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A Multi-Sensor Passive Occupant Localization

Murat Ambarkutuk

(ABSTRACT)

Indoor localization has emerged as a critical technology for enhancing the func-

tionality and efficiency of smart environments. This dissertation focuses on vibro-

localization, a novel IOL methodology that determines occupant positions by an-

alyzing floor vibrations caused by footfall patterns. Unlike traditional localization

techniques that rely on visual or radio-based sensing, vibro-localization leverages

accelerometers fixed to the floor to capture vibro-measurements, offering a cost-

effective and privacy-preserving alternative. The primary objective of this research

is to address significant limitations in existing vibro-localization approaches, includ-

ing sensor imperfections, measurement uncertainty, and complex wave dynamics. To

this end, we develop comprehensive models that characterize both random and sys-

tematic errors introduced by accelerometers, integrating these models into the local-

ization framework to enhance accuracy. Furthermore, we quantify the uncertainty in

vibro-measurements and elucidate their contribution to localization errors, providing

a robust foundation for error mitigation strategies. A key contribution of this work

is the introduction of an information-theoretic Byzantine Sensor Elimination (BSE)

algorithm. This algorithm assesses the reliability of vibro-measurement vectors by

categorizing sensors into consistent and divergent subsets, thereby minimizing the



impact of external uncertainties such as reflections and dispersion. Additionally, we

propose multi-sensor vibro-localization techniques that aggregate data from multi-

ple accelerometers, enhancing robustness against individual sensor inaccuracies and

environmental variabilities. To accurately model wave propagation, this dissertation

advances parametric models that account for dispersion, attenuation, and material

inhomogeneities in the floor structure. These models facilitate precise occupant lo-

calization even with low-spectral resolution in transfer function estimates. Empirical

validation using controlled experimental data demonstrates significant improvements

in localization accuracy and precision over baseline methods, highlighting the effi-

cacy of the proposed techniques. The outcomes of this research contribute to the

development of economically feasible and ethically sound IOL technologies, broaden-

ing their applicability across various domains such as smart homes, healthcare, and

energy management. By addressing critical challenges in sensor reliability and wave

dynamics, this dissertation paves the way for more accurate, reliable, and scalable

indoor localization systems.



A Multi-Sensor Passive Occupant Localization

Murat Ambarkutuk

(GENERAL AUDIENCE ABSTRACT)

In our increasingly connected world, knowing the precise location of individuals

within indoor spaces—such as homes, offices, and hospitals—has become essential

for enhancing convenience, safety, and energy efficiency. Traditional methods for in-

door localization often rely on cameras or radio signals, which can be expensive and

raise privacy concerns. This dissertation introduces an innovative approach called

vibro-localization, which determines the position of occupants by analyzing the sub-

tle vibrations in the floor caused by their footsteps. Vibro-localization utilizes simple

and affordable sensors called accelerometers, which are placed on the floor to detect

vibrations. When a person walks, their footsteps generate unique vibration patterns

that travel through the building structure. By capturing and analyzing these pat-

terns, our system can accurately pinpoint the individual’s location without the need

for invasive cameras or constant radio signal transmissions. This method not only

reduces costs but also preserves the privacy of occupants, as it does not capture

visual or personal data. One of the main challenges in vibro-localization is ensuring

accuracy despite various sources of error. Sensors can introduce noise and inaccura-

cies, and factors like the building’s materials and layout can affect how vibrations

propagate. To overcome these challenges, this research develops sophisticated models



that account for sensor imperfections and environmental factors. By understanding

and correcting for these variables, the system can deliver precise location data even

in complex indoor environments. A significant advancement presented in this work

is the development of an algorithm that intelligently selects the most reliable sensor

data. This algorithm distinguishes between consistent measurements and those af-

fected by external disturbances, such as echoes or structural inconsistencies, ensuring

that only the highest quality data is used for localization. This not only improves

accuracy but also makes the system more robust and reliable in real-world settings.

Moreover, the dissertation explores the use of multiple sensors working together to

enhance localization performance. By combining data from several accelerometers,

the system can cross-verify measurements and reduce the impact of individual sen-

sor errors. This multi-sensor approach leads to more stable and accurate location

tracking, making the technology suitable for a wide range of applications. To validate

the effectiveness of the proposed vibro-localization techniques, extensive experiments

were conducted in controlled environments. The results demonstrated significant im-

provements in both accuracy and reliability compared to existing methods, showcas-

ing the potential of vibro-localization as a practical solution for indoor positioning

needs. The implications of this research are far-reaching. In smart homes, vibro-

localization can enable automated lighting and climate control based on occupant

presence, enhancing energy efficiency and comfort. In healthcare settings, it can

assist in monitoring patient movements, ensuring safety and improving care. Addi-

tionally, in emergency situations, accurate indoor localization can facilitate quicker

and more efficient evacuations. In summary, this dissertation presents a ground-



breaking approach to indoor localization that is cost-effective, privacy-preserving,

and highly accurate. By leveraging floor vibrations and advanced sensor data pro-

cessing techniques, vibro-localization offers a viable alternative to traditional meth-

ods, with broad applications that can significantly enhance the functionality and

safety of indoor environments. This research not only addresses current limitations

in indoor localization technology but also paves the way for future innovations in

smart building systems and occupant-aware technologies.
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Chapter 1

Introduction

Target localization refers to determining the position of a specific entity or an object,

or commonly known as Target of Interest (ToI) in a fixed space. In the context of

Indoor Occupant Localization (IOL), the ToIs are the occupants and the space is

the indoor environment, such as a building or room. By employing an IOL tech-

nology, an interface between the occupants and the building is established [12, 61].

This interface can be used in numerous applications, such as energy management by

adjusting heating or cooling based on occupancy [14, 30, 56], ensuring safety dur-

ing emergency evacuations, monitoring patient movements in healthcare settings, or

enhancing personalized experiences in smart homes.

However, there are also significant concerns related to IOL such as privacy, cost and

accuracy to name a few. The primary among these is the issue of privacy. As occu-

pants are continuously tracked, there is a risk of misuse of this data or unauthorized

malicious access, potentially revealing sensitive information about an individual’s

habits, routines, or health conditions. Additionally, there may be discomfort among

users in being constantly monitored, leading to feelings of surveillance.

The choice of sensing methodology employed in an indoor localization also plays a

1
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pivotal role in the prospect of the localization outcomes. Visual sensing modality, for

example, have gained popularity in the realm of IOL due to their accuracy and ability

to provide rich contextual information. However, these systems often come with an

exceptionally high cost. The main reason for this drawback is that the cameras

are limited by their Field-of-View (FoV); thus, many of them need to be deployed to

cover the localization space. This not only increases the initial investment for setting

up such systems but can also inflate the ongoing maintenance and upgrade costs.

Figure 1.1 illustrates a comparison between different sensing modalities frequently

employed in occupant localization systems. Overall, such sensor modalities fall under

two sensing schemes: active and passive. The latter relies on the measurements

of the ambient space to deduce the occupant location by tracking the changes in

the localization space. Therefore, these techniques do not rely on special beacons,

known features, etc to track across the localization space. For instance, visual,

acoustic and vibration sensing are generally examples of passive schemes. On the

other hand, the active schemes require occupants to carry a special feature that

can be recognized by the localization system. In other words, the detection and

localization of the occupant often conducted by tracking such known features in

the space. Therefore, active perception schemes tend to yield more accurate and

precise estimations about the occupant’s location. Motion Capture (MOCAP) is an

example of such localization systems where the occupants carry special reflecting

markers and the localization space is illuminated with special sources that emit light

modulated at a specific frequency. The occupants are localized by tracking the

reflections with multiple cameras tuned to detect only the modulated light. The use
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of such knowledge manifets itself as increased localization accuracy and precision.

Privacy Protection

Cost EfficiencyPrecision

Accuracy

Temporal Resolution Spatial Resolution

Visual Sensing (Passive)
Vibration Sensing (Passive)
MOCAP (Active)
Sought

Figure 1.1: A visual comparison of three popular sensing schemes used in occupant
localization.

This document provides a deep look into existing IOL techniques and proposes a

new approach that does not require expensive sensors and infringe upon occupants’

privacies. Aiming to make IOL both economically feasible and ethically sound, our

approach seeks to democratize access to localization technologies, ensuring a broader

spectrum of applications without compromising individual rights.

This dissertation proposal serves as a comprehensive blueprint for the forthcoming
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research on IOL. It encapsulates the work carried out thus far, laying a solid founda-

tion for the scholarly discourse. The primary goal of this document is to provide the

research trajectory, detailing the methodological approaches, theoretical frameworks,

and empirical inquiries undertaken. Furthermore, this proposal aims to provide a

clear roadmap for what lies ahead, outlining the steps that will lead to the culmina-

tion of a dissertation. By presenting both the groundwork already established and

the tentative future directions, this proposal seeks to offer a holistic view of the re-

search activities, ensuring clarity, coherence, and rigor in the pursuit of the insights

into IOL.

1.1 Literature Review

Structural vibration-based occupant localization is a perception methodology where

occupants’ locations in an indoor environment are determined by analyzing the floor

vibrations due to their footfall patterns. Specifically, these methods employ the

measurements of accelerometers that are fixed to the floor. Henceforth, the terms

vibro-localization and vibro-measurements will refer to such localization techniques

and the measurements used in these techniques, respectively. Vibro-localization

techniques facilitate a myriad of applications ranging from smart home monitoring

and event classification [16, 35, 59] to human gait assessment [18, 24, 32, 33] and

occupant identification and tracking [23, 26, 31, 51, 53].

Energy-based vibro-localization techniques utilize the energy that is inherent in

vibro-measurements as a localization feature because the signal energy serves as a
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consistent metric for gauging the magnitude of the vibro-measurements [6, 19, 39, 57].

Specifically, higher signal amplitudes result in larger energy values registered by the

sensors, and vice versa. By employing this notion, energy-based vibro-localization

techniques characterize the relationship between the signal energy and the length

of the propagation path. Therefore, these techniques offer a simplified approach to

occupant localization, thereby reducing the need for exhaustive signal analysis. In

this study, the terms signal energy, power, intensity, and strength are used inter-

changeably despite their nuanced differences.

Dispersion is a natural phenomenon where different frequency components of struc-

tural waves propagate at different velocities in the medium, i.e., the floor. This phe-

nomenon has been seen as one of the major contributors to localization errors; hence,

substantial scholarly endeavors have been directed toward examining the floor’s dis-

persive attributes on localization outcomes. These researchers have mitigated the

dispersive effects inherent in the floor by isolating narrow frequency bands. These

bands, derived via Continuous Wavelet Transformation, remain unaffected by dis-

persion [15, 34, 43, 54]. Kwon and Agha [34], for instance, presented a successful

human activity recognition system utilizing floor vibro-measurements. Their tech-

nique employed a feature extraction step based on wavelet packet decomposition

coupled with statistical measures to capture the unique characteristics of different

activities. The empirical findings emphasized the efficacy of the proposed technique

in the precise identification of diverse human activities. Racic et al. [54] presented

a technique for the detection and classification of human activities via floor vibra-

tions. They employed an approach involving a combination of wavelet-based feature
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extraction and a support vector machine classifier to accurately identify different

activities, demonstrating the potential of floor vibro-measurements for activity mon-

itoring and recognition in smart environments. Such narrowband filtering essentially

compromises the spatial resolution of the localization technique in hand; this chal-

lenge, especially in the context of radio-localization, has been discussed in detail (for

instance, [28]).

The Warped Frequency Transformation technique has been also utilized to discern

the dispersion curve, to mitigate perturbations attributed to dispersion [38, 58].

There exist system-theoretic techniques that characterize the dynamic behavior of

the floor via transfer function estimation [17, 40, 48]. Additionally, the Green’s

function has been employed to account for wave reflections and its dispersion [49].

Despite their precision in empirical analyses, these techniques exhibit limitations in

their capacity to generalize the complex material properties and boundary conditions

inherent in floors.

On the other hand, Bahroun et al. [10] presented their work formalizing the group

velocities, i.e., a major component of signal energy, as a function of propagation

path distance. These promising results paved the way for the model-based tech-

niques which tend to explain the wave phenomena from the data. Alajlouni et al.

[5], for instance, showed their hypothesis of an energy-decay model (energy logarith-

mically decays with propagation distance) as a localization model. In their work,

Pai et al. [50] analyzed whether a relationship exists between the occupant’s footfall

patterns and the measured signal characteristics in an empirical case study. In light

of their work, the authors assert that there is no evidence of a monotonic relationship



1.2. LIMITATIONS OF THE PREVIOUS LITERATURE 7

between the amplitude or kurtosis of the measured signal and the propagation dis-

tance. Parametric energy-decay models highlight the exciting potential for further

improvement [3, 4, 55, 60].

Along with parametric decay models, Poston et al. [52], in an alternative attempt,

moved the localization frameworks to a probabilistic framework by modeling the

probability of detection and false alarm. Alajlouni et al. [3] took a similar approach

to localize the occupant by maximizing the sensor likelihood functions given the hy-

pothesis of the sensor’s time domain measurements and the energy-decay model pro-

posed in their earlier work. Wu et al. [60] propose G-Fall, a device-free fall detection

system based on floor vibrations collected by geophone sensors. Their system utilizes

Hidden Markov Models (HMMs) and an energy-based vibro-localization technique,

achieving precise and user-independent fall detection with a significant reduction in

false alarm rates.

1.2 Limitations of the Previous Literature

One of the inherent challenges limiting the ability and success of vibro-localization

techniques is that these techniques are single-shot estimators: each heel-strike and its

corresponding vibro-measurement vector are unique; hence, repeated measurements

for a single step are not easily attainable. Therefore, most of the common estimation

frameworks cannot be directly employed in such localization systems. This chal-

lenge brings about the following limitations in the landscape of vibro-localization

techniques:
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C1. Sensor Imperfections: Accelerometers are not ideal and tend to introduce

random and systematic errors in the vibro-measurement vector during signal

acquisition. These sensor imperfections were not thoroughly characterized in

existing literature, hindering a complete understanding of localization errors

unless these errors are explicitly identified and integrated into vibro-localization

frameworks.

C2. Uncertainty in Measurement Errors: The contribution of measurement

errors to localization errors remains unclear. Specifically, sensing errors in

vibro-measurements have yet to be directly linked to localization inaccuracies.

Accounting for errors in the vibro-measurement vector is imperative for the

success of localization techniques.

C3. Information Reliability Assessment: Beyond measurement imperfections,

numerous uncertainty sources such as reflections and dispersion affect the reli-

ability of energy-based vibro-localization techniques. To mitigate the adverse

effects of unreliable sensor information, a metric is needed to assess the relia-

bility of each vibro-measurement vector at any given time.

C4. Non-Ideal Sensor Characteristics: Measurement uncertainty significantly

contributes to localization error. For example, assuming a normal distribution

of signal energy measurements, as done by [3], may not hold in real-world

settings due to the complex nature of wave propagation. This can result in

gradient-based solvers failing to converge to the global optimum, leading to

suboptimal localization outcomes.
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C5. Complex Wave Dynamics: Wave propagation is influenced by factors like

dispersion, attenuation, and material inhomogeneities. Simplistic assumptions,

such as a constant wave speed [36, 37, 44] or wave speed solely dependent on

propagation distance [10], fail to capture the intricate dynamics, potentially

causing errors in localization accuracy.

C6. Variability in Footsteps: Ground reaction forces generated by footsteps vary

based on individual gait characteristics, including step length, step width, and

walking speed. This variability can introduce errors in localization results, as

techniques may not accurately account for the unique features of each individ-

ual’s footsteps.

