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CHAPTER I
INTRUDUCTION
1.1 Introduction

One of the major problems in statistics is that of
estimating parameters. This process can be described as
follows. Let X be a random variable defined in some subset
of the real line, Assume that the events which are to be
considered can be assigned relative frequencies by only one
of the distribution functions, say F(x;6,), in the family of
distribution functions {F(x;@):ﬁ € ©], where © is some subset
of the real line. In order to estimate 6;, a sample

Xl, esey Xn' usually a random sample, is observed and some

rule based on the sample is used to obtain an estiuator of

8,y say 50 = 06(Xy, ooy Kn). It usually is assumed that the

space on which 0 is defined is the n-dimensional Cartesian
(n)

product space of &, i.e. the sample space {:

Suppose that the sampling experiment being conducted is
such that if X = X,
X = Xq J 4 S, then X, cannot be observed. The n-dimensional

€ S, 8 <, then X, is observed and if

Cartesian product space of S, S(n). will be called the actual
sampling space for the random variable X. If for any reason
the sctual sampling space s{n) 45 4 proper subset of aln)
such that Pr{(X;, X,y «sep X)) € 8(0)} <1, ve shall say that
S(n) constitutes an incomplete sampling space. Samples from
this space will be called incomplete samples or incomplete
data.



There are many examples of this type of sampling space.
One of the most frequent examples is that of a measuring
device with limited precision. Such devices usually have a
range R © {} which is partitioned into the intervals

(rl’rzlg (r2'r3]; sesy (rk-.zgrk-l} . If xo € (r’_.ri+l] *
0 <i < k-l, the device registers fl_:iflil , which is called
the class mark of the interval (ri’ri+l]‘ If x, is not in R,

then the device registers either x, < ry or X, > Ti1?

whichever the case may be. Another example is a population
which is assumed to have a frequency function proportional to
2 known frequency function f(x;6), x ¢ £ and © ¢ &, on some

. subset of (?, and zero otherwise. This is, of course, a
generalization of the classical term "truncation™ which
usually refers to the special cases in which either one or
both "tails" (or extremes) of the domain of f(x;9) are
excluded from {i to form the sampling space.

There are some cases in which certain values of X are
not observed for other reasons. Some of the classical
incomplete data problems will be defined in the Literature
Review.

In this thesis we shall be interested primarily in the
problem of estimating the parameters of a distribution
function when grouped data only are available. The term
grouped data will be used to describe the results of a
sampling experiment in which the only information recorded is
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that my observations were found to be less than or equal to
Tes i=1, ¢¢s, ky where -= < Ty < r, < eee < reo1 < r,=".

The set {ri determines an aggregate of intervals

k
}iul
I, = (==yry]y I, = (rprydy eeey I = (1 _10=)

These intervals will be called cells. The nuuber of

observations in the ith cell, iy = Dy 19 will be called the

cell frequencies and will be denoted by nj.

The term "grouped data™ can be generalized to apply to
multiveriate sampling experiments. For example, consider the
random vector (X,Y,Z). Assume that samples from the
population of vectors (X,Y,Z) are grouped such that the
measurements of the x=~coordinate are grouped into cells

Il, csey Ik and the measurements of the y-coordinate are

grouped into cells Jl, cesy Js and the measurements of the

zecoordinate are not grouped. Then a sample of size n would

consist of a set of observations

n

Xy € Ti(e)r Yy € Iie)r % = z, ) ’

t=1
where i(t) can range from 1 to k and j(t) can range from 1 to
S.

In this thesis the method of maximum likelihood
estimation will be considered. Uther approaches are
discussed in the Literature Review, but the method of maximum

likelihood seems to be the most {ruitful method for reasons
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to be developed. We shall apply some existing theorems to
the problem of estimating parameters using grouped data
and thereby obtain some of the properties of the estimators
for large samples.

Unfortunately, when one considers the maximum likelihood
method of estimation using grouped data samples, he finds
that in most cases he will obtain the estiwators ounly after
some iterative procedure has been coupleted., He will seldom
know beforehand whether there is a maximum likelihood
estimate or whether, if there is an estimate, it is unique.

There have been several approaches to the problem of
finding the properties of the meximum likelihood estimators.
Frequently these approaches, which will be discussed in the
Literature Review, have been confused by authors and as a
result there is frequent use of the phrase "under mild
regularity conditions." There is frequent misleading usage
of this phrase as well. In this respect we shall attempt to

be most discreet in the subsequent development.
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1,2 Literature Review

1.2.1 Obtaining the Maximum TLikelihood Estimates

in Particular Cases

Many of the questions which arise when considering
problems of estimation involving grouped data also arise when
considering problems of estimation involving other types of
incompleée data. A voluminous literature has developed
around attempts to answer some of these questions for special
cases of incomplete data. In this section an attempt is made
to present a sowewhat complete review of the literature in
which grouped data problems are studied and to examine some
of the related works in which other types of incomplete data
problems are studied. Before consideration is given to some
of thig literature, we adopt the following definitions.

If a population has the frequency function
f#(x) = ¢ f(x), ¢ > 1, on some fixed sub-interval, I, of the
domain of the frequency function f(x) and is zero otherwise,
then we say that the population has the truncated f(x)
frequency function, f*(x). One-tail truncation is seen to be
a special case of truncation., Truncation is a property of a
frequency function, or equivalently, of a population. The
actual sampling space for the random variable X is I(n).

This concept should be compared with a special class of
conditional distributions; see section 2.9 of Wilks (1962) .
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If X is a random variable defined on the set z with frequency
function £(x), and if

PriX e sc X} =p, 0<p <1,
then the conditional frequency function of X given that X ¢ S

is f*(x) = p-lf(x) if x ¢ 8 and zero otherwise. If S is the
set of all points less than a ¢ X, then £*(x) is the
frequency function of X truncated in the right tail at u.
Therefore, truncated distributions can be considered to be
special cases of conditional distributions.

if the sampling space is such that the values of the
random variable are recorded when they are in the interval

I, ﬁ‘(rl,rzl, but only the number of occurrences in

I, = (~«,rl}'and the number of occurrences in 13 & (r_,~] are

1
recorded, then we call this type of sampling Type I

2!

censoring. One-tail Type I censoring is the special case for

which either r2 = orr, ==, Type I censoring is a

property of the sampling procedure and should not be confused
with Type II censoring which was studied by Gupta (1952).
Hald (1949) obtained the maximum likelihood estimators
of the parameters of the univariate normal distribution in
which "all record is omitted of observations below a given

value.“* He also obtained these estimetors for the case "in

See page 119 of Hald (1949).
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which the frequency of observations below a given value is
recorded but the individual values of these observations are
not specified."* His estimators must be found by solving
relatively complicated equations. Four tables were given to
aid in their solution. The first of these cases was treated
by R.A. Fisher (1931). The second case was treated by

W,L. Stevens in the Appendix, entitled "The Truncated Normal
Distribution", of an article by C.I. Bliss (1937).

Hald made a distinction between these two cases. He
used the term "truncated" to denote the first case and the
term "censored" to denote the second case. The second case
now is called Type I censoring tq.distinguish it from Type 1I
censoring.

Tukey (1949) established that if X is a random variable
whose distribution depends on the parameter ¢ and if %is a
sufficient statistic for €, then 3, the same function of the
observations from any truncated distributiorn. ¢of X, is also
sufficient for 8. Smith (1957) extended this result and
showed that the further property of 8 being a minimal
sufficient statistic is retained under trunqation.'

Cohen (1950) presented a consolidated treatment of
maximum likelihood estimation of the unknown parameters of a

univariate normal distribution in the cases of one- or

See page 119 of Hald (1949).



two-tail truncation and one- or two-tail Type I censoring.
Cohen (1957) later presented aid charts and an iterative
procedure which simplify the solution of the maximum
likelihood equations for these cases. In other articles,
(1949) and (1955), Cohen has considered further the problem
of estimating parameters of a truncated normal distribution.

Birnbaum (1950) considered the following problem.

1" 2 P 1
having the (p+q)evariate normal distribution, where

Assume that (X_, X 5 seey Xy Y., eeey Yq) is a random vector

Yl’ ooy Yq are the scores on tests for admission to an

educational institution and Xl, cvey Xp are the scores on
various aptitude tests. He treated the following question.
If the decision to admit an applicant is based on the

statistic

being greater than or less than some "cutting" value ¢, then

how can one select 81s seey aq and ¢ in order o cbtain

certain desirable characteristics of the subsequent
distribution of (X;, «s., xp)? Birnbaum (1950) considered
only the special case where X and Y have the bivariate normal
distribution and he examined the properties of the marginal
distribution of X given that Y > c, where ¢ is a constant.

He showed that the variance of this marginal distribution is
less than the variance of the marginal distribution of X if

the correlation between X and Y is not gzero.



Des Raj (1953) considered the problem of estimating the
parameters of the bivariate normal distribution when one of
the random variables is restricted to lie between two known

values, cl and c2. He showed that the method of maximum

likelihood and the method of moments give the same results.

Swamy (1959-1960) used the method of maximum likelihood
to estimate the :iean and variance of the normal distribution
when grouped data only are avallable. He also considered the
method of maximum likelihood to estimate the mean and
variance of the normal distribution which is truncated in
either one or both tails when grouped data only are
available, He claimed that the work of Huzurbazar
(1947-1949) end of Kulldorff (1958a, 1958b) substantiate his
statement that the maximum likelihood estimators can be shown
to be consistent and unique in all of these cases. The
author can neither deduce this from the work of Huzurbazar
(1947-19L9) and of Kulldorff (19582, 1958b), nor can he
deduce this from any other source. Conditions which insure
the consistency of the maximum likelihood estimators of the
mean and variance obtained from & grouped data sample from a
normal distribution will be established in Chapter III.

Doss (1962) showed that the maximum likelihood
estimators of the parameters of the univariate normal
distribution are unique in the four cases of one=tail

truncation, two-tail truncation, one-tail Type I censoring,
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and two-tail Type I censoring. He considered "=" to be a
unique solution,

Gjeddebaek (1949) was among the first to consider the
problem of estimating the mean and variance of the univariate
normal distribution when the only information available is

the number of observations falling into the intervals
Il = ("“,rl], sesny Ik = (rk..l’“]c

He obtained the maximum likelihood equetions which must be
solved and he provided two tables to aid in their solution.
Numerical examples were given in cecses where k = 3 and k = 4.

Gjeédebaek claimed to hzve obtained the covariance
matrix cof the estinators for large sample sizes and he cited
Cramér (1946)" as a reference in which justificaéion for this
claim might be found. In Chepter III it will be shown that
the metrix which he obtained is the covariance metrix,
although this result cannot be deduced from the development
in Cremér (1946).

Gjeddebaek (1956) further considered grouped data in the
special case of the univariate normel distribution with known

varlance for which the intervals are equally spaced, i.e.

* Gjeddebaek and Kulldorff cite Cramér (19L5).
Mathematical Methods of Statistics by Harald Cramér was first
published in Sweden in 19L5 and was first printed in the
United States in 1946, We shall use 1946 as this text's
reference date.,
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I1 = (-.r1], I

and if 1 < i <k, then

= (ryt(k=2)h, =]

I; = (r,+(i-2)h, ry+(i-1)n],
where h > O, He studied the effect which the location of the
true mean %o might have on the asymptotic efficiency of the
maximum likelihood estimators of u  and the variance c2. His
general conclusions are that if h < 20, and no point in
(uo = 30,08, *+ 300) is in I, or Ik’ then the asymptotic
efficiencies of the maximum likelihood estimators for the
mean and variance, where both persmeters are unknown or not,
are not critically changed by the relative location of u,.
The term asymptotic efficiency as used here refers to
the ratio of two expectations. If © is a parameter to be
estimated and Lc and Lg are the likelihood functions for the
complete and grouped data cases respectively, then the
asymptotic efficiency of the maximum likelihood estimator for
¢ in the grouped data case, relative to that of complete data,

is defined to be

-1
r-E 3% log Lg-;[ 3% log Lc-,

L 302 Y

where the two expectations are taken with respect to all of
the random variables in the samples defining Lg and Lc’
respectively. This definition differs from a classical
definition of asymptotic efficiency; see section 12.3.3 of
Wilks (1962).
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In a third paper Gjeddebaek (1957) considered using the
midpoints of the intervals as quasi observations. Upon using
the sample averagé of these quasi observations to obtain a
simple estimator of the mean when the variance is known, he
found that if the intervals are equally spaced and of length
less than twice the standard deQiation, and if the sample
size is less than 100, then this simple estimator is almost
as good as the maximum likelihood estimator. He noted,
however, that his simple estimator is not consistent.
Gjeddebaek (1959a) used Sheppard's correction formula to
obtain a simple estimator of the variance using the midpoints
of equally spaced intervaels as quasi observations. He found
this estimator to be almost as good as the maximum likelihood
estimator if the (equal) lengths of the intervals are less
than twice the standard deviation and if the sample size is
less than 100. The use of Sheppard's correction formula is
discussed later in this section when the work of Tallis
(1967) is considered.

In subsequent papers Gjeddebaek (1959b, 1961) further
considered the three-group case, the approximate distribution
of the simple estimators based on quasi observations, and
approximate tests of hypotheses about the mean in the
three-group case.

In all of the work done by Gjeddebaek (1957) through

(1961), restrictions on the range of the true value of u
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eliminate the occurrence of large numbers of observations in

the half lines Il and Ik* For those simple estimators which

utilize the midpoints of the intervals, the cell frequencies

n. and n, must be ignored.

" Several authors have considered the problem of finding
estimators which are simpler to obtain than the maximum
likelihood estimators.

Khatri (1962) developed a procedure to approximate the
maximum likelihood estimators obtained from a grouped data
sample from a distribution which has the density function
f(x;8). The extreme cells, Il and Ik’ are omitted in the

process, and the lengths of the intervals 12, seey Ik_l are
assumed to be sufficiently small forr

p;(8) = (ry = vy )E(S(r, + 1y 1)i0)
" to be a good approximation of Pri{X e I;38}. The function

k=1

ny
152(103 (%) = log pi(_fi))2

is minimized with respect to the several parameters in 6. If
additional regularity conditions are satisfied by the density
function, then the procedure seems to provide quite a good

eapproximation to the maximum likelihood estimators if ny and

n

i are relatively small.

Tallis (1967) considered the general case of a
univariate distribution with k equally spaced intervals of
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length h., He assumed that h is not too large. He defined Xy
to be the midpoint of the i%" interval and n; to be the
observed frequency in the ith interval. 1If @(Xl. ceny Xn) is

the maximum likelihood estimator for a parameter in the
complete data case, then the estimator he proposed is
5(Yl, veey yh) + g, where y, is the midpoint of the interval

into which Xi falls and g is a rather complicated function
depending on several derivatives of the logarithm of the
frequency function. This estimator is a modification of that
obtained by Lindley (1949).

In the case of the univariate normal distribution with
unknown mean p and unknown variance ¢ the following

estimators were obtained:

kel k-1 2
so Smx L pen Thabue)?_ne
122n =2 n 12

The two half-lines are ignored, i.e. I. and Ik' These

1
estimators are identical to those obtained using Sheppard's

correction formula as considered by Gjeddebaek (1957).
Tallis showed that the approximate variances of the

estimators are

az{n(l h* \}-l and Zoh[n(l - Efg)}'l

- 1202/

respectively for i and 52, He also obtained similar

estimators in the bivariate normal case which are identical
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to those which would be obtained using Sheppard's correction
formulas. Tallis extended his results to the multivariate
case with several perameters and unequal interval lengths.

In most of the problems involving incomplete data one
cannot obtain the distribution of the maximum likelihood
estimators. In lieu of more definitive results, many authors
consider the information matrix in attempts to describe the
asymptotic properties of the maximum likelihood estimators.
We define the information matrix as follows. Let H be the
likelihood function for a sample of size n from a

distribution with parameters (91, ceey Gq). Then the matrix

(141 = [ (7 357 aej)]

which is a q x q matrix, will be called the information
matrix for a sample of size n; see section 17.39 of Kendall
and Stuart (1961). The expectation is taken with respect to
all of the random variables in the sample at the true value
of (61, cosy Bq). In some cases [Iij] is the inverse of the
covariance matrix of the maximum likelihood estimators for
large sample sizes, and therefore provides some of the large
sample properties of the meximum likelihood estimators. In
other cases this matrix has little or no meaning at all. Rao
(1965, section 5c.2) gives a discussion of the limitations
and interpretation of the information matrix. In the cases

we shall study, the informetion matrix will be assumed to
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have limited meaning unless proven otherwise.

There are seversl numerical methods which might be used
to obtain the maximum likelihood estimators from a grouped
data sample. The likelihood equations obtained from a
grouped data sample are usually non-linear equations, and
three methods which might be used to obtzin the root (or
roots) of the likelihood equations are the Newton-Raphson
method, the method of successive approximations, and the
method of false positions; see Fox (1963). It is usually
very difficult to prove that the sequences defined by these
methods will converge to the desired root.

Several authors have considered different numerical
methods for solving the likelihood equations in particular
cases involving grouped data. Among these authors are Kale
(1961, 1962, 1966), Hartley (1958), and Hughes (1962).
Barnett (1966), in the context of another class of problems,
is one of the few authors who have considered the fact that
in many cases the likelihood equations do not have a unique
solution.

The method suggested by Hartley (1958) and later
extended by Hughes (1962) is very similar to the method of
successive approximations. An outline of the method studied
by Hughes (1962), which will be referred to as Hughes'
method, is given in the Appendix. This method involves the

use of quadrature formulae to reduce the likelihood equations,
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for a large class of incomplete data problems, to a form
similar to that which would be obtained from a complete data
sample. Then an iteration procedure is used. A major
development in the work of Hughes (1962) is a theorem which
establishes sufficient conditions for the convergence of the
sequence of iterates. In the Appendix it is shown that these
sufficient conditions are not satisfied in the case of a
grouped data sample from a normal distribution.

One other method of solution, which is called the method
of scoring, is suggested in many cases by various authors;
see, for example, Kulldorff (19582, 1958b, 1961) and section
5g in Rao (1965). This method might be described as an
approximation of the Newton-Raphson method. Assume that L(#©)
is the natural logarithm of the likelihood function for a
sample of sige n. If some root of g%éﬁl = 0 is sought, then

the epplication of the Newton-Raphson method would define a
sequence of numbers 81, 92. eeey from a starting value 91 by

the following relation:
2 -
O341 = &5 - [Qﬁ%ﬂl.(ga%éﬁl) ]G-BJ .

The method of scoring defines a similar sequence, but

2
the assumption is made that Qa%%gl is approximately equal to

its expected value, E Q%%éﬂl = -I(0), where I(8) is the

information matrix (a scalar in this case) for a sample of
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size n; see section 5g in Rao (1965). The method of scoring

defines the sequence:

-l
054y = 93 + [ (xt0)) s °

Sufficient conditions for the convergence of such a
sequence to a root of the likelihood equation can be found in
Scarborough (1930). The convergence properties of the
numerical methods discussed here are usually ignored by their

proponents.



Among those authors who have contributed significantly
to the theory of maximum likelihood estimation are Husurbagzar
(1947-1949), Weld (1943, 1949), Cramér (1946), and Rao (1965).
Each adopted a somewhat different approach to the problem,
and these will be described in logical order. We now
introduce the notation essential to this task.

Consider three different estimators which might be
called maximum likelihood estimators. Let f(x;0), ® ¢ &, be
the fréquency function of the random variable X, where the
set S = {x:£f(x;9) ¥ O} does not depend on ©. Assume that
f(x;8) is differentiable with respect to @ for all ¢ ¢ © .
The log~likelihood function for a random sample

n

Xl = xly Xz = 12’ seey In = xn is L(a) - 105 1]-.{ f(xi;ﬂ).

The equation 2%%21 = 0 will be called the likelihood aqﬁation

for ¢, The following have been referred to as maximum
likelihood estimators:
(1) That value of 6, ® = G(Xl, cony xn), which

maximizes L(®) usually is defined to be the maximum
likelihood estimator of .
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o~

(ii) The root of the likelihood equation, ¢, sometimes
is called the maximum likelihood estimator of 6.

(iii) Let {ﬁa}, for &« in some index set A, be the set of
all roots of the likelihood equation. Then that
value 6; of © which is such that L(6}) > L(e ) for
each a ¢ A sometimes is called the maximum

likelihood estimator for o,

There is no reason for the estimator 8 in (1) to be
unique, to exist, or to be in ® The same can be said for %
and for 9: .

We shall employ the definitions offered by Kulldorff
(1957)7and by Rao (1965), If L(a) 2 L(e) for every ® ¢ ©, we
shall call g a maximum likelihood estimator of ¢ in the
strict sense, SMLE, If ¥ is a root of the likelihood
equation which effectively depends on the sample
(Xl. csryp Xn), then we shall call ¥ a meximum likelihood

estimator of & in the loose sense, LMLE., If o* is a root of
the likelihood equation and if L(e*) is greater than or equal
to L(®) at any other root of the likelihood equation, then we
shall call &* a restricted maximum likelihood estimator of 6,
RMLE. Obviously, none of these estinators need exist or be
unique and they certainly need not be equal., We adopt the
convention that none of these estimators will be called

unique unless it is in €, In many cases it is necessary to
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refer to a sequence of estimators 91, 92, +se for which the

probability that 8 exists is p < 1. Kulldorff (1957) has

shown that if P, ” 1l as n » =, then one can consider the
asymptotic properties of the estimator Gn by ignoring the
fact that the sequence Gl, 92. +es i3 a sequence of
estimators, some of which might not exist.

We adopt the following definition. If X is a random
variable with frequency function f(x;8), where 8§ is a p X 1

vector of parameters, then the sequence {gn} will be said to

be asymptotically efficient for,go, the true value of 8, if

Vﬁ(én - 20) has as its limiting distribution the p-variate
normal distribution with mean vector Q and covariance matrix

11 8_), where the 15" element of I(g ) is

(E [a logaiix,_o) 3 log f(x,_o)])

Kulldorff (1957) has referred to this property as asymptotic
efficiency in the strict sense. This definition will be
needed in the discussion which follows.

Cramér (1946 pp. 500-504) has proved a theorem which
states that if certain conditions are satisfied by the
frequency function f(x;9), ® ¢ ©, then some root of the
likelihood equation is asymptotically efficient for 8,» the

true value of 8. The conditions follow.
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3 log £(xj8) exists for every © ¢ © and for aluost

.Y}
all x.

3% log f(x;9) 33 log f(x;6)
Y "~ and :533 2°° exist for every

® ¢ ©@ and for almost all x.

o o« 2 .
J 2Lx8) gy = 0 and f—a—-g-%ﬁ)—dx-oror
-iv -0

0 ¢ &,

® a2
_-e < f 3 lggrf(xga) f(x;0)dx < 0 for every
-ttt 302

6 ¢ @,
There exists a function of x alone, H(x), such that

for every 6 ¢ ©

3 .
!b lgfeg(x’e)! < H(x) and

“f’ H(x) £(x;0,) dx <= ,

It is condition five which is not satisfied in the case

of grouped data from a normal distribution with either the

mean or variance unknown or in the case of grouped data from

other distributions; see Kulldorff (1961). Kulldorff (1957)

has obtained a slight generalization of Cramér's theorem.

