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Graph-based Time-series Forecasting in Deep Learning

Hongjie Chen

(ABSTRACT)

Time-series forecasting has long been studied and remains an important research task. In
scenarios where multiple time series need to be forecast, approaches that exploit the mutual
impact between time series results in more accurate forecasts. This has been demonstrated
in various applications, including demand forecasting and traffic forecasting, among others.
Hence, this dissertation focuses on graph-based models, which leverage the internode rela-
tions to forecast more efficiently and effectively by associating time series with nodes.
This dissertation begins by introducing the notion of graph time-series models in a compre-
hensive survey of related models. The main contributions of this survey are: (1) A novel
categorization is proposed to thoroughly analyze over 20 representative graph time-series
models from various perspectives, including temporal components, propagation procedures,
and graph construction methods, among others. (2) Similarities and differences among
models are discussed to provide a fundamental understanding of decisive factors in graph
time-series models. Model challenges and future directions are also discussed.
Following the survey, this dissertation develops graph time-series models that utilize complex
time-series interactions to yield context-aware, real-time, and probabilistic forecasting. The
first method, Context Integrated Graph Neural Network (CIGNN), targets resource forecast-
ing with contextual data. Previous solutions either neglect contextual data or only leverage
static features, which fail to exploit contextual information. Its main contributions include:
(1) Integrating multiple contextual graphs; and (2) Introducing and incorporating temporal,
spatial, relational, and contextual dependencies; The second method, Evolving Super Graph
Neural Network (ESGNN), targets large-scale time-series datasets through training on super
graphs. Most graph time-series models let each node associate with a time series, potentially
resulting in a high time cost. Its main contributions include: (1) Generating multiple super
graphs to reflect node dynamics at different periods; and (2) Proposing an efficient super
graph construction method based on K-Means and LSH; The third method, Probabilistic
Hypergraph Recurrent Neural Network (PHRNN), targets datasets under the assumption
that nodes interact in a simultaneous broadcasting manner. Previous hypergraph approaches
leverage a static weight hypergraph, which fails to capture the interaction dynamics among
nodes. Its main contributions include: (1) Learning a probabilistic hypergraph structure
from the time series; and (2) Proposing the use of a KNN hypergraph for hypergraph ini-
tialization and regularization. The last method, Graph Deep Factors (GraphDF), aims at
efficient and effective probabilistic forecasting. Previous probabilistic approaches neglect the
interrelations between time series. Its main contributions include: (1) Proposing a frame-
work that consists of a relational global component and a relational local component; (2)
Conducting analysis in terms of accuracy, efficiency, scalability, and simulation with oppor-
tunistic scheduling. (3) Designing an algorithm for incremental online learning.



Graph-based Time-series Forecasting in Deep Learning

Hongjie Chen

(GENERAL AUDIENCE ABSTRACT)

Time-series forecasting has long been studied due to its usefulness in numerous applications,
including demand forecasting, traffic forecasting, and workload forecasting, among others.
In scenarios where multiple time series need to be forecast, approaches that exploit the mu-
tual impact between time series results in more accurate forecasts. Hence, this dissertation
focuses on a specific area of deep learning: graph time-series models. These models associate
time series with a graph structure for more efficient and effective forecasting.
This dissertation introduces the notion of graph time series through a comprehensive survey
and analyzes representative graph time-series models to help readers gain a fundamental
understanding of graph time series. Following the survey, this dissertation develops graph
time-series models that utilize complex time-series interactions to yield context-aware, real-
time, and probabilistic forecasting. The first method, Context Integrated Graph Neural
Network (CIGNN), incorporates multiple contextual graph time series for resource time-
series forecasting. The second method, Evolving Super Graph Neural Network (ESGNN),
constructs dynamic super graphs for large-scale time-series forecasting. The third method,
Probabilistic Hypergraph Recurrent Neural Network (PHRNN), designs a probabilistic hy-
pergraph model that learns the interactions between nodes as distributions in a hypergraph
structure. The last method, Graph Deep Factors (GraphDF), targets probabilistic time-
series forecasting with a relational global component and a relational local model.
These methods collectively covers various data characteristics and model structures, includ-
ing graphs, super graph, and hypergraphs; a single graph, dual graphs, and multiple graphs;
point forecasting and probabilistic forecasting; offline learning and online learning; and both
small and large-scale datasets. This dissertation also highlights the similarities and differ-
ences between these methods. In the end, future directions in the area of graph time series
are also provided.
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Chapter 1

Introduction

Figure 1.1: This dissertation bridges the gap of graph modeling and time-series modeling.

Time-series modeling and graph modeling are both important research areas that have gained
increasing attention due to their wide applications. Generally, a time-series model studies
time series data, while a graph model renders a graph structure. Recent efforts have focused
on integrating these two domains, resulting in the emergence of graph time-series modeling.
The position of graph time-series research within deep learning is depicted in Fig. 1.1. This
dissertation centers around this concept and proposes several novel models to address various
research problems.

1.1 Research Problems

This dissertation aims to answer following research problems with graph time-series models:

• What model components are effective for graph time-series models? Specifically, we
focus on graph time-series forecasting accuracy and efficiency.

• How to address different model requirements and data characteristics, such as the
incorporation of contextual information, generating probabilistic forecasting, and hy-
pergraph modeling?

1
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Table 1.1: Primary model characteristics and use scenarios

Models Concept Diagrams Use Scenarios

CIGNN

This model is designed for datasets that containing one
target graph time series and multiple contextual graph
time series. For example, CIGNN is apt for forecasting
bike supply series across multiple locations, utilizing
temperature series and humidity series.

ESGNN

This model is designed for large-scale datasets containing
tens of thousands of time series or more. While ESGNN
may not achieve the highest accuracy, it excels in terms of
speed and efficiency.

PHRNN
PHRNN targets situations where time series interacts in a
beyond-pairwise manner, such as in cloud systems where
nodes communicate via simultaneous broadcasting.

GRAPHDF

GraphDF is a probabilistic forecasting method that
generates distributions as predictions instead of real values.
An extension named IOGraphDF, which adopts
incremental learning, is also proposed.

1.2 Contributions

This dissertation develops graph time-series models that utilize complex time-series inter-
actions to yield context-aware, real-time, and probabilistic forecasting. Table 1.1 highlights
the primary characteristics of the proposed models as well as their use scenarios to assist
readers in selecting suitable models. The main contributions are summarized below.

1.2.1 A Comprehensive Review of Graph Time-series Models

To the best of our knowledge, this is the first literature review that unifies the research areas
of time-series modeling and graph modeling in deep learning. It covers a range of tasks,
including regression, classification, and anomaly detection. We compile a comprehensive list
of related models and detail over twenty representative models. In order to advance the
understanding of graph time-series models, we categorize models from various perspectives,
highlight the similarities and differences between models, and have in-depth model discus-
sions. Specifically, we propose the categorization of Graph Recurrent/Convolutional Neural
Networks, where models are further grouped into Recurrent Neural Network (RNN)-based
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or Convolutional Neural Network (CNN)-based from the time-series modeling perspective,
and Self-derived graph-based and Evolving graph-based from the graph modeling perspec-
tive. Furthermore, we propose the categorization of Graph Attention Neural Networks and
discuss different attention types. We provide insightful directions for future research and
applications of graph time series models.

1.2.2 Context Integrated Graph Neural Network

We propose a novel graph model, Context Integrated Graph Neural Network (CIGNN), that
jointly models various dependencies, including temporal, relational, spatial, and dynamic
contextual dependencies, in contrast to existing methods that do not capture dynamic con-
textual information. CIGNN consistently outperforms previous methods in terms of MAE
and RMSE on two real-world datasets.

1.2.3 Evolving Super Graph Neural Network

We propose another novel graph time-series prediction model, namely, Evolving Super Graph
Neural Network (ESGNN), that has a significantly lower time and space complexity com-
pared to previous state-of-the-art baselines, while achieving comparable accuracy. ESGNN
leverages K-Means and Locality-Sensitive Hashing (LSH) to quickly construct evolving super
graphs, which allows the model to learn from the most recent graph connections.

1.2.4 Probabilistic Hypergraph Recurrent Neural Network

We introduce a novel hypergraph time-series forecasting model, Probabilistic Hypergraph
Recurrent Neural Network (PHRNN), which leverages the interrelationships among time
series by learning a probabilistic hypergraph. The probabilistic hypergraph approach benefits
our model with the advantages of both probabilistic modeling and hypergraph modeling.
To the best of our knowledge, PHRNN is the first probabilistic hypergraph model for time-
series forecasting. The novel probabilistic hypergraph modeling within our proposed PHRNN
serves as an adaptable spatial component and is readily integrated with other models. We
conduct extensive experiments with closely related baselines on multiple datasets. Our
experimental results show that PHRNN outperforms the baselines in terms of forecasting
accuracy. We investigate the effectiveness of PHRNN through an hyperparameter study,
including prior knowledge hypergraph constructions and regularization coefficients.
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1.2.5 Graph Deep Factors for Cloud Resource Forecasting

We propose a general and extensible deep hybrid graph-based probabilistic forecasting frame-
work called Graph Deep Factors (GraphDF) that is capable of learning complex nonlinear
time-series patterns globally using the graph time-series data to improve both computational
efficiency and forecasting accuracy while learning individual probabilistic models for indi-
vidual time series based on their own time series and the collection of time series from the
immediate neighborhood of the node in the graph. The GraphDF framework is data-driven,
fast, scalable for real-time demand forecasting, and highly data efficient. In addition, con-
sidering the time-series streaming nature where newly incoming values arrive at each time
step, we further propose an incremental online GraphDF (IOGraphDF) model that advances
GraphDF model tremendously with respect to training runtime.

