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CHAPTER I 

INTRODUCTION 

1,1 Introduction 

One of the major problems in statistics is that of 

estimating parameters. This process ca.n be described as 

follows. Let X be a random variable defined in some subset 0 

of the rea.l line. Assume that the events 'Which are to be 

considered can be assigned relative frequencies by only one 

of the distribution functions, say F(x;e0 ), in the family of 

distribution functions {F(x; e): e E ~}, ir,rhere is some subset 

of the real line. In order to estimate 80 , a sample 

x1, ••• ,~•usually a random sample, is observed and some 

rule based on the sample is used to obtain an esti1t..ator or 
,., 

80 , say 90 • 6(X1 , ••• , Xn). It usually is asswned that the 

space on which o is defined is then-dimensional Cartesian 
product space of o, i.e. the sample space ,::<n). 

Suppose that the sampling experiment being conducted is 

such that if X • x0 ES, Sc O, then x0 is observed and if 

I• x0 Is, then x0 cannot be observed. The n•dimensional 
Cartesian product space of S, s<n), will be called the actual 

sampling space for the random variable X. If for any reason 
the actual sa.mpling space s(n) is a proper subset of o<n) 

such that Pr((x1 , x2, •.• , In) E 5(n)} < 1, we shall say that 

s(n) constitutes an incomplete sampling space. Samples from 

this space will be called incomplete samples or incomplete 

data. 
1 
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There are many examples or this type of sampling space. 
One or the most frequent examples is that of a measuring 
device with limited precision. Such devices usually have a 
range R c: O which ie partitioned into the intervals 

(r1,r2J, (r2,r3J, •••• (rk_2,rk_1] • If x0 E (r1 ,r1+1l , 

O < 1 < k•l, the device registers r1 +2r1+1 1 which is called 

the class mark ot the interval (r1 ,r1+1J. Ir x0 is not in R, 

then the device registers either Xo r1 or x0 > rk•l' 

whichever the case may be. Another example is a population 
which is assumed to have a frequency function proportional to 
a known frequency £unction t( xJ e) , x , O and e , e, on some 

, subset of n, and zero otherwise. This is, of course, a 
generalization of the classical term. •truncation• which 
usually refers to the special cases in which either one or 
both "tails" (or extremes) of the domain of f(x;i) are 
excluded from Oto tor11 the sampling space. 

There are some cases in which certain values ot X are 
not observed tor other reasons. Some of the classical 
incomplete data problems will be defined 1n the Literature 
Review. 

In this thesis we shall be interested primarily in the 
problem or estimating the parameters of a distribution 
function when grouped data only are available. The term 
grouped data will be used to describe the results o! a 
sampling experiment in which the only information recorded is 



that m1 observations were found to be less than or equal to 

r1 , i • 1, •••• k, where-•< r1 < r 2 < ••• < rk•l < rk • • • 
k The set [r1}1_1 determines an aggregate of intervals 

These intervals will be called cells. The nwuber or 
observations in the 1th cell, m1 • m1_1• will be called the 

cell frequencies and will be denoted by n1 • 
The term •grouped data• can be generalised to apply to 

multivariate sampling experiments. For example, consider the 
random vector (I,Y,Z). Assume that samples from the 
population of vectors (X,Y,Z) are grouped such that the 
measurements of the x•coordinate are grouped into cells 
I 1, •••• Ik and the measurements of they-coordinate are 

grouped into cells J1, •••• J8 and the measurements of the 

z•coordinate are not grouped. Then a sample of size n would 
consist of a set of observations 

n 
{Xt E Ii(t)' 1t E Jj(t)' zt - zt}t•l. 

where i(t) can range from 1 to k and j(t) can range from 1 to 

In this thesis the method of maximum likelihood 
estimation will be considered. Other approaches are 
discussed in the Literature Review, but the method ot maximum 
likelihood seems to be the most fruitful method tor reasons 



to be develcped. We shall apply sozne existing theorems to 

the problem of estimating parameters using grouped data 

and thereby obtain some of the properties of the estimators 

for l~rge sronples. 

Unfortunately, when one considers the maximum likelihood 

method of estimation using grouped data samples, he finds 

that in .most cases he will obtain the eatitJators only after 

some iterative procedure has been c0tupleted. He will seldom 

know beforehand whether there is a maximm.11 likelihood 

estimate or whether, if there is an estimate, it is unique. 

There have been several approaches to the problem of 

finding the properties of the .n:uaxinn.un likelihood estimators. 

Frequently these approaches, which will be discussed in the 

Literature Review, have been confused by authors and as a 

result there is frequent use of the phrase "under mild 

regularity conditions." There is frequent misleading usage 

of this phrase as well. In this respect we shall attempt to 

be most discreet in the subsequent development. 
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1,2 Literat'-¼,re Review 

1,2.1 Obtaining the [s,iaxirIJ.um T'!i_kelihoog Estimates 

in Particular Cases 

Many of the questions which arise when considering 

problems of estimation involving g~ouped data also arise when 

considering problems of estimation involving other types of 

incomplete data. A voluminous literature has developed 
around attempts to answer some of these questions for special 

cases of incomplete data, In this section an attempt is made 

to present a somewhat complete review of' the literature in 

which grouped data problems are studied and to examine some 

of the related works in which other types of incomplete data 

problems a.re studied. Before consideration is given to some 

of this literature, we adopt the following definitions. 

If a population has the frequency function 

f*(x) = c f(x), c > 1, on Eome fixed sub-interval, I, ot the 

domain of the frequency function f(x) and is zero otherwise, 

then we say that the population has the truncated f(x) 
frequency function, P{x). One-tail truncation is seen to be 

a special caae of truncation. Truncation is a property of a 

frequency function, or equivalently, of a population. The 
actual sampling space for the random variable Xis I(n). 

This concept should be compared with a special class of 

conditional distributions; see section 2.9 of Wilks (1962). 
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-If Xis a random variable defined on the set I with frequency 
function i(x), and. i! 

Pr{l, s c Il = p, o < p < l, 
then the conditional frequency function of X given tha:t I. E S 

is f*(x) • p-1f(x) if x ES and zero otherwise. If Sis the 
set of all points less than a. , l, then f*(x) is the 
frequency function of l truncated in the right tail at a. 

Therefore, truncated distributions can be considered to be 
special cases of conditional distributions. 

If the sampling space is such that the values of the 
random variable are recorded when they are in the interval 

I 2 • (r1,r2J, but only the nwnber or occurrences in 

I1 • (-,r1J and 'the number of occurrences in 13 • (r2,•J are 

recorded, then we call this type of sampling Type I 
censoring. One-tail Type I censoring is the special case for 
which either r 2 a~ or r1 • ••• Type I censoring is a 

property of the sampling procedure and should not, be contused 
with Type II censoring which was studied by Gupta (1952). 

Hald (1949) obtained the maximum likelihood eatimatora 
of the parameters of the univariate normal distribution in 
which "all record is omitted of observatior,s below a given 
value,"• He also obtained these estimators for the case "in 

See page 119 of Hald (1949). 



7 

which the frequency of observations below a given value ia 
recorded but the individual values ot these obser'f'ations are 
not specified."* His estimators must be found by solving 
relatively complicated equations. Four tables were given to 
aid in their solution. The first of these cases was treated 
by R.A. Fisher (1931). The second case was treated by 
w.L. Stevens in the Appendix, entitled "The Truncated Normal 
Distribution", of an article by C.I. Bliss (1937). 

Hald made a distinction between these two cases. He 
uaed the tem •truncated" to denote the first case and the 
term "censored" to denote the second case. The second case 
now is called Type I censoring to distinguish it from Type II 
censoring. 

Tultey (1949) established that if Xis a random variable 
whose distribution depends on the parameter 8 and it I is a 

• sufficient statistic fore, then e, the same function of the 
observations from any truncated distributio~ of X, is also 
sufficient fore. Smith (1957) extended this result and 

• showed that the further property 0£ e being a minimal 
sufficient statistic is retained. under truncation. 

Cohen (1950) presented a consolidated treatment 0£ 

maximum likelihood estimation ot the unknown parameters of a 
univariate normal distribution in the cases ot one- or 

* See page 119 of Hald (1949). 
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two-tail truncation and one- or two-tail Type I censoring. 

Cohen (1957) later presented aid charts and an iterative 

procedur·e which simplify the solution of the maximum 

likelihood equations for these cases. In other articles, 

(1949) and (1955). Cohen has considered further the problem 

of estimating parameters of a truncated norrrial distribution. 

Birnbawn (1950) considered the following problem. 

Assume that (x1 , x2, ••• , XP, Y1 , •••• lq) ia a random vector 

having the (p+q)-variate norm.al distribution, where 
Y1 , •••• Yq are the scores on tests for admission to an 

educational institution and x1, •••• IP are the scores on 

various aptitude tests. He treated the following question. 

If the decision to admit an applicant is based on the 

statistic 

being greater than or less than some "cuttingn value c, then 

how can one select a1 , ••• , a4 and c in ord~r ~o obtain 

certain desirable characteristics of the subsequent 

distribution of (x1 , •••• XP)? Birnbaum (1950) considered 
only the special case where X and Y have the bivariate nor.mal 

distribution and he examined the properties of the marginal 

distribution or X given that Y > c, where c is a constant. 

He showed that the variance or this marginal distribution is 

less than the variance of the marginal distribution or X 1£ 

the correlation between X and I is not zero. 



9 

Des Raj (1953) considered the problem of estimating the 

parameters of the bivariate nonnal distribution when one of 

the random variables is restricted to lie between two known 

values, c1 and c2. He showed that the method of maxim.um 

likelihood and the method of moments give the same results. 

Swamy (1959-1960) used the method of maximum likelihood 

to estimate the mean and variance of the normal distribution 

when grouped data only are available. He also considered the 

method of maximum likelihood to estimate the mean and 
variance of the normal distribution which is truncated in 

either one or both tails when grouped data only are 

available, He claimed that the work of Huzurbazar 

(1947-1949) and of Kulldorff (1958a, 1958b) substantiate his 

statement that the maximum likelihood estimators can be shown 

to be consistent and unique in all of these cases. The 
author can neither deduce this from the work of Huzurbazar 

(1947•1949) and of Kulldorff (1958a, 1958b), nor can he 
deduce this from any other source. Conditions which insure 

the consistency of the maximum likelihood estimators of the 
mean and variance obtained from a grouped data sample from. a 
normal distribution will be established in Chapter III. 

Doss (1962) showed that the maximum likelihood 

estimators of the parameters of the univariate normal 

distribution are unique in the tour cases of one-tail 

truncation, two-tail truncation, one-tail Type I censoring, 



10 

and two-tail Type I censoring. He considered••" to be a 
unique solution. 

Gjeddebaek (1949) was among the first to consider the 

problem of estimating the mean and variance of the univariate 

normal distribution when the only information available is 

the number of observations falling into the intervals 

He obtained the maximum likelihood equs.tions which must be 

solved and he provided two tables to aid in their solution. 

Numerical examples were given in cases where k • 3 and k • 4. 
Gjeddebaek claimed to have obtained the covariance 

matrix of the estimators for large sample sizes and he cited 

* Cram4r (1946) as a reference in which justification for thia 

claim might be found. In Chapter III it "Will be shown that 

the matrix which he obtained is the covariance matrix, 

although this result cannot be deduced from the development 
in Cram,r (1946). 

Gjeddebaek (1956) further considered grouped data in the 
special case of the univariate normal distribution with known 
variance for 'Which the intervals are equally spaced, i.e. 

* Gjeddebaek and Kulldorff cite Cramer (1945). 
Mapematical Met:~ods S: Sf!tistica by Harald Cram6r was first 
pu lished in Sween in 19 and was first printed in the 
United States in 1946. We shall use 19~6 as this text'• 
reference date. 
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I 1 a (.-,r1], Ik = (r1+(k-2)h, ~J 

and if 1 < i < k, then 

I1 = (r1+(i-2)h, r 1+(i•l)h], 

where h > o. He studied the e.ffect which the location of the 

true mean ~o might have on the asymptotic efficiency of the 
2 maximum likelihood estimators of "'o and the variance a0 • His 

general conclusions are that if h < 2a0 and no point in 

(~0 • )a0 ,~0 + )a0 ) is in I1 or Ik, then the asymptotic 

efficiencies of the maximum likelihood estimators for the 
mean and variance, where both parameters are unknown or not, 

are not critically changed by the relative location of t,.0 • 

The term asymptotic efficiency as used here refers to 

the ratio of two expectations. If e is a parameter to be 

estimated and Le and Lg are the likelihood functions for the 

complete a.nd grouped data. cases respectively, then the 

asymptotic efficiency of the maximwn likelihood estimator for 

8 in the grouped data case, relative to that of complete data, 

is defined to be 

where the two expectations are taken with respect to all of 

the random variables in the samples defining Lg and L0 , 

respectively. This definition differs from a classical 

definition of asymptotic efficiency; see section 12.3.3 of 

Wilks (1962). 
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In a third paper Ojeddebaek (1957) considered using the 
midpoints ot the intervals as quasi observations. Upon using 
the sample average of these quasi observations to obtain a 
simple estimator of the mean when the variance is known, he 
found that if the intervals are equally spaced and ot length 
less than twice the standard deviation, and if the sample 
sise is less than 100, then this simple estimator is almost 
aa good as the maximum likelihood estimator. He noted, 
however, that his simple estimator ia not consistent. 
Gjeddebaek (1959a} used Sheppard's correction formula to 
obtain a simple estimator of the variance using the midpoints 
of equally spaced intervals as quasi observations. He found 
this estimator to be al.moat as good as the maximum likelihood 
estimator if the (equal) lengths of the intervals are lees 
than twice the standard deviation and if the sample size is 
less than 100. The use of Sheppard's correction formula is 
discussed later in this section when the work ot Tallis 
(1967).is considered. 

In subsequent papers Ojeddebaek (1959bt 1961) further 
considered the three-group case, the approximate distribution 
of the simple estimators based on quasi observationa, and 
approximate tests or hypotheses about the mean in the 
three-group case. 

In all of the work done by Ojeddebaek (1957) through 
(1961), restrictions on the range of the true value of .. 
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eliminate the occurrence of l~rge numbers of observations in 

the half lines r1 and Ik. For those simple estimators which 

utilize the midpoints of the intervals, the cell frequencies 

n1 and~ must be ignored. 
Several authors have considered the problem of finding 

estimators which are simpler to obtain than the maximum. 

likelihood estimators. 

Khatri (1962) developed a procedure to approximate the 

maximum likelihood estimators obtained from a grouped data 

sample from a distribution which has the density function 

f(x;_!J. The extreme cells, I 1 and Ik, are omitted in the 

process, and the lengths of the intervals 12, ••• , Ik-l are 

assumed to be sufficiently small for 

P1<!) • (ri • r1.1)r<½<r1 + r1-1>J.!) 

to be a good approximation of Pr{I E I1 ;i}. The function 

k•l n 
~(log<-¼> - log p1(.!)) 2 

1=2 

is minimized with respect to the several parameters in.!• It 

additional regularity conditions are satisfied by the density 

function, then the procedure seems to provide quite a good 

approximation to the maximum likelihood estimators if n1 and 

1\ are relatively small. 
Tallis (1967) considered the general case of a 

univariate distribution with k equally spaced intervals of 
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length h. He assumed that his not too large. He defined~ 

to be the midpoint of the i th interval a.nd n1 to be the 

observed frequency in the 1th interval. If 6(X1, ..• , .In) is 

the niaximum likelihood estimator for a para.meter i.n the 
complete data case, then the estimator he proposed is 

o(y1 , •••• yn) + g, where 11 is the midpoint of the interval 

into which x1 falls and g ia a rather complicated .function 

depending on several derivatives of the logarithm of the 

frequency function. 'Phis estimator is a modification of that 

obtained by Lindley (1949). 
In the case of the univariate normal distribution with 

unknown mean~ and unknown variance o2 the following 

estixnators were obtained: 

h" -- • 12 

The two half-lines are ignored, i.e. I1 and Ik. These 

estimators are identical to those obtained using Sheppard's 
correction formula as considered by.Gjeddebaek (1957). 
Tallis showed that the approximate variances ot the 

estimators are 

respectively tor Lt and &2 • He also obtained similar 

estimators in the bivariate normal ease which are identical 
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to those which would be obtained using Sheppard's correction 
fonnulas. Tallis extended his results to the multivariate 
case with several parameters and unequal interval lengths. 

In most of the problems involving incomplete data one 
cannot obtain the distribution ot the maximum likelihood 
estimators. In lieu of more definitive results, many authors 
consider the infonnation matrix in attempts to describe the 
asJmptotic properties of the maxi.mum likelihood estimators. 
We define the information matrix as follows. Let ff be the 
likelihood twiction tor a sample ot size n from a 

distribution with paraaetera (e1 , •••• eq). Then the matrix 

which is a q x q matrix, will be called the information 
matrix tor a sample ot size nJ see section 17.39 ot Kendall 
and Stuart (1961), The expectation is taken with respect to 
all of the random variables in the sample at the true value 

ot (e1 , •••• eq>• In some cases (I1jl is the inverse of the 
covariance matrix of the maximum likelihood estimators for 
large sample sizes, and therefore provides some of the large 
sample properties of the maximum likelihood estimators. In 
other cases this matrix has little or no meaning at all. Rao 
(1965, section ;c.2) gives a discussion of the limitations 
and interpretation of the information matrix. In the cases 
we shall study, the information matrix will be assumed to 
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have limited meaning unless proven otherwise. 

There are several numerical methods which might be used 

to obtain the maximum likelihood estimators from a grouped 

data sample. The likelihood equations obtained from a. 

grouped data sample are ususlly non-linear equations, and 

three methods which might be used to obtain the root (or 

roots) of the likelihood equations are the Newton-Raphson 

method, the method of successive approximations, and the 

method of false positions; see Fox {196J). It is usually 
very difficult to prove that the sequences defined by these 

methods will converge to the desired root. 

Several authors have considered different numerical 

methods for solving the likelihood equations in particular 

cases involving grouped data. Among these authors are Kale 

(1961• 1962 1 1966), Hartley (1958), and Hughes (1962). 
Barnett (1966), in the context of another class of problems, 

is one of the few authors who have considered the fact that 

in many cases the likelihood equations do not have a unique 

solution. 
The method suggested by Hartley (1958) and later 

extended by Hughes (1962) is very similar to the method of 

successive approximations. An outline of the method studied 

by Hughes (1962) 1 which will be referred to as Hughes' 

method, is given in the Appendix. This method involves the 

use of quadrature formulae to reduce the likelihood equations, 
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for a large class ot incomplete data problems, to a form 

similar to that which would be obtained from a complete data 

sample. Then an iteration procedure is used. A major 
development in the work of Hughes (1962) is a theorem which 

establishes sufficient conditions for the convergence of the 

sequence of iterates. In the Appendix it is shown that these 

sufficient conditions are not satisfied in the case of a 

grouped data sample from a normal distribution. 

One other method of solution, which is called the method 

of scoring, is suggested in many cases by various authors; 

see, for example, Kulldorff (1958a• 1958b, 1961) and section 

5g in Rao (1965). This method might be described as an 

approximation of the Newton-Raphson method. Assume that L(I) 

is the natural logarithm of the likelihood function for a. 
sample of size n. If some root of d~1 8l """0 is sought, then 

the application of the Newton-Raphson method would define a 
sequence of numbers e1 , e2 •••• , from a. starting value e1 by 
the following relation: 

The method of scoring de.fines a similar sequence, bu't 
the assurnption is made that d2Lle) is approximately equal to 

d8 
its expected value, E d2L,81 • -I(e), where I(e) is the de 
infonnation matrix (a scalar in this case) for a sample of 
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size n; see section 5g in Rao (196;). The method of scoring 

defines the sequence: 

Sufficient conditions tor the convergence of such a 

sequence to a root ot the likelihood equation can be found in 

Scarborough (1930). The convergence properties of the 

numerical methods discussed here are usually ignored by their 

proponents. 
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Among those authors who have contributed significantly 
to the theory of maximum likelihood estimation are Husurbazar 
(1947-1949), Wald (1943, 1949), CNJ46r (1946), and Bao (196.5). 
Each adopted a somewhat different approach to the problem, 
and these will be described in logical order. We now 
introduce the notation essential to this task. 

Consider three different estimators which might be 

called maximum likelihood estimators. Let f(x;I), •, e, be 
the frequency function of the random variable X, wbere the 
set S • {xtf(x;t) f O} does not depend one. Asaume that 
f(xjt) is differentiable with respect to 8 for all i, e. 
The log-likelihood function for a random sample 

n 
x1 • Xi• x2 • x2, ••• , X0 • xn is L(t} • log TT t(x1Jt). 

1=1 

The equation ';1'1 • O will be called the likelihood equation 

for t. The following have been referred to as max.Lmum 
likelihood estimators: 

(i) • That value of a, e • t(x1 , •••• In), which 

ma.x1mizes L(I) usually is defined to be tale maxim.um 
likelihood estimator of e. 
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Al 

(ii) The root of the likelihood equation• e, sometimes 

(iii) 

is called the maximum likelihood estimator of e. 
Let {e }, for a in some index set A, be the set of a 
all roots of the likelihood equation. Then that 

value e: of e which is such that L(t!) L(Gtt) for 

each u EA sometimes is called the maximum 

likelihood estimator tore. 
... 

There is no reason f'or the estimator e in (1) to be 

unique, to exist, or to be in 

* and for eu. 

The same can be said for 'I 

We shall employ the definitions off'ered by Kulldorff 
• (1957) a.nd by Rao (1965). If L( 0) L( &) for every 8 E e, we 

she.11 call 9 a maximum likelihood estimator of.' 8 in the 

strict sense, SM.LE. If' 1 is a root of the likelihood 

equation which effectively depends on the sample 

(x1 , •••• Xn)' then we shall call 'I a ma.xi.mum likelihood 

estimator ot e in the loose sense, Ll:,a,E. If&* is a root of 

the likelihood equation and if L(6*) is greater than or equal 
to L(i) at any other root of the likelihood equation, then we 

shall call i* a restricted maximum likelihood estimator of e, 
RMLE. Obviously, none of these estia~tors need exist or be 

unique and they certainly need not be equal. We adopt the 

convention that none of these estimators will be called 

unique unless it is in e. In many cases it is necessary to 
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refer to a sequence of estimators 'i• e2, ••• for which the 
probability that en exists is Pn < l. Kulldorff (1957) has 

shown that if Pn ~las n one can consider the 
asymptotic properties of the estimator e by ignoring the •. n 
fact that the sequence e1• •2, ••• ia a sequence of 
estimators, some of which might not exist. 

We adopt the following definition. If Xis a random 
variable with frequency function f(x;.!), where.! ia a p x l 

• vector of parameters, then the sequence l.!nl will be said to 

be asymptotically efficient tor Jo, the true value ot .!, if 
. . 
vt(~ • J.,) has aa its limiting distribution the p•variate 
normal distribution with mean vector Q and covariance matrix 
I•1 (,!0 ), where the ijth eleaent of I(.!.c,) is 

(i [' log f(I;-'9).a log r(x;:19>]). 
x a~ a~ 

Kulldorff (1957) has referred to this property as asymptotic 
efficiency in the strict sense. This definition will be 
needed in the discussion which follows. 

Cram,r (1946 PP• 500•504) has proved a theorem which 
states that if certain conditions are satisfied by the 
frequency function f(x;•}• IE e, then some root of the 
likelihood equation is as,..ptotically efficient tor e0 , the 

true value ot •• The conditions follow. 
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i log f(x; e) exists for every 8 t e and for almost 
08 

all x. 

a2 log f(x;O! and al loi f(xie) exist for every 
ae2 1;aJ 

e E e and for almost all x. 

and 

-• < f" i, 2 log f(x;e) f(x;e)d.x < O for every 
... 7;92 

, , e. 
;. There exists a function of x alone, H(x), such that 

for every e E e 
laJ log t(x;&)I < H(x) and 

ae3 
Clll 

-· ! H(x) t(x;t0 ) dx < •. 

It is condition five which is not satisfied in the case 

of grouped data from a normal distribution with either the 

mean or variance unknown or in the case of grouped data from 

other distributionsJ see Kulldortf (1961). Kulldorff (1957) 

has obtained a slight generalization of Cramer's theorem. 

Kulldorff noted that condition five is not satisfied in many 

cases in which the maximum likelihood estimator is known to 

be asymptotically efficient. One of those cases is the 
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maximum likelihood estimator for the variance a2 of the 

normal distribution -when the mean.,_ is known. The expression 

obviously is not bounded by a function of x alone since it 
is not bounded as ~2 4 o. 

Kulldorff proved that if all of Cram6r's conditions are 

satisfied except number five, and if there exists a positive 

function g(e) which is twice differentiable for every e Ee, 
and if there exists a function of x alone, say H(x), such 
that for every et e, 

• 
--I H(x) f(x;10 )dx < •, 

then the conclusions of CrarIMir's theorem remain valid. 
Kulldorff also developed another condition to replace 

condition five which he .found to be more useful in some 
cases; see Kulldorff (1958a). 

