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This study aims to model the phase transition of ferromagnetic materials
using two- (2D) and three-dimensional (3D) Ising models, incorporating long-
range magnetic spin-to-spin interactions and the influence of an external
magnetic field. The 2D Ising model is investigated mainly for a 4 x 4 domain,
while its extension to larger domains is also explored. For the 3D Ising model,
the selection of representative volume element is discussed in terms of free
energy. An uncertainty quantification formulation is integrated into the Ising
model to capture the uncertainties related to the external magnetic field and
evaluate their effects on the phase transition from a ferromagnetic to a
paramagnetic state. Despite the common use and known effectiveness of the
Ising model, there is still no universally accepted exact solution for the 3D
domains, making it an ongoing research focus. The research also acknowl-
edges the complexities and limitations arising from experimental methods,
despite the insights they provide on the microscopic dynamics of ferromag-
netic materials during phase transitions.

INTRODUCTION

Ferromagnetic materials are integral to many
branches of engineering, primarily in transporta-
tion and energy sectors, given their unique mag-
netic properties.’™* However, these materials have a
tendency to lose their magnetism at elevated tem-
peratures because of an irreversible phase transi-
tion, a phenomenon that compromises their
functionality in various systems. In the ferromag-
netic state, the system’s atomic spins are aligned
because of their robust interactions with one
another. This alignment produces a powerful mag-
netic field, contributing to the material’s usefulness
in energy and transportation applications. Never-
theless, this advantage becomes a liability when the
material is exposed to high temperatures as the
ferromagnetic materials transit to a paramagnetic
state. During this phase transition, the atomic
spins’ interaction strength diminishes, resulting in
a state where the spins are randomly oriented
rather than aligned.® In this state, the material can
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only be magnetized temporarily, and that too when
an external magnetic field is present.® The suscep-
tibility to external magnetic fields forms an impor-
tant component of the physics behind the phase
transition, a concept thoroughly addressed by the
Ising model.

The Ising model, a vital tool in statistical mechan-
ics, elucidates this phenomenon. It provides an
explanation for the spin interactions and predicts
the system’s state based on the principle of mini-
mum free energy. In particular, the Ising model
defines magnetization as a parameter varying
between —1 and 1 for ferromagnetic materials
(where spins are aligned in different directions)
and 0 for a paramagnetic state. These magnetiza-
tion values serve as critical indicators of the mate-
rial’s phase.” When it comes to the Ising model,
solutions developed for different dimensions have
been a point of focus. For a one-dimensional (1D)
system, a clear and concise solution exists.® The
simplicity of the 1D case allows for an exact
analytical solution, leading to a detailed under-
standing of spin interactions in such systems. The
two-dimensional (2D) Ising model, however, is more
complicated. Simplifications are necessary to find
analytical solutions for this case. These include the
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consideration of an infinitely-sized lattice and the
disregard for long-range interactions. In 1944, Lars
Onsager solved the 2D Ising model without an
external magnetic field, a landmark achievement in
the field of statistical mechanics.” The situation
becomes more complex when the Ising model is
extended to three dimensions, 3D). Despite consid-
erable efforts, no universally accepted solution for
the 3D Ising model has been found so far, which
continues to be an active area of ongoing research.
Some approximate solutions and computer simula-
tions offer insights, but the precise nature of phase
transitions in three dimensions remains elusive. %16
Moreover, uncertainties related to the external
magnetic field and the temperature must be inves-
tigated as they may affect the phase transition
region while their effects have not been addressed
in the literature to the best of the authors’
knowledge.

Besides the theoretical Ising model, other models
and experimental methods are employed to explore
the phase transition phenomena. Researchers have
employed sophisticated techniques like neutron
scattering, magnetometry, and electron microscopy
to probe the microscopic structure and dynamics of
ferromagnetic materials during the phase transi-
tion.'” ™ These techniques have helped identify key
features of the transition, such as changes in spin
alignment and the formation of magnetic domains.
Despite these advancements, experimental studies
often face challenges related to specificity and
generalization. Observations and results are typi-
cally specific to the material under study, making it
difficult to extrapolate the findings to other mate-
rials.?2°?? Additionally, experimental data often
require theoretical models for interpretation, lead-
ing to some dependence on models like the Ising
model. While these approaches can provide valuable
insights, they often face limitations in generaliz-
ability, with experiments often tailored to specific
materials. Therefore, the research for a more com-
prehensive understanding of phase transitions in
ferromagnetic materials continues, an endeavor
underlined by the fundamental role these materials
play in various applications.