1.3 Organization of the Dissertation

Chapter 2 gives a comprehensive literature review of graph time-series models. Chapter 3-
Chapter 6 introduce four proposed graph time-series models for time-series forecasting tasks.
Specifically, Chapter 3 introduces a novel model named CIGNN that aims to leverage con-
textual graphs to gain more accurate forecasting for the target graph time series. Chap-
ter 4 introduces a model named ESGNN that leverages super graph construction to reduce
time and space complexity. Chapter 5 introduces a probabilistic hypergraph model named
PHRNN that models interrelations based on a hypergraph structure. Chapter 6 introduces
a model named GraphDF and its extension IOGraphDF for streaming values. Both mod-
els forecast future values as a probabilistic distribution. In the end, Chapter 7 summarizes
all involved models, and presents the contributions of each work in detail. Future research
directions are also given.



Chapter 2

A Comprehensive Review of Deep
Graph Time-series Models

This chapter introduces and defines the terminology of Graph Time Series. By analyzing the
latest related works on the topic of graph time series, this chapter explains the fundamentals
of graph time series. Moreover, this chapter provides a comprehensive categorization of
graph time-series models.

2.1 Introduction

Deep learning (DL) research has seen rapid progress in time-series analysis and graph mod-
eling. Time-series analysis is essential in many areas such as signal processing, statistics,
and data mining [58, 104, 124]. While there exists many different tasks that involve time-
series analysis [78, 141], this survey specifically focuses on time-series tasks, including time-
series classification, time-series anomaly detection, and time-series forecasting. We define
deep learning models for time-series analysis as a category of models that leverage neural
networks to handle time-series data for the aforementioned tasks. Deep learning models for
time-series classification typically learn an embedding to classify time series [118, 209]; Time-
series forecasting methods leverage deep learning for various problems such as univariate
forecasting [145, 172], multivariate forecasting [23, 204], and forecasting model interpretabil-
ity [40, 57]; Time-series anomaly detection methods leverage deep learning for anomaly
detection at time-series level [111], time-period level [95, 144], and time-tick level [51, 228].
Regardless of their specific tasks, these models can be classified into two groups: models that
focus on individual time series and models that simultaneously consider multiple time series.
While the former group typically needs fewer parameters and is easier to interpret, it over-
looks the interrelations between time series that potentially enhances model performance. In
contrast, models in the latter group either implicitly or explicitly harness the interrelations
between time series, thereby enabling each time series to leverage knowledge from others.
Graph time-series models, as discussed in this survey, exemplify the latter group. Graph
models, on the other hand, are no less investigated for their universal power to model
topological relations between graph node entities [115, 227]. Deep graph learning research
has recently seen significant progress in node classification [106, 182], node embeddings [74],
and link prediction [222]. In this survey, we define graph models as those that leverage a

5
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graph structure, where entities of interest are represented as nodes, and their relationships
are represented as edges. Graph time-series models fall under the category of graph models
where nodes are associated with time series.

Both time-series models and graph models are actively surveyed on their own. Many existing
papers survey the topic of either time series [14, 18, 97] or graphs [227, 235], however, they
only enable a partial understanding of models that interweave the two subjects. While
a recent paper surveys both topics jointly, it only investigates a specific task of anomaly
detection [89]. By contrast, this survey aims to fill the gap in available survey papers and
provides a timely summary of the joint topic of time-series modeling and graph modeling
in deep learning. We refer to related models as deep graph time-series models or graph
time-series models for short. Graph time-series models aim to address time-series tasks
using two indispensable components, a time-series component that captures the intraseries
dependency, and a graph component that captures the interseries dependency. This survey
gives an overview of graph time-series models and provides insights for researchers on what
may contribute to model performance.

In the research area of deep learning, we define graph time-series models as models com-
prising one or more graphs, where the graph(s) is linked to time series through their node
representations. In a typical graph time-series model, each node of the utilized graph(s)
is paired with a time series. This association extends beyond time-series values and also
encompasses the static or dynamic contextual information pertaining to the time series, if
available. Each edge of the graph connects two nodes and indicates the strength of their
connection. For instance, in a graph time-series model designed for stock price prediction, a
graph can be employed where each node corresponds to a price series and a financial status
of a company. Intuitively, stocks in the same sector (e.g., aviation) are more likely to
correlate with each other than those in different sectors. This correlation leads to more ac-
curate forecasting when closely related stock series are considered. Therefore, each edge can
be derived from the correlation between its connecting nodes to indicate their connection
strength.

Our survey is outlined as follows: we compare our survey with related survey papers, in-
cluding those that only survey neural time-series models, those that only survey deep graph
models, and other related survey papers (Sec. 2.2). We provide a high-level picture of how
time series and graphs are modeled on their own in deep learning (Sec. 2.3), and then
give the preliminary and more technical details on fundamental computations (Sec. 2.4).
We follow by categorizing representative graph time-series models into two main categories
(Sec. 2.5), namely, Graph Recurrent/Convolutional Neural Networks (GRCNN), and Graph
Attention Neural Networks (GANN). In the GRCNN category, we further categorize models
with respect to time-series modeling and graph modeling. In the GANN category, we fur-
ther categorize models with respect to their targeted tasks. We discuss and analyze the use
of representational components in graph time-series models, such as gated mechanism and
skip connections, as well as the model interpretability (Sec. 2.6). We summarize real-world
applications and commonly used datasets. We also discuss how graph time-series models
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adapt to the irregularity from either time series or graphs (Sec. 2.7). At the same time,
we show the performance of selected models on two time-series tasks, namely, regression
and anomaly detection, to observe what models perform the best and analyze the possible
reasons. Finally, we discuss open issues and future directions (Sec. 2.8).

Our survey aims to provide researchers insight on state-of-the-art deep graph time-series
models. For this purpose, we select and discuss representative models on the topic. Our
main contributions are summarized below:

• To the best of our knowledge, this is the first literature review that unifies the research
areas of time-series modeling and graph modeling in deep learning to cover a range
of tasks, including regression, classification, and anomaly detection. We compile a
comprehensive list of related models and detail over twenty representative models.

• In order to advance the understanding of graph time-series models, we categorize
models from various perspectives, highlight the similarities and differences between
models, and have in-depth model discussions.

• We present the performance of selected models on commonly used datasets and ana-
lyze possible contributing factors for performance improvement. We provide insightful
directions for future research and applications of graph time series models.

2.2 Related Work

Our survey is closely related to surveys that review either deep time-series models or deep
graph models, as well as those that review temporal dynamics of graphs from perspectives
of temporal point processes or dynamic networks.

Time series in deep learning are extensively researched and many models have been proposed
for various tasks. For example, Ismail Fawaz et al. [97] survey classification models and
groups them into generative and discriminative models. Forecasting models [14, 126] are
discussed with respect to various task types, such as point forecasting versus probabilistic
forecasting, single-step forecasting versus multistep forecasting, and so on. Blázquez-García
et al. [18] provide a taxonomy of anomaly detection models for time-series level, period level,
and time-point level outlier detection. Meanwhile, a considerable amount of deep graph
models are also studied. For example, Wu et al. [203] provide an overview of representative
Graph Neural Networks (GNNs). Another parallel survey paper also summarized different
types of GNNs [227]. Moreover, Zhou et al. [235] discuss GNNs in terms of different
propagation methods, sampling methods, and pooling methods. Although existing surveys
on time series do not include graph-based models, and the aforementioned surveys on graphs
rarely discuss time-series models, these papers and their surveyed models establish a solid
foundation for researchers to propose and advance graph time-series models. Recent efforts
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have aimed at integrating both topics as well. For example, Ho et al. [89] explore graph-based
models for time-series anomaly detection. Unlike the exclusive focus on anomaly detection
in that work, models surveyed in this chapter covers a broad spectrum of various tasks,
including regression, classification, and anomaly detection. This survey serves to bridge the
existing gap in the combined domain of time-series modeling and graph modeling in deep
learning.

Similar to graph time-series models, temporal point processes in networks and dynamic net-
works are two types of models that capture the temporal dynamics embedded in a graph
structure. Temporal Point Processes (TPP) are random processes that have the realization
as a list of discrete events at different time points [63, 109]. TPP is commonly used to model
time series of discrete events in continuous time. For example, TPP-based network models
predict the number of link creations in social networks by formulating each link creation as
a discrete event, and the time interval between events as a random variable. By contrast,
graph time-series models use datasets that aggregate link count to derive time-series of a reg-
ular time interval. TPP-based models are more refined for temporal modeling, however, they
require expert knowledge to select the probabilistic distributions behind random variables,
which can be difficult for users without a statistical background. Besides, they typically
take quadratic time complexity, which is computationally expensive for large-scale data.
Dynamic network models commonly form a time-evolving graph to capture the interactions
of nodes for node classification, link prediction, and other tasks [12, 170]. For example,
Gupta and Bedathur [77] survey time-dependent graph representation learning and genera-
tive modeling. These models do not consider time series and therefore fail to solve time-series
tasks. Different from existing survey papers, our survey primarily addresses two key research
questions: RQ1. How do graph time-series models integrate graph models and time-series
models, earning the advantages from both? RQ2. How do graph time-series models dis-
tinctively incorporate diverse structural designs, such as attention and residual connections,
among more complicated ones? We navigate these research questions throughout the chapter
via in-depth discussion of numerous graph time-series models, which helps readers under-
stand the strength of graph time-series models on various time-series tasks. Moreover, this
understanding contributes to further advancements in related research domains.

