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I. INTRODUCTION 
  

As the title of this thesis suggests, a finite strain 

theory is going to be proposed, the validity of the pro- 

posed theory will be checked by several examples for an 

elastomeric material. Finite strain is defined by Preder- 

ick and Chang ‘2 to be: "...the strain that occurs in the 

medium when no restrictions are placed on the magnitude of 

displacements or derivatives of the displacement with res- 

pect to position. The latter are called displacement 

gradients." 

A series of fundamental papers pertinent to the res- 

ponse of "“rubber-like" material was published by Riv- 

rin'?)> (3), C4), In his first paper, Riviin'?? developed 

the general theory of large elastic deformations in the 

Classical manner (after Love‘*?) without utiliging any 

specific stress~strain relationship. He then considers 

@ neo-Hookean® material and demonstrates its agreement with 

  

* The numbers in parentheses refer to the list of cited 
literature contained in the Bibliorrarhy. 

8 A neo-Heokean material {8 a material where the elastic 
potential function can be developed as a function of the 
etreain invariants.
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statistical studies. Two techniques are used in the devel~ 

opment of the equations of motion and the formulation of 

the boundery conditions i.e.: the stress-strain relations 

anc the stored elastico energy fer a given state of strain. 

(In other words, to specify the elastic properties of a 

material, one may either state an explicit potential func- 

tion or state a stress-strain relationship.) Riviin‘@) 

ther. demonstrates that the results of these two techniques 

are equivalent. In his second paper, Riviin'3? assumed 

that pure, homogeneous deformation yields the only possible 

equilibrium state for the body. The equilibrium states of 

a cuboid of incompressible, neo~Hookean material are 

studied under the action of uniform normal loads applied 

to the faces of the cuboid. The results of this paper 

indiscated that if the stresses or loads are specified; a 

stable, unique equilibrium state exists for the body in 

question. Under other specified load conditions eight 

equilibrium states are possible. Five of these eight are 

unstable, with three being stable but not necessarily uni-~ 

que. Thie, in general, indicated that the equilibriun 

state of a body depends upon the order in which specified 

loads are applied. In the third paper, riviin'*®) trans~- 

formed the equations of motion and the boundary conditions 

from the Cartesian coordinates used in the first two papers
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(Riviin’?)> (3), into cylindrical coordinates. Assuming an 

incompressible, neo-Hookean material, Riviin’”) studied the 

special cases of a simple torsion and a simple torsion 

coupled with a simple extension applied to a right circular 

cylinder and a right circular cylindrical tube. 

In view of Riviin's‘2) first paper, the proposed theory 

will be formulated by assuming a specific stress-strain 

relationship. It is believed that it is easier to formu- 

late the problem by specifying a stress-strain relationship 

than by developing an elastic potential function. 

Several authora solve finite strain problems using the 

method of the elastic potential function. Green and 

(6) (7) (8) Zerna » Murnaghan » Mooney » and Carmichael and 

Holdaway ‘9)> (10) all attack the finite strein problem in 

the manner discussed by Riviin'®) or in a very similar man- 

ner. Murnaghan 7) develops the large deformation theory 

by means of matrices and defines the elastic potential 

funetion in a manner similar to riviin'2), The work of 

Mooney ‘°) and Carmichael and Holdaway ‘9)» (10) is very 

similar to the work of Riviin’?) | the primary difference 

being in the form of the elastic potential function. 

The examples that will be used to evaluate the valid- 

ity of the proposed theory will be: 

4. uniaxial compression
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ii. uniaxial tension 

iii. shear 

iv. a specific problem involving a combined system 

of compression, tension and shear. 

The specific problem of case iv. above will be the res- 

ponse of a clamped, hubbed, ciraular, elastomeric plate 

which is subjected to a finite, axi-symmetric rotation of 

the hub. 

In the process of formulating and solving the specific 

problem of the response of the clamped, hubbed, circular 

plate to finite, axi-~symmetric rotation of the hub; the 

equations deseribing the nonlinear response to finite strain 

uniaxial compression, untaxial tension, and shear will also 

be developed. 

The solution of a finite, eirevlar plate subject to 

infinitesimal, axi-symmetric torsional deformation is 

well known. Timoshenko and Goodter'22) present the solu- 

tion as an illustrative example. The methed of solution 

used by Timoshenko and Goodier‘ +}? is quite elementary, 

utilising only the Equilibrium Equations. Consequently, 

their solution is in terms of stresses only. Prescott (22) 

mentions the problem in pasaing, as an illustration of a 

solution yielded by a particular, assumed stress function 

(Ze = ~- 4H log (ret*)y), Prescott (22) obtains the same
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solution as Timoshenko and Gooater'2°) , The problem pro- 

posed by Timoshenko and Goodter 2°) concerns a couple 

applied to a dise which is balanced by a couple applied to 

the center of the disc. Prescott (22) defines his solution 

as yielding the "stresses that would be produced by tighten- 

ing up a nut on a bolt passing through the plate if the 

plate resisted the applied couple.” 

A similar problem, the problem of the rotation of a hub 

in a stretched infinite membrane, is attacked by Stein and 

Hedgepeth‘22), The assumptions involved in their analysis 

are: "The membrane coneidered is elastic, isotropic, has 

no bending stiffness, and cannot carry compressive stress." 

In addition to this, they assume email average strains, unie 

form pre-stress and radial symmetry. Their method of attack 

ia straightforward, utilising the conventional elasticity 

approach. They obtain the solutions for the radial and 

transverse stresses, and then using Hooke's Law and the 

atrain-displacement equations, they develop the solutions 

for the displacements. 

The work of Stein and Hedgepetn (23) was extended by 

Mikulas (24) who solved the problem of the behavior of a 

finite, stretched membrane subjected to the assumptions 

(14) used by Stein and Hedgepeth 23), Mikulas obtained 

closed form solutions for several boundary conditions and
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presented his results as torque-rotation plots. 

Gubkin'?5) investigated the problem of an annular, 

circular plate with a central hub which is loaded by the 

rotation of the hub as an illustrative problem in the 

determination of optical anisotrophy in terms of viscous 

flow. In the process of his discussion, Gubkin‘?5) makes 

the following statements which are of interest: 

i. "For any isotropic material in the presence of 

simple shear the maximums of the shearing 

stresses appeared to be concentric circles." 

41. "The trajectories of the principal stresses 

form two families of logarithmic spirals." 

iii. "In view of this, the principal stresses are 

equal in value but opposite in sign." 

However, these statements are made with respect to an infi- 

nitesimal, linear, elasticity analysis of the problem. 

A related problem, the behavior of a right circular 

cylinder subjected to torsion is used as an illustrative 

(4) (6) (7) example by Rivlin » Green and Zerna and Murnaghan . 

(7) Murnaghan discusses the problem quite thoroughly for 

the finite deformation case. 

On the basis of the discussion given by Murnaghan ‘7? 

on the solution of the torsion of a right circular cylinder, 

the possibility of solving the problem of the clamped,
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hubbed, elastomeric circular plate subjected to finite rota- 

tions of the hub by means of the elastic potential function 

using the methods of superposition was considered. However, 

in view of the results of Riviin's‘3) second paper (concern- 

ing superposition); it was decided that a superposition 

solution was not feasible. 

As is obvious, a search of the literature did not yield 

any direct reference to the problem of the analysis of the 

behavior of a clamped, hubbed, elastomeric, circular plate 

subjected to finite rotation of the hub. Consequently, 

this problem will not be attempted. The analysis of the 

problem, which follows, will be attempted utilizing the 

proposed finite strain theory.
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Dy, De, Dy, **°, Dg 

d 

c @ (b/a)?2 
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plate parameters associated with 
the second eppreoximation solution 

plate parameters associated with 
the second approximation solution 

plate parameters associated with 
the third approximation solution 

plate parameters associated with 
the third approximation solution 

components of the Eulerian, non- 
linear strain tensor 

the infinitesimal shearing modulus 
of elasticity 

components of the metric tensor 
in the deformed body 

a base vector along the - coordi- 
nate axis of a set of coordinate 
axes erected in the deformed body 

the torque applied to the central 
hub of the circular plate 

the inside radius of the circular 
plate 

the outside radius of the circular 
plate 

the ratio of the outside radius 
to the inside radius of the cir- 
cular plate squared 

a unit vector along the - axis of 
an orthogonal polar coordinate 
system erected in the deformed 
body 

components of the metric tensor 
in the undeformed body
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Poe 

Pi 

P2 

P3 

q1 

a2 

Qa 

= 
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+é
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x= (b/r)? 
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a covariant base vector along the 
~ coordinate axis of a set of 
coordinate axes located in the 
undeformed body 

the plate thicknees 

a material constant 

the dimensionless “radial” dis- 
placement 

a hub rotation parameter 

the first approximation dimension- 
less “radial” displacement 

the second approximation dimension- 
less ‘radial” displacement 

the third approximation dimension- 
less "radial" displacement 

the dimensionless "tranaverse" 
displacenent 

a hub rotation parameter 

the first approximation dimension- 
leas "transverse" displacement 

the second approximation dimen- 
sionless "transverse" displacement 

the third approximation dimension- 
less "transverse" displacement 

the radial space coordinate 

the "radial" displacement 

the "transverse" displacement 

the displacement vector 

the longitudinal displacement 

a space transformation variable
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(ds), 

