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LIST OF SYMBOLS 

Symbol Definition Unit 
., 

(u,v,w) velocity vector ft/sec v 

f mass dens:.ty of air slugs/rt3 

h height of water in channel rt 
T temperature or . ·gas degrees Rankine 

p pressure lb/rt2 

'(/ ratio of specific heats ~ .,. .... 
Cv 

g gravitational acceleration i't/sec2 

A area of c: 00E:s section ft2 

R gas constnnt ft/' Rankine 

z height above datum line ·m channel rt 
to a point ~ the flow 

E specit'ic energy ft 

0. volume rate of flow n.3 /sec 

n exponent 1.n defining equation for ..... 
the shape of the channel 

c velocity of sound in .a gas or ft/sec 
velocity of propagation of a long 
gravity wrve in the water channel 

v specific volUJ11.e rt3jlb 

6 half of body angle degrees 

( shock angl e degrees 

p pressure ratio across a shock wave 

M ratio of relative velocity of body 
in fluid to speed of sound in the 
fluid 
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Symbols Definition Unit 

Subscripts 

a analogous Mach ntDnber 

c refevs to critical flOW' 

e experiment.al value -. 
0 ref e:ris to poin·t in UJXiist•·~bed flow 

where velocity is negligible 

t theor:etical value - .. 



MOTTO: 

. "Analogy as 'We know, is a good servant, but a bad 

· master: for, whon master, it dol:!S more to blind than 

it may previous:ly have done to illuminate" o (James 

Ward, English educator and philosophical writer .. ) . 
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I 

INTRODUCTION 

The analogy present~d in this paper enables the research worker to 

find numerical values which are vitally important for the design of 

high speed airplaneso U~ing this analogy not only "unmeasurable" values 

can be changed into easily measurable ones, but a. sharp cut in expenses 

can also be obtained o tU nd tunnel research in the field of supersonic 

aerodynamics is one of the most expensive techniques known todey-., An 

average value of one million dollars can be named for the cost or a wil'.ld 

tunnel useful in this field., A very precise experimental unit could be 

' designed &Di built for lE'SS than $2,000,. The experimental unit designed 

by the author cost even less than the above figureo 

The analogy between two dimensioiial gas flcn.r and flow of liquids i tl 

an open channel has been known for thirty years,. It baa been shown that 

very useful technical da1a can be obtained regarding·aerodynamic forces 

acting on high speed airc:raft by means or this analogy. 

Since o~ · the relat.ive velocities between the model and the fluid 

have importance, tvo pos::-ible experimental solutions are at band.,, 

Either the towing tank' or the circulating ~ater channel could be used. 0 

There are several tchling tfulks in this country at the present 

time at experimental stat,ions and educational institutions, but there 

are J11aDY difficulties encountered when testing a model., If a model is 

held stationary in a moving stream of water, routine work pro~eeds 

without interruption excEpt £or changing models. The time lost in a 

tawing tank in backing up the carriage and m~el9 and waiting for the 
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waves and currents to .subside is saved. For the foregoing reasons and 

for financial ones, as well as considering the time element involved, 

a circulating water chann9l has been selected as the experimental toolo 

It is .to be noted particularly that the circulating water channel 

to be built is to supplement the wild tunnel and ,in no way meant to 

replace it. By the use or this channel, it is possible to obtain much 

or the basic data. about the component parts of an airplan~ very easily 

and inexpensively, there'blr ma.king available the wind tunnels for more 

complicated tGstso 

Three requirements are or primar.Y importance for the channel .used 

in this project. The free surfn.ce should be smooth, the velocity 

across the test section should be uniform, and turbulence should be 

reduced to a minimumo 

. This paper inte?Jds to extem the validity" or the analogy for high 

Mach numbers by proposing a ":modern hydraulic gas" 'of if• lo5., The 

aim of the paper is nQt to improve the experimental techniques, neither 

to discuss them, but first of all to .investigate theoretically the 

possibilities of extelldin~ the use of the analogy for shock wave problems 

and problems in the traneonic region. In fact, from theoretic&l 

investigations a general relationship is derived which correlates the - ' 

shape of the cross sec-t;ion of the channel vi.th the adiabatic gas constant0 

All of the previously designed water channels making use or the 

analogy and testing aerodynamic bodies, by our kn011ledge, have been of 

rectangular cross sectiono· In a channel of this type, the ratio or 
c ' 

specific heats ~ = lf, is 2, while the accepted vallie for air is lo4e 
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The method presented could be used to design a section which would give 

the desired value of~ equal to 1.,4, but a triangular section (1'• 1.,5) 

will be used because of f~brication difficulties of the other sectiono , 

In fact, as a simple mathematical analysis shous, a proper cross section 

can be fomri for a:q desired value of 1 < 'lf ~ 2o Results obtained 

are in good agreement 'With the theoretically predicted valueso 

The apparatus· and method described in the paper enables the 

scientist .to do research in the field of supersonic aerodynamics, it 

helps the teacher to demonstrate phenomena occurring at high speeds a.Id 
I 

furnishes the ~esigner with a quick method for checking new ideaso 

The author therefore believes that schools, factories and research 

laboratories could be equipped 'With the inexpensive and simple unit 

described in this th~ni~ 0 

Th3 analogy under investigation did not give numerically accurate 

results in the past and therefore it was know only as an interesting 

playtoyo The present paper describes a modified form of the analogy 

'With which quantitative results can be obtainedo A f'orm of' the analogy 

has been used very satisfactorily at Pennsylvania State College for the 

inve~tigation of problems related to internal combustion engineso 
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II 

REVIEW OF THE LITERATURE 

'The following article.a am books were used to establish the theory 

and experimental technique: 

Bakhmeteff' JI Bo Ao. 

"Hydraulics of' Open Channels" 

New York, McGraw-Hill Book Company (1932) 

The general flow equations for uniform and varied flow are developed 

with special application to flow in rectangular cbannels·o Ba.khmetef'f 

introduces the concept of the specific energy of the flow, which is the 

energy heed referred to tl1e bottom of the channel cross sectiono This 

concept was used to find t.he wave velocitY'o By' using this term, it is 

possible to give pl:wsical meaning to the critical depth as well as to 

give an explanation for the hydraulic jumpo 

The hydraulic jump is a local phenomenon by' means of which flow 
I 

passes in an abrupt manner from shooting wter to streaming water. The 

theory of the hydraulic jump is developed for a channel of general 

cross section, and in a later chapter, emphasis is placed on the jump . ' . 

in a rectangular channel. Based on Bakbmetett0 s analysis, the concept 

ot specific energy proved to be ve17 useful in this thesie0 
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Comstock, Jo P., and Hancock, Co Ho 

"The Effect of Size of Towing Tank on Model Resistance" 

Transactions or the f'ociety of Naval Architects and Marine Engineers 

50, l49~198 (1942) 

The purpose or this paper was to determine whether wall effect was 

due to insufficient breadth or insufficient depth of the water in the 

towing tanko Each dimens7.on \la.S varied separately' as well as siniul-

taneously' with the other., This also showed the desirable ratio of breadth 

to depth. . These results were used to design the model t-d th a constant 

obstruction ratioe 

A secondary purpose rias to obtain . information as to the increase 

of resistance of a wide variety of models in shallow water of unlimited 

widtho 

The experime~ts were conducted in the S·f oot b;r 4=foot Newport 

News model tank., The results vere obtained by experimentation and 

presented in graphical fo?m., The results show the increase in 

resistance due to the effect of testing the models in shallow water., 
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Courant, R. and Friedricks, K. o. 
"Supersonic Flw and Shock Waves" . 