2.2.1 Related Work on Time-series Forecasting

Most work detailed in this chapter targets time-series forecasting. Hence, in this section
we briefly introduce related work on the topic of time-series forecasting. Specifically, we
introduce classical forecasting models and DL-based models that are not based on graphs.
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2.2.1.1 Classical Time-series Forecasting Models

Classical time-series models such as AutoRegressive Integrated Moving Average (ARIMA)
and exponential smoothing have demonstrated huge successes in univariate time-series pre-
diction [68, 78, 91, 138, 181], however, they are mainly statistical and often fall short of
incorporating input features [25]. Their main focus is on forecasting individual time series,
which limits the model scalability and fails to extract the nonlinear relationships across time
series. By contrast, multivariate time-series prediction takes the advantage of modeling the
interdependencies across time series to improve prediction accuracy [17, 161, 176]. One ex-
ample of multivariate time-series models is Vector AutoRegression (VAR) [173], which is
considered as a generalization of autoregressive model. VAR treats the relationships across
time series equivalently without difference, which is unrealistic. Deb et al. [48] summarized
nine classical methods for forecasting energy usage, including artificial neural networks, sup-
port vector machine, among others.

2.2.1.2 DL-based Time-series Forecasting Models

Recent advance in deep learning and increase of available datasets have led to substantial
improvement on time-series prediction [52, 72, 92, 99, 127, 162, 191, 192, 226], among which
Recurrent Neural Networks (RNN) have received tremendous popularity for its accuracy
and flexibility in modeling nonlinear complex temporal dependency [7, 13, 20, 23, 82, 126,
145, 219]. Long Short-Term Memory units (LSTM) [10, 90] and Gated Recurrent Units
(GRU) [36, 37, 38] are two RNN models that are broadly adopted for their competence
to overcome the vanishing gradient problem. Based on the LSTM and GRU architectures,
many sequence-to-sequence models have been developed to allow prediction for a modest
number of horizon [8, 59, 125, 175].

RNN models are also adopted to share information across variates and hence improve the
forecast accuracy [175, 201]. For instance, Qin et al. [152] proposed a dual stage attention-
based RNN model. Huang et al. [93] introduced a dual-attention mechanism for periodic or
nonperiodic multivariate time-series forecasting.

2.3 Time series and Graphs in Deep Learning: Indi-
vidual Modeling

In this section, we discuss how time series and graphs are separately modeled in deep learning.
Our discussion mainly focuses on a high-level generalization of embedding learning for time
series and nodes in graphs.
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2.3.1 Time-series Encoding in Deep Learning

Two types of neural networks are mainly used to encode time series: Convolutional Neural
Networks (CNN) and Recurrent Neural Networks (RNN). Through convolutional filters,
CNN models capture local relationships between time-series values within ranges of con-
volutional filters. RNN models with their recurrent digesting characteristics, instead, aim
at learning a hidden state that embeds knowledge from all earlier observations in the time
series, after which the hidden state is used for downstream tasks such as classification or
forecasting. Using a multivariate time series, denoted by X ∈ RT×d of T time steps and d
feature dimensions, as an input example, an RNN structure outputs a hidden state ht ∈ Rdh

of a user-defined dh dimensions for each time step t. A general RNN takes the form below,

ht = fθ
(
ht−1,xt

)
(2.1)

where θ generalizes the structure and parameters of the neural network and xt ∈ Rd is the
observation value vector at time step t. The starting hidden state h0 is typically initialized
as 0 when there is no prior knowledge. The model is extended to generalize the case where
there are N multivariate time series as X ∈ RN×T×d. The hidden state Ht ∈ RN×d at time
step t is hence computed by the following equation,

Ht = fθ
(
Ht−1,Xt

)
(2.2)

with H0 initialized as 0 and Xt ∈ RN×d the observation matrix at time step t. By having t
moving forward along the time dimension, the hidden state HT at the last time step t = T
learns from data values at all previous time steps. Later in Sec. 2.4, we will detail two
popular RNNs, Long Short-Term Memory (LSTM) and Gated Recurrent Units (GRU).

2.3.2 Graph Modeling in Deep Learning

A great many DL-based graph models have recently been proposed, addressing various graph
problems and data natures. In this section, we primarily focus on node embedding models
with Graph Neural Networks (GNN). Effective node embeddings can then be used in
downstream tasks such as node classification and link prediction.

2.3.2.1 Node Embedding

Learning informative node representations remains one of the most important tasks in deep
graph learning. Effective node embeddings can be used in many tasks [51, 94]. Earlier
models leverage random walk [74, 94], while recent models advance task performance with
neural layers that efficiently aggregate neighboring node information and model the nonlinear
interdependency between nodes to improve representation learning [106, 135, 183].
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Given a graph G = (V,E) with a node set V and an edge set E, and node features X ∈ RN×d

of N = |V | nodes and d dimensions, the goal of node embedding is to learn a hidden state
hv ∈ Rdh of a selected dimension dh for each node v ∈ V . A generalized node embedding
graph model takes the form below,

hv = fθ,G
(
xv, {hu | u ∈ V ∧ u 6= v}

)
(2.3)

where θ denotes the GNN structure and parameters. The equation implies that the em-
bedding of node v relies on both its input features and the embeddings of other nodes. In
practice, the range of other nodes is limited to a neighborhood set of v, denoted by Γ(v),
hence resulting in u ∈ Γ(v).

2.3.2.2 Representative Graph Neural Networks

GNNs constitute the majority of recent graph-based deep learning models [203, 227]. Here,
we briefly introduce how graph structures are rendered in two widely used GNN models.

Graph Convolutional Networks (GCN) operate directly on graph structures with graph
convolutional layers, which is considered a counterpart of CNN which operates on grid-
structure data [106, 223]. For each node in the graph, GCN aggregates information from
other nodes based on their connection strength, i.e., nodes in proximity have more impact
than distant nodes. A graph convolutional layer allows the aggregation of one-hop neighbor
nodes. Multihop neighborhood aggregation can be achieved by stacking multiple graph
convolutional layers. Essentially, GCN can be seen as a node embedding method and it was
initially applied to a node classification task.

Graph Attention Networks (GAT) integrate the attention mechanism which consists of
self-attentional layers. These layers learn pairwise relations between nodes based on node
embeddings [183]. Although the standard GAT takes the graph connectivity information as
input, GAT can assume a complete graph when such connectivity information is missing.
Node embeddings are used to compute attention scores, which consequently serve as edge
weights in the graph. This procedure has twofold advantages. Firstly, the attention scores
offer a plausibly intuitive interpretation of mutual impacts between nodes. Secondly, the
node embeddings and attention scores can be iteratively computed in turn, providing a
self-contained and relatively simple model regarding parameter complexity. External graph
structure knowledge, if exists, can be utilized to select attention scores to compute. Similarly,
the GAT model can be seen as a node embedding method that learns a hidden state for each
node by incorporating their neighborhood information.
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Table 2.1: A notation table of frequently used symbols

Notations Descriptions Notations Descriptions

X a tensor c number of channels

X,W matrices d number of features or variates

θ,a,b parameter vectors α attention scores

θ, λ parameter scalar values G a series of graphs

T length of time series G = (V,E) a graph, its node set and edge set

w lookback window size N = |V | number of nodes

τ future horizon Γ(v) neighbor node set of v

h,H hidden states A adjacency matrix

I identity matrix D degree matrix

L Laplacian matrix l number of layers

‖ or ⊕ concatenation operator | · | cardinality operator

� Hadamard product fFC , fEMB , fCONV neural network functions

fLSTM , fGRU neural network modules σ (·) , tanh (·) sigmoid and tanh activation functions

2.4 Preliminaries and Definitions

This section defines most frequently used symbols and functions for convenience. Addition-
ally, we define commonly used neural modules and formulate time-series tasks. The following
typeset conventions are adopted for readability. We use a plain lowercase Latin letter to
denote a scalar value or a function (e.g., c, d as scalar values, f (·) , g (·) as functions), a plain
lowercase Greek letter to denote a hyperparameter or a parameter in the neural network (e.g.,
θ, λ as parameters), a plain uppercase Latin letter to denote a tensor (e.g., X ∈ RN×T×d), a
bold lowercase Latin letter to denote a vector (e.g., θ,b as vectors), a bold uppercase Latin
letter to denote a matrix (e.g., X,W as matrices), a calligraphic uppercase Latin letter to
denote a set (e.g., G = {G1, G2, . . . , GT}). Subscripts and superscripts are also used to dis-
tinguish symbols when they share the same letters. A summary of notations is provided in
Table 2.1. The definitions of time series, graph, and graph time-series are given below.

