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CHAPTER I
" INTRODUCTION

The purpose of this dissertation is to examine the
problem of estimation of a univariate probability density
function. Let Yl’YZ""’Yn be a sample of n independent
observations, each distributed according to an unknown con-
tinuous density function f(y). Given thig sequence of
observations, how can one estimate f(y)? Let the estimator
be denoted by fn(y).

Several estimators of a univariate density function have
been proposed in recent years. Estimators of the conditional
probability density and of the conditional mean or regression
line have also been investigated. While most of the results
have been concerned exclusively with independent observations,
a few have been developed when the observations are dependent.
Many of these papers will Be discussed briefly as we proceed.

Historically, Rosenblatt (1956) is credited with for-
mulation of the problem of estimating a density function.
However, it should be noted that estimation of the spectral
density function when sampling a stationary sequence was
developed before that of probability density estimation. The
results obtained in both areas are similar but are much more
simplified for the probability functions. Except for the

last ten years, little research of this type considered



probability density estimation as indicated by‘a~quote from
Watson and Leadbetter (1963). 'Many authors have considered
the problems of estimating the spectral density of a station-
ary time series from observations of the series throughout a
time T. The cdrresponding problem of estimating probability
densities has received less attention in the literature."

Not long after Rosenblatt's articlé, the Royal Statis-
tical Society's Symposium on the SpeCtraluApproach to Time
Series (1957) delved into the subject of estimating a
spectral density. Whittle's}(1957) contributed paper seemed
to deal more with estimating a probability density. The
symposium led to future papers by Whittle (1958), Daniels
(1962), and Priestly (1962), WhilelRosenbiatt's article led
to papers by Parzen (1962) and Nadaraya (1963).

Whittle (1957, 1958) discusses the difficulty in con-
structing smooth curves. He introduces a Bayesian argument
in order to accomplish the\desired smoothing and to find an
optimal weighting function.

The work originated by Rosenblatt and then extended by
Parzen will be presented in a separate section since their
papers have played such an important role in the many articles
written on density estimation. Bartlett (1963) improves upon
the order of the mean square error for the results proposed
by Rosenblatt. He also considers spéctral densities.

Watson and Leadbetter (1963) use estimators of the same form



as Rosenblatt's kernel estimator. They minimize the mean
integrated square error, which is considered to be a global
error, as opposed to the local mean square error. In the
paper, they showed that the optimal fn(y) would be obtaing@
by inverting an expression involving the characteristic
function of the true density f(y). Loftsgaarden and Quesen-
berry (1965) estimate a d-dimensional dénsity function by
specifying the number of points which shoﬁld lie within the
radius of a hypersphere and then determining the minimum
radius. This approach is from the opposite direction, since
the usual process is to count the number of points in a
hypersphere of a given radius. Cacoullos (1964, 1966)
adapted Parzen's univariate estimator to provide estimators
of a multivariate density.“ His results for asymptotic
unbiasedness, consistency, and bounds for bias and mean
square error of the estimate are straightfdrward extensions
of the univariate results.: Murthy (1965a) relaxed Parzen's
assumption of an absolutely continuous distribution F(y),
and showed that the estimators still conéistently estimate
the true density at all points which are continuity points
of both F(y) and f(y). He also proves the sequence of
estimators to be asymptotically normally distributed.
Murthy (1966) extended his own results to the multivariate
case. Nadaraya (1965), using Parzen's kernel estimator,

investigated the asymptotic behavior of the maximum deviation



of the estimator fn(y) from f£(y). This was also considered
by Woodroofe (1967). Other articles were published by
Nadaraya (1963, 1964, 1966, 1970) on the estimation of:

i) a univariate density, ii) a bivariate density, and

iii) a regression curve. Curiously, as it was noted by
Gaskins (1972), Nadaraya (1964a) gives a subset of the
Parzen paper without reference to Parzen.

Craswell (1965) proves that fn(y) and fn(z) are inde-
pendent and normally distributed as n » «. under certain
regularity conditions. Van Ryzin (1966) introduces a
Bayesian analysis for classification procedures and examines
asymptotic properties based on the methods of Cencov (1962)
and of Parzen (1962). Elkins (1968) forms two estimators
of a multivariate density function by counting how many
sample points lie within a d-dimensional cube and by counting
how many sample points lie within a d-dimensional sphere.
Elkins' method is a multi-dimensional extension of Rosenblatt's
naive estimator (see section 1.1). Epanechnikov (1969)
determines what the optimal kernel function should be in
order to minimize the global error. He also indicates the
insensitivity of the integral of the square of the kernel to
the shape of the kernel for nonnegative weight functions.

Several other methods of density estimation exist which
differ from the kernel estimation method. The first of these,

to be discussed briefly, is the orthogonal series represen-



tation of a-density function. Cencov (1962) developed a
class of estimators of f(y) by expansion of an orthogonal
set with respect to some weight function. Schwartz (1967),
using Hermite functions, considers the univariate case.
Kronmal and Tarter (1968) estimate the density function by
means of generalized Fourier series. In particular, they
chose a special case, namely the trigonometric systems

{cos kmy}, {sin kmy}, {cos kmy, sin kmy}. Watson (1969)
also discusses density estimation by orthogonal series. In
addition, we mention that Kronmal and Tarter (1968) showed
that it is possible to express the orthogonal series esti-
mators in the form of the kernel estimators.

Another method is that put forth by Boneva, Kendall,
and Stefanov (1971). Their method transforms the classical
histogram into a smooth curve or histospline. While there
exists a ohe-to-one relationship between histograms and
histosplines, a definite disadvantage inherent in their pro-
cedure is that the curve'is negative at some parts.

Another method similar to the kernel method is the rank
kernel method of HendricksonA(1972). The kernels of this
method depend on the ranks of the order statistics within
the sample. This method is discussed more thoroughly in
Chapters II and III,.

Finally, we mention the modified maximum likelihood

estimator of a probability density function, proposed by



Good (1971). A maximum likelihood estimate of a density
function would give a Dirac delta function assigning mass of
1/n at each of the n observations. Because this is obviously
too rough an estimate, Good suggests subtracting a roughness
penalty (a function.of f(y)) from the log-likelihood. Thus,
he proposes to use an estimator which maximizes the function

w =1 log f(yi) - o(f)
i

where ¢(+) is the roughness‘penalty.

Other articles which are of interest and which have
much in common with the aforementioned literature are listed
below in chronological order: Maniya (1961), Blaydon (1967),
Lin (1968), Moore and Henrichon (1969), Pelto (1969),»
Pickands (1969), Schuster (1969, 1972), Van Ryzin (1969,
1972), and Specht (1971). A more extensive tabulation can

be found in the bibliography.

1.1 The Rosenblatt Tradition

(The Kernel Estimates of Rosenblatt and Parzen)

Let Yl’YZ”"’Yn be independent identically distributed
random variables with continuous density function f(y). Let
fn(y) denote any estimator of f£(y). Rosenblatt (1956)

presents an obvious estimator of f(y) given by

F_(y+h). ~ F_(y-h)
£.(y) = = S — (1.1.1)




where Fn(') is the sample distribution function and h = h(n)

is a function of n, which approaches zero as n » .

He shows the asymptotic mean square error to be

. . . 4
B[£ (y) - £0)1% ~ 00 4 Bopenyyg? (1.1.2)

as h - 0 and n - », Next, the question of an optimal choice

for h is considered in order to minimize equation (1.1.2).
This is found to be |

N 1/5
o £\

h =%k n-l/5 where k = 5
' [£" ()]

Rosenblatt also considers the minimization of the mean
integrated square error or global error

4 % )
[IEIGIRE

© -0

[ om0 - fo01tay - Br e B

The optimal h for this error is no longer a function of vy.

The corresponding value of h is given as

< 1/5

h=kn /3 where  k =<09/2 f (£ (£)1%de.

- 00

Rosenblatt suggests a more general class of estimators,

which contains those given by -(1.1.1). This is the class of

kernel estimators defined by

n
(y - Y.) (1.1.3)



‘where the nonnegative sequence of weights wn(-) satisfies

the following two conditions:

©o

(a) J wn(u)du =1

-0

(b) J wn(u)du + 1 for any € > 0 as n » o,
lu|<e

Note that estimators of this form are themselves a density.

He then states that if

> lzl <1
w (u) = % w(%)vand w(z) = (1.1.4)

L 0 otherwise

then equation (1.1.3) reduces to equation (1.1.1) where h » 0
as n + », Using the class of estimators given by equation
(1.1.3), Parzen (1962) changes the notation and extends the

results in much greater detail. His estimator 1s given as

ho~— 3

, 1 Y'Yj ,v
fn(}’) =_'HE Ly K (T-) . (1.1.5)
J

Parzen shows that if the spreading coefficient h = h(n) is
chosen such that h = 0 as n + « then the estimator given by
equation (1.1.5) is asymptotically unbiased; that is,

lim E[£ (y)] = £(y)

n->©



The conditions on K(*) are the following:

(a) sup |[K(x)| < o
-0 X <00

(b) j |K(x) |dx < o

(o]

(c) 1lim |x K(x)| = 0 and

X0

(d) J K(x)dx = 1
The estimator fn(y) is also shown to be consistent in

quadratic mean in the sense that

BIE,(y) - £0)1° >0 as e
h(n) - 0
nh(n) » «

If it is assumed that K(¢) is an even function (in this
connotation called a weighting function), the sequence

{fn(y)} is proven to be asymptotically normal in the sense

that
£ (v) - BI£ ()]
lim P | 2 n <c | =9(c)
n->o VVarlEniin

where ¢(¢) is the standard normal cumulative distribution
function. Parzen also proves that if the probability density

f(y) is uniformly continuous, then for every e > 0,
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P [ sup [£,(y) - £ < e ] > 1

-oo<y<oo

as n > « and nh2 > o

Finally, he presents results corresponding to those of
Rosenblatt for determining the optimal h such that the mean

square error (M.S.E.) is minimized. The M.S.E. 1is given by

Bie, ) - 0017 - 5P [ P eoax + nf s )1

.00

where r is the characteristic exponent of the Fourier trans-

form k(u) of the weighting funétion K(),

.f(r)(y) =»-(2ﬂ)—1 [ exp{-iuy}|u|T¢ (w)du ,

o]

and ¢ (u) is the characteristic function of f(y). The optimal

h is given by
e o1/ e
h = [{f(y) f Kz(x)dx}/{anIkrf(r)(y)lz}}

Parzen does not consider an optimal h for the mean integrated

square error but it would be given by

T ¥ 1/ (2r+1)
h = [ [ k% (x)dx/2nr f lkrf(r)(y)lzdy.} g

- 00 -.00

One very important disadvantage to the generic form of
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“the optimal-h derived by Rosenblatt and by Parzen should

be noticed immediately (this is also true for Watson and
Leadbetter). This is that the optimal h is necessarily a
function of f(y), the true unknown density, which we are
trying to estimate. The interpretation of these results
would be that of a "bootstrap method". In other words, if
we know f(y) then we would be able to optimally estimate

it by fn(y). Epanechnikov (1969) attempted to eliminate the
difficulty involved here, but was unable to do so. He found
the optimal kernel form K(-) and then found the optimal
spreading cdefficient h(n). Significantly, K(+) is inde-
pendent of the true probability density function, the sample
- size, and the dimensionality of the space; however, this is
not true of the optimum h. Unfortunately, h is still a
function of the unknown density f(y).

In clésing this section, we again mention Cacoullos'
(1964, 1966) multivariate extension of the material presented
by Parzen. Also, Rosenblatt (1970) considered estimates of
a density funttioﬁ when the observations are dependent. The
asymptotic results are essenfially the same as those in the

case of independent observations.
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1.2 Applications of Density Estimation

Various applications of density estimation can be found
in the following articles: classification or discriminatory
analysis (Fix and Hodges (1951, 1952), Stoller (1954),

Gupta (1964)); derivatives of a density function
(Bhattacharya (1967), Lin (1968), Schuster (1969)); empirical
Bayes (Martz and Krutchkoff (1969), Beﬁnett (1970)); hazard
and reliability analysis (Watson and Leadbetter (1964a,b),
Murthy (1965b), Martz and Héiley (1971)); regression
(Nadaraya- (1964c, 1965, 1970), Rosenblatt (1969), Schuster
(1972)); and signal detection (Cooper (1964)).

Let us now consider a practical application of density
estimation ffom reliability analysis. Reliability is defined
as the probability of a component (or system) performing its
purpose adéquately under the operating conditions encountered
for the period of time intended. Mathematically, the

reliability function is represented by

R(t)

Pr[T > t]

I

T f(r)dr
t

where the random variable T is the time to failure of the

component and f(+) is the failure density. Consequently,



13

bestimating f(t) enables us to estimate R(t) by performing

the integration in equation (1.2.1),
R(t) = j f(t)dr (1.2.1)
t

where the '"roof" indicates an estimate.

Another fundamental problem of interest to reliability
engineers 1is the estimation of the hazard function (sometimes
called the failure rate). The hazard function, z(t), is the
probability that an item, operating at time t, will fail in
the intervai [t, t+At]. Mathematiéally, the hazard function

is represented as

z(t) = lig(%) = REt% (1.2.2)
Therefore, we can estimate the hazard function by
A ()
z(t) = =~ (1.2.3)
R(t)

where ﬁ(t) is dbtained as indicated above. The theoretical
failure rate curve is high initially, decreasing with time,
followed by a time period where the function is relatively
constant. Finally, the failure rate increases with time as
components reach the end of their useful life. This curve

~1is appropriately named the "Bathtub Curve'" and the three time
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"periods correspond to the region of early failures (infant
mortality), the region of random failures (useful life), and
the region of wearbut faiiures (adult mortality).

For this reason, it is easier to formulate models based
on z(t) rather than on f(t); however, any analytical proce-
dure that is applied to the hazard curve to determine a model
direct1y<produées models for both f(t) and R(t). By means

of equation (1.2.2), it can be shown that
£(t) = z(t) exp[-Z(t)]

t
where Z(t) = j z(t)dt. In other words, to any nonnegative
! v

function z(t) for which Z(«) = ® there corresponds a distri-
bution and. conversely.

Many existing techniQues used to estimate the relia-
bility of a device or component assume a specified form of
the underlying failure density. Typically, these forms are
one of a family which include the exponential, Weibull, and
~gamma distributions. The initial step in the treatmént of
failure data is to first compute a piecewise continuous
failure density and hazard rate. The choice of the model
which sufficiently explains the data is then determined from
these graphs. Suppose N items are placed in operation at
time t = 0, and let n(t) be the number of survivors at time

t. The empirical density function over the time interval
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”ti <t < t;.+ Aty is given by the ratio of the number of

i
failures occuring in this interval to the size of the
original sample, divided by the length of the time interval;

that 1is,

. [n(tl) - n (,ti. + .A.ti.).]./N

Ati

fd (t) =

Similarly, the empirical hazard rate over the same time
interval is defined as the ratio of the number of failures
occuring in the interval to the _number of survivors at the
beginning of the interval, divided by the length of the time

interval; that is,

[n(ti).f.n(tiv+ Ati)]/n(ti)

Ati

z4(t) =

A discussion of the choice of ty and At; can be found in
Shooman (1968).

Thus, the initial procedure in the choice of a failure
model is to plof the histogram for zd(t). The general con-
tour of this empirical function is perhaps the Best indica-
tion of the model that should be chosen -- constant failure
rate model, linearly incréasing or decreasing failure rate
model, Weibull model, et cetera. Then a suitable model is
chosen by inspection of the z4(t) function. Finally,

statistical techniques can be applied to efficiently process
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the data and obtain "best" estimates of the parameters in

the model. These techniques include least squares, moment
estimation, and maximum likelihood. Notice that all of these
methods require an underlying failure or hazard model to be
assumed.

Several other methods of reliability estimation are
presented in the articles by Taylor and Lochner (1965) and
Schwartz,-Seltzér, and Stehle (1965). Shooman (1968) dis-
cusses an estimate based on the sample distribution function.
Each of these approximations of the true reliability
function are variations of the basic histogram.

The foregoing material has briefly discussed some
techniques for approximation of the reliability function and
the hazard réte. In Chapters II-IV, we introduce some other
estimation procedures which may be applied to reliability
analysis.

Using any of the estimators presented in Chapters II-IV
in conjunction with equations (1.2.1, 1.2.3), we can then
form estimates of either the reliability function or the
hazard functioﬁ, respectively. An example is shown in

Chapter V.
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1.3 Outline of Succeeding Chapters

The estimator of the unknown density function developed
in Chapter II is similar to those estimators of Rosenblatt
and of Parzen. However, the kernel we consider is a function
of the rank of each observation. We use, as our kernel, the
asymptotic distribution of the order statistics of a sample.
As is usually the case, we wish to determine the optimal h.

Chapter III uses the estimator of Chapter II as the
basis for the development of another estimation procedure.
The method émployed is the method of successive substitution
in which the solution at each‘iteration is used to generate
,;the next solution until cohvergence is obtained.

In Chapfer IV, a sequential proéedure is developed for
estimation of a probability density function. Initially,

a normal dénsity with mean X and variance 52 is fitted to the
data and a goodness of fit test is performed to ascertain the
degree of approximation. This hypothesis rejected, a
sequential pfocédure employing the concept of spline func-
tions is used. |

~ Several examples are given in Chapter V which compare
the various methods of density estimation introduced in the
preceeding three chapters. These examples have been selected
to illustrate both good and bad features of the estimators.

Two examples illustrate the application of the estimators to
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reliability analysis,

Finally, relevant computer programs (Fortran) and
descriptions of their utilization appear in the appendices.
Appendix A contains the computer program for Chapters II and
III while Appendix B contains thé computer program for

Chapter IV.



CHAPTER II

'A”RANK‘KERNEL‘ESTiMATOR OF A DENSITY FUNCTION

2.1 Introduction

In this chapter we are concerned with the estimation of
a probability density function £(y) of a univariate random
variable from a sample of size n. Suppose that we know
nothing about the density f(y) except that it is continuous.
Let Y be a univariate random variable and let Yl’Y2’°"’Yn
be a sample of n independent observations, each being
distributed according to the common continuous density
function f(y). In order to eliminate repetition, we mention
. that the above discussion is also relevant to the introduc-
tion of eachbchapter and will not be given again.

The estimator discussed in this chapter was introduced
by Hendrickson.(1972) and is similar to one proposed by
Rosenblatt andbby Parzen (see equations (1.1.3), (1.1.5)).
The estimator differs from theirs by having kernels which
are functions of the ranks of the observations.

The order statistics are obtained by arranging the

sample in ascending order,

Y, < Y, <...< Y 1 < k., <n, k. #k.) ,
ky LV, L2 ¥y (ks i * k)

]

and setting Xr = Yk (r 1,...,n). Let p (0 < p < 1) denote
‘ ﬁ T

19
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a fraction such that F(y) = p and assume that there exists a
unique solution for y such that f(y) # 0. This solution is

called the quantile of order p and is denoted by gp; that is,

P(Y < Ep) = F(Ep) =P .

h

In an analogous manner, the pt quantile of the set of

n observations is defined as the value Ep such that the pro-
portion of observations < Ep is > p and the proportion of
observations > €p is > 1-p. Thus, we can define the func-

tion Ep in terms of the ordered observations as
X[np]+1 if np £ 1

an if np e I

where I is the set of integers and [np] denotes the greatest
integer not exceeding np.

We shall now state several theorems that play an impor-
tant role in the formulation of our estimator, fn(y); of the
true density f(y). These theorems may be found in Kendall
and Stuart (1969) and Rao (1965). It is well-known that the

th

probability element of the r ' order statistic from a sample

of size n is given by
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g, (x)dx = [FE)IT 1-FO I T e (x)dx .
(r-)!'(n-r)!

(2.1.1)
In addition, by letting r and n tend to infinity with their

ratio, % = p, held constant, the asymptotic distribution of
Sp ‘
abbreviated N(gp,og).

is normal with mean Ep and variance p(l4p)/n[f(£p)]2;

In the following section, we show how these theorems

are applied to form our estimator.