C7. Unknown Forcing Functions: Accurate estimation of the force shape gen-

erated by occupants’ footsteps is challenging due to dependencies on gait char-

acteristics, floor material properties, and wave frequency. Inaccurate force

estimation can lead to errors in modeling wave propagation, thereby affecting

localization accuracy [17, 41, 42].

C8. Rapid Propagation Relative to Sampling Rates: Footsteps generate fast

and repetitive signals, resulting in insufficient samples to capture wave charac-

teristics effectively at reasonable sampling rates. This leads to low spectral res-

olution in transfer function estimates, as seen in approaches like [41]. Limited

frequency resolution combined with measurement uncertainty can significantly

degrade the accuracy of localization results.
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1.3 Summary of the Contributions

This manuscript presents energy- and Time-Difference-of-Arrival (TDoA)-based vibro-

localization techniques that address sensor imperfections and their effects on local-

ization results. The proposed techniques employ a family of accelerometers placed

on a floor to generate multiple vibro-measurement vectors across several steps. One

of the proposed techniques incorporates two corrective steps during localization: (i)

comprehensive uncertainty quantification to minimize internal errors during signal

acquisition in the vibro-measurement vectors; and (ii) an information-theoretic BSE

algorithm to mitigate external uncertainty sources such as reflections and dispersion.

The following points summarize the contributions of this work:

C1. Advancing Single- and Multi-Sensor Vibro-Localization (Addresses Lim-

itations L1, L2 and Challenges 1): Chapter 2 provides a detailed study on un-

certainties in energy-based vibro-localization techniques, covering both single-

sensor and multi-sensor scenarios. This bridges a gap in existing research,

which predominantly focuses on multi-sensor systems.

C2. Analytical and Numerical Analysis of Localization Error (Addresses

Limitation L2): Chapter 2 employs theoretical methods (via PDF transforma-

tion theorem) and numerical techniques (Taylor Series expansion on the mean

localization error with Law of the Unconscious Statistician (LOTUS)) to esti-

mate the mean localization error, considering factors such as sensor noise and

signal-to-noise ratio (SNR).
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C3. Comprehensive Uncertainty Quantification in Vibro-Localization (Ad-

dresses Limitations L1, L2): The proposed vibro-localization technique in

Chapter 3 utilizes an explicit error model for each sensor, enabling complete

uncertainty quantification and minimizing localization errors due to measure-

ment imperfections [8].

C4. Information-Theoretic BSE Algorithm for Reliability Assessment (Ad-

dresses Limitation L3): Chapter 3 introduces a BSE algorithm that catego-

rizes sensors into consistent and divergent subsets using a greedy information-

theoretic approach. This algorithm ensures a locally-optimal subset of sensors

to minimize localization errors.

C5. Multi-Sensor Perception for Robust Localization (Addresses Challenge

1): We propose a multi-sensor technique that aggregates information from

multiple sensors without assuming a normal distribution in signal energy mea-

surements. Averaging during signature estimation enhances robustness to real-

world complexities and variabilities.

C6. Enhanced Wave Propagation Modeling (Addresses Challenges 2, 3, and

4): We introduce a model-based approach that accurately captures disper-

sive and attenuative properties of structural vibration waves, focusing on key

parameters such as wave speed and attenuation coefficient. This approach

improves localization accuracy by avoiding oversimplifications inherent in pre-

vious models.

C7. Parametric Approach to Modeling Physical Properties (Addresses Chal-
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lenge 5): We develop a piecewise constant velocity profile to model dispersion

mechanisms, allowing occupant location estimation even with low-spectral res-

olution in transfer function estimates. Calibration of the vibro-localizer in-

volves fitting the transfer function to measured waveforms by estimating wave

velocity and attenuation coefficients.

C8. Empirical Validation of Proposed Techniques (Addresses Limitations

L1–L3): We validate the proposed techniques using data from previously con-

ducted controlled experiments [8], demonstrating significant improvements over

baseline approaches [1] in terms of both accuracy and precision.

C9. Quantification of Empirical Precision and Accuracy (Addresses Limita-

tion L3): Utilizing results from the empirical validation study, we quantify the

empirical correlation between precision and accuracy achieved with the pro-

posed vibro-localization technique. These correlation metrics provide deeper

insights into the technique’s performance and potential failure modes.

1.4 Outline

This proposal is organized into distinct chapters, each addressing essential aspects

of indoor localization and the innovative use of sensor networks to measure floor

vibrations. Below is the overall outline of the proposal:

• Chapter 1: Introduction This chapter sets the stage by outlining the pri-

mary challenges associated with localization in indoor environments. It estab-
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lishes the significance of the research, its relevance in the current technological

landscape, and introduces the reader to the broader context and objectives of

the study.

• Chapter 2: Quantification of Measurement Uncertainity

This chapter presents an in-depth examination of a unique vibro-localization

technique. Emphasis is placed on its stochastic nature, the role of multi-

sensor integration, and the novel concept of Byzantine sensor elimination. The

methodology, experimental setup, results, and discussions pertaining to this

technique are elaborated upon.

• Chapter 3: A Multi-Sensor Stochastic Energy-based Vibro-localization

Technique with Byzantine Sensor Elimination

This chapter presents an in-depth examination of a unique vibro-localization

technique. Emphasis is placed on its stochastic nature, the role of multi-

sensor integration, and the novel concept of Byzantine sensor elimination. The

methodology, experimental setup, results, and discussions pertaining to this

technique are elaborated upon.

• Chapter 4: Modeling and Analysis of Dispersive Propagation of

Structural Waves for Vibro-Localization

This chapter introduces a new technique that models the dispersive propaga-

tion of structural waves in the context of vibro-localization. The methodology,

experimental setup, results, and discussions pertaining to this technique are

elaborated upon.
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• Chapter 5: Conclusions and Future Work

This chapter provides our conclusions and future work based on the findings

and insights gained from the research. It also outlines the potential directions

for future research and the implications of the proposed techniques in the

broader context of indoor localization.



Chapter 2

Energy-based Vibro-Localization

Technique with Single Sensor

As motivated in the previous chapter, the uncertainty of vibro-measurements holds

a significant role in the success of vibro-localization techniques. Prior work has

attempted various methods to quantify and remedy the effects of errors contained

in vibro-measurement vectors. There exist approaches attempting to remedy these

errors in the vibro-localization context by employing Kalman filtering framework [2],

Maximum Likelihood Estimation (MLE) [11], or sensor elimination methods [45] to

minimize as small information as possible. While these frameworks multiple sensors

to be employed to remedy the effects of error in vibro-measurement vectors, there

is limited effort in the quantification of the vibro-localization errors when a single

sensor is employed.

15
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2.1 Introduction

In this chapter, we study the localization outcomes of an energy-based vibro-localization

technique in which sensor disturbances of a single sensor such as sensor bias and noise

govern the uncertainty of the location estimations. In order to study these errors, we

employ different statistical methods to quantify the bounds of the mean and PDF

of the vibro-localization errors.

Portions of the content covered in this chapter have been previously presented in [9].

This work has laid the groundwork for further research, particularly in the context of

exploring the uncertainties inherent in localization estimations using accelerometer

data. Building upon these foundational insights, the current dissertation extends

the scope by delving deeper into the uncertainty of energy-based vibro-localization

techniques, especially when dealing with a multi-sensor setup. The methodologies

and findings from [9] have been instrumental in shaping the research approach and

analysis presented in this chapter.

2.1.1 Summary of the Contributions

This chapter makes several key contributions to the field of vibro-localization, par-

ticularly in the context of single-sensor setups:

• Comprehensive Methodological Framework: Development and imple-

mentation of a rigorous statistical framework to quantify and analyze the er-

rors in vibro-localization. This includes a novel approach to model sensor
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measurement imperfections and their impact on localization accuracy.

• Analytical and Numerical Analysis of Localization Error: The chap-

ter employs both theoretical and numerical methods to estimate the mean

localization error, considering factors like sensor noise and signal-to-noise ratio

(SNR).

• Practical Insights for Vibro-Localization Systems: The findings offer

practical insights for the design and improvement of vibro-localization systems,

highlighting the critical role of sensor noise and SNR in achieving accurate

localization.

These contributions are expected to provide a foundation for future research in the

field, particularly in enhancing the accuracy and reliability of vibro-localization sys-

tems in practical applications.

2.1.2 Outline

This chapter focuses on the uncertainties in single-sensor energy-based vibro-localization

techniques. The structure of the chapter is as follows:

1. Section 2.1 introduces the context and significance of vibro-measurement un-

certainties in vibro-localization, reviewing prior work and establishing the main

focus of the chapter.
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2. Section 2.2 lays the foundational definitions for the study, including localiza-

tion space, sensor measurements, and the concept of vibro-measurement vector

energy.

3. Section 2.3 presents the methodology for quantifying and analyzing errors in

single-sensor vibro-localization, including the development of the Parametric

Energy Decay Model and the derivation of the PDF of localization error.

4. Section 2.4 conducts a parametric study to examine the impact of sensor noise

and SNR on localization accuracy, employing theoretical and empirical analy-

ses.

5. Section 2.5 summarizes the key findings, emphasizing the influence of sensor

noise and SNR on vibro-localization accuracy and the effectiveness of the ap-

plied analytical methods.

2.2 Problem Definition

In this study, we consider a single sensor energy-based vibro-localization technique

to localize an occupant in an indoor environment. This localization technique can

be considered as an elemental building-block for much larger vibro-localization tech-

niques. Therefore, understanding the error characteristics of such localization tech-

niques will reveal how to improve complex vibro-localization techniques.

To formally state the localization problem in hand, we put forward a set of definitions

such the localization space, sensor’s measurement ability, etc. The localization space
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S is a bounded area in a building which contains both the occupant and sensor.

Definition 2.1 (Occupant and Localization Space S). Localization space S is a

closed subset of a building which contains a sensor tracking a dynamic occupant. In

other words, the localization space S is a set of points that an occupant can reside,

and is defined with respect to the sensor.

An occupant within the context of this study refers to a dynamic and non-evasive

target residing in the localization space S. The dynamic nature of the occupant

implies movement or potential for movement within the confines of S, and the term

“non-evasive” denotes that the occupant’s behavior is not intentionally altering to

avoid detection or localization. The occupant’s presence and movement are key fac-

tors influencing the sensor measurements, and thus, they are critical to the accuracy

and effectiveness of the vibro-localization technique.

With the definition of localization space S, we can define an event with which the

occupant is localized.

Definition 2.2 (Event: Footstep). An event, specifically a footstep, is character-

ized as a distinct occurrence within the localization space S that can be identified

by sensor measurements. The localization events are phenomena that results some

changes in the localization space S. Within a set of time-steps K = {1, . . . , nk}, a

footstep event is represented by a unique pattern in the sensor data that corresponds

to the physical act of an occupant taking a step.

The measured data often exhibit a sharp, impact-like waveform, akin to a blip on

a Sound Navigation and Ranging (SONAR) screen. This waveform is characterized
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by a sudden onset that overcomes the ambient noise, followed by a rapid decay that

diminishes quickly below the surrounding ambient noise. This pattern is discernible

from other ambient sensor readings due to its distinctive signal characteristics, which

include amplitude, duration, and frequency. The identification and analysis of these

footsteps are crucial for the precise localization of the occupant within S. Considering

each event results in unique perturbations and a set of sensors observing them in the

ambient space, our task is to distinguish ToI from the background and provide an

estimated location vector x̂ corresponding to it.

In this study, the measurements of a single accelerometer are used to localize the

occupant. In order to derive the localization problem, we put forward a model for

the sensor measurements as given in Definition 2.3.

Definition 2.3 (Sensor Measurement). Let ẑ[k] ∈ R be the time-domain measure-

ment the sensor obtained at time step k, then we can define measurement vector ẑ

can be defined as:

ẑ = ẑ [∀k ∈ K] = (ẑ[1], . . . , ẑ[nk])
⊤ ∈ Rnk . (2.1)

Without loss of generality, we model sensor imperfections ζ as the sum of a constant

sensor bias δ ∈ R and random measurement error vector ν = (ν[1], . . . , ν[nk])
⊤ ∈

Rnk . Hence, the full signal model can be represented as shown in Equation (2.2).

ẑ = z+ ζ = z+ ν + δ . (2.2)
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Given these definitions, we can define the signal energy with which the occupant

localization is derived. In this study, we employ the energy of the measured vibro-

measurement vector as the localization feature. The formal definition of the local-

ization feature is given in Definition 2.4.

Definition 2.4 (Energy of Vibro-measurement Vector). Energy of a random mea-

surement vector can be obtained by employing Rayleigh’s Energy Theorem, given

in Proposition A.1, on the random vibro-measurement vectors ẑ. The energy of a

vibro-measurement vector is formally given below,

ê = ‖ẑ‖22 = ẑ⊤ẑ =

nk∑
k=1

ẑ[k]2 . (2.3)

Because we model vibro-measurements as random vectors, the energy representation

of the measurement vector is also random as shown below.

ê = e+ ε , (2.4)

where e = ‖z‖22 and ε represent the energy of the true signal and error in energy

representation.

By using the definition of the energy of vibro-measurement vectors, we can now

formally define a localization function that determines the occupant location x̂ from

the energy e of the measurement vector z.
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Definition 2.5 (Energy-based Vibro-localization Function h(e; ·)). Without loss of

generality, we provide an abstract definition of a localization function that maps the

energy of an vibro-measurement vector to a location vector. The equation below

represent this localization function in terms of the distance d and the directionality θ

defined between the sensor and the occupant. In other words, when the true energy

e is known, the localization function h(e; ·) should yield the true location x.

x = h(e; ·) = d


cos θ

sin θ

 . (2.5)

By using the same representation, we can derive the estimated location vector x̂ from

the energy ê of a noisy and bias drifted vibro-measurement ẑ vector as shown below,

x̂ = h(ê; ·) = d̂


cos θ̂

sin θ̂

 . (2.6)

Given the definition of the estimated and true location vectors, i.e., x̂ and x, we can

now define a vector representing the localization error. A successful vibro-localization

technique should minimize all statistical moments of this error vector when repeated

measurements are done.

Definition 2.6 (Localization Error). The localization error χ ∈ R2 can be defined
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as:

χ = x− x̂ . (2.7)

Hence, the magnitude of the estimation error can then be represented as the norm

of the difference between the estimated and the true location as,

‖χ‖ = ‖x− x̂‖ . (2.8)

Figure 2.1 provides a graphical representation of the defined terminology.

Localization Space S

Occupant
Est. Error

Estimation

Sensor

θ θ̂

x̂ x

χ

Figure 2.1: This figure graphically demonstrates the terminology defined in this
chapter. As can be seen in the figure, the localization function h(ê; ·) provides an
estimated location vector x̂ when the true occupant location is x.

Definition 2.7 (Accuracy and Precision). The statistical properties of localization

error χ define the accuracy and precision of a vibro-localization system. Accuracy

is a measure of how close the estimated localizations are to the true values, typically

represented by the mean of the error vector, µχ. A smaller mean error indicates

higher accuracy, as it implies that on average, the estimations are closer to the true

location. Precision, on the other hand, refers to the consistency of the estimations,
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often quantified by the covariance matrix Σχ. The covariance provides a measure

of the spread of the localization errors around the mean. A smaller covariance im-

plies higher precision, indicating that the estimations are more consistently clustered

around the mean, regardless of whether that mean is close to the true value. Thus,

µχ and Σχ are directly related to the accuracy and precision of the localization

system, respectively.