Definition 1 (Time Series). A time series is defined as a sequence of data values either
obtained from a continuous space by sampling or recorded in a discrete space. We let
x = [x1x2 . . . xT ]

T ∈ RT containing T observed scalar values denote a univariate time
series of length T . When there are two or more time series (e.g., d time series) associated
with an entity, a multivariate time series is usually created and we let X ∈ RT×d denote a
multivariate time series of length T and d variates. Some papers use d to denote the number
of time features or hidden features. We overload the notation d to denote both the number
of variates and the number of features, as the context makes it clear which definition is being
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used. In time-series forecasting tasks, a lookback window containing some most recent values
is often constructed to simplify model complexity. We let w denote the window size, and τ
the prediction horizon.

Definition 2 (Graph). Let G = (V,E) denote a graph with V and E denoting its node set
and edge set. The size of the node set is denoted by N = |V |, where | · | denotes the set
cardinality operator. The adjacency matrix, denoted by A ∈ RN×N , is derived from the edge
set, i.e., the element Aij represents the edge weight from node i to node j. In the case where
the graph is a connectivity graph, A is instead a binary matrix such that A ∈ {0, 1}N×N .
For each node v ∈ V , we let Γ (v) ⊂ V denote the set of its neighbor nodes. The graph
can contain node features, in which case we let X ∈ RN×d denote the d dimensional node
features. For convenience, we let L and D respectively denote the Laplacian matrix and the
degree matrix of the adjacency matrix where L = D−A and Dii =

∑
j Aij.

Definition 3 (Graph Time Series). We define graph time series as time series X whose mutual
relationships between time series are described in a graph G (V,E,X). Depending on the
context, graph time series can be univariate or multivariate. In graph-based time-series
models, each node v ∈ V in the graph is associated with a time series, hence, there are in
total N time series in the dataset that forms node feature data X ∈ RN×T×d of length T
and d dimensions. This association is of one-on-one mappings, i.e., v1 is associated with
X1, v2 is associated with X2, …, and vN is associated with XN . Without loss of generality,
the dimension can be set d = 1 to include univariate time-series cases. Unless otherwise
mentioned, we use a superscript to denote the time index, i.e., X t denotes all values at the
moment t. We use a subscript to denote the node and the multivariate index, i.e., Xi denote
all values associated with node i.

2.4.1 Fundamental Computations in Neural Networks

For convenience, we formulate commonly used functions, layers, and modules in neural net-
works. We let f∗ (·) denote them and distinguish them by a subscript, e.g., fFC (·) stands for
a fully connected layer. For the sake of conciseness, activation functions, vectorization, and
cornerstone functions such as fully connected layers are depicted in the appendix (Sec. A).
As defined in the appendix, we let fFC (·) , fsoftmax (·) , fEMB (·) , fCONV (·) denote a fully
connected layer, a softmax layer, an embedding layer, and a convolutional layer, respec-
tively. Interchangeably, we also use FC (·) to denote the fully connected layer, and Conv (·)
to denote the convolutional layer, respectively.

Long Short-Term Memory (LSTM) is one of the most popular RNN variants. The
input data to LSTM is a time series of T time step and d dimensions, denoted by X ∈ RT×d.
The time series is fed to LSTM for each time step t ∈ {1, 2, . . . , T}. At any time point t,
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LSTM digests the input vector xt ∈ d with equations below,
f t = σ

(
xtWf1 + ht−1Wf2 + bf

)
(2.4)

it = σ
(
xtWi1 + ht−1Wi2 + bi

)
(2.5)

ot = σ
(
xtWo1 + ht−1Wo2 + bo

)
(2.6)

ct = f t � ct−1 + it � tanh
(
xtWc1 + ht−1Wc2 + bc

)
(2.7)

ht = ot � ct (2.8)
where symbols σ, tanh, and � denote the sigmoid function, the hyperbolic tangent function,
and the Hadamard product, respectively. The dimension cin = d is transformed to the
dimension cout. The dimensions of the variables are f t, it,ot, ct,ht ∈ Rcout , W∗1 ∈ Rcin×cout ,
W∗2 ∈ Rcout×cout , and b∗ ∈ Rcout . Variables f 0, i0,o0, c0,h0 are initialized with user-selected
values (e.g., 0). Thus, we let fLSTM (X) =

[
h1h2 · · · hT

]T ∈ RT×cout denote LSTM.

Gated Recurrent Units (GRU) is another popular RNN variant. With the same input
X ∈ RT×d as that to LSTM, GRU is described by following equations,

rt = σ
(
xtWr1 + ht−1Wr2 + br

)
ut = σ

(
xtWu1 + ht−1Wu2 + bu

)
(2.9)

ct = tanh
(
xtW1 +

(
rt � ht−1

)
W2 + b

)
ht = ut � ht−1 +

(
1− ut

)
� ct (2.10)

where the dimensions of variables are rt,ut, ct,ht ∈ Rcout , W∗1 ∈ Rcin×cout , W∗2 ∈ Rcout×cout ,
and b∗ ∈ Rcout . Thus, we let fGRU (X) =

[
h1h2 · · · hT

]T ∈ RT×cout denote the GRU function.

Graph Convolutional Neural Networks (GCN) is a fundamental category of GNN
models that transform node features with a graph structure. Given a graph G = (V,E,A)
and its node features X ∈ RN×d, a GCN model with l graph convolutional layers learns node
embeddings by

Â = A+ I D̂ii =
∑
j

Âij Ã = D̂
− 1

2 ÂD̂
− 1

2 (2.11)

H0 = X Hl = f l
GCN (X,A) = σ(ÃHl−1Wl−1) (2.12)

where A, I,D, Â, D̂ ∈ RN×N are adjacency matrix, identity matrix, diagonal matrix, nor-
malized adjacency matrix, and normalized degree matrix. W∗ ∈ Rcin,∗×cout,∗ with cin,0 = d,
and cin,l = cout,l−1. When the context is clear, we let fGCN (X) denote fGCN (X,A).

Graph Attention Network (GAT) is another powerful GNN. GAT relies on atten-
tion scores instead of explicit edge weights for node message aggregation. The attention
coefficients are computed with:

αij =
exp

(
LeakyReLU

(
aT [Whi ‖Whj]

))∑
k∈Γi∪{i} exp (LeakyReLU (aT [Whi ‖Whk]))

(2.13)

h′
i = σ

 1

K

K∑
k=1

∑
j∈Γi∪{i}

αk
ijW

khj

 (2.14)
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where αij is the attention score from node j in the neighboring node set Γi to node i, which
is calculated by obtaining scores for all neighbor nodes of i, with a trainable parameter
matrix W and the concatenated hidden states of node i and j, denoted by Whi ‖Whj. A
neural network layer LeakyReLU

(
aT(·)

)
is applied with a trainable parameter vector a and

a softmax normalization, as described by Eq. 2.13.

The attention scores can be extended to K channels, therefore, a new hidden state h′
i for

node i is calculated as the average of multihead attention, and each channel is calculated
with attention scores αk

ij, a trainable parameter matrix Wk, and hidden states hj where
j ∈ Γi ∪ {i}, in the local neighborhood of node i.

2.4.2 Problem Definitions

Graph time-series models essentially target various time-series tasks. This section formulates
some of the most important ones, namely, time-series classification [116, 147, 148, 220],
time-series forecasting [23, 34, 117, 146, 163, 167, 180, 190, 205], and anomaly detection on
time-series [19, 51, 228]. Without the loss of generality, we assume the input to all these
tasks is associated with a graph G, where each time series is associated with a node of G.

Graph Time-series Classification aims to predict labels of time-series. Assuming that
the input is time series X ∈ RN×T×d and there is a label set Y = {1, 2, . . . , C} of C dif-
ferent classes, a classification model learns a mapping from each time series to its label
fclassification : (G,X) 7→ y where y ∈ YN . This task is useful in many areas, especially
in the field of robotics, where gesture classification is predicted based on motion series. A
graph structure is utilized to model the relationships between motions, aiming to improve
classification accuracy.

Graph Time-series Forecasting aims to predict values in the future horizon given his-
torical observations. Assuming that the input is time series X ∈ RN×T×d and the target
prediction horizon is τ , a forecasting model learns a mapping from the time series to pre-
dicted future values fforecasting :

(
G,X1:T

)
7→ X̂T+1:T+τ . This task is widely studied for

various applications, including traffic speed forecasting, crime forecasting, and epidemio-
logical forecasting. In these applications, the time series are associated with geographic
locations and exhibit mutual interactions between each other. In graph time-series models,
these interactions can be effectively modeled within the graph structure.

Graph Time-series Anomaly Detection can be categorized into three levels, i.e., time-
series level, period level, and time point level. Time-series level anomaly detection tasks are
essentially binary classification tasks where a time series is classified as normal or not normal.
Period-level anomaly detection aims to find out irregular periods of time series. Given time
series X ∈ RN×T , a period-level anomaly detection model learns a mapping from time series
to a set of periods fdetection : X 7→ {(sp, tp) | p = 1, 2, . . . , P}, where P denotes the number of
detected anomalous periods, with sp and tp marking the starting and ending index of each
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period. Time point level anomaly detection can be seen as a special case of the period level
where the period has a length of 1. These fundamental definitions can be modified without
difficulty to agree with the actual formulation such as dynamic graphs or multivariate time
series. Applications of this task include passenger flow anomaly detection, soil moisture
anomaly detection, among others [102].