Kulldorff (1958a, 1958b) used these extensions of 
Cramer's theorem to prove that in the ea.se of grouped data 
from a norm.al distribution with one parameter unknown, the 

LMLE for the mean when the variance is known and the LMLE for 
the variance when the mean is known are asymptotically 

efficient. He did not consider the case where both 

parameters are unknown, nor would it eeem that Cramtr's 



theorem ean be extended easily to the two-parameter case. 

It must be made clear what conclusions can be drawn from. 

Cram&r•s theorem, or Kulldorff's extension. One can conclude 

only that under the regularity conditions there is some 

solution of the likelihood equation with probability 

approaching one, and that some solution possesses the 

property of being asymptotically efficient. We cannot 

conclude that a sequence of solutions, ea.ch of which 

maximizes the likelihood function, is a sequence possessing 

this property. This leads one to inquire whether or not 

there might be more than one consistent solution. 
This question leads to the work done by Huzurbazar 

(1947-1949). He showed that under Cramir's regularity 
conditions there can be only one consistent solution of the 

likelihood equation and that the likelihood function has a 

relative maximum at that solution with probability one as the 
sample size increases without bound. The solutions of the 

maximum likelihood equation frequently can be written in 

closed .form by expressing the solutions as zeros o.f a 
function of the parameter and the data, but in many cases no 

explicit mathematical expressions can be found for these 

solutions. I.f one could obtain explicit solutions of the 

likelihood equation, he could verify which one was the 

consistent solution. If explicit solutions cannot be found, 

one could choose the root nearest any consistent estimator. 
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Huzurbazar (1947-1949) and (1955) stated that this approach 
was considered by R.A. Fisher (1925) and that the approach is 

called "successive approximations to the maximum likelihood 

solution starting with an inefficient estimator." This 
concept will be utilized in Chapter II to obtain starting 

values for iterative procedures. Huzurbazar also considered 

distributions of random variables whose ranges depend on the 

parameter of the distribution. 
If we combine the results of Cram6r•s theorem and the 

conclusions obtained by Huzurbazar (1947-1949) 1 we still 
cannot insure that a solution of the likelihood equation, at 

which the likelihood function is maximum, is necessarily the 

consistent solution. 

This dilemma was resolved by \'/ald (1949), although he 

was not particularly concerned with the solutions of the 

likelihood equations. He proved that under the following 
conditions the p x l vector ! 1 a SMLE, if it exists, is 

consistent for ! 0 , the true value ot .! Ee. The symbols 

1!1 - .!21 represent the Euclidean distance from ! 1 to .!z• 
The conditions are: 

1. The distribution function F(x;!) is e.ither discrete 

tor all! f &or F(x;!) is absolutely continuous for 
all .! , e. 
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2. For sufficiently small P > 0 and tor sufficiently 
large r > 0 . ! log r(x;.!,P)dF(x;e) and J log <P*(x,r)dF(x;.!o) 
-· -0 ...... 

are finite, where 

f'lt(Xi.!,P) • max ( sup f(x;j), l}, ! E 8 and 
!d!-!l P 

cp*(x,r) = max { sµp t(x;!), l}. 
L!-QI > r 

). If lim ! 1 •.!,then lim f(x;~) • f(x;.!) for all x 
1-+o:1 i .... 

except perhaps on a set which may depend on.! (but 
not on the sequence l.!.i}) and whose measure is zero 
according to the probability distribution function 
corresponding to the true parameter point lo• 

4. It!* is not equal to .!o• then F(x;_!it) f F(x;.!o) 
.for at least one value ot x. 

except perhaps on a fixed set (independent of the 
sequence {!1}) whose measure is zero according to 
the probability distribution .function corresponding 
to e • -o 

• 
6. ! I log f(x;Jo)JdF(x;.!c,) < •. --
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7. The paranieter space e is a closed subset of the 
p•dim.ensional Cartesian space. 

8. The function . sup t(x;t*) is a Lebesgue-
.!*: I!-.!* I S ,, -

measurable*runction of x tor any.!, e and for any 
p > o. 

At the end of the paper he remarked that 1f e 
is any abstract space, then assumptions 3, S, and 7 
can be replaced by: 

9. It is possible to introduce a distance 6(!1,.!2) in 
e such that 

(1) The distance 6(.!1 ,~) makes ea metric 
space, 

(ii) Condition J holds with the o metric, 
(iii) If.!* is any fixed point in e and 

lim 6(.!t,.!*) •••then lim. t(x;_!1 ) • 0 
1.... i .... 

tor any x,and 
(iv) Any closed and bounded subset of a is 

compact. 

These conditions are somewhat involved, but the phrase 
ttmild regularity conditions1t is not a very informative 

Wald (1949) did not specify that this function should 
be Lebesgue-measurable, but when condition 8 was used the 
property ot Lebesgue-measurability was required. 
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substitute tor the conditions. 
• We note that only the consistency of!, the SMLE, is 

• proven. The limiting distribution of ,lfi'( e • e ) is not 
- -0 

determined. Neither is it shown that a SMLE is a root of the 

likelihood eqUBtions for large sample sizes. However if, in 

addition, one assumes Cramer's regularity conditions and uses 

the results ot Huzurbazar concerning the uniqueness of a 

consistent solution, one sees that a solution of the 

likelihood equation which makes the likelihood function a 

maximum is necessarily a consistent solution or possibly the 

consistent solution. The argument is clear and will not 
require a formal theorem. 

Rao {1957, 1965)* considered the special case of a 

multinomial distribution with the k cell probabilities 

P1(!), P2(.!), •••• Pk(!), where! is a p x l vector ot 
parameters such that.! Ee. He proved that if the four 

conditions to be stated hold, then with probability tending 
• to unity as n (», the Si'iLE, !, is a root of the likelihood. 

equations, and in particular it is the RMLE, ~• Further, if .. . 
.!0 is 1.he true value of!, then ilii(.£n - !o) and -vn(~ • ! 0 ) 

both have as their limiting distribution the p-variate normal 

The four publications related to the topic of estimating 
para.meters of multinomial distributions (1957, 1958, l96la, 
1961b) are summarised in Rao (1965). 
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distribution with mean vector Q and covariance matrix nl~1 , 
where I 0 is the information matrix for a sample of size n. 

The conditions are: 

1. P1 (!) f 0 1 • l, • •• t k , e E 8. -
2. 

aP1 (!) 
is continuous for.! E aej 

i - 1, •••• k and j .. 1. ••• ' p • 

.;. The information matrix is non-singular. 

4. For every 6 > 0 there exists an E > 0 such that 

This theorem will be the vehicle tor determining the 

asymptotic properties ot the RMLE for the parameters of the 

normal distribution having unknown mean and variance when 

grouped data only are available. It also will be used to 

determine the properties of the RMLE for the five parameters 
of the bivariate normal distribution when grouped data only 
a.re available. 
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l.J Discussion of the Problem 

In Chapter II the problem of estimating the parameters 

of a univariate normal density £unction using grouped data 

samples is considered. The method or maximum likelihood is 

employed. Kulldortf (195Sa 1 1958b) suggested that the n1ethod 

or scoring might be used to solve the likelihood equations, 

and Hughes (1962) gave ex1.1unples in which Hughes' method of 

solution seemed to be adequate. Neither author established 

that the solution of the likelihood equations which are 

considered in Chapter II always can be obtained by either 

method of solution. Therefore the solution ot the likelihood 

equations is studied. 

An iterative method of solution is proposed which is 

similar to the method developed by Hughes ( 1962). 'I'he 

iterates are shown to converge to the unique solution of the 

likelihood equation when only one parameter is unknown, and 

the method is modified to reduce the number of iterations 

required. An iterative method of solution is proposed for 

the case in which both parameters are unknown. The iterates 

are shown to have several favorable properties. The author 

cannot establish sufficient conditions which would insure the 

existence of a unique, simultaneous solution of the 

likelihood equations. Therefore numerical results are 
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presented which define a region in the parameter space in 

which there can be only one relative maximum of the 

likelihood function, and a procedure is developed which can 

be employed to locate multiple roots if they exist. Easily 

computed starting values tor the iterative procedures, which 

themselves are consistent estimators, are obtained. 

In Chapter II no effort is made to extend the 

development to other types of incomplete data. 

In Chapter III the problem of describing some of the 

asymptotic properties of maxim.um. likelihood estimators 

obtained from grouped data samples is studied. The principal 

objective is to establish the asymptotic efficiency of the 

restricted maximum likelihood estimators for the mean and 

variance of a normal density function when the data are 

grouped and both parameters are unknown. This is an 

extension of the work of Kulldorrr (1958a, 1958b). His 

results concerning the asyn1ptotic properties of the maximum 

likelihood estimators when only one parameter is unknown can 
be shown to be special cases of the theorems in Chapter III. 
Theorems are developed which are more general than those 

necessary to establish asymptotic properties in the case of 

the normal distribution. All of the theorems developed in 

Chapter III are based on the theorem in section 1.2.2 which 

was proved by Rao (1965). 

No effort is made to establish asymptotic properties ot 
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maxim.um likelihood estimators in any case other than that of 
grouped data. 

The iterative method of solving likelihood equations 

'Which was developed by Hughes (1962) is studied in the 

Appendix. Hughes established sufficient conditions which 

insure that the iterates defined by Hughes' method of 

solution converge to a solution of the likelihood equations. 

In the Appendix it is shown that relatively few of the 

distributions con1rnonly encountered satisfy those conditions, 

and among those distributions which do satisfy the 
conditions, most have closed parameter spaces. 



CHAPTER I;! 

OBTAINING THE ROOTS OF THE LIKELIHOOD EQUATION~ lQR fHI 
MEAN AND VARIANCE Of A NORMAL DISTRIBUTION FROM 

GROUPED DATA SAJl1PLES 

In this chapter preliminary theorems are developed which 

are used to prove that the method of successive 

a.pproximations is an appropriate numerical method to employ 

when seeking the root of the likelihood equation tor the mean 

or the variance of a norm.al distribution when the sample is a 

grouped data sample. The method of successive approximations 

is modified in order to reduce the nwnber of iterations and 

in many cases the convergence is sufficiently rapid for the 

solution to be obtained by hand. Starting values for the 

iterative procedure are obtained which are themselves 

consistent estimators. 

Numerical results are presented which provide a region 
in the parameter space in which there ean be a.t most one 

joint solution of the likelihood equations for the mean and 

variance of a normal distribution when the sample is a 

grouped data sample; and if there is a solution in this 

region, then it is a point at which the likelihood function 

33 
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assumes a relative maximum. Numerical results also indicate 

that one should expect only one joint solution of the 

likelihood equations provided certain conditions are 
satisfied by the sample. A method is developed which can be 

used to locate other solutions if there are any. Comparisons 

are made among the numerical methods which are considered and 

examples are provided. 
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2 •. 2 Preliminary Development 

2,2.1 Definitions and Notation 

Let X be a random variable having the frequency function 

f(x,!) and the probability distribution function F(x;!)• 
where.! is a p x l vector of parameters taking on values in 

some subspace 8 or Euclidean p-space. Let r 1 , r 2, •••• rk•l 

be a set or k-1 known constants such that 

-• • r < r < r < • • • < r < r • • and let 0 l 2 k•l k 

Then 

the frequency function of X given that Xis in the interval 

I 1 is c1t(x;!) when x E I 1 and zero otherwise. We define the 

functional E1~(X) to be equal to J ~(x)c1r(x;!)dx if F(x;,!) 
I1 

is an absolutely continuous probability distribution function 
in I 1 . If F(x;!) is not absolutely continuous in 11 , we use 

the Stieltjes integral to define E1~(X) • J ~(x)c1aF(x;.!). 
I1 

In the special case when ~(I)= X let ~i • E1 (x), and when 

fP(X) • (X - .,,1 ) 2 let •i • E1 (X - .. 1) 2 • The following 

definition will be used frequently: 



There will arise si tua.tions in which we wish to consider one 

or both of the end points of the interval I 1 as a variable 

and in these cases we shall use the following expressions 

interchangeably: 
and 

The function H(.!) will denote the joint frequency 
function of the random variables comprising a sample and will 
be called the likelihood function for the sample. As usual, 

H(J!) is considered to be a function of.!• When the grouped 

data case is considered it is assumed tacitly that P1(!) r O, 

i • 1, .•• , k. Therefore if the grouped data sample is ot 

size n with the cell frequencies n1 , n2, ••• ,~•such that 

k 
J: n1 • n , then the likelihood .function tor the sample is 

1-1 

(2.0) 

Usually it will be more convenient to consider the natural 
logarithm of H(J!). Therefore we de.fine the log-likelihood 

function as follows: 

For the grouped data case 
k 

L(e) • C + In. log P1(e), - 1-f-1 -
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k 
where C • log(nl) • I log(n1 1) 

i•l 
is observed not to depend 

on e. -
We shall employ the .following notation. If .p(4d is a 

, scalar function ot the variables [x1 , x2, ••., x11 ] •a', then 

the vector of partial derivatives 

atp {x) will be denoted by -; and the transpose of this row vector ax -
will be denoted by ~(e) • If 

functions of the variables (~, x2 , ••• , x,, J • 2$ 1 , then the 

matrix of partial derivatives having as its 1th column 

is a scalar function of the variables [x1 , x2, ••• , l • &', 

a" ( > then the v x r, matrix having 'P '& as its ijth entry will be 
flx1axj 

ataq,<t>J 
or by ii c,,1 • 
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In order to establish some of the properties of the 
numerical methods which will be used to solve the likelihood 

equations considered in subsequent sections, we need to 

verify a property of the univariate normal distribution. Let 

I be a random variable having the nonnal density function 

and 

The property which is needed is: 

• 

Bowen (1966) considered the problem of showing that this 

relation is satisfied by the norrnal density .function. 

Although he was successful in proving that •t Sa' only when 

zero is not in I11 some of the theorems developed in that 
thesis will be useful in establishing the property. 

Let I1 be a representative interval with r1 .. 1 • a and 

r1 • t. Assume that a is fixed,-•~ a. and that is a 

-variable greater than a. In 'theorem 5, section 1 • .3 ot Bowen 

(1966) it was shown that if I is a random variable which has 

an absolutely continuous probability distribution function 
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~(t) • F(t) • F(a) and ~'(t) • 4!!t}. In that sue dt 

section it was shotm that tor any absolutely continuous 
probability distribution function 

Using this :result, we now state and prove the following 
lemma. 

l'tt!!!M l 
It F(x) ia an absolutely continuous probability 

distribution £unction such that • f(x) is a monotone 
._a 

deereaaing function of x when x E (a,bl, then (kt) t? 0 tor 

each t, (a,b] auch that F(t) • F(a) • ~(t) 't O. 

(See Theorem C of the Appendix in Bowen (1966).) 

doa till 
Proof: Since 'at'l • !1tr [(t • "(a,tJ) 2 • •,a.tll 

follows that if (t - .. ,a,tl) 2 (~(a,tl - a) 2 , then 

d•a 
(ditl o. Since f(x) is monotone decreasing on (a,b] , 

(t • 16 (a,t]) , .. ,a,t] • a) • 



Hence \men t < b • -
In order to show that •(a,bl Soi for an arbitrary 

normal density function, it will suffice to prove the result 

for the et8lldsrd normal density !\mction r(x) - --i;; .-½,ca , 

_. < x < • 1 in 'Which case it must be shown that afa,'bJ ,S l 

for arbitrary intervals (a 1bJ. 
Clark (1957) showed tor this case that 

and 
0-2 • 1 + ar(a) - 1f{(t} _ .. a 
(a,t) ~(t) (a,t] ' 

t 
where a< t and tp(t) • j f(x)dx. Gordon (1941) and 

a 
Birnbaum (1942) showed that 

11111 

where~(•)• J f(x)dx, for all at (-,•>• A much simpler 
a 

proof of this relation can be exhibited if one considers the 

function q,(•) - .till. This function has limit_. ae a a 
approaches zero from the right and limit Oas The 

firet derivative of this .function with respect to a is~, a 
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which is positive. Thus a < !f ~} for a > 0 • The 

inequality is obvious it a .S O • We now establish an 

important inequality relating a 2( J and o2 for the normal 
atb 

distribution. 

Theore.m l 
If Xis a randon, variable having the density function 

f(x} • ..!.. .•½i<2 , .- < x <•,then •(a,tl ,$ 1, the equality 

holding if and only it a•-• and t • ~. 

Proof: 
Case I. If a SO.St, a< t, then 

terms -t.t2 and at(el • tf(le) are non-positive. The only 
(a,t] ~(t) 

way for both of the terms to be zero is tor a• •t., making 

.. 2, l • 0 , and for a.f(a) • t.f'(t) • o. The lat.ter relation a,t 
holds only if a•_. and t. ••since ut(u) 0 only if u .... 

or if u 1 • or if u • o. 
Case II. The only other cases are O <a< t and 

a < t < O. By symmetry we need consider only one ot these 

cases, Assume that O <a< t. Since t(x) is monotone 

decreasing on [O,•), we use Lemma l to establish that 
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a2( ) :S •a( )• Therefore, if we can show that a2( ) < l • a,t a,• a,• 

then the proof is complete. Since tf(t) 0 as t 
have 

By inequality (2.l) we know that a - ;f~~ < O. Therefore 

From this theorem we conclude that if I has a univariate 
normal distribution with mean ... and variance • 2 , then 
at S «2 , the equality holding it and only it I1 • (.c.,•) • 
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i,2.J Finding the Zeros of a Particular Class of Functions 

There are many numerical methods which one might employ 

to obtain the zeros of a function. We shall consider two 

methods known as the method of successive approximations and 

the Newton-Raphson method. A discussion of these and other 

methods can be found in most numerical analysis texts such as 

Scarborough (19.30). One of the early papers in which the 

properties of the method of successive approximations were 

considered is by Ford (1925). 
We shall restrict our attention to the class of 

functions 'i(I) such that '+(X) • ,p(I) - X for some function 
,p(I). Let ~'(X) • d.p(X) exist and take on only values 

dX 
greater than zero and less than or equal too, where o < l, 
when I is in some interval (a,b). 

The method of successive approximations is a procedure 

which defines a sequence of nwnbers x1 , 12, ••• fro;n the 

starting value x1 , (a,b). The sequence is defined by the 

recursive formula 1n • tp(1n.1>. 1•he Newton-Raphson procedure 

defines a similar sequence t 1 , Y2, ••• using the recursive 

'i<Yp•l) 
relation Yn • Yn-l - t~(Yn.i>• It is difficult to compare 

two such methods which have different advantages .. In the 
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application of these procedures which we shall consider. the 

function d ;11 ~ == V (I), equivalently tp' (X) - 1, will be 

difficult to evaluate. Therefore it will take more effort to 

make each itere.tion with the Newton-Raphson method than with 

the method of successive approximations. 

The following theorem will establish some of the 

properties of the method of successive approximations. The 

proof of each proposition can be fowid in Ford (1925). 

Theorem, 

If •<x) • ~(X) - I and if ~'(I) is such that 

0 < f q,' (X) I S (; < l in the interval (a,b) and if Y is a zero 

of ~(I) in (a,b), then: 

1. If x1 E (a,b) then the sequence l1n} defined by the 

relation In= ~(Xn.1 ) converges to Y. 

2. The sequence is a monotonic sequence if 
tp'(X) > 0 in (a,b). 

). There can be at most one root Y f (a,b). 

4. l~+l - YI < ,n1x1 - ti . 

;. lxn - ti< 1 6 lxn - xn_11 • 

6. Ix - YI< a Ix - x 11 if ~'(I)< o in (a,b). n n n-

We see that conclusions four and five indicate th.at if l> 

is relatively small, then the convergence is quite rapid. If 
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we consider the Newton-Raphson method, I • X 1 • t11n-1) , 
n n• ft' <Xn-1) 

j~'<1n.1 )1 6 is relatively small we conclude that the 

methods are very similar, since l + o > 11 • ~'(xn_1)1 >l- 6. 

If 6 is relatively large and ~'(X) > 0 in (a,b), then 

the method of successive approximations will provide a 
sequence 'Which converges monotonically to I, but the 

eonvergence will tend to be less rapid than when o is 

relatively small. 

We have noted that ~'(X) is a rather complicated 

function in the cases which we shall consider. However, in 
these cases it will be known that ~'(X) >O in (a,b). 

Without computing this function at each iteration how might 

we take advantage of the monotonicity of the sequence formed 

by the method of successive approximations? One way to do 
this is simply to mov• a little further on each iteration 
than would be suggested by the successive approximations 

method, i.e. take IA •~(I;..1) + A{~<~-1) - x:t.1} , A~ 0 • 
If\• 0 the sequence {X:,} is the monotonic sequence formed 

by the successive approximations method. If we subtract ~-l 

from each side of this equation, we obtain 

x:; • X:,_1 • (l + A)(~(.lri-1) - x:.1} • 
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This is seen to be the Newton-Raphson method with (?'(¾_1) 

taken to be 4 • Judicious choice of A would have th& 
l + 

effect of compensating for a "slowly" converging monotonic 
sequence when ~'{I)> 0 in (a,b). 

We shall not undertake a comparison of the relative 
merits of these numerical methods, but we shall use some of 
them in subsequent sections of this chapter. 
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2,2,% ProEerties o{ the Likelihood Function for a Groupe; 
Dga Samele {rom a Nomal Di§tribution 

Let us recall the definitions of a strict and a 
restricted maximum likelihood estimate. If H(.!), .! • e , is 

"' the likelihood function for the sample, then! is a strict 
• maximum likelihood estillate of! if H(.!) H(!) for all!• 8 

and!* 1• a restricted. maximum likelihood ea\imate ot ! it.!* 
satisfies the likelihood equations and it I(!*) H(.!a,) tor 
all .!u satisfying the likelihood equations. In this section 
we establish sufficient conditions tor the set of stric, 
maximum likelihood estimates to be identical to the set ot 
restricted maximum likelihood estimates tor the case ot a 
grouped data sample from a normal distribution. 

The likelihood function is considered to be a 
mathematical function of the variables in the vector.!, given 
as fixed the values of the random variables observed in the 
sample. The properties of this function, such as the 

&H( t) existence of a root ot 11- • !h are studied apan from any -
statistical interpretation of the likelihood function. 

Before proving the next theor•, several properties ot 
the likelihood function tor a grouped data sample from a 
normal distribution should be examined. 
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Let us assume that: 

1. The random variable X has the frequency function 
a 

l(~) 
f(x;e) • ......1.... e·2 a , -• < x < oo , 

- O'V2ff 

where!' is the vector (~,a2J and 

! E s {(~,a2 ): ••<~<•and O < a2 < ~} . 
2. The cells 

I1 • (-•,r1l, I 2 • (r1,r2], •••• Ik • (rk•l••J , 

and their corresponding probabilities 
P 1 (!) • Pr{X e I1 t!} , are determined by the set of 

known constants •• < r1 < r 2 < • • • < rk-1 < • • 

3. The SP'lple consists of k cell frequencies 

k 
n1, n2, ••• ,~•where n • 1: 1n1 is the fixed 

sample size. 

The likelihood function for the sample is 

k Bi_ 
H (.!) • C TT P 1 (!) , where C is a constant with respect to ! ; 

i•l 

see equation (2.0). It is observed that H(!) + 0 in &and 
that both first partial derivatives ot P1(!) with respect to 
the elements in!, i • l, ••• , k, are continuous in e. It 
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follows that both first partial derivatives of H(!) an 

continuous in t.l. 

In the proof of Theorem J we shall use the result that 
if H (.!) -+ 0 on the boundary of S , ae , then there exists a 

point !* E 8 such that a~~,!) • ,2 at ,rt and H(!*) H(!) tor 

all! Ee. This result follows from a minor extension of 
Theorem 1 in Chapter 4 of Widder (1961). In the present 

context, that theorem states th.tit if the first pa.rtia.l 

derivatives of HUH are continuous in the compact set S c e 
and if there exists a point ! 1 ES such that H(!1) >H(!) for 

all! on the boundary of s, then there exists a point.,!"' ES 
such that aH(,!) •Oat t* and H(I*) > H(e) for all e Es. aa - - -- -- .... -
Since H(.!) • 0 in e, there exists a point .!1 in 8 such that 
H (,!1 ) > t for soae • > O. If H (!) .. O on ae , then there 
exists a compact set, say 

Sn
0 

• {(~,o 2

): -n
0 

SP S n
0 

and ii! S a 2 :S: n
0

}, such that 

H (!) < " for every ! in e which is not in Sn0 • Using 
Theorem 1 in Chapter 4 of Widder (1961), it follows that 
there exists a point e- in Sn such that aH(.!) • 0 at 8"" and 

- o ie - --
H(!*) H(!) £or all! in Sno• It follows that H(.!*) H(.!) 
for all! in • 

Using this result we prove the follo'Wing theorem. 
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Theore.m J 
If the grou:ped de.ta sample satisfies assumptions 1•3 

stated previously, then the likelihood function, 

k . n1 
H{!) • C TT P1 (,!), assumes its absolute maximum value at 

i•l 
aH( 8) some solution of the likelihood equations, Iv,- • 0 and 

aH( i} T • o, if the following condition is satisfied: a (er ) 

(a) The cell frequencies are such that n1 + nj 7' n if 

either j • 1 + 1 or i • l and j • k. 

