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Matrix Schubert varieties for the affine Grassmannian

Jason Cory Brunson

(ABSTRACT)

Schubert calculus has become an indispensable tool for enumerative geometry. It concerns
the multiplication of Schubert classes in the cohomology of flag varieties, and is typically
conducted using algebraic combinatorics by way of a polynomial ring presentation of the
cohomology ring. The polynomials that represent the Schubert classes are called Schubert
polynomials.

An ongoing project in Schubert calculus has been to provide geometric foundations for
the combinatorics. An example is the recovery by Knutson and Miller of the Schubert
polynomials for finite flag varieties as the equivariant cohomology classes of matrix Schubert
varieties. The present thesis is the start of a project to recover Schubert polynomials for
the Borel-Moore homology of the (special linear) affine Grassmannian by an analogous
process. This requires finitizing an affine Schubert variety to produce a matrix affine Schubert
variety. This involves a choice of “window”, so one must then identify a class representative
that is independent of this choice. Examples lead us to conjecture that this representative
is a k-Schur function. Concluding the discussion is a preliminary investigation into the
combinatorics of Grobner degenerations of matrix affine Schubert varieties, which should
lead to a combinatorial proof of the conjecture.

This work was partially funded by NSF grant DMS-0652641 and DMS-0652648. 1 am in-
debted to the members of the Focused Research Group on “Affine Schubert Calculus: Combi-
natorial, geometric, physical, and computational aspects” for extremely helpful conversations
and emotional support.
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Introduction

This paper is the start of a project to exhibit a natural geometric construction of the sym-
metric function representatives of Schubert classes in the homology of the (Type A) affine
Grassmannian. The project will proceed as follows, using n > 2 and w an affine Grassman-
nian permutation:

(1)

(2)

Embed the affine Schubert variety X,, < Gry,,, into a finite Grassmannian. This is

accomplished via an embedding Grgp,, < GrY. of the affine Grassmannian Grgp, =
SL,(C((t)))/SL,(C[t]) into the infinite Grassmannian Gr’, = limu.pm_p GTp -

Construct the matriz affine Schubert variety Y"™ = 7-1(X,) C M,,xp, where 7 :
M .1, — Grp p is the column span map from the Stiefel manifold to the Grassmannian,

and describe its ideal i(Y,»™) C C[M,,xs]. (Note that Y,>™ is stable under the column
action of the maximal torus 7' < GLj.)

Compute the torus-equivariant cohomology class [Y/»™T € HxA(Mpxp) & Zlxy, .. ., 2]

identify a torus-equivariant homology representative via the rectangle complement bi-
jection Wy (m—p) on (the partition diagrams that index) the basis of Schur polynomials
and verify that each representative is the localization of some common symmetric func-
tion fir Y = HM oo pm—h Whx(m—n) Ye™" € A. We verify the existence of £ using
the multidegree representation of equivariant cohomology.

Perform a Grébner degeneration of Y/*™ into a union of coordinate subspaces and
describe this union in combinatorial terms. We represent these subspaces as m x h
arrays with ideal generators marked. We prove part of the claim, and conjecture the
rest, that the collection of these arrays behave like the planar histories of a permutation.

Use the Grobner combinatorics to explicitly describe fﬁ,"‘” and its relationship to the

known homological Schubert class representative, the k-Schur function 51(1? - using

k = n — 1. We conjecture, having several cases empirically validated, that fw”_l) =
(n—1) . . . . . .
sw . If true, this provides a purely geometric, monomial-by-monomial construction

of k-Schur functions.

The proof of (2) involves the introduction of a class of heralded spaces in Gr’, that help us
interface between Gr?, and Grgy, . In particular, we use heraldedness to identify canonical



bases in Gr?, for V € Grg, from which much of the combinatorics of the affine Weyl group
can be recovered. Meanwhile, we observe in our examples, and clarify into a conjecture,
a partial Grobner degeneration of Y™ into a union of GLj-stable matrix varieties whose
equivariant classes are Stanley symmetric polynomials. Up to these conjectures, this provides
a geometrically natural expansion of sV into Stanley symmetric polynomials.

Notational conventions vary from chapter to chapter but in most cases remain steady within
each chapter. Results are categorized as follows: Most sections contain a theorem, which
represents the central result of that section. Propositions are borrowed from other sources
and not proved. Lemmata and corollaries precede (respectively, follow) theorems and propo-
sitions (and corollaries lemmata) but range from highly technical miscellany to important
results.

The document is organized as follows: Chapter 1 provides an overview of the classical finite
flag varieties, with an emphasis on Grassmannians, upon which foundation Chapter 2 builds
an introduction to the affine Grassmannian and its realization as an ind-subvariety of an
infinite Grassmannian. Chapter 3 develops machinery (the heralded spaces) that interfaces
between these infinite and affine Grassmannians and facilitates several proofs in Chapter 4.
That chapter introduces matrix affine Schubert varieties, our main objects of interest, and
proposes polynomial generators for their ideal. Finally, Chapter 5 constructs homological
polynomial invariants of these varieties and examines their combinatorics.



Chapter 1
Finite flags

In this chapter we introduce two classical collections X — full flag varieties and Grassman-
nians — of subspaces of a finite-dimensional vector space satisfying certain intersectional
criteria. Parametrized as a subspace of projective space, X inherits the topology of a man-
ifold. We exhibit the embedding of the Grassmannian specifically into the projectivization
of a certain vector space, the relations governing which grant it the structure of a projective
variety. We then recover X as a quotient of the general linear group of the vector space,
conferring smoothness on X as a manifold and leading to its stratification into orbits of
the Borel subgroup called Schubert cells. The associated Schubert classes are central to the
cohomology (alternatively, the intersection theory) of the Grassmannian, and to that of flags
in general. We briefly recall the polynomial ring presentation of the cohomology of X and
identify canonical polynomial representatives of the Schubert classes.

1.1 Flag and Grassmannian manifolds

Begin with an n-dimensional complex vector space V.

Definition 1.1.1. A (k-step) partial flag in V' is a filtration of strict inclusions
Fo:{0}=F,CF,C---CF, CF,=V),

of subspaces of dimensions dim F;, = i;. F, is a full flag if each i; = j and k = n — 1. Given
a dimension sequence I = (iy < ig < -+ < i) € {1,2,...,n — 1}, denote by Fl;(V) the
collection of flags arising from that sequence, which we call a flag variety because (as will be
seen in the next section) it admits the structure of an algebraic variety.

For integers a < b, write [a,b] for the sequence of integers from a to b, inclusive, and
la] := [1,a]. Write F1,(V) := Flj,_1)(V) and Gy, (V) = Flgy (V). The latter collection is a
Grassmannian.
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Pick a basis (ey,...,e,) for V. Then the standard flag F, = F£*% is defined by
F; = Span(eq, ..., ¢;).
We will also make use of the opposite flag FPP defined by

opp _
FPP = Span(eni1—i,- - -, €n)-

For the sake of following convention, in later chapters we will transition to a focus on opposite
flags. o

The general linear group G = GL(V') exactly parametrizes the (ordered) bases of V' by the
assignment g — (ges, ..., ge,). The action of G on V induces an action on the ordered bases
of V', and in turn on any flag variety F1;(V'). This provides the projection

G — F1; (V). (1.1)
g — (Span(ge, ..., ge;,)y)

Write g; = ge; and denote the full flag F{¥ = (E-(g) = Span(g1, ..., 9)).

The next few paragraphs cover several basic facts about linear algebraic groups that establish
a standard framework for what follows.

Definition 1.1.2. Given a finite linear algebraic group, any maximal connected solvable
subgroup is Borel, and any subgroup containing a Borel subgroup is parabolic.

Explicitly, write
br = {g €eG | V’L, Gi;_1+15 - -+ i S P;Sjtd

for the standard parabolic subgroups of G, including the standard Borel subgroup B = P,y <
G and the maximal parabolic subgroups P, = Fj) < G. Designate the corresponding
opposite subgroups B~ and P, . o

By this definition, a Borel subgroup is a minimum parabolic subgroup.

Proposition 1.1.3 (7). The stabilizer in G of a partial flag is a parabolic subgroup. In
particular, the stabilizer of a full flag is a Borel subgroup. Moreover, the parabolic subgroups
of G are precisely these stabilizers.

Since the action of G is transitive, we have an equivalence of congruence classes
Fl;(V) = G/Pr. (1.2)

Corollary 1.1.4. Every parabolic subgroup of G is conjugate to a unique P;.
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Without loss of generality, we may then focus only on the standard parabolic subgroups,
which are the stabilizers of the standard partial flags.

Proof. Take a parabolic subgroup P. By Proposition 1.1.3, P = Stabg(F,) for some F, €
Fl;(V) (for some I). Find a basis vy, ..., v, for V that recovers the partial flag F1;(V') under
(1.1), and express this basis as a matrix g € G of column vectors. Thus, for all j € [n],
v; = ge;j. This provides the expansion

po; =Y agyuy.

J'<i

for any p € P and for each j € [n]. Replacing each v;s with ge;; and multiplying on the left
by ¢! yields
97 'pge; = ajie;.
J'<i
Since g~ !pg ranges over the elements of g~!P;g, and conversely since any element ¢’ € F5td
can be obtained this way from p = gg'g!, we have P = g~ Pg. O

Definition 1.1.5. An algebraic torus (over C) is an algebraic group isomorphic to the direct
product of some number of copies of the multiplicative group C*. The unipotent radical of
an algebraic group is the set of unipotent elements u in the radical of G; v € G is unipotent
if 1 — u is nilpotent. o

Proposition 1.1.6 (|[Ros02|). Let G be any (complex) linear algebraic group. The stardard
Borel subgroup B < G contains a unique maximal torus T < B. The quotient Ng(T')/T
of the normalizer of T' in GG is a discrete group isomorphic to the Weyl group W associated

with G.

In our setting W = S, (see Appendix A), and we take W to act on [n]. The choice of standard
basis defines an inner product (e;, e;) = d;; and provides the faithful matrix representation

G — Mun. (1.3)
g = ({95, €i))ij

This representation sends B to the subgroup of upper triangular matrices, its unipotent
radical U to the subgroup having 1s along the diagonal, and each P; to the block—upper
triangular matrices with blocks of sizes i1,y — 41, ...,% — tx_1,n — i;. In particular,

Pk_( 0 GLn_k)'

The action of W on C" given by w(e;) = ey, defines a canonical embedding W — G.
Thought of as a point in My xpn, w = (du(),;) is called a permutation matriz.
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Lemma 1.1.7. FEach two-sided Borel orbit of G contains a unique permutation w. This
delivers the Bruhat decomposition

G = |_| BwB.

weW

See [Eme]| for a basis-free proof. We will prove the stronger decomposition

G=|]| v wB, (1.4)

weW

where U¥ = U NwU_w™! < B. The proof will make use of one-parameter subgroups, which
we define here in terms of a general group and will generalize in Section 2.2.

Definition 1.1.8. Let G be any (complex) linear algebraic group and 6 : C — G an algebraic
endomorphism, so that #(C) is a nontrivial subgroup of G. We refer to 6 and to its image in G
as a one-parameter subgroup. The subgroup of G generated by the images of one-parameter
subgroups 64, ..., 0,, is said to be generated by 01, ...,0,,. o

Returning to G = GL,, it is straightforward that the one-parameter subgroups

a +— I + CLEZ‘]‘

across 1 <1 < 7 < n generate the unipotent radical U < G, and that those across 1 < j <
1 < n generate U_.

Proof. For existence, pick ¢ € G. We shall identify u € U and b € B so that u='gb~! = w is
a permutation matrix, then verify that u € wU_w™1.

We construct u and b iteratively, using one-parameter subgroups, over the entries (4, j) € [n]?,

proceeding from the bottom row to the top row and within each row from left to right. For
the general step, suppose that all (i', j')™ entries of g with i’ > 4, or with ' = i and j' < j,
are either 0 or 1, and no two such entries 1 lie in the same row or column.

e If some g;» =1, j' < j, then take 0 = 0,.,(—g;;) € B to get (¢gf);; = 0. Now g;; = 0.
J 77 J J J

are zero but some ¢gy; = 1, ¢/ > 4, then take
9i'j

o If all entries of g leftward of (i,
= (0. Now 9ij = 0.

0 = 05 (—gij) € U to get (0g)y

o If all entries of ¢ leftward of or below (7, j) are zero, then take 6 = 6,;(—g;;) € B to
get (g0);; = 1. Now g¢;; = 1.
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Any (i, 7)™ step that uses § € U changes g to 8g by adding a row ¢’ > i with 1 in column j
to row i. By the starting assumption now ¢’ has at most one nonzero entry, so in fact only
entry (4, ) is changed. On the other hand, any (4, j)' step that uses 6 € B either preserves
the (non)zeroness of all entries (the third bullet) or changes g to ¢gf by adding a column
j' < 7 with 1 in row 7 to column j. In the latter case, by starting assumption column j' has
at most one nonzero entry at or below row ¢, so only entries at or above (i,j) are changed.
Thus, after each step, the starting assumption is extended to the entry after (i, 7).

At the end of the iterative process, we arrive at a matrix u='gb~!, where w € U and b € B,
having entries 0 and 1. Since u~'gb~! is invertible, it must be a permutation matrix w =

(Oiw(j))ij € Sn-
To see that u € wU_w™!, observe first that, when 6,;(a) € U_,

wh;j(a)w™ =w(l +aBj)w™ " =1 +awE;w™" =1+ aByiyw) = uwliyuw)(a)-

Conversely, a given one-parameter subgroup 6;; maps to wU_w™" if and only if w='(i) >
w™t(j). It will therefore be enough to show that each factor 6;/(—g;;) satisfies w='(i) >
w~(i"). Note that each (i, 7)™ step that updates u requires that no 1 lies leftward of (4, j)
and ends up changing entry (i, j) to 0—that is, j* € j where i = w(j')—and that such a step
requires that some 1 lies below (i, j)—that is, w(j) > . Therefore w='(i) = j' > j = w™ ('),

hence the factor 6;(g;;) lies in wU_w™".

For uniqueness, suppose that v/wb’ = uwb, i.e. that w™lu"lv'w = b(V)™' € B. But u,u’ €
wU_w™!, so wu™tu'w € U_. Since BNU_ = {id}, we have b =¥ and u = /. O

An analogous proof confirms the upcoming lemma, which delivers the central result upon
which the rest of the work draws.

Definition 1.1.9. The Weyl group W = S, is generated by the simple transpositions s; =
(i i+ 1) across 1 <7 <n — 1, and these are among the reflections t = ws;w~" having order
2. This allows us to define the length ¢(w) of a permutation w € W as the minimum number
¢ of simple transpositions s;; required to write w = s;, - - s;,. The Bruhat-Chevalley partial
order on W is then the transitive closure of the following covering relation: w > tw when
t = vs;v~! is any reflection and £(w) > ((tw).

Write W; < W for the subgroup generated by the reflections indexed by I. Wi is then the
Weyl group of Fj,_yj«;. Write W1 for the collection of minimum-length coset representatives
for W/W;. These w satisfy £(wv) = £(w) + £(v) for all v € W;.

When I = [n— 1]\ {k} call w € W! a k-Grassmannian or just Grassmannian permutation.
A non-identity k-Grassmannian permutation has a unique descent w(i) > w(i + 1) at i = k.
More generally, w is in W7 if it has an ascent at j for all and only j in I. o

The following lemma is immediate from the preceding.
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Lemma 1.1.10. Each two-sided B X P,y r-orbit of G contains a unique member of Wi,
Consequently,

G = |_| BwP[n_l]\I. (16)

weWwl!

Theorem 1.1.11. Let B < P = Pj,_y.y < G be the standard Borel and a parabolic
subgroup. Then
Fl, = | | BuP/P. (1.7)

weWwl

Proof. Take the quotient of (1.6) by P. O

Definition 1.1.12. The decomposition (1.7) is called the Schubert decomposition of Flj,
and the subsets Q,(Fl;) :== BwP/P are called Schubert cells. The general construction is
outlined in Appendix A.2. o

Example 1.1.13. Take n = 3 and I = (1,2), so W = S3 and W' = W. Each right B-orbit
of each Schubert cell of Fl3 = G/B contains a unique B-reduced matrix as follows:

1 * 1 1
Qi 2 < 1 )B/B, Qg 2 (1 )B/B, Q, 2 ( * 1>B/B,
1 1 1
x 1 x % 1 x 1
Qo 2| * 1 |B/B, Q45,31 B/B, Qg sy, 2 1 B/B.
1 1

(Here and henceforth we take blank entries in a matrix to be zero.) These forms parametrize
the cells; it is visually apparent in each case that €2, = C“®) hence that dim Q,, = ¢(w).

Now take I = (2) so that W; = (id, so) and W! = {id, s, s9s1}. The Schubert cells of
Gry 3 = G/P; may be recognized by the Pj-reduced forms in each coset:

10

01 |P/P.

110 0 %10 *
Qid > 0|10 Pl/Pla Qs1 > 110 0 Pl/ph 95281 > *
0 00

01 0(0 1 1
The separator indicates the descent of w. Similarly, W1 = {id, s2, 5152} and the Py-stable

cells consist of the cosets
100 100 * ok
de9 0 1|0 PQ/PQ, QSQB 0 %1 PQ/PQ, 931329 10
010 01

001

= %X %

1

0 |P/Ps.
0

<

In the general Grassmannian case, the Schubert decomposition provides that every V &
Grg,, = G/Pg has in its preimage a unique right- P-reduced matrix that has entries 1 at
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(w(4),7) for some w € W=k and 0 below and rightward of these. Since w has a unique
descent at k, all nonzero entries at positions other than (w(j),7) must be at or leftward
of the k" column. The permutation w identifies the Schubert cell Q,(Grg,,) to which V
belongs.

We can also describe the Schubert decomposition of a Grassmannian using rank conditions.
Typically we identify any integer subset with the increasing sequence of its distinct members,
but this convention will be discarded in Chapter 4.

Definition 1.1.14. Given a k-Grassmannian permutation w, let P = (p; < -+ < pg) =
(w(l) < -+ <w(k)) = piv(w) denote the pivots of w. The leftmost k columns of the matrix
w are then ey, ..., e, . Let Qp(Gry,) consist of the subspaces V' € Gry,,, subject to the rank
conditions

dim(VNF,)=j. (1.8)

Given k-element pivot sets P, Q C [n], write P < Q if p; < g; across 1 < i < k; write P < @
if P < () with at least one strict inequality. o

Lemma 1.1.15. Given w € WI=1UN# take P = piv(w). Then Q, = Qp.

These rank conditions provide a partition indexing scheme for Grassmannian Schubert cells.
Note that, in Grag, 0, D €, and 00, D Q4. In general, the boundary conditions
of the Schubert (respectively, opposite Schubert) cells recover (the dual of) the Bruhat—
Chevalley order restricted to the w € W!. We will state a related, and stronger, result at
Corollary 3.1.11.

Definition 1.1.16. A partition of N is a finite nonincreasing sequence of integers A = (A\; >

- > N), with Ay > 0, satisfying [A\| = A\ + -+ + Xy = N. Write A - N and denote
by Par the collection of all partitions of positive integers. We will often identify A with
its Ferrers diagram, the northwest-justified subset of positions (i, j) in the Z-y X Z+¢ grid
(using the matrix indexing scheme, or the English convention for Ferrers diagrams) satisfying
7 < \;, which we denote as an arrangement of boxes at these positions and empty elsewhere.
For example, the partition (3,1) F 4 is identical to the partition (3,1,0,0) and has Ferrers
diagram . Write

ACu VLA <py

for containment of Ferrers diagrams. Write A < pu for the reverse lexicographic order given
by
A< &3y, . J
)‘j < -

Denote the dominance order on the partitions Pary of a common number N by

ADdp s Vi, M+ N <ty
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If A C p then denote by v = /X the skew partition identified with the diagram p~ A
consisting of |v| = |u| — |A] boxes. If v = /X consists of k boxes, no two in the same row,
call v a vertical k-strip. If v has no two boxes in the same column, call v a horizontal k-strip.
Finally, note that if A C (a’) = (a, ..., a) for some a,b > 0, then (a®)/\ is the rotation by 7
of another partition A\Y C (a®). Call (a’) a rectangle and AV the rectangle complement of A
in (ab). o

Pick k € [n — 1], set I = [n — 1]\ {k}, and pick w € W’. Suppose that V € Gry, satisfies
(1.8). Consider a Py-reduced matrix z in G. For 1 < j < k, each j® column of = includes
n—k entries outside pivotal rows, n—k+%—p; of which must be zero. Let \; = n—k+j—p;
and A = (A1,...,\;). Since the p; are increasing, A = (A > --- > \;) is a partition; and
since each \; < n — k, we have A C ((n — k)¥). Thus we may restate (1.7) as

QA = QP = {V & Gr;m | Vj, d1m(V N Fn—k-l—j—)\j) = ]} (19)

The following example illustrates some combinatorial gadgets introduced in Appendix B.

Example 1.1.17. Take n = 5 and k¥ = 3. Then w = [2,3,5,1,4] € S5/(s1,8284) is 3-
Grassmannian and factors as such into

[2, 3, 57 1, 4] = [2, 3, 17 5, 4]83 = [2, 3, ]_, 47 5]8483 = [2, 17 3, 4, 5]828483 = 51595483,

giving minimum word w = s1595453 of length 4. This word recovers the partition A C
((n — k)¥) = (23) associated with w:
3 4 [3]4 3[4] 3[4]
515285483+ 23 ~» 851825423 ~* 8518223 ~ S1°[2|]3 ~ 2|13 = g] = A
12 12 12 12 [1]2

The Schubert cell Q,, C Grs s consists of cosets of GL5/P; having representatives

* % x[1 0
100[00
010/00 |,
00 %01
00100

where the free entries are arranged in the non-pivotal rows according to (a rotation by —F
of) A, and therefore provide local coordinates to €, = C*. o

Remark 1.1.18. The rotation is needed because our matrices are transposed from most
standard treatments, e.g. [Ful97]. We adopt this convention for consistency with the common
vertical orientation of (column) vectors, of which we will make much use in Chapter 4, and
with [KLMWO07|. Coincidentally, it also aligns with the French convention for the two parti-
tions canonically identified with an affine Grassmannian permutation w (see Remarks 3.2.5
and B.2.4). <
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The above geometry and combinatorics on F5' extend, with appropriate tweaks to be briefly
considered now, to FJPP.

Definition 1.1.19. For A C ((n — k)*), write Iy = (n —k + 1 — Ay, ..., n — \;). Define the
opposite Schubert cells ¥ = O according to the rank conditions

QU = {V € Gy | V), dim(VAFP ) = j} = {V € Gry, | V), dim(V N F22_ ) = j},

n+1 —pj

sincen+1—p; =k+1—j+X\; when p; = n—k+j — \; as before. Write Q¥ = Q% where
Q=m+1—pg,....,n+1—pp), so that the pivotal rows of Qp = Q, and of QF = Q" are
the same (and their partitions are rectangle complements). o

Example 1.1.20. Ignoring the superfluous n — k£ columns of the reduced forms in Exam-
ple 1.1.13 (and with it the second block of Py), we have the reduced forms

. 1 0 0
045 (*)(C*/(C*, Q% > (1)(@*/@*, Q%251 3 (O)C*/C*
* * 1

for the opposite Schubert cells of Gr; 3 and

, 1 1 00
Q43 ( 1)GL2/GL2, Q2> <* 0>GL2/GL2, Q2 5 (1 )GL2/GL2
* % 1 1
for those of Gry 3. o

1.2 Projective varieties

In this section we imbue the Grassmannian manifold Gry, with the structure of a projective
variety. Slightly more complicated constructions achieve this for the other Fl;, and the
general fact can be stated without construction:

Proposition 1.2.1 ([Spr81] 6.2.7). A subgroup of a linear algebraic group is parabolic if
and only if their quotient is a projective variety:.

Our construction embeds Gry, into a projective space, then identifies a homogeneous ideal
of the coordinate ring with the embedded image as its vanishing set. (That the ideal is
radical we do not prove; see [Ful97].) Much of the following discussion derives from [MS05].
Here and henceforth we reserve the notation I for pivot sets, rather than for subsets of [n]
as in the previous section.

Definition 1.2.2. The k% exterior power of C", written A" C", is the quotient of the ki
tensor power T*C™ by the ideal R generated by the differences

U1®"'®Uk_vs(l)®"'®Us(k)a

where s € Sy, is any transposition. Write the cosets vy A Avpy =11 ® -+ - @ v + R. O
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It is immediate that vy A -+ A vy = 0 (only) whenever the vectors vy, ..., vy are linearly
dependent.

Lemma 1.2.3. For each subset I = (iy < --- < iy) C [n], denote e; = e;, A---Ae;, € \"C™.

Then /\k C" is a complex vector space having basis the e;. Consequently, /\k cr =),

Proof. Pick an arbitrary vy A --- Ay € /\’~C C". Define constants a;; by writing each v; =
> i, aije; and take A = (a;;) € M. Then

n n
Ul/\"'/\’Uk = (Zaﬂei)/\---/\(Zaikei) = Z aill"'aikk@l/\"'/\@ik = Z A[In}(A)GI,

i=1 i=1 i1,k €[N] ICn]

all i i |I|=k

where A7 returns the minor of a matrix at rows / and columns J. O
Given vectors vy,...,v; € C", denote the matrix having the v; as column vectors by
(v1 -+- vg). Denote by M2, ., C M,y the collection of full-rank matrices. (As sets,
M., = GL, C M,y,.) As a topological space, M7, is called the Stiefel manifold. The
map

(Zg : M:LXk - /\k Cn

V= v A Ay

factors into the column span map 7 : M, , — Gry,. Given a row subset I, denote by vy

the submatrix of v at rows /. The maximal minors of v are then det(v;) across such I.

Lemma 1.2.4. Take vq,...,v; and wy,...,wy to be linearly independent sets of vectors.
Then Span(wy, . .., wy) = Span(vy, ..., v) if and only if there is a nonzero scalar ~y such that
det(w;) = ydet(vy) for all I.

Proof. Write W and V', respectively, for the subspaces spanned by the two sets of vectors;
dimW = dimV = k. For the rightward implication, since matrices v and w have the same
column span, we may identify g € GL,, for which w = vg. Since g acts independently on the
rows of v, this implies that w; = vyg for all I.

For the converse, assume that we have such a v € C* and suppose that V' # 0. (Otherwise
every v; = 0, hence each det(v;) = 0, and we are done.) Find a row subset I for which
det(vy) # 0. Set v = v(v;)™! and w = w(w;)~'. (Note that w; is invertible because
det(w;) = ydet(vy) # 0.) Now Span(vy,...,0) = V and Span(iy, ..., w) = W since the
respective matrices are related by row operations, so it will suffice to show that these spans
are equal. Instead of scaling by =, however, we now have

det(ﬂ)(ﬂ = det((wl)_l) det(wJ) = %Ydet((vl)_l)y det(vJ) = det((v;)_l) det(v[) = det(ﬁj).
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In particular, both v and w contain the £ x k identity matrix [ as a submatrix at rows I.
We may thereby compute any specific entry w;; in another row i ¢ I via

Wij = det(Wrgi;yupy) = det(Orqi;yugy) = Vi

Thus w = v, so their column spans agree. O

Lemma 1.2.4 implies that, whenever the columns of v and of w span the same subspace, they
have the same image under (b up to a nonzero scalar. They therefore have the same image
under the composition of gzﬁ with the projectivization of /\ C™. This delivers the Plicker
embedding

¢ : Grpn — P(AFC™) (1.10)
Vi [ur A Al

when V' = Span(vy,...,v;). Whereas the e; comprise a basis for /\k C", the dual basis
of ( /\k C™)* consisting of the p; := e} return homogeneous coordinates called Plicker co-
ordinates for P( /\k C"), hence for Gry,. The Pliicker coordinates allow us to express the

embedded image Gry,,, C P( /\k Cr) = P(i)1 as the vanishing set of a homogeneous ideal, to
which end we now turn.

Definition 1.2.5. Let the E;; (as in the previous section) comprise the basis of unit entries
for Myxx and 2z, = Ej; € M, their dual basis. If I = (i1 < --- < i) C [n] then call

1] = Z?:l E;,; a partial permutation matriz. o
Lemma 1.2.6. The Pliicker coordinates of vy \- - - Avy, are the maximal minors of (vy -+ vy, ).

Proof. It is enough to show the result for the e;. Since e; = gg([]]), this reduces to the claim
that det([/];) = ps(er) across suitable choices of I and J, both of which evaluate to §;;. O

Write C[M,xx] = C™ for the coordinate ring generated by the z;; C[A*C"] is similarly
generated by the p;. Take Sy, to be the homogeneous coordinate ring for IP( /\k C™), also
over the p;. We then have the ring map

Sk — C[Mpxi]- (1.11)
pr +— det(zy)

The kernel iy, C Sk, of this map consists of polynomials in the Pliicker coordinates that
vanish at points on the embedded Grassmannian. It is known, though we will not prove it,
that this ideal vanishes precisely at these points. This leads to the following proposition.
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Proposition 1.2.7 ([Ful97|). Pick I = (i1 < --- < i),J = (j1 < -+ < jx) C [n] and fix
m € [k|. Then Gry,,, C ()1 is a projective variety V (i) with ideal iy,,, generated by the
quadratic Pliicker relations

pipy — Zplpru

where the sum is taken over the pairs I', J' obtained from I,J by exchanging iy, ... ,1,, with
any subset of J of size m, with pp and pj signed by the permutations that sort I' and J'.

Example 1.2.8. The Grassmannian Gra 4 of 2-planes in C* is the quotient of Mj, , by the
right action of GL,. The “big” Schubert cell {44y = Qg C Groy has a section in My, ,
consisting of matrices of the form

o~ oR
— OO

with a,b,¢,d € C arbitrary. The big cell therefore has Pliicker coordinates [p1a : p13: p1a:
D3 :P2g i p3a] = [ad — be:—c:a:—d:b:1] (in lex order), at which the lone (up to a scalar)
quadratic homogeneous polynomial generator piopss — p13Pos + p1ap23 vanishes. o

We will later make use of the inductive system of Grassmannians under the following closed
embeddings. Given n’ > n with £’ > k and n’ — k' > n — k, give C" a standard basis of e;
across 1 —n+k < j < k and C" one of e; across 1 —n' + k' < j < k. The inclusion

c" —Cv,

ej = €
under which we say V' +— V' then induces the natural embedding
Gl"k,n — Grk/,n/, (112)
Vi Ve B

where FOPP is the opposite flag in C', by way of an induced embedding of exterior products.
In particular, (1.12) takes each opposite Schubert cell Q* C Gry,, to Q* C Gry v, where the
((n' — k')¥)-complement of ;1 equals the ((n — k)*)-complement of \.

Example 1.2.9. Recall Example 1.1.17, and consider instead the opposite Schubert cell
Qg’;”g”M] = ngg) having the same pivotal rows. The embedding Grss — Grsg takes any

subspace V' € QESE, having a matrix of basis vectors

000
1

1
ab0
1
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to V' e Qégj = ngf’ﬁ’?’g’m":’] having basis

_—o O
o O
o O
o O
oo

S
S =

000
1
1
1

The new permutation w’ = [3,4,6,7,8,1,2,5] € Sg is 5-Grassmannian, i.e. a minimum-length
representative of a coset of W'/W/}, where I = (1,2,3,4,6,7) C [7]. &

The embedding (1.12) takes place within the embedding of exterior powers given by
AFCr — AF e, (1.13)
€1 — €1Ulk+1,k]

remembering that now I C [1 —n+k, k]. There is then a restriction map of coordinate rings
P Sprw = Sk (1.14)

that sends p® ™ (a Pliicker coordinate of A C") to Prjktie] When [1 —n+ kK] DI D
[k + 1,k'] and to 0 otherwise.

Definition 1.2.10. Define the Schubert varieties
Xa=X, =Vpr| 1<) CGryy

and the opposite Schubert varieties X* = X» = V(p; | I > I,). From the correspondence
between the Bruhat—Che\iﬂey partial order and the boundary conditions on the Schubert
cells it follows that X, = (. <o

Under the embedding (1.12), each Q, is open in X (and Q* in X?*), i.e. locally closed. It
is the opposites to which we now restrict our focus, in preparation for an embedding and
parametrization of Schubert varieties from the affine Grassmannian.



Chapter 2

Infinite flags

The affine Grassmannian Grgr,, [Kac90| admits an embedding into the infinite Grassman-
nian GrY | an ind-variety, in terms of lattices, as shown in [KLMWO07|. In this chapter we
recover this embedding and specialize it to Schubert cells. We recover much of the combi-
natorics governing Grgr,, by examining these embedded affine Schubert cells. In addition,
we describe a broader class of “heralded” subspaces and cells that help bridge the embedded
affine Grassmannian (lattices) and the entire infinite Grassmannian. This weakening of the
notion of lattice prompts an important alternative construction of the matrix varieties we

shall see in Chapter 4.

2.1 The infinite Grassmannian

Definition 2.1.1. Denote C* = {(a;)icz | 3j, (i < j = a; = 0)} the vector space of infinite
formal complex linear combinations of coordinate vectors e; = (9;;);ez for j € Z with support
bounded below. There is a family of vector space isomorphisms 7, indexed by k € Z, given

by

7, 1 C° — C™. (2.1)

(a;) = (ai-r)

Designate the subspaces E; = {(a;)iez | ¢t < j = a; = 0} C C*®. The infinite Grassmannian
Gro is the collection of subspaces V' C C* satistying Ey_ D V D Ej4y for some k € Zx.
Each V € Gry, has virtual dimension vdim V' given by

<&

16
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The next few results establish a combinatorial framework for the infinite Grassmannian that
extends that of the finite, and in particular decomposes Gr, into connected components and
each of these into (finite) Schubert cells.

Definition 2.1.2. Let Z denote the set of almost natural subsets I C Z, for which by
definition Z<o N I and Z~( \ I are both finite. Each I € 7 then has a virtual cardinality

veard(I) = |Z<o N I| — |Zso . (2.3)
For each I designate the subspace E; = {(a;) | i ¢ I = a; = 0} € Gry. o

Lemma 2.1.3. Pick I € Z. There is a unique minimum-length (finite) permutation o; € Sz,
that takes I as a set to Z~_y, for some k € Z. In particular, k = veard(I).

Proof. Pick m € Z~q so that Z_,,, D I D Zsy, and write I N[1 —m,m] = {i; < -+ < i}
Taking k' = m’ to be the largest index for which iy < 0, we then have vcard(I) for any
adjacent transposition s;, hence for any finite permutation o: If i < —m or ¢ > m then
si(I) =1 assets. If 1 —m < i <m—1then |s;(I)N[l—m,m]| =|IN[l—m,m]| so the
calculation above recovers vcard(s;(I)) = m’ —m. If i = £(1 — m) then pick a larger value
of m, which reduces this case to the previous. It is straightforward that vcard(Zsy) = k for
any k € Z, so this implies that if 0(I) = Z>, as sets for some finite o then k& = vcard(I).

For existence, recall that there is a unique minimum-length permutation ¢ € Sy,,—the
inverse of a Grassmannian—that takes I N[1 —m,m|+m to [m —m'+1,m|. Define o; € Sz,
by o;(i) = (i + m) — m. Now o; has minimum length subject to the restriction o € S, or
o1 € Sji—m,m)- Specifically,

(i) m—m'+j ifi=14;+m
or(i) =
! i—|IN[l—m,i—m]| otherwise.

For uniqueness and minimality in Sz, note that these are known in the finite setting (for
permutations restricted to S). So suppose o} € Sji—a,n) has minimum length among o € Sy,
for which o(I) = Z~_;. Then o} is Grassmannian in Sp_az,a, hence fixes indices outside
[1 —m,m], hence is the image of o; under the natural inclusion Sp_y,m — S1—ar,n- O

Definition 2.1.4. We define the pivots pivV = (iy < iy < ---) C Z of V € Gry to be the
indices ¢ for which dim(V/V N E;) < dim(V/V N E;;4) For a single vector v € E,;, \ Epy1,
define m = piv(v). For X =V CC®or X =V CcC" X =z € M,or X =v eV, let
Ipiv(X) = min(piv(X)), denote the leading pivot of X. o

Henceforth, in the finite setting, for V' € Gry,,, we take piv(V') to mean the pivot set of V'
with respect to the opposite flag F2PP.

Lemma 2.1.5. Pick V € Gr,,. Then
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1 ifi e piv(V)

0 otherwise,

0 ifiepiv(V)

1 otherwise,

(c) veard(piv(V)) = vdim(V).

Proof. In proving (a) and (b) it will be helpful to know that

1 ifi e piv(V)

dim(VNE;/VNE, =
im( / +1) {0 otherwise.

