at the following term in its ‘raw’ form

o 1 € (4%
Rl- — —5 Z ( [m’:l]S )(mnHe[Z]fy[mn]) (6.44)

mnefa!

The order we perform multiplications in the above term determines which intermediate
it contributes to. Multiplying the integral by T, first would result in a contribution to
the Fa[i]g[i] intermediate, which is how this term is handled in the canonical formulation of
CC2. However, this is very cumbersome in the local correlation variant of CC2 due to the
multiplication by S, resulting in multiple O(N®) steps. By contrast, first multiplying the
integral by T; leads to several O(N?®) steps that are much less expensive. For this reason
the integral is multiplied by 77 first, which contributes to the Wmme{mn] intermediate and a

proper scaling algorithm.
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6.3.4 Comparisons and Timings with ‘Pseudo-’Production Level

Code

We are currently implementing a production level local correlation program for calculating
MP2 and CC2 energies. While there is still much streamlining to be done, we have imple-
mented the MP2 and CC2 equations within the PAO basis as shown in the previous section.
Since the localization and domain selection is performed immediately after the Hartree-Fock
reference calculation, we should be able to limit the integral transformation to include only
the integrals appearing in the above equations similar to the techniques used by Werner et
al..5%%%81 However, our current integral transformation lacks any form of screening. For
example, performing an energy calculation on heptadecane in a DZ basis set, we transform

nearly 70 GB of integrals but only use about 3.3 GB for the local correlation calculation of

the energy neglecting weak pairs or employing an MP2 weak pair correction.

Another major shortcoming in the current status of our code is the assumption that all
quantities can be held in memory. At first glance this may seem a ghastly assumption,
however, since the local correlation framework limits the virtual orbitals to only certain
domains within the PAO space, the quantities become much smaller and more manageable
in memory. In the example above, it would be impossible to perform a CC2 calculation
within a canonical basis assuming we could hold 70 GB of information in memory (on most

computer systems).

Despite the limitations in the current status of our production level code we can still glean
a sense of the speedup achievable within a local correlation calculation of energies as well
as % localization errors. Table 6.1 lists the energies and time for a series of n-alkane chains
ranging from propane to heptadecane using the DZ basis set of Dunning.'*3 The energies
and time, given as seconds per iteration (3*-) for the canonical calculation are shown in the
first two columns. The remaining columns list % errors and time for various treatments of
weak pairs, including, no weak pairs (all pairs treated as strong), neglecting weak pairs, and

an MP2 weak pair correction. The localization error (%) are plotted in Fig. 6.1.
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Table 6.1: Comparisons of energy and timings between canonical and local correlation for
a series of n-alkanes using a DZ basis set. All calculations have been run on the Inferno2

computer system. Energies are in hartrees (E},) and time is given as seconds per iterations

(fer)-

Canonical No Weak Pairs  Neglect Weak Pairs MP2 Weak Pairs

n-Alkane Energy Time % Error Time % Error  Time % Error Time

propane -0.2648 0.1 3.51 0.9 7.88 0.5 4.04 0.1
pentane -0.4393 0.6 4.68 4.5 10.21 1.3 5.32 0.2
heptane -0.6141 2.5 5.19 12.9 11.24 3.0 2.89 0.5
nonane -0.7888 7.1 5.48 29.3 11.8 5.5 6.20 1.0
undecane -0.9636 16.4 5.66 1114 12.17 9.7 6.41 2.4
tridecane -1.1384 344 5.79  119.3 12.42 16.1 6.55 3.8
pentadecane -1.3131 62.9 5.88 3444 12.61 34.5 6.65 6.0
heptadecane -1.4879 162.1 - - 12.76 24.3 6.73 8.4

Treating all pairs as strong pairs provides the best recovery of the correlation energy com-
pared to the other weak pair treatments. In all cases, the localization error falls below 6%.
This seemingly large % error is due to the use of a relatively poor quality DZ basis set, vide
infra. Treating all pairs as strong pairs has come at the cost of computational expense in
terms of both time and storage. In fact, the amount of time required per iteration has actu-
ally increased compared to the canonical case. The amount of memory required for treating
all pairs as strong pairs for pentadecane is about 11 GB. Neglecting weak pairs or applying

the MP2 weak pair correction requires approximately 2.2 GB of memory.

