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(ABSTRACT)

Peter McCullagh (1983) outlined the theory of quasi-likelihood estimation in
generalized linear models. Chiu (1988) showed that an iterated, reweighted least squares
procedure applied to the periodogram produces estimates of spectral density model parameters
for Gaussian univariate time series which have the same asymptotic variance as those produced
by maximizing the true likelihood. In this dissertation, McCullagh’s theory is combined with a
functional analysis approach and extended to parametric estimation of the spectral density
matrix components of a non-Gaussian bivariate time series. An asymptotic optimality
theorem is given, which shows optimality of an iterated, reweighted least squares procedure
within a class of procedures. However, the principal application of the theory is for parametric
spectral estimation in the case of an observed “contaminated” Gaussian series X(t)+N(t),
where the noise series is uncorrelated with the X series, and it is desired to estimate the
spectrum of the X series. Previous literature suggests removing contaminated bands of the
periodogram prior to analysis, but the results of the dissertation may be used to unbiasedly

estimate the spectrum of f without a precise knowledge of which bands are contaminated.
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Chapter |
Introduction

This dissertation will be concerned with a relationship which does not seem to be
commonly recognized between two apparently different areas of statistics: frequency domain
spectral estimation and the “generalized linear/nonlinear model”. Because of this lack of
recognition, there has been little development of generalized model theory as specifically
applied to time series. This is surprising in a way, since many concepts and ideas which have
only intuitive or “rough” sketches of proof in the context of the generalized model may be

made rigorous in the context of spectral estimation.

The key to this relationship for Gaussian univariate time series lies in the asymptotic
distribution of the periodogram as independently distributed exponential random variables
whose means are the spectrum, the spectrum being a deterministic function which completely
describes the covariance structure of the series. Peter McCullagh (1983) outlined the theory of
“quasi-likelihood estimation” in generalized linear models. Briefly put, in the generalized
linear model we have some observations y; from an exponential family distribution, and wish
to model the means of these observations as s(x;’8), a function of the linear predictor x;'g for
some regressors X,;. The obvious way to obtain an estimate E of the unknown parameter vector
By is to maximize the likelihood function. For example, if the y, have an exponential
distribution, we maximize — Elog s(x;'B) + y;/s(x;'B). McCullagh points out that if the
observations y; are not exponential, but have the same (up to) second order moment structure

as exponential random variables, then obtaining E by maximizing the exponential likelihood



function rather than the true likelihood function which may be much more complicated, results
in an estimate which is optimal with respect to asymptotic variance (is “asymptotically
BLUE”). In such a situation, we say that the exponential likelihood function is a “quasi
likelihood function”, as it is not the true likelihood. Recall that exponential family
distributions have their variances a function of their means. If a variance (or the covariance
structure) can be so expressed, we may solve the QL equations Ol(y, y)/0u=V (u)(y — u) for
the QL function, where y is the observation vector and V'(u) is a generalized inverse of the
variance covariance matrix. McCullagh says that “The most interesting (case) involves
uncorrelated observations” (McCullagh and Nelder (1983), p. 169), so that the variance matrix
has diagonal form, and this corresponds to the cases we are most familiar with, such as
independent observations from an exponential family (second) moment structure distribution.
The central premise of this dissertation is that the uses of “non independent” QL functions are

unrecognized.

Frequency domain spectral estimation is really an attempt to model a one dimensional
generalized model response surface. One method of obtaining parametric estimates is to

choose the # maximizing

= D log £5()) + In(A)/fe(A) [L.1]

where {fy} is the spectral model and I (A) is the periodogram (see section 3.3 for definitions).
Notice that [1.1] is the log likelihood function for independent, exponential random variables,
and its use is obviously motivated by the asymptotic distribution of the periodogram. Such an
idea is quite old, dating to Whittle’s work in the 1950’s, e.g Whittle (1951), (1953). It turns
out that the estimate 8 from this procedure is asymptotically equivalent to that obtained by

maximizing the true likelihood function if the time series s Gaussian. If the series is not



Gaussian, 8 is consistent but not optimal wilh respect to asymplotic variance. One application
of the results in this dissertation is an extension of the work of Chiu (1988) to “optimal”
spectral estimation in non-Gaussian (univariate) time series. Chiu showed that an iterated,
reweighted least squares procedure applied to the periodogram produces estimates of spectral
density model parameters for Gaussian univariate time series which have the same asymptotic
variance as those produced by maximizing the true likelihood. For non-Gaussian univariate
series, we cannot consider the periodogram to be “asymptotically independent” in a sense to be
described later, but the dissertation will show how to obtain “asymptotically BLUE” estimates
of parameters for density models. In the case of multivariate time series, we will also give an
asymptotic optimality theorem which indicates a new way in which splines or other parametric
functions may be fit to the cross spectrum. The only previous methods of multivariate time
series analysis are “smoothing” of the periodogram matrix, a non-parametric approach, or
multivariate ARMA models, which are difficult to fit due to their complexity and abundance
of parameters. The results presented here point towards the development of new parametric

multivariate models with practical fitting methods as an alternative to both of these.

A main theme of the dissertation is how to fit spectral models to “contaminated”
series of the form X(t)+N(t), where N(t) is uncorrelated noise which may severely damage
parametric spectral estimates. It turns out that maximizing [1.1] where the periodogram has
been calculated from a contaminated series will result in a biased estimate (Taniguchi (1979),
Hosoya and Taniguchi (1982)). A way out of this unfortunate situation is the use of a
“misspecified” QL function. The misspecification is in the covariance structure: we incorrectly
assume covariance in the observations which does not exist in order to lessen bias. If this is
correctly done, and if in fact no contamination eristed in the observed series, the asymptotic

variance of our parametric estimates will be little damaged. A connection exists here to non-



Gaussian spectral estimation, in which there is (asymptotic) covariance in the periodogram.

This is apparently unrecognized in the literature.

The central viewpoint of the dissertation is that the observation vector (i.e. the
periodogram) is really a function in L%[-x, 7], the space of square integrable functions on [-m,
n]. For example, if the periodogram is viewed as only being defined at the Fourier frequencies,
then we can extend it in an obvious way to being defined on [-7, 7]. The asymptotic means
function is then the true spectrum f()). The asymptotic variance at a frequency X is f2()\), and
the variance function is viewed as a multiplication operator on L2 i.e. Mf2[g]=fzg for g € L2
This corresponds to the “independent observations case” in GLIM where the design space is the
interval [-m, 7] and the variance matrix is of diagonal form, so that Vx multiplies each x; by
d,, the d; being the diagonal. There are many different linear operators on L?; for example,
one which will play an important role in the sequel is the kernel operator which maps a
function f()) to the function [k(}, x) f(x) dx. The main difference between Gaussian and non
Gaussian processes is that the variance operator for a non Gaussian process is not a
maultiplication operator. This introduces a new concept into “response surface GLIM”: thinking
of the “variance” as an operator on an infinite dimensional Hilbert space rather than a matrix,
which is an operator on a finite dimensional Hilbert space. If the data is contaminated, using
a non multiplication operator (which will sometimes be referred to as “non Gaussian variance
operators” for obvious reasons) as a variance operator may result in reduced bias if correctly
chosen. Previously, it has been suggested to eliminate periodogram ordinates corresponding to
“contaminated” frequency bands. The use of a non-Gaussian variance operator can achieve the
same results if &t is not precisely known which bands are contaminated, which is perhaps a

more realistic assumplion in practice.

The dissertation is divided into 11 chapters. Chapters 2 and 3 describe in further



detail what time series and generalized linear/nonlinear models are, including literature reviews
of relevant material. Chapter 4 shows the link between maximum likelihood estimation in
time series and the generalized model response surface. Chapter 5 describes the problem of
frequency domain cospectral estimation in multivariate time series. The essence of the
dissertation is chapters 6-9. Chapter 6 gives a new definition of quasi-likelihood, in which
estimation is shown to be a problem in nonlinear functional analysis, and gives general
definitions involved in the setup of QL type problems as here defined. Chapter 7 states and
proves an optimality theorem for estimates obtained by minimizing a QL function as defined
in chapter 6, essentially giving a version of the Gauss Markov theorem. Chapter 8 shows that
the definitions of chapter 6 are satisfied in the framework of spectral estimation, so that the
optimality theorems of chapter 7 apply. Chapter 9 discusses the problem of spectral
estimation in contaminated series as a main application of the theory in chapters 6 and 7.
Chapter 10 extends the theory of chapter 6, using the limitations of chapter 6’s framework
which become apparent in chapter 9 as motivation. Finally, chapter 11 gives some conclusions

and directions for future research.



Chapter Il
The Generalized Linear/Nonlinear Model

2.1 Introduction to Generalized Models

The usual regression problem is to find a model for the means of independent,
normally distributed random variables as a function of explanatory variables x,, x,, . . ., Xps
i.e. we model

y; =f(B, x) + ¢, €; ~ N(0, o?) X =(Xq, Xgy + « vy Xp)
where B is an unknown column vector of parameters to be estimated by the method of least
squares. If f(B, x) = x’B, then we have a (multiple) linear regression problem, and otherwise a
nonlinear least squares problem which may be solved by the Gauss-Newton method. But
suppose the model does not have this “classical” form; it may be that the means of the y, are a
function of some explanatory variables x, but the variances of the y; are not constant. These
variances may actually be a function of the means, i.e. the variance of y; is V(y;) for some
positive function V(u). We are still interested in modeling the means of y; = f(8, x;) where f
is not necessarily linear, but it must be taken into consideration when B is estimated that if
p;=f(B, x;), then the variance of y; is V(f(8, x;)). This is known as a generalized nonlinear
model (GNM), and as one might suspect it is probably not a good idea to estimate f by
minimizing
> (vi— (B, x,)?

as one would do if the variances were constant, but instead follow some other procedure. One

example of such a procedure is called iterated reweighted least squares (IRWLS) and is given



by the following algorithm (which is from Carrol and Rupert, (1988), p. 10).

Step 1 Start with a preliminary estimator B*.

Step 2 Form the estimated weights wi=1/g2(pt-(ﬁ*), z;, 0), where var(y;) = g2(pi(3*), z;, 0)
may depend on u;=E(y,), some other (known or estimable) parameter #, and some known
vectors z; (whose components “may or may not include some or all of the predictors x;”).

Step 3 Let BG be the weighted least squares estimate using the estimated weights in step 2.
Step 4 Update the preliminary estimator by setting ﬁ*: ﬁG’ and update the weights as in
step 2.

Step 5 Repeat steps 3 and 4 C — 1 more times, where C is the number of cycles chosen by the
experimenter.

If pu;(B) = x'B (i.e. the means are a linear function of the regressors), then according to the
Gauss Markov Theorem, the BLUE estimate of the parameter B would be given doing
weighted least squares using the weights wizl/gz(pi(ﬂ), z;, #). Asymptotically, the algorithm
given above will yield an estimator with the same variance. If u,(f) is not a linear function of
the regressors, the Gauss Markov theorem and a linearization argument yields the same result.

Thus, we may consider the estimator given by the IRWLS algorithm “asymptotically BLUE”.

One model where the mean is a function of the variance occurs when the y; are
members of an exponential family; i.e. y, has a Poisson, Gamma, Binomial, etc. distribution,
and the parameter needed to completely specify the distribution is a function of the regressors.
We may write the distribution as

f(y; 0;) = exp{y8;+ g(6;) +d(y;, 6,)} (2.1.1]

so that the joint log likelihood function of the observation vector y may be written



N
16, y) = ) _y.0;+ g(8,) +d(y;, 6,)- [2.1.2]

1=1
It turns out that if the model is correctly specified, the estimator B obtained by maximizing
the likelihood equations, and that obtained by using IRWLS are asymptotically equivalent

(have the same asymptotic variance matrix).

In the generalized linear model (GLIM), the relationship between the means, the
regressors, and the parameters has the special form p,=s(x,8) for some monotone, twice
differentiable function s( . ) called the link function. Each exponential family function has a
special link function, known as the natural link, which occurs when 8, = x; 8 (i.e. s'l(,u.-)=0‘-).
Common link functions include the identity (u;=x;B), the log (u;=log(x;8)), and the
exponential (u,=exp(x,f)). Generalized linear models have become more popular in recent
years due to a computer package called GLIM which allows the user to choose a distributional

form and a link function to fit these models to data.

The main results of the dissertation fall under the domain of generalized nonlinear
models, although obviously any result which holds for a generalized nonlinear model would also
hold for a generalized linear model. Most of the published literature has to do with generalized
linear models, since these are simpler to work with in practice. For example, it can be shown
that IRWLS is equivalent to Fisher’s “scoring method” where the second derivative matrix is
replaced by its expected value (see, e.g. Green (1984)). If the natural or canonical link is used
in a generalized linear model, then the second derivative matrix and its expected value are the

same (McCullagh and Nelder (1983), p. 33).

Peter McCullagh, who was involved in the development of generalized linear models,
observed in his 1983 paper that “likelihood” type methods could be extended to models where

the full distributional structure need not be specified, but only the relationship between the



mean and the variance. If y is an observation vector which has mean vector g and variance
covariance matrix V(g), he defined what is called a quasi-likelihood function by solving the
equation

%ﬂy) =V ()(y—n) [2.1.3]

for 1(p, y), and gave a rough sketch of an argument that the estimator ﬁ obtained by
maximizing the quasi-likelihood function is “asymptotically BLUE”, and thus has the same
asymptotic variance matrix as the IRWLS estimator (now obtained by iteratively minimizing
the quadratic form (y —pu)’'V (u)(y —p)) or the estimator obtained by maximizing the true
likelihood function. Thus, if you use a Poisson likelihood function to estimate f in a
generalized nonlinear model, assuming the y;’s have the same relationship between the mean
and variance as do Poisson random variables, your IRWLS estimators or ML estimators will
have an asymptotic optimality property. This is true even if higher order cumulants of the y,’s

are not the same as higher order Poisson cumulants.

Notice that only the zeros of the derivative dl(u(B), y)/0B are needed (McCullagh,
(1983)); therefore, it is not necessary to explicitly solve [2.1.3] in order to use a QL function in
practice (and of course, in the IRWLS procedure, only V(u) needs to be specified). If the
means vector is written as a function of the unknown B vector, we may write the “generalized

least squares” equations as

DTV (y - u(B))=0 [2.1.4]

du(B)

where D = ap is an N x p matrix, and the solution ﬁ to these equations is our QL estimate.

All of the above discussion about “asymptotic optimality” applies only if the means

model has been correctly specified. One main result of the dissertation will show what happens



under model misspecification in generalized nonlinear model response surfaces (i.e. what is B
from solving the QL equations estimating if the model is not correct?). It will be seen that if
the data y(x;) is “contaminated” in the sense that E(y(x,-)):fﬁo(x,-) + fy(x;), where x; is in a
design space, fﬂo(x) is the true means function it is desired to estimate, fy(x) is due to
“contamination” in the data, and the y(x;) are independent, solving the QL equations formed
by using the correct variance function V(u) does not consistently estimate B,.  Solving an
alternative set of QL equations obtained by assuming covariance in the data which does not
erist will yield consistent estimates of S, If the alternative variance matrix is correctly
chosen, asymptotic variance of parameter estimates will be little damaged if the model were in

fact correct (i.e. if fp(x)=0).

2.2 Literature Review of Generalized Linear/Nonlinear Models

Generalized linear models were introduced in 1972 by Nelder and Wedderburn. Their
paper discussed the GLM as applied to different exponential family distributions and noted the
equivalence of IRWLS to solving the likelihood equations. It also introduced the concept of
“deviance” as a diagnostic in the fitting process (as an analog to the SSE or MSE in the usual
regression setting). Wedderburn’s (1974) paper recognized the fact that to define a likelihood
requires a full specification of the form of the distribution, but to define a quasi-likelihood
requires only the specification of the relation between the mean and variance. Various
properties of QL functions are discussed, and the equivalence of IRWLS and using the Newton-
Raphson method with expected second derivative of the QL function was observed.
Wedderburn continued his GLIM research with his 1976 paper, which explored existence and

uniqueness properties for maximum likelihood type estimates in the generalized linear model.

In the 1980’s, generalized linear/nonlinear models became a “hot topic” for research,

10



and the number of papers published in this period increased dramatically. Much of the
research was geared towards model diagnostics and the application of likelihood type theory to
“smoothing spline” (nonparametric) estimation in GLIM (mostly one dimensional) response
surfaces. As most of this research does not have a direct bearing on the results of the
dissertation, we will not review the voluminous literature but instead concentrate on the papers

which are most closely related.

In 1983, McCullagh’s paper reiterated “the connection between quasi likelihood
functions, exponential family models and nonlinear weighted least squares”, and has been
previously mentioned is a major background paper for the dissertation. Jorgensen (1983)
began to examine GLIM with correlated observations and error distributions not of the
exponential family form. Green’s (1984) paper was in part a survey article, but also gave a
discussion of such topics as specific numerical methods to carry out IRWLS and convergence in
the IRWLS procedure. It was also an attempt to examine “resistant” reweighted least squares
estimation techniques, which mainly involved downweighting “outliers” in the residuals during

the process of IRWLS.

The papers discussed in the previous paragraph are of a “general theory” nature.
Another main area of GLIM research apparently beginning in the mid 1980’s is the “GLIM
response surface”. One of the first papers in this area was O’Sullivan, Yandell, and Raynor
(1986), in which the problem of obtaining a nonparametric estimate of a regression function
f(t) is considered. The method used is the “penalized log likelihood” concept, first introduced
by Good and Gaskins (1971), where the nonparametric estimate f(t) (t € T) is chosen from
(some subset of) the continuous functions on T to minimize lnA(f)zzn:l,-(y,—; f(t;)) + n AJ(f).
Here, 1, is the likelihood function, and J(f) is a “penalty functional”‘ (=ielsigned to “incorporate

prior notions, such as smoothness, about the behavior of f* (O’Sullivan et. al. (1986), p. 96).
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For example, if T = [a, b], then f(t) might be chosen from the set of continuously
differentiable functions and J(f) might be Jb[f(t)]2 dt. X is a “smoothing parameter” which
a
controls the relative weighing of the penalty function in estimating f, and needs to be
estimated from the data. The theme of “nonparametric GLIM response surfaces” is continued
by Tibshirani and Hastie (1987), which discusses fitting “local” linear models (e.g. Gy+03,x) by
maximizing the likelihood function in a neighborhood of each point to obtain an estimate of
the mean response at that point (e.g. to obtain ?(xo), let N be a neighborhood of x, and fit a
linear model using only the data corresponding to regressors which fall in N. Then
?(xo)zﬁo-f-ﬁlxo). This idea is expanded upon in Staniswalis (1989), who examined the notion

of maximizing a “weighted likelihood” at each x; of the form

W)=, W(Rs ) log iy, A).

The kernel bandwidth b is chosen (by cross validation), and then the X maximizing W(}) is
the estimate of the regression function at x;. Azzalini, Bowman and Hardle (1989) discuss
using nonparametric regression as a diagnostic tool by comparing nonparametric and
parametric estimates of the response function, an idea which is again elaborated on by
Staniswalis and Severini (1991). The papers involving a combination of nonparametric and
parametric regression are mentioned because they somewhat relate to the material in chapter 9
of the dissertation, which in part has to do with fitting a parametric model to a nonparametric

estimate of a regression function.

Several important books were also published on generalized linear models in the 1980’s,
the most important being McCullagh and Nelder’s “Generalized Linear Models” (1983), and

Carrol and Rupert’s “Transforming and Weighing in Regression” (1988). The
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McCullagh/Nelder book was essentially an expansion of the McCullagh/Nelder papers (some of
which are rather terse), attempting to give a more comprehensive view but not containing any
essential new material. Carrol and Rupert also gave a practical treatment of “how to”
modeling using GLIM. One important discussion in their book is the concept of “pseudo
likelihood”, in which the variance function does not depend upon the mean, but instead upon
some other unknown parameters (as in the IRWLS algorithm of section 2.1). This will be

similar to the cross spectral estimation situation in chapter 5.
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Chapter Il
Time Series

3.1 Introduction

When one thinks of a “statistical model”, perhaps the first thing to come to mind
might be the areas of multiple regression, response surfaces, or the “generalized linear model”
as described in the preceding chapter; that is, modeling the means of independent random
variables as functions of “x values” or “regressors”. However in time series analysis, the
random variables being analyzed are all assumed to have mean 0, and the problem is finding a
model to describe the covariance structure of these variables. In practice, one would usually
have to remove a trend line by some means (such as regression, for example), and the time
series part of the statistical analysis would consist of modeling the covariance structure of the
residuals. For example, if one considers the yearly GNP from 1850 to the present, a curve
might be fit to the data using regression, but it probably would not be valid to consider the

residuals from the fit to be independent random variables.

There are essentially two basic types of time series, continuous and discrete. An
example of a continuous time series might be the recording from a seismograph or an
electroencephalograph; that is, a numerical reading for each point in a continuous interval of
time. Some examples of discrete time series include the monthly production of steel,
automobiles, etc., the weekly rainfall, the daily Dow Jones Industrial Average, and the daily
value of a certain stock when the market closes. We might expect the last two of these series

to be related (i.e. correlated), and taken together they form a bivariate time series. This
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dissertation will also be concerned with modeling the joint covariance structure of two such
series, but that comes later. For now, let us just state that the dissertation will be concerned
solely with discrete series. Of course, one can always create a discrete series from a continuous
one by taking observations every é units of time (how to choose 6 has been studied, but we will
not go into this here), and for purposes of computer analysis this must often be done. Here, we
will concentrate solely on how to model the covariance structure of a discrete, mean 0,
stationary (to be defined in the next section) time series. There is a connection between
modeling the covariance structure and a topic perhaps more familiar to statisticians known as
“generalized linear models”, and the main purpose of the dissertation is to develop this
connection. But first we must establish some notation and describe some of the key concepts

involved in time series analysis.

3.2 The Covariance Function and the Spectral Density
Function

Let us establish some notation. We will define a weakly stationary time series to be
an infinite sequence of square integrable random variables X(t) (t=0,+1, +2,...) having
mean 0 and covariance function B(t, s)=E(X(t)X(s)) so that B(t, s) depends only on the
difference t —s. In other words, we can write B(t, s) = 4(t —s) for some function ¥ on the
integers. A strictly stationary time series has the property that the vector (X(t,+t), . .
X(tg+t)) has the same distribution for all t. Whether the series is weakly or strictly
stationary, the central problem we are concerned with is how to estimate y( . ). At first glance
this would be a seemingly impossible problem (since you only observe a finite number of
observations), but fortunately we have the following theorem due to Herglotz (see Brockwell

and Davis (1987), p. 115):
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Theorem 4.3.1 A complex-valued function y(h) defined on the integers is nonnegative definite
iff
T
vy = [ e aroy

where F()) is a right continuous, non-decreasing, bounded function on [-7, ] called the

spectral distribution function. If

F(\) = J; f(v) dv

then f is called the spectral density or spectrum of ¥( . ).

Note that for real valued processes, in order to make the covariances real the spectral
density f must be symmetric about the origin. The time series we will be concerned with will
all have a spectral density function (spectrum), so if we can succeed in estimating the
spectrum, we will have completely specified the covariance structure of the series and will thus

consider ourselves to have analyzed the time series as far as possible.

There is also a multivariate analog to the spectral density for stationary multivariate
processes. A vector valued process X=(X,(t), . . . X,,(t))’ is said to be weakly stationary if the
joint covariance matrix B(t, s)= E X(t) X'(s) depends only on the difference t —s, and strictly
stationary if the distribution of the vector (Xal(t1+t), ce Xak(tk+t)) does not depend on t.
In this case, instead of the spectral density function, there is a spectral density matriz of
functions to describe the covariance structure of the process. This matrix must be nonnegative
definite at each frequency, and the Fourier transforms of the components give the covariance

and cross covariance functions, i.e.

7;;(h) = J: e £,.(2) dA
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where 7,;(h) = cov X;(t+h) X,(t) for all t (which is constant for all t by stationarity). If
(X4(t), X,(t)) is a bivariate process, then f;,()) is called the cross spectrum. It is complex
valued, and if we define c;,(A)=Re{f;5(A)}, q;2(})= —Im{f,,}, then c;, and q,, are called the

cospectrum and quadrature spectrum, respectively.

In the case of strictly stationary processes, there are higher order analogues of the
spectrum known as cumulant spectra of order k, the spectrum being a “cumulant spectra of
order 2”. Given the strictly stationary r-vector valued time series X(t), t=0,4+1, +2, ... with
components X (t), a=1, . .r, if

c (tyy - - - tg) = cum{Xal(tl), ceey Xak(tk)},

Gyye + 48

the kth order cumulant spectrum , { . . Ag) is defined by

al,. . -,ak(/\l’ *

=

L k
cal,. . .,ak(tl’ tet tk)ZJ R J x exV{i ZAJUJ} fal" . _’ak(/\l, LRI Ak) dAl' . dAk'
- 1

Recall that if X,, . . ., X; are random variables, and ¢(ay, . . . a;) = Elexp(i(a;X;+ . .
+a;X;))], then

Y
cum (X4, ..., X3 ) = 3o . Oy log [¢(ay, - . . ay)]
where the partial derivative is evaluated at (0, 0, . . . 0).

For the results of this dissertation to hold, it is assumed that the fourth order cumulant

spectrum exists, but stationarity beyond fourth order cumulants is not required.
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3.3 The Periodogram: Motivation From Deterministic Time
Series

T
One way of looking at the covariance function y(h) = I e** f(1) d) is observing

that v(h) is simply the hth Fourier coefficient of f(A). Reversing this, we can write

i) = o i e P y(h).

=-00

Suppose now one had a function X(t), where t € Z (integers) which could be written as
o
X(t) = J et () d).
=00

o
Since X(t) is defined only on the integers, the analog of the Fourier transform J et x(t) dt

-0

would be %[ d(n)(A), where

dM) = nzl e A X(t) [3.3.1]
t=0
and it turns out by a central limit theorem that if X(t) is a stationary process, d(™)(}) has an
asymptotic (complex) normal distribution. But the mean of this random variable is 0, since
the means of the X(t)’s are all 0. Nonetheless there is an important relationship between
d(")(A) and the spectral density, which is that asymptotically variance(d(")()\))zf()«). Hence if
we consider the statistic

1) = g | 4O [33.2]

which is known as the second order periodogram, lim E(I,(2)) = f(A). Furthermore, we
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have the following theorem describing one aspect of its asymptotic behavior (Brockwell and

Davis (1987), p. 337):

Theorem 10.3.2

If f(A)>0 for all A € [-7,7] and if 0<A;<Ay< ... <A <m, then the random vector (I, (};),
I.(A), - . ., I,(},,)) converges in distribution to a vector of independent and exponentially

distributed random variables, the ith component of which has mean f(},), i=1,...,m.

It is this theorem which motivates the following: Define F, = {je€Z:
-m<w; =27mj/n <7} ={-[(n-1)/2, ..., [n/2]}, where [x] denotes the integer part of x and Z
denotes the positive and negative integers. Then {w; j€ F,} are called the Fourier
frequencies. We may consider the set of random variables {I, (w;): j € F,} to be independent,
exponentially distributed random variables with E(I,(w;)) = f(w;). The sense in which this is
true will be described later. But for now, let us simply observe that the periodogram is not a
consistent estimator of the spectrum, and so we will have to find some other method of

estimating it.

3.4 Kernel Estimates of the Spectral Density

If the spectrum is sufficiently smooth, the periodogram ordinates are approximately
uncorrelated with means which shouldn’t be too different, provided they are restricted to a
sufficiently small interval. For any given interval, as n increases there will be an increasing
number of Fourier frequencies in the interval. Hence one might expect to construct a
consistent estimator for f(A) by taking some kind of (possibly weighted) average of the
periodogram ordinates for the Fourier frequencies falling in the interval [A —¢, A+¢] for some

suitably chosen €. Actually, it is possible to do better than this by making the estimator have
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the form
fw)= > W0 I,
k| <m,

where {m_} is a sequence of positive integers (which presumably increases with n) and W _( .)
is a sequence of weight functions. These are called “Kernel Estimators”, and the asymptotic
properties of such estimators are well known. In this dissertation we will seek to find
parametric models for the spectrum, but as will be seen in chapter 9, kernel smoothing will
play a role in a robust parametric estimation procedure. Before we can describe the parametric

approach further, we must review some other properties of the spectrum.

3.5 The Wald Decomposition and the Innovation
Variance: Kolmogorov's Formula

The random variables X(t), t=0,41, +2, . . . are all square integrable, and so
generate a Hilbert space H (the closure of all finite linear combinations). Let us define H, to
be the closed linear subspace of H generated by {X(s): s<t}. From the standpoint of
prediction, we are mainly interested in those stationary processes X(t) for which X(t+1) ¢ H,
(since otherwise, the projection of X(t+1) onto H, will be itself and there is no statistical
problem with prediction). A process which satisfies this condition is known as a regular
process, and otherwise the process is known as a singular process. Every regular process has

what is known as its Wald decomposition, that is, it can be written as

X(t)= io: c(t —s) Z(s)

s=1

where Z(s) are uncorrelated elements of H (Rozanov (1967), p. 56).

The question arises, “Is there any restriction on the spectral density function f(A) so
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that a process X(t) which has spectrum f(A) will be a regular process?”. The answer is “yes”,

and the condition is given by the following.

Theorem 5.1 (Rozanov (1967), p. 64)
In order that the stationary process £ be linearly regular, it is necessary and sufficient that it

have an almost everywhere positive spectral density f(A) such that

T
J log f(A) d(A) > — o0.
-
If we have a regular process with spectrum f(A), the innovation variance (i.e. the variance of
X(t+1) — X(t+1), where X(t+1) is the projection of X(t+1) onto H,) is given by what is

known as “Kolmogorov’s Formula”, which is

s . g
inf J [14+P(e”))? £(X) d(A) = 27 exp {LJ log () d(A) }
P |.x 2T | o
(Rozanov (1967), p. 66). The infimum is taken over all polynomials P(z) such that P(0)=0.
This shows the “frequency domain” squared distance from the constant function 1 to the
subspace spanned by {e'i’\ , e’zu, 3 } is given by the expression on the right side of

the equation. By the isomorphism between the frequency domain space and the process space,

this squared distance is also the variance of X(t+1) — i(t+1).

3.6 ARMA Models and their Motivation

Because most of the parametric spectral estimation research has been directed towards

a special type of model, known as the “Autoregressive/moving average” or ARMA models, it is
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necessary to explain what these models are and why they are so important.

An ARMA model for a (univariate) spectral density is simply

2 9(3_'_)‘)

¢(e-u\)
where o2 is the innovation variance, and 6(x) = 1+01x+02x2+ ce 0, x7, B(x) =
1 —¢lx—¢2x2 - ... —¢pxp are polynomials having no roots in the unit disk of the complex

plane. Thus, the ARMA model is a squared rational polynomial on the unit circle in the
complex plane. This definition may seem strange, and there is another interpretation of
ARMA models in the “time domain” which is as follows. We can write an expression
involving the time series and its Wald decomposition as
Xe—=0Xp1—0Xeo— oo =0, Xy, =240,2,1+0,Z2, 5+ ... + 0024 g

If the polynomial §(x) = 1, this expression involves only the time series under observation and
Z,, and we can write X,=¢,X, ;+¢.X, 4+ . .. +¢pX,_p+ Z,. This shows the observation at
time t may be viewed as a linear combination of the p previous observations plus a “random
shock™ Z,. If the polynomial ¢(x) = 1, we can write X,=Z,+6,Z, ,+6,Z, ,+ . . . + Bq Zt-q ,
and X, may be viewed as a finite linear combination of uncorrelated random variables, which

is known as a “moving average”.

It is a fact (Brockwell and Davis (1987), p. 125) that squared rational polynomials are
dense in the space of spectral densities corresponding to regular processes. Actually, rational

polynomials of the form

#(e™)

| 1 r or |o(ef

are also dense in the space of regular spectral densities, and hence theoretically if you put
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enough coefficients in an autoregressive, moving average, oo ARMA model, you should be able
to fit to within sufficient accuracy any spectral density. Of course in practice, you want the
model you fit to contain as few parameters as possible, and one would hope to choose an
autoregressive, moving average, or ARMA model which does this and yet still fits the data

reasonably well.

Another nice interpretation of ARMA models is to look at where the roots of the
polynomials ¢(x) and 6(x) lie. If ¢(x) has a root near the unit circle (say near ¢** ), then tie
spectral density will have a peak at A. If §(x) has a root near the unit circle (say near e ),
then the spectral density will have a valley at A. Unfortunately during the fitting process this
knowledge is of no help, since the parametrization is done in terms of the polynomial

coefficients and not the (complex) roots.

The time domain interpretation, however, will be of help in the fitting process. As
pointed out by Box and Jenkins (1976), one can compare ACF’s and PACF’s calculated from
the data to theoretical ACF’s and PACF’s of autoregressive, MA or ARMA processes in the

model screening stage (see chapter 3 of Brockwell and Davis (1987) for definitions of these).

For multivariate processes, there is an analogous class of models known as multivariate
ARMA models. The time domain representation of an m-dimensional ARMA process is
X(t)- ¢, X(t-1)— ... —®,X(t—p) = Z(t)+6,Z(t - 1)+ . . . +©,Z(t —q)
where the ®’s and the ©’s are m x m matrices. There is a noniterative time domain method
for obtaining parameter estimates in the autoregressive case (Yule-Walker equations), but in
general due to the large number of parameters in these models likelihood type solutions are

difficult to obtain.

Disadvantages of ARMA models include the fact they are “global” models; you cannot
say how a change in a parameter will affect the shape of the fitted curve. ARMA models,
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especially multivariate ARMA models, can be difficult to fit since you must have starting
values for the parameters in order to do Newton-Raphson iterations. There may be many local
maxima in the likelihood surface, so it is important to have consistent starting estimates. In
the multivariate case, even assuming you can obtain these starting values the model is very
complicated and difficult to work with from the practical viewpoint. Restrictions must be
placed on the multivariate ARMA model to make the model unique within the parameter

space.

3.7 Problems in Time Series Analysis

There are essentially two main problems in time series analysis, (1) estimation of the
spectral density for its own sake, i.e. to see where “important” frequency ranges lie, and (2)

prediction of future values of the time series. Let us discuss each of these.

In the univariate case, the spectrum tells us where most of the “power” in the time
series is coming from (i.e. low or high frequencies). Knowledge such as this may be important
in its own right, such as in the case where the series represents “noise” and an engineer would
try to broadcast a radio signal on a frequency as far as possible from where most of the noise
spectrum is concentrated. The case of multivariate series becomes more complicated, because
there are other functions of the spectral density matrix which have nice interpretations. For
example, three of these are the the phase spectrum (¢,,(A)=arg(f;,(1)), the group delay
(¢12(A), i.e. the derivative of the phase), and the squared coherency spectrum
(|f12(/\)l/m). Functions of the spectral density matrix are usually estimated by
substituting a smoothed version of the periodogram for the true spectrum in the appropriate
formulas. Of course, if we have a parametric model for the spectrum of the bivariate series,

then we may use this model to estimate the functions of the spectral density matrix in a
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similar way.

The second main problem in time series analysis is the prediction of future values. If
the spectrum is known, then to predict X, having observed {X, ;, X, , ,. . . }, we simply
construct the L2 projection it 4+1 of X, onto H,. Of course, if we have a model for the
spectrum, then we will simply act as if it were the real spectrum when finding the projection
i, +1- Sometimes, two univariate series, say X,(s) and X,(s) may be observed, which are the

input and output of the transfer function model
o0
Xy(s) = t;X;(t =) +N(t)
i=0

where T={t;, j= 0, 1, 2....} is a linear filter and N(t) is a stationary process uncorrelated with
. 0O, ..

the input process X,(t). It turns out that the transfer function T(e) = Z t J-e"J'\ can be

() N ’ =7

R and if one is interested in predicting X;(t) having observed both

11

series until time t—1, a better estimate can be obtained by projecting X,(t) onto the L?

expressed as T(e*}) =
closure of the linear span of {X;(t—1), X;(t—=2), ...} U{X,(t—1), X,(t—2),...}. This

projection can be done in practice if one has an estimate of the bivariate spectrum of both

processes.
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Chapter IV
Maximum Likelihood Estimation of Time
Series Parameters

4.1 Three Asymptotically Equivalent Ways of Estimating
Parameters

We would like to distinguish between two basic types of spectral models and discuss

the differences in maximum likelihood estimation for the two types.

The two basic categories of spectral models are (1) those which have the innovation
variance as a parameter, and (2) those which do not. This dissertation is concerned mainly
with the second category, but theory developed for these models may also be applied to the
first category. Thus it is necessary to see how a separately parametrized innovation variance

simplifies things in some cases, and results in differences in others.

Using as motivation the previously mentioned theorem from Brockwell and Davis
(1987) which gives the asymptotic distribution of the periodogram (the periodogram ordinate
at A becoming exponentially distributed with mean f()), the spectral density function), we
estimate § where the model is {fy} by minimizing

I(A )
> log(fa(N)) + 50 [4.1.1]

summing over the Fourier frequencies. Of course, this function is the negative log likelihood

function assuming the “observations” I();) are exponentially distributed (which is the link

26



between spectral estimation and GLIM). As previously mentioned, the idea of using the
exponential likelihood function in this manner instead of the true likelihood of the series is
quite old, dating back to Whittle’s work in the 1950’s. It is further suggested that one might
view frequency domain spectral estimation as estimaling a one dimensional generalized model
response surface over the design space [0,x] (or a subset of [0,7], see the next section). This
“design” aspect of spectral estimation will be crucial in obtaining rigorous proofs of results

which do not exist in the general GLIM context.

On the other hand, the Gaussian likelihood of the vector of observations X = (X,

Xg,. .., X)) is given by
.n 1 1
L(B, 0%) = (270%) 2 |G (B)I Zexp { -5 3 X, G 1(B) Xy} [4.1.2]

where G_(B) = 02 T (B) and T, (B) is the covariance matrix of X,. Three asymptotically

equivalent estimators are found as follows:

(a) Bn minimizes

1(8) = X G"—nl(ﬁ) X + n " ln det(G,(8)) [4.1.3]

and then

' -1/3
&%B,) = Xn G"n (B) X, [4.1.4]

which is full ML estimation of parameters.
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(b) B minimizes
X, GTY(B) X
F2(p) = % [4.1.5]

which is then taken to be the innovation variance. This is called the “least squares” estimator

for obvious reasons.

(c) A minimizes

7B =n"13" gI(v:\(‘)‘%) [4.1.6]

which is then taken to be the innovation variance, where

_ 1o HP

= - . 1.7
|é(e =) w11

g%, )
Chapter 10, section 8 of Brockwell and Davis (1987) shows the consistency and asymptotic

normality of these three estimates, and also shows that they are asymptotically equivalent.