2.3 Method

In this chapter, we delve into the methodological aspects of quantifying and analyzing

the errors inherent in single-sensor energy-based vibro-localization. Our approach

is grounded in a rigorous statistical framework, aimed at comprehensively under-

standing and mitigating the uncertainties that impact vibro-localization accuracy.

We focus on the energy of the vibro-measurement vector and its error characteris-

tics, recognizing that these form the crux of the localization process. Through this

methodology, we aim to strengthen the reliability and precision of vibro-localization

techniques in practical applications.

In this work, we operate under a set of assumptions to streamline our analysis.

Firstly, we consider the error in directionality to be negligible, with the difference

|θ− θ̂| approximating zero. Regarding the measurement errors, we model the random

measurement error ν[k] as independent and identically distributed (iid) realizations

of a normally distributed random variable ν ∼ N
(
0, σ2

ζ

)
with zero mean and stan-

dard deviation σζ ∈ R+. Additionally, we ensure that the number of samples nk is
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sufficiently large, specifically nk ≥ 20, to ensure reliable statistical analysis. For the

sake of brevity, we assume in this chapter that the energy e of the true signal z is

known.

Lemma 2.1. If random measurement error ν[k] ∼ N
(
0, σ2

ζ

)
and iid, then signal

energy is approximately normally distributed.

Proof. In light of the assumptions above, the error in the calculated energy can be

stated as,

ε = ê− e =
n∑

k=1

ẑ[k]2 −
n∑

k=1

z[k]2 (2.9a)

=
n∑

k=1

ẑ[k]2 − z[k]2 =
n∑

k=1

(z[k] + ν[k] + δ)2 − z[k]2 ∼ N
(
µε, σ

2
ε

)
(2.9b)

where µε = n (δ2 + σ2
ν) + 2δ

∑
z[k], σε = 2nσ2

ν (2δ
2 + σ2

ν + 2e) and N (µ, σ2) denotes

the PDF of the Normal distribution with the mean µ and standard deviation σ.

Therefore, the density of the error in the signal energy can be derived as shown

below,

ε ∼ fε (ε) = N
(
µε, σ

2
ε

)
=

1

σε

√
2π

exp
(
−1

2

(
ε− µε

σε

)2
)

. (2.10)

In light of this derivation, the expected error in the calculated energy is a function

of the number of samples in the signal n, bias δ and the standard deviation of the

random errors σζ .

A pivotal aspect of our methodology involves the Parametric Energy Decay Model, a
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crucial tool in understanding the dynamics of energy decay in vibro-localization. This

model encapsulates the relationship between the energy of vibro-measurements and

the corresponding spatial parameters. Specifically, it characterizes how the energy

of a vibro-measurement vector decays with respect to distance, thereby providing a

fundamental link between the measurable energy and the occupant’s location. The

model is defined mathematically as follows:

Definition 2.8 (Parametric Energy Decay Model). The Parametric Energy Decay

Model is an analytical tool used to describe the relationship between the energy of

vibro-measurement vectors and the distance to the source of the vibration. This

model is crucial for understanding how energy dissipates over space, which directly

impacts the localization accuracy in vibro-localization systems. The model is defined

with two key parameters, β and e∗, where β (a negative real number) represents the

rate of energy decay and e∗ (a positive real number) signifies a reference energy level.

The distance d to the vibration source is a function of the measured energy e, given

by:

d = g(e; β, e∗) =
1

β
log e

e∗
. (2.11)

Similarly, the estimated distance d̂ is derived from the estimated energy ê, following

the same functional form:

d̂ = g(ê; β, e∗) =
1

β
log ê

e∗
. (2.12)

The role of θ, the direction angle of the occupant relative to the accelerometer, is also

critical in the context of localizing the source. By applying these formulations to the
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established localization function (Equation (2.5)), we can quantify the magnitude of

the localization error in terms of energy measurement errors. This is represented as

the norm of the vector χ, which quantifies the difference between the estimated and

actual location:

‖χ‖ = ∆ε (ε; β) = −
1

β
log
(
ê

e

)
= − 1

β
log
(
e+ ε

e

)
= − 1

β
log
(
1 +

ε

e

)
. (2.13)

2.3.1 PDF of the Localization Error

PDF transformation theorem allows us to derive the PDF of a function of random

variable when the function is invertible. Formal definition of this theorem is given

in Proposition A.4.

By employing normed localization error ‖χ‖ from the PDF of the calculated energy

errors, we have:

f∥χ∥ (‖χ‖) = fε
(
∆−1

ε (‖χ‖)
) ∣∣∣∣ ∂

∂ ‖χ‖
∆−1

ε (‖χ‖)
∣∣∣∣ (2.14a)

= −βe exp (β ‖χ‖)fε (e exp (β ‖χ‖)− e) (2.14b)

where ∆−1
ε (‖χ‖) = e exp (β ‖χ‖)− e and | ∂

∂∥χ∥∆
−1
ε (·)| = −βe exp (−β ‖χ‖). Finally
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putting everything together, we derive PDF of localization error:

⇒ f∥χ∥ (‖χ‖) = −
βe exp (β ‖χ‖)

σε

√
2π

exp
(
−(e exp (β ‖χ‖)− e− µε)

2

2σ2
ε

)
. (2.15)

Remark 2.1. Equation (2.15) implies that f∥χ∥ (‖χ‖) follows a normal distribution

iff the error function ∆ε is linear.

With the calculated PDF derived in Equation (2.15), we can derive the mean and

the variance of the normed error term as:

µ∥χ∥ = E [‖χ‖] =
∫ ∞

0

‖χ‖ f∥χ∥ (‖χ‖) d ‖χ‖ (2.16)

and

σ2
∥χ∥ = Var [‖χ‖] = E

[
‖χ‖2

]
=

∫ ∞

0

‖χ‖2 f∥χ∥ (‖χ‖) d ‖χ‖ (2.17)

As can be seen in the equations above, the closed form solution for the mean and vari-

ance is computationally challenging due to the complexity of the integrals involved.

In order to tackle this problem, we employ an numerical method that enables us to

calculate the moments of the normed localization error from the PDF of the energy

error fε (ε) and error function ∆ε(ε).
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2.3.2 First Statistical Moment of Localization Error

In order to derive the first moment, i.e., the mean, of the localization error, LOTUS

is employed. LOTUS is a theorem used to calculate the expectation of a function of

random variable with its own PDF. Hence, we can state the mean as given by,

µ∥χ∥ = E [∆ε(ε)] =

∫
∆ε(ε) fε (ε) dε . (2.18)

Furthermore, we employ Taylor expansion to the error function ∆ε(ε) around µε

e
to

analytically obtain the value of the integral given in Equation (2.18).

∆ε(ε) ≈ ∆̂ε(ε) =
1

β

(
− log

(µε

e
+ 1
)
+

∞∑
k=1

(−1)k

k (e+ µε)
k
(ε− µε)

k

)
(2.19)

This analytical approach is as given by,

µ∥χ∥ ≈ µ̂∥χ∥ =

∫
∆̂ε(ε) f(ε) dε ,

where ∆̂ε(ε) is approximated using its Taylor series expansion around µε. Expanding

the error function ∆̂ε(ε), we obtain,

≈
∫
− 1

β

(
log
(µε

e
+ 1
)
−

∞∑
k=1

(−1)k

k (1 + µε)
k
(ε− µε)

k

)
f(ε) dε .
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Further we split the integral into two parts: one involving the 0th approximation and

the other involving the higher orders,

= − 1

β

∫
log
(µε

e
+ 1
)
f(ε) dε+

1

β

∫ ∞∑
k=1

(−1)k

k (e+ µε)
k
(ε− µε)

k f(ε) dε .

The first integral evaluates to the logarithmic term times the integral of the probabil-

ity density function over all space, and the second integral is expanded term-by-term,

= − 1

β
log
(µε

e
+ 1
)∫

f(ε) dε+
1

β

∞∑
k=1

∫
(−1)k

k (e+ µε)
k
(ε− µε)

k f(ε) dε .

Each term in the series is integrated separately, and these integrals correspond to

the central moments of the distribution of ε.

= − 1

β
log
(µε

e
+ 1
)
+

1

β

∞∑
k=1

∫
(−1)k

k (e+ µε)
k
(ε− µε)

k f(ε) dε

The series is expressed in terms of the central moments, denoted as αk.

= − 1

β
log
(µε

e
+ 1
)
+

1

β

∞∑
k=1

(−1)k

k (e+ µε)
k

∫
(ε− µε)

k f(ε) dε

Finally, using the definition of αk for even and odd terms, the expression is simplified

to its final form.

= − 1

β
log
(µε

e
+ 1
)
+

1

β

∞∑
k=1

(−1)k αk

k (e+ µε)
k
,
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where α2k = (2k − 1)!!σ2k
ε and α2k+1 = 0; therefore,

µ∥χ∥ ≈ µ̂∥χ∥ = −
1

β
log
(µε

e
+ 1
)
+

1

2β

∞∑
k=1

(−1)2k (2k − 1)!!σ2k
ε

k (e+ µε)
2k e2k

. (2.20)

Remark 2.2. As can be seen in Equation (2.20), the mean vibro-localization error

is zero, iff µε = σε = 0.

2.4 Parametric Study and Results

This section presents a parametric study of the single-sensor energy-based vibro-

localization technique. The study focuses on the impact of sensor noise and Signal-

to-noise Ratio (SNR) on the localization accuracy. The methodological approach

combines theoretical and empirical analyses, primarily using a Taylor series approx-

imation and numerical integration.

The localization error was analytically estimated by expanding the error function

∆ε(ε) using a Taylor series. This approach allowed for an approximate calculation

of the mean localization error across different orders of approximation. The study

varied key parameters like the SNR and the standard deviation of the sensor noise

σε to observe their effects on the localization accuracy.

The results, illustrated in Figure 2.2, show the percent error in mean localization

estimation across different SNR values (-5 dB, 0 dB, and 5 dB) and varying σε (1,

3, and 5). The Taylor series approximation was considered up to the 4th order. The



32 CHAPTER 2. SINGLE SENSOR VIBRO-LOCALIZATION OF SINGLE STEPS

findings indicate that:

• Higher SNR values generally result in lower percent errors, highlighting the

significance of SNR in vibro-localization accuracy.

• Increasing σε leads to higher percent errors, demonstrating the sensitivity of

the localization process to sensor noise.

• The accuracy of the Taylor series approximation improves with higher orders,

as evidenced by the decrease in percent error.

The parametric study underscores the importance of considering sensor noise charac-

teristics and SNR in designing and deploying vibro-localization systems. The Taylor

series approximation provides a useful tool for estimating the mean localization er-

ror, especially in scenarios where exact analytical solutions are challenging to derive.

Even with smaller approximation order (k ≤ 5), the proposed numeracial approach

was able to identify the localization error.

2.5 Conclusions

This chapter explored the uncertainties in single-sensor energy-based vibro-localization

techniques. The study revealed:

• Both sensor noise and SNR significantly affect the accuracy of vibro-localization.

Higher SNR and lower sensor noise improve localization precision.
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Figure 2.2: This figure illustrates the percent error in the mean localization estima-
tion across varying signal-to-noise ratio (SNR) levels of -5 dB, 0 dB, and 5 dB, and
different standard deviations of sensor noise σε values of 1, 3, and 5. The analysis
is conducted using a Taylor series approximation up to the 4th order. The results
depict the sensitivity of vibro-localization accuracy to both SNR and sensor noise,
highlighting the reduction in percent error with increasing SNR and decreasing sen-
sor noise. The improvement in approximation accuracy with higher-order Taylor
series expansions is also evident.

• The use of a Taylor series approximation for the mean localization error is

effective, especially for higher-order expansions.

• Localization errors seldom follow a normal distribution.

• The mean localization error is never zero if the vibro-measurement vectors

contain inherent errors.

The following chapter explores the multi-sensor setups in which a sensor fusion tech-

nique was employed to combine the localization results of each sensor to compensate

for the limitations identified in single-sensor systems with empirical studies.



Chapter 3

Energy-based Vibro-Localization

Technique with Multiple Sensors

3.1 Introduction

In this chapter, we consider a multi-sensor energy-based vibro-localization technique

to localize an occupant in an indoor environment. This localization technique can

be considered as extension of the single-sensor vibro-localization technique presented

in the earlier chapter. As shown in the earlier chapter, the mean localization error

µ∥χ∥ is a function of both mean µε and standard deviation σε of the energy estima-

tions. We, furthermore, showed the mean localization error µ∥χ∥ can minimized by

minimizing µε and σε.

The dynamics of accelerometers are known to be affected by many internal and

external factors in their employment such as changes in temperature, humidity, etc.

In our framework, these changes manifest themselves in the mean µε and standard

deviation σε of energy error estimates. Hence, they are are seldom zero. In other

words, even calibrated sensors are not ideal.

34
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In light of the observations so far, it is imperative for a vibro-localization system to

employ multiple sensors at the same time to capture multiple observations of the same

phenomenon, i.e., the footstep, in attempt to reduce the localization errors. This

chapter describes the a multi-sensor vibro-localization technique that has employs

a multi-objective loss function in the localization framework to minimize two types

of localization errors: (i) internal errors accounting for measurement errors and (ii)

external errors accounting for floor dispersion and other propagation-related errors.

The methods, experiments, and other relevant information presented in this chap-

ter has already been through the peer-review process and resulted in the journal

paper [8].

3.1.1 Baseline Study and Overview of the Fundamental Dif-

ferences

In this subsection, we present a comprehensive comparison between the established

baseline in vibro-localization, as outlined by Alajlouni and Tarazaga [1], and the

proposed technique [8]. The fundamental differences between these two methodolo-

gies are summarized in Table 3.1. The comparison encompasses the key elements of

vibro-localization, including the type of localization features measured, the known

parameters assumed in both techniques, the calibrated parameters used during offline

processing, and the final output produced during online processing. This compar-

ative analysis aims to highlight the enhancements and novel contributions of the

proposed technique.
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Baseline Technique [1] Proposed Technique

Localization Feature
(Measured)

Energy Measurements
e1, . . . , em

Energy Measurements
e1, . . . , em

Known Parameters
(A priori)

Sensor locations
t1, . . . , tm

Sensor locations
t1, . . . , tm

Calibrated Parameters
(Offline Processing)

None Sensor noise profile: µζ , σζ

Calibration vectors β1, . . . ,βm

Output
(Online Processing)

Location estimate: x̂
Location estimate: x∗

Consensus set: C and
its distribution: fC (x)

Table 3.1: Comparative Overview of Baseline and Proposed Vibro-localization Tech-
niques. This table illustrates the key differences in localization features, known and
calibrated parameters, and output between the Baseline Technique as per Alajlouni
and Tarazaga [1] and the proposed technique [8].

In contrast, our study builds upon and extends this model by considering non-linear

factors that may affect the energy-distance relationship. These factors could include

environmental characteristics and multi-path effects, which cannot be accounted for

in a purely linear model.

To emphasize the contributions of this study, it is essential to contrast our ap-

proach with the closest related work, as encapsulated in [3]. While [3] initiates the

exploration of the problem space by deriving PDFs of the energy of acquired vibro-

measurement vectors, it does so with the simplifying assumption of neglecting the

cross-terms as they are zero mean random variables. Our work diverges fundamen-

tally at this juncture, where we incorporate all terms in our derivation. This inclusion

introduces a more comprehensive model that acknowledges the potential influence

of cross-terms.