Proof: If we show that H (,!) ... 0 on ie • then the 
application of the extension of Theorem l in Chapter 4 of 
Widder (1961) completes the proof. We now show that 
H(e) ... o on ae. -

Note that condition (a) implies that at least two cell 
frequencies an greater than zero. Let n1 and nj be two cell 

freq:uencies which are grea.ter than zero, 1 :S 1 < j :S k. Then 

k n 
e and Q • TT P .. 11 (9). Three cases are consideredJ t'1 ... t• and 
- V•l V -

v,'1,j 
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while~ ... •,(-•,•). These limit points exhaust ae. 
Case l. Consider H(!) as~ ... •. For any finite o2 

k 
lim Pic:(.!) • l. Since I P1 (.!) • l we conclude 
~.... 1-1 

that P:1(!) has limit zero since i < j $ k. 

Therefore H(.!) 0. for any finite 

a 2 , P1 (.!) 1 and hence P~j(!), and therefore 

H (!) , has limit zero. 

Case 2a. Assume that cr 2 ... 0 and t.t, ... m E I 1 such that 
0 

m 'f r 10• It follows that P10 (.,!} ... land hence 

either P:1 (.!) or pjj(.!) has limit zero. 

Therefore H(8) O. -
Case 2b. Assume that o2 ... 0 and that ti ... r 10 • Then 

P10 (!) + P10+1<.!) has limit one. Since 

n1 + nj < n if j • i + l, then either P1 (.!) or 

Pj(!) has limit zero or there is some other 

P!!"(.!.), nv > O, which has limit zero. Hence 

H(!) has limit zero. 

Case). It o2 a E [..-,•J, then any Pv(!) 

corresponding to an interval of finite length, 

I 2, 13, ••• , Ik:•l' has zero as its limit. 
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Since n1 + nj f n if 1 •land j • k, there is 

some P:v (.!), n., > 0 and l < 11 < k, with limit 

zero. Therefore H(.!) o. 

Since H(.!) has limit zero on the boWldary of e, it 
follows that H(,!) assumes its absolute maximum at some 
solution of the likelihood equa.tions. 

The necessa.ry conditions for H(!) to assume its absolute 

maximum value 1n 8 will not be discussed here, for these 

conditions involve excessively intricate arguments. Since 

the sufficient conditions established in Theorem 3 would be 

satisfied in all but the most impractical situations, we can 

use these suf'ficient conditions in most cases to establish 

that H(&) assumes its absolute maximum value at some root of -
the likelihood equations. 

We conclude from Theorem.) that if all of the grouped 

data do not lie in adjacent cells and if all of the grouped 

data do not lie only in the two half lines then: 
l. A restricted maximum. likelihood estimate 1s also a 

strict maximum likelihood estimate. 
2. If there is a unique solution of the likelihood 

equations, then the restricted, the strict• and the 

loose maximum likelihood estimates are unique and 

equal. (Having defined the loose maximum likelihood 

est.i.mate to be any solution of the likelihood 
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equations, we see that if there is a unique solution, 
then the RMLE and the LMLE are identical.) 

It should be noted that the assumption that f(x;!) is 
the normal frequency function is not used explicitly in the 

proof of Theorem). This assumption is used only to imply 

that 1.1, and a 2 are independent location and scale paran1eters 1 

respectively, and that the P1(!) have continuous first 

partial derivatives with respect to"' and with respect to a 2 

in e. Therefore, Theorem) is applicable to a much larger 

class of frequency functions than is specified in the 

hypothesis of the theorem. 

In section 2.3 we shall consider three cases,~ unknown 

and c,2 known, o2 unknown and"' known, and the case where both 
.,, and a2 are unknown. If a 2 is known to be equal to 

•: f (O,•), then we write ff(!)• H(~) tdth the understanding 

that a2 • a: E (O,•). Similarly, if~ is known to be equal 

to ~o t (.-,•), then we write H(!) • H(a2 ) with the under-
standing that~•~ , (-• 1•). Accordingly, all of the 

0 

related functions ot ! such as L(!) • log H(!) and P1(!) will 
have either '6 or o2 as their only arguments. Before 

considering these special cases in which one parameter is 

known, we should determine the conditions for which H(J) and 

H(a2 ) assume their absolute maxima. at the roots of the 



54 

SlH<Nt~ dH(o-2 > likelihood equations dtl, • 0 and d(o2) • o, respectively. 

The following two corollaries to Theorem) will establish the 

necessary and sufficient conditions tor H(~) to assume its 

absolute maximum at the solution of • 0 tor every given 

o~ E (O,•), and tor H(c,2 ) to assume its absolute maximum at 

the solution of 41H 02l • 0 for every given .. 0 f (...-,•). We 
d(a-2) 

would stress that we are considering the conditions which 

will insure that the likelihood functions attain their 

respective absolute maxima at the unique solution of the 

respective likelihood equation regardless of the known value 

of the other parameter. 

Corollaa; ,1 

The condition that n1 '/ n and nk r n is implied by 

condition (a) of Theorem 3 and for every fixed a! E (O,•), 

the likelihood function H( .. ) attains its absolute maximum at 

the Wlique solution of dH«J~l: 0 if and only if n1 r n and 

I\ 'f n. 
Proof: Condition (a) of Theorem J implies that n1 '/' n 

and that~ r n. In Theorem 1 or Kulldorff (1958a) it is 
shown that H(~) attains its absolute maximum if and only if 

n1 f n and~ 1' n. The condition that n1 f n and~ f n does 

not depend on the value of a! E (O,•), thus completing the 
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proof. 

A very simple proof that H(~) does not attain its 

absolute m.a.ximum. at a solution or 4!1!1&l • 0 when n1 • n or 

• n can be exhibited as follows. If n1 • n, then 

H(f.ti) • CP~(~) and P1(..,) is a strictly monotone decreasing 

function ot ~, (.-,•). Therefore,~!@)< 0 for each 

~, (-,•). If 1\ • n, then~> 0 for each~ f (--,•). 

In Corollary 2 we establish that the conditions of 
Theorem 3 are necessary and sufficient to establish that for 
every given .. 0 E (-•,•) there is a unique maximum ot H(a2) at 

the unique solution of <m<~2 > • o. Kulldorff (1958b) proved 
da 

that under assumptions 1 ... 3 given previously there is a unique 

solution of 4H(~2 l • 0 at which H(o2 ) attains its absolute do 
maximum for a. fixed ~o, (-,CI\I) if and only if: 
either 

( i) n1 + nk < n and n1 > 0 for some i satisfying 

~o < ri-1 or Po> ri 
or 

( 11) n1 + '\ • n, O < n1 < n, and 

nl(rl • ~o) > nk(rk-l • ~o>• 
Corolla.a 2 

For every fixed ~o, (-,•), H(o2) attains its absolute 
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maximum at the unique solution of ~;1 2 l • 0 if and only it 

condition (a) of Theorem J is satisfied. 

Proof: It must be sho'WD. that either condition (i) or 

condition (ii) is satisfied for every fixed ~o • (-•,•) it 
and only if condition (a) of Theorem 3 is satisfied. 

Condition (ii) is not satisfied for arbitrary 

~o E (••,•). Condition (i) holds for every ~o e (-•,•) it 
and only if 

(1') n1 + < n 

and 

Conditions (i') and (ii') are equivalent to condition (a) of 

Theorem ). 

In section 2.2.; a relationship which exists between the 

information matrix associated with the complete data case and 

the information matrix associated ld. th the grouped data case 

is established. 
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2,2.; Deriva.tives of the Log-likelihood Funct~o:q in the 

General Case o{ Grou2ed Da~a 

In this section the derivatives of the log-likelihood 

function for grouped data samples are considered. These 

derivatives are related to the derivatives of the frequency 

function underlying the grouped data sample. These relations 

among derivatives provide the basis for determining the 

relationship 'Which exists between the information matrix 

associated with the complete data case and the information 

matrix associated with the general grouped data case, 

provided certain conditions are sa.tistied by the underlying 

frequency function. Often it is necessary to determine 

whether certain intormation matrices are singular. The 

theorems in this section will be useful in answering these 

and other related questions. 

We have used I 1 • (r1_1,r1J, i • 1, ••• , k and 

-• • r0 < r 1 < ••• < r < r ••,to denote the cells k-1 k 
defining a grouped data sample. In this section we wish to 

consider a large class ot frequency functions, some of which 

can be identically zero on some fixed interval (a,b). Since 

we wish to avoid prolix discussion of ranges of integration, 

the following convention will be adopted in this section. If 

f(x;!) is the frequency function of some random variable X, 
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where! is a p x l vector of parameters defined in some 

subspace a of Euclidean p-space, then ln(f(x;!)) will be used 

to denote that function which is equal to the natural 

logarithm of f(x;!), log(f(x;jJ), when f(x;J) > o, and zero 
otherwise. This convention allows one to use &f(xJ.!.) and 

16 -raln(f(x;e) ), 
f(x;,!)L · & 8 - J interchangeably in the arguments which -
follow. If Wis some function which is positive, then log(W) 

or log W will be used to denote the natural logarithm of w. 
The following assuraptions define the class of underlying 

frequency functions which are to be consideredt 

(i) The random variable X has the probability 

distribution function F(x;!) which is either 

absolutely continuous or discrete, where! is a 

p x 1 vector of functionally independent parameters 

defined in some subspace a of Euclidean p•space. 

Let f(x;!) be the frequency function defined by 

F(x;!) • 

(ii) The subset of the x axis for w'h1ch t(x;J!) • 0 does 
not depend on.!• 

(iii) If·F(x;!) is absolutely continuous with respect to 

Lebesgue-measure. then: 

(a) 
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for every.! t $ and 

(b) 

• (O] 

for every! f • 

(iv) It F(x;!) is the probability distribution .function 

of the discrete random. va.ria.ble X, then we assume 

that the;!) > 0 for every x in the domain of 
definition of f(x;!) and that properties (a) and 

(b) in (iii) hold with the proper interpretation of 

the integral. 

All of the theorems to be developed will apply to 

discrete random variables. Each theorem 'Will be stated in 

the context of absolutely continuous probability distribution 

£unctions, and only the interpretation of the integral will 

need modification in order for the theorems to remain valid 
if the probability distribution function is that of a discrete 

random variable satisfying conditions (i), (ii), and (iv). 

We assume that a grouped data sample of size n, from a 

distribution in the class of probability distribution 
functions defined by (i) - (iv) preceding, has the following 

properties: 
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(v) The cells Ii• (r1_1,r1J, 1 • 1, •••• k, are 

determined by the known constants ri • 1 • lt ••• , k-1, 

where -• • r < r 1 < r < • • . < r 1 < r. • • • o 2 k• k 

(vi) The underlying distribution function haring the 
properties (1) - (iv) defines the set of functions 

P1(!) • Pr{X, I1J!l f o. 1 • 1, •••• k. 

(vii) The random sample of size n from the underlying 
distribution gives rise to the cell frequencies 

k 
n1 , n2, •••• n.. • where I n1 • n. 

K 1•1 

The definitions which follow are used often in the 
sequel when consideration is given to the derivatives of the 
log•likelihood functions tor grouped data samples satisfying 
condition• {1) • (vii) stated previously. Let these 
conditions be satisfied and let M be an r x a matrix ot 
scalar functions ot I, say -«,<x) where u • 1, .•. , r and 
J • 1, ••••a. We define 

-1 1111a.,(I) • P1 (!)J J1a.1(x)t(x1!)dx, 1 • 11 •••• k. 
I1 

A matrix of such expected values, [11-.,,(1)], will be denoted 

by ! 1[111cr,1(I)] or by E1M. It !(I) ia a p x l vector of scalar 

.functions ot X, then 
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, 
where [j(X)J denotes the transpose of J(l). 

In some cases it will be desired to perform an operation 

on a £unction ot I and ! and then to evaluate the result at 

the tne value of!• We designate the true value ot .! by !o• 
It~ appears in the argwaent of a £unction of I and.! which 
haa some operator imlllediately preceding 1 t • we shall mean that 

the operation should be performed and that the result be 
evaluated at.!. 

0 

If a random sample 1 x1, •••• In' ia drawn from a 

distribution satisfying conditions (1) • (iv) given 

previously, then the likelihood function for this complete 
n 

data sample is H0 (!) • TT .f (Xj 1!) and the log•llkelihood 
j•l 

n 
function is L (e) • I ln(f(X,.1t)) and the information matrix 

C - j•l -

ia I • E f1L:!:!9) aLf 1¾t)] . The subscript l ia affixed to 
0 '!- - -

the expectation operator to indicate that the expectation is 
with respect to the joint distribution ot 11, •••• l,i• If a 

random sample of aiae n is drawn from a distribution 
satisfying conditiona (i) • (iv) and if this sample gives 

rise to the grouped data sample, n1, n2, •••• °Jc' satis.t)ing 
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(v) - (vii), then the likelihood function for this grouped 

k n1 data sample is H (.!,) • C TT P1 (.!,), where C is a constant 
g i=l 

with respect to.!.; see equation (2.0). The log-likelihood 

function is 18 (,!) • log H1 (!) and the information matrix is 

&L (!o) aL (,!0 )7 
I • g I , , , where the subscript I affixed to 
& 10 ae ..s - -

the expectation operator indicates that the expectation is 

with respect to the joint distribution of n1 , n2, •••• ~, 

which, of course, is multinomial. By the definition of P1 (!) 

we know that L(n1 )1 8• nP1 (.!o) , i • 11 •••• k. 
• -0 

It is knoffll that the information matrix, Ic' associated 

with a complete data. sample of size n can be written 

if conditions (1) - (iv) are satis.fied; see sections 17.14 
and 18.24 in Kendall and Stuart (1961) for proof. The same 
argument also establishes that 

In Theorem 4 a general relationship is established which 

simplifies the differentiation of the log-likelihood function 



for a grouped data sample. 

Theorem it 
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If a grouped data sample satisfies conditions (i) • (Y.1:lh 

Proot: 

thus completing the proof. 
We note that 

"' rJJ""ot,<.2o>1J _ (r-(!!i) 1 .. )E[iln(f(X;!o) )] 
.,_it ~! - i=l c n .!o i a,! 

The last equality follows from assumption (a) in (iii) given 
previously. Therefore: 



In Theorem 5 the matrix of second partial derivatives of 

the log-likelihood function for a grouped data sample is 

expressed in a form which ~1.11 be useful in the proof of 

Theorem 6. 

The~r~ 2 
If a grouped data sample satisfies conditions 

(1) • (vii), then 

Proof: Usin' Theorem 4 and recalling that 

-1 r E1~(I) = P1 (j)J ~(X)!(X;!)d.I is a function of!• we have: 
Ii 

a2t1<!> ?> rat,<!)7 
aeae' • i!- • ae' J - - -
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Therefore, 

thus completing the proof. 

We note that 

by equation (2.2). Therefore, 

There is a relation between the information matrix for a 
grouped data sample of size n and that tor a complete data 
sample of size n. That relation is developed tor the general 
case ot grouped da~a samples in the theorem which follows. 



66 

Theorem 6 
It a grouped data sample satisfies conditions 

Theorem 5 and equation (2.5) we have 

k r. ~ln(f(X;:#g))] 
-I = E..... In V l ~A • I • Therefore• 

' a 1-1 i i o.:. .. c 

proo£. 
Mote that 

le ( r-aln(.f(X;_!g) >7[aln(f(X;~) )] 
• n IP e )EL----- ----- • i=l i -o 1 a,! ... a,!' 
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Therefore: 

An expression which frequently simplifies the 

computation of the information matrix tor a grouped data 

sample of size n is established in Theorem 7 which .follows. 

Theorem.7 

I.fa grouped data sample satisfies conditions 

(1) • (vii), then 
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Proof; Using Theorem 6 and. equation (2.6) 

In the section which follo~rs, the problem of obtaining 
the maximum likelihood estimates tor the mean and variance 
of the normal distribution from grouped data samples is 
considered. Three specific cases are treatedl estimating 
the mean when the variance is known, estiniating the variance 
when the mean is known, and estimating the mean and variance 
when both are unknown. 
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211 l Obtain!ng the L11$e¼ihood Estimates o{ the i'-leftB 

and ~atiance of i Normal Distribution {rom a Grouaed D1t1 
Sample 

.2,J,l Intrgdyction an_d Definitions 

Essentially three methods are available for solving the 
likelihood equations when the mean or the variance of a 
normal distribution, or both, are unknown and grouped data 
only are iivaila.ble. The first method is to em.ploy the tables 

presented b'l' Gjeddebaek (1949) to evaluate the various 
functions found in the likelihood equations. Excessive 
interpolation and approximation are required in the use of 
these tables. Kulldorff' (1958a, 1958b, 1961) employed the 
method of scoring to solve the likelihood equations. The 
evaluation of the information matrix is very laborioua and it 
would seem that the method of scoring should be considered 
only when electronic computer facilities are to be used. The 
third method is the r11ethod of successive approximaticma. 
Hughes' (1962) procedure utilizes quadrature formulae in the 
iterations required by the method of successive 
approximations, and thus would require the facilities of an 
electronic computer in most cases. 
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wnen employing itex·ative procedures one must obtain a 

starting value in some region containing the solution being 

sought. The only known starting values which are relatively 

simple to obtain £or the problem. at hand are those simple 

estimators found by using the midpoints ot the intervals as 

quasi observations in the sense ot Gjeddebaek (1957) and 

others. 

In this section the method of successive approximations 

is modified in order to find the solutions of the likelihood 

equations £or unknown parameters of a normal distribution 

using a grouped data sample. A method tor obtaining 

consistent, easily computed estimators of the parameters is 

presented. By using the modified method of successive 

approximations with a "goodtt starting value, it is possible 

to obtain the solutions of the likelihood equations using 

only standard normal tables such as Table 26.l, "Norm.al 

Probability }unction and Derivatives•, in Abramowitz and 

Stegun (1964). If there are more than six non-zero cell 
.frequencies, then the work required by this method of 
solution indicates that electronic com.puting racilities are 
more desirable. 

The following definitions and notation will be useful in 

this section and in the remaining chapters. 

A sample n1 , n2, ••• ,\:will be said to have the 
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property GkNn(~,a2 ) or to be a GkNn( .. 10 2 )-sample if the 

following conditions are satisfied: 
(1) The probability density function of the random 

variable I is 
f(x;,!) • ...,l.._ Et½(!;;~):i 1 •rn < X < • 1 

0-~ 

where!'• (~,o 2 J and 

.! , a { (" ,a2 ): _. < < co and O < o2 < ct} • 

{ii) The set ot intervals I1 (r1_1,r1), i • 1, •••• k, 

are defined by the known constants 

r1 , r 2, ••• , rk•l, where 

-• • ro < rl < r2 < • •· < rk•l < rk • • • 

(111) The joint distribution ot the random vector of cell 

k 
Z n1 • n and P1 (1) • Pr{X E I1;e}, i • 11 •••• k • 

1•1 - -

If one of the parameters,~ or o2 , is known, then that 
parameter will be omitted in the argument of functions 

associated with the sample having the property akNn(~,a2 ). 
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For example, if a 2 is known to be equal to a~, then the 

log-likelihood function for the sample having the property 

GkHn(J,o-~) will be written: 

where C is observed not to be a function of~. The subscript 

g is omitted from the log•likelihood function in section 2.3. 
In this section it will be understood that the likelihood 

functions which are considered are those for grouped da:ta 

samples from a normal distribution. 
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&,J.2 Es3i!gtin,g the Mean When !ih• V11janc1 Is !n9!D 

Consider a sample with the property ¾lfn(t',o2), where 

er:• (O,•} is the known variance. Using Theorem 4, in section 

2.2., ancl the relation L(101(t(X;1'))) • J:t (see conclition ai cr0 

(1) in the preceding section) it follows tbat n1E1(1;1)-o 
1•1 0 

is the likelihood equation for~• It follows from Theorem 5 
in section 2.2.5 that 

sl2L(9} • n. y (l:t) • ..Jl • (2.7) .. , 1.f-i 1 •o .,a 
0 

since ul;t) • • ~. It E1(I) 1s designated by "t as in ii' o •o 
section 2.2.1, then the solution of 

ia sought. In order to consider the method of successive 
approximations we define the following tunctiona of 'the 
generic variable a: 
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Using the expression for d~Li~l in equation (2.7) we find 
dlk 

that 

k n-1 (X m) tf" (m) • I -a V1· ; • l 
i•l n o 

by the invariance ot v1{z) to change in location. Therefore 

where one should bear in mind that both ~i and v1 (X) are 
functions of m. 

(2.9) 

Ir Hughes' method is used as outlined in the Appendix, 
then fP(m) is approximated by using some quadrature formula to 

approximate each "i• Ea.ch or the intervals 11 is partitioned 
into 41 sub-intervals of equal length. The Jth sub-interval 

of I1 is designated by (x1j,xi(j+l)J. Constants a1j are 

determined by the particular method of quadrature employed 
(aee Kunz (1957), section 7.12), such that 

qi.+l 
I a • r1 - r1_1 • Then 

j•l ij 

N kn 41.+l qi+l -1 
~(m) • I -1 [ I a1j x1 .. f(x1j;m)][ I a1j t(x1 .;m)] 

i•l n j•l ,, j=l J 
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is used to approximate q;(m). It has been pointed out in a 

previous section that the convergence of the sequence defined 

by Hughes' method cannot be established using Hughes' 

convergence theorem in the problem at hand. 

Let i be the unique solution of the likelihood equation 
dL(.vi) • O. Then by Theorem 2 it follows that the sequence 

{mJ}, defined by mj • •(mj_1), converges to~ tor any 

starting value m0 , (-,•) provided that for any interval 

[a,b), -•<a < b <•,there exists a 6 such that & <land 

~'(m) S 6 when m, [a,b], where a may depend on a and b. 

The lemma which follows 'Will be used in the proof o! 

Theorems. 

~2 

If (a,b] is any interval such that-•< a< b <~,then 

there exists a 5 < 1, which may depend on a and b, such that 

~'(m) !:,: 6 when m E [a,b]. 

Proof: Since d2L~1) is a continuous £unction of~ (see 
dt,\2 

equation (2.7)), the functions v1(W:), i • 1, •••• k, are 

continuous functions of~. Further, v1(1"!) is a positive, 

continuous function of m and by Theorem l is bounded less 

than l form E [a,b), 1 • l, ••• , k. Therefore, by Theorem. 1 

it follows that sup v1(w!) • a1 , i - 1, •••• k, exist 
DI E [a,b] 
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and that each o1 < l. Let the maximum of the o1 be o. Then 

when m E (a,b). 
Recall that in Corollary l of section 2.2.4 it was shown 

that there exists a unique solution of the likelihood 
equation for .. or, equivalently, of ~m) • 0 (see equation 

(2.8)) if and only if n1 'f n and I\ r n. Using Lemma 2 we 
prove the following theorem. 

Theorem.a 

If n1 f n and~ f n in a sample with the property 

GkNn(~,a:), then the sequence {aj} defined by the recursive 

relation m3 • q,(m3_1 ), where m0 is any starting value in 

(••,•), converges monotonically to the unique root of the 

likelihood equation and the likelihood function assumes its 

absolute ma.ximwn va.lue at this root. 
Proo£: It follows £rom Corollary l in section 2.2.4 

that there is a unique solution of the likelihood equation 
and that the likelihood function attains its absolute maximum 

at the solution of the likelihood equation. It follows from 

Lemma 2 that tor any interval (a,b], _. < a < b < • , there 

exists a o, depending on a and b, such that 6 <land 
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'{m) So when m f. (a,b). Therefore the conditions 0£ 

Theorem 2 a.re satisfied. Since cp' (m) > O, it follows from 

conclusion 2 of Theorem 2 that the sequence {m.} is a 
J 

monotonic sequence converging to the unique solution of the 

likelihood equation for~. 

Now that it is known that the sequence {mj), defined by 

the method or successive approximations, is a monotonic 

sequence which converges to a, one ehould be able to reduce 

the number of iterations required if he uses the sequence 

{m;} defined by m; • ~(mj_1) + ~(~(mj_1) • mj_1}, for some 

). > O. Applying Theorem 2 to the :function 

(l+A)~(m) • ((l+A).(m) •Am)• m 

• (~(m) + A(~(m) • m)) - m, 

we have that the sequence (mj) converges to~ it 

l(l+A)<P'(m) • Al ;S61 <l. 