We obtain the upper bound 1 because the quotient can only be generated by independent
vectors v € VN E; VN E;;1, and if we take any two such vectors v and v’ then we can
find a € C* for whichv—av' e VN E; 1, ie. v+ VN E;; and v '+ V N E;; are dependent.
Thus

dlm(VﬂEZ/VﬂEH_l) =1 VNE; %VQEZ_H (:)V/VQEZ #V/VQEZ_H @ZEPIV(V}

Claim (a) follows from the observation that the projection V/V N E;;, — V/V N E;, given
by taking the quotient by V' N E;/V N E;,4, is nonzero precisely when VN E; # VN E;,; and
therefore ¢ € piv(V); since dim(V N E;/V N E;41) = 1, the projection has nullity 1, hence

For (b), consider the inclusion F; 1 /VNE;;1 C E;/VNE;;; and the projection F;/VNE; 1 —
E;/V N E;. By the same token, the projection has nullity 1 when i € piv(V') and 0 otherwise.
Meanwhile, E;/VNE; ;1 = Eiy1 /VNE; 11&C(e;+VNE;41), so the inclusion has codimension
1. Thus

takes the value —1 4+ 1 =0 when i € piv(V) and 0+ 1 = 1 otherwise, as desired.

Take m € Z-g so that E_,, D V D E,,. Note that this implies that dim(V/V N E;;1) =
dim(V/VNE;) fori <1 —m and i > m, i.e. Zs1_p DO piv(V) D Z~,,. Recall the for-
mulae (2.2) for virtual dimension and (2.3) for virtual cardinality. From (a) we know that
dim(V/V N Ey) —dim(V/V N Ey_,,) counts the pivots of V from 1 —m to 0, thus

From (b) we know that dim(E,/V N E;) —dim(E14,,/V N E14,,) counts the non-pivots from
1 to 1+ m, thus

dlm(El/V N El) - d1m(E1+m/V N E1+m> == |Z>0 AN pr(V>|



—
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The observations that dim(V/VNE;_,;,) = dim(V/V) = 0 and that dim(Ey4,,/V N E14,) =
dim(E) 1/ E14m) = 0 deliver (c). O

Definition 2.1.6. Let us denote by
Cr¥ = {V € Gry | vdim V = k}

the subcollection of subspaces of virtual dimension k. It will follow from the ind-scheme
structure on Gra, that each Gr” is a connected component in the topology induced from
that of the finite Grassmannians. As projective spaces, the Gr*_ are seen to be isomorphic
via maps induced from (2.1). Hereafter we shall restrict to Gr’, (hence also to Z). <

The following lemma invokes the permutation o; from Lemma 2.1.3.

Lemma 2.1.7. There is a natural bijection

Ty — Par
IP—>)\]

satisfying |A\;| = €(oy) and I < J < A\f D Aj.

Proof. Write I = (i1 < i3 < ---). Across j € Zsg set \; = j —i;. The injectivity is
immediate and well-definedness follows from vcard(/) = 0, which implies that all 7; < j and
that eventually i; = j. For surjectivity, take any A € Par, written as (A1,...,A,0,0,...)
when A has ¢ parts, and set [ = (1—=M\y, ..., 0=\, (+1,042,...). Straightforward calculations
verify the additional properties. O]

Definition 2.1.8. Given I € Zy, define the I"* Schubert cell of Gr’, to be
Qr=Qy, ={V e G | piv(V) = I}.

Provided A C ((m — h)"), the preimage of Q) under an embedding Gry, ,,, < Gr°, is then the
opposite Schubert cell Q' where \Y = (m—"h—A,...,m—h — A) is the complement

h,m>
of A in the ((m — h)") rectangle (Definition 1.1.16). Thus Q) = Q;\Lvm > Clm=mh=IN'| — CI,
Call X, = Q, c G’ the I'*" Schubert variety. o

Recall the projective variety structure of Gry,,,, from Section 1.2. That construction will help
us realize Gr’, as an ind-variety (the limit of an inductive system of varieties).

Definition 2.1.9. Consider the semi-infinite free vector space F>/2C>® on C* generated
by formal sequences (vy,vs,...) of vectors v; € C* subject to the condition that, for some

sufficiently large m € Z~q, v; = e; when j > m. Then the semi-infinite wedge space /\Oo/2 Ce>
is the quotient of F>/2C*> by the subspace generated by the vectors

o (v1,...,05 ...+ (v1,..., 0, . .) = (vg,...,v+ ), ...),
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o c(vy,...,v;...) — (v1,...,cv;...), and

o (v1,v9,...) where v; = v; for some j # j’
across 7, j' € Zo. &

For fixed h < m, the proof of Lemma 2.1.3 suggests the embedding
A Cm — N2, (2.4)
€1 V> €1ulh+1,00)

where for I := TU[h+1,00) = (i1, 7, ...) we mean e; = e;, A€, A ---. The image of \"C™
is then generated by the e; € /\OO/2 C* for which 74 > m — h and 7; = j for j > m. This
makes /\OO/ >C* an ind-scheme under the following definition.

Definition 2.1.10. An ind-scheme is (the inductive limit of ) an inductive system of schemes.
Similarly, an ind-variety is an inductive system of varieties. For our purposes, let

Xl—)XQH...—)X’L'—)X’I}Fl_)...

be closed embeddings of schemes (varieties). Then
xX=Jx (2.5)
i=1
is an ind-scheme (ind-variety). o

The embeddings (2.4) make A°/?C> the limit of the inductive system (1.13).
Definition 2.1.11. Following the restrictions (1.14), we may take

a homogeneous polynomial ring over variables p; with I € Z, defined in terms of restrictions
to the homogenous coordinate rings Sy, as follows: Write

Ph,m - S — Sh,ma
Pr = PIn1—m+h,h

where we take pja—m+n,n to be zero unless [1 —m + h,00) D I D [1 4+ h,00). &

Whereas any vector (finite linear combination of wedge products) in /\OO/ ? C* satisfies v; =€
for j > 1; and since the e; across I C [1 —m + h, h], |I| = h, are a basis for \" C™, every
vector in /\OO/ >C* can therefore be expressed as a finite linear combination of e;, I € Zy.
Thus the e; constitute a basis for /\OO/ €. Definition 2.1.11 then provides that

pr(es) = 6rs.
In particular, the p; evaluate at V € Gr?, to the infinite Pliicker coordinates of V.
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Definition 2.1.12. Let
pr=¢i e (NPC®), el

comprise the dual basis.

Given V € Grgo, identify v, vy, ... € V so that, for sufficiently large m, V/E,,.; has basis

v+ Ematy oo Um + B and v; = e; for ¢ > m. Call vy, v, ... an ind-basis of V. o

Conversely, if V C E,.; and vy + Epni1,..., 0 + Epng1 are a basis of V/E,, ;1 then
V1, -« s Umy €mats Emaa, - - . constitute an ind-basis of V. The Pliicker coordinate p; of V
agrees with the intuitive idea of taking the minor of a Z X Z- matrix (whose columns are an
ind-basis of V') at rows I: Since the matrix is only non-identity in some upper-left submatrix,
and since I eventually satisfies e; = j, the infinite minor can be thought of as the minor
of the [m — h,m| x [h] submatrix at rows (iy,...,1,) for suitable choices of m and h. This
agrees with the finite Pliicker coordinate at the preimage of V' under (2.5).

Theorem 2.1.13. For each V € Gr?, identify an ind-basis v, vs, . ... Then the map

G2, — P(\™/* C>) (2.6)
Vv AvgA---
is an embedding with image | J,,-,~o GThm-
Proof. The map is induced from the Pliicker embeddings (1.10). O

2.2 The affine Grassmannian

The affine Grassmannian is a general construction for reductive linear algebraic groups, and
ours is constructed for G = GL,,. See [Gor10] for a more thorough treatment. Our first goal
after constructing it will be to embed it in the infinite.

Definition 2.2.1. Take the ring O = C[¢t] of formal power series and the field F = C((t))
of formal Laurent series. The order ord f of a series f € F will be the lowest degree of a
nonzero term of f, with ord(0) = —oo. Take D to be the formal disk Spec(O) = {(0), (¢)}
and D* = D ~ {0} the punctured formal disk Spec(F) = {(0)}. Given a reductive linear
algebraic group G(C), let G(O) denote the group of algebra morphisms D — G(C), and
G(F) that of morphisms D* — G(C). G(F) is the loop group of G and G(O) < G(F) its
positive loop group. O

The loop groups provide one of two important definitions for the affine Grassmannians; we
instead take the following lattice description to be definitional and recover the loop group
definition as a lemma.
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Definition 2.2.2. A lattice L C F" is an O-submodule satisfying

(i) t7™O" D L D t™O™ for some N € Z~ and
(ii) t7™O™/L is finite-rank over C (i.e. L is full-rank in F").

Call Ey = O™ C F" the standard lattice. The (general linear) affine Grassmannian Grgy, is
the collection of lattices. o

Each g = (g1 -+ gn) € GL,(F) yields a lattice g;O @ - - - @ ¢,0. Observe further that O™
has generators ey, ...,e, € F", so N"O" = (e A---Ne,)O = 0.

Definition 2.2.3. Let
Gr’éLn ={L¢e GrgLn | /\n L=t 0}.

The (special linear) affine Grassmannian is Grgy,, = Grly, . <

So O™ € Grgr,,. Now we come to the “G/P” description of the affine Grassmannians.

Lemma 2.2.4. The projection

GL.(F) — Grar, (2.7)
g=(0 " )~ 0®---®g,0

has fibers gGL,(O) C GL,(F). Consequently,

Grgr, = GL,(F)/GL,(O).
Similarly, Grgp,, = SL,,(F)/SL,(O).
Example 2.2.5. Take n = 3 and the three vectors

vy = (te™* + 3t e cost + 2te ', —e' cost + te' sint),
vy = (—tte ™ — 3e7 —2t7 e ),

v3 = (e + 3te™ 27 — e'sint,e'sint + te' cost) € F?,

viewing each non-polynomial function as a power series. These generate an O-module
L = 110 ® 1,0 @ v50 C F3. In particular, t710% > L D t?0? and (it can be shown)
dim(L/#*0?) = 6 = dim(0O?/t?0?), which puts L € Grgy,,. Write

et cost + 2te™? —2t g2t 2¢7 2t — etgint

te*Qt + 3t2672t _t71672t . 3672t 672t + 3t672t
g g
—elcost + tetsint 0 elsint + tet cost

We then have L = ¢SL,,(0)/SL,(O). o
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Mark the coordinate vectors e} of C*°. We may then identify F" with C> via the vector
space isomorphism

F" 5 C>, (2.8)
/cn-l—i

et — e
with ¢ € Z. The action of O thus passes to C*°, prompting the following definition.

Hereafter less caution is used in viewing this action as a right action. We also abbreviate
G := GL,(F), P := GL,(0O), G := SL,(F), and P := SL,(O).

Definition 2.2.6. Write u = 1 4+t € O. Call a vector space V C C* u-stableif u-V =V,
or equivalently if ¢ -V C V. For any C C Gry,, denote by

Ct={Vel|u =V}

the subcollection of u-stable subspaces. Call an almost natural subset I u-stable if I = piv(V)
for some u-stable V. It is straightforward that I is u-stable when [ +n C I. o

Example 2.2.7. The matrix g = (v vy v3) € SL3 from Example 2.2.5 expands into Laurent
series as

t+--- — ' —1+4t+- 4—8t+---
1+3t+- =207 +4—4t+--- —t+--- :
—1—t+4--- 0 2t + - -

so the identification F3 = C*> (2.8) specializes to the vectors

0 — 0
0 —2 0

0 0 0
0 -1 4
vw=\| 11, vov=| 4 |, and v3=1] 0

-1 0 0
1 4 -8
3 —4 -1

-1 0 2

in C*>, where the coordinates depicted are indexed —2 through 6. o

Theorem 2.2.8. The isomorphism (2.8) induces an embedding

¢ : Grgr, — Greo (2.9)

having images
p(Grar,) = Groe"  and  ¢(Grgr,) = (Grl,)".
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Proof. That (2.8) sends each L € Grgr, to a u-stable subspace in Gry, is straightforward.
So consider any u-stable V' C C>. For each j € [n] let j + ¢;n € I = piv(V) be the
first pivot congruent to j, so that I = {j + ¢;n}j_; + nZso. Identify, for each j, v; € V
with piv(v;) = j + ¢jn. For each i,j € [n], take a;; = Ziicj € on vjt® € F. Then each
0j := (aij,...,an;) € F", and in each case t%e; € v,P, which means that the span of the v;
is full-rank.

For the image of Grgy,, take Gy to be the preimage under (2.9) of Grly, (the identity

component of G). The composition G — Go — Go /75 sends precisely those morphisms
D* — SL,(C) in G to zero that are (restrictions of) morphisms D — GL,(C) in P; but
these are precisely (restrictions of) the morphisms D — SL,,(C) of P. O

For the remainder of the text we treat (2.9) as a subspace inclusion. For instance, for each
h € 7Z the lattice @], Ot"e; has image Epp1.

Grgp, has a connected component Gr’éLn for every integer k. The component Gr]éLn =
Crgr, NGrY = (GréLn)“ consists of the lattices of virtual dimension k, has baseApoAint B,
and is isomorphic to Grg;, under the map induced from (2.1) by the quotient G/P.

Definition 2.2.9. Define the Iwahori subgroup B = {b = (b;;) € P | b(0) € B_}, where B_

is the opposite Borel group (Section 1.1); the subgroup U = {u = (uy) € P | u(0) € U_} of
B is the prounipotent radical of B [LM82]. Define U < B < P analogously.

U contains the off-diagonal one-parameter subgroups
9% C—¢
a— 1 + Clthij

across distinct indices i, j € [n| satisfying b > (%1, which we take to generate the subgroup

U <U. The subgroup U’ < U is defined analogously. While we do not verify it here, it is
intuitive on inspection that each subgroup is proper. We shall make use of these subgroups
in Section 3.4. o

To avoid constructing affine and extended affine Weyl groups from scratch, we adopt the
characterizations in Definition 2.2.11, proved in [KLMWO07] and at [Kac90| Proposition 6.5,
respectively, as definitions.! These require some preparation to state. The general statements
involve the finite Weyl group W 2 S, the coroot lattice Q¥ = Z§ == {c € Z" | c1+- -+ ¢, =
0}, and the group of translations in the coweight lattice P¥ = Z"/Z(1™).

The representation (1.3) determines the representation
G — GL,(F)
g— (ger -+ gen)

!Beware that the “extended affine Weyl group” discussed in [KLMWO7| corresponds to our “auxiliary
affine Weyl group”, which is given the same label W.
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in M,x,(F). S, embeds into G via the natural embeddings S,, C GL,, C G. The additive
group action ¢- f = t°f of Z on F extends to a diagonal embedding Z" < G by (c1, ..., ¢,) —
diag(tt,...,t"). For each ¢ € Z" designate the O-lattice L. = @), Ot%“. Since then
OCdn+i = Cdnto(i) AN Ceinti = €(crdynti for 0 € Sy, c € Z", d € Z, and i € [n] under the map
induced by (2.8), these embeddings also provide a group endomorphism

7S, — Sy (2.10)

into the group of bijections on the integers via the action on the ind-basis of e;. We then
have 5, acting on Z by

p+1 ifp=7 modn
sip)=<p—1 ifp=i+1 modn

P otherwise.

Lemma 2.2.10. We have semidirect products Z" x S,, and Z§ x S,,.

A concept used in the proof is that of a rook placement, which we take to be a matrix having
no two nonzero entries in the same row or column. That any product of rook placements
is a rook placement, and that each nonzero entry of such a product is a (single) product of
entries of the factor rook placements, is straightforward.

Proof. The generators of Z" and of S,, are rook placements, which renders any w € Z"S,, a
rook placement as well. Since w € G is invertible, every column must have a nonzero entry.
So suppose that w has nonzero entries at (c(j),j), where o € S,,. Again by the properties
of rook placements these entries must be powers of ¢; take the entry in row 7 to be t%. Thus
w = (tD0; 4(j))i; = diag(t®, ..., t)(0i0(j))ij = co with ¢ € Z" and o € S,,.

For uniqueness, suppose that co = o’ with ¢ € Z™ and ¢’ € S,,. As rook placements, the

nonzero entries of co and ¢’o’ agree, hence o = ¢/, and this then delivers ¢ = cdo’'o~! = (.

To see that Z™ is normal in Z"S, = Z™ x S, it suffices since Z" is abelian to see that
o leo = (0o().5)ii (t90:3)ii (0io(i))is = (Y oty sl Ori01.0())ij = (1D 6;5)i; € Z"
o(2),5)ij 17 )ij\Y%,0(5) )iy o(3),k kl9lo(g))ij 17)1j
k,l
forallce Z™, 0 € S,.

The details are the same for Zy x S,, with the additional observation that |det(c)| =
|det(c)| =1 for all ¢ € Zj, 0 € S, a property conserved by multiplication.

The quotient semidirect product follows from Z(1™) < Z" (trivial since Z" is commutative)
and general properties. ]

Definition 2.2.11. Designate the affine Weyl group
W=Q"xW=Zi xS, <g.
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Let us also refer to the auziliary affine Weyl group [KLMWO07|
W7Z"%S, <G,
from which we can get the extended affine Weyl group
W =PV xS, 27" /Z(1") x S,.

Collect the minimum-length coset representatives of W/S, into WP and those of W/ S, into
WP and call these representatives the Grassmannian elements of W and of VW, respectively.
In particular, when wP /P C Grlrlo“O call w a k-Grassmannian permutation. o

We may characterize W, W, WP, and WP, under the embedding (2.10), in terms of almost
natural subsets.
Lemma 2.2.12. We have Weyl group characterizations
W ={w e Sy |VieZ, wi+n)=uw()+n}
W = {w e W | veard(w(Zs)) = 0}.
Moreover, we have bijections
WPzt ~{IeT|l+ncCl}
WP2zy -~ {Ie€Ty|[+nCl}
between Grassmannian permutations and u-stable almost natural subsets.
Proof. For the characterization of W, check that o(i +n) = o(i) + n for ¢ € S, and that
c(i +mn) = c(i) +n for ¢ € Z". That of W then follows from Definition 2.2.11.

The latter bijection sends w € W7 to w(Zo) € Zy. To check that it is one-to-one, observe
that o([n]) = [n], and therefore that as sets wo(Zsg) = w(Zy), for any o € S,,.

To check that it is onto, pick any u-stable set I € Z;. For each s € [n] let 25 be the first

member of I congruent to s modulo n, and take I= (21, .. ,0pn). Assets, [ = I+ nZ~g; by
virtual cardinality zero, if we write 75, = s + c¢,n then we must have 22:1 ¢s = 0. Therefore,
if we let w’ = [i1,...,1%,] then we get w’ € W, and also I = w'(Z+,) as sets by the aforeshown

characterizations. Find o € S, for which 2; < --- < i,, in order to get w := w'c € WP.

The former bijection obtains by translating the argument for the latter along Z.

Still need to prove the bijections. O]
Proposition 2.2.13 ([Kum02| Theorem 6.2.8). We have the Birkhoff decomposition

G= || uuwp. (2.11)
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Definition 2.2.14. The quotient by P produces the Schubert decomposition
G/P= || uwpP/P, (2.12)
weWP

into affine Schubert cells §2,, := awﬁ/ﬁ Define also the affine Schubert varieties X, = Q.
<o

Example 2.2.15. Retrieve g from Example 2.2.5 under n = 3, the 0-Grassmannian permu-
tation w = [—2, 2, 6], and the matrix

P22 o2 po2
p= (etcost 0 —etsint> eP.

etsint 0 et cost

Matrix multiplication yields wp = (e_2 ez e5)p = (t7te; ey tes)p = g, so L = gP/P €
UwP/P = 9[72,2,6]' O

The Bruhat-Chevalley order on W induces an order on W7 as in the finite cases. Also as
before, the boundary conditions among the €2, respect this order: 2, C 09, & v < w.
(Note that this generalizes the boundary relations among finite Schubert cells.)

The simple reflections s1, ..., s,_1 generate W = 5, as a Coxeter group. We may realize WV as
a Coxeter group using the additional reflection sq = tgs9 = (1,0,...,0,—1)-[n,2,...,n—1,1]
as in Example A.2.4. W then has matrix representation

t 1 t
S0 = I o I o = Ino .
t=1 1 t1

Example 2.2.16. Still using n = 3, the permutation w = [-2,2,6] € W7 factors as
[—2, 2, 6] = [3, 2, 1]80 = [3, ]_, 2]8280 = [1, 3, 2]818280 = 528515250

with matrix representation

In the next section we shall refine the embeddings in [KLMWO07].



Chapter 3

Heralded spaces

This chapter defines a collection of “heralded subspaces” of C> that soften the transition
between Gr,, and Grgp,. Each section extends concepts from the previous chapters to
the heralded setting: Section 3.1 introduces the framework of heralding to characterize the
affine Grassmannian, and Section 3.2 connects affine Schubert cells to the combinatorics of
the affine symmetric group. Section 3.3 uses the framework thus established to describe a
broader class of subspaces, which have in common with u-stable subspaces canonical bases
that respect this property and a decomposition into embedded affine spaces (cells) in Gry,.
The formulations here will aid the proofs in Chapter 4.

3.1 Lattices as heralded spaces

This section introduces the framework of “heralding”, a loosening of u-stability, by which we
characterize spaces, their pivots, and their ind-bases in the embedded affine Grassmannian.

Lemma 3.1.1. For all m € 7Z, L?Em =F,.

Proof. U is generated by the one-parameter subgroups Qi?j for which b > P%ﬂ Taking
m’ > m so that the e, form an ind-basis of E,,, and writing m’ = j' + ¢'n with j' € [n], we
have

07 (a)-emr = (I+at’Eyj) e = e+t Bijte ejr = epi+at® ¢ 8,_je; = epytad;—jep-+i—j+bn,
which can be seen to lie in F, with the observation, assuming j = j', that m' +i—j+bn >

m' +1i—j 4 ="n=m' > m, hence that epii_jipn € En,. O

Thus O acts on the quotient Ey_,, 41/ E11p = C™ as follows:

t-e = :
0 otherwise.

28
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Our goal in this section is to provide local coordinates for €2, C Gry,,,. We do this by way
of a standard basis for any V' € ), called a heralded basis, which will be determined by the
pivot indices of V and a fixed (for fixed w) number of free coordinates. The heralded basis
will provide a canonical preimage of V' under the column-span map

7 My g — Grpm.
The free entries in this matrix form will then determine local parametrizations C/*) — Q,,.

Definition 3.1.2. Call a finite pivot set I C [m] u-stable if whenever i € I either i +n > m
ori+mn € l. If I is u-stable and i € I but i —n ¢ I then call i a heralding index of I; if
I = piv(V) for V € Gry,," then call i a heralding pivot of V. Denote the collection of (at
most n) heralding pivots by I C I. o

Every lattice V' € Grgr, has u-stable pivot set piv(V). Corollary 3.1.3 verifies that piv(V)
is constant for all V' € Q,,; we designate this pivot set piv(w). Note that wP/P € Grgp, is
the lattice Eyz.,); denote this lattice E,,.

Corollary 3.1.3. As an affine Schubert cell and a Schubert cell, respectively, 2, C Qyz.)-
Consequently X, € Xyz)-

Proof. Since €, = Z/A{w75/75 = Z;{Ew(z>0), it is enough to invoke Lemma 3.1.1. O
Example 3.1.4 ([JKLMWO7| Section 4.1). With n > 1 fixed and s € Z~, designate

t—s(n—l)
tS
wy = . =[1—sn(n—1),24sn,...,(s+1)n] € W,
tS
Then X,,, < Grgy, sn2, in fact Xy, = (Grg, sn2)", under (2.9). This gives Grgr,, = oo Xuw, C

GrY_ the structure of an ind-subvariety. <

Next we obtain local coordinates for 2, z.,)", which imply the converse of the preceding
lemma as well as provide a natural canonical form for the matrices in W_I(Grhm“). It will
help to first state some pivot set arithmetic for subspaces in Gr.

Lemma 3.1.5. Suppose U,V € Gr,, with U C V. Then

(a) piv(U) C piv(V) with dim(V/U) = | piv(V') \ piv(U)|; and
(b) if V' is u-stable then piv(U) + nZso C piv(V).
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Proof. For (a), the negation of the containment would imply the existence of a vector
v € U having piv(v) ¢ piv(V), hence v ¢ V. Take m € Z so that E,, C U. Then
dim(V/U) = din((V/Ep)/(U/Ep)) and [ piv(V) ~ piv(U)] = |piv(V/Ep) ~ piv(U/Ey),
and the dimension count follows from finite subset arithmetic on U/E,, C V/E,,.

For (b), pick a pivot i € piv(U) and ¢ € Zsg. Then there is a vector v € U with piv(v) = i,
and v € V implies that t°v € V. Thus i + cn = piv(t“v) € piv(V). O

Lemma 3.1.6. If V € QZ}’(’}ZN)U and I = w(Zso) N[l —m+h,h| = (i1 < --- < iy) then V
has a unique basis vy, ..., v, satisfying

(i) piv(v;) = ij,
(i) if iy ¢ I then v, = tv; for iy = i; +n, and

(iii) if i; is a heralding pivot then ej(v;) = &;,x for all k € I,

where e, returns the k' entry of a column vector.

Definition 3.1.7. We will call the vy, ..., v, in the proposition the heralded basis for V and
say that the matrix (v; -+ vy ) is in heralded form. o

Proof of Lemma 3.1.6. For existence, pick V' € Q,z.,". Assume that vi,...,v;_1 € V so
that vy + VN Ej;,...,v;_1 +V N E;, comprise a basis for V/V N E;; that satisfies (i), (ii),
and (iii) for the pivot set I N [1 —m + h,i; — 1]. Take ig = —m + h and i,y = h + 1 for
notational convenience, and notice that the empty subset of V' satisfies these conditions for
V/V N E;, =2 C°and I N @ = @. We shall identify a vector v; € V so that these conditions
are satisfied for V/V N E; , and I N[l —m+ h,i;41 — 1]. How v; is chosen depends on
whether i; is heralding.

Jj+1

e If i; is heralding then we may identify v € (V N Ej;) \ Ej; 11, which satisfies (i). Since

e;,(v;) # 0, we may take v} = %, which preserves (i) and provides that e; (v]) = 1.

We may furthermore locate, for any j' > j, vj, € (V N Ej,) \ Ej 41 similarly. By

finding v}, and taking v](-j 0 e (vj(j /_1))1);-’, sequentially over 7+ 1 < 5/ < h, we produce
B e e )
v, satisfying (i) and (iii). Set v; = v;".

o If instead ¢; = iy + n for some j' < j then since V is u-stable we must have tv; €
(VN Ey) N\ Eiy1. Set v; = vy, which satisfies (ii) and therefore (i) and (iii) by
u-stability.

In each case we get Span{v; +V N E; since no pivots
of V' lie between 7; and 4;41.

j+17"'7vj+vaij+1} = V/(VmEin)
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For uniqueness, suppose that v{,...,v; € V also satisfy the conditions of the proposition.
It will suffice by (ii) to show that the heralding vectors in each basis agree at each ef. So
suppose that at least some v # v; and take k to be minimum for which e;(v;) # ej(v}) at
some j. We then have v; —v; € V' N Ey \ Ej1, hence that k& € I. This runs contrary to

(iii), rendering the supposition false. O
Corollary 3.1.8. If y € 7~ 1(X/»™) then Stabqr, (y) = idar, -
Example 3.1.9. Take n =3, m =6, h = 3, and w = [—2,2,6]. Then

piv(w) = {-2,2,6} + nZ-o = (—2,1,2,4,5,...),

which contains Z-3 and restricts to I = (—2,1,2) C [~2,3]. A matrix 7' (Q23°) C Grs¢ has
the heralded reduced form

OO
TR PO OO
QHHOOOO

<

The following theorem generalizes Example 3.1.4 and facilitates the key construction in the
next chapter.

Theorem 3.1.10. Pick w € W? and set I = piv(w). Then Q, = (Q)* = ()" and
Xy = (X = (X7~

Proof. The heralded basis of any V' € (), provides an explicit construction of V' via the
action of a finite product p of generating one-parameter subgroups of U on Ewz.,), hence as
an element of L?Ew(z>0) = ,. To construct p, we first construct p~—!: Let ¢ be the smallest
heralding pivot of w(Zs() having heralding vector v (piv(v) = i) not equal to e;. Pick the
smallest index ¢’ > ¢ at which v has a nonzero coordinate a;. Then we may set b; = V:J
and locate i1,7; € [n] with ¢; =i and j; = ¢’ so that V; = efgjl(al)v is generated by the
same heralded basis as V except with the '™ coordinate of v set to zero. Iterating this

process produces E, = Vp = Hff,'jé, (ap) - ej?;jl(al)v, so that V = pE, € UwP/P where
U pby -1
p=1l gi,,jl,(al/> :

The above provides that

X,y =, = (@) =" = (x')"
because Grgy, is closed in Gr,. [
A consequence of Corollary 3.1.3 and Theorem 3.1.10 will prove useful in the next chapter,

as we characterize when a span of vectors can be “augmented” to a subspace corresponding
to a point in an embedded affine Schubert variety.
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Corollary 3.1.11. If w,v € WP with Xh™ Xh™ C Gry,,,, P = piv(w), and Q = piv(v),
and if p, < q, forv=1,... h, then X™ C Xhm,

Together with Lemma 2.1.7, Theorem 3.1.10 identifies, for a minimum-length coset represen-
tative w € WP, the maximum partition A (equivalently, the minimum Schubert cell Qj )
such that X C X .

3.2 Parametrization of heralded spaces

We shall now use the heralded basis to parametrize the embedding Q™ — Qp . For this
section fix n > 2, w € WP, and Q"™ C Gry,,.

Definition 3.2.1. The n-core y(w) of w is the conjugate of the partition Ayiv(w) associated
via Lemma 2.1.7 with the pivot set w(Z~,). Explicitly, v; = j — i; for j > 1, which gives
v; = 0 for j > h. (Since (2.9) preserves indices, this also works in the finite setting.) <

Since Q, = Quz.,)", and since each u-stable I # w(Zs() carries a standard lattice E; €
Q™) (QZJ’&”))“, v(w) is the smallest partition v (under containment) for which Q%™ c
Q.

Definition 3.2.2. Given any Ferrers diagram A, the hook of A is the subdiagram (A, 1,...,1)
having \| parts, and the hook length of A is the number A\ + A} — 1 of boxes in the hook. ¢

Nakayama |[Nak4la, Nak41b| introduced partitions having no n-hooks in order to classify
irreducible representations of S,; these have since been termed n-cores [JK81|. Lapointe
and Morse [LMO5] defined the n-core associated with an affine permutation in S,, which
definition we now recover. For a primer on fillings and tableaux, and analogous statements

to the following in the finite setting, see Appendix B.2.

Lemma 3.2.3. Let v be the n-core of w. Label each box (i,j) of 7 by its residue j — i
modulo n. Take steps k = 1,2, ... as follows: So long as the partition remains nonempty,
pick a residue 1, of some corner of v and remove all corners of this residue. Then the process
terminates at k = ((w) and s;, sy, - - - Si,,, 15 a reduced word for w.

Proof. We note that the result is immediate for w = id and proceed by induction on ¢(w).
Let I = w(Z<o) N[l —m + h, k], the pivots of w preserved under E1_,,,4/F14n. Observe
that, for A\ C ((m — h)"), the condition on A\ (equivalently, on \') of having no n-hooks is
equivalent to the condition on I of u-stability. Furthermore, the condition on A of having
a corner of residue ¢ is equivalent to the condition on I of having a pivot in some row
en+i € [l —m+ h,h — 1] but not in row cn + i + 1. From this it follows by u-stability
that the collection of integers ¢ for which this this holds is contiguous (broken above when
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some cn + i is (also) not a pivot and below when some c¢n + i+ 1 is (also) a pivot). Thus
siw(Zso) = si(w(Zsp)) consists of the same pivots as w(Z~g) except with those pivots cn +i
corresponding to corners of v replaced by pivots of cn + ¢ + 1. This condition corresponds
to the new partition having dual corners of residue i—that is, being obtained from ~ by
removing the corners of this residue. O]

Example 3.2.4. Retrieve w = [—2,2, 6] from Example 3.1.9 and its reduced word
w = [_Za 27 6] = [37 27 1]50 = [27 3a 1]8130 = [27 1a 3]525130 = 51525150

from Example 2.2.16. Using this word and Lemma 3.2.3, we can construct the 3-core of w
on an array of residues:

0120 0120 0120 0120 0120
1201 1201 1201 1201 12 0 1
. PUNN . RSN . PUNN . = s L
51525150 " o 5 1 9 5152517 5 4 4 51527 5 01 2 517570 1 2 210 1 2
0120 [0]J1 20 [0]1]2 0 0]1]2]o 0]1]2]o
The 3-core is v = (3,1, 1). &

Remark 3.2.5. The bijection between h-Grassmannian permutations in S, and Ferrers di-
agrams contained in the h X (m — h) box is an immediate corollary, proved by choosing n
greater than the maximum absolute value max(h, m — h) of the residue of any box. This im-
plies the special case Corollary B.2.12 familiar from the finite setting. Take care to remember
that v is transposed as a Schubert index due to mismatched notational origins. o

It remains to parametrize this embedding in terms of an affine coordinatization of Q™.

v is completely determined by the numbers of the diagonals in which the first right step
in each congruence class occurs, i.e. when « is the n-core of w, by the heralding pivots of
piv(w). This motivates the following definitions, which will lead to an answer to the second
problem.

Definition 3.2.6. The free entries in the v; across 1 < ¢ < n are nonincreasing in number,
hence form a partition of at most n — 1 parts. Denote this partition A" and call its conjugate
A the (n — 1)-bounded partition associated with w. <

A is “(n — 1)-bounded” in the sense that Ay < n — 1. Lemma 3.1.6 then provides the
parametrization C — €., though we will illustrate it in detail using the upcoming Lemma 3.2.9
(see Corollary 3.2.12).

Example 3.2.7. Recall Example 3.1.9. The 3-core v = (3,1, 1) and 2-bounded partition
A =(2,1,1) of w appear in the heralded form of z:

9} ®‘|@‘

a
«A—)’Y:? 7)\:
c[o]d]

d

0O oo =
SRR, OOO
QAR OOOO

Note that the a in column 2 does not appear in 7y because it lies in a pivotal row. <o
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&
i [
7 3!

Figure 3.1: Box (i, ) is a top box of v° when (i, j’) and (¢', j) are top boxes of 7.
Lapointe and Morse [LMO05] define A from , a definition we recover by way of the boundary
decomposition due to Chen [Chel0)].

Definition 3.2.8. Take v to be an n-core. The boxes of v having hook length < n comprise
the skew shape 0y C 7, called the boundary of ~v. Also denote v° = v\ 07.

Label the boxes of 0y with their residues (modulo n). Let i; be the residue in the top-left

box of 0v; let i, ...,1, be the next distinct residues, in order, to appear at the top of any
column. (Call this a column’s top residue.) For each j = 1,...,n/, construct the diagram
A9 from the j* occurrences of columns with a given top residue. Then the collection {)\(j)}j
constitutes the boundary decomposition of ~y. O

Lemma 3.2.9. For each heralding vector v; in a heralded basis, partition the indices of the
free coordinates into batches numbered j = 1,2, ... according as they are between (j — 1)n
and jn coordinates below the vector’s pivot. Then the height of the i*" column of \Y) is the
number of indices in the j'" batch of ¥;.

Proof. Designate iy,...,4, as in Definition 3.2.8. We will exhibit, across 2 < k < n’ a
height-preserving bijection between the columns of v of top residue i, excluding the tallest,
and the columns of 4° below top residues i; in . Since the columns of the A\U) are the
columns of 07, i.e. the columns of 7 less those of 7°, this implies that each first column of
v of residue i; has height (AD), + (A®)! + ... the sum of the heights of the k' columns
of the AU). But the height of this column of 7 is the number of free entries of 9, and the
batches therein are separated by east moves of residue 7, in yv—that is, by breaks between
the columns of Jv that constitute the column of .

Here is the bijection: Match each top box of 4° to the top box (i,j) of ~ in row j with
the same residue as the top box of v in column 7. We need to check that it is well-defined,
injective, and surjective.

The map is surjective because each pair of consecutive top boxes (i, j') and (', 5) of v of a
given residue are directly above and rightward of a top box of 7°. Indeed, (i, ) necessarily
has hook length > n, so is in 4°; while, since (',j + 1) ¢ v, (4,7 + 1) has hook length < n,
so is in 07, leaving (i, j) a top box of 4°. (See Figure 3.1.) This also makes the proposed



Jason Cory Brunson Chapter 3. Heralded spaces 35

a
b
c
d
e
!

2| ]ofen] ]

<. 3Q
- 0RO

s 2 we[—]

oan oa

=[O O

—~
RIRS S
a
PFCIJH
$
Q
S
|

W~

S QR =
(-]
ot
e}
—

9 QLWL -
-

N
.
S SN
e

S T>Q = 00 R —
<=

—
(@3
(e
—
[\

.