Table 2.2: Selected representative graph time-series models

Years Graph Recurrent/Convolutional Neural Networks Graph Attention Neural Networks

2018 or before GCRN [166], DCRNN [121], STGCN [217] GaAN [220]

2019 Graph WaveNet [202], T-GCN [229], LRGCN [116] ASTGCN [75]

2020 MTGNN [204], DGSL [167] MTAD-GAT [228], STAG-GCN [133]
STGNN [190], Cola-GNN [53], ST-GRAT [149]

2021 FC-GAGA [146], Radflow [180] GDN [51], StemGNN [23]STFGNN [117], Z-GCNET [34], TStream [33]

2022 VGCRN [32], GRIN [39] GReLeN [224]
RGSL [218], GANF [45], ESG [212] FuSAGNet [80], THGNN [206]

2.5 Deep Graph Time-series Modeling

Recent graph time-series models are primarily divided into two categories: Graph Recur-
rent/Convolutional Neural Networks (GRCNN) and Graph Attention Neural
Networks (GANN). GRCNN models leverage autoregressive or convolutional layers to
learn the temporal dependency between time values (Sec. 2.5.1.1 and Sec. 2.5.1.2). We also
discuss GRCNN models regarding the use of self-derived graphs (Sec. 2.5.1.3) and evolv-
ing graphs (Sec. 2.5.1.4). GANN models integrate attention mechanisms to capture various
dependencies. Different attention mechanisms provide possible interpretations of mutual
impact between nodes and between values across timestamps. We discuss different attention
types in detail throughout Sec. 2.5.2. Note that our categories are not mutually exclusive,
and a model may fall into different categories. In this situation, we discuss the model in
the most appropriate category. Throughout the discussion, we summarize and highlight key
functions or modules of the introduced models, with detailed model equations included in the
appendix for reference (Sec. B). A timeline of surveyed models is provided in Table 2.2. De-
tails of related experimental setups such as time-series normalization and graph construction
are also given in the appendix (Sec. C).

2.5.1 Graph Recurrent/Convolutional Neural Networks

An intuitive way of modeling graphs and time series is to combine a graph model and a time-
series model. In deep learning, RNN and CNN are commonly used for time-series modeling,
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Table 2.3: An attribute comparison of selected GRCNN models.

Categories Models
Time series Propagation Graph Types Evolving

GraphsRNN CNN Gates GCN Diffusion Gates Spatial Temporal Semantic

RNN-based
Graph Time-series

Modeling (Sec. 2.5.1.1)

GCRN [166] ✓ ✓ ✓
DCRNN [121] ✓ ✓ ✓
T-GCN [229] ✓ ✓ ✓

DGSL [167] ✓ ✓ ✓
VGCRN [32] ✓ ✓ ✓

GANF [45] ✓ ✓ ✓
GRIN [39] ✓ ✓ ✓

CNN-based
Graph Time-series

Modeling (Sec. 2.5.1.2)

STGCN [217] ✓ ✓ ✓
G-WaveNet [202] ✓ ✓ ✓ ✓

MTGNN [204] ✓ ✓ ✓

Models with Self-derived
Graphs (Sec. 2.5.1.3)

FC-GAGA [146] ✓ ✓ ✓ ✓
STFGNN [117] ✓ ✓ ✓ ✓

RGSL [218] ✓ ✓ ✓ ✓

Models with Evolving
Graphs (Sec. 2.5.1.4)

Radflow [180] ✓ ✓ ✓
TStream [33] ✓ ✓ ✓ ✓
LRGCN [116] ✓ ✓ ✓ ✓

Z-GCNET [34] ✓ ✓ ✓ ✓
ESG [212] ✓ ✓ ✓ ✓ ✓ ✓

while GNN is used for graph modeling. Table 2.3 provides a comparison of Graph Recurren-
t/Convolutional Neural Networks (GRCNN) with respect to their time-series modeling and
graph modeling. Most GRCNN models build a graph where each node is associated with a
time series, either univariate or multivariate. Unless otherwise mentioned and without loss
of generality, we assume the associated time-series are all multivariate and share the same
feature dimension size in all nodes. In this section, we first discuss models from the perspec-
tive of time-series modeling, as in Sec. 2.5.1.1 and Sec. 2.5.1.2, then we discuss models from
the perspective of graph modeling, as in Sec. 2.5.1.3 and Sec. 2.5.1.4. We summarize various
model attributes in Table 2.3.

Figure 2.1: A diagram of Graph RNN models. The graph component (e.g., GCN or diffusion)
is nested within RNN cells.
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2.5.1.1 RNN-based Graph Time-series Modeling

RNN models, as described in Eq. 2.4-Eq. 2.10, can perform node message propagation by
substituting their weight matrix multiplication with graph convolution or graph diffusion.
Hence, the modified RNN models not only model the temporal dependency through its
recursive nature but also capture the nonlinear mutual impact among nodes. In this category,
we cover GCRN, DCRNN, and DGSL, all of which nest a GNN model within an RNN cell,
as depicted in Fig. 2.1.

GCRN [166] substitutes fully connected layers in LSTM with graph convolutional layers.
Specifically, the weight matrix multiplication for all gates in LSTM is replaced with GCN,
resulting in an LSTM variant, denoted by LSTM∗,

Ht = LSTM∗
fGCN ,G

(
Xt,Ht−1

)
(2.15)

GCRN leverages the graph structure for training which allows each node to efficiently aggre-
gate neighborhood information, in contrast to a raw RNN (in this case, the LSTM model)
that models the dependency between nodes by fully connected layers. The GCRN model
takes a similar form as an LSTM model, therefore, the derived hidden state in Eq. 12 is used
in time-series forecasting tasks in the same way as how the hidden state from LSTM is used.
See Sec. B.1 for detailed equations.

DCRNN [121] uses diffusion convolution to replace the weight matrix multiplication in a
different RNN variant, the Gated Recurrent Units (GRU). The graph diffusion operator,
denoted by gθ (·) with respect to parameters θ and an adjacency matrix A, is defined as

gθ (X) =
L−1∑
l=0

(
θl,1
(
D−1

O A
)l
+ θl,2

(
D−1

I AT)l)X (2.16)

where L denotes the diffusion depth. DO and DI denote the in-degree matrix and the out-
degree matrix, respectively. DCRNN utilizes the random walk matrix D−1

O A and D−1
I AT

for information propagation. Regarding the temporal component, GRU is chosen instead of
LSTM, which brings the benefit of lighter computing workload due to the simpler structure
of GRU model. The complete DCRNN

(
Xt, G

)
model can be described by

Rt = σ
(
gR
[
Xt, Ht−1

]
+ bR

)
(2.17)

Ut = σ
(
gU
[
Xt, Ht−1

]
+ bU

)
(2.18)

Ct = tanh
(
gC
[
Yt,

(
Rt �Ht−1

)]
+ bC

)
(2.19)

DCRNN
(
Xt, G

)
:= Ht = Ut �Ht−1 +

(
1−Ut

)
�Ct (2.20)

DCRNN inspires many models, including DGSL [167], T-GCN [229], and GraphDF [27].
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Figure 2.2: A detailed diagram of a Graph RNN cell. Xt denotes all time-series values at
time t. Each node is associated with an individual time-series. The interrelations between
time series are captured through GNN, which is differently employed in different selected
graph time-series models. In GCRN, each node learns from its neighbors through GCN. In
DCRNN, its diffusion learning process considers both the in-degree and out-degree of each
node, as represented by the dual-headed arrows. In DGSL, the utilized graph structure is
probabilistic, as indicated by the dashed arrows.

DGSL [167] can be seen as a DCRNN variant with a probabilistic graph, where the graph
structure is learned from time-series data. Given time-series data X ∈ RN×T×d, a graph
A ∈ {0, 1}N×N is parameterized and sampled by the following equations,

zi = fFC,z (Vec (fconv,T (Xi))) θij = σ (fFCs (zi ‖ zj)) (2.21)

Aij = σ

(
log θij

1−θij
+
(
g1ij − g2ij

)
s

)
, i, j ∈ {1, 2, . . . , N} (2.22)

where g1ij, g2ij ∼ Gumbel(0, 1) (Defined in Sec. C.5). The parameter θij for each node pair
is learned from a link prediction method that takes node embeddings as input, as shown in
Eq. 2.21. A binary graph is constructed by sampling edges from distributions in Eq. 2.22,
which leverages the Gumbel reparameterization method [98], with s a selected temperature
parameter. With the sampled graph, DGSL renders the DCRNN model for sequence-to-
sequence training and forecasting. Since the graph is parameterized with the time-series data,
DGSL optimizes trainable parameters for both time series and graph learning simultaneously.

More recent methods construct graphs in various ways for tasks other than time-series fore-
casting. For instance, VGCRN [32] takes a probabilistic approach and builds a deep varia-
tional network for time-series anomaly detection. GANF [45] builds a graph-augmented flow
model with a Bayesian network that models the causal relationships between times series.
Moreover, GRIN [39] targets time-series imputation with GNN and RNN.

Model Comparison. For graph modeling, GCRN uses GCN that operates on undirected
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graphs, while DCRNN and DGSL use graph diffusion which has the advantage of modeling
directed graphs. Further, GCRN and DCRNN require external graph structures, while
DGSL takes a probabilistic approach and learns graph structures from node embeddings,
without using a predefined graph. A diagram of Graph RNN cell is shown in Fig. 2.2, which
highlights the distinctions and commonalities among the discussed models.

