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I. INTRODUCTION

As the title of this thesis suggests, & finite strain
theory is going to be proposed; the validity of the pro-
posed theory will be checked by several examples for an
elastomeric nmateriazl. Finite strain is defined by Preder-
ick and Chang(l).to be: "...the strain that occura in the
mediws when no restrictions are placed on the magnitude of
displacements or derivatives of the displacement with res-
pect to position. The latter are called displacement
gradients.”

A series of fundamental papers pertinent to the res-
ponse of "rubber-like" material was published by Riv-
lin(z)’ 2 (h)' In his first paper, Hivlin(z) developed
the general theory of large elaastic¢ deformations in the
classical manner (after Love(S)) without utilizing any
specific stress-~strain relationahip; He then considers

& neo-Hookean®*®material and demonstrates ita agreement with

# The numbers in parentheses refer to the list of cited
literature contained in the Biblioereaphy.

88 3 neo-Hookean materisl is a materiesl where the elastic
potential function can be developed as a function of the
gtrein invariants.
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statistical studies. Two technigues are used in the devel-
opuent of the equations of motion and the formulation of
the boundary conditicns i.e.: the stress-strain relations
and the stored elastic energy for a given state of strain.
(In other words, to specify the elastic properties of a
material, one may either state an explicit potential func-~
tion or state a stress-strain relationship.) Hivlin(z)
thenr demonstrates that the results of these two technlgues
are equivalent. In his second paper, Rivlin(3} assuned
that pure, homogeneous deformation ylelds the only possible
equilidbrium state for the body. The equilibrium states of
2 cubold of incompressible, neo-Hookean material are
studied under the action of uniform normal loads applied

to the faces of the cuboid. The results of this paper
indicated that 1f the stresses or loads are specified; s
stadle, unique equilidrium state exists for the dody in
question. Under other specified load conditions eight
equilibrium states are possidle. PFive of these eight are
unstable, with three being stable but not necessarily uni-
que. Thie, in general, indicated that the equilidriun
state of & body depends upon the order in which specified
loads are applied., In the third paper, Rivlin(b) trans-
formed the equations of motion and the boundary conditions

from the Cartesian coordinates used in the first two papers
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(Rivlin(z)’ (3)) into cylindrical coordinates. Assuming an
incompressible, neo-Hookean material, Rivlin(.) studied the
special cases of a simple torsion and a simple torsion
gcoupled with a simple extension applied to a right circular
cylinder and a right circular cylindrical tube,

In view of Rivlin's‘z) first paper, the proposed theory
will be formulated by assuming a specific stress-strain
relationship. It is believed that it is easier to formu-
late the problem by specifying a stress-strain relationship
than by developing an elastic potential function.

Several authors solve finite strain problems using the
method of the elastic potential funection. Grc;n and

(1) (8)

Zana(s), Murnaghan » and Carmichael and

Holdaway(g)’ (10) all attack the finite strain problem in

, Mooney

the manner discussed by Rivlin(z’ or in a very similar man-
ner. Murnaghan(7) develops the large deformation theory
by means of matrices and defines the elastic potential
funetion in a manner similar to Rivlin(z). The work of
nooney(a) and Carmichael and Holdnwny(g)’ (10) is very
similar to the work of Rivlin(z), the primary difference
being in the form of the elastic potential function.

The examples that will be used to evaluate the valid-
ity of the proposed theory will bDe:

1. uniexial compression
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1i. uniaxial tension
113. shear
iv. a specific problem involving a combined system
of compression, tension and shear.

The specific problem of case iv. adove will be the res-
ponse of a c¢lamped, hubbed, ocircular, elastomeric plate
which is subjected to a finite, axi-symmetric rotation of
the hub.

In the process of formulating and solving the specific
problem of the response of the clamped, hubbed, circular
plate to finite, axi-symmetric rotation of the hub; the
equations deseribing the nonlinear response to finite strain
uniaxial compression, uniaxial tension, and shear will also
be developed.

The solution of a finite, eircular plate subject to
infinitesimal, axi-synmetric torsional deformation is

well known. Timoshenko and coodier(ll)

present the solu-
tion as an 1illustrative example. The method of solution
used by Timoshenko and Goodicr(ll) is quite elenentary,
utilizing only the Equilibrium Equations. Consequently,
their solution is in terms of stresses only. Prezcott(lz)
mentions the problem in passing, as an illustration of a
solution yielded by a particular, assumed stress function

(E¢ = - $H log (rei')). Preoeott(lz) obtains the same
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sclution as Timoshenko and Goodior(lo). The problem pro-

posed dy Timoshenko and Goodiar(lg)

congerns a souple
applied to a disc which 1s dalanced by & couple applied to
the center of the dise. Proaeott‘ll) defines his solution
as yielding the "stresses that would be produced by tighten-
ing up a nut on a bolt passing through the plate if the
plate resisted the applied couple.”

A similar problem, the problem of the rotation of a hud
in a stretched infinite menmbrane, is attacked dby 3tein and

Hcdgopeth(13)

« The assumptions involved in their analysis
are: “"The membrane considered is elastic, isotropic, has
no bending stiffness, and cannot carry compressive stress."”
In addition to this, they assume small average strains, uni-
form pre-stress and radial symmetry. Their method of attack
is straightforward, utilising the conventional elasticity
approach. They obtain the solutions for the radial and
transverse streasé:. and then using Hooke's Law and the
strain-displacement equations, they develop the solutions
for the displacements.

The work of Stein and Eeégop&th(13) was extended by
xikulaa(lh) who sclved the problem of the behavior of a
finite, stretched memdrene subdjected to the assumptions

used by Stein and Hedgepeth(13). mixulas(® ontatnea

closed form solutions for several bdboundary conditions and
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presented his results as torque-rotation plots.

Gubkin(IS) investigated the problem of an annular,
c¢ircular plate with a central hudb which iz loaded by the
rotation of the hub as an illustrative problem in the
determination of optical anisotrophy in terms of viscous
flow. In the proceas of his discussion, Gubkin(IS) makes
the following statements which are of interest:

1. "For any isotropic material in the presence of
simple shear the maximums of the shearing
stresses appeared to be concentric circles."

11. "The trajectories of the principal stresses
form two families of logarithmic spirals."”
111. "In view of this, the principal stresses are
equal in value but opposite in sign."
However, these statements are made with respect to an infi-
nitesimal, linear, elasticity analysis of the problem.
A related problem, the behavior of a right circular
cylinder subjected to torsion is used as an illustrative

(%) (6) and Murnaghan(T).

example by Rivlin , Green and Zerna
Murnaghan(7) discusses the problem quite thoroughly for
the finite deformation case.

On the basis of the discussion given by Murnaghan(7)
on the solution of the torsion of a right circular c¢ylinder,

the possibility of solving the problem of the clamped,
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hubbed, elastomeric circular plate subjected to finite rota-
tions of the hub by means of the elastic potential funection
using the methods of superposition was considered. However,
in view of the results of Rivlin's(3) second paper (concern-
ing superposition); it was decided that a superposition
solution was not feasible.

As is obvious, a search of the literature did not yield
any direct reference to the problem of the analysis of the
behavior of a clamped, hubbed, elastomeric, circular plate
subjected to finite rotation of the hub. Consequently,
this problem will not be attempted. The analysis of the
problem, which follows, will be attempted utilizing the
proposed finite strain theory.



II. LIST OF SYMBOLS

Ay, A,
By, By, Bz, By
con cl: Ca, Cg, **ey C;

Dy, D2, Dy, ***, Dy

c = (b/a)?
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plate parameters assocliated with
the second approximation solution

plate parameters associated with
the second approximation solution

plate parameters associated with
the third approximation aolution

plate parameters associated with
the third approximation solution

components of the Eulerian, non-
linear strain tensor

the infinitesimal shearing modulus
of slasticity

components of the metric tensor
in the deformed body

& base vector along the - coordi-
nate axis of a set of ccordinate
axes erected in the deformed body

the torque applied to the central
hub of the circular plate

the inside radius of the c¢ircular
plate

the outside radius of the circular
plate

the ratio of the outside radius
to the inside radius of the cir-
cular plate squared

a unit vector along the - axis of
an orthogonal polar eoordinate
system erected in the deformed
body

componenta of the metric tensor
in the undeformed body
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Pe
P