, aatnanadl 

c41j 
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a dummy space variable 

the longitudinal space coordi- 
nate 

the component of an infinitesi- 
mal line element along the e1 
coordinate axis of a coordinate 
system located in the deformed 
body 

the length of the preceding compo~- 
nent of an infinitesimal line ele- 
ment before deformation 

the angle between two coordinate 
axes before deformation 

the angle between the above two 
coordinate axes after deformation 

the components of the physical 
normal strain if i = j and the 
eomponents of the physical shear- 
ing strain if 4 # j 

the polar angle in a polar two 
space or a cylindrical three space 

the ~ coordinate axis 

Poisson's ratio 

the components of the stress 
tensor 

the plate loading parameter 

the angular rotation of the rigid, 
central hub of the elastomeric, 
circular plate
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III. THE INVESTIGATION 

A.) OBJECT: 

The object of the investigation is to propose and 

verify a rational method of attack upon a specific problem 

that can be classified as a finite strain problem. The 

method of attack will be developed in accordance with the 

conventional methods of linear Elasticity with two excep~ 

tions. The two exceptions will be that the strain displace- 

ment relations will be nonlinear, and will be expressed in 

the Eulerian form, anc that a more general stress-strain 

relationship will be used instead of the conventional 

Hookean form.
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B.) THE DEVELOPMENT OF THE GOVERNING EQUATIONS POR THE 

SPECIFIC PROBLEM, AND THE STATEMENT OF THE FINITE STRAIN 
  

THEORY: 

As was atated in the introduction, the specific prob- 

lem that will be solved is the analysis of the behavior of 

a Clamped, hubbed, circular, elastomeric piate when the hub 

is subjected to a finite rotation. Figure 1 shows a photo~ 

graph of the plate. 

The problem will be attacked as e generalized plane 

stress problem. Recall that the generalized plane stress 

problem is defined in the theory of linear Elasticity as a 

problem involving a bocy whose thickness is small; the body 

is loaded parallel to its faces; and, in addition, there are 

no deflections in the direction of the thickness. Five 

- components of the stress tensor, namely, ogg, ¢x¢; Syg> xy 

and ogy (z in the direction of the thickness) are assumed to 

be zero on the unloaded faces of the body. Note that this 

does not imply that these stresses are zero throughout the 

body. Kowever, if the thickness of the body is emall, these 

stresses can be considered to be very emall within the body; 

consequently, these stresses are considered to be zero at all 

points of the body. Moreover, the assumption that og, is 

sero does not imply that eggs, the strain in the direction of 

the thickneas, is sero. As a matter of fact, tg, is not
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FIGURE 1 THE PLATE.
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zero as it represents the deformation in the direction of 

the thickness that is caused by the stresses oxy and Syy 

which act in the planes normal to the thickness. The defor- 

mation caused by egg will be very small due to the small 

thickness of the body. 

The specific problem to be solved is axi-symmetric for 

gemall rotations of the rigid, central hub. However, a ques- 

tion arose concerning the axi-symmetry when the rotation of 

the rigid, central hub became "large". It was thought that 

the plate might become unstable; and, consequently, suffer 

out-of-plane bending. (This, of course, would violate the 

generalized plane stress assumption.) To answer these ques- 

tions, a polyurethane plate with an aluminum central hub was 

fabricated. The rigid central hub was then rotated about 

thirty degrees. The plate was checked photoelastically for 

symmetry of stress, and for all practical purposes the axi- 

symmetry property of the plate response was preserved for 

"large" angular rotations of the hub (see Figure 2). No 

out-of-plane response was noted. Consequently, no viola~ 

tions of the generalized plane atress assumptions are 

apparent. 

The equations of equilibrium for an arbitrary element 

of a cylindrical body are easily developed, and are given in 

most standard texts in cylindrical coordinates. The equa-
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FIGURE 2 PHOTOELASTIC BASIS OF THE SYMMETRY 
ASSUMPTION
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tions of equilibrium for an arbitrary element of a cylindri- 

cal body, in eylindrical coordinates ere: 

  

1 rr ~ F586 
Crr,r * = ore,e + ors,2 + > OO (1) 

1 2en9 

Cresr * yr °08,@ + ogz  * rt 0 (2) 

i Sng 
°rg,r * 5 Foe,0 * Sgzye * (3) 

In equations (1), (2) and (3), epr, ope, Spgs Seq» Sax 

and Gg, are the components of the stress tensor expressed in 

cylindrical coordinates; r is the radial space coordinate, 6 

is the polar angle and « is the longitudinal space coordi- 

nate. The comma in the subscript indicates that differenti- 

ation is performed with respect to the variable or variables 

following the comma; for example, corr, yr means the first 

derivative of the radial, normal stress with respect to the 

radial space coordinate. 

The atrain-displacement relations will be formulated in 

the Eulerian manner as the effect of finite strain will be 

considered (see Sokoinikorr’+® | pages 29-33). The Euleri- 

an, nonlinear, strain tensor expressed in Cartesian coordi- 

(2). page 82, equation 3.51) 

i E du; dup, dup (a) 

nates is (see Frederick and Chang 

"tS" 3 jays * Wy ~ Tyg F7; 
where Eq are the components of the Eulerian, nonlinear,
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atrain tensor; u,, uy and up are the displacement compo~ 

nents associated with the 1, j and yr space coordinates; 

and 1 and j are range symbols whereas r is a summation 

symbol. 

In terms of cylindrical coordinates we may write the 

components of the Eulerian, nonlinear strain tensor as: 

  

Bop = Us, ~ $ oer + (v,,)? + (rp)? (4a) 

Eee“ m8? ue + [use ~ v)2 + (vy, + u)2 

+ Cw, 9)? | (4b) 

Fez " Weg - , (u,,)? + (v,.)4 + (sg) (50) 

i Use ~ V i 
Eng * 5 | tt ep] - ap Mer (use - v) 

+ vin (Vig + u) + Wey (ws) (4a) 

1 iw, a 

+ Veg (V¥sq + UW) + Woy (49)| (4e) 

Ens ° 5 [to + Wop 

- dius Usp * Vig Van + Weg or | (4f) 

In equations (Sa) through (4f), Epp, Egg, °°* eto. are 

the Eulerian, nonlinear strain components in cylindrical 

coordinates; r, & and s are the cylindrical space coordi-
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nates previously defined; u, v and w are the displacements 

associated with the radial, polar angle, and longitudinal 

directions, respectively. The comma, again, denotes differ- 

entiation as previously explained. It should be emphasized, 

at this point, that these components of the Eulerian, non- 

linear, strain tensor are developed with respect to the 

unit vectors of a cylindrical coordinate system located in 

the deformed body. In addition, it should be strongly 

emphasized that these components of the Eulerian, nonlinear 

strain tensor have physical meaning; but not in the conven- 

tional sense. For example, Epp does not have the conven- 

tional meaning of a normal strain, and Erg does not have 

the conventional meaning of a shearing strain. However, the 

relationship between the components of the Eulerian, non- 

linear strain tensor and the strain components based on the 

fundamental definitions of strain as enunciated in the 

linear Theory of Elasticity are easily developed, as will be 

demonstrated later. 

Now, let us invoke the generalized plane stress assump- 

tion and the axi-symmetry assumption. If we apply these 

assumptions to the equilibrium equations, equations (1), (2) 

and (3), the following two equations result: 

Srr ir + 2 (op, - See) = 0 (1') 

and
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Cre r + 2 org = 0 (2') 

Equation (3) vanishes. 

When the above assumptions are applied to the compo- 

nents of the Eulerian, nonlinear, strain tensor, equations 

(4a) to (4f), the following relationships arise: 

Erp "Usp - $ (usp)? + (v5)? ] (5) 

Ere = 5 [vor (1 - 2) + ¥ (uy - 2) (6) 

tog = B- ody [ut + vi 1 
The other components vanish. 

Now assume that a linear relationship exists between 

the components of the stress tensor of a polar two-space and 

the corresponding components of the Eulerian, nonlinear 

strain tensor. This assumption will then allow us to express 

the stress~strain relationships in the following manner: 

  

orr = no 5 Err + u Ege) (8) 

Org * 24 Eng (9) 

cee @ ar [Eee + u Err| (10) 

Using equations (8), (9) and (10), it can be shown that the 

strain energy is positive definite for a real material 

if G and (1 + w)/(1 - uw) are positive constants.
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Note, that if the displacement gradients are smaii, 

the components of the Eulerian, nonlinear strain tensor 

will reduce to the conventional, linear strain components. 