Since [4.1.6] looks like half of [4.1.1], let’s concentrate on this estimator. Why does the
first term of [4.1.1] disappear when the innovation variance is separately parametrized? Why
can’t you make & 2(ﬂ) as small as you want by making g(A, #) large? The answer lies in the
way the model is parametrized. The model is
X;=0Xyoq1— oo =0, X_ =240, 2, 1+ .. +0Z, _, [4.1.8]
where Z, ~ IID(0, o?), B = (61) - - - by, 2T 0q), and the parameter set is {#cRP 19
#(2)0(z) # 0 for |z| <1 and ¢( . ), 6( . ) have no common zeros}. As Brockwell and Davis

(1987) observe (p. 366), B can be expressed as a continuous function B(a,, . . ap, by, ... bq) of
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the zeros a;, . . a, of (. ) and by, . . ,by of 6(. ). Since these functions have no roots in the
unit circle, a;|>1 and |b;|>1. Hence to make () small, you would need to, say, make |6(z)|
= |H(1 - ali z)| (z=e"'.'\) large, which would be done by making the |a;| ’s small. . . but
they’ve got to be bigger than 1! This is a rather informal argument, but a more rigorous one
can be constructed from a theorem known as the “Toeplitz Asymptotic Homomorphism”
which can be stated as follows: If the spectral density f is strictly positive, then the one step

prediction error a; is given by
log 0% = lim_ 1 log det T, (2nf) = o Jlog 27 f(2) dX

where T, (g) is the covariance matrix calculated using g as the spectral density (Azencott and
Dacunha—C‘astelle (1986), pl13). So, if the model is separately parametrized, the first term in
[4.1.1] would (asymptotically) be replaced by o2, which then plays no role when the partial
derivatives are taken with respect to the other parameters. This means only the second term is

really used in the determination of parameters.

4.2 Some Examples of GLIM Parametrizations

The most commonly used spectral density models, the ARMA models, unfortunately
do not fall in the GLIM category and instead must be viewed as generalized models. There
are, however, two models of lesser popularity which are GLIM models. These are known as

Kolmogorov’s turbulence model and Bloomfield’s exponential model (Bloomfield (1973)).

According to Kolmogorov (1941), the spectral density for turbulence in a fluid may be

5/3

written as f (w) = ¢ w>/7 . In practice, however, the ideal conditions required for this formula

to hold are rarely met. Instead, a model must be fit which views the power as a parameter;
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i.e. the model is f, (w) =c w®. Rewrite this as exp {log ¢ + o log w}. This may be fit with
the GLIM package by letting the x variate be the frequencies, using the log link (Cameron and

Turner (1988)).

In 1973, Bloomfield proposed the model

p
2rf(w; 0) = o2exp {22 f; cos Jw} .

j=1

2
Letting ;= 1/2 log %;, we can rewrite this as

J=0

P
f(w; 6) = exp {22 6; cos jw}

and estimates can be obtained using gamma error with log link and performing the regression

on the p variables 2 cos kwj, k=1..p.

There are also other possibilities for GLIM spectral models, such as regression splines

(Smith (1979)), which will not be discussed here but might be applicable to spectral analysis.

4.3 Why Fit Models Over Frequency Bands?

A central motivational idea for this dissertation which differentiates it from most of
the time series parameter estimation literature is fitting spectral density models over frequency
bands. This is hinted at in the preceding section, where the relationship between the actual log
likelihood of the series and the log likelihood of exponentially distributed random variables
with “design matrix” a vector of Fourier frequencies is pointed out. If it is desired to fit a
model where some periodogram ordinates have been excluded from the analysis, all that is

necessary is to remove the appropriate frequencies from the sum in the log exponential
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likelihood (of course, you’ll have a more difficult time doing this using the true likelihood
rather than the approrimate log exponential likelihood). This fact seems to have been
discussed for the first time by John Rice (1979). One might naturally be inclined to ask the
following question: “Since in the final analysis, you need an estimate of the entire spectrum
(i.e. to make predictions, etc.), why would anyone be interested in fitting a model to just a

subset of the spectrum?” There are two main points to be made in response.

First, in the “exploratory” stage of an analysis it might be desirable to fit simple
parametric models (such as splines, for example) to segments of the periodogram, rather than
immediately trying to fit a very complex model to the entire periodogram. This is perhaps
even more relevant in the case of a multivariate time series, where even “simple” parametric
models probably aren’t. A preliminary “segmented” approach would perhaps give an intuitive
idea of what is going on, using parametric GLIM type model diagnostics and screening rather
than nonparametric smoothing techniques, before attempting to fit the ultimately desired

spectral model.

Second, there is the “contaminated series” problem, an example of which appears in
Cameron and Turner (1987). The data consist of 300 observations taken in one second of the
EEG record obtained from a steer. It was desired to fit an autoregressive model to the data,
but it was known from graphing the periodogram that a spike existed at 50 hz due to the
oscillation of this frequency in the electrical supply and its influence on the recording
equipment. Although not stated in Cameron and Turner’s paper, one might view the model as
being Y(t)=X(t)+N(t), where X(t) and N(t) are uncorrelated processes, Y(t) is the observed
process, X(t) is the “true” process, and N(t) is the “noise” process due to the power supply
having a spectrum concentrated in a narrow band around 50 hz. It does not make sense to

ignore the fact that Y(t) is observed, not X(t), and the way to correct for this in the analysis is
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to eliminate the periodogram ordinates in a small frequency band around 50 hz, even though
the spectral density model (for X(t)) is to be used for the entire spectrum. It should be
pointed out that this raises an interesting “design” question: the recording equipment could
probably be altered so that the power frequency translates into a data contaminant at any
frequency. Given that some frequency band must be contaminated, what would be the “best”
frequency to contaminate so as to “best” estimate the parameters of the spectral density
model? Such questions will not be considered here, but are a topic for future research. Other

references to the “contamination problem” occurring in practice are given in Rice (1979).

4.4 Taniguchi, Chiu, Kulperger

There are five papers in the time series field which most closely relate to this
dissertation, written by Taniguchi, Chiu, and Kulperger. As such, we would like to outline the

relevant parts of these results.

Masanobu Taniguchi, a Japanese applied mathematician, published two related papers;
the first in 1979 and the second (with Hosoya) in 1982. The main purpose of the 1982 paper
was to extend some of the 1979 results to the non Gaussian and multivariate cases. The non
Gaussian results are complicated by the fourth cumulant spectrum, see chapter 5 of the

dissertation.

One of the central ideas in these papers was to describe what @ obtained by
“maximum likelihood” is estimating asymptotically if the model {fg}y . g does not necessarily
tnclude the true speciral density function g. He observed that in this case, “maximum
likelihood” may not be the “best” way to estimate parameters, i.e. there are alternative
parameter estimation techniques which may result in a smaller MSE if bias is also taken into

consideration, and went on to describe one such technique (in chapter 9, we will give another
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technique). Although not observed by Taniguchi, his work is trivially extended to the case

where we are fitting a model over frequency bands instead of [-, «].

Before we give specific results from Taniguchi, let us observe that the periodogram
may be regarded as a function on [-7, 7] because it may be extended as follows (see Brockwell

and Davis (1987), p. 333).

Method 1

For any A € [-7, 7], define

L) = { L(Ap) if Ap—7/n <A< A +7/n and 0 < A < m, (4.4.1]

1)) if Ae€fm0)

With the periodogram viewed as a function, we can then “step functionize” the (continuous)

spectral density f in a similar way, and write

J':rlog f(A) + I(( )) d)\ instead of 5% 27’ El () + (( ‘))

Heuristically, the reason this is so is that the later expression may be viewed as a “Riemann

sum” of the former integral. On the other hand, the “natural extension” is:

Method 2

Define I, () as being
-t 2
Ly =4 Yoxie? [4.4.9]

for all A € [-m,7]. Then the “likelihood” function is exactly the integral above.

In the statement of his theorems, Taniguchi extends his periodograms to [-7, 7] using
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method 2, but the proofs of these theorems are given for the extension done the other way.
Actually, the way in which the periodogram is extended is irrelevant, as the main results hold
in both cases. Let us conclude this short discussion of the periodogram by saying that viewing
the periodogram as a function will be an extremely important concept in the sequel, but it

doesn’t really matter how the extension is obtained.

Taniguchi (1979) defines a “distance measure” D( . , . ) on the space of spectral
density functions as follows. For two spectral densities f and g (positive functions defined on [-
7, 7]) let

D(f, g) = J: log f(A) + %:\\)) da.

Note that this function is not a metric or semimetric on the space of densities as it is not

symmetric and does not satisfy the triangle inequality.

If we have a model {fy}, for each function g, define T(g) to be the value of 6
minimizing D(fs, g). Then using this definition, (7,, = T(I,), where (7" is the “maximum
likelihood” estimator. If the model contains the true spectral density g (which equals, say,
feo), then 6, minimizes D(fy, g) and g is estimating 6. If the model does not contain the true
spectral density g, then & = T(I) asymptotically is estimating 6y = T(g) (i-e. the “closest”
density in the model space to g according to the “distance” D( ., . )). Taniguchi goes on to
define “weak convergence” in the space of spectral densities as follows: If, for every continuous

function ¥(x),

J:I’ 1/’()() gn(x) dx — J':r 1/}()() g(x) dx

then we say that g, converges to g weakly, denoting this by g, g. Viewed in light of this

definition, a previously existing theorem of Brillinger says that the periodogram converges
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weakly in probability to g. Taniguchi then gives an asymptotic “linear representation

theorem”, which can be stated as follows.

Theorem 2 (Taniguchi (1979), p. 577)

Suppose T(g) exists uniquely and lies in int(8), and

v 621'(,1 d%log fo(x)L
+ d
J 56007 5 5009’ “Tya)

is a nonsingular matrix. Then for every sequence of spectral densities {g,} satisfying gnt—vbg,

we have

=

r 1
T(gn) = T(g) + J Pg(x)(8n(x) — g(x)) dx + anJ %L 7. () En(®) ~8(x)) dx
Ls - =T,(9

o §%log fy(x) oy L
where pg(x) = l: J:r 3000 g(x) + 000" ~Ty(0) dx 50 b 7,(0)

and a,, is a real p x p matrix which goes in probability to 0 as n—oo.

This theorem yields that the vector v@m (T(I,,) — T(g)) converges in distribution to a
multivariate normal random variable, and the vector (T(I,,) — T(g)) converges in probability to
0. It should be compared with the following comment from McCullagh (1983, p62): “It can
be shown that among all estimators of S for which the influence function is linear, i.e.
estimators satisfying E—Bo = L(Y-p) + op(N°1/2), where L, is a pxN matrix of

influences, quasi likelihood estimators have minimum asymptotic variance”.

There are two central concepts in this paper we will extend. The first is viewing
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“maximum likelihood” as minimizing a distance function with the true means function (the
spectral density) replaced with the “observations” (periodogram), and being able to identify
what maximum likelihood is estimating when the true spectral density is not in the model in
“geometric” terms as the closest function to the spectral density. The “Taniguchi distance”
D(fgo, g) is really a measure of bias, and the deviance is really estimating a function of D(foo,

g) —D(g, g)- The second main idea to be extended is being able to represent f, —6, as a

linear function of the periodogram minus the true spectral density.

Taniguchi does not derive any “optimality” results, but simply finds the asymptotic
variance of his estimator and points out that in the Gaussian case it is the same as that

obtained by maximizing the true Gaussian likelihood.

Chiu (1988) is the first to give a theorem concerning IRWLS estimates of the

periodogram. The following appears in his 1988 paper concerning the estimate ] minimizing

Zm (8, X)) —1(2))? [4.4.3]

where f(f, A) is a model containing the true spectrum.

Theorem 7 (Chiu (1988), p. 1321)

Let (X)) = ¥(A)/f4(A, 1), and suppose n7—"n, a.s., and NT(7 — ) converges in law. Then
(under some standard regularity assumptions) §T is strongly consistent and T (ﬁT-oo) is

asymptotically normal with mean 0 and covariance matrix 2A"'BA™ 1+ A"'DA!, the elements

(4, k) of A, B, and D being

ajx(60) = (27)7 [6(X) g;(X, 6p) gx(}, 6;) dA
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bj=(27) [ 62(2) (X, 85) (), Bo)gx(A, 8p) A

djx= (@m) [ (Nb(m) T4 -X, 1) 8,(% bo) gr(), ) dX du [4.4.4]

respectively, where g (), 8)= af(g,;,o) and f (), -, p) is the fourth cumulant spectrum of the
J

process.

Similar to Taniguchi, Chiu does not give any optimality theorem proofs. He simply
observes that if the time series is Gaussian and the correct weighting function (i.e 1/f2(8,, A))
is used, then D = 0 and the variance matrix is asymptotically the same as that obtained by
maximizing the true likelihood (2A™!). Chiu’s theorem shows that IRWLS yields this same
optimal variance, since one may first obtain a consistent, but not “optimal variance” estimate
7 of 65 by minimizing Zd’(’\i) (fg(X;) = 1();))? for an arbitrary function ¢()), and then using

this preliminary estimate to find the # minimizing [4.4.3].

Chiu (1990) also considers the problem of “sensitivity” of parametric estimates to
perturbed periodic components of a time series. In this paper, he examines series of the form
Y(t)=p+S(t)+X(t), where X(t) is a stationary, Gaussian time series with spectrum f(2, 6,),
and

K
S(t):kz Ry(t) cos(wpt+di(t)).
=1

In this expression, there are K periodic components, each at a frequency w;. Ri(t) and ¢,(t)

are functions that “change slowly over time t”.

Chiu (1990) essentially proposes using classical techniques on a modified periodogram

I(2), where I(A) = p g{I(N)/f(7, 6)} (), 6), 6 is an estimate of 6y, g >0 and satisfies a
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smoothness and integrability condition, and p is a constant to adjust the expectation of I(})
approximately to f(1). For example, theorem 4 (Chiu, (1990)) shows the asymptotic variance
of the § minimizing

Qr(®)=1/T Y_ () () —1(}, 0))?

where (1)) is a weighting function. Section 4 shows if “the ‘energy’ of the periodic components
does not spread away from the peaks too much, then the estimates based on fy(k) have the
same asymptotic properties (e.g. variance) as (those based on ix(/\)) in theorem 4”. An
IRWLS procedure is proposed as in the 1988 paper, the justification of which is based on

theorem 4.

The problem discussed in Chiu (1990) is similar to the “contamination” problem of
chapter 9, but the proposed remedies of the paper and this dissertation are quite different.
Interestingly, Chiu notes that “though the problem of estimating the parameters for the case
S(t)=0 has been studied extensively, there are relatively little researches concerning the
situation of S(t) # 0”. While this dissertation does not base itself on the problem as posed by
Chiu (e.g. we will have a “noise series” X ;/(t) which has a spectrum in place of Chiu’s “S(t)”),

it does offer an alternative look at the same basic type of problem.

Kulperger (1985) gives an “asymptotic optimality” result as follows: He considers the

class of functions of the form

N-1
Sn(8) = Y by(Aj, 0)+h(j, 0) L,(2)
1=1

6h
where h; and h are twice continuously differentiable with respect to 6 and 6_91 = —2xf %

His main theorem is:
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Theorem 3.2 (Kulperger, (1985)) For a stationary ARMA(p, q) process, the best Gaussian
estimate is when h(), 8) = — (27f(}, 6))'=h,(}, 8) = —log f(), 8), in the sense that if ﬁN is

the asymptotic likelihood estimate, and ) N is any other Gaussian estimate, then
A}im N (var(aN) - var(gN)) is nonnegative definite.
—00

Note that Kulperger doesn’t 1) give an optimality theorem for non-ARMA processes 2) give
an optimality theorem over frequency bands 3) say what happens in the case of model
misspecification 4) seem to be aware of the connection to McCullagh’s (1983) QL functions,
and doesn’t use the same viewpoint as McCullagh. For example, he does not separate the
model from the “variance” function as does McCullagh, or identify a “variance” function as
such. A theorem to be given in chapter 6 of this dissertation will essentially extend the class of
estimating functions considered by Kulperger (1985) (i.e. what he calls “Gaussian” estimating
functions) and give a procedure yielding optimal parameter estimates within the new class.
For non-Gaussian processes, it will be seen that using “Gaussian” estimating functions is

inefficient.

4.5 Discussion and Goals of Dissertation: Why Generalized
Models?

Most of the literature on parametric estimation in time series has concentrated on
fitting “separately parametrized innovation variance” (e.g ARMA) models for the spectrum,
assuming the model has been correctly specified. The Generalized Models approach to spectral
analysis may be viewed as trying to find a one dimensional response surface when the

“observations” (periodogram ordinates) are exponentially distributed and there are
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observations at a uniform grid of points (the Fourier Frequencies) over the model space. As
more observations are taken of the time series, the Fourier frequencies become closer together
yielding more information about the surface. Because of this special situation, we are able to

give new interpretations which combine ideas in both the GLIM and response surface areas.

One of the main ideas in the dissertation is that the periodogram should be viewed as
a function in L? regardless of how defined, as a step function with steps at the Fourier
frequencies, or by the natural definition. This is implicit in Taniguchi’s papers, e.g. when he
defines the “distance” D,(f, g)= [log(f)+g/f d), but its ramifications have not been developed.
One major consequence of the “functional” approach to spectral estimation is that instead of
having a “variance matrix” for the observation vector, we will have a “variance operator” on
L2, If the time series is Gaussian, the variance operator will correspond to a diagonal matrix.
Otherwise, it will take on a different form. Chapter 6 will elaborate on this theme and gives a
new definition of QL function. Specifically, a “quasi likelihood function” will be defined as a
function D( ., . ) with certain properties which maps two functions f and g to a real number
D(f, g). D, defined above will be but one example of a QL function under the extended
definition. If the observed series is Gaussian and the model is correctly specified, obtaining
parametric estimates by minimizing D,(fy, I,,) is optimal with respect to asymptotic variance.
If the model is not correctly specified due to “contamination”, estimates obtained by
minimizing D, will be asymptotically biased, which leads us to attempt to define what is

meant by “contamination”.

As has been already observed (e.g. Chiu (1988)), the generalized model approach offers
the advantage of being able to estimate the spectrum when some frequency ranges are
“contaminated” in the sense that the model is not valid there. The dissertation alters the

conditions on a “contamination” problem: we observe the series Y(t)=X(t)+N(t), but are
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interested in estimating the spectrum of X(t). Chiu (1988) shows his IRWLS procedure works
if the spectrum of Y(t) satisfies a rather strong “smoothness” condition: ZM [¥(t)|<oo (a
sufficient condition is that the spectrum have a continuous derivative satisfying a Lipschitz
condition), and we exclude the “contaminated” bands (due to N(t)) from the analysis. It
seems reasonable that “noise”, even if limited to certain frequency bands, would not necessarily
have a continuously differentiable spectrum. It also seems reasonable that we might not have
a clear idea of exactly which frequency bands are affected by the noise series, or maybe the
influence of N(t) can’t be restricted to “bands”. The dissertation will instead assume that X(t)
has a covariance function satisfying Z [t] [¥(t)|<oo, while the spectrum of N(t) is only of
bounded variation. Under these conditions, an IRWLS procedure is given in which it is not
necessary to precisely know which frequency bands are contaminated. Traditional IRWLS
requires the specification of the variance matrix for an observation vector, our version requires
the specification of the variance operator. Traditional IRWLS also assumes the model is
correct, and estimates the true parameters with the same variance as maximizing the QL
function corresponding to the variance matrix of the observation vector. Our version of
IRWLS shows that to eliminate the bias due to contamination, one may deliberately use the
“wrong” QL function, i.e one which would not give optimal variance were the model correct,
and hence the “wrong” variance operator, in order to eliminate bias. If correctly chosen, even
assuming the model were correct the variance of parametric estimates should be close to

optimal.

4.6 Literature Review of Time Series and General Parametric
Estimation

As in the area of generalized linear models, there is a voluminous literature on time
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series, so that only the papers which are most closely related to the dissertation will be
mentioned. The first results on parametric estimation of time series parameters were given by
Whittle (1951, 1953), which discussed hypothesis testing and parametric estimation in time
series analysis, but did not tend to give rigorous proofs. Walker (1964) attempted to correct
this situation by showing the asymptotic properties (consistency, normality) of the “least
squares” estimators. Ibragomov (1966) gave results about properties of maximum likelihood
type parametric estimates similar to those of Walker. Dzhaparidze (1974) gave a variant of a
“reweighted least squares” method for solving the Quasi likelihood equations
j :5% [105 f(), 0)+%3%)7] dr =0

and showed its “optimality” among solutions obtained by using “Gaussian” type likelihood
approximations even when the series is not Gaussian. Kulperger’s paper is in some ways an
extension of Dzhaparidze’s. Another of the earlier “optimality” papers is Davies (1973), in
which the author discussed asymptotic inference in stationary Gaussian time series, and proved
the asymptotic optimality of parametric estimates for Gaussian stationary processes using the
full likelihood function. This was done by showing time series parametric estimation satisfies
the assumptions of Le Cam’s (1969) asymptotic optimality theory. Most authors (e.g. Chiu,
Taniguchi) prove the optimality of their procedures by finding their asymptotic variance

matrix and showing it is the same as Davies’.

The 1970°s saw a refinement of the earlier theory, relaxing conditions on the series and
showing the usual inferential theory continues to hold. Along these lines are Hannan (1973),
which proved a CLT for univariate linear time series, Dunsmuir and Hannan (1976), and

Dunsmuir (1979). The latter two papers essentially extend Hannan’s (1973) work to vector
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processes. Dunsmuir’s (1979) paper removes the separately parametrized innovation variance

assumption in the 1976 paper.

In the late 1970’s, papers utilizing the “GLIM viewpoint” (although the authors
usually did not recognize it as such) began to appear. For example, Robinson (1978) seems to
be one of the first to discuss fitting univariate spectral models where the innovation variance is
not separately parametrized, giving the asymptotic variance properties of the “ML” estimate of
6 minimizing [log fg(A) + I(A)/fg(A) dA. Rice’s (1979) is among the first papers published in
a statistical journal which discuss different methods of parametric spectral estimation over
frequency bands (of not necessarily separately parametrized innovation variance models) when

the observed series is “contaminated”.

The Taniguchi papers (1979) and Hosoya and Taniguchi (1982) have already been
mentioned (and will be again in chapter 5) as main background for the dissertation. They are
a periodogram based approach to parametric spectral estimation, and the second paper is
essentially an extension of Taniguchi’s 1979 results to vector valued and non Gaussian
processes. Another interesting paper which examines periodogram based (rather than true
likelihood) parametric estimation procedures is Dahlhaus’ (1988). Dahlhaus’ results suggest
tapering the series before calculating the periodogram as a method of reducing bias, although

the dissertation will not consider this topic.

Explicit links to generalized (linear/nonlinear) models in the time series literature do
not appear until the late 1980’s with Cameron and Turner (1987), an applied paper showing
details of applying IRWLS to ARMA processes, but giving no theorems or proofs, and Chiu
(1988, 1990) which have been previously discussed. Kulperger (1985) might also be considered
as falling in this category, as it examines the consequences in terms of parameter variances of

fitting correct spectral models using an incorrect QL function (analogous to using the wrong
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likelihood function in GLIM). As previously mentioned, this idea is one of the main themes of

the dissertation to be developed in chapter 9.
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Chapter V
Estimation of Cospectra in Multivariate Time Series

5.1 Introduction

In their 1982 paper, Hosoya and Taniguchi extended the univariate theory of
Taniguchi (1979) as described in chapter 4 to the multivariate case. In this chapter, we will

take a closer look at the “function oriented” theory for multivariate processes.

For any two pointwise positive definite matrices of functions f(w) and g(w), define
T
D(f, g) = J log det f(w) + trace (f(w) g(w) ) dw. [6.1.1]
-7

Let {fg}yco be a family of positive definite spectral density matrices. Define T(f) as a
natural extension of the way it was previously defined, that is, for any positive definite matrix
valued function g, T(f) is the § minimizing D(fg, g). If the true spectral density matrix is g
and 5n=T(In), then 6,, is estimating f,=T(f) and 5—00 — N(0, W) where the periodogram
matrix I, is extended to a matrix of functions on [-7, 7] as in [4.4.1). W has the form M}IV

M}l, where

= N 82 -1 62
M= J-,,[—aa 50 Tle(W) (W)} + 520 log det fo(w)L= - dw [5.1.2]

Vymtn [ i) g GO g G| dus
) ’ =T(f)
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8 x
R MELEETLE
rtu,v = d

0=T(f)

Xk, (= w; )k (W )k o = wo)k o g(wq) QSpeal — wys Wy — wy) dw; duws,. [5.1.3]

The observed series Z(t) is a linear process of the form Z(t):i G(j) e(t-j), where t is an
integer, the Z(t)’s are s dimensional vectors for each t, and the ej(t=)’(s) are p dimensional vectors
for each t having the properties that E(e(t))=0 and E(e(t) e(t)’) = 6(m, n) K. Here, §(m, n) =
0 for m#n and 1 otherwise, and K is a nonsingular pxp matrix. The G(j)’s are sxp
matrices, and it is assumed that i tr G(G)KG()' < co. Under these conditions, {Z(t)} is a

7=0
second order stationary process having a spectral density matrix f(w) which is representable as

0 . .
flw) = -21—7‘_ k(w) K k((w), -# <w < 7, where k(w):ZG(j)e"‘”. The k;;(w)’s in [5.1.3] are
7=0
components of k(w). QS,.4 in [5.1.3] is the fourth order cumulant spectrum of {e(n)}, see

section 3.2 for definition.

Chapter 7 will give a more enlightening form of the matrices [5.1.2] and [5.1.3],
separating first and second derivatives, among other things, in the context of a more general
theorem and definition of multivariate QL functions so that expressions such as these may be

more effectively studied in the case of model misspecification.

Hosoya and Taniguchi (1982) argue that the parametric estimate 9 given by
minimizing D(fg, I,,), where I is the multivariate periodogram, is asymptotically optimal if
the model is correct. They do this by showing that it has the same asymptotic variance as the

estimator obtained from minimizing the true likelihood function.

We would like to pose four basic spectral estimation problems, problem three being the
main focus of this chapter. The last problem will be discussed in chapter 6, which will also

give a general theorem answering all of the questions raised here.

46



1) For the Gaussian ARMA case, Kulperger (1985) has shown the asymptotic optimality

L4

1
log f5 + T‘E dA. What happens with regard to
L3 6

property of minimizing D(fg, 1)) = J
optimality of parametric estimates if the integral is restricted to the frequencies in A C [-,7]
(where A is a finite collection of intervals), the model isn’t ARMA, but is defined on [-7, 7]?
If the model itself is only defined on A, do we still have optimality?

2) Is the multivariate spectral density estimator given above (for Gaussian series) optimal if
the integral is taken over A? Is there an IRWLS procedure for multivariate series similar to
that of Chiu (1988) in the univariate case which is optimal in the multivariate case?

3) For Gaussian series, if the quadrature or co-spectra have a separately parametrized model, is
there an optimal procedure for estimating the co/quad spectrum “one curve at a time”, i.e.
without using the full multivariate structure of the spectrum for simplicity when “model
screening”?

4) If the time series is non-Gaussian, are the answers to 1-3 above the same? If not, what is an

optimal procedure?

5.2 Separately Parametrized Cross Spectral Estimation

Multivariate ARMA models may be difficult to work with, i.e. obtaining parametric
estimates, due to the complex structure and large numbers of parameters. But suppose one
had a model in which there were separate parametrizations of families of functions modeling f;,
f,, ¢;9, and q;,, where ¢, and q,, are the co and quad spectra, respectively. We would like to
create a theory which can be used for estimating at most one curve at a time. We already
know how to estimate f, and f, separately. What about c,, and q,,7 Before answering this
question, let’s review some of the basic properties of multivariate spectral densities. Defining

7xy(T) = E(X(t+7) Y_(tj) we have
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Yy2(7) = E(Y(t+7)X(1))
= EX()Y(t+7))
= E(X(t—7)Y(t)) (by stationarity)

= 71y( - T)

Hence

Ve(T) = Yy = 7) [5.2.1]

Note 7,,(7) needn’t be symmetric. The cross spectral density f, () is the function whose

Fourier coefficients are v,,(7). If X(t), Y(t) are real valued, v,,(7) must be real valued. So

T AT
Vzy(T) = J-w fry(A) 7 dX

T

. f,,(0) €7 dA

-
-|.E

s
,\) e d) (change of variable)

-

Thus we see
£,,(N= (=0 [5.2.2]
AlSO, 7y:(T)=71:y( - T)
T -iAT
= J_W £,,(N) €7 dA

™ — .
= J f,,(0) €7 dX.
-7
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Hence

fyz('\) = fxy(A). [5.2.3]
Define

czy()) =Ref, (A); q Q)= —Imf, (}).

So f (X)) = c;y(A) — iqg(A). Using the relation [5.2.3] it is seen that c,,(A) — iq,,(}) =
¢zy( —A) +1iq,,(—A), which implies
Czy(A) = (=)

qzy(A) = - sz( - '\) [52.4]

From [5.2.4], it is sufficient to define ¢, ()) and q,, () on [0,7]. We need the spectral density

matrix

to be positive definite. Thus, det fo(A) = f5(A) f9(A) — [ c5(A) + q5(A)] > 0 for
all A € [-m,7]. Note this is really the only restriction on the model. If we make “separate
parametrizations” of ¢y and q4, the model parameter space must be restricted so that this is
satisfied. To simplify the notation we will write {cy}, {qg} to denote the models for the co and
quad spectra, respectively, even though these models do not depend on the same parameters.
One might regard 6 as a column vector with the first n; rows containing the parameters for
{cal}, rows n;+1 to n, containing the parameters for {qoz}, etc. where 6, and 4, are in

different parameter spaces.
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5.3 Cross Spectral Models

Now that some elementary results about bivariate processes have been reviewed, we
would like to return to the original problem of “one curve at a time” spectral estimation. First
let us suppose that we have a bivariate time series and are in the position of knowing exactly
the spectral densities f, and fy for the two series, and we know also the quad spectrum q but
not the co-spectrum c. Is there an analogous “likelihood” function we can minimize which will
yield a “Taniguchi” type theory? If such a function exists, in what sense is it “best”, i.e.
resulting in better asymptotic variances than minimizing other similar functions? The answer
to the first question is “yes” and the sense in which it is asymptotically optimal will be

described later. But first, let’s make an attempt at constructing one such “likelihood”.

We begin by examining the function Hosoya and Taniguchi (1982) want to minimize

in the bivariate case; let’s write out D(fy, I) more explicitly:

fig  cp—iqp i L f  —cotigq
fo = . ) fo = f.f, — (c2+ 2) .
Co+lq6 f29 1°2 q —Cg—1qg fl

So fy ' = L
f10 £, — (5 + a3)

f29 Io+(—cgtiqe)(€+iq) fr4(C ~iq) + I (—cgtiqy)

— I (cgtige)+fip(c+i@)  (catiqq)(C —iq)+fygl,,

1
f6f29 — (c5+43)

and trace(f; 'I) = (f2el: —2¢c4€—2q5q + fj5 1]
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where

c+iq I

is the periodogram matrix. So Taniguchi wants to minimize

e
| tog(tiotas— (chrad) ) +

1

Ll — 2¢F — 25§ + 5 1,] dA. [5.3.1]
fy6f26 — (c5+45) 2= v

If one knew f, and f, and was attempting to estimate c and q, it might seem reasonable to

adjust the above function and minimize instead
4 2 2
J_W log(fyg f9 —(cp +ap) ) +
L 2 — 2(chT+qpd
1620 0 qe @) ] dA. [5.3.2]
f10f20 — (c5+43)

If one knew f,, f, and a function ¢() which has the property that f (A)f,()) — (2(N)+4% (V)
>0 for every A ( for example, ¢(A) =0 is one such function), then it might be reasonable to

choose 6 to minimize (in the general case, as described in the introduction)

fox’jy’(ﬁ)(ce,é\) = JA ]Og(f:tfy -_ (cg+¢2) ) +

2 o _ 42
f £, — c4€—¢°] dA. 5.3.3
f:r:fy - ( C?) | 4’2) [ Y i ] [ ]
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Defining L ,(x,y,)) = log(k(}) —x%) + 2 [k(A) — xy] where x,y € R, )€ [-m,7], note

k —x?
that
oL, _ox 49 (k—x*)(-y) — (k—xy)(—2x)
Ox  k—x? (k — x%)?

—x(k —x?) + (k=x*)(~y) — (k—xy)(-2x)
(k—x%)?

—xk+x3— yk + x%y + 2kx — 2x%y
(k —x?)?

(k —x%)?

[
(
=2<xk _xy - yk+x3)
(
(

Recalling Taniguchi’s proof, the likelihood function possessing a partial derivative of
this form will be crucial in showing both (1) If the model contains c, D?::’ £y ¢(co, c) is
minimized at 8, where cg,= © and (2) 8 minimizing sz, f b (cgy €) consistently estimates
§, minimizing D# Sorky +(cg:c) -

There is another nice property of D?z, Ty ¢( .y . ), and that is if one has separate
parametrizations of f; , f,, and ¢, the parametrization of ¢, must be restricted so that

f,4f20 — (c3+ g3)>0. Notice that for a fixed X as ¢ gets larger,
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log (k-c2)+( 2 2)(k - ¢?)
k—-c
goes to oo because of the second term. Hence given a starting value for 6 which satisfies the

positive definite requirement, minimizing

gn%wm—éw(qﬁéﬂsyu»—%oﬁvn [5.3.4]
cannot result in a @ which doesn’t satisfy the positive definite requirement. The question
which naturally arises is this: If the model is correct, in the i.i.d. case ML estimates are
“asymptotically optimal” in the sense of asymptotically satisfying the Cramer-Rao lower
bounds.  Our “observations” €(A) are only “asymptotically independent”, but aren’t
“asymptotically identically distributed”. Does the estimate minimizing D}x’ f,, ¢(c9, <) possess
any “asymptotic optimal” (with regard to variance) property in case {cg} is the correct model
and ¢(A)=q(A)? The answer is NO, but to see this we will have to develop the theory of
asymptotically BLUE estimators, as suggested by McCullagh (1983). Recall from section 2.1

that the QL function 1(4, y) may be obtained by solving

o(p,y) _ y—u
o = VO [5.3.5]

where V(u) is the variance. From Brockwell and Davis (1987), we know that asymptotically

at each A € [-7, ],

— . [5.3.6]

) Ltfy + - a?) cq
cq %(flfz, + q2 - c2)

Var (

£2) 0)
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Notice that unfortunately var(¢) depends on q, but if we substitute an arbitrary function ¢
(satisfying positive definite conditions) for q, using pu=c, V(c)=(f;f; — #%)+c? and solve [5.3.5]

while ignoring the d;:pendence of f,f, - #* on ) by pretending it’s a constant, we get

_ y -1 C -
bl )= \Jfl(/\)fz(a\) -q = (ﬁl('\)i}(’\) —a(¥) )

3 In(GNHO) — PN+ ). [5.3.7]

Here, Lg(c, y,A) is a function RxRx[-m,7]—R. Maximizing the above is equivalent to
minimizing its negative, so now, following Hosoya and Taniguchi’s (1982) idea in the

univariate spectral estimation case define

Di,qus(h()\) 8(A) = JA % In(f, f,~ ¢* +h?) -

g [5.3.8]

Jet, - ¢ \Iff—¢2

Now we’ve got two “Taniguchi” functions, D4 and DB. Notice they are both of the same form

in that

Df 5 o). €)= [ Ly(h, g, %) a2
DZ ; o(h(), ) = [ Lp(h g, ) dA 5.3

where L 4(c,, ¢;,A) and Lg(c,, ¢y, A) are functions from RxRx[-7,7]—R such that

aLA(cl,c2,/\) _% — %
acl - VA(Cl,A)
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OLg(cyed) ¢ — ¢
dc, ~ Vg(cq,A)

k() — <})?

Yalerd) = 20 + e

Vp(er)) = S(ENEO) — 42 (V) + F . [5.3.10]

At this point it might be noted that one way in which our theory will differ from that of
McCullagh (1983) is that our V(u) is dependent upon both the mean ¢ and the frequency A,
whereas his depends solely upon the mean. So in “response surface” terminology, our variance
may be associated with the location in the model space together with the mean at that
location. As previously mentioned (section 2.1), this idea is described by Carrol and Rupert
(1988) (see chapter 3), but not made into a formal definition. One very important
consequence of incorporating this into a general definition of “quasi-likelihood function™ (to be
made in the next chapter) is that the “least squares” function j(yn(A) —fa(A))2/V(/\) dX\ will

be considered a QL function under the new definition (but not under McCullagh’s).

As will be shown in the next chapter, minimizing D?lfﬂ (cg) €) results in an
“optimal” estimate of 8. Unfortunately, we don’t know f;, f,, and q exactly. So how would
the asymptotic variance of the estimator obtained by the following two procedures compare

with the “optimal” estimate? Are the procedures consistent?

Procedure 1
(1) We don’t have an estimate of q, but it’s not unreasonable to assume we can find a function

¢ satisfying f(}) fy(2) - (c}(A)+¢%(2)) > 0. Such a function might be obtained by smoothing,
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or if ¢ is not obvious, ¢ = 0 can always be used.

(2) Use as variance function V(c(}), A) = fa (A) f3 (A) — (c2(\)+4%())) in the QL function DB,
1 2

and obtain a parametric estimate % of c.

(3) Use the & from step 2 for the “¢” function when repeating steps 1 and 2 in an attempt to

estimate q. You now have an estimate 9 -
(4) Re-estimate < using G from step 3 as “¢”.

Procedure 2
Exactly the same as procedure 1, except use the least squares distance measure with variance

function V(. ) as stated in step 2 instead of DB.

Note that these procedures are essentially Caroll and Rupert’s (1988) algorithm for
generalized least squares on p. 69 (see also the discussion in section 3.2 of Carrol and Rupert

(1988)).

We will delay until the next chapter a theorem which settles the question of cross
spectral estimators, because the theorem needed here can be stated as a corollary of a more
general theorem which solves spectral estimation problems for non-Gaussian time series, whose
periodograms lose the property of “asymptotic independence”. However, now is a good time to

give a discussion of where the co and quad spectral variances come from.

5.4 Background For Variances

There are two main variance theorems, stated in Brillinger (1981) and Hosoya and
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Taniguchi (1982), which we will use for variance and covariance type results. These are as
follows.