P2

P3

Qe
q

q:
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x = (b/r)?
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a oovariant base vector along the
-~ goordinate axis of a set of
coordlinate axes located in the
undeformed body

the plate thickness

a material constant

the dimensionless “radial” dis-
placement

2 hud rotation parameter

the first approximation dimension-
less “radial" displacement

the second approximation dimension-
less “radial” displacement

the third approximation dimension-
less "radial” displacement

the dimensionless "tranaverse”
displacenment

2 hub rotation parameter

the first approximation dimension-
leas "transverse" displacement

the second approximation dimen-
sionless “transverse" displacement

the third approximation dimension-
less "transverse” displacement

the radial space ccordinate
the "radial” displacement

the "transverse" displacement
the displacement vector

the longitudinal displacement

a space transformation variable
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a dummy space variable

the longitudinal space coordi-
nate

the component of an infinitesi-
mal line element along the 61
coordinate axis of a coordinate
system located in the deformed
body

the length of the preceding compo~-
nent of an infinitesimal line ele-
nent before deformation

the angle between two coordinate
axes before deformation

the angle between the above two
coordineste axes after deformation

the components of the physical
normal strain 1f 1 = J and the
components of the physical shear-
ing strain 1f 4 #

the polar angle in a polar two
space or a c¢ylindrical three space

the - ococordinate axis
Poisson's ratio

the components of the stress
tensor

the plate loading parameter
the angular rotation of the rigid,

central hub of the elastomeric,
circular plate
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IJI. THE INVESTIGATION
A.) OBJECT:

The object of the inveatigation is to propose and
verify a rational method of attack upon a specific problem
that can be classified as a finite strain problem. The
method of attack will bdbe developed in accordance with the
conventional methods of linear Elasticity with two excep-
tions. The two exceptions will be that the strain displace-~
ment relations will de nonlinear, and will be expressed in
the Eulerian form, ané¢ that a more general stress-strain
relationship will be used insteal of the conventional

Hookean form.
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B.) THE DEVELOPMENT OF THE GOVERNING EQUATIONS POR THE

SPECIPIC PROBLEM, AND THE STATEMENT OF THE PINITE STRAIN

THEORY: |

As was stated in the introduction, the specific prob-
lem that will be solved is the analyseis of the behavior of
a olamped, hubbed, e¢ircular, elastomeric plete when the hud
18 subjected to a finite rotation. Figure 1l shows & photo-
graph of the plate.

The problem will be attacked &as & generalized plene
stress problem. Recall that the generalized plane stress
problem 1s defined in the theory of linear Elssticity as »
problem involving & body whose thickness is sxall; the body
is lcoaded parallel to its faces; and, in addition, there are
no deflections in the direstion of the thickness. Five
‘ components of the stress tensor, namely, ogg, 93¢, Syg> Ogx
and ogy (x in the direction of the thickness) are assumed to
be zero or the unloaded faces of the body. Note that this
does not imply that these stresses are zero throughout the
body. Lowever, if the thickness of the body 1is small, these
stresses can be considered to be very small within the body;
consequently, these stresses are considered to be zerc at all
points of the body. Moreover, the assumption that ogy 1s
sero does not imply that ecgg, the strain in the direction of

the thickness, is gzero. As & matter of fact, cgg is not
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FIGURE 1 THE PLATE.
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gero as it represents the deformation in the direction of
the thickness that is caused by the stresses oxx and 9yy
which act in the planes normal to the thickness. The defor-
mation caused by cgg will be very small due to the small
thickness of the body.

The specific problem to be solved is axi-symmetric for
small rotations of the rigid, central hudb., However, a ques-
tion arose concerning the axi-symmetry when the rotation of
the rigid, central hub became "large"”. It was thought that
the plate might become unstable; and, consequently, suffer
out-of-plane bending. (This, of course, would violate the
generaligzed plane stress assumption.) To answer these ques-
tions, a polyurethane plate with an aluminum central hub was
fabricated. The rigid central hud was then rotated about
thirty degrees. The plate was checked photoelastically for
symmetry of stress, and for all practical purposes the axi-
synmetry property of the plate response was preserved for
"large" angular rotations of the hub (see Figure 2). No
out-of-plane response was noted. Consequently, no viola-
tions of the generalized plane stress assumptions are
apparent.

The equations of equilibrium for an arbitrary element
of a ¢ylindrical body are easily developed, and are given in

most standard texts in cylindrical coordinates. The equa-
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FIGURE 2 PHOTOELASTIC BASIS OF THE SYMMETRY
ASSUMPTION
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tions of equilibrium for an arbitrary element of a cylindri-

cal body, in cylindricel coordinstes ere:

1 9rr - %69
opr,r * Z 9re,8 * Opg,g ¥ ———5—— = 0 (1)
Sre,r * ; %es,e * 9ez,x * —— = O (2)
1 °rx
9rg,r ¥ 5 %z,0 ¥ gz, t " 0 (3)

In equations (1), (2) and (3), epr, 9pg, Opgs 99e, Upg
and ogp &re the components of the stress tensor expressed in
¢ylindrical coordinates; r is the radlial space coordinate, ¢
is the polar angle and z is the longitudinal space coordi-
nate. The comma in the asubscript indlcates that differenti-
ation is performed with respect to the variable or variables
following the comma; for example, epp, r neans the first
derivative of the radial, normal stress with respect to the
radial space coordinate.

The strain-displacement relations will be formulated in
the Eulerian manner as the effect of finite strain will de
considered (see Sokolnikoff 1), pages 29-33). The Euleri-
an, nonlinear, strain tensor expressed in Cartesian coordi-

(1), page 82, equation 3.51)

Eij v _l' [xq iuJ du, du, (1)

nates is (see Frederick and Chang

2 iy: + ¥yy ~ oy ’YJ

where Ey4 are the components of the kulerian, nonlinear,
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strain tensor; uy, ug and u, are the displacement compo-
nents assoclated with the 1, J and r space coordinates;
and 1 and J are range symbols whereas r is a summation
symbol.

In terms of coylindrical coordinates we may write the

components of the Eulerian, nonlinear strain tensor as:

Err - u’r - % [(QO!.’: + (v,ly)z + ('Or)t] (a‘)
. 1
E.. - v Or" u - = Bu'. - ')2 + ‘7,‘ + “)2
+ (v..)‘:‘ (&)
Bgg = W,g - % Eusg), + ('oz): + ('33){! (8e)
1l U,g = V¥ 1l
E!’O - -2— |;-—-;~‘-‘-“ + v,:] - '2'; ];'? (u.. - v)
+ v, (V9 +u) +w,, (w,.)] (4a)
l |w, 1
EQS - 5’ [";"" + ':t:l - “5‘; U,p (an - v)
+v,g (v,g +u) ¢+ w,, (w.,):\ (4e)
Epg = %- l:“’: + Vp
- %. [u,‘ Upp * Vg Vop + W, g “-r:| (ar)

In equations (%a) through (4f), Enn, Egg, *** etc. are
the Eulerian, nonlinear strain components in eylindrical

coordinates; r, ¢ and & are the cylindrical space coordi-
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nates previously defined; u, v and w are the displacements
assoclated with the radial, polar angle, and longitudinal
directions, respectively. The comma, again, denotes differ-
entiation as previously explained. It should be emphasiged,
at this point, that these components of the Eulerian, non-
linear, strain tensor are developed with respect to the

unit vectors of a cylindrical coordinate system located in
the deformed body. In addition, it should be strongly
emphasized that these components of the Eulerian, nonlinear
strain tensor have physical meaning; but not in the conven-
tional sense. For example, Epp does not have the conven-
tional meaning of a normal strain, and Epge does not have

the conventional meaning of a shearing strain. However, the
relationship between the components of the Eulerian, non-
linear strain tensor and the strain components based on the
fundamental definitlons of stralin as enunciated in the
linear Theory of Elasticity are easily developed, as will be
demonstrated later.

Now, let us invoke the generalized plane stress assump-
tion and the axl-symmetry assumption. If we apply these
assumptions to the equilibrium equations, equations (1), (2)
and (3), the following two equations result:

‘l“l‘,l‘ + % (Grr - Oog) = 0 (1)

and
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Ore,r + % opg = O (2')

Equation (3) vanishes.
When the above assumptions are applied to the compo-
nents of the Eulerian, nonlinear, strain tensor, equations

(4a) to (4r), the following relationships arise:

Epp = Wop = 2 [(u,p)2 + (v,5)2] (5)
Ere = 3 [vor (1 - %)+ ¥ (u,r - 1)) (6)
Egg = % - E%T [u2 + vz] (7)

The other components vanish.

Now assume that a linear relationship exists between
the components of the stress tensor of a polar two-space and
the corresponding components of the Eulerian, nonlinear
strain tensor. This aaauhption will then allow us to express

the stress-strain relationships in the following manner:

Ory = 123 " [?rr +u Eoﬂ' (8)
Opg ™ 2G Ere (9)
ase = ;22— [Ees + u Err| (10)

Using equations (8), (9) and (10), 1t can be shown that the
strailn energy is positive definite for a real material

1f G and (1 + u)/(1 - u) are positive constants.
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Note, that if the displacement gradients are small,
the components of the Eulerian, nonlinear strain tensor
will reduce to the conventionsl, linear strain components.
Consequently, G must be the infinitesimal shearing modulus
and y must be equal to the value of Poisson's ratio as
determined from the infinitesimal values of the shearing
modulus and the elastic modulus.