Further diverging from [3], we abandon the assumption that energy measurements ei
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are independent and identically distributed. This work demonstrates, through Proof

1 and Corollary 1, that the ei’s are, in fact, sampled from distinct distributions

for each sensor. We substantiate this claim by providing the PDFs and the first two

statistical moments for these distributions. This nuanced understanding of the energy

measurements’ distribution is pivotal to enhancing the accuracy of vibro-localization

techniques, thereby marking a significant stride forward from the state-of-the-art.

3.1.2 Summary of the Contributions

This paper presents an energy-based vibro-localization technique that addresses the

sensor imperfections and their effects on the localization results. The proposed tech-

nique employs a family of accelerometers placed on a floor to generate multiple

vibro-measurement vectors about the same step. Furthermore, the proposed tech-

nique employs two corrective steps in the localization time: (i) a comprehensive un-

certainty quantification to minimize the effect of the internal errors occurring during

the signal acquisition time present in the vibro-measurement vectors; and, (ii) an

information-theoretic BSE algorithm to address the external sources of uncertainty

such as reflections and dispersion. The following points summarize the proposed

technique’s contributions.

• Vibro-localization Technique with Comprehensive Uncertainty Quan-

tification (Addressing Limitations 1 and 2): The proposed vibro-localization

technique employs an explicit error model for each sensor. Therefore, a com-

plete uncertainty quantification on the localization errors due to the measure-
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ment errors can be minimized with our technique.

• Information-Theoretic BSE Algorithm (Addressing Limitation 3): The

paper introduces a BSE algorithm. The proposed BSE algorithm divides the

sensors into two distinct subsets: the ones that show some consistency amongst

them, and the ones which are divergent in nature. By leveraging a greedy

information-theoretic approach, it decides whether a sensor should be placed

in the former set, or vice versa. This algorithm guarantees a locally-optimal

subset of the sensors in minimizing the localization errors.

• Empirical Validation (Addressing Limitations 1–3): Data from a previously

conducted controlled experiments were employed to validate and benchmark

the proposed technique. The results demonstrated significant improvements

over the baseline [1] approach in terms of both accuracy and precision.

• Quantification of the Empirical Precision and Accuracy (Addressing

Limitation 3): This paper employs the results of the empirical validation study

to quantify an empirical correlation between precision and accuracy achieved

with the proposed vibro-localization technique. By employing such correlation

metrics, we gain better insights about the technique’s performance and failures.

3.1.3 Outline

This chapter focuses on the uncertainties in multi-sensor energy-based vibro-localization

techniques. The structure of the chapter is as follows:



3.1. INTRODUCTION 39

1. Section 3.1 introduces the context and significance of employing multiple sen-

sors in vibro-localization, building upon the single-sensor technique explored

in the previous chapter. This section lays the groundwork for understanding

the need for multi-sensor setups to improve localization accuracy and mitigate

uncertainties.

2. Section 3.2 defines the multi-sensor localization problem, including the math-

ematical formulation of sensor measurements and the representation of local-

ization space. This section also introduces the concept of energy-based vibro-

localization for multiple sensors and establishes the necessary theoretical foun-

dations.

3. Section 3.3 elaborates on the methodology for quantifying and analyzing er-

rors in multi-sensor vibro-localization. It discusses the parametric energy decay

model for multiple sensors, the formulation of joint probability density func-

tions (PDFs), and the sensor fusion technique. The section also introduces the

Byzantine Sensor Elimination (BSE) algorithm, which is crucial for filtering

out misleading sensor data.

4. Section 3.4 details the experimental setup used to validate and benchmark the

proposed multi-sensor vibro-localization technique. This includes the descrip-

tion of the test environment, sensor configuration, data collection process, and

the specific steps involved in implementing the proposed method.

5. Section 3.5 presents the results and findings from the experimental validation.

It includes statistical analysis of localization errors, comparisons with baseline
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techniques, and insights into the performance of the proposed method under

various scenarios and sensor configurations.

6. Section 3.6 summarizes the key findings of the chapter, discusses the implica-

tions of the proposed multi-sensor vibro-localization technique, and suggests

potential directions for future research in the field of vibro-localization.

This outline provides a structured overview of the chapter, guiding the reader through

the development and evaluation of the multi-sensor energy-based vibro-localization

technique.

3.2 Problem Definition

In this study we consider a localization problem where m number of sensors are

employed in the occupant localization. Let M ≜ {1, . . . ,m} be the index set of all

the sensors and sensor i ∈ M be located at ti in a rectangular localization space

S. Consider a localization problem where ith sensor’s measurements are employed to

estimate location vector xi ∈ R2 when the occupant is actually located at x ∈ R2.

This sensor layout is illustrated in as depicted in Figure 3.1.

Definition 3.1 (Measurement of Sensor i). Let ẑi[k] ∈ R be the time-domain mea-

surement the sensor obtained at time step k, then we can a define measurement vector

ẑi concerning the measurements of sensor i during the time steps k ∈ K = {1, . . . , nk}
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Figure 3.1: This figure visualizes some key variables frequently used in the paper.
The blue and red box represent sensor i and sensor j which reside at ti and tj, re-
spectively. When an occupant excites the floor with their footstep which is occured
at xtrue, m accelerometers first estimate ∀di ∈ {1, . . . ,m}. Therefore, the estimated
location vector of the occupant location by sensor i can be seen as the vector sum-
mation of its location vector ti and the estimated di for some θi.

can be defined as:

ẑi = ẑi [∀k ∈ K] = (ẑi[1], . . . , ẑi[nk])
⊤ ∈ Rnk and ∀ i ∈M. (3.1)

Following the similar definitions, we model imperfections of sensor ith ζi as the

sum of a constant sensor bias δi ∈ R and random measurement error vector νi =

(νi[1], . . . , νi[nk])
⊤ ∈ Rnk . Hence, the full signal model can be represented as shown

in Equation (3.2).

ẑi = zi + ζi = zi + νi + δi . (3.2)

Definition 3.2 (Measured Signal Energy ei and Error in Signal Energy εi). We

follow the same definition presented in Definition 2.4. The added subscript in the



42 CHAPTER 3. MULTI-SENSOR VIBRO-LOCALIZATION OF SINGLE STEPS

notation of measured energy, êi, true energy ei, and error in the energy, εi, denote

to which sensor these variables correspond. This relationship is formally stated as,

êi = ei + εi, ∀ i ∈M . (3.3)

By using the definition of the energy of vibro-measurement vectors, we can now

formally define a localization function that determines the occupant location x̂i from

the energy ei of the measurement vector zi.

Definition 3.3 (Energy-based Vibro-localization Function h(e; ·)). We follow the

same definition presented in Definition 2.5. Please notice the added subscript i to

the defined variables.

We provide an abstract definition of a localization function that maps the energy of

an vibro-measurement vector to a location vector. The equation below represent this

localization function in terms of the distance di = ‖x− ti‖ and the directionality θi

defined between the sensor i and the occupant.

In other words, when the true energy e is known, the localization function h(ei; ·)

should yield the true location x.

xi = h(ei; ·) = ti + di


cos θi

sin θi

 . (3.4)

By using the same representation, we can derive the estimated location vector x̂ from
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the energy ê of a noisy and bias drifted vibro-measurement ẑ vector as shown below,

x̂i = h(êi; ·) = ti + d̂


cos θ̂i

sin θ̂i

 . (3.5)

Given the definition of the estimated and true location vectors, i.e., x̂i and x, we can

now define a vector representing the localization error. A successful vibro-localization

technique should minimize all statistical moments of this error vector when repeated

measurements are done.

Definition 3.4 (Localization Error). The localization error χi ∈ R2 can be defined

as:

χi = x− x̂i . (3.6)

3.3 Method

In this work, we operate under a set of assumptions to streamline our analysis.

Firstly, we consider the directionality θi is modeled as a random variable that is

distributed uniformly between [0, 2 ∗ π), implying complete lack of knowledge about

it. Regarding the measurement errors, we model the random measurement error ν[k]

as independent and identically distributed (iid) realizations of a normally distributed

random variable ν ∼ N
(
0, σ2

ζ

)
with zero mean and standard deviation σζ ∈ R+.

Additionally, we ensure that the number of samples nk is sufficiently large, specifically
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nk ≥ 20, to ensure reliable statistical analysis.

In this work, the parametric energy decay model gi(·) is assumed to be a monoton-

ically decreasing function for some positive energy measurement ei ∈ R+; therefore,

it is bijective and its inverse exists.

By employing the PDF transformation theorem to obtain the PDF of the estimated

location vector x̂i as shown in Equation (3.7).

⇒ fXi
(xi; etrue,i,βi) =

∣∣∣∂g−1
i

∂xi
(‖xi − ti‖ ;βi)

∣∣∣
‖xi − ti‖σE(2π)

3
2

exp
[
−
(
g−1
i (‖xi − ti‖)− µE

)2
2σ2

E

]
(3.7)

Equation (3.7) shows the PDFs fXi
(·) assign a probability value for an occupant

located at vector xi given the inverse of the parametric decay function g(·) and sensor

location ti. Notice the term in the denominator, i.e., ‖xi − ti‖, in Equation (3.7)

resulting in an inverse relationship between the probability values and the distance

between the sensor and the impact location.

3.3.1 Sensor Fusion

Given the PDFs fXi
(xi; etrue,i,βi) for all sensors indexed by i ∈ M, we aim to

find a joint-PDF that represents the collective localization outcome using the vibro-

measurements of m sensors. As all the sensors are independent of each other, we can

represent the joint-PDF as given below:
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fX1,...,Xm (x1, . . . ,xm; etrue,1, . . . , etrue,m,β1, . . . ,βm) =
m∏
i=1

fXi
(xi; etrue,i,βi) . (3.8)

Let κi =
etrue,i
ei

be an independent variable denoting the ratio between the unknown

true energy etrue,i and measured signal energy ei. Notice that ei = etrue,i + ϵi; thus,

κi = 1 +∆ for small ∆. Given this definition, we can reparameterize the joint-PDF

which forms the basis for the sensor fusion algorithm used in this paper,

fX1,...,Xm (x1, . . . ,xm;κ1, . . . , κm,β1, . . . ,βm) =
m∏
i=1

fXi
(xi;κi,βi) . (3.9)

3.3.2 Byzantine Sensor Elimination

Byzantine sensors, as illustrated in Figure 3.2, are those that provide misleading

or incorrect data, often deviating from the true value or introducing conflicting in-

formation into a sensor network. In the figure, sensors A and B are examples of

informative sensors (shown in image (a) and (b)) while C and D are instances of

Byzantine sensors (image (c) and (d)). The PDFs of the Byzantine sensors have a

sharp peak indicating high precision, but they show offsets from the true value, re-

vealing their low accuracy. When such a sensor’s data is fused with data from other

sensors, it can significantly distort the resulting joint likelihood, leading to erroneous

conclusions or alternative hypotheses about the occupant’s location.

The second row of the figure provides insights into the effects of fusing data from a
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(a) Sensor A: Informative Case(b) Sensor B: Informative Case(c) Sensor C: Byzantine Case(d) Sensor D: Byzantine Case

(e) Sensor A + Sensor B (f) Sensor A + Sensor C (g) Sensor B + Sensor C (h) Sensor C + Sensor D

Figure 3.2: The figure displays eight labeled images (a) to (h) in two rows. The
first row depicts individual sensor PDFs: (a) Sensor A with a sharp peak for high
precision, (b) Sensor B with a broader curve for accuracy and lower precision, (c)
Sensor C, a Byzantine sensor with an offset sharp peak, and (d) Sensor D with a
flat curve indicating low accuracy and precision. The second row illustrates fusion
results: (e) a unimodal curve from sensors A and B showing enhanced precision, (f) a
uniform distribution from sensors A and C indicating discord, (g) an offset peak from
sensors B and C suggesting an alternative location hypothesis, and (h) a bimodal
distribution from sensors C and D with peaks deviating from the true value. The
figure highlights the challenges of fusing data from diverse sensors, especially with
Byzantine influences.

Byzantine sensor with informative ones. For instance, image (f) showcases the fusion

result of an informative Sensor A with the Byzantine Sensor C. The resulting uniform

distribution across the localization space highlights the lack of consensus between

the two, emphasizing the detrimental impact of the Byzantine sensor on the fusion

process. Similarly, image (g) depicts the fusion of Sensor B with Sensor C, producing

an offset peak that suggests an alternative hypothesis about the occupant’s location.
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To ensure the reliability of a sensor network, it’s crucial to identify and eliminate such

Byzantine influences. By observing the fusion results and identifying distributions

that deviate from expected patterns or the true value, one can iteratively pinpoint

and remove Byzantine sensors, enhancing the overall accuracy and trustworthiness

of the network.

In a vibro-localization systems, there exist many factors that can easily render a

sensor as Byzantine. For instance, the parametric energy decay model assumes the

wavefronts detected by an accelerometer travel the direct path from the step location

to the sensor observing the vibration phenomenon. However, this assumption seldom

holds for indoor environment as the wavefronts may be reflected by various objects

or boundaries that exists in the environment. To address and circumvent these

undesired scenarios, we introduce an algorithm that identifies a consensus-forming

subset of sensors within M to counteract the influence of Byzantine sensors.

During the initialization phase of the information-theoretic BSE algorithm, a compre-

hensive computation is carried out to determine all conceivable pairwise joint-PDFs

and their corresponding entropies. Subsequently, an initial consensus set is estab-

lished using the sensor pair (i, j) that produces the maximum entropy after fusion

from a distinct pair of the index set M. Formally, this set is expressed as:

C =
{
i, j | argmax

i,j
E
[
− log fxi,xj

(x)
]}

. (3.10)

The joint-PDF encapsulating the existing consensus at any point in time, denoted
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as fC (x), is derived as follows:

fC (x) ≜
∏
∀i∈C

fXi
(x;κi,βi) (3.11)

Throughout each iterative phase, a candidate sensor, denoted as k (which is distinct

from the pair (i, j)), is selected from the setM. This sensor undergoes an evaluation

against the prevailing consensus set C, achieved by fusing its PDF with the consensus

PDF fC(x). A subsequent determination is predicated upon the entropy, or more

precisely, the surprisal of the resulting hypothesis in with respect to the current

consensus. Should the integration of sensor k not attenuate the joint-PDF to a

uniform distribution (as exemplified in case (f) in Figure 3.2) or not decrease the

average entropy, it is incorporated into the consensus set. Otherwise, sensor k is

classified as Byzantine. Finally, the above procedure undergoes an iterative repetition

with varying vectors of κ = (κ1, . . . , κm)
⊤. This iteration progresses in the direction

of the gradient of the fC(x) calculated with respect to κ vector. The process persists

until a local maxima in the entropy landscape, corresponding to a (possibly locally-

)optimal consensus, is identified. The proposed BSE algorithm, coupled with the

vibro-localization technique, is outlined in Algorithm 3.1.