Lomon~ Interscienca publisher (1948) 
I 

The vector form or the continuity equation and the Bernoulli 

equation are presented. · The vector form of the continuity equation 

vas used in the derivation or the governing equations or the analogy 

presented in this thesis. 

Equations for the motion or waves in shallow water are derived. 

It is shown that the differential equations governing the motion of . ' 

sballw water can be replaced by equations which are equivalent to 

those for a polytropic gas with the exponent If • 2 
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Ferri, Antonio 

"Elements of Aerodynamics of Supersonic Flows" 

New York, The Macmillan Company (1949) 
The general equations of fluid motion a.re developed tor one, 

two and three dimensional flows., The theor.r of shock waves is 

thoroughly developed and both graphical and numerical methods of solu• 

tion are given. This inf'>l'mation was used in the analysis or the flow 

characteristics of the model used in this experiment. New material 

on the reflection and interaction or shock and expansion waves and on 

the measurement of ph7sical -quantities is includedo 

Several charts of th"J relations betw~en pressure, temperature and 

the densit7 for a gas whelll uride-rgoing a shock or expansion wave a.re 

tabulated at the em or the book., This informatic.m was used to anal.1'ze 

the results obtained in the channel described in. this thesie0 
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Gilmore, R. R., Plesset, M. s., and Crossley, Ho E., Jro 

"The Ana.logy Between Hydraulic Jumps in Liquids and Shock Wayes 
. I 

in Gases~ 

Journal of Applied Physics 21 ... 3, 243 .. 249, March 1950 

The theory- of the hydraulic jump is presented briet]J' and the 

analogy bet~een this phenomenon and the comi:>ression shock 'WB.ve in 

gases is pointed out. Th9 results of experimental measurements ot 

h1draul1c jump intersections on a water table are reported. Consider ... 

able disagreement between theory and experiment is found o The discrep= 

aney in the aerodynamic case appears unlike that found in the hydraulic 

casea Possible reasons f lr the discrepancy in the l'zydraulic case are 

discussed; some sources of error are. peculi.o,:r to hydraulic jumps and do 

not app]J' to shock wave·s.. Such factors limit the water table as an 

analog deviceo This pa.per clear]J' shows the necessity of the 

generalization ot the lzydraulic anal~EG"o 



... 15 ""' 

Hancock, Co Ho 

"The Equipment and Methods Used in Operating the Newport. News 

~raulic La.bora tory" 

Transactions of the Society of Naval Architects and Marine 

Engineers 56, 39'"'69 (1948) 

In this paper, the small, circulating water channel at the Newport 

News Hydraulic .La.borator;r is discussed. The channel is rectangular in 

cross section and large enough to test small models. Sufficient power 

is available to operate the channel at supercritical speeds. 

Another device or considerable .interest is the shallow circulating 

water channel. The purpose of this channel was to determine its use= 

fulness in producing shallow water waves analogous to shook waves in 

the supersonic flow or gaseso An a:nalogy was developed between the· 

two types of flow specifically for &PJ>lioation to the design of steam 

turl:.ine nozzles. A short description of the channel is given along 

with a. line diagram of the test equipment. Several photographs of 

cylimrical models are inclmed. This information w.s very useful in 

the design of the experimental unit used in the investigation described 

in this thesiRo 

\ 
I 
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Kell~m, P .. 

"On the Theor,y of Waves" 

Proceedings of the ::loyal Society of Edinburg 14, 497·532 (1840) 

In this pa.per, Kalland derives the equation for the velocity of 

propagation of a long gri~vity wave, c = ~ in a rectangular channelo 

In addition, the height of the wve in a rectangular channel is derived .. 

The results show the ten:1enc;y of w.ves in shallov water to become 

semicircular in shape. 

~el.land discusses in Part II or the paper variable wave motion in 

a triangular channel. The velocity of the propagation of long gravit;y 

waves in a triangular ch1lll1el was fomid to be {¥",. This equation 

was verified by- experimental tests ~..m the results were presented in 

tabular f'orm., 

Since the velocity of propagation of long gravity waves is · 

analogous to the pr()J>agation of soun:l. in air, this equation was foun:l. 

to be very useful in this . thesis,. 
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"Application of the Analogy Between Water Flow with a Free Surface 

and Two~Dimensional Compressible Gas Flow" 

National Advisory Committee for Aeronautics Technical Note No. 1185, 

(1947) 
An analogy exists between water flow with a free surface and two-

. dimensional compressible gas flow if the water flows over a smooth 

horizontal bottom bounded by vertical walls which is geometricall.7 
' 

similar to the corresponding gas flow. 

The limitations and conditions of the analogy are discussed,, An 

experiment was conducted tising the analogy _ as applied to the flow 

about cireular cylinders of various diameters at subsonic velocities 

am exterding into the supercritical range. 
I 

Reasonably satisfactory agreement of pressure distributions and 

flow fields exists between water and air flow about corresponding 

bodies. The development of the measuring apparatus and techniques is 

presented along with graphs showing the results of this projecto 

The thesis can be regarded as a continuation and perfection of 

this report -into the supet"sonic rangeo 
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PreiSt'1erk, Ernst 

"Application of the Methods of Gas Dynamics to Water Flows with 

Free Surface" 

Part I • . Flows with No Energy Dissipation 

National Advisory Committee for Aeronautics, T., M. No. 934 (1940) 

Part II. Flows with Momentum Discontinuities (lf3draulic Jumps) 

National Advisory CO'mnittee for Aeronautics, T. M. Noo 935 (1940) 

In this paper the author discusses how far the analogy exists between 

the flow of a liquid in a horizontal bottom channel am the two dimenco 

sional flow or a compressible gas., A large portion of the paper is 

devoted to the general theory of the two dimensional gas f'lowso Although 

the analogy was developed for a rectangular channel, several of the 

basic relationships were usei"ul in the theoretical analysis of the 

problem presented in this thesiso 

It is indicated how problems in the field of" water flows may be 

solved directly by the theory of' gas dynamics and vice versao Both 

graphical and empirical methods of solving two dimensional compressible 

gas problems are given.. A thorough discussion of" the method of 

characteristics is includedo 

Flows with no energy- dissipation are treated in Part I, and flows 

with hydraulic jumps are treated in Part II. Both conditions are 

applicable to this thesis .. 
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Saunders, Ho E .. 

"The Circulating Water Channel of the David w. Taylor Model Basin" 

Transactions or the Society of Naval Architects and Marin~ 

Engineers 52, 325m365 (1944) 
This paper was chiefl.1' concerned with the design and fabrication 

or the circulating water channelo Three models of the channel were 

built before the actual c-hannel was constructedo Many helptul sugges= 

tions are included for anyone who is contemplating constructing a 

similar channel .. 

A brief history of the previous work done with circulating water 
": 

chumels is inolUdedo 

The channel is rectangular in cross section am it is possible to 

investigate flow phenomena in QpeD a.td closed channels.. At the time of 

publication or this article, no calibration tests of the channel had been 

madeo 
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III 

AJ3STRACT 

The classical hydra uic analogy between free surface 'W8. ter flow 

in a rectangular channel and two dimensional gas .flow is only qualita-

~ since the analogy assumes "hydraulic gas" with an adiabatic con-
e 

. st.ant 't • ~ • 2, which value rot air is lo4o In the thesis, the 

analogy is generalized aid a mathematical derivation is presented 

resulting in a relation between the adiabatic gas constant and the 

cross section of .the hydraulic channel used. For ~ • 2, rectangular, 

for o = lo5 triangular and for~:: 1.4 parabolic cross section is 

suggested. Using the latter, the analogy becomes exact and gua.ntita ... 