Theorem 7.6.1 (Brillinger (1981))

Let X(t), t=0, £ 1, .. be an r vector valued series satisfying

2]

Ica a,a (ul’uQ’uZ!)l <00
— 19293
Uy, Uy = -00

where ¢ ) 3(ul,112,u3) :cum{Xal(tl), Xa2(t2), Xas(t3)} (see section 3.2 for definition of

ala a

cumulant and cumulant spectrum). Defining

T-—=1
Jg{gl(A) =z Z}A(Zq«ﬁ) If,:lpgl(?—:’prs-) [5.4.1]

where A(]) is a function of bounded variation on [0, 27], then if A;()) and A,()) are any two
such functions, then

(@) fy (- @) da

cov {3, (A 3D, (A1 = B [T M@ T@ f,

2 _—
+ [ A BT 4y (@) 0 (~ @) da
2 _
+& JZWJOW Ay(@) Ay(B) fy b 0 p (@ =0 = B) der df + o(T™). [5.4.2]

Lemma A2.2 (Hosoya and Taniguchi (1982))

If A; and A, are any square integrable functions on [-7, ], and the process satisfies the
property that each component of its spectral matrix has an absolutely summable Fourier series,
then
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Lim N cov {J': Ay(a) Ialaz(a) de, J‘: Ay(a) Ia304(a) da }:

—00

27" A4(@) Fg@) fyy (@) Ty (@) d

-n

n

(a, ﬁa —.B) da dﬂ [54.3]

1217 A0) Ag(=0) 1 4 (@) oo (@) d
+27 J

T
- J-r Ar(@) Ay(=P) f“1“2“3°4

Notice there must be some conditions on either the components of the spectral matrix
or on the functions A; and A, for this theorem to hold, because if not, a contradiction results
in the univariate case if the spectrum f()) € L%[-x, «], but f2(\) ¢ L?[-7, 7]. Notice that if

A;(A) and A,(A) are both chosen to equal f(A), [5.4.3] is not defined. Chapﬁe‘r 8 will essentially

show this theorem holds if the process has a spectrum with components of bounded variation.

Brillinger’s (1981) theorem essentially handles the case where the periodogram is
regarded as a step function with steps at each Fourier frequency, whereas Hosoya and
Taniguchi’s (1982) theorem uses the continuous “natural” definition of the periodogram. The
statement of Brillinger’s theorem is for the periodogram defined on [0, 27], and the reason for
doing this lies in simplification of proofs so that sums may be taken between 1 and N rather
than between —N/2 and N/2. However, using the (27) periodicity of the periodogram and
assuming that the functions A; and A, are periodic with period 2, it is easily seen that the
two expressions are equivalent. To do this, first use a common subscript notation in both
expressions. Then observe that the integral of a periodic function over any interval whose

length is the period is the same to convert Brillinger’s integral to one between -r and =, and
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use the fact that fala2( -A) = fa1a2(’\)’ i.e. relation [5.2.2].

Adapted to the cross spectral case for a bivariate process, [5.4.3] may be rewritten as

Lim N cov {J’: Ay(e) I (a) da, rﬂ Aye) I (o) da }:

N-ooo

27rJi Ay(a) Ay(a) £, () fy (@) da

+or J " Ay(e) Ag(—e) £y(e) T, (@) da

-7

+2WJW Jj:- Al(a) AQ( —ﬂ) f.’l:y:cy(a’ ﬂa _ﬂ) da dﬂ.

-%

[5.4.4]

We may use this to obtain the “variance function” for the co and quad spectra as follows.

First, suppose A (o) and A,(a) are both real valued even functions (i.e. A;(A) =

Ai(—2) ), and use these in [5.4.4]. Recalling f (X)) = f; (A) (i.e. relation [5.2.3]), so the

second integral contains the term fiy(/\)z(c(z\)—iq(/\))2=c2(/\)—iqz(z\)—2ic(/\)q(/\).

As

Ay(—a)=A,y(a) and c(A) are even, A (A) Ay(A) c(X) q(A) must be odd since q(A) is odd.

Hence this term integrates to 0. Except for the final term involving a fourth cumulant

spectrum, we are left with

cov {1 (A, 3D (A ) =

S

[
=)

T J:_ Ay(a) Ag(a) (T () £, (a) + c(a) - ¢%(a)) do .
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On the other hand, if A,(a) and A,(a) are both real valued odd functions (i.e. A,(a)
=—A,(—a)), Aj(A)Ay(A)c(A)g(A) is still odd and integrates to 0. Note A;(A)Ay(—2A) =

— A, (VA0 , so cov {3 (A, 31D (4, ) =

2T7r [ Aq(a) Ay(e) f,.(a) f,y(0) da —5F J: Ay(@) Ay@) (X(@) - q¥(a)) da =

=

2 {7 As(@) Ax(@) (1uyf0) T (e) + 0%(0) — €¥(e) do

Recall ¢(A) and q()) are also even and odd, respectively. Hence if A()) is even, J J(A)=

D AQDEN) —id))=Y_A(N) E), and if A()) is odd, IT (A)=—1)_ A()) ). So

if A, and A, are even, cov (ZAI(’\) (X)), ZA2(/\) c(X;) = cov (ZAI(’\i) Ly(A)s

D A0 1,((A)), and if A, and A, are odd, cov (D_ A;(A) @), D Ay(N) (V) =

cov (=1 ) A;(A) @A), —i D Ay(%) @A) = cov (D_A;(N) LA D AN L, (W)

Also observe thatE[—’EZA ()1 (,\.)]z r A() £,,(0) dA = J TAQ) (V) dr if A
T 1I\"s/ *zy\s - £ 47]

™
is even, and = —i J A(}) q(A) dX if A is odd.

Of course, the same result holds if the sum is replaced by an integral in the “natural”

definition of the cross periodogram.

This concludes our overview of cross spectra. The purpose of this chapter was to
examine some multivariate spectral estimation problems and point towards some possible
approaches to their solution. The expression for the parametric variance matrix [5.1.2] and
[5.1.3] does not appear to give insight into what is happening in the case of model
misspecification. Chapter 6 will begin to define a framework into which all parametric spectral
estimation problems, univariate or multivariate, may be studied. Viewed in light of the

definitions in chapter 6 and the main theorems in chapter 7, Hosoya and Taniguchi’s (1982)
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variance matrix will be expressed in a more comprehensible form. Chapters 9 and 10 are
concerned mainly with misspecified univariate series, but the ideas there regarding how to deal

with “contaminated” series also apply in the multivariate case.
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Chapter VI
Quasi-Likelihood for Non-Gaussian Processes

6.1 Introduction

We have stated that for univariate Gaussian stationary time series, the periodogram
may asymptotically be regarded as independent, exponentially distributed random variables
whose mean at frequency A is f(}), the spectral density. To see the sense in which this is true,
it is not sufficient to simply show that the joint asymptotic distribution for a finite number of
fixed Fourier frequencies approaches that of independent exponential random variables (i.e.
Brockwell and Davis’ (1987) theorem 10.3.2 quoted in section 3.3). Instead, we must look at
how the periodogram behaves as a function when n is increased, e.g. see the theorems in
section 5.4. To do this, let’s take our motivation from the familiar regression models where

the observations have a common variance.

Suppose y; i=1..n have a common variance o2, and a and b are two orthogonal vectors
in R®. Then we know that the random variables y @ a (or y'a ) and yeb, where e is the

Euclidian inner product aeb =3 ab,, are uncorrelated. The analog of this for periodograms

1
is the following. Suppose A(A) and B()A) are two even functions of bounded variation such that
JA(M)B()) 3()) dX = 0. If the spectrum is continuous, then J(A) and J(B) are asymptotically

uncorrelated, where

T-1
1@ = 3 a5 15F) [6.1.1]

for any function Q(X) of bounded variation. If the periodogram is taken from a (univariate)
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Gaussian time series, this is in fact the case. But if the time series is not Gaussian, the

covariance of J(A) and J(B) is instead

T T

o7 J I AN B() £,(), -, p) dX dp [6.1.2]
-TJ -

where f (A, -A, p) is the fourth cumulant spectrum (e.g. Brillinger’s (1981) theorem 7.6.1, see

also section 5.4).

From another angle, we know that if the series is Gaussian and 8 is chosen to
minimize the weighted least squares function Zd)(/\) (f(8, A)—1,(A)* with the correct
weighting ¢(3)=1/f*()), then the variance matrix of V7 (8 —6,) is given by 2A™%. But if the
series is not Gaussian, the variance matrix is 2A™'4+ A"'DA™! where D is nonzero (see section
4.4). So if the series isn’t Gaussian, the parametric estimates do not have the same asymptotic
variance, and the asymptotically BLUE methods discussed in this dissertation aren’t
necessarily BLUE anymore. We need a new, more general theory to cover the non Gaussian
case. Of course, we would expect the theory developed for Gaussian series to be a special case

of the more general theory.

To motivate this more general theory, let’s consider the question of what should
correspond to doing weighted least squares using the correct weighting function, which is one
over the square of the unknown spectral density. Since apparently the problem for non-
Gaussian series is that the periodogram isn’t asymptotically independent in some sense, the
answer would be to minimize an expression of the form

(Tn(Ag) = T(2)) VA (In(A)) = fo(2))) [6.1.3]
where V is a “covariance matrix” to take into account the dependencies in the periodogram.

But V,, has to change with n, i.e. its size must increase. We need to identify an “object” that
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represents what V_ is “converging” to ideally as n—oo. Using as motivation our previous
concept of regarding the periodogram as a function, a natural “function space” generalization
of finite dimensional Euclidian space with its concepts of vectors and perpendicularity is L2[-7r,
], the set of all square (Lebesgue) integrable functions with the inner product fe g= [fg dA.
One might suspect that the “ideal” V is in fact an operator on L2, and the V,, can be regarded
as approzimations lo this operator which become better as n—oo. Recall that we are viewing
the periodogram as a function in L? by defining I,(A) = I,(A) if wp—27/n<w < wy, so it
makes sense that the variance is an operator on L2. This will in fact be shown in the sequel.
But before doing this, we must consider how to create an analog of the “quasi-likelihood”, i.e.
among other things we need a class of procedures containing the weighted least squares
procedure so that we can show minimizing the “weighted least squares” above is optimal in
this class. We would also hope that the Gaussian likelihood function may be considered a non-
Gaussian quasi-likelihood, so that the weighted least squares results in estimators which
asymptotically have a smaller variance if the series is non-Gaussian. As will be seen, this is in

fact true.

In the independent observations case, we defined a QL function at each x, u to be a

function L(x, u, A) satisfying

OL(x, p, A) _ x—p

e T W [6.1.4]

Notice that the QL function is independent of the parametrization of the speciral density.

From the QL function, we create the “distance” function D( ., . ) as

D(x(Y), y()) = J:L(x(/\), V), A) dA. [6.1.5]
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What if the observations aren’t independent? In this case, an “L” function as such doesn’t
exist, but we can take the definition from the “distance measure” instead of the “likelihood” at
each point. Note that this gives a definition which does not depend upon the parametrization
of the spectral density. So for univariate series, let’s define the “QL distance” to be a function
DY (x(}), y(A)) : MxPL2[A]— R where the “model space” M is contained in the positive
continuous functions and PL?[A] is the set of positive square integrable functions on the finite
collection A of intervals, so that the partial derivative with respect to the vector (function)
x(A) satisfies

6 —_—
sy DY ), YO = W) x(8) = y(¥)] [6.1.6]

where W(x()))[ . ] is a linear operator defined on L? for each z(A) € M. This definition will
be refined and formalized later, as obviously some continuity conditions on D will be needed.
What it means to take the derivative or partial derivative with respect to a function will be
discussed in the next section, but let us for now say that the partial derivative of D(x(}), y(A))
evaluated at (xy(}), yo(A)) is a function in L2 which will be regarded as a linear functional on

the space of spectral densities.

6.2. Derivatives in Normed Spaces

Does the rough definition we’ve made for D" (x(}), y(})) include the previous
definition of a distance derived from a QL function as a special case? To answer this question,

the definition needs to be made more precise. Specifically, we must state what we mean by

i
S D), YO). [6.2.1]
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If y(A) is fixed, D(x(A), y(A)) as a function of x(A) is a nonlinear functional on the space of
spectral densities, which is a subset of a linear space. Therefore, it is necessary to discuss
what it means to take a derivative of a mapping between a normed linear space and R. More
generally, we will find it necessary to take the derivative of a nonlinear mapping between two
normed linear spaces. Let us first review the more familiar notion of derivatives of mappings

from RP—R*.

If :R—R is differentiable, the derivative of f at a point c is defined to be f'(c) where

f(x) — f(c)

f(c) = lim ——<—

But the derivative may be thought of in another way, that of being a linear mapping. If we
make a Taylor expansion of f about ¢, we may write f(x) =~ f(c) + f/(c) (x—c), where the
closer x is to c, the better the approximation holds. So the function f has been approximated
by a translate of a linear mapping, the mapping L(x) = f'(c) x. It is this aspect of derivative,
rather than the interpretation as a rate of change, which is used when making generalizations.
Furthermore, we could take the definition of “derivative” to be the unique linear mapping L(x)

= ax satisfying: for each ¢>0, 3 6>0 so that if |x —c¢|<§, then | f(x) —[f(c) + L(x—c)] |< €

|x —c|.
If f:RP—R is differentiable at the vector c, then we define the derivative, which is also
’
known as the gradient, to be the vector of functions of _ ﬁ-, ﬁf—, .. of , where the
Ox 0x,’ 0x, 9x,,

partials are evaluated at c. But a vector in RP? may also be regarded as a linear mapping
RP—R: if x € R?, define F_ (y) = xey, where e represents the usual inner product in RP. As
in the one dimensional case, the function f may be approximated in a neighborhood of a vector

c by a translate of the linear mapping represented by its derivative at ¢ , i.e. f(x) = f(c)
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+ %L e (x~¢), or using more familiar notation, f(x) = f(c) + %L (x—c). As before, the
definition of “derivative” could be taken as the unique linear mapping L(x) = a'x satisfying for
each ¢>0, 3 6>0 so that if || x—c ||[<é, then || f(x) —[f(c) + L(x—¢)] || < € ||x—c||, where

| - || is the Euclidian norm.

If :RP—R* (= (f;, fy . . . fi), where each f; is a real valued function on RP) is

differentiable at the vector ¢, then we define the derivative at ¢ to be the matrix

[ o o ]
ox, ’ : c')xp
M =
[0 ofy
ox; : : 6xp

where the partials are evaluated at ¢. This matrix may be regarded as a linear mapping from
RP—R* which maps x € RP to Mx. As before, in a neighborhood of ¢, f may be approximated
by a translate of the linear mapping M, i.e. f(x) = f(¢) + M(x—c). Again, the definition of
“derivative” could be taken as the unique linear mapping L(x) = Mx satisfying for each ¢>0, 3
6>0 so that if || x—¢ [|<¥, then || f(x)—[f(c) + M(x—¢)] || < € ||x—¢||, where || . || is the

Euclidian norm.

What this suggests is that the concept of “derivative” as a linear mapping used to
approximate a function (which maps one finite dimensional vector space into another) at a
point may be extended to functions mapping two normed linear spaces, because the definition

essentially depends only upon the norms on the spaces.
Suppose U is an open subset of a normed linear space X and F is contained in a
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normed linear space Y. We define a mapping f:U—F to be differentiable at £ € U if there

exists a bounded (i.e. continuous) linear operator A, such that

| £(x) -~ £(6) ~ Aglx— &) I _
;EE =2l = 0. [6.2.2]

If there is such a linear operator Af’ then it is unique and will be denoted by Df(£). A good
reference for material on calculus extended to normed spaces is Chae (1985), from which this

definition was taken (p. 54).

There are also other notations used in the dissertation for derivatives between normed
spaces. As previously mentioned, we will often be concerned with partial derivatives on vector
functions, such as m D(x()A), y(A)), which refers to the derivative of the nonlinear
functional D(x(}), y(})) when y(}) is a fixed function, evaluated at z(A). Another example is
the mapping between the parameter space © and the model f;. The derivative of this mapping
(evaluated at ), viewed as a mapping between a subset of RP and C[a, b] (the continuous
functions on the interval [a, b]), will be denoted as % The reason for this is that the
“normed spaces derivative” and the ordinary partial derivative of the function f(6, )) are
identical, see the discussion in the second paragraph of section 7.1. Sometimes functions on
product vector spaces X x Y will have their partial derivatives given by D,f(x, y), which is the
of(x, y)

ox

same as . See, for example, proposition 7.2.2.

Most important theorems from the ordinary calculus have normed linear space
versions. Two of these which we will need are the following.
1) The Mean Value Theorem: Suppose that U contains the line segment [a, b]. If ;U—R is a
differentiable map, then there exists ¢ € (a, b) such that f(b)—f(a) = Df(c)(b—a) (Chae

(1985), p. 69).
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2) The Chain Rule: Let E, F, G be normed spaces, U an open subset of E, and V an open
subset of F. Let :U—V and g: V—G. If f is differentiable at £ € U and g is differentiable at
f(€) € V, then gof: U—G is differentiable at £ and D(g o f)(§) = Dg(f(£)) o Df(£€) (Chae (1985),

p. 58).

In the previous chapters, we have always considered the “model” to be a set of vector
valued continuous or continuously differentiable functions {fy} indexed by a parameter 4. As
such, the model could be regarded as a subset of I,C[A] = C[A]xC[A]x. .. xC[A], the
product of C[A] k times, written as column vectors of continuous functions. There is a natural
norm imposed on spaces of continuous functions, the “sup” norm || . || ; i.e.

I f lloo = sup [f(x)].
z€A
The notation C_[A] will be used to denote C[A] equipped with the sup norm, and II,C_, to

denote II,C with the product norm given by [|(f;, f5, . . fi)|| = sup {|lfj|lees IIf2lloes - - -
IIfelloo}-

We will now give a technical result which is needed later. Suppose g(x, A) is defined
on Ux A for some U CR and has a continuous partial derivative with respect to x. Then a
nonlinear operator C[A]>C,[A] is defined by F [z())] = g(z(), A) for z € C[A]. The
following proposition gives the derivative D F , and is needed in the sequel to help show the
new definition of “Quasi-likelihood” to be made in this section includes the old definition as a
special case. Its proof is an example of how to work with derivatives of mappings on normed

spaces.

Proposition 6.2.1

If F [h] = g(h(}), A) for h in an open subset of C[A], A € A (A is a finite union of intervals),

and g(x, A) has a continuous partial derivative with respect to x (on an appropriate open
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rectangle to make F , well defined), then F_ is differentiable at each h and

F(h) [ = 280D 4

Remark: This is simply the product of the two functions %\l and k(A).

Before giving the proof, a preliminary result is needed. As noted in exercise 27.M p.
199 of Bartle (1976), if a function f is continuously differentiable, then for every €>0 there

exists a 6(¢) > 0 such that if 0<|x — y|<é(¢), x, y € [a, b], then
2O sy | < e (or It = )+ (x| < € Ix—y]).

We can extend this as follows.

Proposition 6.2.2

Let K be a compact set in R™ and let § denote a vector in R”. If f(x, 8) is continuous in a
rectangle [a, b]x K and has a continuous partial derivative with respect to x, then for every
€>0 3 a 6(¢) > 0 such that if 0<|x — y|]<é(¢), x, y € [a, b], § € K, then

f(x, 0) - 10y, )+ 29 D — )] | < € jx—y1).

f(x, 8) —f(y, 6) Of(y, 6
(x ))(_y(y ) (gx )}<C(or

proof
- of(x, 6) .
Let €>0. By the continuity of — 5 choose 6 so if ||(xy, 6;)—(x,, 05)|[<6, then
f(xq, 0 of(x,, 6
9(x, 1)— (xg, 65) ’<c. Now suppose |x —y|<é for some x, y € R. For each 8 the one

ox Ox
f(x, 6) —f(y, 8) _ 0f(cy, 6)

variable mean value theorem gives a ¢, between x and y so that =y ox
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]
Since ¢, is within é of y, the continuity of the partial yields af(;‘;’ )— af(g;{ 6) }(e. The result

follows. 0O

proof of proposition 6.2.1

To show that Fi(h) [k] = g'(h(}), ) k , it suffices to show that for every ¢>0 3 a 6(¢) > 0
such that if ||x — h||<é(¢), where x and h are functions in C[A], then

IF, ] = [Flh] + £'(hY), 2)+ (= h)] Il < € [lx =
or equivalently, that

Il g(x(3), ) —[g(h(}), A) + g'(h(A), A)+ (x(A) =h(A)] [loo < € [X(A) = h(W)]|oo-

First, note that the functions in a ball about h will have their ranges in some finite
interval [c, d]. So we may view g as being restricted to a rectangle. By the proposition applied
to g, there exists a §(¢) such that the conclusion of the proposition holds if |x — y|<é(€¢). So if
[Ix(A) = h(A)||,,<b(€) , for each X the conclusion of the proposition holds at g evaluated at h(})

and we can put the sup norm on both sides of the inequality. O

We may now show the function J log(f)+g/f d) (and more generally [6.1.5]) is indeed
A
a QL function. In doing so, a simple use of the chain rule is illustrated which will be often

referred to in the sequel.

Proposition 6.2.3

Suppose A is a finite collection of intervals. Let the domain of the function

D(t, ) = | log(t)+e/t )

be Cla, b] x L?[a, b] (or C[A] x L2[A], where A C [a, b]). Then D satisfies [6.1.6].

Note two results are given in the proposition: the “design space” can be either A or [a,

b]. If the design space is A, this QL function will be seen to result in optimal estimates (and
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otherwise not).

proof

Define functions I: C[a, b]—LZ[a, b] (or C[A]—L?[A]) as the identity mapping (i.e. I(f)=f), F;:
Cla, b]—C[a, b] (or C[A]—C[A]) by F,(f)=log(f) (where of course the domain is really positive
continuous functions), F,: C[a, b]—Cla, b] (or C[A]—C[A]) by F,(f)=1/f (where the domain is
again positive functions), F3:C[a, b]—L?[a, b] (or C[A]—=L?[A]) by F4(f)=fg (ordinary function
multiplication for some fixed g € L2), F,: L%[a, b]—R (or LZ[A]-R) by F4(Q=JAf d). Notice
that for g fixed, D may be regarded as a function from C[a, b]—R (or C[A]—=R) and may be
written as F o (IoF,4+F;0F,)[f]. One application of the chain rule says the derivative of this

mapping evaluated at f and applied to ¢ is

/

F4l(I°F1+F3°F2)[f]O(I°F1+F3OF2),II lal

Another application gives the derivative as

/ U ’ / !

Filror, + ryorpin® (1 lry )0 Fi L+ Pl () o F |f) [al.

Observe that the derivative of the mapping x—M][x] is M for any linear mapping M (i.e.
corresponding to the usual d/dx (mx)=m for m, x € R) regardless of where it’s evaluated, so
I'=1, F§ =F,, Fj=F,. Proposition 6.2.1 gives Fi(f)[q]=q/f and Fy(f)[q]J= —f2q. Hence the

expression simplifies to F o ( q/f — (g/f?) ). F, is just the integral, so this simplifies to
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f(d) —g(d)
()

Hence the “derivative” is I,(X) (where I, is the indicator function), which is of the

correct form. 0O

More generally, note that any function of the form L(g, y, A) where
=(y — K . =
OL/Bu=(y W)/ Wi(s, ) can be expressed as [grbissdu +y [ rrkys du+ 66) (=1 2
+ y r(p, A) +4(y)). The above proof can essentially be applied to the two indefinite integrals

to yield [6.1.5] is a QL function (see theorem 8.5.1).

The following corollary (of proposition 6.2.1) is a consequence of propositions 6.2.1 and

7.2.2:

Corollary 6.2.1

Suppose g(x, A): R* x A—RP has continuous partial derivatives with respect to the components
of x. Define F [h(})] = g(h(}), A) for h:A—R¥. Then the derivative of Fg, evaluated at

h(A) € II;C and applied to p(A) € II,C is given by

P pO= ZEDA (0 5,00, Y.

8g(h(X), A) . . . . T o
Remark: % is a matrix of functions, do the usual matrix multiplication pointwise and

the result is a function.

Now we may give a rigorous definition of the quasi-likelihood. The definition is part
of a more general scenario, so that the theory to be developed may cover spectral estimation
over bands in both the univariate series case as described in chapter 4, and the cospectral and

multivariate spectral estimation case as described in chapter 5.

In the following, note that IIkL2 denotes the k fold product of L? with itself, which is a
Hilbert space with the inner product (f;, f;, . . . fy) e (g, g5, . . - 8) = fiog;+ frog,+ ... +
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f, o gy

6.3. Definitions

In this section we give some definitions and establish notation to be needed in the
sequel.
Definition 6.3.1 A continuous function on [-w, 7] with a Fourier series satisfying ZIkl
[f(k)]<oco (where f(k) is the kth Fourier coefficient of the function f(})), is said to satisfy the
basic continuity condition (BCC). A sufficient condition on f for this to occur is for f to have a
continuous derivative satisfying a Lipschitz condition of order a>0 (e.g. see Chiu’s (1988)

theorem 1).

Definition 6.3.2 A random L? sequence is a 5 tuple ((f,), f, M, SLZ, V).

(a) A is a finite set of disjoint closed intervals.

(b) There exists a probability space (£2, ?) so that for each w € Q and each n a positive integer,
f (), w) as a function of X is in SLZ C II,L2[A] (column vectors of L? functions). The set of
finite linear combinations of elements in SL? is assumed to be dense in lIkLz. fis a
(nonrandom) function in SL? called the means function, or limiting function. In the future, we
shall suppress the w and simply write f_(A) for f (A, w).

(c) M is the model space, an open subset of II,C which is also contained in SL2.

(d) V is the variance operator, and is a nonnegative definite, invertible self adjoint operator
such that lim n cov(y, of,, Yo ef ) =9, e V[y,] for any v, ¥, € HkL2.

(e) 3K;>0 50 n [cov(ipy o, ¥y o )| <K [|9]; |[¥,]l; for all n €N, ¢y, ¥, € HkLz-

(f) IK,>0 50 |[E(vef,)| <K, ||¢]l, for all n €N, 3 € I, L2

(8) lim_E(pef)=yef.
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Definition 6.3.3 The model is a collection of functions {fg}4 g- © is assumed to be a convex,
compact subset of RP. The functions f, are contained in M and are twice continuously

differentiable with respect to 4.

Definition 6.3.4 The quasi likelihood distance or quasi likelihood function is a function
Dy(.,.)on ¥xMx SL? satisfying:

(a) ¥ is a “parameter” space with some topology.

(b) -(')[Ta(m D, (x(2), ¥(A)) = Wy(x(A))[x(A) —y(A)] for some not necessarily self adjoint or
invertible operator W, see remark 5 below.

(c) (i) Given €>0, y€ I, L% xy€M, and ¢, a limit point of ¥, then there exists a
neighborhood N of (¥, x3) in ¥xM so that if (¥, x)€N, then
W3] = Wi (xoODllz<e.

(ii) If K is a bounded subset of M with the sup norm, then 3 a positive R so that ||Wz(x)II<R
forallxeK, yp e V.

(d) Define the mapping ¥ x I,C—B(II; L?) by F(%, x(A))=W ,(x(A))[ . ].

(i) F is partially differentiable with respect to x(}), i.e. for each (¥, x())), the derivative is in

B(II,C, B(II, L?)).

Let L, ;€ B(II,C, B(II, L?)) denote the derivative evaluated at (3, f) (so for each g € II,C,

Ly s(8) € B(II,L?).

(ii) If 0, fpeM, g €Il,C, ye€ L? and Yo a limit point of W, then there exists a
neighborhood N of (v, fy, g;) so that if (¥, f, g) € N, then ||Lz’f(g)[y] - Lzo’fo(g)[y]||2<c.
(iii) If K, is a bounded subset of M with the sup norm and K, is a bounded subset of II,C,
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then 3 a positive R so that ||L¢,f(g)|| < R (operator norm, see remark (2) below) for all f € K,,

gEKz,iﬁE‘Il

If W, (). ] satisfies (c) and (d), then it is a quasi likelihood operator.

Definition 6.3.5 Suppose {fy} is a specific model, © C RP, W (f)[ . ] is a QL operator, and

((£.), f, M, SL%, V) is a random L? sequence. Then we say that the link condition holds if

of ; of, ;
. * 6 _ * 0 -
Jim_ A E U Aw,,,(f,,)[aTj] fida JAW¢(f9)|:—8 "J £ d,\] =0
for all fixed 6 and v, every component f',.l, f' of f,, f, respectively, j=1 to p.

Remarks:
1) All function spaces (e.g. IIkL2, etc.) and integrals are over A.
2) B(HkL2) is the space of all continuous operators on HkLz. Whenever an operator is given a
norm, unless specified otherwise it is the operator norm defined by ||W||=Isu|p l||W[x]||2

z| =
3) ¥ is a topological space of “parameters” which might be a subset of R? or some sort of
function space, for example. This allows the “variance” operator to depend upon some
additional parameters besides the (unknown) means function.
4) M and SL? will depend upon the specific problem one is addressing. For example, in the
univariate spectral estimation case one would take SL? to be the nonnegative L? functions and
M to be the subset of strictly positive continuous functions on A.
5) By the Riesz representation theorem (see, e.g. theorem 3.4, p. 12 of Conway (1985)), if F is
a linear functional on the Hilbert space H, then there exists an element f € H so that for any
g € H, F(g)=feg. Fix y()) and regard D(x(}), y(})) as a nonlinear functional on I,L2. If
D(x(A), y(A)) has a partial derivative with respect to x(A), then the partial derivative
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(evaluated at a particular x(1)) is a linear functional, which can be represented as an element
of H. To satisfy definition 6.3.4 (b), this element must be W ,(x(X))[x(}) — y(})]-

6) The conditions in (c¢) and (d) of QL distance are a weakening of continuity (It isn’t
necessary to have continuity when the range space has the operator norm). The “y” in (i) of
(c) or (ii) of (d) may come from a compact set and the convergence is uniform (see, e.g.
proposition 6.5.3).

7) The Link Condition is the only “link” or connection between the QL distance or operator
and the specific model used. More will be said about this in chapter 8.

8) For an operator W, we use the notation W* to denote the adjoint of W. See Conway
(1985), theorem 2.2.2 p. 31 for a theorem concerning existence of adjoints. Briefly put, the
adjoint is the operator satisfying he W[k]J=W*[h]ek. In Euclidian space, if matrices are

viewed as operators, the adjoint of a matrix is simply its conjugate transpose.

The scope of this definition is unclear and is a topic for future research. For example,
consider the spectral estimation problem for univariate series. Does there exist an “exponential
family” of time series, of which the Gaussian is a special case, for which maximizing the
likelihood of the finite number of observed random variables asymptotically is equivalent to
minimizing the correct D function, where W(x(A)) is a nontrivial function of x(1)? Knowing
this “D” function would be useful in model fitting in the same sense as “deviance” is used in
GLIM. Chapter 9 will give examples of nontrivial QL functions which may be useful when it
is suspected there may be certain types of misspecification in the model, and chapter 10 will

suggest another way in which QL operators could be defined.

6.4. Examples of Random L? Sequences and QL Distances

Without proof (proofs will be given in chapter 8), we show how the preceding
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definitions capture the spectral parametric estimation problems so far discussed. For all of the
following examples, we assume the process under consideration has a spectrum whose
components satisfy the BCC. As will be seen in chapter 8, for time series applications this is

sufficient for the “link condition” to hold regardless of what QL function or operator is used.

Example 1: Usual Gaussian (univariate) case.

Let f_ ()) be the periodogram, restricted to A C [-7, 7] and extended to all frequencies in A
either as a step function or by the natural extension, and let f(A) be the true spectrum. Then
V is the multiplication operator on L2[A] i.e. V[x()\)] = 2xf2(A\)x()). The model space M
might be all positive, continuous functions on A, and SL? is all nonnegative, square integrable

functions. One example of a QL distance would be

D), y)= | | LY, y() da (641

. OL(x,y) x-y
9 T W(x)

See the discussion following the proof of corollary 6.2.1.

wher for a positive function W(x) (e.g. if L(x, y)=log(x) + y/x, W(x)=x?).

Example 2: Cross spectral case.

(X;(t), X,(t)) is a bivariate Gaussian process, f,, is the co (or quad) spectrum restricted to A,
and f is the true co (or quad) spectrum. The model space M is all continuous functions c(})
(or q(})) satisfying f;(A)f,(X) — (c2(A)+q%(2))>0, where f;, f, are the true spectra of the two
processes, and q(}) is the true quad spectrum (or c(}) is the true co spectrum). W is the
function space {f;} x {f;} x{q} (or {f;} x{f;} x{c}). V,, is the multiplication operator on A
defined by V(NN = 2r(HOHA+N —a?(A) x(A)  (or V@A) =
27r(f1(/\)f2(z\)+q2(,\) —c2()\)) x(A)). The functions Dy(.,.)and Dg( ., .) given in chapter 5
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are examples of QL distances.

Example 3: Weighted least squares.
Let W be any positive, self adjoint invertible operator. Then the “weighted least squares”
distance D(x(}X), y(A)) = (x(A) —y(2)) e W[x(A) —y(A))] is a QL distance for any spectral

random L? sequence.

Example 4: Bivariate Gaussian process.
Let (X,(t), X,(t)) be a bivariate Gaussian process. For a column vector x=(x,, X5, X3, X4)’,
define x™ (“m” for "matrix”) to be the 2 x 2 matrix defined by
X} Xg—ixy
x™ = . [6.4.2]
Xa+ix, X,

(1, foy M, SL?, V) is a random L2 sequence where
1) I, = (I, Iy, €, Q) restricted to A.
2) f, is the spectrum of the process (written as (fy;, f,,, ¢, q)).
3) M is the subset of I1,C satisfying det {™>0.
4) SL? is the subset of H‘,L2 functions x()) satisfying det x™(A)>0 for almost all A.
5) V is the operator on II,L? defined by V[x(\)] = M(fy) x(}) for x()) € I,L2, where

(1/2m)M(f,;, 55, ¢, q) is the matrix valued function

2 2

11 Ify2l f11€12 f11912

2 2

Ifyol {32 fy2¢12 f32412
. . [6.4.3]

fi1¢12 fy2¢12 2(f1afa2+eiz — aa) C12412

1 2 2
f11912 f20952 €12412 §(f11f22+ q73 — ¢12)
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The multiplication M(f,) x(}) is done pointwise at each A, and the result is a function in m,L2
Let fy = (f;4, f59, €g» 9p)’ and g=(g;, 8, 83+ 84)'- Then the bivariate distance function defined

by

n

D(fy, g) JA log det ff(w) + trace ([ (w)]™! g™(w) ) dw [6.4.4]

is a QL distance.

Each of the examples above can actually be viewed in two different ways. For
example, suppose we do not restrict the periodogram (or model) to A, but define D the same
way (i.e. as integrating over A). Then D will be a QL distance which does not result in
optimal parametric estimates. If the periodogram (and model) is viewed as being restricted to

A, then D does result in optimal parametric estimates.

Example 5: Non-Gaussian process.

X(t) is a “filtered white noise process” of the form X(t):Zas Z(t —s), where Z(t) is not
assumed Gaussian. Then the operator W(f(}), x) defined by W(f(}), «)[x(})] = 27xf2(}) x(})
+27kf()) [f(¥)x() dy is the QL operator which is the variance operator for the random L2

sequence (see p. 47 Rosenblatt (1985)). The QL distance (if it exists) associated with this

operator is not known.

6.5 Theorems about QL distances

Chapter 8 will give proofs that the periodogram (defined continuously or as a step
function, under various smoothness conditions on the spectrum) is a random L2 sequence, and
proofs that the examples described in the preceding section are indeed QL distances. Here,
however, we will give some general propositions and theorems needed in the next chapter about

QL distances which follow directly from the definition.
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Proposition 6.5.1

If there exists an operator W (x(}))[ . ] so ﬁ Dy(x(A), y(A)) = Wy (x(A)[x(X) —y(N)],

then W(x(})) is unique.

proof

SL? contains a set whose span is dense in IIkL2 (indicator functions of open intervals, for
example). Any two continuous operators having the same values on a dense set must be the

same. O

Proposition 6.5.2
Let (y,, Yoo M, SLZ, V) be a random L? sequence.
a) For any ¢, §>0, 3 K so that if ||[¢||, <K, P{|¢ ey, [>€}<6.

b) For any K, ¢, 6>0, 3 N so that if n > N and ||¢||, < K, P{|¢ e (y, —yo)|>€}<8.

proof
K,K?
(a) Choose K so (6;2)2 < 6 and K,K<e/2, where K, and K, are from (e) and (f) of definition

6.3.2 (let ;=tYp=t in part (e) to choose K,). Suppose  [|¢¥]]|, < K. Then

|[E(¥oy,)| < KK <¢/2. By Chebychev’s inequality,

115 K, KK

P{lyey, —E(vey,)|>¢/2} < (6/2)2 = (6/2)2 <

(b) Choose N; by definition 6.3.2 (g) so n >N, = |[E(yY ey, )—veyy| <¢/2. Choose N, so
K,K?
(¢/2)*n
=>P{|Y ey, —E(vey,)|>¢/2} <6, by Chebychev’s inequality. But n > N; also implies

n>N, = Let N=max{N,;, N,}. Then as in (a), n>N,
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{lvey,—veyy)|>e} C{|Yoy,—E(¥ey,)|>¢/2}, and so we are done. 0

Proposition 6.5.3

Suppose W ,(x)[ . ] satisfies (c) in the definition of QL distance, and (y,,, yp M, SL2, V) is a
random L? sequence. Then

(a) If S, is a compact subset of M, S, is a compact subset of IIkLz, Yo € ¥, and €>0, then
there exists a neighborhood U of 9 so that ||W:§,(x)[y] - W"Zo(x)[y]||2<c forx€S,,y€S,.

(b) If S, is a compact subset of M, S, is a compact subset of HkLz, >0, 6>0, and '/’nf"/’o’
then 3N so n > N=>lyn°WZin(k1)[k2] _y0°wz;0(k1)[k2]|<€ for all k; €S, ky €S, off a set

with probability less than 6.

proof

(a) For each (x, y) €S; xS,, choose a neighborhood U(z’y) of ¥, and neighborhoods B, of x,
B, of y so (¥, X', ¥') € U(z,y) X Bz XxB, implies [IW5(x")[y'] —Wzo(x)[y]||2<e/2 (by condition
(c) of definition 6.3.4). B, x B, is a cover of S; xS,, so there exists a finite set {(x;, y;)} with
{B’.'XB!/.'} a finite subcover. Let Uz?U(zi’y‘.) . If (¥, x, y) € UxK; xK,, choose i so (x,
y)€ th_ X Byi. Then

W)yl = Wi (DIl < IIWIv] = Wy (x)lyilllz +HIWg, (x)lyil = Wy ()]ll

Each of these is less than ¢/2, so we are done.