In the initialization phase of the proposed algorithm, the consensus set C is con-

structed by selecting the pair of sensors (i, j) whose fused PDF exhibits the maxi-

mum entropy hi,j. This approach is deliberately chosen to preserve a diverse set of

hypotheses regarding the target location. By maximizing the entropy at this stage,

the algorithm ensures that it does not prematurely discard potential valid hypothe-
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Algorithm 3.1 Vibro-localization using the Information-Theoretic BSE Algorithm
1: procedure BSE(f,M,S)
2: h∗ ← −∞
3: for all (i, j) ∈M×M, i 6= j do ▷ Initialization of the consensus set
4: hi,j ← ENTROPY(FUSE(fxi

, fxj
),S)

5: if hi,j ≥ h∗ then
6: h∗, C ← hi,j, {i, j}
7: end if
8: end for
9: for all i ∈M \ C do ▷ Attempt to expand the consensus set

10: hi ← ENTROPY(FUSE(fC, fxi
),S)

11: if hi ≤ h∗ then
12: h∗, C ← hi, C ∪ {i}
13: end if
14: end for
15: return C
16: end procedure
17: κ← 1m×1

18: while ‖∇κ‖ ≤ thr do ▷ Gradient Descent
19: κ+ = ∇κ ▷ Update κ in the gradient direction
20: fx1 , . . . , fxm ← DENSITY-PROJECTION(e1, . . . , em,κ)
21: C ← BSE(fx1 , . . . , fxm ,M,S)
22: fC ← FUSE(fxi

∀i ∈ C)
23: x∗ = argmaxx∈S fC(x)
24: end while

ses that could be crucial for accurate localization. This is particularly important

in environments where the presence of Byzantine sensors—sensors that may provide

misleading or false information—is a concern. Maximizing entropy mitigates the risk

of the initial consensus being overly influenced by such sensors, as they might pro-

duce similar deceptive densities that could dominate the consensus if entropy were

minimized.

Subsequently, the algorithm attempts to expand the consensus set by incorporating
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additional sensors k ∈ M \ C that contribute meaningful information. A sensor is

included in the consensus set only if its fusion with the current consensus PDF fC(x)

results in a decrease in entropy, i.e., hi ≤ h∗. This criterion ensures that any new

sensor added to the consensus set provides information that refines and enhances

the existing hypothesis about the target location without introducing significant un-

certainty. By progressively incorporating sensors that reduce entropy, the algorithm

balances the need to maintain a comprehensive set of hypotheses while incrementally

improving the precision of the localization. This iterative process continues until a

local maximum in the entropy landscape is reached, corresponding to an optimal or

near-optimal consensus that effectively mitigates the influence of Byzantine sensors.

At an initial glance, readers might find similarities between the algorithm above

and the RANSAC algorithm [27], an acronym for Random Sample Consensus; how-

ever, they are fundamentally distinct. RANSAC is an algorithm employed in fields

such as computer vision and computational geometry to robustly estimate model

parameters, even in the presence of outliers. In contrast, the information-theoretic

BSE algorithm is tailored for sensor networks to counteract Byzantine sensors using

information-theoretic strategies. While both algorithms seek to establish reliability

(or robustness) and consensus (or agreement) within datasets, their approaches, and

primary use cases are notably distinct. A side-by-side comparison of their character-

istics is presented in Table 3.2.
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RANSAC Mirshekari et al. [45] Information-
theoretic BSE

Primary Use Estimating parameters
of mathematical models
in the presence of out-
liers, predominantly in
computer vision.

Elimination of far-away
sensors in an adap-
tive multilateration
technique of a vibro-
localization system.

Elimination of Byzan-
tine sensors in sensor
networks of vibro-
localization systems
by using information
theory.

Methodology Works by randomly
selecting subsets of data
and identifying the
model with the highest
consensus.

Identifying distant
sensors in TDoA esti-
mations to avoid bias
in multilateration algo-
rithm.

Derives a consensus
among sensors based on
entropies of likelihoods
to emphasizes robust-
ness against malicious
sensors.

Input Type Points Time-domain measure-
ments

PDFs

Table 3.2: Comparison between RANSAC, [45], and Information-theoretic BSE al-
gorithm

3.4 Experiments

The proposed technique’s effectiveness and performance were assessed through a

series of controlled experiments, the details of which are outlined in this section.

3.4.1 Experimental Setup

To evaluate our vibro-localization approach, we employed the empirical data from a

set of controlled experiments in a corridor situated on the 4th floor of Goodwin Hall,

an operational building on Virginia Tech’s campus. In these experiments, two partic-

ipants traversed a pre-defined 16-meter path. Figure 3.3 represents the step locations
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constituting the traversed path—represented with green circles (◦)—as well as the

sensor locations—represented with black squares (■)—overlayed. We derived our

reference points from these investigations and utilized identical experimental data as

in [1] and [3]. The corridor’s concrete floor housed the sensors, which were attached

to uniform steel mounts welded to the flanges of the structural I-beams beneath.

In this study, the experimental testbed utilized is embedded within the structural

framework of the building. Due to this integration, a photograph of the testbed would

not substantially add to the understanding of the setup, as it predominantly features

standard structural components of the building. The crucial aspects of our setup are

its configuration and the placement of sensors and equipment, which are more effec-

tively conveyed through the schematic representation provided in Figure 3.3. Eleven

PCB Piezotronics model 352B accelerometers, detecting dynamic out-of-plane accel-

eration within the frequency range of (2, 10000) Hz and with an average sensitivity

of 1000 millivolts per g (where g = 9.8m/s2), recorded the structural vibrations.

These devices captured data from 162 steps taken by each participant, amounting

to a total of 324 steps. The data collection was facilitated by VTI Instruments

EMX-4250 digital signal analyzer cards, connected to the accelerometers via coaxial

cables and equipped with anti-aliasing filters and a high-precision 24-bit Analog-to-

Digital-Converter. The accelerometer data was sampled at a rate of 1024 Hz. For

a comprehensive insight into the experimental design, readers are directed to the

foundational study [1].
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Figure 3.3: This figure demonstrates the test-bed used in the controlled experiments.
The green circles represent the unique step locations while the black squares mark
the sensor locations used in the experiments.

Data and Model Validity: The preliminary study gathered vibration data during

low-activity periods, ensuring minimal movement in the vicinity of the instrumented

corridor. The data revealed that the sensors’ noise profiles were normally distributed

with zero mean and consistent variance. Thus, the signal model in Equation (3.2)

aptly represents the vibration measurements. Given this observation, we confidently

state that the energy-related random variables, represented as ei for i ∈ M, align

with the experimental findings.

Signal Detection Problem: A primary distinction exists between our implemen-

tation of the baseline and the original work presented in their publication [1]: the

signal detection algorithm. The baseline study, in its methodology, adopted a tight-

window approach. This approach was characterized by the identification of the first

time instance that the signal breaks the SNR envelope and the peak of the signal.

In this study, on the other hand, we used a stochastic signal detection algorithm de-

note the time steps which the signal magnitude breaks the noise floor and eventually

dissipates below the noise floor. To contrast our method, the detection algorithm
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employed in this study took a more flexible stance: instead of strictly searching for

the time instance we signal peaks, our algorithm was designed to be more lenient.

It permitted ”silent” periods, which are intervals without significant signal activity,

both before and after the vibration. This choice of algorithm led to a notable dif-

ference in the signal energy values when compared to the baseline study. Figure 3.4

graphically demonstrates the difference between the signal detection algorithm em-

ployed by the baseline and the proposed technique with an impulse response curve

of an underdamped second-order system. The black line represents the elements of

the “noisy” vibro-measurement vector. The dashed red and green lines represent the

results of the baseline and proposed detection algorithm, respectively. This distinc-

tion in approach not only highlights the variability in signal processing techniques

but also underscores the potential impact of these choices on the final results and

interpretations.

Figure 3.4: This figure demonstrates the differences between signal (step) detection
algorithms employed by the baseline and proposed techniques. The black line (—)
represents the noisy measurements of a second-order system. The green dashed line
(— -) represents the proposed “relaxed” detection results employed in this study. On
the other hand, the red dashed line (— -) represents the signal detection algorithm
employed by the baseline study.
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3.4.2 Implementation

In the course of our data processing, we discretized the localization space S. This

discretization was achieved by segmenting it into a total of 270,000 grid cells, specif-

ically arranged in a 300 × 900 configuration. By evaluating the PDFs only at the

center of each grid cell, we avoided the intricate surface integrals and achieved greater

computational efficiency.

The calibration vectors βi are obtained in an offline processing step, where the signal

energy and their known distance measurements are used to fit the parametric decay

models denoted as gi(ei). These measurements can be easily obtained by exciting

the floor, for instance, by hitting it with a hammer, at known locations within the

localization space. This process facilitates the accurate calibration of the system by

correlating the known physical impacts at specific points with the resulting signal

characteristics. In this work, we only used the first 27 steps of a Occupant-1’s data

to obtain these calibration vectors for all sensors.

In the online processing, when a footstep detection is made, the signal energy of the

vibration measurements are used to minimize the log-transformed loss function Equa-

tion (3.11) by adjusting the value of vector κ = (κ1, . . . , κm)
⊤ in the direction of its

gradient. Consequently, information-theoretic BSE algorithm was employed each

iteration of gradient descent to discard Byzantine sensors. The steps of gradient

descent is repeated until the algorithm converges a solution and forms a consensus

among the sensor

To evaluate the proposed technique, we employed a combinatorial study to analyze
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the effect of the number of sensors used on the localization metrics. Specifically,

we employed all the possible combinations of m = {2, . . . , 11} with the given sensor

configuration in the experimental data. This yields ncases =
∑11

i=2

(
11
i

)
= 2036.00

number of cases to evaluate for each step and occupant. In other words, each step is

reevaluated 2036.00 times, yielding 329,832.00 (2036.00 × 162) data points for each

occupant. Therefore, in our analysis, we are able to provide different defining statis-

tical characteristics of the localization error. This approach also enables us to remedy

various uncertainty sources such as the effects of sensor placement, and differences

in propagation paths while enriching the results independent of the individual sensor

performance.

3.5 Results

This section presents the empirical outcomes derived from our proposed vibro-localization

technique. These empirical results benchmark the efficacy of our approach in terms

of accuracy, and precision. By analyzing these findings in detail, we aim to provide a

deeper look into the technique’s performance under various conditions and scenarios.

In Figure 3.5, three representative sets (out of 659,664.00 cases) of outcomes are

depicted, each corresponding to a different number of sensors (m = 2, 6, 11) employed

for the localization of identical step data for two occupants. The left column presents

results for the first occupant, while the right column pertains to the second occupant.

Sensor locations within this figure are marked by square markers (■), and sensors

deemed non-Byzantine by the algorithm are highlighted with circular markers (◦).
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(a) An illustrative result of the 1st occu-
pant’s data.

(b) An illustrative result of the 2nd occu-
pant’s data.

Figure 3.5: Localization outcomes for two distinct occupants using varying sensor
counts (m = 2, 6, 11). The left column represents the first occupant’s result set and
the right, the second occupant’s result set. Square markers indicate sensor locations,
circles denote non-Byzantine sensors, while green pluses and red crosses symbolize the
ground truth and estimated locations, respectively. Errors for configurations (a) to
(e) show progressive refinement with increased sensors, highlighting the algorithm’s
adaptability and precision.

The green plus (+) and red cross (×) markers respectively represent the ground truth

xtrue and the estimated location vector x∗. In the scenarios labeled (a) for the first

occupant and (b) for the second, utilizing two sensors, the norm of localization errors

are 1.39 and 1.18 meters, respectively. Both sensors are considered as the consensus

set due to the lack of alternative sensor choices. As the sensor count increases to

six, as shown in labels (c) for the first occupant and (d) for the second, the observed

errors were 1.39 for the first occupant and 1.17 meters for the second occupant.
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However, the first occupant’s results do not show significant improvement with the

additional sensors. In these cases, the initial sensors were adaptively substituted with

new sensors for consensus. With a further increase to eleven sensors, as indicated

in labels (e) and (f), the localization errors reduce to 0.30 centimeters for the first

occupant and 54.40 centimeters for the second, both accompanied by an updated

consensus set.

To evaluate the influence of sensor count on localization outcomes, especially in

terms of accuracy and precision, the quantile function, represented as x = Q(p), of

the localization error was plotted against the number of sensors, as illustrated in

Figures 3.6 and 3.7. This function yields the error value x for a given probability

p, satisfying the condition P (X ≤ x) = p. In essence, it serves as the inverse of the

CDF for the random variable x. For clarity, Q(0.5) corresponds to the median of the

localization error across varying sensor counts.

In Figure 3.6, the quartiles of sample localization errors—the first (25th percentile),

second (50th percentile or median), and third (75th percentile)—are plotted against

the number of sensors available in the localization system. In other words, the

number of sensors listed in the figure represents the sensor count before the proposed

BSE algorithm eliminates a subset from the sensor pool. The data for the first and

second occupants are differentiated by red and black colors, respectively. For the

first occupant, the solid (–), dashed (– -), and dotted (· ·) red lines represent the

respective quartiles of the localization error. For the second occupant, the solid (–),

dashed (– -), and dotted (· ·) black lines serve the same purpose. The figure indicates

a reduction in localization error with an increasing number of sensors. This trend is
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consistent across all quartiles. Notably, as more sensors are introduced, the disparity

between the first and third quartiles diminishes, highlighting enhanced accuracy in

both optimal and suboptimal conditions.

Figure 3.6: Quartile analysis of sample localization errors against the number of
sensors before the proposed BSE algorithm was employed. The plot showcases a
consistent reduction in errors across all quartiles with an increasing number of sen-
sors, highlighting improved consistency in both best- and worst-case scenarios.

As it is evident in Table 3.5, a consistent trend across both occupants and all quar-

tiles were seen: as the number of sensors increases, the localization error (measured

in all metrics) decreases. For instance, the median error for the first occupant de-

creases from 2.45 with two sensors to 1.79 meters with eleven sensors in the proposed

technique (see Table 3.5). Similarly, for the second occupant, it reduces from 2.39

to 1.61 meters for the same number of sensors. The standard deviation, representing

the error variability, also shows a steady decrease, an evidence of a growth in con-

sistency, as more sensors are employed. This reduction in error and variability is a

clear indication of enhanced accuracy and reliability in the localization process.

Figure 3.7 presents the precision of the entire localization system in terms of entropy,

or the surprisal, encoded in the joint-PDFs. Akin to the previous figure, the data
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for the first and second occupants are differentiated by red and black colors, and

the same styling is used to represent the same quartiles. The figure distinctly shows

a decrease in uncertainty as the number of sensors grows. This trend is consistent

across all quartiles. Significantly, with the addition of more sensors, the gap between

the first and third quartiles narrows, indicating enhanced precision in both best- and

worst-case scenarios.

Figure 3.7: Entropy-based precision of the localization system for varying sensor
counts. Red and black lines differentiate data for the first and second occupants.
The figure underscores reduced uncertainty with more sensors, highlighting enhanced
precision across all quartiles.

Figure 3.8 synthesizes the insights derived from Figure 3.6 and Figure 3.7, demon-

strating a discernible correlation between accuracy and precision metrics obtained

with the proposed localization technique. The figure demonstrates that enhance-

ments in precision are parallel with improvements in accuracy. This trend can be

observed for both of the occupants even with different numbers of sensors used in

the localization system. This trend, as can be seen in the figure, can be described

as quasi-linear curves where the range of the lines differs with the number of sensors

used in the technique. Also, it can be seen in the figure that sub-meter localization
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accuracy is viable even with two sensors if the sensors yield a certain level of mea-

surement precision. On the other hand, for the higher number of sensors, this goal

is more attainable as their curves span more in the sub-meter region. Furthermore,

note that the magnitude of the improvement in accuracy with the improved precision

differs for different numbers of sensors employed in the system. In other words, more

desirable results become prominent when more sensors are used.

Figure 3.8: This figure shows a Quantile-Quantile plot between the precision and
accuracy metrics observed in the experimental data. The figure provides evidence
for the correlation between precision and accuracy for varying numbers of sensors.