Consequently, G must be the infinitesimal shearing modulus 

and wu must be equal to the value of Poisson's ratio as 

determined from the infinitesimal values of the shearing 

modulus and the elastic modulus. 

Equations (8), (9) and (10) are the statements of the 

proposed finite strain theory. The theory may be stated, 

semantically, as follows: 

In the case of a finite strain problem, the compo- 

nents of the stress tensor are related to the 

components of the Eulerian, nonlinear strain tensor 

in exactly the same manner as the components of the 

stress tensor are related to the components of the 

linear strain tensor in the case of a linear strain 

problem. In addition, the material properties are 

identical to the infinitesimal material properties 

and the material properties are related as defined 

by the linear theory. 

If equations (8), (9) and (10) are appropriately sub- 

stituted into equations (1') and (2') the equilibrium equa- 

tions for a thin circular plate are obtained in terms of 

the nonlinear Eulerian strain components. The resulting
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equilibrium equations are: 

  

Epp r + » Egor + 4 =» (Epp - Egg) = 0 (11) 

and 

Ever * 2 Erg * 0 (12) 

Substituting equations (5), (6) and (7) into equations 

(11) ana (12) will yield the governing equations of the 

problem in terms of the displacements. The resulting 

governing equations are: 

tn Binet fn 61 
~({Lt+y)u? s py, vipp + BH wap + L = (vp)? ( = | rz 2 sxx r ®t = x 

- (+4) “| 0 (13) 

and 

Vup =O 

The governing equations, equations (13) and (14) are 

two, highly nonlinear, coupled, ordinary differential equa- 

tions which must be solved, subject to the proper boundary 

conditions, to obtain a solution for the behavior of a 

clamped, hubbed, circular, elastomeric plate when the hub 

ia subjected to a finite rotation.
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An exact solution of equations (13) and (14) appears 

to be impossible at present, but a system of approximate 

solutions will be attempted. However, before any solution 

can be attempted, the boundary conditions of the problem 

must be established.
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C.) THE BOUNDARY CONDITIONS: 
  

Conaider a circular plate of radius b which has a 

rigid, circular, central hub of radius a (see Figure 3). 

As the rigid central hub is twisted through an angle $, a 

point which was originally at P moves along the are PP' to 

anew position PP’. The displacement of the point P as it 

moves from P to P' is represented by the displacement vec- 

tor ¥ which oan be resolved at point P' in the following 

manner: 

v= Vv eg + U @p (15) 

where v is the magnitude of the displacement in the trans- 

verse direction at P' and u is the magnitude of the radial 

displacement at P’, @9 and @p are the unit vectors of an 

orthozonal polar coordinate system. Note, however, that v 

and u are the magnitudes of the components of the displace- 

ment vector, ¥, in the directions of @, and @,. Conse- 

quently, we may write: 

v= asin + (16) 

usa (l - cos 9) (17) 

Equations (16) and (17) are the boundary conditions 

that must be satisfied at the boundary of the rigid, cir- 

cular, central hub. 

Now consider the point R, located on the outer bound- 

ary of the circular plate. The point R is rigidly fixed
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FIGURE 3 

VISUAL INTERPRETATION OF THE BOUNDARY 

CONDITIONS OF THE HUBBED, CIRCULAR PLATE
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and cannot suffer any displacement whatsoever. Therefore, 

the boundary conditions to be satisfied at the outer bound- 

ary of the plate are: 

veo (18) 

uO (19) 

The boundary conditions to be satisfied by the solu- 

tions of equations (13) and (14) are then: 

uma (1 - cos ¥) when r = a (20) 

v= asin ¢ when r@ a (21) 

and 

us 9 when r #b (22) 

veo when r #b (23)
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D.) SIMPLIPICATION OF THE GOVERNING EQUATIONS AND THE 

BOUNDARY CONDITIONS: 
  

Let us now make the following changes of variabie: 

pet (24) 

qe% (25) 

x = (8)? (26) 

The above changes in variable reduce the governing 

equations, equations (13) and (14), to the forms: 

py = p"p - x = (p')? # a"q - x A (q')? 

~ k (pt)? =~ k (q')? (27) 

and 

q” = pq" - gp" (28) 
In equations (27) and (28) p, q and x are as defined 

in equations (24), (25) and (26) and the prime indicates 

differentiation with respect to x. In equations (27), k 

ie defined as follows: 

k= At (29) 

and y is as defined following equation (10). 

The boundary conditions, equations (20), (21), (22) 

and (23) are also simplified by tne chanresa of variable 

given by equatione (24), (25) and (26). The boundary con- 

ditions whieh arise due to the chanres in variable are:



and 

1 =- ¢os ¥ 

sin ¢ 

35 

when x = ( ? 
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when x * ( 

when x #® 1 

when x # } 

(30) 

(31) 

(32) 

(33)
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F.) SOLUTION OF THE GOVERNING EQUATIONS: 
  

Fnuations (27) and (28) can be solved, approximately, 

using an iteration technique as follows: 

1.) The Firat Approximation: 

If the nonlinear terms of equations (27) and (28) are 

neglected, the following relationships arise: 

p* # 0 (27a) 

and 

qr = 0 (28a) 

These equations (equations (27a) and (28a)) can be 

regarded es the governing equations for the first approxima- 

tions of p and q. Let us dencte the first approximation of 

p by py, then, from equation (27a): 

pr, = 0 (34) 

and the corresponding boundary conditions are: 

py = 0 when x # 1 (32°) 

2 
P, = 1 - cos ¢ * Po when x = ¢ = (2) (30') 

The form of the first approximation solution for p is: 

pi = [1 - cos v] S24 = po FS4 
where po = 1 - cos ¢ (35) 

Now, let the first approximation of q be q,, then: 

Q; 7 0 (36) 

Equation (36) was solved and subjected to the boundary 

conditions:
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aq} 2 0 when x = 1 (33') 

and 

qi * sin ¥ = do when x # c 

2 
where c # (2) (31') 

The form of the first approximation solution for q is 

then: 

-1 -1 
a. © [sin ¥] SF" % SST 

where qo = sin ¥ (37) 

The above solutions for p,; and q, (equations (35) 

and (37) ) are in agreement with the elementary solutions 

(12) proposed by Stein and Hedgepeth and Mikulas‘?3), 

2.) The Second Approximation: 
  

Let us now substitute p,; and q, on the right hand side 

of equation (27); and thus obtain the equation to be solved 

for the second approximation of p. Consequently, 

PS * - we ayz [Po? + G07] (38) 

Solving this equation, subjected to the boundary condi- 

tions as given by equations (30') and (32') yields the 

second approximation solution for p in the following form: 

  

a 2 . 

p20 Ay S23 + & Te (39) 

where 

Ay = (1 - cos y) [1 + « f2-=y3) | (40)
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Ag = - k (1 - sos ¥) (41) 

Now, using the first approximation solution for q 

(equation (37)) and the second approximation solution 

for p (equation (39)); and appropriately substituting into 

equation (28) yields the equation to be solved for the 

second approximation of q: 

  

ad k q (po? + qq?) (x - 1) q;e = TI (42) 

Solving this equation, subject to the boundary condi-~ 

tions given by equations (31') and (33') yields the second 

approximation solution for q as follows: 

  

p, rte x? ~~} x? ~~ 1 P a2 ° By GST * Ba toa ay ¢ 8s w= ay (43) 

where 

Ba - ke sin y (1 908 ¥) (aa) 

By = ; k sin 9 (1 - cos 9) (85) 

3.) The Third Approximation: 

Appropriately substituting the second approximations 

for p and q into equation (27) yields the governing equa- 

tion to be solved for the third approximation of p. The 

equation to be solved is:
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py = |. kCAf + BE) _ 2CAyAg + ByB2) _ 2(Ag + BE) _ 2B2By 
(co - 1)? (e ~ 1)3) (c - 1)* (o-1)8 

  

+ a 2(l1 + 2k) (AAs +3;3,) 4 O3Bs ¢ 23253 ‘ 6g 

Lo (oc - 1)3 (o-1)" (0-21)8 (e-1)§ 

+ | -   
2(3 @ 2k)(ag + BE) =6(1 + k) BBs], 

(oe - 1)" ~ “Ce = 1)" * 

(47)     2¢7 + 3k) baa x? - 3(10 + 3k) ab 4s 

(oe - 1) (se - 1)8 LL 

Now define the following parameters: 

(AyAz +ByBz) (A$ +BH) BeBs_ (yg) 
(ec-1) (e-1)* (e1)5 
  Cs © - Sat +Bf) - 

  

By, B 
Cs == 50 + 2k)(A,Ag #B,Bq) +babs , Pa (49) 

Cy =-2 (3 + aq)(ad + Bg) - 2 (2 + ke) BBs (50) 

Cs e-d5 (7 + 3k) BgBy (52) 

Cs “-3 (10 + 3k) B} (52) 

6 
ew (1 - ~ Cc oF = 1 Cy, = ( cos ¢) ata NT 2 in (53) 

where the Ay and By are as previously defined. 