2.2 A Class of Estimators Of A Density Function

Consider‘the estimator given in equation (2.2.1), which
is essentially a weighted average of the sample distribution

function,

f,00) =

I
) —— 8
oy N
=~
/T
4
]
~————
[aN
1]
=]
~
~
—

ro. (2.2.1)

.
]

Instead of using the estimator above (Parzen's estimator),
let us consider a kerhel‘K(~)‘which is a function of the
rank of each of the order statistics. The estimator we

propose is defined by



T n A,y,—,Xr
£,0) =-ﬂ{‘21 N, | — (2.2.2)
-
where
yn d(g.) ndz(E )

LY Sy 1 > 2
N (Y) = p exp - - - y‘ “0°<y<°° s (2.2.3)
T T (Iop) 2 P(l'P%

d(+) is some density function, and Ep is the pth

quantile of
d(+). We will refer to the estimator given by equation
(2.2.2) as the normal rank kernel estimator. ' In order to
prevent division by zero when r = n, we will redefine the
quantity p to be r/(n+l).. It is evident that estimates of
this form are themselves density functions.

The function d(-) is an initial guess for the density
from which the observations were generated. Because we
choose a particular algebraic representation in order to
ascertain the corresponding probability densities Nr(-), this
does not imply that the sample was actually produced by such
a population. Obviously, if we knew the parent distribution,
there would be no need for estimation. Thus, our assumption
for d(+) is analogous to Parzen's assumption of a particular
kernel K(+).

The rationale for our estimator is given by an inter-
esting result of order statistics stated in Theorem 2.2.1.

By rahking the observations and using tﬁe limiting process

mentioned previously, we obtain a kernel which varies
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according to the location of each observation within the
entire sample. In forming our rank kernel estimator, we

have replaced the distribution of the rth

order statistic,
on the left hand side of the result stated in Theorem 2.2.1,
by the asymptotic normal distribution.

So that notation is not confused, we restate that

f(y) is the true density function,

th

gr(y) is the true density function of the r order

statistic, and

d(y) is an initial estimate of f(y).

Theorem 2.2.1 Given the densities, gr(-) r=1,...,n, of
th

the r order statistic then

1

nes1s3

) g, () = £(y)

T
The proof follows from the following equation:

n n!
1 [F) I 1-F) 1™ e (y)

= | (r-1)!(n-1)!

n

= £(y) 7}

r=1

n-1

r-1 n-r
r-1 a

where p = F(y) and q = 1-F(y). The above result is an appli-

cation of the binomial theorem,

One might consider using hr(°) as a kernel where hr(~)

is the density of the rth order statistic obtained from the
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‘assumed form for d(-). However, to use a kernel of this

form would indeed require laborious computations.

2.3 Asymptotic Properties of the Estimator

If the quantity p ; 3§T of equations (2.2.2) and (2.2.3)
is replaced by F(xr); where F is the true cumulative distri-
bution function, one Should expect the estimator to be
asymptotically unchanged up to a given order of magnitude
depending on h. When this is done, the kernels (2.2.3)
depend solely on the values of,xj and not on the ranks. For
fixed vy, fhis estimator'is of -the form of equation (1.1.5)
given by Parzen (1962) where K(Xr) is written

( h(y-x,) )
Ny TR

These ke;nels,'however, do not satisfy the symmetry require-
ment. It is clear that, unless the initiai_guess d(+) is
close to £(+), the estimator_given by (2.2.2) and (2.2.3)

has nd advantage over the less complicated form of Rosenblatt
and Parzen. In tﬁe next chapter we give a procedure which
replaces d(+) by the estimate f(-), Hendrickson (1973) has
given asymptotic results when d(+) is replaced by f(+). We

discuss these results without proof.
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Sample Percentiles

The estimator given by (2.2.2) and (2.2.3) has the same
. ) L2
variance (within 0(%H)) and bias (within o(hﬁ) = o(%&) as

that obtained by using m sample percentiles provided:

h
r-k

i) the sample percentiles satisfy F(Xr) = 5>

ii) p is replaced by rﬁ% ,

11i) n is replaced by m and h is replaced by 1, and

iv) m = LU

. Tk . . .
The choice p = F(xr) = rm2 is essential for the bias of the

two procedures to be within o(%). The procedure is consid-

L -
verably improved by using Eﬁi rather than E§T . Thus, althougt

the use of ﬁfl as done in the next chapter is instructive,
better results should be expected by using r%% .
Bias
The mean of £ (y) when d(+) = £(+) is’
| .2 42 .2 ’
_ _h h“c" (y) h
E(E () = £0) (1 - 3« R0y 4 o2y (2.3.1)
where o(y) is defined'by
V/FO)T-Fy)) |
o(y) = . (2.3.2)
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Hendrickson (1973) gives an adjustment to the estimator
2
which eliminates the value %H . Usually, o(y) has little

curvature.
Variance
The variance of fn(y) is

£(y) 1 . nl
Var (£, (y)) =" 0(;::+ T
™ n :

) (2.3.3)

. 2
This is similar to Parzen's result (1962) with hﬁ equal to

his hZ.

2.4. Determination of An h

In order to employ equation (2.2.2) we must first choose
a value for h.j Obviously, the choice of h will influence
the resulfing estimate. However, instead of indiscriminately
selecting a value for h, an optimal h is uéually determined
by minimizing‘the mean square error. Unfortunately, as
illustrated by the principles applied by Rosenblatt and by
Parzen, a different value for h is required for each value
of y at which the density f(y) is estimated.

Suppose one has a sample of size n. As stated in the
previous section, one can choose m sample percentiles by the

~equation
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- i~k
F(Xi) - m ’

and use these m points to obtain the estimator with a value
of h = 1. Alternatively, one can employ all of the n data
and use a value of h2 = n/m. In this section we discuss the’

case when the x; are chosen by

A N i )
F(x;) = —1 - (2.4.1)

One cannot obtain the same estimator by using all the data
with a fixed spreading coefficient because the x; are not
centrally located in m equal frequency intervals. In this
section we consider using points defined by (2.4.1) and
choosing a spreading coefficient h* which minimizes the bias
of the estimator.

The bias 6f the estimator can be asymptotically obtained

by replacing (2.4.1) with the true percentiles satisfying
- i ‘
F(xi) = 53T - (2.4.2)

These points are not random, but represent the mean. Let
f,(y) be the expecfed density defined by the estimator given
by the points (2.4.2). Since the bias depends on y, we will
choose h* by minimizihg the mean integrated square error

(M.I.S.E.),
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[ mg,00 - £y (2.4.3)
The weight function w(+) 1s usually taken to be identically
one or f(+).

By using the M.I.S.E., oniy a single value of h is
required for all values of y. This measure is difficult to
obtain numerically. We will consider a slightly different
criterion to obtain the value of h to use in equation (2.2.2).
The criterion we use is to ﬁinimize the average square error
calculated af the observations,

L [£ (x;) - £x)1% (2.4.4)

Il 123
}—-l

The value of h for which this minimum is attained, denoted
h*, is determined only when the true density is known.
Equation (2.4.4) is a Riemann sum for (2.4.3) provided the
x; are midpoints of the n equal frequency intervals corres-
ponding to the density w(+). Thus there is little difference
between (2.4.3).and (2.4.4) for arbitrary X3, provided w(e)
is appropriately chosen. Equation (2.4.4) measures the
performance of £ (y).

For a given density f(y) we generate the true
percentiles by (2.4.2). Using these data, Xl,Xz,...,Xn, the

estimate fn(y) is formed and then the average square error
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kA.S.E.) is calculated for various values of h. From the
tabulation of h versus A.S.E., the value of h* corresponding
to the minimum average square error is ascertained. In our
simulation study, the value of h* yielding the minimum A.S.E.
has been determined to four decimal places since very little
decrease in the average square error resulted from more
significant digits.

To test the performance of the estimator presented in
this chapter and also the estimator introduced in Chapter III,
we have chosen to simulate density functions which are
representati&e of a broad class of densities. We classify
these densities as light-tailed, medium-tailed, and heavy-
~tailed. The 1ight—tailed distributions are represented by a
uniform density; the medium-tailed by a normal density; and
the heavy—failed by a cauchy density function. In addition,
- we simulaté a weibull density and an exponential density since
they are often used reliability models and because they are
also unsymmetric. These five density functions are
abbreviated in the tables as UNIF, NORM, CAUC, WEIB, and EXP
respectively. The specific values of the parameters of each
density used in the monte carlo studies are given in Table V.

Besides using the true‘density f(y) in the formula for
calculating the variance, we have chosen, for the sake of

comparison, to replace f(x) by the density
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d(x) = —— .

n X1

We refer to this density as the underlying density and label
this as type I when the uniform density is used, and type II
when the true density is used. The sample sizes are n = 10,
20, 40, 60, 80, 100.

For a given true density, underlying density, and sample
size we have used the true percentiles to determine the value
of h* yielding minimum A.S.E. This value of h* was then used
for estimating the density of twenty random samples generated
from the true density. For each sample, the average square
error was comppted and then the average of the average square
Aerror for the twenty experiments was also calculated. The
same random sample was used in computing the estimate for the
two underlying densities so that their individual estimates
can be compared both separately and collectively.

Tables I and II contain the values of h* and the
corresponding minimum average square error for each of the
six sample sizes for the five simulated densities. Tables
IIT and IV contain the average of the average square errors
for the twenty random samples and also the median of the
average square errors for the twenty experiments. The median
was included since it will be less affected than the average

by an occasional large error.
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Tables I and II indicate that as the sample size
increases the average square error continually decreases for
each of the five dénsities. Furthermore, for the type I
underlying density, the smoothness of the estimated curves
using h* for the true percentiles tends to decrease at the
tails of the estimate with the appearance of more noticeable
bumps as n increases. The estimated curves using the type II
underlying density for the true percentiles are much smoother
in the sense that the bumps have been entirely eliminated.

In addition, the type II deﬁsity yielded estimated curves
which are vefy hard to visually distinguish between one
another for the various sample sizes.! This is in contrast
-with the type I estimates where the tails become much more
bumpy as n iﬁcreaseé. ,

For béth types of underlying density, values of h less
than that Qalue (h*) yielding minimum A.S.E. produce curves
which become extremely oscillatory as h decreases while
values of h greater than that value yielding minimum A.S.E.
produce curves which become smoother as h increases. However,

as the value of h increases, the estimated density begins to

1The exception is the rate at which the exponential
density estimates reach their maximum for different n. Also,
for the uniform density function, the estimates are steeper
(more vertical) at the extremes as n increases.



32

assume the characteristics of a nofmal density function.2
Aesthetically, the '"best" estimates using the type I
density are for thése‘values of h since even the slightest
protuberance (in the estimated curve using h*) has been
smoothed out. At the opposite extreme, as the value of h
decreases, the estimate is no longer a single curve but a
group of n disjointed curves.

For a given sample size and underlying density, it is
difficult to distinguish between the shape of one estimated
density and another for various values of h with accuracy
greater than one decimal place once the oscillatory nature
of small h is overcome. For accuracy greater than two
-decimals, it is impossible to visually differentiate between
estimated densities. |

Unforfunately, Tables I and II do not indicate a general
trend in the value of h* that minimizes the A.S.E. as n
increases. For the ﬁeibuil type I estimates, the value of
h* decreases for n = 10 through n = 40 and then increases,
while for the“weibﬁll type IT estimates the value of h¥®
continually increases. For both the exponential and uniform
type I and II estimates, the value of h* decreases for all
n but less noticeably as n approaches 100. For the normal

type I estimates, the value of h* decreases from n = 10

2The estimates of the exponeﬁtial density do not respond
to this principle as rapidly.
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through n = 40 and then increaseé, while for the normal type
IT estimates the value of h* increases for all n. Finally,
for the cauchy type I estimates, the value of h* decreases
for all n, while for the cauchy type II estimates the value
of h* increases from n = 10 through n = 60 and then decreases.
The drastic change in the value of h* evident in Table II for
the cauchy estimates is explained by the fact that the
analysis of the plot of h versus A.S.E. for each n had two
local minimums. One of these minimums was the global minimum
for n < 60 while the other ﬁinimum was global for n > 80.
No.other typé I and II estimateé had more than one minimum.

» Generally, for each sample size, the value of h¥
yielding minimum A.S.E. for the type I estimates is less than
that obtained for the type II estimates> whereas the average
square error for the type I estimates is greater than that for
the type II estimates.4 From the latter result and the fact
that the estimated densities are much smoother, the type II
estimates afford.the "best'" estimates.

Now let us turn our attention to Tables III and IV which
tabulate the coﬁputations of the twenty random experiments.

These tables, as did the previous two, indicate that the

3The reverse is true for the uniform type II density
estimates.

4For the uniform density, the differences are so small
that there is no practical difference and neither the type I
or the type II estimates are preferable to the other.
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general tendency of the average of the average square error

is decreasing for each of the simulated -densities as the
sample size increases. The type I estimated densities for

the random samples are mostly polymodal; however, the general
characteristics (shape, skewness, and kurtosis) of each is
that of the parent distribution. The exceptions to the latter
portion of this statement occur for samples of size ten. Once
again, the type II estimates are smoother in the sense that
many of the bumps have been eliminated. In fact, the poly-
modal character has been significantly reduced and many of

the éstimates are unimodal or bimodal.

For the most paft, fhé aVérage A.S.E. for the type I
estimates are greater than those for the type II estimates
as is also true of the median values. Again, this indicates
the preferableness.of the type II estimates.

Finally,‘we mention several exceptions. The exponential
type II densities overestimate in the.neighborhood of T moreso
than the type I, which explains why the fit is worse in terms
of the average of the average square error. On the other
hand, the general characteristics of the type II_estimates
are more indicative of an exponential density. Again the
différence between the uniform type I and II estimates are
not large enough to warrant preference for either underlying
density over the other. And, the extreme change in the value

of h* mentioned previously for the cauchy type II estimates

is also reflected in the average of the average square errors.
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C. 9074
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TABLE 1

ERAGE SOUARE

I ESTIMATES

ERROR

T,93291
0. 892845F-03

C' ? 40(79‘
0.,175230F-02

CeT7412

0.312458F-05

2,912%
N,331298F-03

Ns 32626
N.157502E-01

n,0063
0.292116F-03

D.4007
Da4T6551E-03

G.6056
0.661248F-05

0,2145
0.,1083608-03

n,1112
Ne4H5662CE-02

D‘ ° 646{‘
0.239256E-05

0.2986
N.181539E-03

D.2004
D.882626E-02

M=100
D,91461
0,2296N2F=-03

0. 40325
De37R361E-03

J

L5904
2 425 TH2E-08
2213

0.RESTTYE-04

N.N221
De364BNHE-D2
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TABLE 11

MIMINUM AVERAGE SQUARE FRROR
AND CORRESPONDING H

TYPE TI ESTIMATES

N=10 N=26 N=40

WETH H 1.3787 1.51%4 le6101

ASE 0,8R1744F-04 0,4332178 04 D.1260802E-04
=XP H £.9975 DN,6485 09,6026

ASE CL.274658F-03 0.109777F=-02 0e311D02E-04
UNTF H 0,R023 T 6706 D,56121

ASE D,229056F-04 N,RL24&42F-05 N,2329255E~
Nk H 1,4515 1,6874 1.7621

ASE C.101324F-04 Ne136191F-04 N, Q71784E~-05
Caug H 1,2465 1.6373 2.,199¢9

ASE 0.119320F-02 D.7252280F-02 Ne145900E-02

N=£0 N=80 N=100

Wera H 1.6521 1,6735 1.68258

ASE 0.554327F-05 0,302633F-05 0.,188236E-0°
EXP H 7.5922 N,5R56 05822

ASE 0145416 -04 06 845208F-05 N.550058E-05
B TE H 5083 N,5607 N.5863

ASE 0.112124E~-05 NeHB1245F-05 D.435761E-06

ASE G.q0?0965~05 0.2922086F-05 Ne 1RRATBE-D5
CADD H o £453 0:1562 0.1848

ASE 0,112379F-07 N.7551225-04% D, 4752486E-04
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TABRLE

1T

AVERAGE DF ASE AND

MEDT AN

VALUES LIS

ING H

TYPE T ESTIMATES

N,275584F-01
N,1689515-01

0.240021F-01
0,820827FE~02

«29739G5-02
c 143664F=02

D :7391 - 02

0.INRZ34E QO
COR7091E-01

Col86243F-01
0e112789F-01

C.6b281ERF-02
0e45845AF~-02

F ] 1 8“33£1F..ﬁ2
0.1761235-02

0,275127€-02
0.214111F-02

C.407544E-01
0.252487E-01

CeTEB269F=-02
DeT762728E-02

D, 45QNE1E~-02
0.34647OC~02

N,1513705~-C2
Cal247140E-02

D, 27283R2F-02
L.237659¢~-02

N,230077E~01
0.241716F-01

0, 145025E-01
0.C5903QF-02

D,18445H1E-02
2.1652175-02

0,329%46E-02
N,20N310E=02

0. 403589E-01
0.3965237E-01

M=100
NeHELTDRE-D2
D.528121E-02

Q. 4635268E-02
D.277006E-02

N.16T7416F-02
0e164237E-02

D,186294E-02
0,173643E-02

0.303375E-01
« 2443562E-01
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TABLE TV

OF ASE AMD
VALUES

USTING ¥

TYPE I1 FSTIMATES

0, 162104E-01
NL.T5AG46F=-02

DeSERA46F-D02
De326134AF-02

0.228408F-02
0,1323008-02

CL.4T73567E-02
Ce2BLTT3E=-N2

N.5341455-01
(.4924QG5-01

DL 180T7CHE-02
NL168220E-02

Cals1103E-02
0,320282E-03
5, 115773F-01
«7013615-02

N, 100242801
C.8577165-02

Ne 194349F-01
Ce126220E-01

N, 240921F-02
Ne187917E-02

272772501
L1157028-01
N=8(

0.466218F=02
N.382822F=02

S.136604F-01
0.112653F-01

0,1611123F-02
0,135095F6-02

N, 142263E-02
D, 107566E-02

YL IR6TETE 0O
D,152€682F CD

0,720628E-02
Ne402304F-N2

0.204896F-01
0.101405E-01

De184237E-02
N,187159E~-02

N.167529E-02
N,137956F-02

Ne172913E£~-01
G.167358E-21

N=100
0 296903E-02
0.372052F-02

0,125414E-01
0.113174E-01

CL1673T7HE-02
D0e163199E-02

0,1023130E-02
0.781898E-03

N,124294F 00
De.1645644F DO
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TABLE V
SIMULATED DENSITIES

- . S p
WEIBULL - £y =& -0)f L exp {(YGT) } y > 1
p =2 B = 3 =1
EXPONENTIAL £(y) = & exp '_(é‘LT)} v >
6 = 2 T = 1
UNIFORM £(y) = B_%E 0 <y <8
B = 10 a =0
NORMAL f(y)lé 1 exp | - Lfyru ’ -0 < §< oo
VIT o 2\ o
1 .
CAUCHY f_(y) =z — & . ~0 <y <
o” + (y-u)



CHAPTER III
AN ITERATIVE ESTIMATOR OF A DENSITY FUNCTION

3.1 The Iterative Estimator

The estimator in the preceeding chapter had the generic

form

1 n ./H d(‘gjp.)

. o) z - (y-x,) na? (£ )
= —— e
ntY nh r=1 Y2wp(1-p)

2p (1-p)h?

Xp

whereas the estimator we propose in this chapter is given by

m 1 a . B
£.00 = 5 rler (r-x,) m=1,2,... (3.1.1)
where
o /n fﬂﬁl(xr) .-zz[fﬁ-l(xr)]zn
N (z) = ——— exp
T 2p(1l-p)
‘ V21p (1-p)

The superscript m denotes the iteration count.

The estimator in equation (3.1.1) uses the successive
substitution mefhod of iteration. Thus, we call this
estimator the iterative estimator. Equation (3.1.1) uses a
recursive relationship instead of an underlying density
d(Ep). A sequence of approximations fi,fﬁ,...,fg is

computed from a starting value fg by means of the following

procedure: choose fg(xj) for all j (j = 1,...,n) and hence

40
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define fi(y}; using fi(xj) for all j define fi(y); and
continue with this process until, for some m, fg-l(xj) is
within a given e of fﬁ(xj) for all j. This gives the

estimate of the true density function as

1 B /H fﬁ(Xr) : -(yaxr)z[fgcxr)]zn
£,0) =5 1 ————exp 2P (1-p)
r=1 V2wp(1l-p) P P

By means of computer simulations, we have found that the
choice of fg(xr) for each r (r = 1,2,...,n) to begin the
iteration procedure is not critical as long as it is positive.
Intuition~leéds one to suspect that too small an initial
guess for fg(xr) for each r will serve to increase the value
of fﬁ(xr). Likewise, too large an initial guess for fg(xr)
for each r will serve to decrease the value of fi(xr).