Since O < q,' (m) S 6 < l for m E [a,bJ, it follows that {mj} 

converges to i, provided n1 f n and~ f n, tor any A such 

that O 1 a2 < l. Obviously there is no optimal selection 
of A for all situations. In the discussion following 

Theorem 2 in section 2.2.3 it was found that the sequence 
* {mj} is the same sequence which would be obtained if one used 

-A- in place ot ~'(m*j 1) in the Newton-Raphson method. In l+~ • 
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the introduction the method of scoring was shotm to be the 

Newton-Raphson method with, in this case, l - ~'(mj•l) 
approximated by 

~{l - ~'(mj_1)). -
Tables 3 and 4 presented by Ku.lldorff (1958a) indicate that 

is roughly 0.9 when •j•l is near Q.. Therefore if A is chosen 

such that 1!1 • 1 • 0.9, i.e. A~ O.l, the number of 

iterations required will be reduced in many cases. The 

method of obtaining the sequence {m;}, such that 

* * ..!. * * mj • <P(mj•l) + 10(~(mj•l) - mj_1), will be called the 

modified method of successive approximations. After a 

procedure for obtaining m0 is developed, an example will be 

given in which the execution of the iterations is discussed. 
We now consider the problem of obtaining a starting 

value m0 • The starting value proposed in this section has 

two important properties; it is a consistent estimator of the 

true mean, ~0 , and it can be obtained easily. 

Consider a o2Nn(~,o:)-sample defined by 11 , I 2, n1 , and 

n2, where n1 '? 0 and n2 'f O. Using equation (2.8) we see 
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that the likelihood equation is 

There is a unique solution,,, of this equation; see 
Corollary l to Theorem 3. Note that it P1( .. ) •~,then the 

-left side of equation (2.10) is j xt(x1•)dx. Therefore, -
the unique solution ot equation (2.10) is the unique solution 

of the equation P1( .. ) • Since P1(p) • Pr{X :S r 1;•l, the 

unique solution of P1( .. ) • ia the unique solution of 

r(I).,• •) • !l., where F(t) is the standard. normal o n 
probability distribution function. Therefore, the solution 

can be written,• r1 • e0t, where r(t) • n!. 

The ease with which the maximum likelihood. estimate of 

the mean is obtained from a G2Nn(•••=>•sample suggests that 
one might group further the observations in a 
Git•n<~,o!)-sampla to fonn a G2Nn( .. ,o:>•sample. For example, 

it a Yn<•••!>•sample 1s defined by 11 , •••• 11c and 

n1 , •••• nk• then one might form a Gtn< .. ,•!>•sample as 

follows: 
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Suppose that we desire a starting value, a0 , in the case 

ot a Okln(••o!)-sample. Let I 1j • I 1 U ••• U Ij • 

I 2j • Ij+l U ••• U Ik, Z,.j • n1 + ••• + nj I and 

n2j • n • n13 , for j • J, where J is the set ot values ot j 

ranging trom 1 to k•l excluding those values ot j tor which 

either n1j • O or n2j • o. For each fixed j, J, Ilj' I 2j, 

n1j, and n2j define a G2Nn<•,•:>-sample and a unique estimate 

Mj which satisfies an equation similar to equation (2.10). 

The set of possible estima.tea, Mj, is 

{Mj • rj • o0tj : j, J and F(tj) • n1il• For any fixed j 0 , 

0 < j < k, M4 is a consistent estimator ot the true mean 
0 tlO 

,.0 • Thia result follows trom the special case, k • 21 of 
Theorem 3 proved by Kulldorff (19S8a). 

There should be SODle optimal way to select a single 

J0 • J to obtain an Mj0 tor use as a starting value •o. 

Kulldortt (1958a) showed that t.he large sample variance of i 
obtained from a Gt'nh•,o!)-sample is minimum, • (!'.!) , 
it I1 • (-, .. 0 ] and I 2 • (~0 ,•J. Kulldortt (1958a) indicated 

that if the mean is unknown, then it is of little value to 
know that I1 should be (.cr»,tt0 ]. In our case, howeYer, we can 

•1 + + n choose the j which is such that • •• ,1 ie neares" o.;. 
n 
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n1 + ••• + nj 
Therefore let m0 be such that if I . n • ½I is 

n1 + smaller than I 

In case of a tie, i.e. 

average of Mj and Mj+l where 

F(rj - M~). n1 + ••• + nJ 
o0 n 

• (2.11) 

and 

F( rj+l • .. Mj+l) - nl + .•. • • + n~+l • 
i::: If the rj selected is o0 n 

reasonably near ~0 , then m0 is a reasonably good estimator ot 

~0 , but, even more important for our purposes, it is a 

reasonably good approximation to the solution of the 

likelihood equation £or the GkNn(~,o~)-sample. 

Now we consider the execution of the iterations for the 
r1 • m method of successive approximations. Let t 1 • 10 and 

* I 1 • (t1•1 , t 1J. Recall that we seek the root of 

~(m) - m • O, where 
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k -1 
fl)(m) - I!:¼ Lr f(x;m,a~)dxj J xt(x;m,CJ~)dx • Letting 

i•l I1 I 1 

x - m. t • 0 , we have 
0 

so that 

(2.12) 

where now F(t) and f(t) a.re the standard normal distribution 
and density functions. respectively. 

Therefore, using conclusion 1 of Theorem 2, the 

method ot successive approximations provides the sequence 

{mj}, where mj+l = f)(mj). Using equation {2.12) we obtain 

k 
, [f(t1) - f(t1-i>J 

mj+l • mj • oo i.,; n F(t1) - F(t1 1) • i•l • 
(2.13) 

r1 - •j and t 1 • 60 • Let f(t1 ) • f(t1• 1 ) • Ai and 

F(t1 ) • F(t1_1} = o1 • The modified method of successive 

approximations becomes: 
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1. Let m0 be the starting value de£ined in equation 
(2.11) and form. the sequence {m;] using the relaticn, 

k 
* * \" Jltb 2. mj+l • m"' - (l.l)a0 l ~, where a1 and t>1 are 

41 1-1D°i 
* evaluated at mj. 

Note that it is not necessary to introduce error 1n the 
evaluation ot ;(m) as in Hughes' method. The numerator of 
each ~i in equation (2.8) can be obtained in terms of A1 and 
only the denominator ot each ~i must be approximated. 

In the following example a 04110(,0,100)-sa.m.ple is used 

to obtain the estimate of the true mean ~o • ,o. The sample 
is composed of the first ten numbers in Table l, •Table of 
Random Nonnal Numbers with Mean Equal to 50 and Variance 
Equal to 100•, of the Appendix in Li (1964). The groups 
considered are I 1 • (-•,45], I 2 • (45,55], 13 • (55,601, and 

I4 • (60,•l and the data are 46, 53, 58, 60, 60, 49, 59, 48, 
46, 78. This sample defines the cell .frequenciesi 
n1 • o,. n2 • 5, n3 • 4, and n4 • l. Using 

m .... • 55, F( 55•::'9) • l, will not exhibit the advantage ot .., 10 2 

using the modified successive approximations method because 
a 0 is very close to the solution;. Instead the starting 
value is taken to be 50. The solution tor~ is given in 



Table I. Since the values ot the t 1 are rounded to the 
neares\ one-hundredth in order to facilitate the use of 
Table 26.l in Abramowitz and Stegun (1964), the solution 4 ia 
rounded oft to the nearest one-tenth. 

Only two iterations are required to obtain 4 using the 
modified method of successive approximations with •o • ;o. 
Therefore Table I is arranged in two sections, one tor each 
step in the iterative procedure. The values Iii and a 2 in the 
table indicate the values which would be obtained .from. m0 and 
* •i, reepecti vely, using the n1ethod of success1 ft 

appro.x:iraationa instead of the modified procedure which 

* * produced~ and a2 • 
Since the average of the cmplete data sample, ;s.71 is 

greater than 50.0 1 the solution 0, might be expected to be 
larger than the tne mean •o • 50.0 also. If I\, • 55.0 ie 
used as a starting value, it ia very close to the solution 
a• S4.8 and only one iteration ia required. 

Many numerical examples were considered, some of which 
will be discussed in section 2.3.4.2, and it was found that 
the method of successive approximations required roughly 
thirty per cent more iterations than the modified method of 
successive approximations to obtain i with the same 
precision. 

The modified method of successive approximations waa 
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TJBLE I: The Modified Method or Successive A1mroximati2n; 

Solution of the Liltelihood Eguation for t:i 

m0 • 50 
1 ti t(t1) !1¼£\1 F(t:1) 6 1 
I.a. +- .00000 1.00000 

0.1(--.24197) .1;s66 
3 1.0 .24197 0.14134 

0.4(-.11010) -14988 
2 o.; .35207 o.69146 

o.5(+.00000) .)8292 
l -o.s .35207 0.)0854 

o.o(+.;5207) .J0854 
0 -· .00000 0.00000 

4~ * I 5 • • 0.4463 :. m1 = 50 - (1.1) (l0)(-0.4463) • 54.91 
i•l n 1 Note that •1 = 50 - 10(-0.4463) • ;4.46. 
ml• 54.91 
i t1 r(t1) ~i F(t1) 61 
4 .00000 1.00000 

0.1(-• .35029) .:;0503 
3 .51 .35029 o.69497 

0.4(-.04863) .19098 
2 .01 .)9892 0.50399 

0. 5 ( +.151&.53) .34290 
l •• 99 .241.a,39 0.16109 

o.o(+.2u39) .16109 
0 .,«1> .00000 0.00000 

n;L:1 • .0086 
i=l n 1 

.; = 54.91 • (1.1)(10)(.0086) - 54.s15 

4 - 54.a Note that m2 == ;4.91 • 10(.0086) • ;4.s24. 
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compared to the method 0£ scoring used in the example 
presented on page 90 in Kulldortf (1961). The modified 
method of successive approximations solution £or A in that 
example required one more iteration than did the metho4 of 
scoring. 
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In this section the problem ot estimating the variance 
ot a normal distribution using grouped data is considered. 
We assume that the mean ... 0 • is known. It is shown that the 
method of successive approximations defines a sequence {sj} 
which converges to the unique solution, &2 • ot the likelihood 
equation for a GicNnh•0 ;c,2 )-sample, tor any starting value 

•: t (O.•)• provided there is a unique solution. 
It further is shown that Hughes' method of solution is 

the application of quadrature formulae in the iterations 
required by the successive approximations method. It has 
been pointed out that the conditions of Hughes' convergence 
theorem are not satisfied by grouped data samples from. a 
normal distribution; see section 1.2.1 in the Literature 
Review. 

A consistent estimator for the true variance o! is found 
which can be used for the starting value,•!• in any 

• 1terat1Ye method ot solution. The method ot successive 

approximations again is modified for the purposes ot aolYing 
the particular equation under consideration. 

In order to avoid cases where &2 is not unique, it is 
assumed tacitly in this section that the cell frequencies are 

such that n1 + °t+l 1 n, 1 - 11 21 •••t k•l and such that 
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n1 + nk f n. This assumption is sufficient to insure that 

there is a unique solution &2 for any ~o t (--,•); see 

Corollary 2 at the end of section 2.2.4. 
At the end of this section an example is provided in 

which a table of the normal cumulative distribution !'unction 

and its derivatives is used to obtain the maximum likelihood 

estimate of the variance of a normal distribution, using a 

grouped data sample when the mean is known. 

Consider a sample with the property GkMn(,0 ,.2 ), where 

~o E (--1•) is the known mean. Using Theorem 4 in section 

2.2.; and the relation 

n1E1(. 12 + l2(X-~0 ) 2/a4) • 0 is the likelihood equation 
1•1 2a 

for a2• Thia equation can be written as follows: 

k 
c,2 l E1(I;"'2)2 • o' • 0 • 

i•l 

We define the following functions of the generic 

variable s 2 : 

where 
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The derivative of tp(s2 ) with respect to s 2 is computed as 
follows: 

After simplification of this expression, it is found thai. 

( 2.18) 

Recall that in order to apply Theorem. 2 of section 2.2.3 
it must be established that q,' (s2 ) :S & < 1 1 since it is 

obvious that '() 1 (s2 ) > o. It can be shown that f(J 1 (s2 ) is not 

bounded less than one for all s 2 > o. 
If Hughes' method were used as in the Appendix, then 

each E1(x-.. 0 ) 2 in equation (2.17) would be approximated using 
some quadrature formula. The quadrature of each of the terms 
E1(x ... 0 ) 2 would be perfonued in exactly the same way that the 
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quadrature of each ~1 was performed in section 2.3.2. The 
only difference is that the integrand in the numerator is now 

N (I-~0 ) 2f(X;a2 ) instead of xt(X;s2 ). Therefore ~(s2 ) would 

be used to approximate q,(s2 ), where 

where the summation over j is from j • l to j • q1 + l. 

Kulldorff (l95Sb) has shown that the second derivative 

of the log-likelihood function, • 1 (s2 ), is negative at any 
solution &2 and since this second derivative is continuous in 
(O,•), there exists some interval [a,b] containing i 3 in 

which some starting values! will provide a sequence which 
converges to &2 • The condition that the seeond derivative of 

the log-likelihood function be negative throughout a closed 

interval containing s; and &2 depends upon the choice of s! 
and is not established easily. The question of how nears: 
must be to &2 in order to enjoy conTergence is answered in 
the theorems which are presented below. 

It will be convenient to express ~(s2) and ~'(s2) in 

forms similar to those forms considered first by Gjeddebaek 

(1949) and later by Kulldortt (1958a, 1958b). In order to 

write these functions in the desired forms it will be 

necessary to use the folloi·Jing tranaformatio11s and. 



91 

definitions: 
Let 1. 

* 3. Ii a (ti-l'ti] , 

4, ~ul • f(u) • J.r ;½u", -• < u < • , and 

j j 
;. Z. • ti-l f(ti•l). ti f(t!) • 

ji F(t1) • F(t1.1) 

Using definition 5, Clark's (1957) result used in Lemma l of 
section 2.2.2 can be stated as follows: 

and hence 

(2.21) 

Using equations (2.14), (2.15), and (2.16) we can write: 
k ·~ n 

t(sa) • s2 l ~{l + zli 1 - s2 
i•l 

k 
• s2 l z11 (2.22) 

i•l n 
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and 

Using the relation h-t(t) • • tt(t) and integration by parts, 

it tollows that 

'l'herefoN, 

• (F(t1) • F(t1•1)J(Zk•l,il + 

(k•l)J tk•2r(t)dt. 
1* i 

Equa.tion (2.24) is used first with k • 4, and then with k • 2 
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to evalua\e the \eras ot (2.25); the first result 1• 

Applying equations (2.26) and (2.21) to equation (2.2;), it 
follows that 

( x-.. )2 v 1 =jp'- • Z31 + 3 { 1 + zli 1 - 11 + Zu 12 • 

There.tore, we can write equation (2.18) as follows: 
k 

•'(a2 ) • ½ L nicz31 + 3(1 + z11} - {l + z11}2 l 
1•1 

lulldorff (19S8b) showed that if '»Cs2 ) (see equation (2.22)) 
ia equal to aero, \hen 

f !4<z31 + zu • z11•> • f !i<z31 • Z1121 • 
i•l i•l 

He also showed that It 

J/¼<z31 - z112 l < o (2.211 

k 
tor every s2 • (O,•) . Since L !t<z31 - z111 ) is a 

i•l 

continuous function of s 2 in (O,•), it follows that tor 

s2 f Caf,s;l c (O,•) the function 



94 

k 
l~(z31 • z112 ) is bounded less than or equal to some 

1-1 
number less than zero. Jtulldorff (1958b) alao showed that 
k k 
l Z11 .. e as a2 -+ 0 and that r Z11 is leas than zero 
i•l i•l 

tor some a2 > &2 • Using these results, it follows that t(s2 ) 

(see equation (2.22)) ia a continuous function which is 
positive tor sufficiently small a2 and is negative tor 

sufficiently large s 2 • Since the conditions of Corollarr 2 
in section 2.2.4 have been aasumed, 'there is a unique sero1 
&2 , of 't(e2 ) and therefore, ~s2 ) is negatiYe if s 2 < t 2 and 
9( s 2

) is positive it s 2 > &2

• Therefore, 

letBM J 

k 
l !i Zli has the same sign as &2 - a2 • 

1-1 

If there is a unique solution, &2 1 of the likelihood 

equation tor o2 in a (\ln(•0 ,cr2 )-semple 1 then it•!~ &2 

the sequence (sj}, de.fined by s3 • ~<•l-i>• is a ,aonotonie 

decreaaing sequence which converges to &2 • 

Proofs Using statement (2.29) and the aaawaption that 

•! &2 , it follows that 
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By the continuity of 

it is deduced from equation. (2.28) that 
k 

1C:"' ~( 2) 2 a l n Z31 + zli • zli S -&o < 0 in ca ,sol. 
i•l 

This relation implies ~'(a2 ) So*< l in [&2 1s:J ; see 

equation (2.27). The conditions ot Theorem 2 in section 

2.2.) are satisfied and it follows that the sequence lsjl, 

de.fined by •l • ~(sj_1}, is a monotonic, decreasing sequence 

converging to 32 • 

The relation k 
2. 2 + 2 , n1 z 

sj sj•l sj•l 1~i''ii li 

is the computational form of sj • ~(sj_1). The functions Zli 

can be computed from tables which provide F(t) and .si!~(t), 
dt 

when F(t) is the probability distribution function of a 
standard normal random variable (see Table 26.l in Abramowitz 
and Stegun (1964)). 

L!!!!i lt 
If there is a unique solution. 82 , of the likelihood 

equation tor a 2 in a GicHn(,0 ,o2 )•sample, then ifs; S &2 
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the sequence {sj}, defined by ej • ~(sj•l) or equivalently 

k 
2 2 a \""'~ • • sj • sj-l + sj•l 1~1 n z11 , 1.s either a monotonic increasing 

sequence converging to &2 or there is some j 0 such that 

sj •j•l' j • 1, 2, •••• j 0 and the sequence {sj0 +11} is a 

monotonic decreasing sequence converging to a• as v ... •• 

Proof: (i) Since s: !: &2 it follows from statement 
k 
Z!i . 2 a (2.29) that 1,.., n z11 > 0 in (s0 ,i ). 
i•l 

It 

any sj0 > &2 , then applying Lemma 3 

2 sj0+v, • O, 1, ..... , toNs a monotonic 

decreasing sequence converging to &2 • 

(ii) It there ia no sj > i 2 , then the sequence 

{sj} is comprised of numbers betweens: 

and &2 • This follows from the relation 
k 

sj • sj•l + sj•l l n! z11 and the fact 
i•l 

k l n-1 ...a [ 2 "'2) that n z11 > 0 in s0 ,• • 
i•l 

Therefore, since the sequence lsj} is a monotone increasing 
sequence in (s~,&2 ) there is some convergent subsequence 
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j...,, ••• , • 
4,. 
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Suppose that lim s: • ; 2 < &2 • 
fl .... 

Then l z11 , being a continuous function, would be zero at 
1•1 

But we assumed that there waa but one solution, &2 • 

Therefore, by contradiction, 32 • &2 • Therefore,. sj .. &2 as 

j ... - • 
The following theorem provides the conditions which, it 

satisfied by the GkNn(1'0 ,aa).sample, insure that the sequence 

{sj} converges to the unique solution or the likelihood 
equation tor • 2 • 

Ib•Ot!@ 2 
Let ._.0 be the known mean of the underlying normal 

density function giving rise to the Yn(~0 ,a2 )-sa.mple in 
which n1 + nk r n and at least two non-adjacent cell 
frequencies are non-zero, i.e. n1 + Dt+l 1 n for 
i • 11 •••• k•l• Then there is a unique solution, &2 , of the 
likelihood equation for a2 and the sequence {sjl, defined by 

k 
a .a + 2 '\'~z sj • sj•l sj•l L.1 n ll, 

1• 

converges to &2 for any starting value s 2 • (01•). If the 
0 

starting value is greater than &2 , then lsj} is a monotonic 

decreasing sequence. It m! .is lees than &2 , then {sj} either 
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is monotone increasing or is monotone increasing tor j S J0 

and monotone decreasing for j 2': j 0 • 

Proof: Since n1 + nk 'f n and since there are at least 

two non-zero, non-adjacent cell frequencies, there exiata a 
unique solution 12 • (01•); aee Corollary 2 at the end of 
section 2.2.4. Therefore, Lemma) and Lemma 4 are applicable 
and. establish the proof. 

We now consider the probla ot obtaining a starting 
value•:• In a way similar to that in which a starting 
value• II\,, was found for sol Ying the likelihood. equation tor 
• in the preceding section, a starting value,•=• can be 
found for solving the likelihood equation tor .,a when the 
mean is known. An equation similar to equation (2.11) is 
solved for a:1 

(2.31) 

In Table 1 of Kulldortt (1958b) it is seen that if only two 
intervals (O,r] and (r,•l are to be uaed to obu.in a 
GrfnC•0 ,o2 )-aample, then r • •o + 1.;7;00 or 

r • tt0 • 1.;75c,0 , where 4'0 is the true variance, is optimal 
in the sense that the mald rawn likelihood estimator, using 

r • ll0 + l.S7So0 or r • .. 0 • l.5?So0 , has minimwl variance 
over choice of r for large sample sis••• Kulldortf (1958b) 
proved that the maximum likelihood estimator,&, in a 
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G~n(~0 ,a2 )-sample is consistent provided r r ~0• In Table 3 

ot lulldorft (1958b) it is found that, asymptotically, the 
maximum likelihood estimator tor o0 in a Gifn( .. 0 ,o2 )•sample, 

where r • ~o • 1.57500 or r • tl0 + 1.57,5o0 , has variance 

(.3042)•1v, where Vis the variance ot the maximura likelihood 
estimator for •o in a complete data sample ot eiza n. 

Therefore, the optimal choice of rj w.l.th which to solve 
equation (2.)l) might be rj0 • J, chosen such that either 

Dl ••• Dj nl 
I n 9 • .061 or I n "I• .941 

is emaller than both of the terma 

and 1-ni_+_ •• _._+_n_~ - .941 
n 

for each j, J, j 1J' j 0 , where the probability that a standard 
norma.1 random variable is less than -1.575 is approximately 
.06. The set J is defined as it was in the preceding 
section and, as in that section, if there is a tie one may 
average the several possible estimates which might be 
obtained by solving equation (2.)1) using the several 
possible rj0 •s. 

Thia method of finding a starting value•= is more 
complicated than that ot finding and the eatiutor does 
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have poor asymptotic efficiency relative to that of complete 
data (see section 1.2.1), buts: is consistent and woulds•• 
to be very useful in problems in which large sample sizes are 
available. Using this starting value and the modi.tied method 
ot successive approximations to be developed, one can obtain 
the solution of the likelihood equation in a manner almost 
identical to that used for solving the likelihood equation 
for.,.. 

Recall equation (2.23), 

Th• modification suggested here is to choose some A, 
O S A S I < 1, with which to define the sequence {sj2 }, where 

or 

Recall that in the preceding section the equation • l • • 9 
l+A 

was solved for A and the value A• 0.1 was found to be 
satisfactory. In the present case the asymptotic efficiency, 
relative to that of complete data (see section 1.2.1), is 



101 

roughly • 8 ; see Table 3 in Kulldorft ( 1958b) • Thereto re 1 

-A-• 1 - .8, X • .25 might be satisfactory. 0t course 
l+Jt 
there is no best~ for all cases and A• .2 is selected for 
our present purposes. Note that if only three or .four 
intervals de.fine a san1ple, the value >.. • • .3 might be better 
than A• .2, and if k 10, then A• .l would be preferable 
to A• .2. These conclusions follow an examination of 
Table j in Kulldorff (1958b). 

In the example which follows, the same grouped data 
sample ot ten observations is used as that used for 
estimating the mean when the variance was known in the 
preceding section. Recall that ~o • 50 and I 1 • (...-,45], 

I 2 • (45,55], I3 s (55,60), I4 • (60,«>] 1 n1 • O, n2 • 5, 

n3 • 4, and n4 - l. 

The first step is to obtain s0 • Since 

(n1+n2+n3)/n • .9, the starting value 110 is found by solving 

the equation F{60 ; 2°) • .9, i.e. s0 - 1.407. Since the 

r-1 • . .,, transformation t 1 • ;e; s 9 is required, it is somewhat inore 

convenient to define 
k .! 

* * ( \' n1 )2 sj • sj-1 l + l.2l n Z11 • 
1-1 

This is equivalent to the u1odified method of successive 
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approximations 

1 • .2. The notation which is used in this exaaple ia 
identical to that used in the example in section 2.).21 

except that instead ot uaing the symbol A1 • t(t1) • t(t1•1) 

in the evaluation of the z01 we uae A1 • t'(t1) • t'(t1_1) to 

evaluate the z11 • Values of t' (t) are found in Table 26.l ot 
Abruaowits and Stegun (1964),, and the tenn 

Jc k , 
L z11 is evaluated by computing l . 