4]5]0[1]2]

[L NS FeRES R S I

RS A

z

>3
g
2L+
~ »

Figure 3.2: Boundary of the 6-core of w and heralded form for a matrix in 7=(Q,).

bijection well-defined at these specific top boxes of v°. It is therefore sufficient to observe
that these constitute all such boxes; indeed, every top box of 4° has a top box of v above
it, and the next top box of v of the same residue must share its row with a top box of 4° in
the same column as its predecessor; and this top box must therefore be that with which we
started. O]

Remark 3.2.10. Lemma 3.2.9 shows that ) is the Ferrers diagram obtained from ~ by either
(a) collapsing the skew shape O leftward (the definition given in [LMO05]) or (b) selecting for
each residue the tallest column of v with that top residue, which corresponds to selecting the
heralding vectors (respectively, columns) in a heralded basis (heralded matrix). Of course
0] = Al = {(w). °

Example 3.2.11. Take n = 6. The reduced word
W = S45550515253555450555150525154535255545351505554525150555453525150 € 56/56

has 6-core v = (15,10,10,6,6,4,3,3,3,2,1,1,1,1,1) with the boundary depicted in Fig-
ure 3.2. The numerical entries are the n-residues. The boundary decomposition produces
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the 5-bounded partitions

T —_—

50 4] -

0[1 5 4

1[2[1]5 R 5(0 (4]
2[3[2[of2] [1]1]2]5] [of1]1] [5]0] [4]

?

filled by the (n — 1)-residues from 0v. The columns of each 5-bounded partition correspond
to a batch of free entries within the heralding column of the heralded form for a matrix
7 () C Grys30; the partitions are listed in the order of their associated heralding pivots.
For instance, the first column of (A1), of height 5, corresponds to the 5 entries a, b, ¢, d, e in
the first column of . o

Corollary 3.2.12 follows from Lemma 3.1.6 and Lemma 3.2.9.

Corollary 3.2.12. If a heralded basis of V. € Q"™ has heralding vectors 0y, ..., 0, with
n’ < n then these have \|,..., A, free entries, respectively, where X is the (n — 1)-bounded
partition of w and \j, = 0 for k > n'.

3.3 Stable closure and heralded closure

In this section we characterize the collection of subspaces V' for which OV lies in a given
affine Schubert cell ,,. (This characterization underlies a crucial matrix decomposition in
the next chapter.) The collection is inelegant from the vantage point of u-stability. Instead
we introduce the weaker property of “heraldedness” by relaxing the criteria for V.C C™ to
have a heralded basis (thereby generalizing the definition). This involves first extending the
notion of heralded basis to that of heralded ind-basis in C*. We then describe a closure
operation on Gry, that factors through the assignment V' — OV and the collection of whose
closed subspaces exhibits a Schubert-like decomposition into cells according to pivot set.

Definition 3.3.1. Let V € Gr*_ with piv(V) = (i; < iy < ---) € Ty. Call V heralded if
dim(OV/V) = |(piv(V) + nZso) ~ piv(V)].
Separately, if vy, vy,... CV € Grf; are an ind-basis for V' satisfying
(i) v1 + Emast, -+, Um + Epyq comprise a basis of V/E,,,; for all sufficiently large m,

(ii) piv(v;) =1y,

(iii) if ¢;y = i; + cn with ¢ > 0 then v = t°v;, and
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(iv) if i; is a heralding pivot then ej(v;) = &;;x for all k € I
then call vy, vq, ... a heralded ind-basis for V. &

One then can obtain a heralded subspace W with pivots I € Z from any subspace V €
Qrinz.," by taking a heralded basis for V, deleting the basis vectors with pivots in (I +
nZso) ~ I, and taking W to consist of (possibly infinite) sums of the remaining. Naturally
then OW = V| since no heralding vectors would have been deleted.

If an ind-basis wy, wa, . .. for V satisfies (i), (ii), and (iii) then a heralded ind-basis for V' can
be directly obtained by constructing from each heralding basis vector w; with piv(w;) = p;
the vector 0; = W{w)wz, then including every t°0; in the new ind-basis whenever t“w; is in
ZA" 1

the old. In the proof of Lemma 3.3.2 we only deal with this equivalent but conciser condition.

Lemma 3.3.2. Let V € Gry,. Then the following are equivalent:

(i) V is heralded;

(ii) piv(OV) = piv(V) + nZso;

iii) W= @"_, O, = OV for some (equivalently, any) heralding vectors ¥y, ...,0, € V;
7j=1 J

(iv) B :={t°0; | j € [n],c € Z>o, piv(t°0;) € piv(V)} is a heralded ind-basis for V' for some
(equivalently, any) heralding vectors 01, ..., Up;

(v) V has a heralded ind-basis.

Proof. Take I = piv(V') as in Definition 3.3.1.

(i) < (ii): Observe from Lemma 3.1.5 that dim(OV/V) = |piv(OV) \ I| and that I +
nZso C piv(OV). Thus V is heralded if and only if |piv(OV)| = |I + nZs¢|, i.e. when
piv(OV) = I + nZ>y.

(ii) < (iii): By construction piv(OV) C I +nZso = piv(W) while W C OV, and again from
Lemma 3.1.5 we have dim(OV/W) = piv(OV') — |I 4+ nZx¢|. Thus piv(OV) = I + nZsg if
and only if dim(OV/W) = 0, i.e. when OV = W.

(ili) < (iv): For the forward direction, find m € Z such that E,, C V (C OV = W). Pick
any v € V, so that v + E,, € V/E,, C W/E,,. Write v + E,, = Zj,c ajtv; + E,, with
lj+en <m. Then v+ V =3 0, oy a;td+V e W/V. ButveV,sov+V =0+V,
so a;. = 0 when t°0; ¢ V. Since piv(t°0;) € piv(V) when t°0; € V, and since m and v were
arbitrary, it must be that B is a heralded ind-basis for V. For the backward direction, by
construction B contains heralding vectors 1, ..., 0, for W and B C O Span(?y,...,0,), so
we have OV = O Span(v,...,0,) = W.
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(iv) < (v): The forward direction is trivial. For the backward, choose heralding vectors
U1,...,0, from a heralding set for V; the construction of B from these 0; recovers the
heralding set itself. O]

Definition 3.3.3. Given I € Z, let ; C Gro, consist of the heralded subspaces V' with
piv(V) =1 If vcard] = kand I' = IN[1—m+h —k,h— k] let Q%™ ={V + E| )i C
Eiv i/ Eriny |V €Q} C Q}Il/’m C Grpm. (Only the indexing of Q]}}m depends on k.)

Call the Q};m ~ () 1 heralded cells and their closures X 7= QO 1 heralded varieties. We observe
in Remark 3.3.11 that heralded cells are indeed cells but in Example 3.3.13 that heralded
varieties are not made up only of heralded cells. O

Equipped with a network of heralded cells that includes the embedded affine Schubert cells,
we describe an operation that takes each V' into some €2 ; such that OV € O€Q, 1.

Theorem 3.3.4. Pick V' € Gr.,. Under the partial order < on Z, there is a minimum J C T
for which there exists W € Q; with V. C W. Furthermore, W is unique in €.

Definition 3.3.5. Refer to OV as the stable closure of V. When V and W are as in the
lemma, call hcV = W the heralded closure of V. Note that if V € Gr® and hcV € Gr¥,
then k' < k with equality if and only if hcV = V. o

Proof of Theorem 3.3.4. Let I = piv(V) and pick m so that E_,, D V D E,,. Iterating on
leading pivots, we will construct a heralded basis for some W C C*, using vectors from V'
at heralding pivots but shifts by ¢ (which generally will not be in V') at non-heralding pivots.
We will then check that V' C W and that if W' is any heralded subspace that contains V'
then W’ contains this basis. These observations imply the lemma.

For the construction, begin with an empty basis. For the iterative step, suppose that basis
vectors wy, . .., wy, have accrued so far. Identify the first pivot ¢ of (V+Span(wy, ..., w))NE;.
If (A) piv(w;) =i — cn for some [ € [b], ¢ > 0, then take wy1 = t°w;. Otherwise (B) identify
any vector w € (V + Span(wy, ..., w)) with piv(w) = i and take wy,; = w. Continue the
process until the pivot i > m, and take W = Span(wy, ..., wy) + E,, and J = piv(W).

To verify that V' C W, pick any vector v € V and let j = piv(v). If j > m then we are
done, since F,, C W. If, on the other hand, j < m, then since I C piv(I}) we may identify
w; € W with piv(w;) = j and take a; = €j(v)/ej(w;) € C so that j' := piv(v — qqwy) > j
with 7/ > j. By construction, we may proceed until v — qqw; — apwy — - -+ — ywyww € £y,
to reveal that v = qw; + - - - + ww;y € W.

Now suppose that W’ is heralded and V' C W' and pick any ind-basis vector w;. If [ = 1
then w; € V. W'; if | > b then w; € E,, C V C W’. So suppose that 1 <1 < b. We
proceed by forward induction on [; assume that wq, ..., w;_; € W’. Now w; was selected in
case (A) or (B) above. If (B), w; € V +Span(wy, ..., wy), while V.C W and wy, ..., w, € W’
by assumption and induction. If (A), w; = t‘wyp for some " < [; since W’ is heralded by
assumption, Definition 3.3.1 (iii) implies that w, € W’. ]
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1 1 1 1 1
a a a a

1 1 1 1 1

bf bf ba bal 1
9 Lo, 9 Sl cﬁl 9, cﬁa1 Skl jva
dhj dhf1l al bal 1
eik eigal Bal cfal jval

Figure 3.3: (Ind-)bases discussed in Example 3.3.9, first paragraph.

Corollary 3.3.6. If V € Gr,, then O - hcV = OV. Moreover, the heralding pivots of hc V
are precisely those of OV'.

Corollary 3.3.7 extends Lemma 3.1.6 to heralded subspaces. The proofs are entirely analo-
gous.

Corollary 3.3.7. If V € QI then V' has a unique basis vy, ..., vy, satisfying, for all j, j’,
(i) piv(v;) = ij,
(ii) ifi;y = i; + cn with ¢ > 0 then vy = t°v;, and

(iii) ifi; € I then e (v;) = 8y5.

Again we call vq,..., vy, the heralded basis for V and say that the matrix (v; -+ vy ) is in
heralded form. Any basis wq,...,wy, for V-.C C™, up to reordering, can consequently be
expanded as
h
wj =Y Chvy, €4 €C, CI#0, (3.1)
i=1

where the v; comprise the heralded basis for V.

Corollary 3.3.8. If vy, vs,... comprise the heralded ind-basis for V & Gr’cfo, piv(vps1) =
h+1—k,andV D Fyyp y then vi + Fyyp g, ..., vp + B comprise the heralded basis
for V/ElJrh*k'

Example 3.3.9. Figure 3.3 depicts, leftmost, the first few vectors (those outside F;) of a

heralded ind-basis for some V € Q(_171,4)UZ>6 - GI'?(;O (or, by ignoring the ‘’s; the heralded
form of a matrix x whose columns span some V € Q?fl 14 C Grsg). Moving rightward,

we then see the (first few) vectors of heV € Q11456 C Grl; of its heralded (ind-)basis;

[oop)

of OV € Q45,5 C Grgr,; and of its heralded (ind-)basis. (We use a horizontal bar to
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1 1 1 1 1
a a a a a

1 1 1 1 1

bf bf ba bal 1
cg e ey GL | ¢ O lcpa GSLl baa

1 1 1 1 1

dhj dhf1 al bal 1
el k et ga dvypBa dycpa cBbaa

Figure 3.4: (Ind-)bases discussed in Example 3.3.9, second paragraph.

demarcate the rows indexed by Z<, and by Z~¢.) The cells Q(_11.4)uz-, 9(7171,475,6)UZ>7, and
2_1,1,6) have dimensions 11, 5, and 3, respectively.

The above assumes, however, both that j # f and that k # —af +aj+g. If instead we have
j # f but k = —af + aj + g then the heralded closure of V' lies in Q(—1,1,4,5)uz>6 C Gr? and
its u-stable closure lies in 2_; ;9 C (Gr})o)“, as in Figure 3.4. From the reduced forms we
can tell that dim €y 1 45)uz.4 = 7 and that dim ©_; ; o) = 5. This singular case complicates
proofs in the next chapter but will be handled by Lemma 4.2.10. o

Corollary 3.3.10. If y € 7~ *(X™) then Stabgr, (y) = I.

Remark 3.3.11. As with lattices, a heralded subspace V' is determined by the coordinates
of the heralding vectors in its heralded basis vectors and the set (I +nZsg) ~ I of “missing”
indices. A heralded cell is therefore by the free coordinates in the heralding members of an
arbitrary heralded basis, which number

v(I) = |[i,00) \1I.
il
(If veardl =k, I D Zsp g, and I' = I N [1 —m + h — k,h — k] then write v(I') = v(I).)
Thus Q; = C*D), o

Remark 3.3.12. The closure operations define two stratifications

Gro= || Su=|]T

weW?P IeT

according to which cell contains the (heralded or stable) closure of a given subspace; since the
heraled closure factors into the stable, the “heralded stratification” into 7; is a refinement
of the “stable stratification” into S,,, in the sense that each 7, is a disjoint union of Sj.
Moreover, if we denote, say, Sf = S; N Gr7v@dd for k > 0 (so that S? = Q;) then each
SFH! exists in the stratum of subspaces that are contained in a subspace in S¥. The geometry
of these strata is not as elegant as that of Grgr, C Gry; even the union of heralded cells of
common virtual dimension is not closed, as Example 3.3.13 points out. <o
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Example 3.3.13. Take n = 3, m = 6, and h = 2, and let [ = (1,4) and J = (2,4). It can
be seen from the heralded forms

1
a 1
I la
yr = 1 and Yyj = 1
ca b d
db ce

for matrices in 7~'(Q3°) and in 71(Q%°) that dimQ}° = 4 while dimQ%°® = 5. The
generalization of Corollary 3.1.11 to non—u-stable heralded varieties is therefore false. It
may be possible to generalize Corollary 3.1.11 to containment relations on heralded varieties
using a more complicated condition than just <, for instance that I +nZ-g < J + nZ~.

Moreover, the observation that

1
lim y,G/G= | © | G/G e O

1
c

confirms that the heralded subspaces do not constitute a subvariety, or even a Euclidean-
closed subset, of Gr,. &

3.4 Lattice-respecting orbit decompositions

The previous chapter generalized affine Schubert varieties to the larger collection of heralded
varieties. Chapters 4 and 5 concern matrix varieties obtained from Schubert and heralded
varieties. These varieties are acted upon by a representation Y — GL,,. The special elements
0% ¢ GL,, developed here generate this representation, and will prove handy in the later
chapters. Here we illustrate the control they afford over heralded spaces and use them to
prove orbit decompositions of M,y and of X,, C Gr},,,, with canonical orbit representatives
explicitly described.

This section requires only concepts from Chapter 2 and may be viewed as a continuation
of the discussion in Section 2.2. However, much of the discussion should be clearer having
been through the previous two sections. At the finite level, GL,, acts naturally on Gry ,,
as well as on the matrx space M,,x; that houses 77 (Gry,,,). At the affine level, recall the
prounipotent radical U < B and its subgroup U’ generated by the one-parameter subgroups
H?j : C — U, where b > 0 and if i < j then b > 0. The action of & on Gr’_ stabilizes every
standard O-lattice, and this induces a natural action of i on F4_,, 1,/ E14. For convenience
of notation, we return to the usual coordinate indices [m] for M,, .
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Definition 3.4.1. The action of U on Ey_,, 4/ E1 4y, induces a homomorphism & — GL(C™)
of algebraic groups. This homomorphism is given explicitly, at the generating one-parameter
subgroups 9%, as

© = Opm U — GL,, (3.2)
@)~ ] U+aEy)= [ sl
i’ —m+h=j i’ —m+h=j
i —j'=i+-bn—j i —j'=itbn—j

where the 6;; : C — U_ are the generating one-parameter subgroups of U_. Write U*T =
©(U') < U_ when m and h are understood. o

The images are products of one-parameter subgroups of U_, and as generators of U’ they
generate U*®. They are sometimes unwieldy, however; in order to more efficiently tinker
with matrices of heralded column vectors we introduce the elements

0°%(a) = I +Y aEy; € GL,,. (3.3)
i i
These are generally not one-parameter subgroups, as will be demonstrated in Example 3.4.3.
As an action on M, 02%(a) adds to each row i = r (modulo n) a copy of the row d indices
prior, scaled by a. (Liken d, the “difference”, to i + bn — j in (3.2).) The ensuing examples
will expose a caveat that Lemma 3.4.4 will resolve.

Example 3.4.2. Take n = 3 and 6%, : a — I + at*E13, and consider O49 : G — GLg. We get

1 at? 1
e%3<a>=< 1 1>H@49<e%3<a>>= —h _(a).

If we take w = 595152505150, m = 9, and h = 5, one step on the way to a heralded matrix
might invoke 62 (a) to remove an unwanted entry ¢ in row 5 and the same column as pivot
1 as follows:

1 1
a a
b b
1 1
02 (—c)-| cal = al
dbg dbg
1 1
ec al e al
fdhbyg fdhb
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We hit the caveat at #°

1;» 1.e. when @ = j.

Example 3.4.3. Take n = 4 and 60y, : a — I + atE};, but again choose m = 9 and h = 4.
Then O49 : G — GLg provides

1
1
1+ at 1
1
1 a al
01, (a) = 1 = Ou(01(a) = | a 1 = ‘9555(@)995(@2)-
1 b
1
a® a 1

We can recover 62 (a) through © by using another one-parameter subgroup as
051 (a) = ©(01(a) + O(6}, (—a?)),

lest we doubt that it is indeed an element of U*®. However, 627 is itself not a one-parameter
subgroup, being not closed under multiplication: 62 (a)? = 62 (2a)038 (a?). o

Lemma 3.4.4. U*® < GL,, is generated by the 0% (a).

Proof. Let U_ < U be the subgroup generated by the 02 Example 3.4.3 illustrates a
helpful factorization of a 62T, If n t d then 62 (a) = 0,.(at’) € U™, where d = r + bn — ¢
with ¢ € [n]. If n | d then, using b = £ and ¢ = r, we have the alternating decomposition

02 (a) = ©(67,(a))O(67(=a%)) - - - O (0 (£a")), (3-4)

where k > |Z=L|. (If k is unnecessarily large then some factors in the product are I.) The
factorization gives 027 (a) € U, hence U_ < U

It remains to show that U*® < U_, which is provided by a decomposition dual to (3.4):
Given 07;(a) € U', if i # j then O(6;(a)) = 02, where d = i + bn — j; otherwise, as in the
example with k as above,

0(0;;(a)) = 03 (a)0324(a”) - - O} kaa®).

]

Before we examine the two-sided action of U x GL, it will help to understand the one-sided
orbits of U™, The following terminology is borrowed from [Ful97].

Definition 3.4.5. Call the i*® row of a matrix essential if it is nonzero and every (i — cn)™®

row is zero for ¢ € Z~y. Say that an entry of a matrix is essential if it is the leftmost nonzero
entry in an essential row. (If no row i = k (modulo n) is essential, we may take the first row
index ¢ > h with i = k to be essential.) o
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Theorem 3.4.6. Each U -orbit of M contains a unique matrix y such that all entries below
essential entries are zero. Call y abacus-reduced.

For a fixed set of essential entries, then, the locus of abacus-reduced matrices is parametrized
by (C*)" x C°, where n’ < n is the number of essential entries and b is the number of free
entries, given as the number of entries neither below an essential entry nor wrap-leftward
of one, where we take (7/,j') to be “wrap-leftward” of (i,7) if either i/ = ¢ and j* < j or
j' = j —cn for some ¢ € Z~,. Consequently, the theorem provides a U**-orbit decomposition

M= | || vI.q)

n'<n \ |I|=|a|=n'
across possible collections I = {(71,71),- ., (iw,Ju)} of essential entries and choices a =
(ay,...,a,) € (C*)™ of the cornerstone entries, and taking [/, a] to be the abacus-reduced
matrix having (i, jx)™ entries ay.

Example 3.4.7. Taking n = 3, m =7, and h = 5, the matrix

ai * * k %
a2

Y= * %
* %
as

* X X X

*

is abacus-reduced for any nonzero values of the a; (and any values of the asterisks). Note
also that for any m’ < m the top m’ rows of y comprise an abacus-reduced matrix. o

Proof of Theorem 3.4.6. For existence, pick any x € M, and initialize ¢ = idyar, £ = O,
and y = (y;;) = x. We shall operate by 62T to make y abacus-reduced. If y is the zero matrix
then we are done with £ = &. Otherwise iterate the following procedure until the rows of y
of every congruence class either begin with an essential entry in E or are all zero: Take 7 to
be the topmost nonzero row of y not in the congruence class of some topmore essential row,
and take j to be the column of the first nonzero entry in row 7. Append (3, j) to E, reset

¢ = 0 (Yis1) - - O i (Ym) 9,

and operate by this factor on y to clear column j below row 7. By selection each entry wrap-
leftward of (i, j) is zero, by construction each entry below (i, j) is zero, and by the downward
progression the construction does not disrupt the selection.

For uniqueness, suppose that z and y = fx are abacus-reduced, where 6 € U, Pick
0 = (aij) € Onm '(0) C U so that y = 6 - 2. We shall show that, up to the choice of
preimage, 6 = idy;, hence that 6 = idy.s and y = z.
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Take (7,) to be any essential entry of  and identify j € [n] with j = i. Thus the (i, 7)™
entries of § operate on M by adding multiples of row 7 (possibly among others) to rows

below. Consider such an entry a;; € O. Let k = Lm_iJ + 0i<j, so that 0 =0+ tkaEij

- n
exerts the same action 8’z = - x; the additional shift has run out of rows of x to contribute

to. However, for 7 suitably large, @(é’) may not be equal to . Up to the choice of 6, then,
we may assume that deg(a;;) < k.

We proceed to show that each essential entry (,7) of z is an essential entry of y. Since
6(0) € U_ is unidiagonal, this implies that z;; = y;;; and since 6 acts by adding rows
downward, the condition that x;; = 0 for ¢ > ¢ implies that y;; = 0 also.

Take (%, ) to be the topmost essential entry of x, so that all topmore rows of = are zero. No
topmore essential entry (7', 7') exists with 7 < j to contaminate entries of row 7 leftward of
J, so (i, 7) remains essential in y = fx. Proceed by induction on the next topmost essential
row 2, assuming that all essential entries (?/,7) of = with ?/ < 7 are also essential entries of
y. For the essential entry (7,)) of z to not be an essential entry of y, § must have added a
multiple of either (A) a topmore essential row 2 or (B) a topmore nonessential nonzero row
i to either row ¢ or some row i = 7 — cn, with some entry leftward of 7 nonzero in the case
that the target row is i. In case (A) there remains a nonzero entry below essential entry
(7',7), so y is not abacus-reduced. In case (B), by n-periodicity, not only is a multiple of
row i’ added to row i but the same (nonzero) multiple of some essential row 7 = i’ — ¢n,
c € Z~y, is added to row ¢ — ¢'n. In either case, by the inductive hypothesis only the added
essential row can be used to clear the nonzero entry above 72 in the associated column j; so
neither can result in an abacus-reduced y. ]

Corollary 3.4.8. Every U x GLj,-orbit of 771(X,,) contains a unique matrix of distinct
coordinate column vectors in increasing order. Consequently every U -orbit of X,, contains
a unique Ey, with I C [m] u-stable.

Proof. For existence, pick z € 771(X,) and take y = zg to be in heralded form. Since every
column of y with pivot in congruence class ¢ is, modulo n and up to the (h, m) window, the
same as every other, the operations from the proof of Theorem 3.4.6 that clear the heralding
columns v will also clear their shifts tv.

The consequence follows from restricting this result to full-rank matrices and taking the
quotient by GLj. [



Chapter 4

Ideal generators

In this chapter we exhibit the central construction and prove the central result of this doc-
ument. The construction is of an ideal in C[M,,] that vanishes at the preimage under =
of an embedded affine Schubert variety X,, C Gry,,. The result is that this ideal has van-
ishing set the closure of 771(X,) in M,,xx. Both extend the celebrated results of Knutson
and Miller [KMO5]. The analogous statements connecting the equivariant cohomology of the
matrix variety to the Schubert polynomials are made precise and proved in Chapter 5. It
turns out that the combinatorics are less tractable; we draw only some preliminary results.
For convenience, in this chapter we adopt the coordinates (respectively, row indices) [m] for
C™ (respectively, M,,x), rather than [1 — m + h, h] as in the previous chapter.

4.1 Matrix varieties

The following definition, adapted from [Ful97|, specializes to Grassmannians a broader col-
lection of matrix Schubert varieties, defined analogously from the projections of GL,, C M,,,,
to the flag varieties (1.1). Recall the Stiefel manifold MY ., C M, of full-rank matrices
and the column-span quotient map = : M, .,

a Birkhoff-like orbit decomposition of M,

— Grpm. The preimages 7~ (X}"™) constitute

mxh = |_| T (X3 = |_| U[I]GLy,

AC((m—h)h) 1Cm]
11| =h

where [/] = (e;, --- €;, ) as in Definition 1.2.5.

Definition 4.1.1. Let A C ((m — h)"), so that X}"™ C Gry,, is a Schubert variety. Then

Y/\h’m = w—l(Xf\L’m) C M,,«p, is the matriz Schubert variety associated with X\. The opposite
matriz Schubert varieties Yy, = n=1(X},,) are defined analogously. o

46
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Because we will need to discuss pivot sets and multiple other row subsets in the same breath,
let us reserve the letters P and @) for pivot sets and [ and J for other row subsets.

Example 4.1.2. Recall Example 1.1.17, in which m = 5, h = 3, and A = (1,1), and
retrieve the Schubert variety Xi”5 = U FE53;GL3/GL3 and opposite Schubert variety X§5 =

U_FEy34GL3/GL3. Then Qi’5 = U FE535GL3 and Q§‘75 = U_FE34GLj3 consist of matrices having
column-reduced forms

* %k 1
1 *00
1 and 1 ,
00 % 1
1 * % %

respectively, and Y° = Q5° and Y3, = Q3 5 consist of matrices in the respective closures of
these collections. o

Henceforth we restrict our attention to opposite matrix Schubert varieties unless explicitly
stated otherwise, though we omit the qualifier “opposite”.

It has been shown (see [Ful97|) that the preimages under (1.11) of the rank conditions of
Definitions 1.1.14 and 1.1.19 generate the ideal of a matrix Schubert variety.

Example 4.1.3. Recall the notation z; for the h x h submatrix on rows I. Write A7 for
the minor on rows I and columns J. The matrix Schubert variety YQEE C Myyo has ideal
generated by Aj3, while its subvariety Y has ideal (A13, Aj3, Al3). Y},B,E, from Example 4.1.2
has ideal i(YE;) = (A2, Al3, AZ). Then Y, C My, has ideal i(YZ,) = (AL, A2 AR)

(2‘11, 212, Z21732 — R22231-

<l

The embedding X»™ C X[ C Grj, for P = piv(w) and suitable b, m (Definition 2.1.12)
suggests an analogous construction.

Definition 4.1.4. Let w € W7 (a 0-Grassmannian affine permutation), let v be the n-core

of w and pick m > h > 0 so that y; < h and 7, < m — h. Then Y™ = W‘l(Xﬁ’m) C M, xn
is the matriz affine Schubert variety associated with w. o

It is immediate that Y™ C Y,

hm» and we get the diagram

meh D MY?’LX}’L — Grh7m
U U U

Yim = m (X7 — a () - Xl

We may then use matrix affine Schubert varieties to approach the homology and cohomology
of X, C Grgp,, by way of equivariant cohomology. Note that X,, = UwP /P provides that
Y,y = U[w]GL = U [w]|GL, where [w] = E(piv(w)+m—m)nim]- Hence Y, is U x GLj-stable.
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Lemma 4.1.5. Y™ Mo = 7= 1(Xhm),

Proof. The leftward containment follows from construction. The rightward follows from the
continuity of 7, the closedness of X™™ and that M° _, is the domain of 7. Specifically, if
xr € Y™ then there is a sequence {r;}32, C 7~ 1(X"™) such that lim; ., z; = x, and if
r € M2, then m(z) = lim; o, 7(x;) € X™. O

For the remainder of this chapter, let GL = GLj,, Gr = Grp n, M = M5, and M° = My ;.
and write the cells and varieties without the superscripts A, m when these parameters m and
h are understood. All discussion in this chapter will take place within this finite window
of Gr and M unless otherwise indicated. We take the remainder of this section to adapt
the notions of stable and heralded closure to the matrix setting. We will use the resulting

framework to determine relations for Y,, as an affine variety.

Definition 4.1.6. Take € M and suppose that V' = Span(z) € Gry,, with 2" < h. Call
x w-augmentable if there exists V' € X, C Gr such that V' C V’. Denote by Z,, C M the
set of w-augmentable matrices.

Given a heralded cell QI C Gr, let ?1 = W*l(QI) be Athe associated matriz heralded variety.
Call a matrix x I-augmentable if there exists V' € € such that Span(z) C V, and let Z;
denote the collection of such matrices. o

If I = piv(w) then Z; = Z,,.

Lemma 4.1.7. Z,, is stable under the two-sided action of Ut x GL.

Proof. Let x be w-augmentable, V = Span(x), and V' € X,, such that V C V'. Pick u € U
and g € GL and find @ € ©7(u) C U’. Then

urgGL/GL = uxGL/GL =aV C aV' e UX,, = X,,.
]

Lemma 4.1.8. If x is [-augmentable and h' = rank(x) then there exists an I-augmentation
x' € 7Y (V') of x consisting of h' columns from x and h — h' new columns.

Proof. We need only identify a minimal spanning set from among the columns of x and a
basis from among V'/V. O
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Example 4.1.9. Adapting the first case from Example 3.3.9 with m = 8 and h = 5, a

matrix in Y may be augmented

1 1
a a

1 1
b f bf
cyg cyg

1 1

dhj dhj1
e ik etkal

to a matrix in 57(_171’4,576), whose heralded form may in turn be augmented

1 1

a a
1 1

ba — bal

cf cfBa
1 1
al bal
Bal cfBal

to Y[_1,1,. OSimilarly, in the second case a matrix augments from Y@j to 37(_1717475) to
Y119 <&
The following result is one third of Theorem 4.3.17.

Theorem 4.1.10 (C). Z; C V7.

Proof. Pick z € Z; and find an I-augmentation #’ € 7~1(Q;). Then

x€a' M, = 2GL C Y;.

4.2 Matrix shuffles

Recall the homogeneous coordinate rings Sp,,, = (C[p}}’m | I C [m],|I| = h] and their inverse
image S = lim Sh,m under restriction, which is expressed in the infinite Pliicker coordinates.
Recall in particular that p; = 0 when I contains duplicates and p,(;y = sgn(o)ps for o € Sj.

Definition 4.2.1. For any finite index vector K = (kyi, ..., k;), let K = (ky —n, ..., ky—n).
The (infinite) shuffle at I of weight k is the polynomial

k
shy = Z Prkuic €9

KcCI
|K|=k
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(The sum is finite because I~ K U K contains a duplicate index for almost every choice of
K.) Its image under restriction is then

Sh[/ phm Sh[ Z p[’\KUK’

KcI'
|K|=k

the (finite) shuffle at I' = (I +m — h) N [m] of weight k. o

Shuffles were used in the service of the following result, which we recover as a consequnece
of an analogous result for matrices (see Remark 4.4.11).

Proposition 4.2.2 ([KLMWO07|). The infinite shuffles have vanishing set Grgr,, C Greo.

The coordinate ring map S, — C[M] (1.11) sends each finite shuffle to an alternating sum
of maximal minors. The following definition generalizes these full-rank “matrix shuffles” to
sums of partial-rank minors taken over a larger collection of shifted index sets.

To simplify notation in the remainder of this discussion, take N = Zs,. Analogously to Z},
we write N¥ for the set of ordered (-tuples from N having sum k. Also recall the notation
A{ € C[M] for the minor at rows I and columns J (or zero if I € [m] or J ¢ [h])

Definition 4.2.3. Pick row and column subsets I = (i1,...,3) C [m] and J = (j1,...,Js) C
[h] and a nonnegative integer k, and denote by N the nonnegative integer (-tuples that sum
to k. The (matriz) shuffle at (I,J) of weight k, or k-shuffle at (I,.J), is the finite sum

shy ;= > A{ ., €C[M].

ReN{

We'll refer to the AY_ . over which the sum is taken as the minor summands. Note that
0-shuffles are just minors. &

For the remainder of the section fix w € W7, ~ its n-core, h > v, and m — h > ~;. We will
always take P = (p; < --- < p,) C [m] to be a pivot set and P the heralding pivots of P,
though P may not be of the form piv(w) or even u-stable. I and J will be ordered row and
column subsets, respectively, of the same cardinality /.

Below we give names to the shuffles at I of maximum weight that fail to vanish on 77(Q,).
The rest of this section is spent identifying these shuffles. We apply this proposition to
define our candidate ideal for Y,, (Definition 4.3.14) and to check that it is set-theoretic
(Proposition 4.4.5).

Definition 4.2.4. Pick P and I. Define the shuffie threshold kp(I) from I to P, or just of I
when P is understood, to be the maximum nonnegative integer £ for which sh'f J|W,1(QP) Z0
for some (equivalently, any) J. Note that kp(l) < [™|f. Write k(1) = kpivew)(L). If
sh]}J =0 on 7' (Qp) for all k > 0 then set kp(I) = —1, so that shuffles are always well-
defined when k > kp(I). o
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Example 4.2.5. Let n = 3 and w = s15250815250 = [—5,5,6]. Then w has 3-core v =
(32,22,1%) C (3%). We may take m = 9 and h = 3 to get 2, = Q39 C Grzy. Consider an
arbitrary u-reduced matrix

1
a00
b00
1
v=|ca0 | €n (23

ab0

1
eca
Fdb

(Note again that the parts of v correspond to the non-pivotal rows of z.) Then sh’§9712(:c) =0
for k = 2, though not for k = 1:

a 0 c a e ¢
ale) = AR+ M)+ A8 = | § 3|+ 5 |+ 5 6] =0
while
c a e c
shgg 10(2) = A3 (2) + Agg(x) = £ d g |70

At columns (1,3) and (2,3) the same or a smaller value suffices. Since every matrix in
71 (Q2?) is in the GL-orbit of some u-reduced w, this implies that kj_556(8,9) = 1. (This
does not result from the vanishing of all minor summands, which only occurs for £ > 4.) ¢

The expansion (3.1) allows us to expand each (I, )™ minor of x multilinearly into minor
summands:

Af(x) = Ap(@y, - an,)

¢
= ZAI(C(; Vg = qu qu) (4'1)
Q
= ZCéAI('UCIl T Vg, )’
Q
where the sum ranges over index sets @ = (q, ..., q) satisfying g» < ¢, each C; # 0, and
C’é = Hle C’gj. The following lemma then provides a geometric interpretation of shuffies
that simplifies the calculations and proofs to follow. For simplicity of notation, let x,..., x,
denote the J™ column vectors of a matrix x € M, as opposed to zj,, ..., x;, . Write (wj)le =

(a1 --- ) for the m x £ submatrix, then Aj(z,)’_, = Af(x) and shf(z,)!_, = sh];”,(x) for
the minors and shuffles.

Lemma 4.2.6. Forx € M and R = (r1,...,1¢), write bfjj(x) = Ar(t"xy -+ t"wy).t Then

shi j(z) = > Ap(t"wy - tx) = Y biy(a).

ReN{, ReN{

'We adopt the common practice of approximating the Bactrian letter sho by the Old English thorn.
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Let us also call the b¥; “minor summands”.

Proof. Let R range over N¢ and o over the symmetric group S;.

sh’}”,:sh’}”(xl w):ZAan(ﬂh ceexy)

R

= Z Z Sgn(0>xi1—nr1,a(l) C o Liy—nrp,o(0)
R o

S e )
R

O

Example 4.2.7. The calculations on columns 1 and 2 of z in Example 4.2.5 also imply that
sh2, J|rl(9f’v9 )= 0 for the remaining column subsets J of size 2:
’ 1,4

Sh§9,13<1') = b§8,13 + bésla,lzs + bgg,lg
= Agg( t2l’1 ZE3) + Asg(tl‘l thg) + Asg(Il t2I3 )

e 0 c 0
f 0 d 0

a a

b b

- -

:0,

and shgg o3(x) = 0 similarly. o

We can leverage this formulation to obtain an expansion of sh’;, ;(z) multilinearly into shuffles
on the members of a heralded basis for O Span(z) (Corollary 4.2.10), which in turn will be
much easier to compute or to test for (non)vanishing. This comes from an expansion of
the columns of x into the heralded basis of O Span(z) (Theorem 4.2.8). Under the right
conditions, the expansion into “shuffle summands” will yield a single “leading shuffle” that is
the last to vanish as the shuffle weight reaches kp(1).

Theorem 4.2.8. Pickx € M. Let V = Span(z), v1,. .., Uy the heralded basis for hc V' with

heralding vectors 0y, ..., 0y, and P = piv(hc V). Write z; for the j™ column of x. Then
there are columns J = (j1, ..., Jm ) C [h] so that each
r, =Y Clue, (4.2)
v=1

where if ¢ > v and v, = 9, for some ¢ € [n'] then C§ = 0, while if ¢ = v and v, = 0, then
CS #0.
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Proof. The proof iterates along the pivots of hc V. Recall Ipiv from Section 2.1.