The same effect will occur on each subsequent iteration until
convergencé ié-obtaiﬁed. For convenience, the réciprocal of

the sample range was used for the starting values,

o _
fn(xr) T X -Xy

" The iteration procedure was terninated for the data in

Appendix A when for all r = 1,2,...,n

£ ) - £M x| < L001
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The iterative estimator converged for all of the computer
simulations conducted. Furthermore, whenever a variety of
different starting'values (some of which were absurd) for
fg(xr), r =1,2,...,n, were tested, the resultant estimates

were identical.

3.2 Comparison of the Rank Kernel Estimator

and the Iterative Estimator

~As we did in Section 2.4, we have performed an experi-
mental analysis using both true percentiles and random data
for the thirty combinations of five true densities and six
sample sizes. - Table VI contains the number of iterations
‘required»to obtain convergence and the resultant average
square error for the true percentiles for each combination
of true density and sample size. These values of the average
square error cérrespond to those found in Tables I and II.

The results of each set of twenty random samples are

presented in Tables VII and VIII. Again, the same random
samples that were used for both the type I and type II
estimates in Chapter II—were used here so that the experimen-
tal outcomes would be directly‘comparable. Table VII contains
the average of the average square errors and also the median
for each set of twenty monte carlo studies. The contents of

this table correspond to those found in Tables III and IV.
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finaily, the average, the medium, the minimum, and the
maximum number of iterations required for convergence of the
random experiments are fouﬁd in Table VIII.

Before presenting the analysis befween the estimates of
the rank kernel estimator and the estimates of the iterative
estimator, let us first discuss the tabulations of the latter.

Table VI indicates, for each simulated density, that
both the average square error and the number of iterations
needed to obtain convergence continually decreases as the
sample size increases. In éddition, the smoothness of the
estimated dehsity curves is quite,similar to the smoothness
of the type II estimates. >If you recall, the type I estimates
are bumpy in the tails while the type II estimates eliminated
this protubefancy. ‘Generally, for a given sample size, it is
difficult fo visually differentiate between the curve of the
iterative esfimate and that of the type II estimate using h*
for the true percentiles.

The tabulations in Table VII also indicate the general
tendency of the‘average of the average square errors to
decrease with ihcreasing sample size. The median values
occassionally behave erratically, but the trend is to decrease
as the sample size increases. Also, the median values are
consistently less than their corresponding averages, as
expected due to the occassional large error, but the

magnitude of the differences decreases as n increases.
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The estimated densities for the random samples are
mostly polymodal; however, the general characteristics ofbthe
estimates are indiéative of their parent population. The
iterative estimates are inclined to accentuate oscillations
where a concentration of data occurs and to de-emphasize
them where data is sparse such as outlying observations. Thus,
the densities are smoother in the tails than the type I
estimates of Chapter II but have more pronounced fluctuations
at the interior of the estimates.

UponAcomparison of the‘average square errors in Tables
I, II, and Vi, we find tha; the iterative estimates are
preferrable to the type I estimates while the type II estimates
are preferrable to the iterative estimates. The only
exception is‘that both the type I and II uniform estimates
are preferfed to the iterative uniform estimates. A similar
comparison‘of Tables III, IV, and VII reveals that the
iterative procedure yields the largest average A.S.E. and
median values. Consequently, both types of the rank kernel
estimate are favored to the iterative estimator.

Therefore,.in our attempt to eliminate, by using the
iterative estimator, the necessity to determine that value
of h yielding minimum A.S.E; (h*) used in the rank kernel
estimator, we have sacrificed precision in terms of the
average square error. On the other hand, the iterative

estimates are generally smoother than the type I estimates
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but not as smooth as the type II estimates.

3.3 Estimation Using Sample Percentiles

The results in this chapter were obtained using the
true percentiles. When random data are given, the density
estimator is obtained by using sample percentiles. By using
a subset of the data, rather than all the data as done in
Rosenblatt's kernel method, a significant amount of computer
time and, consequently, expenses 1s conserved. This saving
is especially realized for Very large samples. |

Two exaﬁples are given in Chapter V which illustrate the
emﬁloyment of the sample percentiles and also how these
estimation procedures may be applied to grouped data.

As mentioned éérlier, the results we have obtained
apply to tﬁe case when the k sample percentiles are defined

by the relationship

A _ r _ :
F(Xir) TSN r=1,2,...,k . (3.3.1)

We refer the,reéder to Hendrickson (1972) to similar proce-
dures where the estimator is altered by considering other
possible percentiles defined similarly to (3.3.1). These
procedures alter the bias, discussed in the previous section,
by an order of magnitude equal to %. These results are

extended by Hendrickson (1973) to the multivariate densities.
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TABLE VI

MUMRER 0OF ITERATIONS AND
AVERAGF SCUARE ERRCE

TRUE PERCENTILES

e A s s e - - —— i ——— — _— — 4ne - ———— i ——— ——————— T~ — ——— —— o —__ - — i —— - i -

N=10 N=20 N=40D

WETR IT 13 1n g

ASE C.200009F-02 DL 4283805 -02 G.2400325-04
EXP 7 1c G a

ASE 0,102829F-02 0,529027F-02 0.2602305-03
UNTEIT 5 5 5

ASE De10428465-073 Re461289F-0% D ?212541E-04
MORMOTT 131 7 &

ASE N, 77N259F-02 N, 141 080E-073 D.2G97105E-04
Cauc 11 12 12

A5E 0el214250-01 Ne1678500-01 Ne5062G3E-02

WETR 17 2 7 7
ASE T G03LTIE =00 N, 213 145F-04 N2 1240N20E-04
Yo T R 7 7

ASE N,171912F-03 N.,12¢332F-073 NDe LO2NDE2E-073

UNTE T & % 4
ASE 0.129741F=04 0.260305F-D5 0. T61944E-05
NOPM T & 6 6
= N 124006E8-04 N.673084LF-05 N, 422606FE-05

candc

IT 2 7 6
ASE Te224379F-02 G.1N94R2F-02 D.623435%-03
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TAGLE VII

AVEDRAGE NFE ASE AND
MEDTAN VALUES

FXP  AVG L, 1508603F 00 N,Hh902468E-11 0,920492E-01
MED D 4475715 -01 0. 308864F~-01 0.274153E-01
INMTE AYE 0,821863F-01 52118352801 N,R026Q023F-02
MeD 0.121023F-01 N, 247198F-02 Ne&tDNEASE-02
MARM  AYE Ca253783F-01 N, ”&3} =01 N,2163815-01
MED « 167264701 N,1732010E-01
Al AVG 2194605 OO0 G0,16943CF 00
MED G.,104118F QO N0,122&605E N0
N=£N MN=a0 N=100
WETR AVYG D.0RZ0185-] B.L71AG4LE-0] N,3723864E-01
MED Cae782555-01 D.481351F-01 Na.386042FE=-01
EXP AVEG 34L«4°. 01 ,41?~9°F -0 0, 230315E-01
MED 2731655-01 265048F-01 N, 262744£-01
UNTE AVES Ga 4Q8627F-02 GL,&T7CRTI2E-02 Do &32722F=-02
MED LQT141R-02 N 22884TF-02 0.374583F-02
MARM AVEG 144°°“: o1 NL1T72852F-01 DL120476E-01
MEn Jelllwev "1 N,118854F -] N, 106386E-01
CAUC AVS N,131A72F 0O u 1? A0LE D0 DNe721403E-D1
Mz TLlO0RELE N0 W HBRELHCE-N] DN.6TABE6E-D1

RANDOM

DATA
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TABLE VWITI

AVEPAGE, MENTAN, MINTMUM, AND
MAYTHUM NUMBER 0F TTFRATINNS

RANDOM DATA

N=10 N=20 M= 40 M=AD N=g8n" =100
WETHR OAVG 18,05 1R, 00 15.50 17:05 1%e40 15,25
MED 12.C0 15400 15,00 16.00 15,06 15.00

8,20 17.15 16,05 17.90C 16,77
[

MED 17,00 TLE0 15,00 16,00 17.00  15.00
UNTIE AVS 15.1% 13015 12,90 13.87 }.BQ“‘n }ZaLQ
MED 14,00 12,00 12,00 12,00 12,50 11,00
MORMOAVG 15,5% 15,05 14,80 14.30 12.45 15,25
MED 15,00 14,50 14,090 14,00 13,00 14,00
CAUC AVG 13,30 192,00 17,35 17,40 15,05 16,50
MED 8LEG 1R.00 14,00 17,00 15,00 14,00
N=10 N=20 N=40 MN=AD N=80 N=100
METR BAY 7 30 23 27 1 21
RN 11 11 12 13 12 13

UMTE 1A 24 23 22 22 23 20
MM 1n el 9 o o] 2
MOIRM MAX 24 20 27 20 15 33
MIN 10 0 11 11 10 11

CAUL Max 27 27 32 20 21 22
M 14 1

% 13 13 12 iz



CHAPTER IV

A SEQUENTIAL SPLINE PROCEDURE FOR

ESTIMATION OF A DENSITY FUNCTION

4.1 Introduction

Within the last few decades, spline functions have
received considerable attention in the literature, mainly
for the purpose of interpolation. Spline approximation has
been discovered in several independent studies for four
different criteria of optimality in the context of approxi-
mation of functions and best quadrature formulas. Splines
(the word '"splines" is frequently used as a synonym for
spline functions) were first introduced in the middle 1940's
by Schoenberg (1946) while investigating problems pertaining
to the smoothing of equidistant data. The name spline
function was dérived from the mathematicalAanalogy of a
mechaﬁical spline, a flexible device ﬁsed by draftsmen to
draw smooth curves by attaching weights at various locations
on the spline in order to pass through specified points.

The two free ends of the mechanical spline are straight,
suggésting the terminoiogy‘nétural spline function (to be
defined shortly). Basically, a spline function is a piece-
wise polynomial satisfying continuity conditions of the
function and its derivatives that are less strigent then

those of a polynomial. As such, they are direct generaliza-
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‘tions of polynomials. Before giving the formal definition
of a spline function, let us first present a brief historical
background. |

Schoenberg and Whitney (1953) obtained criteria for
the existence of a particular type of spline interpolation.
In 1957, Holladay demonstrated the minimum curvature property
of cubic splines for interpolation; that is, minimization
of the integral square measuré of approximation to the second
derivative. Ahlberg, Nilson, and Walsh (1962) extended this
property to periodic cubic splines, and then exhibited the
minimum norm property for periodic splines of odd degree
(1965c). DeBoor (1963) and Schoenberg (1964a) investigated
various,approkimation properties for nonperiodié splines of
odd degree. ‘The convergence of higher order spline approxi-
mations to'derivatives was first obtained by Ahlberg, Nilson,
and Walsh (1962) while Birkhoff and de Boor (1964) also
considered spline épproximation of derivatives.

The existence and uniqueness of bicubic spline surfaces
of interpolation were demonstrated by deBoor (1962) after
Birkhoff and Garabedian (1960) had extended the problem of
spline approximation to two dimensions. Later, Ahlberg,
Nilson, and Walsh -(1965b) further éxtended these results to
multidimensional splines. Also, Birkhoff and deBoor (1965)
discuss splines of several variables.

The concept of trigonometric spline functions was
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introduced by Schoenberg (1964b), which he related to a
linear differential operator. The application of spline
functions to 1ineaf differential operators was also investi-
gated by Greville (1964), Ahlberg, Nilson and Walsh (1964,
1965a), and deBoor and Lynch (1966).

The preceeding articles are but a few of the prolifera-
tion of literature treating various approximations by spline
functions. Several more recent papers and texts are Greville
(1967, 1969), Karlin and Ziegler (1966, 1967), Reinsch (1967),
and Schoenberg (1967, 1969). In addition, at least two dozen
articles by'such authors as deBoor, Golomb, Hall, Karlin and
Karon, Meir and Sharma, and Schoenberg have appeared in the
-~ Journal of Approximation Theory since its inception in 1968.
For an extenéive bibliography, see Sard and Weintraub'(197l).
The formalldefinition of a spline function is presented now.

A spline.function S(x) of degree m is a function
characterized over the real lihe, R, by the following two
properties:

(a) S(x) is‘given in each of the r+l1 intervals

(ei,ei+1) for i = 0,1,...,r by a polynomial of degree at

most m where 6o -» and Gr = o,

+1

(b) S(x) and its derivatives of order 1,2,...,m-1
are continuous on R.
The sequence of real numbers 61,62,.;.,er are called knots
(or nodes) and satisfy the relationship 6; < ej if 1 < j.
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hA spline of odd degree m = 2k-1 is called a natural spline
if, in addition to satisfying properties (a) and (b), it also
satisfies propertyi(c):

(c) S(x) reduces to a polynomial of degree k-1 in
. each of the intervals (-w,el) and (er,w).

It is the third degrée (cubic) spline function that approxi-
mates the behavior of the mechanical spline.

Thus, a spline function is a class of functions defined
by piecewise polynomial arcs of degree m in each interval
(ei,6i+1) such that the combosite function has continuous
derivatives'through the (m-1)st. In the special cases when
m=0orm= 1, a spline is a step function (and condition
~(b) 1is non-fuﬂctional) or a piecewise linear function
(polygon), réspecti?ely. Another special case 1is for r = 0
for which é spline is a single polynomial on R.

Schoeﬁberg and Whitney (1953) showed that any spline

S(t) of degree m can be represented in the form

T .
1 ey (-0, (4.1.1)

S(t) ='Pm(t) +
. ’ J=1

where Pm(-) denotes a polynomial of degree m. The subscript

"+ is used to denote the truncated power function defined as
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‘In the case -of a natural spline, equation (4.1.1) becomes

T
2k-1
. (t-6.
jZl °3 (80504

s(t) = Pp_,(t) (4.1.2)
It is evident that s(t) satisfies property (c) in the inter-
val (-w,el). However, to satisfy this property in the

interval (Gr,w), we must equate to zero the coefficient of

powers greater than k-1 of t; or this implies

Now let us turn our attention to the development of our

- spline estimator.

4.2 The. Spline Estimator

Given a éet of data Yl’YZ"

mentation, we want to estimate the density function f(y)

Y obtained by experi-

from which the observations were produced. Using the concept
of a spline fﬁnction_presented in the preceeding section,.
we define an estimator of thé unknown density function. The
estimator is denoted by p(y) and its mathematical form is

given in equation (4.2.1);
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p(y) = exp{S,(y)}

(4.2.1)

ci(y—ai)f}.

Il 1t

= exp{aly2 + by * ¢y +
i=2
With slight modification in subscripts and parameters the
function Sz(-) is recognized as a spline of degree two. We
will call this estimator of the unknown probability distri-
bution, the exponential spline estimator (or just spline
estimator). Obviously p(y) > 0 for all y; however, in
order that the spline estimator fulfill the requirements of

a probability density function, we will require

f p(y) dy =1
Using'thé,method of maximum likelihood, we can deter-

mine estimates of the unknown parameters {ai}§,'{ci}¥, and

b; and hence, an estimate of f(y). Therefore, in principle,

the problem of defermining the 'best'" approximation to f(y)

is reduced to the simultaneous solution of 2k+1 equations.
The equation we desire to maximize is given by

j=1 -

n o0
L= ] fn p(yy) - l[ J p(y)dy - 1] (4.2.2)

where ) 1is thé Lagrangian multiplier and the term in brackets
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is the restriction that the estimate integrate to one.

Expanding equation (4.2.2) we obtain

k

2
1 eiOryap?

N :
y, + y. + nc +
] j=1 ') L j51 a2

1 j=1 J

< k
. 2 2
- Al:J exp{aly *by+c, f izz ci(y—ai)+}dy-l}.

- 00

(4.2.3)

Differentiating equation (4.2.3) with respect to the unknown

parameters and the Lagrange multiplier, and setting the

resultant. equations equal to zero yields the following set

of equations:

T2 2

'21 Y5 = A J vy p(y) dy

j= -

n [o0]

,Zl'yj = A J y p(y) dy

J= —oo

n=2 f p(y) dy

n 2 “ 2
1 o5apt = [ vraphorgy
j= !

i=2,000’k

(4.2.4a)

(4.2.4b)

(4.2.4¢)

(4.2.44)
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n = - )
'21 (y5-a;), = 2 f (y-a;),p(y)dy (4.2.4e)
j= : S
i=2,...,k
c; # 0
J p(y)dy =1 (4.2.41)

From equations (4.2.4c,f) we find that X = n. There-

fore, . we can reduce the set of equations (4.2.4) to the

following:
L 1 vi=E0h (4.2.52)
j=1 7 |
y = EO) (4.2.5b)
n -2 :
% l21 (yjfai)f = J (Y-ai)zp(y)dy - (4.2.50)
. . a.i i= 2’.-o,k
1 .3 L
n Z ’(yj-ai)+ —‘J (y-a;)p(y)dy _(4.2.5d)
i i=2,...,k

cy #0
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j p(y) dy = 1 . (4.2.5e)

o]

The equatiqns (4.2.5a,b) are equivalent to the maximum

likelihood equation for the variance. Let us mention here,
that the parameters'{éi}g may be chosen by the experimenter,
in which case the conditions given by equation (4.2.5d) are

inoperative. We will say that these parameters are fixed

if they are known a priori and that they are free if equation

(4.2.5d) is functional. |
In order that the spline estimator p(y) convey more

meaning we alter the'genefal form of equation (4.2.1) and

rewrite it as follows:

2

b0y = 3y exp{-

£,0) - ;

2 g far 2
ek (y-a1)? - ci(y-a3) il

I~

2
(4.2.6)

Now tﬂe 2k+1 unknown parameters are By, u,’{c§}¥, and {a§}§-
The reader may verify that the same conditions as those given
by the set of equations (4.2}5) must be satisfied. Most of
the conditions are easily verified, but some difficulty is
encduntered in showing equafions (4.2.5a2 and 4.2.5d for
i=2). |

Thus, using the estimator in equation (4.2.6), if we
set c¥ = 0 for all i (i = 1,...,k) and u = y, then the

exponential spline estimator becomes the normal density
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function with mean and variance, y and 32 respectively.

This is the initial stage of our sequential procedure fof
determining the eétimate p(y) of the unknown true density
function f(y); that is, we fit a normal distribution with

2

mean y and variance s“ to the data. Using the null

hypothesis
Hy, : £(y ' N y s
O * ( ) i ( y )

we perform a goodness of fit test. If we reject this test,
we proceed to fit a spline estimate with one knot. Again,

we perform a goodness of fit test with the hypothesis
HO :'f(y) ~ p(y) with one knot.

This proceduré-may be repeated with as many knots as needed.
As we have menfioned previously, the experimenter may choose:
to use a predetermined set of knots. In this case, he may
want to dispense ﬁith a goodness of fit test after the
addition of each knot.

- Several ~examples employing the spline estimator are
given in Chapter V while’the computer program, along with a

description of its usage, is preéented in Appendix B.



CHAPTER V
EXAMPLES AND CONCLUSION

5.1 Introduction

Having presented three different estimators of a proba-
bility density function in the preceeding chapters, we now
give several examples utilizing these estimation methods. The
examples use data that are both simulated and real. These
examples have been selected to illustrate some good and bad
features of these estimators. In addition, one example

illustrateé the application of density estimation to relia-
bility analysis.

Thevexamples employing simulated data are given first,
followed by. the examples using real data. Furthermore,
several of the. examples héve been choéen in such a manner that

they are distinttively related.

5.2 Examples

- Example 5.2.1 - The first example uses the exponential

density with parameters T = 1 and © = 2 to illustrate a
principie diséussed in Chapter II. The plots of the estimated
density functions using h* for sample sizes n = 10 and n = 100,
and both the type I and type II underlying densities are given
in Figures 1. Notice the appearance of more protuberances

in the tails of the type I estimates as the sample size
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increases from n = 10 to n = 100. This is illustrated in
Figure la. On the other hand, the type II estimates giveﬁ in
Figures 1b and 1lc afe much smoother in the sense that the
bumps have been entirely eliminated. The latter two estimates
are shown on separate graphs because of the difficulty in
distinguishing one estimate from the other. Finally, notice
the change in the rate ( for both type I and type II estimates)
at which the exponential estimates reach their maximum as

the sample size increases.

Example 5.2.2 - This example also uses the rank kernel

estimator of'Chapter II. The type I and type II underlying
densities were used to computevestimates for a random sample
-df size n = 20. The observations were generated from a
normal distribution with mean and variance, ten (10) and two
2), respeétively. The type I estimate is plotted in Figure
2a while thé tjpe Il estimate is plotted in Figure 2b. The
true probability density function has been superimposed on
each to facilitate comparison of the estimated and true
densities.