!!.?!. measurements are possibleo The corresponding temperature, pressure 

and density relations for the gas flow are derived in the general and 

also in the special cases. 

Experimental result3 using a channel or triangular cross section 

tor subsonic and supersonic flow problems are presented, shoving veey 

close agreement with theory. 

An ana}Tsia is .presented regarding the shape of the :model which is 

used in the experimental channel and which satisfies the requirements 

of constant obstruction ratio and boundary conditionso A report on 

pressure and shock angle measurements is included in the thesis along 

with a short review of the literature of the hydraulic analogy., . It is 

sho'W?l that for investigating compressible flow problems, the proposed 

channel is superior to the conventional rectangular channel, especially 

for problems when the effect of the adiabatic gas constant is important. 

I 
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IV 

GENERAL ANALOGY CONSIDERATIONS 

Very often in physical sciences, extremely difficult.experimental 

technique and expensive instrumentation are necessary to study certain 

phenomena important to the research 'WOrker. In other cases experimental 

methods are not known, which immediately excludes experimentation. · If. 

an entirely di.ff erent pby~ical phenomenon can be investigated instead 

ot the original problem, then the above seemillgly unsolvable task of 

measuring an unmeasurable quantity can be accomplished. The above 

program can be followed only when a relation is established between two 

pb7sically distinct phenc~na. 

Analogy research (from the Greek: 0( 'j/'O()... 0 '(LC() is the field where 

different phenomena are compared and connections are established 

between them. The procedure general.17 .followed consists or 5 steps. 

1. The governing eouations are developed for the problem under 

investigation. 

2o The analogous governing equations are written down in which 

different terms represent entirely dif.ferent p:tv'sical quantities. 

3. The mathematical analogy between the above two sets is ~stablished 

aDd a dictionary prepared by means of' which, terms, variables, 

coefficients, operations, etc. in the original system are 

translated .into the language of the analogous systemo 

4o Experimentation performed on the established analogous system., . 
. ' . 

So Translation of experimental results, by means of the dictionary 

o~ the analogy i.nto the language of the original systemo 
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A special type of analogy research occurs when the analogous system 

represents basically the same physical .phenomena as the original oneo 

We will refer to this typg of analogy as similarity research. Although 

great possibilities are offered by this method, the same experiment is 

performed with no exceptionso 

The literature shows the popularity of analogies in almost every 

field of scientific r esearch. Workers in the field discover new and 

surprising analogies every day. An analogy generally is considered gQOd 

and useful if' it is exact (mathematically speaking, ioeo there is a 

perfect correspondence between the original aIJd the analogous system) 

and if the analogous system is considerably simpler than the original 

one (peysically speaking, i.e. easily measurable quantities occur in 

the analogous system). 

In the last year several new and known analogies15,l6,17,1S* have 

been used and it has been shown that from the wo .criteJ;-ia mentioned 

above (mathematical and physical) an unfortunately neglected but 

important point should be .investigated when an analogy research is design= 

ed. In setting up the mathematical formulas of the original problem 

as well as of the analogous system, several assumptions and si.mplifica= 

tions are made • . These assumptions and simplil'ications generally mean 

neglecting terms which do not seem important in the specific problem. 

When, however, the generally derived formulas are used in an analogy 

research, it might happen. that the neglected terms are the most important 

ones. ·For instance, the equation describing the shape of a soapbubble 

if approximated with a linear equation (squares and products of slopes . - ~ -- ~ ~ --- - - - - ---- - -
* Numbers refer to references at the end of the thesis. 
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are neglected) is used as a powerful tool in analogy research in elasti-

cityo The same soapbubble analogy is usetul in the stuiy of compressible 

flow phenomena only if th9 exact equation of a soapbubble is compared 

with the equation describing the .flow problemo16 

In this thesis an analogy is worked out and checked by experimental 

methods for a problem which is vitally important in the nation°s war 

efforto . At the present time, supersonic airplane parts are studied in 

very expensive wind tunnels under rather unfortunate circumstanceso 
, 

Almost unmeasurable quantities have to be measured with great accuracyo 

The experimental technique in the field of supersonic flight is still 

struggling with its most· be.sic problemso ·An analogy ~s justified 

undoubtedly in the field from economical as well as from a pure scientific 

point of vievo 

The s0=called "hydraulic analogy" tried to furnish results in this 

field but unfortunately the analogy was not exacto It was fair'.cy' correct 

in the 101J velocity range, where ordinary experimental techniques gave 

accep·table results at a reasonable cost~ Therefore, an improvement and 

extension of the. classical analogy was required which could be established 

only by carefUlly following the above outlined procedure. 

The author believes that the proposed analogy is another example 

of systematic research in the field and gives a powerfulp relatively 

inexpensive, accurate, and fast method for obtaining data for high 

speed flight problems .. 



= 24 ... 

v 
HISTORY OF THE ANALOOY 

Two basically dif'terent types of flow or water in a channel 

have been described in books on l:zy,draulics for more than a hmxlred 

yearso 

The difference between "streaming" and "shooting" flow of w.ter 

and the so~called "critical" flow separating the two types were 

observed by man;y workers in the field of h;ydro=mechanicso When in 

the relatively new science, aerodynamics, and especially in gas 

·dynamics, the concept of "subsonic" and "critical" or "transonic" 

flows of gas were introduced, an analogy was 8:t hand between gas 

dynamics and ~raulicso 

The origin of the so-called "~raulic Analogy" was traced be.ck 

to E. Jouguet 0s8 pa.per published in 1920, which prop0sed an analogy 

between two dimensional gas flow and flow of water in an open rectan-

gular channel and gave direct proof by exact mathematical analysiso 

He introduced the concept of a gas which has an adiabatic gas con-

·atant ( ~ ) of 2 and called it "h;ydraulic gas". It is interesting 

to note that in the past thirty years several theoretical and 

experimental papers contributed to this analogy, accepting the initial 

error of ~ = 2 without trying to introduce a "better" h.Jdraulic gas. 

The analogy holds for subs'onic as well as for supersonic flows. It 

can be expected that the classical h;ydraulic gas will show little · 

deviation from air in cases when the value of the adiabatic constant 

is not one of primary interest. Therefore, even the rela.tiv.ely 
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recent N0 A0 C0 Ao reportsl0,12 deal with the subsonic applications 

of the analogy and no experimental investigations were presented 

with respect to high 1'1ach numbe_r flow. The w. ter table experiments 

of Gilmore, Plesset and Crossley5 showed veey little agreement with 

the actually observed phenomena in air or with theoretical valueso 

One of the most important points in the analogy is the fact that 

the velocity of sound in the gas and the velocity of propagation of 

long gravity waves in a wa. ter channel are analogous. The value of 

8.nd the mathematical expression for the speed of soum in air is 

well establishedo Also, even in elementary textbooks on ~raulics, 

the formula for the wave velocity is established for a rectangular 

channel" The discrepancy between the two formulas which results in 

the unacceptable ~ = 2 value can be improved if the cross section 

of the channel is changed from rectangulgr to some other geometric 

oonfigurationo To fird the new shape of the channel cross section; 

mathema.ti'cal expressions are necessary for the velocity of _w.ter 

waves in any channelo Therefore, in this outline of' the history- of 

the ~raulic analogy, a few words will be said about investigations 

regarding water wave velocity.. As early as 1840, Kelland9 derived 

formulas for the ~ve velocity".. Later (1842), Green solved the 
problem for a special channelo Both men°s results were obtained by 

mathematical analysis which were undoubtedly ingenious but not 

exa.cto . 
1 . . 