Suppose that we have selected vy,...,v,_1. Take z’ to be the matrix obtained from z by
using vy, ...,v,_1 to clear rows py,...,p,_1, in order. Necessarily p, = lpiv(Span(z’)).

e If p, ¢ P then find p; € P with p = p, modulo n; necessarily £ < v. Take ¢ = BB
and v, = .

o If p, € P then say p, = Pe and find j¢ € [h] at which piv(:c}g) = Ipiv(Span(z’)). Take
1 /
e* (z;.&)xjg'

/UI/ —=
Pv

Stop when Span(z') C Span(vy, ..., v,).

By construction, and by including all p; € P, we arrive at the heralded basis for some
W D V. The order of the steps in the cases that p, € P implies the triangularity condition
on the coefficients. Since each x;, € V, and since each shift t°0, is necessary to obtain some
x; € V, we must have W C hc V. Since W is heralded, hcV € W. Thus W = hc V. O

Example 4.2.9. Set n = 3 and
1
a

1
bf
cg

1
dhj
etk

(Fig. 3.3) and assume that the entries satisfy j # f and k # —af + aj + g (being careful to
keep local coordinates distinct from indexing variables). The proof of Theorem 4.2.8 proceeds
as follows, depicting each matrix after the j** step with shifted basis vectors vy, ..., v, to
the left and a complementary basis to the right:

1 1 1 1 1
a a a a a
1 1 1 1 1
bf VI=T1 b f v2=T2 bf vﬂz b f v4:_t2§)1 bf
cg clg cg cg cg !
1 1 1 1 1
dhj dh j d h|j dhf| 1 dhf1
eik eli k eilk eig?_;fﬁ eigall
concluding with vy = 03 = Klgs = eg, where K =k —g—aj+af # 0. This provides x; = vy,
Ty = Uy, and x3 = K03+ vz + (j — f)vs, in satisfaction of (4.2). o

The example suggests that (4.2) might be stated fully triangularly, not just partially so as
in Theorem 4.2.8, but this is an artifact of our choice of x.
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Corollary 4.2.10. Let + € M with Span(z) =V, vy,..., v, the heralded basis for hcV,
and 0y, ..., 0, the heralding basis vectors. Take J = (j1,...,7¢) as in Theorem 4.2.8 and
pick I and k with |I| = (. Let = = (& < --- < &) range over the subsets of [m']. Then

Sh];,J(I) = ZCEShI;(Ufl g ), On#0,

where N consists of the { € [m/] for which ve = 0, for some v € [n/].

Proof. The expansion

shy (@) = shy(zj, - xj,)
= (Z Cfvg e Z C’f?}g)
=1 ¢=1

14
k ' )
- Z C(gl""’&)ShI(Ufl T Vg ) C(fh..-,&) " H CS
v=1

{17...,526[77’1,/]

= Z CESh];(Ugl e g, ) Cz = Z C(EU@),...,{U(@))

og€Sy

follows from V' C he V' = Span(vy, ..., v,), (4.2), and the multilinearity of sh’}ﬂ,. In particu-
lar, any shuffle summand of the multilinear expansion in which some §; = &; necessarily van-

ishes, due to a repeated column; it is enough to consider only distinct indices &, ..., & € [m/].
The coefficient ,
CN = Z Sgn(a) H CEU(V)
€Sy v=1

uses vg, = 0, (see the qualification of (4.2)) and is therefore the determinant of a triangular
matrix with nonzero diagonal entries C%, hence itself nonzero. O

4.3 Abacus slides

In Appendix C.1 we compute shuffle thresholds for several illustrative cases. The following
definitions and discussions can be motivated by these cases, and in particular Lemma C.1.4
introduces a rudimentary notion of straddling (Definition 4.3.2) that signals the vanishing
of certain minor summands in a shuffle. For further space savings, we abbreviate the matrix

(20)y—y to (2).

Definition 4.3.1. Given P and I, let A = A(/, P) denote the collection of maps A: I — P
satisfying the following:
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(i) for all 7, Ai <1
(i) if i < i’ and Ai = A’ modulo n then Ai < A/,

(iii) if Ai — cn € P for some ¢ > 0 then A7 — cn € img A.

We call these maps abacus slides after the abacus presentation of SL, (F) [KLMWO7]|. Par-
tition P into

PO = <. < pD), PO = (p < < p)

(@)

where each p;” =i modulo n, and I into

IV =@V <. <), T = G < <)

where each Ai;i) = ¢ modulo n. It follows from (ii) and (iii) that each Ai;i) = py). Call
(l1,...,0,) the bead composition of A. Additionally let A" = A’(I, P) D A be the collection
of slides, which by definition satisfy only (i). Associate with each (abacus) slide A the
(abacus) buffer B : I — [m] defined as follows: Let Bi € (Ai + nN) N [m] be maximum so

that {Ai, Ai +n,...,Bi} Nimg A = {Ai}. o

Recall that the shuffle threshold is bounded above by L%J ¢, the sum of a copy of the
maximum power of ¢ any vector in C™ can sustain before vanishing for each column in J
(|J| = ¢). This is clearly a coarse estimate. It is improved somewhat by taking a matrix
T € W*I(Q p) in heralded form, whose column vectors have pivots pi,...,ps. In this case
one might act on the leftmost ¢ columns by powers of ¢ until just before they vanish, which
gives the upper bound Z§:1 L%J The following definition and lemma begin the process
of using (abacus) slides to improve further upon these bounds.

Definition 4.3.2. Let A : [ — P be an injective slide with buffer B. Given R € N{, say
that R straddles A (at v) if
Aiy, + r,n > min(i,, Bi,) (4.3)

(for some v). o

Lemma 4.3.3. Fix P and I. Let A: I — P be an injective slide with buffer B, and denote
by strad(A) C N the subset of vectors R that straddle A. Then

Z b?,] ’YPE 0 (4.4)
Restrad(A)
for any J C [m], |J| = ¢.

The proof exhibits an involution on strad(A) that induces a sign-reversing bijection on the
minor summands of sh¥(#"vv,), where vy, ..., v is a heralded basis for V € Qp. The result

then follows from Yp = 7=1(Qp).
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Proof. Pick R € strad(A) and identify the smallest index v = v/ at which R straddles A. If
Ai, +ryn < Bi, then set R = R € strad(A). This assignment is trivially involutive. Our
choice of v/ implies that Ai,, + r,,m > i,,, which means that A;(¢™v,) = 0 by the vanishing
of column v/. Thus A;(t™v,) =0 = —A7(t"™v,).

Otherwise we have Ai,, +r,m < i,. Identify the index v > v/ for which Ai,» = Bi,, +n
and define R = (74,...,7) by

T, = (T',,//n + Ai,,// — A’i,,/)/n
Ty = (TV/TL + A’iyl — Ai,,u)/n

7, =1, forvé {v '}

Observe that each 7, € N and that 3 7, = > 7, s0 R € N},

In the remaining case, the matrices (t™v,) and (t"v,) differ by the transposition (v/ ") € S,
of columns v/ and v”, so their associated pure minor summands differ by sgn((v' ")) = —1.
Since the choice of v/ depends upon ¢/ but not upon R, involutivity will follow if R straddles
A at minimum index /. Indeed, At v =1/,

Aiy +7,n = Aty +rym + Ay — Aty
= Aiyﬂ + rymm

= Bi,,/ +n—+rym
> B, > min(i,,/, Biy/),

while at v < /(< V") we have Ai, +7,n = Ai, + r,n < min(i,, Bi,) by our choice of R. O

Our goal is to slide the indices of I as far back as possible (meaning, to choose a shuffle of
maximum weight) without allowing the minor summands to cancel. The following definition
and lemma use the straddling condition (4.3) (after solving for r,) to connect abacus slides
to shuffle weights. These are the formulae by which A governs kp([).

Definition 4.3.4. Pick P and I. Let A: I — P be a slide and B its buffer. Define the slide

weight of A to be o .
k(1 A) =Y me(“ B - AZJ . (45)

- n
el

<

Corollary 4.3.5. Pick P and I. Then kp(I) < maxaca kp(I, A).

Proof. Pick k > maxaeca kp(I, A). By design, for every R € Nf; and every A € A’ there is
an index v at which R straddles A. By Lemma 4.3.3, if x € Yp then the vanishing sum of
minors (4.4) accounts for every minor summand of shl;’ ;(z) (for any J). O
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Example 4.3.6. Recall Example 4.2.5. There n = 3 and P = (1,4,7) with P = (1), while
I = (8,9). The only possible abacus slide A : I — P is given by A(8) = 1 and A(9) = 4;
A = {A}. Ahas buffer B given by B(8) = 1 and B(9) = 7. The slide weight of A is therefore

krar(89, A) = Lmin(B,l)flJ 4 Lmin(9,7)f4J —0+1=1,

3 3

which is also the maximum shuffle weight & for which sh’§97 7 la.Z 0.

Another (non-abacus) slide A’ is given by A’(8) = 7 and A’(9) = 1 and has buffer B’ given
by B'(8) =7 and B'(9) = 4. Now

k147(89, A) = {min(?)*lJ + {min(%’él)*lJ =04+1=1

has the same slide weight. If instead we take A’(9) = 4 then A’ we get slide weight 0. o

In Example 4.2.5 the maximum slide weight (for a nonvanishing shuffle) is attained by both
an abacus slide and another slide. Other examples of maximizing the slide weight may be
found in Appendix C.1 (see in particular Example C.1.6). In our search for the maximum
slide weight, Lemma 4.3.7 allows us to narrow our focus to abacus slides.

Lemma 4.3.7. Pick P and I and let A be an abacus slide with buffer B. Partition P and
I as in Definition 4.3.1. Then

:(5) (s) b1 (78 ps(s) (s)
1 — v ,B v - Mv
(a) kp(I,A) = E ({%J + E {mm(z nZ )= p J) and

s v=1

(b) maxkp(I, A) = max kp(I, A).

Note that if P = piv(w) for some w € WP then Bil” = p{ for all s, with v < ¢,. Since

each pl(,s) < z',(,s), this means that the numerator of each floored fraction, except the last,

vanishes: ” ” “ o
(s) (s TG — s
koL, A) =" {%J = {mm n> Pe. J . (4.6)

S S

The proof makes use of the following partial order on slides having the same bead decompo-
sition. Both definition and proof refer to the enumerated criteria of Definition 4.3.1.

Definition 4.3.8. For A;, Ay € A’ having the same bead composition, write A; < Ay if

e there are fewer pairs (i,4') at which A; violates (ii) than A, or

e A; and A, violate (ii) at the same number of pairs but A1 <jex Asl.
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Notice that if A € A then A is minimal with respect to <. o

Proof of Lemma 4.3.7. For (a), take A € A and partition I and P as in Definition 4.3.1.
Expanding the nested sum, it is enough to check that Al = pl(,s), which follows from the

definition of I®®) and P®),

For (b), suppose that A" € A"\ A, so that A’ fails to satisfy (ii) or (iii). Write kj»(I, A) for
the formula in (a). It will suffice to find A € A with (1, A") < kj(I, A). To this end, we
will identify A” € A’ such that A” < A" and kp(I, A") < kp(1, A”). Since A’ € A"\ A was

arbitrary, this process terminates in A, which implies the result.

If A’ fails (ii), find two indices i < ¢ with p = A’t and p’ = A’i’ satisfying p = p’ but p’ < p.
Take A”i = p’ and A”i' = p, and otherwise A”i" = A’i". Since p’ < p < i < ¢, A” satisfies (i).
Let B’ and B” be the buffers of A" and A”, respectively. To see that kl,(1, A") < kl(I, A”)
we need only consider the adjusted summands, i.e. to check that

{mm(z’, B'i) - pJ N {min(i', B'i) - p’J . {min(i, B"i) — p'J N {min(i', B"i') — pJ @)

n n n n

We have min(i’, B'i") = B'i’ = B"i = min(i, B"i) because B"i = B'i’ < p <i <i'. We have
min(z, B'i) < min(¢’, B"") because B'i = B"i' and i < ¢'. This leaves min(i’, B'i') — p/ =
min(i, B"i) — p’ and min(i, B'i) — p < min(¢’, B"i") — p, which together give (4.7).

Free up the symbol ' from the previous part of the proof.

If A’ satisfies (ii) but fails (iii), pick ¢ € I and ¢ > 0 for which A’i —cn € P~ img A’. Set
p = A'i and take p’ = p — cn € P to be as large as possible; that is, let no members of
P congruent to p lie between p’ and p. Identify i € I for which A’i’ is the largest index
in img A’ before A’i and in the same congruence class; this means that A’ < p’ < p <.
Take A” so that A”i" = A't" except for A”i = p/. Since p’ < p < i, A” satisfies (i). By
assumption, there are no ¢’ # i with p’ < A’i’ < p. Thus the order of img A’, restricted to
any one congruence class, has not changed, so A” satisfies (ii). Again only two summands
differ between A" and A”; with B’ and B” as before, we must show that

{min(z’, B'i) —pJ N {min(z”,B’i’) — A’z”J < {min(i,B”z’) —p’J N {min(z”,B”z”) — A”z”J .

n n n n

(4.8)
B"i = B'i so min(i, B"i) — p’ = min(i, B'i) — p + cn. Meanwhile, A" = A'i’ but B"i' =
p'—n = p—(c+1)n, somin(i', B"i")—A"i' = min(i’, p—n—cn)—A"i" > min(i', p—n)—A"i'—cn.
Take floors of the quotients of these terms by n, which preserve weak inequalities, to produce
(4.8). O

Example 4.3.9. Let n = 2. Then v(w) = ({(w),f(w) —1,...,1) and we may choose
h = ¢(w) and m = 2¢(w). Now pick I with members distinct modulo 2; I has size 1 or 2. If
I = (i) then k,(I) = |51]. Suppose that I = (i; < i»). Since 1 is the only heralding pivot
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in Mag(uw)xe(w), €ach abacus slide A takes I into {1,3,...,2¢(w) — 1}. As in Example C.1.2,
we may maximize k,, (I, A) by either Ay : (i1, i2) — (1,3) or Ay : (i1,72) — (3,1). The former
gives

k(1 A)) = {%J N Lmin(z%%(;}) —1) —3J _os V22—3J _ V22—1J .

and the latter gives k, (I, Ay) = L%J — 1. Since iy < i we have maxaea ky (1, A)
=) - 1
5 )

Example 4.3.10. Take n = 3 and w = s¢s1595150 = [—3,2,7], and use m = 8 and h = 4.
This provides the u-reduced form

<

T = e 7 HQL®),

dcaa

with P = (1,4,6,7) and P = (1,6). Take I = (6,7,8). To maximize the slide weight,
we need only consider the abacus slides. These send (6,7,8), in order, to (1,4,7) (single
congruence class), (1,4,6), (1,6,4), and (6,1,4) (both congruence classes). Index these
slides by the congruence classes to which the ordered members of I are assigned (which
uniquely determines the slides). Then

kP(I,Alll) _ min(63,1)—1 + min(73,4)—4 + min(83,7)—7 =04+4040=0
kp(I, Apg) = | =GOy | min@Dt )y oGO8 — 41 40 =1
kp(],Algl) _ min(%l)fl + min(';,(i)fG + min(83,7)74 —0404+41=1
kp(],Agll) _ min((;,6)—6 + min(73,1)—1 + min(5§7)—6 —04+404+0=0.
Meanwhile,
b0o 0b1 0b1
Shig 193(2) = (000 +|010|+{000| = —d
’ dcao dcao cal
but
b0o0 b0o0 0b1 0b1 0b1
sh2 g 193(2) = [010] 4+ 000 +[100| 4+ [010[+[000| =ba —ba+c—c=0.
7 deca cal deco cal a00

Therefore shuffles at I of weight > 1 vanish at x. o
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We conclude this section with the observation that specific shuffle equations are not U-
stable. (It is straightforward that partial-rank shuffles are not GL-stable.)

Example 4.3.11. If n = 2, w = 51598150, m = 8, and h = 4, then

1 )

with pivots (1,3,5,7). Then shg; , = Af(z) = 0 but if we take u = 655 (1) then we get
10
A (uzx) = ‘0 1= 1.
It is similarly easy to demonstrate this phenomenon for shuffles of positive weight. o

It turns out that the only full-rank shuffles that don’t vanish at Y,, are minors.

Lemma 4.3.12. If |I| = h then k,(I) <0.

Proof. Our proof requires both full-rank and u-stability: Every pivot is the image of an index
in 7, including those in the last window [m — n + 1, m/, so the formula (4.6), which reduces
the slide weight to information about last pivot in each congruence class, vanishes.

Explicitly, set P = piv(w) € [m| and pick any abacus slide A € A of maximum slide

weight (Lemma 4.3.7 (b)). Adopt the partitions I¢*) and P® of Definition 4.3.1. By full-

rank every pZ) = max(P"®), and by u-stability each max(P®) € [m —n 4+ 1,m]. So
() ()

pgf) < ng) <m< pé‘:) +n by Definition 4.3.1 (i). Thus each term || < 1 in (4.6),

which leaves A having slide weight at most zero (if any terms are negative then k,, (I, A) = —1

by definition). By Corollary 4.3.5, then, k() < 0. O

Remark 4.3.13. It comes as little surprise that the Grassmannian shuffles map via (1.11)
only to matrix shuffles of weight 1; that is, that no higher-weight finite (Pliicker) shuffles are
necessary to define the vanishing set X,,. In particular, for the calculations summarized in
Appendix C.2, we generate our test ideal i,, with only the shuffles having weight k,,(I) + 1.
The higher-weight finite shuffles

> prar€S

ReNk

must expand into weight-1 shuffles, and an interesting problem is to develop a standard
monomial theory to show how. O
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The infrastructure is now in place to define our candidate ideal.

Definition 4.3.14. Let ip = i’%™  C[M] be the ideal generated by the shuffles sh’;’(] where
I C[i —n+1,1] for some ¢ and k > maxaca kp(L, A). Write i, = ipiv(w)- &

The condition that I is contained in a window of length n (hence contains indices that are
pairwise distinct modulo n) accommodates the shuffles we will construct for Theorem 4.4.5,
which exclude matrices outside the P-augmentable variety Zp. In view of Lemma 4.3.12,
it should at least not seem extortionate. The absence of vanishing minors per se from the
generating set is made less mysterious by Example 4.4.7.

Lemma 4.3.15. Given pivots P C [m], write d; = {m;ﬁjJ across 1 < j < |P|. Then ip is

generated by sh];J across I € [i —n+1,i] fori € [n,m], all J, and kp(I) < k < Z§:1 dj. In
particular, ip is finitely generated.

Proof. If k > Z§:1 d; then for every R € N there is an index j at which i; + r;n > m, so

that every minor summand of shl}, 7 1s zero by definition. O
Example 4.3.16. For the specific instance ¢ = 2 of Example 4.3.9, igﬁo is generated by
sh(1)2712 = A}2 and shil,j4712 = A}? — Al2; the other generators implied by Lemma 4.3.15 are
zero. See Appendix C for the cases ¢ = 3 and ¢ = 4. &

Theorem 4.3.17. Yw is the vanishing set of i,,.
Proof. We invoke the containments

A B C
Yy CV(iy) C Zy C Y.

The proof of inclusion B comprises Section 4.4; we proved inclusion C at Theorem 4.1.10;
and earlier discussions have prepared us to address inclusion A, wherewith we conclude this
section. O

Unfortunately, only two of the three containments is proved for the more general heralded va-
rieties and the ideals defined for them. The reason, which was spotlighted in Example 3.3.13,
becomes clear in the proof of Theorem 4.4.5.

Corollary 4.3.18 (A). Yp C V(ip).

Proof. By the construction of ip, the definition of kp(I), Corollary 4.3.5, and Lemma 4.3.7
(b), we have 7~*(Q2p) C V(ip). Since 7 is continuous, we get 7~ 1(Xp) C 7=1(Qp). Thus

~ ~ ~

Yp = 7T71(Xp) = 7T71(Qp) g V(lp)
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4.4 Set-theoretic equations

In the previous section we introduced a candidate ideal for Y,, by way of identifying a natural
collection of generators. Here we leverage the machinery of heralded linear algebra and
shuffle-slide combinatorics to prove that V(i,,) C Z,,, which tops off Theorem 4.3.17. First
up are some further results (Lemmata 4.4.1 and 4.4.2) that tie together shuffle thresholds and
slide weights, in the spirit of Lemma 4.3.15. Then come some supplementary combinatorics
of pivot sets (Definition 4.4.3 and Lemma 4.4.4) that facilitate the application of these and
earlier general results to the case of a w-inaugmentable matrix. Finally, given such a matrix
x ¢ Zy, Theorem 4.4.5 produces a shuffle that fails to vanish at z, and Lemma 4.4.6 verifies
that this shuffle lies in i,,.

In this section, since we will be dealing with partial shuffles and hence column subsets, we
adopt the indices v, &, ¢ for, e.g., I = (i,)’_,, as needed to avoid confusion with .J.

Lemma 4.4.1. Pick P and I C [m —n + 1,m|. Suppose that there exists an abacus slide
that contains P in its image. Then there exists an abacus slide of maximum slide weight
that contains P in its image.

Proof. Write P = (p1 < -+ < py) and begin with any abacus slide A : I — P of max-
imum slide weight. From A we will obtain a map A’ : I — P satisfying (ii) and (iii) of

Definition 4.3.1, at which (4.6) evaluates to at least kp(I, A), and such that the collection of
'(S) E I in the notation of Definition 4.3.1 comprise (i;_y41 < --- < 4p). These must contain
the zg ) of our supposed abacus slide A* containing P in its image. Using this fact, we will

be able to reassign the ths of A’ in order to satisfy (i) while preserving (ii) and (iii). We will
then observe that P C img(A”). Let d; = Lm;ij across 1 < j <y and write d® = d; when
S = ]5]

The obtenance of A’ from A is iterative. Each step begins with A satisfying (i) and (iii). If,
under A, the i(s) comprise the largest ¥y members of I then the obtenance is done. Otherwise
either some ié ) < zé ) _, Or some I®) =g withs=pe P.

s)

o [fi:= iy, < 1= Ze , then obtain A’ as
Ali = A7
Al = Ai

A" = A" for i ¢ {i,i'}.

If this results in any violations of (ii) then reorder the images of I®) and of I
accordingly. Since img(A’) = img(A), A" satisfies (iii). This step does not change the
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summand

S

n

\‘max(l(sl)) — pés:)J

indexed by s’ since ¢/ > i by assumption and does not change the summand indexed
by s in any case.

o If I = & with s = p € P then find s with £y > 2, write i = iésj), and obtain A’ as

Ai=p
Al = Ai' for i # i

This preserves (ii). Since Ai = max(AI®)) and A'T®) = {A'i}, A’ satisfies (iii).
This step introduces a summand in (4.6) indexed by s, which can be at least —1

since p < m < min(I) + n. The existing summand indexed by s’ is unchanged if

z§ /) < PR Jn < z§ 7 (notation for the original slide A) and increased by 1

otherwise. Since p > Zé D=+ = J n % z'f:), this increase occurs only when the —1

appears to counter it.

Stop when the iZ) comprise (ip_yt1 < -+ < i7). At the map A’ : I — P we obtain, (4.6)
evaluates to at least kp(I, A).

The map A’ : I — P is not yet an abacus slide if some A’iZ) > igf); though note that
A’igs) < A’z’é —n <m—n+1<i®; whenever j < ¢,. By supposition there exists an
abacus slide A* whose image contains P necessarily the zés under A* constitute a subset of
(tp—yt1 < --- < iy) that consists of the zés) under A’. To obtain A” from A’, then, reassign
the zéf) to the pZ) in such a way that each pZ) < iz). This achieves (i) of Definition 4.3.1,
and preserves (ii) and (iii) since if i < ii) then i = if:) for some s’. Each transposition
(s) _ prs(s")
A"y = A/%,
(s") . pr:(s)
A”Zes/ = Aliy
with A" > "
summand indexed by s" by 1 if A’ ( ) < Z(S < A” . This leaves A” having slide weight at

least the evaluation of (4.6) at A', hence at least the slide weight of A, which was maximal
to begin with.

increases the summand indexed by s in (4.6) by 1 but only decreases the

~

Since I®) # @ under A” whenever s = p; € P, and since A” satisfies (iii), we have P C
img(A). O

Next up we have a stronger result about a more constrained case.
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Lemma 4.4.2. Pick P. Let D = (di,...,d,) where d, = |"=|, and take I = P + nD.
Then kp(I) = maxaeca kp(I,A). Moreover, bfj |, is the unique nonvanishing minor

summand of sh]ZJ o, and the unique slide A of maximum slide weight is given by 121(13,, +
d,n) =p, across 1 <v <n'.

Proof. Set k = maxucq kp(I, A) and recall the partial permutation matrix [P] € §:/p. It
will be enough to check that sh’;7J([P]) # 0. Define the abacus slide A : I — P by A(p, +

1) _p®)

d,n) = p,. By Lemma 4.3.7 (a), kp(I,A) = 3, {%J = >, d,. By Lemma 4.3.3,

Sh];,J ‘Yfp: bI?J |Y/P- Thus

shy ;([P]) = br ;([P]) = Ar(t™ep,) = Ar(ep,1a,n) = 1.

For uniqueness, let A € A such that kp(/, A) is maximum. Suppose first that img(A) # P.
Fix an arbitrary heralding pivot p, and consider I¢*) from Definition 4.3.1, where s = p,. To
check that kp(I, A) < kp(I), it will be enough to show that the summands of Definition 4.3.4
featuring indices i € I®) sum to at most d,, and in at least one instance to strictly less.

min(i,B'7)— Al
n

First suppose that 1) = @. (This may not ever be the case.) Then certainly Y oicr® L

0 is no larger than d,. Next suppose that [(*) = (i@). This obtains the single summand

i — Al _ i — (p, + cn) _ i _p, .
n n n

for some ¢ > 0. Since i, = p, and ir(,) < i, + n, we have {@J < \_MJ =d,.

- n

Now suppose, without loss of generality, that () = (zﬁs) <... < zé‘z)) with /4 > 2, as must
at least once be the case. By Definition 4.3.1 (i), Ai{” < -+ < Az’éf). Note that v may or
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may not lie in [¢;]. As in Lemma 4.3.7 we then get

n n n

3 {min(@Bz‘)—Az‘J Pf)—(ﬁmLCesn)J . {min(iéf)_pBiZ)_l)—(ﬁ,ﬂrcfsm)J .\

ieI(s)

+ {min@s), Bi{”) — (p, + cln)J
n

Vj) _ (p; + %n)J . {(py + (co, — 1)n7)1 — (By + coo_1m) J .

- Vﬁﬁ(@ —1n) - (ﬁy+cln)J

n
(s) A
7 - Pv
= ZST —Cgs+<CgS—Cgsfl—l)‘k"“i‘(CQ—Cl—l)
_.(s) A_
Ly, — Dv
= | e - 1),
P - (- )

i) —py min(i, Bi)— Ai
where L anp J < d, as above and ¢; > 0, hence >, _,(, {%J <d,—0—(2-1) < d,.

We conclude that img(A) = P when kp(I, A) is maximum.

Now suppose that kp(I, A) is maximum and img(A) = P, but that some A(p, + dyn) # p,.
Let m € Sy be the permutation given by Air,) = p,. Without loss of generality, suppose
that (12 --- ¢) is a nontrivial cycle of 7 (of which at least one exists by assumption). The
summands of Definition 4.3.4 associated with py,...p, are then given, in the case of A, by

{WJ As above, this provides that LWJ < d,. Moreover, at least some i) < i,,

hence LWJ < d,. Since the cycle was arbitrarily chosen, this implies that kp(l, A) <
kp(I,A). O

Given a w-inaugmentable matrix z, in order to employ the preceding results to produce a
shuffle that fails to vanish at = we shall need to strategically situate the window [i —n + 1,1
from Definition 4.3.14. The following definition and lemma are motivated by this need.

Definition 4.4.3. Say that an index set P is u-stable up to index i if whenever p € P with
p+n <17 we have p+n € P, so that P is u-stable if P is u-stable up to m. If v is an index
such that p, > ¢, but p; < g¢ whenever § < v, say that P breaches ) at v. <o

Lemma 4.4.4. Let P, C [m| and suppose that P breaches () at v while both P and () are
u-stable up to q,. Then fewer heralding pivots of P than of () are less than or equal to q,.
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Proof. For R GA{P,Q}, recall that R denotes the heralding pivots of R and write R, =
RNlg,), R, = RNR,, and R = RN[g, —n+1,¢]. Note that |F,| +1=[Q,| = v, and
that |P,| = |P'| and |Q,| = |Q’| by u-stability up to g,.

Denote the injective map F : ps — ¢g¢ from P, to @),. F' is nondecreasing since P only

breaches @ at v, so F(P') C @', but p, ¢ P’ while ¢, € Q', so F(P') C Q' (a proper subset).
Thus |P,[ = |P'| = |F(P)| < |Q'| = [Qu|. O

We are now prepared to prove the final inclusion of Theorem 4.3.17.

Theorem 4.4.5 (B). V(i,) C Z,.

Proof. Pick v € M ~\ Z,. The proof involves identifying a shuffle shlfy J € 1, that fails to
vanish at x. We first construct the shuffle, choosing I, J, and k to leverage the fact that no
subspace containing the u-stable closure of Span(z) lies in the closure of €,,. This allows us
to show that shl};’ s(x) # 0. We leave the verification that sh'; ; € i, to Lemma 4.4.6.

Set P = (pp < -+ < pp) = piv(w), V = Span(z), and Q = piv(OV). By choice of
z, there exists no subspace W € X, for which OV C W. This means that P £ Q; by
Corollary 3.1.11, P breaches @) at some index v. (It is here that we lose the ability to
draw analogous conclusions for Zp and ip.) Define P,, Q,, B,, and Q, as in the proof of

Lemma 4.4.4, so that £ = |P,| < £' == |Q,|. Set d¢ = {@J across 1 < ¢ < ¢ and then
take I = (qu + dln, R ,ng/ + d@/n).
We now restrict to quotients of subspaces by their intersections with E, .1, i.e. to the row

indices [g,]. Note, however, that kg, (1) = kg(I).

By Theorem 4.2.8 we may identify ¢ columns J of x and the heralded basis vy, ..., v, of
OV, so that the heralding vectors 0, satisty

l’jg = Cg@g + Z CSCUC

qc#de

with C¢ # 0. Set k = kg(I). By Corollary 4.2.10, then,

shi ;(z) = Czshj(de) + > CEshf(ue)
not all
qc = Ge
with Cz # 0. Lemma 4.4.2 provides that sh¥(0¢) = bP (%) # 0, where D = (dy,...,dy),
using (), in place of P.

To check that the other shf(ve) vanish, let @', consist of the pivots of Span(v;) and D’ =
(d},...,dy where " =@, |. Since @, C Q,, any slide A" € A'(1,Q),) yields a slide A €
A(I,Q,) of the same slide weight that cannot be A from Lemma 4.4.2, hence has slide weight
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kg, (I, A) = kg, (I, A) < kg, (I) by the uniqueness of A. Combined with Corollary 4.3.5, we
get l{?Q;j (I) < maerA/(LQL) kQ/u (I, A) < kZQV (])

It remains to check that sh’}, 7 € iy, which is done by Lemma 4.4.6, using Lemma 4.4.1 as a
foundation. O

For an integer p, write “p%n” for the member of [0,n — 1] congruent to p modulo n. It is
easy to show, for integers p and ¢, that

(p+ q)%n < p%n + q%n <n+ (p+ q)%n, (4.9)

with equality on the left when the middle term is < n—in particular, if either p%n = 0 or
q%mn = 0—and on the right when the middle term is > n.

Lemma 4.4.6. Take x € M and I, J, k as in the proof of Theorem 4.4.5. Then Sh]IC,J € 1.

Proof. Using Lemma 4.4.1 we may find an abacus slide A : [ — P of maximum slide weight
satisfying P C img(A). Retrieve P’ and @)’ from the Proof of Lemma 4.4.4 and note that
I = Q) as sets.

For each ¢ € [(], if p; = pe + cn € P’ then p, < q¢ < ¢q,: By the definition of P’, p, < g,.
Since ¢ > v would imply that p. > p, > ¢, by the location of the breach, this must mean
that ¢ < v. Thus ps < ¢¢, again by the location of the breach, and g < ¢, by the ordering
on the members of (). Picking up from the proof of Lemma 4.4.1, we may assume that A
satisfies p = pe = Age when p € P', i.e. that A sends the largest members of I to the largest
members of P in order.

(5)_(5)
Using the formula (4.6), it follows that S "L pl = (' — ¢, and consequently

max (1)) — p(S)J

kpU):Z{ =
=040+ Y V“‘ 15_ng

£€img A
qa- 1§—|—dA 1§n pg
VIV { J
£€img A
:_gl_i_é_'_ Z (\‘QA lg_ng—i_dA_l{)
£€img A

Since k > > de, it will suffice to show that >, d¢ > kp(I), i.e. that

/ CjA‘lﬁ - ﬁf
— E E - 4.1
14 0+ dg > \‘ - J ( 0)

E¢img A £€img A
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Consider that the numbers of pivots in P and in ) up to but not including ¢, are equal.
Since both pivot sets are u-stable up to ¢,, each number can be expressed as

(=) -5 (e =)

the sum of the numbers of shifts of each heralding pivot not more than ¢, — 1. In light of
the previous paragraph, this is equivalent to

Y e )

E¢img A £€img A
¢cimg n n

where p,_1 < q,—1 < q, < p, implies that ¢, ¢ P, so we may drop —1 from the summands
with pe. (The rest of the equality is arithmetic.) Using (4.9), the right side equals

S 1
T %Jﬁ—— > ((da-1e = a)%n + (g, — pe)%n)

{€img A " £€img A
B ga-1e —Pe| | 1 . R . A
= D |7 o 2l (it (Gae = 50)%n — (Gamre — @) %n — (0 — pe)%n)
{€img A £€img A
ga-1¢ — D¢
> el
= = [
£€img A
Now

e § s £ 4]

£€img A E=l+1 E=l+1

and, in fact, the overall inequality is strict: Identify ¢ € [m] so that ¢, € ¢ + nN. If
¢ € img A then (¢ — ¢,)%n = 0, so the summand

n + (Ge — pe)%on — (q, — pe)%n — (Gc — qv)%on

is positive, which makes the left inequality strict. Otherwise Lq”fffflj < V”;QCJ makes the
right inequality strict. This proves (4.10). O

In addition to Theorem 4.3.17, this establishes that the augmentable variety Zp gives an
alternative characterization of the matrix heralded variety Yp.
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Example 4.4.7. Let n =2, m =4, h = 2, and w = s, so that [piv(w)] = (e €4) € Myxs.
Take z = (e; ez ). Using the notation of the proposition and its proof, we get P = (2,4),
Q = (1,3), and v = 1 since ¢; < p;. Then Q1 = (1) = Q. while P, = @ = P;. We choose
I=(1+ |5 2) = (1), which yields ko(I) = ki3(1) = >_¢de = 0. Only the first column
of x lies in Fy N\ E», so J = (1). Our shuffle is Sh(()l)7(1) = z11. Indeed, z; |rl(9ﬁ;4)5 0 but

z11(z) = 1. o

Example 4.4.8. Retrieve € Mgy, from Fig. 3.3 (where n = 3 and k # —g — af + aj) and
take w = s180525150. Then a matrix y € 77 1(Q22%8) in heralded form looks like

1
a

1

B 1
Y= 1bvaa

1

1
cBbaa

Following the proof of the proposition, P = (1,3,4,6,7) and Q = (1,3,4,6,7,8), so that
we must invoke pg = 9 in order for P to breach @), at index v = 6 = h + 1 with ¢5 =
8 < pe. Still, P = (1,3) and Qs = (1,3,8) lie within [m]. We choose I = (1,3,8) +
(1552, [58] . |55 )3 = (1,3,8) + (2,1,0)3 = (7,6,8) and ko(I) = 24+1+0 = 3. As
obtained in Example 4.2.9, J = (1,2,3). The resulting shuffle expands into minors and
evaluates at = and y as follows, omitting J from the notation and recognizing that, in
general, all column subsets of size ¢ from a matrix y in heralded form would need to be

tested to confirm that the shuffle vanishes at 7=1(Q~™):

Sh?as = Ais + Ay + Auzs + Auee + Argo
shls(y) = b + 0 — b + 0 + 0 =0
shis(y) = kK — g + 0 — af + aj #0

&

While we have not shown that i, is radical, we suspect that the answer may be obtained
via the identification of a Grébner basis under a suitable term order, taking advantage of
the “shuffle” symmetry of its generators. However, the generators alone do not necessarily
provide a Grobner basis, as Example 5.4.7 will illustrate.

Conjecture 4.4.9. i, is radical.