The polymodal tendency which is characteristic of the
type I estimates is evident in Figure 2a, whereas the elimi-
nation of the polymodal effect by the type II density is
noted in Figure 2b. The average square errors for the two

estimates are .00337 and .000693, respectively.
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- Example 5.2.3 - The next example uses the iterative

estimation procedure of Chapter III to estimate the exponen-
tial density functien discussed in example 5.2.1 for a sample
of size n = 100. In addition, we have used this estimate to
illustrate the application of density estimation to relia-
bility analysis. Using the estimated density, £,0r), in
conjunction with equations (1.2.1, 1.2.3) for ﬁ(t) and ;(t),
we have computed estimates of both the reliability and hazard
functions.

Figure 3a illustrates the similarity of the smoothness
of the iterative estimate to thét of the type II estimate
~given in Figure lc. Each iteration has been plotted to
illustrate convergence of the estimation procedure. Notice
that the smali bumpé which are present in the first iteration
have been smoothed out in the final solution. Seven itera-
tions were feqﬁired to obtain convergence.

The exponential distribution implies a constant hazard
rate, 1/6, and an exponential reliability function. The
corresponding’estimated functions are given.in Figures 3c .
and 3b, respectively. The true hazard rate function has been
superimposed on the plot of the estimated hazard rate function
whereas the true density fuﬁction and true reliability func-
tion have not been since the estimated and true curves are

very similar.
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Example 5.2.4 - The iterative estimator was used to

compute the estimat¢ for the same random sample of size n = 20
from a normal probability density function that was introduced
in example 5.2.2. Figure 4 illustrates the tendency to
accentuate oscillations where a concentration of data occurs
and to smooth the humps at the extremes.  Comparing this plot
with Figure 2a, we see the more pronounced fluctuations pre-
sent in the iterative estimate than in the type I estimate.

The average square error is .00833. Again the true
density function has been superimposed on Figure 4.

Example 5.2.5 - The final example employing simulated

data uses the ;pline estimator of Chapter IV. The uniform
density function over the domain [0,10] was used to generate
a sample of size n = 39 using true percentiles. Two fixed
knots were chosen at a§-= 1 and ag = 9 and we dispensed with
the goodness of fit test. vThe estimated density has been
plotted in Figure 5.

In the next two examples, we consider the estimation of
a probability.density function from real data. The data were
taken from Blis§ (1967) in the form of grouped data. In order
to employ our estimation procedures with grouped data, we have
taken the number of observations occurring within each group

and assumed that they are equally spaced within the interval

width of the group.
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Example 5.2.6 - This example is taken from Bliss' (1967)

Chapter 5 on the normal distributidn. The data describes the
lengths, recorded to the nearest centimeter, of 578 ears of
corn 1n an F3 cross of Missouri dent by Tom Thumb pop. The
data was'grouped into a fourteen (14) cell frequency table over
the domain [10.5, 24.5] with cells of width one (1) centimeter.
In Figures 6a and 6b the normalized histogram has been drawn
along with the estimated densities. Figures 6a and 6b plot

the estimates obtained from the'iterative estimator and the
spline estimator, respectiveiy. The iterative estimation
procedure reduired nine (9) itefations to obtain convergence
using only fourteen (14) percentiles. Each of these itera-
‘tions has been p1otted in Figure 6a. One fixed knot at

ag =y = 17.12 was used for the spline estimate.

Example 5.2.7 - Our final example is data given in
Chapter 7 of Bliss (1967) for the lengths of survival in
days of 1110 mice inoculated uniformly with malaria in
genetic studies of resistance. . The data 1is presented in the
form of a frequency table over the domain [3, 33] with thirty
(30) cells of width one (1) day. Again, we illustrate the
use of percentiles from the sample. However, we have used
only twenty-eight (28) percéntiles since the first and last
cell of his frequency table contain no observations. Note
that the normalized histograms given in the Figures 7a and 7b

are bimodal. Bliss discusses this phenomenon as representing
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a mixed distribution. The cause of death in the short-lived
(< 11 days) mice is attributed to severe toxemia while the
cause of death in the long-lived (> 14 days) mice is attri-:
buted to anoxic anemia.

The iterative estimation procedure required seven (7)
iterations to obtain convergence; however, only the final
solution has been plotted in Figure 7a. The spline procedure
used one knot at the middle of each of the two histogram
cells with the greatest frequencies and also one knot at the
middle of the histogram cell with the least frequency; that
is, a% = 5.5, a% = 10.5, and aZ'=_20.5. The spline estimate

is plotted in Figure 7b.



U

Figure la.

i
2 4 6 8 ’ 10

Exponential Density, Type I Estimates Using True

Percentiles

99



.qo

.ﬁS

.30

.%5

(@]

99

! l
10 12

-2 0

Figure 1b. Exponential Density, Type II Estimate Usiné True Percentiles (n = 10)



.45

.30

.15

Figure 1c.

12

Exponential Density, Type II Estimate Using True Percentiles (n.

14

100)

L9



Y —

.26

.13
I

N

\\J//2<<:§\+~Estimate

\

N

True -

N

.0

I

Figure 2a.

- i
4.625 0 6.250 7.875 9.500 11.125 12.750 14.375

I ‘ l | . i

Normal Density, Type I Estiméte Using Random Data -

16.0

89



Estimate -

3.

0

B |
4.625  6.25

Figure 2b.

0

T - | | : =T
7.875 9.500 11.125 12.750 14.375

Normal Density, Type II Estimate Using Random Data

16.

69



Figure 3a.

Exponential Density, Iterative Estimate Using True Percentiles (n

14

100)

0L



1

Figure 3b.

Estimated Reliability Function, R(t)

12

14

TL



Estimate j//

/

/

e

<« True

Figure 3c. Estimated Hazard Function, z(t)

12

14

ZL



L —-

N8
~—{

/

-
e o o o

3.

0

i |
4.625 . 6.250 7.875 9.500 11.125 12.750 14.375

Figure 4. ‘Normal Density, Iterative Estimate Using Random Data

16.

0

Sl



.40

/“\\M“\meh_ ' J,JMH”J/Hj\+ Estimate

/ e e

\
True - \\\

Figure 5. Uniform Density, Spline Estimate Using True Percentiles

VL



7

.0

4.5

Figure 6a. Lengths of Ears of Corn, Iterative Estimate

27.0

SL



7.

12.0

Figure 6b.

] ] ' | I
14.5 17.0 19.5 22.0

Lengths of Ears of Corn, Spline Estimate

9L



.04 .06 .08 . .10
l

.02

LL

e

i ]

._4_ -

{

i I B I f ' i I _ |
6 - 10 14 18 22 26 30 34
Iterative Estimate'

Figure 7a. Survival of Mice Inoculated With Malaria,



.06

.02
|

<

. I ! I l I ] l
6 10 14 18 22 26 30 34

Figure 7b. Survival of Mice Inoculated With Malaria, Spline Estimate

8L



BIBLIOGRAPHY

Ahlberg, J. H., Nilson, E. N., and Walsh, J. L. (1962).
Best approximation properties of the spline fit,
J. Math. Mech., 11, 225-234.

Ahlberg, J. H., Nilson, E. N., and Walsh, J. L. (1964).
Fundamental properties of generalized splines, Proc.
Nat. Acad. Sci. U.S.A., 52, 1412-1419.

Ahlberg, J. H., Nilson, E. N., and Walsh, J. L. (1965a).
Convergence properties of generalized splines, Proc.
Nat. Acad. Sci. U.S.A., 54, 344-350.

Ahlberg, J. H., Nilson, E. N., and Walsh, J. L. (1965b).
Extremal, orthogonality, and convergence properties .
of multidimensional splines, J., Math. Anal. Appl., 11,
27-48. T

Ahlberg, J. H., Nilson, E. N., and Walsh, J. L. (1965c).
Best approximation and convergence properties of higher
order spline approximations, J. Math. Mech., 14,
231-243. o

Aizerman, M.-A., Braverman, E. M., and Rozonoer, L. I.
(1964a). The probability problem of pattern recogni-
tion learning and the method of potential functions,
Automation and Remote Control, 25, 1175-1190 (a
translation of Avtomatika 1 Telemekhanika).

Aizerman, M. A., Braverman, E. M., and Rozonoer, L. I.
(1964b). The method of potential functions for the
problem of restoring the characteristics of a function
converter from randomly observed points, Automation and
Remote Control, 25, 1546-1556 (a translation of
Avtomatika 1 Telemekhanika).

Anderson, G. D. (1969). A Comparison of Methods for
Estimating a Probability Density Function, Ph.D.
Dissertation, University of Washington.

Bartlett, M. S. (1963). Statistical estimation of density
functions, Sankhya Ser. A., 25, 245-254.

Bennett, G. K. (1970). Smooth Empirical Bayes Estimation
With Application to the Weibull Distribution, Ph.D.
Dissertation, Texas Tech University.

79



80

Bennett, G.- K. and Martz, H. F., Jr. (1970). A Computer
Ana1y51s of Parzen's Den51ty Estimators, unpublished
manuscript, Department of Industrial Engineering,
Texas Tech University.

Bennett, G. K. and Martz, H. F., Jr. (1972). A continuous
empirical Bayes smoothing technique, Biometrika, 59,
361-368.

Bhattacharya, P. K. (1967). Estimation of a probability
density and its derivatives, Sankhya Ser. A., 29,
373-382.

Birkhoff, G. and deBoor, C. R. (1964). Error bounds for
spline interpolation, J. Math. Mech., 13, 827-835.

Birkhoff, G. and deBoor, C. R. (1965). Piecewise polynomial
interpolation and approximation (in Approximation of
Functions, Elsevier, New York), (editor, Garabedian,

H. L.i'.

Birkhoff, G. and Garabedian, H. L. (1960). Smooth surface
interpolation, J. Math. and Phys., 39, 258-268.

Blaydon, C. C. (1967). Approximation of distribution and
density functions, Proc. IEEE., 55, 231-232.

Bliss, C. -I. (1967). Statistics in Biology, Vol. I.,
McGraw Hill, New York.

Boneva, L., Kendall D. G., and Stefanov, I. (1971). Spline
transformatlons three new diagnostic aids for the
statistical data analyst, J. Roy. Statist. Soc. Ser. B,
33, 1-70.

Cacoullos, T. (1964). Estimation of a multivariate density,
Tech. Report No. 40, Department of Statistics, Univer-
sity of Minnesota. '

Cacoullos, T. (1966). Estimation of a multivariate density,
Ann. Inst. Statist. Math., 18, 179-189.

Cencov, N, N. (1962). Evaluation of an unknown distribution
from observations, Soviet Math., 3, 1559-1562 (a
translation of Dokl. Akad. Nauk SSSR).

Cooper, D. B. (1964). Adaptive pattern recognition and
signal detection using stochastic approximation, IEEE
Trans. Elec. Computers, 13, 306-307.




81

Craswell, K. J. (1965). Density estimation in a topological
group, Ann. Math. Statist., 36, 1047-1048.

Daniels, H. E. (1962). The estimation of spectral densities,
~J. Roy. Statist. Soc. Ser. B, 24, 185-198.

deBoor, C. R. (1962). Bicubic spline interpolation, J. Math.
and Phys., 41, 212-218.

deBoor, C. R. (1963). Best approximation properties of
spline functions of odd degree, J. Math. Mech., 12,
747-749.

deBoor, C. R. and Lynch, R. E. (1966). On splines and their
minimum properties, J. Math. Mech., 15, 953-969.

Elkins, T. A. (1968). Cubical and spherical estimates of
multivariate probability densities, J. Amer. Statist.
Assoc., 63, 1495-1513.

Epanechnikov, V. A. (1969). Nonparametric estimation of a
multivariate probability density, Theor. Prob. Appl.,
14, 153-158 (a translation of Teor. Verojatnost.
1 Prlmenen ).

Farrell, R. H. (1967). On the lack of a uniformly consistent
sequence of estimators of a density function in certain
cases, Ann. Math. Statist., 38, 471-474.

Farrell, R. H. (1972). On the best obtainable asymptotic
rates of convergence in the estimation of a density .
function at a point, Ann. Math. Statist., 43, 170-180.

Fishef, R. A. and Tippett, L. H. C. (1928). Limiting forms
of the frequency distribution of the largest or smallest
member of a sample, Proc. Cambridge Philos. Soc., 24,
180-190. I

Fix, E. and Hodges, J. L., Jr. (1951). Discriminatory
analysis, nonparametric discrimination: consistency
properties, Report No. 4, Project No. 21-49-004, USAF
School of Aviation Med1c1ne, Randolph Field, Texas

Fix, E. and Hodges, J. L., Jr. (1952). Discriminatory
analysis, nonparametric discrimination: small sample
performances, Report No. 11, Project No. 21-49-004,

USAF School of Aviation Med1c1ne, Randolph Field, Texas.



82

Garabedian, H. L. (1965). (editor) Approximation of
- Functions, Elsevier, New York.

Gaskins, R. A. (1972). Density Estimation and Some Topics
in Multivariate Analysis, Ph.D. Dissertation, Virginia
Polytechnic Institute and State University.

Gessaman, M. P. (1970). A consistent nonparametric multi-
variate density estimator based on statistically
equivalent blocks, Ann. Math. Statist., 41, 1344-1346.

Good, I. J. (1963). Maximum entropy for hypothesis
formulation, especially for multidimensional contingency
tables, Ann. Math. Statist., 34, 911-934.

Good, I. J. (1971a). The probabilistic explication of
information, evidence, surprise, causality, explanation,
and utility (in Foundations of Statistical Inference,
Holt, Rinehart and Winston, Toronto), (editors,
Godambe, V. P. and Sprott, D. A.).

Good, I. J. (1971b). Nonparametric roughness penalty for
probability densities, Nature Physical Science, 229,
29-30.

Good, I; J. (1971c). In discussion to article by Boneva, L.,
Kendall, D. G., and Stefanov, I.

Good, I. J. and Gaskins, R. A. (1971). Nonparametric
roughness penalties for probability densities,
- Biometrika, 58, 255-277.

Good, I. J. and Gaskins, R. A, (1972). Global nonparametric
‘ estimation of probability densities, Virginia Journal
of Science, 23, 171-193.

Greville, T. N. E. (1964). Interpolation by generalized -
spline functions, Tech. Report No. 476, Mathematics
Research Center, University of Wisconsin.

Greville, T. N. E. (1967). Spline functions, interpolation
and numerical quadrature (in Mathematical Methods for
Digital Computers, Wiley, New York), (editors, Ralston,
A. and WiIf, H. S.).

Greville, T. N. E. (1969). (editor) Theory and Applications
of Spline Functions, Academic Press, New York.




83

Gupta, S. Das (1964). Nonparametric classification rules,
' Sankhya Ser. A., 26, 25-30.

Hendrickson, A. D. (1972a). Estimating densities with
functions of Rosenblatt's kernel estimators, unpublished
manuscript, Department of Statistics, Virginia Poly-
technic Institute and State University.

Hendrickson, A. D. (1972b). Rank kernel estimation of
density functions, unpublished manuscript, Department
of Statistics, Virginia Polytechnic Institute and
State University.

Hendrickson, A. D. (1973a). Rank kernel estimation of
multivariate densities, unpublished manuscript, Depart-
ment of Statistics, Virginia Polytechnic Institute and
State University.

Hendrickson, A. D. (1973b). Applications of Nonparametric
Density Estimation to Probability Forecasting, Proc.
Third Conference on Probability and Statistics in
Atmospheric Scilence (Boulder, Colorado, June 19-22).
Boston, American Meteorological Society.

- Holladay, J. C. (1957). A smoothest curve approximation,
Math. Tables Aids to Computation, 11, 233-243.

Jeffreys, J. (1946). An invariant form for the prior
probability in estimation problems, Proc. Roy. Soc.
Ser. A, 186, 453-461.

Karlin, S. and Ziegler, Z. (1966). Chebyshevian spline
functions, SIAM J. Numer. Anal., 3, 514-543.

Karlin, S. and Ziegler, Z. (1967). Chebyshevian spline-
functlons (in Inequalities, Academic Press, New York),
(editor, Shisha, 0.). .

Kendall, M. G.'and Stuart, A. (1969). The Advanced Theory
~of Statistics, Griffin, London.

Kronmal, J. N. (1964). The Estimation of Probability
Densities, Ph.D. Dissertation, U.C.L.A.

Kronmal, R. and Tarter, M. (1968). The estimation of
probablllty densities and cumulatives by Fourier series
methods, J. Amer. Statist. Assoc., 63, 925-952.




84

Leadbetter, M. R. (1963). On the nonparametric estimation
of a probability density, Tech. Report No. 11, Research
Triangle Institute.

Leadbetter, M. R. and Watson, C. S. (1962). On the estima-
tion of the probability density, Tech. Report No. 3,
Research Triangle Institute.

Lin, Pi-Erh (1968). Estimation of a Multivariate Density
and its Partial Derivatives with Empirical Bayes
Applications, Ph.D. Dissertation, Columbia University.

Loftsgaarden, D. O. and Quesenberry, C. P. (1965). A
nonparametric estimate of a multivariate density
function, Ann. Math. Statist., 36, 1049-1051.

Maniya, G. M. (1961). Remarks on nonparametric estimation
of a bivariate probability density, Soobshch. Akad.
~ Nauk Gruzin SSR., 27, 385-390 (in Russian).

Martz, H. P;, Jr. and Hailey, M. L. (1971). A continuous
nonparametric reliability estimator, AIIE Transactions,
3, 115-122.

- Martz, H. F., Jr. and Krutchkoff, R. G. (1969). Empirical
Bayes estimators in a multiple linear regression model,
Biometrika, 56, 367-374.

Moore, D. S. and Henrichon, E. G. (1969). Uniform consis-
tency of some estimates of a density function,
“Ann. Math. Statist., 40, 1499-1502.

Murthy, V. K. (1965a). Estimation of the -probability density,
. Ann. Math. Statist., 36, 1027-1031.

Murthy, V. K, (1965b). Estimation of jumps, reliability,
and hazard rate, Ann. Math. Statist., 36, 1032-1040.

Murthy, V. K. (1966). Nonparametric estimation of multi-
variate densities with applications (in Multivariate
~ Analysis, Academic Press, New York), (editor,

Krishnaiah, P. R.).

Nadaraya, E. A. (1963). On estimation of density functions
of random variables, Soobshch. Akad. Nauk Gruzin SSR,
32, 227-280 (in Russian).




85

Nadaraya, E. A. (1964a). Some new estimates for distribution
functions, Theor. Prob. Appl., 9, 497-500 (a transla-
tion of Teor. Verojatnost. 1 Primenen.).

Nadaraya, E. A. (1964b). Estimation of a bivariate proba--
bility density, Soobshch. Akad. Nauk Gruzin SSR, 36,
267-268 (in Russian). T

Nadaraya, E. A. (1964c). On estimating regression, Theor.
Prob. Appl., 9, 141-142 (a translation of Teor.
Verojatnost. 1 Primenen.).

Nadaraya, E. A. (1965). On nonparametric estimates of
density functions and regression curves, Theor. Prob.
Appl., 10, 186-190 (a translation of Teor. Verojatnost.
i Primenen.).

Nadaraya, E. A. (1970). Remarks on nonparametric estimates
for density functions and regression curves, Theor.
Prob. Appl., 15, 134-137 (a translation of Teor.
Verojatnost. 1 Primenen.).

Pérzen, E. (1961). Mathematical considerations in the
estimation of spectra, Technometrics, 3, 167-190.

Parzen, E. (1962).. On estimation of a probability density
function and mode, Ann. Math. Statist., 33, 1065-1076.

Pelto, C. R. (1969). Adaptive nonparametric classification,
Technometrics, 11, 775-792.

Pickands, J. (1969). Efficient estimation of a probability
density function, Ann. Math. Statist., 40, 854-864.

Priestley, M. B. (1962a). The analysis of stationary
processes with mixed spectra I, J. Roy. Statist. Soc.
Ser. B, 24, 215-233. :

Priestley, M. B. (1962b). The analysis of stationary
processes with mixed spectra II, J. Roy. Statist. Soc.
~ Ser. B, 24, 511-529.

Rao, B. L. S. P. (1969). Estimation of a unimodal density,
Sankhya Ser. A., 31, 26-36.

Rao, C. R. (1965). Linear Statistical Inference and Its
" Applications, Wiley, New York.




86

Reinsch, C.  H. (1967). Smoothing by spline functions,
Numer. Math., 10, 177-183.