Modern ~raulics , introducing the concept of speci~ic 

energy, gives an exact method for obtaining the formula for the wave 

velocityo This method, however, puts certain restrictions on the flow ., 
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VI 

THEORETICAL INVESTIGATION 

A detailed analysis of certain special channels has been given 

previousiyl.7, 18.. In this thesis, a general and new mathematical 

derivation and justification of the analogy will be presentedo Different 

theoretical approaches will be utilized in the derivation of the govern= 

ing equationso 

For a channel of' arbitrary but constant cross sectionp the method 

of vector analysis will be used to derive the governing equations. For 

the rectangular and triangular channels, different f0rms of the 

continuity equation and t.he Bernoulli equation lJill be used to find the 

relationships beween the watel'.' flow and two dimensional air flow. 

A few simplifying assumptions are required 1n order to establish 

the analogy- between gas lynam:ics and open channel' flow and are listed 

belmr: 

1.. The gas is a perfect gas (one that obeys pV .. RT). 

2o · The flov of gas is steady (variables do not change with time) .. 

3., The flow of gas is irrotational {a velocity potential exists)~ 

4., The gas is an ideal fluid (no viscosity) .. 

5o No body forces are acting on the gas (weight of the gas is 

neglected).. · 

6., The flO'IJ of water is steady (except for w.ve phenomena)., 

7o The water is in~ompressible (compressibility effects are 

negligible) .. 

80 Water is an ideEl.l fluid (no viscosity)., 
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9o The vertical acceleration of the water is small Yhen compared 

to the gravitational acceleration13o 

With these assumpticus, the analogy can now be developedo 

A .. Analogy Between Gas DyDamics and Flow of Liquids in An Open 

Channel of Arbitrary- Cross Section 

If the analogy betwe3n two dimensional gas flow and now of w.ter 

in a channel or arbitrary, but constant cross section is established, 

then the most proper channel shape oan be selected. By proper channel 

is meant the one for which- the analogy _is perfect. Since the velocity-

of propogation of long gr:ivity waves is needed, the equation will be 

derived by utilizing the concept or specific energy and by vector 

analysiso 

The constant channel cross section is represented by the 7 • f (z) 

function, which is assumei to be a parabola of n-th order, i.e .. 

7 a azJl ... - - - -(1) 

We will refer to !!_as the shape factor or the channel. If the dimensions 

or the channel are given, then the constant a can be found, which will - . 

be called the size factor or the channelo 

It can be seen that the n = O value corresponds to the rectangular, 

the n = 1 to the triangular al'Jd the n = 1/2 or n = 2 values to the 

parabolic channels·. 
n + 1 

The cross sectional area of the channel is A = 2Jh ...:i z = 2 _ah ___ _ . o~~ n+l 
• excep .. ~ for the n • -1 value which is of no interest since it correspozxls 

to a b;yperbolic channel. 



I 

= 2S = 

z 

h 

Fieure 1 

z i 
Y = YO(Ji) 

z l 
7 = 7o(h) 

z !~ 
Y = 7o (fi) 

By using J3akhmeterrns1 definition of s~cific energy (E) am 
Figure 1, the critical velocity isi an arbitrary shaped channel can , 

be f'ourid o The specific energy is defined by: 
v2 

Ee h + -
2g 

where h is depth or liquid at certain cross section and v is the average 

velocity of flOY at the same cross section~ The volume rate of flow is 

defined by 

Therefore 

Q =VA 

Q2 
E=h+~ 

2gA 
By substituting for the area and recognizing that the ·critical depth 

occurs when the specific energy is a minimum for a given rate of flov, 
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the function E(h) lWr'.f be differentiated and the results equated to zero, 

which gives: 
2 3 Q0 (n + 1) 

l - Iii 0 
ga2iichc2(n + 1) 

where h0 denotes the critical depth. If we define Q01 the critical rate 

of flow by Qc a vrJ.c then 

v • r/ghc . c - -
n + 1 

Since the critical velocity in water is the velocity of propagation of 

long gravity waves, 
- ~~ -c = Ve • n + 1 ... .., - - -(2) 

The equation for the velocity or propagation of long gravity waves 

can be easily derived by the use of vector notation.. The continuity 

equation for the channel flow is 

div (vhn + 1 ) e 0 - ·- - - -(J) 

where ; , (u, v, w) is the velocity vector , The above equation can be 

expanded and simplified to 

.. (n + 1) v grad h + h div v = 0 - - e - ~(4) 

The equation of' continuity for the flow of compressible gases is 

div (vf) = o - ... - - ... (5) 

where Pis the density of the gas. 

Comparing equations (3) an:l (;} it is apparent that the density of 

the gas and the (n + 1) power of the water depth will be corresponding 

quantities in the analogy .. . Equation (5) can be further expanded 

v grad f + J div ; = 0 .. - .;. - -(6) 

The second equation to be considered is the Euler equation for the 
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potential, s~y flow of nonvisaous fluids, 

l grad ~ go ·grad p + f g 
2 . 

... - - - -(7) 

·where p is the pressure £.Del g is the body force or volume force per unit, 

mass .. , F~r t}?.e channel f'low p = (h - z)gf and g = grad (f gz), where 

g is the gravitational acceleration and z the vertical coordinate of any 

point in the flow., (Figure l)o With the above formula for the pressure, 

the assumption is made that the vertical acceleration of the water is 

zero which can be show by computing the third (z) component or the 

vectors on the two sides of equation ,(?) .. Considering the incompressi~ · 

bility of the water in the channel arxi using the above expressions for 

p and g, the Euler equation is 
""2 grad v 0 og grad h 
2 

Combining equations (4) and · (8) 

v grad v2 • fil!._ div v 
2 n+l 

.. - - - ..,(8) 

- - - - ... (9) 

,Turning now to the gas flow, the Euler equation of course still bas the 

form of (?)o Neglecting the body forces in this case and introducing the 

velocity of' sound by 

c2 grad j' = grad p 

and combining (6) and (7), one gets 
~ ~2 2 c 
V grad L a c div v 

2 

.. - - - -(10) 

... - - - -(11) 

Equation (11) is the well known be.sic equation of gas dynamics., . Com-
2 . ' 

paring equation (9) and (ll)p c will correspond to.@__ which is the 
n+l 

square or the velocity of propagation of long gravity waves in a channel 

· , . 
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defined b.r equation (1).. ('l'he 1/gh formula was .founi by Kelland.4 
fn+l 

who in fact showed that the wave velocity is f!li .. ) There.forei> in 
Yo 

the analogy the veloci·ty of sound in the gas and the wave velocity in 

.the channel a.re corresponding quantities .. 

Equations (9) and (11) can be translated into the well know 

scalar equations for the nonviscous flow of a fluido Also, the scalar 

form of equation (9) can be derived by considering the flow or a fluid 

from an infinitely wide basin and the continuity equation for the flowo 

Since the velocity of fluid flowing out of an infinitely wide 

basin is: 

... - - - -(1 a) 

then 

h = h - v2 
0 -2g 

but for two dimensional flow 

V'2 = u2 + v2 
Therefore, 

• "" ...... -(2 a) 

.. - ... - 0 (3 a) 
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Writing the eontinuit,y equation: 

div vhn+l = h div v + (n+l) v grad h = 0 - - e - =(4 a) 

or in scalar form 

-°'~ +~).;. (n.,..I) r" 4 .,.. v-~ J = o T){~x ~J L. d~ a 
...... .,. .., -(5 a) 

Substituting equations (2 a) and (3 a) in (5 a), we get 

o{ ~ 1- ir)-(;ri..,.1)r ~ ~ t- ~ t?.:!')-(n+1)[~~ +X"!.r]= O hL ~x ~d L (/ c;}X . 9- ~)( 3' ~o b i:i)J 
· • * - - 0(6 a) 

dividing by h and simplifying, we get 

~Ii-~] f ~[1- 'V"&.]- ~ r ~ f ~1=0 ... -........ (7 a) 
d)\ L' ~ ~J ii a! L~:J dX . >-,,.., 'n+'I n"°I 

This is the differential equation for the velocity of an ideal free 

surface fluid flowing in a channel of arbitrary, but constant cross 

sectiono The corresponding equation for the flow of a two dimensiona1~ 

nonviscous, compressible gas is: 

...... - - -(8 a) 

. 2 
By comparing equation (7 a) and (8 a), we see they are identical if c 

is analogous to ~· This relation was show in equation (2)o 
n+l 

In compressible flow ph~nomena in addition to the continuity and 

Euler equations, the equation of state and the adiabatic law are used, . 

which are expressed by 

p -- DT P n ... i=(f/ - - ... - -(12) 



.,, 33 = 

vhere t he o subscript ref ers to reference datumo The above two ~quations 

combined give 

- - ...... -(J3) 

From the continuity equation a relationship vas found between the 

height of water and the density of gas, 

......... - .. (14). 