Kulldorff noted that condition five is not satisfied in many

cases in which the maximum likelihood estimator is known to

be asymptotically efficient. One of those cases is the
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maximum likelihood estimator for the variance o2 of the

normal distribution when the mean w is known. The expression

22 log flxsm,o®) _ _ 1, 3{x-u)?
3(o?)3 %,

obviously is not bounded by a function of x alone since it
is not bounded as o - O.

Kulldorff proved that if all of Cramér's conditions are
satisfied except number five, and if there exists a positive
function g(€) which is twice differentiable for every © ¢ @,
and if there exists a function of x alone, say H(x), such

that for every & ¢ €,

2 d log f(x;e) ® |
S‘%E [ g(e) E 20| < H(x) and _JHG) fixjeglax <e

then the conclusions of Cramér's theorem remain valid.
Kulldorff also developed another condition to replace
condition five which he found to be more useful in some
cases; see Kulldorff (1958a).

Kulldorff (1958a, 1958b) used these extensions of
Cramér's theorem to prove that in the case of grouped data
from a normal distribution with one parameter unknown, the
LMLE for the mean when the variance is known and the LMLE for
the variance when the mean is known are asymptotically
efficient. He did not consider the case where both

parameters are unknown, nor would it seem that Cramér's
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theorem can be extended easily to the two-parameter case.

It must be made clear what conclusions can be drawn from
Cramér's theorem, or Kulldorff's extension. One can conclude
only that under the regularity conditions there is some
solution of the likelihood equation with probability
approaching one, and that some solution possesses the
property of being asymptotically efficient. Ve cannot
conclude that a sequence of solutions, each of which
maximizes the likelihood function, is a sequence possessing
this property. This leads one to inquire whether or not
there might be more than one consistent solution.

This question leads to the work done by Huzurbazar
(1947-1949). He showed that under Cramér's regularity
conditions there can be only one consistent solution of the
likelihood equation and that the likelihood function has a
relative maximum at that solution with probability one as the
sample size increases without bound. The solutions of the
maximum likelihood equation frequently can be written in
closed form by expressing the solutions as zeros of a
function of the parameter and the data, but in many cases no
explicit mathematical expressions can be found for these
solutions. If one could obtain explicit solutions of the
likelihood equation, he could verify which one was the
consistent solution. If explicit solutions cannot be found,

one could choose the root nearest any consistent estimator.
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Huzurbazar (1947-1949) and (1955) stated that this approach
was considered by R.A. Fisher (1925) and that the approach is
called "successive approximations to the maximum likelihood
solution starting with an inefficient estimator." This
concept will be utilized in Chapter II to obtain starting
values for iterative procedures. Huzurbazar also considered
distributions of random variables whose ranges depend on the
parameter of the distribution.

If we combine the results of Cramér's theorem and the
conclusions obtained by Huzurbazar (1947-1949), we still
cannot insure that a solution of the likelihood equation, at
which the likelihood function is maximum, is necessarily the
consistent solution,

This dilemma was resolved by Vald (1949), although he
was not particularly concerned with the solutions of the
likelihood equations. He proved that under the following
conditions the p X 1 vector E, a SMLE, if it exists, is
consistent for‘go. the true value of 8 ¢ ©, The symbols
lgl - gzl represent the Euclidean distance from 31 to‘gz.
The conditions are:

1. The distribution function F(x;8) is either discrete

for all 8 ¢ © or F(x;8) is absolutely continuous for

all 6 ¢ ©,
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For sufficiently small @ > 0 and for sufficiently
large r > 0

[ log £*(x;e,P)dF(x;8 ) and [ log ¢*(x,r)dF(x;e_)
- -0 -t ~o

are finite, where

f*(x;8,P) = max | sup f(x;'_;,), 1}, 8 ¢ © and
B:]8-B| <»

@*(x,r) = max {135?% rf(xi.?.): 1}.

If 1im 8, = @, then lim f(x;8,) = f(x;8) for all x
-1 e i

§ e
except perhaps on a set which may depend on 8 (but
not on the sequence { 21}) and whose measure is zero
according to the probability distribution function

corresponding to the true parameter point _9;0.

If 8 is not equal to 8, then F(x;9*) # F(x;8 )

for at least one value of X.

If lim |

8 - 0| = =, then lim f(x;8;) = O for any x
i-te { e

except perhaps on a fixed set (independent of the
sequence |{ _gi}) whose measure is zero according to
the probability distribution function corresponding

to & .
-0

f”lloa fix;.%)ld?(x;.?_o) <e,
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7. The parameter space © is a closed subset of the

p~dimensional Cartesian space.

8. The function sup f(x;8*) is a Lebesgue-
Cerie-g¥| <

measurable” function of x for any 8 ¢ © and for any
P >0,

At the end of the paper he remarked that if &
is any abstract space, then assumptions 3, 5, and 7

can be replaced by:

9. It is possible to introduce a distance 6(&1,32) in
© such that
(1) The distance &(21.32) makes © a metric
space,
(ii) Condition 3 holds with the & metric,
(i1i) If &* is any fixed point in © and
lim 6(8,,8*) = =, then lim f(x;_gi) =0

ie i~
for any x,and
(iv) Any closed and bounded subset of © is

compact.

These conditions are somewhat involved, but the phrase

"mild regularity conditions"™ is not a very informative

*  vald (1949) did not specify that this function should

be Lebesgue-measurable, but when condition 8 was used the
property of Lebesgue-measurability was required.
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substitute for the conditions.

We note that only the consistency of é, the SMLE, is
proven. The limiting distribution of Vﬁ(é - 20) is not
determined. Neither is it shown that a SMLE is a root of the
likelihood equations for large sample sizes. However if, in
addition, one assumes Cramér's regularity conditions and uses
the results of Huzurbazar concerning the uniqueness of a
consistent solution, one sees that a solution of the
likelihood equation which makes the likelihood function &
maximum is necessarily a consistent solution or possibly the
consistent solution. The argument is clear and will not
require a formal theorem.

Rao (1957, 1965)* considered the special case of a
multinomial distribution with the k cell probabilities
Pl(ﬁ), Pz(g), eoey Pk(g), where © is a p X 1 vector of
parameters such that 8 ¢ € He proved that if the four
conditions to be stated hold, then with probability tending
to unity as n » «, the SMLE, é. is a root of the likelihood
equations, and in particular it is the RMLE, g;. Further, if
8, is the true value of 8, then VE(én - go) and Qﬁ(g; - 20)
both have as their limiting distribution the p-variate normal

* The four publications related to the topic of estimeting
parameters of multinomial distributions (1957, 1958, 196la,
1961b) are summarized in Rao (1965).
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distribution with mean vector Q and covariance matrix nI;l,
where Io is the informetion matrix for a sample of size n.

The conditions are:
1. Pi(ﬁ)fc i'l, .-o.k,_e_é@-

BPi (_9_)

2.
;]
395

is continuous for 8 ¢ ©

i= 1, ceeey k and J - 1' seep D o
3. The information matrix is non-singular.

L. For every 6 > 0 there exists an ¢ > 0 such that

P () 1 (Blsely 5 o s sme
lta-.-ef>t‘>:11i %€ \py(e) /2¢ 2 H I

This theorem will be the vehicle for determining the
asymptotic properties of the RMLE for the parameters of the
normal distribution having unknown mean and variance when
grouped data only are available., It also will be used to
determine the properties of the RMLE for the five parameters
of the bivariate normal distribution when grouped data only

are available.
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1.3 Discussion of the Problem

In Chapter 1II the problem of estimating the parameters
of a univariate normal density function using grouped data
samples is considered. The method of maximum likelihood is
employed. Kulldorff (1958a, 1958b) suggested that the method
of scoring might be used to solve the likelihood equations,
and Hughes (1962) gave examples in which Hughes' method of
solution seemed to be adequate. Neither author established
that the solution of the likelihood equations which are
considered in Chapter II always can be obtained by either
method of solution. Therefore the solution of the likelihood
equations is studied.

An iterative method of solution is proposed which is
similar to the method developed by Hughes (1962). The
iterates are shown to converge to the unique solution of the
likelihood equation when only one parameter is unknown, and
the method is modified to reduce the number of iterations
required. An iterative method of solution is proposed for
the case in which both parameters are unknown. The iterates
are shown to have several favorable properties. The author
éﬁﬁ%ot establish sufficient conditions which would insure the
existence of a unique, simultaneous solution of the

likelihood equations. Therefore numerical results are
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presented which define a region in the parameter space in
which there can be only one relative maximum of the
likelihood function, and a procedure is developed which can
be employed to locate multiple roots if they exist. Easily
computed starting values for the iterative procedures, which
themselves are consistent estimators, are obtained.

In Chapter II no effort is made to extend the
development to other types of incomplete data.

In Chapter III the problem of describing some of the
asymptotic properties of maximum likelihood estimators
obtained from grouped data samples is studied. The principal
objective is to establish the asymptotic efficiency of the
restricted maximum likelihood estimators for the mean and
variance of a normal density function when the data are
grouped and both parameters are unknown. This is an
extension of the work of Kulldorff (1958a, 1958b). His
results concerning the asymptotic properties of the maximum
likelihood estimators when only one parameter is unknown can
be shown to be special cases of the theorems in Chapter III.
Theorems are developed which are more general than those
necessary to establish asymptotic properties in the case of
the normal distribution. All of the theorems developed in
Chapter III are based on the theorem in section l.2.2 which
was proved by Rao (1965).

No effort is made to establish asymptotic properties of
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maximum likelihood estimators in any case other than that of
grouped data.

The iterative method of solving likelihood equations
which was developed by Hughes (1962) is studied in the
Appendix. Hughes established sufficient conditions which
insure that the iterates defined by Hughes'! method of
solution converge to a solution of the likelihood equations.
In the Appendix it is shown that relatively few of the
distributions commonly encountered satisfy those conditions,
and among those distributions which do satisfy the

conditions, most have closed parameter spaces.



CHAPTER II
OBTAINING THE ROOTS OF THE LIKELIHOOD EQUATIONS FOR_THE
MEAN AND VARIANCE OF A NORMAL DISTRIBUTION FROM
GROUPED DATA SAMPLES

2.1 Introduction

In this chapter preliminary theorems are developed which
are used to prove that the method of successive
approximations is an appropriate numerical method to employ
when seeking the root of the likelihood equation for the mean
or the variance of a normal distribution when the sample is a
grouped data sample. The method of successive approximations
is modified in order to reduce the number of iterations and
in many cases the convergence is sufficiently rapid for the
solution to be obtained by hand. Starting values for the
iterative procedure are obtained which are themselves
consistent estimators,

Numerical results are presented which provide a region
in the parameter space in which there can be at most one
joint solution of the likelihood equations for the mean and
variance of a2 normal distribution when the sample is a
grouped data sample; and if there is a solution in this
region, then it is a point at which the likelihood function

33
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assumes a relative maximum. Numerical results also indicate
that one should expect only one joint solution of the
likelihood equations provided certain conditions are
satisfied by the sample. A mathod‘is developed which can be
used to locate other solutions if there are any. Comparisons
are made among the numerical methods which are considered and

examples are provided.
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2.2 Preliminary Development

2+2.,1 Definitions and Notation

Let X be a random variable having the frequency function
f(x;8) and the probability distribution function F(x;8),
where & is a p X 1 vector of parameters taking on values in

some subspace © of Euclidean p-space. Let rl, rz, veey rk~l

be a set of k-l known constants such that

- = < < < tee < < -
rb rl r2 rk-l rk and let

Ii = (ri-lgril » i= l’ 2’ ss ey k. Define

-1
P;(8) = PriX ¢ I,;8] and ¢, =P, (8) when P,(8) ¥ 0O . Then

i

the frequency function of X given that X is in the interval
I; is cif(x;g) when x ¢ I; and zero otherwise. We define the

functional Eiw(x) to be equal to | ¢(x)c1f(xa§)dx if F(x;8)
I3

is an absolutely continuous probability distribution function

in I,. If F(x;8) is not absolutely continuous in I;, we use

the Stieltjes integral to define E;p(X) = I e(x)c;dF(x;8).
Iy

In the special case when ¢(X) = X 1let By - Ei(x), and when

©(X) = (X = u;)% let of =E;(X = ;)% . The following

definition will be used frequently:
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V,(0(X)) = Ele(X)]? - [E0(X)]2 .

There will arise situations in which we wish to consider one
or both of the end points of the interval Ii as a variable
and in these cases we shall use the following expressions
interchangeably:

and o?

2
by = W =g
i (ri__]_.r,_] i (ri-]_.rj_)

The function H(8) will denote the joint frequency
function of the random variables comprising a sample and will
be called the likelihood function for the sample. As usual,
H(8) is considered to be a function of 8. When the grouped
data case is conéidered it is assumed tacitly that Pi(g) # 0,

i=1, .., ke Therefore if the grouped data sample is of
size n with the cell frequencies nl, n2, cesy nk, such that
k

Elni = n , then the likelihood function for the sample is
f=

k
H(8) = nt TT Ly 1) 'R M (0)]. (2.0)
1=1

Usually it will be more convenient to consider the natural
logarithm of H(8). Therefore we define the log-likelihood
function as follows:

L(8) = log H(®) .
For the grouped data case

k
L(8) =C + Z n, log Py(8),
i=1
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where C = log(nl) = § log(ni!) is observed not to depend
cn_g. =

We shall sﬁploy the following notation. If ¢{(x) is a
‘scalar function of the variables [xl, Xyp eees xv] = x’, then

the vector of partial derivatives

&rp(;s,)’ 3p(x) vees ¥ (x)
5x1 axz?' va

3 (5)

——

will be denoted by and the transpose of this row vector

will be denoted by 2‘%.5.). . If

¢'(x) = le, (x), @2(§), cees wr(g)] is a row vector of

functions of the variables [xl, Xop sees xb} = x’, then the

1th

matrix of partial derivatives having as its column

if%i%l s i=1, .0., r, will be denoted by QES(E) . If o(x)
X X

is a scalar function of the variables [xl, xz, cony 353 - x’

—

. 2
then the v X v matrix having 3% (x) as its ijth entry will be
axiax J

Y [M]

(x)
2@!3 rbY»az 3x .

denoted b
Y R dxdx’
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2e2¢2 Preliminary Theorems

In order to establish some of the properties of the
numerical methods which will be used to solve the likelihood
equations considered in subsequent sections, we need to
verify a property of the univariate normal distribution. Let
X be a random variable having the normal density function
1 e-;z‘(%&)z

' Vo

y o < X < e and

8e®= [(b0%): =» < p <o and 0 <o? <=} ,
The property which is needed is :
- 2 o 42 2

Bowen (1966) considered the problem of showing that this
relation is satisfied by the normal density function.

Although he was successful in proving that cf < ¢® only when

zero is not in Ii’ some of the theorems developed in that
thesis will be useful in establishing the property.

Let Ii be a2 representative interval with T ™2 and

ri w t, Assume that a 1is fixed, -» < a, and that ¢ is a

variable greater than a. In Theorem 5, section 1.3 of Bowen
(1966) it was shown that if X is a random variable which has
an absolutely continuous probability distribution function
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do®
F(x), then —22tl @ (&) /(o

at olt) 1, where

- “(ast])a = u?a,t]

o(t) = F(t) = Fla) and ¢'(t) = 2&%5& « In that same

section it was shown that for any absolutely continuous

probability distribution function

2

a(agt}

Using this result, we now state and prove the following

S max [(t’ - “(a,t])z’(“(a,t] - a)z}.

lemma.

Lemma 1
If F(x) is an absolutely continuous probability

distribution function such that éﬁé&l = f(x) is a monotone
4’2
decreasing function of x when x ¢ (a,b], then .~i§%51 2> 0 for

each t ¢ (a,b] such that F(t) « F(a) =¢(t) #0 .

(See Theorem C of the Appendix in Bowen (1966).)

do?
(a,t _.L.l[(t

Proof: Since 3 ¢(t)

“(&u%])g - a?a.t]]

and since wfa’ 1 S < max [(t = “(a.t])a'(“(a.t] - a)?] it

follows that if (t = “(a.tl)z > (u( a)® , then

&'t] -

...S%%E.]. 2> 0. Since f(x) is monotone decreasing on (a,b] ,

(6= W(a,0) 2 (g g7 - a) ©
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do?

Hence —i%%ﬂzﬂ wvhen t <Db .

In order to show that o2

(a,b] < o® for an arbitrary

normal density function, it will suffice to prove the result

edy?
for the standard normal density function f(x) = _V%‘Z‘t-\-' e 2% ,

<1

== <x <=, in which case it must be shown that of . <
]

for arbitrary intervals (a,bl.
Clark (1957) showed for this case that

fla) -
Bla,t] = o (%)

and

2 -1 + af(a) - tf(%) _ pa

“(a,t] olt) (a,8] '
t
where a < t and ¢(t) = [ f(x)dx . Gordon (1941) and
a
Birnbaum (1942) showed that
£
a <;‘}‘e’g’ Y (201)
vhere ¢(=) = [ f(x)dx, for all a ¢ (==,=), A much simpler
a

proof of this relation can be exhibited if one considers the
function ¢(») - '%-ﬁ)- « This function has limit ~= gs a
approaches zero from the right and limit O as a - » . The

first derivative of this function with respect to a is -{i%)- ’
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which is positive. Thus a < é‘-(&% for a >0 ., The

inequality is obvious if a < 0 . We now establish an

important inequality relating w?a b] and ¢ for the normal
]

distribution.

Theorem 1

If X is a random variable having the density function

n%xa
flx) =1 e s »» < x <o , then o% < 1, the equality
Vz“; (a't]

holding if and only if a = =« and ¢t =« ,

Proof':

Case I. If a <0< t, a<t, then
= 4L < 1 since both of the

e(t)

terms -ﬁ"("'a ] and iﬁiﬁl..:(:.g.fm are non-positive. The only
’ @

way for both of the terms to be zero is for a = «t , making

“?a e " 0 , and for af(a) = tf(t) = 0. The latter relation
]

holds only if a = «» and t = = gince uf(u) = 0 only if u = ==

or ifu -+« or if u =0,

Case II. The only other cases are 0 < a < ¢t and
a <t <0. By symetry we need consider only one of these
cases, Assume that 0 < a < t, Since f(x) is monotone

decreasing on [0,»), we use Lemma 1 to establish that
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Therefore, if we can show that o2 <1,
(ay=)

2 < g® .
“(ayt] = Y(a,e)
then the proof is complete. Since tf(t) » O as t » = , we
have

02 -l-ﬂa +-a-'—f-‘.£')-

(a,=) (a,=)  ¢l=)

1 dfth iy
-l+(§%§;—(a-ﬁ%}).

By inequality (2.1) we know that a = ﬁ%} < 0. Therefore

2 <1, and it follows that o 1.

a(a:“)

From this theorem we conclude that if X has a univariate

2
(a,t] s

normal distribution with mean p and variance ¢%, then

og < 6?, the equality holding if and only if I, = (ee,@)
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2+:2.3 Finding the Zeros of a Particular Class of Functions

There are many numerical methods which one might employ
to obtain the zeros of a function., We shall consider two
methods known as the method of successive approximations and
the Newton-Raphson method. A discussion of these and other
methods can be found in most numerical analysis texts such as
Scarborough (1930). One of the early papers in which the
properties of the method of successive approximations were
considered is by Ford (1925).

We shall restrict our attention to the class of
functions W(X) such that ¥(X) = ¢(X) - X for some function
p(X). Let ¢’(X) ua§§§§l exist and take on only values

greater than zero and less than or equal to 6, where 6 <1 ,
when X is in some interval (a,b).
The method of successive approximations is a procedure

which defines a sequence of numbers Xl, Xz, e«es from the

starting value X, ¢ (a,b). The sequence is defined by the
recursive formula X, = (X, ;). The Newton-Raphson procedure
defines a similar sequence Yl, Yz, see using the recursive

WY, )
—n=17
relation Yh = Ynol - ﬁg(xhvl)' It is difficult to compare

two such methods which have different advantages. In the
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application of these procedures which we shall consider, the
function %l‘l = ¥ (X), equivalently ¢’(X) - 1, will be

difficult to evaluate. Therefore it will take more effort to
make each iteration with the Newton-Raphson method than with
the method of successive approximations.

The following theorem will establish some of the
properties of the method of successive approximations. The
proof of each proposition can be found in Ford (1925).

Theorem 2
If ¥(X) = ¢(X) « X and if ¢’(X) is such that

0 < |e'(X)] £¢ <1 in the interval (a,b) and if Y is a zero
of ¥(X) in (a,b), then:
1. If X; € (a,b) then the sequence {Xn} defined by the
relation X = ¢(X, ;) converges to Y.

2. The sequence is a monotonic sequence if
¢’'(X) >0 in (a,b).

3. There can be at most one root Y ¢ (a,b).

b 1X 0 - ¥l <6%x) - 1| .

6
S50 1%, =¥ <g==ix -X 1.

. - Y} < - ! < .
6 lxn Y| <6 lxn xmll if ¢'(X) <0 in (a,b)

We see that conclusions four and five indicate that if 6

is relatively small, then the convergence is quite rapid. If
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we consider the Newton-Raphson method, X = X - ‘Kxn“l) ’
n nel ’
¥ (X, .1)

equivalently X =X . = X?‘L + w(xn‘l) , when
1 -9 (Xpa1) 1 =0 (X,07)

lo’(X _1)| £0 is relatively small we conclude that the

methods are very similar, since 1 + 6 > |1 « w'(Xn_l)l >le b,

If 6 is relatively large and ¢’(X) > 0 in (a,b), then
the method of successive approximations will provide a
sequence which converges monotonically to ¥, but the
convergence will tend to be less rapid than when 6 is
relatively small.

We have noted that ¢’(X) is a rather complicated
function in the cases which we shall consider. However, in
these cases it will be known that ¢’(X) > 0 in (a,b).

Without computing this function at each iteration how might
we take advantage of the monotonicity of the sequence formed
by the method of successive approximations? One way to do
this is simply to move a little further on each iteration
than would be suggested by the successive approximations
method, i.e. take X} = o(Xf.1) + Ale(Xj.3) - X33} » A 20 &
If A = O the sequence {X,] is the monotonic sequence formed
by the successive approximations method. If we subtract xﬁ-l
from each side of this equation, we obtain

X4 - Xhg = (140 e(xh ) - X,) .
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This is seen to be the Newton-Raphson method with ¢’ (X,_;)

taken to be 3 : : « Judicious choice of A would have the

effect of compensating for a "slowly" converging monotonic
sequence when ¢’ (X) > 0 in (a,b).

We shall not undertake a comparison of the relative
merits of these numerical methods, but we shall use some of

them in subsequent sections of this chapter,
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2+2.L4 Properties of the Likelihood Function for a Grouped

Data Sample from a Normal Distribution

Let us recall the definitions of a strict and a
restricted maximum likelihood estimate. If H(8), & ¢ © , is
the likelihood function for the sample, then é is a strict
. maximum likelihood estimate of 8 if H(8) > H(8) for all 8 ¢ ©
and €* is a restricted maximum likelihood estimate of 8 if 8%
satisfies the likelihood equations and if H(8*) > H(8,) for
all & satisfying the likelihood equations. In this section
we establish sufficient conditions for the set of strict
maximum likelihood estimates to be identical to the set of
restricted maximum likelihood estimates for the case of a
grouped data sample from a normal distribution.