The computer calculations discussed in Appendix C.2 sometimes involve ideals too large to
radicalize under our computational constraints. The exceptions support the conjecture. In

. . 24 .36 4,8 . .
particular, under n = 2 the ideals i7" i and iy are radical; while under n = 3 we

[71’4} ’ [7275] !
have verified radicality for the ideals i?;™, for minimal and other choices of m and h, across
the Bruhat closure of w = [—4,4,6], w = [-1,0,7], and w = [-2, 2, 6].
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Example 4.4.10. Take n = 2 and w = 5¢$189. Then w has 2-core v = f and 7= 1(Q30) C
Msgy3 has GL3-orbit representatives of the form

ba
1
cba

In Plicker coordinates we obtain the ideal

i(X{rf,’ﬁ) = <p1237p1247p1257p1267p1347p2347 Sh356 = P156 — P345, Sh456 = P256 — p346) C 53,6-

The induced map (1.11) on coordinate subspaces takes i(X3°) to
123 A123 A123 A123 A123 A123 1 1
(A133, Aighs Ads, Aide, Arsis Aozs, Shase 193, Shyse 123) © C[Mexs),

though clearly missing from these generators is the triplet of 2 x 2 minors in rows 1 and 2,
from which the first four 3 x 3 minors may be recovered. Less immediately evident is that
the highest-dimensional component of V(i) has in its radical ideal the triplet of partial-rank
shuffles shi; ; across J C [3] of size 2—which is satisfied on 7=(Q235). In fact,

ii}(j = (D12, Auza, Doz, Sh§56v Sh41156’ Shge‘) = i(Y£’6)7

where consistent with GL;3-stability and for ease of notation we assume J in each generator
to range over the column index subsets of the same size as the associated row subset. <o

Remark 4.4.11. The map of coordinate rings (1.11) sends i(X,,) into i(Y,,) (it misses the
partial-rank shuffles), which means that the radicality of i,—or of a larger ideal having no
additional full-rank generators—would imply the radicality of the conjectured ideal for X,
[KLMWO07].2 Conversely, the radicality of that ideal would lend epistemic support for the
radicality of i,,. o

2Thanks to Peter Magyar for bringing this to my attention.



Chapter 5

Schubert classes

The last chapter concerned the algebraic geometry of matrix affine Schubert varieties. This
chapter concerns their connection to algebraic topology. In Section 5.1 we exhibit linear
maps Hiy(M,,xn) — H.(Grp,y,) from the torus-equivariant cohomology of M to the singular
homology of Gry,,,, which maps send the equivariant class of Y™ to the singular class of
Xhm  Each such class therefore has a unique image in the Borel-Moore homology of Gr?
specifically the class of X,, under the embedding of Grgy,,. We conclude with an explicit,
geometric procedure called the multidegree for calculating the (polynomial) equivariant class
of a matrix variety. We use this procedure in Section 5.3 to show that the classes of Y,»™
are compatible across different choices of m and h, in the sense that their (suitably defined)
homological counterparts have a projective limit fl(vn_l) in the ring of symmetric functions
A. We state the natural conjecture that fz(,)"_l) equals, up to an involutive automorphism
on A, the symmetric function representative of [X,]s € H?(Grgr,) identified in [Lam08].
Section 5.4 contains a preliminary investigation into the Grobner geometry of matrix affine
Schubert varieties. A full Grobner degeneration, under certain natural expectations and in
several computed examples, takes Y,, to a union of coordinate subspaces of M whose single
monomial generators behave like planar histories. In addition, we exhibit in several cases
a partial Grobner degeneration of Y, into Schubert-like varieties whose classes are Stanley
symmetric polynomials.

5.1 Equivariant cohomology

Equivariant cohomology is the natural cohomological setting for our 7T-stable matrix vari-
eties. The theory is motivated by the need for a meaningful cohomology theory for the
quotient bundle X — X /G of a space X with an action of a linear algebraic group G that
is not necessarily free. For a thorough introduction to this topic, see [FA|, from which most
notational conventions here are borrowed or derived.

71
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Definition 5.1.1. Let G be a topological group. Identify a contractible space EG with a free
left action of G, and call EG a mixing space for G. (For our cases G = GL and G =T < GL
the standard maximal torus, we will construct EG explicitly.) Call BG = G\EG the
classifying space for G. Now take X to be a topological space with a right G-action, which
we call a G-space. Take G to act (freely) on X x EG via g(z,e) = (rg™!, ge) and let

Xe =X x®EG (5.1)

be the quotient by this action. Write [x:e] for the equivalence class of (z,e). Then H}(X) =
H*(X¢) is the G-equivariant cohomology ring of X. &

Example 5.1.2. The multiplicative group C* acts freely on C™*! \ {0} by scaling:

z: (pla s 7p’m+1) = (z_lplﬂ s ,Z_lpm-i-l)'
The quotient by this action yields the principal bundle C™™! \ {0} — P™. The cohomology
ring of P is generated by the equatorial class [P"™!]* 2 [V/(p;)]®, which intersects with itself
inductively as [P*]* « [P™~1]* = [P*~1]*. This gives
H*(P™) = Z[a]/(z™") (5.2)
The inductive limit [ J7_, C™*! < {0} = C>® \ {0} is contractible, so we may pick EC* =
C> ~ {0} as a mixing space for C*. This yields the bundle
EC* = C>~ {0}
!
BC* = P
over the classifying space P> :=J~_ P™. Then
Hi.(pt) = H*(P*®) = lim H*(P™) 2 lim Z[z]/{z™"") = Z[z]. (5.3)

o0—m

The algebraic torus T = (C*)" acts similarly on (C™ \ {0})" as a bundle over (P™)". In
the limit we obtain

ET = (C>®~ {0}
l
BT = (P>)"
and Hi(pt) = Zlxy, ..., zp). o

Example 5.1.3. Take G = GL. Consider the principal GL-bundle My =~ — Gry,y, which
is not contractible. In the limit m — oo we obtain the mixing space EGL = M, _ and the
classifying space BGL = GL\M},  =: Grj . We then have

H¢p(pt) = HY(Grpeo) = O})linm H*(Grpm) = O})iinm(Z[;vl, . ,xh]sh/ihym) =Zlxy,... ,a:h]sh,

where i), = (sx(z1,...,2) | A € (m")) is as in (A.6). o
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Proposition 5.1.4 outlines conditions under which the cohomology ring of a fiber bundle may
be factored into those of its fibers and its quotient. This delivers Lemma 5.1.8 above and
Corollary 5.1.6, which confirms a motivating property of equivariant cohomology, namely
that it perceives free actions as quotients.

Proposition 5.1.4 (Leray—Hirsch, [Hat02] Proposition 4D.1). Let p : E — B be a fiber
bundle with fibers i : F' — E. Suppose each H?(F) is a free Z-module finitely generated by
classes in i*(H*(E)). Then there is a ring isomorphism

H*(B) @z H*(F) = H*(E).
Corollary 5.1.5. Suppose E — B and E' — B’ are principal G-bundles with H'(E) = 0
for 0 <i < k. Then H(E x% X) = H/(E' x% X) fori < k.

Proof. Take G to act diagonally on F x E’. Then the square

XXx(ExXFE) - XxFE

! !

Xx®(ExE) — X xF
consists of G-bundles (downward) and E-bundles (rightward). By Proposition 5.1.4 and the
restriction on 7, we have

H(X x®E) @, Z= @ H(X x E') @z HY(E) = H'(X x° (E x E')).
ptq=t

]

Proof of Lemma 5.1.8. For any desired homology group H&(X) = HY(X x% EG), apply
Corollary 5.1.5 to the square

XxEG — XxFEG
l !
X x¢ EG — X x¢ F'G.

Corollary 5.1.6. If G acts freely on X then H:(X) = H*(X/G).

Proof. Apply Corollary 5.1.5 to the square

X xBEG — X
! !
X x¢ BEG — X/G.
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Example 5.1.7. Take G = GL. The action on M?® is free, so by Lemma 5.1.6 we have, for
all 4, the natural isomorphism Hj(M°) = H'(Gr). o

The finite-dimensional but not contractible spaces in Examples 5.1.2 and 5.1.3, whose limits
produced the mixing spaces EG, suggest the following result, which is a special case of
Corollary 5.1.5. It allows us to compute G-equivariant cohomology groups, of arbitrary
degree, using sufficiently high-dimensional approximations to EG.

Lemma 5.1.8. Let E'G be a connected space with a free G-action satisfying H'(E'G) = 0
for 0 < i < k. Then there are natural isomorphisms

H'(X x® F'G) = H(X x° EG) (5.4)
for any space X with a G-action and 0 < 1 < k.

Definition 5.1.9. The space E'G in Lemma 5.1.8 is called an approzimation space for EG.
&

Computing the G-equivariant cohomology of arbitrary degree thus reduces to finding a family
E,,G of approximation spaces satisfying (5.4) for ¢ > some k = k(m), where k& — oo as
m — o0o. Let us build upon the examples, identifying explicit approximation spaces and
formulae for k(m).

We use indices and asterisks in the superscript position to indicate cohomology, while the
group occupies the subscript position. For equivariant classes, we put the group in the
superscript position. For example, if Z C X are G-stable with codim Z = d then [Z]¢ €
HZ(X).

Example 5.1.10. Let 7' = (C*)" and retrieve E,,T = (C™* \ {0})" from Example 5.1.2.
We have H'(E,,T) = 0 for 0 < i < 2m, so we may take k(m) = 2m. Therefore H(X)
HY(X x¢ E,,T), provided m > |1].

<

Proposition 5.1.11. If V. C C¥ is Zariski closed then H(CY \ V) = 0 for 0 < i <
2codimV — 2.

Example 5.1.12. Let G = GL and F,,GL = M,fx(m+1).1 Note that MEX(mH) = Mpx(ms1) ™
V(0), where

o=(AM | Tc1,m+1],I| =h) c C[M].

The independent contiguous minors (where I = [i,i+h—1] across 1 < i < m—h+1) generate
0, so V(0) has codimension m — h + 1. From the proposition we then have H'(E,,G) = 0 for
0<i<2(m—h+1)=k. o

IThis is transpose to the convention elsewhere in order that E,,GL is a left GL-space.
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Example 5.1.13. The column action of GL on M is not free. (For example, the zero matrix
is a fixed point.) However, given a mixing space FGL, the space

M x EGL 2 (M' | EGL) = ( Myxm | M2, ..) = Mpyoo

(where the superscript ¢ denotes transpose) is contractible because M and EGL are con-
tractible. We may then think of M x EGL as a mixing space for GL, where g - (2" | €) =
((g7tx)t | ge). Thus

H¢y (M) = H*(GL\(M x EGL)) = H*(M x%“ EGL) = H{; (pt) & Z[xy, ..., 2%, (5.5)
Write Mg, := M xS% EGL. Similarly,
Hi(M) = H*(My) = Hy(pt) = Zzy, ..., 23] (5.6)

Note that (5.5) and (5.6) preserve degree in equivariant cohomology, though this may differ
from the corresponding polynomial degree. o

The generator classes may be obtained from the bundle structure as Chern classes, and this
fact will prove useful in the proof of Lemma 5.2.6.

Example 5.1.14. Specialize Example 5.1.10 to h = 1 to obtain FE,,C* = C™"! \ {0} and
B,,C* = P™. The top Chern class ¢;(O(1)) € H'(O(1)) of the line bundle O(1) — P™ dual
to the tautological line bundle is a projective subspace of codimension 1, and the isomorphism
(5.2) can be realized as

H*(P™) = Z[ey(O(1))]/ (e (O(1))™ ).

The tautological line bundle O(1) — P™ then has top Chern class ¢;(O(1)) = x € Z[z]/(z™ ).
In the inductive limit, this provides that O(1) — P> has top Chern class ¢;(O(1)) = z €
Zlx) = H*(P>).

Now take C* to act on C by multiplication and write 7 : Cc« — BC*. Then the pullback

bundle .
0(1) — Ce = Cx& (C>~ {0})

!
O(1) — BC* = P
has top Chern class ¢1(7*O(1)) = 7*¢;(O(1)) = 7*x under the isomorphism (5.6), hence is
a generator for H*(C¢+) = He+(C). o

Proposition 5.1.15. In the setting of Example 5.1.14, [V (2)]" = ¢;(7*O(1)) in H;(C xT
ET) = H*(C¢+), where z parametrizes C as in Example 5.1.2.
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This proposition can be partly understood in terms of the section

s:Cer —» m0O(1),
(2,p) = 2
which is transverse to the zero section and meets it precisely on {0} x? ET. Our use

of multidegrees in the next section will be justified in part by the generalization of the
proposition to T-modules of arbitrary rank.

Definition 5.1.16. Let V' be a T-module. Call v € V a weight vector, and an algebraic
homomorphism x : T' — C* a character of T, if, for all t € T', t - v = x(t)v. For character y,

call
Vi={veV |Vt t-v=x(t)v}

the x-weight space of V. o
Proposition 5.1.17 ([Hal03], B.8). If V' is a T-module then

V= @ Vx.

x€Hom(T',C*)
That is, V has a basis of weight vectors.

Corollary 5.1.18. Denote the weights of T'

x;: T — C~.

t'—>tj

(Not all weights are being considered.) Let V' be a T-module with weight space decomposition
V= @le Cu;, where t - v; = x;,(t)v;. Then the vector bundle w: Vp =V xT ET — BT =
(P>)" splits as
Vi = @?:1 Lx;-i
l
BT

where each L, — BT is the tautological line bundle on the jth copy of P*. Moreover,
Cl(ﬂ—*Lin) = [V(UZ)]T € H*(VT>

Proof. Proposition 5.1.17 implies that V' splits into one-dimensional T-modules. The Chern
class identification then follows from Proposition 5.1.15. m

Example 5.1.19. My = M xT ET from Example 5.1.13 splits as My = @(i,j)e[m]x[h] Ly,
into line bundles, whose Chern classes ¢1(Ly,) = [V (2;)]" (i arbitrary) generate H*(Mr) =

<&
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Our goal, the long map (5.12), requires some categorical (morphism) knowledge of equivariant
cohomology. Consider an open embedding f : Y — X. In the traditional setting, f induces
a map f*: H*(X) — H*(Y) on singular cohomology given by f*([Z]) = [f~'(Z)], where
each subvariety Z C X determines a class [Z]* € H®4mx()(X). For the open embedding
M° — M, the composite map at our destination requires an analogous construction in
equivariant cohomology, for which we make use of approximation spaces.

Definition 5.1.20. Let X and Y be G-spaces. Call a map f : X — Y G-equivariant if
flz-g)=f(z)-gforallz € X and g € G. &

Lemma 5.1.21. Let f : X — Y be G-equivariant. Then f induces a degree-preserving ring
homomorphism fg : H5(Y) — Hg(X) that evaluates as f5([Z]%) = [f~1(2)]9.

Proof. We may use approximation spaces to reduce the claim to singular cohomology. Let
us adopt homogeneous coordinates [z:e] on X x& EG for X. If we use Xom =X x¢ E,.G
and Yg,, =Y x% E,,G then we get an induced map fem + Xam — Yam defined by
fam([z:€]) = [f(x):e], which is well-defined by the G-equivariance of f.

Now take a subvariety Z C X and set d = codimyx Z. The inclusion Z x¢ EG — Xg
induces, for any G-subvariety Z C X of an algebraic space, a fundamental class

(Z x% EG), = [Z)q € HPY(X()

in the Borel-Moore homology of Xg. This provides (see Appendix B.3) the equivariant
cohomology class

[Z x¢ EG]* = [Z]Y € HL(X).

The construction is similar using approximation spaces. The subvariety Z C X has equiv-
ariant class [Z]¢ = [Z x¢ E,,G]*, and Zg,, = Z x© E,,G C X¢m also has codimension d in
Xam- We may therefore find m sufficiently large for d < k(m), whereby

f&((2]9) [(f1(2)) xC E,G]* = [f1(2))¢
1 !
fom(Zaml®) = fem (Zom))®

]

Example 5.1.22. The inclusion ¢ : M° — M induces a degree-preserving ring homomor-
phism H¢p (M) — Hgp (M®) given by [Z]CV w— [i71(Z)]C%, <o

Suppose now that H < (G is a topological subgroup. Then the subgroup inclusion induces
the G/ H-bundle
X x" EG - X x© EG,
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which by the commonality of mixing spaces can be computed on approximation spaces. This
bundle induces the injective map on equivariant cohomology

HA(X) — Hiy(X). (5.7)

In the case that H = T is a split maximal torus in a connective reductive group G, Edidin

and Graham |[EG98| showed that (5.7) takes the form
H(X) = Hiy(X)Y, (5:8)

where W is the Weyl group N (T')/T. (G is reductive if its unipotent radical is trivial.) This
is a degree-shifting ring isomorphism; the maps on homology take HS (X) = H],,(X)",
where g = dim G and ¢ = dim 7', so on cohomology we have

He (X)) = H x—i4g(X) = Hii x s (X)" = HF (X)) (5.9)
In the case G = GL, (5.8) specializes as the inclusion

H(EL(M) = Z['xh B 7xh]Sh - Z[xh s 7xh] = H’;:(M) (510)

We can now state and prove the linear map connecting torus-equivariant classes of matrix
affine Schubert varieties to Borel-Moore homology classes of affine Schubert varieties. Borel—
Moore homology allows us to speak meaningfully about homology on noncompact spaces,
which is of especial help in the context of the affine matrix space M, the Stiefel manifold
M?°, and the infinite-dimensional Grassmannians Grgr,, C Gr’.. See Appendix B.3 for the
definition of Borel-Moore homology.

Theorem 5.1.23. There is an injective linear map
HA (MY — HPM(Gr2). (5.11)

Y (Xl
Proof. 1t is known ([KMO5]) that the full-rank matrix Schubert varieties provide a linear
basis for H%(M)", so the map is injective provided that it is defined. The component maps

(5.8) 5.1.7 (A.5)
Hy(M)W = Hg (M) "2 Hey (M°) 2 HY(Gr) = H,(Cr) < BPM(GrY)  (5.12)

evaluate these basis elements as follows:
W) = Y = [ ()] o (X0 = (X ]e = (X0,

As every component is linear, so is their composition. O

This is a natural analog to the diagram in the proof of Corollary 2.3.1 in [KMO05| and will
later justify the analogous Corollary 5.3.13.
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Corollary 5.1.24. Take N = |\Y|, hence |\| = h(m—h)—N. Then [Y'|T € HZ" =N ()W
and [X?*], € Hﬁ%mfh)fm((}rgo).

Proof. Take i = % and specialize (5.12) to fixed degree:

h2—h)+i ~ 1 1 0\ AV 1 ~
Hy" (MW = HEy (M) — Hiy (M®) 2 HY(Gr) 22 Hopgm-py—i(Gr) = Hﬁ%@_h)_xc(;rzo).)
5.13
]

5.2 Multidegrees

We now introduce the multidegree, a purely geometric calculation whose evaluation at X C
M may be identified with [X]T € H%(M). It requires a structure theorem for T-modules,
which precedes the definition. The inductive definition itself is borrowed from [KZJO07]; for
the full context and definition of multidegree (the top-degree part of a K-polynomial), see
[MS05], Chapter 8.

Definition 5.2.1 (|[KZJ07] Section 1.3). The possible weights x : 7" — C* comprise the
weight lattice b C b*, where h = Lie(T') is the Cartan subalgebra of g = Lie(G). If we
identify the characters z; := xp,, : T'— C* across the coordinate subspaces CE;; C M then
we may decompose the weight lattice as b, = @?:1 Zz;. Denote by Sym®(h7) the symmetric
algebra Z[xq, ..., xp].

Let V be a finite-dimensional 7-module and Y C V' a T-stable variety. Define the multidegree
mdeg,, Y € Sym®(h3) of Y in V to be the element uniquely determined by the following
inductive properties:

(i) f Y =V = {0} then mdeg, Y = 1.

)
(i) If H C V is a T-stable hyperplane and Y C H then mdegy, Y = xy/y mdegy Y.
(iii) If H C V is a T-stable hyperplane and Y ¢ H then mdeg,, Y = mdeg, (Y N H).
)

(iv) If Y has top-dimensional components Y; across 1 < i < k with multiplicities m; then
mdegy, Y = 32 m;mdegy, Y;.

Since the weights of the T-action on H are (all but at most one of) the weights on V', we
may view any mdeg; Z as a polynomial in the same ring. o

The method of the following example underlies our multidegree calculations later in the
section and in Appendix C.2.
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Example 5.2.2. Let "= (C*)™ act on V = C" coordinatewise, i.e. by (¢1,...,t,)-(v1,...,0,)
(t1v1,...,t,v,). Then the standard basis is a basis of weight vectors; set x; = y.,. Pick any
subspace W C V. We may use the definitional properties to compute the multidegree of

W in V by taking intersections and quotients of W C V sequentially by the standard flag
F,=V,...,F, = {0}, starting with mdegy W = mdeg. (F,, "W).

For the inductive step, note that F;/F;_; is a 1-dimensional T-module of weight x;. If
FinW C F_; then mdegp (F; N W) = mdegp (Fi-1 N W) = x;mdegy,_ (Fi.i NW). If
instead F; NW ¢ F;_y then mdegp, (F; NW) = mdegp,_ (F;—1 "W). The process terminates
at Fp N W, which has mdegy, (FoNW) = 1.

Altogether we get
mdeg,, W = H T = H Ty = H Ly
FinWCF;_y dim(F;_1nW)=dim(F;nW) igpiv(W)

which depends exactly on k& = deg(mdeg, W) = codimy W and on what Schubert cell
Qpivwy C Gryy—g,n contains W. o

Definition 5.2.3. Given a matrix space M,y and a subset of positions D C [a] x [b], define
the weight of D as

zP = H x; € Ly, ..., xy) (5.14)
(i,3)€D
and the coordinate subspace Lp = V(25 | (¢,]) € D) C M,y associated with D. <

These diagrams will become our combinatorial objects of interest in the coming sections.

Example 5.2.4. Given D C [m] x [h], we can compute the multidegree of Lp as in Exam-
ple 5.2.2, via any full flag of coordinate hyperplanes in M, to get mdeg,, Lp = x”. O

Proposition 5.2.5 (Self-intersection formula, [Ful98|, following Corollary 6.3). Let i : X —
Y be an embedding of smooth projective varieties of codimension d and normal bundle
N = Nx(Y). Pick any class « € H*(X). Then

i*(ix(a)) = a— ¢q(N) € H(X),

where i, : H*(X) — H*(Y) is the pushforward in Corollary A.2.8,i* : H*(Y) — H*(X) is
the usual pullback, and cy(N) € H*(X) is the top Chern class of N.

Lemma 5.2.6. Take Mr,, = M xT E,/T and for any T-stable variety Y C M write [Y]5™
for the class of Y xT E,,T in H*(Mr,,). Then there is a surjective ring homomorphism

Sym®(bz) — H"(Mr,m) (5.15)
mdeg,, Y +— [Y]T"™

with kernel (x;”' |1 < j <h).
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The result generalizes to any T-module V', but we state and prove it in terms of M for
simplicity and to prompt the following corollary, which is the real goal.

Theorem 5.2.7. The multidegree of Y in M returns the representative of [Y "™ in Z[zy, . . . , )
under (5.15).

Proof of Lemma 5.2.6. The homomorphism is provided by Example 5.1.2, identifying Sym® (%)
with Z[z1, ..., z,]. Any T-stable variety Y C M has multidegree a sum of terms that divide
zm" = (x1,...,25)™; and Corollary 5.1.18 establishes a correspondence of generators. It
will therefore suffice to show that the definitional properties of the multidegree are satisfied
in equivariant cohomology.

Properties (i) and (iv) correspond to definitional properties of cohomology, so are immediate.
For (ii) we invoke the self-intersection formula: Take Y = H and X = H' = V/(z;) as a
subvariety of H. The normal bundle N = Ny/(H) is then a line bundle on H' of weight x;,
so by Corollary 5.1.18 its top Chern class is ¢;(N) = z; € Hy(H). Now viewing Y C H', so
that [{(Y)]"™ = ., [Y]""™ € H*(Hr.,), we get

AW =@ YT = YT a(N) = o[V € Ho(Hrom),

as desired.

If Y ¢ H then since codimy H = 1 we must have codimy (Y N H) = 1 (a transverse
intersection). This provides that *[Y]7™ = [Y N H]""™  which is the property (iii). O

The original K-polynomial definition confers degeneracy on the multidegree. The calculation
can therefore be performed (very conveniently) on the union of coordinate subspaces that
arises from a Grobner degeneration, rather than on the original variety.

Proposition 5.2.8 ([MS05| Corollary 8.47). The multidegree is preserved under flat defor-
mations.

The variety of the initial ideal of i(Y") is the result of such a (Grébner) deformation.
Corollary 5.2.9. For any T-stable variety Y C V, mdeg,, V (in(i(Y))) = mdeg, Y.

Example 5.2.10. The 3-Grassmannian finite permutation o = [1, 3,4, 2] = s3s, has matrix
presentation

o = (0o(j),j) =

(e NevNanl g
O~ OO
RO OO
OO~ O

marking the descent as in Section 1.1. Obtain A = o C [ from ¢ using Corollary B.2.12,
in the opposite setting. The Schubert cell 5, C Grz4 consists of subspaces spanned by
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column vectors of the form

The GL3-orbits of these basis matrices have closure in M3 the (opposite) matrix Schubert
variety Y5, = 7-1(Qg,) = U[P]JGL3, where P = (1,3,4). The matrix variety has ideal
i(Yyy) = (Al3, Al3, A13) generated by the 2 x 2 minors at the top two rows of Mj,s.

M3 is a module under the right action of T'= (C*)? and decomposable into weight spaces

as
4 4 4
V=EPCE, & PCE: e PCEs
1=1 i=1 i=1

with basis of weight vectors E;;. Denote x; = xg,;. The ideal i(Yy),) = (A13, A13, A%3) then
provides the multidegree
Yid)" = mdegyy, V3
= mdegy, , V(A A, AT) (iii)
= mdeg,, ) V (211202, 211203, A%) (iii)
= mdeg,,,) V (211, A% + mdeg,, ) V (222, 223, AZ%) (iv)
= mdeg,,, .,.,) V (211, 212223) + mdeg,, ) V (222, 223) (iii)

221)

= mdeg(2217222) V(ZH, 212) + mdeg(m,mz) V(ZH, 223)

+ 2 - mdeg,,, ) V(223) (iv),(ii)
= MAdeg(.y, 2py 2a.200) V (2115 212) + 23 - mdegy ooy Vi(20)

+ o3 (iii),(ii),(i)
=21 - mdeG(,, 10 204 200,211) V(z12) + 2123 + 2923 (ii), (1)

= T1X2 + T1T3 + ToT3 (11),(1)

In each line following the second, we take the ambient space to be the coordinate space of
My 3 determined by the ideal of the monomial subscripts of “mdeg”. The arguments are
then taken to be subspaces of this coordinate subspace, not of M3 itself. The calculation
identifies YT € Hi(Myy3) with sB(azl, T, x3) = Ogys, € L[y, X2, T3)]. &

Example 5.2.11. Take n = 2 and w = s150 = [—1,4], so that piv(w) = {—1,4} + 2Z~,
as sets. The Schubert variety X;r; C Grg5 contains the affine Schubert variety X[Qf’L 4
which yields the matrix affine Schubert variety Y[zj g C M5+ obtained as the closure of the
GLsy-orbits of matrices in heralded form having pivots (2, 4):

00

SO Q
QRO O
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We know (see Section 5.4) that its ideal is generated by shuffle relations:

25 Al A2 Al2 31 _
Y14 = (Ap Ap A237 Sh45,12) = (211, 212, 221732 — 222731, 221252 — 222251 T 241232 — 2’422’31)-

From this we can compute [Y[Q_i’ )" under the action of 7' = (C*)* directly using Defini-

tion 5.2.1. We slice by coordinate hyperplanes, starting at the bottom-left corner of Msy o
and proceeding rightward, then upward:

Y217 = mde Y7,
= mdeg,, V(Zu, 212, 221232 — 222231, 221252 — 222251 + 241232 — 242231)
= mdegz51 V (211, 212, 221232 — 222231, 221252 + 241732 — Z42731)
= mdegz51,z52 V (211, 212, 201232 — 222231, 241232 — 242%31)
= mdegZ51,z52,z41 V(Zu, 212, Z21%32 — 222231, 242231)
= mdeg%hzw,zﬁ(v(zn, 212, #21232 — 222231, 242) U V(Zn, 212, #21232 — 222231, 231))
= X2 mdegZ51,Z52,z417z42 V(Zn, 212, 221732 — 2’222’31)
+ mdeg25172527z417z42 V(Zn, 212, R21%232 — Z22%31, Z31)
= T2 mdeg251,252,2417242,231 V<Z117 <125 ’221232)
+ 71 mdeg2517z52,z41,z427z31 V (211, 212, 221232)
= T2 mdegz517zs2,z4l,z427zgl(V(Zn, 2125 221) U V(Zn, 212, 232))
+aximdeg,, oo (V211 212, 201) U V (211, 212, 232))
= 22 (mdegz51725272417z42,231 V(ZH’ ~12, 221> + mdeg251,2527z41,z42,231 V(Zn, ~12, 232))
+ xl(mdegz5172527341,z421231 V(Zn, 2125 ’221) + mdeg251,Z52,z41,Z427231 V<’le’ 212, 232))

= 1'2(371233'2 + 1'133'22) + l’l(l'lziCQ + 1'1.%22).

This identifies [Yﬁ’i’A]]T with sgg(z1, ¥2) + sgm(1, 29) € Z[r1, 72). o

5.3 Compatibility of rectangle complements

This multidegree depends greatly on our choice of m and h. Compatibility across choices
within the inductive system (1.12) amounts to equivalent expansions of multidegrees into
the corresponding bases of Schur polynomials (the multidegrees of h-Grassmannian matrix
Schubert varieties). We therefore require, when m’ > m with A’ > h and m’ — h' > m — h,
that mdeg Y»™ be the specialization of mdeg Yu’}/’m/ to xpyy = - = xp = 0. To prove
this we invoke the machinery of Kempf collapsings. In the following discussion we reverse
the order of multiplication from [KS06] in order to conform with our matrix convention (see
Remark 1.1.18) and the mixing space convention in the previous section.
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Definition 5.3.1. Let P < G be a parabolic subgroup of a complex semisimple Lie group.
Pick a representation V' under a right action of G and a P-stable subvariety Y C V. Define
V xP G and Y x G as the quotients under the relation ~ given by

(v,9) ~ (vp,p~'g) pEP,
as in Section 5.1, and write [v:g] for the equivalence class of (v, g). Then the fiber bundle

kY xPG—V (5.16)
[vig] — vg

is a Kempf collapsing of Y x* G. <o

We will use a specially-designed Kempf collapsing involving two sizes of Y,, in order to invoke
a theorem of Knutson and Shimozono to verify the compatibility of multidegrees.

Example 5.3.2. Set GL' := GLj, and M’ := M,,/;. Consider the embedding

i: M — M (5.17)
0 0
z— |z 0
0 Ih’—h

Take the parabolic subgroup

_ GL 0 ,
P, _( . GLh’—h) < GL

corresponding to the h' reflection. If a variety Y C M is GL-stable then we may construct
the P, -stable subvariety

Y =iY)P, Cc M, (5.18)
which admits the Kempf collapsing
kY xPn G — M. (5.19)
[5:9] = 79

We will return to this setup several times in this section, so we fix the notation GL', M,
and Y for the remainder, along with the standard maximal torus 77 < GL/. <o

Lemma 5.3.3 connects the setup in Example 5.3.2, in particular the unmotivated choice of
Y, with our main objects of interest. Corollary 5.3.5 and Lemma 5.3.3 leverage a theorem
from [KSO6] to give an explicit calculation of [Y,»™]T from [Y*™]7". Theorem 5.3.11 then
uses this calculation to verify compatibility.
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/

Lemma 5.3.3. Take Y = Y™ in Example 5.3.2. Then YGL' = Y™ Moreover, if
§ €Y c Y™ has rank h' then yP," contains the matrix of §GL' in heralded form.

Hereafter take Y = i(Yo™) Py .

Proof. The latter claim will aid us in the proof of the former. For the latter, pick any
full-rank

g=1\|v 0 |]. (5.20)

Find (the unique) g € GL so that yg is in heralded form. Necessarily rank C' = h' — h, so we
may set B’ = —C~!'Bg. Then take

0 _
p:(g/ C—l)EPh

to get yp in heralded form.

Now for the former claim. Since both YGL' (being a continuous group orbit of Y') and
Ym" are closed and 7~ (QY™') is open in Y»™ it will be enough for the leftward contain-
ment to consider y' € 7 H(Q™). Let /g € y'GL' be (uniquely) in heralded form. Then
Corollary 3.1.11 requires that piv(y'g) = piv(y’) contains [m’ — h' + h + 1, m/], hence that

0 0
vg=|vy O
0 [h/ih

for some full-rank y € M,,xp,. Since piv(y) > piv(w) in [m], another invocation of Corol-
lary 3.1.11 confirms that y € Y»™. Thus y/g € i(Y,"™) so ¢/ = (y/'g9)g~* € YGL'.

For the rightward containment, pick any full-rank § as in (5.20). Again C' € M _p)yx(n/—n)
is invertible, so the heralded representative of §GL’ clearly lies in Y*'™" O]

The following heavy machinery converts the geometric setup of Example 5.3.2 to a verifiable
statement in algebraic combinatorics. Divided difference operators are defined at Defini-
tion B.1.1.

Proposition 5.3.4 ([KS06] Theorem 1, special case). Let k : Y x” G — V be a Kempf
collapsing in which every negative root space lies in Lie(P) and every weight of T' that acts
on V lies in an open half-space of Lie(T")*. Further suppose that r is generically finite, and
let d be the number of points in a general fiber of k. Let wowl be the product of the long
elements of the Weyl groups W of G and Wp of P, respectively. Denote by W the set of
minimal coset representatives in W/Wp and by A and Ap the sets of roots of G and of P,
respectively. Then

dlYG] =0

wow,

s[Y].
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Corollary 5.3.5. Where W < GL' and Wp < P, are the respective Weyl groups,

YGL" =a, .»[Y]".

wowg

Proof. Designate )’ = Lie(T") and b~ = Lie(B~) in g’ = Lie(GL'). We must establish the
three preconditions and one specification of the theorem, specifically

(a) that Lie(P, ) contains the negative root spaces of ¢,

(b) that the weights of the action of 7" on Y lie in an open half-space of (§')*,
(c) that k is generically finite, and
)

(d) that a general fiber of x consists of a single point (i.e. that d = 1).

For (a), b~ C Lie(P, ) follows from B~ < P, .
Recall for (b) that the weights of 7" on M’ are the coordinate vectors z; € (§');, C (h')*
across 1 < j < h’. These lie in any half-plane of (h')* containing the first orthant.

It suffices for (c) to show that dim(Y x» GL') = dim(img ). This is confirmed from

dim(Y x» GL/) = dim Y + dim(P; \GL)
= (dim Y™ + dim M_pyxp + dim GL')
— (dim GL + dim GLp/—p, + dim M _pyxn)
= ((L(w) + %) + (B — h)h' + (B)?) — (h* + (B’ — h)* + (W — h)h)
= ((w) + (N')?

— A3 B 7ml
=dimY,,

!

and, from Lemma 5.3.3, that imgx = YU}}/’m .

For (d), pick any §g € YGL'. From Lemma 4.1.5, Y™ = M° N a=Y(X"™), so Y =
i(m=1(Xe"™)) Py We may therefore assume for a general fiber that rank § = A'.

We now want to show that if g = §'¢’ then necessarily [7:g] = [ :¢']. By assumption we
have § = ¢'¢’g~'. By Lemma 5.3.3 we can find p,p’ € P, so that gp and §'p’ are in heralded
form. But then gp = 7/¢'g~*p € §’GL’, so by Corollary 3.3.10 the heralded forms must agree
and ¢'g~'p = p/. This means that ¢’g~ = p'p~' € P, . Altogether, we get

gl =0 gl =7 pp gl =799 gl =79,

as desired. ]
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Example 5.3.6. Take n = 2, w = s189, m =4, h =2, m' =5, and I/ = 3; we are growing
the 4 x 2 matrix window to the 5 x 3 window. In this setting

_ (GLy 0
(%)
has dimension dim P,” = dim GLy + dim M5 +dimC =4+ 2 +1 = 7. The heralded-form
coset representatives in Y24 take the form

with ¢(w) = 2 free entries, so the P, -orbit closure of ¢(Y,;>*) has dimension ¢(w)+dim P, = 9.
The canonical form of a point in Y x%r» GL; is

()

which reveals that dim(Y x"» GL3) = dimY + 2 = 11. Consistent with this, dim Y;» =
((w) + 3% = 11. o

The following lemma appropriates Corollary 5.3.5 toward obtaining the relation

’

YT = Oy (Va1 ), (5.21)

wowy

which links the smaller and larger matrix affine Schubert varieties through the calculation
provided by Proposition 5.3.4. This sets the stage for the compatibility statement of Theo-
rem 5.3.11. The lemma views HX (M) C HI (M’) via the ring endomorphism

Zlxy,...,xp) — Zlxy, ..., 2]

induced from (5.17).