Equations (8), (9) and (10) are the statements of the
proposed finite strain theory. The theory may be stated,
semantically, as follows:

In the case of a finite strain problen, the compo-

nents of the stress tensor are related to the

components of the Eulerian, nonlinear strain tensor
in exactly the same manner as the components of the
stress tensor are related to the components of the

linear strain tensor in the case of a linear strain
problem. In addition, the material properties are

identical to the infinitesimal material properties

and the material properties are related as defined

by the linear theory.

If equations (8), (9) and (10) are appropriately sub-
stituted into equations (1') and (2') the equilibrium equa-
tions for a thin circular plate are obtained in terms of

the nonlinear Eulerian strain components. The resulting
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equilibrium equations are:

Epp,r + ¥ Egg,p + L;T___v_ (Epp = Egg) = 0 (11)
and

Ero,r + 2 Epg = 0 (12)

Substituting equations (5), (6) and (7) into equations
(11) and (12) will yield the governing equations of the

problem in terms of the displacements. The resulting

governing equations are:

PUypp + U,p - % - [m’r Uppp ¢ % uu,, ¢ 1 .f £ (u’l')a
~(ltp\ud gy v +Lvwv,p el - v,p)?
( ——T—) Y 3 rV,r V,rr % o ———-2——!- ( ol‘)

-(.1....;.._!) .;.;:'- 0 (13)

and
u.rr(%)* u.r(;’;) - (;;uy) V.r + Y,pp (1 - %)
+ DB S a0 (14)

The governing equations, equations (13) and (14) are
two, highly nonlinear, coupled, ordinary differential equa-
tions which must be solved, subject to the proper boundary
conditions, to obtain a solution for the behavior of a
¢lamped, hubbed, circular, elastomeric plate when the hud

is subjected to a finite rotation.
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An exact solution of equations (13) and (18) appears
to be impossidle at present, but a ayastem of approximate
solutions will be attempted. However, before any solution
can be attempted, the boundary conditions of the probdblem

must be established.
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C.) THE BOUNDARY CONDITIONS:

Conaider 2 circular plate of radius b which has a
rigid, circular, central hub of radius a (see Figure 3).
As the rizild central hub 1s twisted through an angle ¢, a
point which was originally at P moves along the are PP' to
a new position P', The displacement of the point P as 1t
moves from P to P' 1s represented by the displacement vec-
tor Vv which can be resolved at point P' in the following
manner:

Vevey+uep (15)
where v 1s the magnitude of the displacement in the trans-
verse direction at P' and u is the magnitude of the radial
displacement at P', 35 and 3, are the unit vectors of an
orthozonal polar coordinate system. Note, however, that v
and u are the magnitudes of the components of the displace-
ment vector, Vv, in the directions of @, and ¢p. Conse-
quently, we may write:

v =asin ¥ (16)

u=a(l-ocosy) (17)

Equations (16) and (17) are the boundary conditions
that must be satisfied at the boundary of the rigid, oir-
cular, central hub.

Now consider the point R, located on the outer bound-

ery of the circular plate. The point R is rigidly fixed
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FIGURE 3

VISUAL INTERPRETATION OF THE BOUNDARY
CONDITIONS OF THE HUBBED, CIRCULAR PLATE
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and cannot suffer any displacement whatsoever. Therefore,
the boundary conditions to bhe satisfied at the outer bound-
ary of the nplate are:
veo( (18)
u=0 (19)
The boundary conditions to de satisfied by the solu-
tions of equations (13) and (12) are then:

u=aza (1 - cos ) when r = a (20)

v e ogasing when r = a (21)
and

ue?o when r = b (22)

ve when r = b (23)
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D.) SIMPLIPICATION OF THE GOVERNING EQUATIONS AND THE
BOUNDARY CONDITIONS:

Let us now make the following changes of variable:

p=3 (28)
x .(g)’ (26)

The above changes in variable reduce the governing

equations, equations (13) and (14), to the forms:

prepp-x L ()2 ¢+aq-2x L (a2

-k (p')? - k (q')2 (27)

and

q" = pq" - gp” (28)

In equations (27) and (28) p, q and x sre as defined
in equations (28), (25) and (26) and the prime indicates
differentiation with respect to x. In equations (27), k

is defined as follows:

and u is as defined following equation (10).

The boundary conditions, equations (20), (21), (22)
and (23) are also simplified by the chanzes of variadble
ziven by equatione (248), (25) and (26). The boundary con-

diticns whieh arise due to the changes in variable are:



and

1 - ¢cos ¢
sin ¥

0

0

35

when x = ( ?

e’

pio plo
S
»o

when x = (

when x = )

when x = )

(30)

(31)

(32)
(33)
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E.) SOLUTION OP THE OGOVCRNING EQUATIONS:

Snuations (27) and (28) can be solved, approximately,
using an iteration technique as follows:

1.) The Pirat Approximation:

If the nonlinear terms of equations (27) and (28) are
neglected, the following relationships arise:

p“ = 0 (27a)
and

Q" = 0 (28a)

These equations (equations (27a) and (282)) ean be
regarded gs the governing equations for the first approxima-
tions of p and q. Let us denote the first approximation of

p by pi, then, from equation (27ea):

Py = 0 (34)

and the corresponding boundary conditions are:
py = 0 when x = ]} (32')

2
P1 =1 - cos ¢ = pg when x = ¢ =» (%) (30')

The form of the first approximation solution for p 1is:

pr= [1 - cos ¥ g =m0 B

where po = 1 - cos ¥ (35)
Now, let the first spproximation c¢f q be q;, then:
q} = O (36)
Eguation (36) was solved and subjected to the boundary

conditions:
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q;y = 0 when x = 1 (33')
and
q) = 8in y = q, when x = ¢
where ¢ = (%)2 (31")
The form of the first approximation solution for q 1s
then:

a1 = [sin ] 23 = g0 31

where qo = sin ¢ (37)
The above solutions for p; and q; (equations (35)
and (37) ) are in agreement with the elementary soclutions

(12)

proposed by Steln and Hedgepeth and Mikulas(13).

2.) The Second Approximation:

Let us now substitute p; and q; on the right hand side
of equation (27); and thus obtain the equation to be solved

for the second approximation of p. Consequently,

p; = - (;*%*jyi [Do2 + qoz] (38)
Solving this equation, subjected to the boundary condi-
tions as given by equations (30') and (32') yields the

second approximation scolution for p in the following form:

- z-
b2 = AL 3T1 4+ & 0y (39)
where

Ay = (1 - cos ¥) [1 + k %%E:ZT%%] (40)
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Az = - k (1 - ocos ¥) (41)
Now, using the first approximation solution for q
(equation (37)) and the second approximation solution
for p (equation (39)); and appropriately substituting into
equation (28) ylields the equation to be solved for the
second sapproximation of q:

_— k qo (po? + qcz) (x - 1)

2 TRETL (42)

Solving this equation, subject to the boundary eondi-
tions given by equations (31') and (33') yields the second

approximation solution for g as follows:

9 = B %“E”% + By (%z::i%r + By (%1231%7 (43)
where

B, = - K810 :c(} i)ooa *) (a4)

By = % k sin ¢ (1 - cos ¢) (a5)

By » sin 9 - B, T%iZ:I%I - By r%::Zi%t (46)

3.) The Third Approximation:

Appropriately substituting the second approximations
for p and q into equation (27) yields the governing equa-
tion to be solved for the third spproximation of p. The

equation to be solved is:
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_ k(Af + Bf) _2(A;4; + ByB;) _2(Af + BY) _2B,B;
(o - 1)2 (e - 1)3% (c - 1)* (c-—l)

[ 2(1 ¢ 2k)(AA; #B4By) 6838y |, 6B3By , 68}
B (¢ - 1)3 (e-1)* (c-1)% (ec-1)6¢

_2(3 ¢+ 2x)(Af + Bf) 6(1 + k) BBy | ,
(¢ - DY T T (-1 x

2(7 + 3k) BB, [%(10 + 3k) B
T (e - 1)¥ :Jx’ - (¢ - 1)‘—;1 (N

I

Now define the following parameters:

(AjAg +ByBy) (53'032) BoBy

« |

Ca -E(Aféﬂh- (¢ - 1) (o-1)7 (o1) (48)
L1 ByBy ByB, ni
Cs ==3(1 42} hiAe +BBa) 4Ty )T P oy (M)
Co =-3 (34 26)(A] + BD) - 1 (1 + k) BBy (50)
Cs -f% (T + 3k) BB, (51)
Ce -~.1.15. (10 + 3k) B (52)
c-u-eo-o)-gc-&-’.‘-:-.l- (53)
1 n=2 n (¢ - 1)n
where the Ay and By are as previously defined.