The empirical-PDFs and empirical-CDFs are non-parametric tools employed to an-

alyze the distribution of data points in a sample without assuming an inherent dis-

tribution. The empirical-PDFs provide a histogram-like representation, highlighting

the relative frequencies of various data values, while the empirical-CDFs capture

the cumulative probability for each value. Figure 3.9 depicts the empirical-PDF,

represented with solid lines, and CDF, represented with dashed lines, of the normed

localization error derived from location estimates for both occupants’ data. The plots

on the left and right represent these curves of the first and second occupants’ data,
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respectively. The solid blue and brown curves represent the empirical-PDF of the

proposed and baseline techniques while the dashed curves represent the empirical-

CDF. As can be seen in the figures the proposed technique shows relatively higher

accumulations in lower regions in the error axis than the baseline suggesting the

error characteristics of the proposed technique will more likely fall on the smaller

regions than the baseline. Another way to present this observation is through the

empirical-CDFs. For instance, a major takeaway from the empirical-CDF curves is

that 80% of the errors of the proposed and baseline techniques are equal or less than

2.29 and 3.10 meters for both occupants, respectively.

Figure 3.9: Empirical-PDFs and CDFs of normed localization errors derived from
location estimates for both occupants. Solid lines represent the empirical-PDFs,
with blue and brown indicating the proposed and baseline techniques, respectively.
Dashed lines depict the empirical-CDFs. The plots demonstrate that the proposed
technique generally results in lower localization errors compared to the baseline.

Table 3.5 tabulates the overall landscape of resulting error characteristics of the

proposed technique and the baseline by providing a statistical analysis comparing

the performance of two localization methods. Various descriptive statistical metrics

such as mean, standard deviation, median, root mean square (RMS), minimum, and

maximum values, all expressed in meters, are presented. The results span varying
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numbers of sensors, from 2 to 11, and are differentiated for two distinct occupants.

For the first occupant, the proposed method consistently outperforms the baseline

across all metrics. The weighted average mean localization error for the proposed

method is 1.58 meters, a notable improvement from the baseline’s 2.31 meters. Sim-

ilarly, for the second occupant, the proposed method achieves a weighted average

mean error of 1.48 meters, significantly lower than the baseline’s 2.28 meters. Also,

one interesting finding from this result set is that the proposed localization technique

can achieve sub-meter localization accuracy and precision when enough sensors are

employed (cf. Std. Dev. of Occupant-1 and 2 with 10 and 11 sensors; cf. median

localization error of Occupant-2 with 11 sensors). This table underlines the enhanced

accuracy and precision of the proposed vibro-localization technique over the baseline

for various sensor configurations and both occupants.

In Figures 3.10 and 3.11, we analyze the relationship between average sensor dis-

tance and localization error for two scenarios: considering all sensors and after BSE

algorithm is applied. We used regression analysis to understand error behavior, with

the slope indicating error increase as occupants move farther from sensors. Correla-

tion between error and sensor distance assesses technique effectiveness in removing

systemic errors from the localization technique. Ideal localization technique should

minimize these slope and correlation. Table 3.3 compares our results with [45].
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Figure 3.10: The error characteristics of the proposed method as a function of average
sensor distance when all sensors were considered.

Figure 3.11: The error characteristics of the proposed method as a function of average
sensor distance when a subset of the sensors were considered.

3.6 Conclusions

In this study, we proposed a novel vibro-localization technique that can address

two types of uncertainty sources: (i) uncertainties due to sensor imperfections, and

(ii) uncertainties due to complexities of wave propagation. To achieve minimum

localization errors, the proposed technique coupled with an information-theoretic

BSE algorithm employs an uncertainty quantification on the error contributions of

to the sensors. By doing so, the proposed technique minimizes the effect of the errors

present in the vibro-measurement technique as well as other sources of uncertainties

mentioned above.
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Work presented in [45] Proposed
Without SE With SE Without SE With SE

Slope 1.44 0.56 0.63 0.14
Intercept -2.3 -0.56 1.75 1.12
Correlation Coefficient 0.82 0.24 0.37 0.24

Table 3.3: A systemic comparison between the results of work presented in [45] and
the proposed localization technique. SE stands for Sensor Elimination.

In order to benchmark the proposed method, we employed a set of previously-

conducted controlled experiments. The essence of this validation study was to gauge

the efficacy and performance of our proposed technique, especially when contrasted

against an existing methodology in the literature. In the experimental setup, which

consisted of two participants traversing a 16-meter path, the structural vibrations

captured by the closest eleven accelerometers among a much bigger family of ac-

celerometers available in the environment are used. The proposed technique pro-

vided significant improvements in almost all localization metrics while best-case and

worst-case scenarios became less extreme. The proposed localization technique cou-

pled with the proposed BSE algorithm yielded a 31.47% decrease in mean localization

error.

In this study, we established a consistent empirical relationship between two key

metrics of localization systems: accuracy and precision. A localization system’s

accuracy may not be known post-deployment, we can always determine its precision

from the estimates it provides. Therefore, the empirical relationship between these

two metrics may be employed to estimate the system’s accuracy without recalibrating

it. Although the link between accuracy and precision might be inferential, it has

important consequences for the use of these systems in practice.
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We have used this correlation to devise a method for estimating the system’s ac-

curacy during operation without the need for additional calibration. Notably, this

correlation holds true across different users, which suggests that our findings are ro-

bust and widely applicable. Additionally, our results offer a standardized approach

to designing experiments. With the established correlation, the number of sensors

required for an experiment can be decided based on the desired accuracy and the

sensor precision.

Delving deeper into the results, it became evident that the flexibility in our approach,

which allowed for silent periods in the signal, could reduce the strong emphasis

on signal processing and signal detection steps in real-world scenarios. In other

words, a relaxed window around the vibro-measurement vector, which signifies when

the vibro-measurements break the noise floor and when it dies down, should be

enough for the proposed algorithm to accurately localize occupant. It is a convenient

improvement as in the employment of such localization systems, the event detection

problem constitutes a major drawback.

The advancements made in vibro-localization techniques, as presented in this study,

open up several promising avenues for further exploration. One potential direction

is the integration of global optimization techniques to enhance the accuracy and

robustness of localization. By leveraging such techniques, we could refine the esti-

mation process, ensuring that the solution converges to a global minimum, thereby

minimizing localization errors. Additionally, a joint solution approach that simulta-

neously addresses the location estimation problem and the BSE problem could be

explored. Such a holistic approach would ensure that the system not only accurately
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determines the location but also effectively handles unreliable sensor data in a uni-

fied framework. This could further streamline the process and potentially lead to

real-time localization capabilities with higher reliability.



Chapter 4

Modeling and Analysis of

Dispersive Propagation of

Structural Waves for

Vibro-Localization

The dispersion of structural waves, where wave speed varies with frequency, intro-

duces significant challenges in accurately localizing occupants in a building based

on vibrations caused by their movements. This study presents a novel multi-sensor

vibro-localization technique that accounts for dispersion effects, enhancing the ac-

curacy and robustness of occupant localization. The proposed method utilizes a

model-based approach to parameterize key propagation phenomena, including wave

dispersion and attenuation, which are fitted to observed waveforms. The localization

is achieved by maximizing the joint likelihood of the occupant’s location based on

sensor measurements. The effectiveness of the proposed technique is validated using

two experimental datasets: one from a controlled environment involving an alu-

minum plate and the other from a building-scale experiment conducted at Goodwin

70



4.1. INTRODUCTION 71

Hall, Virginia Tech. Results for the proposed algorithm demonstrate a significant im-

provement in localization accuracy compared to benchmark algorithms. Specifically,

in the aluminum plate experiments, the proposed technique reduced the average lo-

calization precision from 7.77 centimeters to 1.97 centimeters, representing a ∼74%

improvement. Similarly, in the Goodwin Hall experiments, the average localiza-

tion error decreased from 0.67 meters to 0.3 meters, with a ∼55% enhancement in

accuracy. These findings indicate that the proposed approach outperforms exist-

ing methods in accurately determining occupant locations, even in the presence of

dispersive wave propagation.

4.1 Introduction

Vibro-localization is an occupant localization method that employs the ambient mea-

surements of structural waves generated by occupants’ activities to determine their

locations in a building. Vibro-localization is particularly useful in smart buildings,

where the occupants’ locations are used to improve the safety, security, and energy

efficiency of the building. For instance, in an emergency situation, the occupants’

locations can be used to guide them to safety, or to help the first responders to

locate them. Another example is monitoring the gait parameters of the occupants,

which can be used to detect the early signs of many neurodegenerative diseases such

as Parkinson’s disease, Alzheimer’s disease, and multiple sclerosis [21, 22]. Various

spatiotemporal characteristics of human gait, such as symmetry [20, 25, 32, 42] and

gait variability [13, 23, 29], which can be obtained with vibro-localization techniques,
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have been shown to be reliable indicators of neurodegenerative diseases.

Vibro-localization techniques are based on the premise that the structural waves gen-

erated by the occupants’ activities propagate through the building’s structure and

are measured by a network of sensors, i.e., accelerometers. However, these waves

are subject to various propagation phenomena, such as dispersion, attenuation, and

reflection, which can transform the waveforms and introduce errors in the localiza-

tion outcomes. Therefore, each sensor’s measurement corresponds to a transformed

version of the wave generated by the occupant, making the localization problem

challenging. Dispersion is a particularly challenging phenomenon that affects the

wave propagation in real-world settings, i.e., defined by a long propagation path,

low-frequency waves, low spectral resolution, etc.

4.1.1 Relevant Literature

The literature in vibro-localization considering dispersion is diverse and spans various

disciplines, including structural engineering, signal processing, and machine learning.

In their work, Mirshekari et al. [44] proposed a localization technique that employs

a two-fold strategy to mitigate the effect of dispersion on the localization outcomes:

(1) Wavelet-based dispersion mitigation by narrow-band filtering; and (2) adaptive

sensor selection to localize the occupant with closer sensors to reduce the effect of

dispersion on the localization outcomes. In their later work, the authors extend

their technique to accommodate the variability among the occupants [46] and dis-

turbances along the propagation path [47]. The authors show that their technique
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outperforms the traditional TDoA-based techniques in terms of localization accu-

racy and robustness as the perceived wave velocity is automatically deduced from

the floor acceleration data collected by a sensor network.

Time-of-Arrival (ToA) of flexural waves in a dispersive medium exhibits a nonlinear

dependence on the distance d, specifically proportional to d4/3 [10]. The perceived

velocity of the wave, vp, at any given distance d from the source, is defined based

on the ToA of the maximum signal envelope. This relationship is mathematically

expressed as vp(d) = 1
η
d−1/3, where η is a constant that depends on the boundary

conditions and material properties. This equation indicates that in a dispersive

media, the flexural wave’s perceived velocity vp is not constant, but rather decreases

nonlinearly as the distance d increases. In [10], Bahroun et al proposed a localization

technique that employs the sign of the TDoA measurements to estimate the distance

between the source and the sensor [10].

Alajlouni et al. [3] show that the dispersive nature of the floor manifests itself as

an exponential relationship between the signal energy and the distance between the

sensor and the source. By exploiting this relationship, the authors propose a lo-

calization technique that employs the signal energy measurements to estimate the

distance between the source and the sensor, rather than solving for the ToA of the

waves, or the TDoA among the sensors. In their later work, the authors extend

this technique to accommodate the measurement uncertainty. Their MLE-based

technique estimates the distance between the source and the sensor by maximizing

the likelihood of the observed signal energy measurements [3]. The authors show

that their technique outperforms the traditional energy-based techniques in terms of
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localization accuracy and robustness.

Ambarkutuk et al. [7] propose an information-theoretic approach to mitigate the

effects of the dispersion on the localization outcomes. The authors show that mea-

surement uncertainty and dispersion may render some of the sensors as Byzantine,

i.e., their measurements are not informative, or faulty, about the source location.

The authors propose a sensor fusion technique that eliminates the Byzantine sensors

from the network, and maximize the joint likelihood of occupant location given the

sensor measurements.

MejiaCruz et al. [41] utilize a probabilistic approach to estimate a transfer function

and force shape; thereby, localizing events based on structural vibrations measure-

ments. Their algorithm, called Probabilistic Force Estimation and Event Localization

(PFEEL), involves three main stages: (1) probabilistic transfer function estimation;

(2) probabilistic force estimation; and, (3) event localization. It uses sensor data to

measure vibration waves and applies probabilistic methods to accurately estimate

forces and locate events within a structure. In their later work [42], the authors

extend the PFEEL algorithm by representing the transfer functions as stochastic

processes. This extension allowed the authors to better gauge the uncertainty in the

estimated transfer functions and improve the accuracy of the force estimation and

event localization.

4.1.2 Challenges in Vibro-Localization

Several challenges exist in the current approaches to vibro-localization:
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1. The sensors are not ideal. Measurement uncertainty is a crucial factor that

contributes to the localization error. [3] assumes a normal distribution of the

signal energy measurements to address this. The maximum likelihood solution

under the normality assumption yields to a convex optimization landscape.

However, due to the complex nature of wave propagation in real-world settings,

this assumption rarely holds true. Therefore, the gradient-based solvers may

not converge to the global optimum, leading to suboptimal localization results.

2. The dynamics are complex. Wave propagation is a complex dynamic phe-

nomenon influenced by various factors, such as dispersion, attenuation, and

material inhomogeneities. For instance, [36, 37, 44] assume a constant wave

speed to estimate temporal parameters of the wave, such as the ToA or the

TDoA. However, reducing the problem to a single parameter estimation, i.e.,

group velocity, may not be sufficient to capture the complexity of wave prop-

agation in structures. The wave speed can vary depending on several factors,

including the material properties of the floor and the frequency of the waves,

leading to potential errors in localization accuracy. [10] assume that the wave

speed is solely a function of propagation distance. However, this assumption

may oversimplify the complex nature of wave propagation in real-world set-

tings, where wave speed can be influenced by other factors, such as frequency-

dependent dispersion and material inhomogeneities.

3. Each footstep is different. Ground reaction forces generated by footsteps can

vary significantly depending on the individuals’ gait characteristics, such as

step length, step width, and walking speed. This variability can introduce
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errors in the localization results as the technique may not accurately capture

the unique characteristics of each individual’s footsteps.

4. Forcing is unknown. Vibro-localization techniques often require the estimation

of the force shape generated by the occupant’s footsteps [17, 41, 42]. This force

shape is used to estimate the transfer function between forcing and sensor mea-

surements. However, estimating the force shape accurately can be challenging

as it depends on various factors, such as the individual’s gait characteristics,

the material properties of the floor, and the frequency of the waves. Inaccurate

force estimation can lead to errors in the localization results, as the technique

may not accurately model the wave propagation through the floor.

5. The propagation is a rapid phenomenon relative to sampling. Footsteps gen-

erate fast and repetitive signals, leading to a situation where there are insuffi-

cient samples to fully capture the wave characteristics at reasonable sampling

rates. As a result, transfer function estimates often suffer from low spectral

resolution. For instance, [41] employs cross- and auto-spectral density of the

measurement vectors to estimate the transfer function of the propagation phe-

nomena. However, the limited frequency resolution and the presence of mea-

surement uncertainty, can significantly hinder the accuracy of these estimates

and, consequently, the localization results.
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4.1.3 Summary of the Contributions

This chapter introduces a vibro-localization technique that determines occupants’

locations in a building using structural vibration waves, bypassing force estimation.