Robertson, T. (1967). On estimating a density which is
measurable with respect to a o-lattice, Ann. Math.
Statist., 38, 482-493,

Robertson, T., Cryer, J. D. and Hogg, R. V. (1968). On
nonparametrlc estimation of distributions and their
modes, unpublished manuscript, Department of
Statistics, University of Iowa

Rosenblatt, M. (1956). Remarks on some nonparametric
estimates of a density function, Ann. Math. Statist.,
27, 832-837.

Rosenblatt, M. (1969). Conditional probability density and
regr6551on estimators (in Multivariate Analysis, Vol. 2,
Academlc Press, New York), (editor, Krishnaiah, P. R.).

Rosenblatt, M. (1970). Density estimates and Markov
sequences, (in Nonparametric Techniques in Statistical
Inference, University Press, Cambridge), (editor,
Puri, M.).

Rosenblatt, M. (1971). Curve estimates, Ann. Math. Statist.,
42, 1815-1842. :

Royal Statistical Society (1957). Symposium on spectral
approach to time series, J. Roy. Statist. Soc. Ser. B,
19, 1-63.

Sard, A. and Weintraub, S. (1971). A Book of Splines,
-Wiley, New York.

Schoenberg, I. J. (1946). Contributions to the problem of
approximation of equidistant data by analytic functions.
Part A - On the problem of smoothing or graduation. A
first class of analytic approximation formulae, Quart.
" Appl. Math., 4, 45-99. Part B - On the problem of
osculatory 1nterpolat10n A second class of analytic
approximation formulae, ibid., 112-141.

Schoenberg, I. J. (1964a). Spline interpolation and best
quadrature formulae, Bull. Amer. Math. Soc., 70, 143-148.

Schoenberg, I. J. (1964b). On trigonometric spline inter-
polation, J. Math. Mech., 13, 795-825.




87

Schoenberg, I. J. (1969). (editor) Approximations With
- Special Emphasis on Spline Functions, Academic Press,
New York.

Schoenberg, I. J. and Whitney, A. (1953). On Polya
frequency functions III: the positivity of translation
determinants with an application to the interpolation

problem by spline curves, Trans. Amer. Math. Soc., 74,
246-259.

Schuster, E. F. (1969). Estimation of a probability density
and its derivatives, Ann. Math. Statist., 40, 1187-1195.

Schuster, E. F. (1970); Note on the uniform convergence of
density estimates, Ann. Math. Statist., 41, 1347-1348,.

Schuster, E. F. (1972). Joint asymptotic distribution of
the estimated regression function at a finite number of
distinct points, Ann. Math. Statist., 43, 84-88.

Schwartz, S. C. (1967). Estimation of pfobablllty densities
by an orthogonal serles, Ann. Math. Statist., 38,
1261-1265. -

Schwartz, S. C. (1969). On the esfimatioh of a Gaussian
convolution probability density, SIAM J. Appl. Math.,
17, 447-453.

Schwartz, R. B., Seltzer, S.” M. and Stehle, F. N. (1965).
Failure d15tr1buc1on analysis, Annals of Reliability
~and Maintainability, i, 817-838.

Seheult, A. H. and Quesenberry, C. P. (1971). On unbiased
estimation of density functions, Ann. Math. Statist.,
42, 1434-1438.

Shinozuka, M. and Nishimura, A. (1965). On general
representation of a density function, Annals of
Reliability and Maintainability, 4, 897-903.

Shooman, M. L. (1968). Probabilistic Reliability: An
Engineering Approach, McGraw-Hill, New York.

Specht, D. F. (1971). Series estimation of a probability
density function, Technometrics, 13, 409-424.

Stoller, D. C. (1954). Univariate two-population distri-

bution-free discrimination, J. Amer. Statist. Assoc., -
49, 770-775.




88

Tarter, M. E., Holcomb, R. L. and Kronmal, R. A. (1967).
' A description of new computer methods for estimating
the population density, Proc. A.C.M., 22, 511-519.

Tarter, M. E. and Kronmal, R. A. (1970). On multivariate
density estimates based on orthogonal expansions,
Ann. Math. Statist., 41, 718-722.

Taylor, J. R. and Lochner, R. H. (1965).  Statistical
analysis of field data, Annals of Reliability and
Maintainability, 4, 905-913.

Van Ryzin, J. (1966). Bayes risk consiétency of classifi-
cation procedures using density estimation, Sankhya
Ser. A, 28, 261-270. ‘

Van Ryzin, J. (1969). On strong consistency of density
estimation, Ann. Math. Statist., 40, 1765-1772.

Van Ryzin, J. (1970). On a histogram méthod of density
estimation, Tech. Report No. 226, Department of
Statistics, University of Wisconsin.

Wahba, G. (1971). A polynomial algorithm for density
estimation, Ann. Math. Statist., 42, 1870-1886.

Watson, G. S. (1969). Density estimation by orthogonal
series, Ann. Math. Statist., 40, 1496-1498.

Watson, G. S. and Leadbetter, M. R. (1963). " On the
estimation of the probability density I, Ann. Math.
Statist., 34, 480-491. ‘

Watson, G. S. and Leadbetter, M. R. (1964a). Hazard
analysis I, Biometrika, 51, 175-184.

Watson, G. S. and Leadbetter, M. R. (1964b). Hazard
analysis II, Sankhya Ser. A., 26, 101-116.

Wegman, E. J. (1969a). A note on estimating a unimodal
density, Ann. Math. Statist., 40, 1661-1667.

Wegman, E. J. (1969b). Maximum likelihood histograms,
Institute of Statistics Mimeo Series No. 629,
University of North Carolina.

Wegman, E. J. (1969c). Nonparametric probability density
estimation, Institute of Statistics Mimeo Series No.
638, University of North Carolina.



89

Wegman, E. J. (1970a). Maximum}likelihood estimation of a

unimodal density function, Ann. Math. Statist., 41,
457-471. v

Wegman, E. J. (1970b). Maximum likelihood estimation of a
unimodal density II, Ann. Math. Statist., 41, 2169-2174.

Wegman,'E. J. (1972a). Nonparametric probability density -
estimation: I. A summary of available methods,
Technometrics, 14, 533-546.

Wegman, E. J. (1972b). Nonparametric probability density
estimation: II. A comparison of density estimation
methods, J. Statist. Comput. Si’m’u’l.',?__l, 225-245.

Weiss, L. and Wolfowitz,'J. (1967). Estimation of a density
at a point, Z. Wahrscheinlichkeitstheorie und Verw.
Gebiete., 7, 327-335.

Whittle, P. (1957). Curve and periodogfam smoothing,
J. Roy. Statist. Soc. Ser. B, 19, 38-47.

Whittle, P. (1958). On the smoothing of prdbability density
‘ functions, J. Roy. Statist. Soc. Ser. B, 20, 334-343.

Woodroofe, M. (1967). On the maximum deViatioh of theﬁ
sample density, Ann. Math. Statist., 38, 475-481.

Woodroofe, M. (1970). On choosing a delta sequence,
Ann. Math. Statist., 41, 1665-1671.




 APPENDIX A
PROGRAM K-ITER

The computer program contained in Appendix A has been
entitled "K-Iter" - "K" fbr kernel and "Iter" for iterative.
The program has a dual purpose'in that by proper chbice of an
input parameter, the pr@gram will be execufed either for the
rank kernel estimator of Chapter II or for the iterative
estimator of Chapter III." Several statements within the
program have been coded on the far right hand side, corres-
ponding to columns 73 - 80, with the codes ALL, W and IT.
These will be explained as necessary.

The program is written in Fortran and.involves several
plotting subprograms (SCALE, PLOT, LINE, and AXIS). The IBM
1627 Digital Plotter (Calcomp) was used to produce the figures
presented in Chapter V.

The required input data stream contains the sample size
on the first card (Format #100) and the values of the program
control parameters 6n the second card (Format #100) while
subsequent, if any, data cards (Format #102) contain the
sample observations. If the program is to generate the sample
observations, only the first two data cards are required. The

control variables and their options are described below:

IPARM = code for true distributions; -equals eight (8) if the

true density function is unknown (real data);
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ICO(1)

ICO(2)

ICO(3)
I1CO(4)
I1CO(5)
ICO(6)

ICO(7)

NUM

YS
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code for simulated data; equals zero (0) for random
data and one (1) for true percentiles;

code for type of estimator; equals zero (0) if the
program is to be executed for the rank kernel
estimator and one (1) for the itefative estimator;
code for estimated cumulative.distribution function;
equals zero (0) for no plot and one (1) for plot;
code for sample cumulative distrubition function;
equéls zero (0) for no ploﬁ and one (1) for plot;
code for reliabilitylanalysis; equals~zero (0) for
no plots and one (1) for plots;

code for histogram; equals zero (0) for no plot and
one (1) for plot; ‘

code for sample percentile option; equals zero (0)
if estimator is to use the entire sample and one (1)
if estimator is to use the sample percentiles;
number of sample pércentiles (if ICO(7) = 1) and/or
number of histogram cells (if ICO(6) = 1);

code for plotting of estimated density function for
the iterative estimator (ICO(2) = 1); equals YES

if desire plot of each iteration.

An example of a data card containing the control parameters

is given below:



In thi
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Column Format Code -
1-3 I3 8
4 I1 0
5 I1 1
6 I1 0
7 11 0
8 I1 1
9 11 1
10 I1 0
11-13 I3 10
14-16 A3 NO
s example, the options indicate that the true density

nown, the data is random, and the iterative estimation

procedure is to be employed.. Also, the ploté of the relia-

bility
reques
final
T
IBM su

to the

IX

SVE2

SVE3

]

analysis and the ten (10) ceil histogram have been
ted. The entire sample is to be used and only the
solution is to be plotted. |
he description of bther important variables and of the
broutines used in the.program are given nexf according

order of appearance.

seed used for producing random data from IBM sub-
routine RANDU; must be odd number containing no more
than nine digits;

value exceeding expected maximum of the estimated and
true probability densities; contains code ALLl1-1;
value exceeding expected maxiﬁum of the estimated and

true hazard functions; contains code ALL1-2.
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The last two variables are used so that both the corresponding
estimated and true functions (when known) will be plotted on
the same scale. Furthermore, if the iterative estimator is
used, then SVE2 is used so that when plotting each iteration,
they will be on the same scale., If the true functions are

not known or if only the final solution is-to be plotted, then

these values, SVE2 and SVE3, are not critical.

N

sample size;

RHO, TAL, THETA = correspond to the parameters p, T, and 6
of the weibull distribﬁtion (see Table V);
coded W1-2 through Wl-4; tﬁe remaining
variables following RXM in the COMMON

statement are used as parameters of the

other four densities.

The right hand code W fepresehté tﬁe weibull distribution.
The cards coded W1-1 through W1-5 define the parameters of
the simulated weibull distribution, while the cards coded
W2-1 and W2-2 compute the sample observations Yi' Each of
the five sets of cards containing W codes must be replaced
by the corresponding sets of cards for the particular true
distribution being simulated. These principles are illus-
trated by the computer program "E-Spline'" presented in
Appendix B. Note how the five sets of W codes have been
replaced by the sets of U codes (for uniform density).

Similar substitutions are made for any choice of a probability
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density function that one desires to simulate. The card coded
ALL2-1 is used to produce the data representing the true

percentiles.

RANDU

IBM subroutine which generates uniform random numbers
on the interval (0,1); coded ALL2-2;
X = array containing the observations;
A,B = minimum (maximum) value of absciéga for which the
true density is computed; codéd:W3-2 (W3-3);
Al,B1

minimum (maximum) value of abscissa for which the

estimated density is computed; coded W3-4 (W3-5).

If no distribution is being 'simulated but real data is being
used, then the only cards that need to be inserted (after
removing existing W coded cards) are the two cards corres-
ponding to the cards coded W3-4 and W3-5 unless the limits

y * 5s are permissible. AHowe&ef, often these limits will be
much greater than needed for support of the estimated density.
Consequently, the histogram of the data may yield better
limits for Al and Bl than these calculated internally. Also,
if the observations are not generated by the program but are
"read in', then the loop Do 4 should be replaced by the
statement

READ (5, 102) (X(I), I = 1,N) .
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XMIN,DX = where X may represent Y, G, R, F, W, C,-or X; used
to check if corresponding plots of estimated and
true functions or each iteration are on the same
scale; XMIN is the minimum value of either the
abscissa or ordinate and DX is the number of units
per inch;

D = array corresponding to d(gp) or fﬁ(xi) és the case
may be; card coded IT1-1 defihes.initial values of
either d(gp) or fg(xi); |

H = corresponds to h in rank kernel estimator; equals

one (1) for iterative estimator; coded IT1-2.

The cards coded IT1-1 and IT1-2 need to be changed to repre-
sent the required underlying density and value of h. For
example, a weibull type II eétimate would require replacement

of the card coded IT1-1 by the following cards:

YFL = FLOAT (I)/(XN+1.)
XX = TAL + (-THETA*ALOG(L.-YFL))**RXM
D(I) = GX(XX).

Similar replacements exist for other distributions.

JP = corresponds to iteration counter m in the iterative
estimator; controls termination of the program if the
number of iterations required to obtain convergence

exceeds 250;
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E = array corresponding to fﬂ(xi) used to test for con-

vergence of the iterative estimation procedure;

AREA = area of estimated density function, estimated by
rectangles;
FCT = function subprogram corresponding to equations -
(2.2.2, 3.1.1);
QATR = IBM subprogram which integrétes a*function;

We have tried to present sufficient details for use of
this computer program without extreme explanations. The
remaining variables and subprograms are self-explanatory or

can be figured out with some thought.
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COMMON Y{6002),G{56003),FI{56003),RI{56003),

-}

DL200D) 4 X{202)5E{2001,
CDF{202),1COLTYYMIN,DY,5 1B, ID,
N PIaHy XNy XHNySYELSSVE2,SVE3,
BRHOsTAL s THETA,RYM, UMy VARV ARS
ALPHA,SALPHA, SIG,BETA

DATA YES/'YES?/

ITX=1379%

PI=3,1415G3

SVEZ2=.75

SVE3=5,D

READ{S,100}) N

MN1=N=-1

X M=N

[ ISR S BV

READ(S5,1C0) IPARMZ{ICOUT) s1=1,7) NUMYS

WRITE{A,101) IPARMLICO{1)},1C0D{2),YS,
H {ICDUT) 4I=3,73NUM
PARAMETERS 0OF STMULATED TRUE DENSITY
WEIBULL {IPARNM=1}

RHEHD=2,0C

TAL=1.,0

THETA=3,0

RYXM=1,/7RHO

DO &4 I=1,N

1IC0({1)=0 BRANDOM DATA

=1 UNIFORM CDF DATA

TFLICO(LYY 37,251
YFL=FLDAT{I}/{XN+1,}

G0 70 32

CALL RANDUL{TIXsIY.YFL)

IX=1Y

WETBULL {IPARM=1)

X{I)=TAL % {(=THETAXALOG{1,-YFL}}:kRXM
CONT INUE

DR 5 I=14N1

DO 5 J=14N

ITF(X{IY.LELX(JY) GO TO 5

TEMP=X1})

X{3)=X{1}

X{I1)=TEMP

CONTINUE :

WRITE(H,103) Ny (X{T),I=1,N}
ICO{&)Y=0 DO NOT PLOT HISTOGRAM

=] PLOT HISTOGRAM
ITFLICOL6) AEQ. 1) CALL HISTINUM)

ALL1-1
ALL1-2

Wi-1
Wi-2
W1-3
W14
W1-5

ALLZ2-1

AtL2-2
ALLZ2-3
W2-1

W22
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oy

ICOU7)=0 USE ENTIRE DATA

C =1 USE SAMPLE PERCENTILES

IF{ICO{7? LEQ. 1) CALL SAMPINUM)
52=0,
XBAR=D0
DO 6 T=1,N
COF{I1)=FLOAT{T} /XN
S2= S2 + X{1 )%
& XBAR=XBAR + X{1)
S2= {S2 = XBARS%2/7XN) /XN
ABAR=XBAR/ XM
Al= XBAR — B5,%SORT{S2}
Bl= XBAR + S5,.%8QRT{S2)
WRITE(G64104) XBAR,S2:A1,B1
C WEIBULL {IPARM=1}
=T4L
B=A + 7o
AE.:A - 10
B1=8
Ip={B1-A1 JFI00. + 1,
WRITE(A,105) IB
ID=18 + 2
DO 7 I=1.1R
S=FLOAT{I-1)*1,E+50/1.E452 + A1
F11)=5
7 ¥Y{1}=S
SCALE CDNTREL FOR ABSCISSA AXIS
Y{IB+1)=ATINTIAL} - 1.
X O ANFL)I=VIIB+1)
XLi=Y{IB+1)
Y{IB+21=AINTIBL) + 1.
XOANF2I=VI{IR+2)
CALL SCALELYs IDy8.0,YMINsDY,1)
ﬁﬂlTE(égllQ% V@ N4 DY
CALL PLOT{2+0+3:05-3)
DO 8 I=1,H
8 D{Ti=1./4X(N}=-X{1))
H=1,
NRITF(év1153 H
XHN=XN¥H

»

[

S e e 3 sk siesele Ses s s e s sjesfe sje sk e sk s s S ek e e e ook

LeoP FOR CONVERGENCE DBF DENSITY

- ~‘z/~;:,\»\:¢;a{»>; sl sk sl vk g sk Sl el skt sk ke s Sl s sl ste See sle e o e sloslook ke

B

KCT=0

P \l Wy Sle Sir e ady J;-b sty >‘,~0 Sty she Al ol ats wlo Ze Aby sl -J:JJ*J Ay g e \L;‘}(i‘fﬁ(*‘w

e Sk oo

IR

e e ol e
g1

9,
R

b s

iI71-1
iT1-2
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JP=1
C ICo(21=0 00 NOT ITERATE
C =1 ITERATE
TFLICOL2) B0, 0} GO 7O 16
9 DR 13 I=14+N
Ax=X1{1}
12 BE{1)=FCTIXX)
DD 15 IR=1,N
IF{ABSIDIIRI-FIIRYIILGT. 001360 TO 17
18 CONTINUF
16 KCT=1
TFLICOD{2Y) 19,20519
17 HRITEIL,106Y {(D{T1)41=1,M)
YS=YES PLOT FACH ITERATION
C =N{ PLOT FINAL SOLUTION DMLY
IF{YS-YES) 28,20,28
16 WRITE{H,107) JP
WRITE{7:108) {DI{I3:I=1,4N3)
WEITE(6:1056) (D{I)s1=1,N}
DO 24 I=1.18B
X¥X=F{1}
24 GUIY=FCTIXX)
AREA=OQ,
Do 26 I=1,18
RIIY=GI{T1}
26 ARFA—’PF“ + G{1})

s

(R}
(]

st st sl s e st sk ok e ok sl e

G{IF+°3 QVEZ
C”LL SCALE{(G, TDs5.0,GMIN,DG, 1}
WRITE{6,113) GMEN,DQ,AREA
IF(KCTLEQ.D) GO TD 27
CALL AXIS{ 0.0490,056HY AXIS,=638.0
1 0a.00 YMIN Dy}
CALL AXIS{ 0e040.048HPDF AXTIS, 855.0,
1 Q0,0 GMINLDG)
C ICO{H=0 DO NOT PLOT HISTOGRAM
C =1 PIDT HISTOGRAM
IF{ICD{6) -EQ, 1) CALL HISTI{NUM)
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27 CALL PLOTI{YL 1 3:0.0,3)
CALL PLOTIVL 1 3,61 1 3,2
CALL LINE{YsG,y, I8.1)
CALL PLOTI{YL IB)LGT 1B)Yy33)
CALL PLOT{Y! IB1+0.0,2)
IF{KLTL.ER.1Y S0 TG 30
28 DO 29 IR=1,N
29 D{IRY=E{IR}
JP=JP +1
IF{UP LE, 250) GO 1O 9
WRITE(6,109)
G0 70 35
A0 IF{ICO{2YLEQ.0,ANDLICOIB Y. EQ.0¥G0 TO 31
CALL ECDFIXLL)
ICG{R)=0 DO ONOT PLOT RELIABILITY
=1 PLOT RELIABILITY
IFLICRIS Y EQ. 1) CALL REL
IPARM —=8 TRUE DENSITY KNMNOWN
=8 TRUE DENSITY UNKNOWEN
31 IF{IPARM NE, 8) CALL TRUE{A,B.A1,B1)
ICO{43=0 DO NDT PLOT SAMPLE CDF
=1 PLOT SAMPLE COF
IF{IC014) EQ. 13 CALL ESCDF
CALL PLOT{13.0,0.0,5-3)
CALL PLOT{QaD30.04~4)
STDP
FORMAT{TI3,711:s13+A3)
FORMAT{ T 1LIPARM=T 4 T2, 40,V IYFL=7,12/
i JTER=94312:6Xs7¥YS=7, A3/
K CDF=Y312,4X,"SCOF=1,12/
¥ TRFL=9,12,4X " HIST=,12/
3 ISAM=% , T2,5X s " NUM=",13}
102 FORMATIBF1IN.6)