Neglecting weak pairs gives way to a much more favorable result in terms of speedup, but
localization errors are far too large, often reaching above 12%. Employing the MP2 weak
pair correction greatly improves the localization error at a very small computational cost.
Even for the large heptadecane system, less than two minutes were required for the entire

MP2 weak pair calculation. Also, no extra storage is required since MP2 uses integrals
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Figure 6.1: Localization errors (%) for CC2 energies on a series of n-alkane chains using

various treatments for weak pairs using the DZ and cc-pVDZ basis sets.

already required for the CC2 part of the calculation. It is clear that at least an approximate

treatment of weak pairs is necessary for the adequate recovery of correlation energy.

One of the difficulties with using a shared machine like Inferno2 is that there is always a lot of
people using it and it is difficult to ensure dedication to any one process, which makes timings
very difficult. Therefore, all the timing data in Table 6.1 are only rough estimates. We have
also performed the same calculations on one of our own high performance workstations where
we can be sure the machine is dedicated to just one process at a time. These calculations are
reported in Table 6.2 and plotted in Fig. 6.2 to provide a much better assessment of the times
associated with each calculation. Unfortunately, a common high performance workstation
(such as those employed in our lab) has much less memory than Inferno2, limiting the largest

n-alkane to heptane for treating all pairs as strong and tridecane for the other two methods.
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Table 6.2: Comparisons of energy and timings between canonical and local correlation for a
series of n-alkanes using a DZ basis set. All calculations have been run on a modern high
performance workstation. Energies are in hartrees (Fj) and time is given as seconds per

iterations ().

Canonical No Weak Pairs  Neglect Weak Pairs MP2 Weak Pairs

n-Alkane Energy Time % Error Time % Error  Time % Error Time

propane -0.2648 0.3 3.51 1.1 7.88 0.4 4.04 0.1
pentane -0.4393 1.9 4.68 5.4 10.21 1.3 5.32 0.6
heptane -0.6141 6.9 5.19 15.5 11.24 2.8 5.89 1.5
nonane  -0.7888 19.6 - - 11.80 5.2 6.20 3.2
undecane -0.9636 46.4 - - 12.17 8.7 6.41 5.8
tridecane -1.1384 217.2 - - 12.42 14.7 6.55 9.8

All energies and % errors in Table 6.2 are identical to those listed in Table 6.1, the only
difference is in the time per iteration for all calculations. Again, treating all weak pairs
as strong pairs results in times that are longer than the canonical calculation. However,
neglecting weak pairs results in a very large speedup over the canonical calculation. For the
case of tridecane, seconds per iteration dropped from 217.2 to a mere 14.7. Furthermore,
only 9.8 seconds per iteration are required for an MP2 weak pair correction, or a total of

about 2.5 minutes.

In this discussion so far we have neglected the influence of symmetry on the timing compar-
isons. The series of odd number n-alkane chains have 5, symmetry and Psi3 is able to take
full advantage of the symmetry inherent to the odd number n-alkane chains. Timings for
the canonical calculations reported in all the tables in this section have been performed us-
ing the computational advantages of (s, symmetry. However, the Pipek-Mezey localization
scheme, as well as our choice of a PAO virtual space destroys the symmetry of the electronic
structure. Fig. 6.2 also plots the timings of the n-alkane chains without the computational

advantages of symmetry within the canonical formulation. For example, forcing the canoni-
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Figure 6.2: Comparisons of time, listed as seconds per iteration (), for the calculating
ground state energies via canonical and local correlation techniques, including various treat-
ments of weak pairs within the local correlation method. All calculations were performed on

a modern high performance workstation with 2.0 GB of memory.

cal calculation of tridecane to run in C; symmetry on our workstation requires 861.2 seconds
per iteration, compared to the time required for the local correlation calculation of only 14.7.
Calculations of optical rotation are often performed on molecules with very low or no sym-
metry. The computational advantages of a local correlation framework become transparent

for this particular application.

We chose to use the relatively poor quality DZ basis set in order to allow for the calculation
of ‘large’ molecular system. Looking at Table 6.1 the localization errors are rather large.