The likelihood function is considered to be a
mathematical function of the variables in the vector 8, given
as fixed the values of the random variables observed in the

sample. The properties of this function, such as the

dH(8)

existence of a root of Y

= 0, are studied apart from any

statistical interpretation of the likelihood function.

Before proving the next theorem, several properties of
the likelihcod function for a grouped data sample from a
normal distribution should be examined.
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Let us assume that:

1. The random variable X has the frequency function

1 X=p ¢
f(x;8) = '--4%: 9""5( )

y =@ <x<e,
Ov¥ 2

where 8’ is the vector (m,0?] and
8 e ©®= [(p02); a@ < p <w and 0 < g% <&} ,
2. The cells
Il = (-*,rl], 12 = (rl.rzl, ceer I = (rk*l.*l s
and their corresponding probabilities
Py (8) = Pr{X e I;;8}, are determined by the set of

known constants -« < ry < rz < ses < rk-l <w

3., The sample consists of k cell frequencies

k
nl, nz, ssey nk‘ where n = iflni is the fixed

sample size.

The likelihood function for the sample is

k
H(8) = C WlP:ifﬁ), where C is a constant with respect to € ;
i

see equation (2.0). It is observed that H(€) ¢ O in © and
that both first partial derivatives of Pi( 8) with respect to

the elements in 8, i = 1, ..., k, are continuous in @, It
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follows that both first partial derivatives of H(8) are
continuous in ©,

In the proof of Theorem 3 we shall use the result that
if H(8) - O on the boundary of © , 3® , then there exists a

dH(8)
20

all 8 ¢ @, This result follows from a minor extension of

point 8* ¢ © such that ——==~ = 0 at 8* and H(8*) > H(8) for

Theorem 1 in Chapter L of Widder (1961). 1In the present
context, that theorem states that if the first partieal
derivatives of H(8) are continuous in the compact set S © &
and if there exists a point 8, ¢ S such that H(S;) > H(8) for
a2ll 8 on the boundary of S, then there exists a point 8* ¢ S
such that 3‘;;_.;9-2. =0 at 8% and H(8*) > H(8) for all 8 ¢ S.

Since H(8) # O in © , there exists a point 8, in © such that

H(8,) > ¢ for some ¢ > 0. If H(8) ~ 0 on 3® , then there
exists a compact set, say

Sny ® {(w,0%): =ng < u < n, and ;;% < o® <n,}, such that

H(8) < ¢ for every 8 in © which is not in Spoe Using
Theorem 1 in Chapter 4 of Widder (1961), it follows that

dH(0)
8

there exists a point &* in Sn such that ——=_ = 0 at &* and

H(9*) > H(®) for all 8 in s It follows that H(@*) > H(8)
for 211 & in & ,

Using this result we prove the following theorem.
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Theoram 3

If the grouped dzta sample satisfies assumptions le3

stated previously, then the likelihoocd function,

k n
H(8) =C TT Pii( 8), assumes its absolute maximum value at
i=1
3H(§)

some solution of the likelihood equations, a;‘ = 0 and

3H(e)

3 (02) = 0, if the following condition is satisfied:
o
(a) The cell frequencies are such that n; + ng 5 nif

either j=1i +1 or i=1and j=k.

Proof: If we show that H(8) = O on 3& , then the
application of the extension of Theorem 1 in Chapter 4 of
Widder (1961) completes the proof. We now show that
H(8) » 0 on 3@ .

Note that condition (a) implies that at least two cell

frequencies are greater than zero. Let n; and nj be two cell
frequencies which are greater than zero, 1 < i < j < k. Then

H(8) = CQP:"L( _Q)P?J( 8), where C is a constant with respect to

k
8 and Q = 'ﬂ'l P::v (8). Three cases are considered; w» - %= and
Ve

Vfi ,J

0?2+ 8% ¢ [oy®) ,0° 20 and p *m € (==,») , and ¢? » »
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while 4 * m ¢ [-»,»] , These limit points exhaust 3& ,

Case 1.

Case 2a.

Case 2b.

Case 3.

Consider H(8) as w - = , For any finite o2

k
lim P, (8) = 1. Since I P,;(8) = 1 we conclude
p—e i=1

n
that P,1(8) has limit zero since i < j <k .

Therefore H(8) - 0 , As u = «= for any finite

o?, Pl(g) -+ 1 and hence P?J(_O_), and therefore
H(8), has limit zero.

Assume that ¢2 - 0 and u ~+ m ¢ Iio such that

m Ty . It follows that Pio( 8) =+ 1 and hence

either P?i( 8) or P?J (€) has limit zero.
Therefore H(8) - 0.

Assume that ¢° =+ 0 and that u = ry,+ Then
Pio(g_) + pi°+1(_g) has limit one. Since

ng +ng <nif j =i+ 1, then either P, (8) or
P 3 (8) has 1imit zero or there is some other
PyY(8), n, > 0, which has limit zero. Hence
H(8) has limit zero.

If 6° +» and b * m ¢ [-=,=], then any P,(8)
corresponding to an interval of finite length,
12, 13, ceey Ik-l’ has zero as its limit.
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Since ny + nj #nif i =1 and j = k, there is

some P,”(8), n, >0 and 1 <v <k, with limit

zero. Therefore H(8) - 0.

Since H(®) has limit zero on the boundary of @ , it
follows that H(8) assumes its absolute maximum at some
solution of the likelihood equations.

The necessary conditions for H(8) to assume its absolute
maximum value in @ will not be discussed here, for these
conditions involve excessively intricate arguments. Since
the sufficient conditions established in Theorem 3 would be
satisfied in all but the most impractical situations, we can
use these sufficient conditions in most cases to establish
that H(6) assumes its absolute maximum value at some root of
the likelihood equations.

We conclude from Theorem 3 that if all of the grouped
data do not lie in adjacent cells and if 2all of the grouped
data do not lie only in the two half lines then:

1. A restricted maximum likelihood estimate is also a

strict maximum likelihood estimate.

2., If there is a unique solution of the likelihood
equations, then the restricted, the strict, and the
loose maximum likelihood estimates are unique and
equal. (Having defined the loose maximum likelihood
estimate to be any solution of the likelihood
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equations, we see that if there is a unique solution,

then the RMLE and the LMLE are identical.)

It should be noted that the assumption that f(x;8) is
the normal frequency function is not used explicitly in the
proof of Theorem 3. This assumption is used only to imply
that 4 and ¢® are independent location and scale parameters,
respectively, and that the Pi(g) have continuous first
partial derivatives with respect to p and with respect to o?
in © , Therefore, Theorem 3 is applicable to a much larger
class of frequency functions than is specified in the
hypothesis of the theorem.

In section 2.3 we shall consider three cases, @ unknown
and ¢? known, o° unknown and w known, and the case where both
# and ¢® are unknown. If ¢? is known to be equal to
ag ¢ (0,»), then we write H(8) = H(u) with the understanding
that ¢% = ag ¢ (0,»). Similarly, if w is known to be equal
tou € (ew,®), then we write H(8) = H(c?) with the under-
standing that u = u_ € (w=,»), Accordingly, all of the
related functions of 8 such as L(8) = log H(8) and Pi(g) will
have either p or o¢® as their only arguments. Before
considering these special cases in which one parameter is
known, we should determine the conditions for which H(w) and

H(o?) assume their absolute maxima at the roots of the
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2
likelihood equations Q%ﬁgl = 0 and gﬁ%fg% = O, respectively.

The following two corollaries to Theorem 3 will establish the
necessary and sufficient conditions for H(m) to assume its

absolute maximum at the solution of Q%&&l = 0 for every given

ag ¢ (0,#), and for H(o?) to assume its absolute maximum at

2 .
the solution of Q%{EE% = 0 for every given p, € (em,=), We
c

would stress that we are considering the conditions which
will insure that the likelihood functions attain their
respective absolute maxima at the unique solution of the
respective likelihood equation regardless of the known value

of the other parsmeter.

Corollary 1
The condition that nl‘f n and n, # n is implied by

condition (a) of Theorem 3 and for every fixed ag e (0,=),
the likelihood function H(u) attains its absolute maximum at

the unique solution of Q%&EI = 0 if and only if n, 7 n and

nk f n.

Proof: Condition (a) of Theorem 3 implies that n, #n
and that n_ 7 n. In Theorem 1 of Kulldorff (1958a) it is
shown that H(w) attains its absolute maximum if and only if
nl # n and n y n. The condition that ny # n and n ¥ n does

not depend on the value of ag ¢ (0,»), thus completing the
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proof.,
A very simple proof that H(w) does not attain its

=n o
1 r

n, = n can be exhibited as follows. If ny = n, then

absolute maximum at a solution of Q%é!l = 0 when n

H(p) = CP?(M) and Pl(n) is a strictly monotone decreasing
function of 4 ¢ (=»,=), Therefore, Q%é&l‘< 0 for each

b € (em,m), If n_ = n, then Q%éﬂl >0 for each p € (w=,»),

In Corollary 2 we establish that the conditions of
Theorem 3 are necessary and sufficient to establish that for

every given p, € (==,=) there is a unique maximum of H(o?) at

2
the unique solution of Q%L%-l = 0., Kulldorff (1958b) proved
o

that under assumptions 1=3 given previously there is a unique
2
solution of 9%1%~l = 0 at which H(o®) attains its absolute
o

maximum for a fixed u, € (em,=) if and only if:
either

+ <
(i) n, +n <n and n, > 0 for some i satisfying

Mo < ry.1 OF Mg >'r1

or
(11) n, + n_=mn, 0 < nl‘< n, and
n,{ry =) >nlr < wud.

Corollary 2

For every fixed w, ¢ (==,»), H(0?) attains its absolute
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2
maximum at the unique solution of Q%ﬁ%-l = 0 if and only if

condition (a) of Theorem 3 is satisfied.
| Proof: It must be shown that either condition (i) or
condition (ii) is satisfied for every fixed u, € (-=,») if
and only if condition (a) of Theorem 3 is satisfied.
Condition (ii) is not satisfied for arbitrary

o € (e=,»), Condition (i) holds for every by € (weoym) if
and only if
[
(1) n, + nk‘< n
and
¥
(11’) there is no n; such that (ni + ni*l) = n.

Conditions (i’) and (ii’) are equivalent to condition (a) of
Theorem 3.

In section 2.2.5 a relationship which exists between the
information matrix associated with the complete data case and
the information matrix associated with the grouped data case

is established,
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2+2+5 Derivatives of the Logelikelihood Function in the
General Case of Grouped Data

In this section the derivatives of the log-likelihood
function for grouped data samples are considered. These
derivatives are related to the derivatives of the frequency
function underlying the grouped data sample. These relations
among derivatives provide the basis for detarmining the
relationship which exists between the information matrix
associated with the complete data case and the information
matrix associated with the general grouped data case,
provided certain conditions are satisfied by the underlying
frequency function. Often it is necessary to determine
whether certain information matrices are singular. The
theorems in this section will be useful in answering these
and other related questions.

We have used I1 = (ri~l’ri]’ i=1, eeep k and

- rO < rl < eee < rk-l < rk = o ., t0 denote the cells

defining a grouped data sample. In this section we wish to
consider a large class of frequency functions, some of which
can be identically zero on some fixed interval (a,b). Since
we wish to avoid prolix discussion of ranges of integration,
the following convention will be adopted in this section. If

f(x;8) is the frequency function of some random variable X,
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where © is a p X 1 vector of parameters defined in some
subspace € of Euclidean p-space, then 1n(f(x;8)) will be used
to denote that function which is equal to the natural

logarithm of f(x;8), log(f(x;8)), when f(x;8) > 0, and zero
3f(x38) _ 4
.}

otherwise. This convention allows one to use

aln(f(x.ﬁ))'*
f(x.ﬂ)[ | interchangeably in the arguments which

follow. If W is some function which is positive, then log(W)
or log W will be used to denote the natural logarithm of W.

The following assumptions define the class of underlying

frequency functions which are to be considered:

(i) The random variable X has the probability
distribution function F(x;8) which is either
absolutely continuous or discrete, where £ is a
p X 1 vector of functionally independent parameters
defined in some subspace @ of Euclidean pespace.
Let f(x;8) be the frequency function defined by
F(x;e).

(i1) The subset of the x axis for which f£(x;8) = O does
not depend on 8.
(1ii) If F(x;8) is absolutely continuous with respect to

Lebesgue-measure, then:

(a) 3 f‘f(x;_g)dx - 3 af(1§3)

BG

aln(f(xs.?.))
= Ex[ 3} j{ - Q
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for every 8 ¢ @ and

az * . - "aaﬂx;,ﬂ)_‘
(b) 4o S = § ot
= (0]

for every 8 ¢ © .,

(iv) If F(x;8) is the probability distribution function
of the discrete random variable X, then we assume
that f(x;8) > 0 for every x in the domain of
definition of f(x;6) and that properties (a) and
{(b) in (iii) hold with the proper interpretation of
the integral.

All of the theorems to be developed will apply to
discrete random variables. Each theorem will be stated in
the context of absolutely continuous probability distribution
functions, and only the interpretation of the integral will
need modification in order for the theorems to remain valid
if the probability distribution function is that of a discrete
random variable satisfying conditions (i), (ii), and (iv).

We assume that a grouped data sample of size n, from a
distribution in the class of probability distribution
functions defined by (i) - (iv) preceding, has the following
properties:



60

(V) The cells Ii 2 (ri-l'rijg i= 1, seey k y are

determined by the known constants rys i=1, i00,k-1,

- < < < eee < < .
vhere == = Ty ST <1, Thel “F = °

(vi) The underlying distribution function having the
properties (i) - (iv) defines the set of functions
P(8) =PriX e Ij58} #0, i =1, .00y k .

(vii) The random sample of size n from the underlying
distribution gives rise to the cell frequencies
k
Nis Ny esey My where iilni =1,

The definitions which follow are used often in the
sequel when consideration is given to the derivatives of the
loge=likelihood functions for grouped data samples satisfying
conditions (i) = (vii) stated previously. Let these
conditions be satisfied and let M be an r X s matrix of
scalar functions of X, say maB(x) where ¢ = 1, ..., r and
B=1l, eoey S . We define

-l
E,mqp(X) = Py (8)) mog(x)f(x;8)dx , 4 =1, c0up k
I
A matrix of such expected values, [Eimaa(x)], will be denoted

by Eitmuﬂ(x)3 or by E;M. If W(X) is a p x 1 vector of scalar
functions of X, then
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where [¥(X)1' denotes the transpose of ¥(X).

In some cases it will be desired to perform an operation
on a function of X and ® and then to evaluate the result at
the true value of 8., We designate the true value of 8 by 8,.
It gb appears in the argument of a function of X and @ which
has some operator immediately preceding it, we shall mean that
the operation should be performed and that the result be
evaluated at go.

If a random sample, Xl, ceny Xn, is drawn from a

distribution satisfying conditions (i) - (iv) given
previously, then the likelihood function for this complete

n
data sample is H_(8) = TTir(stg) and the log=likelihood
ju

n
function is Lc(g) - leln(f(xj;g)) and the information matrix

3L, (8,) 3L,(8,)
isI = Ex[-—§§=2* "§i§9*] » The subscript X is affixed to

the expectation operator to indicate that the expectation is
with respect to the joint distribution of Il. veny Xn. If a

random sample of size n is dreawn from a distribution
satisfying conditions (i) - (iv) and if this sample gives
rise to the grouped data sample, ny, nz, ooy nk, satisfying
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(v) = (vii), then the likelihood function for this grouped
kK o
. i
data sample is H (8) =¢C TT P, (8), where C is a constant
& i=1
with respect to 8 ; see equation (2.0). The log=likelihood

function is Lg(g) = log Hs(g) and the information matrix is

3Ly (8,) 3Lg(8,)
Ig - E3£-§;-° ——S;:o ] » where the subscript X affixed to

the expectation operator indicates that the expectation is
with respect to the joint distribution of ny n2, ceer Iy

which, of course, is multinomial. By the definition of Pi(g)

we know that Ex(ni)leu nPi(go) s 1 =1, eesy k.
=0

It is known that the information matrix, Ic' associated
with a2 complete data sample of size n can be written

32Lg(8)

if conditions (i) - (iv) are satisfied; see sections 17.1l4
and 18.24 in Kendall and Stuart (1961) for proof. The same
argument also establishes that

3%Lo(8,)
L
1, - .s.;_{ T 1. (2.3)

In Theorem L a general relationship is established which
simplifies the differentiation of the log-likelihood function
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for a grouped data sample.

Theorem L
If a grouped data sample satisfies conditions (i) - (vii),

then M‘E 1[zn.n(::(x;tv&) )‘;

aL, (8 k
Proof': _fﬁﬁzl - 3 n1£
28 i=)

9

s )[S Ty

: 0P

4= 1n"
Iy

[aln(f(x;e))]

thus completing the proof.
We note that

Eg{%[ 3L (~o)]] - 2 (E.(El)l )Ei[aln(f(xm.o))]

k aln(f(xaﬁ )
- if.fi (8, By 30’7 |

S [aln(f(lsua))}f(x

aln(f(x; ) )9
“E£ 38”0 J.‘ .

The last equality follows from assumption (a) in (iii) given

previously. Therefore:

3Lg (s,)
sz[..sr_."" (2.4)
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In Theorem 5 the matrix of second partial derivatives of
the log-likelihood function for a grouped data sample is
expressed in a form which will be useful in the proof of

Theorem 6.

Theorem 5

If a grouped data sauple satisfies conditions

(i) = (vii), then

%L, (8) k [aln(i‘(x e))] [aaln(f(xiﬁ))]
2826° = l ny i 3838’ )

Proof': Usin& Theorem 4 and recalling that

Ego(X) = P (9) ¢(X)£(X;8)dX is a function of 8, we have:
I
i

aaLg(ﬁ) _ ~3[BL (9)]
) Y 39'

2838
k 3ln(f(Xx;e))
- 3 3 nyny[ 20N

K -2 321n(£(X;0))
- 2l <£)(P§‘-9’Ei[“;as‘;r—*] "

[aln(f(x 9))][6111(1‘(139))]) )

2
Pi('g) ae’

raln(£(X;0)) 3ln(f(X;0))
i{, 3_9_ Ei 3.9_" ])
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k

‘“'121 ( [aln(f(x.g))][aln(:g.é))}
am{f(x;e)) 3ln(£(X;8))

A Jey =7==) +

k [len(f(Xiﬁ))]
M ey |

Therefore,

321.5(,@,) k [am(f(x.e) )]

azln(f(X;g))]
TYH R

12" 2 2928"

thus completing the proof.
We note that

2In(£(X;38,)) k 2%1n(£(X;8,))
?ni 3 -0’ . P.(0 )E =077
[ 2928’ "5 1(%) [ 2638’ ]
1«1
3%Lg(8,)
EL[ 2638’ ]
by equation (2.2). Therefore,
aaln(f(x,_g_)__)_
Eziflni‘&i[ YT =1, . (2.5)

There is a relation between the information matrix for a
grouped data sample of size n and that for a complete data
sample of size n. That relation is developed for the general

case of grouped data ssmples in the theorem which follows.
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Theorem 6

If a grouped data sample satisfies conditions

k
-1, -nzP (0 )vi[aln £(X;8 ))]

(i) = (vii), then I
g j=1 &

ar.c.__o)
Proof: By equation (2.3), -I E3£ YL Using

Theorem 5 and equation (2.5) we have

k [a.‘m{f(x.og))]
i

-15 = ?x 1§1n1v

+ Therefore,

Kk 21n(£(X;8,))
I = I -nz P (9 w [~*~*-~i=9-] » thus completing the
24 i= 1 i
proof.
Note that

k

k
_ "i"‘: p (e )E i{un(r{x.a ))J[aln(f(x;e ))}

i{aln(f(xl‘.ﬁo))]Ei{aln(f(XL.@) l]

; P (B )JE
nzx ae'

=1 3



niglPi‘-“-o) i[aln(f(x;_o))] [aln(fixiﬂo))]

i[aln(f(X.__o))] i[aln(:'(x;,go))] .

‘I —nZPi 20

Therefore:

K In(£(X
n Z Py(250Vy [ "'o))]

ln(f( 38.)) 1n(f(Xa
1[3 X;0 LN } i[b

k
~I -n3P(8)E 2117 (26)
4=1 1

An expression which frequently simplifies the
computation of the information matrix for a grouped data

sample of size n is established in Theorem 7 which follows.

Theorem 7

If a grouped data sample satisfies conditions

(1) « (vii), then

k (£( )) (£(X;85))
Ig"“fl”i‘“i[unrx;—o 2n(£lxigo) ), [alnfx__o 1.
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Proof: Using Theorem 6 and equation (2.6)

k 1 (f( 85)) In(£(X;8,))
1, =1, - (1, - n % Py(8,)E R a_a_f;""“])

aln(f(x;_o))] [aln(f(x;_go))]
Ey 20’ *

k
- nizlPi(go) i[
In the section which follows, the problem of obtaining
the maximum likelihood estimates for the mean and variance
of the normal distribution from grouped data samples is
considered. Three specific cases are treated: estimating
the mean when the variance is known, estimating the variance
when the mean is known, and estimating the mean and variance

when both are unknown.



and Variance of a Normal Distribution from a Grouped Data
Sample

2¢3.1 Introduction and Definitions

Essentially three methods are available for solving the
likelihood equations when the mean or the variance of a
normal distribution, or both, are unknown and grouped data
only are zvailable. The first method is to employ the tables
presented by Gjeddebaek (1949) to evaluate the various
functions found in the likelihood equations. Excessive
interpolation and approximation are required in the use of
these tables. Kulldorff (1958a, 1958b, 1961) employed the
method of scoring to solve the likelihood equations. The
evaluation of the information matrix is very laborious and it
would seem that the method of scoring should be considered
only when electronic computer facilities are to be used. The
third method is the method of successive approximations.
Hughes' (1962) procedure utilizes quadrature formulae in the
iterations required by the method of successive
approximations, and thus would require the facilities of an

electronic computer in most cases.
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When employing iterative procedures one must obtain a
starting value in some region containing the solution being
sought. The only known starting values which are relatively
simple to obtain for the problem at hand are those simple
estimators found by using the midpoints of the intervals as
quasi observations in the sense of Gjeddebaek (1957) and
others.

In this section the method of successive approximations
is modified in order to find the solutions of the likelihood
equations for unknown parsmeters of a normal distribution
using a grouped data sample. A method for obtaining
consistent, easily computed estimators of the parameters is
presented., By using the modified method of successive
approximations with a "good" starting value, it is possible
to obtain the solutions of the likelihood equations using
only standard normal tasbles such as Table 26.1, "Normal
Probability Function and Derivatives", in Abramowitz and
Stegun (1964). If there are more than six non-zero cell
frequencies, then the work required by this method of
solution indicates that electronic computing facilities are
more desirable.

The following definitions and notation will be useful in
this section and in the remaining chapters.