(b) By part (a), Choose U a neighborhood of %, so ||[Wy(x)[y] —W"Zo(x)[y]||2<c/2 and
||W2(x)[y] - W:ZO(X)[Y]HQ [lyollo<e/2 for x €Sy, y €S,, ¥ € U. By proposition 6.5.2 choose N;
so n > N;=> P{|v e (y, —yg)|>€/2}<6/2 for K satisfying ||W:';,(k1)[k2]||<K for k; €S,, k, €5,
(K exists by definition 6.3.4 (c)). Choose N, so n>N, = P{,_ ¢U}<é/2. Then if
N=max{Ny, N,}, off a set with probability less than § we have
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¥y ® wzn(kx)[kz] ~Yo® Wio(kl)[kzll <
|y, ® wtz;n(kl)[kz] —Yo® W::n(kl)[kzu + Ivo® W;ﬂ(kl)[kz] —Yo® Wz,o(kl)[kzn <e

(by proposition 6.5.2 (b)). 0

Theorem 6.5.1

Suppose

1) (¥Yp Yoo M, SL?, V) is a random L? sequence.

2) ¥ oov,

3) {folo o, is a model.

4) 6, € 0.

Then

(@) Dy, (f5(2), ya(A)) = Dy (fg (A, ya(A)) = Dy (fo(A); ¥o(A)) = Dy (fg (A); ¥o(2))
uniformly in probability for ¢ € ©.

(b) If W, (x())) satisfies (c) and (d) in the definition of QL distance, then
ofy

of, . . -
2.° Wy (fo)lfg—vy,] — Wo'.' W, (fg)[fg — ¥o] uniformly in probability for 6 € ©.
i n 1 0

proof

(a) Let €>0 and 6>0. For each n, by the mean value theorem (Chae (1985), p. 69) applied to
the function G(6) = Dwo(fe» Yo(A)) —Dy (g yn(})) we may write
n
[ Dy, (o, (s ¥oN) = Dy_(fg, (A)s ¥a()] = [ Dy (fg, (A)s ¥o(M) =Dy, (Fp, (Vs va(W) ] =
afa

[W‘I’o(fgn)[fon - Yol - Wd,n(fen)[fon A ) (|:5(7’2] (6, - 00)) for some 6, between 6, and 6.

Rearrange the left side of the equality to read
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[ Dy, (fe,(N), ¥a(d) =Dy (fg (A), ¥a(A) ] = [ Dy, (fg (A), ¥o(A)) = Dy, (T (), ¥o(1)) ]
Oty
= W (T )lfs, —vol = Wy_(Gg )l —vallel [0 |01 ~00) |-
Note that
oty
Wyo(fo )lfg, — Yol =Wy (fo )lfs —vull e | 557 [ (B1—00) | =
ofy
Wy, (fs Mg 1 - Wy (g )fg 1]e aol (0,-6p) | +
of,
Wy, (o )ynl =Wy, (fg )lyol ® 39; (6, —6o)

ofy
= [Wio(fen) - Wzn(fon)] ([ 60’} (6, - )' [fg, ] +

oty 47
yn'wzn(fon) —60_’" 6, —6o) “yo'w:bo(fon) To:n (6, —6) |-

oty
Define F:RPxRP—IL? by F(6,, 0,)= [ 50

continuous (i=1, . . , p), F will be continuous, and hence the image of the compact set O x© is

of,
jl 6,. Assuming the map 6 — 3—09 (RP—L2?) is
4

compact in HkL2. Of course, {fg} is compact in l'IkL2 by definition. Because of this,

proposition 6.5.3 yields that each of the two pieces converge uniformly in probability to 0.
(b) follows directly from proposition 6.5.3 a
Corollary 6.5.1 (to theorem 6.5.1)

(a) If 5,1 minimizes D'b,,(fﬂ‘ f,) and 6, minimizes D'/,O(fo, f), then assuming 6, is unique,
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Enf»oo under the conditions of theorem 6.5.1.

of, ~ of,
(b) If a_;®w(fo)[f9"YO] has a unique zero at 6, and 6, is a zero of 6—;®W(f9)[f9—yn],

then 5" 590 under the conditions of theorem 6.5.1 (b) (Note: see definition 7.1.1 for “®7).

proof

(a) We elaborate on the argument in the proof of Taniguchi’s (1979) theorem 1 (ii).
Specifically, fix 6, € © and define hn(t)de,n(ft, f,)— D¢"(f60, f.), h(t):D%(ft, f) - D%(foo,
f). Of course, 5,, also minimizes h, and 6, minimizes h. Given ¢>0, there must exist a §>0
such that |h(t) —h(fy)|<é=||t — f;||<e. (if not, choose t, so [|t,—6||[>¢ and
[h(t,)) —h(8y)|<1/n. As © is compact, {t,,} must have a cluster point t,, implying there is a
subsequence t"k converging to t,. Apparently |h(ty) —h(6;)|=0, a contradiction) Suppose €
and 6 are given positive numbers. Choose ¢, so |h(t) —h(f,)|<e,=>||t —fy||<e. By theorem
6.5.6 (a) there exists N so n > N=> |h (t) —h(t)|<e, except on a set S with probability less
than 6. Hence off S (and for n > N), |h,(6,,) —h(6,)|<e, also (because if the surfaces are

always within ¢, of each other, so must be their minimums), and so ||5n —0gl|<e.

(b) Define h,(t) = %@W‘I,n(ft)[ft —f,.], h(t) = %@ W%(ft)[ft —fy]. Given €>0, there must
exist a 6>0 such that |[h(t)||,<6=>||t — ,||<€, where the norm on h(}) is the supremum of the
entries in the (real valued) matrix h(t) (prove by contradiction as above). Suppose € and § are
given positive numbers. Choose €, so ||h(t)||,,<€;=>||t —fy||<e. By theorem 6.5.6 (b) there
exists N so n > N=> ||h,(t) — h(t)||,,<€, except on a set S with probability less than § (use the
theorem for each component of the matrix). Hence off S (and for n>N), we have
b, (8,) = (8 )l o< s 50 |1(8 )00l <e =>1[8,, — BolI<e.

0
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The following proposition 6.5.4, theorem 6.5.2 and corollary 6.5.2 will be used in

chapter 7, but resemble material in this section (needed to prove corollary 6.5.1).

Proposition 6.5.4

Suppose condition (c) of the definition of QL distance holds, and ¥,—¢, € ¥, x,—x, € I;C,
Xps Xg €M, g, —gy € I,C. If either

@) Y Yoo M, V, SL2) is a random L? sequence, or

(b) y,—Y¥o € I, L2, where convergence is in the L? norm

then g, o an(xn(/\))[yn]ﬁg . W,bo(xo(/\))[yo]. If the convergences (e.g. ¥,—v, X,—Xg

2,80 Yn—Yo) hold “in probability”, then the conclusion holds “in probability”.

proof
| 80 Wy (xa(M)yn] —g e Wy (xo(A)lyoll <
lgn e Wy (xa(A)lypl —go Wy (x,(A))lyall+lge Wy (xa(N)lyn] -8 e Wy (xo(M)lyoll

< IWS (%a()lgn = €] @l +W5_ (sl 0¥, = W3, (xo(A)le] ool

Under the conditions in (a), the first piece goes to 0 by proposition 6.5.2 (a) and the
boundedness of ||W2 (x,,(A)|| (definition 6.3.4 (c)). The second piece goes to 0 by proposition
n

6.5.2 (b) and definition 6.3.4 (c).

Under the conditions in (b), the first piece goes to 0 because |W:;) (x,(N))e,—gley,
n

< WG xaODIl H1gn = gll Iyl and [IWG (x, (W)L lly,ll are bounded.

If we assume the convergences are in probability, then the limits and bounds in the

above proof will hold in probability, and so must the conclusion. o
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Theorem 6.5.2
Suppose the mapping from ¥ x II,C—B(II,L?) defined by F(y, x(A))=W 4 (x(A))[ . ] satisfies
condition (d) in the definition of QL distance, ¥, ,—v, € ¥, f,—f, € II,C, g,,—8g;o € II;C for

i=1, 2, and g;,, , g;0 € M. If either

(@) Yp Yoo M, V, SL?) is a random L? sequence , or

(b) y,—¥o € 1, L2, where convergence is in the L2 norm

then gl".L‘bnfn(gz") [yﬂ]—'glo.LleIO(gm) [yol- If the convergences (e.g. v,—v,, f,—f,

gin—8i0» Yn—Yo) hold “in probability”, then the conclusion holds “in probability”.

proof
Observe gln'Lwnfn(g%)[yn] = (L¢nfn(g2n))*[g1n] ®y,, and so it suffices to show
that
(L¢nfn(g2n))*[gln] .yn_'(L¢0f0(g20))*[glo] *Yo-
(a) (L¢nfn(82n))*[811n1 ‘yn“(Lwofo(Szo))*[Slo] °YQ| <

'(L¢n £,(820) )" [B1s] @¥n=(Ly 1, (820) ) E1n) © y0| +

(V01,8200 B1) @30~ (Lygso(820) ) Teral vl

The first piece goes to 0 by the boundedness of (L‘l’n fn(an))*[gln] and proposition 6.5.2 (a).

The second piece goes to 0 by definition 6.3.4 (d) and the Cauchy Schwartz inequality.
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(b) The difference breaks up the same as in part (a). The first piece is bounded by

(Lnbnfn(g?"))*[gl"]" [ly, —¥oll, which goes to 0 by definition 6.3.4 (d) (boundedness

condition (iii)). The second piece is bounded by

l‘(L¢njn(g2n))*[81,;] “(L,,,Ojo(gzo))*[gm] ” lyollz
which again goes to 0 by definition 6.3.4 (d). o
Corollary 6.5.2 (to theorem 6.5.2)

If ¥, Yo 8ins (i=1,2), 8101 8200 T Ty ¥» Yo are exactly as in theorem 6.5.2, defining Q./)(x(/\),

¥y(A)) = W (x(X))[y(A)] (for each fixed y()) € 1, L2, a mapping I1,C—II,L?), we have

0Qy_(fa(A), ¥a(2)) 0Qy, (fo(A), ¥o(A))
E1n® ax(N) [g2n] g1°® ax(}) [32] .

proof
. 0Qy,_(£2(2); ¥a(A))
It suffices to verify that n 50 (82:] = Ly s (825) [ynl- This follows from the
n'n

chain rule: regard the mapping x(A)—W(x())[y())] from II,C—II,L? as a composition of the
maps F,: I,C—B(I,L?) defined by x(A)=W(x(}))[ . ] and F,: B(II,L?)—II,L? defined by
W—W][y())]. So the derivative of the composition, evaluated at (¢,,, f,,) and applied .to g I8
’ ’ o . . . . . .
Fy I(wn’Fl(!n)) oFj(f,) [g,)- Note that F, is linear, and so is its own derivative (i.e
evaluation of an operator at y,). Fi(f,)[g,,] is by definition the operator L\b"fn(g2ﬂ) [.]

0
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6.6 Conclusions

In this chapter, we have observed that non Gaussian time series have periodograms
which do not “act” like independent, exponential random variables as do the periodograms of
Gaussian series. We have formalized the problem of “generalized nonlinear models” in possibly
multivariate function spaces in terms of linear functionals and linear operators. Section 6.2
reviewed “calculus” on normed linear spaces as a prelude to our applications in section 6.3.
Section 6.3 defined “QL distances” and “QL operators” (definition 6.3.4), viewing the QL
distance as a nonlinear functional on the “model space”, and gave the general setup for the
types of estimation problems to be considered in the dissertation. Section 6.4 showed how
examples from spectral estimation fit the framework of section 6.3. Section 6.5, specifically,
corollary 6.5.1, gave consistency results of parametric estimates obtained from minimization of

the QL distance or solution of the QL equations to be defined in chapter 7.

Now that the basic ideas of the dissertation have been introduced, some specific
theorems regarding the “optimality” of parametric estimates obtained by using the QL

operators of chapter 6 must be established. This will be done in the following chapter.
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Chapter VI
Generalized Optimality

7.1 Introduction

Before stating the main results of this section, it is necessary to first establish some

notation and technical results.

First, note that the model {fy} can be regarded as a (nonlinear) mapping ©—II,C,
where © consists of column vectors in RP. As such, the derivative with respect to 8 is a linear

of
mapping ©—II;,C, and hence 6_06 can be written as the column vector of II;C functions

afa afﬂ afo
6_91’ 6—02,... 50—; .

ofy
TO’O 6,. Apply the row vector of

functions to the column vector 8, of scalars pointwise to get a function. This is because of

The derivative of f,, evaluated at 6, and applied to 6, is

propositions 6.2.2 and 7.2.2. Propositions 6.2.2 and 7.2.2 say that if © C R, then the ordinary
partial derivative of f(f, A) with respect to 6 (a vector in II,C) is the derivative of the
nonlinear mapping between © and II;,C[a, b]. Proposition 7.2.2 shows the form of the

derivative if 6 is a vector in RP.

We will define the derivative with respect to a column vector as a column vector, and

of, . .
use the notation —9 to denote row vectors. If a(f) is a column vector, we use the notation

o6’
da(8)

20 to denote the matrix whose rows are the derivatives of the components of a(f). Hence,
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3%, o : .
—2 can be represented as the p x p matrix with entries I1,C functions

36'86
- 0%, 0%, i P
36,00, 98,06, : : : 80,00,
a%, %, o%,
_ 09,06, 36,96, 80,06, J

Definition 7.1.1

Suppose that A is an n xm matrix with entries from a Hilbert space H, and B is an m xk
matrix with entries from H. Then we define A ® B to be the matrix with real valued entries
defined by performing the usual matrix multiplication as if the matrices A and B had real
entries, but replacing scalar multiplication with the Hilbert space inner product. If A consists
of one element, then define A ©® B to be the matrix obtained by replacing each element of B by

the inner product of A with that element of B.

Proposition 7.1.1 (product rule)

Let H be a Hilbert space, and suppose a(f) € H, b(6) = (by(6), by(6), . . . b,(f) ), where
. ob(6 da(d
b;d)e Hi=1,..p. Then Dy [ a(f) @b(ﬁ)] =a(f) o 62') + b(8)® ;é,).

proof

First observe that if a(f) and b(6) are both H valued functions and 8 € R, then

L1 a(6) « b(8)] = a(8) o b'(8) + b(8) 2(6)
(See remark following the proof of proposition 7.2.1, and use the chain rule on the mapping
6—(a(6), b(6))—a(#) e b(#)). By proposition 7.2.2 (b), the derivative of the vector a(8) ® b(6)
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with respect to 8 is

a(0) ._b_ +b,(8) .3@% . : a(6) » 5p* bl Lby(0) o g
ab,, ab,, oa
() » 39" 2 +b,(0) ® 301 : . a(6) @ 52 +b SOy

b(6)

Observe that this is the matrix a(6) ® —&7—~ 26 + b(6) o 9a(6) .

o6’

Definition 7.1.2

Suppose A is a linear mapping RP—H, and W:H—H is a linear operator on H. Then the
composition Wo A may be represented as the row vector of H elements [W(f,), W(f,),
W(fp)] with respect to the basis e, e;, . . . e, of RP, where A(e;)=f;, i =1,..,p. So we will
define “+” to denote a representation of the composition Wo A as Wxlf,, f,, . . . f]

[W(E,).W(E,), . . . W(E,)].

Definition 7.1.2 will be used to obtain representations of expressions such as DyF(fy),

where F:II, C—II,C. For example, by the chain rule, DGF(fG)L; = DIF(f)Ij o iL , which
of of

0 6
can be represented as D fF(fGO) * 55 0 if 3 00 is represented as a column vector of functions as
discussed in the second paragraph of this section. When used as a superscript on a matrix or

operator, “*” will, without confusion, denote the adjoint (i.e. for an operator A,

A[h] e k=h e A*[K]).
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One final definition is necessary before stating the main results of this chapter.

Definition 7.1.3
Suppose (y,,, y, M, V, SL?) is a random L? sequence, and W(f)| . ] is a QL operator.
(a) ®y(f, ) = W (D)[g] for f€ M, g € I L2

2
(b) My (¥, 6) = [@,(fp, D) — Dy 1)) O ety +

of od (fy, fy) 0, (1, af
(a p x p matrix).
© Quv: 9= G20 (Wytt) v Wity + 26 ) 71.2)

(a p x p matrix).

(d) MYy = My (¥gr 6p)s Qi = Q¥ 6p)-

of of,
(e) My = -gge(v 60‘3).

Theorem 7.1.1 (Consistency and Representation theorem)
Suppose

(1) (f,, f, M, SLZ%, V) is a random L? sequence.

(2) {fg}g ¢ o is @ model for f, not assumed to contain f.

(3) Bpovo-

(4) DS,‘;(fo, f) has a unique minimum for =6,

(5) 8,, is obtained by minimizing the QL function D}b"( cl)
(6) MYy is invertible.
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Then 5,, is a consistent estimator of 6,. Furthermore, we may write 5" —0p=LYI[f, —1] +¢,,

where LW: IIkLz—»Rp is a linear operator defined by

w 0 \-1 * Agy(Y)
and «Jnenf»O.

Note that [7.1.3] is the reason for the “link condition” in the definitions of the preceding
chapter. The link condition creates asymptotic unbiasedness in 5, as it is needed for V@

Lw[fn —f] to have an asymptotic mean of 0.

Corollary 7.1.1

The conclusion of theorem 7.1.1 holds if W ( )[ . ] is a QL operator and (4) and (5) are
replaced with
(4") The QL equations

Wy(Eplp—g] © 58 =0 .14

have a unique solution 6.

~ of,
(5’) 8,, is obtained as a solution to WJ(fg)[fa —f,] ®0_00 =0.

Corollary 7.1.1 says it is only necessary to specify the relationship between the mean
and variance operator in order to have a QL estimator, and that it is not necessary to define

an actual QL distance as such.
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Theorem 7.1.2 (Optimality Theorem)

If 5—00 can be expressed in the form of theorem 7.1.1 (5), then asymptotically Var
\7 (0 —6) = (M%) QY [(M0 ], The minimum this can attain in the sense of any linear
combination of the parametric estimates having asymptotically smallest variance is M'Vl. If the
model contains the limiting function, a sufficient condition for the variance matrix to attain
this minimum is if the operator W*(feo) = cV'! (where c is a positive real number) on span

{af,,o(,\)/aa,-} (For any finite collection {f;} of functions in I, L?, we define span {f;} to be the

finite dimensional vector space consisting of all finite linear combinations of elements of {f;}).

A major focus of chapters 9 and 10 will be how to approximate the optimal variance
matrix when the model does not contain the limiting function. There we shall give sufficient

conditions for this to occur.

Corollary 7.1.2 (IRWLS corollary)
Suppose {f,} is a model for the random L? sequence (f,, f, M, SL2, V), and Wo(fo)[ - ] is a self
adjoint operator satisfying (c) in the definition of QL distance. Suppose
1) 8,56,, 924,
2) (fp— 1) @ W (£, )lfp — f] has a minimum at 6.
3) Defining
My 0 0) = [0yt D— 0,000 9 0 2 |+ [ %9 o (Wt + 22 )]
M%V(zp, #) is an invertible matrix for all 8, .
Under these three assumptions, the § minimizing (fy—f,)e W{E(f?l)[fg —1f,] converges in
probability to 6,, and has an asymptotic variance matrix

[MW(‘bo’ 1)] 1QW('I/‘()a 1J[M (lboa 1)]1 [7.1.5]

Corollary 7.1.2 is analogous to Chiu’s (1988) theorem 7. Its proof follows immediately
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from theorem 7.1.1, defining “¥” to be {fg} x ¥ and “W[ . ]” to be W, fo[ . ]. Notice that
the stronger conditions on the second derivative of W(f)[ . ] are not needed. In fact, W needn’t
even be defined off the model. Some examples of how this might occur will be given in chapter
9. Also observe the stronger conditions on the QL operator W( . ); we are assuming it to be
self adjoint, a condition not assumed in theorems 7.1.1, 7.1.2 or corollary 7.1.1. Chapters 9

and 10 will discuss how to do IRWLS with a non self adjoint “inverse variance operator”.

It should be noted that the IRWLS corollary, in the case of model misspecification,
gives the asymptotic variance matrix for one iteration. If the model is misspecified, one step
IRWLS and the solution of the QL equations are not consistently estimating the same 6,. This
is also reflected in the differences between M}, and [7.1.1]: [7.1.1] has an extra “second
derivative part” (of the QL function). Fully iterated IRWLS, i.e. until convergence, yields a
solution to the QL equations (Green (1984), Carrol and Rupert (1988)). So in practice, for a
misspecified model it will be necessary to study the “complete” expression [7.1.1] to obtain the

correct asymptotic variance.

To prove these theorems, we need consistency and asymptotic optimality. Consistency
follows from corollary 6.5.1. Assuming consistency, we will complete the proof of theorem
7.1.1 by making Taylor expansions (as did Taniguchi (1979)) to obtain the asymptotic linear
representation of ﬁ(a-—ﬂo) where 8 is obtained by using any QL distance or operator as
defined above. Before doing this, it will be helpful to obtain a series of technical propositions
and corollaries needed in the proof of the main theorem. In these preliminary results, we shall

suppress the “3” to simplify the notation.

The following two propositions are needed in the proof of the optimality theorem 7.1.2.
They are essentially from Taniguchi (1979) in the univariate case, and are included here since

they follow quickly from the definition of “random L? sequence”.

96



Proposition 7.1.2

Let (f,, f, M, SL?, V) be a random L2 sequence. If ¥, and 9, are vectors with components in
I, L%, then
’l_‘iLnoo n cov(y, Of,, ¥, 0f,) = ;bi O [Vxiy).

The proof is straightforward by the definition of V (It’s really just a matter of notation).

Proposition 7.1.3
Let (f,,, f, M, SL?, V) be a random L? sequence, W a bounded operator on HkLz, and ¥, and
¥, vectors with components in HkLz. Then

lim_n cov($,(A) O W (L], $,(3) @ W [£,]) = ¢3(x) ©(W V W siy(x)).

proof

¥1(A) ©W [f,] and ¥5(X) © W [f,] may be rewritten as
[W*sy(x)] @1, and [W*syy(x)| 0,
which have asymptotic covariance
(W, ()] ©( Ve [W*s,x) | ) (by proposition 7.1.2)
= ¥,(%) @(w* [v* [W*st,(x) | ’] ) (by the definition of adjoint)

= 1(x) O[W V W*sgi(x)] . u|
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7.2 Proof of Representation Theorem

Let 6, be the true value of the parameter which minimizes D'I,Wo(fo, f).

Let 6, minimize Dg(fo, £).

Proposition 7.2.1

ofy of,
2. D%ty 1,) = W(ElEg) ©5¢ - W(EIf] ©5F

Note that 630 Dw(fg, f,) is a vector in RP, and using previous notation the right side of the
of,
equation may be written as [®(f,, f5) — ®(fy, f,)] © 800 W(fg))[fg] and W(fy)[f,] are viewed as
ofy
functionals on IIkL2 They are applied to each of the p entries of the column vector == 50 b to get

a column of scalars, a scalar in place of each row. This is easily expressed using the “®”

notation, as explained in the proof below.

proof

Recalling D(x(X), y(A)) = ®(x(A), x(A)) — ®(x()), y(A)) (which is a linear functional),

0 __
Ax(M)] o
we have by the chain rule - 50 Dw(fa, ) = YV(fo))[ fo] —W(fp)l fn]] 0, where 699 is the
derivative of the mapping between © and II,C defined by 6—f,. Here, as in many other
similar expressions throughout the dissertation, we are slightly abusing notation for simplicity
in that we are taking the derivative with respect to # and evaluating the derivative at §. Using
definition 7.1.2 and the proper “representation” as a column vector of functions for 6_00’

o”becomes “® 7. 0

We will follow Taniguchi (1979) and make a Taylor expansion of each term in
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proposition 7.2.1. But to do this some preliminary theorems are needed.

As noted in Chae (1985) p. 95, if f:U; x U,—F is differentiable at (a,b) € U; x Uy, then
D,f(a, b) and D,f(a, b) exist and Df(a, b) (x, y) = D,f(a, b)(x) + D,f(a, b)(y) = [D,f(a, b) ,
D,f(a, b)] [;{} . This is easy to see by definition of the derivative, taking the limit along the
coordinate axes and using the uniqueness of the derivative. There is a converse to this theorem

which would be stated as follows.

Proposition 7.2.2

(a) Suppose X and Y are normed linear spaces, U, is open in X and U, is open in Y. If D,f(a,
b) and D,f(a, b) exist and are continuous at (a, b), then f: U; xU,—F is differentiable at
(a,b) € Uy x U, with derivative given by Df(a, b) (x, y) = D,f(a, b)(x) + D,f(a, b)(y).

(b) Let U; and Vj be subsets of normed linear spaces X;, YJ-, i=1..p, j=1..q, and suppose ¢
is an interior point of IIU,. Let f: y,;-1v; be a (nonlinear) mapping so that the partial
derivatives D; f;(c) (a linear operator X,—Y ; for each c) exist and are continuous at c. Then f
is differentiable at ¢, and the linear operator Df(c) : HX,-—»HYJ- may be represented by the

operator matrix

i D,fi(c)  Dyfi(c) e D,f;(c) ]
D,fy(c)  D,fy(c) e D,f,(c)
i Dyfy(c)  Dafy(c) . D f,(c) ]

in the sense that a vector (x;, X,, . . . X,)' in IIX; is mapped to the vector obtained by

applying the operator matrix to it.

99



This proposition is well known in the case of functions f:RP—R?. In fact, a proof is

given in Bartle (1976) p. 355 which applies word for word to prove proposition 7.2.2. o

By the chain rule, regarding the domain of ® as being the product space II C x II,CL2
with product of sup norm and Hilbert space norm, and the range of ® as being IIkL2 with the

Hilbert norm, we have the following proposition.

Proposition 7.2.3

_ 99(x(A), y(O)

D, ®(x(}), x(1)) L(O 0= ] 4 92V, x(A))

onm,xo(x» Oy onm, xo(V)

Note: Here, we are taking the derivative of the mapping IIkC—vIIkL2 defined by x(A)—®(x(X),
x(A)) and evaluating it at the function xo(A). This derivative (evaluated at x(A)) must be a
linear mapping IIkC—->IIkL2. In fact, each piece of the expression on the right side of the
equality is a linear mapping I'IkC—+l'IkL2. The first piece is the derivative of the mapping
x(A)—>®(x()), xg(A)) (where the second coordinate is fixed at xy(A) before taking the
derivative) evaluated at xy(A), and the second piece is the derivative of the mapping
x(A)—=®(x4(A), x(A)) (where the first coordinate is fixed at xy()) before taking the derivative),

evaluated at x,()).

proof
View ®(x(}), x(})) as the composition & o F, where F[x(A)]=[x(}), x(})])’ (II,C—II,C x I, L?).
So by the chain rule and proposition 7.2.2, the derivative evaluated at z(A) and applied to h(})

is D®(x(X), y(A))| (20Y), 2(3) [h(}), h(X)])’ (as F is linear), which equals
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8®(x(1), y(N)) 92(x(3), YV h(})
A gy, a0y) " O g0, 50 |[BO)

With some abuse of notation for simplification in writing the expression, this is equal to

83(z(3), () 88(z(1), 1()
oo P+ —anmr - O]

[ 080, 2(0) . 88(z(N), 2(V)
‘[ M T Ayl ][““’1' o

9%(a(}), b(}))
9[x(N)]
b(A)) € HkaIIkL2 and applied to h), equals ((D,W(a(A)) [h(A)]) [b(})] by the chain rule.

Remark: For h eIl C, [h] (the partial derivative evaluated at (a(}),

D,W(a(})) is a linear mapping from II,C—B(II,L?), so D,W(a(}))[h(})] € B(II,L?). The

operator is applied to b()) € I, L? to obtain another element of II, L2.

Corollary 7.2.1 (to proposition 7.2.3)

5 [ 0%t 1) | 09T T) | of
20 ®lo: f")‘[ ST+ IO ]*%‘

Remark: §—®(f,, fp) is a nonlinear mapping between © C RP and II,L?, so its derivative
evaluated at f; is a linear mapping Rp—»HkLz. In the above expression, we are taking the

derivative with respect to 6 and evaluating the derivative at 6.
proof: The proof follows immediately from proposition 7.2.3 and the chain rule. 0O

ofy
As % D(fy, f,,) = D(fy, f,) ©® %7 30 , in order to do the Taylor expansion (i.e. in order

a[x(N)] («\)]
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2 of,
to find 303'_39 D(fg, f,) ), we need to find the matrices % [<I>(fg, fo) @a—;] and
o . . - i
530_, [q;(fo, £) @a—; ] , which will be done in the following two corollaries.

Corollary 7.2.2 (to proposition 7.2.3)

of,
5%—: [®(f4, fo) Gé)_;]

%y  or 8B(fy, fg)  0(fy fp)
=ty 1) © 7555 + 26 ([ 6Y YN ¥

of . .. .
Remark: ®(fy, f5) @a—; is a column vector in RP, so the derivative must be a p x p matrix.

proof

Corollary 7.2.1 gives the derivative of ®(f,, fy), so the product rule proposition 7.1.1 gives the
9ty
GW'

Using the same reasoning as above, we can also find the other derivative.

derivative of ®(fy, f) 0

Corollary 7.2.3 (to proposition 7.2.3)

%, of, [ [o%(fyf,) Of,
518005 1,) 0521 = (05 1) © ks + aee([T * 50

Note that this is again a p x p matrix.

We now have all of the pieces necessary to prove the representation theorem, the proof

of which is below.
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proof of theorem 7.1.1

From the definition of 5,

2 _
2Dy 1) la =

of,
But 30 Dt[)(fe? fn) = 3[ (/\)] Dw(fg, f ) O 0

)

= (Wy(fo(M[ 15(2) ] = Wy(Gp(ME.(A) ]) O 77 - [7.2.1]

We do a Taylor expansion of each piece around 6.

W) )] ©R2 L 4
0,1/’

%y | or 00, (fg fg) = 0P,(fg Tg) | ¢ ~

19

WG] £, © 22 L -
07'1’

2?

This implies

W, (s () — ] @‘%"L o+
0,

82f9 ofy 0% (fg fg) = 0P (fg: Tp) of
¢¢(f0’ fO) © 60’60 + 57 @( |: 3x(/\) ay(/\) * 30 -
o ¥

103



0

aZf afo 6Q¢(fo, fo) BQw(fo, fo) afo
(6o ) © 5535 + 3 O( |: x|t )|, @ -
¥

0%y | Oy | 0%y(fe )  O%y(fg, fo) , % R
®ulle 1) © 5996 + 30 [ ax() vy |* o 5 (6 —6,) +
0

%,  Ofy [0%y(fg 1) af,,}
{%(fo’f ) © 55755 +%@[_ax_' Y0 | s T
2’

0%,  of, [6<I>.,,(fo, fo) _ o -

@, (fp: o) Ozg36 T *37 _p(@—6p) =0. [7.2.3]
0

The matrices in the next to last term in parenthesis of [7.2.3] will go in probability to

0 because of proposition 6.5.4 and corollary 6.5.2, and because we know 5, 0:‘—»00, $—>¢0

OW)ly]_
Oy

Note that — === W(x)[ . ], regardless of where the derivative is evaluated. The first term

in parenthesis goes in probability to

of of
55 © [w¢(f9) * 6—0"] L , [7.2.4]
(11d1]

The last term in parenthesis goes (again by proposition 6.5.4 and corollary 6.5.2) in probability

to
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o
[y (fs 1) — Dy (fo, T)] © 55755 L o T
0'Yo0

[7.2.5]

of, [6<I>¢(f0, fg) 0B (fg ) ] of,
96 © ox - ox * 50

0 %o

Notice (1) the sum of these terms is the previously defined My, (8,, ¥y). (2) If f90= f, this

reduces to [7.2.4].

We have now demonstrated that yi M, (8, —6,) and W;[,(fo)[fa_fn]L have the

=6

(]
same distribution, where anMW(ﬂo, ¥o) and M_ is defined to be the coefficient matrix of
5—00 in [7.2.3]. The proof of the representation theorem is completed by showing the

following proposition.

Proposition 7.2.4

\m (6 - 8,) and N@ [My (6, ¥)]? W, (fo(M)[ £, = f4(A)] Q%L v have the same asymptotic
%o

distribution.

proof
oty
By definition of ©, Y& M;,lwa(foo)[fn —fg) © g cquals

] 7o ]
W (T, (M £~ fa (A)] » 55

N M, ' [7.2.6]

of,
| Wy O (= O+ 52
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ofy
. . _ _0. —_
Notice that for each i, W;Z(foo(/\))[ f, foo(A)] ° 3, =

of,
- * -3
(f, fgo()\)) . W'b(fao(/\)) l: 39.-] . [7.2.7]
But by condition (c) of the definition of QL distance (definition 6.3.4) we know that
* 0 LS e 0
WJ(foo(A)) [_00'-] W%(foo(,\)) [—00; . [7.2.8]

Condition (e) in the definition of random L% sequence (definition 6.3.2), together with

Chebychev’s inequality, now gives us that
NI (f, =T (V) | { WE(E, () = W2 (£, (V) gf& £o [7.2.9]
n~lg, { 26, bo'le, } 59, . 2

[7.2.9] together with the fact that [M,]™ £ My (80, ¥o)I* will yield the result. This is easily

seen as follows.

-~ of
Vi (6 - 6p) = 7 [M..]“{ Wy (o (] £~ fo (V] ©—2 +

0f90 3f90
Wy (lo,M £ =g (V] © 557 - W 2Es W i — (X)) © 75~

of
=1 [My(8g, %)™ W¢o(f00(’\))[ f"_foo(’\)] 63_30

o
£ (ML = My (O, o)) Wy (g ()] =T (V] ©—2
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-1 af"0 6f00
+\Nm M| Wy, (fg (M — 1o (N)] 055~ W@(fo('\))[ f,—f(N)] 055

The second term goes in probability to 0, since [M, ] E My (8, ¥o)]"! and W%(foo(z\))
ofg

£, —fgo(/\)] @a—oo goes in distribution to a (multivariate) normal random variable. The third

term goes in probability to 0 by [7.2.9] (and since [M,]! Ll [My(6g, %) ). We thus see

that the “e,” of theorem 7.1.1 is L times the sum of the second and third terms.

\n

It should be noted that corollary 7.1.1 follows trivially from the above proof (just take
[7.2.1] as the starting point for the proof). Corollary 7.1.2 also immediately follows from
theorem 7.1.1. To see this, create a new “¥” space ¥,=¥ x ©. Then the new 1:/; is 17;1=(1Z, 51)
This asymptotically gives the same variance as if (1, ;) had been used. The corollary shows
consistency and asymptotic optimality of IRWLS on one iteration, since we take 51 to be a
consistent but not optimal variance estimate obtained by solving [f; —y,] e W[fs —y,] for an
arbitrary fized operator W. This is the same approach taken to show asymptotic optimality of
IRWLS in the literature, assuming, of course, that the model is correct (see, e.g. Carrol and

Rupert’s (1988) theorem 2.1 or Chiu’s (1988) theorem 7).

1.3 Proof of Optimality Theorem

First note that by proposition 7.1.3 and the link condition, the vector
’— f,—f, (V) e W3, (f5 (A oo ]
(fn —fo, (1)) @ Wy, (fq (1)) 30,

i [MY]! . [7.3.1]

* af"o
(f.~ foo('\)) J W.po(fao('\)) o,
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has variance matrix

o | o . Ao 0 1-17*
My | 2o (WY WH e =2 )M [7.3.2]
. -1 sy . * afo 1 3f0 :
which equals M7y (see definition 7.1.3) if W“’o(foo)a_&- =V 3, (assuming the model

contains the limiting function, or some condition such as [7.3.10]). The problem is now to show

optimality.

Unless specified otherwise, the partial derivative of f4()) is always to be regarded as
being evaluated at f,. We will work in the Hilbert space IT,L[A] with inner product (f, g) =
JAEQ(/\) g:()) dX. For any QL operator W( . )[ . ] and random L? sequence (y,,, yo, M,
SL2, V) define the linear mappings Ly and Ly IIkL2—+ RP (where 6 is p dimensional) as

follows. If h € I, L2,

B, (A
Ly[h] = [MV]'I([V‘I . %]@ h(}) )

o6, (V)
Lyy[h] = [M%V]l([w*(foo) R %—]@ h()) ) [7.3.3]

Ay (A)
Let D denote the subspace of II,LZ spanned by the functions -_3%_-—— i=1.p, and let
L

U = S1[D] denote the image of this subspace under the linear transformation S™![f], where S is
the square root of the random L? sequence variance operator V. Let P glf(X)] denote the
projection of f(A) into the subspace R. Let 4 be any vector in RP. We will show that the
asymptotic variance of 7'(5},’ —0,) is always less than or equal to the asymptotic variance of
Y@ —6,), where (8% —6,) = Lw[fn—feo]'*'f:. and (87 - 6;) = Lv[fn—foo]‘f"i , \a €550,

i=1,2.
Define the linear mappings Ky, Ky HkLQ—»R” by
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. 0fg,(2)
Ky (b) =\ W(fg)) * —55— | ©h(})

o, (A
Ky (h) =(v*1* "605 )) Oh(). [7.3.4]

Then Ly [h] = [M{y]'e Ky [h] (or Ly[h] = [My] o Ky[h]) if we regard the p x p matrix MY,
(or My) as a linear mapping RP—RP. From functional analysis (see, e.g. Conway (1985) p.
31) we know that if A: X—Y is a bounded linear mapping, where X and Y are Hilbert spaces,
there exists a unique mapping (called the Adjoint) A*: Y—X satisfying A[h] ek = h e A*[k].

What is Kj;? I claim it is defined by

- Ay (A) \
Wi(fs,) aLgl

Kyl =7 . [7.3.5]

* O, (V) * o
=1 W (feo) o6, +7, W (foo) 58,

+ v, W¥(f,) M [7.3.6]
Tp 8, 60}) . .3,

To show [7.3.5] is true, all that is necessary is to show that it satisfies the defining relationship
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for adjoints. Write

o, ()
( w*(foo)[%} oy ) k, )

Kw[h(}))] o k = . . . [7.3.7]

o [
| W) | | eh) | k)

v [ oo [ %™
=y WWllg,) | —55— | hO) +. -+ k, Wi(Eg) 50, o h(}). [7.3.8]

On the other hand, using [7.3.5] as the definition for K}, h()) e Kjy/[k] =

N A e | Oo,®
h(d) o | k,W (f"o) 96 +.o+ kW (foo) 50~

oy (A ofy (A
ey X )} 59

=h(}) e kIW*(fao)[a—,,l] +...+h(}) ek, W*(f, ) [_3?

which is the same as [7.3.8].