2.5.1.2 CNN-based Graph Time-series Modeling

Another line of work models time series through CNN instead of RNN.

STGCN [217] models graph structure and temporal dependency individually with separate
layers, instead of nesting graphs in an RNN structure. STGCN introduces a spatio-temporal
convolutional block that consists of temporal-spatial-temporal layers. The temporal layer is
built upon a 1D convolutional layer with gated linear units, which needs less time compared
to RNN models. The spatial layer, on the other hand, is a GCN layer. Therefore, STGCN
inspires a separate and individual view and usage of temporal and spatial dimensions.

Graph WaveNet [202] points out that the explicitly given graph structure may not be
able to represent relations between nodes due to missing node connections. To mitigate
the missing information and the ineffectiveness of the RNN component, Graph WaveNet
develops an adaptive adjacency matrix. Moreover, it replaces RNN models with stacked
dilated convolutional layers. With respect to the graph modeling, Graph WaveNet adapts
the graph diffusion layer from DCRNN by adding a third term of an adaptive adjacency
Aadapt to the diffusion matrix in Eq. 2.16:

Aadapt = fsoftmax

(
ReLU

(
Hemb1H

T
emb2

))
(2.23)

where the adaptive matrix is learned through the embeddings Hemb1 and Hemb2, which are
independent of the given graph structure. Both Hemb1 and Hemb2 are randomly initialized.

MTGNN [204] also builds a graph through node embeddings and requires no prior graph
structure knowledge. MTGNN models time series and graphs separately and subsequently
incorporates them in a pipeline order. For the sake of conciseness, we focus on its graph
modeling and let gcnn(·) denote the temporal component, which renders dilated CNN layers
to drastically reduce the temporal dimension of time series. Given time-series data X ∈
RN×T×D, node embeddings Hemb1 ,Hemb2 ∈ RN×demb , an adjacency matrix is computed by,

Z1 = tanh (αfFC,W1 (Hemb1)) Z2 = tanh (αfFC,W2 (Hemb2)) (2.24)
A0 = ReLU

(
tanh

(
α
(
Z1Z

T
2 − Z2Z

T
1

)))
A = topk

row
(A0) (2.25)

where two individually calculated node embeddings are transformed by fully connected layers
and a tanh(·) activation with a selected hyperparameter α, as shown in Eq. 2.24. Note that
A is guaranteed to be asymmetric, and row-wise top K selections are used to further sparsify
connections, as formulated in Eq. 2.25.
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Figure 2.3: A model with three dilated CNN layers (dilation factor as [1, 2, 4]) can digest 8
time values, which is generally faster than an RNN structure unfolding 8 times.

To preserve the initial graph structure denoted by A, MTGNN leverages a random walk with
restart method to derive multilevel hidden states for each node and thereafter concatenates
all hidden states. Let H0 = gcnn (X) denote the initial hidden state from the temporal
component, the multilevel hidden states are computed and aggregated with the transformed
graph structure Ã from Eq. 2.11, resulting in the hidden states at l layer as,

Hl = βH0 + (1− β)ÃHl−1 (2.26)
H =

∑
l

fFC,Wl
(Hl) (2.27)

Model Comparison. STGCN, Graph WaveNet, and MTGNN use different CNN variants.
STGCN uses a gated causal CNN and Graph WaveNet uses a dilated CNN. MTGNN com-
bines several dilated CNNs to derive its inception dilated CNN, which allows it to model
time-series values regarding various granularities. We also notice that STGCN uses a GCN
layer to model the provided spatial graph, while Graph WaveNet proposes an adaptive graph
that combines both the spatial graph and the self-derived semantic graph. MTGNN only
relies on a self-derived semantic graph and requires no explicit graph from datasets.

Model Comparison on Time-series Components: RNN versus CNN. To model
a time-series in deep learning, one of the most intuitive ways is to apply a fully connected
layer or a series of fully connected layers to the input time-series data and update network
parameters by fitting predicted values with actual ground truth [14]. Each neuron in the
input layer holds a value for each time step, and neurons in the following layer summarize
values at all time steps by network parameters, however, this leads to an explosive growth
of parameters and inefficiency of optimization as the number of layers increases. To address
these issues, convolutional layers are preferred, which drastically reduce model complexity
with fewer neural connections between layers. Further, a dilated CNN layer (shown in
Fig. 2.3) models very long sequences with low model complexity, as it downsamples the
time-series input with a preselected frequency. CNN-based models are also called direct
methods since they predict future values in one shot [53], on the contrary, RNN-based
models capture the temporal dependency by recurrently consuming the time values to derive
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a final embedding. Due to this time-series modeling nature, RNN is most widely used in
temporal modeling, as explained in Sec. 2.3.1. RNN-based graph time-series models nest
graph modeling within RNN cells, and are therefore relatively more constrained regarding the
model design, compared to CNN-based models where graph and time series are separately
modeled with different layers, which allows diverse combinations, such as the temporal-
spatial-temporal structure in STGCN.

2.5.1.3 Models with Self-derived Graphs

Most related datasets such as traffic data and electricity workload data provide an external
graph that primarily describes the geographical connectivity of nodes, however, external
graph structures are not always available, nor do they necessarily reflect the actual connec-
tions between nodes. In these situations, some models propose using self-derived graphs, i.e.,
the graph structure is derived either from time series or from node embeddings. This section
describes models from the perspective of graph modeling, specifically on how different models
leverage self-derived graphs to capture the interrelations between nodes. We discuss three
models in this section, FC-GAGA [146], STFGNN [117], and RGSL [218]. Other models
such as Graph WaveNet and MTGNN that are discussed in the previous section, also belong
to this category. The graph types in different models are summarized in Table 2.3. At the
end of this section, we compare models in terms of their graph modeling.
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FC-GAGA [146], similar to MTGNN, requires no prior knowledge of graph structure. Note
that FC-GAGA uses time-series gates instead of RNN or CNN for time-series modeling.
The time-series gates can be seen as a special type of CNN as they are used to weight time
covariate features. Let X ∈ RN×T denote the node time series, and let Hemb = fEMB (X) ∈
RN×demb denote the node embeddings. FC-GAGA is described by following equations,

A = exp
(
ϵHembH

T
emb

)
x̃i = max

j
Xij Gi,j+k = ReLU

[
AijXjk − x̃i

x̃i

]
(2.28)

Z =

[
Hemb ‖

X

x̃ ‖G
]T

X̂ = fres (Z) (2.29)

where the graph structure A is learned and optimized from the node embeddings and is used
together with transformed time-series data x̃i in a gated mechanism to shut off connections of
irrelevant node pairs as in Eq. 2.28, with ϵ as a selected constant hyperparameter. A hidden
state Z is constructed from a concatenation of node embedding Hemb, scaled time-series
data X/x̃, and the gated states G. Subsequently, Z serves as the initial input for a residual
module, denoted by fres, which generates the time-series prediction X̂. For the purpose
of conciseness, we include the details of the residual module fres in Sec. B.2. FC-GAGA
benefits from the freedom of automatically deriving graph structures, instead of relying on
the Markov model-based or distance-based graph topological information. However, the
graph construction from node embedding costs a time complexity of O (N2) which limits the
scalability of FC-GAGA.

STFGNN [117], unlike many models that only use one graph, integrates three graphs with a
fusion layer, where each graph encodes one type of information. STFGNN defines a temporal
graph At that encodes temporal similarity relationships between graph time series with a
Dynamic Time Warping (DTW) variant (defined in Sec. C.3), a spatial graph As that is
derived from the geographical distance between nodes, and a connectivity graph Ac that
indicates the connections of nodes between two adjacent time steps. The three matrices are
then arranged into a spatial-temporal fusion graph A ∈ RKN×KN with a user-selected slice
size K for hidden state learning.

RGSL [218] also combines external graph structures and semantic graphs with the aid of
the Gumbel softmax function. RGSL incorporates domain knowledge in its semantic graphs.

Graph Modeling: Goals and Limitations. The objective of graph modeling in graph
time-series models is similar to that in ordinary deep graph models, i.e., to effectively and
efficiently utilize the neighbor information for each node. Great efforts are made to increase
scalability in order to address the limitation of time complexity. As a consequence, many
GNNs only require O (|E|) [106, 121, 166, 183, 205, 217, 220, 228] instead of O (N2) [146,
190, 204], hence, graph sparsification on edges significantly reduces time complexity.

In distinction to ordinary deep graph models, graph structures in graph time-series models
are strongly related to the time-series. Researchers should be aware of their constraints, some
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Figure 2.4: A diagram of three methods of graph constructions.

of which are listed as follows, (a) the graph density can limit the computation efficiency.
Although many GNN models reduce the time complexity from O (N2) to O (|E|), when
the graph is dense (a complete graph in the worst case), the number of edges will be close
to the square of the number of nodes, i.e., |E| ≈ N2, which causes the model to degrade
to the worst time complexity. This is a severe limitation for tasks that require a timely
response. (b) Moreover, although deep learning models whose modeling power generally
increases as the depth of the model or the number of layers increases, this does not hold
true for deep graph models by simply adding graph neural layers. When stacking many
graph neural layers, included distant nodes cause the problem of oversmoothing, where the
locality information is not well utilized due to message propagation from a large neighborhood
set [130, 132, 203, 230]. Graph time-series models having a nested GNN within an RNN
structure, are more susceptible to oversmoothing when modeling long sequences, due to the
occurrence of message propagation at each RNN unfolding step. (c) Another problem is
oversquashing which is due to the excessive neighbor node information while the learned
output is a fixed-length vector, therefore, the loss of information is unavoidable [2].