A sample ny, n2, ceeyp nk will be said to have the
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property Gan(u,ea) or to be a Gan(».oz)-sample if the

following conditions are satisfied:

(1)

(11)

(111)

The probability density function of the random

varisble X is
- 3(XcH)2

f(x;ﬁ)n._l...e’f( T !y @@ < x <o
oV

where 8’ = [u,02] and

6 ¢ ©= [(u,0°); - <y <= and 0 < g% <o},
The set of intervals I, = (ri-l’ri]’ i=1, eee; ky

are defined by the known constants
rlp rzg veny rk-l » Where

-“-ro<r <r2<...<rk_l<rk--.

1l
The joint distribution of the random vector of cell

frequencies, [nl, Dyp eees nk}. is
) .

n P"i
Fli(_ﬁ_);whereni?_(),i-l, aon,k.
n; 1"

j=1 T

k
1311'11 = n and Pi(ﬁ‘) bad Pr{X € 1132}, ie 1’ svey k .

If one of the parameters, u or ¢%, is known, then that

parameter will be omitted in the argument of functions

associated with the sample having the property Gan(u »02).
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For example, if o? is known to be equal to ag, then the

log=likelihood function for the sample having the property
Gan(ﬂ,ug) will be writtent

k
L = 1 P
(w) + 1§1n1 og Py k),

where C is observed not to be a function of u. The subscript
g is omitted from the logelikelihood function in section 2.3 .
In this section it will be understood that the likelihood
functions which are considered are those for grouped data

samples from a normal distribution.
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2.3.2 Estimating the ijean When the Variance Is Known

Consider a sample with the property Gkﬂn(u.ua), where

og ¢ (0,») is the known variance. Using Theorem 4 in section

2.2.5 and the relation $-(log(f(Xiu))) = X4 (see condition
0

(1) in the preceding section) it follows that XlniEi(!“%>..

is the likelihood equation for p. It follows from Theorem 5
in section 2.2.5 that

a’Lis) o 5oy (5%) - o

g—-z:-% - - i
since du( °o) j% . If Ei(x) is designated by by as in

section 2.2.1, then the solution of

k
1512% by =w =0 (2.8)

is sought. In order to consider the method of successive
approximations we define the following functions of the

generic variable m:

k
Vin) = [1512% "1 7 “]Iu-n

k
CRELT



Th

4
Using the expression forgzﬁéﬁl in equation (2.7) we find
that

¥ (m) = iziul vi(X-m) -1

- gﬁi.. () -1

ij=1 1

by the invariance of Vi(z) to change in location., Therefore

k
¢’ (m) = izlf% Vi('&%) ’ (2.9)

where one should bear in mind that both u,; and vi(x) are
functions of m.

If Hughes' method is used as outlined in the Appendix,
then ¢(m) is approximated by using some quadrature formula to

approximate each My Each of the intervals I, is partitioned

i

jth

into 9 sub-intervals of equal length. The sube~interval

of Ii is designated by (xij’xi(j+1)]' Constants a13 are

determined by the particular method of quadrature employed
(see Kunz (1957), section 7.12), such that

qi*-l
jilaid = ri - rial « Then
1

¢(m) = 2 o § [ z a fx j,m)][ 2 a, f(x j;m)}

j=1 N 1 iJ %13
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is used to approximate ¢(m). It has been pointed out in a
previous section that the convergence of the sequence defined
by Hughes' method cannot be established using Hughes!'
convergence theorem in the problem at hand.

Let § be the unique solution of the likelihood equation
Q%éﬁl = 0, Then by Theorem 2 it follows that the sequence

{mJ}. defined by m -w(mj_l). converges to @ for any

J

starting value m_ ¢ (-»,») provided that for any interval

o
{a,b), ~» < a < b <e, there exists a § such that 6§ <1 and

¢’'(m) <8 when m ¢ [a,b], where 8 may depend on a and b.
The lemma which follows will be used in the proof of

Theorem 8.,

Lemma 2
If [a,b] is any interval such that -» < a < b <« , then

there exists a 8§ < 1, which may depend on a and b, such that
¢’(m) < 6 when m ¢ [a,b]l.

Proof: Since gz&é&l is a continuous function of u (see
equation (2.7)), the functions Vi(aﬁ), i=1, ceey k, are

continuous functions of w. Further, Vi(8§) is a positive,
continuous function of m and by Theorem 1 is bounded less
than 1 for m ¢ [a,b)l, 1 = 1, «s., ko Therefore, by Theorem 1

it follows that sup Vi(aé) = 61, i=1, ...y k, exist
m e [a,b]
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and that each 61 < 1l., Let the maximum of the 5, be 6. Then

i
ji ny ( X) < n

o'(m) = ) L V,(5)< )+6,s8<1,
=1 " =t

when m ¢ [a,b].

Recall that in Corollary 1 of section 2.2.4 it was shown
that there exists a unique solution of the likelihood
equation for u or, equivalently, of ¥(m) = O (see equation
(2.8)) if and only if n; ¥ n and n_ 7 n. Using Lemma 2 we
prove the following theorem.

Theorem 8

If n, 7 n and n # n in a sample with the property
Gan(n,ag), then the sequence {mj} defined by the recursive

relation m, = w(mdol), where m  is any starting value in

J

(e=,®»), converges monotonically to the unique root of the
likelihood equation and the likelihood function assumes its
absolute maximum value at this root.

Proof: It follows from Corollary 1l in section 2.2.4
that there is a unique solution of the likelihood equation
and that the likelihood function attains its absolute maximum
at the solution of the likelihood equation. It follows from
Lemma 2 that for any interval [a,b], -» < a < b <« , there
exists a 0, depending on a and b, such that 6 <1 and
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©’(m) <5 when m ¢ [a,bl. Therefore the conditions of
Theorem 2 are satisfied. Since ¢’(m) > 0, it follows from
conclusion 2 of Theorem 2 that the sequence {mj} is a
monotonic sequence converging to the unique solution of the
likelihood equation for .

Now that it is known that the sequence {mj}, defined by
the method of successive approximations, is a monotonic
sequence which converges to id, one should be able to reduce

the number of iterations required if he uses the sequence

{mgl defined by m§ = ¢(m§_l) + k(w(mgal) - mgnl). for some

A > 0. Applying Theorem 2 to the function
(1A )¥(m) = [(1+\)e(m) = Am] - m
= [p(m) + A(e(m) = m)] - m ,

we have that the sequence {m%} converges to @ if
J

[ (1)’ (m) - 2] < 5, <1.

Since 0 < ¢’(m) <8 <1 form ¢ [a,b], it follows that {ms}
converges to §, provided nl,f n and n, ¥ n, for any A such

that 0 < < 52 < 1l. Obviously there is no optimal selection
of A for all situations. In the discussion following
Theorem 2 in section 2.,2.3 it was found that the sequence

{mg} is the same sequence which would be obtained if one used

i%x in place of w'(mg‘l) in the Newton-Raphson method. In
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the introduction the method of scoring was shown to be the
Newton-Raphson method with, in this case, 1 - @'(mj_l)
approximsted by

. !
E:g(l - ¢ (mj"l))'
Tables 3 and 4 presented by Kulldorff (1958a) indicate that

Ei‘l - ¢'(m )

32!

is roughly 0.9 when miy is near §. Therefore if A is chosen

such that T}}'i g 1le0.9, i.e. A § 0.1, the number of

iterations required will be reduced in many cases. The
method of obtaining the sequence {m}}, such that

m*
J

modified method of successive approximations. After a

- w(m3~l) + f%(w(m}_l) - m}_l), will be called the

procedure for obtaining m, is developed, an example will be
’given in which the execution of the iterations is discussed.

We now consider the problem of obtaining a starting
value m,. The starting value proposed in this section has
two important properties; it is a consistent estimator of the
true mean, u,, and it can be obtained easily.

Consider a GZNn(u,og)-sample defined by I,, 12, n,, and

n,, where n, # 0 and n, 7 O. Using equation (2.8) we see
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that the likelihood equation is

1 Pl (u)f xf(xju)dx + -- (u)f xf(xju)dx = p . (2.10)
T I

There is a2 unique solution, @#, of this equation; see

Corollary 1 to Theorem 3. Note that if Pl(u) - E% s then the

left side of equation (2,10) is [ xf(xj;u)dx . Therefore,
-on

the unique solution of equation (2.10) is the unique solution

of the equation Pl(u) = f% « Since Pl(u) = PriX < r, s}, the
unique solution of P,(u) = is the unique solution of

( ) -'__ » where F(t) is the standard normal
probability distribution function. Therefore, the solution

. n
can be written § = r, = o t, where F(t) = -% %

1
The easse with which the maximum likelihood estimate of

the mean is obtained from a G N (“’°o) ~gsample suggests that
one might group further the observations in a
Gth(u,cg)-sample to form a Gan(u,cg)nsample. For example,
if a Gan(u,ag)-sample is defined by I,, «es I and

Ny, sesy Ny, then one might form a GZNn(u,cg)-sample as

#* * %
follows: let Il & Il U 12. 12 & 13 U eseo U Ik, nl =n_ + n2’

1
#
and n, = n3 + see + nk o



Suppose that we desire a starting value, B, in the case

2
of a Gan(u,co)-sampla. Let Ilj =1, U..U IJ ,

=n + ,.. +n_, and

13 1 J
1’12‘j =N - nlJ s for j ¢ J, where J is the set of values of j

IZJ = Ij+1 Ua.oo U Ik y N

ranging from 1 to kel excluding those values of j for which
either nlJ = 0 or nzj = 0, For each fixed j ¢ J , Ilj’ Iz

1

J

n_ .,y and n_, define a GQNn(u,cg)-sample and a unique estimate

1j 2]

Mj which satisfies an equation similar to equation (2.10).

The set of possible estimates, Mj, is

- - . ny
{Mj r ooty j € J and F(tj) - _.%}. For any fixed j ,
0< j°~< k, Mj° is a consistent estimator of the true mean

Boe This result follows from the special case, k = 2, of
Theorem 3 proved by Kulldorff (1958a).
There should be some optimal way to select a single

jo € J to obtain an Mj for use as a starting value m, .
o

Kulldorff (1958a) showed that the large sample variance of i@
2
. o
obtained from a Gan(ﬁ,og)-sample is minimum, :3%33 (.%) ’

if I, = (-=yu,] and I, = (s ,=]. Kulldorff (1958a) indicated

that if the mean is unknown, then it is of little value to

know that Il should be ('m'“o]' In our case, however, we can

choose the j which is such that "1 ¥ ¢ * "j is nearest 0.5 .
n
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n1+occ+n

Therefore let m  be such that if | J . %l is

n

* eee *+
smaller than lnl n

§° - %I for each j’ # j, then

rs - nm Ny + eee + N0y
F(-ic—o—-—-?‘) = i n ‘J' . (2011)

In case of a tie, i.e.

Ny + ¢ +n n"'...‘l'n_,,
| 1 J . %] = | 1 FAL %l » let m  be the

average of M, and Mj+l where

J

r:s oM ny + s +n
pled ~—J) o 2 J and
% n

r - M Ny + ¢ +n
F(_JIEE——_Q:E) -1 = J*1 . 1f the r selected is
°

reasonably near Wy then m, is a reasonably good estimator of

B but, even more important for our purposes, it is a
reasonably good approximation to the solution of the
likelihood equation for the Gan(u,og)-sample.

Now we consider the execution of the iterations for the

method of successive approximations., Let t; = le:Jf and
°

I: ® (ty_ 1> til. Recall that we seek the root of

o(m) - m = 0 , where
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k -1
p(m) = Z% [f f(x;m,og)d.x] J xf(x;m,03)dx . Letting

X -m
t = Gy ° we have

k
olm) = } n}l Lj’ dF(t)] I (m + o t)dF(t)
1 I

w ng f(t f(ti
=m + c 2'_5 §T~l7;-FTE;~ZT}

s0 that

k
E:E%,[f(t;) - f(ti:ll . (2.12)

olm) =m - o & BRG] - Fley )

0
where now F(t) and f(t) are the standard normal distribution
and density functions, respectively.

Therefore, using conclusion 1 of Theorem 2, the
method of successive approximations provides the sequence

{md}, where 4y nlw(mj). Using equation (2.12) we obtain

£ltg) = £lt34)
o Z [ ti) - F(ty )’ (2.23)
r -m

-1 . -
end ty = L _J . Let £(ty) - £(t; ) = 8; and

F(ti) - F(ti_l} - 51 + The modified method of successive

approximations becomes:
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1. Let m, be the starting value defined in equation

(2¢11) and form the sequence {mg} using the relation,

k
* o ent - 5 iy
2. My = My (l.l)co 1£h735; » where 4, and 0, are

evaluated at m* .

J

Note that it is not necessary to introduce error in the
evaluation of @(m) as in Hughes' method. The numerator of
each w; in equation (2.8) can be obtained in terms of s, and
only the denominator of each by must be approximated.

In the following example a Gtho(50,100)-sample is used

to obtain the estimate of the true mean ki, = 50. The sample
is composed of the first ten numbers in Table 1, "Table of
Random Normal Numbers with Mean Equal to 50 and Variance
Equal to 100", of the Appendix in Li (196L). The groups

considered are I, = (-=,45], I, = (45,551, 13 = (55,60}, and

Ilt» = (60,] and the data are 46, 53, 58, 60, 60, L9, 59, 48,
46, 78. This sample defines the cell frequencies:

= 0, n, = 5 n3 =L, and n = 1, Using

n, A

m, = 55, p(f%éfz) =<% s will not exhibit the advantage of

using the modified successive approximations method because
m, is very close to the solution it. Instead the starting
value is taken to be 50. The solution for § is given in
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Table I. Since the values of the t; are rounded to the
nearest one-~hundredth in order to facilitate the use of
Table 26.1 in Abramowitz and Stegun (1964), the solution { is
rounded off to the nearest one~tenth.

Only two iterations are required to obtain {§ using the
modified method of successive approximations with m, = 50.
Therefore Table I is arranged in two sections, one for each
step in the iterative procedure. The values my and m, in the
table indicate the values which would be obtained from m, and
m;, respectively, using the method of successive
approximations instead of the modified procedure which
produced m; and n; .

Since the average of the complete data sample, 55.7, is
greater than 50.0, the solution i might be expected to be
larger than the true mean by = 50.0 also. If m, = 55.0 is
used as a starting value, it is very close to the solution
# = 54.8 and only one iteration is required.

Many numerical examples were considered, some of which
will be discussed in section 2.3.4.2, and it was found that
the method of successive approximations required roughly
thirty per cent more iterations than the modified method of
successive approximations to obtain # with the same

precision.

The modified method of successive approximations was
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TABLE I: The Modified iMethod of Successive Approximations

Solution of the Likelihood Eguation for w

mg = 50

1] oty £(t5) ~Lay F(ty) oy

L 4o .00000 1.00000
0.1(=.24197) .15866

3 1.0 « 24,197 0.84L134
0.4(=.11010) »14,988

2 0.5 35207 0.69146
0.5(+.00000) .38292

1 0.5 +35207 0.3085L
0.0(+.35207) +30851,

0 s 00000 0.00000

L
s M8 L ouu63 o m§ = 50 = (1.1)(10) (=0.4463) = 54.91

321 b1 ote that My = 50 - 10(-0.4463) = 5k.46.
= 51&091 -

B E) 4 P(t) by

L 4o .00000 1,00000
0.1(=.35029) 30503

3 51 +35029 0.69497
Ou4(=.04863) «19098

2 .01 39892 0.50399
0.5(+.15453) + 34290

1 ~.99 . 24439 0.16109
0.0(+.24439) .16109

0 - .00000 0.00000
bop.a .
P = ,0086 .. my = 54.91 ~ (1.1)(10) (.0086) = 54.815

i=1 0 1

| 8 = 54,8 Note that m, = 54.91 - 10(.0086) = 54.824.




86

compared to the method of scoring used in the example
presented on page 90 in Kulldorff (1961). The modified
method of successive approximations solution for # in that
example required one more iteration than did the method of

scoring.
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2+3.3 Egtimating the Variance When the llean Is Known

In this section the problem of estimating the variance
of a normal distribution using grouped data is considered.
We assume that the uean, b is known. It is shown that the
method of successive approximations defines a sequence {sj}
which converges to the unique solution, 82, of the likelihood

equation for a Gan(uo.az)-sample, for any starting value

sg ¢ (0,»), provided there is a unique solution.

It further is shown that Hughes' method of solution is
the application of quadrature formulae in the iterations
required by the successive approximations method. It has
been pointed out that the conditions of Hughes' convergence
theorem are not satisfied by grouped data samples from a
normal distribution; see section 1.2.1 in the Literature
Review.

A consistent estimator for the true variance °§ is found
which can be used for the starting value, sg, in any
iterative method of solution. The method of successive
approximations again is modified for the pﬁrposes of solving
the particular equation under consideration.

In order to avoid cases where &° is not unique, it is

assumed tacitly in this section that the cell frequencies are
such that n, + Ry 0y i=1, 2 ooy k=1 and such that
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y

there is a unique solution &% for any By € (~m,»); see

+ nk # n . This assumption is sufficient to insure that

Corollary 2 at the end of section 2.2.4 .

At the end of this section an example is provided in
which a table of the normal cumulative distribution function
and its derivatives is used to obtain the maximum likelihood
estimate of the variance of a normal distribution, using a
grouped data sample when the mean is known.

Consider a sample with the property Qkxn(“e’“z)’ where

LI (~»,») is the known mean. Using Theorem 4 in section

2.2+5 and the relation

502 1
%%ﬁﬂlf(x ) ) R _%3 + E(x-ﬁo)a/b“ » it follows that

k

. l iEi( -§ + ;(quo)z/bb) = 0 is the likelihood equation

for ¢?, This equation can be written as follows:
k X 2
i
02 zlﬁﬁ Ei(‘-a-—o') - Ga -0 , (201‘#)
i=

We define the following functions of the generic

variable s®:
¥(s?) = @(s®) - 8% , (2.15)

where
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k

o(s?) = [o’-’ Z 2% Ei(x;“")z} (2.,16)
1-1 02"82
k
=| ) M E (Xu.)? . (2.17)
[fél n H e ]laa_sa

The derivative of ¢(s®) with respect to s? is computed as

follows:
k

o'(s?) = L 74 pftsa)(r’i(w]g[ (X-wo) { drzzyeixie® Jax -
i
§ (xen)2 £(x3821ax § [Sroayeixis) Jax) .
I

1

After simplification of this expression, it is found that

k
o'(s9) = 3) 4 Vi(x;%)a . (2.18)
1=1

Recall that in order to apply Theorem 2 of section 2.2.3
it must be established that ¢’(s?®) < 8 <1, since it is
obvious that ¢’(s?) > 0. It can be shown that ¢’(s®) is not
bounded less than one for all s? > 0.

If Hughes'! method were used as in the Appendix, then
each E, (X-,)? in equation (2,17) would be approximated using
some quadrature formula. The quadrature of each of the terms

Ei(x--uao)2 would be performed in exactly the same way that the
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quadrature of each Wy was performed in section 2.3.2 « The
only difference is that the integrand in the numerator is now
(X-wy)2f(X;8%) instead of Xf(X;s®). Therefore @(8?) would

be used to approximate ¢(s?), where

k T ay:(x; cmn ) 2E(x, 158%)
B(s?) = ZE%(Q J\7ij Vo J

»  (2.19)
im] § aijf(xijisz) )

where the summation over J is from j =1 to j = ay +1.

Kulldorff (1958b) has shown that the second derivative
of the log-likelihood function, ¥ (s?), is negative at any
solution &° and since this second derivative is continuous in
(Oy»), there exists some interval [a,b] containing &2 in
which some starting value sg will provide a sequence which
converges to 6°. The condition that the second derivative of

the loge=likelihood function be negative throughout a closed

2
[+]

and is not established easily. The question of how near sg

interval containing s? and * depends upon the choice of s

must be to §° in order to enjoy convergence is answered in
the theorems which are presented below. .

It will be convenient to express ¢(s®) and ¢’(s?®) in
forms similar to those forms considered first by Gjeddebaek
(1949) and later by Kulldorff (1958a, 1958b). In order to
write these functions in the desired forms it will be

necessary to use the following transformations and
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definitions:
Let 1. t = =%o |
s
1‘10#
20 tig S 'Y

30 I, = (ty 50t51

-
l‘_. m-f(u)-#e%u,-o<u<n.and
2

du
J J
i Flty) - Flty_y)

Using definition 5, Clark's (1957) result used in Lemma 1 of

section 2.2.2 can be stated as follows:

Ei(fétg) = 254

x-&o 2
vi( /) =1+ 2y =2y (2.20)
and hence
g, (X% ‘ 1+ (
1\—5 = zli . 2.21)

Using equations (2.14), (2.15), and (2.16) we can write:

k
¥ s?) = g Y Elil +2..} -8
;éi n 14’ © 8

k
s Qgi-% Zqy (2.22)
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and k

o(s?) = s? + s2 ?'ni
inl

Zqg - (2.23)

Using the relation ggf(t) = = tf(t) and integration by parts,

it follows that

[ Ke(t)at = -f tX"L{-t£(t) at
I Iy

= Lt o) e =f (ke1)65" 20 (8 )at]
iy |

= [F(ti) - F(tiwl)l[zkﬁl,i] +

(k1) £°72

I

£(t)at .

Therefore,
| t%e(t)at =
I*
i

k-2

CP(ty) = Flbg3)20Z 5 3] + (k-1)[ ¢777£(t)de o (2.24)

1;

X\
The expression Vi(ng—g) can be written as follows:

() - ey (Be) - (5 (50))" . (aua)

Equation (2.24) is used first with k = 4, and then with k = 2
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to evaluate the terms of (2.25); the first result is

fx““g ‘V = Z

Ej\— +3{1 + 2 (2.26)

3i li} *

Applying equations (2.26) and (2.21) to equation (2.25), it
follows that

( ) 31 + 2, }—{l+zu}2.

Therefore, we can write equation (2.18) as follows:

’ n
0'(s%) =1 121 +3(1+ 2} - (142,12
<n
-2 iél-%IZBi 24z, -2, (2.27)

Kulldorff (1958b) showed that if W(s?) (see equation (2.22))

is equal to zero, then
) 14 ;i -
15212%(331 + 2y, = 2,2 1,_1"%‘231 2,,2) .

He also showed\that

Kk
=1t 2) <0 (2.28)

jm 0 31
K

for every s® ¢ (0,») . Since ZE‘%(231 —».Zua) is a
i=]

continuous function of s® in (0,=), it follows that for
8% ¢ [si,sglfc (0,#) the function
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Ei(ZBi - Zliz) is bounded less than or equal to some

number less than zero. Kulldorff (1958b) also showed that

k k
n
igl-ln Zyy * = as 8® » 0 and that izl% Z,4 is less than zero

for some s*® > 62, Using these results, it follows that W¥(s?)
(see equation (2.,22)) is a continuous function which is
positive for sufficiently small s? and is negative for
sufficiently large s®. Since the conditions of Corollary 2
in section 2.2.4 have been assumed, there is a unique zero,
&%, of ¥(s?) and therefore, ¥(s?) is negative if 8% < &% and
¥(s?) is positive if s® > §%. Therefore,

k

Zfi Z,, has the same sign as &% - 8%, (2.29)
4m1 n "1i

Lemma 3
If there is a unique solution, &%, of the likelihood

equation for o2 in a Gkﬁn(ao,ca)-sample, then if sg > &%

the sequence {sg}, defined by s? = qp(ag_l), is a monotonic

J

decreasing sequence which converges to &§2.
Proof: Using statement (2.29) and the assumption that
s> > &%, 1t follows that

k .
121-’1% Zy4 £0 in [62,s§} .
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By the continuity of

Y Mz, -z .2
g B

it is deduced from equation (2.28) that

3
2.1'. 2 2 o2

This relation implies ¢’(s?) < 8" <1 in [62,82] ; see

equation (2.27). The conditions of Theorem 2 in section
2.2.3 are satisfied and it follows that the sequence {sg},

defined by 33 = w(sg_l). is a monotonic, decreasing sequence

converging to &2.