In this study, our focus lies in formulating both
two-dimensional (2D) and three-dimensional (3D)
Ising models. These models are designed to consider
the impact of long-range magnetic spin-spin inter-
actions, especially in the presence of an external
magnetic field. A statistical model is used to model
the long-range interactions based on the distance
and temperature.?® Following this, we introduce an
uncertainty quantification (UQ) framework into the
Ising models, aiming to assess the uncertainties
related to the external magnetic field and temper-
ature.?**® We also evaluate the effects of these
uncertainties on the phase transition behavior,
when moving from a ferromagnetic to a paramag-
netic state. Our numerical methodology is verified
using exhaustive search solutions. The structure of

this article unfolds as such: The subsequent section,
“Mathematical Modeling” section, delves into the
formulation of the 2D and 3D Ising models. The
subsequent findings and discussions, including
extended mean field solutions and the analysis of
uncertainty, are documented in “Results and Dis-
cussions” section. “Conclusion” section offers a
summary of the article and hints at potential future
research directions to be pursued.

MATHEMATICAL MODELING

A high-fidelity numerical model is developed to
investigate the boundaries of the phase transition
region. The region is defined based on the variation
of the external magnetic field and temperature as
shown in Fig. 1. The spins in the structure of any
material are bound to be stochastic, meaning that
they tend to point in a different direction continu-
ously. These spins can either be +1 or —1 for the
Ising problem.

Two-dimensional Ising Model

The energy function for the Ising model, which
takes into account the imlpacts of an external
magnetic field, is defined as:*®

H=—-wX.;j.0i0; —hZ;o; (1)

In this equation, A signifies the non-dimensional
external magnetic field parameter, ¢ symbolizes the
spin parameter, and g;0; stands for the interactions
between the spins denoted by indices i and j. In this
context, indices i and j also incorporate the long-
range spins. Introduced in Eq. 1, the w; parameter
represents the weight parameter that indicates the
strength of spin-to-spin interactions, relevant to the
corresponding level of neighboring information
incorporated into the Hamiltonian energy equation.
The state of a particular spin is influenced by a
combination of nearest-neighbor interactions and
long-range order interactions. The interaction
strength between the spins regardless of their
distances regarding each other at low temperatures
is observed to be almost equal. However, increasing
the temperature causes a shift in the distribution,
and long-range neighbors start having less effect
compared to nearby neighbors. After the phase
transition occurs, this trend continues, and the
strength of any spin rather than the nearest spins is
completely diminished. Even though the strength is
not explicitly defined in the literature for all differ-
ent temperature values, the relation is explained
with the correlation function for three main cases:
T>T. T<T,, and T =T,.. T, is the Curie tempera-
ture, the point where the phase transition occurs.
For these cases, there are models attempting to
explain the relation. Using the main idea and these
models, a statistical model is created. The model
reflects the behavior of the correlation function in
Fig. 2, which is based on a Gaussian distribution. In
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Fig. 1. (a) The 2D lattice, where each circle represents a node which can hold two states: spin-up (+ 1) and spin-down (— 1), controlled by the
external magnetic fields and temperature. Bonds are used to connect neighbor nodes. (b) Considering the uncertainties in external fields and
temperature, the phase transition occurs at a critical ‘zone.’ (c) The likelihood of the phase transition in this zone can be computed with a joint

probability representation of the uncertain parameters.
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Fig. 2. Change of interaction strengths between the spins based on distance and temperature for a 20 x 20 lattice.