Using the above presented equations, we see that 

:
0 

= ( ~J n+2 

.. .., .,, - .. (15) 

Using equations (13), (14) and (15), it follows that 

i ~(t) n+l ·(t)l-:i 
therefore, the analogy requires that 

:v n+2 
{) ·-n+l ~. = - - -(16) 

Equation (16) can be regarded .as the final result of the derivation and 

it represents a relationship between the adiabatic gas constant and the 

shape factor of ·the channel.. Equation (16) if solved for n is the 

formula with t..rhich channels can be designed for any required value or 

the adiabatic gas constanto 

The relationship between the adiabatic gas constant ( O ) and the 
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shape factor (n) as expressed by equation (16) is shown in Figure 2, From 

this figure, it is seen that ( can vary between 1 and 2. The shape of 

the cross seqtion necessary to obtain a value ot 6 = 1.4 is shown. 

Figure 3 shows the theoretical variation wit~ Ma.ch Number or the 

rat~o of free stream pressure to stagnation pressure for different values 

or '(/ • This pr~ssure ratio was calculated by using4 

~ 
~ • (1 + (:! M2)d'"•l 
Ps 2 

The theoretical variation vi.th Mach Number of the water depth ratio for 

lf • 1.5 and ~ = 2o0 is shown. The water depth ratio was calculated by 

l?. =- ·(ll)3 
Po ho 

Figure 4 shovs the difference between ~ • 1.4 and If.::: 1.,5, and 

er= 1.4 and °lf. 2.0 for · the ratio of the 'pressure after a shock wave 

to the pressure bei'ore the shock vs.Vee The pres.sure ratio across the 

sho~ vave was calculated using4 

l?. c il M -t:l 
p0 ~..-1 o f+l 

The density relations ·across a normal shock wave are shown 1n 

Figure 5 for ·~ifferent values of r. ·The density ratio was calculated 

by using4. 
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' 
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VARIATION OF PRESSURE RATio ACROSS A NORMAL SHOCK WAVE 
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B "" Analogy- Between Gas Dynamics and Flow of Liquid in an Open 

Rectangular Channel 

This is a special ease of the previously developed analogy., To show 

the relation be"tt..Jeen gas dynamics am liquid flow in an open rectangular 

channel, we mq write: 

Equation ~ continui:t.y: 
-

d1v(!v J = o or 

~>.,.. c}(fv-) 7 a(fw) _ 0 ~x ~!:J . ~6 ~ 
for gas flOll 

d IV (~ V) .:: 0 or 

~(~U.) f ~(~ V) + ~~. W) -o 
d)( d'j ~ -

· ~ 
for water flow 

From these two equations, it follows that: 

... ., - ... =(17) 

or f'rom equation {14) vhen n = o. From equation (15), we see that the 

water depth ratio is equal to the gas temperature regardless ot the . 

shape of the channel. 

.. - - - -(18) 

ho f ~ 

l Jo 
! Pl Ii { t 

Figllre 6 
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From the conservation of energy and Figure 6, we may write for the water 

r1ow, the Bernoulli equation: 

¥~+-P +J~ = c 
where 

From eqtm.tions (19) and (20) it follows that: 

P. v2 ____ ,_....._ 
~o - i!.c; 

- - - ... =(19) 

...... - - -(20) 

- .. (21) 

where c0 is the critical velocity of the propagation or gra.vi ty ,wavee, 

For the floW of a compressible gas, we write Bernoulli 0 s 

compressible gas equation: 

• constant 

and = constant 

From these two equations, we get 
...L 

1.. - (1- l!.::.1 r )~-' 
..Po - 2 Cl- - .. - - -(22) 

where c0 is the velocity or sound in a gas at the stagnation point, 

C ;;! ~ 
0 = l.f;" 

From equation (17), we see that equations (21) and (22) are identical if: 

- - - - -(2.3) 



In 1920, Jouguet(S), defined a "hydraulic gas" as a gas having o "' 2o 

Since (f = 2, we see that the wter depth ratio corresponding to the 

gas temperature ratio is: 

L :: .!.. 
7; JJo 

... - ... - ... (24) 

The same equation could have been obtained from equations (14) and (15) 

when n = Oo 

From the equation of state for a perfect gas 

.1:. :: g I. =I~ )2. 
16 Jo 70 (~ 

- =(2!.5) 

The same equation could have .been obtained from equation (15) with 

n = Oo 

From these fundamental relations, it is possible to calculate the 

temperature, pressure, and density ratios by determining experimentally' 

the water depth,ratio only'o 

The following table is a summary of the relations between the two 

flowso 

Two-dimensional gas flow 
( 0 = 2) 

Temperature ratio , !... 
To 

Densit7 ratio !.. so 
Pressure ratio £_ 

Po 

Velocity of somri (0 = ~ 

v Mach number 0 

Table I 

Corresponding quantities for flow of 
vater in the recta.ngula;: channel 

h Water depth ratio -ho 

Water depth ratio ~ 

(~)2 Square of water depth ratio uo 

Wave velocity' C., : Vtlo 
v Mach number 0 
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C = Analogy Between Gas Dynamics and Flow of Liquid in an Open 

Triangular Channel 

This is a special case of the analogy developed in Part A. It can 

be shOl.!D that a liquid flow in a triangular channel more nearly 

approximates the tvo dimensional flow of a gas than does liquid flow in 

a rectangular channelo The ratio of specific heats ( ~ ) is equal to 

1.5 for the triangular channel, 2.0 for the rectangular channel, while 

the corresponding value for air is 1.,4.. The exact value of 't could be 

obtained b;y slightly changing· the triangular section., The shape of the 

cmmnel necessary to attain this value of t has been derived previously 

in this chapter .. 

The equations which govern the analogy between gas dynamics and 

flow of liquids in an open triangular channel will be derived .. 

· From the continuity equation: 

.f u a constant for gas flow 

A u = constant for water flow 

From these two equations, it follows that:· 

- •(26) 

where A = h2 tan a, therefore: 

... - -: - -(27) 

This equation could have been obtained from equation (13) with n = lo 

From the equation of state for a perfect gas: 



I 

and the adiabatic change of state, it .follows that: 

J:.. =( r J*'' ~ . To OP 0 - - -(28) 

By equating equations (26) and (27), we see that: 

( t t = ( f) ;:, ---- -<29> 

Using equation (29) and solving for "If' , we get 

- - ..... -(30) 

or by the conservation of energy and Figure 6, we see that: 

If the basin is infinitely wide at p0 , v0 s O; and if the water is 

incompressible ~ = .fo 
then 

·since the vertical acceleration of the water vas assumed to be small, we 

may write: 

and 

therefore 



where ho i s t he maximum depth of the water in the .channel and his the 

depth of the water at any point in the channel .. 