Utilising the above parameters the solution for the 

third approximation of p, subjected to the boundary condi- 

tions of equations (30') and (32'), is of the form:
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6 xA . } 

nel Cn (e - 1)" (58) 
Ps * 

Now let us substitute the third approximation for p and 

the second approximation for q into equation (28) to obtain 

the governing equation for the third approximation of q. 

The resulting governing equation is: 

2 Bylo - 2 Bole 
(ce - 1)? 
  i 

  

2 Ba, + 6 BgCo - 2 ByCy - 6 Cae | . 
(e ~ 1)3 

6 BsC, - 6 CyB, ~ 22 Bote | 7 
| (cs - 1)° 

[TR BsCq - 4 BgCy ~- 20 CgBg - 12 Bute | 3 
(e - 1) 

  

  

  

4 [720 CuBs - 30 CgBo - 20 eam x 
i (eo - 1)§ 

[~~ 18 BaCs - 6 CyBg - 30 cams | § 
) (eo - 1)? * 

|. 28 Bgl, - 18 . 1g - 1 B10 | ye 
i (e - 1) 

2k BgCg« ; 

  

    
Again, let us define a set of parameters as follows: 

De = is E BiCo - 2 Bots | (56)



Ds = 57 2 

D, = sty 6 

Ds = re E 

Pe * sts |- 

D7 = - 

and 

Dy 

where 

fe 
a 

2. 
j 

| 
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B2Cy + 6 By, - 2 ByC,g - 6 BoCs| 

BsC, - § ByCy - 12 Bots | 

ligC, ~ 4 Bgl y ~ 20 BQCs - ie B1C4| 

10 BoC, ~ 30 BoC, - 20 AyCs| 

48 Bats ~ 6 BgCy - 30 BiCs| 

28 Beg ~ 14 By 

24 BaCo| 

= sin 9 - f Dn se 
ne2 ¢- 

Co 

nel] 

6 
I 

n= 

Ch (a = 197" 

and all other b, and Cy are as previously defined. 

(57) 

(58) 

(59) 

(60) 

(61) 

(62) 

(63) 

(68) 

(65) 

(66) 

Consequently, the third approximation solution for q 

subjected to the boundary conditions of equations (31') 

and (33') can be written in the form:
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a3" ; Dn za - 1 (67) 

Obviously, this method may be continued ad infinitum, 

however, the algebra involved in the analysis becomes 

extremely lengthy as is evidenced by the algebraic complezx- 

ity of the constants D,;, Dg, «++, Dg and Cy, Co, +++, Cy in 

the third approximation. If the method is extended, the 

solutions would be similar to equations (54) and (67) with 

a different range on n and, of course, the constants C, 

and D, would be different. The sesond and third approxima- 

tions for p and q were programmed and checked on @ Univac 

1107 digital computer for comparison purposes. The devi- 

ation between the second and third approximation solutions 

of p and q was quite small. As a matter of fact, it is 

believed that the second approximation solutions of p and q 

are accurate enough for most engineering applications.
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P.) COMPLETION OF THE SOLUTION: 
  

Let us now consider equation (6), (9), (24), (25) 

and (26). Using equations (24), (25) and (26), transaforn 

the variables in equation (6) and substitute into equa- 

tion (9). The result will be: 

Ong ™G |ox (p - 1) q' - 2xqp'| (63) 

Now, assuse that the applied torque is resisted by 

Giroumferential shear, that is: 

T= - 2 pg ert bh (69) 

In equation (69), T is the applied torque, cp, is the 

circumferential shearing eatress, r is the radius of the 

arbitrary circunference, and h is the thickness of the 

plate. 

Again, using equation (26) and equation (68); equa- 

tion (69) is reexpressible as: 

T Weppig * (1 - p) a’ + ap! (70) 

Equation (28) may be rewritten as: 

(1 - p) gq" + agp" = 0 (28") 

or 

a (q' + ap’ - pat) = 9 (72) 

Formally integrating equation (71) yields 

(1 - p) q' + ap’ © a constant (72) 

Comparing equations (70) and (72) we see that equations



a4 

(70) and (28) are equivalent. 

Let 

T 
—memcemecremommeme iB 

Sehb 2G 
¢ (73) 

where ¢ is a loading parameter, and reexpress equations (70) 

and (72) as 

(1 =p) q' + ap’ = ¢ (7%) 

Equation (74) 4s the equation that relates the rotation 

of the hub to the applied torque. 

We are now in a position to complete the solution of 

the problem using the third approximation solutions for p 

and q. To scontinue, let us reexpress equations (27) and 

(26) in equivalent form: 

(1 ¢ 2xp' - p)p" ¢ k (pt)? # (2xq' - q) q” 

+k (qt)? = 0 (27') 

(1 - p) q" + gp” = 0 (28') 

Using a Univae 1107 digital computer the solution is 

completed in the following manner. In the following dis- 

cussion k, equation (29), is assumed to be 0.75. This 

means that the material constant, »u, defined after equation 

(10) 18 assumed to be 0.5. In addition, let us assume that 

the plate to be analyzed is of a specific size. For this 

particular problem, assume a circular plate ten inches in 

diameter with a two inch diameter, rigid, cireular hub and
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& uniform plate thickness of 0.25 inches. 

The third approximation values of p and q, equations 

(54) and (67) are now substituted into equations (27') and 

(28'), and the residuals calculated for a variety of hub 

rotations (¢ = 0.05, 0.10, 0.15, 0.20, 0.25, 0.30, 0.35, 

6.40, 90.45 and 0.50 radians). The residuals were all 

"small" as shown by the sample table (see Table I). The 

small residuals indicate that the third approximation solu- 

tions for p and q, equations (54) and (67), are quite close 

to the exact solutions. 

Using the program shown in Appendix I, based on the 

third approximation values of p and q, equations (54) and 

(67); the loading parameter ¢ was calculated (recall this 

is related to the torque associated with a given hub rota-~ 

tion, and should remain constant from the hub to the outside 

edge of the plate). The loading parameter, ¢, remained con- 

stant to four decimal places for all hub rotations (again, 

see Table I). 

The program was also implemented to calculate the 

radial displacement, u, and the transverse displacement, vy. 

Sample values are shown in Table I and curves are presented 

showing the variation of u and v as a function of radial dia- 

tance for certain values of hub rotation, 6, in figures (4) 

and (5).
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G.) INTERPRETATION OF RESULTS: 

Usually, it is more convenient to visualize normal 

strain as the stretching of base vectors and shearing 

strain as the rotation of base vectors. In addition, the 

displacement gradients are assumed to be small. In the 

linear theory the Eulerian components of the strain tensor 

are equal to the Lagrangian components of the strain tensor, 

and the diagonal elements of the array are considered to be 

the normal strains and the off-diagonal terms are consid- 

ered to be the shearing strains. 

In the nonlinear case where the displacement gradients 

are not small, the Eulerian nonlinear components of the 

strain tensor cannot be simply interpreted as the stretch- 

ing and rotation of base vectors. The problem we must now 

face is how to convert the components of the Eulerian non- 

linear strain tensor into the entities which will agree 

with our fundamental concepts of normal and shearing 

strain. This problem is easily resolved in the following 

manner. | 

Recall that we deformed the body and then erected an 

orthogonal polar coordinate system in the deformed body. 

Let dss be the length of an infinitesimal line element 

along the coordinate axis 61 after deformation and (dsq)o 

be the length of the infinitesimal line element before
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deformation. We may then write: (In the following develop- 

ment the summation convention is suspended. ) 

da, =./Oy, ast (75) 

and 

(dsido =./eay cot (76) 
In equations (75) and (76), Gai and gq4q are the components 

of the metric tensor in the deformed and the undeformed 

body, respectively. 

Defining the normai strain in the conventional manner 

yields: 

dsy - (ds4)o6 
e121 * (48a)q (77) 

  

or equivalently, using equations (75) and (76): 

G 
14 = [gt 1 (78) 

where €14 are the normal strain components associated with 

the conventional definition of normal strain. 

Utilising a basic statement of the Eulerian nonlinear 

(6) strain tensor (see Green and Zerna » page 57) we write: 

2 Ey, * Ga, ~ Bay (79) 

Appropriately substituting equation (79) inte equation (78) 

will yield: 

  

2 uaa 
= } + - 80 44 E442 ( )
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or 

e144 * + 1 (82) 

2 Et 

“Ga 
— 

  

In equations (80) and (81), Eq4q are the "normal’® compo- 

nents of the Zulerian, nonlinear strain tensor. 