Model Comparison on Graph Components: Graph Construction methods. Many
graph time-series datasets contain a predefined graph. For example, Wikipedia data have a
graph that represents linking relations between sites [180]. In biological networks, a graph
is provided to represent links between bio-entities [53]. However, for other datasets that
do not explicitly provide a graph, some metrics are needed to derive one. We describe
three ways to derive a graph, namely, the constructions of a spatial graph, a temporal
graph, and a semantic graph, respectively. Fig. 2.4 illustrates these graph construction
approaches, each accompanied with examples. (a) Spatial Graphs are based on distance
information [121]. Directly using distance as edge weights of graphs will cause closer nodes to
have smaller edge weights, due to the shorter distance between them. However, most GNN
models require a closeness graph where greater edge weights represent stronger connections.
One common way to convert a distance graph to a closeness graph is through the radial
basis function (RBF) (defined in C.2). A special case is Connectivity Graphs which are
binary, i.e., an edge exists and has the edge weight as 1 between two nodes if and only
if they are connected. Under the assumption of the first law of geography, Everything
is related to everything else, but near things are more related than distant things, spatial
graphs and connectivity graphs are the intuitive choices if they are available in the datasets,
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as they are used in most models. (b) Temporal Graphs are constructed based on the
temporal similarity between node time series [133]. By formatting each node time series as a
sequence, many sequence similarity metrics can be used to derive a temporal graph, including
cosine similarity, coefficient metrics, and Dynamic Time Warping (DTW), among many
others. In the aforementioned GRCNN models, for instance, STFGNN [117] uses DTW to
derive temporal graphs. Temporal graphs are effective if connections and the mutual impact
between nodes are highly correlated to their time-series patterns. Besides, temporal graphs
go beyond the first law of geography as they may connect two highly correlated node time-
series that are geographically distant. (c) Semantic Graphs are constructed based on node
embeddings to connect nodes that are semantically close to each other, that these nodes share
some similar hidden features between them [146]. In semantic graphs, spatially distant nodes
may share similar features and are closely connected [117]. The level of similarity can be
measured by an embedding similarity metric, such as the correlation coefficient. Additionally,
edge embeddings can be used as parameters of distribution functions, from which the edge
weights are sampled [167]. It is also possible to integrate more than one semantic type of
graph [117, 133]. Semantic graphs have the advantage of being independent from external
graph structures or time-series patterns. In practice, a combination of various graph types
is commonly adopted, through cascade processing [146], fusion [117], or using one graph as
a mask for another graph [190].

2.5.1.4 Models with Evolving Graphs

Temporal dynamics are not only limited to lie in the node level time series but can also
exist in evolving graph structures, which induces another level of modeling complexity. In
contrast to a static graph, a series of graphs are used in evolving graph models, denoted
by G = (G1, G2, . . . , GT ) where a graph snapshot Gt = (Vt, Et) exists for each time step t.
The number of nodes is dynamically dependent on the time step, as Nt = |Vt|. Since the
dynamics in evolving graphs are much more complicated to model, this section only briefly
describes representative models.

Radflow [180] independently models a spatial component and a temporal component, and
subsequently performs a component combination by summing them up. The input of Radflow
is a series of graphs G and node multivariate time series X ∈ RN×T×d. A connectivity graph
is derived from the dataset for each time step, hence, there is a series of adjacency matrices,
denoted by A ∈ RN×N×T . Radflow consists of following equations,

Q̂
t
= fres,Q · fLSTM (X) Û

t
= fattn · fres,U · fLSTM (X) (2.30)

X̂
t
= fFC,recurrent

(
Q̂

t
)
+ fFC,graph

(
Û

t
)

(2.31)

At time step t, the prediction X̂
t is the summation of two variables Q̂

t and Û
t, which are

respectively calculated from a recurrent component and a graph component, as illustrated
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in Eq. 2.31. Both components utilize a residual module and a LSTM model. The graph
component uses an extra attention module that is based on the graph attention mechanism
and the general attention mechanism. Detailed equations can be found in Sec. B.3.

Radflow learns node embeddings that are dependent on time steps and use them for inter-
pretable prediction and imputation. The graph connectivity information is used to select
neighbor nodes for attention computation of each node, without creating trainable param-
eters over graphs, which makes it relatively lightweight, scalable, and fast compared to
GCN-based methods.

TStream [33] adapts GNN models in a continual learning manner to quickly learn expansive
evolving network patterns. Under the assumption ∆Nt � Nt, TStream leverages Jensen-
Shannon divergence (JSD) to measure the similarity between the distributions of two derived
hidden states in adjacent time steps. Those nodes with high JSD scores are considered as
having drastic changes and are updated together with newly added nodes. An information
replay method and a parameter smoothing method are used to avoid historical observations
from being forgotten.

LRGCN [116] targets a path classification problem in time-evolving graphs. The model
predicts possible path failures in the real world, such as those in traffic networks or telecom-
munication networks. The prediction is based on path embedding which is an aggregation
(by LSTM and attention layers) of all node embeddings along the paths. Z-GCNET [34]
proposes a time-aware persistent homology representation learning method to track topo-
logical features and use them in traffic forecasting and cryptocurrency price forecasting.
ESG [212] claims that evolving graph structures vary depending on the time scale of inter-
ests. Its proposed model learns a different graph for each time scale. In summary, evolving
graph models are more complicated than previous categories due to their requirement of
modeling the dynamic graph structures as well as the dynamics of time series and node rela-
tions. A series of graphs are typically given or derived from datasets and one key challenge
is to handle these graphs without an explosion of parameters.

2.5.2 Graph Attention Neural Networks

Attention mechanisms are used in graph time-series models, which help interdependency
modeling between nodes and between time steps. We refer to graph time-series models that
use any attention mechanism as Graph Attention Neural Networks (GANN). We discuss
three attention types, spatial/graph, temporal and general. A majority of GANN models
leverage graph attention, which can be seen as a special combination of a spatial graph
and a semantic graph. Due to the significance of attention mechanisms, we discuss GANN
models in this section instead of putting related models under previous sections. We further
categorize GANN models to those for forecasting and those for anomaly detection. An
attribute comparison of GANN models is presented in Table 2.4.
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Table 2.4: An attribute comparison of selected GANN models

Categories Models
Attention types Tasks

Spatial/Graph Temporal General Classification Regression Anomaly Detection

Attention for
Forecasting (Sec. 2.5.2.1)

GaAN [220] ✓ ✓ ✓
Cola-GNN [53] ✓ ✓
ASTGCN [75] ✓ ✓ ✓

STAG-GCN [133] ✓ ✓ ✓ ✓
STGNN [190] ✓ ✓ ✓

StemGNN [23] ✓ ✓ ✓
Radflow [180] ✓ ✓

ST-GRAT [149] ✓ ✓ ✓ ✓
THGNN [206] ✓ ✓ ✓

Attention for Anomaly
Detection (Sec. 2.5.2.2)

MTAD-GAT [228] ✓ ✓
GDN [51] ✓ ✓

GReLeN [224] ✓ ✓
FuSAGNet [80] ✓ ✓

2.5.2.1 Attention for Forecasting

We discuss six models that use graph attention for time-series forecasting, namely, GaAN [220],
Cola-GNN [53], ASTGCN [75], STAG-GCN [133], STGNN [190], and StemGNN [23].

GaAN [220] utilizes a convolutional subnetwork to control the importance of each attention
head. GaAN adds a graph aggregator with a gated characteristic, which is different from
the GAT model (Eq. 2.14),

H′
i = fFC

(
Hi ‖

[
Kn
k=1

wk
i

∑
j∈Γi

αk
ijW

kHj

])
(2.32)

wi =
[
w1

iw
2
i . . . w

K
i

]
= gpool(Hi,HΓi

) (2.33)

with αk
ij calculated by Eq. 2.13, and w the gate vector. gpool denotes a designed convolu-

tional subnetwork that learns gate values from node i and its neighbor nodes. For example,
GaAN can leverage max pooling and average pooling in gpool. The model is used for both
classification and forecasting. When used in time-series forecasting, GaAN can be seen as a
GCRN variant with the graph component replaced by the GaAN structure, while the LSTM
structure is preserved.
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Cola-GNN [53] leverages the graph attention mechanism in a pairwise manner for influenza-
like illness forecasting. ASTGCN [75] fuses various blocks of graph attention layers and
temporal attention layers. STAG-GCN [133] is an adaptive gated GCN method for traffic
forecasting. It leverages a distance-based spatial graph, and a semantic graph that is based
on DTW. STAG-GCN also adopts the general attention mechanism (Eq. 2.40) for tempo-
ral modeling. Similarly, STGNN [190] and StemGNN [23] adopt the general attention
mechanism with incorporated states in their spatial component. Most of these forecasting
models target regression tasks, however, there are also classification models. For example,
THGNN [206] forecasts the direction of stock prediction movement by employing graph
structure learning through graph attention and general attention.