any case, the weight parameter, w;, representing
the interaction strength, is defined based on this
relation, while the temperature versus interaction

strength is also defined using a Gaussian distribu-
tion. As a result, the following constraint is
satisfied:
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Wp SOp1 S Wpg < Swz3<wpg<or (2)
where n depends on the lattice size, w; and w,
represent the nearest and farthest neighbor inter-
action strengths, respectively. The long-range inter-
actions between the magnetic spins are quantified
through a window parameter (w,) varying based on
the lattice size that covers every spin interaction on
a lattice. The window parameter approach has been
successfully applied previously to predlct the spatio-
temporal evolution of microstructures,?®?” as well
as to find the free energy of the Ismg model.?® In
Fig. 2, the variation of the @ values can be observed
for a 20 x 20 lattice. The matrix comprised of the w
values is ensured to have a size of (2N + 1) x (2N +
1) to be applicable for every spin even when its
center is placed at the corner of the lattice. In
addition, as described in Eq. 3, o values are Gaus-
sian distributed and normalized with respect to the
total summation. The spin states are determined
using this methodology. A visual schematic of the
Ising model that accounts for both the nearest-
neighbor and high-order interactions is shown in a
2D lattice in Fig. 3 for different values of kg7

w1 w9 Wy

Z?:l wi’ZL w;’ ’Z?:l w; 3)

Three-dimensional Ising Model

For any aforementioned state of the material, the
problem of identifying the states of the spins is
solved by defining the Hamiltonian expression with
the utilization of the window approach. As in the 2D
approach, if the dimension of the lattice is defined as
N x N x N, up to the nth order interactions in the
3D neighborhood of the spin are considered. The use
of this approach ensures that high-order interac-
tions are accounted for to improve the accuracy and
precision of the computations. To further improve
the computational time efficiency and thus
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Fig. 3. Change of interaction strengths between the spins based on
distance and temperature for a 4 x 4 lattice.

eliminate the associated scalability of the problem,
the spin states in the 3D space are determined by
solving the corresponding sub-problems in 2D plane
sections. Accordingly, the 2D neighborhoods of the
spin are obtained in x—y, x—z, and y—z plane sections,
respectively. Next, the sub-problems are solved
using the presented approach (for three different
cases of temperature). If the plane-section solutions
for the spin state are labeled as ¢} 7,07 %, and ¢ °
for the x—y, x—z, and y—z plane sections, respectively,
then the state of the spin, i, is determined by solving
a secondary problem. In particular, the spin state in
3D is computed by deriving the following weighted-
average expression:

g; = sgn
(05 % 03) + (@5 x 037) + (0] x o)
RN RN

(4)

where sgn is the sign function that is used to
determine whether the state of the spin, g;, is spin-
up (+ 1) or spin-down (— 1). The expression in
Eq. 4 is developed explicitly in terms of the
weightage parameters that are defined for each
plane section (w; ~ for x—y plane section, w?* for x—
plane section, and @ ° for y—z plane section). For
most cases, these weightage parameters are
assumed to be equal, such that ! > = 0l * =] * =
1 (assuming that the neighboring spins in different
plane sections contribute to the spin state equiva-
lently). Maintaining the explicit definition of the
weightage parameters is beneficial for cases when
the neighboring spin information in a certain plane
section becomes more decisive in than the other
planes.

RESULTS AND DISCUSSIONS
Model Verification with Theoretical Results

The Ising model was initially devised using a 4 x
4 lattice as a foundational case. In an effort to
validate the constructed model, the magnetization
parameter, designated as M, is computed, and its
relationship with the free energy is depicted graph-
ically in Fig. 4, considering the interactions of spins
within the influence of an external magnetic field. It
becomes crucial to encompass all potential configu-
rations of the spins. For this 4 x 4 domain, 65,536
distinctive magnetic spin arrangements exist. The
numerical magnetization parameter is computed for
all these combinations employing Eq. 4. Subse-
quently, theoretical solutions for the magnetization
parameter are calculated across a spectrum of
external magnetic field values, utilizing Eq. 5. Pro-
ceeding further, the free energy (F) of the system is
ascertained using Eq. 6.1 This equation computes
both theoretical and computational M values. The
equation has its foundations in the mean field
theory, which only considers the nearest neighbors
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Fig. 4. The change in the free energy (F) as a function of the magnetization parameter (M) for interacting spins and with an external magnetic
field as the temperature is constant (a—c) and varying temperature as the external magnetic field is constant (d—f). The blue samples show the

exhaustive solution data (Color figure online).