The relation

k
2. 2 + 2 ?—552 . 0
sJ sia1 * 85 ;Zl % 214 (2.30)

is the computational form of sg - w(sg_l). The functions Zy4

can be computed from tables which provide F(t) and %%g(t),

where F(t) is the probability distribution function of a
standard normal random varisble (see Table 26.1 in Abramowitz

and Stegun (1964)).

Lemma L
If there is a unique solution, &%, of the likelihood

equation for ¢ in a G N (b,,0%)=sample, then if s? < &2
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the sequence {83}’ defined by sg' = w(sg_l) or equivalently

k
n
83 = 33-1 + 8§~l z --3.;- Zy3 » is either a monotonic increasing
i=1

sequence converging to 8% or there is some Jo such that

s§ > 8?_1, J=1,2, «esy J, and the sequence {s% |} is a

2
sjo
monotonic decreasing sequence converging to §° as v - =,

Proof: (i) Since s < &% it follows from statement

k
(2.29) that ), —§ Zy4 >0 in [8§,8%). 1If
i=1

any s§o > &2, then applying Lemma 3
sgo""’ y V=0, 1, ..., forms a monotonic

decreasing sequence converging to &<.

(1) If there is no a§ > 8%, then the sequence

{sj} is comprised of numbers between sg

and 8%, This follows from the relation
k
s§ - 83-1 + sg_l izlg% Z,4 and the fact
k
that izl-r% 2,4 >0 in [8,5%) .

Therefore, since the sequence {sg} is a monotone increasing

sequence in [sg,a?-) there is some convergent subsequence
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{sg}’ V = jlg 32, ssey o Suppose that lim 35 = ‘ga < &2 .

-0
k
n

Then 2:~%-zli, being a continuous function, would be zero at

i=1
2. But we assumed that there was but one solution, &%.
Therefore, by contradiction, &2 = §2, Therefore, s§ -+ 8% as
J»u.

The following theorem provides the conditions which, if
satisfied by the Gkﬂn(h0,63)~samplo, insure that the sequence
{ag} converges to the unique solution of the likelihood

equation for ¢®.

Theorem 9

Let by be the known mean of the underlying normal
density function giving rise to the GN (u ,0%)-sample in
which ny +mn # n and at least two non-adjacent cell
frequencies are non-zero, i.e. ny + ni+1‘f n for
i=1, +eey kel, Then there is a unique solution, &%, of the
likelihood equation for ¢ and the sequence {s?}, defined by
k
YA

n

214 »
i=1 M

8 = sje1 * sia

converges to 8% for any starting value ag ¢ (0,°). If the

starting value is greater than 8%, then {33} is a monotonic

decreasing sequence. If sg is less than &%, then {s§} either
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is monotone increasing or is monotone increasing for j < Jo
and monotone decreasing for j 2 j,.

Proof: Since n; + n, # n and since there are at least

two non-zero, non-adjacent cell frequencies, there exists a
unique solution &% ¢ (0,«); see Corollary 2 at the end of
section 2.2.4. Therefore, Lemma 3 and Lemma 4 are applicable
and establish the proof.

We now consider the problem of obtaining a starting
value ag. In a way similar to that in which a starting

value, m_ , was found for solving the likelihood equation for

)
# in the preceding section, a starting value, sg. can be
found for solving the likelihood equation for ¢? when the
mean is known. An equation similar to equation (2.,11) is

solved for sgz

( j“"o) ny + ..o tng (2.31)

In Table 1 of Kulldorff (1958b) it is seen that if only two
intervals (0,r] and (r,»)] are to be used to obtain a
Gan(uo.aa)~sample, then r = p  + 1,5750, or

r =W, = 1.5750, , where o, is the true variance, is optimal
in the sense that the maximum likelihood estimator, using
r=u, + 15750, or r = b, = 1.5750, , has minimum variance
over choice of r for large sample sizes. Kulldorff (1958b)
proved that the maximum likelihood estimator, &, in a
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Gzﬂn(uo,a2)~sample is consistent provided r # u,. In Table 3

of Kulldorff (1958b) it is found that, asymptotically, the
maximum likelihood estimator for o, in a Gzﬁn(na.az)-sample,

where r = by = l.575eo or r = p, + 1.5750,, has variance
(.30&2)'1?, where V ig the variance of the maximum likelihood

estimator for % in a complete data sample of size n.

Therefore, the optimal choice of r, with which to solve

J
equation (2.31) might be r;j € J, chosen such that either
o
nl“'too""n nl"‘cco"’n
; Jo _ 06| or | Jo . g4

n n

is smaller than both of the terms

nl‘.’ voe +nl
n

n1+ ces +n1

| - 06| and | - 9l

for each j ¢ J, j 7‘30, where the probability that a standard
normal random variable is less than -1.575 is approximately
.06 . The set J is defined as it was in the preceding
section and, as in that section, if there is a tie one may
average the several possible estimates which might be
obtained by solving equation (2.31) using the several

possible r, 's.

Jo
This method of finding a starting value sg is more
complicated than that of finding m, and the estimator does
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have poor asyanptotic efficiency relative to that of complete
data (see section 1.2.1), but sg is consistent and would seem
to be very useful in problems in which large sample sizes are
available. Using this starting value and the modified method
of successive approximations to be developed, one can obtain
the solution of the likelihood equation in a manner almost
identical to that used for solving the likelihood equation
for wu.
Recall equation (2.23),
k
o(e?) = 82 + azz-n%zu .

i=1

The modification suggested here is to choose some A,

0 <A<8<1, with which to define the sequence {a;a}, where

8:;2 = fp(s;fl) + l(fp(s;fl) - sgfl)
or Kk
8';2 - s;fl + uﬂ)s}flizlf% Zyy o
Recall that in the preceding section the equation -]-.-:-:i- = ]-,9

was solved for A and the value A = 0,1 was found to be
satisfactory. In the present case the asymptotic efficiency,
relative to that of complete data (see section l.2.1), is
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roughly .8 ; see Table 3 in Kulldorff (1958b). Therefore,

i%: =] « ,8 , A = .25 might be satisfactory. Of course

there is no best A for all cases and A = .2 is selected for
our present purposes. Note that if only three or four
intervals define a sample, the value A = .3 might be better
than A = .2 , and if k > 10, then A = .1 would be preferable
to A = ,2 ., These conclusions follow an examination of
Table 3 in Kulldorff (1958b).

In the example which follows, the same grouped data
sample of ten observations is used as that used for
estimating the mean when the variance was known in the
preceding section. Recall that u, = 50 and I, = (-=,45],

= (60’“]’ n, == 0, n2 - 5’

12 a (h5’55]s 13 n (55:6O]t I 1

L

naﬁb’andnh"lo

The first step is to obtain s,. Since
(n1+n2+n3)/h = ,9 , the starting value s, is found by solving

the equation F(ég-i-ig = .9, 1.e. s, = 7.407. Since the

transformation t; = Ei—%—ﬂﬂ is required, it is somewhat more

convenient to define 1
2

%* * Ny
Sj = Bj"’l(l + loziLl"ﬁ Zli) .

This is equivalent to the modified method of successive



102

approximations K

»2 #3a ny
sj -usj_.l(l-i-lz[d zu)
A= ,2 + The notation which is used in this example is
identical to that used in the example in section 2.3.2,
except that instead of using the symbol 4; = f(t;) - £(t, ;)

in the evaluation of the Z., we use Ai - f'(ti) - f‘(ti_l) to

0i
evaluate the Z;;. Values of f’(t) are found in Table 26.1 of

Abramowitz and Stegun (1964), and the term

A
-13-1 Z is evaluated by com z -
puting *égi
izl n "1i i=] ! i

The wvalues, sj, in Table II represent the value one

would obtain from 83-1 using the method of successive

approximations. The solution, &, has limited precision since
the values of t; are rounded off to the nearest one-hundredth
in order to use Table 26.1 in Abramowitz and Stegun (1964).
Therefore, one significant digit is reported as the
approximate solution of the likelihood equation. The actual
solution is & ¥ 6.48 . This would indicate that after the
first iteration the values of t; should be rounded off to the
nearest one-thousandth. Then interpolation of tabular values
could be used in subsequent iterations to obtain two
significant digits for §&.
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Solution of the Likelihood Equation for ¢

Sg = 7.407
[l w | £'(t,) I =Y *rcn,_) 8y
L e .00000 1.00000
»00000 .08691
3 1.36 =-.21519 0,91309
«00004 «16134
2 0.68 -+21528 0.75175
-.17224, -50350
1 ~0,68 +21528 0.24825
.02153 + 24,825
0 - .00000 0.00000

i=1

i n;A;’

~ 8y = 7-#0?91-0.2550875 = 6.393

8] = 7.L0IT,2(0.2550875) = 6.170

8y = 6.170 81 = 6.393
83 = 6,101(.999038) = 6.095 83 = 6,096
= o — . —

& w 6. and 8% ® 40,
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The estimate of % which is obtained in this example
seems to be much worse than the estimate of u  which was
obtained in the example in section 2.3.2 . This is not
surprising since the asymptotic efficiency of & relative to
that of complete data (see section 1.2.1) is generally much
smaller than that for & if k is less than ten. See Table 8.3
and Table 9.3 in Kulldorff (1961) in order to compare the
agsymptotic efficiencies of these estimators relative to those
of complete data.

Many numerical examples were considered, some of which
will be discussed in section 2.3.4.2 . It was found that the
method of successive approximations required roughly
seventy-five per cent more iterations than the modified
method of successive approximations to obtain & with the
same precision.

The modified method of successive approximations was
compared to the method of scoring used in the example given
on page 97 in Kulldorff (1961). The modified method of
successive approximations for & in that example required two
more iterations than did the method of scoring.

All of the improvements made in the interest of
decreasing the number of iterations for sclution without the
use of an electronic computer can be used when employing

Hughes' method of solution. It should be noted that the
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numerator of the functions Z;;, which would be approximated
using quadrature formulae if Hughes' method were employed,
can be computed as they were in Table II. Only

F(t;) - F(t;_,) must be approximated using quadrature

formulae; see equation (2.19).
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2.3.4 Estimating the iMean and Variance

2¢3+s4.1 Preliminary Results

In the two preceding sections the properties of the
method of successive approximetions were examined in the two
cases of estimating the unknown mean and the unknown variance
using a Gan(u.aa)asample. In this section both parameters
are assumed to be unknown. In the two cases previously
considered, sufficient conditions were established for a
unique solution of the likelihood equations. Great effort
was made to establish some set of sufficient conditions for
the existence of a unique, simultaneous solution of the two
likelihood equations. No success was achieved in this
venture, but some numerical results are presented which
indicate thet if a solution satisfies certain conditions,
then it is a relative maximum.

In section 2.3.4.2 a theorem is presented which
establishes that a particular iterative procedure developed
in that section defines a sequence of iterates which converge
to the unique solution of the likelihood equations if there
is a unique solution. A procedure is developed which can be
used to locate multiple roots of the likelihood equations if
there is more than one root.

The reader should refer to Barnett (1966) to acquaint
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himself with the favorable properties of the numerical method
of false positions when multiple roots exist. Rather strong
evidence presented in section 2.3.4.2 suggests that there is
a unique solution if the conditions of Theorem 3 are
satisfied, and therefore, we shall not consider the method of
false positions.

The method of successive approximations was generalized
by Ford (1925) to accommodate two equations in two variables.
The sufficient conditions given by Ford (1925) for the
convergence of the sequence formed by this method are not
satisfied by the likelihood equations unless the starting
value, (m,,s2), is sufficiently close to a solution. The
method of successive approximations is very similar to
Hughes! method of solution, but as it is shown in the
Appendix, Hughes' sufficient conditions for convergence are
not satisfied either.

The equations which must be solved are:

k
% -p=o0 (2.8)
i=1
k 2
02) M (I -o2a0 (2.14)

i=]

as given in the preceding two sections. These equations are

quite complicated and all of the questions concerning their
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solution will not be answered in this thesis. The objective
in section 2.3.4 is to set forth as many explicit results as
possible and to acknowledge the problems which are not
resolved, ‘

The first question to be answered is whether or not
there is a maximum of the likelihood function and, if there
is, then when should one look to the solutions of the
likelihood equations for the purpose of locating it (or
them)? It is assumed tacitly in this section that the
conditions of Theorem 3 in section 2.2.4 are satisfied.

These conditions insure that the likelihood function,

Ke = TT o)
i=1

has limit zero on the boundary of
©= {(u,0) = (8,,6,): == <p <= and 0 <o <e«}. Therefore,
one is justified in seeking the maximum of H(®) by
considering the simultaneous solutions of equations (2.8) and
(2.14). The use of 8; = 4 and ¢, = ¢ in this section
provides several simplifications and does not alter the
structure of the likelihood equations.

Recalling equations (2.12) and (2.13) in section 2.2.2
and equations (2.23) and (2.30) in section 2.3.3, we define
the following functions:
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k

M(m,82) = m ¢ szf%. Zo4

k
n
3(3;82) = g? + g% Z -%- zli ’

where the argument of ZJi is now t; = fl.g_f . See

definitions 1«5 in section 2.3.3 .

The method of successive approximations, generalized by
Ford (1925), is as follows: Let (mu,sg) be a starting value.
Then the sequence {(mj,sg)} is obtained by the recursive
relation

(mj,sg) - (M(mj_l.sg"-l) 'S(mJ-l’si-l’ ). (2.32)

This method of solution is identical to Hughes' method if the
quadrature formulae which were used to evaluate ¥(m) and
@(s?) (see equation (2.19)) in the two preceding sections are
used to approximate M(m,s?) and S(m,s?), respectively, in
equation (2.32). The author cannot establish any specifiec
properties of the successive approximations method of
solution except those suggested by the numerical study which
is presented in section 2.,3.4.2 . Examples are found in
Hughes (1962) in which Hughes' method seems to be quite good.
If more than one solution of the equations exist, then these

two methods may, or may not, have favorable properties.
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Let us assume that € = Q is obtained, by some method,

as a solution of 2%%%1 = 0 , From the preceding two sections

we know that at Q:
ni Z:ni
PR W - Y.} (2.33)
=1 n “0i {=1 n “1j

Gjeddebaek (1949) obtained the following matrix:

32L(8)
2836

k 2

= <253 * Zyy “(Zg; = Zp3) = 293255 ]
- - - - : - 2 *

g1 8 =(Zgg = Zp) = Zo42y;  Zgy = 22y - Z§

= 0, using the relations in (2.33),

At any solution of ai( )

this matrix reduces to:

(2.34)

K
2°L(g) o = ~Z§ a1 = 20:.311 ].
2808’ Byl T Zy = Zp32p4 231

Let the k matrices in this sum be designated by Z(i),

32L(Q)

i"l' seay k. If Bﬂa&’

is negative definite, then Q is a

relative maximum of L(8); see Theorem 4 in section 4.2 of
Chapter 4 in Widder (1961). In Lemma 2 it was shown that

k
2:2% Vi(é%) <1 . Using this result and equation (2.20), it
=]
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k
follows that E: Zgi < 0 at any solution Q. Inequality
i=1
S
(2.28) indicates that Z,E%(ZBi - 23 ) <0 at any solution Q.
i=1

Therefore, no solution can be a relative minimum (see Widder

(1961), loe. cit.). If the determinant of &Z z(1) is
ek

less than zero at Q, then Q is a saddle~point; see Theorem 3

in section 3.1 of Chapter 4 in Widder (1961).

If each Z(i) is negative definite, then %Z Z(i) is
1*1

negative definite. This follows from the fact that if
X'Z(1)X < O for every non-null (2 x 1)-vector X,

k k
bt e g g B <o

In section 2.3.4.2 it will be shown that if —-.E.‘.&;

negative definite at every solution of the likelihood
equations in a region, say R, contained in the parameter space
then any solution in R is a relative maximum.

In order to determine whether the matrices Z(i) are
negative definite at any solution of the likelihood equations,
the determinant of 2(i), say D(i), was computed for a large
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number of intervals (ti_l.til. If D(i) is greater than zero,

then the matrix Z(i) is negative definite. The IBM 7040
computer at the Virginia Polytechnic Institute Computing
Center was used to compute D(i) for those intervals having
length a multiple of one-tenth from t;_; = «3.5 to t; = 3.5
for the standard normal distribution. Those pairs of values
t;.1 and t, for which D(i) might not be positive were sought.
Examination of each of the 231 in Z(i) indicates that
D(i) is symmetric with respect to the values ty_y and ty,
i.e. D(i) for (=3,-2] has the same value as D(i) for (2,3],
and that D(i) is zero where t, 3 = -ty It can be shown that

D(1) is positive where t;_; = -= and t; <O .

The accompanying Table III indicates the values ti.1 and
t; for which D(i) is negative when the interval (t,_;,t;] is
such that,tz‘s t; <-t,_; and is positive for each interval
(t5.1,t5] which is such that t,_; <t, <tj.

From Table III it is seen that if (§,5) is a solution
of the likelihood equations for a Gan(u,az)osample, then if

1. @ ¢ I, 1<ic<k

2. the length of the longest interval,

I, 13, eeey I 19 is less than 3.368,

32L(8)

is
2838’

then each Z(i) is negative definite and therefore
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TABLE III: The Intervals for Which the Determinant
of Z(4) Becomes Negative

ti.1 tI Span in Units of ¢
=3¢5 | +5 L.0c
=34 | <5 3.%
=3.3 | .6 3.9
«3.2 | .6 3.80
«3.1 | .7 3.80
-3.0 | .7 3.70
-2.9 | .8 3470
-2.8 | .8 3.60
=2.7 | «9 3.60
2.6 | 9 3.50
-2.5 .0 3.50
2.4 flel 3.50
-2.3 .1 340
-2+2 (1e2 340
-2.1 1.3 3eho
-2.0 1.4 3o
«1.9 .5 3ebo
«1.8 [l.5 3.30
«1,7 1.6 3.30
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negative definite at (i#,5). Therefore ({,5) is a point at
which the likelihood function has a relative maximum. Thus,
Table III can be used in some cases to determine when a
solution might be a relative maximum. The region defined by
conditions 1 and 2 will be referred to as R;

R={(b0): r, <p<rpr ,and max (r, - r, .) <3.3e}.
0l Ty k-1 80d | max Wy < T

Conditions 1 and 2 are conservative since each D(i) is
required to be positive and since § is required to be in an
interval of finite length. (If § w r, - .58, then D(1)
would be very near zero. The smallest computed value of
D(i), from ti.1 to ty, was -.02 «) Some component factors,
Zjy» of D(1) were checked in Table 1 in Clark (1957) and were

found to be accurate to at least three decimal places.
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2¢3sL4e2 The Iterative Procedure

Before the iterative procedure is discussed, several
further properties of the method of successive approximations
should be examined. These properties will enable us to
establish that the iterative procedure to be presented will
provide a sequence of iterates which guarantee that the
likelihood function is increased with each iteration.
Barnett (1966) stressed that the criterion of convergence is
not the only favorable property of an iterative procedure if
one seeks the restricted maxima of the likelihood function.
If there are multiple roots, and one seeks the value of the
restricted maximum likelihood estimator, then one would not
be satisfied if the numerical method employed located a
solution at which the likelihood function is smaller than it
was at the starting value. For this reason a numerical
method which insures that the likelihood function increases
with each iteration is very desirable.

We must examine the behavior of the log-likelihood
function when each iteration is performed. Using the
notation M(m,s?*) and S(m,s®) defined previously, we examine
the behavior of the logelikelihood function after each
successive iteration on one variable holding the other

variable fixed.
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Lemma 5
If the conditions of Theorem 3 are satisfied by the

Gkﬁn(»,az)~sample, then for each fixed value of

8? = o ¢ (0,#) the inequality L(m ,03) > L(m, ,,02) is

J’ J=1

2
is not the solution of 22121221 = 0,

satisfied provided m
P J=1 Y™

o z -lo 0
vwhere g M(mjul’“o) and m_ € (we,),

Proof: 1. The only way mj can equal mj-l is for
k
Vny Z.. = 0; see equation (2.13). This
o™ o1, T 03 w0 e -
3L(u,08) _
du

Therefore, by Theorem 8, the sequence {mj}

is a strictly monotonic sequence converging

occurs only at the solution of 0.

2
to i, the solution of 2&1%&221 = 0,
N

2. Since L(w,02) = 0 has a unique solution, it

is strictly increasing on any interval
(my,8) and strictly decreasing on any

interval (&,m ).

It follows that {L(mj,

o)} is a strictly increasing sequence

for all m F b

A similar lemma can be developed for the iterations
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performed on s%, but slight alterations must be made after
examination of Lemma 4 in section 2.3.3 . The author cannot

establish that L(“e'sg) > L(uo.s§_l) unless sg-l is

sufficiently large, but the following lemma establishes

results which are adequate in subsequent arguments.

Lemma 6
If the conditions of Theorem 3 are satisfied by the

Gkﬂn(u.oz)-sampla, then for each fixed value of
me=g, € (-=,») the sequence {L( )1 4 trictl
o ’ q HD;SJ 8§ a Striculy

increasing sequence for all j >’j°, jo < », provided no s® is

J

2
the solution of ifi&le_l = 0, where s? = S(uo,sz ) and

302 J j‘l

s: ¢ (0,=) and j, is that defined in Lemma 4.

Proof: 1. The only way s§ can equal s§_l is for
£ n
N
L E
i=1
occurs only at the unique solution, &%, of
aL(“Q'aa)
d3g?
section 2.3.3, {83} is a strictly monotonic
2

sequence for j > jo converging to &%,

14 = 0; see equation (2.30). This

= 0, Therefore, by Lemma 4 in

2. Since L(no,ca) = 0 has a unique solution, it

is strictly increasing on any interval
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(sg,&z) and is strictly decreasing on any
interval (&%,s3). It follows that L(uo,sg)
is a strictly increasing sequence for all
2 4 a2
j > Jo and 83 7 8%,
The following notation will be useful in defining the
method of alternating successive approximations. Let 83”1 be
the j*P value in the sequence {3§} defined by the recursive

relation s% = S(m'8§~1)' Denote 3§~l+y by Sv(m,sg_l). i.e.

J
the iterate obtained from sj-l by performing the operation,

S(m.s§“l), v times while holding m fixed. For example, if

sg is given, then, using v = 3, sg would be obtained as

follows:

s§ - S(M,sg)

sz - S(m,sg) = 33(a,8§)

sg = S(m,si) - 83(m,sg) .