Utiliszsing the adbove parameters the solution for the

third approximation of p, subjected to the boundary condi-

tions of equations (30') and (32'), is of the form:
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6 xR - 1

nel °n (¢ - 1P (54)

Ps =

Now let us substitute the third approximation for p and
the second approximation for q into equation (28) to obtain
the governing equation for the third approximation of q.

The resulting governing equation is:

2 BgCo ~ 2 BoCy

9 " (c - 1)5

(2 ByCy + 6 ByCo ~ 2 ByCa - 6 c,sé} .

(e - 1)9

6 ByCy - 6 CyBy - 12 noc{] "

— (c - l-)~

(& BgCy - & ByCy - 20 CgBg - 12 B,C, 2
(e - 1)8

(- 10 CyBy - 30 CgBg - 20 c,n{} "
(e - 1)8

[~ 18 ByCy - 6 CyBy - 30 Ccﬂx] s
(¢ - 1)7 *

- 28 ByCq - 14 B,c,]
+ x$
- (e - 1)

.l Efwfifi;} <7 (55)

Again, let us define a set of parameters as rollou-:.

Dy = I%f [ﬁ BaCo ~ 2 5004} (56)




L

133 = 533- e 3201 + 6 B;Go - 2 23‘51 -6 B@C;J
Dy = .3-—%5 6 ByC; ~ § ByCy ~ 12 BOGJ
Dg = ‘-]"-g Lﬁ BgCg -~ & B,c, - 20 bgCyg -~ i i&;c‘.:l
Dg = "5’1”6- - 10 ByCy - 30 B, Cq - 20 }3,0,]
Dy » 3%? :% 18 B30 - 6 BgCs -~ 30 BxCﬂ
Dy = why [~ 28 ByCq ~ 14 B;Cg}
7.8 |
Dy @ == y
9 = 3.5 |~ 29 BsCs
and
: n.y
Dy = sin ¥ - i Pn re—1ym
ne2 ¢ -
where N
nsl
6
neji

and all other By and ¢4 are as previously defined.

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(68)

(65)

(66)

Consequently, the third approximation solution for q

subjected to the boundary conditiocns of equations (31')

and (33') cen be written in the form:
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qs = % Dp z0 -1 (67)

Obviously, this method may de continued ad infinitum;
however, the algebra involved in the analysis Lecones
extremely lengthy as is evidenced by the algebraic complex~
ity of the constants D, Dg, «++, Dg and C3, Ca3, +++, Cy 4n
the third approximation. If the method i3 extended, the
solutions would be similar to equations (53) and (67) with
a differsnt range on n and, of course, the constants Cp
and D would be different. The seoond and third approxima-
tions for p and q were programmed and checked on & Univae
1107 digital computer for comparison purposes. The devi-
ation between the second and third approximation solutions
of p and q was quite small., As & matter of fact, it 1s
believed that the second approximation solutions of p and q

are accurate enough for most engineering applications.
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.) COMPLETION OF THE SOLUTION:

Let us now consider equation (6), (3), (24), (25)
and (26). Using equations (24), (25) and (26), transform
the variables in equation (6) and substitute into equa-
tion (9). The result will be:

ogpeg * @ [2x (p - 1) q' ~ qup{} (63)

Now, assume that the applied torque is resisted by
circunferential shear, that is:

T m -2 6pg sr* h (69)

In equation (69), T is the applied torque, gpy 1z the
circunferential shearing stress, r is the radius of the
arbitrary circunference, and h is the thickness of the
plate.

Again, using equation (26) and equation (68); equa-
tion (69) is reexpressible as:

T

%neis " (1 - p) Q' + qp’ (70)

Equation (28) may be rewritten as:

(1 - p)q" 4 qp" =0 (28*)
or

é% (@’ + qp’' - pq') = 0 (T1)

Pormally integrating equation (71) yields
(1 - p) q' + qp' = a constant (72)
Comparinge equations (70) and (72) we see that equations
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(70) and (28) are equivalent.
et

7T
aennig - ¢ (73)

where ¢ 13 a loading parameter, and reexpress equations (70)
and (72) as

(1 -p)q' +qp’' = (7%)

Equation (74) 1s the equation that relates the rotation
of the hub to the applied torgue.

We are now in a position to complete the solution of
the problem using the third approximation solutions for p
and q. To eontinue, let us reexpress equations (27) ana
(28) in equivalent form:

(1 ¢ 2xp' - p)p" + k (p*')? ¢ (2xq' - q) Q"

+k(q')2 =0 (27')

(1 ~p)q"” +qp" =0 (28')

Using a Univac 1107 digital computer the solution is
completed in the following manner. In the following dis-
cussion k, equation (29), is sssumed to be 0.75. This
means that the material constant, u, defined after equation
(10) 4is assumed to be 0.5, In addition, let us sssume that
the plate to be snalyzed i{s of a specific size. For this
particular problem, assume & e¢lrcular plate ten inches in

diameter with a two inch diameter, rigid, circular hudb and
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& uniform plate thickness of 0.25 inches.

The third approximation values of p and g, equations
(54) and (67) are now substituted into equations (27') and
(28'), and the residuals calculated for a variety of hud
rotations (¢ = 0.05, 0.10, 0.15, 0.20, 0.25, 0.30, 0.35,
0.40, 0.45 and 0.50 radians). The residuals were all
"small" as shown by the sample table (see Table I). The
small residuals indicate that the third approximation solu-
tions for p and q, equations (54) and (67), are quite close
to the exaot solutions.

Using the program shown in Appendix I, based on the
third approximation values of p and g, equations (54) and
{(6€7); the loading parameter ¢ was calculated (recall this
is related to the torque associated with a given hudb rota-
tion, and should remain constant from the hub to the outside
sdge of the plate). The loading parameter, ¢, remained con-
stant to four decimal places for all hub rotations (again,
see Table I).

The program was also implemented to caleulatq the
radial displacement, u, and the transverse displacement, v,
Sample values are shown in Table I and curves are presented
showing the variation of u and v as a function of radial dis-
tance for certain values of hud rotation, ¥, in figures (4)

and (5).
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FIGURE 4

THE "TRANSVERSE" DISPLACEMENT, v, AS A FUNCTION

OF RADIAL DISTANCE FOR THREE VALUES OF HUB ROTATION
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- FIGURE 5
THE "RADIAL" DISPLACEMENT, u, AS A.FUNCTION
OF RADIAL DISTANCE FOR THREE VALUES OF HUB ROTATION
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G.) INTERPRETATION OF RESULTS:

Usually, it 1is more convenlent to visualize normal
strain as the stretching of base vectors and shearing
strain as the rotation of base vectors. In addition, the
displacement gradlients are assumed to be small. In the
linear theory the Fulerian components of the straln tensor
are equal to the Lagrangian components of the straln tensor,
and the dlagonal elements of the array are considered to be
the normal strains and the off-diagonal terms are consid-
ered to be the shearing strains.

In the nonlinear case where the displacement gradients
are not small, the Eulerian nonlinear components of the
strain tensor cannot be simply interpreted as the stretch-
ing and rotation of base vectors. The problem we must now
face 1s how to convert the components of the Eulerian non-
linear strain tensor into the entities which will agree
with our fundamental concepts of normal and shearing
strain. This problem 1s easlly resolved in the following
manner. |

Recall that we deformed the body and then erected an
orthogonal polar coordinate system in the deformed body.
Let ds4 be the length of an infinitesimal line element
along the coordinate axis ol after deformation ana (dasy)o

be the length of the infinitesimal line element before
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deformation. Ve may then write: (In the following develop-

ment the summation gonvention is suspended.)

dsy =, /044 as? (75)

and

(ds1)o =./Byy dol (76)
In equations (75) and (76), G141 and g44 are the components
of the metric tensor in the deformed and the undeformed
body, respectively.

Defining the normal strain in the conventional manner
ylelds:

dsy - (dsy)e
€1 - (ds1)o an

or equivalently, using equations (75) and (76):

G
€y = E%% -1 (18)

where ¢ 4 8re the normal strain components associated with
the conventional definition of normal strain.
Utiliging a dasic statement of the Eulerian nonlinear

(6)

strain tensor (see Green and Zerna' ’, page 57) we write:

Appropriately substituting equation (79) intc equation (78)
will yield:

2 Eqq
£14

€34 = /1 + -1 (80)
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or

4y = -1 (21)

C11

In equations (g0) and (81), Eq4 are the "normal"® compo-
nents of the Eulerian, nonlinear strain tensor.