on a lattice, irrespective of temperature variations.
This method proves invaluable when dealing with
large domain sizes, given the impracticality of
calculating the free energy for each possible spin
configuration. While the mean field theory is

proficient in generalizing behavior, it does lack
precision due to the absence of long-range neighbor
data. In an attempt to draw a fair comparison
between the theory and the long-range neighbor
approach, the same methodology is employed, albeit
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with certain adjustments. Importantly, the interac-
tion strength matrix is designed to only consider the
nearest neighbors, mirroring the fundamental
assumption of the mean field theory. Due to the
potential for multiple spin combinations to exhibit
the same count of positive and negative spins, the
overlap results in only a fraction of the total 65,536
combinations being visible in the plotted diagrams.
Additionally, it is demonstrated that the minimum
free energy observed in both numerical and theo-
retical solutions tends to occur at nearly identical
magnetization levels. This observation adds further
validation to the methodology employed in the
study.

Np — Ny
N

where Np is the number of positive spins (upward),
Ny is the number of negative spins (downward), N
is the total number of spins in a lattice, and M
stands for the magnetization.

M= (5)

M =tanh (kBLT> (6)

where kg is the Boltzmann constant and T is the
temperature. The value of M must remain within
— 1 to 1. The free energy expression is given as
follows:”

FM)  (Jeq \pre (P
NksT <2kBT M=\ g7 )™

() (12
(7)

where J, is the constant interaction strength and ¢
is the coordination number of the lattice, which is 4
for a 2D lattice. The first two terms in the equation
represent the interaction energy. The following
terms constitute the entropy equation. The corre-
sponding magnetization to the minimum of the free
energy curve is the magnetization level the system
will have.
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Fig. 6. Comparison of the average of the numerical results against the theoretical solution with two different approaches for a 5 x 5 lattice:
Simple average and the average of the random combinations where kgT = 2.5 (Color figure online).

Extended Mean Field Solution to the Ising
Model

The mean field theory is a well-established tech-
nique in physics that offers credible approximations
to precise solutions when the dimensional count is
sufficiently high. It is the preferred estimation
strategy for modeling systems characterized by
interactions.'® However, it is important to acknowl-
edge that the solutions derived from the mean field
theory do rest on certain suppositions concerning
the correlations amidst interacting spins. In utiliz-
ing this approach, the spin state is discerned on the
basis of the system’s free energy, which is a function
of the Hamiltonian. In the course of determining the
explicit representation of the system’s free energy,
the covariance relationship among the spins over
long range is typically disregarded, primarily
because of the computational challenges and
expenses associated.%29:3

This study seeks to enhance the mean field
solution by dispensing with this fundamental pre-
sumption, a step that is imperative to the quantifi-
cation of uncertainties within the external magnetic
fields. With the application of the weight parameter
approach, the free energy levels deviate from those
associated with the nearest neighbor, a phe-
nomenon illustrated in Fig. 5. The divergence is
considerably less pronounced at lower tempera-
tures, yet it escalates when the temperatures are
higher.

Extension of the Ising Solution to Large
Computational Domains

It is important to investigate the behavior of
larger domains as well since it is unlikely to
represent the sufficient number of spins with a
simple lattice that is of size 4 x 4. However, unlike
mean field theory, whose computational time is not
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Fig. 7. Comparison of the average of the numerical results against the theoretical solution with two different approaches for a 7 x 7 lattice:
Simple average and the average of the random combinations where kgT = 2.5 (Color figure online)

affected by the size of the lattice, the long-range
neighbor method requires a different approach. As
any size of lattice > 4 x 4 would lead to an excessive
number of combinations resulting in extreme com-
putational cost; two methods are applied to evaluate
the magnetization under a certain temperature and
external magnetic field, thus the phase transition.
The first one is the simple average where the
average is obtained only using the minimum and
maximum free energy levels. The second approach
is to perform the calculations on randomly selected
combinations. This is applied for lattices with the
size of 5 x 5 in Fig. 6, 7 x 7 in Fig. 7, and 9 x 9 in
Fig. 8 for a temperature that is close to the phase
transition zone (kgT = 2.5).