[ s IRSS IR
bd I e O

ot o

AN L B b

103 FORMAT{YODATA, N=',13/
3

i [1Xy5{E16.644X3/1)

104 FORMAT{'OXBAR=Y,E16.5643%,752=",E816.6/
1 : Al=74F16.5643X,'B1l=7,E156,.56)

105 FORMAT(IDIR= 1,15)

106 FORMAT{///711X55{E16.6454X3 1))

107 FORMAT('ODISTRIBUTION CONVERGED IN 7,
IS T447 ITERATIONS')

108 FORMAT{S5ELS,.6)

109 FORMAT{®*ODENSITY DID NOT CONVERGEY)

110 FORMAT{I0H=%,E16.6)

112 FORMATH/Y YMIN=',E16.693X10Y=%,E16.6/)
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113 FORMATILY GMIN='3E16.643X3'DG=43E186.5,
1 AXs PAREA=Y ,E1646)
END

FUNCTION FCTIXX)

[ S st s sl sle sl sloske e sk sfe s i sfeste se sl sl ol st she sl e sl sgesle e e stk e ksl sl

EVALUATION OF DENSITY ESTIMATE
AT A POINT XX

YY YOV

Sie A s sie s el ol sl ool steoslesle sfeste ofestoste e sk e el e sioleoslokostedeoskoioioiosk destolkoslodol
COMMON Y{&0D2),G16003),FI16003),,R16003),

D{200),X{202)4,E{200), -
CDF{202), ICOTT)aYMING DY TB4 1D,
MyPTaHy XNy XHN, SYEL,SVF24SYEZ,
RHO, TAL,THETALRXM UM, VARZVARS
ALPHA SSALPHA,SIG,BETA

[ IR VRN S I

AR=0D,

DO 1 IR=1,N
P=FLOATLIRIZIXN + 1.)
G:: 3. » -P

D1=D(IR)
TPO=SORT(XUN/{PxQ))=*D1
XYZW=SORTIXN/{P*Q*PI%2,) }*D1
7={XX=-X{IR})I*=TPQ/H
TFIABS{Z).GT. 7,) GO 70O 3
IF(Z +EQ. 0.3 GO T0Q 2
IT=7%%272
XPOR=EXP{~7T)

HP  =XPOR*XYZHW

GG 7O 1

HP=XYZHW

GO 70 1

2 HP=(,

AR=AR + HP

FCT=AR/XHN

RETURN

END

A8 ]

Jomd
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SUBROUTINE REL

iy sbe afe o2 sle b b o he e ale St o Jo sto s ole nle Nl sl sts e o 1,
Rl ~r}‘q “{ i S de sl - s Jq{\' V»JF d o .bdr-s: }1’&' Ay Al b ~b,“._~’§=~w_**$3

B

1

1

e Sl sksk sk de e ok sk ses) slede fe e ek

PLOT OF RELIABILITY AND HAZARD

)’::’r\‘l\" “aJ ~i e 9‘: 'v&\b&».bd \(w*sk J,% g \I,-'l.\‘,«-.laﬁ;ambxl Jr\i{#;\k\(-:d o mhs ;: ja';;‘

o X SRR A A g4 BIRL

COMMON Y{6002),6(6003),F{6003),R{56003)},

DL200D) s X{202),E{200),
CDF{202),ICDLT7) s YMIN,DY, 1B, TD,
MyPTyHe XNy XHN,SVEL,SVE2 QSVE
RHDO s TAL s THETA gRXM, EM,VAQ»VARSv
ALPHA;SALPHEA, SIG,BETA

R{IB+1)=1,0

R{IB+2)1=0,0

FILIBR+1)=0,0

F(I%+23=SVEB

CALL PLOT{13.0430.0,-3)
C&LL SCALE{R,ID 5.0 RMINGDR, 1)

CALL SCALE{F,IDs5.0,FMIN;DF41)
WRITE(H,100) RMIN;DR,FMIN,DF
CALL AXISIDo000y6HX AXISs—£48.0,
00y YMIN,DY)
CALL AXIS{D.0,0.0 OHF{T§ AXT1S+255.0,
O, () PM]’ Je DR
CALL PLGT!Y(IB*}?,Q(IB+13»3?
CALL PLOTIVILI},RIIB+1},2)
CALL LINE{YsR,IB,1)
CALL AXKSiQ.QgG;G»éHX AXTSs=5648:0,
s YMIN,DY)
CALL Aéiqiﬂ qu O OHZAT) AXIS:935.0,
90,0, FHMTIN,DF)
CALL PLOTIY{1),F{1)43}
DO 2 I=24518
IF{FITY LEQ. 0.3 GO TO 1
CALL PLOTIVIT.F{1),2)
GO 1O 2 :
CALL PLOTIYII}.F{1),3)
CONT INUE
RETURN
FORMATI/? RMIN=?E16.633Xs'DR=F,E16,6/
v F!\’SIN=’gflé.6g3Yg’{}F=‘th‘:,£ﬂ
END
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OUTINE HIST{NUM)

n
[
b‘lJ ‘\' e e wts o wle obe s e vie B wto wie o te ale ol Dy
A e e el e e sl st sieosl e oo e e e sl el k)

SUH

e N ity sle sle Al wle o3
P 74

s e e

PLOT OF HISTOGRAM

=

YYDy Ty

pAge it A g s )

MEMSTON Wi{23),WW{22)

e ats <8 e S d g W\\ Jo \4 D s e S e <o 2 (»«b
e st el sl Seoskeoste e ook sk sk e st e ol el i sl vesie ek sl sl St ol e Sk ol sk

01
COMMON YfA“@B)-S(ﬁﬁﬂ%)af{é“ﬂ’Bvﬂi D023,

1 D200 X12023,E1200),

2 COF{202) 5, TCOLT) s YMING, DY 3 IR 1D,
3 MePTyeHe XNy XHN, SVE1 ,SVE2,SVESR,
5 ALPHALSALPHA, SIG,BETA

Fh=NUM

WX={X{N}-X{1}3/FN
WY=WX/2 '
WX={XAIN)=-XL{ 1 3+UXY /PN
ST=X{1}1=-WY

Mi=NUM +1

D1 I=1,N1

A=T-1

WI13=5T + A%xWX

"
=
@;(‘:

TR
e
Lo

i
]
&

TN=1,./THN

JI1=1

9? 2 J=J1NUM

Jd=J

TFIX{T) .GFE. W{J) AND.

1 X413} L7 W{J+1}3 GO 7O
2 CONTINUE
3 WWIIJi=Whiddd + TN

4 JI=3J
RETURN
ENTRY HIST1IMUM)
IC=NUM + 2
WW{IC}=SVE2
WITICI=X{N+1)
WIIC+1 )=X{N+2)}
IC1=1C+1

3

CALL SCALF{WsIC1+B8.0,WMINSDW, 1)

CALL SCALE(WW,IC 5. ﬂ s CMIN, D

Csl)d

RITE{65,115) WMIN,DW,CMIN,DC

'r&LL PLOTIWIL)30.0,3)
CALL PLOT{WIL),HW{1),2)
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DO 5 I=2,4N1
CALL PLOT{WIT) WW{I-13,2)

& CALL PLOTIWIT) WWlI),2)
RETURN
115 FORMATI/Y WMIN='3E16.643Xy DW= 3E16,6/
1 ’ POMIN=T 3 E16.643X, 1 DC=7,E16.6])
END

SUBROUTINE SAMPINUM)

R e b Jp b AJQ’ L w3 2 J»\L ahe ads Wl 3o ds 2,
e steste e st s stole et shok st ok 9ok st sk skl et et o ol e

(]

COMPUTATTION OF SAMPLE PERCENTILES

[ B W

lpabﬂh‘l\l,i,wldlw‘lb\bQ»%wsb!dvawdbbd e 3y 'JJ'a‘-dJ;’J!
Cz‘anﬁaﬁmzq»w ek s Sk Sesdeslelokos) e e sl o s e ol sl e o oo ook e e e

COMMDON Y{5003),G{6003),F{A003)+RIEDN3Y,
DI200) , X{202) 5E{2D0)
COF{202), TCC{T) s YMINLDY IR, 1D,
NPT ks ANy XHN, SVFngVF? SYE3,
RHCyTAL;?HETA RXMSsUMS VARG VARS,
ALPHA,,SALPHALSIG, BETQ

N1=NUM +1

XNI=N]

no 2 J=1,NUM

XK=FLOAT{J%N) /XN1

S S B

K=XK
YR=K

TF{YK .EQ. XK} GO TDO 1

X{Jy=X{K+1}

GO 10 2

XLJ =X{K)

(fN?INﬁﬁ

WPITﬁie,lﬂﬂa NUM IX{T),T=1,NUM}
=NLM

XH-N

RETURN

100 FORMAT{®OSAMPLE PERCENTILESs NUM=?,13/
1 {(1Xs5 {Fam.,.év}/3z

END

N
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SURBROUTINE EODF{XLL)

s e st stk sl s stol sl kol Solotokslololok otk Botololok ok o
PLOT OF THE ESTIMATED CDF
e s ekl e stesie sttt skl sttt steololole sofaile skoolode skokookatol ok otk
DIMENSION AUX{10)
COMMON Y{A00R),G160033,FI6002),R{4003),
1 DI200) 4 X{202)sE{200),
2 an?izmzaszcm(?y,vmxm,ﬁv,igfla,
3 s PTaH, XNy XHN, SYEL 3 SVE2,SYFER,
4 m%o TAL s THETASRXM, UM, VAR, YARS
5 AiFHA,%ALDHA SIG,BETA
FYTCP&AL ECT
NDTM=10
EPS=,001
GIIR+1)=0.0
G1IB+2)=1.0
BF 4!» T 111_)
XX=F11) ,
CALL QATRIXLL,XXsFEPSyNDIMyFCTHANS,
1 TER, AUX)
G{I)=TEMP + ANS
PRZ=1.-GI{1)
IF{PRZ LF. 0053 GO TN 2
FLIY=R{13/P07
GO TO 3
2 F{I}=0.
2 B{1)=PD7Z
TEMP=G{T)
& XLL=XX

k]
ES

1

WRITE{A,121) GIIR),R{IB)

TF{IC

CaLL
caLL

D0 NOT PLOT ESTIMATED CDF
=1 PLOT ESTIMATED CDF

0{3) LEQ. 0} RETURN
PLOTI13,040.0% *3)

SCALEL G alﬂ o0y GMIN,DG,1)

WRITE(A,114) GMIN,DG

CALL
CAaLL
CALL

CALL
CALL

AXTIS{OCe090e 09 BHX AXTS9=5658409
Qa Oy 4!N Dy}

AXTIS{0.09 0.0 BHLDF ANISs845.0,
ﬁaQyGMZMyﬁGQ

PLOTIY{1)40.04+3)

PLOTIYTI1):G113+2)

LINEI{YsGy IBs1)
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CALL PLOTIY({ IBY,G1 ID},2}

CALL PLOTAYL IRY,GL ID),2)

RETURN

FORMATINOO=2,E16.6/ ' R=7',E16.6)
FORMATI/Z® GMINS? sE16,633Xe'DG=V3F16,.6/7)
END

SURBRDUTINE ESCDF

% 5

U3 Fr o adr e b abe sl sl wle Wl o, s Ay S Al wis W) e A
sheose soste se sle ol S sl ek dodode sle sl e sl ol skl el sk

PLOT OF THE SAMPLE CDF

s sl e st ok o 3ot % skt sl o sl st ook g st skl sk

COMMON Y{5003),6{6003),F16003),RI16003),
DU200),X{202),51200)

F{202)y 1CO(T)yYMIN, DY, 18, 1D,
NePIyHyXNyXHN,SVEL,SVE2,SYES,
RHNy TAL s THETA yRXM 4 UM, VAR, VARS ,
ALPHA,SALPHA,STG,BETA

CDF(N+1)=0,

COE{N+2)=1,

1C=N+2

CALL PLOT!13.040,0,-3)

CALL SCALELX 5IC38.05XMINyDX,11

CALL SCALE(CDF,IC,5.0,CMIN,DC,1}

WRITE(6,115) XMIN,DX,CMIN,DC

CALL AXIS{0.0,0.056HX AXIS,=648.04

0.0y XMIN,DX)
CALL AXTS{0.0,0.048HCDF AXIS,2,5.0,
90,0xCMIN,DC)

CALL PLOTIX 11),0.0,3)

CALL PLOT{X (1),CDF{1},2)

DO 1 I=2,N

CALL PLOTI{X (1),CDF{I-1),2)

CALL PLOTIX (131,CDF(1},2)

CALL PLOT{X (IC)4CDF{IC),2)

RETURN

FORMAT (/1 XMIN=? yF16.633X,10X=2,E16,6/7

UUCMINSY yE16.653Xs10C=43E1646)

W o 5% AR

END
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SUBRDUTINE TRUE{A,B,C,0)
e steste ok stk ekt sttt sl il ki e sttt skl st sk sk slole sk
PLOT OF THE TRUE DENSITY AND TRUE CDF

e "3: {*)}:_}J‘)‘ﬁ:‘ EJ, l—-x;:g#d»m‘odg‘}’::bﬁbb \:})}\li,‘«;k';:-\—d -.b;b b}!—d;'# \w}:
COMMONM YLA0D3) ,GLAD03),FIA003),RI6003),

1 DI200Y, X{202).E1200),
2 PDF(ZQ“? ICOL7YaYMINSDY 1By 1D
E s PTyHy XNy XHN, SVEL3SVEZSSVES,
RHPgTA!gTHF1ﬁ RXMa UMy VAR, VARS,
ALPHA 3 SALPHA,SIG,8ETA
18=1{B-43%100., * 1.
WRITELS,100) 1B
N1 I=1,18
XY=FLOAT{I-1)%1,E+B0/1.E+52 + A
Y{1i=X¥
FLIY=FX X))
GLT)=6X{XX}
R{I}=1.~-F(1}
Y{IB+1)=AINTIC) - 1.
Y{IB+23=AINTI{O} + 1.
FLIB+1Y=0.0
FLIB+2)=1,0
G{IB+1)=5VEL
GLIB+2)=5VE2
ID=18B+2
CALL PLOTI13,040.0,4-3)
CALL SCALELY 41D98.0,YW
CALL SCALEL F »1ID,5., G»r.!ﬁ D?yl?
CALL AXIS{Q0,.040.0,86HX AXIS+=658.0,
1 DDy YMIN,DY)
CALL AXIS{0a0:0.,0,8HC0F AXIS,845.0,
1 90L,0,FMIN,DF}
CALL PLOTIV{1).0.0,3)
CALL PLOTIY{L),F{13,2)
CALL LINE{Y.F, IB,1)
CALL PLOTIVLIB 3.FLID)+2)
CALL PLOTIYLID  J,F{ID),23
ICi{5)=0 DO NOT PLOT RELIABILITY
=1 PLOT RELIABILITY
IF{ICO(5) JEG. 0) GO TO 4
DO 3 I=1,18
IFIR{I} LLE. »00%) GD 7O 2
FIT)=G{I}/R({1)

Az

LT )

L



[SSER AN

1

W31

106
101

S ed

2

102

e e b e
I A8

Sy OY YD

A

L WU e Wl Ao
IR

" Skesfkde skl

x

S L) P b

108

F{I)=0.

CONT INUE

CALL REL

CALL PL nT( 13 »?1@&0?—3)

CALL SCALEL G ,T1D+5,0,6MIN,DG,1)

WRITE(AH,101) YMIN,DY,GMIN,DG,FMIN,DF

CRALL AXTIS{Q.040.0,6HX AXISs~648,0,

D09 YMIN,DY)
CALL AXIS{Ca0,0.0458HPDF AXIS4845.0,
G0y GMIN, DY

CALL PLOTIVI1}eD.0453)

CALL PLOT{VILI,G{1),2}

CALL UINEIYyGs IBy1)

CALL PLOTIYL 1IB) .Gl TR} ,3Z)

CALL PLOTIVL IB),40.0.2%

AVGSE=0.

DO 5 I=14N

XX=%{13}

AVGSE=AVGSE + {(FOTUIXXI-CXIXX ) Ja%p

AVGSE=AVESE S XN

WRITEL6,102) AVGSE

RETURN

FORMAT{'0IB= 3,15)

FORMATI{/Y YMIN='4E16.6,33X, 1 DY=",E146,6/
PGMIN=Y ,E165:6+3X " D0=Y,E16.6/
FOFMIN=Y,E16.643X, FDF=,E16.6])

FORMAT{//7" AYG SO ERROR= *,F16,8)

END

g

FUNCTION FX{XX)

e st she vhe nle S e she ale sl St she ~p st e vl St ste S slr st wle e o 20 ste :
S s sy ol e el sl sk st dhe sl o s sl koo ool e s slesle sk sl

EVALUATES TRUE CDF

o sl sle sl Sl et stedle Mook oles

COMMON Y{A0023,G(A003),FIL0033RI60021),
DI200)Y s X12023,E4200}),
COF1202) 10007 ,YMIN,DY s 18510,
NePTaHs XN XHN SYEL,S5VE2 2 SVE3,
RHO s TAL, THETA JRXM UM YAR,VARS,
ALPHASSALPHA,SIG,BETA

WETRBULL {IPARM=1)

FX=1a—EXP{—{XX~-TALYXFRHO/THETA)

B wty 2o

S BT IR N SR SRS R W STEL B

< sk sieafe e e sl el

Ao Wle wlp ade by 3 \1; sle Al e '::: Pod :“\r e she s’:l ﬂ: SS: );: ;3‘: * )}: }5{
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RETURN
END

FUNCTION GXIXX)

14! e N, As s Jr V,I\‘..e b Sty C.O' <~ o w o L Als S1s Ao W3, b
(sl ke e e sk Seseosiese sk Sk e sfe sl e e ol sk sk sk ol e sl oo st sk she e S ode stk e e skl e sl sk

EVALUATES TRUE PDF

t") DYy O

* o J:\”s'b b‘I ~b~\< ~(:J»\l i;:(a;:ja’k{bilwubwkd:": >:¢\: :ﬁj ’ Jt:’b :b \~b )2:*-:\"«“:4*’:’# w‘:)?*}k

COMMON Y{4D02},G{6003), Y(%ﬂQﬁ?yP(ﬁﬂO?)y
DL200) s X{202),E(200),
COFL202) , TCO(T) yYMIN,DY,18,5 1D,
fp PTaHa XNy XHNSSVEL,SVEZ,SVEDR,
RHO»TALy THETASRXM UM, VARyVARS,
ALPHA ,SALPHA,SIG,BETA
C WEIRULL (IPARM=1) W5-1
GX=RHOX{XX~TALY % {RHO~1, )%
1 EAPL—{XX=TAL JEHRHO/THETA) /THETA W5-2
RETURN
END

U U PO e



APPENDIX B
PROGRAM E-~SPLINE

The computer program contained in Appendix B has been
entitled "E-Spline" for the exponential spline estimator of
Chapter IV. Again, several statements have been coded with
the codes ALL and U (for uniform density); Their meanings
and necessary manipulations aré identical as those described
in Appendix A since the two computer programs have been
structured to be as éompatible as possible.,

The input data stream for E-Spline has changed slightly.
The sample size and the maximum number of knots to be used
plus two (2) are contained on the first data card (Format
#111) and the values of the program control parameters are
contained on the second card (Format #100). The parameter
ICO(2) is ignored by this program.' Any data cards (Format
#102) containing the observations follow this card (remember
to replace loop DO 4 by the READ statement). The next data
card (Format #102) contains the critical value of the
Kolmogorov-Smirnov goodness of fit test. Subsequent data
cards (Format #101 of the first subroutine NOD), if any,
contaln the subscript and the ﬁalue of the fixed knots.

Many of the variables used in.this program hdve been
discussed in the preceeding appendix. Please refer to it
for the description of the following variables; IPARM, ICO(-),
NUM, YS, IX, SVE2, SVE3, N, RANDU, X, A, B, Al, B1, XMIN, DX,

110
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QATR, and AREA., The following important variablés~appear

only in the program given in Appendix B.