Solving for the ·vater depth ratio 

Ji. - I - v2. to - ~o 

From equation (2) C0~ ::: l ~0 
a 

v..o:. 
I - jC,f 

, we get 

From Bernoulli us compressible gas equation 
I 

!.. : ( I - !::..!.. JC ) i=1 
.fc 2. C" 0 , 

......... - =(31) 

= - • a -{32) 

where q, is the velocity or soUiid i :n a gas, C0~ = r Po 
.fo 

From equations (27) and (31) 

!_ - ( I - v~~ ) 2 
= ... = ...... (33) 

Jo - 9-cy. 
By- equating equations (32) and (3.3) and solving for , we see that 

3 
must be 2o 

. 3 0 =- - ... .. - ... .. (.34) 
2.. 

Therefore, the governing equations of the analogy are: 

.P -r~ · Ja 
..Po - to 

- - .. - -(.35) 

- - - - .. (36) 
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.............. (37) 

These last three equations could have been obtained from equations 

(14) and (1 :5 ) with n = lo With these two equations it is possible to 

calculate the density ratio, pressure ratio and temperature ~atio after 

the water depth ratio for a point in the flow has been determined 

experimenta.llyo 

The following table is a SUJDIDe.rY of the relationships for the 

analogy between gas dynamics and liquid flow in a triangular channelo 

Twocdimensional gas flow 
?r Bl 1 .. 5 

T Temperature ratio -To 

Density ratio f 
Yo 

Pressure ratio lL 
Po 

Veloei ty of sound c ~ • t;"li:" 
0 VUJ; 

Table II 

Corresponding value in the 
triangular channel 

h Water depth ratio ho 

Square of water depth ratio 

Cube or water depth ratio 

Wave velocity C = y<t:R 
" a 

Since the adiabatic constant ( 't ) for air bas the value or 1 .. 4, 

from Figure 2, the n = 1 .. 5 value seems to be the most appropriate. This 

would indicate a parabolically shaped channel for which the governing 

equations of the analogy are: 

R = T - - - - -(38) 
lo To 



........ - -(39) 

- - - - ... (40) 

For fabrication reasons, the n = 1 value which corresponds to a 

triangular channel will be selected. Attention should be called to the 

fact that the channel angle does not have a:ny effect on the analogy, i .. e., 

using a triangular channel, c.rq angle can be chosen .. 
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D ... Shape of Model 

If a rectangular channel is used with parallel walls and horizontal 

bottom, the shape of the model and tl"i.at of the prototype a.re equivalent., 

Ir, however, a triangular or parabolic cross section is employed, then 

the use of a transformed model is necessr;i.ry. In the following investiga-

tion, a detailed analysis will be given regarding the model shape i~ 

a triangular channel • . The shape of. the models in channels of arbitrary 

cross section will also be outlined. 

The obstruction represented by a cylinder in a rectangular channel 

is independent of the depth of the water and can be represented by the 

r = d/: ratio., (See figure 7) o 

- 1 ..e-,. d __.,, 

h 

1 
~ I 

Figure 7 
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If the same cylinder would be put in a triangular channel, the 

obstruction ratio (r) would not be constant and an analogy could noi be 

expected between two dimensional gas flow and the flow of water in the 

triangular channel. (Figure 8). 

h 

_J __ 
Figure 8 
\ 

The obstruction ratio for Figure 8 is obtained if the projected. 

cylinder area: 

(h .., hO) d 

is compared to the cross sectional area or the channel: 

h2 tan a 

Therefore, from Figure 4, 

2.(K ta.# oc.-d)d 
2 ~2 ta_N:l. 0( 

which varies with the variation of h. 

- - - - ·(41) 

.· 

As a simple geometric observation, or formula (41) shows, if the 

cylilXler diameter normal to the flow (d) is proportional with the 

height of the liquid (h), then the obstruction ratio is constant; i.e., 
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independent of ho This indicates the use of a cone in the triangular 

channel, instead of the same cylinder that was used in the rectangular 

channel. As it will be show, this reasoning is almost correct and 

requires only slight modification in order to obtain the final and 

proper model shape. 

Considering side views of the rectangular 8.1'.ld triangular channels, 

it is obvious that no difference can~ observed betveen them., If, 

however, a cone is placed in the triangular channel and a cylinder in 

the rectangular cban.~e11 then be.sicall,y different flow pictures will be 

obtained and the analogy vill not hold. (Figure 9)o 

Rectangular Channel Triangular Channel 

z z 

Cy liner Cone 

Figure 9 
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Ther~fore, one concludes that the model in the triangular channel 

must show up as a triangle in the front viev and as a rectangle in the 

side viewo The constructioJ;L of this "cylindrical cone" is rather simple 

~ ·can be described by' means of a (X, Y, Z) rectangular coordinate 

syste~o (Figure lO)o 

z 

----- c 

y 

x 

Figure 10 
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In the Z -= M plane (parallel with the (X, Y) coordinate plane), a 

circle or radius R is located. The center of the circle is at point A, 

the coordinates or which therefore are X ::: R, Y = o, Z = M,, The circle 

now can be drawn. The projection or B on the X axis is B0 am the 

coordinates of B a.re X = 2R, Y = o, -Z :i M. The projection of C on the 

X axis (C 0 ) coincides with the origin of the coordinate system and the 

coordinates of C a.re X = O, Y = O, Z = M. 

Now consider point P on the circle. The projection <:£ P on the 

(x, y) plane is P0 and on the (X, Z) plane po ·o o The projection of P'' 

or or po on the X axis is Q. Connect points P and Q., If the above 
• 

described construction is repeated and the points of the circle a.re 

connected with the points of the B•C 0 line, a surface is obtained which 

satisfies the requirements imposed by the constant obstruction ratio 

and also will be analogous to the cylinder in the rectangular channelo 

The equation of the surface just described is 

C> ....... - -(42) 

The Z • M section is given circle with radius R: 

~ other section, parallel with the I, Y plane is an ellipse with the 

equation: 

... - - - -(43) 

Where Z0 = Z represents the plane parallel with the (X, Y) plane and 
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t = tan,,B = R · represents the tangent or the half cone angle (;9 ). 
M 

The plane sections parallel 'With the Y, Z) plane are triangles with 

the equations: 

z +y M I 

- ( 2Xrfi-x~ )1:. - - - - -(44) 

where X0 = X represents the plane parallel with the (Y, Z) plane and the 

;t sign corresponds to the two sides of the surface{' 

The obstruction ratio is 

tangent of half body angle 
s tangent or half channel angle 

and therefore is constant. 

A similar analysis can be applied to other bodies. As an example, 

the important case of a wedge section is mentioned. It is transformed 

to a hyperbolic paraboloid with the equation: 

Xc}'JI + ZX .,,, ZX0 = 0 .., - - - =(45) 

where M represents, as before, the Z = M section which is equivalent 

to the original. model and 10 is seen from Figure 11, where the 

construction of a surface is shown representing a half wedge. 

The fact should be emphasized that in spite of the curved nature of 

the surfaces obtained by the above analysis, the model can always be 

made out of triangles since the X = constant plane sections are for aI11' 

shape triangles. Therefore, the practical application of the analogy 

is not ·lessened by the somewhat intricate shape of the model. 
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z 

M 

x 
·Figure 11 

The wedge angle (B) 0£ tha model at the surface of the ve.ter was 

found from the geometry of the model to be: 

B • arc tan : 

Where h is the t.ra.ter depth measured ll'l inchee 0 
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VII 

EXPERIMENTAL APPARATUS AND TECHNIQUE 

A ~ Experimental. Apparatus 

The tests were conducted in a c:µ-culating water channel which was 

designed and constructed at Virginia Polytechnic Instituteo The 

experimenttl unit was constructed of sheet steel and plexiglas. The 

unit consists of a settling basin, six foot test channel, return basin~ 

pmnp, and hydraulic jack. (See Figures 12 and 13). 