Let us now define the shearing strain in the conven-~
tional manner:

€14 = tan (°1J - 813) (82)
vhere ¢14 are the shearing strain components associated
with the conventional definition of shearing strain, a1}
is the anrle between 53 and é} and 814 1s the angle between
G1 and G3. In our particular case, 844 = w/2; thus we may

w¥rite:

008 ayy = S - (33)

/%11 g3

or usine equation (79) and recalling 234 = 0 1f £35 = /2
we write:

"ZEiJ

(34)

cos agy =

‘\/Gii - 2 Eil—\/G;J - 2 EJJ

® In the future, when we write “norzal” cor "sheariny” we
will mean those components of the Eulerian, nonlinear
strain tensor that are snzlczous to the norral and 3hear-
ing components of the linear strain tensor. However, bear
in mind these are not normal or shearinz stralns in tre
conventional sense.
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Using a simple trigonometric identity, we can write from
equation (83):

B11 g3 - (814)?
) - (85)
sin ‘1,’ ,-—--————811 EJJ

Recalling the dasic definition of shearing strain,

equation (82), and the fact that 833 = v/2 we write:
¢4y = tan 011-% = - cot =y (86)

Substituting equations (8A) and (85) into (86) yields:

€1y = o (87)
w/iil g3y - (813)
or equivalently |

2 B4y
- (88)
1 x/%aii - 2 Egy) (G633 - 2 Egy) - 4(Bgy)?

Equations (81) and (88) express the relationships

between the conventional normal and shearing strains and
the "normal” and “"shearing” strains of the Eulerian non-
linear strain tensor.
In our particular case we may write:
1

- - 1 (89)
trr /1 - 2 En
1
- -1 (90)
Soo /1 - 2 Eq¢

2 Eye

(91)
(1 = 2 Epp) (1 - 2 Bgq) - A(Epy)?

Cpp ™
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Examination of equations (81) and (88) indicate that
if the strains are small the normal and shearing strains
defined in the conventional manner are equal to the "normal"”
and "shearing" strains of the Eulerian nonlinesar strain ten-
sor.

The relationship between the normal strain as conven-
tionally defined and the "normal” strain of the Eulerien
nonlinear strain tensor is very easy to obtain. Using
either equation (89) or (90), assign a value to the "normal®
Eulerian nonlinear strain and calculate the conventional
normal strain. If this 1s done the curve shown in Figure 6
is the result.

Now consider a uniaxial state of stress. Recall that
we assumed the components of the stress tensor were
linearly related to their corresponding components of the
Eulerian nonlinear strain tenscr. This assumption is shown
in Pigure 7 as a straight s0lid line. ¥We nmust now inter-
pret this relationship in terms of the conventional defini-
tion of strain. PFigure 6 represents the relationship
between the "normal” Eulerian nonlinear strain and the con-
ventlional normal strain; consequently, if we convert the
abscissa of Pigure 7 fron the "normal” Eulerian nonlinear
strain to the conventional normal strain by means of

Pigure 6 the ourved, dsshed line of Figure 7 results. The
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curved, cdashed line of Figure 7, then, represents the con-
ventional strese-strain curve for the case of uniaxial
stress (compression and tension).

Let us now consider & state of shearing stress. The
state of shearing stress we will consider is the response
of an ¢lement of the elastomeric, circular plate subjected
to a finite rotation of 1ts hub. The element of the plate
we will consider is adjacent to the hub, A question may
arise concerning why a state of pure shear is not consid-
ered. This is, in sone respects, a moot question; but,
primarily, a state of pure shear was not considered because
& pure shear specimen is not used to determine the shearing
modulus of elastomeric materials. Purthermore, the experi-
mental specimen used to determine the shearing nmodulus of
an elastomer i3 similar to an element of the plate. Using
the computer results, Epp, Epg and Egg were calculated
using equations (5), (6) and (7). These resulta were then
substituted into equation (S1), and the relationship
between the conventional shearing strain ané the "shearing®
strain of the Fulerian nonlinear strain tensor for the
element of the plate were obtained, This relaticnship 1is
shown in Figure 6. Bear in mind this is not the pure shear
relationship. It was also assumed that a linear relation-

ship existed between the shearing stress and the "shearing"



57

A
™ o.7}F
5 0.6 I
4]
o
o
“ 0.5 |
80
-
o
5 0.4 -
()]
<
wn
— 003 [~
«
a
(@]
o CLZ(
S
>
5 0.l |
(&)

0 -

1 1 1 ] 1
O oI 02 03 04 05 0.6 -
Eulerian'Shearing' Strain, Ejj

FIGURE 8

'RELATIONSHIP BETWEEN CONVENTIONAL SHEARING
STRAIN AND THE EULERIAN "SHEARING" STRAIN



58

strain component of the Eulerian nonlinear strain tensor;
this assumption is shown as a solid straight line in
Figure 9. Again, if the abscissa coordinate of the solid
straight line is converted from the Eulerian "shearing"
strain to the conventional shearing strain as indicated
in Figure 3, a conventional stress-strain curve results.
The conventional shearing stress-strain curve is shown as
the dashed, curved line of Figure 9. Again bear in mind
this is not a pure sheer stress-strain curve. A little
reflection will indicate that this has little, if any,
effect upon the value of the infinitesimal shearing modulus,

Figure 10 displays the conventiconal shearing strain
and the "shearing” strain of the ESulerian nonlinear strain
tensor at the hudb of the elastomeric, c¢ircular plate as a
funotion of the plsate rotation.

Pigure 1l shows the variation of the lcading pararnster
given by equation (73) as a function of the hud rotation of
the plate.

To compare experiment and theory, we must relate the
plate loading parameter, ¢ (equation (73)), to the applied
experimental torque. The only unknown in the plate loading
parameter is 3, the infinitesimal shearing modulus. Once O
is determined, the loading parameter can be converted to

applied torque very easily. Figure 12 is the torque-angle
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of hub rotation relationship as given by the theoretical
anelysis using the infinitesimal shearing modulus of the
plate material. The manner in which the infinitesimal

shearing modulus, G, was determined will be discussed in

the experimental section of this thesis.
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IV, THE EXPERIMENTAL INVESTIGATION
A.) OBJECT:

The object of the following simple experiments was
twofold: first, to verify the agreement of the proposed
theory with experiment; and, secondly, to evaluate the
material properties of the elastomer from whieh the hubbed,
¢circular plate was cast. A simple, uniaxial compreasion
experiment was performed to cheek the validity of the theory
for compression., A uniaxisl tensile test was performed to
check the validity of the theory for tenslion; and, also, to
evaluate the infinitesimal elastic modulus. A shearing
experiment was also run to check the applicability of the
theory to the shearing case and to evaluate the infinitesi-
mal shearing modulus. Pinally, a prototype of the clamped,
hubbed, circular plate was teated to determine the accuracy
with which the proposed theory would solve a specific prob-

len.
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B.) THE ELASTOMER:

All specimens used in the experiments were open cast
of polyurethane. Castable polyurethane is an amine cured,
polyether prepolymer; it possesses excellent birefringent
properties (see Pigure 2) and its stiffness is completely
controllable by the addition of dioctylphthalate.

The tensile speocimen, the shearing specimen and the

prototype circular plate had the following composition:

Adiprene L 100 parts
Moca 1l parts
Dioctylphthalate 25 parts

The compression specimen was of unknown composition.
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C.) A UNIAXIAL COMPRESSION TEST:

l.) The Specimen:

A ¢ylindrical specinmen was open cast of polyurethane
(see Figure 13). The specimen was 0.973 inches in diameter
and 1.472 inches long.

2.) The Experimental Set-Up:

The ends of the cylindrical test specimen were well
lubricated with graphite and o¢i1l. The specimen was then
placed between the heads of an MIS testing machine. (The
MTS testing machine is a completely automatic testing ma-
chine whose functions are completely controllable from a
rezote console. The MTS machine has an integral X-Y
plotter for the presentation of data.)

3.) The Experiment:

The movable head of the MT8 testing machine was
brought into contact with the c¢ylindrical specimen; the head
speed was set at 0.5 inches per minute and the limit switeh
was set for 0.5 inches of head travel. The machine was
started; and, automatically, the specimen was loaded until
the movable head had travelled 0.5 inches: then, automati-
cally, the specimen was unloaded until the movable head
returned to its starting position. The experimental dats
was presented as a force~deflection plot on the X-Y plotter.

The specimen was aycled three times as described above.
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FIGURE 13: THE CYLINDRICAL, UNIAXIAL

COMPRESSION SPECIMEN
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Polyurethane exhibits a very high modulus on its first load-
ing cycle due to polymer cross-linking. On the second and
all subsequent loading cycles, the modulus 1s reduced from
the first loading cyele. The load-deflection data 13 essen-
tially invariant for all loading cycles after the first.
Consequently, the experimental data of the third cyocle was
considered to bs indicative of the material response to uni-

axial compreasion.
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D.Y A TNIAYXIAL TENSION TEST.