Let us now define the shearing strain in the conven- 

tional manner: 

e¢, @ tan (ag, - 844) (82) 

where e447 are the shearing strain components associated 

with the conventional definition of shearine strain, atj 

is the anrle between rt and a and 844 18 the angle between 

Gq and C4. In our particular case, 843 = w/e; thus we may 

write: 

cos a44 * ~All (33) 

/ S44 833 
or using equation (79) and recalling 913 © 9 if @y5 = 0/2 

we write: 

~ @ Syy3 
  (84)   cos ay = 

J S44 - 2 Eas /Oyy - 2 255 

  

* In the future, when we write “normal” cr "shearinz” we 
will mean those components of the Eulerian, nonlinear 
gtrain tensor thet are anslczeus to the nomesal and sheare 
ing components of the linear strain tensor. However, bear 
in mind these are not normal or shearint strains in the 
conventional sense. |
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Using a simple trigonometric identity, we ean write from 

equation (83): 
  

Veit yy - (61g)? 
i - (85) Sin e414 e414 844 E33 

Recalling the basic definition of shearing strain, 

equation (62), and the fact that 6435 = #/2 we write: 

€43 = tan e1j-5 = - cot a4; (86) 

Substituting equations (8&) and (85) into (86) yields: 

  e1j ° — Sis _ (87) 
a/ B44 &33 - (eg3)? 

or equivalently 

  

2 Eq4 
o (88) 

“43 a/ (44 ~ 2 Eqs) (Gy3 - 2 Egg) - S(Bg3)? 

Equations (81) and (88) express the relationships 

  

between the conventional normal and shearing strains and 

the “normal” and "shearing" strains of the Eulerian non- 

linear strain tensor, 

In our particular case we may write: 

  

1 epp © eee + 1 (89) 
/. - 2 Err 

1 oy (90) 

2 tre * ere (91)   

Jd = 2 Epp) (1 = 2 Egg) ~ MEpg)?
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Examination of equations (81) and (88) indicate that 

if the strains are small the normal and shearing strains 

defined in the conventional manner are equal to the “normai" 

and “shearing” strains of the Eulerian nonlinear strain ten- 

sor. 

The relationship between the normal strain as conven~ 

tionally defined and the “normal” strain of the Eulerien 

nonlinear strain tensor is very easy to obtain. Using 

either equation (89) or (90), assign a value to the “normal” 

Eulerian nonlinear strain and calculate the conventional 

normal strain. If this is done the curve shown in Figure 6 

is the result. 

Now consider a uniaxial state of stress. Recall that 

we assumed the components of the stress tensor were 

linearly related to their corresponding components of the 

Kulerian nonlinear strain tenser. This assumption is shown 

in Pigure 7 as a straight solid line. We must now inter- 

pret this relationship in terms of the conventional defini- 

tion of strain. Figure 6 represents the relationship 

between the “normal” Eulerian nonlinear strain and the con- 

ventional normal strain; consequently, if we convert the 

abscissa of Figure 7 from the “normal” Eulerian nonlinear 

strain to the conventional normal strain by means of 

Figure 6 the ourved, dashed line of Figure 7 results. The
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curved, dashed line of FPigure 7, then, represents the con- 

ventional stress-strain curve for the case of uniaxial 

stress (compression and tension). 

Let us now consider a state of shearing stresa. The 

state of shearing stress we will consider is the response 

of an element of the elastomeric, circular plate subjected 

to a finite rotation of its hub. The element of the plate 

we will consider is adjacent to the hub. A question may 

arise concerning why a state of pure shear is not consid- 

ered. This is, in some respects, a moot question; but, 

primarily, a atate of pure shear was not considered because 

& pure shear specimen is not used to determine the shearing 

modulus of elastomeric materials. Furthermore, the experi- 

mental specimen used to determine the shearing modulus of 

an elastomer is similar to an element of the plate. Using 

the computer results, Erp, Epg and Egg were calculated 

using equations (5), (6) and (7). These results were then 

substituted into equation (91), and the relationship 

between the conventional shearing strain and the “shearing” 

strain of the Eulerian nonlinear strain tensor for the 

element of the plate were obtained, This relationship is 

shown in Figure 6. Bear in mind this is not the pure shear 

relationship. It was also assumed that a linear relation- 

ship existed between the shearing stress and the "shearing"
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strain component of the Eulerian nonlinear strain tensor: 

this assumption is shown as a solid straight line in 

Figure 9. Again, if the abscissa coordinate of the solid 

atraight line isa converted from the Eulerian "shearing" 

strain to the conventional shearing strain as indicated 

in Figure 6, a conventional stress-strain curve results. 

The conventional shearing stress-atrain curve is shown as 

the dashed, curved line of Figure 9. Again bear in mind 

this is not a pure sheer stress-strain curve. A little 

reflection will indicate that this has little, if any, 

effect upon the value of the infinitesinual shearing modulus. 

Figure 10 displays the conventional shearing strain 

and the "shearing" strain of the Eulerian nonlinear strain 

tensor at the hub of the elastomeric, circular plate as a 

function of the plate rotation. 

Pigure 11 shows the variation of the loading paraxneter 

given by equation (73) as a function of the hubd rotation of 

the plate. 

To compare experiment and theory, we must relate the 

plate loading parameter, ¢ (equation (73)), to the applied 

experimental torque. The only unknown in the plate loading 

parameter is G, the infinitesimal shearing modulus. Once @G 

is determined, the loading parameter can be converted to 

applied torque very easily. Figure lz is the torque-angle
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of hub rotation relationship as given by the theoretical 

analysis using the infinitesimal shearing modulus of the 

plate material. The manner in which the infinitesimal 

shearing modulus, G, was determined will be discussed in 

the experimental section of this thesis.
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IV. THE EXPERIMENTAL INVESTIGATION 

A.) OBJECT: 

The object of the following simple experiments was 

twofold: first, to verify the agreement of the proposed 

theory with experiment; and, secondly, to evaluate the 

material properties of the elastomer from which the hubbed, 

circular plate was cast. A simple, uniaxial compreasion 

experiment was performed to cheek the validity of the theory 

for compression. A uniaxial tensile test was performed to 

check the validity of the theory for tension; and, also, to 

evaluate the infinitesimal elastic modulus. A shearing 

experiment was. also run to check the applicability of the 

theory to the shearing case and to evaluate the infinitesi- 

mal shearing modulus. Finally, a prototype of the clamped, 

hubbed, circular plate was tested to determine the accuracy 

with which the proposed theory would solve a specific prob- 

lea.
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B.) THE ELASTOMER: 
  

All specimens used in the experiments were open cast 

ef polyurethane. Castable polyurethane is an amine cured, 

polyether prepolymer; it possesses excellent birefringent 

properties (see Figure 2) and its stiffness is completely 

controllable by the addition of dioctylphthalate. 

The tensile specimen, the shearing specimen and the 

prototype circular plate had the following composition: 

Adiprene L 100 parts 

Moca 11 parts 

Dioctylphthalate 25 parts 

The sompression specimen was of unknown composition.
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CC.) A _UNIAXIAL COMPRESSION TEST: 

1.) The Specimen: 

A cylindrical specimen was open cast of polyurethane 

(see Figure 13). The specimen was 0.973 inches in diameter 

and 1.472 inches long. 

2.) The Experimental Set-Up: 

The ends of the cylindrical test specimen were weli 

lubricated with graphite and offi. The specimen was then 

placed between the heads of an MTS testing machine. (The 

MTS testing machine is a completely automatic testing ma- 

chine whose functions are completely controllable from a 

remote console. The MIS machine has an integral X-Y 

plotter for the presentation of data.) 

3.) The Experiment: 

The movable head of the MTS testing machine was 

brought into contact with the cylindrical specimen; the head 

speed was set at 0.5 inches per minute and the limit switeh 

was set for 0.5 inches of head travel. The machine was 

atarted; and, automatically, the specimen was loaded until 

the movable head had travelled 0.5 inches: then, automati- 

eally, the specimen was unloaded until the movable head 

returned to its starting position. The experimental data 

was presented as a force-deflecation plot on the X-Y¥ plotter. 

The specimen was cycled three times as described above.
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THE CYLINDRICAL, UNIAXIAL 

  

FIGURE 13: 

COMPRESSION SPECIMEN
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Polyurethane exhibits a very high modulus on its first load- 

ing cycle due to polymer cross-linking. On the second and 

all subsequent loading cycles, the modulus is reduced from 

the first loading cycle. The load-deflection data 1s essen- 

tially invariant for all loading cycles after the first. 

Consequently, the experimental data of the third cycle was 

considered to be indicative of the material response to uni- 

axial compression,
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D.) <A UNYAXIAL TENSION TEST: 
  

1.) The Snecinen: 
  

The unfaxfal tensile anecimens are shown fn Picure 14. 

These snecimens were cut from a cast sheet of polyurethane. 

The specimens were checked with a hand polarizer for renat- 

dusl stresses which micht have been introduced in cuttine 

the specimens, hut no residual stresses were founé. The 

specimens were six Inches in overall leneth. The test sec 

tion, loeated in the eentral portion of the dumbbell sec- 

tion, was one {neh long, 0.5 inches wide and 0.122 inches 

thiek. 

2.) The Experimental Set-Up: 

The specimen was placed in the air-actuated grips of 

a floor mounted INSTRON testing machine. (An INSTRON test~ 

ing machine is a completely automatic testine machine whose 

functions are controllable from an integral control nanel. 