1•1 i•l i 

The values, sj, in Table II represent the value one 
* would obtain from •j-l uaing the method of eucceasive 

approximations. The solution,&, has limited precision since 
the values ot t 1 are rounded off to the nearest one-hundredth 
in order to use Table 26.1 in AbftUllolrfitz and Stegun (1964). 
Therefore, one significant digit 1a reported as the 
approximate solution of the likelihood equation. The actual 
solution 1a & IS 6.48. Thia would indicate that after the 
tint itera\ion the values ot t 1 should be rounded oft to the 
neareat one-thousandth. Then interpolation of tabular values 
could ba used in subsequent iterations to obtain two 
significant digits tort. 
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TABLE ii: The MQ!Ufitd Met.hod of,SuccessiYe App£oximation1 
Solution of the Likelihoed Egytiop tor a 

s0 = 7.407 

i r'(t1) n F(t1) 61 t1 :la' n i 
4 +- .00000 1.00000 

.00000 .08691 
) 1.36 -.21519 0.91309 

.00004 .16134 
2 o.6s -.21528 0.75175 

-.17224 .50)50 

l -o.68 .21528 0.2/+825 
.02153 .24825 

0 .... .00000 0.00000 

n A' L - -0.2550375 
i•l n i . 

• :. s1 - 7.401v1-o.255oa75 - 6.393 

* •1 • 7.407.,;'1-1.2(0.2550875) • 6.170 

* s1 • 6.170 s1 • 6 • .393 
.; • 6.17(.988892) • 6.101 8 2 - 6.11) 
• 83 • 6.101(.9990)8) • 6.095 •1 • 6.096 

• & • 6 • and &2 • 40. .. 
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The estimate of a0 which is obtained in this example 
see.ms to be niuch worse than the estimate of tt0 which was 
obtained in the example in section 2.3.2. This is not 
surprising since the asymptotic efficiency of & relative to 
that of complete data (see section 1.2.l) is generally much 
smaller than that for I if k is less than ten. See Table 8.J 
and fable 9.) in Ku.lldorft (1961) in order to compare the 
asymptotic efficiencies of these estimators relative to those 
ot complete data. 

Many numerical examples were considered, so.me of which 
will be discussed in section 2.3.4.2. It was found that the 
method of successive approximations required roughly 
seventy-five per cent more iterations than the modified 
method of successive approximations to obtain & with the 
same precision. 

The modified method of successive approximations was 
compared to the method of scoring used in the example given 
on page 97 in Kulldorff (1961). The modified method of 
successive approxiiuations for a in that example required two 
more iterations th.an did the method of scoring. 

All of the improvements made in the interest of 
decreasing the number of iterations for solution without the 
use of an electronic computer can be used when employing 
Hughes' method ot solution. It should be noted that the 
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numerator of the functions z11 , which would be approximated 
using quadrature formulae it Hughes' method were employed, 
ean be computed as they were in Table II. Only 
F(t1 ) • F(t1• 1) must be approximated using quadrature 
formulae; see equation (2.19). 
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2.3,lt Estimating the Mean and Variance 

21314.1 Preliminary Results 

In the two preceding sections the properties of the 
method of successive approximations were examined in the two 
cases ot estimating the unknown mean and the unknown variance 

using a OkNn(~,a2 )-sample. In this section both parameters 
are assunutd to be unknown. In the two cases previously 

considered, sufficient conditions were established tor a 

unique solution of the likelihood equations. Great effort 

was made to establish some set ot sufficient conditions for 

the existence of a unique, simultaneous solution ot the two 

likelihood equations. No success was achieved in this 
venture, but some numerical results are presented which 

indicate that 1.f a solution satisfies certain conditions, 

then it is a relative maximum. 
In section 2.3.~.2 a theorem is presented which 

establishes that a particular iterative procedure developed. 
in that section defines a sequence of iterates which converge 
to the unique solution of the likelihood equations if there 

is a unique solution. A procedure is developed which can be 

used to locate multiple roots ot the likelihood equations if 

there is more than one root. 
The reader should refer to Barnett (1966) to acquaint 
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himself with the favorable properties of the numerical method 
ot false positions when multiple roots exist. Rather strong 
evidence presented in section 2.3.4.2 suggests that there is 
a unique solution if the conditions of Theorem) are 
satisfied, and therefore, we shall not consider the method of 
.false positions. 

The method of successive approxim.at.ions was generalized 
by Ford (1925) to accommodate two equations in two variables. 
The su.f'ficient conditions given by Ford (1925) tor the 
convergence o.f the sequence formed by this metho4 are not 
satisfied by the likelihood equations unless the starting 
value. (m0 ,a:>, is sufficiently close to a solution. The 
method of successive approximations is very similar to 
Hughes' method of solution, but as it is shown in the 
Appendix, Hughes• sufficient conditions for convergence are 
not satisfied either. 

The equations which must be solved aret 
k 
\' n· 
'- .. i ..... - 0 
i•l 

(2.8) 

as given in the preceding two sections. These equations are 

quite complicated and all of the questions concerning their 
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solution will not be answered in this thesis. The objective 
in section 2.3.4 is to set forth as many explicit results as 
possible and to acknowledge the problems which are not 
resolved. 

The first question to be answered is whether or not 
there is a maximum of the likelihood function and, if there 
is, then when should one look to the solutions of the 
likelihood equations for the purpose of locating it (or 
them)? It is assumed tacitly in this section that the 
conditions of Theorem) in section 2.2.4 are satisfied. 
These conditions insure that the likelihood function, 

has limit zero on the boundary of 
&•{{ .. ,a)• (e1,t2): -• <t' <• and O <o <•}. There.fore, 

one is justified in seeking the maximum of H(!) by 
considering the simultaneous solutions of equations (2.8) and 
(2.14). The use of e1 •~and e2 • o in this section 
provides several simplifications and does not alter the 
structure ot the likelihood equations. 

Recalling equations (2.12) and (2.13) in section 2.2.2 
and equations (2.23) and (2.30) in section 2.3.3, we define 
the following .functions: 
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k 
M(m,s2) • m + a I~ z01 

1-1 

r,. .. • where the argument or zji is now t 1 • • 8 • See 

definitions 1•5 in section 2.3.3. 
The method of successive approximations, generalized by 

Ford (1925), is as follows: Let (m0 ,s;) be a starting value. 
Then the sequence ((mj,sj)} is obtained by the recursive 
relation 

This method of solution is identical to Hughes' method if the 
quadrature formulae which were used to evaluate J(m) and 
;(e2 ) (see equation (2.19)) in the two preceding sections are 
used to approximate M(m,s2) and S(m,a2), respectively, in 
equation (2.32). The author cannot establish any specific 
properties of the successive approximations method of 
solution except those suggested by the numerical study which 
is presented in section 2.3.4.2. Examples are found in 
Hughes (1962) in which Hughes' method seems to be quite good. 
I£ more than one solution of the equations exist, then these 
two methods may, or may not, have favorable properties. 
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Let us assume tha, ! • i is obtained, by some method, 

as a·aolution ot IL(!)• O • From the preceding two sectiona 
19 --

we know that at .Qt 
k k 
L 1 101 • L 1 zu • o. 
i•l 1•1 

Gjeddebaek (1949) obtained. the tollowing aatrix: 

11L(8) -----a,1•' --

At any solution ot IL(!)• 2, using the relation& in (2.33), ae -
this matrix reduces tot 

Let the k matrices in 'this sum 'be designated by Z(i), 
12L(g) 

1 • 1, •••• k. If aaae' is negative definite, then g is a --
relatiYe IIWd.mwa ot L(J); see Theorem 4 in section 4.2 ot 
Chapter 4 in Widder (1961). In Lemma 2 it was shown that 

k L v1(/;,) < l. Using \his result and. equation (2.20), it 
1•1 a 
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k 
l t' n1 2 fol ows that 1~1- n z01 < 0 at any solution£• Inequality 

k 
( " ni( ;a 2.28) indicates that l n z31 - z11) < 0 at any solution S• 

i•l 

Therefore, no solution can be a relative minimum. (see Widder 
k 

It the determinant of j l !!! Z(i) is 
i•l n 

leas than zero at Q, then Q is a saddle-point; see Theorem 3 - -
in section 3.1 of Chapter 4 in Widder (1961). 

k 
If each Z(i) is negative definite, then il !!! Z(i) is 

i•l n 

negative definite. This follows from the fact that it 
!'Z(i}! < 0 for every non-null (2 x 1)-vector I, 

1 • l, •••• k, then l'(jt Zlil]! • if ~(!'Z(1)l) 
i•l i•l 

In section 2.3.4.2 it will be shown that if ~aL(!~ is aeae --

< o. 

negative definite at every solution of the likelihood 
equations in a region, say R, contained in the parameter space, 

then any solution in Risa relative maximum.. 

In order to determine whether the matrices Z(i) are 
negative definite at any solution of the likelihood equations, 
the determinant of Z(i), say D(i), waa computed £or a large 
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number of intervals {t1.1,t1]. If D(1) is greater than zero, 

then the matrix Z(i) is negative definite. The IM 70/+0 
computer at the Virginia Polytechnic Institute Computing 
Center was used to compute D(i) for those intervals having 

length a multiple of one-tenth from t 1• 1 • .3.5 to t 1 • ).5 

for the standard normal distribution. Those pairs of values 
t 1•1 and t 1 for which D(i) might not be positive were sought. 

Examination of each of the Zji in Z(i) indicates that 
D(i) is symmetric with respect to the values t 1_1 and t 1 , 

i.e. D(i) for (-3,•2] has the same value as D{i) for (2,3l, 
and that D(i) is aero where t 1_1 • -t1 • It can be shown that 
D(i) is positive where t 1_1 •-•and t 1 < 0. 

The accompanying Table III indicates the values t 1. 1 and 

t1 for which D(i) is negative when the interval (t1_1 ,t1J is 

such that t 1 S t 1 < -t1_1 and is positive for each interval 

* (t1• 1,t1J which is such that t 1•1 < t 1 < t 1 • 

From Table III it is seen th.at if(~.&) is a solution 
0£ the likelihood equations for a GkNn( ... o-2 )•sarnple, then it 

1. a E I 1 , 1 < i < k 

2. the length of the longest interval, 

I 2, I 3, •••• Ik•l' is less than 3.3&, 
1 21( 8) then each Z(i) is negative definite and therefore - is 

08&8' --
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TA:Jlli !IJ:: The Intervals tor Which :ta!• Determinw 

o, Z[1) BeeOlle@ N•ptive 

t1.1 t* 1 Span in Uni ts of a 

.3.; .5 4.0o 
-.3.4 ., 3.9a 
-;.:, .6 3.9a 

-).2 .6 ).So 

-:;.1 .7 ;.80' 

-;.o .7 3.70 
-2.9 .8 3.70 
-2.8 .s ).6o 

-2.1 .9 ).6o 

-2.6 .9 3.;o 
-2.; 1.0 ).,. 

-2.4 1.1 .3.;c:r 

-2.3 1.1 3.40 
-2.2 1.2 3.40 
-2.1 1.) ).4'1 

-2.0 1.4 3.4-o 

-1.9 1 • .5 ) .4a 
-1.s 1.5 3.30 
-l.7 1.6 'L1o 
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negative definite at(~,&). Therefore (~,&) is a point at 
which the likelihood function has a relative maximwn. Thus 1 

Table III can be used in some cases to determine when a 
solution ntight be a relative maximum.. The region defined by 
conditions land 2 will be referred to as R; 

R • {(~,o): r1 < < rk 1 and max (r1 - r~ 1 ) < 3.3.J. 
- l < i < k .... 

Conditions 1 and 2 are conservative since each D(i) is 
required to be positive and since A is required to be in an 
interval ot finite length. (It '1 a, r1 - .5&, then D(l) 
would be very near zero. The smallest computed value of 
D(1), trom t 1_1 to t 1 , was -.02 .) Some component factors, 

Zji' of D(i) were checked in Table l in Clark (1957) and were 
found to be accurate to at least three decimal places. 
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213.4.2 The Iterative Procedure 

Before the iterative procedure is discussed, several 

further properties of the method of successive approximations 

should be examined. These properties will enable us to 

establish that the iterative procedure to be presented will 

provide a sequence of iterates 'Which guarantee that the 

likelihood function is increased with each iteration. 

Barnett (1966) stressed that the criterion of convergence is 

not the only favorable p1"operty of an iterative procedure if 

one seeks the restricted maxima of the likelihood function. 

If there are multiple roots. and one seeks the value of the 

restricted maximwn likelihood estimator, then one would not 

be sa'tisfied if the numerical method employed located a 

solution at which the likelihood function is smaller than it 

was at the starting value. For this reason a numerical 

method which insures that the likelihood function increases 

with each iteration is very desirable. 
We must examine the behavior of the log-likelihood 

function when each iteration is performed. Using the 

notation M(m,s2 ) and S{m,s2 ) defined previously>we examine 

the behavior of the log•likelihood function after each 

successive iteration on one variable holding the other 

variable .fixed. 
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,!,emma 

If the conditions of Theorem 3 are satisfied by the 

GkNn(~ 10 2 )-sample, then for each fixed value of 

s 2 •er~, (O.•) the inequality L(mj,o:) > L(mj-l••!) is 

oL{ 2 ) satisfied provided mj•l is not the solution of :;•o • O, 

where mj • M(mj_1 ,o!) and m0 f (-~,~). 

Proof: 1. The only way mj can equal mj•l is tor 
k 
"n1 ( L n z01 • O; see equation 2.13). This 
i•l 

. IL(~,o2 ) occurs only at the solution of &µ 0 • o. 
Therefore, by Theorem 8, the sequence {m.} 

J 
is a strictly monotonic sequence converging 

to it, the solution of &L(.,.,ctS) - o. 
itu. 

2. Since L(~,a!) • 0 has a unique solution, it 

is strictly increasing on any interval 
(m0 ,~) and strictly decreasing on any 
interval (0.,m0 ). 

It follows that {L(m.,a~)} is a strictly increasing sequence 
J 

£or all mj r ~. 

A similar lemma can be developed for the iterations 
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performed on s 2, but slight alterations must be made after 

examination of Lemm.a 4 in section 2.3.J. The author cannot 

establish that L(~0 ,sj) > L(µ,0 ,sj•l) unless sj•l is 

sufficiently large, but the following lemma establishes 
results wich are adequate in subsequent arguments. 

Lemma. 6 
If the conditions of Theorem) are satisfied by the 

GkNn (Ut 1o2 )-sample, then for ea.ch fixed value of 

m • ~o t (-•,•) the sequence {L(~0 ,sj}} is a strictly 

increasing sequence for all j > j 0 , j 0 <•,provided no sj is 

the solution of aL<•o••2 > • 0, where aj2 • S(~0 ,sj2 • 1 ) and 
la2 

s! E (O,•) and j 0 is that de.fined in Lemma 4. 

Proof: l. The only way sj can equal sj•l is for 
k 
'\"D,t ( ) l -1: z11 • O; see equation 2.30. This 
i•l 
occurs only at the unique solution, &2 , of 
IL(p0 ,a2 ) 
---2-- • o. Therefore, by Lemma 4 in C,c, 

section 2.;.3, [sjl is a strictly monotonic 

sequence for j > j 0 converging to 12 • 

2. Since L(~0 ,o2 ) • 0 has a unique solution, it 

is strictly increasing on any interval 
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(s~ 1&2 ) and is strictly decreasing on any 
interval (&2 ,s;). It follows that L(~0 ,sj) 
is a strictly increasing sequence for all 

j > j 0 and sj r &2 • 

The following notation will be useful in defining the 

method ot alternating successive approximations. Let sj•l be 

the j th value in the sequence {sjl defined by the recursive 

relation sj • S(m,sj_1). Denote sj.1+~ by Sv(m,sj_1), i.e. 

the iterate obtained from sj-l by performing the operation, 

S(m,sj•l), v times while holding m fixed. For example, it 

s~ is given, then, using v • 3, s; would be obtained as 

follows: 

sj • S(m,s~) 

s4 • S(m.,sj) • s2 (m,s~) 

sJ • S(m,s4) • S3 (m,s2) . 

The method of alternating successive approximations will 

be defined so that the likelihood .function increases with 

each iteration. In order to do thi,s a rather peculiar 

iteration will be performed in order to obtain the sequence 
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{(mj 1sj)}. The iterate (mj,sj) will be obtained from 

<•j•l••j.1) by first performing the operation, M(aj•l••j.1), 

to obtain •j• Then the operation, Sv(•j••j.1), ia performed 

to obtain sj, where vis sufficiently large to insure that 

L(mj,sj) > L(mj,aj_1). 

The method. ot alternating successive approximations ia 
defined as follows: 

1. Let (m0 ,s~) be a starting value in e. 
2. Let aj • M(aj•l'•j•l). 

3. Let sj • sJ(j-1)+1(mj,•j•l), where 

(a) J(j•l) • 0 if 

•j•l < S(mj,aj•l) < 52(mj,sj•l) 

or if sj•l > S(mj,sj.1). 

(b) It sj.1 < S(mj,•j•l) > S2 (mj,sj_1), then 

J(j-l) is the number ot iterations 
required tor 

( J(J•l)( a )) > ( a ) L .j,s ·j••j-1 L ·j•·j•l and 

L(aj,su(mj,sj.1 )) S L(mj,•J•l) for eaeh 

u < '<J-1)· 
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Recall from Lem.ma 6 that if S(mj,sj•l) < sj•l' then 

Sn(mj,sj.1) converges monotonically to §j as n • m, where sj 
iL(m s 2 ) is the unique solution of j • . • 0. But if 

ts2 

S(mj,sj•l) > sj•l' then S(mj,sj•l) might be on either side of 

aj. The definition of sj in step 3 insures that the 

log-likelihood function has increased and that the value 

where iL(mJ,lj) • O, is not between sJ(j-l)(•j••~.1 ) and 
asa 

J(j-1)+1 , 2 ) s ·j•·j-1. If we knew that 

L(mj,S(mj,sj.1)) > L(mj,sj_1), then it would not be necessary 

to execute the J(j-l) additional iterations to insure that sj 

is such that L(mj,sj) > L(mj,sj.1). Examination of Lemma; 

indicates that these properties also are enjoyed by the first 

iteration mj • M(mj•l'sj.1). 

In the theorem which follows it is shown that the 

sequence {L(mj,sj)}, defined by the method of alternating 

successive approximations, converges to some L > L(m0 ,s!>• 

D1eorem :to 
Let the conditions of Theorem 3 be sati.sfied by a 

GkNn(~,o2 )-sample and let (11o,s;) be a starting value which 
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is not a solution ot the likelihood equations. The method of 
alternating successive approximations de.fines a sequence 

{(mj,sj)} which is such that the sequence {L(mj,sj)} is a 

monotonic sequence which converges to L > L(m0 ,s!>• 

Proof: It follows from the definition ot th• sequence 

{(mj•sj)} that [L(mj,sj-•l) - L(mj-l'sj ... 1)] > 0 and that 

[L{mj,sj) • L(mj,sj_1)J > O. Therefore the sum. of these two 

positive terms, [L(m.j,sj) - L(mj•l'sj_1)), is positive, and 

it follows that the sequence {L(mj,sj)} is a monotonic 

increasing sequence. Since L(m,s2 ) is bounded less than nl 

(see equation (2.0)), then L(mj,sj) L for some L, 

L(m0 ,s!) < L < nl . 

In Theorem 11 we shall use the relations: 

These follow an examination ot equations (2.8) and (2.14) and 
of the definitions of M(m,s2) and S(m,s2). Recall tha~ 

J(· l)+l s 2 • S J• (m. s 2 ) In Theorem 11 we shall define j J' j-1. 
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Note that 

the inequalities 

L{mj,sj) • L(mj,sj•l) L(mj,sj) - L(mj,uj) 0 follow from 

the definition of J(j•l)• 

Theorem 11 
It the conditions of Theorem j are satisfied by a 

GkNn (~,a2 )•sam.ple and if there is a unique solution, !, of 

the likelihood equations, then the method of alternating 
successive approximations defines a sequence {(mj,sj)} which 

... 
converges to.! for any starting value (m0 ,s:) , e. 

Proof: The difference (L(mj,sj) • L(mj•l'sj_1}) can be 

ex.pressed as the sum. of two positive terms: 

It follows from Theorem 10 that both of these positive terms 
must have limit zero. Since 

[L(mj,sj} • L(mj,sj.1 )) CL(mj,sj) - L(mj,uj)l, 

u2 • SJ(j-l)(m s 2 ) it follows that j j' j•l' 

tL(mj,sj) • L(mj,uj)J O. Using the mean value theorem (see 

Theorem 2 in Chapter l of Widder (1961)), we have: 

( a a ( a •)aL(mj,~j) L(mj,sj) - L(mj,uj)] • sj • uj as• O, 
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By the definition of the 
3L(mj,s2 ) 

sequence { (m.j, sj2 ) } we know that ----2-- has no zero between 
as 

Therefore, if (sj - uj) fails to have limit zero, 

then (L(m.j,s~) - L(m.,uj2 )) would not have limit zero. 
J J 2 

(.2u4)aL(mj ,u~) 
Therefore, sj • uj ... O, but (sj - uj) • as' also 

has lindt zero. If uj o, then L(mj,uj) ... .cio by Theorem). 

Since L(m.j,uj) L(m0 ,s!), then uj cannot have limit zero. 

aL(mj ,uj2 ) Therefore, . has limit zero. Since (s2 • u2 ) .. 0 and 
tJS2 j j 

since ~L(m,12 > is a continuous function, it follows that 
1&2 

aL(m.~,sj) 
~ 8 2 also has limit zero. 

Using a similar argument, 

.. 
have limit zero and since! is the unique point at; 'Which 

at( e) 
89- • .Q, it follows that (mj,sj) ... !' . - The method or alternating successive approximations is 
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of little practical value in its present form. In practice 

the rate of convergence can be increased if J(j-l) is taken 

to be zero. The rate of convergence ia also increased if the 

modified methods of successive approximations developed in 

sections 2.3.2 and 2.3.3 are used to obtain subsequent 

iterates in the method of alternating successive 

approximations in lieu of the successive approximations 

methods. If these modifications are made, then there is no 

guarantee that the solution which might be obtained is a 

point at which the likelihood function is larger than it was 

at the starting value, unless there is a unique solution. 

Before further consideration ia given to this method of 

solution, a criterion for choosing the starting value (m0 ,s~) 

should be established. 

When one of the parameters is known, it was suggested in 

sections 2.3.2 and 2.3.3 that the k intervals be combined to 

fom two intervals. Then one simple equation is solved which 

maximizes the likelihood function for the G2Nn(~,q2 )-sample. 

Suppose that one wishes to find the maximum of the likelihood 
function for a a3Nn(.,.,o2 )-sample satisfying the conditions of 

Theorem 3. The likelihood function is TT3 n1 
H(!) - CI pi(!) i 

i•l 
A 

see Theorem 3. It is easy to see that!, such that 
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P1(j) •~and P1(!) + P2(.!,) • nl: n2 • satisfies the 

likelihood equations (2.8) and (2.14) given previously. It 
is not obvious that this value of e also maximizes the -
likelihood function. Closer examination indicates that 

3 n 3 
max TT rr11 • 0 < ffi < l and >: TT1 • l, also occurs at 
ffi i•l i•l 

ffi • l• and therefore the maximum of H (.!} over the set ot rr1 

restricted to the parametric relation rr1 • P 1 (.!) can be no 

larger. It follows that the value of.! for which P1 (.!) • 

does maximize H (!) . Thia argument also serves to prove that 

a strict maximum likelihood estimator of e in a -
o3Nn(.,.,a2 )-sample exists and is the solution of the equations 

n1 . n1 + n? P1 (e) •_and P,(e) + P2(e) = . ~, provided that the - n .1.- - n 
... 

conditions of Theorem J are satisfied. The consistency of.! 

obtained from a o3Nn(~,a2 )-sample is established in 

Chapter III. 