To indicate the differences and applicability of the
methods, the results are obtained for both nearest-
neighbor and long-range neighbor approaches. The
simulations conducted in this study have produced
notable findings that contribute to our understand-
ing of the phase transition behavior in

ferromagnetic materials. Importantly, it was dis-
covered that the random selection of certain spin
combinations can yield an average magnetization
that exhibits a strong correlation with the mean
field theory predictions. This correlation was
observed in both considered cases, demonstrating
the validity of the mean field theory in the modeling
of such systems. Moreover, it was found that the
influence of long-range neighbors is a significant
factor. When these interactions are relatively
higher, the simple average -calculation aligns
remarkably well with the mean field theory predic-
tions. This observation underscores the importance
of considering long-range interactions in modeling
the magnetic properties of these materials. How-
ever, a different scenario unfolds when only the
nearest neighbors are considered. The results
gleaned from the simple average calculation in this
situation tend to be misleading. As per our expec-
tations, the variation observed in this case was
found to be lower. This outcome emphasizes the
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Simple average and the average of the random combinations where kg T = 2.5 (Color figure online)

crucial role of more distant spin interactions in
understanding the system’s behavior.

Another important finding pertains to the impact
of lattice size on the system’s magnetization. As the
lattice size increases, a visible change in the sys-
tem’s magnetization becomes apparent. The larger
the lattice size, the higher the magnetization of the
system will be. This relationship elucidates the
importance of system size in determining its mag-
netic behavior. Interestingly, as the lattice size
grows, the resulting magnetization curves become
smoother. This result demonstrates the system’s
ability to stabilize and produce more predictable out-
comes as its size expands, further reinforcing the
significance of the lattice size in the study of such
systems. One striking revelation from this study
was the computational efficiency of finding only the
maximum and minimum free energy levels com-
pared to using a random example approach. We
found that the disordered spin combinations, i.e.,
the ones with spins in the most chaotic

arrangements, are likely to possess the maximum
free energy. Conversely, the most ordered spin
combinations—those in which the spins are neatly
arranged—tend to have the minimum free energy.
These findings provide a valuable perspective on the
computational advantages and physical insights to
be gained from focusing on the extreme ends of the
free energy spectrum. By understanding the nuan-
ces of this relationship, we can build more effective
and efficient models for the exploration of phase
transitions in ferromagnetic materials.

Three-Dimensional Ising Model Development

The 3D Ising model extends the principles used in
2D domains, particularly employing the window
approach to model the intricate higher order inter-
actions between the magnetic spins. This window
approach method, a widely used technique for
modeling spin states in 2D domains, is thus co-
opted for the creation of 3D Ising model
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Fig. 11. Free energy of the combinations for simple cubic lattices with the size of 5 x 5 x 5 and 10 x 10 x 10 for different magnetization levels.

representations. The focus is primarily on under-
standing the spin state of the material and how the
various interactions might influence the overall
magnetic properties. In the context of 3D struc-
tures, three distinct lattice types are considered: the
simple cubic, the face-centered cubic, and the
hexagonal lattices. These lattice structures, scaled
for clarity, are depicted in Fig. 9. Each one offers
unique insights into the arrangement and interac-
tions of spins within a ferromagnetic material.

The simple cubic lattice, as the name suggests,
presents a straightforward structure with spins at
every site within the lattice. It offers a robust founda-
tion upon which to understand the basic principles of
spin-spin interactions within a 3D space. It is a
fundamental structure in the realm of the 3D Ising
model. On the other hand, the face-centered cubic
lattice is derived from the simple cubic structure with
some modifications. In this lattice, certain spins are
omitted from the simple cubic structure. This strategic
omission is carried out to maintain the applicability of
the window approach across all layersin the structure.