The method simplifies this localization process by employing a model-based approach

to represent key propagation phenomena such as dispersion and attenuation, which

are parameterized and fitted to measured waveforms. The estimated occupant loca-

tion is then derived from the joint likelihood function of all sensor measurements.

Our work builds on previous research and makes the following contributions:

• Multi-Sensor Perception (addresses challenge 1): We propose a multi-sensor

technique that aggregates information from multiple sensors, bypassing the as-

sumption of normal distribution in signal energy measurements. The averaging

during the signature estimation does not assume anything about the underly-

ing error distributions, making it more robust to real-world complexities and

variabilities.

• Enhanced Wave Propagation Modeling (addresses challenges 2, 3, and, 4): We

propose a model-based approach that accurately captures the dispersive and

attenuative properties of structural vibration waves focusing on key parameters

like wave speed and attenuation coefficient. This approach improves localiza-

tion accuracy by avoiding oversimplifications.

• A Parametric Approach to Modeling the Physical Properties (addresses chal-

lenge 5): We introduce a piecewise constant velocity profile modeling the dis-
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persion mechanism that can be used to estimate the occupant location, even

with low-spectral resolution in the transfer function estimates. In the calibra-

tion of the vibro-localizer, the wave velocity and attenuation coefficient are

estimated by fitting the transfer function to the measured waveforms.

4.1.4 Organization of the Chapter

The rest of the chapter is organized as follows. In Section 4.2, we detail the proposed

vibro-localization technique, including the forward problem of wave propagation and

the inverse problem of estimating the occupant’s location using structural vibrations.

Section 4.3 presents the experimental validation of the proposed method through

controlled plate experiments and building-scale experiments in Goodwin Hall, Vir-

ginia Tech. The results demonstrate the effectiveness and improved accuracy of

our technique compared to existing methods. Finally, in Section 4.4, we conclude

the chapter by summarizing the key findings and discussing potential directions for

future research in the field of vibro-localization.

4.2 Methodology

This section presents the proposed vibro-localization technique in greater detail.

The localization loss function is derived from the wave propagation model, and the

unpropagation operator is used to recover the original waveform.

The proposed technique leverages the structural vibration waves induced by an oc-
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cupant’s footsteps and captured by a network of sensors distributed throughout the

building. The vibro-localization technique estimates the occupant’s location proba-

bilistically by assigning a probability to a location vector, representing the likelihood

of the occupant’s presence at that location. The technique is based on our proposed

wave propagation model. The concepts of the propagation and unpropagation oper-

ators are used to model the wave transmission and recovery processes, respectively.

This technique involves estimating the signature waveform induced by the occu-

pant’s footsteps and comparing it with the reconstructed waveforms at the sensors

to estimate the occupant’s location.
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Figure 4.1: This figure illustrates the wave propagation process. Left: An illustra-
tion of the geometric layout of the floor, sensors, and the occupant location. Right:
The wave propagation process from the occupant to the sensors. As can be seen in
the figure, both sensors i, j are affected by the wave propagation process. Sensor
i is further away to the occupant than sensor j, which results in a delay and more
attenuation relatively to sensor j.
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4.2.1 Forward Problem: Wave Propagation

Consider a homogeneous and isotropic floor surface S ⊂ R2 of a building. When

an occupant O steps at a location xO ∈ S, they induce a distinct waveform vector

s = (s[0], . . . , s[K − 1])⊤ ∈ RK at that location, where K denotes the total number

of discrete time samples in the waveform, with each element s[k] corresponding to

the recorded signal at time step k. This waveform s, is referred as the signature,

and it propagates through the floor and is detected by stationary sensors placed at

various positions xS,i ∈ S, for i ∈ I = {0, . . . ,M − 1}.

The wave propagation process is illustrated in Figure 4.1. The wave generated by

the occupant’s footsteps travels through the floor and is detected by the sensors. For

sensor i, the observed waveform zi = (zi[0], . . . , zi[K − 1])⊤ ∈ RK is a transformed

version of the original waveform due to the effects of propagation. The variations in

the observed waveforms zi among different sensors arise from the different propaga-

tion paths taken by the wave from the occupant to each sensor.

The transformation in the observed waveform zi is primarily caused by three fac-

tors: dispersion, attenuation, and geometric spreading. Dispersion refers to the

phenomenon where the phase velocity of the wave varies with its frequency, result-

ing in a frequency-dependent phase delay τ(ω) in the waveforms. This phase delay

can be expressed as:

τ(ω) = exp
(
−jω d

v(ω)

)
,

where d = ‖xO − xS,i‖ represents the distance between the occupant’s location xO[k]

and the sensor location xS,i, and v(ω) is the phase velocity at frequency ω. Atten-
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uation represents the decrease in amplitude of the wave as it travels through the

medium. It can be characterized by:

a = exp(−ηad) ,

where ηa is the attenuation coefficient. Geometric spreading accounts for the reduc-

tion in amplitude due to the wave spreading over a larger area as it propagates. This

effect is expressed as:

g =


min{1, 1√

d
} if d > 3λ

1 otherwise
.

Together, attenuation a and geometric spreading g determine how the energy of the

wave is distributed and dissipated over the propagation distance d. Dispersion, on

the other hand, introduces a frequency-dependent phase delay τ(ω) in the waveforms,

causing the wave to spread out in time.

To succinctly represent the propagation process, we define the propagation operator

P and its inverse P−1. The operator P models the forward wave transmission, while

P−1 represents the process of recovering the original waveform s from the observed

data zi. These operators provide a simplified and systematic approach to analyzing

waveforms in the vibro-localization technique. The propagation operator P is defined

mathematically as:

zi = P (s;x,xS,i) = a gF−1 {τ(ω)F {s}} ,
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where F and F−1 represent the Fourier transform and its inverse, respectively. The

unpropagation operator P−1 is defined as:

P−1 (zi;x,xS,i) =
1

a g
F−1

{
1

τ(ω)
F {zi}

}
,

where the inverse operation recovers the original waveform s from the observed data

zi.

Sensor Measurements

Forcing

zj

zi

Unpropagation

s̄

P−1{zj}
P−1{zi}

Signature Estimation

Propagation

ẑj = P {s̄}

zj

Similarity Assessment

Figure 4.2: The figure illustrates the process of transforming sensor measurements,
zi and zj, into estimated signatures and assessing their similarity. The shorthand P
denotes the propagation operator, which is used to convert sensor data into mean-
ingful signatures. Initially, the unpropagation step transforms the measurements
into estimated signatures P−1{zi} and P−1{zj}, producing the estimated signature
s̄. Subsequently, the similarity between the propagated signature P{s̄} and the orig-
inal measurement zj is assessed, allowing for a comparison of the sensor outputs.
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4.2.2 Inverse Problem: Vibro-Localization

The vibro-localization technique aims to estimate the occupant’s position based on

the structural vibrations generated by their footsteps and captured by the sensor

network. This method relies on reconstructing the original waveform induced by the

occupant’s steps and comparing it with the waveforms observed by the sensors.

As illustrated in Figure 4.2, the proposed algorithm first computes the average wave-

form s̄(x) at each candidate location x using the unpropagation operator.

s̄(x) =
1

M

∑
i∈I

P−1{zi,x,xS,i} .

This average waveform s̄(x) represents the expected waveform at the candidate lo-

cation x, averaged over all sensors. Following this, the estimated waveform ẑi (x) =

P {s̄ (x) ;x;xS,i} at each sensor location xS,i is computed by propagating the average

waveform s̄(x) back to the sensor location xS,i for all sensors.

Next, we employ the cosine similarity index between the measurement vector zi

and the estimated waveform ẑi (x) to quantify the temporal alignment and scale

mismatch between the observed and estimated waveforms. The similarity index,

ri, that quantifies the agreement between the observed and estimated waveforms at

sensor i is defined as:

ri (x) = zi · ẑi (x) ,

where · denotes the dot product between two waveforms. Aggregating the similarity

indices over all sensors, we obtain the similarity vector r (x) = (r0 (x) , . . . , rM−1 (x))
⊤.
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Consequently, the similarity vector r quantifies the agreement between the observed

and estimated waveforms at each sensor. One might consider the similarity vector r

as a feature vector that characterizes the likelihood of the occupant’s presence at a

given location x.

An optimization algorithm can be used to solve for the location vector x that max-

imizes the similarity vector r. We formulate this optimization problem as a proba-

bilistic model, where the similarity index ri (x) are used to compute the likelihood of

the occupant’s presence at each location. The similarity index ri(x) is evaluated for

all locations in the localization space S and then normalized using a softmax function

to convert the similarity scores into probabilities, representing the likelihood of the

occupant’s presence at each location. The likelihood function fi(x) at location x for

sensor i is defined as:

fi(x) =
exp(ri(x))∑

x′∈S exp(ri(x′))
.

Finally, the occupant’s estimated location x̂O is determined by maximizing the prod-

uct of the likelihood functions over all sensors, i.e., the joint likelihood:

x̂O = argmax
x∈S

∏
i∈I

fi (x) .

This probabilistic approach allows the vibro-localization technique to estimate the

occupant’s location by integrating information from multiple sensors, leveraging the

unique propagation characteristics of the structural waves in the building.
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Algorithm 4.1 Vibro-Localization Algorithm
1: procedure VIBROLOCALIZATION({zi}M−1

i=0 , {xS,i}M−1
i=0 ,S, v(ω), ηa)

2: x̂O ← null

3: for all candidate locations x ∈ S do ▷ Unpropagate the measured

signals to estimate the source waveform

4: for all i ∈ {0, 1, . . . ,M − 1} do

5: si(x)← P−1(zi;x,xS,i)

6: end for ▷ Compute the average source waveform across all

sensors

7: s̄(x)← 1

M

∑M−1
i=0 si(x) ▷ Propagate the average source waveform

back to each sensor and compute similarity indices

8: for all i ∈ {0, 1, . . . ,M − 1} do

9: ẑi(x)← P (̄s(x);x,xS,i)

10: ri(x)← z⊤i ẑi(x)

11: end for ▷ Compute the likelihood function at location x

12: f(x)←
∏M−1

i=0

exp (ri(x))∑
x′∈S

exp (ri(x
′))

13: end for ▷ Estimate the occupant's location by maximizing the

joint likelihood

14: x̂O ← arg max
x∈S

f(x)

15: return x̂O

16: end procedure

Figure 4.2 and Algorithm 4.1 illustrate the core process of the proposed vibro-
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localization algorithm, focusing on how sensor measurements are transformed and

used to estimate the occupant’s location. The algorithm begins by collecting mea-

surements zi and zj from sensors located at positions xS,i and xS,j, respectively.

These measurements capture the structural vibrations caused by the occupant’s foot-

steps. To estimate the original waveform generated at a candidate location x, the

algorithm applies the unpropagation operator P−1 to each sensor’s measurement.

This process effectively reverses the effects of wave propagation—including disper-

sion and attenuation—yielding estimated source signatures P−1{zi} and P−1{zj}.

These individual estimated signatures are then aggregated by computing their av-

erage, resulting in a more robust estimate of the source waveform s̄. Averaging

mitigates the impact of noise and sensor-specific anomalies, enhancing the reliability

of the estimated signature. Next, the propagation operator P is applied to s̄ to sim-

ulate how this average signature would appear at each sensor location if it originated

from the candidate location x. This generates propagated signatures P{s̄} that can

be directly compared to the original sensor measurements zi and zj. By assessing

the similarity between the propagated signatures and the actual measurements—

typically using the dot product or another similarity metric—the algorithm quan-

tifies how well the candidate location explains the observed data. Repeating this

process across all candidate locations allows the algorithm to construct a likelihood

map, ultimately estimating the occupant’s location as the point that maximizes the

joint likelihood function.
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4.3 Results

In this section, we present the results of the proposed technique for both the plate

and building datasets. The results are presented in terms of accuracy and precision

of the localization estimates. These results are described in detail for each dataset,

including the statistical analysis of the localization error and the empirical PDF and

CDF of the localization errors.

4.3.1 Plate Experiments

Figure 4.3 shows a representative result from the dataset where the impact location

is close to the sensor array.
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(a) Joint likelihood of the baseline
method [41]

(b) Joint likelihood of the proposed
method

(c) Sensor Measurements (d) Estimated Signatures

Figure 4.3: The figure presents a comparison of the joint likelihoods and sensor
data for an impact location near the sensor array. The top left subfigure shows the
joint likelihood computed using the proposed method, while the top right subfigure
displays the joint likelihood obtained from the baseline method as described in [41].
The bottom left subfigure illustrates the raw sensor measurements, and the bottom
right subfigure shows the estimated signatures derived from these measurements.
This comparison highlights the performance of both methods in accurately estimating
the impact location based on vibrational data.

Table 4.1 provides a detailed statistical descriptives of the localization error such

as mean, standard deviation, median, and Mean Absolute Deviation (MAD). The

(winsorized-) mean and median are the measures of accuracy, while the standard

deviation and MAD are the measures of precision, i.e., the spread. The results show

that the proposed technique estimated the impact locations with a mean localization
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error of 18.01 cm and a standard deviation of 1.97 cm. In contrast, the baseline

technique reported in [41] exhibited a mean localization error of 19.19 cm with a

standard deviation of 7.77 cm. This difference indicates that the proposed tech-

nique has shown improvement over the baseline without using the hammer impact

information as used in [41].

Raw Winsorized (at 10 cm) Rank-Based

Mean Std. Dev. Mean Std. Dev. Median MAD

Baseline [41] 19.19 7.77 16.34 5.48 19.13 5.43

Proposed 18.01 1.97 17.66 1.04 17.08 0.34

Table 4.1: Statistical analysis of localization error for the baseline method [41] and
the proposed technique. The table compares the accuracy and precision of these
techniques. The proposed technique consistently demonstrates lower mean error and
variability across all metrics, indicating improved accuracy and robustness compared
to the baseline. The reduction in standard deviation and MAD for the proposed
method highlights its stability and resistance to outliers in the dataset.

The empirical PDF and CDF of the localization errors provide further insights into

the performance of the proposed technique. Comparing the CDF curves between

the proposed and baseline techniques can highlight differences in the overall error

distribution. Figure 4.4 demonstrates the empirical PDF and CDF of the localiza-

tion errors for the proposed and baseline techniques. As can be seen in the figure,

the proposed technique shows a sharper peak in the PDF curve, indicating a higher

frequency of small errors relative to the baseline which demonstrated a broader dis-

tribution over the range of localization errors. The CDF curve for the proposed

technique exhibits a steeper incline at lower error values, suggesting that a signifi-
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cant portion of the errors are small, which is desirable for high-accuracy localization

systems. In contrast, the baseline technique shows a more gradual increase in the

CDF curve.

(a) PDF (b) CDF

Figure 4.4: PDF and CDF of localization error for the proposed method and the
baseline approach. In the PDF (left), the proposed method exhibits a sharp peak
around 20 meters, indicating a higher frequency of lower localization errors com-
pared to the baseline, which shows a more distributed error profile. The CDF (right)
further supports this observation, as the proposed method achieves 80% cumulative
frequency at a lower error range than the baseline, demonstrating a more consistent
and accurate performance. These results suggest that the proposed technique signif-
icantly reduces localization error, achieving more reliable estimates than the baseline
method.

4.3.2 Building Scale Experiments with Dispersive Propaga-

tion

Figure 4.5 illustrates three representative results observed in the building dataset.