If there are more than three cells, then one way to 
obtain a consistent estimator of! is to combine adjacent 
cells and form a a3Nn(~,o2 )-sample. As before, there should 

be some optimal way of doing this. 
The objective is to obtain an estimator, from some 

o3Nn(~,o2 )•aample, for (~.a2 ) which can be used for a 
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starting value (m.0 ,s!) which is close to a value (&£,i2 ) at 

which the likelihood function for the OkNn{p.,o2 )-sample 

attains its absolute maximum. Using Table l in Kulldorff 
(196.3), we find that the product of the variances, for large 

sample sizes, of, and & obtained from a a3Nn(~,a2 )-sample 

is minimized if 11 • (-•,~ - 2.2210], 

I 2 • (t,1, - 2.22la,~ + 2.221a) and 13 • (ll + 2.2210,co] • 

If these are the cells, then the variances of the maximum. 
likelihood estimt.1.tors tt and & obtained from a large, grouped 
data sample are approximately 1.5 and l.8 times as large, 
respectively, as the variances of these estimators obtained 
from a complete data srunple. The probability that a normal 
rand.om variable is less than 2.220 below its m.ean is 

approximately .Ol) • Therefore, the G:l'n (.,,,02 )-sample might 

be selected optimally as follows: choose as the right end 
point of the interval, I 1 , tha.t value r 1 for which 

lnl+ ••• +n~ I 6 = - .013 is nearest sero to tom Ii •(~,r1 ] , 

n1 + ••• + n1 f O; and choose as the right end point of the 

n1 + • •• + n,1 interval, Ij, that value rj tor which I n - .9871 

is nearest zero to form I2 • (r1 ,rj), n1 + ••• + nj f n • 

Then solve the equations: 
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1r1 - Mo\ nl + ••• + ni 
14\ So / - n 

,(rJ: m0) n1 + ••• + nj - ' 0 n 

where F(t) is the standard normal probability distribution 

function. 

Now that we have an approximation to a point at which 

the likelihood function assumes its absolute maximum, we must 

select an iterative procedure with desirable properties. 

Since it has not been shown that the likelihood function for 

a GkNn{~ 1 0 2 )-sample satisfying the conditions of Theorem 3 

has a unique maximum, then one desirable property is that the 
iterative procedure provide a sequence which converges to one 

of the restricted n1aximum likelihood estimates. 

In the forthcoming development the following assumptions 

are made: 
1. The log-likelihood function L(!), where now 

!'•[~,a], is the log-likelihood function tor a 
GkNn(~,o2 )•sample satisfying the conditions of 

Theorem). 

2. The numerical results presented in Table III 
a2L(t) 

establish that -, is a negative definite matrix ~eae - -aL(!) at any solution of -- • Q which is in R, where a! 
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Using the property of the uniqueness of the maxima (see 
Theorems 8 and 9) the following definitions are used: 

). The unique maximwn of L(~,o0 ) is given by L(~,o0 ), 

where~• g(a) and~= g(a0 ) for every o0 E (O,•). 

4. The unique maximwn of L(~0 ,a) is given by L(~0 ,&), 

where a• h(~) and & • h(~0 ) for every ~o E (..w,•). 

The differentiability or h(~) and g(o) can be 
a2L( e) established at ea.ch a E 8 for which a a- • O; see 

- tj,ll a I 

Theorem 14, [Implicit .Functions Theorem] 1 in Chapter l, 

section 12.l of Widder (1961): 

'{ ·) a2L(!)(a2L(.!))-l 
h • - a~a a~io 

and 

By the definition of g(a) and h(~) it follows that 
iL( e) ~i- • Q only when the two arcs~• g(a) and a= h(~) -
intersect in the (~,a)-plane. 

(2 • .37) 

( 2.38) 

• ~1(8) 
If.!'•(~,&], Risa solution of ai- • Q, then using -

Taylor's Theorem (see section 9.2, Chapter 1 of Widder 
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(1961)), 

L(1> ,al - L(" ,& l • [.! • ,!!] ' 11 ~1.!_l, + ½t.!! - !] 'a:~!!~ i [.! - ,!J , 
.... -- ¢ -

• A A • 

where «1 • e1 + 1(81 • e1 ) and ( 2 • e2 + l(G2 - e2) and 

0 < A < l. at(a) Since ae- • .Q, it follows that if(~,•) ER, - ... 
then L(~,a) • L(3,&) < 0 tor every,! in R, where.!'/'.!, since 

(} 2L( e) 
ea e' I I i f R, is a negative definite matrix by -- ' - • assumption 2. Hence L(~,a) < L(~,&) for every! f .!. in R. 

Therefore if there is a solution (~ 1&) in R1 then it is the 
unique solution in Rand is the point at which L(,!) assumes 

its absolute maximum for! ER. 
Ford (1925) proved that it the starting value, in this 

case (mO,s0), is sufficiently close to a solution (a,&) ER, 
then the method or successive approximations (or Hughes' 
method) provides a sequence which converges to (~ 1&). This 
method would seem to be appropriate for obtaining the 
solution (~ 1 &) « R, if indeed there is one. I£ the 
configuration of the cell frequencies ia such that it is 
rather obvious that any solution in the complmnent of R 
would be a ridiculous estimate or!, then one might be 

satisfied to accept the solution(~,&) f R. But if(~,&) is 
near the boundary of Rone would want to know whether or not 
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there might be a solution (~*,o*) IR such that 

L(~*,a*) > L(a,&). The sequence {(mj,sj)} defined by any 

method of solution might converge to some value (~*,a*) 

which is not in R. If this happened one would ask whether 

or not (t,1,*,o*) might be a value of the restricted maximum 

likelihood estimator. In general, one wishes to locate all 

of the solutions of the likelihood equations and to select a 

solution at which the likelihood fWlction is maximum, i.e. 

one seeks a value of the restricted maximum likelihood 

estimator. 

The procedure immediately following was found to be 

quite helpful in answering these questions. Reference to 

Figure 1 will clarify some aspects of the discussion. 

SUppose that(~,&) is a solution of the likelihood 

equations and that one wishes to examine the likelihood 

equations to see whether or not there is another root in the 

region R* - {(~,o):la - ~1 5 Al' I& - al s A2}. Let 

•1 <'•2 < ••• < m4 be q equally spaced points in 

{~:14 •~IS A1) and let s1 < s2 < ••• < •p be p equally 

spaced points in {o:I& - al .S A2). Using the two modified 

methods of successive approximations developed in sections 

2,3.2 and 2.3.3, obtain &1 , ••• , &q on the arc given by 

a• h(~) which are such that L(~,&1) > L(m1,s), 
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:for sf 81, i • 1, •••• q, and 11, •••• ftp on the arc given 

by~• g{•) which are such that L(~1 ,s1) > L(m,s1), for 

m r ~1, 1 • l, ••• , P• The 41 , as used here, are the points 

at which L(m,s1) is maximum. They should not be confused 

with the ~i defined in section 2.).2. These points, 

{(m1 ,&1 ), i • l, •••• q, and <,1 ,s1 ), i • l, ••• , p}, and 

(i,&) provide a rough graph of ti'• g(cr) and o • h(t,.). If 

these two curves intersect at some point (~*,a*) other than 
aL( e) at($,&), then (~*,a*) is another solution of 18- • Q. -

Then L(~ 1&) and L(f,t*,a*) can be compared to ascertain which 
is the larger. 

If (a,&) is in the region R, then there can be no other 

intersection of.,.• g(o) and•• h(~) in R. Therefore, a 

more appropriate selection of m1 , ••• , u1q and s1 , ••• , sp can 

be made, which are not points on ti'• g(a) or o • h(t,t) in R. 
The following statements can be made concerning the 

intersections of~• g(o) and o • h(~), say (~*,o*); 

1. 

and therefore it is negative definite. Hence 
(~*,a*) is a relative maximum. 

i)2L(Hi*,o*l If a1,1iaa 'f O, then (see equations (2.37) and 
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'(e) __ 12L(j)/a~L(!))-l 
g aaa \ s~aa 

and therefore 
i 2L( &) (a) h'(~*)g'(o*) > 1 if and only if -, is ae~• 

(b) 

(c) 

--negative definite 
;) 2L( I) 0 < h'(~*)g'(a*) < 1 if and only if -, aeae - -is positive definite 

a2L(6) 
it h'(~*)g'(a*) • l, then I aea;,1 • o. --

In the following example the same sample which was used 

in sections 2.3.2 and 2.3.3 is assw:ned to have been drawn 
from a norm.al distribution with wiknown mean and variance. 

Recall that the a4N10(50,100)•sample is: 

r 1 • 45, r • 55, r • 60, n 1 • O, n • 5, n • 4, n • l. 2 j 2 3 4 
Using the method for obtaining (m0 ,s0 ) developed earlier in 

this section, we find the solution of the equations 

r(llo • 5 5) • ..i. and ,(mo ; 60) - ...2.. • Th• starting value 
8 0 10 o 10 

(m0 ,s0 ) • (5;.0,3.91) is obtained as the solution of these 

equations. 
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FIGURE 1: The Solution of the Likelihood 

Equations forµ, and o 
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The solution of the likelihood equations is 
($,&) • (55.106,3.702). This solution was obtained using all 
of the methods described in the discussion which follows thia 
example. The two curves .. • g(o) ancl " - h(t') are sketched 
in FigurG 1 ancl R 1a the set ((~,•)145 :S :S 60, 10 :S 3.30}. 

Several numerical methods of solution were compared. and 
a search was made for a GkNn(~ 1a2 )•sample satisfying the 

conditions ot Theorem 3 which might provide two solutions ot 
IL(.!) 
ai - - o. - A description of some of these numerical methocla 

follows: 
l. Successive approximations, method one: 

2. Modified successive approximations, method two: 
k 

•j+l • •j + l.Jaj l !i Z01 
1-1 

). Jlodified alternating aucceseive approximations, 
method threei Jc 

mj+l • •j + l.laj l Zo1 
1-1 
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Method one is the method of successive approximations. 

Recall that this method is very similar to Hughes' method in 

this case. 
Method two is very similar to method one, but the 

coefficients 1.) and 1.4 were selected following an 

examination of Table l in Kulldorff (1963) in the same way in 

which the A's were selected in sections 2.).2 and 2.).), 

respectively, in order to reduce the number of iterations 

required for solution. 
Method three is similar to the alternating successive 

approximations method. In all of the examples which were 

studied the method of successive approximations for obtaining 

&2 never produced a sequence {sj} which was not a monotonic 
sequence converging to the solution &2 • This would indicate 

that J(j-l) • O; see Lemma 4 and Lemma 6 and the definition 
of the method of alternating successive approximations. The 

coefficients l.l and 1.2 which appear in the equations 

defining method three are the same as those used tor 

modification of the method of successive approximations in 

sections 2.3.2 and 2.3.3, respectively. 



1)6 

A large number of numerical examples were solved using 
the IBM 7040 computer at the Virginia Polytechnic Institute 
Computing Center. Som.e of the comparisons of the method.a ot 

successive approximations and the m.oditied methods of 
successive approximations considered in sections 2.3.2 and 
2.3.3 were made earlier in those sections. 

General observations concerning the three methods of 
solution desoribed in this section follow: 

A. Method one required roughlJ thirtr•tive per cent 
•ore iterations than method.a two and \hru. 

a. Methods \wo and. three required about ~e ea• 
nwaber of iterations. Method two appeara to be the 
most appropriate aethod of solution it the 
iterations are to be executed using a high speed 
computer. This aethod never failed to converge. 

C. It was shown that the method of alternating 
successive approximations provides a convergent 
sequence it there is a unique solution. If w 
assume that J{j-l) • O, then method three is 
essentially the same method of solution as the 
alternating successive approximations method, 
except that the number of iterations required for 
solution was reduced by roughly thirty per cent in 
those eases considered. Method three might be the 
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best method if the solution must be obtained by 

hand. Tha same operations which were performed in 

Ta.ble I and Table II can be used to facilitate 

these iterations. 

A search was conducted to find a sainple which might 
provide two distinct solutions of the likelihood equations. 

Three cases were considered, k • 3, k • 4, and k • 5. Cell 
frequencies were selected in such a way as to satisfy the 
conditions of Theorem), but which might represent extremely 

unusual sample configurations, for example, n1 • 4, n3 • 1, 

and n5 • ;. The arcs t' • g(a) and o • h( .. ) were drawn. In 
no case were two solutions found. 

The numerical results presented in the preceding section 

and those presented here would sea to indicate th.at one 

should expect only one joint solution of the likelihood 

equations when both parameters are unknown. The method of 

locating multiple roots can be used to verity this for any 

given GkNn(~,s2 )-sample. It was found that the general 
characteristics of the two arcs in Figure l seemed to be 

common to all sample configurations, except when over 

one-half of.' the observations fell in 11 or Ik. 



CHAfl:EB III 

ASYMPTOTIC PROPERTIE§ OF HAii.M!lH LIDJ,IHOQ:Q ESTIii.ATOR 
OBTAINED fBOM . GROUP~D DA'l'A §AMJ!l&I 

311 Introduction and Definition1 

In this chapter theorems are developed which provide 

sufficient conditions to insure the asymptotic efficiency of 

maximum likelihood estimators obtained from. grouped data 

samples. Recall that if I is a vector of random variables 

with frequency function f(z;!), where! is a q x l vector of 
• parameters, then the sequence l.!nl has been defined to be 

asymptotically efficient for .!o• the true value of.!, if 
' ... 
-v'n(.!n - .!o) has as its limiting distribution the q-variate 
normal distribution with mean vector Q and covariance matrix 

[ J~log(f(!;!Q) )][ilog(f(,l;J.o) }7]•1 . 
E ae °'' .J • This covan.ance matrix - ~--

is the inverse of the information matrix for a sample of sise 

one. 
In the Introduction several maximum likelihood 

estimators were defined. The present objective is to find 

sufficient conditions for the strict maximum likelihood -estimator .!a, and for the restricted maximum likelihood 

estimator~ to be asymptotically efficient. The asymptotic 
efficiency of the maximum likelihood estimators of .. and o2 

from a GicNn(~,o2 )-sample is established. Recall that 

138 
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Kulldorff, in Theorem .3 (1958a) and in Theorem 3 (l958b) 1 

showed only that the maximum likelihood estimators, when 
they exist for~ given a 2 and for o2 given~, are 
asymptotically efficient. 

In the development which follows it will be necessary 
to restrict our attention to a sub-class of parametric 
families of distribution functions. In general, if l is a 
p x l vector of random variables defined in a subset 1 of 
Euclidean p-space, Ip• and if! is a q x l vector of 
variables defined in a subspace e of Euclidean q•space, 14, 
then the class of distribution functions F(1u!) such that 
@ 1 81s called a parametric family of distribution 
functions. We shall refer to the class of distribution 
functions {F(as,!h .! • e) as a continuous, parametrie family 

of distribution functions if and only if the following 
conditions are satisfied: 

l. There exists a non-void class of s distinct points, 

Q • l<1&1,"'2.-•••&s): ~q, O < F(&1,;,!) < l for 
each! 1 e, 1 • l, ... ,s}, such that i.f 

(~1, ••• ,&5) E Q and .!J.,!2 • e and 
F(a1,!1) • F(o1,!2), i • l, ••• ,s, then !1 • !2. 

2. The .function 1(~;!) is continuous in! tor each 

e • e. -



In this definition, continuity is wit,h respeet to the 
el•ents of!, and P(&&!) ma:, be discrete, continuous, or 
absolutely continuous with respect to the elements of a• 

It will be desirable to extend the definition of a 
Gicln<••••)-sample. It all of the conditions necessary to 
conatitute a sample with the property Gicln<•,••> are 
satisfied except that the underlying randoa variabl.e has 
aoae probability distribution function in the fuily 
D • ( F(x1!) •! • 9}, where e c: lq, then the aaaple will be 

aaid 'GO ban the property Oic:Du(!) • 
Suppose that the underlying rand• Yuiabl• l is a p x l 

vector ot randoa Yariablea de.tined in Xe Ip, and suppose 
that the probability distribution function of' J 1a in the 
.t8Jl1ly D • ( P(iu!) •! • 9} , where • c 14• It each of the 
zs.-coaponent axea is partitioned into kt intervals 

I1j • {ri,j•l• r1,3l, r10 • •• < r11 < ••• < rik1 • • • 

i • 1, •••• p, then a random sample of size n, for which 
each compon«it of l is grouped acoonling to the c•ponent 
intenals, provides oell frequencies for each of the 
hyper-ree'tallglea1 i.e. tor each ot the sets which Dlight be 
formed by a Cartesian product of the intervals 

llj(l)• I2j( 2), •••• Ipj(p) , where l :S j(i) S k1 , 

1 • l, •••• p. Denote a particular hyper-rectangle by Ka,, -
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where~' • (j(l), j(2), ... , j(p)], and let 

Pr{l • 8i,t!l • P11 (!) and let n be the number of grouped 
- - !:!. 

observations in R11 , where In..,• n. The sainple will be 
- i,j -

said 'to have the property G11Dn(J!). The log-likelihood -
function for a OvDn(,!)-sample is -

where C is not a function of!, and where the sum. is 
understood to be perfomed for j • 1, •••• k1 and 

i • 1, • •., p • 
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If the parameter space e is contained in B, then, in q 
general, the closure of emuat be considered to be a subset 
ot the q•dimensional Cartesian product space of the extended 
real numbers, E•; see page 54 of Hewitt and Stl"Ollberg (1965). q 
Denote the closUN ot e by fl" • 8 U 1e. The following 
theoreaa are needed in subsequent developments: 

A. If (~} is a sequence in e, then there exists ••• 
subsequence (.!ntl ot {Jn} which haa limit .l • e•. 
(See Hewitt and Stromberg (1965), Theorems 6.37 and 
6.43 .) 

B. If {Jn} is a sequence in e• such that no aubaequence 
{.!nk} has limit other than .! , e, then l.!n} bu 

limit ,! f •• Thia conclusion tollowe from Theorem A 

above. Since there is at least one subsequence with -limit!, e and since no subsequence has limit 
other than,!, then the sequence l.!n,} has limit J!• 

Theorem l 
Let the following conditions be satisfied: 
l. I is a p x l vector ot randcm variables de£1necl in 

I c:: E • p 

2. ! is a q x l vector 0£ parameters defined in e c:: E4, 



3. {F(.;!):! Ee} is a continuous, parametric family of 
distribution functions, 

4. (~1 , •••• 358 ) , Q and {Jn} is a sequence in e • 
;. F(2St ;.in) F("t jf), 1 =- l, • •., s and .! E 0. 

Then t -+ a. • -n -
Proof: Since {lzil is a sequence in a, it follows from 

Theorem A that there exists a subsequence l.!nk} such that 

!nk ... ! e ff'. Since { F(iu.!) :.! t e} is a continuous, 

para.metric family of distribution functions, F(ia!) is 
continuous in the elements ot ! and F(4'1 ;!nk) F(.1 UlJ , 
i • 1, •••• s, by the definition of continuity. But, 

{ F (~ •.!n1c? } is a subsequence of { F ("1 i!n)} and hence 

F(.&t_iJ.nk) F(~;s) tor 1 • l, ••• , a. Using property 1 of 

the definition of a continuous, para.metric family ot 
distribution tunctiona,it follows that since 
F(OJ. ;J.) • F(a.s_ j_i), i • 1 11 ••• , a, then .! • !• Thus any 

subsequence of l!n) has limit!.• Using Theorem B, we have 
that .!.n .!• 

Rao (1957) proved the following theorem which is given 
here as Lemm.al. 

Lem.ma l 
If a1 , a2, •••• 8k and b1 , b2, ••• , bk are positive 
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k k 
constants such that z.ai == I b1 , then 

1•1 1-1 

and the equality holds if and only if a1 - b1 , i • 1, •••• k. 
The expectation operator, E, will bear no subscript in 

subsequent arguments. It will be understood that the 

expectation should be taken with respect to the joint 

distribution of the random variables in the sample. The 

information matrix for a sample of size one will be denoted 
by J0 • When aaL(!) is written, it is assumed that it exists 

ae11eJ 
and is finite for each! c e. 

Rao (1961, 1965) used Lemma l to prove the following 

theorem which will be used frequently in subsequent 

developments in this chapter. 

Theors 2 
If P1 (.!), i • 1, ••. , k <••are the k cell 

probabilities of a multinomial distribution, where.! is a 
q x l vector of parameters defined in ec E4 and n is the 

sample size, then if: 
1. P1 (!) f O tor each! t e, i • l, •••• k• 

.... r a2L<.!c,>] 
2. l\_• aeae' • nJ0 is non-singular, where .!c, is the - -

true value of! in e and L(.!) is the logarithm. of 
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* the likelihood function for a sample of size n, 

J. For every o > O there exists an f > 0 such that 

inf S (! , & ) f 1 _!0 in e , where 
18-&1>6 o-
- -0 -

k (p ( e )) 
S C.!c, ,.!) • l: P 1 (.!o) log ff and I.! - !o I is the i•l • P1C.!) 

.. 
then with probability one as n co the value~ at which the 

likelihood .function assum.es its unique absolute maximum is a 

solution of the likelihood equations and -vu(~• .!c,) has the 

multivariate normal distribution with mean vector O and -
-1 ** covariance niatrix J0 as its limiting distribution. 

Using the conclusion that, with probability one as 

n likelihood function assumes its unique absolute 
.. 

maximum ate, a solution of the likelihood equations, one -n 

* The conditions of this theorem can be relaxed; sea 
Note 2 on page 298 of Rao (1965). 

** In order to establish that Theorem 2 is actually proven 
by Rao, the .following references should be made in Rao (1965). 

1. See Note 1 on page 298. 
2. See section 5c.2, particularly statement (iii) on 

page 286 • 
.3. Statement (iii), page 286, togethttr with the 

-1 relation 5e.2.5 on page 296 establishes that J0 is 
the appropriate covariance matrix for the 
limiting distribution. 



can conclude that vu(~• !a) has the srune limiting 
, . 

distribution as '°""(-!n • .!o>• Hence, both the strict and 
restricted maximum likelihood estimators would be 

asymptotically efficient. 
The following observations should be made. In order to 

establish that 

tnt S(.!,.. 1 i) > • le.e >6 ..... - -
- -0 -

one must show only that if {J.l is a sequence in e• and 

if S(.!c, ,.!a) .. O • then l.!a • .!c,1 .. O ; 

see the paragraph following assumption 1.1 on page 295 of Rao 
(1965). This follow• from consideration of L-.a l. It also 
follows from Lemma 1 that 

If one 1s concerned with estimating the parameters of a 
particular distribution using a grouped data sample, then 
conditions one and two or the preceding theorem must be 
examined for that particular distribution. In Theorem.a 
3 and 4 following, sufficient conditions are established 
which, it satisfied by the cells defining the grouped data 
sample, will insure ·that condition 3 ot Theorem 2 is 
satisfied. 
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Thegrepl l 
If Xis a random variable defined in I c E1, and! is a 

q x l vector of para.meters de.fined in ec Eq and i.t: 

l. D • [F(x,j):J e e} is a continuous, parametric 
family of distribution functions, one ot which, say 

F(x;..!g), is the probability distribution function ot 
x, 

2. the Gt1)n(!)•san1ple is defined by 

and there is a subset of {r0 , r 1 , •••• rk}, 

say (P1 , P2, •••• P8 ), in Q for each! Ee, 

P1(!) r o, i • 1, •.• , k tor each.! c e, 
_r a2L( e )7 
!il_• -C: , • nJ0 is not singular, 10& a .., - -

then the strict and restricted maximum likelihood estimators 

are asymptotically efficient. 
Proof: Conditions 3 and 4 satisfy the first two 

conditions of Theorem 2. Using observation (3.1) we must 

show that if S(!o,.!m) ... O, then 1.!m, "".!t,I ... 0 in order to 

satisfy condition 3 of Theorem 2. If S(.!c, 1.!m) O, then by 

observation (3.2} it follows that P1 (.!m) P1 (.!o}, 

i • l, •••• k and hence F(P1 ;Jm) ... F(P1i.!c,), i • l, •••• s. 
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Using Theorem 1 we see that ,.!m ... !o and hence I~ - !cl -+ O. 

There.fore, the conditions of Theorem. 2 are satis.fied and the 

strict and restricted maximum likelihood estimators are 

asymptotically efficient. 
This theorem is extended easily to the rnultivariate 

case. 

fheoam It 
If 1 is a p x l vector of random variables defined in Ep 

and.! is a q x 1 vector ot para.meters defined in ec: E4 and 

if': 

l. D e{F(2Ss_;!)t! Ee} is a continuous, parametric 

family of distribution functions, one of which, say 

F(~;.!o), is the probability distribution function of 

!, 
2. The GvDn(.!)-sample is defined by the points -

the set of all!: de.fining the cells, and a subset of 

Lr;J, .t1 , ••• , ~l, say <.e1 , e2, ••• , e,8 ) 1s 1n Q 

for each ! E e, 
P11 (.,!) f O, !:! EV for each! E 8, -

then the strict and restricted maximum likelihood estimators 
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are asymptotically efficient. 