NP1 = maximum number knots to be used +2;

Ul = corresponds to parameter u in equation (4.2.6);
BB = corresponds to parameter B1 in equation (4.2.6);
D = array corresponding to the parameters ai;,

Cl = array corresponding to the parameters c?;

XKS = critical value of Kolmogorov-émirnov test;

KSTEST = subroutine for the Kolmogorov-Smirnov test.

We mention in Chapter IV that the goodness,ofnfit test may be
eliminated. This can be done by removing the two cards

containing the code TEST, and replacing the. second card by
IF(I1.EQ.NP1) GO TO 23 .

Finally, there are two subfoutines named NOD contained
in the program listing. The first one is used when the knots
are fixed while the second subroutine NOD is used for free
knots.

Again, we mention that we have only tried to present

sufficient details for use of this computer program.
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DIMENSION AB{15),1011{15)

COMMON Y{A003),G{6003),FIA003),R{6003},
K{202)CDFL202),C2{15) D116},
SVELsSVEZsSVEZ Ul 351 2BRs LT RA,
EPSHyNDIMsITsINaBTMNyENyNPLKNDTy
RHD » TALS THETASRYMyUMZVARZVARS,

ALPHASSALPHA,SIG, BETA
DATA YES/'YESY/
IA=13795
EPS=,001
NDIM=10
PI=3,141593
SVE2=.40"
SVE3=5,0
READ{S 1110 NyNP1
Ni=N-1
XN=N

READ(5,100) IPARMSZ{ICOII) I=1,7)sNUM,YS

WRITELS,101) IPARM,ICO{1)+YSy
(IC010T)+1I=3,47),NUM

PARAMETERS OF SIMULATED TRUE DENSITY

UNIFORM {IPARM=6)
ALPHA=0O,
BETA=1D,
DO 4 JT=1.N
IC011)Y=0 RAMDOM DATA

=1 UNIFORM ODF DATA
IF{ICO{1}) 3752,1
YFL=FLDAT{ I} 74XN+1,)
GOTN 3
CALL RANDI{IX,TY,YFLY

IX=1Y
UNIFORM {IPARM=K)

XATY=YFLX{BETA-ALPHA) + ALPHA

CONTINUE

DO 5 I=1.N1

DO 5 J=T14N

TF{X{IY.LEX{J}) GO TO 5

TEMP=X{.1)

X{dy=X{1)

X{I)=TEMP

CONTINUE

WRITE{A,103) Ny, 1X{I),I=1,N}

IC0{6)=0 DO NOT PLOT RISTOGRAM
=1 PLOT HISTGCORAM

ALL1-1
ALL1-2

J1-1
Uui-2
ui-3

ALLZ2-1

ALLZ2-2
ALL2-3
uz-1
2-2
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IFCICOI6) LEQs. 13 CALL HISTINUM)

ICo{73)=0 USE ENMTIRE DATA

=1 USE SAMPLE PERCENTILES

IFLICDLT) FQ. 1) CALL SAMPI{NUM)
Q:f‘»,

U=0,

DDA I=14N

CDF{IY= FLOATiI33XM
S=5 + Y{Tj)%x2
U= 4+ Y{1}

U= U7 XN

(

il

S={S—XN*UKL) /XN
Ui=y
Sl S

BBR=1,/SORT{2.%PT%%}
SO‘SORT(S3
Al=l - 5.%50Q
Bi=U + B5.%SQ
WRITE{A,104) Ua5:0814B1
UMIFDORM {IPARM=6A}
A= ALPHA
B=RETA

&1 -—1>§ "?a
ﬁ(l? %1

Di23=R1
CL{1Y=0,

Ci{2)=0.

IB={B1~ Al?*lﬂﬁm + 1.
WRITE{G64105) IR

ID=1IB + 2
oo o7 I=1,18

S=FLOAT{I-1)%1,E+50/1,.E+52
F{I1}=%
Y{1})=5

SCALE CONTROL FOR ABSCISSA
YIIB8+11=2INTI{ALY - 1.

X {N+1)=Y{IR+1)
Y{IB+21=AINTIR]1) + 1.

¥ AN+F2)=Y{IB+2)

+ Al

AXTS

CALL SCALELY, ID,8.,0,YMIN,DY,1)

WRITE{G,112) YMIN,DY
CALL PLOTI2.0,3,04=3)

READ CRITICAL VALUE DF K-35 TESTY

READIS,102) XKS
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MEAN=U1

[ I

YARTANCE=51 FOR FIT

KNOT=0

CALL KSTESTIDIF)

IFIDIF .LE. XKS) GO TO 23 TES
WRITE{65117) KNDT,DIF

s et sk et et sttt s ek stk ol otk otk soloraok

|51
e

LOOP FOR COMVERGENCE OF SPLINE FUNCTION

17 e e she de e e sl sl e e sl st sl e sl sole e e st sl el e e el s ode st shesiofoe e sfeodosfosoole
KCT=0
11=3
L0 KNDT=T1-2

MP=KNOT
CALL NOD
MNP=NP+1
Do 9 I=2.NP
AB{I)=0.
Do Q J=1§M
ITFIXLY-D{T)) 9,9,8

8 AB{I)=ARITY + {XLJ3-D{T)3%k%x2/¥N

9 CONT INUE

ABLLYI=51 + {U-D{2) k%2 — AB{2)

33
WRITELH,114) (AB{T3,I=1,NP)
JN=11-11
DR 10 TI=14JN
10 CI{T1-13=0,0

C
C
C CLDOP FOR CONVERGENCE OF U1
C
C

#*

P T T T o Jh P - e X
e s ol e el e s ol seste e s o Sk sk ok

12=151500

Z
B [ R
¢ o

L

Py e iy Pe Wl
e sl e e ol o e oles

3

e sl ol sheoskedeolosle e st s sl st sl ol sl oo oo ke

7

LOOP FOR CONMVERGENCE OF C1{1J)°S

SYY D

% e skodede sl e ok o shestode o sl s slesdeosiost st sl el shofe st ol aleosie ok el le ok Sl oSk

DC 15 TJ=1,NP
NL=1J
ICLINL)=D

TFINL-1) 12,1211



14

21

115

AA=D{NL}Y

EN=0(11)

GO 10O 13

Ad=01{2)

EN=AA

C=C1{NL)

CALL ARF{2,55,5,84}
SIG=ABINL)
C=C~-{SI6-5S}1/54
TE{ABS{C-T1INL)
GO TD 15
KCON=KCON +1
ICI{NL)=1
CLINML¥=C
BInN=D{ 1)
EN=D{T1}

CRALL ARE{1AR,D,DUM)

GLA=1./4R

BR=RB*GLA

CALL AREI24AX44:8X2)
WIi=U1 4+ [U=-AXIRSTI/LAX2-UL%ANX}

CALL ARF{1,AR,D,DUM)

GlLA=1./7AR

AR=AR*GLA

TF{RCON-NP) 14,185,106

TF{ABRS{UI-Q0) -~ 1.F-3) 17.17,19
IC2=1

GO TO 20

TFIARSIUI~-D0)LE, 1.E-3) 50 TO 21
1C2=0

COMTINUE

WRITE{A,115)

WRITE{S,1056) BRyULIyARGAX S {CLIM) s M=1,NP)
WRITFE{A,118) {ICL{MLI-Mi=1sMP},IC2

GD 7O 28

WRITE(6,110) 12 '
WRITE{65106) BRLULJARGAXZ{CL{MI;M=1,NP}
Q=0

DG 22 J=1,.NP

D=0 + CI{I)IHARLIVRNN
3=+ XME{U=ULIRXx2/{2,%S1)
1 + WML, E — XN®ALDGI{RB)

WRITE{A,109) 0

CALL KSTESTIDIF)

TE{DIF LF. XKS) GO TD 23

WRITE{A,117) KHMNOT,DIF

1-LE. 0013 GO TO 14

]
A
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S PLOT EACH ITERATION

C = PLOT FINAL SOLUTION ONLY

t» O

~YESY 28,:24,28
F{6,116) KNOT,XKS,DIF

(e
85

sk

=iy b3 v

0o L

pod e b ] g G
AL

no 25 1=1,18
XX=F {1}
TFIKNDT LEQ. 0) GO TOD 25
DO &1 KJ=JP,NP
TFIXX=DIKJI}) 42541,41
41 JX=K.J
42 JP=JX
25 G{I}=FTI{XX)
AREA=D,
DO 26 I=1,1IB
RII)=6G1{1)
AREA=AREA + G{])
AREA=ARFA%, 01

XS]
s

> stk st stk sl ok ookl ool ookl ookl sofolotol koo ok ok

r
C
C PLOT QF THE ESTIMATED DENSITY
~

{3t s seste i seste steote s e s s steske e e st s sote oo sl sl sle stk sttt skoskateskotesleoolokok

C SCALE CONTROL FOR DORDIMATE AXIS
SVELI=0,0
G1IB+1)=5SVE1
G{IB+2)=5VE2
CALL SCALELG, IDy5.0.GMIN,DGy1)
WREITE{A,113) GMIN,DG,AREA
TFIKCTLEDL.DY G0 10 27
CALL AXIST 0,090.0496HY BHTIS+=6:8:09
1 D0 YMIN,DY)
CALL AXIST D.0s0.0.B3HPDF AXIS, Re5,.0,
1 G0, 0, GMINSDGY
C ICCi63=0 DOONOT PLOT HISTOGRAM
iy =1 PLOT HISTOGRAM
IF{ICOI{AY LEQ. 13} CALL HIST1{NUM}
27 CALL PLOTIYL. 1 1450.0,3)
CALL PLOTIYL 1 JoG1 1 352}
CALL LINE(YsGs, 1IB,:1)
CALL PLOTIV{ IBY},G{ 18),2)
CALL PLOTIY{ IB),0.0,2)
IF{KCTLERL. 1Y GO 7O 20




IS

oo

117

28 11=11
IF{I1 LLE,
f-i'ﬁ TQ ”2;‘\
20 IF{ICO{3},EQ.
CALL ECDF
IC0{5)=0 Do
=1
C.(

+ 1

NP1) GO TO %40
«ANDLICO{5).EQ.CIGC TD 31
NOT PLOYT RELIABILITY

PLOT RELIABILITY

3 sEQ. 1) CALL REL

8 TRUE DENSITY KNOWN
=8 TRUE DENSTTY UNKND

ﬁ

b

0
m

=11
A —

WM

21 TF%EPAR% SME. 8} CDALL TRUS{A,B,A1.B1}
IC01I4)=0 D0 NOT PLOT SAMPLE CDF
=1 PLOT SAMPLE CDF
IF{1CO14) affa 9 CAL! ESCDF
CALL PLOT(313,.0,0 -3)
36 CALL @1”T§ﬂ “yu.ﬂg—Q)
37 STOP

100 FORMATIIZ,711,13+A3)
- f”Q“AT(*lIPA?M"yiz,MX?‘iYFL“”yI?f
15Xy 1YS=1,A3/

* EB“=?91294X,’SﬁQF=*,12/

1
2

3 '
i"_ g

107
103
104

1 P
105

L ey b

109
1

110 FORMATI5X,

1

EORMAT{/?
FORMAT{®

ok fod i
pusd fd pisid
L N s

114 FORMAT{Z?
11% FORMAT{?

IREL=T
ISAM=1,12,
FORMAT{8F10.
FORMAT {3 ODATA, N
1 {1X, RiFl

FORMAT{iQIB=
106 FORMATISX,¥BR=
5XyPAREA=T,
FEXPECTED VALUE=?,
TTHE C112313%S ARE*/7{3X+4E16.6))
FORMATISBY, *NEGATIVE LOG-

312240 "HIST=",12/
5Xy THNUM=?,13)
&)

1,13/

h94X3f33

‘H

3:?_!3, J{

A1=t 516-673%9‘81~ﬂ £16.6)
‘9153

1L, ElbGe B 5X 1=
Elh.564 323X,

sF16.56/

LIKELIHOOD=Y,
El6.6)
YSPLINE HAS CGNVERGEQ INT,
15 ITERATIONS 3}

Exa

FORMAT{I3,12)

YMIN=?
3 GMIN=1sE16.643X,
1 BXy5A95A=3,Elé.§}
ABIIST/{DX,4E16.6)3

SPLINE HAS NOT CONVERGED?®)
116 FORMATI(//7/7/¢
1 12779

vflé;éy%Xy*ﬁvzﬂq
IDG=1?

\zoé‘/?
2»E16 5Dy

ACCEPT K-S TEST,
XKS=5aFé9315X?§DXF=?S

KNOT= 7,
Fé.3/1)
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117 FORMATIL//7/77 REJECT K-S TEST, KNOT= ¥,
1 12,85%, '"DIF=4F6.3//7/7)
118 FORMATI{Y IC1*°S'/(1X,1512))
END

SUBROUTINE KSTESTIDIF)

X to A Lo s Wi o Jo > E U g N Jo s o o, 4 o 8 %o ke e v/ S e S,
£ s sk o < S S s s e sl Sl ol sk sl e s sk S e e sl e sl Sosfedie

C S o ool e fesfeole ok

c
c GOODNESS 0OF FIT TEST
c
c

3 s sk SRR R etk sl R ol st st kot ok sk s satolloR ok

DIMENSION AUXI{1I0)

COMMON Y{AD03),G16003),F{H003),R{6003),
X{202);CDF{202)+C1{15),D{156),
ICQl?)sYMENpQY9igyfﬁyMyPI,XNy
SVEL1y SVE2,SVE3,UL»S14BR,,LT AR,
EPSHNDIM, T T 9 X, BINGENS NP, KNDOT,
BHO « TAL s THETASRXMS UM VARGV ARS,
ALPHAZSALPHALSIG4BETA

EXTERNAL FT

XLi=X (N+1)}

LT=1

DIF=0.

TEMP=C,

J¥=1

Jr=1

DO 1 I=14N

AXX=%1{1}

TRIKNOT EQ. 03} G2 70O 4

DO 2 Jd=JP,NP

TFIXX=-D1U)) 3+2:2

JX=J

JP=J4X

CALL QATRIULL XX FPSHNDIM,FT,57, 1R, AUX)

TEMP =TeEMP + S7

DIF1=ABS{TEMP - CDFI(1))

IF{DIFY .67, DIFY DIF=DIF1

1 XLLi=XX

RETURN
END

S G g b

O

£ 08 N
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SUBROUTINE WOD

3
36

wb ol e Sl <t A1 £ > ~ o | e e sl o B PX Jor o o 3
e s ¥ s sl st st s sk sk skt sttt sl ot s s s etk Sl s s s ksl s s e Seskesk

DETERMINATION OF FIXED MNODRES

B Ar e o by o), o I L, o J Ao . g X
st sk sl st st s st steskeste ook sk sl sk sl sl steste s skl st sk sl stk

COMMON Y{&60032),C{A003)sF{6002),RI6003),
X{2023,CDF{202),C1{15%,D{1&),
TCDET Yo YMINGDY s TB 9 IDy NPT XN,y
EPSyNDIMe T T4 dX s BIN, ENyNPyKNDT,
RHO o TAL« THETASRXM UM, VARZVARS
& ALPHA s SALPHALSIG,BETA
READ{S5,101) V11
LP=NP+2~T11
DO 1 Ja=1,LP -
1 DANPH3-2J)=DINP+2-1J)
DITI Y=V
NS=NP+2
WRITE{&,102Y (D{JYsJ=13NS)H
RETURM
101 FORMATIFE.2,121)
122 FORMATI(//* D{J)?P9S?/{0%,4FE16.6})
END

e
A%
W

Y Y Y TY Y

By R e

S

e Sl e e e sl e st s sl el el s e sfesiok skl ik

C
C
C DETERMINATION DF FREE NODES
C
C

3%
£

b o B s Ay e o Le ade B Ay ~ie wds Al by abe sl wle )e ade sle o, ~br A,
sk e s ok sl oo el sdeale sl ook ek sl sk sl sleole ook skl oo ek s sk ek kesleode ke

DIMENSION AL{50),SA{50)

COMMON Y{6003),G16003),F{6002),R{6003),
X{202),CDF{202),C1{15):D{16),
ICOET7) s YMIN,DY, IR, IDyNyPT 4N,
SYEL,SVEZ2sSVE3sULS1:BR:1LT,AA,

DTS L g e

RHO,TAL, THETARXM, UM, VAR, VARS,
AMLPHA,SALPHAGSIG,BETA

o

W NN=NM
H={XAIN )=-X{1))/7XNNM
U=X{13)-H
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Do 2 T=1,NN
U=U+H
W=0,
DO 2 IP=1,N
TFRIXLIPYI-UY 25241
W=l + {(X{IP)=U) %%k
CONT INUE
SALTY=W/ XN
BIN=X{1}-H
EN=D{NP+1)
DO 4 T0=15NN
BIN=BIN+H
AA=RTIN
CALL ARE{Z2,5Y50,DUM)
4 AL{T10)=8Y
U=X113-H
XMAX=0,
DO B T=1,HN
DIF=ABS{AL{I)-SALT))
U=U+H
f O IF{DIF=XMAX) 8,757
7 XMAX=DIF
AW=1)
2 CONTINUE
DO 2 I=1,NP
J=1+1

W) N e

IFIDL{T) LT, AW JAND, D{J) GT. AW}
1 ' GO 70 10

9 CONTINUE
10 11=J
LP=NP+2-]
o0 11 Jd=1,.L1P
11 DINP+3~-JJ)=D{NP+2-4J)
D{J)=AW
NS=NP+2
WRITE{6,101) AW, XMAX
WRITE(6,1023 {D{J)+J=14NS)
RETURN :
101 FORMAT(//77% AW=Y ,E16.6433%,
1 TXMAX= 3 E16B.6/)
102 FORMAT{// DUJ)P3SP/{EX,4E16,.6))
END
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SUBROUTINE ARELLTL,SY,LT72,5X

1
A3 fer s o b RS b sl s s B
i e e o e ook s sl sl sk sl sl ool e sl e e sl Sl s slefe ke

DETERMINES LIMITS OF INTEGRATION

DIMENSTION AUXT10)

COMMON Y{ARQ3),Glo003),F{AD03YRIADD3 )
X(202)5CDFI202)5C1{15).D{161),
SYEL,SVEZoSVERSsUL3S14BR4LT 5 AN,
EPSoNDIMyTT s Mo BINSENS NP KNDT,
RHD s TAL s THETASRNM UM VAR SVARS,
ALPHA s SALPHA,SIGyRETA

EXTERMAL FT

S\!’:Qm

SX=0.