The INSTRON machine has an integral X-Y plotter for the pre- 

sentation of data.) An INSTRON extensometer was secured to 

the sentral one inch portion of the dumbbell section. The 

extensometer output was fed to the X-Y¥ plotter as Y. The 

load was X input to the plotter. 

3.) The Experiment: 

The INSTRON machine was set to give a head velocity 

of 0.2 inches per minute and a chart sreed of 0.5 inches
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FIGURE 14: THE UNIAXIAL TENSILE 

SPECIMENS
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per minute. The machine was started and the experiment was 

run until the one inch test section was deformed to a length 

of 1.5 inohes. The specimen was unloaded, removed, rein-~ 

serted and the experiment was rerun. The experiment was 

repeated three times with the third run being used for 

experimental date.
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B.) TORSION OF THE PLATE: 
  

1.) The Specimen: 
  

An experimental plate of 5.5 inches outside radius, 

one inch inaide radius and 0.25 inches thick was open cast 

of polyurethane. A one inch radius aluminum hub was inte- 

grally bonded to the inside circumference of the plate. 

2.) The Experizental Set-Up: 

The specimen was secured in a supporting jig of two 

aluminum plates; each aluminum plate had a ten inch diameter 

hole cut in ite center and was faced 0.125 inches to a dilan- 

eter of 11.25 inches. The specimen was then cemented on 

both sides over an area extending from a five inch radius 

to the outside edge; i¢ was then positioned between the 

a@luminum plates in contact with the facings of the aluminus 

plates. The plates were then bolted together; however, the 

spacing between the plates was shimmed in such a way that 

the plates did not compress the specimen. (The entire 

support of the specimen at its outer edge was due to the 

cement.) The central hub of the plate was drilled and 

broached such that a torque could be transmitted from a 0.5 

inch Giameter shaft through a key to the plate. The shaft 

transmitting the torque was supported on each side of the 

piate in polished holes. The complete experimental set-up 

is shown in Figure 15; assuming the plate is located
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FIGURE 15 EXPERIMENTAL SET-UP FOR THE PLATE 

TORSION TEST
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at 12 o'clock, the complete experimental set-up is as 

follows: 

a.) 

b.) 

cs.) 

a.) 

e.) 

f.) 

12 otelock - the plate secured in its jig. 

1 o'clock - 

ll o'clock - 

10 o'clock ~ 

8 o'clock - 

6 o'clock - 

a precision potentiometer which was 

used to measure the angular rotation 

of the torque input shaft (the cen- 

tral hub of the plate). 

a torque gage, actually a 3/8 ineh 

drive socket extension which was 

strain gaged and calibrated to indi- 

cate torque. The torque gage was 

supported at each end in nylon bush- 

ings in vertical support plates, it 

was connected to the load shaft of 

the plate by a 3/8 inch drive univer- 

gal joint and was loaded by a verti- 

cal force applied to an arm. (See 

right hand side of Figure 16.) 

a bridge box connected to the torque 

gage, a DC voltage supply, and a 

recorder. 

a DC vwoltage supply connected to the 

bridge box. 

a "Moseley" X-Y plotter recording
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FIGURE 16 PLATE TORSION EXPERIMENTAL SET-UP IN 
POSITION FOR TEST (Note Load Application 
Method at Right Side of Photo.)
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torque gage output as the Y signal 

and the precision potentiometer out- 

put as the X signal. 

A battery is used as the DC input to the precision poten- 

tiometer. 

A schematic of the plate torsion experimental set-up 

is shown in Appendix ITI. 

3.) The Experiment: 

Three plates were tested in torsion at various times 

during February and March 1965. The first experiment was 

unsuccessful due to a bond failure between the plate and 

the central hub; the second experiment was also unsuccessful 

due to incomplete data collection before the ultimate fail- 

ure of the plate. The third experiment was considered 

successful; it was conducted in the following manner: 

a.) The specimen was instrumented as previously dis- 

cussed and was placed in a Tinius Olsen Universal 

Test Machine as shown in Pigure 16. (It should be 

mentioned that the Tinius Olsen Teat Machine was 

used only as a test vehicle - no data was taken 

from the machine. ) 

b.) The loading device (a rigid bar with a ball bear- 

ing end) was brought into contact with the loading 

arm at an eccentricity of five inches. The plate
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containing the experimental fixture was wedred 

to prevent translation on the weighing table and 

weichted to prevent possible overturning of the 

fixture. 

ec.) The loading head was adfusted to yield a loading 

rate of 6.2 inches/minute and the test was 

atarted. 

c€.) Several runs were made in the following order: 

i. 

ii. 

Lit. 

iv. 

one run to a 10° rotation of the hub 

three runs to a 20° rotation of the hub 

one run to a 25° rotation of the hub 

one run to ultimate failure of the plate. 

Figures 17, 18 and 19 have no direct bearing on the 

present investization, but are included to indicate the 

nature of the response of a clamped, hubbed, elastomeric 

circular plate to a large axi-symmetric rotation of the 

hut.
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PROGRESSIVE BUCKLING OF PLATE DUE TO TORSION. 

(Note shadows at 6 o'clock on the plate) 

a) Approximately 31 Degree Rotation of Hub 
b) Approximately 34 Degree Rotation of Hub 
c) Approximately 36 Degree Rotation of Hub
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FIGURE 18 THE PLATE AFTER ULTIMATE FAILURE
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FIGURE 19 THREE PLATES AFTER FAILURE (Note Numbers 

on Plates). 

Plate 1 Bond Failure 
Plate 2 Buckling-Tension Failure 
Plate 3 Buckling-Tension Failure
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F.) THE SHEARING EXPERIMENT: 

1.) The Specimen: 

The experimental shearing specimen is shown in Pigure 

20. The specimen is the standard Lord D-837 shearing speci- 

men; its dimensions (on each side of the central load trans- 

fer plate) are 0.882 inches long, 0.5 inches deep and 0.5 

inches wide. 

2.) The Experimental Set-Up: 

The specimen was secured in the testing jig as shown 

in Figure 21. The testing jig was then placed in a Tinius 

Olsen Universal Testing Machine as shown in Figure 22. 

Figure 22 shows the complete experimental set-up for the 

determination of the shearing response cf the specimen. In 

Pigure 22 the testing jig is placed on a 0-1000 pound 

Lebow load cell, a DC voltage supply is connected to the 

load cell and the load ee11 output is taken to the Y axis 

of the Moseley X~Y plotter. The displacement of the speci- 

men is determined by means of a Tinius Olsen deflectometer 

(an LVDT) used in conjunction with an ATC. The ATC output 

is taken to the X axis of the Moseley X-Y plotter. A 

schematic of the shearing modulus experiment is shown in 

Appendix III. 

3.) The Experiment: 

The specimen was placed in the Tinius Olsen Universal
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FIGURE 20 THE SHEARING MODULUS EXPERIMENTAL SPECIMEN
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FIGURE 21 THE SHEARING MODULUS EXPERIMENTAL SPECIMEN 
IN TESTING JIG
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Testing Machine as shown in Pigure 22. (Again, the Tinius 

Olsen Testing Machine is used only as a test vehicle.) The 

loading head was brought into contact with the load trans-~- 

fer head of the testing jig, and the experiment was begun. 

The specimen was tested through three cycles of deflection 

to 0.2 inehes over a variety of loading rates varying from 

0.015 inehes/minute to 0.833 inches/minute. In all cases 

the response of the specimen was very nearly constant indi- 

eating a lack of strain rate sensitivity.
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FIGURE 22 DETERMINATION OF SHEARING MODULUS; 

EXPERIMENTAL SET-UP
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G.) THE EXPERIMENTAL RESULTS: 

The corrected results of the uniaxial compression 

experiment are shown by the solid line in Figure 23. The 

correction that is made on the raw experimental data is to 

correct the stress for the change of the cross sectional 

area due to the large strain imposed on the specimen. The 

correction is based on an incompressibility assumption. 

The data obtained in the unifaxial tension experiment 

is displayed in corrected form by the solid line of 

Pigure 24. The same correction is applied here as in the 

uniaxial compression case. From the corrected data, the 

infinitesimal elastic modulus was determined to be 1492 psi. 

Note the correction applied to the raw data does not affect 

the value of the infinitesimal elastic modulus. 

Recall that the compression specimen and the tensile 

specimen were of different compositions. Consequently, it 

will be impossible to obtain a continuous stress-strain 

curve embracing both compression and tension. However, a 

plethora of experimental results in the rubber and elasto- 

meric literature indicate that the infinitesimal tensile 

and compressive moduli are equivalent. For example, see 

Treloar‘?5) | 

A portion of a typical result of the plate torsion 

experiments is shown by the solid line of Figure 25. The
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curve presented is from the data of the 0 to 25° rotation 

of the hub experiment (run 441). 

The data collected in the shearing phase of the experi- 

mental work is presented in Figure 26 as a solid line. 