Proof: Conditions 3 and 4 satisfy the first two 

conditions of Theorem 2. Therefore, we must show that if 

S(.!o,.!m)-+ O, then IJ?m - !cl o. Using observation (j.2) we 

see that P_,(.!m) -+ P11 (.!,0 ) tor each!: f V and ther•fore - -
r(~ t!m) ... F(f.t ;Jo), i • l, ••• , s. It follows from 

Theorem l that 1.!m - .!c,I ... O. Hence the strict and 

restricted. m.aximwn likelihood estimators are asymptotically 

efficient. 
The characteristics of the class of points Q, if it 

exists 1 will determine conditions which must be satisfied by 

the cells defining the grouped data sample in order tor the 
restricted maximum. likelihood. estimator to be asymptotically 

efficient. We are primarily interested 1n the class Q only 

for the normal distribution, but a much wider class of 
parametric families of distribution functions has similar 

characteristics. The two theorems which follow establish 
some classes of distribution functions for which Q can be 
characterized. One must keep in mind that even after some 

class of points in Q is determined, it must still be •hown 

that conditions 3 and 4 of either Theorem) or Theorem 4 are 

satisfied before the asymptotic efficiency ot the strict and 

restricted maximum likelihood estimators is guaranteed. 
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The~rem 2 
If I is a random variable defined in X c: E1 and if e is 

a parameter defined in Ge E1 , then D {F(x;e):e Ee) is a 

continuous parametric family if the following conditions are 

satisfied. 

l. For each x EI, &Flf;e} is a continuous function 

of a at each e , e, 
2. It Pe X and O < F(P;t) < l tor every 8, e, 

then j dFa~• e .l 1 > 0 for every • E e. 
Proof: Since the derivative of F(P;e) is not zero and 

since F(P;t) is a continuous function of e, it follows that 

F(Pa&) is a strictly monotonic function of e and hence if 

F(P;t1 ) • F(P;t2), then &1 • e2• Therefore, the set Q 

contains any point PE 1 provided O < F(P;i) < 1 for every 

t, e. The family D satisfies the conditions of a 

continuous, parametric family since condition l obviously 

implies that F(x;e) is continuous int for each 8 • e. 
Theorem 6 

Under the same conditions stated in 11heorem 5, the 

strict and restricted maximum likelihood estimators ot 0 

obtained from. a C\Dn(l)-sa.mple are asymptotically efficient 

provided P1(e), •••• Pk(e), k 2» are all different from 
k 

zero and l: P1 (e) • l for every e Ee. 
1-1 
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Proof: Using Theorem; it follows that Dis a 

continuous parametric family of distribution functions. 

Since P1 (e) r o, i • l, •••• k, k 2, conditions 1•3 of 

Theorem 3 are satisfied. 

condition 2 of Theorem 5, 
dF(r •e) 

particular l' o r O. 
d8 

Note that P1 (e) • F(r1 ;e) and, by 

dF{r1;&) 
de r O for any 6 • & and in 

All which remains to be shown is 

that condition 4 of Theorem) is satisfied, i.e. we must show 

'that J0 'f O. But J0 is 

k •l (d.P (e ))2 
Jo• I pi (to) ie o 

i•l 

{see Rao (1965) page 295, Assumption)). Since dPJ;e2) 'f O, 

it follows that J0 r O and by Theorem) the strict and 

restricted maximum likelihood estimators are asymptotically 

efficient. 

In many cases the large sarnple properties of the 

restricted maximum likelihood estimator obtained from grouped 

data samples can be verified using Theorem 6. The following 

three discrete distributions provide examples. Let 
.e u 

r(u , o) • e 9 0 l 
• V U! f U • f t • • e J 

••• , and 
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Using relations already enumerated by other authors (see 

Hughes (1962)) we find that: 

dF(u;el •• .f(u; e) < O for O < 6 < ... 
di 

gF~:ae) • (l. e)•1(v + l)[l - F(vJI)] >O tor O < 6 < 1, and 

4f(w1N,e) • -Nt(w;N•l,t) < 0 for O < e < l and w < N. d& 

Therefore, by Theorem 6, if one has a grouped data 

sample from one of these three distributions with at least 

two cells, such that P1(e), P2(t), •••• Pk(t) are not zero 
(and sum. to one) for every tin the appropriate parameter 

space, then the strict and restricted maximum likelihood 

estimators are asymptotically efficient. 

There Hre many other one-para.m,eter distributions which 

satisfy the conditions of Theorem 6; however1 it is the 

multiparameter cases which have received little development. 

As we have seen, the normal distribution with both parameters 

unknown was not considered by Kulldortt, ~mo established the 

asymptotic properties of the maximum likelihood estimators 
from grouped data samples when only one parameter is unknown. 

In the subsequent developments in this chapter our 

attention is focused on parametric families of absolutely 

continuous probability distribution functions. The 

parameters will be limited to first and second moments of the 

distributions. 
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The following lenuna is stated without proof. 

Lemma 6 
It F(x) is the prob~bility distribution function of the 

random variable X, defined in X c E1 , and if F(x) is a 

strictly increasing function of x EI, then the probability 

distribution function of Y • I b B, where-~< a<~ and 

0 < b <•,say F1 (y), is a strictly increasing function of 

y E ! c E1 • where ! • { Y: Y • 1;! and X « i} . 

In the theorem which follows the vector!'• [e1,•2J is 

defined to be (EI, E(I .. e1)2 ] • (tA,a2 J and e is defined to 

be the set {!:a< e1 < b, 0 < o2 <•},where a< band a and 

bare points :tn Eis ( .... ffi,~). The symbols e1 endµ and the 

symbols 12 and a 2 will be used interchangeably. 

The9Nm 7. 
Let D • {f(x;J.} :j t O} be a parametric family of 

distribution f1m.otions ot the random variable X defined in 

I• E1 • It, for each .i Ee, F(x;!} ia continuous at! and is 
a strictly increasing function of x E %, then Dis a 

continuous parametric .family of distribution funct1ona. 

Proof: Suppose that .!i and .!2 are points in e and that 

P1 and P2 are two distinct points in X such that F(P1 i,!) and 

F(P21!) are greater than zero and less than one for every 
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.! f e. Define the rand0111 veriable t • (X • ll)(E(X-E(X))ar½, 

Let Y have the probability distribution function F1(y). It 

follows that if F(P1 ;.!1) • F(P1;~), then 

(P1. •1) (Pl.•,) '1 '1 • '1 '2 and if F(P2•J1> • F(P2i!2>• then 

r1{P2 ; 1•1) • r1(p2 ; 2•a). Applying Lemma 2 to obtain the 

strict monotonicity ot F1(y), it follows that 

Pl - •1 Pl - -a Pg - •1 Pg - •a a1 • a 2 and , 1 • i 2 • ancl '1lere1'on 

•1 • • 2 and c,l • o-2• By assumption. l(XJ!) ia continuous at 

each!, e and therefore Dis a continuous, parametric family 
or distribution functions. The set Q consists of any pair of 
distinct points P1 , P2 in J such that F(P1 ;.!) and r(P2;J) are 

greater than zero and less than OM tor every- j e e. 

The general •ultivariate extension of Theorem 7 is far 
more complicated than Theorem 7. The following corollary is 
presented as a very weak multivariate extension of Theorem 7. 
In the corollary the parameter space e is the set of 

!' - [1,' ,a.2 '], where q • !. and 



155 

Corollau.1 

Let D • I F(4 ;.!) : e , e} be a parametric family of 

distribution functions of the random variable I defined in 

X c EP. It, for each ,! f e, F( 2.u!) is continuous at ! and 

is a strictly increasing .function ot each Xi• i • l, ••• , Pt 

then Dis a continuous parametric family of distribution 
functions. 

Proof: We must exhibit a collection of points fi, 
1 • 1, .•. , 2p, in Q. Let !i •[a,•, •.• , •J and 

I e,2 • tb, •• •••• •l, a 'f b, be two points such that 

f(a, •, •••••)and F(b, ~, .•• ,•)are not equal and both 
are between zero and one tor all!, 8. Let e* and e** be - -
two points in £'1. If F(f1;.!.*) • l{f.1;.!**) and 

F(f2,.!*) • F(f2;.!**), then usii1g Theorem 7 it follows that 

.. i • 1,1.i* and of* • c~*~. Similar pairs of points,i.e. 

having only one finite coordinate I establish that !! • .!~ 

The total n"WDber of points required is 2p. 

In the next section it will be shown that the strict 
and restricted maximum likelihood estimators obtained from a 
OicJn{~,aa)-sample are asymptotically efficient, using 

Theorem 7 to satisfy the conditions of Theorem 3. It also 
will be shown that the strict and restricted maximum 
likelihood estimators in the case of grouped data samples 

.from a bivariate normal distribution are asymptotically 
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efficient. 
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3.3 Asx:mptotic Properties or the Strict and Re§tricted 
Ma.pmum Likelihood Estimators in ~he Case 

or a Normal Distribution 

In Theorem 8 we shall prove that the strict and 
restricted maxim.um likelihood estimators for the mean and 

variance or a normal distribution obtained from a 

GkNn(~.o2 )-sample, k 3, are asymptotically efficient. In 
order to satisfy the conditions 0£ Theorem 3 we must show 

that the information matrix for a sample or size one, J0 , 

is non-singular. The following lemma will be used in 

Theorem 8 to establish that J0 is not singular provided 

k ). The matrix J0 can be computed using Theorea 7 in 

section 2.2.5, but using equation (2.3~) and the fact that 

c is some non-zero constant. We shall prove that 

let!!!! l k 
If k 3, then I P1(1 >[Zz01]tz-1,zli] is not singular. 

i•l -o li 71 
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Proof: It is suffiei~nt to show that the set or 

½ ~z J k vectors {P1(j )L' ZOi} span the space B2• This can be 
o li- i•l 

done by showing that there are at least two non-null vectors, 

[z01 .z11J and [Z0j,zlj), which are such that one is not a 

scalar multiple of the other. The following two cases are 

considered. 

obvious that the second ·1Tector is not a scalar 

multiple of the other. 

Case 2. k 3 and z02 r o. (rlote that the case where 

Zo(k-l) is not zero would be accompanied by the 

same argument using z1 ( k•l) and z1k , i • O, 1.) 

Since z02 t O, then t 1 r t 2 • Suppose that 

f Zo17 • c[-Zo2], for some c. Then: 
LZ11..J Z12 

r-t(t1) 1 • crf(t1) - f(t2) 7 and 
L-t1f'(t1)·J 1...t1f(t1) • t2f(t2)J 

(l + c)f(t1)[i'1] • r(t2)[i"2]. 
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Since t 1 f t 2 there is no c for which this 

equality holds. If z02 = O, then either Case l 

is a.pplica.ble or Zi(k•l) i O and, as noted, the 

proof' in Case 2 would suffice using tk•l and 

tk•2 • 

The strict and restricted rrLB.Ximum likelihood estimators 

obtained from a GkNn(~,a2 )•sample, k 3, are asymptotically 

efficient. 

Proof: From Theorem 7 it follows that the parametric 

family of univariate nonnal probability distribution 

functions is a continuous, parametric family with Q 

consisting of any two distinct points in(-•,~). Since 

k 2' 3, conditions land 2 of Theorem 3 are satisfied. By the 

definition of a GkNn(~,a2 )-sample (see section 2.3.1) the 

length of each interval is greater than zero and therefore 

P1 (.!) ;' O, i = l, •••• k and condition .3 of Theorem .3 is 
satisfied. The conclusion of this theorem follows from 
Theorem 3 if it can be shown that J0 1s non-singular when 

k ). Applying Le1111!'la 3 it follows that J0 is not singular. 

Therefore, by Theorem 3, the strict and restricted maximum 

likelihood estimators obtained from a Gk11n ( 1Ji ,02 )-sample, 

k 3, are asymptotically efficient. 

Corollary 1 could be used to prove that the strict and 
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restricted maximum likelihood estimators of the means and 

variances of a bivariate normal distribution obtained from a 

grouped data sample, k1 3, k2 J, when Pis known are 

asymptotically efficient. The more realistic case is that of 

a grouped data sample from a bivariate normal distribution 

with all five parameters unknown. Establishing that the 

information matrix J0 is non-singular is similar to, but much 

more intricate than, the development in Lemma) and therefore 

it will be assumed in the following theorem. One might 

expect that if at least three intervals are required on each 

axis to establish that the maximum likelihood estimators for 

the four parameters ~1 , ~2, of, and a; are asymptotically 

efficient, then either k1 or k2 might have to be greater than 

three in the case of five unknown parameters. The need for 

this condition is established in Theorem 9. 
In Theorem 9 it is assumed that!'• tx1 ,x2J has the 

bivariate normal density function f(.~;!}, where! is the 
vector containing the elements of the two matrices 

a2 • 
El - a - t•1 •"2l, and E(& - a)<! - al' • C,.1 o½2] ' 

21 2 

a12 • 0 21 • The grouped data sample is defined by 

Iij • (ri,j•l ,r1 ,j], j • 1, ... , k1 , i • l, 2 and 

m1n(k1,k2) 3 and ma.x(k1 ,k2) > 3, (see section J.l). Since 

a bivariate distribution is being considered, let the cell 
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trequency of I 11 x I 2j s Rij be n1j and let 

Pr{J E Rij t21 = P ij (!J. If the sequence {.!_] is considered, 

then each element of i will be designat-ed by adding the -m. 
subscript m to each element, e.g. "i and 0 12 • ,m ,m 
particular value of! in 

If e is a 
-0 

then the subscript o is added to each element of~• e.g. 

~2 • The para.mater P will be used interchangeably with ,o 

0 12'0 1"2 • 
The lemma which follows will be needed in the proof of 

Theorem 9. 
;J.emma,lt 
If l has the bivariate normal density function 

t(~;!) = (2rro-102:_,1-v2)-1exp~ 2(1~2) lxj:2 • 2PXix2 + x;2J), 

X,1 • ~i where r • _,. ____ , i • 1, 2, and P 2 < l, then 
i •1 

I*• PI* 
l. W • l 2 and X~ are distributed independently 

-v1 .... p2 

with density functions f(w) and f(~) 1 where 

, .,ha 
t(t) • ...._ e 2 , _. < t < • and 

2. Pr{Xi < r 1 and r 2 < x2 < r 3J • Pr{r2 < x2 < r 3}Q, 



Proot: We first complet• the square in the exponent of 
t(a;J): 

Thua, concluaion l ia eatabliahed. 
11 • min(Pr!,Pt1) 

If rJ < x- < r* , then _., < w < · , · . , i , " . 2 ) v1..pl 

Fl"OII this w conclude that 
r r J 1 J· lt(v• t)dx dx. • _.. r ••- 1 2 

2 
arul there.ton 

conclwsion 2 ia esta'bllabed. 

Tbl!En 2 
Asauming that the 1ntonution matrix J0 1a non-aingw.ar, 

the strict and restricted 1und.11a likelihood eat.iatora ot 

the paraaters of the bivariate norul deneitJ tuncUOll froa 
a grouped data auaple, id.l'l(k1 ,k2) 3 end max(1ti,k2) > 3, 
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are asymptotically efficient. 
Proof: Since the aree. of each Rij, defined previously, 

is not zero, it follows that P1j(.!o) f O and it was assumed 

that IJ0 1 ,' o. Therefore conditions land 2 o:r Theorem 2 are 

satisfied. In this case 
k1 k2 p (t) 

S(!o,!) • l I pij(.!c,)log( ij -o) • 
1•1 j•l pij(!) 

Using statement (3.1) and Lemma 1 1 it nust be shown that if 

P
1
j(J.) -+ P

1
J(Jo), 1 • l, •••• kl and j • 1 1 •••• k

2
, then 

I e • e I ... o. .... -0 

Therefore 

and 

If P1j(.!,.) ... P1j(.!o)• then 

k2 k2 I P1j<•) .. I P1j<! ). 
j•l '"""ll j•l o 

By Theorem 7 it follows that ~l,m-+ ~l,o and of,m ... af,o • 
The same argument, reversing the roles of 1 and j 1 indicates 

that ~2,m ... ~2, 0 and a~,m ... a~,o• The theorem is completed 



164 

if' it can 

p ... p • m o 

oe sho¼~ that 0 12,m a12, 0 , or equivalently that 

Let f(~;P) denote the bivariate norm.al density 

function of the random variable_., where E! • lo and 

E(I1 • "i,0 ) 2 • af,o and E(X2 - ~2, 0 )a • q~,o and 'Where the 

correlation coefficient is P. Let 

X*. Xi• ~1.o d * • ri,~ ,• ~i,o j l k - an r1 j _...,_~----- • llO' , •••• ·1 , i ai,o ' i,o 
i = l, 2. "!'wo esaru.uptions are chosen for the ari;i.mlent which 

follows. Similar arguments establish the theorem for the 

other cases. Assume that: 

l. p > 0 o-
k2 > 3. 

then applying Lemma 4 it follows that: 
~1,j,m 11,j+l S r(w)dw S f(t)dt ... 

- r! j 2, 

i • 1, ••••~and j • l, •••• k2 , where 

and 
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• 

Since the integral of t(w) is a strictly increasing function 
or its upper limit, it follows that 

Consider 

and 

A1,J.m ~i,j,o, i • l, 2 and j • 1, 2. 

r! - r! A • A • l,l i,2 
1,j,m 2,j,m v'l pa 

-. 

SinAA (' - ' ) (1 •' ) it follows. th0t • •• • 4 l,j 1m A2,j,m l,j,o A2,j,o' 

... p • 
0 

It P0 • o, then P0 and the conclusion of the 

theorem follows without using the fact that k2 >); compare 

this result with Corollary l to Theorem 7. 
If P0 > o, then, since v'1.pl ... vT:PI and since 

• 0 
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Since IP I ... P0 • either P ... P or thero is a subaeouence • 
Iil Ill O • 

{P }, of negative terms in the sequence {P} such that s m 

P5 ... -P
0

• If each P
8 

< 0 and if {P
8

} is a subsequence of 

{P•}• then {m1n(P8~•J'Ps~,j+l)) • {P811,j+ll, 

j • o, •••• k•2, is a subsequence ot (and has the same limit 

as) {min(P•~,j ,Pm11,j+l)}. 'l'herefore, (-P 0 )Zi,j+l • P o'2,j, 

j • 11 •••• k2-2. If k2 • 3 and ~,l • •1z,2 , then there 

might be a subsequence such that P8 .. .P0 , but since k2 > 3 

11,j+l cannot be equal to •1i,j, j • 1 1 21 •••• k2-2. 

Therefore P• P0 • This completes the proof. 

See the Appendix for an iterative procedure with which 

the maximum likelihood estimators 0£ these five parameters 

might be obtained. An iterative procedure is also developed 

which might be used to obtain the maximum likelihood. 

estimators of these five parameters if one of the variates 
were grouped and the other were not grouped. 



CHAPTER IV 

In this thesis the ,.wthod of ma.xi..iuia likelihood is 

employed to estimate the para~eters of probability 

distribution functions when grouped data only a.re available. 

A grouped data sample of size n is a sample in which the only 

information available is that there are m1 observations leas 

than or equal to r 1 , where ... < r 0 < r 1 < ••• < rk • • • The 

intervals (r1_1,r1] are called cells and the cell frequencies 

k 
are denoted by n1 • m1 - m1_1 , where 1!1~ = n. 

In Chapter II grouped data samples from univariate 

normal distributions are considered. The method of 1naximum 

likelihood is used to estimate the parameters of the norm.al 

density function when grouped data only are available. 

The first case which is considered is that in which only 
the mean of the normal distribution is unknown. The 

necessary and sufficient conditions for the existence of a 

unique solution of the likelihood equation are that n1 r- n 

and~ 7 n. 
The second case considered is that in which only the 
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variance of the normal distribution is unknown. It ia shown 
that it neither n1 +'it• n nor n1 + ni+l • n, 

1 • 1, •••• k•l, then there is a unique solution of the 
likelihood equation. An itera.tive method nf solution ia 

developed which is similar tn that used in the case in which 
only the mean is unknown. The iterative procedure is shown 
to pro'fide a sequence which con'f'erges to the unique root of 
the likelihood equation it there is a unique root. 

The third case which is considered is that case in which 
both the mean and the variance are unknown. It is shown that 

if neither n1 +Die• n nor n1 + ni+l • n, i • 1, ••• , k•l, 

then there is a joint solution of the likelihood equations at 
which the likelihood function assumes its absolute maximum. 
Hwnerical results are presented which allow the determination 
of a region in the para.meter space in which there can be at 
most one joint solution or the likelihood equations, and it 
there is a solution in this region, then it is a point at 
which the likelihood. function has a relative maximum. A 

search to find some sample configuration which might provide 
two joint solutions ot the likelihood equations indicates 
that a unique solution should be expected if the condition.a 
for the existence of a solution are satisfied. A procedure 
is developed which can be used to locate DlUltiple roots it 
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they might exist. 
Several numerical methods of solution of the likelihood 

equations are studied. One of these methods is shown to 

provide a sequence which converges to the solution of the 

likelihood equations if' there is a unique solution. f.L'his 

method of solution is found to have about the same rate of 

convergence as a modified version of the method of successive 

approximations. 

Simply computed, consistent estimators are developed for 

use as starting values with each of the iterative methods of 

solution which is considered. 

The Appendix contains a discussion of the major theorem 

found in Hughes (1962), in which he established sufficient 

conditions for the convergence of Hughes' method of solution. 

This method is shown to be very similar to the method of 

successive approximations in each of the three cases 

discussed in Chapter II. The conditions of Hughes' theorem 

are shown to be satisfied by a rather limited class of 
distributions. In the Appendix Hughes• method is extended to 

the case of a grouped data sample from a bivariate normal 

distribution and to the case of a sample from a bivariate 

normal distribution in which only one of the variates is 

grouped into cells. 

In Chapter III the large-sample properties of the 
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ll8.XUN1ll likelihood estimators obtained from grouped da\a 

samples are considered. lulldorft (1958a, 19S8b) hae 
presented the condition& which will insure the asymptotic 
efficiency of the maximum likelihood estimatora in ~e cases 
'Where only the mean or the Yariance ie unknown. A q x l 

• vector ot estimator• ,!n obtained froa a sample ot sise a ie 

defined to be asymptotioally efficient for the tru. value ot 

the parameter .!c, it ~(!_ • le,) has as i'le limiting 

distribution the q-variate normal distribution with Man 

vector .Q. and covariance matrix equal to the inverse of the 
information utrix tor a sample of size one. 

In Chapter III it ia show that it there are at leaat 
three groupa (cells) defining the grouped data aamplAI, then 
the aaximwl likelihood estimators tor the mean and the 
variance are asymptotically efficient. The theorems which 
are developed to establish this large-sample property are 
shown to have a much wider appl1cat.1on. Other distributions 
are considered, such aa the Poiaaon and bivariate normal 
distributions, and sufficient conditions are established 
which must be satisfied b7 t;he cells defining the saaple in 
order tor the ma.xim'Wll likelihood estimators to be 

asymptotically efficient. 
It ahould be mentioned that there are at least two major 

areas of research which deserve further study. The first ot 
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these might be called »grouped data inference." Numerical 
and theoretical studies could be made in order to ascertain 

the large- and small-sample properties 0£ hypothesis testing, 

confidence intervals.and prediction u.aing maximum likelihood 
as well as other method.a when grouped data only are 

available. Since the distribution of the maximum likelihood 

estimators is usually very difficult or impossible to 

determine, numerical approaches to describe the proper1;iea of 

the likelihood ratio tests of hypotheses might provide very 

useful results. There are many other similar problems, 
particularly in multivariate cases, which apparently have not 

been studied at all. 

The second area which might provide fruitful results is 

the general theory of maximum likelihood estimation. The 
present state in which one finds this theory might be 

described best by saying that there is a group of somewhat 

unrelated theorems, each with its special application. If 

the conditions and conclusions of many of these theorems were 
studied simultaneously, a tew theorems might be deYeloped 
which would provide a more complete, unified treatmen'i of the 

theory of maximum likelihood estimation. This development 

would se• to be a great contribution to the present theory 

ot estimation ot parameters. 



BIBLIOGRAPHY 

Abramowits, Milton. and Stegun, Irene A., editors (1964), 
Han~book .9.l. l,Iathem.a!tical E4nclfions with Formu~as, 
Gt§Ui?hs, 2nd Mathematical Tables, \':ashington, .c., 
Oni ted Stc1tes Department of C om.rnerce, National Bureau of 
Standards Applied t:.tathematics Series • 55. 

Barnett, V .D. {1966), "Evaluation of the ru.aximum likelihood 
estimator where the likelihood equation has multiple 
roots," Biomatrj,ka, Vol. 53, PP• 151-166. 

Birnbaum, z.w. (1942), "An inequality for i'lilill 1 s ratio," 
Annals 91. Mathematie@l Statistics, Vol. 13, PP• 245-246. 

Birnbaum, z.w. (1950), "Effect of linear truncation on a 
multinormal population," Anne.lo/ of l\,1athematical 
Statistics, Vol. 21, PP• 272-2 97 

Bliss, C.I. (1937), •The calculation of the time-mortality 
curve,• Appendix by w.L. Stevens: "The truncated normal 
distribution,tt Annals ,9' Applied Biologx. Vol. 24, 
PP• 815-852. 