1.) The Snecimen:

The unisxial tensile asnecimens ore shown Iin Pigure 14,
These snecinmens were cut from a cast sheet of polvurethane,
The specimens were checked with a hand polarizer for resl-
dusl stresses which micht have deen introduced in cutting
the gpecimens, hut no residual stresses were found, The
specimens were six dnches in overall length., The test see-
tion, loeated in the central portion of the dumbbell sec~
tion, was one ineh long, 0.5 inches wide and 0.122 inches
thiek.

2.) The Experimentsl Set-Up:

The apecimen was placed in the air-actuated grips of
a floor mounted INSTRON testing machine. (An INSTRON test-
ing machine 1s & ocompletely automatic testine machine whose
functions are controllable from an integral control panel.
The INSTRON machine has an integral X-Y plotter for the nre-
sentation of data.) An INSTRON extensometer was secured to
the central one inch portion of the dumbbell section. The
extensometer ocutput was fed to the X-Y plotter as Y, The
load was X input to the plotter.

3.) The Experiment:

The INSTRON machine was set to give a head velocilty

of 0.2 inches per minute and a chart speed of 0.5 inches
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FIGURE 14: THE UNIAXIAL TENSILE

SPECIMENS
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per minute. The machine was started and the experiment was
run until the one inch test section was deformed to a length
of 1.5 inches. The specimen was unloaded, removed, rein-
serted and the experiment was rerun. The experiment was
repeated three times with the third run being used for

experimental date.
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E.) TORCION OF THE PLATL:

l1.) The Specimen:

An experimental plate of 5.5 inches ocutside radius,
one inch inaide radius and 0.25 inches thiok was open cast
of polyurethane. A one inch radius aluminum hud was inte-
grally bonded to the inside circumference of the plate,

2.) The Experimental Set-Up:

The specimen was secured in a supporting Jig of two
aluminum plates; each aluminum plate had a ten inch diameter
hole cut in its center and was faced 0.125 inches to a diam-
eter of 11.2% inches. The apeoimen was then cemented on
both sides over an area extending from s five inch radius
to the outside edge; it was then positioned between the
aluminum plates in contact with the facings of the aluminum
plates. The plates were then bolted together; however, the
spacing between the plates was shimmed in sueh a way that
the plates did not compress the specimen. (The entire
support of the specimen at its outer edge was due to the
cement.) The central hub of the plate was drilled and
broached such that a torque could be transmitted from a 0.5
inch diameter shaft through & key to the plate. The shaft
transmitting the torque was aupported on each side of the
plate in polished holes. The complete experimental set-up

is shown in Figure 15; assuming the plate is located
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FIGURE 15 EXPERIMENTAL SET-UP FOR THE PLATE
TORSION TEST
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at 12 o'clock, the complete experimental set-up 1is as

follows:
a.)

b.)

c.)

d.)

e.)

r.)

12 oteloeck ~

l o'clock -

11 o'¢lock -

10 o'eclock ~

8 o'clock -

6 o'clock -

the plate secured in its jig.

a precision potentiometer which was
used to messure the angular rotation
of the torque input shaft (the cen-
tral hub of the platse).

a torque gage, actually a 3/8 ineh
drive socket extension which was
strain gaged and calidrated to indi-
cate torque. The torque gage was
supported at each end in nylen bush-
ings in vertical support plates, it
was connected to the load shaft of
the plate by a 3/8 inch drive univer-
sal jeint and was loaded by a verti-
cal force applied to an arm. (See
right hand side of PFigure 16.)

a dridge box connected to the torque
gage, a DC voltage supply, and a
recorder.

a DC voltage supply connected to the
bridge box.

a "Moseley”™ X-Y plotter recording
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FIGURE 16 PLATE TORSION EXPERIMENTAL SET-UP IN
POSITION FOR TEST (Note Load Application
Method at Right Side of Photo.)
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torque gage output as the Y signal
and the precision potentiometer out-
put as the X signal.
A battery is used as the DC input to the precision poten-
tiometer,
A schematic of the plate torsion experimental set-up
is shown in Appendix II.
3.) The Experiment:

Thres plates were tested in torsion at variocus times
during Pebruary and March 1965. The first experiment was
unsuccessful due to a bond failure between the plate and
the central hub; the second experiment was alsc unsuccessful
due to incomplete data collection before the ultimate fail-~
ure of the plate. The third experiment was consideresd
successful; it was conducted in the following manner:

a.) The specimen was instrumented as previously dis-~

cussed and was placed in a Tinius Olsen Universal
Test Machine as shown in Pigure 16. (It should be
nentioned that the Tinius Olsen Test Machine was
used only as a test vehicle -~ no data was taken
from the machine.)

b.) The loading device (a rigid bar with a ball bdear-

ing end) was dbrought into contact with the loading

arm at an edcentricity of five inches. The plate
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containing the experimental fixture was wedged

to prevent translation on the weighing table and

welichted to prevent possible overturaning of the

fixture.

¢.) The loading head was adjusted to yield a loading

rate of 0.2 inches/minute and the test was

started.

¢.) Several runs were made in the following order:

1.
11.
i1,

iv.

one run to a 10° rotation of the hub
three runs to a 20' rotation of the hub
one run to a 25° rotation of the hub

one run to ultimate fallure of the plate.

Figures 17, 18 and 19 have no direct bearing on the

present investigzation, but are included to indicate the

nature of the response ¢f a clamped, hubbed, elastomeric

eircular plate to a large axi-symmetric rotation of the

hut.
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PROGRESSIVE BUCKLING OF PLATE DUE TO TORSION.
(Note shadows at 6 o'clock on the plate)

a) Approximately 31 Degree Rotation of Hub
b) Approximately 34 Degree Rotation of Hub
c) Approximately 36 Degree Rotation of Hub
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FIGURE 18 THE PLATE AFTER ULTIMATE FAILURE
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FIGURE 19 THREE PLATES AFTER FAILURE (Note Numbers
on Plates).

Plate 1 Bond Failure
Plate 2 Buckling-Tension Failure
Plate 3 Buckling-Tension Failure
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F.) THE SHEARING EXPERIMENT:

l1.) The Specimen:

The experimental shearing specimen is shown in Pigure
20. The specimen is the standard Lord D-837 shearing speci-
men; its dimensions (on each side of the central load trans-
fer plate) are 0.882 inches long, 0.5 inches deepr and 0.5
inches wide.

2.) The Experimental Set-Up:

The specimen was secured in the testing jig as shown
in Figure 21. The testing Jjig was then placed in a Tinius
Olsen Universal Testing Machine as shown in Pigure 22.
Figure 22 shows the complete experimental set-up for the
determination of the shearing response c¢f the specimen. In
Figure 22 the testing jig is placed on & 0-1000 pound
Lebow load cell, a DC voltage supply is connected to the
load cell and the load cell output is taken to the Y axis
of the Moseley X-Y plotter. The displacement of the speci-
men is determined by means of a Tinius Olsen deflectometer
(an LVDT) used in conjunction with an ATC. The ATC output
is taken to the X axis of the Moseley X-Y plotter. A
schematic of the shearing modulus experiment is shown in

Appendix III.

3.) The Experiment:

The specimen was placed in the Tinius Olsen Universal
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FIGURE 20 THE SHEARING MODULUS EXPERIMENTAL SPECIMEN
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FIGURE 21 THE SHEARING MODULUS EXPERIMENTAL SPECIMEN
IN TESTING JIG
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Testing Machine as shown in Pigure 22. (Again, the Tinius
Olsen Testing Machine is used only as a test vehicle.) The
loading head was brought into contact with the load trans-
fer head of the testing Jig, and the experiment was begun.
The specimen was tested through three cycles of deflection
to 0.2 inches over a variety of loading rates varying from
0.015 inches/minute to 0.833 inches/minute. In all cases
the response of the specimen was very nearly constant indi-

cating & lack of strain rate sensitivity.
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FIGURE 22 DETERMINATION OF SHEARING MODULUS;
EXPERIMENTAL SET-UP
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G.) THE EXPERIMENTAL RESULTS:

The corrected results of the uniaxial compression
experiment are shown by the solid line in Pigure 23. The
correction that is made on the raw experimental data is to
correct the astress for the change of the cross sectional
area due to the large strain imposed on the specimen. The
correction 1s based on an incompressibility assumption.

The data obtained in the uniaxial tension experiment
is displayed in corrected form by the so0lid line of
Pigure 24. The same correotion is applied here as in the
uniaxial compression case. PFrom the corrected data, the
infinitesimal elastic modulus was determined to be 1492 psi.
Note the correction applied to the raw data does not affect
the value of the infinitesimal elastic modulus.

Recall that the compression specimen and the tensile
specinen were of different compositions. Consequently, it
will be impossible to obtain a continuous stress-strain
curve embracing dboth compression and tension. However, a
plethora of experimental results in the rubber and elasto-
meric literature indicate that the infinitesimal tensile
and compressive moduli are equivalent. PFor example, see
Trclonr(ls).