These results indicated that the infinitesimal shearing 

modulus of the polyurethane specimen was 481.5 psi. 

Using the values of the infinitesimal elastic and 

infinitesimal shearing moduli, the linear equation relating 

the two moduli yields a value of 0.54 for Poisson's ratio.# 

The buckling process of the experimental plate is not 

being considered in this investigation; but, nonetheless, 

it was observed and was quite interesting. When the rigid 

central hub had been rotated through about 31 degrees, two 

amall “dimples” appeared on the plate. The dimples were 

diametrically opposed at about 6 and 12 o'clock on the 

plate (Figure 17), and were concave. As the angular rota- 

tion was increased, the dimples became deeper; the deepen- 

ing was accompanied by a very slow clockwise undulation. 

(The load was being applied in the clockwise direction.) 

When the buckling torque was reached (rapid decay of 

  

® The value of 0.54 for Poisson's ratio is assumed to be 
due to experimental error. Reports in the literature indi- 
cate that the value of Poisson's ratio for polyurethane 
is 0.5.
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torque): two, well-defined, diametrically opposed buckles 

appeared. These two buckles extended about one inch from 

the hub; and, as the angular rotation increased, these 

buckles extended toward the outer edge of the plate accom 

panied by "wrinkling" on the clockwise side of the 

buckles. The buckles never reached the outer edge of the 

plate. At an angular rotation of the hub of about 56° to 

57°, an apparent tensile failure occurred followed immedi- 

ately by a bond failure. It was noted that the buckles 

were neither tangent nor radial to the central hub. Stein 

(13) and Hedgepeth report this fact as a result of their work 

with a hubbed membrane subjected to an axi-symmetric torque.
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VY. SUMMARY AND CONCLUSIONS 
  

In this thesis, a finite strain theory was proposed. 

Furthermore, it was demonstrated that conventional stress- 

strain relations can be developed from the theoretical 

analyais (section IITI.¢@). Consequently, the proposed theory 

can be compared to actual experiment for several loading 

situations; and, thus, the validity of the proposed theory 

can be evaluated. 

First, let us consider the application of the theory 

to the finite strain, uniaxial compression case. The 

corrected experimental resulte are shown in Pigure 23 by 

the solid curved line. To apply the theory, draw a tangent 

to the "infinitesimal" portion of the corrected experinental 

curve as shown in Figure 23. This, of course, corresponds 

to the statement of the finite strain theory; if the 

abscissa is considered to be the Zulerilan "normal" compres~ 

sive atrain. To compare the corrected experimental results 

with the finite strain theory one must convert the abscissa 

of the finite strain theory (the line tangent to the infin- 

itesimal portion of the corrected experimental curve) from 

the Eulerian "normal" compressive strain to the conven- 

tional compressive strain. This is easily accomplished by 

using Pigure 6. When this conversion from the Eulerian 

"normal" compressive strain to the conventional normal com- 

pressive atrain is performed the finite atrain theory
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curve, as labeled in Pigure 23, results. Comparing theory 

and experiment for the uniaxial compressive case, it is 

seen that the agreement, qualitatively and quantitatively, 

is extremely good up to strain levels of 30 percent. 

Secondly, consider the case of uniaxial tension. The 

corrected results of the uniaxial tension experiment are 

shown in Pigure 24 by the solid, curved line. Again, draw a 

line tangent to the infinitesimal portion of the corrected 

experimental curve (as before, this represents the statement 

of the finite strain theory if the abscissa is considered to 

be the "normal" Eulerian tensile strain). The Eulerian 

“normal” tensile strain must, again, be converted to the 

conventional normal tensile strain before experiment and 

theory may be compared. This is easily accomplished by us- 

ing Figure &. When the finite strain theory for the tensile 

case is converted to conventional coordinates the curved, 

dashed line of Pigure 24 is the result. The agreement of 

theory and experiment is qualitatively “ood” up to strain 

levels in the range of 20 to 25 percent. Above strain levels 

of about 25 percent, the theory and the experiment diverge. 

This was as expected as some elastomeric materials, includ- 

ing polyurethane, underco a physical change et certain 

strain levels. This physical change is essentially a 

crystallization phenomenon wherein the polymer changes to
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a crystalline structure. This change is usually indicated 

by a change in color of the specimen (for polyurethane). 

Now, consider the shearing case. In the shearing 

case, we are confronted by a dilemma at the onset, as the 

shearing specimen (Pigure 20) ia not a true shearing speci- 

men for finite deformation because of the two free edges. 

This problem could be resolved by theoretically analysing 

the shearing specimen. Unfortunately, this has not been 

done for the finite deformation case. Let us, then, use 

the results of the plate torsion analysis. An element near 

the central hub of the plate torsion specimen should behave 

Similarly to the shearing modulus specimen. Note, we said 

similarly as an element in the plate can or will be sub- 

jected to two normal strains as there are no free edges in 

the plane of the plate whereas in the shearing modulus 

specimen (Figure 20) there are two free edges. Hence the 

energy level of the element in the plate should be higher 

than an element in the shearing modulus specimen for the 

same "shear" deformation. It should be noted the shearing 

specimen dilemma has been appreciated for several years, 

but little work has been done to alleviate the problem. As 

far as is known (to the author) no one has tried to analyze 

the shearing specimen, and the only paper that has been pub- 

lished concerning possible corrections was published
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several years ago by reaa‘?7) 

Nonetheless, to compare the finite strain theory with 

the shearing experiment; the following approach was used. 

Using the resuits of the plate torsion analysis and experi- 

ment, the relationship between the conventional shearing 

strain and the Eulerian "shearing" strain was calculated 

using the results of section III.G. This relationship is 

shown in Figure & Using the results of the shearing aodu- 

lus experiment, the infinitesimal shearing modulue was 

cetermined. (Note that the two free edges of the shearing 

modulus specimen should not appreciably affeot the deter- 

mination of the infinitesimal shearing modulus.) Using 

the value of the infinitesimal shearing modulus the finite 

strain theory is shown as the straight, dashed line of 

Figure 26 where the abscissa values corresponding to this 

curve are understood to be Eulerian "shearing" strain. 

Then using Pigure 8, the Eulerian, "shearing" strain is 

converted to conventional shearing strain; and the finite 

atrain theory for shear is shown as the dashed, curved line 

of Figure 26. The shearing modulus experisiental data is 

shown in Figure 26 as the curved, solid line. At this 

point, the agreement between theory and experiment is 

"good," but recall our argusent concerning the two free 

edges of the shearing modulus specimen. If we were to
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restrain the two free edges of the shearing modulus speci- 

men, the energy level of the specimen would be increased. 

This would move the experimental curve of Figure 26 upward 

toward the theoretical curve of Figure 26. In addition, 

the effect upon the energy level of restraining the two free 

edzes of the shearing modulus specimen would be negligible 

for small strains, and the effeat would, of course, for the 

larger strains become more prefound. Thus, it is believed 

that the finite atrain theory is also applicable to the 

shearing case with sufficient accuracy to warrant engineer- 

ing consideration. 

To further study the applicability of the finite 

strain theory, the problem of the response of a clamped, 

hubbed, circular elastomeric plate subjected to a finite, 

axi-symmetric rotation of the hub was studied. This prob- 

lem will demonstrate the applicability of the finite strain 

theory to the aolution of a realiatic engineering problem. 

An approximate solution was obtained by hand and then 

extended by means of a digital computer as explained in 

section III.¥F. 

This solution was based upon the assumption that 

Poiason's ratio of the material was 0.5; by experiment, 

Poisson's ratio was determined to be 6.54. This, of 

course, is an eight percent error; but the effect of this
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error is not too profound if one checks the terms in equa- 

tions (27) and (28) that contain Poisson's ratio. The com- 

plete solution of the plate-torgsion problem is not deter- 

mined until the infinitesimal shearing modulus is known; 

however, the infinitesimal shearing modulus is now known to 

be 481.5 psi as the result of the shearing modulus experi- 

ment. Consequently, a solution of the plate-torsion prob- 

lem is completed and this sclution is presented as a torque~- 

angle of hub rotation plot in Figure 12 as a curved, solid 

line and in Figure 25 as a dashed, curved line. The experi- 

mental torque-angle of hub rotation relationship is shown 

in Figure 25 as a curved, solid line. 

She agreement between the finite atrain theory and 

the experinent for the axi-symmetric rotation of the hub of 

a hubbed, clamped, elastomeric eircular plate ia excellent 

up te a hub rotation of about 0.27 radians. For values of 

hub rotation greater than about 0.27 radians the theory 

and experiment diverge. 

The divergence of the theoretisal and experinental 

results for hub rotations greater than about 0.27 radians 

ia easily ezplained. Recall that the resulta of the ten- 

sion experiment when compared to theory also indicated this 

type of divergence, and, in addition, recall the statement 

made by Gubkin'?5) which is cited in the Introduction:
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"ein view of this, the principal stresses are equal 

in value, but opposite in sign." 