It is a property of adjoints (Conway (1985), p. 32) that if A: X—Y, B: Y—Z, then
(BA)* = A* B*. So we have Lf/ = K} (M})* and L}, = K} ((M%]1)*. Also note the
adjoint of a matrix is simply its transpose (conjugate transpose if complex valued, but

everything’s real here). The proof now consists of carrying out the following steps:
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step 1
The asymptotic variance of 7’(§"W—00) is the same as the asymptotic variance of Lyy[v]

o (f, —f) (by the defining property of adjoints, v @ Lyy[f,, —fo] = Liy[7] e (f, —1) ).

step 2
Write Liy[r] o ((£,(0) —f(})) = Liy[r] oS Sf, (%) — (3)]
= §* Lyl o S L) - )]

=S Liyly] e ST, (X) — ()] .
step 3
Write S Ljy[y] as the sum of two orthogonal components Py[S Liy[v]] + P L[S Ly,
where U = S7![D] is defined earlier. Hence S [Ljy[y]] @ STY[f, —f] = (¥;+v,) ® SYf,, — ],
(where 1, = Py[S Liy[y]] and v, = P, | [S Liy[7]))

=1, oS'l[fn—f] + 1/)208'1[1'"—1]

=Sy, o (f, —1f) + S 1, ] (f, — ) (by self adjointness of S7!).

step 4

Observe these two components are asymptotically uncorrelated.
lim 0 cov (S gyle (1) , S[¥y) ¢ (f,—0))=

=Sp,) o V]S [1y)]

= ¢y 0 [STV S 4]

111



(But S 1V S'l=the identity operator)

=9, ¢y =0 (because ¥, and ¥, are orthogonal).

step 5

Show that Py[S Liy[v]] =S L{y[7]. To do this we need to do two things.

1) Show S Lyy[7] € U.

2) Show S Lyy[y]-S Ly[y] L U.

The result follows since S Ly;,[y] may be written in only one way as a sum of something in U
plus something in U L,

proof of (1):

SLy[7] = SKy IMy]*[y] = S K{[k] (where k= [My]*[7])

g (2) 0 (X)
=S[klvl[;+ol] +...+kpvl[ ;g,, H
8ty (2) O (N)
:kIS'l[ ;gl }+...+kps*[ ;gp }

which is a linear combination of basis elements for S1[D].

proof of (2):

To do this, show that the function S Ljj,[y] =S L[] is orthogonal to each element in a basis

oty (A A, (A
for S1[D]. (A basis is obviously {S‘1|: ;g(l ):l L S'l|: ;gi )] } N

oy (N)
[S Livls] - S LyD]] -S"[ 2‘;‘. ]

o) o)
s Lfv[‘/]°s-1l: - }—s* Lw-s*[ o ]
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0fg () ofg,(A)
Liy[v] e —o— 0 - Ly[y]e—— 0 = (by the defining relation for adjoints)
H]

T [t

Y I"W 00{ -7 Ly —'6_0"— =

1ax0 1-1 * 6f9 61”“’o Ing- I 1 6f90 af"o

' 0 1-1 * 8{" 8f90 -1 I 1 af"’o af"o

7\ MW\ | W Tey) * 25| © 75, ) MV \|V"* 29°] @5, )]

ofg af
Now the expression |:W (fo ) * 0] ® 57— represents a row of the matrix

-t

00

P, %o, 0
56 G)W(fgo) 5g |- Notice this matrix is M;jy! Hence

ofy af,,
M3 ([W*(fo ) = :| ® A ) = vector with 1 in ith position, 0 elsewhere, and

afo 6f9
M'Vl V1 30 ® 60 = vector with 1 in ith position, 0 elsewhere.

So for each i, the vector in parenthesis is the 0 vector and we have proven step 5.

Observe that step 5 implies that P vl [S Liy[7]] = 0 for W=V (because in step 3, S

Liyly] is decomposed into orthogonal functions, Py[S Ljy[+]] and PU L[S Ly -

PylS Liy[7]] = S Liy[v], then P vl [S Lyy[v]] must be 0). Step 4 shows that for any operator

W, if P L[S Liy[7]] #0, the variance is “inflated” by S'IP 1 [S Liy[7]] over that we would

6f0
have gotten had we used W=V"l. To see that W*=V"! on span -50—0
tli=1.p

implies the

same optimal variance as if V! were used, look at how My, and Qy are constructed (i.e.
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expressions [7.1.1] and [7.1.2]), and observe the condition implies My, = M w1 and Qy =
Q = Also observe that W is invariant under multiplication by a constant by looking at the

variance matrix [7.1.5] and notice that the constant will cancel out, as two inverses are taken

on My, and the constant would appear twice in Qy . O

Notice that the model containing the limiting function means that

ofg [8<b¢(f0, fg) 0%y(fe ) } of, —0
90 © ox T ox * 50 o %o -

9%,
[@y(fg, 1) — @y (Lo, 19)] © 5735 Lo vy = 0. [7.3.10]
As we will see in chapter 9, there are ways of obtaining [7.3.10] even if the model does not

contain the limiting function. It turns out that the conditions [7.3.10] are not as difficult to

verify in the case of a misspecified model as one might think, under certain circumstances.

7.4 Conclusions

In this chapter, we have established the main representation and optimality theorems
(theorems 7.1.1 and 7.1.2) regarding parametric estimates obtained by minimizing a QL
distance or solving the QL equations [7.1.4]. A solid groundwork has been laid for the ideas in
chapter 6, but the question of the usefulness of chapter 6’s definitions still remains. We will
only give a small hint of why the theory is meaningful at the end of chapter 8, showing the
optimality of an IRWLS procedure (as described in the introduction to chapter 6) for the case
of a non Gaussian process. The real uses of the theory will be presented in chapters 9 and 10,

and hinge on the comments at the end of section 7.3. For optimality to hold, the operator
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W*(fao)[ . ] must mimic V! on span {Zf—:?} , where V! is the true inverse variance
operator. This is ertremely important, and r:z:alf;.;pthat it s not necessary to use the true
inverse variance operalor in parametric eslimalion in order to obtain optimal estimates. Why
it might be desirable to use “wrong” QL functions will be discussed in chapters 9 and 10. But
before doing this, we must show that spectral estimation is an application of the theory

presented thus far (and specifically, to verify the unproven statements made in section 6.4).

This will be the main focus of chapter 8.
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Chapter VIII
Time Series Applications of QL Theory

8.1 Introduction

In this chapter, we give some theorems which support the claims of the examples in
chapter 6 and set the background needed for other main results of the dissertation to follow.
Chapter 9 will apply chapter 7’s optimality theorem to the problem of spectral estimation
when the observed series is contaminated, but it is necessary to first clearly define what is
meant by “contamination”. It must then be shown that whatever definition is settled upon

falls within the framework of the definitions in chapter 6.

There are two approaches to frequency domain spectral estimation: regarding the
periodogram as a step function by defining it at a finite number of frequencies (such as the
Fourier frequencies), and then extending it, or using the natural definition of the periodogram
so that it is automatically defined for all frequencies in [-m, 7]. So far as our theory is
concerned, these approaches are asymptotically identical. Of course, in practice the first is
usually preferred due to numerical considerations. The central problem is establishing
asymptotic unbiasedness of the periodogram, i.e. showing that N E( [¢I dA— [4g d\)—0
where g is the spectrum and v is some function. This condition will essentially hold if either ¢
or g is sufficiently smooth (i.e. is continuously differentiable). Actually, we really only need to
verify the asymptotic unbiasedness in the link condition, i.e. lim @ E{ IW;(fo)[(%‘::l (I, —fp)
dA}=0. As this is not a major point of the dissertation (actually it’s a somewhat bothersome

side issue which if allowed could easily obscure the major points of the dissertation), no
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attempt has been made to find the most general sufficient conditions. As some assumptions

must be made on the process, we will for the sake of simplicity do the following. Assume

. Z I Qal 30 5 - - Oy (jl’ j2’ j3)|<00
11179193

where Q, oy (1) Jg» J3) is the fourth cumulant of the channels oy, a,, a3, a,. This

1% - -
guarantees a continuous fourth cumulant spectrum, and allows the use of Hosoya and
Taniguchi’s (1982) lemma A2.2 if the natural definition of the periodogram is used, and
Brillinger’s (1981) theorem 7.6.1 if the step function definition is used. For conditions on the
spectrum and model, we will assume that the model satisfies the BCC, and one of the following
holds. (1) The spectrum satisfies the BCC, or (2) The spectrum is of bounded variation. We
will mostly be interested in assumption 2, as chapters 9 and 10 will discuss model fitting for a
“contaminated” series, where it is not unreasonable to assume that a smooth model is being fit
to a discontinuous spectrum. Chapters 9 and 10, which rely on the material in the present
chapter, will consider only the simplest case of Gaussian processes (the non Gaussian case is for

future research!). This simplifies the supporting theorems here for those chapters, as higher

order cumulants are 0.

It should also be mentioned that under assumption 2 we will differ slightly from the
literature in our definition of the “step function” periodogram extension. For our purposes, the
steps will be at the frequencies 7t/4n for t between —4n+1 and 4n (so there are 4n steps in [0,
7] rather than n/2 steps at the Fourier frequencies). The reason for this departure from usual
assumptions is to easily show that the step function extension satisfies the definition of random
L? sequence. Most of the literature assumes the more stringent assumption (1), so that the

usual “Fourier frequencies” step function extension is a random L? sequence, which is shown
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essentially by putting together published results.

Distributional results are another side issue which will not be considered here, i.e
conditions guaranteeing the asymptotic normality of \m( [ ¥I, dA— [ g d)), as we are mainly
concerned with the asymptotic variance of paramelric estimates. Sufficient conditions for
normality are given by Brillinger (1981) or Hosoya and Taniguchi (1982) respectively in the

step function and natural definition of the periodogram cases.

There are some important facts about Fourier series of functions of bounded variation
which will be used in the sequel, and which should be mentioned now. Two of the most
important of these are the following (from Zygmund (1968)).

1) Theorem 8.6 (p. 58): If f is of bounded variation, then S[f] (the sequence of partial sums of
the Fourier series) converges uniformly at every point of continuity of f (definition: A sequence
of functions s, (x) defined in the neighborhood of x=x, and converging for x=x, is said to
converge uniformly at x, to a limit s, if to every €>0 there is a 6§ and a p so that s, (x) —s|<¢

for |x — x,|<é and n>p).

2) Theorem 3.7 (p. 90): If f is of bounded variation, the partial sums of S[f] are uniformly

bounded.

8.2 Expectation Results for the Periodogram

The main result of this section is theorem 8.2.1, which establishes the asymptotic
unbiasedness of the periodogram using either the natural or step function extension. To arrive
at this theorem, it is necessary to first discuss some background material. In the following,
“e” refers to the inner product on L?[-7, 7] defined by fe g=1/21r'[x f(2) g(A) dA. A “Cesaro

-r

sum” of a L? function f is a sum of the form n_iT (sg+sy+ - . . +s,) , where
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n - .
s,(x)= Z (foe'®¥) e'AF | “Fejer’s kernel” is defined for each positive integer n, as
k=-n

Kaw) = =]

O
K, (x) is also the nth Cesaro sum of the series E exp(ikx). See Hoffman (1988), p. 16 for

k=-00

further information.

Proposition 8.2.1

Suppose f,, is the nth Cesaro sum of the function f, and similarly for g,, and g. If f satisfies the

BCC and g € L?, then
. 1 (7
. 1 %
(b) lim ~m [gJ (8n—8) f d/\] =0.
-

Note that (a) and (b) will be essential ingredients in showing asymptotic unbiasedness of the
periodogram in the cases of assumption (1) and assumption (2) (of the introduction)
respectively.
o . o)
proof of (a): By Theorem 1 of Chiu (1988), f(’\)=2 a, '™ where Z nla,| < co. We
n=-00 n =-oco
©
may uniformly bound the error [f(A) —f,(A)| where f_()) = J f(t) K,_;(x—t) dt, and K (x)
-
is Fejer’s kernel. To do this, recall that f ()) = nL-l-l (sg#s;+ - . . +s,) , where
n . . .
s, (x)= Z (foe'®F) ek | Let a;=fe ¢'*. Then

k=-n

f(x) — £, (x) = DLH i (£(x) — 5,(x))
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= n+1|: E k| ag e 4 (n+1) E a; ek ]

k g [-nyn]

Hence \1 times this expression goes to 0.
©

If ¥ € L? J Y 7 (f,, —f) dA—0 (by Cauchy Schwartz, for example).
-

proof of (b): Let a, = fee'** and by =ge e'*k (where f satisfies the BCC).

n r

ﬁil;'[_”f(g—gn)zﬂﬁz%I- Ea e"\k[g(/\) apy ;bte**‘]d,\

k =-0c0 r=0t=-r

—k ™ ;
o] o e
k ¢ [-n,n -

1+|k| r ixk
A\ n31 b, + N1 E ay (g —g,) e dA.
k ¢ [-n,n] "
b .
As before, using the fact b, and J (g—8,) ¢** d) are bounded, we see that both pieces go to
-T

0. O

The next proposition is needed to establish results concerning the “step function”
extension of the periodogram. It concerns the relationship between “stepfunctionized”
exponential functions (defined in definition 8.2.1) and their continuous counterparts, and shows

the finer the steps, the more orthogonal stepfunctionized exponentials are created.
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Definition 8.2.1

For each nonnegative integer n and positive integer k between -n+1 and n we define the

sequence of functions {¢3(})} as
n R ikX,
My =) e XA, (V)
t=-n+1
where ,\tzlnE fort=—n+1..n, x At('\) is the indicator function for the interval A,=[}, ;, A,],

and -r <A<

Proposition 8.2.2

Let {¢3(A)} be as defined in definition 8.2.1.

(i) For each n, {¢§(A)}} = _, 41 are a collection of 2n orthonormal functions in L2

(i) e 0 ¢%(A) = 0if j #k, —n+1<j, k<n.
xik/n

sy @Ak omeyy _ (2n—1) 1—¢ _
(iii) e'** @ L (A) _( o ) ik n+1 <k <n.
r
(iv) Let r be a positive integer. H ¢;:‘(,\) = ¢§'}i(/\) if —n+1<j;<nfori=1,...,r.
i=1

proof

Notice we always sum over 2n —1 consecutive frequencies (as each step function ¢}(A) has

! h-1+1
. 1-
exactly 2n — 1 steps). A formula for Gxbtip oL 4xPis x_(Tx_)

— X

®
s xa (,\)) d)
- ]

proof of (i): 47(3) e ¢7:(A)=(1/21r>j ( ;e""*t XAt(A)) ( e

o i(i-k)VEL i—
:(1/21r)(21r/2n)2 TR =(1/2n)z s (1/2n)z exp [iw(‘]n k)] t. Forj#k
1 1 T
and j, k satisfying |j —k|<2n, the formula gives the result (note n—(—n+1)+1=2n, exp

[11(’];—1()-] 2n=1).

proof of (ii) and (iii): Define U(A,)=A,, L(A,)=A,; . Then
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t=-n+1
> %J ek dx) e = (because U(A,)=X,)
7 Tl A,
w1 eUADE _ JLADE uapi _
o e -
t

1 {E JUAN5) Zea(L(A,)k-U(A,)j)]_

t t

If k # j, the first term sums to 0 since we’re summing over the 2n — 1 frequencies. To see that

the second term also sums to 0, note that L(A, )k — U(A,)j = W(:l.l) k- W—rf'l = ﬁ(kT—i)
%k. So the second sum is e'"ik/nz emHEI)/n_ o 1t k=j then E VAR _ gy 1,
t t

-wik/n

and the second sum is (2n — 1)e . So the result is

l_e-m'k/n _(on—1 l_e-m'k/n
(20 —1) bg o = (221) mik/m

(iv) Note that E j; £ as needed to make ¢'2'; (A) well defined, and do the multiplication
. ]
1

pointwise. O

Corollary 8.2.1 (to proposition 8.2.1)
Define g} to be the Cesaro sum of g formed from the basis functions ¢2(")(z\), where r(n) is an
. n ® -
integer > n for each n, instead of e'* (i.e. g is the average of snzz %J' g ek d
-%

=-n

¢Z(")(/\) ), and f}, similarly. Then proposition 8.2.1 continues to hold.

proof

For simplicity, we will give the proof assuming r(n)=n (there is no loss of generality in doing
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this, as the proof using r(n) is identical).

proof of (a): Note that by the mean value theorem and the continuity of the derivative, f
satisfies a Lipschitz condition of order 1. To prove (a) it suffices to show that lim <@
[_[ (f:‘ -f)g dA] =0, where f},(}) =Ef(/\'-) X A.-(’\) is a “stepfunctionized” version of f. This is
because you can write Vit j'(f:—f)’g dA =Nm [(fi—f) g dr + \m [(f,—f) g d), and vm
J(£5—12) g dX goes to 0 by the same argument as is in proposition 8.2.1 (a), e.g. by the
uniform boundedness of |f(x)—f (x)|. Using the Lipschitz condition on f and the fact

A —A,i=7n/n, f; —fis bounded by K/n for some constant K. It follows that the second

piece also goes to 0.

proof of (b): It suffices to show that hm NT Z ap E) n+}() b*] = 0, where
bk_(l/21r)J f(A) @_(A) dA and ¢, () is as deﬁned earller (because the first few lines of the
proof of proposition 8.2.1 (b) continue to hold due to the above proposition 8.2.2). This is

established by the following steps:

claim 1

llm \Nn Z |ak _k (1-C‘Ak°¢ )I—

k=-n

proof
Recalling e*** o g7 (2) = —l;wfl:/iﬂ, write the Taylor expansion of e” as 1+x+ io:z x"/nl. So
L—xl;x = x R(x), where R(x)= E x™2/n! has an infinite radius of conve:g;nce By the
continuity of R(x), IM; so |R(1r()|"<M2l for |x|<1. This implies that I %I <M, x| for
|x|<1. Hence|l— I—Tiei:/i;/—n < M; 7k/n. Write

-k agn|< [1-1 ;iek*/i:/n |2n —1| } 1 :rfk,j:/n <
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M
M17r—k+T2 < M%k for some M. Now

n . n
I E | ap b_g (1 —e‘Ako¢fk)| <\m Z |ag b_x| M 7k/n —0 as n—oo.

k=-n k=-n

. -k .. .
Since n—||<1, this is true if
n+1

n .
33_1{100 NI Z lag b_g (1 —erk g ¢%)| =0, which follows from claim 1. O

k=-n

Theorem 8.2.1

(a) If I, is a component of a periodogram matrix from a process which has spectrum satisfying
the BCC, then E vi( [¢I,— [yg) —0 for ¢y € L% (b) If the process has a spectrum with

components in L2[-, 7], then the same holds for ¥ satisfying the BCC.

(a) and (b) hold regardless of whether the definition of periodogram matrix is the

natural or “r(n)” step function extension, for r(n) > 2n (see corollary 8.2.1 for definition).

proof

For the natural definition of the periodogram, this follows from proposition 8.2.1, keeping in

L3 k.
mind that EJ Y1, dx= I ¢ f,, d), where f is the Cesaro sum of the spectrum. For the
- -r
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step function extension, it follows from corollary 8.2.1, keeping in mind E([ Yl d)\) =
[T (1-1KI/n)7q o (K) 45(3) dA.

In the following section, we shall often mention the “4n step function extension of the
periodogram”. This refers to the use of functions {¢3™(A)} as defined in definition 8.2.1 in the
step function definition of the periodogram, i.e. I (A) = Z(n-— [k|)v(k) ¢32()), rather than
the “natural” extension I, (}) = Z(n—|k|)7(k) exp(-ikA), and is so called because these
functions have 4n steps in [0, 7]. The reason 4n steps are needed is so that the functions
¢z"(/\) will “act” like their exponential counterparts when multiplied together. For example,
consider the proof of the statement “E( [yl d))= I¢Z(1-|k|/n)‘yalaz(k) exp (-iAk) dA”.

We write

E [J:dﬂn d,\} = 2% E l:J"" ¢i X;(t) exp(it A) zﬂ: X;(s) exp(—is }) d,\:| =

=1 s=1
% E Uid); ‘; X(t)X (s) exp(i A (t-s)) d,\] = K Z Z: X(t)X,(s) ¥ (t-5)) ) =

k > G-k TW =Y (- lkD 309 [ v0) expliak) dr =
=-n+1 -

=-n+1

T n T

[To) 3 [ =ik 909 expliak) ax
® k=-n41 "%

For the analogous statement “E([4l, d)) = [ (1-[k|/n)7q (k) #:(™(2) d))” made in

the proof of theorem 8.2.1 to hold, replace “exp(iAt) and “exp(—iXs)” with “¢:(")(z\)” and

“¢_'£")(/\)”, for some r(n). We need qS;(")(/\)(#fg")(/\) = ¢;'_(;')(/\) in order for the second line of

the proof to hold. For this to occur, it must be true that r(n) > 2n (see proposition 8.2.2

(iv)). The same idea is used in the proofs of the propositions and theorems in section 8.3, but
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now we will need four stepfunctionized exponentials to properly multiply together, requiring

the 4n steps.

8.3 Variance Results for the Periodogram (Part 1)

We now give some technical results needed to establish the variance conditions in the
definition of random L? sequence. The parts of the theorems in this section to be proved are
mainly for the case of the spectrum being of bounded variation rather than satisfying the BCC,
and are similar to Taniguchi’s (1982) lemma A2.2. This section will give results for the
natural and “4n” step function extension of the periodogram, because the proofs for either case
are virtually identical. Section 4 establishes the results when the spectrum satisfies the BCC
and the Fourier frequencies periodogram extension is used. The methods of proof there are

most similar to the proofs in Brillinger (1981), e.g. theorem 7.6.1.

Theorem 8.3.1

00
Suppose Z |lea2 a304(j1a Jgy J3)|<oo0.
jl’jzyj"; =-©

(@ If f f f f are of bounded variation and W,, W, are in L2[-x, ], then

ajag’ "apay ajayd “aga,

©

lim,_N cov{ J_”wl(x) Iy a,(V) d), J_,,Wz(” g 0,(3) d) }:

k.

k.3 k.3
w21 " [T WODWA=3)Q o, g, O e =) Ay 8.3.1)
- -
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for the continuous extension of the periodogram.
(b) Same as (a), except the 4n step function extension of the periodogram is used.
(c) Same as (a), except the components of the spectrum satisfy the BCC and the Fourier

frequencies step function extension of the periodogram is used.

Theorem 8.3.2

There exists a constant M so that if and W,()) and W,(}) are L? functions, then the absolute
value of the covariance in theorem 8.3.1 is bounded by M ||W, ||, ||W,]|, for all n, assuming
(a) f"l ay’ fa2a2, f°’3°’3’ fa4a4 are functions of bounded variation, and the continuous extension
of the periodogram is used.

(b) Same as (a), except the 4n step function extension of the periodogram is used.

(c) Same as (a), except the components of the spectrum satisfy the BCC and the Fourier

frequencies step function extension of the periodogram is used.

Theorem 8.3.3

(i) If (X, , X,) is a bivariate series and W is a function in L?, then
T x
E [J W(A) I5(2) d/\]—~J W(A) f;;(2) dA.
-7 -

E Ur W(X) I%(A) dA]

(i) and (ii) hold assuming conditions (a), (b) or (¢) of theorem 8.3.1.

(ii) There exists a constant K so that <K |[W]],.

The main theorems of this section have now been stated. It may be possible to

strengthen these theorems, which is a topic for future research. What follows are proofs of the
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main theorems and propositions needed for these proofs.

The proof of theorems 8.3.1 and 8.3.2 will use some of the ideas in Hosoya and
Taniguchi’s (1982) proof. We begin by showing N cov([W,I,, d), [W,I  d)) can be

expressed in other forms.

Proposition 8.3.1

Suppose that W, and W, are real valued functions in L2[-7r, n] and v, , (k) are the covariance
%
functions for a real valued multivariate time series (i.e. v, . (k) = cov(X, (t), X, (t+k))).
i) i J

Then
N cov{ J:W](,\) Ialaz(/\) dA, J:WQ(/\) 10304(,\) dA }.—_

N
Z W (n; —ny) Wy(ng—njy) {70103('13 - nl) 70,204(“4 —-ny) +
7'1.1112r53n4 =1

2

70104(n4 - nl) ‘)’0203(1'13 - nz)} [8.3.2]
~ L .
where W (k) = 1/27 J W, (A)e'rk da.
-r
proof

cov{ J" Wy () Ig o, (3) dA, I:wz(,\) g0, (V) d) }:

n i\ n -ix
# cov (%J leal(nl) &M leaz(ng) o A2 W,()) dA,
nl = ﬂ2 =
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[ 3 Xayfma) * 30 X, (0 €2 W) dA)

n3=l n4=1

n _—e
= Niz- Z cov (xal(nl)xaz(n2), Xas(na) Xa4(n4)) Wl(nl - n2) W2(n3 - n4)
273"y

Il
-

W(n; —ny) Wy(nz —ny)
N ngngny

|
Z )

{7ala3(n3 - nl)7a2a4(n4 - n3)+ 70104(114 - n1)702a3(n3 - nl)}‘

As W, is real valued, Wz(n) = \~V2( —n). Hence N times this last expression equals [8.3.2].

8]

The next proposition shows that the covariance in [8.3.2] may be written as a Cesaro
sum of the sequence [8.3.6] (below). To prove theorem 8.3.1, the sequence [8.3.6] will be shown
to converge to [8.3.1]. It will follow that the Cesaro sums (and hence N times the covariance)

converge to the same thing.

Proposition 8.3.2

Suppose that W, and W, are real valued functions in L2[—7r, x] and v, , (k) are the covariance
i%;
functions for a real valued multivariate time series. Then

(a) The partial sum

N-1 ~ ~
{N —5(12, I3, 14)}W1( —12) W2(14 - 13) {7ala3(13) Yo (14 - 12) +

294
Ll =-N+1

2

70104(14) 702013(13 - 12)} [833]
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equals [8.3.2].

max(|l,], |5, |14]) if sign 1,=sign 13=sign 1,

Here, (1, 13, 14)={ max(|l;|, |L1)+ 1| if sign |,=sign 1 ;= —sign I,

~ x® .
and W (k) = 1 /27rJ W;(A)e'** da.
-
(b) [8.3.3] is the same as the nth Cesaro sum of

L[7 weogywgoEme + & [T Wrovgows(- N4

2r

where
W)=Y Wik e W)=Y Woyk) e
=-n =-n
=3 Yayas®) €* BN=D 100,00
k=-n k=-n ‘

f;('\)ii 7ala4(k) e kA 7 (A= i 70203(1() RN

k=-n

proof

[8.3.4]

[8.3.5]

[8.3.6]

8.3.7]

[8.3.8]

(a) Following Hosoya and Taniguchi (1982), define l,=n, —n,, l3=n3—n;, l,=n,—n;. Then

W (n; —ny) Wo(ng—ny) {7a1a3(n3 —-n,) ‘Ya2a4(n4 —ny) +‘Yala4(ﬂ4 -n) 7a2a3(n3 —n,)}=

w 1( - 12) W2(l4 - 13) {70103(13) 7a2a4(l4 - 12) + 7ala4(14) 702a3(13 - 12)}' For 12’ ]3) 14

fixed, how many such terms can there be?  Once n, is chosen, all of the other n; are

completely determined. How many different ways can n, be chosen? If the 1, all have the same

sign, then n, could range between 1 and n — max{|ly|, |I5|, |l4|}. If one of the l,, say 1,, has a

130



different sign (say negative) from the others, then ignoring 1,’s influence, n; could be between 1
and n —max{[l;|, [I5]}. 1, will reduce the number of ways n, might be chosen: n; must be
larger than n, so n; could be between |l,|] and n. Putting this together means there are

n — {max{|l;|, |I3|}+[l3|} ways to choose n,.

(b) Note that the nth Cesaro sum of the sequence {a,} is by definition (sy+s;+ . . . +s,,_;)/n,
where s;=ag+a;+ . . . +a,; (i.e. the “average” partial sum).

As motivation for the proof, notice that if we multiply together and integrate

or ( 3 W10) e"f*) x ( ) Wg(k)e""*) x

j=-n k=-n

31
—
N
=
[
S
OI
S
>
~——
x
~—
L
N
=
—~~~
=
(bn
T
~——
X

(:i 70104(l)e"“)>< (mg Vayag(™) e‘"‘*) [8.3.9]

(= %J:w;'(x)f;'(x)w;'(,\)m+w;‘(,\)fg'(,\)wg( — M)fF(2) d)) then we will have terms which
resemble those in [8.3.2] (excluding the integer coefficient) with the summation between —n
and n. This is because the only nonzero terms in each piece of the integral are those for which
—j—k—14m=0 in the first sum, and —j+k —I14+m=0 in the second sum, causing the only
nonzero terms in each piece to be of the form WI(J)W 2(k)'yal013(1)702014(m) (or
Wl(j)w 2(k)7°1"4(])7°’2°'3(m) in second sum) for such j, k, ] and m between —n and n. But
the nonzero terms in [8.3.6] after taking the integral (and each term appears only once) satisfy
the same condition. The idea is to count the number of terms of the form
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{W1(=12) Wi~ 19)} {Ya,a,(5) Yaye,(4=12) +

70104(14) 702a3(13 - 12)} [8310]

T ——
in the Cesaro sum of -217J_xw;'(A)f;'(,\)w;'(,\)f;'(,\)+w;'(,\)fg(,\)wg( — M)f3(X) dA, and to show
there are N —S(l,, 13, 1;) such terms. Any term of the form WI(J)W 2(k)701a3(1)702a4(m)
with —j—k—14m=0 will appear N —max{|j|, |k|, |I|, |m|} times in the Cesaro sum of

27
Wl(j)W2(k)7ala4(l)7a203(m) with —j+k—l+m=0. A term of the form [8.3.9] must be

3 ——
L qu;‘(A)fi‘(A)W;‘(A)f;‘(A) d\, and similarly for terms of the form

constructed from terms of the two forms just described. So there will be N — max{|l,|, |1, — 15|,
5], [Lg =15, |14], I3 =1,]} terms of the form [8.3.9]. If l,, I3, and 1, all have the same sign, this
max will equal max{|l,|, [l3], |l4|}, because then |l,—I3] <max{|l;], ||} and
[, —1,|, < max{|l,], |l,]}. If one 1, say l,, has a different sign from the others, then
[l = 1y|=14]+1,] and [l;—1,|=[l5]+|l;]. Thus the maximum will be max{[l5], [1,I} +[l5]-
O

proof of theorem 8.3.1 (a)

Note that w;'(,\)f;?(A)’:?w,.(,\)f,. (A), because

®
-

|7 wrovmon - wions 007 ax < [ Iwroomo) - wWro ()12 ax

+ [T WP - Wi P a3 < [T WO IR0) — 6 OO da +

I :'Wi’(*) —W,(N)? If; (V)] dA

T ©

By the boundedness of f, J [WP(A) = W,N)2 [0 dA—0. To show J W22
- -

1T (A) = 1 ())]? dX also goes to 0, we need the following from real analysis (see, e.g. proposition
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13, p. 85 in chapter 4 of Royden (1968)).

Proposition 8.3.3

(a) If f is a nonnegative integrable function, then for every ¢ there is a 6 so that if A has

measure less than 6, I fdX <e.
A

2
(b) If ntQf, such a 6 may be chosen which works for all |f"|2 simultaneously.

proof: For any ¢ one can choose a step function g so J|f —g| dA<e/2. Obviously such a 6§ can
be chosen for g using an “€” of €¢/2. Then .[Alﬂ dir < JA|g| dA +JA|f—g| dr<e). If fngf,
we claim such a § may be chosen which works for all |f"|2 simultaneously. To see this is true,
choose N so n > N=»||f, —f||<e/2. Then choose § which works for |f|? and f;, i=1..N, but with

an “e” of (¢/2)%. If n > N and A has measure less than &,

\JJA|fn|2 dr < \j I Alf" —f]? dA+‘J I A|f| )
< 6/2+W =e 0

Now consider the integral J|W;‘(A)|2 (X)) - 1; (M)|? dA.  Let >0, and suppose

[f*(X) —£; (A)|? is uniformly bounded by M for all n, and J|W?(A)|2dA is bounded by M, for
all n. If S, ={}]| If:‘(/\) —f; (A)] <e for all k>n}, then NS, consists of a countable number of
points of discontinuity of f; and hence has measure 0. This means for any é, there exists an N
son > N=l>c r:l ls; has measure less than é (proof: Define A,=S,, A,=S,/S,, A3=S;/S, US,, etc.

Then UA,=US,; and the A; are disjoint. Hence Zm(A‘) = 2x. Choose N so z m(A;) <é.

i>N
This means that everything outside of S; US, U ... S has measure less than 6, if n > N.
But (S;US, U ... Sn)‘::kﬁlSi ). Returning to our original problem, Choose § so

m(A)<6=>J [W(A)|2 dA<e/2M for all n. Choose N so n > N=|fP(X) —f; (V)2 <e/(2M,)
A
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except on a set A where m(A,)<é. Then
[Iweoor oy -1, P a3 = [ IWPOIP 1ROV =, Q)P d +
[ ac WROP 1) - £ ) @

To complete the proof of 8.3.1, by the continuity of the inner product we have
WIE(A) e WE)GA)+WIE() « Wi( = V() —
W (A)f1(2) @ W (A)f5(A)+ W, (A)f3(A) @ Wy = A)fy(R)
as n—oo. By Zygmund (1968), theorem 1.2, p. 74, the Cesaro sums must go to the same
limit. Propositions 8.3.1 and 8.3.2 give the covariance in [8.3.2] equals a Cesaro sum in [8.3.6].
So the covariance in [8.3.2] has the correct limit (i.e. [8.3.1]). Hosoya and Taniguchi’s (1982)
proof covers the convergence of the part of the summation involving the fourth cumulant

spectrum. o

proof of theorem 8.3.2 (a)

First observe we may bound WT(M)fT(A) e W(N)fZ7(X) by K||[W,(A)|l; [[W,(A)]], for
some constant K. This is because ||[WT'(A)f7'(A)||, is bounded, since J|W:‘(A)f{'(A)|2 d) < IM
|W:‘(,\)|2 dX (and because according to Zygmund (1968), theorem 3.7 p90, [fi'(A)| is uniformly
bounded by some constant M;). Now use the Cauchy Schwartz inequality to obtain
IWEE() o WG < IWIREO) WG, < MM lIWER) WS, (of
course, W7'(}) is the projection of W;()) onto a subspace, and hence [|[WT(A)||, < [IW,(A)]l,)-

0
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proof of theorem 8.3.3 (assuming conditions (a))

) E“:wo\) 1)) dA]: %E[ J :W(A) 3" X, (n,) €™ 3" X, (ny) e“*"2]=

lg l:J:W(/\) Y Xy(0y) xz(nz)e‘*("l‘"z)] =

nyne

% Z 712(ng = n;) W(n; —n,).
nine

n . n — .
Defining W"(\)= Z W (k) e*** and f*())= Z z nlkl ¥12(k) e %X | we see that this is equal

k=-n k=-n

to f* ¢ W™, which goes to fe W by the continuity of the inner product and properties of the

Fourier sums of functions of bounded variation.
(ii) Choose a constant K so all Fourier sums of f are bounded by K. Then by the Cauchy

Schwartz inequality, | ¢ WT| < ||f7|| |IW™|| <K ||W"]| . o

The proofs of theorems 8.3.1, 8.3.2, and 8.3.3 (i and ii) under conditions “b” (i.e the
“4n” step function extension case), are similar to the above proofs, just replace “etkA» with
“$4"(1)” in [8.3.5], [8.3.7] and [8.3.8] before forming the nth Cesaro sum. The discussion at
the end of section 8.2 applies here, but this time four “stepfunctionized exponentials” must
correctly multiply together in [8.3.9]. The proof of 8.3.2(b) will then be exactly the same as
above. The proof of 8.3.1 (b) follows from the fact that w?(x)gw,-(,\), where W7()) has been
formed from ¢2"(,\) (along with the “coefficients” W.-(k)). This is because of proposition 8.4.2

a) below, and the fact that the ¢{"()) form a basis for the 4n step function space.
k
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8.4 Variance Results for the Periodogram (part 1)

For the proof of theorems 8.3.1 and 8.3.2 (c) involving the step function extension at

the Fourier frequencies, we will modify the proof of Brillinger’s (1981) theorem 7.6.1.

Specifically, define a sequence M, of subspaces in L? as M, Espan{% XA (/\)} , where AJ-
1

:[%—1), 2—;;‘—]-], j=1..N and x is the indicator function. Let ¢} = EnF XA:'(/\) be the ith basis

element of M, . Notice that the collection {]'} are an orthonormal basis for M,,. Finishing

the proof of theorem 8.3.1 (and 8.3.2) will consist in showing that if the term “A; (@)” in

Brillinger’s proof is interpreted as “A; e 4" , then the expression

() 300, () a0 () () 0 - 5F)

A (Q—Z{I) Ak (21r B 2_1712) f“lb2(¥) fbl"z( - ¥)

" (211—"")3 rgl rngj (¥) Ax (zg—s) f“1"1“2"2(¥’ -4 -5 ) 8.41]

(appearing in the proof of Brillinger’s (1981) theorem 7.6.1 with “T —1” in place of “n”),
converges to [5.4.2] where the integrals are taken between 0 and 27 (see discussion in section
5.4 for the equivalence of [5.4.2] and [8.3.1]). For this section, define “e” to be the

k3
unnormalized inner product on L%[-, 7], i.e. fog:J f(2) g(X) dA.
-

If we use the notation P, to denote the projection of L? onto M,,, then we can easily
establish the following sequence of propositions (Note that the propositions are true for any
sequence M, of “uniform step function spaces” with step length approaching zero as n

approaches 00).
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Proposition 8.4.1

If f is a continuous function on [0, 27], then ||P, [f] — f]| ,—0.

proof

. . 1
By the mean value theorem for integrals, for each interval A; 3 c; € A, so that Tength(&) I A;
f(A) dX = f(c;). Given €>0, by uniform continuity of f (on the compact set [0, 27x]), 3 é so
that |x—y|<§ implies [f(x)—f(y)|<e. Choose N so that 2T<s. Then for x€ A,
[f(x) — f(c;)|<e. Notice that P_[f] = Z(fo Y)Y (by the orthonormality of {¥'}), which
1 . .
equals Z M)_JM f(A) dA XA, So if n>N, on each interval A; we have

If(x) — (fe ¥1)¥ |[<e and we are done. o

Proposition 8.4.2
(a) If f € L?[0, 27], then ||P_[f] —f||,—0

(b) If f, € L%[0, 27] and ||f,,||,—0, then ||P_]f,]||,—0

proof
(a) Let €>0. Choose g continuous so that ||g —f]|<e/3. Choose N by proposition 8.4.1 so that
||P,.[g] —gll;<¢/3 for n > N (this is obviously implied by 8.4.1). A projection operator has

norm 1, so |[P[f] - P [g]ll, < [If—gll; <¢/3. We conclude ||P,[f] —f]|; <e

(b) | Polll; < [lf,l1;—0 o

Proposition 8.4.3
If ||AY - A¥]|,—0 and ||} — || —0 for i=1, 2, A}, A* € L2[0, 27], fi, £ €L™® [0, 2x] (a.e.
bounded functions on [0, 27]), then A},f}. e A2f2 Alfl o A2 f2.
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proof
Notice that ||A;fi‘—Ait*||2—+0, because it’s less than ||A:;f:“—Af1f’.||2+ ||A:‘,i"'—A"f"||2 <
AL =1, + [JAL —Af|l, || f]l,- The result follows from the continuity of the inner

product. a

Proposition 8.4.4
If ||A} — A¥||,—0 and ||}, — f¥|| . —0 for A%, A* € L0, 2x], ©§,, £ € L*®([0, 2] x [0, 27]), then

Ale Jf},(,\, p) A%2(2) dx —Ale Jfl(A, p) A%(2) dx [8.4.2)

proof

By the continuity of the inner product it suffices to show that
| [200 0 A200 @1 = [0, 470 06 |L—~0.