Although these sites are vacant, they still bear a
corresponding interaction strength value within the
window. However, since there are no spins at these
sites, the interaction strength is effectively nullified as
it is multiplied by zero. This specific design ensures
that there are no adjacent spins along any line in the
structure in every dimension of the face-centered
cubic lattice. The third lattice structure exploredis the
hexagonal lattice. From a top-view perspective, the
upper layer of the hexagonal lattice appears strikingly
similar to the face-centered cubic lattice. However, as
one moves downwards through the layers, the hexag-
onal structure remains constant, unlike the face-
centered cubic structure. Additionally, the distances
between the sites vary, marking another departure
from the face-centered cubic and simple cubic struc-
tures. The inner portion of the lattice, the core of the
hexagonal structure, repeats as the size increases.
Consequently, the hexagonal lattice possesses a
unique structure compared to the regular hexagonal
lattice. For a fair comparison, all the lattice structures
are selected with the same outer dimension,
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Fig. 12. Free energy versus magnetization for simple cubic lattices with the sizes of 5 x 5 x 5 and 10 x 10 x 10 for different temperatures.

specifically a value of 5. By maintaining this unifor-
mity in outer dimensions, it becomes possible to
accurately compare and contrast the spin-spin inter-
actions and overall magnetic behavior within the
different lattice structures.

First, the window approach is applied to the simple
cubic lattice particularly to investigate the effect of
the boundary condition. A case study is created where
all possible combinations of magnetization = % are
considered and their free energies are calculated. The
purpose is to observe the change in the free energy
based on the flipped spin location in the lattice to
explore the domain size dependence of the problem
physics. The lattices in Fig. 10 are the first few
combinations that the calculation performed. When
the flipped spin is in the corner sites of the lattice, the
free energy is the highest as expected as it interacts
with fewer spins. Since the disruption causes a fall in
free energy, when the flipped spin interacts with the
most spins with high interaction strength, it is
observed that the free energy is the lowest. This is
the case where it is located in the center of the lattice.

Even though the free energy variation occurs, it is
quite low for this case, indicating that even for a
lattice of small size (5 x 5 x 5), the solution does not
vastly depend on the domain size.

Next, another case is created to further investi-
gate this effect. However, in this case, there are
more flipped spins in the system as shown in
Fig. 11. Free energies of lattices with the size of 5 x
5 x5 and 10 x 10 x 10 are compared to decide on
the minimum lattice size that can generate satis-
factory results since larger lattices in 3D cause even
more computational burden. There are more possi-
ble spin combinations for the system when more
flipped spins are present, and 500 of these combi-
nations are selected randomly for the lattice with a
size of 10 x 10 x 10 in (a) and both lattices in (b) and
(c). For comparison, some of the combinations of the
lattice with a size of 5 x 5 x 5 are repeated in (a).
The smaller lattice is considered to represent the
bounds as their free energies are prone to have
values within a greater range. The larger lattices
have free energy values that are more confined for
the same magnetization level since the number of
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Fig. 13. Free energy versus magnetization curves under different temperatures for different 3D structures.

affected spins increases with size. That causes the
effect of the flipped spins to diminish, resulting in
less variation in the free energy. The variation also
increases when the number of flipped spins is
higher because of the combination variety. Even
though the variation decreases with size, the small

difference between the lattices for all cases shows
that using the lattice with a size of 5 x 5 x 5 will be
able to accomplish a base for the simulation.

The comparison is then made between the lattices
with different sizes for the same type of combina-
tions. The 10 x 10 x 10 lattice is created by
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Fig. 14. Change of free energy versus magnetization for a 4 x 4 lattice under different kg T values, particularly close to the phase transition

region. These distributions are going to be used for uncertainty analyses.

combining eight identical lattices with size
5 x5 x 5. For each magnetization level, only one
combination is selected and investigated for differ-
ent temperatures. The selection of the combination
type is loosely based on the findings of the minimum
free energy in 2D. The results in Fig. 12 show that
regardless of the lattice size, a similar behavior can
be observed between the free energy and magneti-
zation even though the values vary.