Lemma 5.3.7. In the setting of Example 5.3.2,
(a) [YGLT" = [v™"" and
(b) [Y]©" = [Y;""]"p, where

p= (xl e xh,)ll_l(xh+1 P xh,)m‘
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For the proof and for the remainder of the section, take [ =m — h and I’ =m' — }/.

Proof. Lemma 5.3.3 implies (a).

The copy of M under (5.17) is recovered as the coordinate subspace i(M) = V(i) C M’,
where

iy = (2| (4,7) ¢ ' =14+ 11" —l+m]x[h])+ (z;—1]i=7€[h+1,1]).

Given any variety Y C M, by Definition 5.2.1 we may therefore write

mdeg,,(i(Y)) = mdegy, (V) - [[ 2.

Zij —a€iys

where a is taken to be 0 or 1 as needed. In contrast, Y is contained in none of the “bottom”
coordinate hyperplanes V(z;;) with ¢ > " — [ + m, so by Definition 5.2.1 (iii) we have the
stronger statement

mdeg, (i(Y,"™)) = mdeg,, (Y™) - H ;= mdeg, (Y,"™)p.

ZijfaeiM
i<l —1l4+m

From this Lemma 5.2.6 obtains (b). O

For a subvariety X C Gr, it is the homology class [X]s = [X]* ~ [Gr]e that is preserved by
the long map (5.12) through the inductive system (1.12). In the particular case X = X?*,
the indexing partition \ stores, respectively, the degree and the codegree of the cohomology
and the homology classes of X:

(X € HM(Gr),  [XMa € Ha((m-nym-iap (Gr) (5.22)

We wish to define here a homological statistic “dual” to the multidegree, in the sense that
the statistic is preserved under, or can be recovered after, taking the limit h,m —h — oo. In
lieu of a full representation-theoretic discussion, we sketch the construction of interest and
use it to motivate Definition 5.3.8.

The compact algebraic torus 77 = T' N SL;, has characters

Xa : T — C*.

b 1,

These generate the ring of regular functions R(7") = Clz,*, ..., 2, /(21 - - - 25, — 1), where
Tj = Xe;- View M as an SLj-module under the column action. Then any GL-invariant sub-

-----

into irreducible SLj,-modules from which the character chY = Y _(dim V,,)z® € R(T")%» may
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be computed. In particular, each « is a congruence class modulo (1,...,1), the characters
of Y and of Y* are only determined up to multiplication by z(b+D =2 ... 2.

Now, the dual space Y* = Hom(Y, C) to Y has an SL,-module structure given by (¢g-¢)(v) =
¢(g7t-v) for € Y* and v € Y. This yields, for ¢ € V,, t - ¢ = t;71---t;, %, hence
if chV,, = f(z1,...,2p) then ch V' = f(x;71, ... z;71). Thus if chY = f(xy,...,25) €
R(T")%» then chY* = (zy -+ ap)™ P f(x,7Y, ... 2~ 1) € R(T)5".

Definition 5.3.8. Given h,[ > 0, write

V=P Ca*c Hy(M),

h
an20

and view V C Clz ®!, ... 2, . For f € V, let PD(f) = (w1 - a) f(z 7, ozt €V
be the rectangle-complement of f in (I"). o

Remark 5.3.9. If f =3 ,cnyaasa(@1,...,2) €V (e f is symmetric) then

PDth(f) = Z C,\S)\v(xl,...,l’h),
)

AC (i
where A" is the (I")-complement of \. Given p C (I"), let /i be the concatenation of (I')* "
and (I' — )" + p. Observe that 4 C ((I')") and that
PDh/Xy(Sﬁ(ZEh . ’Ih/>|$h+1:"':$h/:0) = Pthl(Sﬂ(L’El, . ,l‘h)). (523)
<

Remark 5.3.10. The rectangle complement corresponds to Poincaré duality in Gr, in
the sense that the class of X* in H,(Gr) lands on syv under the composition H,(Gr) —
HBM(Gr?)) = A (see Appendix B). Specifically, Poincaré duality (A.4) on the Grassman-
nian is a linear map

H*(Gr) — H.(Gr), (5.24)

a— a~ [Gr],
and there are (ring and graded module) isomorphisms

Zlxy, ..., xn)%" finm = H*(Gr)  and @ Zsy = H.(Gr)
AS((m—=h)")
which allow (5.24) to be expressed
Z[C(]l,...,[)?h]sh/ihﬂn — @ ZSA.
AS((m—h)")

sx(x1, ..., xp) = syv(Ty, ..., xp)
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l/

h'—h

M

-1

Figure 5.1: p C (I") = (87) as a subdiagram of i C ((I')") = (10'0).

Theorem 5.3.11. Pick m’" > k' > 0 so that h¥ > h and m' — h' > m — h. Write
fhm(py, . . x) = PDpx (m—n) (mdeg Yy and fA (zy, . o) = PDj (m—n) (mdeg yrm,
Then

h'm’ h
fw " |1’h+1:“'=CEh/=0 = fwym‘

We may therefore define
fom = lim fume A

w oco«—h,m—
Write A+ = (A1 + 1 > Ao+ pg > -+ ) for two partitions A and p.

Proof. Our objective is to show that the rectangle complements of the polynomials [Y,/>™]T
and [Y*""T" have the same Schur expansion. We know from GL'-stability that the polyno-
mials are symmetric. We have acquired

Yo T = [YGLT™ = 0y V] = Ougup Y"1,
which provides a direct, calculable connection between them. It therefore suffices to check

that

$p(T1s oy Th) = Oy (Su(1, -, 20)D), (5.25)
for any Schur function s,. On the right, p factors as (zy - - -23)" g into a symmetric mono-
mial and ¢ = (2p41 - - - )™ Provided the divided difference does not exhaust s, (1, ..., zu)g,

it commutes with the monomial (and by the end of the proof we will have seen this to be
the case). On the left, while it could be stated using the Pieri Rule, the product

S/\(iﬂl7 ce ,fL’h/) : S(lh')(ZEh ce ,:L‘h/) = S)\—&—(l’)h’(xl’ e 7l‘h/)

obtains for any A C ((m’ — h/)") because in the A’ variables Sany(T1, .. Tp) = T1 T
We may therefore decompose

sp(ze, .. xp) = sp(xr, .o op) - (21 - -xh/)ll’l,
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where i = g — ((I' = )"). (Each fi; > I’ — I by construction.) Now divide (5.25) by
(z1---zp)" ! to obtain

Sa(T1y - ) = O (Sp(T1, - - T0)q), (5.26)
the goal of the remainder of the proof.
Give the names y; > --- >y, toxy > --- >z and 27 > -+ > zZp_p 10 Tpyy > - > Ty,
but let z,_p > y;. Write the alphabet z = {z; > -+ > 2z > y1 > -+ > yp}. This

change of ordering does not affect (5.26) since wl an be viewed as the product wjw) of

the longest elements of the Weyl groups of GL and of GLj/_j, respectively, which commute.
From Proposition B.1.3 we get

)N+6/ )MI+6//

Su(ylw--)yh) zﬁwé(yl---yh and q:SM/(Zl,...,Zh/_h) :8w6’(21"'zh’—h

)

where ;' = (m" ") and ¢ and §” are the respective staircase partitions. This brings us to

Owowt SulT1, -, Th)q = awowgf(awgy“”/@wgz“'ﬁ”)
= 6w0wéa D Ot ( At )
= Quowév@wé:z”“
= @wo ZV+6
= s5(2),
again using Proposition B.1.3, where v is the concatenation (m —h > --->m —h > u; >

oo > ) of ((m —h)" ") and p. (That u C ((m — h)") ensures that u; < m — h.) Since
Schur polynomials are symmetric, © = z as sets, and v = [ (see Fig. 5.1), this obtains
(5.26). O

Example 5.3.12. Consider XEE C Gryps. The corresponding matrix Schubert variety Y2EE C
M5 is the closure of the collection of GLs-orbits of matrices of the form

00

10

* 0

01

k k
This variety has multidegree SEP(.CCl,ZBQ) = 11?2y + 1125° having rectangle complement
PDy3(sga(1, 72)) = sga(w1,22). The embedding Grys C Grs 7 takes X;E, to Xéléaj, which

has preimage in Mz, , the closure of the GL3-orbits of

O % O% mPOO
O *¥ RPOOOO
HOOoOOoOOoOOoOOo
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The operative parabolic subgroup is P = P, and gives us wowl = (s15251)(51) = 5159.
Applying Proposition 5.3.4, we get the (C*)3-equivariant cohomology class
R R - R T A
= 31328(2,1)(!1517 $2)($1$2$36)
= 21 2w9% 252 0,05 (21203 + 2013")
= 212252132 01 (2129 + 105705 + 2120237 + 1125 + TP 15 + 122057 + 1ows®)
= 21229°23% (21220 + 21723 + 11297 + 212075 + 11737 + 227213 + 29257)

= 3(1,1,1)(3U1, 332,%3)25(2,1)(951,%2,373) = 8(4,3,2)(371, T2, 91?3),

again with rectangle complement PD3X4<S@3($1, T, 73)) = sgp(71, T2, T3), as expected.  ©

The proof of the theorem constructs mdeg,,, Y,*"™ rather than the other way around. This
is significant because it restricts the Schur expansion of fﬁl’m/, hence that of f&"fl), to
partitions in the h x (m — h) rectangle. Under (5.12), it therefore gives the expansion of the
class in HEM(Gr?)) of the affine Schubert variety into the classes of finite Schubert varieties
(which comprise a basis):

Corollary 5.3.13. Write
fln=b — chsy € A
A€Par

Then A € ((m — h)") = ¢} =0 and

[Xule = Z cn[Xole € Hyplny (Grd,).

AC((m—h))

That the finite Schubert class expansion of [X,,]s does not escape the h x (m — h) rectangle
can also be seen from the intermediate expansion

[Xw]o = Z CA[X/\]. S Hgg(w)(Gl").
AC((m—h)h)

The corollary states that, for sufficiently large m and h, the rectangle-complemented Schur
expansion of the equivariant class of the matrix affine Schubert variety gives the expansion of
the Borel-Moore class of the affine Schubert variety into classes of finite Schubert varieties.

Remark 5.3.14. This observation is consistent with what is known (Proposition B.4.5)
about the Schur expansions of (n — 1)-Schur functions. In particular, an (n — 1)-Schur
function i Y expands into Schur functions indexed by partitions contained in the smallest

box v; X 7y containing the transpose of the n-core  of w [LLMS13]. o
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As mentioned in Remark 3.2.5, the embedding X,, C X7, where v is the n-core of w, exhibits
a “transpose partition” filter through which the finite and affine Schubert varieties interface.
This filter is encoded in the following conjecture by way of the involution w : A — A of
Proposition B.3.4, which permutes the Schur functions by w(sy) = sy.

Conjecture 5.3.15. For all suitable choices of m and h,

fg,m('xh e 7xh) = S)\’(xb s e 7xh) + ng\zil)s,u'(xla e ,fl’h),
©<AA

where ) is the (n — 1)-bounded partition associated with w and the df\z_l) expand 5" into

s,. Consequently,

li (n—1) _ (n—1) )
o f wisy )

Example 5.3.16. Recall that mdeg }/[37?,4] = sg(w1, T2) + sgm(z1, ¥2) from Example 5.2.11.
The 2 x 3 rectangle complement is

PDyx3(Spg(T1, 2) + sgm(w1, 22)) = sg(1, ¥2) + sm(w1, 22).
In Appendix C.2 we obtain mdeg Y[%?A] = sgp(1, ¥2) + sggo(®1, 22) and mdeg Y[?:’?A] =
S@](Il, To,T3) + 5§£(x1,x2,x3). As a further illustration, we may compute that of Y[i’;z;]
under 7" = (C*)3:
[Y[?jLI]]T = 010y (21 wg + 2212057 + 2129%) (21 2025%)
= 1,°29°03° 0100 (21 203" + 231 2973" + 3o 23")
= 2122920320 (11209 + 112 w0% 15 + 11 woms® + 21 %w5?
+ 201295 + 2w 02 w52 + 2w woxs® + xodws® + $22x33)

= I12$22$32(S(2,2) + 8(2,1,1))(%7 T2, T3)

= S(44,2) (1, T2, ¥3) + S4,3,3)(T1, T2, 3).
Consequently

3,7
PD3X4([Y[7174

= PDssca(SER(T1, T2, T3) + (a1, 02, 03)) = sem(@1, 02, 25) + (w1, T2, 25)-
The rectangle complements of all four multidegrees are polynomial specializations of the
same symmetric function sg+ s € A. And, indeed, this is the involuted (1)-Schur function
1)

w(sE_L 1) <
We used the algebraic software package Macaulay 2 to compute the multidegrees of the
matrix affine Schubert varieties associated with several 0-Grassmannian permutations for
several choices of m and h each. We used the software system Sage, specifically the com-
binatorics patches of *-combinat, to compute the Schur expansions of the corresponding
(n — 1)-Schur functions, which we checked against the qu)nfl). The procedure and results
comprise Appendix C.2 and are, with one exception still under investigation, consistent with
the conjecture.
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5.4 Grobner geometry

The Schubert polynomials &, for finite flags have been used to perform Schubert calculus
since [LS82]. Knutson and Miller [KMO05] recovered the &, geometrically as torus-equivariant
cohomology classes [Y?] (or as multidegrees) of matrix Schubert varieties Y?. Furthermore,
under an appropriate term order, the planar histories of o [BJS93, FK96| can be recov-
ered from the Grobner degeneration of Y?. See Appendix B.1 for a primer on Schubert
polynomials and planar histories.

We showed in the previous section that the inverse limit across m > h > 0 of the rectangle-
complements of equivariant classes [Y,,]7 is a symmetric function and conjectured that it is
in fact the (n — 1)-Schur function si . This symmetric function represents [X,,], under
the Hopf isomorphisms (B.10), lending plausibility to the conjecture. In this section we
shall explore the Grobner geometry of several small matrix affine Schubert varieties and the
combinatorics that arise therefrom, and make some predictions as to how the geometry and

combinatorics play out in general. First we review some results from [KMO05].

Definition 5.4.1. Retrieve the coordinate generators z;; of C[M,,x,] from Section 1.2. Call
a term order on C[M,,x,] antidiagonal if, for every I = (i; < --- <iy) C [m] and J = (j; <
< Je) C [n],

n
LT(A{> = H Zikjn«l»lfk'
k=1
<

Proposition 5.4.2 ([KMO05| Theorem B). Pick o € S,,. Let B, B_ < GL,, be the standard
and opposite Borel subgroups and take Y’ = B_oB C M, «,. Under an antidiagonal term
order, a Grobner basis for i(Y'?) is given by the vanishing minors

M={A7[TC[pl,J Clal, 1] =]T] =7 > 1y},

where 1,, = rank(op,) [q)-

Letj, =€ (i(Y?)) be the initial ideal, generated by antidiagonals from M, and let L, be the
collection of coordinate subspaces obtained as the varieties of the monomial ideals comprising
the primary decomposition of j,. As sets, V (j;) = U, L, and the primary decomposition
is given by j, = (\,cp, H(L). Write D = Dy, C [n]*> when L = Lp (Definition 5.2.3).

Let R, be the collection of planar histories D of o, viewed as subsets of [n|* indicating the
locations of crosses. Then the assignment

Lo — R, (5.27)
L — DL

is well-defined and bijective.
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The following consequence recalls the weight (5.14) and was known previously to [KMO05].

Corollary 5.4.3. Pick D € R,. Then ), 5 2" = &,.

Let us reconcile our two types of matrix Schubert variety. Pick a k-Grassmannian permuta-
tion 0 € W%, and take Y C M,, as above. As in Section 1.1, if we write I = (o(1) <
- <o(k)) and I' = (0(k+1) < --- < o(n)) then we may write Y7 = (V! My (o)) as
matrices, or Y7 = Yk{n X My (n—k) as vector spaces. Write Y for Y7 C M, ., and Y§, for
V)], © My when necessary to avoid confusion. By Proposition 5.3.4, then, mdeg,, . Y§,
is obtained from mdeg,, Y{ by localizing xy1,...,x, to zero.

Example 5.4.4. Take 0 = [2,3,5,1,4,6] € Sg. Using B, B. < GL, we then have Y3 =
B_oB C Mgys and Y3, = B_(e3 e3 e5)GL3y C Mgys. In Mgys, Y, is the GLs-orbit closure
of the matrices having reduced column echelon form

Meanwhile, the top-justified planar history for o (depicted as an rc-graph) is

456

i

S U W N

from which it is easy to check using chute moves that all planar histories are confined to the
first three columns of the grid—that is, that no term of mdeg 33[726’3’5’1’4’6} has a factor x4 or
xse. We may then confine the planar histories of ¢ on 6 x 3 grids to get the diagrams
000 OOoO0 0Oo0
L) Lo - - :

In Definition 5.4.8 we name these objects “punchcards”. O

Definition 5.4.5 offers another interpretation of this fact.

Definition 5.4.5. Given a collection P C 29 of subsets of a finite set S, call E C S a
minimal poisoning of P if
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(i) DNE # @ for every D € P (E poisons P) and

(ii) F is minimal subject to (i).

Write P* for the collection of minimal poisonings of P. <o

Lemma 5.4.6. If P C 2° such that (\p.p D = @ and no subset in P contains any other
then every subset in P minimally poisons P*.

Proof. By construction every D € P poisons P*. For minimality, pick any D € P and any
s € D. Since no elements of S are common to all subsets in P, we may identify D, € P
with s ¢ D;. Since every D'\ D is nonempty, we may identify a minimal poisoning E’ for
{D'\D|D e€P~{D}}. Take E = E’'U{s}, which poisons P. To check the minimality
of E,pick s € E. If & = s then Ex {s'} N D = @. If & # s then by the minimality of £’
there exists D' € P~ {D} for which E' N (D’ \ D) = {s'}, which then implies that

(E~{s}HND =(EnD)~{s}
=(ENn(D'\D)U(ENn(D'ND)))~{s'}

= {Pu D' n{sh) ~ {s'}
= D'n{s}.

Take D' = Dy to find that F ~\ {s'} fails to poison P. O

The antidiagonal momomials that generate j, and the rc-graphs of o, both viewed as subsets
of [m)?, minimally poison each other ([KMO05] Remark 1.5.5). We build upon this interpre-
tation in our approach to the combinatorics of matrix affine Schubert varieties, though we
do not yet know ideal generators of i(Y,,) having squarefree monomial ideal.

Adopt the “downward-rightward” reverse-lexicographic order (d-r revlex) on the z;. For
example, the generic entries of Mgyo fall in d—r order as

211 > 212 > 221 > 292 > 231 > 232 > 241 > R42 > 251 > 252 > Rl > 262
and the shuffle shZ; ;, on Mgy, under n = 2 expands in revlex order as
Z11%62 — 212261 — Z21252 + 222251 + 231242 — 232241-

We make this choice partly for consistency with [KMO05|, though by virtue of column GL-
stability we could dispense with the antidiagonal property and take columns in any order;
and partly, for reasons that will emerge later, for compatibility with the order on minor
summands in a shuffle induced from the revlex order on Pliicker coordinates.

The following example shows that the shuffle generators identified in Definition 4.3.14 are
insufficient to identify the leading monomials of i(Y,,).
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Example 5.4.7. Take n = 3 and w = [-2,3, 5], so that 771(2%°) C Mj;y» has orbit repre-

sentatives of the form
1

a
b

1
ca

We then get a candidate ideal i%° generated by A{3, A}, A} and shjy; ;,; these generators
have antidiagonal leading terms 215291, 212231, 222231, and z9224;. However, the initial ideal
in(i%%) also contains

—Aqy3z51 + Agzzar + shyszsr = —201 854 + 211 A5,
which has the additional leading term 291 23524;. o

Definition 5.4.8. Write j,, = in(i(Y,»™), and write LT(f) for the leading term of f. Given
a minimal Grébner basis F', denote by P, = P™ the collection of subsets E; C [m] x [h]
described by
(i,)) € Ef & zi|Lr(f)

across f € F. Call the £y € P, (reduced) dual punchcards of w. Call the minimal poisonings
D € P = (Ph™)* (reduced) punchcards of w. (We might call each not-necessarily-minimal
poisoning a punchcard of w, should a K-theoretic analysis, for example, call for it.) To each
punchcard D associate the coordinate space

Lp =V(z; | (i,4) € D).
o

Conjecture 5.4.9. j,, is squarefree (generated by monomials having powers at most 1) and
V(jw) Is equidimensional (a union of coordinate subspaces of equal dimension). Moreover,

V' = P

DeP;,
Example 5.4.10. The ideal i%% = i(Y,>®) from Example 5.4.7 has minimal Grébner basis
{A127 Aqg, Ao, Sh41157 21135 — 221A34}

with dual punchcards

arising from leading terms. The only three-punch punchcards that poison each of these are

- O .o - O - O - O
oo oo -0 -0 - - O
T a-, - O, T a-, a-,
. .o .o . 0o - 0o -

and no two-punch punchcards do. <o
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Example 5.4.10 is representative of our data in that the collection of punchcards derived
from i, is closed under chute moves within the m x h grid; see Appendix C.2 for several
examples. (This is contingent upon either an antidiagonal or a diagonal term order, though
by virtue of GLj-stability the columns are interchangeable.) We formalize this observation
as follows:

Conjecture 5.4.11. The punchcards P}, are closed under chute moves.

The conjecture heralds a stronger geometric interpretation of punchcards, to which we turn
shortly with Definition 5.5.1. It is also combinatorially and morally compatible with Con-
jecture 5.3.15. However, it imposes some constraints on the combinatorics of punchcards, as
Lemma 5.4.13 will elucidate.

Lemma 5.4.12. A right-justified punchcard D in the Z-q X [h] grid generates, via chute
moves, a component with a unique left-justified punchcard.

12345 N
1 + 4+
12 h 2 - + - Dtop L2 h
1. .
1. 3 ..... . . 2. )
2 - .
3 - Og D J o
4 - 0 ~ ~
5 h—1- - + - g;
. . /
o hoot+t+- D N-10 -
N. .

Figure 5.2: Proof of Lemma 5.4.12.

Proof. Reflect D over a northwest—southeast mirror to get D’. Pick N € Z~ and 0 € Sy
so that D’ is a planar history of 0. Then, as shown in Fig. 5.2, R, has a unique top planar
history Dy, obtainable from D’ via inverse chute moves. Reflect D;,, back to get the unique
right-justified punchcard in Zq x [h] chute-connected to D. O

From [Sta84, BB93| we know that a connected component of punchcards in Z x [h] has
generating function a (symmetric) Stanley polynomial, taken to mean the specialization of a
Stanley symmetric function (see Definition B.3.7) to finitely many of its variables. We also
know that the punchcards derived from the primary decomposition of in(i(Y,,)) generate a
symmetric polynomial, since the G-stability of Y,, implies the Sy,-stability of i(Y,,). Finally,
the following lemma implies that Conjecture 5.4.11 is incompatible with these facts unless
the chute-connected component doesn’t bump up against the bottom of the matrix window.
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Lemma 5.4.13. Let D be a right-justified punchcard with connected component C(D) in
Z~o x [h]. Pick m € Z so that D C [m] x [h], and let C'(D) be the connected component of
D confined to [m] x [h]. Let f € Z|xy,...,xz,] be the generating function for C'(D). Then f
is symmetric in x, . .., xy if and only if C'(D) = C(D).

Proof. 1f C'(D) = C(D) then f is a Stanley polynomial. Assume instead that C'(D) #
C(D). Let 2 = x;M--.2,* be the monomial generator for D; D is right-justified, so
2 is uniquely recessive within f under the revlex order on z; > --- > z. Thus z* has
coefficient 1 in f, and if f is symmetric then so must be the uniquely dominant monomial
1™ - -z, This monomial is the weight of the unique left-justified punchcard Dieg in
C(D). By assumption, there exists D’ € C(D) having coordinate (i, j) with j > m. Then
any punchcard obtained from D’ via chute moves—in particular, by Lemma 5.4.12, Dj—
must also have some coordinate (i,j") with 7 < m. Thus Dy ¢ C(D) and f is not

symmetric. O

Remark 5.4.14. The reduced word—compatible sequence definition of affine Schur functions
in [Lam06| implies a natural analog of the planar histories of finite permutations [BB93|.
These consist of crosses and elbows on a Zwg X (Z/nZ) grid, for which the affine Schur
functions are then the generating functions. O

For the remainder of this section we consider the effect on punchcards of increasing h and
[ = m — h. The discussion, and all performed examples, are consistent with the conjecture.

Definition 5.4.15. Let m’ > m with A’ > h and I’ > [ and pick any punchcard D € (Pm)*.

Construct
0d

D' = pprcm]x K], (5.28)

where a punched (respectively, unpunched) block indicates that every entry in the block is
punched (respectively, unpunched), and each row i € [m] of D" C [m] x [/ — h] is either
completely punched or unpunched as follows:

(a) D" is punched through row i if (i,h) € D.

(b) Supposing that D has k <[ punches in column A, D" is punched through the topmost
[ — k additional rows.

<

Lemma 5.4.16 verifies the top third of (5.28). The helper Lemma 5.4.17 takes advantage
of the natural action of S, < G on the set of subsets of [m]| x [h] and on the ring C[M]
that permutes column indices, while we relegate our expectation that punchcards of Yy'}"m/
augment those of Y/*™ as in (5.28) to an additional conjecture. These set the stage for
Lemma 5.4.19, which justifies the definition for top punchcards punched in [ rows.
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Lemma 5.4.16. Pick D € (P"™)*. Take h' = h and I' > | and construct D’ from D as in
(5.28). Then D' € (Phh+V)*,

Proof. Tt is enough to consider I’ = [ + 1. A Grébner basis for the ideal i%™! may be
obtained from one for i»™ by increasing all column indices by 1 and introducing the size-1,
weight-0 shuffles (coordinates) sh®, = zy; across i = 1,...,h. Invoke the new leading terms
z1; under minimal poisoning to get D’ from any D. [

Lemma 5.4.17. Suppose that E € P,, is punched in one of the columns j,j + 1 but not in
the other. Then s;(E) € P,,.

Proof. Take S = {qi,...,qs} to be the collection of generators of i, from Definition 4.3.14.

Suppose that z¥ is the leading term of > ;_, fiqz. Then s;(>°, fir) = >, (s;(f2))(s;(q:)) has
leading term %) which puts s;(E) € P,,. O]

Conjecture 5.4.18. If D € (P"™)* then there is D' € (P11 with D'N([m] x [h]) = D.
Moreover, D' can be selected to satisfy (b) in Definition 5.4.15.

The conjecture encapsulates what more we need in order to justify Definition 5.4.15 and make
strong combinatorial statements about P;;. The first statement is confirmed in all examples
for which computations under A’ > 4} (v being the n-core of w) could be performed. The
latter is less empirically supported, for lack of as many examples, but is made plausible by
the antidiagonality of the underlying term order. A first step may be to show that the bottom
row of D' is unpunched; the hyperplanes V (z,,,1 ;) are transverse to Y,"*1™*1 and the wider
candidate ideals can be generated from the narrower ones via i+ = GL,, - ™, which
suggest that no leading terms of in(i(Y*1*1)), or at least of in(i?"™), contain a coordinate

Zm41,5+

Lemma 5.4.19. Pick a right-justified punchcard D of Y,,. Let M' = M, 41)xn+1) and
construct D' C [m+1] x [h+1] from D as in Definition 5.4.15. Then, up to Conjecture 5.4.18,
D c (ph-l-l,m—i-l)*'

Moreover, if E' € (P,,)* with E'N D" = {(i,h+ 1)}, where (i,h) € D, then E' is punched in
every column.

Proof. First we check that (a) is necessary for D’ to poison (PATLm+1)* Pick a row i with
(i,h) € D (hence (i,h + 1) € D’). By minimality of poisonings, there is a dual punchcard
E € P, such that DNE = {(i,h)}. Consider E C [m+1]x[h+1] and take E' = s,(F). Then
(i,h+1) € F',so (i,h+1) € D'NE'. Moreover, if (', h+1) € E' \ D’ then (i',h) € EX D.
Since (D'NE")N(Im+ 1] x [h—1]) = (DN E)N([m] x [h —1]), we may conclude that
D'NE ={(i,h+ 1)}, rendering (i, h + 1) € D’ necessary.

The conjecture requires that we may identify an appropriate subset of the m + h + 1 new
positions in [m + 1] x [k + 1] for D’ so that D’ N ([m] x [h]) = D. Since mdeg Y,»™ and
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mdeg Y"1 1 are polynomials of degree hl—£(w) and (h+1)]—{(w), respectively, these new
positions must number [. Assuming that k are immediately rightward of positions (i, h) € D,
this leaves [ — k elsewhere, which the conjecture places in the topmost rows of D” that are
vacant in D.

For the second part, take E' € (P.))* with E'N D" = {(i,h+1)}. Suppose, contrary to claim,
that E’ has no punch in column j. By Lemma 5.4.17, E := sp8,_1 - - - 5;E/ € PHLm+1 hag
no punches in column h + 1. Let us view E as a subset of [m] x [h] and note that for every
punch (i,5') in E either (7,5') or (¢, + 1) is in E, depending on whether j* < j. Since D’
and D are right-justified, therefore, if (i,5') € E N D then either (i,5') or (i,7/ + 1) is in
E'N D'. But this contradicts the choice of E'. O

Example 5.4.20. In Example 4.3.11 we exhibited, for w = [-2,5] € W” under n = 2, the
radical ideal
i(Yu?ﬁ) = ii;6 = (Al?v Shi}}4v Sh?)ﬁ)‘

3,6

The initial ideal j3° = in(i3%) has a primary decomposition that realizes V (i3

Uz

LeLy

) as a union

of coordinate subspaces. The punchcards D; € (P2>%)*) corresponding to the monomial
generators of the L form chute-connected components with top punchcards

.00 .00 O

.00 .0 000 0oo
86y¢  _ _ - 00 _ ooo _ oo _
(P")iop = § Dropr = - =55 Diop2= 7775, Diops= .77, Diopa = 555

These spell out the Schur polynomial expansion
PD3a[Y )" = (sem - sgp - spp + o) (01,2, 5) = w(o(L ) (@1, 32, 33).

Note in particular that Diop 4 is, in the rook sense (rather than the chute sense), right- but
not top-justified. Taking only Conjecture 5.4.18 for granted, Lemma 5.4.19 requires that a
corresponding right-justified punchcard Dy, , € (P,;")* have new punches at positions (2,4)
and (4,4), leaving only position (1,4) to be claimed by Definition 5.4.15. Indeed, (PL7)*
consists of the chute-connected components generated by the top punchcards

oog - 0Ooo - - 0g - -0
oOoo - 00O oooag oOooag

47N % p ooo , ooogd , -Oooag ,
(Pw )top: Dtop,l_ N Dtop,2_ N top,3 — 7 7 o Dtop4 uoog
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5.5 GL-stable Grobner geometry

We conclude this chapter by proposing a partial degeneration of Y, suggested by several
examples. The ideal i, is generated by shuffles, and the d-r revlex term order induces an
order on the minors comprising any single shuffle, which agrees with the linear term order
on Sy, induced from the order on Z given in Definition 1.1.14.

Definition 5.5.1. Given a shuffle shli 7, or any polynomial p in C[M] expressed as a linear
combination of minors on a fixed column subset, designate the term including the minor
containing the leading term of p in the d-r revlex order the leading minor of p. Given
Y, C M,,«n, let the initial determinantal ideal &, = EZJ”” be the ideal generated by the
leading minors of the shuffies that generate i,,. o

It is not clear whether in(¢,) = in(i,,) in general. In all our calculations, the initial deter-
minantal ideal has a decomposition into a unidimensional union of GL-stable subvarieties,
many of which turn out to be matrix Schubert varieties. Let us illustrate with a couple of
examples.

Example 5.5.2. Recall Example 5.4.7 again. From i%% = i(Y2®) we get
9121}5 - (Alz, A13, A237 A24>-
We may retrieve the leading term 291230241 via
Agzzgr — Agg231 = — 221434,
2,5) —

so in fact in(i%°) = in(€%°) in this case. The variety V(£2°) has two highest-dimensional
components, following a decomposition

?121,’5 = (Aqg, Ars, A1, Aog, Aoy, Agyg) N (Ao, Ags).

Thus Y,>° deforms, on its way to a union of coordinate subspaces, into the union of the
matrix Schubert varieties Y35~ U YQEE Accordingly we find that

mdeg Y. 2° = w(s@)(zy, x5) = so(21, T2) +sgp(21, 72) = mdeg Y';';D(xl,mg)#-mdeg YQEE(:v], Ta),

with the latter matrix Schubert variety linearly transformed from its usual (opposite) form
via z1; < z9;, 1.e. its first and second rows swapped. The reduced forms

* O
* RO O

and

* K ¥ =
o oo

*

make this clearer. &



Jason Cory Brunson Chapter 5. Schubert classes 103

Example 5.5.3. Take n = 2 and w = s1508150 = [—3,6]. The initial determinantal ideal of
48 = {(V4®) under an antidiagonal term order is

g?LS&G] = <A127 A237 A347 A457 A1567 A2567 A3567 A14677 A2467>7

where each A; is a proxy for the collection of all A7 with |J| = |I|. One highest-dimensional
component V(E?;SS ¢) 18 V(¥), with

¥ = E?LS&(;] + (Asz, A5, A1g) = (As, As, A1z, Arser, Doser)-

The row permutation o = [3,4,1,5,2,6,7,8] € Sg < GLg on Mgy, is a morphism of varieties
taking V' (¥) to the matrix Schubert variety

YE;D = V(A1, Ag, Asy, Asser, Ayser).
Other components are identified in Appendix C, including V' (£”) where
¥ = E?;Sgﬁ] + (A3, Argg, Aogg) = (Asz, Ara, Ags, Arsg, Aise, Doss, Aose).

The component admits the following column-reduced form:

1

* 000

0000

1
0x00
* % 00
1

1

This is not a matrix Schubert variety; in fact, its Grébner degeneration yields the union
Dy eQ*

of coordinate subspaces L whose punchcards comprise a single chute-connected component
Q*. This collection has top punchcard

( )
-ooad
- - Q0ag
oood
* -ooagd
Qtop_ R
\ )

and generating function (i.e. V' (¢”) has multidegree) (sggm + sggp) (71, 72, 73, 74). The con-

tribution of this variety to [Yé’;ﬁ}]T is then

PD x4 (SoER + ) (21, T2, T3, 24) = (sgg + sgm) (21, T2, T3, T4).
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By virtue of corresponding to a connected component of punchcards, the multidegree of
V(#") is a Stanley polynomial on zy,...,z4. In this case we have the expansion

Fusr2s634 = Sp+spp €A

of a Stanley symmetric function into the corresponding Schur functions, so

V()" = Fl15728634] lzs=2g=--=0-

Components like V' (#) and V (#”) are similar (often isomorphic) to Schubert varieties, clearly
project to cells in Gr parametrized by affine spaces, and admit rowwise linear transformations
to better-organized forms as in Example 5.5.3. For the following result, for any subset
C C [h] x [m — h] with m and h understood, write CV = ([h] x [m — h]) \ C.

Corollary 5.5.4. Let A C ((m — h)"), write Dy C [h] x [m — h] for the set of positions of
boxes of \, and define the chart

@ CH = GB Czij — Uy s

(4,5)€Dx
a = (aij)igen, — YG/G
where y, is the column-reduced matrix having entry a;; in position (m+1—h+1i— j,4) for
all (i,j) € Dy. (That is, each “free” parameter of Qp = CPl corresponding to the box of
A at position (i, j) is filled with a;j. Since all other entries are necessarily either 0 or 1 and

each column-reduced form is a canonical G-orbit representative, the map is bijective.) Pick
D C D,. Denote the image

Qf,’n); = QO( @ (CZij) == Qz,m N V(Zm+1—h+z’—j,i ‘ (Z,j) < D>\ AN D)

(4,7)€D

For any m' > m and W/ > h with m' — W > m — h, when u = \V and E = DV in the
h x (m — h) rectangle then let N = ¥ and D' = EY in the b’ x (m' — k') rectangle. Then

fo = lm PDpun [, |7 € A

oco«—h,m—h

Definition 5.5.5. Assume the conditions of Corollary 5.5.4. If f gf;l) is a Stanley symmetric

function then call Q}?n’; the Stanley cell associated with D. Also define the associated Stanley
variety X,f;;\ = an’; and matriz Stanley variety Y,ﬁ;;\ = ﬂ*l(X,]i;fl‘) C M. &

Example 5.5.6. In Example 5.5.3, £’ is the ideal of the matrix Stanley variety 1/'4%(42) with
D = {(1,1),(1,4),(2,1),(2,2)} C (4*). (Remember again that the Ferrers diagram of X is
transposed from the appearance of A in the matrix above.) <o
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For a few more examples, see Appendix C.2, where tables of degenerations of Y,, into Stan-
ley varieties are exhibited where computational power allowed. Beyond a more palatable
description in terms of coordinates, two questions arise with respect to the motivation for
this project.

Question 5.5.7. (a) Is every V(t,) a union of matrix Stanley varieties?