Now

’ Jf}‘('\’ W) An(d) dX - Jfl(/\, p) A%()) dA ’L <
” in(/\, u) A2 dx — Jf}x(,\’ u) A2() d’\“z"'
” J fa(\ 1) A%(2) dX — Jfl(x, n) A%()) dX ’L

< |IEL]] [1AZ(A) = AZ(N)]], + [IEL = £1]] ]|A2||,, where ||fL]| and ||f} — || denote operator norms.
If g is any function in L*°([0, 27]x[0, 2x]), then ||g||<|l|g|l,, (this is obvious, as

ng, W AR

immediately follows. o

< ||g||°°J|A(z\)| d) <|lgllo [|Allp regardless of what u is). The result
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proof of theorem 8.3.1 (part (c), and the completion of the proof of theorem 8.3.2)

For any function f on [0, 27] use the notation f™* to denote the “stepfunctionized version”
*(A) = Ef(%q) Xa (A)y xa (A) being defined in the first paragraph of this section.
2 2
If f is a function on [0, 27] % [0, 27], let
= ZJ: Xk:f( ) Xaxay (X). Notice that n/27 times [8.4.1] can be written as
(Pa[A4] 5 a) @ (PulAgl 5 5) + (Pa[A] £ ) @ (Pr[AS] 5 4)) +
P.[A]e J nlA2l(A) 13 bla2b2(’\1v Ap = Ag) dXy 8.4.3]

where P, is the projection of L? onto M,, (see introduction to this section). Proposition 8.4.2
gives P_[A]—A;, and then proposition 8.4.3 and the fact that ||f" —f||,,—0 for any continuous
function f gives that

(PolA] 70) @ (PulAg] F,4) + (P[AL] £24) @ (Po[AS) £F, )

Alfalaz ° A, fb1b2 + A, f0162 °A, fblaz'

Proposition 8.4.4 gives

PolArle [PolAO) 5 08,0 dor =) 4y

a2b2
Al(’\z) d JAz(Al) f‘r’llbl“zbz(/\l’ Ag, - )‘2) d)‘l-

This completes the proof of theorem 8.3.1. Theorem 8.3.2 follows from the fact that |(P,[A,]
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f:laz).(Pn[Aﬂ f;;lbz)l S ”(Pn[Al] f:z‘la2||2 ”Pn[A2] fz:lb2:l”2 _<. ||Pn[Al]||2 ”f'allazuco
IP[Alll2 11655, leo < NlA1ll2 15 6, loo [1A2llz NIfE. b, lleo < 11A1ll2 Ifa

and a similar relation holds for |(P[A,] f;’1b2) o (P,[A,] f,','l 02)|. We also have

o 1Al 11 5. llo »

PAs] e [ PolAO) 5,08, Xz =3 dy] <

| <

P A 1Pl 7 0zslloo < 1Al 1Al 11fa b azp,lloo

IP,[A4]l]

[PoAgIO0) T4 0y, O 2 =20) g

Note that an analogous relation holds for the “o(T)” part in Brillinger’s (1981)

expression for cov {J'z;bl(Al)’ T (A3)}, in which we replace 'lle

T oo » I b, oo 1£2. 5.l »

a
2
||fl',‘1 02||,\.,o or ||leb1 0262”00 by another bounded expression (the existence of which is guaranteed

by Brillinger’s (1981) lemma P4.2, p. 402).

Theorem 8.3.3 (i) under assumption “c” follows from Brillinger’s (1981) theorem 7.6.1.

(ii) follows by an argument similar to the proof of theorem 8.3.2 above.

8.5 QL Function Results

Recall that proposition 6.2.3 showed D(f, g):Jlog(f)+g/f d) has the correct partial
derivative (with respect to f) to be a QL function. We would like to complete the proof that D
is a QL function by showing that it satisfies the other defining properties, and generalize the
proof to the multivariate case. The next proposition is needed to verify property (d) in the

definition for “univariate” QL distances.
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Proposition 8.5.1

If L(x, A): Rx[a, b]—R has a continuous partial derivative with respect to x and the mapping
F: C—B(L?) is defined by F(f)=L(f, A) where L(f, \) is the multiplication operator (i.e.
x(A)=L(f, A) x()) for x(A) € L%) then DF 18] (the derivative evaluated at f € C applied to

g € C) is the multiplication operator Q%i’—'\)- g(X).

proof

The proof follows from the fact that if ¢ € C, [|¢||,,=||Myll, where M is the multiplication
operator on L? and || . || is the operator norm (theorem 1.5 p 28 of Conway (1985)). So from

proposition 6.2.2,
L 3) = [L(fgy ML (g V(A= _

0
|If = folloo

as ||[f —fy||,—0. Here, the norm in the numerator is either the sup or operator, since they are

the same.

We are now ready to obtain the general multivariate result for “independent” QL

distances, which would be stated as follows:

Theorem 8.5.1

Suppose

(a) A is a finite collection of disjoint closed intervals contained in the interval [a, b].

(b) quq(‘* A) is a positive definite matrix with domain ‘IqukaA, where 1, € R9, whose
components have continuous (on ¥, x R¥x[a, b]) partial derivatives with respect to
components of x.

(c) l¢q(L A): ¥, x R* x [a, b]—R and r¢q(x, A): W, x R* x [a, b]—RF are continuous functions
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on their domain having the property that

ol (x, ) ol (x, V)]

T = W¢q(x, /\) X, T = W:bq(x, A). [8.5.1]
Then if

DY (x(), y(V) = JA1¢( xX(A)y A ) dA + 1y (x(A), A) e y(A) [8.5.2]

where o represents the inner product in II,L? ¥ is a compact subset of C? (so ¥=(¢;(}), . . .
¥4(2))), and the domain of D is ¥ x II,C[a, b] x II,L?[a, b] (or I, C[A] x II,L?[A]), D satisfies
definition 6.2.1 and is therefore a Quasi-Likelihood distance in the extended sense. Note that as
in proposition 6.2.3, two results are given by this theorem. If the design space is [a, b] and A

is a proper subset of [a, b], then estimates obtained with this QL function will not be optimal.

proof

We verify that Dd,w satisfies the conditions of definition 6.3.4.

condition (b): Fix y()) € I[,L?, and define functions P:I,C[a, b]—II,C[A] as the truncation
operator, Fy:II,C[A]=C[A] by F,(f)=1,(f(}), A), Fp:II,C[A]=I,C[A] by F,(f)=r,(f(}), A), F3:
I, C[A]—R by F4(f)=y()) e f()) where the inner product is between two functions in I,L[A],
F.C[A]—R by F4(f')=JAf dX . Then for a fixed y(}A), [8.5.2] may be expressed as
[FyoF,+F;0F,]JoP. Split this into FyoF,0P + F;0F,0P and consider the pieces
separately. [F,oF, o P]'If [h]=F} |F1 o P[#]° (FyoP) |j[h]° Now F, is linear, hence is its own
derivative. So this equals F, o (F, o P)’ |f[h] =F,oF} |Pm _— P[h].

o(F, oP)/lf[h]. F3 is linear, so is its own

oP'|,[h] =F, o F{]|

On the other hand, [F30F,oPJ’ If [h]=F} |F2 o PLf]

derivative. This means we can rewrite this expression as

F;o0(F,0P) |f[h] =F30F'2| oP’ |f[h] =F30F'2|

P[f] P[f]
Now the proof follows immediately from corollary 6.2.1. For the right hand side, note that

o P[h].
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6 s A)e a ] A *
[r.,,(:? x) vl _ ( [fwé’; )]) Ivl. [8.5.3]

To see this, take the derivative of ry(x)y;+ry(x)y,+ . . . +14(x) y; with respect to x. It is

Or,(x) Ory(x) Ori(x)
Ty Y1t I Yt N
or,(x) Ory(x) Or(x)
aX2 yl 6)(2 y2+ et 0x2 yk
Ory(x) Iry(x) Or(x)
3xk N1 + 3xk y2+ U 6Xk Yk

d MY
[1'¢.(X, )]) y.

Observe this is (
ox

Corollary 6.2.1 gives the mapping F:I[;C—II,C defined by F[x(A)]=r,(x(}), A) has a

Ary(x(2), A] . ,
B a— [h(A)] evaluated at x()) and applied to h(A) (a matrix of

derivative DF[x()\)]=
functions applied to a vector of functions). So the mapping II;C—R defined by y(A) e F[x(})]
has a derivative (evaluated at x()) and applied to h(}))

[h(})] [8.5.4]

Ir,(x(A), A
sy 2 )

X

dr M
(= ( 2 ) 1 en).

condition (c): Obvious since the components of W, (x, A) are continuously differentiable.
q
condition (d): We obtain the form of Ld' 2 If M is a space of matrices, and F is the mapping

R¥—M defined by x—W(x), then the derivative of F may be expressed as the vector of

matrices
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oW oW
|:a—x1, “ .y a—x’::l [8-5.5]

in the sense that F may be approximated by a translate of the linear mapping R*—M defined
by

. . . zk)'a[gT“l’, g ] @y, - - . 7)" [8.5.6]

Here, g—i‘: is a matrix obtained by replacing each component of W with its partial derivative
with respect to x,. It follows by the same method of proof of proposition 6.2.1 that if F is the
mapping IIkC—)B(HkLz) defined by x(A)— W(x(A))[ . ] (where the matrix is applied pointwise
to each function y(}) in IIkLz), then F/ evaluated at x(A) and applied to h(}) is the matrix of

functions

IW(x(Y)) OW(x(1)) /
Txl—’ cee, Tk [hy(A), - - - he(N)] [8.5.7]
which is an operator on HkLz. To apply the operator to an element a()) of l'IkL2, simply
apply the matrix of functions to the vector of functions a(A). The continuity conditions on the
partial derivatives of the components of W(x) yield that conditions (d) (ii) and (iii) hold.

0

Corollary 8.5.1 (to theorem 8.5.1)
The bivariate distance function defined by

L1

D(fy, g) = J ) log det f3*(w) + trace ([fg*(w)]! g™(w) ) dw [8.5.8]
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where for a 4 tuple x, x™ is as defined by [6.4.2], is a QL distance.

proof

As in [6.4.3], let (1/27) x M(f,,, f;,, ¢, q) be the matrix valued function

f%l |f12|2 fi1€12 f11912
Ify,1? 32 f32¢12 f32q12 8.5.9]
fi1c12 f52¢12 %(fufzz'*"’?z - q%z) €12912 o
f11912 f32912 12912 3(f11fa0+ afs — c%z)_

Then if v, (N=(Tg (Vs Lp(W)s E4(N), FoA)Ys YOV A), GN), <(A), GV, and a(A) is any
k vector of L? functions (i.e. a(A) € I, L?), the operator V[a(\)] =M(v(})) a(}) is the variance
operator for the L2 sequence v,(A). To show that the derivative % D(x, y) =
V1(x(A)[x(A) = y(A)] it suffices to show that (1) M(x) 5‘9; log det x™ = x, and (2) M(x)%

trace[x™"ly™= y. This is because these imply 36_x log det x™ =M(x) x and 9

ox
trace[x™] !y™= M }(x) y, and then theorem 8.5.1 yields the result. Note that trace[x™] 'y™=

X;  X3—ixg Y1 Y3—ly,

X3+ix, X, yz+iy, ¥,

= yyXpH(X3 — ix,)(y3 — iy,) +(x3+ix,)(y3+iy,) +X9¥,

=Y1X1+2(X3Y 3% )XY

=(¥1, Yo Y31 Yq) ® (Xg, X9y 2X3, 2x,).
Thus the function is of the correct form [8.5.2]. Also observe that if D, r(x) e y=M"(x)[y] for
all y, then (D,[r(x)])*=M"(x). This is because D, [r(x) e y]=(D,[r(x)])*[y] (as explained
earlier) and (D_[r(x)])*[y] =M }(x)[y] for all y implies the two matrices are the same. In our
case, as M1 is symmetric, (D [r(x)])*=M"(x)=(M")*(x), showing [8.5.1].
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Proof of (1): Let x=(a, b, ¢, d)’. Observe that log det x™ = log [ab — (c2+d?)]. So aix log det

x™ = %(b, a, -2¢, -2d)’, where A=ab — (c2+d?). It is easily seen that M(x) %(b, a, -2, -2d)' =
x by multiplying the matrix and vector.

Proof of (2): Let f = (f;, f;, ¢, q) and h = (e, g, k,, k,). Then if F,(f)=trace([f"]"'h™),

OF, Ag—tf, OF, Ae—tf; OF, A(-2k)}-t(-2c) OF, A(-2k,)-t(-2q)
o~ AT o, T AT ' 8c T AT ' dq AT

where t=fye+f,;g-2k,c-2k,q and A is as above. To show the result, we take the inner product
OF .
of each row of the matrix M(f) with the vector Wh’ and show this inner product equals minus

the corresponding element of the vector h.

First row: [f2(Ag-tfy)+(c*+q?)(Ae-tf;)+f;c(-2k; A+2ct)+f; q(- A2k, +2tq)] /AZ=

-t[f2,+ (c24q2)f;- 2%, +2q%f, ]
A2

2 Ag+(c?+q%) Ae+fc(-2k, A)+q(-2k,A)
A? -

+

-Atf;  Alf?g +(c24q%)e-2k,fic-2k,f1q] o A
AZ + A2 = A =-e.

Second row: [(c®+q?)(Ag-tf,)+{2(Ae-tf, ) +f,c(-2k, A+2tc)+f,q(-2k, A+2qt)] /A%=

t(-£((c24+q2)-£3f, +2¢ 4,4+ 2¢7f,) N (c?+q%) Ag+2Ae-2k, frcA-2k,fqA
A? A? B

At Al(c®+q°)g+i3e-2k fyc-2kofpa] g A
A? A? -

Third row: [flc(Ag-tf2)+f2c(Ae-tf1)+%(f1f2+c2-q2)(-2k1A+2tc) +cq(-2k2A+2tq)]/A2 =
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t[-f, fyc-f, foe+2¢(1/2) (f,f,+c2-q%)+2q%]
A2

Alf,cg+f,ce-k, (f,f,+c-q%)-2k, cq] _
A? -

+

teA | Alfjeg+fycek,(fyf,+c>q?)-2kjeq]  -kjA
a? * A? - AT
Fourth row: [flq(Ag-tf2)+f2q(Ae—tf1)+cq(-2k1A+2tc)]+%(f1f2+q2—c2)(-2k2A+2tq) JA? =

'kl

tH,fa-f, fpa+2c%+2q L, f,+a%c?) N Alfyqg +ae -2caky- 2k, (fif+a%c?)]
a? A? B

tqa | Alfyag +yqe -2cqk;- 2k, %(f1f2+q2-c2)] kA
a? * A? -

-k, O

Corollary 8.5.2 (to theorem 8.5.1)

The cospectral functions in chapter 4 defined by

A i B i
Df s o). 60 = | Lol g N dx, Dy (), 60) = [ Lp(h, g, %)
satisfy definition 6.2.1, where W= {f; o} x {f;} X {qg} (or {f,4} x {f59} x ¢).

Corollary 8.5.3 (to theorem 8.5.1)
Let ¥ be the space conmsisting of Sx {fy}, where the model space is the set of positive

continuous functions, and S is compact in Rt. Define

T

WiIx(N)] = £5(2) x(A) + & f4(2) J -”f‘,(,\) x(A) dX [8.5.10]

and W¢=[W‘lp]'l. Then if D is defined as in example 3 of section 6.4, D satisfies condition (c)
of definition 6.3.4 and hence may be used in an IRWLS procedure (see remarks following
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corollary 7.1.2).

proof

It’s only necessary to verify the continuity of the mapping (f, “)_’sz,x) where the operator
space has the strong operator topology (i.e. the topology generated by the operator norm),

since the inversion is continuous (and verify that W1 is invertible). Break this operator into its

two parts, V[x]=f(A)x(}) and V;  [x]=x fg(}) Ifo(/\) x(A) dA. Note ||V_f1 —Vf2|| <

sup 1I J [(f, —f)x)%dA <sup  |f; —f,] szdA < |f; —f,], so this operator
|lz| =1 |lz| =1

is continuous. Defining W,[x]:Jf x d, the mapping F;: (f, g)— g W, (CxC—B(L?)) is

continuous since for ||x||=1 we have
Il & wjl — 82 Wf2[x] I <

ot 42—, [ ‘“l < gy — 8alloo 11511 + llgslloo 11fy — 51

£; Jflx dA—gzjflx d/\’ +

Note the mapping Fy: (f, x)—(xf, f) (CxR—CxC) is continuous, and note that V, =
F,oF,.

W%f,n) is invertible because each piece is a nonnegative operator, and the first is
positive definite due to f being strictly positive (see exercise 8, p. 249 Conway (1985)).
Remark: Theorems 10.2.2 and 9.4.5 will essentially show the stronger result that W(f, )[ . ] is
continuously differentiable as a function of f. Operator inversion is also differentiable (e.g.

theorem 7.17, p. 94 Chae (1985)), so Wl(f, k) is a QL operator under definition 6.3.4.
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8.6 IRWLS for Non Gaussian Processes

We now have all of the machinery in place to define an IRWLS procedure for a filtered
white noise process (which obviously includes Gaussian processes) and show that the parameter
estimates obtained from such a procedure are asymptotically BLUE.

Step 1
Obtain ¢(A), a rough initial estimate of f(1) (the true spectral density) by smoothing (or fit a

spline to the smoothed periodogram).

Step 2

Obtain a rough initial estimate of & by using Chiu’s (1988) theorem 6 and theorem 3, i.e.

estimate

[T -2 maran by
A

2_7rXA: ;In()\) I (u)-22 ZA:If, + 2 ( ZA:I,,)z

=

and then obtain K by dividing this number by J J d(A)é(p) dA dp.
A

Step 3

Obtain an estimate 8 of 8 by minimizing
(In(A) = fp()) @ W [1,(3) — f4(A)]

with respect to 6, where @ = (n, ¢(A), k) and W, is as defined in corollary 8.5.3.
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Step 4

Repeat the above steps, using fa(/\) in place of #(}).

Remark: In practice you use matrix representations of the operator L in step 3 which are
found as follows. Let A;, Ay, . .. A, be the ordered Fourier frequencies in A, and let W'df be

the inverse of the matrix

2oy 0 . . . 0 |
0 f20) 0 . . 0
’ +
0 0 ()
DI - . . - T
£x
fAf(A) - . . - TR

Replace I (A) with the vector [I (), I,(A), . . ., I,(A;)]’ and fg(X) with the vector [f4(},),
fo(A;), . . ., fg(Ap)]’. A (probably unnecessarily complicated) mathematical justification of this

simple idea is given in proposition 8.6.1 below.

The theorems of the preceding section yield an “asymptotic BLUE” property of

parameter estimates obtained by using the IRWLS procedure. This is because K obtained in

150



step 2 and 8 obtained in step 3 on the first cycle through the procedure are consistent (but not
optimal) estimators by theorem 7.1.1. Applying theorems 7.1.1 and 7.1.2 to the second cycle
yields that the estimate of 8 obtained there is asymptotically BLUE. Note that the IRWLS
procedure does not require the explicit form of a non-Gaussian likelihood (i.e. we don’t have to
specify the non-Gaussian “distance” D(f(}), g(A)) in order to obtain optimal parameter
estimates, just the form of the variance operator as given in corollary 5.2.1.) The form of this
non-Gaussian distance (if it exists) is not known, but is of theoretical (and possibly practical)
interest and is a topic for future research. In certain cases it may also be desirable to use the
incorrect variance operator in the IRWLS procedure, e.g. in the case where f@ from the first
iteration is near 0 at a frequency A. This will force fa in future iterations to be (perhaps
overly) influenced by the periodogram ordinate at A. To prevent this from happening, one
could use 1/max{c, f%(/\)} (for some predetermined constant c) as a weight for the next

iteration rather than 1 /f%(/\) Again, a topic for future research.

Proposition 8.6.1

Let M,, be a sequence of finite dimensional “step function” subspaces of L2, and define P, as
the projection operator onto M. Suppose (i) W(x(}), &) is defined as in [8.5.10], (ii) U is a
neighborhood of xy(A) and K is a (positive) neighborhood of «; so that for all x € U, « € K,
there exists a positive R;, R, with x(A) > R; and |[W(x(})), x)||<R, in operator norm (iii)
Pn[y]gy for any y € L2. Then given ¢>0 and z € L? 3 an integer N and a neighborhood
VxK; CUxK of xyxk;sothat forn >N ,x€V,k€K
I[P W(x(A), R)P, TP [2] - W(xo(), ro)lll<e.

Here, the operator P, W(x(}), k)P, is restricted to M,, and the inverse is defined on this space.
proof

Step 1 Note that if A is the smallest eigenvalue of P, W(x()), &) P,, restricted to the subspace
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M,, then A, >R, for all n and all x, kK € UxK (of course this implies the operator P, W P

restricted to the subspace M,, is invertible). This is because P,M P, may be represented with

respect to the natural basis for M,, as a diagonal matrix with 1 /length(A,-)j A_¢(A) d) on the
k]

diagonal, where A, is the ith step. But 1/length(A,) J 2. 6(2) dX >R;.
]

Step 2 Observe the sequence [P, W(x(}), k) P,]! (restricted to M, ) is bounded in operator
norm (by Ry =1/R;) for all n and all x, k€ UxK. Also, [P, W(x(}), k)P, ]''P, as an
operator on L? is self adjoint (x @ [P, W(x()),x)P,]"'P [y]= P,[x] e [P, W(x(}), 6)P,]"'P [y] =
[P, W(x(}), )P, ]"'P, [x] e P, [y] by the self adjointness of [P,,W(x(}), ¥)P,]"! on M,)

Choose y so z=W(xy(A), £g)[y]- This is possible since W is invertible.

Step 3 Choose VxK; C UxK and N, so

I[P W(xo(}), ko) — P,,W(x(X), £)P,][y]l|<e/2R5 for all x, K € VxK, and n > N;.

Note [|[P,W(xo(A), o) = P,W(x(X), )P, Jlylll <

I[P W(xg(2), #o) = PaW(x(A), ©)]y]l[+]I[P,W(x(A), &) — P, W(x(}), %)P]ly]||-

But ||[P,W(xo(A), xo) — P, W(x(2), K)]ly]lI=[IP[W(xg(}), xo) = W(x(A), ©)]l¥]ll <

[IPAll HW(xg(A)s £0) = W(x(A), 5)][¥]ll, and

I[P, W(x(}), k) — P,W(x(2), )P ]Iy]Il =

P W(x(3), &)1 = PIy]I| < I, [[W(x(A), ©)]l [|L- Pyl

Therefore, VxK,; should be chosen so |[[W(xy(}), xp) —W(x(}A), «)][ylll<e/2 for all x,
k € VxK;, and N, should be chosen so ||[I - P, ][y]|| < ¢/2R,.
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Step 4 Observe that for x, K € VxKj, ||[P,W(x(}), k)P 1P [W(xo(}), ko) — P, W(x(}), &)
P llylll<e/2. This is by the boundedness of ||[[P,W(x(}), x)P,]!|| by Ry and the fact

1P, [W(xo(A); £9) = P, W(x(}), &) P,Ilyll| <¢/2Rs.

Step 5 Finally, write
[P W(x(X), ©)P,I'P,, [W(xo(X), ko) — P, W(x(A), ®)Plly] =
[P W(x(3), K)P,]"'P, W(xg(}), Ko)[y] = Pp[y]-
Choose N, so ||P,[y] — y||<¢/2 for n > N,. Hence if N=max{N,, NZ} and n > N, then
Il [P W(x(X), £)P TP, W(xo(X), #o)ly] —yll<e
for x, k € VxK,. Using the fact 2=W(xq(}), #o)[y]s
Il [PLW(x(R), k)P, ] P, [z] = W (x0()), Ko)lz]ll<e

and we are done. O

8.7 Conclusions

In this chapter, we have given theorems supporting the application of chapter 6’s
theory to spectral analysis. Sections 2, 3 and 4 show that the periodogram satisfies the
definition of a random L? sequence (definition 6.3.2). Specifically, we may conclude two main
results from the theorems of this chapter. First, the periodogram calculated from the
univariate “filtered white noise process” (example 5 of section 6.4) is a random L? sequence
with limiting function f()), the true spectrum, and variance operator W(f, )[x(})] = 27er2
[x(A)] + 27&f(X) J’r f(A) x(A) dA. The model space is the set of positive, continuous functions.

-%
Second, the components of the periodogram matrix calculated from the bivariate Gaussian

process (example 4 of section 6.4) is a (multivariate) random L2 sequence. The limiting

function is (f;,(A), f32(}), ¢(A), q(})), and the variance operator is represented by the matrix of
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functions M(f;,(}), f35(A), ¢(}), q(A)) (defined in [6.4.3]), in the sense that if Y=(v;, ¥y, ¥,
) is a vector of L? functions, V[¢] is the vector of functions obtained by calculating M[¢]
pointwise for each A\. The model space for this random L? sequence is {t=(f,, £, f5, f,)

€ I,C[-x, x] | det f">0} (notation f™ defined in example 4 of section 6.4).

Theorems 8.2.1 and 8.3.3 establish the expectation conditions (f and g) of definition
6.3.2, while theorems 8.3.1 and 8.3.2 establish the variance conditions (d and e). For the
multivariate process, one must take into consideration the comments in section 5.4 when
establishing M(f;,(}), f35(}), c(}), q(})) is the variance operator, as theorems 8.3.1 and 8.3.2

are given in terms of (complex valued) cross spectra rather than the co and quad spectra.

The theorems of this chapter establish the above mentioned results for three versions of
the periodogram: (1) the “natural” extension, (2) the “4n” step function extension, and (3) the
“Fourier frequencies” step function extension. For (1) and (2), the results hold for the true
spectrum a function of bounded variation which is greater than some positive constant ¢ (for
the multivariate case, the components of the true spectral matrix must be of bounded variation
and det ™ must be greater than c). For (3), the results hold for the true spectrum a function

greater than ¢ which also satisfies the BCC.

Section 8.5 establishes the “QL function” results discussed in the examples of section
6.4. Theorem 8.5.1 actually gives more than this, giving sufficient conditions for the existence
of a multivariate (on the function space II;C) QL function. Finally, section 8.6 gives an
IRWLS procedure for a non Gaussian “filtered white noise” process, showing the procedure
results in optimal parametric estimates according to the theorems in chapter 7. Section 8.6,
however, is not the conclusion of the theory. The following chapter will take a closer look at
“non Gaussian” type QL operators, examining why it may be desirable to use them for

parametric estimation even when the observed series is Gaussian.
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Chapter IX
“Almost Optimal” Estimation in Misspecified Models

All models are wrong; some models are useful - G. E. P. Boz

9.1 Introduction

The obvious uses of the theory developed in the preceding two chapters are in
obtaining optimal parameter estimates by an IRWLS method for (non) Gaussian univariate
and multivariate series, and especially in cospectral estimation. But the most important
ramifications are in “almost optimal” parametric estimation for the case of a misspecified
model. Chiu (1988) pointed out that in the case of “contaminated” series, i.e. where the
contamination only appears in certain frequency bands of the spectrum of the observed process,
the contaminated bands may be excluded from analysis before fitting the model (see also Rice
(1979), Cameron and Turner (1987)). He assumes, however, that the spectrum of the observed
process satisfies the BCC (i.e. is smooth in some sense, such as being continuously
differentiable). One might wish to assume that the spectrum of the observed series is fx+fp,
where fy and the model {fy} satisfy the BCC, but fy is “rougher” in that it may not even be
continuous. This is the reason behind the setup of the theorems in chapter 8: Theorems 8.2.1
and 8.3.1 show the correct asymptotic variance and bias conditions obtain for processes whose
spectra are of bounded variation. However, there is an important distinction to be made
between this more general approach and that of Chiu (1988) along with most of the literature.
Under the assumption that the spectrum satisfies the BCC, one may restrict the periodogram

to the finite collection of intervals A and obtain a random L2 sequence. Alternatively, one
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may consider D(f, g):JAlog(0+g/f d) to be a QL function for the periodogram defined on
[-x, x]. However, if the spectrum is only of bounded variation, by the results in this
dissertation one may not consider the periodogram restricted to A to be a random I? sequence
or D( ., .) to be a QL function. This is essentially because theorem 8.2.1 will not necessarily
yield asymptotic unbiasedness if the periodogram is restricted to A, or will not necessarily
guarantee the link condition to hold if we attempt to restrict D( ., . ) to A. In the sequel we
will only consider the problem of fitting a model defined on [-7, 7], rather than fitting a model
over frequency bands. It will be shown that the problem of not being able to eliminate certain

“contaminated” bands is solved in another way.

We give a procedure which may be applied if it is not precisely known which frequency
bands are contaminated. Under certain conditions, this procedure is equivalent to reweighted
least squares applied to a smoothed version of the periodogram, and the procedure might
roughly be described as reweighted least squares in which asymptotic covariance in the
periodogram is incorrectly assumed. This relates to parametric estimation in non-Gaussian
series, because the periodogram of a non-Gaussian series does have asymptotic covariance in its

periodogram, as was seen in chapter 6.

One of the central ideas in this dissertation is a new definition of “quasi likelihood
function” (Chapter 6) which assumes a decreasing amount of correlation in the observations
(i.e. the periodogram) in a systematic fashion. The usual definition from McCullagh (1983)
would assume any covariance between two observations as a fixed function of the means
vector, and an intuitive discussion of how “variance operators” describe the limiting behavior
of “variance matrices” is given in section 9.6. If the means model is misspecified, in some cases
it may be enlightening to actually determine the QL function in the extended class to see how

bias affects the estimates. Further, in the case of model misspecification, it may be desirable to
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purposefully use the “wrong” QL function in order to lessen the bias. If this “incorrect”
function is properly chosen, variance of the parametric estimates will be little damaged if the
model was in fact correct, and parametric variances will be “almost” optimal even if the model
is incorrect. Earlier we stated that frequency domain spectral estimation should be regarded
as attempting to estimate a “one dimensional generalized model response surface”. The
application; to be presented will crystallize this idea, and the central concept extends beyond
time series applications to the arbitrary dimensional “generalized model response surface”

described in the next section.

9.2 The Generalized Model Response Surface

Consider the following situation. We are interested in modeling the means of the
independent observations y; as a function of some regressors x,, where x; € [0, 1] for all i. The
means are described by E(y;) = By+/8;x;, and the variances are var(y;) = v(x;) for some
positive function v on [0, 1]. The experiment is to be performed in stages, where at stage n
observations corresponding to x;= i/2" will have been observed. This is not a true
“generalized model response surface”, but a simplified example designed to illustrate a basic

concept which applies in that setting.

First consider estimating the unknown parameter vector B solving the normal
equations

X'W(y -Xp8)=0 [9.2.1]

where W is an arbitrary fixed matrix (i.e. not assumed to be symmetric, etc). It may be

shown that Var ﬁ , where E solves the above equation, is given by

[(X'WX)! X' W] V [W X(X'W'X)}]. [9.2.2)
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Of course if W = V1, the true inverse variance matrix (a diagonal matrix with v;=v(x;)),
then var B = (X'V'1X)? which is the “optimal” variance matrix for BLUE parametric
estimates. However, if WX = VX, then var ﬁ will be exactly the same (use the fact that
X'W=(W'X)’ to reduce [9.2.2]). Hence if W’ “acts” like V! on the columns of the X matrix,
then the variance of parameter estimates will not be damaged. This fact will be used to
construct W matrices which may be used in place of the V matrix in an IRWLS procedure
(see, for example, Chiu (1988) for theorems supporting the use of IRWLS in spectral
estimation). Specifically, we will use W matrices of the form W = V;.l K, or W, = K/ V;.l

K_ , where V'"l is the true diagonal inverse variance matrix, and K, is a “fixed bandwidth

n ?

kernel matrix”. For example, ignoring possible problems at the boundary, K,, applied to the

second column of the X matrix for our example might look like

.21+4.22+4.23 29

3
.224+.23+.24
3
.234+.24+4.25
_— =
.24+4.25+.26 25

—_ . . . .

.25+.26+.27 2%
g .

o=

.23

W= o=

24

S Lo JCT SN SCY [N
S Lo T[N

SO

1
Notice that each element of the vector K, x is a Riemann sum of J K(A —x) x dx,
0
where K is a function called the kernel whose graph is a straight line centered around 0 on the

x axis. The length of this line is called the “bandwidth”, and by “fixed bandwidth” we mean
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that the bandwidth remains the same even after more observations are taken in later stages of

the experiment.

There are several points to be made about the setup just described. First, the matrices

should be viewed as linear operators on the space of (continuous) functions on the unit

interval. For example, V;.l X “is” the function ——~ x where v(x) is the diagonal element of

v(x)

V,, for x € [0, 1]. So the variance matrix may be viewed as the operator which maps the
function f € C[0, 1] to V(f) € C[0, 1], where V[f](x)= f(x)/v(x). Similarly, the kernel matrix is

the operator which maps the function f to
KII() = [ Kooy d.
Second, notice that minimizing
O -XB) K, V. K, (y—XB) = (K,y-K,XB) V! (K,y—K,Xf)  [9.2.3]
is the same as minimizing
(v.—XB) Vi(y,—XB) [9.2.4]

(assuming K, X=X), where y, =K,y (i.e. a “smoothed” version of the observations y).

Furthermore, minimizing
(y—XB)' V. K, (y—X5) [9.2.5]

is the same as minimizing
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(y—X8) V(y-XB) +(v,—XB) V'(y,—Xh). 9.2.6]
For a proof of this, observe that [9.2.5] may be expanded as
Y'VIKy —y'VIKXB - f'X'VIKy 4+ B'X'VIKXS =
y'VIKy — g'X'vily _ g’x'viKy+ g'X'v1Xg [9.2.7]

using the facts that (1) KX=X, and (2) y'V'1X8= (y'V'1XB) since its a scalar. [9.2.6] may be

expanded as

('Vly —y'VIXB — gX'V Iy AX'VIXB)+

(Y'K'VIKy — y'’K'VIKX8 — B'X’K'V IKy+8'X'K'V KX )

= (y'Vy-28'X'Vly + gX'VIXB)+

(y'K'V'IKy — 28X’V 'Ky+8'X'V'1X 8) [9.2.8]

using the facts that (1) KX=X, (2) XK'= (KX)’, and (3) 8'X'V Ky = (8'X'V IKy)’ since its

a scalar.

Now take the derivatives of [9.2.7] and [9.2.8] with respect to B. The derivative of

[9.2.7] is —X'V'ly — X'V IKy+ 2X’V"1XB, which, set to 0 and solved for B yields

A= 1/2 (X'VIX) (X'V 14XV IK)y. [9.2.9]
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The derivative of [9.2.8] is —2X'V ly+2X'V X8 — 2X'V 1Ky+2X'V X8, which, set to 0 and

solved for B also yields [9.2.9].

What this suggests is that at least so far as multiple linear regression is concerned, an
IRWLS procedure may be applied to smoothed data. It will also be seen that if W is not
symmetric, IRWLS using the “variance operator” W may not yield a consistent estimate of the
solution to [9.2.1], and an alternative procedure is described in section 7. Assuming a
symmetric kernel operator K and using the “inverse variance operator” KV 'K, if the
smoothing would “reproduce” the columns of the X matrix and the weighted columns of the X
matrix (i.e. the columns of V™!X), then the variance of parametric estimates will not be
damaged (see corollary 9.4.4). This is assuming the model is correct. What would be the
effect of smoothing if the model was misspecified? Is it really possible to smooth without

damaging the model? We will attempt to provide an answer in the sequel.

9.3 A Misspecified Spectral Model

We are interested in the situation of having observed a series X(t)+N(t), where X(t)
and N(t) are uncorrelated Gaussian stationary processes, but wanting to estimate the spectrum
of X(t) (see, e.g. Cameron and Turner (1987)). Assume that the model {fy}y ¢ g contains fy,
the spectrum of X(t). Also assume that the noise series N(t) has a spectrum fy which is very
“sharp” compared to a “smooth” fy. Such a situation might arise in practice if the observed
series has not had a seasonal trend properly removed prior to the spectral analysis. The
spectrum of the observed series is fy + fy;, and according to Taniguchi (1979), the 9 from ML

is actually estimating 6, which minimizes

D(fy, Ty + fy)= J:rlog(fg(/\)) + f)‘(’\)fa—z\)ff*’()‘—) dA. 9.3.1]
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Unfortunately the variance of § is also adversely affected. Taniguchi (1979) gives an
expression for the variance in the misspecified model case, the analog of which in terms of the

more familiar (to most applied statisticians) multiple linear regression model would be
Var@ =[( X’ WX)! X' W] VWX (X' WX)] [9.3.2]

where V is a diagonal matrix with gZ();) on the diagonal and g()) is the true spectrum (again,
this corresponds to theorem 7.1.2). W is supposed to be the inverse variance matrix, but it has
1/ng(/\‘-) on its diagonal, where fao(/\) is from the misspecified model, plus some terms from
the second derivative of the likelihood function and model (e.g. see [5.1.2], [7.1.1], [7.1.2]).

Thus if the model is misspecified, both the variance and bias of the parametric estimates are

affected.