Some authors have attributed the large % errors within small basis sets to BSSE (basis set

61,63,144,145 T}ig

superposition error) within the canonical calculation. implies that a larger,
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Table 6.3: Comparisons of energy and timings between canonical and local correlation for a
series of n-alkanes using a cc-pVDZ basis set. All calculations have been run on the Inferno2

computer system. Energies are in hartrees (E},) and time is given as seconds per iterations

(fer):

Canonical No Weak Pairs  Neglect Weak Pairs MP2 Weak Pairs

n-Alkane Energy Time % Error Time % Error  Time % Error Time

propane -0.4478 0.6 2.44 4.4 7.08 1.9 2.87 0.1
pentane -0.7363 4.5 2.83 23.5 8.75 5.1 3.37 0.4
heptane -1.0249 16.4 3.01 49.9 9.49 10.5 3.60 1.1
nonane  -1.3134 47.7 3.11  156.2 9.90 16.2 3.72 2.7
undecane -1.6020 107.0 3.17 2114 10.16 49.2 3.80 5.0

more complete, basis set will return smaller localization errors. Table 6.3 lists the energies,
localization errors and timings for a set of odd numbered n-alkanes ranging from propane to
undecane for canonical and local correlation methods with various treatments of weak pairs
using the cc-pVDZ correlation-consistent basis set of Dunning et al. The localization errors
have also been plotted in Fig. 6.1. The localization errors change dramatically moving from
the DZ basis to the cc-pVDZ basis, falling from 5.66% for undecane in a DZ basis to only
3.17% in a cc-pVDZ basis, treating all pairs as strong pairs. Only a small percentage shift is
observed when weak pairs are neglected, falling from 12.17% to 10.16%. The MP2 corrected
weak pair energies exhibit a similar behavior to the no weak pair energies, dropping from
6.41% to 3.8%. These calculations provide good support that the localization errors are
indeed a result of BSSE within the canonical calculation and may provide good reason to

trust the local correlation energies over the canonical energies.



Chapter 7

Conclusions

We have examined the occurence of discontinuities in bond-breaking potential energy surfaces
given by local correlation methods based on the Pulay-Saebg orbital domain approach. Our
analysis focuses on three prototypical dissociating systems: the C—F bond in fluoromethane,
the C—C bond in singlet ketene, and the central C—C bond in propadienone. We find that
such discontinuities do not occur in cases of homolytic bond cleavage due to the inability of
the Pipek-Mezey orbital localization method to separate singlet-coupled charges on distant
fragments. However, for heterolytic bond cleavage, such as that observed in singlet ketene
and propadienone, discontinuities occur both at stretched geometries and near equilbrium.
These discontinuities are usually small, but may be of the same order of magnitude as the

localization error in some cases.

We have extended the local coupled cluster approach of Pulay and Saebg, which has seen
great success in the computation of ground-state energies, to molecular response properties
such as dipole polarizabilities. This scheme uses an atom-based coupled-perturbed Hartree-
Fock (CPHF) breakdown of the desired property to expand the usual ground-state orbital
domains. Benchmark tests of the static polarizabilities of helium chains, linear alkanes,
and non-saturated systems up to N-acetylglycine indicate that the method can reproduce

untruncated coupled cluster properties to within 1% given appropriately chosen cutoffs,
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even without including orbital relaxation in the method. The method requires increased
computational demands, but crossover points between non-local and local approaches are

still well within reach of production-level implementations.

We have extended the coupled-perturbed Hartree-Fock (CPHF) domain selection scheme
used to calculate static polarizabilities to the calculation of optical rotation. Benchmark
calculations of the optical rotation of 1-fluoroalkanes, [n]-triangulanes and [(-pinene have
been performed with mixed results. Molecules exhibiting a center of chirality require large
domain structures and only small scaling reductions have been observed. Our local domain
selection has performed well on molecules possessing a chiral axis often able to achieve
localization error ca. 2% or less with significant reduction in scaling. Our proposed CPHF-
based domain structure requires increased computational demands compared to the domain
selection scheme of Boughton and Pulay. However, these larger domains are are necessary to

achieve small localization errors, but still within reach of a production-level implementation.

We have implemented a ‘pseudo-"production level version of locally correlated CC2 capable of
significant reduction in scaling and time compared to a conventional canonical formulation.
We have also implemented an MP2 weak pair correction allowing a great improvement to the
localization error for a very small computational cost. Currently, there are two significant
limitations that must be addressed. First, there is no screening algorithm within the integral
transformation, leading to the excessive calculation of many integrals that are never used in
the CC2 calculation. Second, we have assumed all quantities in the local basis can be stored

in memory drastically limiting the size of molecule on which we can perform calculations.
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