(b) Does every matrix Stanley variety admit a flat deformation into a chute-closed union
of coordinate subspaces?

Affirmative answers would imply a natural, geometric expansion of the projective limits
lim  PDhx(m—h) (mdeg Y,»™)—under Conjectures 4.4.9 and 5.3.15, of involuted (n — 1)-

co«—h,m—
Schur functions—into rectangle-complements of Stanley symmetric functions. Whereas Stan-
ley symmetric functions are known to expand positively into Schur functions, this would also

provide a geometric construction of the Schur expansions of (n — 1)-Schur functions.
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Appendix A

Root systems and Lie groups

Kac—Moody groups generalize simple Lie groups. They arise out of root systems subject to
slightly weaker conditions than those underlying Lie algebras, which allows them to exhibit
a wider range of behaviors; for instance, they may be infinite-dimensional. The structure of
Kac—Moody algebras exhibits similar eigenspace decompositions, and one may also associate
to a Kac—Moody algebra an associated Kac—-Moody group that has the algebra as its tangent
space. Any of several constructions may be employed, yielding different Kac-Moody groups;
we identify our group of interest but do not consider its construction in detail.

Much of the following discussion, conventions, and propositions are borrowed from [Kac90,
Rou98, Kum02|. Throughout, all Lie algebras and tensors will be taken over C, while all
root systems will exist in vector spaces over R.

A.1 Lie algebras and root systems

The roots of a semisimple Lie algebra, which live in a vector space, analogize the eigenvalues
of a linear transformation. Only a very few systems of roots—finite collections of vectors
satisfying certain rigid relationships with each other—can be recovered as the roots of a
semisimple Lie algebra.

Definition A.1.1. Let g be a semisimple Lie algebra. For any o € h*, define the a-root
space
go ={z €g|VheD, [ha]=alh)z},

of g. If @ # 0 and dim g,, > 0 then call « a oot of g. Let ®(g) denote the collection of roots
of g.

Call a subalgebra h C g a Cartan subalgebra of g if b is nilpotent and has normalizer

N(h) =b. o

110
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Proposition A.1.2. Let g be a semisimple Lie algebra with Cartan subalgebra . Then g
exhibits the root space decomposition

g=beP g (A1)

aed

Example A.1.3. The Lie algebra g = sly C Mo consists of the matrices of trace zero and

has basis
1 0 01 00
=0 5 ) e=(00)=(75)

under the commutator [a,b] = ab — ba. This obtains

[h’h]:[e7e]:[f’f]:07 [h76]:267 [h7f]:_2f7 [67f]:h'
These relations imply that h = Ch C g is a Cartan subalgebra and that oy =2 € R C h* = C

and ay = —aph* are roots of g with root spaces g1 = go, = Ce and g, = g, = Cf,
respectively. Thus ®(sly) = {£2} C R and gl, has the root space decomposition sly =
Ce b Cf. o

Example A.1.3 generalizes to any finite rank n:

Example A.1.4. Take the trace-zero matrices g = sl, C M, x», which have basis the off-
diagonal coordinate vectors F;j,¢ # j and the trace-zero diagonal elements H; = Ej; —
Eit1i+1. The H; generate a Cartan subalgebra h C g. We may view the dual space h* C
(R™)* as the subspace of R" generated by the vectors a; = Ef; — Ef, | ;5.

Meanwhile, each off-diagonal (i, 7)™ element F;; satisfies
2By (i,7) = (k. k+1)
Hp,Eijl=SFE; i=kandj#k+1lorj=k+1andi#k
0 otherwise

for ¢ < j and the negatives of these for ¢ > j and substituting £ — 1 for £+ 1. These adjoints
may be recovered by the functionals a;; = o + -+ + ;1 = Ej; — E7; € h*: for i < j,

2 (i,5) = (kk+1)
a;j(Hy) =41 i=kandj#k+1lorj=k+1landi#k

0 otherwise,

and similarly for 7 > j. This provides a base of size (";1) for the root system ® = &(sl,) =

{£ Zf:j Qi }1<j<k<n, the ToOt spaces go,, = CEy;, and the root space decomposition

s=h o @Pe. =Cha@CE,;.

acd i#£j
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The roots of semisimple Lie algebras exhibit a rich combinatorial geometry, which we only
touch upon here.

Definition A.1.5. Take any real vector space V with an inner product ( , ). Given a
nonzero vector a € V', let o, : V' — V be the reflection about the hyperspace H, normal to
a. A root system ® in V is a finite, spanning collection of vectors satisfying

(i) if ca € ® then c=1 or ¢ = —1,
(ii) 0,® = @ across a € P, and
(ili) B — 04(B) € Za for any «a, 5 € .
That is, the system is preserved under reflections about the H,,, contains no scalar multiples
other than these reflections, and admits only certain rigid projections among its members.

Should nonempty disjoint subsets ®1, Py C P exist such that (a;,as) = 0 for every oy €
®, 0 € Py, we say that & reduces to 1 x y; otherwise @ is irreducible. Note that

8- 0a(B) = 7223 o

Proposition A.1.6. Let g be a semisimple Lie algebra with Cartan subalgebra . Then the
roots ®(g) comprise a root system in V = h*.

Definition A.1.7. Take A = {ay,...,as} to be a base of ® if A is a basis for V' and every
£ € ® can be written [ = Zle cia; with either all ¢; € Z>( or all ¢; € Z<. This definition
distinguishes the “positive roots” @, , expressible using only ¢; > 0, from the similarly-defined
“negative roots” ®_ = —®, of &. The base A is said to be composed of simple roots «;,
which are not expressible as sums of two or more members of ®,. Write AL = AN P
Designate ny = @, Ay 8o and by = bh @ ny. The integral combinations of roots comprise
the root lattice

V4
Q=P za V.
=1

Identify the coroots {af, ..., o)} C V* given by o (v) = %

system ®¥ having cobase AY = {af,..., o/} and coroot lattice Q¥ = @le Zay CV*. 0

, which generate a dual root

Observe that (A.1) can be repackaged as
g=n_9Obdn,.

Example A.1.8. The root system in Example A.1.4 is called ®(sl,,) = A,,_; (the subscript
gives the dimension of the Cartan subalgebra). Observe that, under the usual inner product,
% = ’71 for each i and otherwise 2% — (. The a; = Eiji— E;11,41 € b* thus comprise

Q;,a;)
a base for A,_; and generate the root <lattice Q@ C b o
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Definition A.1.9. Given a root system ® with base A = {ay, ..., ay}, construct the integer
matrix matrix C' = (Cyj)1<ij<e by Cij = a;(y). Since o,v(e)) = —a; we have Cj; = 2
across 1 < ¢ < £. The rigidity of the root system and the definition of base require that

a;j(ae)) <0 across 1 <i,j < (. Thus C satisfies, across 1 <i,j </,

(i) Cy = 2,
(ii) Cj; <0ifi#j, and

Any integer square matrix C satisfying (i)—(iii) is called a generalized Cartan matriz. If C'is
positive definite—that is, if, for every I C [¢], AL(C) > 0—then C is called a Cartan matriz.
The matrix constructed from a root system ® as above is a Cartan matriz for ®. O

The Cartan matrices specifically serve as a classification scheme for finite-dimensional semisim-
ple Lie algebras.

Proposition A.1.10. Let C' be a Cartan matrix. Then C' is a Cartan matrix for some
root system ®, hence some Lie algebra g = g(®). Moreover, g is simple if and only if C' is
indecomposable, and the correspondence is bijective up to simultaneous permutations of the
rows and columns of C' and isomorphisms of g.

The rigidity (specifically the inner products mentioned in Definition A.1.9 together with the
law of cosines) further requires that if C;; < C}; < 0 then Cj; = —1 and C}; € {-3, -2, —1}.
Any distinct oy, a; € Ay therefore form one of four possible angles: Taking Cj; to be —1,
these angles are 3¢ (Cj; = —1), 3¢ (Cj; = —2), and X (Cj; = —3); the remaining case
is § (Cj; = Cij = 0). In A,_1, the adjacent roots o; and ;41 form the angle 2r  while

3 )
nonadjacent «; and «; are orthogonal.

Proposition A.1.11. Given a root system ®, there is a unique root 6 = ZaeA+ noa € ¢
such that if § = Ea€A+ mqa € ® then every m, < n,. Call 0 the highest root of P.

Example A.1.12. The Lie algebra sl,, and its root system A,,_; have Cartan matrix

2 -1 0 0
1 2-1---0

C = 0 _1. 2 ‘ 01 € Mu-1)xm-1)-
00 0 2

Specifically, sl has Cartan matrix (2). The highest root is 0 = a1 =1 + - + 1. ©

Definition A.1.13. The reflections o,v across o € ®V generate the Weyl group W <
Aut(h*) of ®. It is straightforward to check that W acts freely on h* \ |J,cq Ha, hence by
continuity permutes connected components. Call these components the chambers of W and
designate the fundamental chamber C, that contains the highest root 6. o
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Definition A.1.14. A Coxeter system W, S or Coxeter group W with generating set S is
the quotient of the free group on S by the relations

e s> =1 across s (the generators are reflections) and

o (s5)"s =1 across s # &', where my ¢ = my s € Z>y U {00}.

Define the Bruhat-Chevalley partial order on W as the transitive closure of the covering
relation given by w > s;w when ((w) > {(s;w). Given w € W, define the length {(w) of w
to be the minimum number of generators s;, required to write w = s;, - - - s;, (or 0 if w is the
identity).

Given a subset I C S, denote W; < W the subgroup generated by I. Under the partial
order, each coset of W/W/ has a unique minimum-length representative w satisfying ¢(wv) =
{(w) + £(v) for all v € W;. Let these representatives constitute the collection W7Z. <

Proposition A.1.15. Let S < W be the subgroup generated by the reflections over the
hyperplanes H,, (o € A, ) containing the faces of C,. Then (W, S) is a Coxeter system.

Example A.1.16. Take h C sl, as in Example A.1.4. The hyperspaces Hl,...,H(n_l)
2

partition h* N\ U,ea, , Ha into n! chambers, each of which is obtained as w(C,) for some
w € W. For instance, in the case n = 3 we get roots ay,as, @19 = a1 + ag, and the three
hyperspaces H;, Hy, Hy5 partition R? into six chambers. The Weyl group W = S3 contains
the reflections s; = 01, S5 = 09, 515281 = 012 about these hyperspaces. O

A.2 Kac—Moody groups

The reflections about hyperspaces extend in this setting to reflections about (and translations
along) a lattice of hyperplanes normal to the roots. The chambers of the original arrangement
are partitioned into alcoves, which may be navigated by the affine Weyl group. This group is
(finitely) generated by the simple reflections o,,a € A, with a translated reflection normal
to the highest root.

Definition A.2.1. Let ® be an irreducible root system with Weyl group W < Aut(h*).
Given any k € Z, denote the hyperplanes

H,={vebh |v(a") =k}

parallel to H, and their reflections s, x(v) = v — (v(a”) — k)a. Let @ := b} < Aut(h*) be
the group of translations

ta,k:h*_)b*
vi— v+ ko
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by members of ®. The action of W < Aut(h*) induces a multiplicative action of W on
Q < Aut(b*). The affine Weyl group associated with ® is then the subgroup of Aut(h*)
generated by ) and W. o

Lemma A.2.2. W is the semidirect product ) x W.
Proof. Given w, «, and k, we have w(a) = ® as well. So wt, 0™ = ty@)r € Q. O

The connected components of h*\Jaca Ha x are now of finite diameter. Call each component

keZ
an alcove, and designate the fundamental alcove A, C C, containing the origin in its closure.

Proposition A.2.3. A, is uniquely determined, and VV acts simply transitively on the set
of alcoves.

Take S C W to consist of the reflections in the faces of A,. These faces are contail}ed in
the hyperspaces H, for « € A, and the hyperplane Hy;. As in the finite case, (W, S) is a
Coxeter system.

Example A.2.4. Let ® = A,_q, so that 6 = a; + -+ + a,,_1. It can be checked directly
that sp = s182* S,_28,_1Sp—2 - - - S251. Meanwhile, the fundamental alcove A, is a simplex
with faces given by the H,, through the origin and by the additional hyperplane Hy;. The
associated reflection sp; factors (uniquely) into tgrsp € @ X W =W with ty, € @, where

tsg(v) = sg1(v)
(v — (v(0)0) + kb = v — (v(0Y) — 1)6

shows that & = 1. Write ¢y :=tg . o

We will require several properties of this Weyl group in Section 2.2.

The discussion immediately following builds upon concepts from Section 2.2, stated in Kac—
Moody generality.

Proposition A.2.5. Let G be a Kac—Moody group, W its Weyl group, B < G the standard
Iwahori subgroup, and P < G a standard parabolic subgroup (for instance the positive loop
group when G is a loop group). Then G has the Bruhat decomposition

G= || BuwP, (A.2)
weW!
which induces the (cellular) Schubert decomposition
G/P= || BuP/P (A.3)
wewl!

on the quotient. The Schubert cells 2, := BwP /P are parametrized by complex affine spaces
and satisfy boundary conditions that recover the induced partial order on WY.
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The closure X,, = §,, of each Schubert cell is a Schubert variety; while the variety structure
is common to Kac-Moody G /P, we will exhibit it only for the cases of concern to us in the
next section. For now we note that each Schubert variety has an associated Schubert class
[Xw]e in homology, which is the image in H,(G/P) of the fundamental class [X,|o € H.(Xy)
under the map

H.(Xw) — H.(G/P)
induced by the inclusion X,, C G/P.

The decomposition (A.3) has important implications for homology and cohomology, by way
of the following fact. Here and for the remainder of the document, unless otherwise noted,
we use singular homology and cohomology over Z.

Proposition A.2.6 ([Hat02]). Let X be a (finite) CW-complex of cells in C with filtration
g=XCcXoCXjC---CX, =X,
where each X; consists of the cells of dimension < ¢. Then
Hy(X) =27,
where p; is the number of cells of dimension i, and all odd-degree homology groups are trivial.

Proposition A.2.7 ([Hat02]; Poincaré Duality). Let X be a smooth projective variety, and
take [X|s to be the fundamental class of X. Then there is an isomorphism

D:H(X)— H,_(X) (A.4)
Y] = [Y]* ~ [X],

Corollary A.2.8. Let f : X — Y be a closed embedding of smooth projective varieties of
codimension d. Then there is a pushforward

fr: HY(X) — H*(Y)

that takes the class [Z]* € H*(X) of any subvariety Z C X to [Z]* € H*(Y).

Proof. Take dimY = n. Poincaré duality Dx on X and Dy on Y (rightward arrows) yield

the diagram
Dx

H*(X) — Hpi(X)

1 L#
HEY) = H, (Y),
Dy
through which the composition f, := Dy ' o f, o Dy takes [Z]* € H*(X) to [Y N Z]* =
Z]* € H*(Y). O



Jason Cory Brunson Appendix A. Root systems and Lie groups 117

Elsewhere we just write f, = fi.

The former proposition implies that, for a parabolic P < G, the Schubert classes comprise
a linear basis for the homology of G/P. When G/ P, as in Sections B.1 and B.2 is a smooth
projective variety, by the second proposition we have

HX0)=0(G/P) 2 Hyy(G/P) = 27, (A.5)
where w{’ is the longest element in W7,
Borel exhibited an explicit description of H*(G/P):

Proposition A.2.9 ([Borb3|). Let G be a semisimple Lie group of rank n and P < G a
parabolic subgroup. Then there is a ring homomorphism

Zla, ... a0 — H*(G/P). (A.6)

Much of the next appendix involves identifying canonical representatives on the left of (A.6)
for the classes of Schubert varieties on the right, which facilitates Schubert calculus.



Appendix B

Schubert calculus

The four sections in this appendix present the algebraic combinatorics used to model the
cohomology (and Borel-Moore homology) rings of the flag varieties of interest in the main
text: the finite full flag variety Fl,, finite Grassmannians Gry,, the infinite Grassmannian
GrY, and the affine Grassmannian Grgy, . In each setting the central relation is a special

case or a generalization of the Borel map (A.6), and the central combinatorial objects of
study are the representatives of Schubert classes in the domain.

B.1 Flags and Schubert polynomials

This section complements the discussion of S, in Section 1.1.

Definition B.1.1. Take S, to act on the polynomial ring R = Z[x1, ..., z,| by (wf)(z1,...,2,) =

f(@way, -, Tww)). Define the divided difference operator 0,, : R — R as the composition
Oy = 0;, - - - 0;, of operators
1
0u(f) = ———(f — s:f).
(=g =)
where w = s;, - - - 5;, is a reduced word. Designate the “staircase partition” § = (n—1,...,0)

and write 2% = 2" ‘2" 2. 2,_;. The Schubert polynomial associated with w is
Gw = 8w—1w0 (xé), (B.l)

so that &, = 2° and &;q = 1. In general, deg &,, = £(w). &

While 9,, does not depend on the choice of reduced word, the composition of 9; is zero if the
word is not reduced.

118
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Proposition B.1.2 (|[LS82|). In the full flag setting, (A.6) specializes to

R :=7Z[xy,...,x,) — H*(FL,).
Sy — [Xu)*

Proposition B.1.3 (|[Mac91|). Given an ordered alphabet © = {z; > --- > x,} and a
partition A = (A, > --- > \,), write 2* = x;M - - 2, M. Fix a partition A = (A\; > -+ > \,),
let 6 = (n—12>--->0) be the ‘“staircase partition”, and let wy € S,, be the largest element.
Then

Sx(T1,. .., ) = 8w0x5+)‘.

The proposition is a special case of the general fact that 0,,2* is the antisymmetrization
> wes, ¥ of x divided by the Vandermonde determinant (here w(y) is the composition
(Bw@)s - - -5 Mw(ny))- In the case that..., this returns a definition of the Schur function on
finitely many variables.

Fomin and Kirillov [FK96]| introduced combinatorial diagrams, variably called “planar his-

PN

tories”, “rc-graphs”, and “pipe dreams”, whose generating functions are the Schubert polyno-
mials. Bergeron and Billey [BB93] used the combinatorial properties of rc-graphs to recover
(and discover) several properties of Schubert polynomials. These objects are central to the
Grobner geometry of [KMO5|, to which the main text turns in Section 5.4.

Definition B.1.4. A permutation w € S,, has one-line notation [w(1),...,w(n)|. o

It is easily seen that if w = wvs; then [w(1),...,w(i),w(i + 1),w(n)] = [w(1),...,v(@ +
D.0(i). ... o(n)].
Example B.1.5. Let w = [1,5,4,2,3]. Then w factors as

[1, 5, 2, 4, 3]83 = [1, 5, 2, 3, 4]8483 = [1, 2, 5, 3, 4]828483 = [1, 2, 3, 5, 4]83828483 — 54535254853

into the word w = 5483525453, which is reduced because each reflection in the factorization
removes an inversion. o

Definition B.1.6. Consider w = 5,, and a reduced word w = s;, ---s;, for w € S,,. Call a
composition (sequence of integers) a = (a1 < ag < -+ < ay) compatible with I if

Q < ’ij and ij < ij—o—l = < Q1 for all j (BZ)

Let D = D(I,«) C [n] x [n], an rc-graph for w (for reduced word—compatible sequence), be
the set of coordinates (r,c) = (i; — a; + 1, @;), and let

l
a
T —||xaj
j=1

be the weight of D. Denote the set of rc-graphs for w by R, o
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Proposition B.1.7 (|BJS93, FK96]). &,, is the generating function for R,,.

Example B.1.8. The reduced word s;s3s95483 for w in Example B.1.5 has a compatible
sequence (1,1,1,2,2). This pair produces the rc-graph

=
TUR W N~

<

Note that D is confined to the simplex A,, = {(r,¢) |  + ¢ < n}. We depict D in matrix
format with entries + at coordinates in D and - at other coordinates of the simplex (see
Example B.1.12). Our depictions are transposes of those in [BB93| and [KMO05], consistent
with our column-vector depiction of C* and Gr,,. This illustrates an injection from R, to
the set of planar histories for w.

Definition B.1.9. Let D be a subset of A, and depict D by placing a “cross” + at each
coordinate in D and an “elbow” - at each coordinate in A, ~ D. Let w € S, be the
permutation obtained by threading the depiction southwestward from columns 1,...,n to
rows 1,...,n crossing at crosses and making orthogonal turns at elbows. Then D is a planar
history of w. Call D reduced if | D| = inv w, the number of inversions of w hence the minimal
number of crosses required for w. o

Lemma B.1.10 (|[BB93|). If D € R,, then D is a reduced planar history for w.

Proof. We recover the specific reduced word for w by reading D bottom-to-top, left-to-right,
and recording each coordinate (7, c) as s,..1 (spelling the word right-to-left). If we extend
the planar history depiction of D by placing elbows at each (r,¢) with 2 —n < r < 0,
1 —r < ¢ < n, we obtain a northeast—southwest braid diagram; the order in which we read
the crosses records the permutation of the braid (from southwest to northeast), which is
therefore w. ]

R, is organized into components connected by chute moves. A chute move C;;(D) is allowed
when, for some k < j, position (7, ) in D is marked by a cross; positions (i + 1,7), (i, k),
and (i + 1,k), are marked by an elbow; and positions (i,p) and (i + 1,p), k < p < j, are
marked by a cross. The move C;; adjusts position (4, j) to an elbow and position (i + 1, k)
to a cross. We write the inverse chute move, reversing the procedure, in this case as Ciyq .!

!The analogous ladder and inverse ladder moves L;;(D) are allowed when the chute move Cj; is allowed
in the transpose diagram ‘D and adjusts positions so that L;;(D) = *(Cj;(*D)).



Jason Cory Brunson Appendix B. Schubert calculus 121

Proposition B.1.11 (|[BB93|). R,, may be recovered through inverse chute moves starting
at a west-justified rc-graph Dy (w), or through chute moves starting at a north-justified
re-graph Dy, (w).

Example B.1.12. Two chute moves take the rc-graph in Example B.1.8 to rc-graphs corre-
sponding to the same reduced word (left) and the reduced word s3s2s45382, respectively:

12 4 5 12 4 5 1 345
Ct A+ St St
. . Ca 2 . Ci,a

&2 + e +

ot
e
S i AL

: +
+ . .

U W N
Uk W N
UL W N =

The three rc-graphs shown (correspond to re-pairs that) have weights x11ow3%2y, 12223224,
and x125223%, which are three terms in the monomial expansion of &,,. o

B.2 Grassmannians and Schur polynomials

The Schubert polynomials for Fl;,, specialize in the Grassmannian case I = (k) to Schur
polynomials, which are S,,-stable polynomials to be defined shortly. See Definition 1.1.16
and the surrounding discussion for basic definitions and observations involving partitions.

Example B.2.1. With n = 5 there is a 2-Grassmannian permutation w = 5951545352 =
3,5,1,2,4]. Then w™twy = (5953545152 (54535251545352545354) = 5184538254 and the associ-
ated Schubert polynomial is

439 3.9 2 .3
Cuw = Orsa(T1" 22 w37 w4) = T1°20" + 217 22°.

<
Definition B.2.2. Consider the S,-fixed subring A, = Z[xy,...,2,]%" of symmetric poly-
nomials. Extend the notation z° to any a = (ai,...,a,) € Zso, so that 2% = 2,4 - - 2,,%".
Designate the following specific symmetric polynomials indexed by partitions, writing f(z) =
f(z1,...,x,): the monomial symmetric polynomials

m)\<x) = Z xl)‘v(l) e xé)‘fr(f)’

0€Sn/ Stabg,, A

where the sum is taken only over distinct monomials; the elementary symmetric polynomaials
ex(z) = ey (x)--- ey, (x), where

and the complete homogeneous symmetric polynomials hy(x) = hy,(x) - - - hy,(x), where

hi(x) = Z Tiy o Ty

i<
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We will define the Schur polynomials sy(x) in terms of tableaux, which also govern their
multiplication and monomial expansions.

Definition B.2.3. A filling of a partition A of N is an assignment of a unique integer to
each box of A, depicted as the Ferrers diagram of A\ with assigned integers written inside
their boxes. Let A = (A\q,..., ) and pick a = (ay, ..., ay,) so that a; +- -+ a,, = N. Then
a tableau of shape A and content a is a filling of A such that, for each ¢ = 1, ..., m, the boxes
filled with 1, ..., constitute a partition and these filled with ¢ constitute a horizontal a;-strip.
Denote by 7,()) the collection of tableaux of shape A and content a, and set Ky, = |Z,(\)].
<&

Remark B.2.4. We use the English convention for partitions throughout, though it prefers
the matrix orientation transposed from ours, and we retain it for tableaux. In Section 3.2 this
choice bumps up against the convention for n-cores, which prefers our matrix orientation;
(n — 1)-tableaux on these cores (see Appendix B.4) will be immediately distinguishable from
finite tableaux for using a transposed French convention rather than the English. o

Example B.2.5. The collection 7(; 291y (H) consists of

2]2]
3

2[3]
3]

2[3]
4|

2[4]
3] 5

[»&w»—-

[%l\))—l

[COMH

[C»Dl\.’)»—l

SO KBEP,(LZ,QJ) = 4. O

The following several results can be found and contextualized in [Mac79].

Proposition B.2.6. The Kostka numbers K, satisfy
1 =\

Ky=4 "
0 udhA

The proposition means that the matrix (K,)s +n is invertible, which allows us to expand
the Schur polynomials into complete homogeneous symmetric polynomials.

Definition B.2.7. Define the Schur polynomials as the solutions to the unitriangular system

hu(z) = Kyusa(x)

A0

for A\, u = N. Tt follows from the duality between the h, and the m, that the Schur polyno-
mials also satisfy

sx(x) = Z Ky my(z).

pA
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Proposition B.2.8 (Pieri Rule and structure constants). The Schur polynomials satisfy the
identity

sx(@)say(r) = Z Sy(x)
v/X\isa
horizontal k-strip

and, more generally,
sx(2)su(z) = Zciusy(x).
The cf,, are called the Littlewood—Richardson coefficients.

Proposition B.2.9. The Schur polynomial sy is the sum of the monomial weights of the
tableaux of shape \. That is,

Sx(T1, ..., Tp) = Z ! = ZK,\ax“,

TETa(N) a
where if T € T,(\) then we define z' to be x°.

Example B.2.10. The three tableaux on the partition A = (2,1,1) with entries in [3] are

1] [1]2]

1 1 1[3]
121 5 2] 5 2]
3] 3] 3]

The Schur polynomial in Z[x;, 2o, 23]% associated with A = (2,1,1) is 3§3 = x1°Tow3 +
T129°23 + 1129732 = m(w1, T2, v3). This agrees with Definition B.2.7 since the only pu + 4
dominated by (2,1,1) are (2,1, 1) itself and (1%), and mE(xl, xg9,x3) = 0. Accordingly, when
n > 4 we have

sgm(x1, T2, T3) = mgm(Ty, Ta, ¥3) + my(T1, T2, T3) + 2m§3(rﬁ1, Tg, x3) + SmE(xl, Tg, X3).

&

Definition B.2.11. Call a box (4, j) of A removable if \/{(7, j)} is a partition; call a position
(box) (7,7) not in A addable if AU {(7,7)} is a partition. Assign each box (i,7) € Z~o X Zso
the residue i — j + k. <o

Corollary B.2.12 ([Win9%6|). Let P = P, and w € WF and choose A\ € Par so that
Q) = Q. Then X\ has an addable box of residue r if s,w € W' with ((s,w) < ¢(w), and a
removable box of residue r if s,w € WP and ((s,w) > €(w).

Proposition B.2.13 ([Ful97|). The Borel map A.6 in the Grassmannian setting is given by
Z[I'l, s 7‘rn] - H*<Grk,n> = Z['rla s 7xk]5k/(5)\($17 R 7'1:]6) ‘ A {CZ ((TL - k>k)) (BB)

X, AC((n—k)*

SW{[ I AC((n—hP

0 otherwise.
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where w is obtained from X\ as in Corollary B.2.12. In particular,

X" w X=X (B-4)

This trick is a special case of Lemma 3.2.3, using n > max(A;, \]).

Example B.2.14. Recall w = [3,5,1,2,4] from Example B.2.1. Obtain the partition A C
((n — k)*) = (3?%) associated with w from the boxless array of residues having k = 2 in the
northwest corner as follows:

W~

.23 4 [2]3 4 [2]3]4 [2]3]4] [2]3]4] 2[3
§281848382° | o 5 V7 S281848377, o 7 S28184- o0, v S2S1 o N Sararo e YT T

Thus A = (3,2). Accordingly, the Schubert polynomial is &,, = sgp(z1, 22). o

B.3 The infinite Grassmannian and symmetric functions

The homology and cohomology of the ind-Grassmannians are modeled using symmetric
functions, which we review here. For a thorough discussion, see [MacT79].

While we do not examine it in detail, Borel-Moore homology underlies the homology of
the ind-spaces Gro, and Grgr, and is invoked in the service of equivariant homology (until
approximation spaces obviate the need). The upcoming proposition is of especial importance
to the equivariant (co)homology maps that comprise (5.12).

Definition B.3.1. Let X be a locally compact topological space satisfying certain additional
conditions laid out in [CG10| Section 2.6. The one-point compactification X of X is given by
X = X if X is compact and otherwise by X = X U{oo}, where oo ¢ X and for any sequence
{z;}52, C X, if lim; o, x; does not exist in X then lim; .., x; = 0o in X. The Borel-Moore
homology groups HPM (X)) of X are then given by HPM(X) = H;(X, 00), where H, refers
to (relative) singular homology with complex coefficients. o

Proposition B.3.2 (|CG10] Section 2.6 (4)). Let M be a smooth, orientable real m-manifold
with X C M a closed subset, and suppose that X is a proper deformation retract of a closed
neighborhood U O X. Then there is a canonical isomorphism

HPM(X) = H™ (M, M \ X). (B.5)
In particular, if X = M then (B.5) becomes

HPM(M) = H™(M). (B.6)
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The unitriangularity of Schur polynomials extends to the ring of symmetric polynomials, by
which we may define the Schur functions s, € A analogously to the finite case. We begin
with another class of symmetric functions, the Stanley symmetric functions, which actually
include the Schur functions. Their definition requires a fact about the projective limits of
Schubert polynomials, and they are naturally tied to planar histories.

Definition B.3.3. Given n’ < n, there are canonical surjective algebra homomorphisms

Zlxy, ..., xn] — Zlxy, ..., Ty
r; 1<n
Ti = .
0 i>n
that make the polynomial rings into a projective system. The symmetric subrings Z[z1, . . ., 2,

form a subsystem, whose inverse limit

A = lim Z[z,, ..., 2,]%"
o0—n
is called the ring of symmetric functions. Whereas each evaluation takes ey(zy,...,z,)
to ex(z1,...,x,) and similarly preserves the other bases of the finite rings of symmetric

polynomials, we can define the elementary, complete homogeneous, monomial, and Schur
functions, which we shall denote ey, hy, my, sy € A, as the projective limits of these bases.
They therefore expand into each other exactly as in the finite case. <o

An important automorphism of A will be essential to interpreting our data and drawing the
appropriate conjecture in Section 5.3.

Proposition B.3.4. The map
w:A— A, (B.7)

€; — hl
induces an involutive ring automorphism that sends sy to sy.

Definition B.3.5. Define the Hall inner product (-, -) on A to be the symmetric bilinear
form determined by (mx, h,) = 0, o

Lemma B.3.6. The Schur functions are self-dual: (sy, s,) = d,-

Proof. 1f we write s\, = Zu Shus, then we can use Definition B.2.7 to factor S as S =

(KM)(KM)_l‘ u
Lemma B.3.7. Consider S,,x Sy C Spyn andw € Syr. Then &,y = G, xw(0,...,0,21,..., 7).
Moreover, F,, == lim &1 ., Is a symmetric function, called the Stanley symmetric function

associated with w. If w € S,, is Grassmannian then F,, = sy, with A\ as in Corollary B.2.12.
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Proof. The finite statement is easily proved using the properties of planar histories, in par-
ticular via an injection R, < Rig xw given by sending each coordinate (i, j) to (4,7 +m).
That the projective limit is symmetric follows from lemmata in Section 5.4. [

Whereas the Schur functions comprise an orthonormal basis of A, any symmetric function
f € A'is uniquely determined as f =3  (f, sx)sx by its Hall inner products with the Schur
basis.

Definition B.3.8. Define the Littlewood-Richardson coefficients c5, via

_ v
S\S, = E CauSv-

14

Define the skew Schur functions s,;, € A by
Syl = Zciusu.
n

Define a skew tableau of (skew) shape v/p and content a = (aq, . .., ay) to be a filling of v/
by 1,...,m so that, for each ¢ = 1,...,m, the boxes filled with 1,... i, together with u,
constitute a partition, while those filled with ¢ constitute a horizontal a;-strip. Denote by
7.(v/p) the collection of skew tableaux of shape v/u and content a. o

Proposition B.3.9 ([Ful97|). The skew Schur function s, ,, is the generating function for
the skew tableaux of shape v/ .

To conduct algebraic topology on the infinite or affine Grassmannian, we must understand
how Borel-Moore homology interfaces with singular cohomology, which may be defined in
the usual way. The following results arrive at a skew Schur function description of the cap
product '

~: HJ(Grgo) X HZ<GI'20) — Hj_z(Gl'go>

Lemma B.3.10. The cap product ~: H,(Grpm) X H*(Grpm) — Ho(Grp,y) is governed by
its evaluation
XP A= S e (B3)
vC((m—h)h)

at the basis of Schubert classes.

Proof. By Poincaré duality (A.4) and the structure maps (B.4) we have

X ~ X e = (X~ (X)) ~ [Grugmle = (Z Ky [X”v].> ~ [Gramls

vV

It is then enough to show that cK;v = ¢}, for any triplet of partitions A, u, v C ((m — h)").
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Figure B.1: A skew tableau of shape v¥/u" and content A, where A = (5,4,4,3), p =
(8,8,8,5,5,2), and v = (8,5,4,1,1) lie inside the box ((m — h)") = (8).

It is immediate from definitions that CK;V =0« c’;y = 0. Let us instead assume that

cK;v > 0. Then CK:V counts the ways of obtaining the partition vV by pasting horizontal
Ai-strips to p¥ over i = 1,..., h, i.e. the skew tableaux 7, (v /©"). In Fig. B.1, the boxes
comprising each horizontal \;-strip are labeled by 1.

We may rotate Fig. B.1 by 7 to see that, similarly, ¢, = |Z,(x/v)|. From the original
diagram we can also see that ¢, counts the number of skew tableaux of shape ¥ /i and
content (Mg, ..., A1). The symmetry of the skew Schur functions and Proposition B.3.9 then
imply that ¢, = c§,.. O

Corollary B.3.11. The cap product on Gr°, is given by

DT~ X =) A X (B.9)

14

Therefore, under the ring and graded A-module isomorphisms

H,(Gr2) — A J A — H*(Gr%)
[XMe = sy 1 sy — [XP]°

respectively, the cap product is realized by the action
S\ Sy = Su/x-
Proof. Retrieve the inclusion Gryp,,, — Gr?_ from Definition 2.1.8, using suitable 4 and m

for the A and g under consideration. In our notation, X** C Grp, . 1s the preimage of
X* c Gr%, so that dim(X*") = |A|. The result then follows from Lemma B.3.10. O

B.4 The affine Grassmannian and affine Schur functions

We now introduce the symmetric functions specific to affine Type A. While approaching
the MacDonald positivity conjecture, Lapointe, Lascoux, and Morse [LLMO03| identified the
“k-Schur functions”, which behave analogously to the Schur functions in many ways. While
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several conjecturally equivalent definitions have appeared, we define the k-Schur functions
as in [LMO05| so that we may take their duality with the affine Schur functions for granted.

See Definition 3.2.1 and the surrounding discussion for basic definitions and observations
involving hooks, cores, and boundaries. Recall in particular that the bijection between
(k + 1)-cores v and k-bounded partitions A, made explicit in Remark 3.2.10, is given by
left-justifying the rows of 97v; several examples follow.

Definition B.4.1. Taking |y| = N and a = (ay,...,a,) a composition of N, a (weak) k-
tableau of shape v and k-weight a [LMO08, LLMS10] is a filling 7" of v such that, for each
1=1,...,m,

e the boxes v filled with 1,...,7 constitute a (k 4 1)-core; and

e if A\ is the k-bounded partition corresponding to v and (;?)’ that corresponding
to (™)', then A®/A0~Y is a vertical a-strip and p? /1 is a horizontal as-strip.

(Call u the k-conjugate of X.) Denote by 7.0 () the collection of k-tableaux of shape v and
k-weight a. Define the k-Kostka number K /(\IZ) = |’];(k) (7)|, where the k-bounded partition A

corresponds to the (k + 1)-core 7. o
Example B.4.2. Take v = (7,4,1,1,1) and @ = (1,2,1,2,1,2). Then 7 is a 4-core with
residues -
0
1]
2]
3[0[1]2
o[1]2]3]o]1]2]
and 3-tableaux
[6] [6]
5 5
7P (y) = [ , 3]
3[4[5]6 2[4][5]6
1[2]2[3]4]5]6] [1]2]3]4]4]5]6]

Under the bijection, v corresponds to the 3-bounded partition A = (3,3,1,1,1) and k-
conjugate p = (7,1,1) as

yzh ~ 87:Eijj ~ )\:% and ,uzﬁjjm.