The method of alternating successive approximations will
be defined so that the likelihood function increases with
each iteration. In order to do this a rather peculiar

iteration will be performed in order to obtain the sequence
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{(WJ :53)}~ The iterate (mjos";) will be obtained from
(mj_l.sj“l) by first performing the operation, M(mj-l’s§~l)'

to obtain m Then the operation, s¥(m ,333_'1), is performed

J’ J
to obtain sg, where v is sufficiently large to insure that

L(mjnssz) > L(mj’sg-l).
The method of alternating successive approximations is

defined as follows:
1. Let (m,,s3) be a starting value in © .

2. Let md - M(mjﬁlgsg‘l)c
3. Let 833 = SJ(J'1)+1(mJ.s§.1), where

(a) J(j—l) =0 if

s? . < 8(m ) < 8%(m

=1 3531

or if sJ 1 > S(mj.sg-l).

< S(mj’sg-l) > Sa(mj.sg_l), then

J ’83*1)

(b) 1If sj-l

J(j-l) is the number of iterations

required for

"(3-1)(

L(mJ»S m;j'sgvl)) > L(mj’sg-l) and

L(mj,sy(md,sg_l)) < L(mj,sg_l) for each

J(J-l) ’
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Recall from Lemma 6 that if S(mj,sg_l) < 83—1’ then

Sn(mj,sg_l) converges monotonically to §§ as n -+ =, where é;

. 3L(m.,s?)
is the unique solution of J = 0, But if
as?

S(mJ,sg_l) >‘s§_1, then S(mj,sg_l) might be on either side of

§§. The definition of 53 in step 3 insures that the

logelikelihood function has increased and that the value §§,

where ffﬁfiéfil = 0, is not between SJ‘J‘I)(md.sg_l) and
ds

SJ(J'1)+1(mJ,s§_1). If we knew that

L(mJ,S(m ’33-1)) >-L(mj,s§_l), then it would not be necessary

J
to execute the J(;_;) additional iterations to insure that sg

is such that L(mJ,s§) > L(mj.sg_l). Examination of Lemma 5

indicates that these properties also are enjoyed by the first
iteration my = M(mj_l,sg_l).

In the theorem which follows it is shown that the
sequence {L(md.s§)}. defined by the method of alternating
successive approximations, converges to some L > L(mb,sg).

eorem 10

Let the conditions of Theorem 3 be satisfied by a
Gan(u,ca)-sample and let (m,,s3) be a starting value which
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is not a solution of the likelihood equations. The method of

alternating successive approximations defines a sequence

{(m,,82)} which is such that the sequence {L(mj.sj)} is a

3'%;

monotonic sequence which converges to L >-L(m°,s°).

Proof: It follows from the definition of the sequence

I(mj,s§)} that [L(ms,s§ ;) = Lims_;,85_ ;)] >0 and that
[L(mJ,s§) - L(mj.ag_l)] > 0. Therefore the sum of these two
positive terms, [L(mJ,sg) - L(mj_l,sg_l)], is positive, and
it follows that the sequence {L(mj,sj)} is a monotonic

increasing sequence. Since L(m,s?) is bounded less than n!

(see equation (2.0)), then L(mj.sg) -+ L for some L,
L(mo,sg) <L<nl.

In Theorem 1l we shall use the relations:

. - m g - (M)

_ (28 \QL(mJ_lssj_l)

S(mJ l'sj 1) - s 352

These follow an examination of equations (2.8) and (2.14) and
of the definitions of M(m,s®) and S(m,s?). Recall that

sg =S (mj,sg_l). In Theorem 11 we shall define
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J
S (5"1)(mj,a§_l) to be ug, i.e. s§ = S(mj_l.ug)s Note that

the inequalities

¢) - L(mg,8 ;) 2 L(mj.si) - L(md,ug) > 0 follow from

J
the definition of J(j~l)’

L(mj,s

Theorem 11
If the conditions of Theorem 3 are satisfied by a

Gan(u,az)~sample and if there is a unique solution, é, of

the likelihood equations, then the method of alternating

successive approximations defines a sequence {(md.sg)} which
converges to © for any starting value (mgy,82) ¢ © .
. 2y o 2
Proof: The difference [L(mj,sj) L(mjul'aj~l)3 can be
expressed as the sum of two positive terms:

[L‘m3’8§-1’ - L‘mg-1'8§-1’3 + [L(md,sg) - L(mj,s§~l)].

It follows from Theorem 10 that both of these positive terms

must have limit zero. Since

[L(RJ.Bg) - L(mj’sg*l)] ,>_ £L(mj’8§) - I‘“‘J’“?))’

J
u§ =S (J'l)(m s ), it follows that

2
375%3-1

[L(mj,sa) - L(mj,ug)] -+ 0. Using the mean value theorem (see

J
Theorem 2 in Chapter 1 of Widder (1961)), we have:

[L(mj,sg) - L(mj,ug)] - (sg - ug)ffﬁfﬂlill -0,

as®
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where €J is between 8; and ug. By the definition of the

3L(m,,s?)
sequence {(mj,sj)] we know that -——;23-—— has no zero between
s

sj and ug. Therefore, if (s§ - ug) fails to have limit zero,

then [(L(m,,s? 2)] would not have limit zero.

3% J s aLln o)
, m.,u
Therefore, sg - ug - 0, but (sg - u§) - (E;i)‘“"gﬁi'l“ also

has limit zero. If ug -+ 0, then L(mj,u§) = = by Theorem 3.

Since L{m,,u?) 2’L(mo,s§), then u® cannot have limit zero.

37 J
aL(mj,ug)

- L(mj,u

Therefore, has limit zero. Since (s® - ug) -+ 0 and

es” J

2
since ééﬁfgé_l is a continuous function, it follows that

aL(mj,sg)

as?

also has limit zero.

Using a similar argument,

(Llmgesiey) = Llmgoypsfy)d = (my =y ) )—35

BL(mJ ,Sg) .

T 0. Since both partial derivatives

conclude that

have limit zero and since é is the unique point at which

aL(g)
38

= 0, it follows that (mJ,ss) -8,

The method of alternating successive approximations is
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of little practical value in its present form. In practice

the rate of convergence can be increased if J(jnl) is taken

to be zero. The rate of convergence is also increased if the
modified methods of successive approximations developed in
sections 2.3.2 and 2.3.3 are used to obtain subsequent
iterates in the method of alternating successive
approximations in lieu of the successive approximations
methods. If these modifications are made, then there is no
guarantee that the solution which might be obtained is a
point at which the likelihood function is larger than it was
at the starting value, unless there is a unique solution.

Before further consideration is given to this method of
solution, a criterion for choosing the starting value (mo,sg)
should be established.

When one of the parameters is known, it was suggested in
sections 2.3.2 and 2.3.3 that the k intervals be combined to
form two intervals. Then one simple equation is solved which
maximizes the likelihood function for the G2Nn(u,ca)-sample.
Suppose that one wishes to find the maximum of the likelihood

function for a GBNn(p.oz)-sample satisfying the conditions of
Theorem 3. The likelihood function is

3
H(8) = ¢ T P?‘(E) ;
i=1

see Theorem 3. It is easy to see that E. such that
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- ~ - L
P,(8) ~<2% and Pltﬁ) + Pz(ﬁ) = 21.E~23 , satisfies the

likelihood equations (2.8) and (2.14) given previously. It
is not obvious that this value of @ also maximizes the
likelihood function. Closer examination indicates that

3
max'TT s O <1n1 <1l and 2 o= 1, also occurs at

Ty o= Eé, and therefore the maximum of H(8) over the set of g

restricted to the parametric relation "i = P, (8) can be no

larger. It follows that the value of @ for which Pi{e) - ué

does maximize H(8). This argument also serves to prove that
a strict maximum likelihood estimator of € in a

3“ (w,02)~sample exists and is the solution of the equations

n +
Py(8) = -% and P;(8) + Pz(ﬁ) = fluﬁufg » provided that the

conditions of Theorem 3 are satisfied. The consistency of é
obtained from a GBHn(a,aa)usample is established in
Chapter III.

If there are more than three cells, then one way to
obtain a consistent estimator of 8 is to combine adjacent

cells and form a GBNn(ﬁ.aa)~sample. As before, there should

be some optimal way of doing this.

The objective is to obtain an estimator, from some

G, n(u,a )=sample, for (w,0?) which can be used for a
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starting value (mo,ag) which is close to a value (§#,8%) at

which the likelihood function for the Gan(n,cz)-sample

attains its absolute maximum. Using Table 1 in Kulldorff
(1963), we find that the product of the variances, for large

sample sizes, of i and & obtained from a G Nn(u.az)-sample

3

is minimized if I, = (-=,u - 2.2210],

1l
I2 2 (b - 2.2210,p + 2,2210] and I3 8 (p + 2.,2210,~] .

If these are the cells, then the variances of the maximum
likelihood estimators § and & obtained from a large, grouped
data sample are approximately 1.5 and 1,8 times as large,
respectively, as the variances of these estimators obtained
from a complete data sample. The probability that a normal
random variable is less than 2.22¢ below its mean is

approximately .013 . Therefore, the G3Nn(u,cz)-sample might

be selected optimally as follows: choose as the right end
point of the interval, Ii’ that value ry for which

nl + see + ni
| = i . ,013] is nearest gzero to form Ii E(-”,ri] '
n, + e * n, # 0; and choose as the right end point of the

n1+ evs + N4
interval, Ij' that value r, for which | e < - ,987|

J

* + . ’ .
is nearest zero to form 12 = (ri.rj], ng o+t nj # n

Then solve the equations:
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rs = m Ny + sse + n

F(.i_§;m2> - i (2.35)
r" - m + ae ‘*'
\T 85g n

where F(t) is the standard normal probability distribution
function.

Now that we have an approximation to a point at which
the likelihood function assumes its absolute maximum, we must
select an iterative procedure with desirable properties.
Since it has not been shown that the likelihood function for
a Gan(a,az)-sample satisfying the conditions of Theorem 3

has a unique maximum, then one desirable property is that the
iterative procedure provide a sequence which converges to one
of the restricted maximum likelihood estimates.
In the forthcoming development the follawing assumptions
are made:
1. The log-likelihood function L(8), where now
8’ = [p,0], is the log-likelihood function for a
Gkﬁn(u,oz)usampla satisfying the conditions of
Theorem 3.

2. The numerical results presented in Table III
3%L(8)
¢
dL(8)
38

establish that is a negative definite matrix

at any solution of

= 0 which is in R, where
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R= {(p,0)ir, <u<r max (r; - r;_,) < 3.30}.
1oliTy kel? (28X 071 7 Ticl

Using the property of the uniqueness of the maxima (see
Theorems 8 and 9) the following definitions are used:

3. The unique maximum of L(w,0,) is given by L(d,s,),
where u = glo) and § = glo,) for every o, ¢ (0,~).
he The unique maximum of L(wgy,0) is given by L(w,,8),

where o = h(k) and & = hiny) for every u, ¢ (-=,=).

The differentiability of h(u) and gle) can be
32L(8)

e————
Jdo

Theorem 14, [Implicit Functions Theorem], in Chapter 1,

established at each & ¢ © for which 7 0; see

section 12,1 of Widder (1961):

2 2
R (W) = - 2 L(e)(aaiégl) (2.37)
and
2 3°L(8
g'(0) = = 2128 L9y (2.38)

By the definition of g(o) and h(w) it follows that

aL(e)
55— = Q only when the two arcs w = g(o) and ¢ = h(w)

intersect in the (u,c)-plane.

R dL(8)
If &' = [4,8] ¢ R is a solution of —33— = 0, then using

Taylor's Theorem (see section 9.2, Chapter 1 of Widder
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(1961)),

Lwse) = 108,8) = (8 - 01252 4 Lo - B

°L(8) o gy,
288lg = T

%)
0 <X <1, S8ince ~§%- = 0, it follows that if (uw,o) € R,

then L(u,o0) - L(8,8) <O for every 8 in R, where @ ¥ 8, since

2;%%%&, » § ¢ R, is a negative definite matrix by

assumption 2. Hence L(p,0) < L(4,5) for every § ¥ :é; in R.
Therefore if there is a solution (§,8) in R, then it is the
unique solution in R and is the point at which L(8) assumes
its absolute maximum for 8 ¢ R.

Ford (1925) proved that if the starting value, in this
case (mo’sa)’ is sufficiently close to a solution (#,8) ¢ R,
then the method of successive approximations (or Hughes!'
method) provides a sequence which converges to (f,8). This
method would seem to be appropriate for obtaining the
solution (§,8) ¢ R, if indeed there is one. If the
configuration of the cell frequencies is such that it is
rather obvious that any solution in the complement of R
would be a ridiculous estimate of 8, then one might be
satisfied to accept the solution (#,58) ¢ R. But if (§,8) is

near the boundary of R one would want to know whether or not
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there might be a solution (uw*,o*) ¢ R such that
L(w*,0*) > L(£,8). The sequence {(mj,sg)} defined by any

method of solution might converge to some value (u*,0%*)
which is not in R. If this happened one would ask whether
or not (w*,o®*) might be a value of the restricted maximum
likelihood estimator. In general, one wishes to locate all
of the solutions of the likelihood equations and to select a
solution at which the likelihood function is maximum, i.e.
one seeks a value of the restricted maximum likelihood
estimator,

The procedure immediately following was found to be
quite helpful in answering these questions. Reference to
Figure 1 will clarify some aspects of the discussion.

Suppose that (£,§) is a solution of the likelihood
equations and that one wishes to examine the likelihood
equations to see whether or not there is another root in the
region R* = {(n,0):]|8 = u| < Bys 16 = ¢] < Az}. Let
m <m

2'< cee <.ra.q be q equally spaced points in

{w:]8 - u]l <8,] and let sy <s, <... <s_ bep equally

P
spaced points in {o:]|8 - o] 5152}. Using the two modified
methods of successive approximations developed in sections

2,3.2 and 2.,3.3, obtain 81, seny 8q on the arc given by

¢ = h(p) which are such that L(mi,ﬁi) > Limg,s),
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for s ¥ 84, i =1, «vvy q, and B1r eoey ﬁp on the arc given
by # = g(e) which are such that L(ﬁi,si) > L(m,s;), for

m ¥ 31. i=1, ..., p. The 61, as used here, are the points
at which L(m,ai) is maximum., They should not be confused
with the CH defined in section 2.3.2 . These points,
{(mi,éi), i=1, «esy q, and (ﬂi.si), i=1, «eep p}, and
(8,8) provide a rough graph of w = glo) and ¢ = h(u). If

these two curves intersect at some point (w*,o*) other than
aL(e) _ 0

Then L({#,5) and L(s*,0*) can be compared to ascertain which

at (#,8), then (u*,o*) is another solution of

is the larger.
If (f,8) is in the region R, then there can be no other
intersection of u = g(o) and ¢ = h(u) in R. Therefore, a

more appropriate selection of Myy seey mq and 813 eoey sp can

be made, which are not points on p = gle) or ¢ = h(s) in R.
The following statements can be made concerning the

intersections of u = g(o) and ¢ = h(u), say (u*,0");

2 P 3%L(e
1. If 2L{n2.0%) 0, then = is a diagonal matrix
duda 2030’

and therefore it is negative definite. Hence

(u*,0*) is a relative maximum,

< L
2., If 2~L§ﬁ3:g?l'f 0, then (see equations (2.37) and



132

(2.38))
a2L(8) aaL(a) -1
[ ——.
aaL(e)(aaL(e) -1
1
g (6) = 3o 2  dudo )
and therefore
' p 3%L(8)
(a) h'(u*)g’(o*) > 1 if and only if’”§3§§7 is
negative definite -
d%L(0)
(b) 0 <h'(u*)g’(o*) <1 if and only if YL
is positive definite 2202
, 3%L(8)
(c) if h'(u*)g’(o*) = 1, then | aeas.l =0,

In the following example the same sample which was used
in sections 2.3.2 and 2.3.3 is assumed to have been drawn
from a normal distribution with unknown mean and variance.

Recall that the Gtho(50,100)~sample is:

ry = 45, r, = 55, Ty n, = by n, = 1.
Using the method for obtaining (mb,so) developed earlier in

"60, nl"Oj n2‘5’

this section, we find the solution of the equations
- 55
F( 5 ) Ji and F( ) Ji The starting value

(mb,so) = (55.0,3.91) is obtained as the solution of these

equations.
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FIGURE 1: The Solution of the Likelihood
Equations for ¥ and ¢
o = h(p)
(55.106,3.702) w = glo)

N

L 5 6 7 8 9 10 11 12 13 14 15

o
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The solution of the likelihood equations is
(8,5) = (55.106,3,702). This solution was obtained using all
of the methods described in the discussion which follows this
example. The two curves u = g(o) and ¢ = h(w) are sketched
in Figure 1 and R is the set {(u,0):45 < w < 60, 10 < 3.3¢}.

Several numerical methods of solution were compared and
a search was made for a Gkﬂn(u,cz)-sample satisfying the
conditions of Theorem 3 which might provide two solutions of

3L(8)
36 = Q. A description of some of these numerical methods

follows:

1. Successive approximations, method one:

(mj“’l'sg‘l’l) = (M(mj’sg) 3S(m338§) ),

2. HModified successive approximations, method two:

Kk
mj,y = m, + :L.3sjj§1.’fshﬁ Zog

k
n

= s§ + luhaa —% zu 2

2
Si+1 e

3. Modified alternating successive approximations,

method three: k

Myyy = mj + 1.13312;?% Zp4
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k
J+1°82+1282

2
where the Z,, are evaluated at (m3+l,sj).

Method one is the method of successive approximations.
Recall that this method is very similar to Hughes' method in
this case,

Method two is very similar to method one, but the
coefficients 1.3 and l.4 were selected following an
examination of Table 1 in Kulldorff (1963) in the same way in
which the A's were selected in sections 2.3.2 and 2.3.3,
respectively, in order to reduce the number of iterations
required for solution.

Method three is similar to the alternating successive
approximations method. In all of the examples which were
studied the method of successive approximations for obtaining
82 never produced a sequence {83} which was not a monotonic
sequence converging to the solution §%. This would indicate
that J(j-l) = 0; see Lemma 4 and Lemma 6 and the definition
of the method of alternating successive approximations. The
coefficients 1.1 and 1.2 which appear in the equations
defining method three are the same as those used for
modification of the method of successive approximations in
sections 2.3.2 and 2.3.3, respectively.
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A large number of numerical examples were solved using
the IBM 7040 computer at the Virginia Polytechnic Institute
Computing Center. Some of the comparisons of the methods of
successive approximations and the modified methods of
successive approximations considered in sections 2.3.2 and
2+.3.3 were made earlier in those sections.

General observations concerning the three methods of
solution deseribed in this section follow:

A, Method one required roughly thirty-five per cent

more iterations than methods two and three.

B, Mathods two and three required about the same
number of iterations. Method two appears to be the
most appropriate method of solution if the
iterations are to be executed using a high speed
computer. This method never failed to converge.

C. It was shown that the method of alternating
successive approximations provides a convergent
sequence 1f there is a unique solution, If we
assume that J(jwl) = 0, then method three is
essentially the same method of solution as the
alternating successive approximations method,
except that the number of iterations required for
solution was reduced by roughly thirty per cent in
those cases considered. Ilethod three might be the
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best method if the solution must be obtained by
hand. The same operations which were performed in
Table I and Table II can be used to facilitate

these iterations.

A search was conducted to find a sample which might
provide two distinct solutions of the likelihood equations.
Three cases were considered, k = 3, k = L, and k = 5, C(Cell
frequencies were selected in such a way as to satisfy the
conditions of Theorem 3, but which might represent extremely

unusual sample configurations, for example, n, = Lyn, =1,

and ng = 5. The arcs w = g(o) and ¢ = h(u) were drawi. In
no case were two solutions found.

The numerical results presented in the preceding section
and those presented here would seem to indicate that one
should expect only one joint solution of the likelihood
equations when both parameters are unknown. The method of
locating multiple roots can be used to verify this for any
given GkNﬂ(u.sz)wsampls. It was found that the general
characteristics of the two arcs in Figure 1 seemed to be

common to all sample configurations, except when over

one-~half of the observations fell in Il or Ik.



CHAPTER III
SYMPTOTIC PROPERTIES OF KELIHOOD ESTIMATO

OBTAINED FROM GROUPED DATA SAMPLES

3.1 Introduction and Definitions

In this chapter theorems are developed which provide
sufficient conditions to insure the asymptotic efficiency of
maximum likelihood estimators obtained from grouped data
samples. Recall that if X is a vector of random variables
with frequency function f(x;8), where € is a q x 1 vector of
parameters, then the sequence {én} has been defined to be
asymptotically efficient for 20, the true value of 8, if
QH(én - go) has as its limiting distribution the g-variate
normal distribution with mean vector Q0 and covariance matrix

[ l[alcg(f(x.ﬁ ))][alog(:é%ggo))

]]-1- This covariance matrix

is the inverse of the information matrix for a sample of sigze
one.,

In the Introduction several maximum likelihood
estimators were defined. The present objective is to find
sufficient conditions for the strict maximum likelihood
estimator © L and for the restricted maximum likelihood
estimator g; to be asymptotically efficient. The asymptotic
efficiency of the maximum likelihood estimators of p and o*

from a Gan(u,az)-sample is established. Recall that

138
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Kulldorff, in Theorem 3 (1958a) and in Theorem 3 (1958b),
showed only that the maximum likelihood estimators, when

2 and for o% given w, are

they exist for u given o
asymptotically efficient.

In the development which follows it will be necessary
to restrict our attention to a subeclass of parametric
families of distribution functions. In general, if X is a
p x 1 vector of random variables defined in a subset X of

Euclidean p-space, E_, and if 8 is a q X 1 vector of

variables defined inpa subspace © of Eueclidean g=-space, Eq,
then the class of distribution functions F(x;8) such that
@ ¢ ® is called a parametric family of distribution
functions., We shall refer to the class of distribution
functions {F(x;8): & € ®} as a continuous, parametric family
of distribution functions if and only if the following
conditions are satisfied:
1. There exists a non-void class of s distinct points,
Q= {(X),Xp0000%5): 8<q, 0 < F(x4;8) <1 for
each 8 ¢ ® i = 1,...,8}, such that if
(X390009Xg) € Q and 97,8, ¢ © and
F(;i;_?,l) = F(x3:9,), 1 = 1,.00,8, then 8) = 85 .
2. The function F(x;8) is continuous in @ for each
8 e6
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In this definition, continuity is with respect to the
elements of 8, and F(x;8) may be discrete, continuous, or
absolutely continuous with respect to the elements of x .

It will be desirable to extend the definition of a
Gy N, (s,0%)=sample. If all of the conditions necessary to
constitute a sample with the property GN,(w,0?) are
satisfied except that the underlying random variable has
some probability distribution function in the family
D= [F(x;8):2 ¢ ©], where ©cC E,» then the sample will be
said to have the property G, D,(8) .