The settling basin eonsists of two rectangular tanks, each 30 

inches long, 40 inches wide and 30 inches deep. The front side of the 

forward tank was .detachable to facilitate testing channels of different 

cross sectionso This side could be ch~ed by simply removing the 

holding bolts. The joint between this face and the settling tank was 

calked with metal sash putty to prevent leakingo In the forward tank 

a baffle plate was usoo to insure smooth flow o . The baffle pl.ate was 

constructed of 1/4 inch ply\tood. in which one inch holes were drilledo 

A movable gate is located between the forward and rear section. By 

varying the height of this gate, the head in the rear tank can be 

raised or lOlieredo . The water is pumped into the rear tank and the rate 

of flow is regulated by a globe valve located directly below the rear 

tank. A constant head is maintained in this tank by means of an overflow 

pipeo 

The channels tested were six feet long and constructed of clear 

plexiglas. Two channels, one 90 degrees between sides and one 135 

degrees between si~es have been constructed arrl used for tests. The 
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channels i.rere fabricated by placing the plexiglas sheets in a jig and 

glui.ng the two sheets together with Duco Cemento The channels were 

supported at three places on a cantilever beamo One end of the channel 

was fastened to the front side of the settling basin, a support was 

placed in the center, and a support was used at the endo A smooth, 

curving entrance vane was attached to the settling basin wher~ the 

· channel was mounted .. 

The return basin was a large tank used to collect the water as it 

riowed out of the channel. Also, it served as a reservoir for the pumpo 

A centrifugal P':!P• driven by a 1/6 horsepower electric motor, was 

connectE'd to the return basin and pumped the water b.ck into the settling 

basin. A valve was located in the line between the.pump and settling 

tank to facilitate removing the water from the unito 

Since the analogous Mach Number of the flow can be changed by 

either var:.ving the head in the settling tank or by tilting the 'channel, 

a hydraulic jack was placed under the settling tank. By use of the 

jack, the unit could be pivoted about the forward supports. (See 

Figure 13). 

A depth gage shown in Figure14 was used to measure the water depthso 

The gage consisted of a micrometer attached to a fine wire probeo This 

gage was mounted to a reference board located above the channel. 

Both photographs and motion pictures were taken of the flow charac-

teristics of the model. A Speed Graphic Camera and a Keystone 8 mm. 

Motion Picture Camera -were used. 

The model, which corresponds to a two dimensional wedge, was 



constructed of laminated balsa wood~ Since every vertical section 

passed through the .model is .triangular in shape, the model could be 

fabricated very !'eadilyo The model 'WB.S sanded until smooth then 

several coats of wood filler Yere applied... Since · a smooth, colored 

surface was needed, yellow airplane dope was applied to the model for 

a finishing coato 
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Figure 12 
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Figure 14 
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B ... Experimental Teehnique 

The desired analogous Ma.oh number was attained b.r adjusting the 

height of 'the water in the settling basin and. tilting the channel., The 

.analogous Mach number ·for the 90 degree channel was found by 

M c !. .:: Q · . s 1 .. 99 W 
c A ( ~)l/2 T h3/2 

,.. - .. - ·(46) 

For the 1.35 degree channel, the analogous Ma.ch numb0r ~ be found by 

M ~ !. = Q s o823 W • • - e ~(47) 
c A( 'r-/2 T 1?/2 

where W is the weight of water, T is the time in seconds and h is the 

height of w:ter. in the ehannelo 

The model was then mounted in test section of the channel arxi water 

d.f'lpth measurements were made. (See Figure 15)., 

The water depths were measured with a depth gage that could be 

moved both perpendicular and parallel with the flow.. The bottom or the 

channel was selected as the reference datum f crr all water depth 

measurements. Readings were taken both at points near the model am 
upstream from the mod~lo 

Pressure orifices located near the bottom of the model were investi• 

gated for deterndn1ng the water depths., Since the water depth in the 

channel was less than one inch and the model was tapered, this method 

was not suceeaa:f'ul. (See Figure 15). 

Surface vaves were generated because the water did not vet the sides 

of the plerlglas channel. In order to eHminate these waves, the surface 

tension of the water was lowered b,y adding a detergent (D. F. manufactured 

b,y Experiment, In~.}. Since this detergent caused excessive foaming, it 



, 

was nece~sary to add an antifoa.m compoundo 'rhis combination proved to 

be very satisfactory. 

Photographs were taken of the flow characteristics of the modelo 

From the photographs, it was possible to measure the shock angleo In 

addition to the photographs, an eight mm .. motion picture in color ws 

taken shoving subsonic, transonic, supersonic and unsteady flow around 

the wedge shaped airfoilo 

It should be pointed out, that t.rhen using a cbc:1lln.el with a cross 

section different from a rectangle, extreme accuracy- is ~equired when 

measuring the water depth. Since this quantity must be raised to a 

power, a small error in measuring the w.ter depth is greatly magnified., 
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Figure 15 



A = Theoretical Results 
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VIII 

RESULTS 

The theoretical results obtained for the analogy between gas 

dynamics and liquid flow in an open triangular channel are believed to 

be a closer approximation to the actual flow of air than any of the 

other present day a.nalogieso By using the governing equations developed 

in this thesis for the analogy, it is possible to obtain the accepted 

value of 104 for ?f • Even the value of 1. 5 for 'lJ' , obtained by using 

a triangular channel is a great improvement over the rectangular 

channel where{J" has a value of 2. 

A summary of the theoretical investigation is shown in Table 3. 

This summary lists the relationships between two dimensional gas flow 

and the flow of. liquid in a rectangular channel, triangular channel and 

a channel of arbitrary cross sectiono Also, the velocity of sound in a 

gas and the analogous wave velocity is tabulated. It is interesting to 

note that the gas temperature ratio is exactly equal to the water depth 

ratio regardless of the shape of the channel. Another unexpected result 

was the fact that when using a triangular c.hannel, any angle can be used. 

The channels used in this investigation were symmetrical with respect 

to the Z axiso 



Table III 

: Corresponding VelUP.S for Liquid Flow in The l'wc -Dimensionel 
Ges Flow ; Fte~:trm~ll:'T Gbf!nnel : Triengpl~:r gbe~:m~l _____ : ___ _ Gene:tel_ Qbennel ·-----ratio of c 

specific heats _f ~ 
Cy 

0 . 
y•l .. 4 : . . y Ii! 2 

• . . . 
• . y @j 1 .. 5 

. . . . . • 

'Y ,.. n-t,2 
n+l 

T : h : h : h 
Tempenture rt=>tio =-T : weter depth raUo -h : \.:ster depth - : water depth retio -h 

0 • 0: h • 0 

: h : squere of h 2 : (n+l) power of h n+l 
Density ratio £._ : WDter· iepth ratio h : water depth retio (h) : wrter depth retio (h J 

Po • o • o • o . . . 
~----- : square of lL 2 : cube of _ h : (n+2) power of h n+2 
Pressure ratio £.. : wetP.r .1apth rf'tio (h ) : water depth ratio (-)3 : weter de2th ratio (-) 

Po • o • h0 • 110 -----------· . IE : : .~ : 
Velocity of sound CoE'! ' 0 : wave velocity cos Vgho : wave velocity coa vt-'lo : weve velocity % g 

Po • • • -
''/ 

Mech Number c 
: . • . . 
: Mech Number Y. : Mach Number ! : 
• c . • c • , . . . . 