The left 3-tableau above corresponds to the sequence

¥ 16 Can C b C i C g C 7

of 4-cores, with boxes of hook-length > 4 filled, and to the sequences

A':@CDCDICBIC%HC%HC% and p*: @ CoConCom C B C Bron € By

of 3-bounded partitions. o
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Proposition B.4.3 (|[LMO07]). The k-Kostka numbers satisfy

M0 e(w) e,

where ¢ takes a k-bounded partition to its associated (k + 1)-core [LMO7].

Definition B.4.4. Fix £ > 1. Define the k-Schur functions s)\k € A by inverting the
unitriangular system

hy, —ZKM k) for Ay, puy < k.
<o

We may also index the k-Schur functions by Grassmannian affine permutations. Fix n > 2.
Recall the action of S, on Z leading up to Theorem 3.1.10. w € S, has one-line notation
[w(1),w(2),--- ,w(n)], from which any w(i + cn) = w(i) + cn may be recovered from w(7)
when i € [n]. If w € WP then the almost natural set I = w(Z+q) corresponds to a partition
v, ignoring the infinite contiguous absent indices before I and present indices after Z ~ I.
This «y is shown to be an n-core in Section 3.2. If A is its associated (n—1)-bounded partition

then we write 31(1771) = sf\nfl). Henceforth, as in the main text, we substitute n — 1 for k.

Proposition B.4.5 (|JLMO05|). For any (n — 1)—bounded partition A,
sl =+ > di s, Al Vel

p<IA
This fact—that the (n — 1)-Schur functions expand integrally, positively, and triangularly
into Schur functions, will inform Conjecture 5.3.15 in the main text.

Definition B.4.6. In a separate generalization of the Schur functions, define the affine Schur
functions FY as the generating functions for k-tableaux,

Firh = b Z:c

using the (n —1)-bounded partition \ associated with w and the k-weight 27 = 2,4 -+ - zy
of Definition B.4.1. <

ai aN

Example B.4.7. Examples 3.1.9, 3.2.4, and 3.2.7 trace the combinatorial geometry of an
(embedded) affine Schubert variety. The 2-bounded partition of w = [—2,2,6] is (2,1, 1) and
the 3-core of w is (3,1, 1), which has the 2-tableaux

Al l}

(1]
72 @33) — {7 7
i|Jk]
across positive integers i < j < k < [. Accordingly, w is associated with the affine Schur
function Fﬁi) = 2mp. <o

s J=]=]
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The affine Schur functions exhibit a unitriangular expansion into monomial symmetric func-
tions, which implies that they dualize the k-Schur functions [Lam06.

Definition B.4.8. Designate the subring A,y = Z[hy, ..., hy—1] C A. By Definition B.4.4,
the (n — 1)-Schur functions comprise a basis for Ay,. Take A™ = A/i with i the ideal
generated by the my for A (n — 1)-bounded. Note that the my + i with A\; < n comprise a
basis for A . By Proposition B.4.9, then, so do the Fin_l) = Fﬁn_l) +1with A\; < n. o

Proposition B.4.9 (|[LMO08|). The affine Schur functions satisfy

(n—1) (n—1)

A<u

Furthermore, under a nondegenerate bilinear form A,y x A" — 7 induced by the Hall inner

product, and with Ay, 1 < n,
n—1 n—
<55\ )’F;E V) = O

The combinatorial machinery established, let us turn to the topology of the affine Grass-
mannian Grgy,, of Definition 2.2.1, which is the loop group of SL,,(C).

The loop group topology of GG lends insight into the topology of Grg. The loop space LX of
a topological space X is the collection of continuous maps S — X, called loops, under the
compact open topology given by the base of open sets V(K,U) = {f:S' — X | f(K) € U}
where X C S' is compact and U C X is open. Given a base point 2, € X, we denote the
subspace of based loops

f:8' =X
f(1) = o,

by QX C LG. When X = G is an algebraic group, we take (2G to consist of loops based at
the identity e, and LG and G admit a group structure governed by the product pv(t) =
wu(t)v(t). When, as in the case G = SL,,, G is a simply connected simple complex Lie group,
G has a maximal compact subgroup K to which it deformation retracts, and it is furthermore
known that QK is homotopy equivalent to Grg.

The product induces a graded product on homology, imbuing H,(Grg) with a ring structure.
Bott [Bot58| showed that the homology and cohomology rings, with the cap product

~: H;(Grg) x H(Grg) — H;_;(Grg),

form dual Hopf algebras [Bot58]. (When G = SL, we have K = SU,.) Lam [Lam08|
described the explicit ring isomorphisms

A(n) — H*(GYSLn> H*(GTSLH) d A(n)
(n—1)

~ B.10
S VA Xt o B (B10)
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providing the Schubert class representatives conjectured by Shimozono and Morse.

It is the goal of this project to retrieve explicit polynomial representatives for affine Schubert
classes in homology via a natural geometric construction, as was done for cohomology in the
finite case by Knutson and Miller [KMO05]. We conjecture in Section 5.3 that these are the
k-Schur functions.



Appendix C

Example calculations

C.1 Slide thresholds

This appendix computes the shuffle threshold kp(1I) for several illustrative choices of P and
I. Some are very specific and others more general, and along the way we state (somewhat)
general results when they capture an insight that complements or motivates the main text.
In each case, let x € 7 1(V).

Example C.1.1 (One heralding pivot, one row index). Recall w,, = [-rn + (1 +71),2 +
r,...,n+r] € WP from Proposition 3.1.4. This permutation has n-core y(w,,) = (r"*, (r —
o1 Any Ve Qum C Grypp has a basis heralded by a single vector. Equiva-
lently, if z € 7~'(V) then z has u-reduced form (v tv --- t""'v). It follows that P = (1)
and P=(1,1+mn,...,1+ (r—1)n).

Pick any ¢ € [rn]. Write x = (21 --- 2, ) (not necessarily reduced) and find x; € £y \ Es.
Set k = L%J, so that ¢°x; vanishes if and only if ¢ > k, and in particular sh](“iﬁ j)(x) =

Ag)(t* ;) = 0. This also implies that sh](“i)v(j)(x) = Ay (tFz;) = 2ign; is the (i — kn)™®

coordinate of x;, which in general will be nonzero. Thus k., ((i)) = [=2].

More generally, if w_1), < w < w,, then again V' € (2" has a single heralding vector.
If P=(p) then P = (p,p+n,....p+ (r—1)n), so given i € [rn] we get k,((i)) = | 2],
similarly to before. o

Next we’ll extend this “floor function” solution to the case of a larger row index set I. This
will require us to consider the various ways that indices in I may be matched with indices
in P so as to violate rank conditions for as large a value of k£ as possible. We will also have
to take into account cancellation due to different shifts of the t“v aligning with each other.

Example C.1.2 (One heralding pivot, multiple row indices). Take Wir—1)n < W < Wy and
other parameters as in Example C.1.1, but consider I = (i1, ... ,4,) with £ > 1. First consider

132
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r=(x; - z,)=(vitv - ). Given J and k > 0, there are three ways that the
determinantal summands A{ (¢ z;,) that comprise shl;’ ;(z) either vanish or cancel in pairs:

1. If some r,, > {%J — 7, + 1—which includes the straightforward case r,, > h — j,—

then A{(t"x;,) = 0 since t"'x; , = 0.
2. If v/ # V" but jy + 1y = jur + ryr then Af(t™x;,) = 0 since t"v'x; , = t""x; ,.

3. If v/ < v but j, + 7, > ju + rn then take R' € Ni to agree with R except by
selecting !, and 7/, so that j,, + 1/, = j» + r,» and j» + 1, = j + rp. Then
Af(tva;,) = —A{(t"x;,) since the submatrices are related by the transposition of
column v/ with v".

Let us take a moment to characterize the cancellation of Case 3.

Definition C.1.3. Fix P, and pick R € Nt. If p,, + r,n > p,yq for some v/ € [( — 1]
then say that R straddles P (at v'). Note that R straddles P at v/ whenever the inequality
pu + Tn > puo is satisfied for any v” > /. In any case that R straddles P, define R € N¢
as follows: Take v/ to be minimal so that R straddles P at v’ and set

fz/ - (pl/’—i-l + Ty 41l — pu’)/n
7;1/+1 = (pl/ +ryn — pu’+1)/n
r,=r, forveg {V vV +1}

This proto-definition prefaces Definition 4.3.2. o

Lemma C.1.4. Take v’ to be minimal so that R straddles P at v'. Then R straddles P at
V' but at no V" < /. Consequently, the map R — R is an involution on strad(P) := {R €
N¢ | R straddles P}.

Proof. By construction, we need only show that (a) R straddles P at v/ and that (b) R does
not straddle P at any v < 1/,
(a) pur + T = pu + (Pory1 + Twpal = Pur) = Pyt + Toan > Py

ssume R straddles P at v/ with " < v/. en pyr + ryn = pyr + Tyrn > puriq, SO
b) A R straddles P at v” with v '. Th > Doy
R straddles P at v/, contrary to hypothesis.
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Each involutive pair (R, R) satisfies Af(t"x;,) = —Af(t™x;,), so any value of k for which
all R straddle P = (p<p+n <--- <p+ (r—1)n) produces a shuffle that evaluates to zero
at x. We leave to the reader the verification that, provided each i, > p, = p+ (v — 1)n,

~

e (1) = VK_pJ—ﬁJrl

n

is the maximum value of k for which some determinantal summand of Sh];’ ;(z) does not
cancel due to straddling. This also turns out to be the maximum k for which, at some J,
sh? ;(z) # 0. (If any 7, < p, then sh’z ; violates rank conditions and vanishes anyway.) <

Remark C.1.5. The gist of the main result, for full-rank matrices in Y,,, is already laid out:
The maximum k for which sh’}, 7 lawZ 0 (the shuffle threshold) is that which permits exactly
one non-straddling R € N% (the maximum slide weight). o

In the next case we take P to contain multiple heralding pivots. For simplicity we also
suppose that I contains one index in the same congruence class (modulo n) as each heralding
pivot (and greater than that pivot) in order to make the point that the highest-weight shuffles
at I are obtained by most closely approximating this assignment. (In general it will be enough
to consider only I with indices pairwise distinct modulo n.) We then invoke straddling to
confine the combinatorial problem to one of matching I to P.

Example C.1.6 (Multiple heralding pivots, congruent to their associated row indices). Take
r € 7 1(Q"™) to be u-reduced with heralding pivots P = (1 < --+ < pg) and heralding
columns z;, € FE;, \ E;, 1. Set ¢, = LMJ Note that, for each v, ¢, is the maximum
power ¢ for which t“z; # 0. Let k = ) ¢, and i, = p, + ¢,n € [m —n + 1,m| across
1 <v </, then take I = (iy,...,7) (unsorted). We will show that k = k,(I).

Let J = (31,---,0¢) and R € N{. If R % (cy,..., ) then there is a p such that r, > ¢,, so
that t"x;, = 0 and Af(t"x;,) = 0. But Az(t% x;,) # 0, which means that sh’;j($) # 0.

However, shII’“J}1 () = 0 since every summand A, (t” z;,) vanishes. If instead we take J = (j; <
- < je) and suppose that j, > 7, for all v, then again sh];:}l (x) = 0 for the same reason.

Suppose instead that j, < j, for some v. Then there exist /,2" such that z; , = tz; ,.

Given J, for 1 < v < £ we define ¢}, as follows. If there are ¢ > 1 and p such that z;, = t°x;,,

let ¢, = ¢ — 1 for the maximum such ¢. Otherwise take ¢, = ™2 |, Set k' = Zizl c,.

Then for all R € NY, except (c},...,c,), R straddles some }55 = (pj, | pj, = Pe), or else
some t"™z;, = 0. Meanwhile, if R = (c},...,c,) then AY(t"x;,) # 0. Since &’ < k, we may
conclude that k(1) = k.

More generally, if Q™ has heralding pivots P and we take a row subset I = (11,...,1p) with
each i, = p, and p, < 1,, then
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&

The process in this case of maximizing k specifically to each column subset, then taking the
maximum of these, motivates the eponymous Definition 4.3.14 of Section 4.3, which captures
the combinatorial interplay between I and the various J—equivalently, when x is u-reduced,
between [ and P.

C.2 Grobner bases, multidegrees, and punchcards

As discussed in Section 5.3, we used Macaulay 2, in particular the primaryDecomposition
function, to compute punchcards for Y»™ across all choices of n, w, m, and h (writing
[ = m — h) our computing power could handle. The function MASVdegxT receives n = n,
gamma = v the n-core of w, a = [, and b = h (plus the variable kk explained below), then
performs the following tasks:

1. Construct the ring R = R = Z/32003Z[z;; | ¢ = 0,...,m —1;j = 0,...,h — 1].
Macaulay 2 prefers to begin indexing at zero. The construction imbues R with the
d-r revlex term order (see Section 5.4). (Matrix coordinate rings in Macaulay 2 are
automatically imbued with r—d revlex; we actually constructed h x m matrices and
performed calculations sideways. The order happens to be graded, but this is irrele-
vant when working with homogeneous polynomials.) Following tradition (for instance
[EGSS02]), we use the field k = Z/32003Z to avoid filling the extra memory required
to perform computations in QQ, with the prime 32003 large enough for the substitution
to have no effect in our small examples.

2. Construct the ideal I = i%™ C R from the generators of Definition 4.3.14. We generate
the vanishing minors (ladderMinors) of the containing matrix Schubert variety Y}jrvn
and the other vanishing shuffles (windowShuffles) separately, in each case including
a generator for each suitably-sized column subset. So far we have only required one
shuffle—the one having weight k,, (/) + 1—at each row subset I.

Using monomialIdeal, compute the initial ideal J = J of I.
Using primaryDecomposition, compute the primary decomposition P of J.

Construct the symmetric algebra T = Z/32003Z[z, . . ., Tp—1)-

S A

With the custom function multidegree, compute the multidegree xmdeg = f™ of P
in T.

7. Construct an equivalent symmetric algebra S =2 T, define the hx[ rectangle complement
map from T to S, and compute the rectangle complement PDy,.;(f*™). (Here we use
Demazure character functions written by Mark Shimozono.)
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We also computed v/ i from i™ whenever possible. All code is available upon request.

-- irredundant vanishing minors by size and a list of their leading terms
ladderMinors = (lambda,a,b,m,rows,pivs,R) -> (

j = 0;
F := {};
G = {};
rowsubs := {};
usedsubs := {};

keepsubs := {};
while j < b do (
j =3t
prevsubs = flatten(usedsubs);
keepsubs = {};
subs := subsets(atb,j);
Ftemp := {};
for i from 0 to #(subs) - 1 do (
if (
(subs_i)_(j-1) < pivs_(j-1) and not member(true,
for k from O to #prevsubs-1 list isSubset(prevsubs_k,subs_i))

)

then (
Ftemp = append(Ftemp,minors(j,submatrix(m,rows,subs_1i)));
keepsubs = append(keepsubs,subs_i)

)

)3
if sum(Ftemp) == 0 then F = append(F,ideal(0_R)) else (
F = append(F,sum(Ftemp)) ;
leads := {};
for k from O to #keepsubs-1 do (
rowsubs = subsets(b,j);
for 1 from O to #rowsubs-1 do (
leads = append(leads,sqantidiag(m,rowsubs_1,keepsubs_k))
)
)3
if leads == {} then G = append(G,0_R) else G = append(G,ideal(leads))
)3
usedsubs = append(usedsubs,keepsubs) ;
)3
{F,G}
)3
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-- (max-k + 1)-shuffles on subsets confined to length-n windows
windowShuffles = (n, m, rows, cols, pivs, R) ->
( shufinds = {};

Shtemp := {};
Sh = {3};
for 1 from 2 to min(n, #rows) do
( syms := permutations(l);
pivset := subsets(pivs, 1);
colset := subsets(cols, 1);
rowset := subsets(rows, 1);
for ¢ from O to #colset-1 do if max(colset_c)-min(colset_c) < n then
( maxk := -1;

for p from 0 to #pivset-1 do
( for w from O to #syms-1 do if
all(colset_c, (pivset_p)_(syms_w), (x, y) -> x >= y) then
( buffers := for i from 0 to 1-1 list
(b := ((pivset_p)_(syms_w))_i;
while b+n < #cols and not member(b+n, pivset_p) do b = b+n;
b
);
beads := for i from 0 to 1-1 list
floor((min((colset_c)_i, buffers_i)-((pivset_p)_(syms_w))_i)/n);
if any(beads, x -> x < 0) then print {1, c, p, w};
maxk = max(maxk, sum(beads))
)
);
if maxk >= 0 then
( k := maxk+1;
shufinds = append(shufinds, {colset_c, 1, {k, k}});
cv := subsetCV(1l, k, k);
for r from 0 to #rowset-1 do
( subdets := {};
for v from 0 to #cv-1 do
( if isSubset(colset_c-n*cv_v, cols) then
subdets = append(subdets, det(submatrix(m, rowset_r, colset_c-n*cv_v)))
);
if sum(subdets) != O then Shtemp = append(Shtemp, ideal(sum(subdets)))
)
)
);
if sum(Shtemp) == 0 then
Sh = append(Sh, ideal(0_R)) else Sh = append(Sh, sum(Shtemp))
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)
{Sh,shufinds}
);

-- calculate multidegree from primary decomposition and rings
multidegree = (P,R,T,wts) -> (

wt := map(T,R,wts);

M := 0_T;

for i from 0 to #P-1 do (

genP := generators(P_i);
dimn := rank source genP;
term := 1_T;

for j from O to dimn-1 do ( term = term*wt(genP_(0,j)) );
M =M+ term;

M
)

MASVMdegxT = (n,gamma,a,b,kk) -> (
gammaT = transposePartition(gamma) ;
if a < gammaT_0O then a = gammaT_O;
if b <= #gammaT then b = #gammaT else
gammaT = join(gammaT,for i from #(gammaT) to b - 1 list 0);
lambda = apply(l..#gammaT, i -> a - gammaT_(#gammaT-i));
rows = inds(b);
cols = inds(a+b);
pivs = append( for i from 0 to #(lambda) - 1 list
i + lambda_(#(lambda) - 1 - i) , a+b);
pivsn := join(pivs,last(pivs)+1..last(pivs)+n);
esslpivs = {};
for i from O to #pivsn-1 do (if not(member(0,apply(esslpivs,j->(pivsn_i-j)%n)))
then esslpivs=append(esslpivs,pivsn_i));
-- changes: switch variable indices in ring & table --
R = kk[z_(0,0)..z_(a+b-1,b-1)];
m = matrix table(b,a+b,(i,j)->z_(j,1));
stuff = ladderMinors(lambda,a,b,m,rows,pivs,R);

F = stuff_0;
shuff = windowShuffles(n,m,rows,cols,pivs,esslpivs,R);
Sh = shuff_O;

I = idealSum(F,Sh,R);
J = monomialldeal(I);
if J == 0 then P = {J} else P = primaryDecomposition(J);
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T = kk[x_1..x_b]l;
xwts = flatten(for i from 1 to a+b list (for j from 1 to b list (x_j)_T));
xmdeg = multidegree(P,R,T,xwts);
S = kk[x_0..x_(b-1)1;
xndeg = (isom(S,T)) (xmdeg) ;
xExpn = demCharExpansion(xndeg,S);
PDxExpn = PDCharsIg(xExpn,b,a);
PDxndeg = demCharPoly(PDxExpn,b,S);
PDxmdeg = (isom(T,S)) (PDxndeg)
)

To check the Schur expansions of multidegrees against w-involuted (n — 1)-Schur functions,
we used the *-combinat patches to the open-source system Sage.

All calculations were consistent with the following:

o Vil™ = im (Conjecture 4.4.9);

V(in(i%™)) is equidimensional, i.e. every D € (P™)* has the same number of punches
(consistent with Conjecture 5.4.9);

PDj(mdeg,, Y,m) = w(sl(]f*l))(ml, ..., zp) (Conjecture 5.3.15);

(Phmy* is chute-closed (Conjecture 5.4.11);

e Given m’ > ' > 0 with ' > hand I' =m’ — K > [, the D’ € (P¥"™); _ biject with
the D € (P}™);,, as in Definition 5.4.15 (Conjecture 5.4.18).
Moreover, if we performed calculations in the rectangle h’ x I’ then we performed them in
every rectangle contained in A’ x I’ and containing 7; X v;. We therefore summarize the
results by presenting, for each w € W7,

1. a note of the largest dimension A’ of a rectangle in which calculations were performed
(extending m — h is computationally trivial);

2. the generators of #/;™, with a note as to whether we verified that \/ily™ = i;™;

3. the top punchcards (P™);,,, using b = v and [ = 7{;

4. the Schur expansion of f&nil), grouped by which terms in the polynomial localization
arise from which chute-connected components of (P™)* (recall that the correspon-
dence passes through a transpose), and whether it equals the involuted (n — 1)-Schur

function sf\n_l) - and
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5. where performed, the T-stable partial Grébner degeneration of Y™ into matrix Stan-
ley varieties.

The data for w = [—1,4] is complete and fully labeled as a guide.
n=2
w=1[0,3], y=0 A=n, K =5
(i =1{ " }
POV = so = w(sY))

Permutation, n-core, (n — 1)-bounded partition, and largest dimension h':
w=[-1,4, vy=HH, A=H kK =5

Ideal (and whether radical):
i12u74 = (A127 Shglg4> =V 1354
T-stable Grobner degeneration and (additional) leading minors:
1 1
a ) — 0
b a *

Ajg, Agz ~ Ay A,

* ¥ =
OO
* = O

Top punchcards:

e

w Jtop — Lo

Rectangle-complemented multidegree:

PDoy o[V = s + sy = w(sB )
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w=1[-2,5, y=H, A=f W =5

3.6 1 2\ _ ,/:36
7 = (A12, Ayga, Aogy, shyy, shig) = Vi
1 1 1 1 1
a * 00 * 00 000 000
1 ~ * 00 000 1 1
ba * 00 1 0x0 000
1 1 * % 0 * % 0 1
cba 1 1 1 * ok ok
A127A237A34a A137A147 A A A A A4
3 2 135 2
A145,A245 A24 ’ ’
oo - 00 g -
oo - -0 Oooo ooo
(7)3,6)* — oo ooo oo
w /Jtop Lo oY OOoO

PD3X3[Y'376]T = Som + SBH + SBj —+ Sﬁ = W(S(l))

141
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w=[-3,6], y=Hh, A=H =5

48 1 2 3
L = (A12, Aq3a, Doga, Ai3se, Dasse, A14s6, Daase, Nsase, Sh34> Sh56a Sh7s)

dcba
Aig, Aoz, Agy, Ays,
Aise, Agse, Azsg,  ~
Av467, Doger

1 1 1 1 1 1 1 1 1
%000 %000 %000 %000 0000 0000 0000 0000 0000
£000 +000 0000 0000 1 1 1 1 1
«000 0000 1 1 0%00 0000 0%00 0000 0000
+000 1 0%00 0000 0%00 +%00 0000 1 1
1 *%00 *x00 1 *x00 *%00 1 000 0000

1 1 1 * %k 0 1 1 * %k 0 * % % 0 1
1 1 1 1 1 1 1 1 * ok % ok
A137A147A157 A4 AIB A3a A37A57 A27A357 A27A47 A27A57 A27A47A56aA2 A4 AG
Aoy, Ags, Ags ’ A146, Doy AN Ai13e, Aras A13s, A1zg Aizer Aizsr, Aizer
(. 0oo -0O0o 000 -0o00 - .00 - -0g - -0 - e Qe )
000 000 00 .0 0000 0000 0000 0000 0000
000 - -00 0000 Ooo00 ooo - -00 -o00 - oo - - e -
(734,8>* — -O000 0OO0OoOod - 00O B OO0 0000 I Ooo0oo Ooogoo
w Jtop oo oo o0 goom ... gpooo’ -oon’ - - -
o S oooo
\ ' y,
4,81T (1)
PDyx4[Y,, "] )

= smjjj+sBjj—|—(SEH—I—sEpz)+s§3—|—SB:3+SEB+S§3+S§3+SEZW(S
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oooog

(2)

ooooo’

):op

PD11 [V ?)T = s0 = w(s

1,2

-ooon
w

L

0,2,4], y=0, A=n h'=3

S@—FSEBQ—I—SQQ—FSQ—I—SEQ—FSEQ—FSQI

—i—SEBQ—I—SEj—l—(5@4-8@33)—1-8@:3—1-88333—1-8833—1-8?

ooooo ooboogoo
ooooo

oo - o0oo -
OO0 - 000
-0 -000
-0 - 000
.Oo-0g - -
Ooo-00-0-
.O-o0oo0o -0 -
-0-O00-0-
-0-O00-0-
-o-g- -0
oo-0-00-
-0O-O0-00-
Oo-0-00-
-0O-0-00
-o-o0-0-0-
o-o0-0-0-
O-0-0-0-
-o-o0-0-0-
-O0-o0-0-0-
oo - ooo -
oo - o0oo -
-0O-o0o0-
-o-o-0-
ooooo -
ooooo
ooooo
-0 - 00
O-0
oooo- o -
oooo-o-
oo-o0-0-
o-0-0-
|
g
* S
&
1’
3 3

,10]T

5

w

—G—(S@-l—sajj)—i-(sgﬂ—i-saﬂ)-l—(SB}H—FSEPI)—FSEH—F(SEF%—SEPI)—FSEPI-FSM

PDsys|
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=[-1,3,4, v=8 A=8 K =3

P&; 3 top { }
St

PD1><2[Y1 3] _ (2)

= SE])

w=1[0,1,5], y=m, A=m, h'=4

(P2 Yooy = { E }
5 =

PDyy [V2H]T = w(s?)

w

w=1[-2,35], y=H, A=H h=4
= (A127A137A237Sh4115) = 1121;5

1

a

b ~
1

c a

A127 A13, A23, A24 ~ Az A147 A34

* O
* RO O

* ¥ ¥ =
HOoOOO

*

a
|
|

(Ptzz)5>top = )

PDays[Y2]T = S+ Sam = u)(sg )
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w=[-1,1,6], y=Ho, A=, K =5
5,7 = (A, shygs) = v i’

1 1 1
a * 00 000
1 ~> 1 1
1 * % 0 1
baa 1 * ok ok
A12, A234 ~ A134 Ay
oo
(7)3’5)* o - -0 000
w Jtop — Ty o

PD3,o[V2°]T = SEP+S§ = w(sEé

w=[-3,4,5], 7:%, )\:E, W o=4

26 1 1 1y _ /26
1,7 = (A2, A1z, Agg, shys, shyg, shyg) = Vi

1 1 1 1
a * 0 * 0 00
b 00 * 0 00
1 ~ % 0 % 0 1
ca 1 * 0 * ok
A12aA13aA237 Ax. A A A147A157 A, A
3 1 2 3
A24, A347 A35 ’ A257 A45 ’
- O O OO0
2,6\ * o0 O Ooog
(Pw )tOp - . o - -
PD y261T _ (2
2><4[w]—3EFD‘|‘5DID+SEH—w<S)
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w=[-2,2,6], yzﬁﬂ, )\:ﬁj, =4

36 1\ /36
L, = (A12, Aqg, Ags, Sh456) =V

1 1 1
a * 00 * 00
b *00 000
1 ~ 1 1
al * % 0 1
cba 1 * ok ok
A12, A13, A237 A345 ~ A145> A245 A3

- 0o - 00
3,6\% - 0O oOooag
(Pw )top_ P

PPV, ] = sgm + gp = w(ﬁ)

w=[-1,0,7, y=Ho, A=H, h' =4
i0 = (Aas, shigg) = Vi’

w
1 1 1 1
1 1 1 1
a o * % 00 0x00 000
1 ~ * %00 1 1
1 1 * % % 0
bfaa 1 1 * kK

A1237 A2347 A1345 ~ A1247 A134 A237 A1245 AS

N n [ IR
.00 - 000

Py =14 ., ., 0000

PD42 [V, 0]" = s + P+ SE = w(sg)
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w:P&&ﬂ,V:%fAza W= 4
ii},g = (A127 A137 A237 A1457 A1467 A1567 A2457 A2467 A2567 A3457 A3467 A3567 A4567

1 1 1 2 2 2 1 1 1 1 1 1 1 1 1 38
shys, shyg, shg, shzg, shzg, shgg, shyzg, shyzg, shygg, shyzg, Shogg, Shagg, Shyzg, shazg, shage) = Vi
(.00 oo oo -00 -00 - -0 - -0)
000 OO0 -00 -00 - -0 000 000
.00 -00 -00 -00 000 000 000
(p%y _J) 0o .- - Qoo -00 ooo o -ogo -
w /top .. oo - -0 00 - -0 0 000
L

PDoaY]T = s+ sgm + sgm o+ s + g+ +ogm = W)

w=[-3,27, y=H, A=H, W=4
48 1 1 1 1 1 1 1 1
1," = (A1, Arg, Ags, Avys, Doss, Asys, shyy, shy g, shisg, shyyg, shosg, shayg, shase, shysg)
1 1 1 1 1 1
a 0000 0000 0000 %000 «000
b «000 000 000 %000 «000
1 - 1 1 1 %000 0000
ca %00 0%00 0000 1 1
b1 %00 1 1 % %00 1
1 1 * % % 0 1 1 * ok ok 0
dcaa 1 1 ® ok ko 1 1
A127 A137 A237 A A A A
A145 A345 A24 2 1465 14, 34,
A 7A ’ A ’ ~ A1567 A3467 AQ; A45 A?a AS A1567 A2567 A4
1567, R2567, A3567, Auce A Auce. A
A A 3565 2456 3565 2456
45675 24568
(. Ooo -ooo 00O -000 -000)
0000 0OO0OO0O0O OOoo 000 -000
..oggo - - -Qg - - - - -O0Oog - - -0
(7)4,8>* — - - OO0 -OoOoa BRI - - 00 OoO0Ooo
w /top B A 2 1 1 A P
\ Vs

VT = g ) g g )
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w=[-5,5,6], v=H, )\:E, n =3
(.00 - 00 oo oo oo - 00 oo -0 o - )
.00 00 00 -00 00 --0 --0 OO0 OO0 OO0
O0O0 OO0 -00 00 -0 00O OO0 00O 000 000
301 .00 00 -00 00 OO0 OO0 OO0 -00 -00 - - -
(P )top =14 - 0O, - , ooo, -oo, ooo, -od, - - -, 00, - - -, 000
.0 ooo - -0 -00 -0 --0 000 -0 OOO Oo0O0
A SR

PD3X6[Y£’9]T = SBjjjj—FSQHI—i—SBHE—O—Sm—FSEBI—O—(SBE}I—FS%) +8§EP+SEHI+S§EP+S%
2 (2))1

= (st + sp) # w(s
;v

!The multidegree, generated in Macaulay 2 from the appropriate shuffles, does not yield, under duality
and transposition, the k-Schur polynomial associated with w in this case; it includes the unexpected summand
5(3,3,0)- We are investigating this case in detail.
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Appendix C. Example calculations

Jason Cory Brunson

oooad

oooad

7ll)jckop

4
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(

oooooo
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ooooo - 0Od -
a

Oo-0oo0o -

ooooooo -
ooooooo -

D.DDDD.
..ogo- - -

oooooog -
ooooo - Od -
oo -o0g-0d-
. oo - Qg -

ooooooo -
ooooooo -

oo -ooo -
.. .Oog- -

ooooooo -
ooooooo -

ooo-oo -
.. .. OoOg -

ooooooo -
ooooooo -
ooooooo -

ooooooo -
Oooooooo -

oooooao -
. ... O -

ooooood -
ooooo - 4d -
ooooo - Qg -
S P

ooooooo -
ooooooo -

oooooo -
N

oodod

ooo-o00O
oo -0
oo -o0o0
oo -o0oo

ooooooa -

00O -o0o0a0 -
-Oo-o00oo -
-oo-o0 - -

ooooooo -
-0oo0oao-oag -
-ooo-oo -
-oo- - 00 -

ooooooo -
ooooo - Ad -
-O00ooo -0 -
.oo- - -0 -

ooooooo -
ooooooo -

.DDDDD.
.og - o- - -

ooooo -
oooono -
-0O0oao -
oo - 0o -

oogo

ooooooo -
ooooo - o -
.oooo -0 -

DDDDDD
oooooo
-0OOoOoo -
oo -0 -

O -
O -

ooooooo -
Oo-0o-00-
Oo-o0o-o0o0-

00O -00 -

Ve

PD4X7[Y£’11]T = sgrmo + (Sgﬂjﬂ + Sg:mj) + sgm + sgm + Sajjjj +sgp + (8@ + 8@333) + sEaj

= w(s(Q))

+GEEID+S§HE+SHDID+&IHHE+SEFE+(%HP+SEFE)+%ﬁﬂ+(%HF+SEFE%+&§E+6§pﬁ
+S%H+SEEEP+<S§EH+S§EFD)+SEEP+SBEFED+S§EFD+S%H+S%]+8$
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1 )\:E, h/:4
I

PD4x8[Y£’12]T = Sormmm + 38B333333 + 68533333 + 6553333 + 35EEEH + 35@:5:33 + 85@3::3
+7S@3+68ﬁ3+38@+8|n1+35 |1+38$j+8ﬁ

(2) (2))

= u}(sE

11111

11T

w:[]> Y=

[T

— 25%:3) # w(s

w=1[0,1,2,7], y=oo, A=om, h' =4
Pi;

top =

PD1X3[Y£’4]T = 3@ = w(sgﬂ)j)

w=[-1,1,4,6], y=H8, A=H, h' =3

(P2 i =

top

PDQXQ[Y,574]T = §p = w(sEb)

w=1[-2,3,4,5], v=H M=H K =3
(7)1,4)*

w top:

PD3,1 [V = sqm = w(sH
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w=[-1,1,2,8], y=HBm, A=Hn A =5
-oog -
- -0 OO0ooOgoo
Puip =94 1,

PD4X2[Y£’6]T = 8@3 + SE = W(SB:D)

w=1[-2,1,4,7, v=H, 2=H »=4
- OO0 - OO
OoOod - goO
A R
PPV, ] = s + sgm = w(séi))

w=[-1,0,5,6], y=H, A=H, h'=3

(P2 )ep =

w=[-3346], y=H A=H =4
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oo - -0
-0 Oog
(Pliﬁ)top - D> .
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PDys[Y, "] = sgp + s+ s = w(sy)

-OoOoo oOoo

-gOoo ogoo

- 000

4.8\« : 0O ooboo
(Pw )top_ L

/

w:}AZ&ﬂ,VZ%fA:&,h:3

4 3\

- 00 - Od -0O0d oo

OoO0Oo OoOogd - OO0 oo

-Ogd - - g -0O0d oo

(7)3,8>* — -0 0O00 OO0 oo

w /top [ R S ) - O

\ Y,
81T 3
PD3.5[Y,) %] = ())
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w Jtop

(732,8)* o ’

PD2X6[Y£’8]T = S0 + Ssgmm + Somm t+ S = W(S(g))

w=[-3,3,4,5,6], y=om, A=om, h' =5

(PLYin =

4,5]T

PD4X1[Yw @ )

= SE = w(sem

w=[-2,1,457, v=8p, A=Hpo I =4
oo
(Po)iop =

PD3,o[V20)T = 3@3 = w(sg;)j)

w=1[-1,1,2,5,8], vzﬁj, )\zﬁj, h =3

- OO

(P2 oy =

PDgys[Y, )T = sgm = w(saj)
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w=100,1,2,3,9], 7= E E B =2
P&)E) top
PD1><4Y15 = Smm = 84

=[-3,1,4,5,8], v=H, A=H, h'=14

(P47)top_ 7

=[-2,0,4,6,7], y=Hh A=Hh " =3
(PiS)top:

PD3y o[V = B = W(SEBQ
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w=1[-1,0,2,6,8], 7:%, )\:%, h =2
-0
(P2);

top =

w=1[-2,1,2,5,9], ~ il
00 -gd
ooo -00
00 - gd

(7)3)77>:<0p: o, o

PD3X4[Y£’7]T = sgm + Sajj = W(SEj

w:ﬁJJﬂﬁﬁm,yzg,Azg =3
O
O
O
O

(733;’7):0;) = -
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w=[-2,-1,5,6,7], y=H8 A=HH K =4
(7)3,5)*

w Jtop

PP3.lY )T = s = wisgy)

w=[-3,1,359, y=0_ A=H W=4

(P4’8)* o

w Jtop T oL

4817 _ _ (4)
PD4X4[Yw ] = SEZD + Sﬁ]:lj = W(SE:D>

w=1[-1,0,1,7,8], v=H A=H #=3

(732,5)*

w top:
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w=[-2,1,2,4,10], ~

(

. .ooon I

- - 0000 EZ'E

' S
I

- -~

=
I
w0

-OoOoo
-OoOood

(Pi’g)top - T

L )

PDyye[V,)"]T = Sgo + sgrm + Somm = W(s