In terms of our definitions in chapter 6, the “intuitive” scenario just described will be

expressed as follows (which is assumed to hold in the sequel).

Assumption 9.3.1 The observed series is univariate Gaussian and has a spectrum of bounded

variation.

It is not even necessary to assume the model to be fit satisfies the BCC, it just needs
to be continuous. However, given a particular QL operator, it will need to be checked that the

link condition holds. This will be done by verifying the following
Assumption 9.3.2 W*[. ] has range satisfying the BCC.

and then appealing to the results of chapter 8.
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9.4 Applications of the New QL Theory

So far, we have not said anything regarding if and how our new definition extends the

old in a meaningful way. We know from chapter 6 that the function

D, (f()), g(A) = Jllog £ + % da [9.4.1]

is a QL function and

] P10 800 = s ) -8(W)

So the inverse variance operator for D, applied to an arbitrary function h()) would be

V()] = == h(N),

() h(N)] £0) )
i.e. multiplication by the inverse variance function for independent, exponential random
variables. More generally, if we take any function L(y, u) defined on a subset of RxR which

satisfies

OL(y, 1) _ (y—wn)
op  — V(p)

where V(p) is a positive function defined on R, and define D(f, g) = J L(f(A), g(A)) dA, the
A

resulting “distance” will be a QL function. This corresponds to the “independent observations”

case, as we essentially have replaced the sum of log likelihoods with an integral. The

derivative is

(1)) — (V)
Y v
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where I,(X) is the indicator function, and the variance operator is multiplication by
I,(A)/V(f(A), A). Note that for the link condition to hold for this QL operator, a condition is
needed such as the spectrum satisfying the BCC, which is the usual condition in most of the

current literature. This is because the link condition is verified by invoking theorem 8.2.1.

A “distance” which does not simply involve integrating an “L” function is

D00, 8(3) = | log(KIEN]) + gy o [9.4.2)

where K[f]=[k(}, x) f(x) dx, which is the same as D,(K[f], K[g]). Notice that the definition
requires the concept of a “funclion space” for the kernel operator to make sense. Some
requirements also need to be made on K, namely (1) K[f]>0 for f in the model space, and (2)
K* satisfies assumption 9.3.2. Assuming these conditions, we have the following theorem

concerning the derivative of Dy:

Theorem 9.4.1

~0__ - K* _
O[N] D, (f(A), g(A)) fo K Ml/(K[fO])2 K[fo —g]

Remark: As mentioned in chapter 6, the function on the right is a representation of a linear

functional on L2.

proof
Use the chain rule to determine % Dy(f(X), g(A)) [h(A)] for h(A) € C. Because for

fo(X)
fixed g, Dy(f(X), g(A))=D;(K[f(A)], K[g(A)]), we have that
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B[f()\)] Dy(f(), g(A))I h(})] =
sy P, K[g(z\)])!KUO(A)] (% {KIf} Lo [h(Y)] )

x
= J MI/(K[IO])2 K[fy—g] -K[h] dX (this is true by the requirements on K)

-r

= | K*M K[f,—g] -h dX
J 1/(k1sy)? Ko~ 8l

Hence D, is seen to be of the correct form with the claimed inverse variance operator. 8]

What type of kernel operator K should be used? The intuition from section 2 suggests
that the ideal K should reproduce the columns of the X matrix, or analogously the partial
derivatives of the model 6f90/39 as closely as possible. However, it should be kept in mind that
section 2 was geared towards showing IRWLS on a smoothed dataset is equivalent to IRWLS
with a nondiagonal inverse variance matriz for a special case. Nothing was said regarding the

general nonlinear model problems of variance and bias, which we examine now.

First, consider the bias problem. Suppose we have a kernel K so that K[fy]=fy. If
fx € {fg} but we observe the process X(t)+N(t), then by theorem 7.1.1, 5,, minimizing D (f,,
I,) is estimating 6, minimizing D,(fy, fxy+fy). By another application of theorem 7.1.1, 5,,
minimizing Dy(fg, I,) is estimating 6, minimizing D,(fg, fx+fy). But Dy(fs, fx+fy) =
D, ([k(A, x)fg(x) dx, [k(A, x)(fx(x)+fx(x)) dx. Notice that [k(}A, x)(fx(x)+fn(x)) dx =
fx+ k(A x)fn(x) dx, that is, the spectrum we want to estimate plus a smoothed version of
the noise spectrum. This smoothed noise spectrum may have greatly reduced capability for

biasing our parametric estimates, assuming it is “sharp” in comparison to fy and assuming K
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is properly chosen. How to choose K is a major topic in the sequel. However, it should be
mentioned at this point that one condition which we will require of K, which is not assumed
symmetric, is that K* satisfy Assumption 9.3.2 so that the variance operator will satisfy this
condition. This is not restrictive in practice, as a sufficient condition is simply requiring the
function k(J, x) to be twice continuously differentiable with respect to x. Alternatively, given
an arbitrary operator K, one can always use KK,, where K, is a small bandwidth symmetric

smoother operator to force (KK,;)*=KJK*=K;K®* to satisfy the condition.

What happens if the “wrong” kernel K is used, i.e if K[fy] # fyx? If K still filters the
noise, nothing so far as bias is concerned, as is shown in the following theorem. However, if K

does not filter the noise, the estimate will still be biased.

Theorem 9.4.2
If (1) K[f5]=0, (2) fx= foo, and (3) K[fol] # K[fgz] if 6, # 05, then Dy(fy, fx+fp;) has a unique

minimum at =0,

proof
Dy(fg, fx+{n)=Dy(fg, fx)=D;(K[fg], K[fx]). But D, has a unique minimum at 8, by Theorem
1 of Taniguchi (1979) (since K[f00]=K[fX])° 0

Actually, it is easily seen that any operator of the form K, (f)K(f), where K(foo)[f NI=0,

will result in unbiased estimates assuming the QL equations [7.1.4] have a unique solution.

This is because K, (f)K(f) [fgo - (f60+f N)]=0, so 8, will always be a solution.

The simple QL function of theorem 9.4.1 motivates the rationale behind why
smoothing prior to IRWLS might reduce bias, but it should be remembered that we don’t need

the actual QL function in order to use its variance operator in an IRWLS procedure. As a
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matter of fact, the QL function corresponding to a given variance operator doesn’t have to

erist. For example, consider the variance operator

W((V) [h(V)] = le(,\) JK(,\-x) h(x) dx [9.4.3]

and a simplified “matrix version”

1/x} 0 ki kyy X,
0 1/x ko, koo Xy
(1/x) (k1 %4k 9%,)
(1/x3)(kgy %, +k2o%,)
Suppose a two variable, real valued function F(x;, x,) exists so that 0F/0x;, = 'lf
Xy

(kq3x;+k9X,) and IF/0x, = ;li(kmxl+k22x2). Integrating OF /0x,; with respect to x, gives
2
k
k,log(x,) —L;%f-d:(xz) for some function ¢ of x,. Now take the derivative of this function
X1

with respect to x, and set it equal to 8F/8x, to solve for ¢'(x,). We have k12/xf+¢'(x2)= #

2
(kyyx;+kyyX,). But this is impossible (without assuming conditions on the K matrix, such as

k,,=k,y;=0), as it implies ¢’ is also function of X;-

Another “impossible” but useful inverse variance operator is a slight variant of D,’s

operator, namely K*M_ ,K. Recall this operator was discussed in section 2, and of course if

1/f
K reproduces the true spectrum, D,’s inverse variance operator will reduce to this. The sequel
will discuss “non self adjoint” and other inverse variance operators for which there may not

exist corresponding QL functions, showing the consistency of an IRWLS method for

determining the zeros of the QL equations.
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How does the asymptotic variance matrix for the parametric estimates act if the model
is correct and under model misspecification? Recall from chapter 7 that the asymptotic
variance matrix for \Jﬁ(a— 6) is My (60)]" Qu(8g) [Miy(6,)]™! where

9,
My (6) = [@,(fg, 1) — Dy (fy, fo)] 598 T

of 0V(fy, fy) O0®(fy, )| Of,
%o || wity + 221022000 0], 2]
and
of of
Qw(8) = -3706 [W(fo) V W¥(f,) * 5@%]

(i.e. [7.1.1] and [7.1.2]). Here is a theorem formalizing the intuitive discussion in section 9.2.

Theorem 9.4.4
Assuming
oty

i) W*(f )*%—V'l*——o [9.4.4]
6o’ © "6 ~ b0 o

6<I>(f90, foo) 6<I>(f90, f)
ox - Ox

ii = 0, By (fy, )= @y(fy, o )] = 0 [9.4.5]
then [My,(8,)]"! Qu(6,) [M3y(85)]! collapses to M3} (definition 7.1.3 (c)), and the asymptotic

variance matrix is optimal.

proof

To see this, notice that

168



of Ofg|  Of,
o [W(fa)* "] [W*(fo) "] © 59

so that (i) and (ii) together imply My, =My, and

gfa [W(fo) W*(fo)*gz'}z[w*(fo)*a] [ W*(fe)*a(i’]

so that (i) also implies Q,=Qyy. O

Observe that for the weighted least squares QL distance, the first part of [9.4.5] is
automatically satisfied as ®(x()), y(A)) is constant as a function of x(A). For the variance

2 K), corollary 9.4.4 below will show that if

operators we have discussed (M_ , K and K*M

1/f 1/f
the conjugate kernel reproduces the weighted partial derivatives (af,,o(,\)/ae,.)(l/fgo()\)) and the
model is correct, then the variance of our estimates is not damaged. But first, it is shown in
the following theorem 9.4.5 and corollaries 9.4.1 to 9.4.3 that these QL operators, which are all
specific cases of the operator K2M1 /52 K;, actually are QL operators. They also show that the
“second derivative” parts in the definition of My, (expression [ 7.1.1]) are zero if the kernels
are chosen to filter the noise, resulting in a simpler asymptotic variance matrix for parametric

estimates just as if the model were correct. Corollary 9.4.4 looks at conditions on the kernel to

achieve an optimal variance matrix if the model is misspecified.

Theorem 9.4.5
Let U be an open subset of Cla, b], and suppose f € U. Let g(x, A): U; x[a, b)]—R (where
U, CR) have a continuous partial derivative with respect to x, and have a domain such that

g(u()), A) is well defined for all u€ U. For the mapping U—B(L%[a, b]) defined by
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F(“)':Mg(u,,\)[ . ] (where M,[ . ] is the multiplication operator on L2 defined by M;[x(A)] =
h(A) (1)), we have DF |;[h] = Mag(s,0) \ [ . ] (i.e. multiplication by the function a—g(fg;), A
oz

h(})).

proof

Recall the proof of proposition 8.5.1. As shown in theorem 1.5, p. 28 of Conway (1985), the
mapping L>[a, b]—B(L?) defined by ¢#—M, is linear and norm preserving. For completeness,

we give a short proof here.

For f € L2, [18fll < [18]loollfll2s 50 Mgl < {|¢]lo- On the other hand, given €>0, there
exists a set A, so that |¢| > ||¢||,,—€ on A,. Then (1/ ,lm(Ac)) IA( is in the unit ball of L2
with ” (1/ ,Im(Ac)) I, d>" > ||8lloo —€- As € is arbitrary, we conclude ||[My|| > ||4]|, and we

€

are done.

Returning to the proof of theorem 9.4.5, regard the mapping F as the composition
F, o Fy, where F,:Cla, b]—C|a, b] is defined by u—g(u, A), and F;:C[a, b]—=B(L?) is defined by

¢—M,. Now use proposition 6.2.1 and the chain rule. 0O

Corollary 9.4.1 (to theorem 9.4.5)
The mapping C[a, b]—»B(L?[a, b]) defined by F(f):Mg(K[f],,\)[ . ] has derivative, evaluated at f
: . s e . dg(K[f(A)], A
and applied to h, DF|[h] = Moo(K1f10) p [ . ] (i.e. multiplication by g(—[a(z)]—)-
oz

(A]
K[h(A)]).

proof
We may write F=F; o F, 0 F3, where F;:C[a, b]—Cla, b] is defined by F;[f] = K[f], and F,, F,

are as defined in theorem 9.4.5. By the chain rule, DF |([h] = D[F; o F,] IF (1° D[F,4] If[h]. of
3
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course, F3 being linear is its own derivative. So DF|;[h] = D[F, o F,] |K[f] o K[h], which equals

Mag(k(11,%) O
QT K[h]

Corollary 9.4.2 (to theorem 9.4.5)
The mapping C[a, bj—B(L?[a, b]) defined by
FW)=KMg(k[u), 0¥
where K, K, and K, are any bounded operators on L?[a, b], has a derivative (evaluated at f
and applied to h)

DFlgh] = KoMay(kis1,0) . Kio
—3, — Klhl]

proof
This mapping is a composition F,oF; where F;:Cla, b]—B(L?2) is defined by F,(¢) =
M, (k(s),a) @nd Fy: B(L?)—B(L?) is defined by Fy[M]=K,MK;. Note that F, is linear and use
the chain rule together with corollary 9.4.1. o

We are now able to show the important corollary 9.4.3, which says that if the noise

can be filtered by K;, a QL operator of the form F(u)=K2Mg(K[“],)‘)K1 will yield unbiased

estimates of the parameter, and the second derivative parts of the matriz [7.1.1] will vanish.

Corollary 9.4.3 (to theorem 9.4.5)

(i) The mapping C[a, b]—B(L?[a, b]) defined by F(u):KzMg(K[u]’)‘)K1 is a QL operator.
Suppose {f,} is a model, and g € L? is such that g=f90+f N If K, [fx]=0, then:

. . . .o

(ii) 6y is a solution of the QL equations 379@ KZMg(K[fo],A)Kl[f0 -gl.
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8%(fy , fo) 0%l Tx+iy) .
ax Ix =

(iv

proof

(i) follows from Corollary 9.4.2. (ii) is obvious, as Kl[f00_8]=0' (iii) is obvious, so we prove
(iv). Recall ®(x(}), y(A)) was defined as W(x(A))[y(})], which, as a function of x(A) can be
viewed as the composition F; o F,, where Fp: C—B(L?) is defined by F,[x(\)] = W(x(\))[ . ]
and F,: B(L?)—L? is defined by F,[W] = W[y())]. So again by the chain rule, the partial
derivative of ® with respect to x evaluated at f and applied to y is DF, |F2[ f]oDFz |f[h].

Regardless of what f is, DF is evaluation at y. By corollary 9.4.2,

11

DF, | [h}= K;Mag(k1s1,2) K(h] K;.
or

Because K, [fy]=0, if this operator is evaluated at y=fy+fy, it is the same as being evaluated
at fy. If f90=f 'x» (iii) follows immediately. o

The (nice) conditions (iii) and (iv) only hold for fized operators K, and K,. In chapter

10 it will be seen that if K, or K, is a function of the model, (iv) most likely will not hold.

Now that we know about bias, we can begin to examine conditions on K required for
the operators M1 /!2K or K"‘M1 /52 K (1) to yield optimal variance for the estimates if the
model is correct, and (2) to yield optimal variance for the estimates if the model is incorrect

due to contamination, while at the same time giving an unbiased estimate.

Corollary 9.4.4 (to theorem 9.4.4)

1) Suppose the inverse variance operator is M1 /5 K , and the true spectral density g=f00+f N
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for a univariate process with fourth cumulant spectrum identically zero satisfies:

(i) Kliy]=0.

oM | | M

(i) K* -
Vg |T e B

Gi) | x* P 1| oy o re| 200 1 lavs0ica

iii —_— g ~f3 =0,i=1..p.
%, &) o 50, B O

Then under the conditions of corollary 7.1.1 (i.e. uniqueness of 6;), the asymptotic variance

matrix for 8 solving the QL equations is optimal, just as if foo were the true speciral density.

Note that the condition (i) guarantees f is a solution to the QL equations [7.1.4].

2) If the inverse variance operator is K* M 2 K and the condition

1/

8f90 8f90

(iv) K*Wza_a

also holds, then the conclusion is the same.

Remarks: (1) It will become apparent from the discussion in chapter 10 that if the “second
derivative parts” of [7.1.1] are 0, the conclusion of corollary 9.4.4 remains the same for “model
dependent” operators K(f)[ . ]. (2) Condition (iii) is “given” and cannot be affected by QL
operator choice. As such, it will not play a role in the sequel. It is assumed that (iii) is

“close” to 0, that is, the model is not misspecified too badly.

proof

Because of corollary 9.4.3, it only needs to be shown that

6f00 8f90 Bfoo Ofoo
—6—0_6 W(foo) * —66',- = WQ Ml/_fgo* W [9.4.6]
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and

% W(f, )V W*({, % _af,,o M afa" 9.4.7
25 ©| Wts) (9)*601 =39 © I/f?’o*W [9.4.7]

where W(f):Ml /7 K or K* Ml /52 K. Notice that

6f6° K * %o, =|K*M afo" af% 9.4.8
0 © | Mg 2" 153, 0 |© 9 [9.4.8]
and
of, o O, [ moo} Oy,
a_® K*M wg K * 39, =K+ 5|0 ng K * 69, [9.4.9]

so that (i) and [9.4.8] imply [9.4.6] if W(f)=M__ , K, and (iv) and [9.4.9] imply [9.4.6] if

1/f
W(f)=K* Ml/f2 K. Also observe

K*M %oy M , K*M %oy [9.4.10]
1/;30*W OIM 2 1/f30*3—6)" o

and

3fo° K*M K V K*M K 6f9 =
6 © 1/f§ 1/;3 *60’ -

. Oy, ) Ofg,
K ng K+ —5 O[M KM, ; K+ 7 [9.4.11]
0
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Now [9.4.10] and (iii) imply [9.4.7] if W(f)le/fz K, and [9.4.11] and (iii) imply [9.4.7] if

W(H)=K* M u|

1/ K.

Corollary 9.4.4 says that if the model is not correct, if the “remainder” term
g%()) —-fgo(/\) is “rough” relative to the weighted partial derivatives of the model, and if the
conjugate kernel passes the weighted partial derivatives, then optimal parameter estimates
with respect to variance are obtained even though the model is an underfit (assuming inverse
variance operator M1 /52 K is used). Note that corollary 9.4.4 also says that if the model is
correct and the conjugate kernel passes the weighted partial derivatives, then the variance is
still optimal even though the “wrong” QL operator was used (e.g. take foo(A)zg(A) in the
theorem). This may be compared to the analogous situation in a multiple regression problem.
If y=XpB+¢, where X=X,|X,, B=[B;|8,]' and the columns of the matrices X,, X, are
orthogonal, then if the model X,3, is fit to the data, the resulting parameter estimates are
unbiased and optimal. Either way, the optimality is given by an orthogonality condition on
the model. In the spectral estimation case, one might think of the reduced model as consisting
of the “principal components” of the true density, the actual density being too complicated to
model (e.g. suppose it is an arbitrary positive L2 function). Of course, in practice the
conditions will be only approximately met. If, on the other hand, the model is really correct,
corollary 9.4.4 says that assuming the kernel is appropriately chosen (so that its conjugate
passes the weighted partial derivatives), the asymptotic variance for parametric estimates will
not be damaged. Notice that the variance operator M1 /52 K has fewer requirements on the
kernel in order to leave the variance undamaged, so that one might be inclined to use it for

that reason. This will be discussed further in chapter 10.

In summary, for a non self-adjoint “variance operator” W, the behavior of W on the

model {fg}, ¢ ¢ controls the asymptotic bias of the resulting estimates, while the behavior of
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Bty

W* on the “derivative model space” {6_00} controls the asymptotic variance. If W is of the

form K* Ml 2 K or M1 E K and K is not self adjoint, then the behavior of K on the model

/ /
controls the bias and the behavior of K* on the weighted derivatives of the model, i.e.
(Bfoo(y)/aﬁ)(l/fgo(y)), controls the variance. In practice, it probably will not be possible to
ezactly choose W or equivalently K for our specific examples so that bias is eliminated and
variance undamaged for a correct model. Hence our strategy will be to view the bias conditions
as most important, forcing W to act correctly on the model while simulianeously attempting to
minimize damage to the variance assuming the model was correct. One reason for this is
because the asymptotic variance is [(X'WX)™! X’ W] V [W’ X(X'W’X)™}], which decreases as n
increases, regardless of the bias. However, the bias will never change. This means that as

more observations are taken, the bias will always overtake the variance if in fact the process is

contaminated.

9.5 An Example

As an illustration of the ideas in this chapter, the technique of “naive®” IRWLS on a
smoothed periodogram is illustrated on simulated data. 300 observations X(t) were observed
from a MA(8) process, to which was added contamination in the form of “sine waves” of the
form N(t)= ZA ssin(At) with frequencies concentrated in two bands. Figure 1 shows the true

A
spectrum of the uncontaminated process X(t), together with the contaminated periodogram (of
the process X(t)+N(t)). A regression spline was used as the model (which closely fit the true
spectrum), and the resulting estimate from 5 iterations using the raw periodogram (of
X(t)+N(t)) in an IRWLS procedure as described in Chiu (1988) is shown in figure 2. Suppose
the analyst suspected the series was contaminated, but had no idea where the contamination

might be (of course, if it was precisely known what frequency bands were contaminated, they
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could be eliminated prior to the analysis as was pointed out by Chiu (1988)). We therefore
smooth the periodogram (of X(t)+N(t)) with a tapered smoother involving 13 periodogram
ordinates at each frequency. The result of IRWLS using the same spline model on the
smoothed data is shown in figure 3. Figure 4 shows what would have happened had we used
the IRWLS procedure on the smoothed periodogram where the periodogram was calculated
from the uncontaminated series X(t). Figure 5 shows the result of doing IRWLS on the

unsmoothed periodogram from the uncontaminated series X(t).

Notice that there is not much difference in figures 4 and 5, indicating we did not
damage the variance much with the smoothing. However, the visually significant differences in

figures 2 and 3 show how the smoothing drastically reduced the bias in our estimate.

While an example such as the above does not “prove” anything, it illustrates the ease
and robustness of a naive IRWLS procedure. The kernel was rather arbitrarily chosen, and no
attempt was made to verify that it satisfies the conditions described at the end of section 9.4.
Yet the basic idea of “bias reduction” obviously worked (at least in this case, which is typical
in my experience). How might a more refined theory be formulated? This is the main topic of
chapter 10, but in the next section we digress to give an informal discussion of “non Gaussian”
variance operators and their relationship to the topic at hand. The chapter will conclude by
answering a question raised in section 2: how is IRWLS done if the inverse variance matrix

(operator) is not symmetric?

177



‘wnioadg pajeulueluooun pue Wweibopouad pareulweiuoy ‘| ainbid

0g'e 00t OL<¢ Ove Olc 081 OS5l Qc'l 060 09'0 0g'0 000

Ty

N

<

0

-G

-0l
-Gl
-02
-G2
-0€
-GE
-0

14

0§

178



‘welbopolad pajeulweiuo) ‘Mey Uo STMH| ‘2 @inbi4

oE’e oo_.m o\u_.N ov_.N or_.N ow_._. om.r ON_._, Om_.o ow_.o om.o 00’

0
0

179



‘welBopollad paleullueiuo) payloows uo SAH| € @nbily

0g’e 00t 0L'¢ Ov'e 0l'c 08l 05'1 02l 060 09°0 0E0 oo.%

-l

S

-C

-0l

cl

180



‘welbopolad pajeuiweluooun ‘peyioows uo MYl v 21nbi4

0e’e 00t 0l<c Ove Ol'c 08} 0s'l Oc’'t 06'0 090 OE'0 000

34

0

-C

cl

181



‘welBopoliad pajeuiugiuooun ‘mey Uo STMYl °S @inbi4

0g'e 00t 0l¢ ov'e o—_.N 08} om_.P ON_.P 06’0 090 om_.o oo.m

-0l

cl

182



9.6 Non-Gaussian Variance Operators

QL functions having “variance operators” W(f)[ . ] which are not simply multiplication
operators might be thought of as non-Gaussian QL functions, since a non Gaussian process has
a variance operator which is not a multiplication operator (e.g. Brillinger’s (1981) theorem
cited earlier). As has been previously discussed, parametric estimates obtained by minimizing

I(})

J log(fg(A))+ L0 dX do not have the same variance for Gaussian and non Gaussian series, the
6

variance matrix for the latter depending upon the fourth cumulant spectrum.

We also know from Brockwell and Davis (1987), theorem 10.3.2 p. 337 that
cov(I, (7)), I,,(A;)) = O(1/n). So while the covariance of the periodogram evaluated at any
two frequencies goes to zero, for non-Gaussian processes it doesn’t go fast enough to avoid

influencing the asymptotic variance of parametric estimates.

An operator acts on a function space (e.g. L? functions). If the “observation” in an
experiment is in a function space rather than being a vector in R", then a “variance operator
for the experiment” would characterize the behavior of linear functionals applied to the
observation function and depends upon the design of the ezperiment. For example, the
variance matrix for the vector y € R™ has the property that if a and b are any two fixed
vectors in R™, the covariance of the real valued random variables a’y , b’y is a’Vb where V is

the variance of y.

Brillinger’s (1981) theorem cited above essentially says the same thing for the
periodogram viewed as a function (a step function, for example). Here, the variance operator

applied to an arbitrary function h(}) is

kg

V[h())] = 27f2(A)h(XN)+27K J -"f4(z\,-/\,u) h(p) du
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and if A;() and A,()) are any two functions (viewed as functionals, as L? is self dual), the
asymptotic covariance of the real valued random variables A; eI and A,el, is given by

A; e V[A,]. The inner product e is the usual one defined by feg= [ f(A)g(A)dA.

Inherent in saying that a “step functionized” version of an observation vector has a
non multiplication variance operator is the following. (1) The experiment is done in stages in
a response surface setting where the regressors are chosen over some design space (e.g. the
interval [0, =]), (2) The observations from stage n+1 have less covariance than the
observations from stage n, and (3) The observations from stage n+1 are retaken from all the
locations in the design space where they were taken at stage n, plus some additional locations.
However for the analysis at stage n+1, only the observations taken at stage n+1 are used, all
others from previous stages are ignored. The scenario described appears unrealistic for
practical “response surface” type experiments (mainly due to the last condition), but when you
calculate the periodogram at the Fourier frequencies for a time series of increasing length, it

occurs automatically in a natural way.

9.7 IRWLS and Non Symmetric Variance Operators

In section 2 it was observed that minimizing (y — X8)’ V;} K,, (y —XpB) ([9.2.5]) is the
same as minimizing (y —XB)' V}(y-X8) + (y,—XB)' V(y,—XpB), assuming K[x]] = x;
for each column of the X matrix. Since the 3 minimizing this later equation is a mixture of
the B ’s minimizing (y—XB) V(y—Xp) and (v,—XB) V(y,—XpB), one might suspect
that the solution would still be biased, since the solution to (y —XB8)’ V' }(y — XB) is biased.
One also might question whether minimizing an expression such as [9.2.5] consistently
estimates the appropriate § (which is 8, such that fy = fao assuming (1) fy € {fy}, and (2)

K[fp]=0, but not necessarily assuming K reproduces the model) solving the QL equations
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0y _
Ml/f2 Kl[fg — (fx+fn)] oF s 0. [9.7.1]

As will be seen, it does not and a modification to the IRWLS procedure will need to be made.

For motivation, again consider the linear model (i.e GLIM with the identity link). We
want to solve the QL equations X'M(y — XpB) = 0, where first suppose M is a symmetric
“inverse variance matrix” which depends on the unknown 2 vector. Because for a symmeitric
matrix M, x’Mx has derivative 2Mx with respect to the x vector, it follows that the derivative
of (y — XBYM(y — XP) for a fixed M is 2X'M(y —XB). But if M is not symmetric, the
derivative of Mz is not 2Mz, and the derivative of (y — XBYM(y — XB) is not
2X'M(y— XB). Thus, if M is not symmetric, it does not make sense to minimize the quadratic
form (y — XB)’M(y — Xp) which may not even be positive! Of course, the same basic

argument holds if M is an operator rather than a matrix.

We will make the assumptions that (1) M is a square matrix, not assumed symmetric,
and (2) although M needn’t be invertible, XM’X is invertible. As an IRWLS procedure, we
will
1) Determine a starting value B.

2) Calculate Ma

3) Minimize || P X[Ma(Xﬁ —y)] ||? with respect to B, where P x is the projection of R" onto the
span of the columns of the X matrix.

This determines a new B, which is used to repeat (2) and (3). To see what is going on, let us
fix a E and let M:Ma . Then in step 3 we are supposed to minimize (y—Xg)’
[M’X(X'X)1X’M](y — XB). Since the matrix in the center is now symmetric, the solution is

2X'MX(X'X) 1X'My = 2X'M’X(X'X)1X'MXS or [X'M'X(X'X)]X'My = [X'M'X(X'X)?]
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X'MXB. By our assumption, the matrix in brackets on each side of the equation is invertible.
Hence it may be removed to reveal the original QL equations (but with a fized M), which are

the normal equations for “weighted” regression with a nonsymmetric weight matrix.

In the general case where the model may be nonlinear, step 3 of the procedure is

modified as follows:

For each 6, define the model space at 8, to be the subspace of L? generated by the
9y

span of { 6—;)} Replace the “projection onto the span of the columns of the X matrix” with
3

the “projection onto the model space at 5”, and in general let P, denote the operator which is

the projection onto the model space at §. The following theorem shows consistency of this

IRWLS procedure:

Theorem 9.7.1

If

i) W(f)[ . ] is a QL operator.

ii) The true limiting function is fy+fy;, where fy = fao for some 6.
iit) W(fg)[fx]=0 for all 6.

iv) 0y # B,=W(fp)[fp, | # W(fy)lfy,] for all 6.

of,
@[W(fo) * 6—0] is a nonsingular matrix for all 6.

V) 'a—o 0!

Then

1) W*(fy) P, W(f,) satisfies (c) in the definition of QL distance (with “y”=#).

2) There exists a neighborhood U of 6, so that if 8,, 8, € U, 6, # 6, then
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[1Pg [W(fo,)lfx+w 19,1113 > 0 9.7.2]
so that

[Pg, [W(fo, )fx+n — Tl ] |E: [9.7.3]
is uniquely minimized (in U) at =6,

) If 51 is a consistent estimator of 6, and 8 is obtained to minimize ||P51[W(f,0~1)[ln —£, 1113
(=[I,—fg] ® W*(fal) Pal w(f§l)[lﬂ —fg]), then 8 has the same asymptotic variance matrix as
the 52 solving the QL equations

W(fp[l, — 1] % = 0.
proof
1) W(f) satisfies the definition, and P, is continuous in the operator norm. -

2) By conditions (ii) and (iii), ||P91[W(f91)[fx+fN —feo] 1 112 =o0.

By condition (v) and the continuity of the function

ofy

1 e,
(01, 02) hand '—6—0-'@ W(fol) * W [9.7.4]

there exists a neighborhood U of 6, so that if (6;, 6,) € UxU, the matrix in [9.7.4] is

invertible. Pg [W(fg )[fx+{y =T JI=Pg [W(fg )fg —fo,]l. Now

Bfg*
fo,=foy* 307 (62 —0p)

for some 6, between 6, and 6,. So this may be rewritten as
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P
I:W(fo )[ 55 (03 00)}]

which is then nonzero (because the matrix in [9.7.4] being invertible means that the inner
Ofy
product of W(fol)|: T F (6, — 00):| with the partials can’t all be 0, hence the projection can’t be

0). So we conclude ||P91[W(f91)[fx+fN - f92]||>0.

3) The self adjoint variance operator for the IRWLS procedure is W*(f,) P, W(f,). Because of
(2), the IRWLS corollary from chapter 7 (corollary 7.1.2) may be applied. We need to show

that the asymptotic variance of the parameter estimates using this operator (at 6;) is

'MI,QW[M",%,]’, where

O, L O O, g,
Quw= 60 © W(fg VW (fo ) * 60' , and My,= 60 W(foo) * 60' [9.7.5]

From the IRWLS corollary, the asymptotic variance for the IRWLS procedure is

M- *pwQw*pw W’PW’ where
Hg, * * g,
Qu+pw= 35 © | W (fg )P W(fs )VW(fg )Pg W(f5 ) * 39/
ofy afo
M =522 O| W, )Py W(f, 9.7.6
w pw= gg ©|W (fg)Pg, (9)*80’ [9.7.6]

M1,

w*pw are really the same

So it suffices to show that MWQWMW and MW PWQW *pw
. . . . “@ I -1 -

matrix. As motivation, consider the “matrix” case. MW"'PWQW*PWMW “pw would be

written as

[X'W*X(X'X)1X'WX] 1
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{X'W*X(X'X) IX'WVW*X(X'X) IX'WX}[X'W*X(X'’X) 1X'W X]? [9.7.7]

=[X'WX](X'X)[X'W*X]
{[X'W*X])(X'X) IX'WVW*X(X'X) [X'WX]} [X'WX]}(X'X)[X'W*X] ! [9.7.8]
=[X'WX[ [X'WVW*X][X'W*X]? [9.7.9]

which is M"%,QW[M},%;], The steps involved in the matrix case may essentially be copied to

obtain the result.

First, observe that for y € L?, Pgly] may be represented as

-1
Ofg, [ Ofg, Ofg, \ [ Oy,
Polvl= 557\ 3a" 7O 50" 25 OV |- [9.7.10]

of,

6
Interpret this as forming the column vector 3—00 ®Yy, applying the matrix

of, Oty .
Frach T
of

)
to 3—00 ®Yy, and then applying the row vector of functions to the column vector so that the
result is a linear combination of functions (see, e.g., theorem 2.5.1 p. 59 of Brockwell and

Davis for an analogous proof of why this is true). Thus, QW* pw may be rewritten as
afﬂ 6{9 afG 3fo o 3fao
8 © | Wle)* 57|\ 57°° 50 ) \ 70 ©

g, [\( Ofs, o, ¥ oo, of,
W(fa )VW (fa ) * 30' 50’ © 50 50 © W(fo ) * 30'
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and M may be rewritten as

w*Pw

afao w* f afoo 8f90 8f80 3 6f90 W(f 8f90
28 W) * 55 |\ 29 © a8 |\ 78 ©| W) * 5o |/

As in the “matrix” case, pieces of the above will cancel to yield that

-1 -1 - -1 -1
MW*PWQW‘PW wW*PW — MWqW[MW]I' o

9.8 Conclusions

In summary, this chapter has introduced some examples of “non Gaussian” (and
possibly non self adjoint) variance operators. We have concentrated on operators involving a
kernel function, and reduced the problem of QL function choice to kernel choice. There are
different ways to construct QL operators using kernels, and the chapter has examined some of
the problems involved in these different operators. In general, for a non self adjoint inverse
variance operator W, the behavior of W determines the bias properties and the behavior of W*
(on the partial derivatives) determines the variance properties of estimates obtained by solving
the QL equations. This basic concept carries over to the non self adjoint kernels which may

compose the kernel type operators presented here. The operator K* M1 42 K is a natural

/
extension of the operator in a smoothed Taniguchi (1979) distance D(K][f], K[g]). If the kernel
is chosen to filter the noise and pass the model, its use is equivalent to an IRWLS procedure on
a smoothed periodogram with a diagonal variance matrix (multiplication variance operator),
but this does not address the problem of non optimal variance if the model was in fact correct.
In such a situation, corollary 9.4.4 suggests there are fewer restrictions on the kernel for a non

self adjoint operator such as M1 _f2K to not damage variance. As IRWLS is a practical

/
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approach to solving the QL equations, modifications had to be made in the IRWLS procedure
so that non symmetric variance matrices could be dealt with. Theorem 9.7.1 gives a specific

method for carrying out IRWLS in such cases.

There is a fundamental problem with the kernel type operators in this chapter. They
are all of “fixed kernel” type; once the kernels are initially determined, they do not change as a
function of the model. The theorems of section 4 (especially corollary 9.4.4) suggest that in
order to obtain good variances with the “wrong” QL operator, certain conditions should be
satisfied with regard to the partial derivatives or weighted partial derivatives of the model,
rather than the model itself. But according to definition 6.3.4, a QL operator can depend only
upon the means function (i.e. the model), not the partial derivatives. This motivates a
redefinition of what is meant by “QL operator” and “model”. In the next chapter, we will
explore how the definitions in chapter 6 might have been made in order to allow “model
driven” QL operators which could adjust themselves to the model derivatives in the iterative
process. Chapter 10 will be the culmination of the theory as presented in this dissertation,
giving a strong argument for the usefulness of the function space approach to generalized

nonlinear models.
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Chapter X
Unified Theory of Quasi Likelihood

10.1 Kernel Choice/Model Driven Kernels

In the preceding chapter, we have given some examples of new QL operators involving
“kernel” operators, but little indication as to how one should choose the kernel. The purpose
of this section is to examine some of the problems involved in kernel selection, and the
discussion will be limited to inverse variance operators of the forms K*M1

/ /

M_ .K to be used on univariate Gaussian series. Of course, the basic ideas easily extend to

1/f
GLIM response surfaces.

We begin by considering the inverse variance operator M_, ,K, because corollary 9.4.4

1/f
has only one “optimal variance” requirement, that the conjugate kernel must pass the weighted

partial derivatives. Given a specific model {fa}oee’ how might K be chosen to minimize

damage to the variance?

One method of achieving minimal damage to the weighted partials upon application of
K might be to use a symmetric kernel operator with the same bandwidth for all A (so K=K*).
For example, we take k() to be a function ([-1, 1]—R) symmetric about 0. For a given
bandwidth b, define ky(x, A)=k((A—x)/b) if |]A—x| <b and 0 otherwise. Then define the
operator K, by
x
ky(x, A)h(A) dA

L.
olt] = be k(x) dx

-
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where h()) € L?[-7, «] is extended to R as a periodic function when taking the integral. The
problem of choosing the kernel would then be reduced to choosing the bandwidth b. One

method of doing this might be by deciding upon some “upper bound”, say ¢, so that

o, of
1 '] 1Y%
K,{g a—e,.] _[f__g 5 0‘] ’ <e [10.1.1]

for i=1..p and K, the kernel with bandwidth b, and then making b as large as possible so that

[10.1.1] still holds. This would be done at eack stage of the IRWLS procedure, so that

different iterations might have different bandwidths. The procedure would be as follows:

Step 1 Obtain §o,d, a robust estimate of , (say, by arbitrarily deciding a bandwidth), and set

e>0.

Step 2 Choose b as large as possible so that

of of.
||l ¢
CIRCA R

Step 3 Minimize ||Pa [M1 /12 Ki; [I,, — fl||%, where P, is the projection onto the span of the
[

<b)m|'—'

partials at 6 to obtain a new estimate §new.

Step 4 Set ao,dz b‘new and go to step 2.