Suppose that the underlying random variable X is a p X 1

vector of random variebles defined in ; = Ep, and suppose
that the probability distribution function of X is in the
family D = {F(x;9):9 ¢ ©], where ® ¢ Eq. If each of the
xj-component axes is partitioned into ky intervals

Iid ] (ri,jﬂl’ 1’1’3], I‘ie - = <I‘il K oo (riki - e

i=1, ¢vey p, then a random sample of size n, for which
each component of X is grouped acecording to the component
intervals, provides cell frequencies for each of the
hyper-rectangles, i.e. for each of the sets which might be
formed by a Cartesian product of the intervals

Ilj(l)’ 123(2’. sosg ij(p) s where 1 < j(i) < ky»

i=1, .0y p. Denote a particular hyper-rectangle by Rg ’
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where ¥’ = [j(1), j(2), «eey jlp)1, and let
Pri{X ¢ R,;8} = P,(8) and let n, be the number of grouped

observations in Rv s where I n, = n. The sample will be
-— i’j-

said to have the property G»Dn(g). The log-likelihood

function for a G D (8)-sample is
L(8) = c-;zjnulog(Pv(g)),
» - -

where C is not a function of 8, and where the sum is
understood to be performed for j =1, ..o, ki and

1“'1. seey P o
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3.2 Preliminary Theorems

If the parameter space © is contained in Eq, then, in
general, the closure of € must be considered to be a subset
of the gq-dimensional Cartesian product space of the extended
real numbers, E;; see page 54 of Hewitt and Stromberg (1965).

Denote the closure of ® by & = © U 38, The following
theorems are needed in subsequent developments:
A. If {_gn} is a sequence in ©, then there exists some
subsequence {_an} of {_Qn} which has limit § ¢ e .
| (See Hewitt and Stromberg (1965), Theorems 6.37 and
6.43 )
B, If {8} is a sequence in € such that no subsequence
{ _G_nk} has limit other than & ¢ ©, then L&n} has
limit & ¢ ©, This conclusion follows from Theorem A
above. Since there is at least one subsequence with
limit B ¢ & and since no subsequence has limit
other than a, then the sequence {_Qn} has limit a.
Theorem 1
Let the following conditions be satisfied:
l. X is a p X 1 vector of random variables defined in
IcE,

2, 8 is a q X 1 vector of parameters defined in & < Eq,
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3. [F(x;8):8 ¢ @] is a continuous, parametric family of
distribution funetions,
be (Fys eoes gs) € Q and {_Qn} is a sequence in © ,

5. F(aiiﬁn) -+ F(a&ig}, i=1, eevy s and g ¢ O,

Then 8

Proof: Since {gn} is a sequence in ©, it follows from

..2;0

Theorem A that there exists a subsequence {gnk} such that

gnk - B ¢ @, Since {F(x;8):8 ¢ ©] is a continuous,
parametric family of distribution functions, F(x;8) is

continuous in the elements of § and F(x;;8n ) = Flx;38) »

i=1, «sep 8, by the definition of continuity. But,
{F(;i;gnk)} is a subsequence of {F(z&;ﬁn)} and hence
F(z&;ﬂnk) » F(x;32) for i =1, ..., s. Using property 1 of
the definition of a continuous, parametric family of
distribution functions,it follows that since
HQ&)-NQ&Minl.nus,mmguﬁ.TMSmy
subsequence of {gn} has limit &. Using Theorem B, we have

that

5 &
Rao (1957) proved the following theorem which is given

here as Lemma 1.

Lemma 1

If al, 32’ soey 8.k and bl’ bzg cesy bk are pOSitiva



1L,

k k
constants such that 2 ay = Z bi » then
i=1 i=1

:Ela" 105(%) 20

and the equality holds if and only if a; = bi’ i=1, ¢eoy ko
The expectation operator, E, will bear no subscript in
subsequent arguments. It will be understood that the
expectation should be taken with respect to the joint
distribution of the random variables in the sample. The
information matrix for a sample of size one will be denoted

2
by J.. When 2°L(8) is written, it is assumed that it exists
° 331363

and is finite for each 8 ¢ ©,

Rao (1961, 1965) used Lemma 1 to prove the following
theorem which will be used frequently in subsequent
developments in this chapter.

Theorem 2

If Pi(_ﬁ.), i=1, seey k <, are the k cell
probabilitieis of a multinomial distribution, where 8 is a
q x 1 vector of parameters defined in © C Eq and n is the
sample size, then if:

1. Pit_g) # 0 for each 8 ¢ ©, 1 =1, ...y k,

2. E[- %%l] = nJo is non-singular, where _Qo is the

true value of 8 in © and L(®) is the logarithm of
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*
the likelihood function for a sample of size n,

3. For every & > O there exists an € > 0 such that

o - o :;.ng 68(§°’2) 2 €, 8 in ®, where
- ‘ﬁto —

k Py (8,)
5(8,,8) = iflPi(go)log(W) and [8 - 8,| is the

distance from & to go in Eq N

then with probability one as n = « the value én at which the
likelihood function assumes its unique absolute meximum is a

solution of the likelihood equations and Jﬁ(én - 8,) has the

multivariate normal distribution with mean vector Q and

- *%
covariance matrix Jol as its limiting distribution,

Using the conclusion that, with probability one as
n = », the likelihood function assumes its unique absolute

maximum at En’ a solution of the likelihood equations, one

* The conditions of this theorem can be relaxed; see

Note 2 on page 298 of Ruo (1965).

bt In order to establish that Theorem 2 is actually proven

by Rao, the following references should be made in Rao (1965)
l. See Note 1 on page 298,
2. See section 5c.2, particularly statement (iii) on
page 286.
3. Statement (iii), page 286, together with the

relation 5e.2.5 on page 296 establishes that J; is
the appropriate covariance matrix for the
limiting distribution.
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% w B
can conclude that Vﬁl“n. 5

distribution as Qﬁ(én - . Hence, both the strict and

) has the some limiting
8)
restricted maximum likelihood estimators would be
asymptotically efficient.

The following observations should be made. In order to
establish that

inf S(8_,8) > ¢
le -8 26

one must show only that if {gm} is a sequence in @ and

if s(8,,8,) -0, then |8 =8| ~0; (3.1)

see the paragraph following assumption 1.1 on page 295 of Rao
(1965). This follows from consideration of Lemma 1. It also
follows from Lemma 1 that

if 3(-90,.913) - 0’ then Pi(,gnz) -» Pi('go)’ i = l’ sy ki (3.2)

If one is concerned with estimating the psrameters of a
particular distribution using a grouped data sample, then
conditions one and two of the preceding theorem must be
examined for that particular distribution. In Theorems
3 and 4 following, sufficient conditions are established
which, if satisfied by the cells defining the grouped data
sample, will insure that condition 3 of Theorem 2 is
satisfied.
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Theorem 3
If X is a rendom variable defined in X © E;» and 8 is a

q x 1 vector of parameters defined in @ ¢ Eq and if:

1. D= [F(x,8):8 ¢ ® is a continuous, parametric
family of distribution functions, one of which, say
F(xigo), is the probability distribution function of
X,

2. the GD(8)=sample is defined by

k
I; = (ri‘l.ri]. i =1, «esp k such that iilPi(g) -1

and there is a subset of {ro, Tis eees rk}.

say (pl. p29 evey ps), in Q for eaCh_g € e’

30 Pi"e') r 0. i= l' cs ey k for each 2 € 3,

3%L(8,)
Le E{ aeae, ] nJo is not singular,

then the strict and restricted maximum likelihood estimators
are asymptotically efficient.

Proof: Conditions 3 and 4 satisfy the first two
conditions of Theorem 2. Using observation (3.1l) we must

show that if S(8_,8 ) + 0, then |8, - 8| + 0 in order to
satisfy condition 3 of Theorem 2. If s(gb,gm) - 0, then by
observation (3.2) it follows that Pi(gm) - Pi(ﬁo),

i=1, «oep k and hence F(ﬂigjh) + F(Pg38,)y i =1, «uuy s.
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Using Theorem 1 we see that § = § and hence L@m - 8,1 »o0.

Therefore, the conditions of Theorem 2 are satisfied and the
strict and restricted maximum likelihood estimators are
asymptotically efficient.

This theorem is extended easily to the multivariate
case.

Theorem 4

If X is 2 p X 1 vector of random variables defined in Ep

and 8 is a q x 1 vector of parameters defined in & C Eq and
if:
1. D ={F(x;38):8 ¢ &} is 2 continuous, parametric
family of distribution functions, one of which, say
F(x;8,)» is the probability distribution function of
X,
2. The G.?.D n( 8)-sample is defined by the points

Iy Iy vees Do such that vaPv(_ﬁ) = 1, where V is

the set of all ¥ defining the cells, and a subset of
{3;0, Lys eons L.l say (£, L5 eees £) is in Q
for each 8 ¢ @,

3. Pﬁ(ﬁ) # 0, v € V for each @ ¢ ©,

E{:‘ 321‘( e )

.._..:g...] = nJo is not singular,

e 553

then the strict and restricted maximum likelihood estimators
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are asymptotically efficient.
Proof: Conditions 3 and 4 satisfy the first two
conditions of Theorem 2. Therefore, we must show that if

S(8,+8,) = 0, then tgm - gol -+ 0. Using observation (3.2) we

see that Pgﬁgm) - Pg‘go) for each ¥ ¢ V and therefore

F(R:8,) = F(B438)), i =1, «usy 8. It follows from
Theorem 1 that |8 - 8,| =+ 0. Hence the strict and

restricted maximum likelihood estimators are asymptotically
efficient.

The characteristics of the class of points Q, if it
exists, will determine conditions which must be satisfied by
the cells defining the grouped data sample in order for the
restricted maximum likelihood estimator to be asymptotically
efficient. We are primarily interested in the class Q only
for the normal distribution, but a much wider class of
parametric families of distribution functions has similar
characteristics. The two theorems which follow establish
some classes of distribution functions for which Q can be
characterized. One must keep in mind that even after some
class of points in Q is determined, it must still be shown
that conditions 3 and 4 of either Theorem 3 or Theorem 4 are
satisfied before the asymptotic efficiency of the strict and
restricted maximum likelihood estiiators is guaranteed.
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Theorem 5

If X is a random variable defined in X © E, and if @ is

a parameter defined in ® « E_, then D = {F(x;0):8 ¢ @] is a

1
continuous parametric family if the following conditions are

satisfied,
1, For each x ¢ X , 2£§%i21 is a continuous function

of & at each ¢ ¢ ©,

2, IfP ¢ X and 0 < F(P;0) <1 for every © ¢ 6,

then |g£§%igll > 0 for every 9 ¢ ©,

Proof: Since the derivative of F(P;6) is not zero and
since F(P;8) is a continuous function of @, it follows that
F(p;8) is a strictly monotonic function of © and hence if

F(P;®)) = F(P;0,), then 6; = 8,. Therefore, the set Q

contains any point P ¢ Z provided 0 < F(P;8) < 1 for every
@ ¢ 8, The family D satisfies the conditions of a
continuous, parametric family since condition 1 obviously

implies that F(x;®) is continuous in 9 for each ¢ ¢ ©,

Theorem 6
Under the same conditions stated in Theorem 5, the

strict and restricted maximum likelihood estimators of ©

obtained from a Gan(6)~sample are asymptotically efficient

provided Pl(ﬂ), onny Pk(e). k > 2, are all different from

k
gero and 1ElPi(G) = 1 for every 0 ¢ ©,
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Proof: Using Theorem 5 it follows that D is a
continuous parametric family of distribution functions.

Since Py(6) # 0, i =1, ..., k , k > 2, conditions 1-3 of

Theorem 3 ere satisfied. Note that Pl(ﬂ) = F(rlge) and, by

dF(ry;6)
condition 2 of Theorem 5, 56 # O for any € ¢ © and in
particular ar (rl' f 0. All which remains to be shown is

that condition h of Theorem 3 is satisfied, i.e. we must show
that Jo 7 0. But Jo is

k -1 2
Jo= ZP (oo)(ff%éfel)

dpP,(e.)
(see Rao (1965) page 295, Assumption 3). Since

av 7%
it follows that Jo # 0 and by Theorem 3 the strict and

restricted maximum likelihood estimators are asymptotically
efficient.

In many cases the large sample properties of the
restricted maximum likelihood estimator obtained from grouped
data samples can be verified using Theorem 6. The following

three discrete distributions provide examples. Let
beu

)
ul
f(vie) =0(1 -0V ,v=0,1, ... , and

f(u;e) = 8 s U '0. l' soe ’

f(sz'G) = (g)ew(l - O)N.w g W = 0; 1' seay N.
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Using relations already enumerated by other authors (see

Hughes (1962)) we find that:

Q%Lﬂn-f{u;a) <0 for 0< 6 <,

QFéggel = (1 - @)‘l(v + 1)[1 - F(v;8)] >0 for 0 < 8 <1, and

dF (w _a_d!;._.__).ﬁ = =Nf(w;N-1,0) <O for 0 < 8 <1 and w <N,

Therefore, by Theorem 6, if one has a grouped data
sample from one of these three distributions with at least
two cells, such that Pl(e). PZ(G), veep Pk(ﬂ) are not zero
(and sum to one) for every © in the appropriate parameter
space, then the strict and restricted maximum likelihood
estimators are asymptotically efficient.

There are many other one-parameter distributions which
satisfy the conditions of Theorem 6; however, it is the
multiparameter cases which have received little developument.
As we have seen, the normal distribution with both parameters
unknown was not considered by Kulldorff, who established the
asymptotic properties of the maximum likelihood estimators
from grouped data samples when only one parameter is unknown.

In the subsequent developments in this chapter our
attention is focused on parametric families of absolutely
continuous probability distribution functions. The
parameters will be limited to first and second moments of the
distributions.
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The following lemma is stated without proof.
Lemma 2

If F(x) is the probebility distribution function of the
random veriable X, defined in X © E;, and if F(x) is a
strictly increasing function of x ¢ X, then the probability

distribution function of Y = E._g_.é s where «» < g < o gnd
0 <b <=, say Fl(y) s is a strictly increasing function of
‘y € ZCEl , vhere Y = {Y:Y-sgﬁandx ¢ X}.

In the theorem which follows the vector _Q' = {91;92] is
defined to be [EX, E(X - 6;)%] = [s,0%] and @ is defined to

be the set {8:a < 6, <b, 0 <6, <=}, where a <b and a and

1
# [weo,m], The symbols 0, end ¢ and the

-

1
symbols 6, and ¢® will be used interchangeably.,

Theorem 7
Let D ® {F(x;8):8 ¢ ¢} be a parametric family of

b are points in E

distribution functions of the random variable A defined in

X e E,. If, for each ¢ O, F(x3;8) is continuous at § and is
a strictly increasing function of x ¢ Z, then D is a
continuous paremetric family of distribution functions.

Proof: Suppose that _gl and 8, are points in © and that

2

P, and P, are two distinct points in X such that F(P,;8) and

F(ﬂziﬁ) are greater than zero and less than one for every
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i

8 ¢ ©. Define the random veriable ¥ = (X = EX)(E(X-E(X)W) 2

Let Y have the probability distribution function Fl(y). It

follows that if F(ﬂl; g_l) = F(F‘li!z), then
p (o) _p (B2222) sng ir R(e0,) = F(PL38,)s th
1 1 1\ 9z /&n 2331 2i=p/» then

Fl(fﬁ-;zfl) - Fl(f2~;§ﬁ2). Applying Lemua 2 to obtain the

strict monotonicity of Fy(y), it follows that

Py =y P Fop=ty Py-w

—l-gi-; = -L'g:?—-g and -g--a—i—l = ~2-°,—2f-g s and therefore

Wy = W, and oy = g,. By assumption, F(x;@) is continuous at

each & ¢ ® and therefore D is a continuous, parametric family
of distribution functions. The set Q consists of any pair of
distinct points Py, P, in X such that F(P;8) and F(P,;8) are

greater than zero and less than one for every 8 ¢ @,

The general multivariate extension of Theorem 7 is far
more coumplicated than Theorem 7. The following corollary is
presented as a very weak multivariate extension of Theorem 7.

In the corollary the parameter space © is the set of
8" =[p’,0%'], where EY = p and

22 b tE(xl - “1)2, weey E(Xp b “p)z:l', and 0 < E(Xi - ﬁi)a‘(”n
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Corollary 1
Let D = {F(x;8):8 ¢ ®] be a parametric family of

distribution functions of the random variable X defined in

XcE_ . If, for each 8 ¢ ® F(x;8) is continuous at § and

is a ztrictly increasing function of each x;, i =1, ..., D,
then D is a continuous parametric family of distribution
functions.

Proof: We must exhibit a collection of points P3 ,
i=1, .oey 2p, in Q. Let P; =Tz, =, +..y =] and
g; = [b, ®, +eey ], 2 ¥ b, be two points such that
Flay ®, 4esy ) and F(b, =, «es, ») are not equal and both
are between zero and one for all 8 ¢ ® Let 6 and 8*" be
two points in ©. If F(Py;6") = F(£;;8*") and

F(P2;8%) = F(P,;8%"), then using Theorem 7 it follows that

»i = u;* and ci* = ci“*. Similar pairs of points,i.c.
having only one finite coordinate, establish that Eft e
The total number of points required is 2p.

In the next section it will be shown that the strict
and restricted maximum likelihood estimators obtained from a
G N, (b,0%)-sanple are asymptotically efficient, using
Theorem 7 to satisfy the conditions of Theorem 3. It also
will be shown that the strict and restricted maximum
likelihood estimators in the case of grouped data samples
from a bivariate normal distribution are asymptotically
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efficient.,
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3.3 Asymptotic FProperties of the Strict and Restricted

Maximum Likelihood Estimators in the Case

of a Normal Distribution

In Theorem 8 we shall prove that the strict and
restricted maximum likelihood estimators for the mean and
variance of a normal distribution obtained from a
Gan(u,og)~sample, k > 3, are asymptotically efficient. 1In
order to satisfy the conditions of Theorem 3 we must show
that the information matrix for a sample of size one, Jo’
is non-singular. The following lemma will be used in
Theorem 8 to establish that Jo is not singular provided
k > 3., The matrix JQ can be computed using Theorem 7 in
section 2.2.5, but using equation (2.34) and the fact that

(9 )Z

l i 0, j=0, 1, eves (see definition 5 in section
i

k
i
2.3.3), it follows that Jd,=¢ 2 P.(8) (Z2n:9%..1, where
' il Lzli] 01241379

¢ is some non-gzero constant. We shall prove that

k
AL )[z ][201,:; ] is not singular provided k 2 3.

k Z
~
i “0i
if k 2 3’ then iElPi(_e_n )Lz ][201 )Zli] is not 83.11@&1&!“
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It is sufficient to show that the set of

2
vectors {?%(6 )| 01}} span the space E,. This can be

done by showing that there are at least two non-null vectors,

[ZOi,Zli] and [ZOJ’le]’ which are such that one is not a

scalar multiple of the other. The following two cases are

considered.

Case 1.

Case 2.

k =3 and T2 ] =10,01. If 2., =0,

02’212 02

then f(tl) = f(t ) and -t, = t2 > 0,

-£(tq)
] L-tlf%tl)] and

] o« Since -tl = tz, it is

Note that LZ
11

297 - [ et
13 2172

obvious that the second vector is not a scalar

multiple of the other.

k 2 3 and Zg5 # 0. (Note that the case where

ZO(k—l) is not zero would be accompanied by the

same argument using Z and Z,, 5 1 = 0, 1.)
i(ke1) ik

Since 202 7 O » then tl ¥ t2. Suppose that
[201 "Z02
=C for some c. Then:
Lzll] I-"‘312]"
[-nf(tl) ] -c[f(tl) - f(tz) ] and
-t £(tq) t1£(ty) = toflt,)

(1+ c)f(tl)izzll] = f(tz)[tlz} .
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Since tl f‘tz there is no ¢ for which this

equality holds. If 202 = 0, then either Case 1
is applicable or Zi(k-l) 7 O and, as noted, the

proof in Case 2 would suffice using t, _, and

tk-z o
Theorem 8
The strict and restricted maximum likelihood estimators

obtained from a Gan(h,az)-sample, k > 3, are asymptotically
efficient.

Proof: From Theorem 7 it follows that the parametric
family of univariate normal probability distribution
functions is a continuous, parametric family with Q
consisting of any two distinct points in (-«,=), Since
k > 3, conditions 1 and 2 of Theorem 3 are satisfied. By the
definition of a Gan(u,az)-sample (see section 2.3.1) the

length of each interval is greater than zero and therefore
Pi(ﬁ) 70yi=1, ooy k and condition 3 of Theorem 3 is
satisfied. The conclusion of this theorem follows from
Theorem 3 if it can be shown that Jo is non=singular when
k > 3. Applying Lemma 3 it follows that Jo is not singular.
Therefore, by Theorem 3, the strict and restricted maximum
likelihood estimators obtained from a Gan(u,cz)-sample,
k 2 3, are asymptotically efficient.,

Corollary 1 could be used to prove that the strict and
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restricted maximum likelihood estimators of the means and
variances of a bivariate normal distribution obtained from a
23,k

grouped data sample, k > 3, when P is known are

1 2
asymptotically efficient. The more realistic case is that of

a grouped data sample from a bivariate normal distribution
with all five parameters unknown. Establishing that the
information matrix Jo is non-singular is similar to, but much

more intricate than, the development in Lemma 3 and therefore
it will be assumed in the following theorem. One might

expect that if at least three intervals are required on each
axis to establish that the maximum likelihood estimators for

the four parameters Wy, b, ai, and og are asymptotically

efficient, then either ky or k2 might have to be greater than
three in the case of five unknown parameters. The need for

this condition is established in Theorem 9.
In Theorem 9 it is assumed that X’ = [Xl,le has the

bivariate normal density function f(x;8), where 8 is the

vector containing the elements of the two matrices

‘12] )

2
4]
1l
@-a-tﬁwg'mdM3~mm~ava[%l%

010 = 021 « The grouped data sample is defined by

Ty ™ (74,5011,
min(ky,k,) > 3 and max(ky,k,) > 3, (see section 3.1). Since

]ij"l; suo;kiyialgzand

a bivariate distribution is being considered, let the cell
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frequency of Ili x Izj = Ri,j be nij and let

Pr{iX ¢ R, .38} = P, (8). If the sequence {8,} is considered,

ij’ i
then each element of 'im will be designated by adding the
L] [ 2 Y a
subscript m to each element, e.g “l.m and cl 2,m If 8, is a
particular value of € in

2 g2 . 2 g2<m
&= {(n)8,107405,0,, ) t=m<hy 8,y 00f,05<, |0y, [<0y0,]

then the subscript o is added to each element of Eo » €S

bo o * The parameter # will be used interchangeably with
’

812/010'2 .
The lemma which follows will be needed in the proof of

Theorem 9.

Lemme 4
If X has the bivariate normal density function

' -1
£(x:i8) = (2moyo,v1752) explc 2(1-1»92) [xg® = 2y + x§3]>’

wherex;--yi—;—fi.i-l, 2, and P? < 1, then

i
X% « PY*
1. We—do=2 and X‘é are distributed independently

1-P

with density functions f(w) and f(x%), where
a o

£f(t) = e - <t <o and
Van ’

2. Pr{Il <r,andr, <X, < r3} = Pr{r2 <X, < rB}Q.

2
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A r* - min(or*,ppe)
whers G = | f{w)dw , \ = -1 2" 3
- N2

y = & Ty = ¥ Py = W
%-Jﬁl'%”‘&#’amrg'iﬁ’

Proof: Ve first complete the square in the exponent of

£x;¢):

—--1--{:; ~20xtxs4xs?] = =kl (xxopxs)? + (1-%)x87]) .