Bowen, Jacob Van, Jr. (1966), Some Propetties gI__ Conditional 
D1st~iputions .el A Special fne, M.S. fhesia, 
Virginia Polytechnic ?nstitute. 

Clarlt 1 Frank Eugene (1957), "Truncation to raeet requirements 
on means," J2urn1l 2l. the &ae!3ctn Stat11tic1l 
As1ooi!tion,1'0!. 52, PP• 527- 3 • 

Cohen, A.C., Jr. (1949), "On estimating the mean and standard 
deViation of truncated nonnal distributions," Jou.ma• 
9.t Am9rican S5.ati1tical A1so;iati91}1 Vol. 44, 
pp.-;1s-s2,. 

Cohen, A.c., Jr. (1950), "Estimating the mean and variance of 
normal populations from singly truncated and doubly 
truncated samples," Annals 2f. Mathematical Stati1tics, 
Vol. 21, PP• 557-569. 

Cohen, A.c., Jr. (1955), "Restriction and selection in 
samples from bivariate normal distributions,• Journal 
!2l Amtric§ap. Statistic@l Association, Vol. 50, 
pp. 884-893. 

172 



173 

Cohen, A.C., Jr. (1957), "On the solution of estimating 
equations for truncated and censored samples from. norm.al 
populations•• BiometriQ• Vol. 44, PP• 225•2)6. 

Cram6r, Harald (1946), MathematigaJ: M.ethod1 S£atis1tics, 
Princeton, Princeton Universrty Press. 

Des Raj (1953), •on estimating the parameters of' bivariate 
normal populations from doubly and singly, linearly 
truncated samples,• Sankhti• Vol. 12, PP• 277•290. 

Doss, S.A.D.c. (1962), •on uniqueness and maxima of the roots 
of likelihood equations under truncated and censored 
sampling from normal populations,• ;31:Akb:ri• Vol. 24, 
PP• 355•.362. 

Fisher, R.A. (1925), •Theory of statistical estimation," 
P1:oeee4in1s 9IJhe C,abr3;dg Ph1losophi41}. Sgg,etx, 
Vo!. 22, pp.-~ -12s. 

Fisher, R.A. (1931), "The truncated normal distribution," 
lft!cish.A!gocif\ion for.the Advancem!.Q,1i !Ii. S9ience, 
l th. !ab es, , PP• -nxffi.fitff • 

Ford, L.R. (1925), "The solution of equations by the method 
of successive approximations,• American J.gthema.tical 
Mon;5blt, Vol. 32, PP• 272-287. 

Fox, Augustus H. (1963), Fundgent3l1 !}.! Nume,rica~ Ana~Yl~I• 
New York, The Ronald Press Company. 

Gjeddebaek, N.F. (194.9) 1 "Contribution to the study ot 
grouped observations. Application of the method or 
maximum. likelihood in ease of normally distributed 
observations," Skand}n1vi1k Aktuarieti4skrif;1c. Vol. 32, 
PP• 135-159. 

Gjeddebaek, N.F. (1956), "Contribution t,o the study of 
grouped observations. II. Loss ot information caused 
by grouping of normally distributed observationa," 
SkydJ:navi1k: Ak\uarit\ldf!lsrift, Vol • .39, PP• 154.•159. 

Gjeddebaek, N.r. (1957), •contribution to the study of 
grouped. observations. III. The distribution of 
estimates of the mean," Skyginavig Aih@!ietigskr1,Q. 
Vol. 40, PP• 20•25. 



174 

Gjeddebaek, N.F. (1959a), •contribution to the study ot 
grouped observations. IV. Some comments on simple 
estimates,• Biometrics, Vol. 15, PP• 43)-4)9. 

Gjeddebaek, N.F. (1959b), "Contribution to the study or 
grouped observations. V. Three-class grouping of 
normal observations,• Skandin1:vt1k Aktuanetigkritt, 
Vol. 42, PP• 194-207. 

Ojeddebaek, N.F. (1961) 1 "Contribution to the study of 
grouped observations. VI.,• §kandio/jYiH 
Aktuarietidakritt, Vol. 44, PP• 55- . 

Gordon, Robert D. (1941), "Values of Mill's ratio of area to 
bounding ordinate and ot the normal probability integral 
for large vs.lues of 'the argument," Annala !1,f 
~1athematieal .§..t!~ist~2.I• Vol. 12, PP• 3b4.jo6. 

Gupta, A.K. {1952), ffEstimation of the mean and standard 
deviation of a normal population from a censored 
sample,ff Bto~elrik~, Vol. 39, PP• 260-273. 

Hald, A. (1949), ttMaximum likelihood estimation of the 
parameters of a normal distribution which is truncated 
at a known point," BkiJ!ginaviy Akt,:wuj.etiaslqift, 
Vol. 32, PP• 119-134• 

Hartley, H,O. (1958), "Maximum likelihood estimation .from 
incomplete data," J3~omet;rJc1. Vol. 14-, PP• 174.194. 

Hewitt, Edwin, and Stromberg, Karl (1965), i!i1 ans& Agsttast 
Ap.,-lu1s 1 New York, Springer-Verlag, Inc. 

Hughes, Edwin Joseph (1962), ~•!!! L1kel~oo~ 
Disti.ibution P@rarnetere rom Incom ite 'PE.Ii. fh'esl,, :fowa State nlversity. 

tion 

Huzurbazar, v.s. (1947-1949), •The likelihood equation, 
consi8tency and the maxima of the likelihood. function," 
Annals !l.f. Eugenic§, Vol. 14, PP• 185•200. 

Huzurbazar, V,S. (1955), ffQn successive approximations to the 
maximum likelihood estimator,w JoUllW:¼ ,2l the U,niveraitI 
!!t. Poona: Science Stction, Vol. 121 pp. ~7. 



175 

Kale, B.K. (1961), •on the solution of the likelihood 
equation by iteration processes," ijiggetrika, Vol. 48, 
PP• 452-456. 

Kale, B.l. (1962), •on the solution of likelihood equations 
by iteration processes. The multiparameter case," 
Biometrtka, Vol. 49, PP• 479.486. 

Kale, B.K. (1966), "Approximations to the maximum-likelihood 
estimator using grouped data," B19,!!!ttiM, Vol. 53, 
PP• 282•284. 

Kendall, 1Jtaurice o., and Stuart, Alan (1961), The Adyance_i 
ft!!•orz of Stakistic1, Vol. 2, New Iork, 
aliier 'Publishing Company. 

Khatri, c.a. (1962), "A method for estimating approximately 
the parameters of a certain class of distributions from 
grouped observations," l 9l. \!• In&l1\UI! 9l. 
Statistica¾ !11f!themai~C!, ok , Vo. !4, PP• ;7:::02. 

lulldorff, Gunnar (1957), nan the conditions for consistency 
and asymptotic efficiency ot maximum likelihood 
estimates," §kandinavisk AktuaJ1etid§k£&ft, Vol. 40, 
pp. 129-144. 

Kulldort.f1 Gunnar (1958a), "Maximum likelihood estimation of 
the mean of a normal random variable when the sample is 
grouped," Skandinavigk Ak\uarietid§k£il£. Vol. 41,. 
pp. 1-11. 

Kulldorff, Gunnar (1958b), ffMaximum likelihood estimation ot 
the standard deviation of a normal random variable when 
the sample is grouped,w §kandinavigk Aktyari9tidskrift, 
Vol. 41, PP• 18-)6. 

Kulldorff, Gunnar (1961), Con_ii½bptiops to yhe Theon- g_f 
E@timai!on Gr.uped aq1a1Ii Groused §iim:el•!• 
New !or, Johi\Wi ey and Sons, nc. 

Kulldorff, Gunnar (1963), "Asymptotically optimum equidistant 
grouping for the norm.al distribution,• ~k14dtnavig 
Aktuan:etidsktift, Vol. 46, PP• 157-161. 

Kuns, Kaisers. (1957), Nwaeriqal NHM:ISi§, New York, 
J:'1c0raw-Hill Book Company, 1nc. 



176 

Li, Jerome c.a. (1964), SliJi!MPil int!l:•Mf• Vol. I, 
Ann Arbor, Michigan, wa • rothara, nc. 

Lindley, D.V. (1949), "Grouping corrections and ma.x1mull 
likelihood equations,• P~ce~ngs gt. .ib.!t gabri4&! 
Phi+oeoeh1cal §qciety, Vo. ; pp.1oo-,;;r1. 

Rao, C.R. (1957), "Maximum likelihood estimation for the 
mul:tinomial distribution,• S8J1lshxl, Vol. 18, 
PP• 139-148. 

·aao, c.a. (1958), "Maximum likelihood estimation for the 
multinomial distribution with infinite nwnber or cells,• 
§!Rib.YI, Vol. 20, PP• 211•218. 

Rao, c.a. (1961a), •A.aymptotic efficiency and limiting 
in£ol'IU.t1on, • 2{ .libs ffll f!'2°f1• 2ll fFJTX Sti{l\11\JGin~ £0 ab{litr. 

Rao, 

Rao, 

o • , PP•; -S4 • 
c.a. (19611>), "A study ot large ••t!:_ test criteria 
through properties of efficient eat tea,• Pan l: 
Testa for gooclneu of tit and contingency tabl•••• 
S@Dib:t.14 Vol. 2J, PP• 2S•40• 

c .a. (1965), I¥.•~ R'";•~cef IPa{~n&• DI A1plj.qp.tion1.ew 0;01eyoni";-Inc. 
Sarhan, Ahaed. :s., and Greenberg, Bernard a. (1962), S0rtfJ!J1iona ll .Qnt.r §l!li:1\iSI, New York 1 o n ey andSoiii-;-Inc. 

Scarborough, J.B. (19)0), l~f!91p Math1Mtical Ap,al.Y&I• 
Baltimore, The Johna Hop na ress. 

Smith, Walter L. (1957), "A note on truncation and au.f'£1c1ent 
statistics," App.lg !J.t Ma\pema)ictl n,sa.stica, Vol. 28, 
PP• 247-2;2. 

Swamy, P.s. (19S9-1960), "Estimating the mean and the 
variance ot a normal population rroa ainglI and doubly 
truncated sallplea of grouped observations, P'½fulJ:I 
Stati§tial Ag19ci1tion iµUety, Vol. 9, PP• ,-s6. 



177 

Tallis• a.M. (1967). "Approximate maxi.mum likelihood 
estimates from grouped data,• Technometr1es, Vol. 9, 
PP• 599-606. 

Tuke7, John w. (1949) 1 •sutticiency, truncation, and 
selection,• A.Jmibl 9l. Mathf¥:tical Statigtis@, Vol. 20, 
PP• )09-)11. 

Wald, Abraham (1943), "Tests or statistical hypotheaea 
concerning aeveral parameters when the number ot 
observations is large,• Jr,r.e\iol\f lb-. WGSID 
H!lbl!H:tical Sosi•xI• Vo• , PP• ~41'2'; 

Wald, Abraham (1949), "Note on the consistency of the maximum 
likelihood estimate,• AM.Ila st, Mgthgticfl Stati§tiqf• 
Vol. 20, PP• 595-601. 

Widder, D.V. (1961). Adv~std ca,c~HI (second edition), 
Englewood Clitts, I .. , Prent ce-Hall, Inc. 

Wilke, Samuels. (1962), fflthtHticaf §tatiatics, 
New.York, John Wiley and Sona, nc. 



The nature of the problem considered in this thesis 
requires that the solution at several equations involving 
integrals be found. The method of solution presented by 

Hartley (1958) and extended by Hughes (1962) is a very 

appropriate method of solution in some cases. The method• as 
presented here, is oriented in such a way as to be applicable 

when solving the maximum likelihood equations for grouped 
data samples from absolutely continuous distribution 
functions. The method has the very desirable property of 
being applicable to very general types of incomplete data, 
but this generality will be omitted in the present 
deYelopment. A unified treatment is found in Hughes (1962). 

In Chapter II the method of successive approximations is 
compared to Hugh.es' method in the special cases considered 

there. These comparisons indicate that Hughes' method can be 
improved in many eases. 

The development is presented in three partsi (i) The 
Iterative Procedure, (ii) The Sufficient Conditions tor 
Convergence,and (iii) Extensions ot Hughes' Method. 

Before consideration is given to the iterative procedure, 

the definition of a. quadrature formula should be established. 

b 
Let th• value of J o(x)dx be desired. If the interval ta,b] 

a 
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is partitioned into v-1 intervals of equal length, 

l?=A Cx1 ,x1+1l, where~• a, x2 •a+ v-l• •••• • b, then 

b V V J f(>(x) dx Ai I a 1~("1), where a

1 

> 0 e.nd l: a

1 

= b ... a. The 

a 1•1 1•1 

precision of the approximation depends on 11, the function 
•<x), and the quadrature rule governing the selection or the 
a1• There are m.any quadrature formulae, such as Sim.pson ts 

rules and Weddel's rules (see Kunz (1957) and Fox (196))), 
which determine the a.1 and hence the quadrature formula. 

(i) The Iterative Procedure 

Let t(x;.!) be the density function of the random 
variable X, where! is a (q x 1)-vector of param.etere defined 
in e, a subset of Euclidean q-space. The following 
assumptions are made: 

l. The grouped data &emple consists ot k cell 
k 

frequencies 11:i.• I n1 • n, where the 1th cell 1a 
i•l 

11 • (r1 ... 1 ,r1 J and -• • r 0 < r 1 < ••• < rk • • • 

k 
2. The log-likelihoOd !unction L(!) = C + X n1logP1(.!}, 

1-1 

where C is not a function of .! and Pi(.!) • ff (x;.!)dx, 
i 
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can be approximated by applying quadrature formulae 
to approximate each P1(.!), i • l, •••• k. 

&t(x;!) ;. ai • 1 • 1, ••. • q, can be expreasecl in teNa 
1 

ot tho.!). (Thia aaawaptioa ainlply 1naurea that the 
equations which au.at be solved to per.tora lhe 
1tera\iona are eild.lar to those aaxiaa likelihood. 
equations which are obtained in the c•plete data 
ease.) 

'l'h• q equation• which muat be aolved are: 

The iterative procedure consists ot the following atepa. 
Selec\ some quadrature formula to approxl.mate eaoh P1(.!o), 

where ,1o i~ a starting Yalu• 1n e. Le't 

when 

., 
ancl 3~•1-1 • (ri • "1.1>• tor i • 1, •••• k. 

Thea IL(.!) ia equation (1) can be approx111a.1iecl by 
I.! 

(l} 
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-1 Define the pseudo frequencies r113 • n1pt (,!)a13t(X1j;!) and 

write 

(2) 

Note that it the fis_j were omitted from. the expresaion on the 

right, then the expression would be identical to the 
expression which would be obtained from a complete data 

sample consisting ot the observations {x1j}• j • 1 •••• , ~i 

and i * 1, •••• k. Hughes referred to the fXtj as 

proportionally allocated weights. 
The iterative procedure is as follows: 

1. Use !a• the starting value, to compute the t~j• 

2. Subsi.itute these weights into equation (2) and then 
compute .!1 , the solution of equation (2). 
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). Using the value of! obtained in step 2, repeat 
step 1. 

(ii) The Sufficient Conditions for Convergence 

Hughee' method of solution generates a sequence 

~• ! 1 , ••• • A set of sufficient conditions for this 

sequence to converge to the solution of equation (2) are 
given in Hughes (1962). On.e of the conditions of Hughes' 
convergence theorem is very restrictive and it would••• 
appropriate to examine this condition to su why it is not 
satisfied by any of a very large class of distributions. 

Hughes' eonvergence theorem requires that the underlying 
density function (or more generally trequency function) 
r(x;.!), .! , ec: Eq' satisfy the following condition. There 

exists a bounded, convex set Cc: 6and a point.!., in the 
interior of C such that tor any a.ample (Xi, • • •, xn) 

n n 
TT f(x1 S.!c) > 1T t(x1 ;!) 
1•1 i•l 

for every.! E IC and tor every! in the complement ot c. 
This condition eliminates all underlying distributions tor 
which any parameter is defined in an open space and the 
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(complete data) ma.xi.mum likelihood estimator tor.! is 
consistent. This assertion is proven in the theorem which 

tollowe. See section 1.1 of th1s thesis tor sufficient. 
conditions for conaistency of maximum likelihood est.imaton 
as developed by Wald (1949). 
rJleora l 

It t(x;.!) is the frequency function of the randoa 
'Variable X and.! is a q .x l vector defined in Ge:: Eq such 

tha.t at least one paremet.er, say e1 , is defined in an open 

space and it the maximum likelihood estimator in the strict 
sense, !n, is consistent tor the true value of.!, !o • e, 
then. the convex set C required in Hughes' convergence 
theorem does not exist. 

Proof: Assume that C is some bounded, convex set in e 
such that the likelihood function L(!) is greater at some 
point in the interior of C than at any point on ac or in the 
compleaent ot C tor every sample (x1 , ••• , ltn). Thia 

iaplles that the values of the strict maximum likelihood 
estiaa:tor ( there could be more than one value of this 
eat1utor) are all in the interior of C for every saaple 

(x1, •••• .xa>• Suppose that the t.rue value of!, !o, is not 
in C. Then the distance from !o to any point in C is 

great•r than some • > 0. Theretore Pr{ f !n • .!ol > f} • l 
for every n > 0 and tor any value ot the atrict maximum 
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likelihood estimator .!n• This conclusion contradicts the 
assumption that the strict maximum. likelihood estimator is 
consistent for .2o• 

One concludes from this theorem that it the parameter 
space is not a closed metric space, then the conditions ot 
Hughes' convergence theorem cannot be satisfied by any 
distribution 'Which admits consistent .maximwn likelihood 
estimators in the complete data case. 

Therefore, the normal, exponential, Poisson, and many 
other distributions do not satisfy Hughes' sutf'ieient 
conditions which establish the convergence of the sequence 
defined by steps 1-3 given previously. The failure of many 
distributions to satisfy 'the sufficient conditions developed 
by Hughes does not imply that the method is not a very useful 
method of solution. There are many examples in which the 
method is very good. See examples in Hughes {1962). 

(111) Extensions of Hughes' Method 

Assume that t(x,y;.!) is the density function of the 
random variables I and Y defined in Xx I c: E2 and that.! is 

a q x l vector of parameters defined in ec: lq• Assume that 

the likelihood equations for the complete data sample, 
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"" ... can be solved for~= .!((~1y1), •••• (~,yn)). Assume that 

the x-axis is partitioned into k1 cells, I1 • (r1_1 ,r1], 

i • 1, ••• , k1 , whar$ -• • r < r < ••• < i-. .. ••and that 0 l -Kl 

the y-axis is partitioned into k2 cells, Jj • (sj•l'sjl, 

Let 

Rij a I 1 x J j. Then il the observations are grouped into the 

cells R1j and there are l\j observations recorded in Rij' 

where I n1 " • n, the log-likelihood function tor the grouped 
i,j ti 

data sample 1st 

L(!) • C + n1j log P1j(.!), 
i,J 

where C is not a function ot .! and P1j(!) • jJ t(x,rt!)dxdy. 
ll1J 

The range ot i is understood to be 1, ••• , k1 and the range 

ot j is understood to be l, •••• k2 unless specified 

otherwise. If a quadrature formula such as Simpson's rule is 
applied twice to the function P1j(!), then I 1 is partitioned 

into ~(i) • l sub-intervals with end points Ic(i)' where 

ri • r1 l 
X1(i) • r1.1• 12(1) • ri•l + ;(i) -·1• •••• 'v(i)(i) • ri 

and Jj is partitioned in a similar m&m1er with YJJ(j) being 



186 

the v(j) end points of the v(j) - l sub-intervals. The 

quadrature tormu.la defines the constants aa.(i) ancl a,tU such 
that 

where a.(1) • l, 21 •••• v(i) ancl P(j) • l, 2, •••• v(j)• 

Then 

II t(x,11!)dxcl7 • % •a(i)aJ( 4 )t{X4 (i)'tJ(j)1!) R n(i),B(j) 
ij 

and letting this expression be ptj(!) we have 

IL(I) In the same manner described in part (1) preceding, 11- • .Q. -
ean be reduced to the (approximate) equation: 

IL*(!) , llog(t(Xg_(i)'tJ(j\1!)) i • I % t . _________ , __ • .Q, 
! 1,j a.(i),P(j) la.(i)•1•{j) I! 

wheN 

Stepa 1•3 given in part (1) are then perform.eel. 
It this method is applied to the case ot a bivariate 

normal distribution, then the roots of the following 
equations lllUBt be obtained using steps 1•3 given in part, (i): 
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1 X X t' Y( ) • P n 1 a(i) .la.(i)-a. 1 x' 
where 

where 

where 

where 

where 

One other caae which migh' be considered is the aaaple 
troa a. bivariate normal distribution, with_the unknown. 

parameters "'x• •,.• •=• o;, and axr• which consists ot 

observations of the form {x • I1,t • 713}, J • 1, ••••Gt, 
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-• • r0 < r 1 < ••• < rk • •• The log-likelihood. function tor 

the sample is 
L(,!) • % log [Pr{I E I11r1j}t(y1j>] , 

i ,J 

where t(y1j) is the marginal density function of I evaluated. 

at yij• The parameter vectors are omitted in the arguments 

of those functions on the right side of this equation to 
avoid. unnecessary, complicated notation. The log-likelihood. 
function can be reduced to the form: 

Applying a quadrature !onaula, defining 'the constants aijt 

where, as before, the Xijt are the end points of "tj - l 

subintervals of I1 , when yij was the observed value oft au.eh 
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We obtain the equations: 

1 l: Y1j • A • n 1,j y 
and 

where 
-1 

tiijt - Pt13 aijtf(XijtlY1j•~y - iy, •; - a;, . 
Steps l•) in part (1) must be applied to the last three ot 
these equations. 

In this Appendix we have exaudned the iterative 
procedure which was introduced by Hartley ( 1958) and further 
developed by Hughee (1962). Extensions of this method were 

made to aecomn:1odate grouped data samples from a bi variate 

normal distribution in 'Which either one or both variates are 
grouped·. 

Hughes' (1962) convergence theorein treating the 
convergence properties of this method of solution was studied 
and was shown to have very limited application. This tact 

does not mean that the method itself is ot little value since 



190 

modifications of thia method were found to be qui~• usetu.l 1n 
Chapter II. 
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MAXIM.l.ft.t1 LIKELIHOOD ESTIN.A TION OF PARAll.fETERS 

USING GROUPED DATA SAMPLES 

(Jacob Van Bowen, Jr.) 

Abstract 

The method of maximum likelihood was employed to 

estimate the parameters of the univariate normal distribution 

when grouped data only are available. The term grouped data 

sample was used to describe a sample in which the only 

information available is that there are lilt observations less 

than or equal to r 1 , 1 = O, 1, •••• k and 

•• • r0 < r1 < ••• < rk ••and 'ic: • n. Three cases were 

considered: the variance of the underlying normal 

distribution known, the mean of the underlying normal 

distribution known, and the case where both parameters are 

unknown. The numerical method of successive approxine.tions 

was studied and was compared to other iterative methods of 

solution of the likelihood equations. Theorems which 

establish the convergence of the sequence defined by the 
method of successive approximations to the unique root of the 

likelihood equations were developed for the first two cases. 

In the case where both parameters are unknown, numerical 

results indicate that a region can be ascertained in which 

there can be at most·one joint solution of the likelihood 

equations and that, if there is a solution in this region, 

then it is a point at which the likelihood function has a 
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relative uxil&WD. 
A search was conducted to fincl a sample which satisfies 

the concl1t1ons insuring the existence of a joint solution ot 
the likelihood equations and which llight pron.de two 
aolutiona of \he likelihood equationa. Ro amaple •• found 
with thia properly. It was concluded that, excep• pouibly 
tor extNaelJ un\Ul'Wll grouped. data sample contigurationa, one 
ehould expect only one solution ot the likelihood equationa 
in the case ot a normal distribution. 

SimplJ computed, conaistent estimators were deYeloped 
which pro't'ide good approximations to the solution of the 
likelihood equations and. which can be used tor starting 
values in any iterative me1.bod ot solution. 

Modifications of the •thod. ot successiYe approxSmationa 
wre developed. These methods ot aolution define sequences 
which are rapidlJ convergent, and which enable the solution 
to be obtained. with the UH of tables of the standard nonaal 
probability distribution f,motion and ita derivattiv••• 

The mazim\llll likelihood. eatiaatora obtained when bo\h 
paruaeters are unknown were proved to be aaymptotically 
efficient prorided there are at lea.at three groupa, i.e. 
k • 3. Th• whioh were develope4 to establieh thia 

propen7 were shown ,o have a much w1cler application. Other 
distributions such aa ~he Poisson distribution and the 



bivariat.e nonnal diat.ribuUon were considered. sut.ticianl 
conditions were established for a grouped data sample, froaa 
these as well as other diatr1bulione, to provide max1aua 
likelihood eat.imat.ora which are aayapt,otioally etticient. 
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