AR

D1 Ji=1,NP

IFID(JI+1Y-BINY 1,1,2

TFID{ILI-BINDY 4,3,3

X1=D{J1}

GO TO 5

X1=BIN

TFIDIJIHLY-ENY G647

X2=0{J1+1)

J¥=11

LT=LT1

CALL OQATRUXLsXZsEPSyNDIMyFT,575IR,AUX)
SY=SY+S7

IF{LT? LEQ. 0) G0 7O 1

LT=LT2

CALL QATR{X1,X2:FEPSyNDIMyFTHSZsIR,AUX)
SX=SX+57

CONT INUE

RETURN

X2=EN

JX=J1

LT=LT1

CALL QATRIX1sX24FPSyNDIMyFT875 IR, AUX)
SY=SY+57

TF{LT2 .ER. 0) RETURN

LT=LT2

CALL OATRIXL,X24EPS,NDIM,FT,S7Z,IRsAUX}
SX=SX+57
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END

FUNCTION FTLXX)

e o 1 b e e Jg dr o B - T Sty < - 2 A Do aly ~iy
f‘:\‘: :5.”'-;':::;";:2:"5"**’k‘:\:k)::;;:’ik As ~ie b ale Sl T o, ‘&\bq’\‘{f’d’d‘ o S o, J’*a"}kﬁm'.::“’d‘\k):‘dl.—k

PRI SR RO BT SR IR S R RS R AT RS 3O3R IR SRS

> o

EVALUATION DF DEMSITY ESTIMATE AND
OTHER FUNCTIONS AT A POINT XX

sde sl ade he Wy wde wis e Alo s e ade afe als als wie ate T Al e W ol il ale e afe Sl sl b ade b s wle wle e e s Be Al
sfe 5 e e e sk el skl osk e sle e e sk ok sk ool ol ol slesieosk kel ke ske e sl ok
~

COMMON Y{ADD3),6{6003)sFIA003),RIEL003),
X{202Y,CDF1202)Y5,C1015),D{16),
ICO{T7)YMINSDY s IR IDs NPTy XN,
SVET1,SVYEZsSVEZ,U1+:51:BR1L T4 AR,
EPSeNDIM, TT5 X BIN,ENsNPyKNOT,

T2 TALs THETARXMHUMZ VAR, VARS,
ALPHASALPHA,SIG,RETA

IF{JX-1) 1,131,272

W=CL LY R{XN=D(2) )*%%2

GO0 TD 4

{"3:{10

DO 2 J2=2,JX

W=W + CLIJ23%0XX-D{J2}))%x2

Q7=% + {XX=U1)}3%k2/7{2,%51)

IF(RZ 6T, 35.) G0 TD A

7=BB*EXP(-07)

GO T 7

2=0»

GO TD {(839,10411,12),L7

FT=7

RETURM

FT=7%XY

RETURN

W= (XX =B A ) %% D

FT=7%UW

" RETURN

FT=Z AXX%%2
RETURN

W= XX=AA) %%2
FT=7 %Wyt 2
RETURN

END
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SUBRNUTINE REL

A, do ¥ Ir ol Ho - 1 wfe e e ale o < . 3 . o who abw -
{7 st st s s sle e sl o e e e el sk ol sl v sl e et sl sk ol ol Sl sl Sl e sbesfe e el ke

~
C
C PLOT DF RELIABILITY AND HAZARD
-
¥
~

e slr Re e e Str g oste ot ),b She B abewle e ke by olo e Sl e e e wle wle Sy e SE e ule ste e ale Ao b e alle W2 oty o by
T SN AT ST ST EISE AT 3L U AP A X e <t g o = RS SR IRCRER K

COMMON YIA003),616003),FI6002),RI6003),
XI202)1,CDF1202)15,C1{15),D{16),
Iﬁqi?)yyMIpﬁgD\fyIByIDchP}9XNy
SVETSSYEZ«SVE3,U1 4,51 :BBLT,2A,

% EPSsNDIMy TT,0X,BIN,EN,NP,KNDT,

RHO S TALy THETASRAM UM, VARSYARS,

& ALPHA,SALPHA,SIG,BETA

REIB+1)I=1,0

R{IB+231=0.0

F{IB+13=0,0

FLIB+2)=SVE3

CALL PLOTI13.0,0.0,-3)

CALL SC!—‘\L"’«(R,?Dg‘h(”,RM'{N,DF’,I)
CALL SCALFE{F,ID+5.0,FMIN,DF,1)
HRITE{6:100) RMIN,DR,FMIN,DF

CALL AXIS{0050.06HX AXIS,=-658.0,
1 D0y YMIN,DY)

AXTES{0, 00,0, 9HR{T) AXIS,9,5.0,

S0.0sRMIN,DR)

PLOTIYLIB+1),R{IB+1},3)

PLOTIY{1)sR{IB+1),2)

LINE{YR,IB,1)

PLOTI13:050.0,5-3)

I\XQ’S(CanQOquf'HX AXYS,-—{Q,%,{‘Q

DDy YMINLDY)
CALL AXTIS{0.0:0,0+,9HZITY AXIS+945,0,
A0, 0, FMIN,DF)
CALL PLOTIVIIILF{13,3)
DO 2 I=2418
IF{F{I) LEQ. 0.} GO TO 1
CALL PLOT{YII)-F{T),21}
GO TO 2
1 CALL PLOTIY{TI),F(13,3)
2 CONTINUE
RETURN
100 FORMATH{/? RMIN=1,F16.643X"DR=%,E16,.6/
1 }OFMINSY 3 E16,633 X TDF=1,F16.6)
END

MRSE SIS RN R

[SS NS I
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SURBRDUTINE HIST{NUM)
s ok ol e s ot sk e s sl st ok st st st ol stesioatesk sk e st sk sfeste sk sk ok ok

PLOT OF HISTOGRAM

Ao e e wte b A e l‘ e N e Jo o3, b,
e ek s Se sjesie siesk 3k rﬂ“’\“’“"ﬁ'm"eﬁ e 3 sz ek o ol e sl se sfeodene s sl sl sk

DIMENSION W{23),WW{22)
COMMON Y{6002),6(6003),F{60031,R{60032),

Y YYD O

i X{202),CDF{202)5C1{15),D{16]),
? TCO(T7) s YMINGDY 5 IB s IDy Ny PTy XM,
3 SVE1, SVE2,SVE3, ”19%1@8%9LT¢A§9
4 EPS  NDTMy 11550 BNy ENy NP, KNOT
5 RHO S TAL , THETA 5 RXM, UM, VAR, VARS 5
& ALPHA,SALPHA,STG, BETA
EN=NUM
WX={XIN}=X{1)}/EN

=WX/2,
WX={XANI=-X{ 1L }+WX}/FN
ST=X{1}-%WY
M1=NUM +1
DO 1 I=1,N1
A=1-1
W{I}=ST + A%WX
’/”v‘;{ I )':n-o
TN=N
TN=1./TN
JI=1
DO 4 I=34N
DD 2 Jd=Jd1, NUM
3d=J . _
TF{XIT) -GE. WiJ) LAND.
1 YAT) LT, WIg+1})Y GO TO 3
COMNTINUE
AWLI )Y =wWlJJ) + TN
JI=34
RETURN
ENTRY HISTIINUM)
IC=NUM + 2
WW{ICY=SVE2
W{TICI=X{N+1)
w{§c+13=xzm+23
=J1C+1
rALL SCALEALW,ICL 8 9ﬂMIN~“w,1)
CALL SCALE{WW,ICs5. O CMINSDC,1)
WRITE{A5115) WMIN,DW,LMIN,DC
CALL PLOTIW{L),»D.,043)

ot

PRI
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CALL PLOTIWI{1)¥WWI{1),2)

D5 I=24N1

CALL PLOTIW{I)WW{I-1),2)

CALL PLOT(HITIsWWI{T1),2)

RETURN

115 FORMAT{/Y WMIN=? yE16,0,3X, ' DUW=,E16.6/
1 POMIN= L E16.643X, D0C=",E16.6)

w5

SUBROUTINE SAMPINUM)

da o, J:‘\'-\‘:J o o ats S b 4—-)\; D b S wl e S ads Al e abs s s S Jo sl W Jp Nbr e
S she s s s e sl sl skosde e ade e s s oo ol el e s ook sfeske ek s sl stk sleskosfodesk

CMPUTATICN OF SAMPLE PERCENTILES

%, L do B o <My 3 32 e ol Ay als
Ao et e sk s skl sl dfeade sk ool sk o e e sl sl sl ok

MMOM Y{5003),G16003),FIE6003),R{6003),
X{202),CDFL202),CLL{15)+D{16]),
2 TCOIT Y YMINSDY IR IDs N3P T XN,
2 SVEL4SYEZ2,SVE3,Ul1,51:8BB41L 7, AR,
& EPSyNDIM,TT,0%5 RENyFN,NP,KN@T,
5 REO,TAL, THETA,RXM,, UM, VARZVARS,
5 ALPHA, SALPHA, SIGaEETA
N1=NUM +1

=19 NLUIM
AT{J*N)/X%l

IFIYK LEQ. XK} GO 70O 1
XEJ)=X{K+1)
GO 710 2
XLy =X{K}
CONT INUE
HRITE(£,100) NUMy (X{T),I=1,NUM}
N=NUM
XN=N
RETURN ;
100 FORMAT{?OSAMPLE PERCENTILES, NUM='Y,13/
1 {1X,5{E16.644X)/7 1))
EMD

RS IR




126

SUBROQUTINE ECDF

ke Sl o de iy e ol wds Sl ate ads who ale als wls wls e odo g Lo b ale Sl whe whe b N e o Ly nBy ate aby ho sl
{7 e Sk e sl sje s e sk i s el el sfeosjosioie sl e sesdie ol e shoololede sk ol slok ok

~

PLOT OF THE ESTIMATED CDF

DY OO

e a3 LI AR Ay i wh o e L Ao als b whe od
330 3% 5k s e sl st s sl ek sl el st sl e e sl sk skt s s e e st sl e sl s sl skl

DIMENSION AUX{10)
COMMON Y{46002),6{6003),F{6003),R{6003]),
X{202),CDF{2023,C11153 D116}
ICO{T7Y s YMINSDY 2 IBsIDs NPTy XN,
SYEL,SVE2sSVE3, U151 8B L Ty AR,
EPSyNDIM,TT 4 JXsBIN,ENyNPLKNOT,
RHO 2 TAL s THETAZRYML UM, VARZVARS
ALPHA, SALPHAL,SIG,BETA
EXTERNAL FT
XLL=X{N+1}
JX=1
JpP=1
LT=1
TEMP=0.0
CLIR+1)=0.0
C1IB+2)=1.0
DC & I=1,18
X¥=F{1}
IF{KNDOT LEQ. 0) GO TO 3
DO 1 Kd=JP, NP
TFIXX~-D{KJ)) 2s151
JX=K ]
JP=4X .
CALL QATRUXLL, XXy EPS,NDIM,FT ,ANS,
i TER,AUXY
GI{T}=TEMP + ANS
PO7=1,=-G11)
IF{PQ7 LLa. 005) GO 1O 4
Fi1¥=R{13}/7PQ7Z
GDTO 8
Ri{I11=POZ
TEMP=G1T)
6 XLL=XX
WRITELSH,111) GIIBYLRIIRB)
C ICO13)=0 D0 NOT PLOT ESTIMATED CODF
C =1 PI0T ESTIMATED CODF
IF{ICDI2Y) LEQ. D} RETURN
CALL PLOTI13.050.04-2)
CALYL SCALEL G 4 ID5.0,0MIN,DG, 1)

Ot BN L N e

s N b

L e
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WRITE(&51143 GMIN,DG

CALL AXIS{D.0:0.046HX AXIS;-658.0,
Da0s YMIN,DY)

CALL AXISI0.040.0,8HCDF AXIS.845.0,
F0.0+s6MIN,DGY

CALL PLOTIVI1}50:0+3)

CALL PLOTIY{1),G(1},2)

CALL LINMEIY,Gy 18,1}

CALL PLOTIVL IRY,G1{ IDY,2)

CALL PLOTIY{ ID},G{ ID),23}

RETURN

' IAT{POG="3E16.,67 ' R=1,E16,6)

4 FORMAT{/? G%!M‘”gFlé 643X, DC=2,E16.67)

SUBROUTINE ESODF .
Aok st e st e st e ok S skl ok okttt ook

e B

PLOT OF THE SAMPLE CDF

1

1

ok e S P e sk ek ek e ek she e e st e sl stoshon ol el el
MON Y(ewﬂz) a:a nz) FI6003),R{6003),
X{202),CDF{202),C1L{15),D{16),
?f”l7), MINy DY IR, ID Ny PT 4 XN,
SVFE1,SYF24SVYE3,U1,S14BRB,LT 5 AR,
EPSyMDIM, IT, 0% BTN, EN, NP, KNOT,
RHO,TAL y THETARRXM UM VAR VARS,
ALPHA,SALPHA,SIG,BETA
COF{N#1Y=0,
COFIN#2)=1,
IC=N+2
CALL PLOT{13.050.05-3)
CALL SCALEIX 2I1CsB.0, XMIN,DY,1)
CALL SCALE{CDF,IC,5, c CMINGDC,1)
WRITE(6,115) XMIN,DX,CMIN,DC
LALL AXES%G»G,Q.G,QHX AXT1S5-6 48,0,
, 0,0 XMINGDX) ,
CALL AXTSI0.050.,0;8HEDF AXIS,By5.0,
90,0, CHMIN,DC)

CALL PLOTIX {1)90.0,3)
CALL PLOT{X {1),CDF{1),2)
DO 1 I=2,N
CALL PLOTIX {13}sCDF{I~-1),2)
CALL PLOTIX {I)}sCDF{1),2)
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CALL PLODT{X {IC),CDF1IC)Y2)

RETURN

115 FORMATIL/Y XMIN=',E16.,643X,'DX=2,814,86/
1 TOCMIN=Y 3 E16:6493X,'DC=Y3F16.6)
END

SUBRDUTINE TRUF{AyB,LC20)

-I,- ~, ~ e e Aty s !
St sle sie e e slese stk sfosk Slesle sfeale skl ook oSt e e e sl o Sieolole ok etk

PLOT OF THE TRUE DENSITY AND TRUE CDF

e s st Seste she sholofe el skl stestesiate ol sfeste sk st st ek sk stk et e sl e dokok
Cﬂ AMON YI6003) 6160031 ,F{56003),RIE6003),
i X{202)5CDF1202),00{15},D1{16),
2 ICOL7) 3y YMINSDY,,IB, IDyN,PTs XN,
3 SVF1,§V§I2,?§VFMU yS]gPP)vLTQHi\y
4 EPSyNDIMyIT s IXaBINsENs NPyKNOT
5 QHO 4 TAL 3y THETALRXM, UM, VAR, VARS
& ALPHA,SALPHA,STGSBETA

}8=(8’A3*10@0 + 1
WRITE{4,100) 18
Do 1 I=1,1IR
X¥=FLOAT{I-1)*1,E450/1.,E+52 + A
YIT)=XX
FLTIY=FX{XX)
GLIY=GX{XX)
1 RID)=1.-F{I)
V(IP+1) AINT(r) - 1.

?{IB¥13~Q-G

F1I8+2)=1.0

G{IB+13=SVYF1

GCUIB+2)=SVE?2

ID=18+2

ZALL PL@T(laaQaLQGQ_B}

CALL SCALFILY 4ID,8,0,YMIN:DY,11)
CALL SCALEL F viﬁy 50 0 g FMIN, QT,’?
CALL AXIS{0.0,0,0,8HX AXIS5,-648,.

1 O O,VﬁlN Dy}
CALL AXIS{0.040.,058HCDF AXTIS,8,35.0,
1 0.0, FMIN,DF)

CALL PLOTIVI1):0.0,31)
CALL PLOTIY{1),F{1),2)
CALL LINE{Y,F, IB,1)}
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CALL PLOTIVLIB },FLID),3)
CALL PLOTHUYLID 1,F{1ID),2)
1C0{5)=0 DO NOT PLOT RELIABILITY
=1 PLOT RELTARILITY
TF{ICO{5) LED. 0) GO TOD 4
Doo3 I=1,1R
IF{R{I) LLF. .0D5) 60O TO 2
FIII=G{T)/RL)
GO TO =
2 F{I1)=0,
3 CONTINUE
© CALL RFL
4 CALL PLOT{13.0:0.045-3)
CALL SCALE( 6 ,ID35.0,6MIN,DG,1)
WRITE{6,101) YMINGDY,GMIN,DG,FMIN,DF
CALL AXISI0.D30.046HX AXIS,)~£38.0,
1 020 YMINLDY)
CALL AXIS{0s040.048HPDF AXI5;855,.0,
1 90,0, GMIN,DG)
CALL PLOTIY{1)40a0,3)
CALL PLOTIYI1).61{1),2)
CALL LINE{Y,G, IB,1}
CALL PLOTI(Y{ IBY,G{ IR},2)
CALL PLOTIY{ TIR),0.0,42)
AVGSE=0,
J¥=1
Jp=1
1LT=1
DO B I=14N
HX=X{T1}
TF{KNDT .FQ, 23 GO TO 5
DO A KI=JP,NP
TE{XX=DI{KI)) TyH45
& JIXN=KJ
7 JP=J4X
5 AVGSE=AVGSE + { FTIXX}=OGX{XX)}%%x2
AVGSE=AVESE /XN
WRITE{&, 102) AVGSF
RETURN
100 FORMAT{'CIB= *,15)
101 FORMATI/? YMINS? yE18.56,3X,1DY=Y,Fl6.6/
T OGMINST G F16.623X, 'DG=,E16.6/
; TOEMINSY ZF16,643X 1DF=1,F14.6)
102 FORMAT(//7% AVG SO FRROR= ¥,F14.6)
END

i

NG e
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FUNCTION ¥X{XX)

A R e xS, 2o W, Ao aha 3, B X br e Jo S, Sl o
s sl e st e e sl sheste e sde e e sl ok e i e e Sl st ool e e e e sl e oo vl e ik sl ok sloie ]

EVALUATES TRUE CDF

Y % 8y Y Y

wts I ~ o o D e 0r st abe . B $o o, o ks . L
s s 3 3 vk o3 el el stosde sleole ofie sl Sfeste st sl sl e siedle ke e slesle ook sleaeos)

COMMON Y{ADD3)4GI16003),FI6003)sRIE003 ),
X{202),CDF{202),C1(15), D116},
TCD{ 7Y, YMINyDYs IRy IDg M, PT 5 XN,
SVEL1+SVE2,SVE3 U1 9S1RBLLTy AL,
EPSyNDIMy TT o X BINSsEN,NPLKNOT,
5] RHO 3 TAL s THETASRXMZ UMy VAR, VARS
& ALPHASALPHA; SIGSBETA
C UNIFQORM {IPARM=6)
FX={XX=-ALPHAJ/{RETA-ALPHA}
RETURN
END

skl fokoolok

R A

FUNCTION GXIXX])

2 e e st sk s s Sleak st st sk sle o shede st sle e g sleite sl e st e e sl e st sl ste sl o sl e st o
R e e A R e e e e S M e S R e R O A T S e S i b R S R S SR

o

9
P

C
C EVALUATES TRUE PDF
C
C

L e 2o who wlo ale b, o - S, et o 21 e te Nhs B ey Ve ade vip o, E
e e 2o St ke e she e sleafe sl st Slesde st ste sl ke sl sl ste st e e el st et sie siesle ot sk stk ok sk

ke 3R AR OK JTART SR A0 3 e e R R e N S AR R SRR EAE I

COMMON ¥Y{6003),G(6003),F156003),R{6003),

1 023,CDF{2023,C1115)sD{1&},
2 Iﬂ@i?)9YMIN,Q¥,IB,ID,N,P§,XN,
3 SVEL,SVEZ2,SVEZ,UL4S1yBB,1L Ty AA,
& EPS,NDIM, TT,0XsBIN, ENs NP KNDT,
5 RHO S TAL, THETALRXM, UM VAR ,VARS

N

ALPHAS SALPHA,STG,BETA
C UNTFORM [IPARM=6])
GX=1.7{BETA - ALPHA)

RETURN

END

U4-1

U4-2

»

IR I
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ESTIMATION OF A DENSITY FUNCTION
WITH APPLICATIONS TO RELIABILITY

Thomas W. Jones
(ABSTRACT)

The purpose of this dissertation is to examine the prb-
blem of estimation of a univariate probability density
function. Let YY) be a sample bf‘n independent
observations,jeach distributed according to an unknown con-
tinuous density function f(y); Given this seqﬁence of obser-
vations, how can one estimate f(y)? Chapter I presents the
historical background and a literature review of existing
méthods for the estimation of a probébility'density function.
In addition, a section is devoted to the application of |
density estimation. In particular, we consider the pfactical
application to reliabilify analysis.,

The estimator of the unknown density functioﬁ developed
in Chapter II is similar to one proposed by Rosenblatt (1956)
and by Parzen (1962). However, the kernel‘we consider is a
function of the rank of each observation. We use, as our
kernel, the asymptotic digtribuiion of the order statistics of
a sample. We refer to this estimator as the normal rank
kernel estimator. In order to test the performance of our
estimator, we have performed an experimental analysis by

monte carlo studies.



Chapter III uses the estimator of Chapter II as the
foundation for the development of a recursive estimation
procedure. The technique employed is the method of successi#e
substitution in which the solution at each iteration is used
to generate the next solution until convergence is achieved.
Consequently, we call this estimator the iterative estimator.

. Again, we have performéd a simulation to éompare the estimator
of Chapter III with that of Chapter II.

In Chapter IV, a sequential procedure 1is develbped for
estimation of a probability density function. Initially, a
normal distribution with mean and variance'? and 52, respec-
tively, is fitted to the data and a goodness 6f fit test is
performed. This hypothesis rejected; a seqﬁential procedure
employing the concept of spline functions is used.

Several examples are given in Chapter V which illustrate
the various methods of dehsity estimation infroduced in the
preceeding chapters. The examples use data that are both
simulated and real. Also, an example estimates both the
reliability and hazard functions.

Finally, relevant computef‘programs (Fortran) and
descriptions of their utilization appear in the appendices.
The program contained in Appendix A has a dual purpose in that
by proper choice of an input parameter, the program will be
executed for either the rank kernel estimator or for the
iterative estimator, while Appendix B contains the computer

program for Chapter Iv.
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