A portion of a typical result of the plate torsion
experiments is shown by the solid line of Figure 25, The
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curve presented is from the data of the 0 to 25% rotation
of the hub experiment (run 111).

The data collected in the shearing phase of the experi-
mental work is presented in Pigure 26 as a s0lid line.
These results indicated that the infinitesimal shearing
modulus of the polyurethane specimen was 481.5 psi.

Using the values of the infinitesimal elastic and
infinitesimal shearing modull, the linear equation relating
the two modull yields a value of 0.54 for Poisson's ratio.®

The buckling process of the experimental plate is not
being considered in this investigation; dut, nonetheless,
it was observed and was quite interesting. When the rigid
central hudb had been rotated through about 31 degrees, two
small "dimples” appeared on the plate., The dimples were
diametrically opposed at about 6 and 12 o'clock on the
plate (Figure 17), and were concave. As the angular rota-
tion was increased, the dimples became deeper; the deepen-~
ing was accompanied by a very slow clockwise undulation.
(The load was being applied in the clockwise direction.)
¥hen the buckling torque was reached (rapid decay of

® The value of 0.54 for Poisson's ratio is assumed to be
due to experimental error. Reports in the literature indi-
cate that the value of Poisson's ratio for polyurethane

is ©.5.
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torque): two, well-defined, diametrically opposed buckles
appeared. These two buckles extended about one inch from
the hud; and, as the angular rotation increased, these
buckles extended toward the outer edge of the plate accom-
panied dy "wrinkling” on the clockwise side of the
buckles. The buckles never reached the outer edge of the
plate. At an angular rotation of the hub of about 569 to
579, an apparent tensile fallure occcurred followed immedi-
ately by a bond failure. It was noted that the buckles
were neither tangent nor radial to the central hudb. Stein
and Hodgopcth‘13) report this fact as a result of their work

with a hubbed membrane subjected to an axi-symmetric torque,
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V. SUMMARY AND CONCLUSION3

In this thesis, a finite strain theory was proposed.
Furthermore, 1t was demonstrated that conventional stress-
strain relations can be devaloped from the theoretiocal
analysis (section IIXI.GC). Consequently, the proposed theory
can be compared to actual experiment for several loading
situations; and, thus, the valldity of the proposed theory
can be evaluated.

First, let us consider the application of the theory
to the flnite strain, uniaxial compression case. The
corrected experimental results are shown in Pligure 23 by
the s0lid curved line. To apply the theory, draw a tangent
to the "Infinitesimsl"” portion of the corrected experimental
curve as shown in Figure 23. This, of course, corresponds
to the statenent of the finite strain theory; if the
abscissa 1s considered to be the Eulerian "normal"™ compres-
sive strain. 7o compare the corrected experimental results
with the finite strain thecory one must convert the abscissa
of the finite strain theory (the line tangent to the infin-
itesimal portion of the corrected experimental curve) from
the Eulerian "normal” compressive strain to the conven-
tional compressive strain. This is easily accomplished by
using Pigure 6. When this conversion from the Fulerian
"normal” compreasive strain to tne conventional normal com-

pressive atrain is performed the finite strain theory
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curve, as labeled in Figure 23, results. Comparing theory
and experiment for the uniaxial compressive case, it ia
seen that the agreement, qualitatively and quantitatively,
is extremely good up to strain levels of 30 percent.
Secondly, consider the case of uniaxial tension. The
corrected results of the uniaxial tension experiment are
shown in Pigure 24 by the solid, curved line. Again, draw a
line tangent to the infinitesimal portion of the corrected
experimental curve (as before, this represents the statement
of the finite strain theory if the gbscissa is considered to
be the "normal” Eulerian tensile strain). The Eulerian
"normal” tensile strain must, again, be converted to the
conventional normal tensile strain defore experiment and
theory may be compared., This is easily accomplished by us-~
ing Pigure 6. ¥When the finite strain theory for the tensile
case is converted to conventional coordinates the curved,
dashed line of Pigure 24 is the result. The agreement of
theory and experiment 1s qualitatively "gzood™ up to strain
levals in the range of 20 to 2% percent. Above strain levels
of about 25 percent, the theory and the experiment diverge.
This was as expected as some elastomeric materials, includ-
ing peolyurethane, undergo & physical chenge &t certain
strain levels. This physical change 1s essentially a

erystallization phenomenon wherein the polymer changes to
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a orystalline structure. This change is usually indicated
by & change in color of the specimen (for polyurethane).
Kow, consider the shearing case. In the shearing
case, we are confronted by & dilemma at the onset, as the
shearing specimen (Pigure 20) is not a true shearing speci-
men for finite deformation because of the two free edges.
This problem could be resolved by theoretically analyszing
the shearing specimen. Unfortunately, this has not been
done for the finite deformation case. Let us, then, use
the results of the plate torsion analysis. 53 element near
the central hud of the plate torsion specimen should dbehave
simllarly to the shearing modulus opteimen._ Note, we said
sizilarly as an element in the plate can or will be sub-
Jected to two normal strains as there are no free edges in
the plane of the plate whereas in the shearing modulus
specimen (Figure 20) there are two free edzes. Lence the
energy level of the element in the plate should be higher
than an element in the shearing modulus specimen for the
same "shear" deformation. It should be noted the shearing
specimen dilemma has been appreciated for several years,
but little work has been done to alleviate the problex, As
far as is known (to the author) no one has tried to analyze
the shearing specimen, and the only paper that has been pub-

lished concerning possible corrections was published
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several years ago by Rcad(17).

Nonetheless, to compare the finite strain theory with
the shearing experiment; the following approach was used.
Using the resuits of the plate torsion analysis and experi-
ment, the relationship between the conventional shearing
strain and the Eulerian "shearing” strain was calculated
using the results of section IIXI.G. This relationaship 1ia
shown in Figure €. Using the results of the shearing modu-
lus experiment, the infinitesimal shearing medulus was
determined. (Note that the two free edges of the shearing
modulus specimen should not appreciably affect the deter-
mination of the infinitesimal shearing modulus.) Using
the value of the infinitesimal shearing modulus the finite
strain theory 1is shown as the straight, dashed line of
Pigure 26 where the abscissa values corresponding to this
curve are understood to be Eulerian "shearing® strain.

Then using Pigure 8§, the Eulerian, "shearing” strain is
converted to conventional shearing straln; and the finite
strain theory for shear is shown as the dashed, curved line
of Figure 26. The shearing modulus experimental data is
shown in Pigure 26 as the curved, solid line. At this
point, the agreement detween theory and experiment is
"good," but recall our arguasent concerning the two free

edges of the shearing modulus specimen. If we were to
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restrain the two free edges of the shearing modulus speoi-
men, the energy level of the specimen would be inecreased.
This would move the experimental curve of Figure 26 upward
toward the theoretical curve of Figure 26. In addition,
the effect upon the energy level of restraining the two free
edges of the shearing modulus specimen would be negligibdble
for small strains, and the effect would, of course, for the
larger strains beecome more profound. Thus, it is bellieved
that the finite strain theory 1s alsc applicable to the
shearing case with sufficient accuraecy to werrant engineer-
ing consideration.

To further study the applicabllity of the finite
strain theory, the problem of the response of a clamped,
hubbed, circular elastomeric plate subjected to a finite,
axi-symmetric rotation of the hud was studied, This prob-
lenm will demonstrate the applicabllity of the finite strain
theory to the aclution of & realistic engineering problem,
An approximate solution was obtained by hand and then
extended by means of a digital computer as explained in
section IX1I.F. |

This soclution was based upon the aasumptibn that
Poisson's ratic of the material was 0.5; by experiment,
Poisson's ratic was determined to be C.54. This, of

course, 1s an eight percent error; btut the effect of this
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error is not too profound if one checks the terms in equa-
tions (27) and (2B8) that contain Poisson's ratio. The com-
plete solution of the plate-toreion problem im not deter-
mined untll the infinitesimal shearing modulus is known;
however, the infiniteslimal shearing modulus 1s now known to
be 481.5 psi as the result of the shearing modulus experi-
ment. Consequently, a solution of the plate-torsicn prob-
lem 18 completed and this sclution 1s presented as a torque-
angle of hub rotation plot in Figure 12 as a curved, solid
line and in Pigure 25 as a dashed, curved line. The experi-
mental torque-angle of hub rotation relationship is shown
in Pigure 25 as a curved, solid line.

The agreement between the finite atrain theory and
the experiment for the axi-symmetric rotation of the hub of
a hubbed, clamped, elastomeric circular plate ia excellent
up tc & hub rotation of about 0.27 radians. PFor values of
hub rotation greater than about 0.27 radians the theory
and experiment diverge.