Finally, the simple cubic, face-centered, and
hexagonal lattices with the size of 5 x5 x5 are
studied to generate outcomes with varying magne-
tization values. Since the combination number
increases even faster in 3D, the purpose is to select
the smallest lattice size as the representative
volume element (RVE) size for preliminary evalua-
tion. Here, the goal is to use the RVE as a
periodically repeating structure when modeling
very large computational domains. The size is
preserved for the other lattice structures as shown
in Fig. 9. The free energy values for these structures
are investigated under different temperatures as

shown in Fig. 13. For all of them, the idea of the
average of random combinations is used, even
though it cannot be validated as it was in the 2D
case since the mean field theory is valid for only 2D.
For simple and face-centered cubic structures, the
phase transition occurs between the given kT
values in Fig. 13. For the hexagonal lattice, the
transition seems to occur at a lower temperature
than the presented values in Fig. 13.

Uncertainty Analysis

The effects of the uncertainties arising from the
external magnetic field and temperature are inves-
tigated for a 4 x4 2D lattice. The investigation
space for temperature is chosen to be between
kT = 2.5 and kgT =3.3. The phase transition
occurs at kgT = 3 yet the transition starts around
kT = 2.5. The free energy of the combinations
under certain temperatures is given in Fig. 14.
Even though the minimum of average free energies
provides an intuition about the magnetization that
the system will have, it can be observed that it is
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Fig. 15. The effects of uncertainty arising from the temperature on the free energy values associated with the phase transition behavior for
different magnetization levels. Transition behavior starts at kg7 = 2.5 and occurs around kgT = 3.

actually a probability distribution. For that reason,
the minimum of the free energies shows the mag-
netization of the most probable final combination.
To further investigate these probability distribu-
tions, the histogram of the combinations is gener-
ated regarding the free energies as shown in
Fig. 15. The distributions are obtained for different

kT values and for five different magnetization
levels to observe the shift of the distributions. When
the kgT is lower than the transition temperature,
the expected value for the magnitude of the nor-
malized free energy decreases, which is parallel to
the findings obtained before. Similarly, the expected
value for the magnitude of the normalized free
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energy increases as kgl increases. Moreover, the
type of distribution does not change for the cases
where kgT is greater than the transition tempera-
ture, yet the standard deviation becomes lower. As
the kgT values increase, the standard deviation
values for the normalized free energy increase as
well. This finding indicates that the effects of
uncertainty related to temperature become more
prevalent at higher temperatures. In other words,
the phase transition behavior is more predictable at
lower temperature values with the decrease in the
standard deviation of the free energy values.

Secondly, the uncertainty arising from the exter-
nal magnetic field is considered as illustrated in
Fig. 16. For this study, the temperature value is
kept constant at a value that is close to the
transition value. The type of probability distribution
for a magnetization level that is equal to 0.5 stays
the same for each case. It is also observed that the
standard deviation values for these distributions do
not demonstrate any meaningful changes. Increas-
ing the external magnetic field causes the free
energy levels to be lower. In summary, the uncer-
tainty arising from the external magnetic field
propagates on the free energy similarly even for
different magnetization levels while the expected
values can be different as a result of the changes in
magnetization.

CONCLUSION

In this research, we have effectively modeled the
phase transition of ferromagnetic materials using
2D and 3D Ising models. These models successfully
incorporated the intricate long-range magnetic
spin-spin interactions and the presence of an exter-
nal magnetic field. We have also integrated an UQ
formulation into the Ising models, which helped us
assess the uncertainties associated with the exter-
nal magnetic field and temperature. Importantly,
we were able to evaluate the implications of these

uncertainties on the phase transition from a ferro-
magnetic to a paramagnetic state. Our work
acknowledges the existing complexities in the Ising
model, particularly in its three-dimensional version,
which still lacks a universally accepted solution. We
have reiterated the limitations of current experi-
mental methods and emphasized the need for
models like ours that can interpret experimental
results. Overall, this study contributes to the ongo-
ing research in the field of phase transitions of
ferromagnetic materials. We believe our findings
will support future research that seeks to refine and
enhance the understanding of phase transitions,
particularly in the context of complex three-dimen-
sional systems.
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