Mach Number .Y 
c . . . 

Subsonic Fl_gw : strea.m!ng water ; streaming water : streaming wpter . . . . . . 
Supersonic f'J..ow : shooting wPter : shooting w11ter : shooting weter . • . • • . 
Shock weve : hydraulic jump : hydreulic jump : hydraulic jump 

l~ 
,~ 

• 
~ 
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B = Experimental Results 

Results in close agreement with theory have been obtained in the 

triangular channel for the pressure, density, temperature, and shock 

angle for a two dimen iional, supersonic, wedge=sha.ped airfoilo 

The experimental pressure ratios were obtained by measuring the 

water depths in the cham1el a.lid converting these ratios by use or the 

analogy. As sho'Wll in Figures 16, 17 and lS, these results were very 

close to the theoretically predicted values. 

Although the photographs of the flow aroun:i the model are not 

necessary, it is an interesting check on the analogy and experimental 

technique. Photographs were ma.de and the shock-angle 1JB.S meas\ired 

directly from the negative~ This value for the shock angle compared very 

closely with the shock angl~ determined from the water depth measurements., 

Several photographs showing the model and shock wave are includedo 

Figure 16 shows the flow around the model when the analogous Mach Number 

was 2.450 The wedge angle was 6.67 degrees and the experimental shock 

angle was 29 degrees. The theoretical shock angle was 29o3 degrees11• 

The photograph vas taken from the top of the model .. The pressure -ratio 

was calculated using the analogy and it agrees very closely with the 

theoretical value .. 

Figure 17 is a photograph of the same model at a Mach Number of 1 .. 550 

It is readily seen that the shock angle is larger than the shock angle 

in Figure 16 .. 

Figure 18 is an oblique photograph of the wedge=shaped model at the 

same Mach Number as Figure 17. The experimental and theoretical values 

for the shock angle were very closeo 
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Shock Wave 

Figure 16 

Direction of 
Flow 

Mach Number, - - - - ... - - - .... - M • 2.45 

Wedge Angle, - - - - - - - - - ~ - 5 = 6.67° 
Water Depth, - .. - - - - - - - - • h -= O o 702 inches ,.. 
Experimental Shock Angle•• - - - ·: 0 a 29° 

Theoretical Shock Angle- .. - - - - ! t = 29.,3° 

Experimental Pressure Ratio- - • - P0 = 19512 
Theoretical Pressure Ratio - - - - Pt • 1 .. 518 



Direction of 
FlOll 

Figure 17 

Mach Number, - - - c ~ - - ~ - • ~ • - • ~ • 

Wedge Angle, - - - - - ~ - 0 
- - - - - - • -

Water Depth, ... o - - .. - - - .. ... .. - .. - - -

Experimental Shock Angle'- - - • - • • • - -
Theoretical Shock Angle, - - - - - - - • - • 

M 
{) 

h 
~ 'e 
Et 

Iii 1~55 

• 70 
• 0.7.32 inches 
• 48° 
• 49° 



Shock Wave Direction of 
Flow 

Figure 18 

Mach Number9 ~ c - = - ~ * - - - - - G • = M • 1055 

Wedge Angle, - - - - - - - - - - - - - • • 5 • 7° 
Water Depth, - "" = "' .. - .... - - ... .., "" ~ .. ... h s 

Experimental Shock Angle,- - • 0 e • - ~e • 

Theoretical Shock Angle, ... "" "' .,. co - "' ... .. f t • 

·Oo732 inches 
4go 

49° 

f 
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The following is a tabulation of, experimental tests in the triangular 

channel on a model that corresponds to a vedge shaped airfoile 

a h Ee ct 
M degrees inch.Gs degrees degrees Pe Pt 

~o45 6,,67 .. 702 29 .. 0 29.3 lo51 . L51 

1.,55 7 .. 00 $732 4So0 49o0 a::.c.--=- GGP~SP 

2.,28 7 .. 30 I .,,77 I c:io•-· I ---c., I 1.,,48 I 1.50 I 
2 .. 13 7.,30 .. -77 Cl!o--o =-.-- f 1 .. 34 1.33 

! 

Table IV 
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IX 

DISCUSSION OF EXPERIMENTAL RESULTS 

The photographs in Figures 16, 17, 18 and the results in Table r.v 

show the correspondence of the experimental values with the theoretical 

values. It is seen that fo,r the same wedge angleJI the shock angle 

decrease..; as the Ma.ch number of the flow increases. This result is in 

agreement with the theory o:f shock waveso 

Both the experimental shock angle and the pressure ratio agree very 

close]Jr with the theoretical}lr predicted valueso 



x 
CONCLUSIONS 

This theoretical and experimental investigation has proven that 

accurate results can be obtained by using the hydraulic analogyo The 
I 

analogy can be used in either the subsonic 9 transonic or supersonic 

range., The theor,y was intended to be general and showed that an exact 

e.nal~gy exists betureen free surfa~e ~ater flOlJ and two dimensional 

gas flow., By theoretical investigation~ a new channel was proposed and 

experiments were conductedo R~kable correlation betwe.en theory and 

experiment was found am it is believed that the method presented in 

this thesis represents a closer approximation to the actual .f'low of air 

than BIIY' of the other present day ana.logieso 

It bas been show that by' using the analogy, the pressure, density~ 

and temperature can be easily obtainede In addition, the shock wave 

phenomenon can be observed. This a.nal.ogy uould be an excellent tool in 

demonstrat~ the different types of flow around bodies" 

Analogy research in the field of supersonic aerodynamics is not only 

justified, but also necessary since the present day experimental technique 

in wind tunnels present economical and scientific difficultieso A large 

amount of knowledge can. be obtained from analogy research in this field_, 

The analogy described in the paper gives accurate results; the proposed 

apparatus is inexpensive, aild experiments can be performed in a very 

short time., · 
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XI 

RECOMMENDATIONS 

To facilitate the ·further use or this ans.logy, the foll01Jing 

suggestions and recommendations are madeo 

The experimental imit should be constructed so that it will be 

possible to tilt the channel without tilting the settling basin. 

If tests are going to be made in the transonic region, the model 

will have to be towed (instead of circulating the water) since the 

water channel will "block" in a manner similar to a wind tunnel at 

speeds near the velocity of sound_o 

Since the results obtained f'rom this analogy depend on the \18.ter 
\ 

depth measurement, a '.iJlore precise method is neededo There are several 

possible solutions to this problemo 

The depth at points in the test section can be measured by use of 

a fine uire probe, which can be moved both vertically and horizonta.llye 

A small light mounted in series with the probe would insure positive 

sign of contact beween the probe and the water levelo This type of 

. measurement is veey valuable at points a short distance awq .from the 

modelo When the probe touches the surface of the water, it causes a 

capillary rise of water thereby making this type of measurement 
(12) undesirable at points very close to the model 0 · (~ee Figure 14) 

A method or measuring the water depth at the surface of the model 

can be devised by means or small pressure orifices near the bottom or 

the model. These pressure orifices should be connected to a sensitive 

manometer ( lO). 
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Another method or measuring the vater depth employee the use of dye 

and a special ligh"I; to photogr:a.ph the flmr a.round a modelo The depth or 
the water is then de.termined from the photograph ( 7 )" 

Probably the best instrument tor measuring the water depth would 

be a dep~h gage that would seek the i.rater level automaticallyo A light 

could be connected to this instrument to signify when the gage had 

reached the wa-tfer levelo 
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