The figure shows the joint likelihood of the proposed technique as well as estimated
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impact locations. In an ideal scenario, the joint likelihood function should have a

single peak at the true impact location with minimal uncertainty. Figures 4.5a to 4.5c

demonstrate a scenario an occupant is walking along the corridor, and the sensors

are placed at different locations to capture the vibrations. Figure 4.5a demonstrates

the scenario where the occupant is located at the leftmost end of the corridor while

Figure 4.5b shows the scenario where the occupant is located at the center of the

corridor. Finally, Figure 4.5c illustrates the scenario where the occupant is located

at the rightmost end of the corridor. The results demonstrate that the proposed

technique accurately estimated the impact locations for both occupants.
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(a)

(b)

(c)

Figure 4.5: This figure presents three representative examples of the localization
results obtained using the proposed method on the building dataset. Each subfigure
displays the joint likelihood calculated from the measured waveforms, where the true
occupant location is indicated by a red cross (×) and the estimated location by a
black plus sign (+). Figure 4.5a shows the scenario where the occupant is positioned
at the leftmost end of the corridor, Figure 4.5b depicts the occupant at the center,
and Figure 4.5c illustrates the occupant at the rightmost end. The results indicate
that the proposed technique reliably estimates the impact locations, demonstrating
its effectiveness across different occupant positions.
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Localization accuracy was evaluated by comparing the estimated impact locations

with the ground truth locations. We employed the mean of the joint likelihood func-

tion as the estimated impact location, which was then compared to the ground truth

location to calculate the localization error. Table 4.2 demonstrates the compara-

tive analysis of the proposed and baseline techniques in terms of localization error.

The results demonstrate that the proposed technique estimated the impact locations

with an RMSE of 0.49 and 0.71 meters for occupant A and B, respectively. On the

other hand, the baseline, which was reported in [4], exhibited an RMSE of 0.89 and

0.94 meters for occupant A and B, respectively. This indicates that the proposed

technique significantly improves the baseline results in terms of localization accuracy.

Occupant-A Occupant-B

RMSE x RMSE y RMSE ‖ · ‖ RMSE x RMSE y RMSE ‖ · ‖

Baseline [4] 0.67 0.58 0.89 0.74 0.58 0.94

Proposed 0.3 0.31 0.49 0.67 0.24 0.71

Table 4.2: Comparative analysis of localization error for Occupant A and Occupant
B using the proposed and baseline methods. The table presents the RMSE in both
the x- and y-coordinates, as well as the overall magnitude of the RMSE for each
position. The proposed method demonstrates a significant reduction in localization
error across all metrics for both occupants.

Table 4.3 presents descriptive statistics of localization error for Occupant-A and

Occupant-B using three error estimates considering the outliers in the data: raw,

Winsorized at 1 meter, and rank-based methods. For the raw data, Occupant-A

shows a mean localization error of 0.35 meters with a standard deviation of 0.21 me-

ters, while Occupant-B exhibits higher error values, with a mean of 0.62 meters and a
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larger standard deviation of 1.06 meters. After Winsorizing at 1 meter, Occupant-A’s

mean error slightly decreases to 0.34 meters with a reduction in standard deviation to

0.2 meters, and Occupant-B’s mean error decreases to 0.48 meters with a reduction

in standard deviation to 0.29 meters. This suggests that extreme values had more

influence on Occupant-B in the raw data. The rank-based method, which uses me-

dian and MAD, provides a more robust central tendency, with Occupant-A showing

a median error of 0.31 meters and a MAD of 0.12 meters, while Occupant-B has a

median of 0.4 meters with a MAD of 0.19 meters. Additionally, the 95% confidence

interval for the mean localization error is (0.31, 0.38) meters for Occupant-A and

(0.44, 0.80) meters for Occupant-B, indicating that Occupant-B consistently shows

higher localization error estimates across all metrics, although variability is reduced

when outliers are controlled.

Raw Winsorized (at 1 meters) Rank-Based

Mean Std. Dev. Mean Std. Dev. Median MAD

Occupant-A 0.35 0.21 0.34 0.2 0.31 0.12

Occupant-B 0.62 1.06 0.48 0.29 0.4 0.19

Table 4.3: Descriptive statistics of localization error for Occupant A and Occupant
B using the proposed technique, across different data treatment methods: raw data,
Winsorized data (at 1 meter), and rank-based data. The results indicate that Oc-
cupant A consistently shows lower localization error across all methods compared
to Occupant B, with smaller variability. The Winsorized and rank-based methods
further reduce the impact of outliers, particularly for Occupant B, where both the
mean error and variability are notably reduced. This suggests that the proposed
technique is more robust and stable when outliers are controlled, providing more
reliable localization estimates.
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(a) PDF of the localization error observed
in Occupant A and Occupant B data

(b) CDF of the localization error observed
in Occupant A and Occupant B data

Figure 4.6: PDF and CDF of the localization error for both occupants in the Goodwin
Hall dataset. The results indicate that the error distributions for both Occupant A
and Occupant B are similar, demonstrating that the proposed technique is robust
to inter-occupant differences. Despite the variations in walking patterns and body
dynamics between different individuals, the method maintains relatively consistent
performance.

The empirical PDF and CDF of the localization errors shown in Figure 4.6 provides

additional insights into the performance of the proposed technique. The empirical

PDF illustrates the distribution of localization errors, allowing us to observe the

concentration of errors around certain values. A sharp peak in the PDF indicates

a high frequency of small errors, suggesting that the proposed method consistently

achieves close proximity to the true location. Conversely, a broader distribution

might indicate greater variability in localization accuracy. The empirical CDF, on the

other hand, offers a cumulative perspective by showing the proportion of errors that

fall below a certain threshold. A steep incline in the CDF curve at lower error values

reflects that a significant portion of the errors are small, which is desirable for high-
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accuracy localization systems. Comparing the CDF curves between the proposed and

baseline techniques can reveal differences in the overall error distribution, indicating

whether the proposed method consistently outperforms the baseline across the entire

range of localization errors or only in specific scenarios.

4.4 Conclusions

This chapter introduced a novel method for characterizing and localizing occupants

in a building by analyzing structural vibration waves generated by their activities.

The proposed approach utilized the wave equation, incorporating key properties

such as dispersion and attenuation, to propagate and unpropagate the waves. These

properties were estimated from waveforms recorded by sensors placed at various

locations in the building. Our experimental validation demonstrated that the method

accurately captures the propagation and unpropagation of waves, enabling precise

localization of the occupants.

The method was applied to two experimental datasets: a controlled aluminum plate

test and a building-scale experiment. The results showed that the proposed tech-

nique outperforms existing methods by significantly reducing localization error. For

example, in the plate experiment, the proposed method achieved a mean localization

error of 18.01 cm with a standard deviation of 1.97 cm, compared to the baseline

technique’s mean error of 19.19 cm and standard deviation of 7.77 cm. Similarly,

in the building-scale experiment, the method estimated impact locations with an

RMSE of 0.49 meters for Occupant A and 0.71 meters for Occupant B, in contrast
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to the baseline’s RMSE of 0.89 meters and 0.94 meters, respectively.

Furthermore, the proposed technique does not require prior knowledge of the force

exerted by the occupants, and learns the dispersive nature of the floor from a train-

ing dataset. This feature makes the method more versatile and applicable to a wider

range of scenarios, where the force information is not readily available. Also, the

method demonstrated robustness to occupant differences, as similar error distribu-

tions were observed for both occupants, underscoring the method’s adaptability to

varying walking patterns and footstep characteristics. Vibro-localization is a chal-

lenging problem that becomes more difficult as the propagation path becomes longer

due to dispersion. With the proposed technique, we were able to accurately estimate

the impact locations even in the presence of dispersive propagation, as demonstrated

in the building-scale experiment.

In conclusion, this work advances vibro-localization by introducing a model-based

approach that accurately represents key propagation phenomena such as dispersion

and attenuation. The results demonstrate the technique’s improved accuracy and

precision, offering a significant contribution to fields such as structural health mon-

itoring, activity recognition, and security monitoring, where reliable localization of

vibration sources is essential.



Chapter 5

Conclusions and Future Work

5.1 Conclusions

This dissertation provides a comprehensive examination of vibro-localization within

indoor environments, contributing valuable insights to the field of IOL. The ini-

tial chapters established the research objectives and highlighted the significance of

vibro-localization as a cost-effective and privacy-conscious alternative to traditional

localization methods.

In Chapter 2, the focus was directed towards the localization of individual steps using

a single sensor. This chapter introduced methodologies aimed at enhancing the ac-

curacy of detecting and localizing footsteps, addressing critical challenges associated

with sensor precision and measurement uncertainties.

Chapter 3 expanded the scope by exploring the localization of individual steps

through the integration of multiple sensors. The use of multiple accelerometers

demonstrated a notable improvement in localization accuracy and reliability. By

aggregating data from several sensors, the research mitigated the impact of indi-

vidual sensor imperfections and environmental variabilities, thereby reinforcing the

98
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robustness of the localization system.

Chapter 4 addressed the complexities introduced by dispersive wave propagation in

vibro-localization. The chapter presented advanced signal processing techniques that

effectively modeled and compensated for the dispersive characteristics of structural

waves. This enhancement facilitated more precise multi-step localization, accommo-

dating the intricate dynamics of wave propagation in various indoor settings.

Overall, this dissertation advances the field of indoor localization by systematically

addressing the challenges inherent in single and multi-sensor systems. The method-

ologies developed and validated through empirical studies offer a solid foundation

for future research and practical applications in smart environments. The findings

underscore the potential of vibro-localization to achieve high levels of accuracy and

efficiency, paving the way for its integration into diverse indoor tracking systems.

5.2 Future Work

Building on the foundational work presented in this dissertation, future research will

focus on several key areas to further enhance vibro-localization technologies:

• Multi-Resolution Decomposition Methodology: Develop advanced tech-

niques for separating vibration measurements into distinct events. This will

enable more detailed analysis and improve localization precision by isolating

relevant vibrational patterns from background noise.
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• Pyramid-Structured Feature Extraction: Create sophisticated feature ex-

traction algorithms that generate pyramid-structured features. These features

will enhance the detection and analysis of complex vibrational patterns, facil-

itating the distinction between different types and intensities of movements.

• Non-Maximal Suppression Techniques: Develop non-maximal suppres-

sion algorithms to eliminate false positives generated during peak detection.

This enhancement will improve the reliability of the localization system by

ensuring that only genuine footsteps contribute to localization calculations.

• Robust Bounding-Box Merging: Design robust bounding-box merging al-

gorithms to eliminate false positives in the interval-detection process. This will

ensure more accurate tracking by consolidating relevant detection events and

minimizing erroneous entries.

• Scalability and Real-World Implementation: Investigate the scalability

of the proposed vibro-localization techniques for large-scale indoor environ-

ments. This includes optimizing sensor placement, data processing algorithms,

and system integration to ensure practical applicability in real-world settings

such as smart homes, healthcare facilities, and commercial buildings.

• Privacy and Security Enhancements: Continue to prioritize privacy and

security by developing methods that further anonymize occupant data and pro-

tect against unauthorized access. Ensuring ethical standards will be paramount

as vibro-localization technologies become more widespread.
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These future research directions aim to refine and expand the capabilities of vibro-

localization systems, enhancing their accuracy, reliability, and applicability in di-

verse indoor environments. By addressing these key areas, subsequent studies will

contribute to the advancement of smart indoor tracking technologies, fostering inno-

vations that benefit various application domains.
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Appendix A

Theorems

Theorem A.1 (Rayleigh’s Signal Energy Theorem). The Rayleigh’s energy theorem

states that the energy of a time domain continous and deterministic signal y(t) is the

integral of the square of magnitude of the signal. Equivalently, energy of the same

signal can be obtained from its frequency-domain representation Y (ω).

e =

∫ ∞

−∞
|y(t)|2 dt =

∫ ∞

−∞
|Y (ω)|2 dω (A.1)

Equivalently, the signal energy of a discrete time signal y[k] is given by:

e =
∞∑

k=−∞

|y[k]|2 =
∞∑

k=−∞

|Y (ωk)|2 (A.2)

Theorem A.2. Squared sum of n number of nonstandard normally distributed ran-

dom variables with unit variance follows the Noncentral Chi-squared distribution.

Let (X1, . . . , Xn) be normally distributed indepedent normal random variables with

means µi 6= 0 and unit variances σ2
i = 1 for i = {1, . . . , n}. Let Y be the squared

sum of the random variables Xi as shown in the equation below.
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Y =
n∑

i=1

X2
i ∼ χ′2

n (λ) (A.3)

The resulting random variable Y is said to follow Noncentral Chi-squared distribution

which denoted as χ′2
n (λ). In the short hand representation χ′2

n (λ), n represents the

number of random variables used in the summation and is called degrees-of-freedom

of the distribution, while λ =
∑n

i=1 µ
2
i represents the noncentrality parameter.

Theorem A.3. Noncentral Chi-squared distribution converges to Normal distribution

when n or λ is large.

Y ∼ χ′2
n (λ) ' N (n+ λ, 2n+ 4λ) (A.4)

Theorem A.4 (Density Transformation Theorem). The density of functions of ran-

dom variables can be calculated with the density transformation theorem. This theo-

rem is essentially an extension of integration by substitution method.

Let X = (X1, . . . Xm)
⊤ ∈ Rm be an m-dimensional multivariate random variable with

a joint CDF of FX (x) = P (X ≤ x) and joint PDF of fX (x) =
∂

∂x1

· · · ∂

∂xm

FX (x).

Assume Y = (Y1, . . . Yn)
⊤ ∈ Rn is another multivariate random variable defined as a

function of X, Y = (g1 (X) . . . gn (X))⊤ = G (X), where gi : (X1, . . . ,Xm) ⊂ Rm 7→

Yi ⊂ R is an invertible multivariate continuous function.

By the virtue of the relation between PDF, we can show:

∫
Y1

· · ·
∫
Yn

fY (y) dy1 . . . dyn =

∫
X1

· · ·
∫
Xm

fX (x) dx1 . . . dxm = 1 (A.5a)
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Thus, PDF of random variable Y can be obtained as given below:

fY (y) =
∂

∂y1
· · · ∂

∂yn

∫
X1

· · ·
∫
Xm

fX (x) dx1 . . . dxm (A.5b)

On the other hand, the CDF of random variable Y, can be shown as:

FY (y) = P (Y ≤ y) = P
(
X ≤ G−1(y)

)
(A.6a)

FY (y) =

∫ y

s

fY (y) dy =

∫ G−1(y)

G−1(s)

fX (x) dx (A.6b)

where s = (supX1, . . . , supXm)
⊤.

Now substitute x = G−1(u) in the integral on the right hand side, i.e., x = G−1(u)

and du
dx = G′ (x). Due to the inverse function theorem, we also have dx

du = dG−1

du .

Consequentially,

∫ y

s

fY (y) dy =

∫ y

s

fX
(
G−1(u)

) dG−1

du du (A.7a)

Taking the derivative of both sides with respect to y, we have:

fY (y) = fX
(
G−1(y)

) dG−1

dy (A.7b)

= fX
(
G−1(y)

)
|detJG−1(y)| (A.7c)

where JG−1(y) denotes the jacobian matrix of the inverse function G−1 evaluated at

y. Due to the implication of inverse function theorem and the properties of deter-
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minant operator, we have |detJG−1(y)| = |det invJG(y)| =
1

|detJG(x)|
, assuming

detJG(x) 6= 0, i.e., G(x) is continuously differentiable.

fY (y) =
fX
(
G−1(y)

)
|detJG(x)|

(A.7d)
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