Implicitly assumed in such an approach is that one does not have any preconceived
notions about where the noise is, and wants to smooth as much as possible without damaging

variance. This is similar to the example in section 5, and would probably act in a similar
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fashion to reduce bias in practice. However, there are two basic problems with the procedure.

First, it is apparent that while a kernel such as described might reduce bias, a positive
kernel cannot eliminate a positive noise spectrum. For example, if K(), x)>0 and f5>0, then
JK(A, x) fy(x) dx>0. Hence, such a kernel cannot theoretically satisfy the conditions needed
for unbiased estimation, and this problem will be addressed shortly. Of course, if one does not
view 5, as being a true spectrum, but just the difference between g, the true spectrum, and foo,
the “best” estimate of g from the model, then fy, may well be negative. Second, the QL
operator as described does not depend solely on f, as required by definition 6.3.4, because the
bandwidth (and hence the kernel operator) depends also upon the partial derivatives. In other
words, the QL operator depends upon the specific parametrization of the model, a condition we
will define as being model driven. Other examples of model driven kernels will appear in this
section, but their theoretical justification will not be discussed until later. Let us begin by first

considering the bias problem.

In the example from section 5, the kernel was chosen to have a bandwidth not too
extreme, so that the model would pass through “relatively undamaged”. This was before we
were aware of corollary 9.4.4, so variance did not play a role in kernel choice. However, if the

kernel for the operator K"‘M1 f2K passes the columns of the X matrix (or for each 6 we create

/
a new kernel which passes the partial derivatives of the model in the nonlinear model case,
another example of a model driven kernel), then the procedure simplifies to IRWLS (or in the
nonlinear case, another similar procedure called Iterated, Reweighted, Resmoothed Least
Squares to be described in section 10.2). Although not mentioned in section 9.5, a variable
bandwidth kernel might just as well have been chosen to achieve a balance between the dual

goals of noise suppression and model passage. If one knew frequency bands where

contamination might be concentrated, one would apply a (hopefully model reproducing) kernel
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only to those bands. The bandwidth might depend on the eztent of the contamination we
ezpect; if it is suspected that the noise spectrum is “light” (i.e. has little power), then a smaller
bandwidth might be chosen than if it is suspected that the noise spectrum is “heavy”, since
then more smoothing would be needed to reduce its influence. What this suggests is that the
kernel choice carries information about the contamination we are irying to protect against.
The fact that an arbitrarily chosen kernel will most likely not exactly reproduce the model is
not a serious problem, if the kernel eliminates the noise, i.e K[fp]=0, since the estimate will
still be unbiased. You just can’t do an easy reweighted least squares procedure. The real
problem is how to use the intuitive information contained in the choice of a kernel supplied by

the user to create a new kernel which does truly filter the noise.

Let us call the “naive” kernel given by the analyst K, and the “constructed” kernel
utilizing its information K,. One possible solution to the construction of K, is to define a noise
space N, by finding the singular value decomposition (SVD) of the (compact) operator K,,
which can be viewed as finding an orthogonal basis {V,} for L2 and an orthogonal basis {U;}
for the closure of the range of K. The action of K, on f can be determined as follows: Write
f= Za.—V‘. Then Kf= Z JT, a;U;, where ); are the eigenvalues of the (compact) self adjoint
operator K*K and V, are the corresponding eigenvectors (See Conway (1985), theorem 2.7.6 p.
56). Although as we have stated before, K, cannot satisfy K,[fy]=0 if both K; and fy are
positive, we would expect K, to have been chosen so that ||K,[fy]||; is much smaller than
lIfxll2- Put into other words, this is saying that while fy is not strictly in the null space of
K,, it should lie primarily in the spaces V; which correspond to small eigenvalues. So the
“working” noise space N; is the kernel of K, plus eigenvectors of KTK1 corresponding to

“small” (definition to be determined by the analyst) eigenvalues.

What use is made of the noise space depends upon one’s objectives. If the inverse
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variance operator is of the form Ml/sz’ it might be desirable to choose K as the orthogonal
projection onto the (orthogonal) complement of the noise space. As projections are self
adjoint, K*=K, and the extent to which the variance will be damaged depends upon the extent
to which the noise spectrum is a component of the weighted partials. For example, if the noise
space is perpendicular to the weighted partial derivative space, then there will be no loss in
asymptotic variance. This situation also illustrates the usual “tradeoff” between variance and
bias: the bigger the noise space, the more likely it is to impinge upon the weighted partial

derivative space to damage the variance.

Another use of the noise space might be in the construction of K"{M1 /f2K type
operators. If the objective is to pass the partial derivatives of the model (say, in order to apply
an JRWLS type procedure on smoothed data, see theorem 10.2.3), then one might consider
using a non orthogonal projection operator K. We attempt to divide L? into two not
necessarily orthogonal (under the usual inner product feg=[fg) subspaces M and N,
corresponding to “model” and “noise” spaces, respectively, so that LZ=M @ N. M here is not
the same as the “model space” from chapter 6; we hope it is as large as possible, making the
noise space as small as possible and resulting in less the damage to variance. The implication
of L?’s decomposition is that each function f in L? can be written in a unique way as far+n
where fy, € M and fy, € N, but it is not necessarily true that fy, e f5;=0. The desired “kernel
operator” K, is simply the (non) orthogonal projection onto M, i.e. to find K,[f], first find the
unique f,, and fy so that f=f,,+fy. Then K,[f|=f,;. To define the model space M, first
define M; to be the space spanned by the partial derivatives. Then
M =M, Nn(M;NN) + +(M,;+N) 1| the idea being to make M as large as possible and take out
noise if M; NN is not empty. Thus defined, L?’=M @ N. In practice, the IRWLS procedure

would look like the following.
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Step 1 Obtain Eo,d, a robust estimate of 6, and N, a subspace of L2 where it is suspected the

noise spectrum lies.

of,
Step 2 Defining M10=Span{ fe, 3g—‘f}, Mg=M,,N(M;4NN) L + (M;p+N) *, and Ky to be the
nonorthogonal projection onto My, calculate Ka. Note: N should be chosen so that N N M,,

is empty for all 8 if possible, or else the kernel will damage the partials.
Step 3 Minimize [I, —fg] o Kg Ml/fz K@ [I,, — fg] to obtain a new estimate §new.
0

Step 4 Set §o,d= (3,"_,", and go to step 2.

Notice that since K, depends upon the partials at each #, we have again described a

model driven kernel.

As previously mentioned, there is a problem with variance which the above procedure
has not addressed. By corollary 9.4.4, if the model was correct, a sufficient condition for the

asymptotic variance for parametric estimates to be undamaged is that

*

Ofg,(N) | | Ofe (M) [afoo(*)} _ (M) [10.1.2]

a6, fgo(,\) = T o0, fgo(,\) an 96, |~ "o,

but the procedure has only taken into account the second condition (note, however, that the
second condition is sufficient for My, to be correct). While the choice of K in this situation
remains a topic for future research, we will now consider a second QL operator which may
reduce damage to the asymptotic variance, assuming the model is correct. This operator will

be called the filter-reconstructor (FR) operator, and is of the form K2M1 oK;. It is more

/f

difficult to work with in practice because it is not self adjoint, meaning (among other things)
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we can’t reduce its use to a simpler problem of a reweighted least squares procedure on a

smoothed periodogram with a diagonal variance matrix.

As motivation for the FR operator, consider the two problems of variance and bias
inherent in the contaminated series problem. Suppose K, is some operator chosen to solve the
bias problem (without regard to the variance problem), called the filter. Recall from the form
of the QL equations W(fy)[f, — g] @% = 0 that unbiasedness will be obtained if W(fy)[fx]=0,
a condition which holds if K,[fy]=0. K, will be chosen, hopefully to help the variance

problem, after K, has been chosen, and assuming the model was in fact correct. To do this,

we need
o1, ofy| _ of, otg,
and
6f9

of,
* * 0|
50_(9 [[KZ Ml/f% Kl]Mfz [Kl Ml/fg K2] * W] =

of, oty
a—; © [ M3t 8—0"] [10.1.4]

where f is the true spectrum. For motivational purposes, assume fzfoo. Take the viewpoint of
minimizing damage to variance assuming the model is correct. If the model is incorrect, we

will need a condition such as that in corollary 9.4.4 (iii).

To achieve [10.1.3], it suffices to have
1 Og|| _ 1 0Ofy
K [f—z K3 [Wﬂ =3 5 [10.1.5]
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so if possible, K, should be chosen to achieve this result. Note that this motivates calling K,
the reconstructor, as it attempts to reconstruct the weighted partial derivatives. But [10.1.5] is

also sufficient to achieve [10.1.4], because the left side of [10.1.4] equals
of, of,
* * 6 * * [’)

[KIMW?) K * —60}@[ Mo Kf M, o KS » 5 [10.1.6]

which equals the right side of [10.1.4] due to [10.1.5].

It may not be possible to achieve [10.1.5], because for any operator K, cl(Range K*) =
ker(K) * (Conway (1985), p. 36). Here, ker(K) is the “null space” of K, that is,
{x € L%|K[x]=0}, and for any set A, cl(A) is the topological closure of A. Also, for any subset
Nof L2, N+ ={x€ L2|x en=0 V n € N). However, the noise may not be exactly perpendicular
to the weighted partial derivatives, and so the weighted partial derivatives may not be exactly

in the range of K*. As an alternative, K, might be chosen to minimize

o 1 x| g 1 Ofg
Kl[f‘z‘(z[a—oiﬂ‘ g %,

L. [10.1.7]

This would be easy to do in practice, as it is equivalent to finding functions (vectors) x;(}), . -

-y Xp(A) so that

R
Ki[ %] f§ a9, L (10.1.8]
. e . . * * 3f0 2 :
is minimized, and then defining K, so that K, .= fg x;. In practice, where K, and K, are
i

matrices viewed as linear operators on a finite dimensional Hilbert space, the appropriate
ranges are always closed and it is possible to achieve the minimum. If the noise space is too

big, it will not be possible to recover the weighted partials well. Components of these weighted
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partials which lie in the noise space as determined by K, represent loss in terms of variance.

The IRWLS procedure corresponding to this discussion is:

Step 1 Obtain Eold’ a robust estimate of 6, and K,, a filter for the noise spectrum.

Step 2 Choose K25 so that for the functions 50,

is minimized. For functions in the space perpendicular to the space of partial derivatives,
define K25 as the identity mapping.

Step 3 Minimize || P [K2§M /2 K, [I,,—f,]] |% where P, is the projection onto the span of
]

1/

the partials at 8 to obtain a new estimate §"ew.

Step 4 Set 301‘1: §"ew and go to step 2.

Again, the process which has been described in choosing K, is iterative; it must be
repeated on each IRWLS iteration. So K, is again another example of a model driven kernel

operator.

Our final attempt at creating new QL functions will be the nonparametric noise

constructor (nnc). It’s basic form is M1 2 Ky » where W is the space of bounded functions

/f

with the supremum norm. 17)" will be a consistent, nonparametric estimate of the

contaminated spectrum ;. The procedure is the following.

Step 1 Obtain 501 4» @ robust estimate of 6.
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Step 2 Construct an estimate 3 of the noise spectrum using f? and Jn (e.g. $= ;/;n— f? ).

K, . will then be the orthogonal projection onto the space perpendicular to $

é

Step 3 Minimize ||P5 M 3 [1, —f5]||%, where P, is the projection onto the span of

K
2
1/!3 f?’

the partials at § to obtain a new estimate §new.

Step 4 Set §o,d= §new and go to step 2.

The nnc is an attempt to minimize the damage done to the weighted partials, as it has
the smallest possible dimension noise space, defined by a consistent estimator of the noise.
Note the (perhaps unusual) definition of ¥ as a nonparametric function space. This definition
takes full advantage of the lenient requirements on ¥ as defined in definition 6.3.4. Observe
also that the projection changes on each iteration since it is constructed from fa, but it is not a
model driven QL operator as we do not need to consider the partials of the model in its
construction. The “noise space” does not have to remain fixed, but may change with 6 in an
attempt to find a “good” model and in a sense model the noise along with the means. This
concept of “nonlinear” noise removal is undoubtedly very important in future development of
the theory as here outlined, because the ability of the user to exactly and completely specify

the noise space is extremely doubtful in practice.

10.2 The Model Driven QL Operator: A Redefinition

Definition 6.3.4 does not cover “model driven QL operatoré” as described in section
10.1. For concreteness, let us consider the “bandwidth” problem in the model driven QL
operator M1 /fsz discussed in the opening paragraphs of section 10.1. Recall this operator

cannot possibly satisfy definition 6.3.4 because the bandwidth depends upon the specific partial
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derivatives of the model, rather than the function f4. A different parametrization of fy might
result in a different bandwidth. The apparent practical usefulness of model driven “QL

operators” motivates a rethinking of the concepts of “model” and “QL operator™.

The dependence of the model driven QL operator upon the partials is only apparent,
and disappears with a redefinition of both “model” and “QL operator”. In the following

definition, let U be an open subset of C[a, b].

Definition 10.2.1 A k dimensional QL operator is a mapping between ¥ x U xC[a, b] x . . .
x C[a, b] and B(L?) defined by ¥ x (x(}), f;(A), . . . f(A)=W(x(}), f;(A), - - ., ) . ].
This mapping must satisfy (a), (c), and (d) of definition 6.3.4, with all occurrences of “x(A)” in

definition 6.3.4 (c) and (d) replaced by the k+1 dimensional vector of functions “(x(}), f;(A), .

).

Definition 10.2.2 A k dimensional QL function D (f, g) is a real valued function with domain
¥ x Q2 xL?a, b], where @=UxC[a, b]x ... xC[a, b]. Here, there are k factors C[a, b}, and
U C Cla, b] (our previous definition of model would be contained in U). If f=(f,, f;, . . .

f,)eQandge L2, D(f, g) must satisfy

%f;—g) = W(D[f, - g] [10.2.1]

where W(f)[ . | is a QL operator according to definition 10.2.1.

Definition 10.2.3 A k dimensional model for a random L? sequence is the k+1 dimensional

vector of functions



where 6 € RP and fy € M, the model space of the random L2 sequence.

For simplicity in notation, these definitions are made in the univariate case. As in
chapter 6, the multivariate case is completely analogous, e.g.  becomes U xII;Cla, b]x . ..

x II;Cla, b], where U C II,C[a, b).

Intuitively, what definition 10.2.2 means is that the operator W(x(}), f;(}), . . .,
f(A))[ . ] depends on the argument vector of functions in a “differentiable” way. For example,
it can be shown that W(x(}), f;(}), fz(,\))zMI/zg Pfl’fz[ . ] is a QL operator, where Pfl’le .]
is the projection onto the span of f; and f,. This is because the projection is differentiable as a

function of f, and f, (see theorem 10.2.2).

With these definitions, all of the theorems and proofs of chapters 6 and 7 for QL
operators, e.g. proposition 6.5.3, theorem 6.5.1 (b), etc., follow in a similar fashion. We will

now indicate what the differences are.

The main changes in the theory from chapter 7 involve derivatives of ®(x(}),
y(A)=W(x(2))[y(A)], where x()) € Q and y()) € L2. For example, proposition 7.2.3 should be

changed to read

Proposition 10.2.1

D,8(:(Y), 26()) | 1] = 220 2o gy 920D 2 [10.2.2]

for a(A)=(ag(A), a;(}), - - . ag(A)), h(A)=(hy(A), hy(A), . . . hg(A)) both in Q.
Remark: we are taking the derivative of the mapping z(A)—®(2(}), zo(A)), for z(A)=(zq(A),
z1(A), . . . 2,(})) € Q, evaluated at a()) € Q and applied to h(A) € Q. W_a(z\a);(aoﬂ [.]isa

0®(a(N), ag(A
linear mapping from Q—L2, while w [.]is a linear mapping from C—L2
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proof
View z(A)—®(z()), zg(A)) as the composition of the linear map F[z(A)]=(z(}), zo(A)) (a
mapping from Q to QxL2) with ®(x(}), y())), where x()) € Q and y()) € L2. By the chain

rule and proposition 7.2.2, the derivative evaluated at a()) and applied to h(}) is

D&(x(1), y(A)) l(a(,\)’ ag(A)) [h(X), ho(N)]'=

8B(x(A), y(N)) |( 8B(x(N), y(A))\( h(3)
Tk Ka(),aM) T dy (a0 aM) | py(a)

But this equals [10.2.2].

Now by the chain rule, we have the following analog to corollary 7.2.1.

Corollary 10.2.1 (to proposition 10.2.1)

d _ 0B(f5(N), foo(X)) g  B(fg(A), fo(A)) Fgo
% q)(fg, fOO) = aX *W + ay *W [10.2-3]
where fg=(fgy, fg; » . - - fgr) €Q is a model according to definition 10.2.3. Note that the

partial evaluated at 6 is a linear mapping RP—L2.

proof

The proof essentially follows from the chain rule. The derivative of 6—fy, evaluated at # and
applied to 6, is %fa% #,, a function which is a linear combination of the partial derivatives
of of,
{3—09} . The derivative of ®(x, y), evaluated at fy and applied to 6—0? 6, is the transpose
t72i=1.p

of the column vector [10.2.3] (matrix) multiplied with the column vector 6,. Hence the

representation [10.2.3].
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Corollary 7.2.2 generalizes as follows:

Corollary 10.2.2 (to proposition 10.2.1)

Mgy _ %o
ael Q(fo’ f90) O—=5 o0 - (fa’ f90) Ok v~ rvi 60169

Ui o 2L ) Hy | 9200 ) ) 10.2.4]

proof

The proof follows from the preceding corollary and the product rule proposition (7.1.1).

The analog of corollary 7.2.3 is easily obtained in a similar way.

Corollary 10.2.3 (to proposition 10.2.1)

0f
2 Bty £,) ©
0%fgo , Ofgg (3¢(fo(f\), n(}) 3fe)
o f)Oggas + 38 O\ — ox ‘39’ [10.2.5]

We now have all of the pieces to use in the proof of the representation theorem.
Replacing the parts from the corollaries in chapter 7 with the analogous parts from the above
corollaries results in a proof of the representation theorem, with Qy/(4, #) as defined before (in

[7.1.2]), and My (4, 0) is defined as

0*go , Ofgo
[‘I"p(fa, f) - (I)gb(va f90)] Ok vyrryi 50'90 + =55 o0 © ({W.p(fo)* 560’ }

205



+{ 6<I>(fo(/g;f90(/\)) _ 34’(%(;2’ Q) *%} ) [10.2.6]

The QL equations [7.1.4] are replaced by their model driven version
of,
W (fo)lfgo— 8] © —832 =0 [10.2.7]

keeping to the basic principle of replacing any “old definition” model function which has an
operator applied to it by fgz;, but leaving alone any “old definition” model function which is
the argument of an operator. Observe that there are a few differences in the opening lines of
the proof of theorem 7.1.1. Specifically, ;% Dw(fo, f) can be written as two equations set to 0,
one of which is the QL equations [10.2.7]. As it is not necessary to solve the other set, we only

solve the QL equations [10.2.7].

Write f=(fy, f;, . . . fi), and split f into the parts f; and f =(f;, . . . f;). By

proposition 7.2.2 we may represent %D(f, g) as [ 9 D(f, g), %D(f, g)} Similarly, %02 can be
r

af0
represented as l:% , gfa%], where f g = (f14, - . . fig). By the chain rule, the derivative
%D(fg, g) is
Ao
09
i) i)
== D(f, g), o=-D(f,
ERET LT e
60
: 8 Ofgo 8 Ofgr
Set to 0, the QL equations are now o D(f, ® —> = 0, and - D(f, ©® —4+ =0.
QL eq a1, (£, 8) 30 of, £ 8 50

Fortunately, there is no reason to solve the second set, as the proof of theorem 7.1.1 is taken to

begin at [10.2.7].
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There are several important conclusions that may be drawn from this generalization.

First, let us make the following definition.

Definition 10.2.4 A k dimensional model driven kernel K(x,, x;, . . . x;) is a bounded linear

operator satisfying definition 10.2.1.

We consider “model driven kernel analogs” of the QL operators discussed in chapter 9,
attempting to study the variance and bias properties. Regarding bias conditions, we have the

following:

Theorem 10.2.1
Any model driven QL operator of the form K,(x,, - . - x;) K;(xg, - - . x;), where Kl(fao)[lez
0 and Ko (fy (DK (65 )} {06y, /0] [f]) = 0 satisfies

) 8f000 6f900
Mw(‘l/), 90)= —aT ® Wd)(foo)*w . [10.2-8]

Remarks: (1) In the following, foo refers to the (k+1 dimensional) model vector evaluated at
8y, while fooo refers to the (1 dimensional) first component of the model vector evaluated at 8.
) Ky).

(2) Any QL operator from chapter 9 has the form KK, (e.g. KM K, = (K;M

1/f 1/£°
(3) If the model is correct, Kl(foo)[f n]=0 automatically, and we are no worse off using model

driven kernels than their fixed counterparts.

proof

Observe

Q‘b(foo’ f900+fN)=¢¢(f00, fooo) [10.2.9]
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(obvious by the definition of ®, since K [f);]=0), so we will show

0%(fg (A), fg o(A)) | Ofg |  OB(fg (A), fg o+n) | By
0 [a_f] = 2 [ 30?]. [10.2.10]
To see [10.2.10], first note
0%(f5, (1), y(X)) 6W(f90( )
— 20T )] = | —52— )] [ [y [10.2.11]

for h(A) €9, y(») in L? and W(x)=Ky(x)K,(x). This is by the chain rule on
x—W(x)[ . ]|>W(x)[y]. Evaluate the right side of [10.2.11] for h(\)= fooo(’\)+fN(’\) or faoo(,\),
and y(A) equal to the partials of fy evaluated at f;,. To do this requires taking the derivative

of W(x)[ . ] with respect to x € Q.

First observe K,K, may be written as the composition F oG, where G:
Q—B(L?) x B(L?) is defined by G[x]=[K,(x), K,(x)]’ and F: B(L?) x B(L?)—>B(L?) is defined by
F[A,, A ]’=A,A,. By proposition 7.2.2, DF (the derivative of F evaluated at (A,, A,)) may

be represented as

dF OF
[ v 0_A1] [10.2.12]

[W] = WK, (x), and

where gTF[W] = WA,, and OF W] = A,W. So =~ OF
2 1(-")

dA, A,

6BTF- [W] = K,(x)W for W € B(L?). By the same proposition, DG evaluated at x may be
UK,y (=)
2

represented as
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0K,(x)

™ [10.2.13]
9K, (x)
Ox
0K,(x)
ox
_[.oF oF _
” P00l 0= F5 3| ax ey (M
ox
f—i 6%’() [h]+ 3‘%—6}?’5") [h]=
0K, (x 9
{ K;,E )[h]}Kl(x)+ Kz(x){ KB‘)EX) [h]}. [10.2.14]

[10.2.10] follows from [10.2.14] and [10.2.11]. In [10.2.14], letting h be the partials of
fg evaluated at 6, and evaluating the derivatives of the K’s at fao, the resultant operator will
map f900+f n and faoo to the same function in L2 This means that [10.2.6] reduces to [10.2.8].

0

Of course, the hypotheses in theorem 10.2.1 will always hold if K, is a fixed operator
satisfying K,[fy]=0, and K,[fy] always equals 0 if f5=0, indicating no “second derivative
damage” for a correct model (see, e.g., the discussion at the end of chapter 7). The theorem
suggests construction of “filter reconstructor” type operators; for example, choose K,(fg)[ . ] in
some manner so that it filters the noise fy;, assumed to be in some noise space N. Then choose
Ko(fg) [ . ] so that it filters ({D_K,(fs)}[0fs/06]) [fn] at each stage of the IRWLS procedure
while simultaneously attempting to straighten out the variance. It also would seem to make

sense that to filter the noise, the partial derivatives of fg; would not be needed. K,(x) being a
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function of x;, only would simplify taking DK;(x) (see corollary 10.2.4). The details involved
in the practical implementation of this discussion will not be given here and are for future

research.

What is an example of a model driven QL function? The “Taniguchi distance™!
Proposition 10.2.2
D,(K[xq, . . . xJf, K[x,, . . . x;]g) is a k dimensional QL operator for any model driven kernel
K[x;, . . . xi], which does not depend on z, and has derivative K*(X)Ml/[K(z)[_f]]z K(x)[f - g].

proof

Follows immediately from theorem 9.4.1.

We now give a simple example of a model driven QL kernel. By itself, the following
probably is not useful in practice, although it may be a component of a more useful QL kernel.

It does, however, show some of the difficulties involved in taking operator derivatives.

Theorem 10.2.2
If f={f;, . . . f;} are any functions in Cfa, b], define P[ . ] to be the L? orthogonal projection

onto the space spanned by the components of f. Then P l[ . ] is a model driven QL kernel.

proof It suffices to show this for f={f;}, since P,[ . ] = Pfl[ S +Pfk[ . ]. Now

P/x]=222 f £, so we can break up the mapping f—P[ . ] as

[T
1
Tk
£ ¢+ |S L gy

lIf11?
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where F: C—R x (L2)*xL?, and f* is the functional defined by integrating against f. To find
DF, it is necessary to take the derivative of the nonlinear functional f—1/||f||2. This is a
composition f—»f2—>If2—»1/(j'f2). By proposition 6.2.1 and the chain rule, the derivative

evaluated at f and applied to h is ——I—Jth d). So the derivative of F, evaluated at f, must

(1
be _ _
— of*

[k
Ifnal

I

where Ifna,[f]:f* for feL? and I is the identity from C—L2. The mapping G:
R x (L?)* x L2—B(L?) defined by G(a, b, ¢) = axbxc, has derivative, evaluated at (a, b, c)

and applied to (d, e, )

[bxc,axc,axb]| e |[=bxcxd+axcxe+axbxf
f
- 2f*
il

_ 1 ¢ 1
So DG g7y o DF |;[h] = [f*f,Wf, Wf*] Lot | [h]

I
— 2*[h] 1 evx. 1
= f*f + f h*+ ——f*h
Il |12 |I£1]2
=f _L( thd,\)f*+ _1_ h*jl—f 1 10.2.15
[ ] T [10-2.15]

[10.2.15] satisfies (d) of definition 6.3.4 because it is continuous as a function of f. O
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In general, proofs involving derivatives of operators are not easy, and it is beyond the
scope of this dissertation to prove that all of the examples of section 10.1 are QL operators. It
is clear that at least infuitively those examples fit the framework described here, and we can
show an interesting application of theorem 10.2.2 to the nonparametric noise constructor of

section 10.1.

Corollary 10.2.4 (to theorem 10.2.2)

Let ¥ be the space of positive functions in L2, and let ¥ represent an element of ¥. Suppose
¢0=f900+fN. Define the operator K(f, ¢) by K(f, ¥)[h]= I[h] —P{f_¢}[h] for h, fe L? and I

the identity operator on L2, Define the operator L(f, h)[ . ] to be

Mo KE ) =

M th*——l—( 2fhd,\)f*} L. 10.2.16
wz({nfn2 rddl ST [10-2.16]

For the operator M1 /fzK(f, ¥)[ . ] (i.e. the nonparametric noise constructor),
: Fgq0 : : . , :
[10.2.10] holds if L faoo’ 20 [f;] = 0 for i=1..p. A sufficient condition for this to occur is
)
6
if K(fg oy o)[fN]=0, fg o L fy and 5> L fy for alli.
o 0 06,

proof
For f € Q, the derivative D /K(fo)[h][ . ] = D fOK(fo)[ho][ . ] by the argument following [10.2.7]

concerning 6%. D(f, g). The mapping f—»Ml/ng(f, ¥)[ . ] can be broken down as
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M 2
1/f
A / E.M/

1 f2K(f’ ¢')
K(f, ¥)

Regard this as the composition F o G, where G: C—B(L?) x B(L?) and F: B(L?) x B(L?)—B(L?)
are as indicated above (F is defined the same as in the proof of theorem 10.2.1). Using the

notation in the proof of 10.2.1, the derivative is the following (evaluated at f and applied to

h e C).
DM
[a_F a_F] Pt
oAy BAL|, oo
°6) | D K(t, p)
(DM, N} K( 9) + M, o {(D/K(, #)IH) : [10.2.17)

Theorem 10.2.2 gives that D K(f, #)[hj= —L,(f)[h], where L (f) is the operator defined by

(10.2.15]. By theorem 9.4.5 and theorem 10.2.2, [10.2.17] can be evaluated as the operator

K(f, ¥) +

—f| L px - L N ull
sz( f{”f”?h Ilfll“(de'\)f*] h”f”2). [10.2.18]

To determine how close [10.2.10] is to being satisfied, [10.2.18] must be evaluated for f=f900,
Bggo
a6,

to f;. Note that the first piece of [10.2.18] applied to f is 0, and the second piece will also be
ofy

. 0 .
0iffg o Ly and a_o(: Lfyforalli. O

M-(l/f‘**)h

h=

i=1..p, and then applied to fooo and f900+f n- The difference will be [10.2.18] applied
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Recalling corollary 9.4.4 (which continues to hold for the nnc assuming [10.2.10]), we
see that allowing a variable kernel most likely will damage the variance more than a fixed one

due to [10.2.10] not being satisfied.

We can also use theorems 10.2.1 and 10.2.2 to show that for any QL operator W( . )[ .
], and any model {fg}4 ¢ o, W*P,W is a QL operator. Recall this was the operator used in the
IRWLS procedure for nonsymmetric W (see theorem 9.7.1). Assuming a correct model, there
is no difference in the asymptotic variance obtained by solving the QL equations formed from

either operator.

Proposition 10.2.3

Let W( . )[.] be a QL operator, and {fy} be a model. Then
(a) W*P,4W is a QL operator
(b) Suppose the QL equations
ofg . of,
50 @W¢(foo)[fa —foo] =0and =5 © W (g)PgW y(f)lfy —fool =0
both have §; as a unique solution, and suppose the model is correct. Then the asymptotic
variance of 51 solving

of,
25 © Wyl )lfg=1,] =0

is the same as the asymptotic variance of 52 solving

oty
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proof
(a) By theorem 10.2.2, W*PGW is a QL operator.
(b) As in the proof of theorem 9.7.1, it may be seen that M;:/“‘PWQW"‘PWM;}”“PW =

-1 aT? . . .
MWQW{MW] by direct calculation of these two matrices. 0

The revised QL definitions, together with corollary 10.2.4 also motivate the following

conjecture:

Theorem 10.2.3
The following procedure is equivalent to minimizing the QL equations with any QL operator of

the form K"‘M1 2K, where K(x(}), f;(A), . . ., fi(A)) is as defined in the second IRWLS

/f
procedure of section 10.1 That is, K(x()), f;(}A), . . . , f(A)) [h] is the nonorthogonal projection

of h onto M, = M;, N (M;, NN) L +(M, +N) L, where v=(x(}), f;(}), - - -, (X)), M, is the
subspace spanned by the components of v, and N is the “noise space”. Furthermore, assuming

afe 0
feoo 1 fy and 600~ L fp for all i (or some similar conditions), [10.2.9] and [10.2.10] are
]

satisfied.
step 1 Begin with a robust starting value 8 for the unknown parameter vector 8.

step 2 Find K?' The inverse variance operator is now K% V;Ka , where V:d1 is the diagonal

variance matrix with 1 /f%(/\,-) on the diagonal.
step 3 Resmooth the data (periodogram) using the new kernel, finding y,:Ka y.

step 4 Find the new 8 minimizing (y, — fa)'VTo«l(y, —f,) .
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This general procedure might be described as iterated, reweighted, resmoothed least
squares, (IRWRSLS) since the kernel in step 3 changes with the iteration. In the case of
identity link, the model space remains the same, so that the kernel does not change in this step

and the procedure is the same as IRWLS. The proof of theorem 10.2.3 is for future research.

10.3 Conclusions

The “near optimality” theorems of chapter 9 all involve the partial derivatives of the
model, but the QL theorems there all involve “fixed” kernels in that the kernels are initially
set, and do not change with 4. If the kernels are supposed to act a certain way on the partials,
it makes sense that the kernels should be dependent on the partials in order to act in the
appropriate manner. This violates the basic definition 6.3.4, which says that the QL operator
is a function of the means function only, not the parametrization. Section 10.1 gives some
practical examples of how one might go about constructing model dependent kernels, such as

the filter reconstructor or Ml 42 K, type operators with bandwidths to be determined in the

/
iterative process. The nonparametric noise constructor is an example of a QL operator

utilizing a model dependent kernel, but not a model driven kernel, since the kernel depends only

on the means function, not the partial derivatives.

The focus then shifts to how the definitions of chapter 6 should be altered so that the
theorems of chapters 6 and 7 would still apply to the types of operators discussed in section
10.1. Section 10.2 gives the revised definitions and shows specific changes that would need to

be made in some of the theory of chapter 7.

Section 10.2 begins to examine the “second derivative” conditions [10.2.9] and
(10.2.10], needed so that the matrix My, will not contain terms with a nonzero second

derivative in the case of a misspecified model. The “smoothed Taniguchi distance” [9.4.2]
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using mode! driven kernels not dependent on the means function is an example of a model
driven QL distance (proposition 10.2.2), and the projection operator is seen be a model driven
kernel in theorem 10.2.2. Theorem 10.2.1 gives conditions under which model driven QL
operators of the basic forms under discussion will satisfy the “second derivative conditions”
[10.2.9] and [10.2.10]. Corollary 10.2.4 shows specific conditions needed for the nonparametric
noise constructor to satisfy the hypotheses of theorem 10.2.1. Proofs such as that of theorem
10.2.2 are not as easy for bandwidth type operators, and it is left for future research to prove
the other operators (or variants thereof) defined in section 10.1 are QL operators under the
new definition. The chapter concludes with an unproven conjecture relating to the motivating

example involving IRWLS of section 9.2.
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Chapter XI
Conclusions and Areas for Further Research

In this dissertation, we have given a “functional analysis” extension of McCullagh’s
(1983) QL theory and showed how it may be applied to multivariate “generalized nonlinear
model response surfaces” in the context of spectral estimation. Chapter 5 argues that
multivariate spectral estimation is essentially a problem in multivariate generalized nonlinear
model] response surfaces, and suggests a way in which “separately parametrized” models may
be easily fit to the multivariate spectrum. Using this as a starting point, chapter 6 begins to
examine the problem of parametric spectral estimation in non Gaussian univariate series. This
is seen to deviate from the usual GLIM type theory, in that the published asymptotic results
for parametric estimates involve the fourth cumulant spectrum, indicating the periodogram
cannot be viewed as being a collection of “asymptotically independent” random variables. It is
established that one way of viewing this situation is in terms of functionals and operators on
L2, where the “variance matrix” becomes a variance operator on the function space L? which
contains the “observation vector” (i.e. the periodogram). A new definition of QL functions is
given (chapter 6), together with an optimality theorem (chapter 7) for parametric estimates
obtained by using these functions. We further argue that non-Gaussian series must have a QL
operator in this extended class as their “real” QL operator. As in the literature, it is shown
that IRWLS and minimizing a “QL distance” (or solving the “QL equations”) result in

parametric estimates with the same asymptotic variance.

The focus of the dissertation then is to examine the ramifications of this new

definition, which is begun in chapter 9 , i.e. what are some examples of “new” QL functions,
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and what are they used for? But first, chapter 8 sets the background and shows the problems
involved in spectral estimation fit into the framework of chapters 6 and 7. The theorems in
chapter 8 assume only that the true spectrum is of bounded variation, whereas most of the

literature assumes the spectrum satisfies the BCC.

Chapter 9 indicates that the theory of chapters 6 and 7 is not a trivial extension, but
rather a useful tool in dealing with the problem of contamination and model misspecification.
Some simple examples of “new” QL functions are given, and it is shown why using the
“wrong” (i.e. a non Gaussian) QL function on a contaminated Gaussian series actually may
remove bias from the parametric estimates. Recalling the equivalence of IRWLS and
minimizing a QL function, we show that in some cases the use of a non Gaussian QL function
is equivalent to applying an IRWLS procedure to the smoothed periodogram. The question of
what damage would be done to the variance of the parametric estimates, assuming we
incorrectly believed the series to be contaminated and used a non Gaussian QL estimate, is
then considered. It is again seen that the damage will be insignificant, provided the QL

function (i.e kernel) is properly chosen.

It should be remembered that the actual QL function is not needed (and may not even
exist) in order to implement IRWLS in practice, just the QL operator. If the variance operator
is not self adjoint, the usual method of IRWLS (i.e. minimizing (y,, — fg) e W[y, —fg]) is not
equivalent to solving the QL equations, but section 9.7 gives a new method by which IRWLS

may be carried out in practice.

Motivated by the theorems in chapter 9, which indicate that the kernel operators need
to act in certain ways on the model partial derivatives (or functions thereof), in order to obtain
good variances for parametric estimates, chapter 10 explores what happens if we have model

driven operators; that is, operators which do depend upon the parametrization of the model.
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This in turn raises new problems, for model dependent kernels may have nonzero “second
derivative” parts of the QL function in the asymptotic variance matrix. In short, the

beginnings of a new QL theory are established which includes the old as a special case.

Besides the questions raised in chapter 10, there are many directions for future
research. For example, no serious simulation study of the different QL operators suggested in
chapters 9 or 10 has yet been attempted. There are undoubtedly many other unknown QL
operators, the ones given are only a first attempt at finding useful applications of QL theory.
What are the situations in which the various operators work best? What are good ways to
achieve a balance between variance and bias when choosing the QL operator kernel?
Furthermore, the ideas in chapters 9 and 10 were geared mainly to univariate Gaussian series,
virtually ignoring the non Gaussian and multivariate cases. What would the similarities and

differences for these cases be?

Another possible extension of the dissertation would be establishing distributional
results. Recall that all of the theorems were stated in terms of second order moment
assumptions, no “central limit theorem” dependent theorems were established. There are
different setups under which CLT type results may be obtained (e.g. Taniguchi (1982),

Brillinger (1981)). This would be very important in any future hypothesis testing type theory.

Other topics not included in the dissertation might involve diagnostics specifically
geared for spectral estimation, or “goodness of fit” tests for a parametric hypothesis against a
nonparametric alternative. How do you do hypothesis testing in “contaminated” series?
Presumably, using a non Gaussian QL function for hypothesis testing would result in “slightly
less” power if the QL operator is correctly chosen. What are the implications of chapter 10’s
theory for “semiparametric” models, i.e fitting the parametric part of a model which includes

both parametric and nonparametric pieces?
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Finally, how does all of this apply to the true “generalized model response surface”,
leaving the context of spectral estimation? The dissertation strongly relies upon a “functional”
approach of regarding the observation vector as a function. If the design points aren’t

asymptotically uniformly distributed throughout the design space, how do things change?
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