2(1-p?) 2(1-p?)
If wo let ¥ = ~L ~ 22 . tn (Vi—s%)dw and theref
W @ Lo ’ en s - 1.,}) ereiore
Vicet 3

r(u.xg) = flw)fixs), -«~<x§<-mﬂw<wsw .

Thus, conclusion 1 is established.
18 - nin(ﬂ:*.ﬁxi)’ .
vi-p2

Irr5<x*§<r*, then ~» < ¥ <

From this we conclude that

r, r A ry

fl 133(332)&1&: - [ flw)dw j‘Bi‘(t)dt. and therefore
- T 2 - 2
conclusion 2 is established.

Theoren 9
Assuming that the informstion matrix J ° is non-singular,

the strict and restricted maximum likelihood estimators of
the parameters of the bivariate normal density function from
a grouped data sample, min(kl,k ) 2 3 and m(kl.k ) > 3,
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are asymptoticelly efficient.

Proof: Since the area of each Rij’ defined previously,
is not zero, it fo;lows that Pij(ﬁo) # 0 and it was assumed
that IJOI # 0. Therefore conditions 1 and 2 of Theorem 2 are

satisfied. In this case
ki k2
P )
S(.,0) = ) S P, (s )l0g(t1d%)) |
0 ~ "1j'=-0
i=1 jwl P; ;(8)

Using statement (3.1) and Lemma 1, it must be shown that if

Pij(ﬁm) - Pij(_e.o}; i=1, ¢eey kl and j = 1, «eey k2. then

| o
“-“m

ij

2

Therefore
ko ko

Prig + Inglag) - reisy sy
and ko k>
) Posl&ml jZlej(_eo) = Pr{Xy) Sy ol

L]

By Theorem 7 it follows that wy . = u, _ and ai - ci o
] ’ ’ ’

The same argument, reversing the roles of i and j, indicates

and ¢2 = ¢2 , The theorem is completed

that “2.m - “2,0 2,m

2
2,0
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if it can te shown thet le,m - 612'0. or eqguivalently that
9m - PO . Let f(x;P) denote the bivariate normal density
function of the random variable X, where EX = @, and

and E(X - “2,0)2 = ¢® and where the

» - 2 o
E(Xy = wy o) 2,0

l.

correlation coefficient is P, Let

X'; - xia; 1.0 and rg’j = ri,g - “190 v d =1y eeey ki ’
»0

i0

i =1, 2. Two essunptions are chousen for the argument which
follows, Similer srguments establish the theorem for the
other cases. Assume that:

1. Po 20

Re kz > 30

Since Pij(!m) nd Pid('!o), is= 1’ evey kl. j = l’ seey kzg

then applying lLemma 4 it follows that:

‘,jm  T3,in Mydo 3,301
S fw)dw 5 f(t)dt = S f(w)dw 5 f(t)ds ,
] - ]

i= l. seey k]. and J - l, ceey k2 s where

- ri,i min(p .1 QQ+1)

A
1-pZ

and



- * P
~. R i T
‘\i J o = .
yJY rl‘.“‘pg

Since the integrzl of f(w) is a strictly increasing function

of its upper limit, it follows that

Xi ,1-1,2811(1;]-1,2.

»Jem ° xi:JnQ

-2 - lal 1.2

Consider A
Z,J;m Vl‘pﬂ
m

1,j,m

and

kl JeO - Ag 3
2 Js vJs0 o3
l~P°

Since (X ) it follows that

- A = (A -
l;j)m 2'J.m) ( 1.J.° ,3.0
1Ppl =Py, -
If Po = 0, then pm - Do and the conclusion of the

theorem follows without using the fact that kz > 3 ; compare

thig result with Corollary 1 to Theorem 7.
If P, >0, then, since vI-pZ * vI_pZ and since

r* <
2, " T2,541 "

R L T U R L R

j - 1. ey k2-l .
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Since lﬂml % P,y either P = P or therc is a subsequence,

{98}. of negative terms in the sequence {Pm} such that

P_ = «f , If each P <0 and if {P } is a subsequence of

s o
{p }. then {min(P )} = f” J+1}:

J .J+l
J =0, evey k=2, is a subsequence of (and has the same limit

es) (min{Pyry iPpry y49)}. Therefore, (-P )r} %, 5+1 = Po¥3, 3

j = 1, ' XXF k,-2 . If kz = 3 and rz'l = *I“E’z ? then there

p
might be a subsequence such that ﬂs - «90, but since k2 >3

J‘*’l cannot be equal to "r*'J ’ J bnd l, 2. seey kz‘-ZQ

Therefore Pm - Po. This completes the proof.

See the Appendix for an iterative procedure with which
the maximum likelihood estimators of these five parameters
night be obtained. An iterative procedure is also developed
which might be used to obtain the maximum likelihood
estimators of these five parameters if one of the variates

were grouped and the other were not grouped.



CHAPTER IV

SUSMARY

In this thesis the wcthod of maxiaum likelihood is
employed to estimate the paraueters of probability
distribution functions when grouped data only are available.
A grouped data samnple of size n is a sample in which the only

information available is that there are mi observations less

than or equal to Ty where == < Ty <.rl < eee < rk =« , The

intervals (ri-l'ri] are called cells and the cell frequencies

k
are denoted by ni = mi - miul’ where izlni = n,

In Chapter II grouped data samples from univariate
normal distributions are considered. The method of maximum
likelihood is used to estimate the parameters of the normal
density function when grouped data only are available.

The first case which is considered is that in which only
the mean of the normal distribution is unknown. The
necessary and sufficient conditions for the existence of a
unique solution of the likelihood equation are that n, ¥n

and nk 7 ne

The second case considered is that in which only the

167
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variance of the normal distribution is unknown. It is shown

that if neither n, + n, = n nor n, + Ny =N,

+

i=1, «ssy k=l, then there is a unique solution of the
likelihood equation. An iterative method of soluticn is
developed which is similar to that used in the case in which
only the mean is unknown. The iterative procedure is shown
to provide 2 sequence which converges to the unique root of
the likelihood equation if there is 2 unique root.

The third case which is considered is that case in which
both the mean and the variance are unknown. It is shown that

if neither ny + n, = n nor n, + Niyp =M i=1, «ve, k=1,

then there is a Joint solution of the likelihood equations at
which the likelihood function assumes its absolute maximum.
Numerical results are presented which allow the determination
of a regicn in the parameter space in which there can be at
most one Jjoint solution of the likelihood equations, and if
there is a solution in this region, then it is a point at
which the likelihood function has a relative maximum. A
search to find some sample configuration which might provide
two joint solutions of the likelihood equations indicates
that a unique solution should be expected if the conditions
for the existence of a solution are satisfied. A procedure

is developed which can be used to locate multiple roots if
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they might exist.

Several numerical methods of solution of the likelihood
equations are studied. One of these methods is shown to
provide a sequence which converges to the solution of the
likelihood equations if there is a unique solution. ‘This
method of solution is found to have about the same rate of
convergence as a modified version of the method of successive
approximations.

Simply computed, consistent estimators are developed for
use as starting values with each of the iterative methods of
solution which is considered.

The Appendix contains a discussion of the major theorem
found in Hughes (1962), in which he established sufficient
conditions for the convergence of Hughes' method of solution.
This method is shown to be very similar to the method of
successive epproximations in each of the three cases
discussed in Chapter II. The conditions of Hughes' theorem
are shown to be satisfied by a rather limited class of
distributions. In the Appendix Hughes' method is extended to
the case of a grouped data sample from a bivariate normal
distribution and to the case of a sample from a bivariate
normal distribution in which only one of the variates is
grouped into cells,

In Chapter III the large-sample properties of the
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maximum likelihood estimators obtained from grouped data
samples are considered. Kulldorff (1958a, 1958b) has
presented the conditions which will insure the asymptotic
efficiency of the maximum likelihood estimators in the cases
where only the mean or the variance is unknown. A g x 1

vector of estimators én obtained from a sample of size n is

defined to be asymptotically efficient for the true value of
the parameter 8 if Vﬁ(ﬁn - 30) has as its limiting

distribution the g-variate normal distribution with mean
vector Q and covariance matrix equal to the inverse of the
information matrix for a sample of size one.

In Chapter III it is shown that if there are at least
three groups (cells) defining the grouped data sample, then
the maximum likelihood estimators for the mean and the
variance are asymptotically efficient. The theorems which
are developed to establish this large-sample property are
shown to have a much wider application. Other distributions
are considered, such as the Pcis;un and bivariate normal
distributions, and sufficient conditions are established
which must be satisfied by the cells defining the sample in
order for the maximum likelihood estimators to be
agsymptotically efficient.

It should be menticned that there are at least two major

areas of research which deserve further study. The first of
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these might be called "grouped data inference." Numerical
and theoretical Studias could be made in order to ascertain
the large~ and small-sample properties of hypothesis testing,
confidence intervals, and prediction using maximum likelihood
as well as other methods when grouped data only are
available, Since the distribution of the maximum likelihood
estimators is usually very difficult or impossible to
determine, numerical approaches to describe the properties of
the likelihood ratio tests of hypotheses might provide very
useful results. There are many other similar problems, ‘
particularly in multivariate caaaé, which apparently have not
been studied at all,

The second area which might provide fruitful results is
the general theory of maximum likelihood estimation. The
present state in which one finds this theory might be
described best by saying that there is a group of somewhat
unrelated theorems, each with its special application., If
the conditions and conclusions of many of these theorems were
studied simultaneously, a few theorems might be developed
which would provide a more complete, unified treatment of the
theory of maximum likelihood estimation. This development
would seem to be a great contribution to the present theory

of estimation of parameters.,
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APPENDIX

The nature of the problem considered in this thesis
requires that the solution of several equations involving
integrals be found. The method of solution presented by
Hartley (1958) and extended by Hughes (1962) is a very
appropriate method of solution in some cases. The method, as
presented here, is oriented in such a way as to be applicable
when solving the meximum likelihood equations for grouped
data samples from absolutely continuous distribution
functions. The method has the very desirable property of
being applicable to very general types of incomplete data,
but this generality will be omitted in the present
development., A unified treatment is found in Hughes (1962).

In Chapter II the method of successive approximations is
compared to Hughes' method in the special cases considered
there. These comparisons indicate that Hughes'! method can be
improved in many cases.

The development is presented in three parts; (i) The
Iterative Procedure, (ii) The Sufficient Conditions for
Convergence, and (iii) Extensions of Hughes' lethod.

Before consideration is given to the iterative procedure,

the definition of a quadrature formula should be established.

b
Let the value of [ ¢(x)dx be desired. If the interval [a,b]
a
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is partitioned into v«l intervals of equal length,

Exi,xi+1], where x1 = 8, xz = g *'%f%. sesy xb = b, then

b v v
olx)dx ¥ I a,o(x,), where a, >0 and T a, =b - a. The
af o A i =1 1

precision of the approximation depends on v, the function
v(x), and the quadrature rule governing the selection of the
a, . There are many quadrature formulae, such as Simpson's
rules and Weddel's rules (see Kunz (1957) and Fox (1963)),

which determine the a; and hence the quadrature formula.
(1) The Iterative Procedure

Let f(x;8) be the density function of the random
variable X, where & is a (q x l)-vector of parameters defined
in ©, a subset of Euclidean q-space. The following
assumptions are made:

1. The grouped data sample consists of k cell

k th
z ng =n, where the 1 cell is

frequencies
A

Ii = (!‘i__l:r‘i] ang -« = ro < 3’1 < eee & rk =

k
2. The log-likelihood function L(®) = C +izlnilogPi(£).

where C is not a function of @ and Py(8) = {f(x:j&t&,
i
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can be approximated by spplying quadrature formulae
to approximate each Pi(g), i =1, cesy Ko

af(x;e)

Bﬁi

of £(x;8). (This assumption simply insures that the

3. » 1 =1, «esvy q, can be expressed in terms

equations which must be solved to perform the
iterations are similar to those maximum likelihood
equations which are obtained in the complete data

case.)
The q equations which must be solved are:

_...-_.."'-. = Q. (1)

The iterative procedure consists of the following steps.
Select some quadrature formula to approximate each Pi(gol,
where 30 is a starting value in ©, Let

P*(a) = jiiaijf(xijsﬁ)s

where

-

; rs .
X1 = Tierr %55 7 Tia + = vy - s RLLY xivi i !

v
: | }
and jﬁlaij el (ri - ri‘l)’ for i lg essy K o

Then 35(3) in equation (1) can be approximated by
20
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AL*(8) > K (0

«1 aP#(8)

k
- i ]
AU A )""L3~'

k wl v af(X, .30)
= zapr (8) ste, o 43

ju1 T 1 j=1 1J 28

. ’ -1 .
Define the pseudo frequencies fxij = n, P} (2)aijr(xij,g) and

write .
AL*(6) L 8log(f(Xs4:8))
- £ =1, (2)
23 gzl 3§i =¥ )

Note that if the fiij were omitted from the expression on the

right, then the expression would be identical to the
expression which would be obtained from a complete data

sample consisting of the observations {xiJ}, J= 1y eeey ¥y

and 1 = 1, ..., k. Hughes referred to the fiij as

proportionally allocated weights.
The iterative procedure is as follows:

1. Use & , the starting value, to compute the £!

X5
2. Substitute these weights into equation (2) and then
compute ©,, the solution of equation (2).
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k 1
(Note that 2 L 5 ni 3 (ﬁ)a f(xijii) =1 .)

3. Using the value of @ obtained in step 2, repeat
step 1.

(ii) The Sufficient Conditions for Convergence

Hughes! method of solution generates a sequence

_a_og _;._l; s e

sequence to converge to the solution of equation (2) are

given in Hughes (1962). One of the conditions of Hughes'

. A set of sufficient conditions for this

convergence theorem is very restrictive and it would seem
appropriate to examine this condition to see why it is not
satisfied by any of a very large class of distributions.

Hughes' convergence theorem requires that the underlying
density function (or more generally frequency function)
f(x;8), 8 ¢ ®c Eq. satisfy the following condition. There
exists a bounded, convex set C © & and a point _@_e in the
interior of C such that for any sample (xl. ceny xn)

TT £(x,38,) >'IT £(x, 38)
=l

for every 8 ¢ 3C and for every € in the complement of C.
This condition eliminates all underlying distributions for
which any parameter is defined in an open space and the
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(complete data) maximum likelihood estimator for @ is
consistent., This assertion is proven in the theorem which
follows. See section l.l1 of this thesis for sufficient
conditiong for consistency of maximum likelihood estimators
as developed by Wald (1949).
Iheorem 1

If £(x;8) is the frequency function of the random
variable X and 8 is a q X 1 vector defined in © < Eq such

that at least one parameter, say 81» is defined in an open
space and if the maximum likelihood estimator in the strict
sense, 8,, is consistent for the true value of 8, 8, ¢ ©,
then the convex set C required in Hughes' convergence
theorem does not exist.

Proof: Assume that C is some bounded, convex set in ©
such that the likelihood function L(8) is greater at some
peoint in the interior of C than at any point on 3C or in the
complement of C for every sample (Xj, +.e) Xy). This
implies that the values of the strict maximum likelihood
estimator (there could be more than one value of this
estimator) are all in the interior of C for every sample
(X39 eeoy Xp). Suppose that the true value of 8, 85, is not
in C. Then the distance from 8, to any point in C is
greater than some ¢ > 0. Therefore Pr{|%, - 8,] > e} = 1
for every n > 0 and for any value of the strict maximum
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likelihood estimator §n' This conclusion contradicts the
assumption that the strict maximum likelihood estimator is
consistent for 8,.

One concludes from this theorem that if the parameter
space is not a closed metric space, then the conditions of
Hughes' convergence theorem cannot be satisfied by any
distribution which admits consistent maximum likelihood
estimators in the complete data case.

Therefore, the normal, exponential, Poisson, and many
other distributions do not satisfy Hughes'! sufficient
conditions which establish the convergence of the sequence
defined by steps 1-3 given previously. The failure of many
distributions to satisfy the sufficient conditions developed
by Hughes does not imply that the method is not a very useful
method of solution. There are many examples in which the

method is very good. See examples in Hughes (1962).
(iii) Extensions of Hughes' lMethod

Assume that f(x,y;8) is the density function of the
random variables X and Y defined in X x Y c E, and that 8 is
a q x 1 vector of parameters defined in &< E_. Assume that

q
the likelihood eqguations for the complete data sample,

n
3L (8) _ T 3log(flx;,y;58)) 0,
38 i=1 38
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can be solved for 8 w.ﬁ((xl,yl), ceny (xh,yh)). Assume that
the x-axis is partitioned into k, cells, I, = (ri_l,ril,
1i=1, ..., kl’ where -« = rb < rl < ,ee < rkl = @ and that
the y-axis is partitioned into k, cells, JJ n (83‘1.8313

= 1, .00y Kk where -« = <8, K 4es = o, Let
3= 1y eees Ky o < 81 Sk,

Rij e I1 x JJ‘ Then if the observations are grouped into the

cells Rij and there are nij observations recorded in Rij’

vwhere izjnid = n, the log-likelihood function for the grouped
]

data sample is:

L(8) =C + = log P, (8
2 igjnij og 13 8),

where C is not a function of @ and Py,(8) = JJ £lx,y;8)dxdy .
R
ij

The range of i is understood to be 1, ..., k, and the range

of j is understood to be 1, ..., k, unless specified

2

otherwise. I1f a quadrature formula such as Simpson's rule is

applied twice to the function Pij(g), then I; is partitioned

into v( y - 1 sub-intervals with end points X“(i), where

2‘! - l‘i“!
T6a) = Fierr T2(0) T I v B0 TR

i

and JJ is partitioned in a similar manner with YS(J) being
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the u( end points of the v(J) ~ 1 sub-intervals. The

J)

quadrature formula defines the constants aa(i) and a such

B(J)
that

a(i)?s(d)aﬁ(i)aﬁ(j) = (ri - ri-l)(sj - sj-l)’

where a(i) = 1, 2, eesy V(i) and a‘j) = 1, 2) ceey V(j)e
Then

IJ tryitianay (2 eas)3(5) Faga) Ta(g) )
13

and letting this expression be PIJ(Q) we have
L*(8) = = n,., log P* (8) + C .
1, 177 4

In the same manner described in part (i) precading,fits) =0

can be reduced to the (approximate) equation:

aL*(8) .alog(f(xu(i);fa(é)iﬁ)) -0

=3 b3 £! ,
38 T35 al1)58(4) Xa(1):Ys(3) 38 =
where
r'] “1 -
(1) Ye(g) = PaaFis D% (0)% ()T Ka(s) Ye (g5

Steps 1«3 given in part (i) are then performed.

If this method is applied to the case of a bivariate
normal distribution, then the roots of the following
equations must be obtained using steps le3 given in part (i):



i £! ,
8§ (i) Fa(z)ols) T Mx
where
byg = EX and fxa(i) - s%g)fxa(i)’xﬁ(;i)
2% 500 T "y
3 B(3) *s(y) B4
where
= EY and f{ = I £
“y o Ys(:i) a(1) Xa(1)*¥8(3)
8% )y Tan) = %0% =%
where
| E(X = ax)z = o2
i - gf
where
E(Y - My)z = O’;
Py

a 1?3 a(i)?a(;)fxa(i)-Yacg)(x“(i) - “x’(!éts) = by) = oyy

where
E(X - p ) (Y - ay) = Oy
One other case which might be considered is the sample
from a bivariate normal distribution, with the unknown
a?,
observations of the form {X e I,,Y= yidl’ J=1y eoey ny

parameters w,, ¥ and ) which consists of

y’ cg'
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k
iflni =n, and i = 1, cevy k’ where Ii = (ri..lgri] such that

- = rb < ry < see <>rk = o, The log~likelihood function for

the sampla is
L(8) = z lo Px‘ X ¢ I f I

where f(yij) is the marginal density function of Y evaluated
at yij‘ The parameter vectors are omitted in the arguments

of those functions on the right side of this equation to
avoid unnecessary, complicated notation. The log~likelihood
function can be reduced to the form:

L(8) = I log(f( + 21 £( dx .
8) 2 og(f(y 4)) 3 agi’ x|y )

Applying a quadrature formula, defining the constants aijt

J -
such that 21 ’i ri~l’ to P

tm1 136 "I flxly, Jax , let

I

ilJ

R &
Pha = &t Tty
where, as before, the xijt are the end points of ”id -1

subintervals of Ii’ when Yyy was the observed value of Y such

!‘i -Ts ..
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We obtain the equations:

= .,].:. - 2 = g2
i ’jylj ﬁ = i?j(yij 3y) 82
and
l: T ofy K=
ng,5,t Figy 1t
1 - 2 o g2
7,5 e e " 7 %
P -
B2 g Mage = e gy = B) = o
where

-1
! - AT, 2 _ a2

Steps 1-3 in part (i) must be applied to the last three of

these equations.

In this Appendix we have examined the iterative
procedure which was introduced by Hartley (1958) and further
developed by Hughes (1962). Extensions of this method were
made to accommodate grouped data samples from a bivariate
normal distribution in which either one or both variates are
grouped.

Hughes' (1962) convergence theorem treating the
convergence properties of this method of solution was studied
and was shown to have very limited application. This fact

does not mean that the method itself is of little value since
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modifications of this wethod were found to be quite useful in
Chapter II.
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MAXIMUM LIKELIHOOD ESTIMATION OF PARAMETERS
USING GROUPED DATA SAMPLES

(Jacob Van Bowen, Jr.)

Abstract

The method of maximum likelihood was employed to
estimate the parameters of the univariate normal distribution
when grouped data only are available. The term grouped data
sample was used to describe a sample in which the only
information available is that there are my observations less
than or equal to Ty i=0,1, «¢ey k and
== =T, < ry < eee < r, =« and m =n, Three cases were
considered: the variance of the underlying normal
distribution known, the mean of the underlying normal
distribution known, and the case where both parameters are
unknown. The numerical method of successive approximations
was studied and was compared to other iterative methods of
solution of the likelihood equations. Theorems which
establish the convergence of the sequence defined by the
method of successive approximations to the unique root of the
likelihood equations were developed for the first two cases.
In the case where both parameters are unknown, numerical
results indicate that a region can be ascertained in which
there can be at most one joint solution of the likelihood
equations and that, if there is a solution in this region,
then it is a point at which the likelihood function has a



relative maximum.

A search was conducted to find a sample which satisfies
the conditions insuring the existence of a joint solution of
the likelihood equations and which might provide two
solutions of the likelihood equations. No sample was found
with this property. It was concluded that, except possibly
for extremely unusual grouped data sample configurations, one
should expect only one solution of the likelihood equations
in the case of a normal distribution.

Simply computed, consistent estimators were developed
which provide good approximations to the solution of the
likelihood equations and which can be used for starting
values in any iterative method of solution.

Modifications of the method of successive approximations
were developed. These methods of solution define sequences
which are rapidly convergent, and which enable the solution
to be obtained with the use of tables of the standard normal
probability distribution function and its derivatives.

The maximum likelihood estimators obtained when both
parameters are unknown were proved to be asymptotically
efficient provided there are at least three groups, i.e.

k = 3. The theorems which were developed to establish this
property were shown to have a much wider application., Other
distributions such as the Poisson distribution and the



bivariate normal distribution were considered. Sufficient
conditions were established for a grouped data sample, from
these as well as other distributions, to provide maximum
likelihood estimators which are asymptotically efficient.
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