The divergence of the theoretiscael and experimentsal
results for hub rotations greater than about 0.27 radians
18 easily explained. Recall that the results of the ten-
slon experiment when compared to theory also indicated this
type of divergence; and, in additlion, recull the statement

made by Gubkin(IS) which 18 cited in the Introduction:
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"esoIn view of this, the principal stresses are equal

in value, but opposite in sign."

Thus, there is always a tensile principal stress in the
plate; which, when the value becomes large enocugh will
develop a condition of crystsllinity which alters the
rhysical properties of the elastomer. Evidentally, the
tensile stress develcped in the plate becomes the predomi-
nating factor in the response mechanism at a2 hud rotation
of 0.25 to 0.3C radians, This iz somewhat subsatantiated by
the failure of the plate a&s shown in Figure 19. Thus, it
must be stated that the finite strain theory breaks down in
the presence of tensile stresses which are of sufficient
magnitude to alter the physical properties of the elastomer.
However, in general, this is not an insurmountable problem
as there are elastomers which can sustain very high strain
levels before the physical properties are altered.

In cone¢lusion, the finite strain theory has dbeen
proved to be adequate for the engineering analysis of cer-
tain finite strain problems. The theory is in excellent
agreement with the uniaxial compression, finite strain
problem. The theory appears to be in agreement with the
shearing response of elastomeric materials sudbjected to
finite shears. However, it 1s believed that additional work

should be done to improve finite, shearing strain, experi-
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mental techniques. The theory agzrees, qualitatively, with
experiment up to strain levels of 20 to 25 pereent for the
uniaxial, tensile finite strain case; but, admittedly this
is the weakeat case of the proposed theory. As previously
indicated, certain elastomers have & tendency to change
their physical properties at certain tensile strain levels.
Consequently, if an elastomer with a much greater tolerance
to tensile strain were used; the qualitative agreement
between theory and experiment could be extended to much

higher strain levels.
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APPENDIX I

THE 1107 DIGITAL COUMPUTER PRGGRAM FOF THE EVALUATION OF THE
THIRLU APPRUOXIMATICN SCGLUTIONS AMD THE RESIDUALS OF THE
GOVENNING EQUATIONS FOR THE HUBFED CIRCULAR» ELASTOMERIC
PLATE.  THE CCOMPUTER LANGUAGLE IS ALGOL.

i RUN 70014950 (1206020) THEIFFLFESFEL LS E 2 LR EE LT E S

d ALG HEZALY

COMMENT PHL ANL THE ReSIDUALS OF THE GOVERNING EQUATIONS FOR THE

THIRD APPROXIMATIOH SOLUTIOMS FOR P AND @ %

FORMAT  HLAD (XBr "I v xS e 'PT Yo X120 QT o X120 "PHI" 1 X129 'RF Y9 X129 RS9 X120
TUT e Xx12e'V'eAlel) %

FORMAT  ANS (XSeI4r7(A2vK12.0) A1) <

INTEGER IedeiieC 4

KEAL ARKAY ArBeCrirGeUGrLDOrXeTeZ2(0ee9H) %

REAL ReSorketleYeweVeoUrPTrURPToLORPT QT DATeDLOTePHIPRF 2 RSPEF &

LOCAL LAl DOWRE %

REAL (KeH) B

AGAIINe o

READ ( DOREPHPS) %

WHITE ('R Is'»R) B

FOr I = (1»109) DO
Z(I) = ((H*x*1)=1)/((H=1)%%1) %

COMMENT  CALCULATION OF CONSTANITS %

AClL) = wx{l+k*2(2)) %

Alz) = =(KxR) =

3{e) = =(K*¥S*i)/ (1i=1) 9

Bl3) = (1/73)+(K*xS*H) %

3(L) = s=B2Y*2(2)=-5(3)*#7(3) %

Cl2) = =05*%KA(ACL)*A(L)+3(1)*p(1))
=(ACL)*A(2)+1 (1) *13(2) )/ (14=1)
(A (2)*xpa(2)+8(2)*%B(2))/ ((H=1)*x%2)
= (213 (3)/ ((H=1)%*3) %
Cl3) = =065333%x(1+2*K)*¥(ACLI*A(2)+3(1)*B(2))
+ (3 (1)*5(3) 7/ (Hi=1))
+(p(2)*%3(3) /7 ((H=1)*%2))
+{H(2)*p(2) /7 ((H=1)*%3)) %

Cly) = «0.1060%x (3+2%K)*x(A(2)*A(2)+B(2)1x13(2))
—0eD0*x (1L4K)*3(1)*B3(3) %
C(L) = =010k (743K 43 (2)«E(3) %

Clo) = =010 (1043¥K)*¥{(3)*1(3) o
Y = U B
Furl I = (£01e¢8) DG
Y = (+C(I)*Z2(1) &
C(l) = r=Y %



107

[ =S VR §
Foik I = (10103) DC
W = w o+ B/ ((=1)1%%x1) %
3(0) = =W %
Ez U 3
Fuk I = (is196) DO
E = £ +C(I)/((H=1)*%*1) b
C(U) = = %

D02) = 0en0*% (2% (2)*C(0)=2xi5(0)*C(2)) %

U03) = (1/76)*(2xp(2)*C(1)+6*B(3)%C(0)=2*x3 (1) *C(2)~-6*3(0)%C(3)) %
DI4) = (1/712)*# e (3)*%C (1) =6*xB(1)*C(3)=12%B(G)*C(4)) %

DID) = (1L/720)* (4xp3(3)#C(2)=4*3(2)*C(3)=20*¥B(0)*C(H) =12« (1) *%C(4)) %
Vi) = (1/30)*(=10+3(2)*C(4)=30%B(0)*C(6)=20%FH(1)*C(B)) %

D7) = (1/742)%(=18%2(2)%C(H)=6%R(3)*C(4) =305 (1) *C(H)) %

DE8) = (1/56)# (=284 (2)¥C(b)=14*%B(3)*C(5)) %

PE9) = (1/772)y*%(=24+0(3)*C(6)) %

F = U %
FOR 1 = (201,9) DG
FzF + D(I)*(1) %
D(1) = S=F %
wnITE (HEAD) 9
CUMMENT  teVALUATION OF THE APPROXIMATIONS @
For I=(urlrY9s) CO EEGIIS
X{1) = 25=0.c5%1 3
T(L) = SQRT(H/X(1)) %
For J=(10199) DO BEGIN
G(J) = ((X(I)A%xJ)=1)/((r=1)*%xJ) %
DG(J) = Jx (X(D)*xx(J=1))/((H=-1)*%%J) %
DLG(Y) = Uk (d=1)% (X(I)**x(J=2) )/ ((H=1)4x%xJ) %

Erl 3D
PT =0 %
oPT = U %
puPT = 0 %

FUK = (1lrleon) UO LEGILN
PT = PT+CINI*C (1) %
OPT = LPT +C(P)*L6IN)Y 3
DDET = SOPTHC () #3006 (i4) b
Eni ‘b
QT = 0 3%
oGl = 0 %
DuglT = 0 %
FOR 0U=(1e10%) DO BLGIN
QT = GV+D(OY*G(0) %
0T = DT+ (0) *LG(0) b
DLGT = uDQTHU(0)*DDG(0) b
Enty 3
PHI = (1=-FT)*DQT+oT*DPT %
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RE= (1=2xX(L)4LPT=PT)*ULPTHRK*DPT*SPTH (24X (1) *DAT=0T) *LOQT
+RAOAT*OGT %

RS = (1-PT)*0LQT+aT*DDPT 9
U= T(H*PT 3%
V = T(1)%QT %
WRITE  (ANS»IvPTrGTePHIWRFeRS»UPV) ¢
Bl b
GO TO AGAIN 9
DOHE-.
@iy XaT heaky
075
25
00050 0.0998
G.0112 Uell4ol
Ge.U199 U.1887
UeUBH7 Ue2955
0.0789 Ue38Y4
fs EOF

I
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A PINITE 3TRAIN THEORY, AND ITS APPLICATION
TO THE PLANE STRESS RE3PONSE OF POLYURETHANE

The theory proposed in this thesis 1s an attempt to
bridge the gap that exists between the linear and nonlinear
theories of Elastlcity.

The theory 1is applied to the solution of a hubbed,
clamped, circular plate made of polyurethane whose hub is
subjJected to a "large" axi-symmetric twist. This particular
problem 1s attacked in the conventional manner of the
generalized plane streass probleﬁ of linear elasticity. Howe-
ever, the strain displacement relations are formulated in
the Eulerian manner and the displacement gradients are not
assuned to be small. In addition, a nore generai stress-
strain relationship than the conventional Hookean form is
assuned.

The solution is checked by experiment; and in addition,
three auxiliary problems; the uniaxial coupression problem,
the uniaxial tension problem, and a shear problem are
checked experimentally to further chesk the validity of
the proposed theory when applied to the finite strain res-

ponse of polyurethane,