Thus, there is always a tensile principal stress in the 

plate; which, when the value becomes large enough will 

Gevelop a condition of crystallinity which alters the 

physical properties of the elastomer. Evidentally, the 

tensile stress developed in the plate becomes the predomi- 

nating factor in the response mechanism at a hub rotation 

of 6.25 to 0.3¢€ radians. This is somewhat substantiated by 

the failure of the plate as shown in Figure 19. Thus, it 

must be stated that the finite strain theory breaks down in 

the presence of tensile stresses which are of sufficient 

magnitude to alter the physical properties of the elastomer. 

However, in general, this is not an insurmountable problem 

as there are elastomers which can sustain very high strain 

levels before the physical properties are altered. 

In conclusion, the finite strain theory has deen 

proved to be adequate for the engineering analysis of cer- 

tain finite strain problems. The theory is in excellent 

agreement with the uniaxial compression, finite strain 

problem. The theory appears to be in agreement with the 

shearing response of elastomeric materials subjected to 

finite shears. However, it is believed that additional work 

should be done to improve finite, shearing strain, experi-
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mental techniques. The theory arreea, qualitatively, with 

experiment up to atrain levela of 20 to 25 pereent for the 

uniaxial, tensile finite strain case, but, admittedly this 

is the weakest case of the proposed theory. As previously 

indicated, certain elastomers have ea tendency to change 

their physical properties at certain tensile strain levels. 

Consequently, if an elastomer with a much greater tolerance 

to tensile strain were used; the qualitative agreement 

between theory and experiment could be extended to much 

higher strain levels.
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APPENDIX I 

THE 1107 DIGITAL COMPUTER PROGRAM FOR THE EVALUATION OF THE 
Trhikv APPROXIMATION SGLUTIONS AND THE RESIDUALS OF THE 
GOVERNING EQUATIONS FOR THk HUBREDrCIRCULAR*s® ELASTOMERIC 
PLATEe THE CUMPUTER LANGUAGE IS ALGOL. 

ln KUN 746014952 (120920) ZEELFFLESFSL SES FEA FEL EL EL EL ELLIS IT T+ 

id ALG HEALY 

CUMMENT PHI ANG THE RESIDUALS OF THF GOVERNING EQUATIONS FOR THE 

THIRD APPROXIMATIGH SOLUTIONS FOR P AND QQ & 

FORMAT HEAL (Xte* Lt eA PPT Moe X1Leet CT te Xl ee PHI te X1LZ 9 RE Pe XL eer tRSteX1l2e 

"Ut exXler*VtreAle1) & 

FORMAT ANS CX5eT4e7CKeek1 2.5) 2 Al) & 

INTEGER TeUene aa 

REAL ARKAY Arbre Cele GeliGrlbDGreKeTeZlGere9b) % 

REAL KReSetotieYowo Ve UePT eUPT I COPT ep OTe ROT Pe DGOTePHIe RE eRSr Ee F 

LOCAL LAgil DONE + 

REAU (Ket)  ‘b 

AvoALiies 

READ ( LONE R®S) & 

WKiTeE (Cf rR Lotsk) & 

FOR IT = (1°1°9) DO 

ZQI) = CCHEFT HL) /CCHAW1)4**1) ¢ 

COMMENT CALCULATION OF CONSTANTS $$ 

ACL) = ne Cltk*z(2)) 
Ale) = -(K¥R) 
Be) = =(K*San) / (Hel)  F 

i303) = (173)4#(K*S*K) 4» 
3C1) = 5-62) *2(2) 7H (4) 4203) 4 
Clé) = =-0.5¥*K* (A(01)¥A01)4+301)4601)) 

~(AC1L) *A(2) 4601) 45(02))/70CH91) 

“(A(2)*A0Z)4+8 02) 48 °02))/ 0 (HL) €*2) 

mis (2) #4 (3) /(CCHR1L)**3) 49 
CUS) = =O. 5353S" (C1 t2*K) FC ACLI FACE) +801) 4B (2) ) 

#(:501)%*6(03)/ (CH-1)) 
+(p(2)*H(3)/ CCHA1)4*2)) 

(02) #8 (02)/7 0 (CHm1)**3)) §$ 

C4) = -Oelo60*(34+2*K) *(A (2) AC 2) 4602) 4802)) 

—“U.50*(14+K)456(01)46B(35) 6 

C(b) “O.L0#4 (7+ 54K) 8°00) 4H (3) § 

Clo) = -O.1L0*(1043¥*K) #6 (3) 4103) 4% 

Fur I = (2eled) vU 
Y = y+C(T)*2Z(1) 4 

Cll) = R-Y 4
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W= Y b 

FOR IT = (Ciele 3) DC 

Wow + BCLS (Crm L) ee) oS 

Bo(G) = -wW 

F= U re) 

Fur 1 = (islreod) vo 

E = ¢€ +CCL)/CCie-1L)**1) 4 

Clu) = -E 4% 

OC2) = UedO¥*¥ (24h (2) 4*C (0) 72 #5 (0) *C(2)) b 

U3) = (1/0) * (245 (2) *C(01)46¥*8 03) C10) 24501) 4C 02) -6*3(0)*C(5))  §$ 
O(4) = (1/12) 4 (e4is 03) 4C 01) -5*5 01) *C (3) 12468 (00)*C(4)) 6 
UIS) = (1/20) * (4 #04) 4C 02) -443 02) *C (5) 2048 (0) *C 05) 12401) 4C(4)) & 
blo) = (1730) * (104802) *C 04) -30*B8 (0) «C(6)-20*8(1)*C(5))  & 
bOC7) = (1/42) * (1842 (2) *C 05) -6*28 (3) *C 04) -30*01)*C(6)) 4% 
O(8) = (1/756) * ($2644 (2) ¥*C (6) -1448(3)4C(5)) 4 
O(9) = (1/72) * (e445 (3) 4*C(6)) Ff 

F=Yy D 

FUR IT = (e0iedY) OC 

FoF + D(T)¥*/(01) §& 

O(1) = S-F 4 
wiklTE (hkAD) & 

CUMMENT ecVALUATION OF THE APPROXIMATIONS 6 

FUR [T=(Urlre Go) CO FEGII: 
X(]) = 25=0-c5h*I b 

TOL) = SQRTCH/X(1)) 4% 

FoR J=(10e1l99) DG BEGIN 

GU) = (CXC) #0) -1)70(CrAm1)¥*J) 6 
DG(U) = Je (X(T) **(CUT1LIIS(CCHH1) Fey) 4 

DLUG(I) = Ge ( Jeb) * (XCT) &* (U2) )/S (CC HHL) €*4U) 4 
Enb of 

PT = G & 

DPT = Uo & 

DUPT = UO % 

FUR N= Cleleo) GO LEGLI: 

PT = PT4C(Nyd¥cid 4% 

OPT = GPT +C(h.d*CG(N) $ 

VDFT = BOPT+C(N)40UGCi) 4 
Evi ‘*b 

QT = 0 »*% 

DET = GO & 
Poul = OG 
FUR U=CieleS) DO BEGIN 

QT = OT4+D(0)4#G6(0) 4% 
VQT = BATFHD(O)*UG(O) +s 
JOGT = vDQT+D (0) #00600) £ 

Fivts 

PHI = CL-“PT) *€0QT+uUT#ORT 4%
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RF= (1-2*X C1) 40PT=HPT) #00PT+K* DPT ASP T+ (2X (1) DG THOT) ODOT 
+K¥*DOT*UCT 8 & 

RS = (1-PT)*O0UQT+HET*#DUPT 
U = T(I)*PT ab 
V = F(1)*QT 4 

WRITE CANSe Te PT eo Te PHI eo RF eRSeUe VV) 

bw 

GU TO AGAIN %& 

DUNK « « 

ihiy XQT HEALY 

0.75 

2» 
0eUUDSD 0.6998 
0.Ulie2 Uel 4S 
Geu199 Ue1987 
00457 Ued95D 
6.0789 U0. 3894 
(3 COF 
io) F LIN
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A FINITE STRAIN THEORY, AND ITS APPLICATION 

TO THE PLANE STRESS RESPONSE OF POLYURETHANE 

The theory proposed in this thesis is an attempt to 

bridge the gap that exists between the linear and nonlinear 

theories of Elasticity. 

The theory is applied to the solution of a hubbed, 

clamped, circular plate made of polyurethane whose hub is 

subjected to a "large" axi~symmetrioc twist. This particular 

problem is attacked in the conventional manner of the 

generalized plane stress problem of linear elasticity. How- 

ever, the strain displacement relations are formulated in 

the Eulerian manner and the displacement gradients are not 

assumed to be small. In addition, a more general stress~ 

strain relationship than the conventional Hookean form is 

assumed. 

The solution is checked by experiment; and in addition, 

three auxiliary problems; the uniaxial compression problem, 

the uniaxial tension problem, and a shear problem are 

checked experimentally to further cheek the validity of 

the proposed theory when applied to the finite strain res- 

ponse of polyurethane.