2.5.2.2 Attention for Anomaly Detection

MTAD-GAT [228], GDN [51], and GReLeN [224] target time-series anomaly detection.

MTAD-GAT [228] utilizes GAT models to decide whether there is a time point level
anomaly. Given time-series data X ∈ RT×d, MTAD-GAT is described by following equations,

Hd = fGAT,d (X) HT = fGAT,T (X) X̃ = Norm
min−max

(X) (2.34)

H = fGRU

([
Hd ‖HT ‖ X̂

])
(2.35)

MTAD-GAT is a self-supervised method that leverages GAT from two perspectives: (a) by
treating each feature dimension as a node, a GAT model is used to extract relations between
features and derives Hd, and (b) by treating each time step as a node, another GAT model is
used to capture relations between time steps and derives HT . The feature-oriented GAT and
the time-oriented GAT are fused with the normalized data, as shown in Eq. 2.34. A GRU
structure is used to capture the long-term temporal dependency and derive the final hidden
state H ∈ RT×dhid , as shown in Eq. 2.35. Finally, H is fed to a fully connected network and
a VAE network to derive a forecasting loss and a reconstruction loss, respectively.

GDN [51] is also a point level multivariate time-series anomaly detection model, which
renders a GAT model to aggregate information from top-k neighbors for each node. Given
time-series data X ∈ RN×T×d, we let Hemb ∈ RN×demb denote the initial node embeddings.
GDN is described by following equations,

A = ReLU
(
sgn

(
topk

(
HembH

T
emb

)))
(2.36)

ht
i = ReLU

 ∑
j∈Γ(i)∪{i}

αijfFC

(
xt
j

) (2.37)

Xt = fFCs

(
‖
i

hemb,i � ht
i

)
(2.38)
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Figure 2.5: A diagram of different attention mechanisms: graph attention, temporal atten-
tion, and general attention.

where a binary graph is constructed from the node embeddings and is sparsified by selecting
top-k neighbors, as shown in Eq. 2.36. sgn denotes the sign function and is defined in
Sec. C.5. The hidden state ht

i of node i at time step t is calculated by an attention-based
aggregation of node embeddings in the neighborhood, as shown in Eq. 2.37, where pairwise
attention scores αij are calculated with Eq. 2.13 by taking [hemb,i ‖ fFC (xt

i)] as input vectors.
Finally, an elementwise multiplication is calculated between the embeddings Hemb and the
hidden states H, after which the result is concatenated and fed through a fully connected
network, to derive the binary prediction, as shown in Eq. 2.38.

The node embeddings in GDN have threefold functions: (a) they are used to construct a
binary connectivity graph, and (b) they are used to compute pairwise attention scores which
essentially represent semantic proximity between nodes, and (c) they are used in final hid-
den states for forecasting. Without a recurrent component, GDN has the advantage of being
more lightweight than other RNN-based graph models. FuSAGNet [80] further enhances
anomaly detection performance compared to GDN by uniquely modeling the temporal pro-
cess for each node embedding, thereby enhancing the model’s robustness.

GReLeN [224] utilizes Variational AutoEncoder (VAE) to model internode dependency for
anomaly detection. GReLeN encodes temporal features with general attention and uses VAE
to generate a probabilistic graph based on Gumbel-softmax categorical reparametrization.

Model Comparison on Graph Components: Graph Attention. Graph attention
mechanism is proposed to compute the pairwise attention scores between nodes [183]. It
is not necessary for GAT to have a predefined graph structure, since the graph structure
is essentially learned through graph attention, GAT becomes a standardized cornerstone
module for many later models. For example, MTAD-GAT leverages GAT to construct a
feature-oriented graph and a time-oriented graph for time-series anomaly detection [228].
GDN likewise utilizes a GAT to aggregate node features from neighboring nodes for time-
series anomaly detection [51]. Some GAT variants were also proposed, for instance, Cola-
GNN builds a GAT-like structure based on the known connectivity information for influenza-
like illness forecasting [53]. AGNN [178] uses cosine operation instead of concatenation when
calculating attention scores.
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Temporal Attention and General Attention. In addition to graph attention, tempo-
ral attention, and general attention are commonly used in graph time-series modeling. A
diagram of these attention mechanisms is depicted in Fig. 2.5.

When using RNN models in sequence-to-sequence forecasting tasks, the hidden state prior to
the last time step from the RNN model, i.e., ht−1,ht−2, . . ., may contribute to the forecasting
performance. Attention mechanism is initially proposed to leverage both the latest hidden
state and earlier hidden ones by multiplying state values with attention scores [6]. We call
this attention type for sequence modeling as a temporal attention mechanism, which takes
the form:

zt = fFC

(
tanh

(
fFC

(
ht
)))

αt = fsoftmax

(
zt
)

h′t =
∑
t

αtzt (2.39)

where the new hidden state h′t incorporates a sequence of hidden states instead of only the
last one. As an example, LSTM-RGCN [119] adopts temporal attention for stock selection.

Since most graph time-series models consist of a spatial component and a temporal com-
ponent, researchers naturally take advantage of graph attention for graph modeling and
temporal attention for time-series modeling. For instance, ASTGCN [75] proposes a spatial-
temporal block that combines the two attention mechanisms. GMAN [233] also renders
them and uses a gated fusion to incorporate their resulting states. STHAN-SR [163] uses a
temporal Hawkes attention and hypergraph attention for stock selection.

With the success of the temporal attention mechanism, general attention, also called self-
attention, was proposed to learn effective representations. It describes attention as a function
that maps a query and a set of key-value pairs to output [182]. In this line of work, there
are three variables derived from the attention embedding H to represent query, key, and
value states, and an aggregation method is applied to them. The general attention takes the
following form:

Q = fFC,Q (H) K = fFC,K (H) V = fFC,V (H) Attn = fsoftmax

(
QKT
√
dk

)
V

(2.40)

where Q, K, and V are of dimension RN×dq , RN×dk , and RN×dv , respectively. Radflow adapts
the general attention mechanism with a different aggregation on the query, key, and value
states, as described in Eq. 19 [180]. STGNN leverages both graph attention and general
attention for traffic forecasting [190]. ST-GRAT [149] takes one step further and includes
all three attention types. Attention mechanisms are also used in multimodal learning. For
example, Ekambaram et al. [57] fuse attention scores from images, text, and historical sales
for product sale forecasting. In addition, there are many other types of attention mechanisms
using graphs, such as self-attention [116] and gated attention [220], among others [115].
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2.6 Representational Components

Apart from the perspective of time-series modeling (temporal components) and graph mod-
eling (spatial components), we notice that some computational methods are widely used in
graph time-series models. We call these methods representational components, which prac-
tically transform intermediate hidden states in the neural networks. We discuss and analyze
representational components, including gated mechanisms and skip connections. Further-
more, we discuss model interpretability in the context of graph time-series models.

2.6.1 Gated Mechanisms

Gated neurons serve as activation or selection variables to help nonlinear dependency model-
ing. From the perspective of data flow, gates can be seen as data transformation [117] or data
fusion [218, 233]. For the purpose of transformation, given a hidden state h, a gate variable
g whose element sits in the range of [0, 1], can be derived from itself and then multiplied by
it elementwise to derive a new hidden state h′ for use:

g = g (h) h′ = g� h (2.41)

where the function g can be arbitrarily selected from neural structures such as fully connected
layers or convolutional layers [117, 217]. While for the purpose of fusion, assume that we
are trying to fuse two hidden states h1,h2, one straightforward fusion method is to derive a
gate variable g from one hidden state (e.g., h1) and use it to derive a new hidden state h′

by balancing the weight between the two hidden states:

g = g (h1) h′ = g� h1 + (1− g)� h2 (2.42)

where the fusion gates can be extended to encapsulate more than two hidden states as
input [220]. Both transformation and fusion techniques are widely used in gated models,
among which LSTM (Eq. 2.4-Eq. 2.7) and GRU (Eq. 2.9-Eq. 2.10) are two examples. Since
LSTM and GRU are gated models, any model based on them also leverages the gated
mechanism, and we call this gated mechanism a temporal gated mechanism since the gates
control the temporal dependency [123, 229].

Many graph time-series models also use a graph gated mechanism where gate variables are
derived to select edges to activate. For example, STAG-GCN [133] incorporates adaptive
graphs by fusion gates. Similarly, Cola-GNN [53] fuses a connectivity graph with an attention
graph. FC-GAGA [146] leverages gate mechanisms for both time and graph modeling. Graph
gated mechanisms are further adapted with attention mechanisms [123, 220].
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2.6.2 Skip Connections

Skip connections have been increasingly used in deep neural networks [92, 196, 212]. A skip
connection is a shortcut that connects the input of a shallow layer to that of a deep layer
and results in a residual module. This connection has proved effective in preserving useful
features and usually leads to better performance [83]. Skip connections are also widely used
in graph time-series models. For instance, ST-GRAT [149] and STFGNN [117] use skip
connections to sum the transformed states after each spatio-temporal layer. ASTGCN [75]
and Radflow [180] stack multiple spatio-temporal blocks and uses skip connections to connect
features before and after each block. Graph WaveNet [202] and MTGNN [204] utilize skip
connections for both aforementioned purposes. StemGNN [23] investigates the effectiveness
of skip connections and finds that they help improve prediction accuracy. ESG [212] also
connects its learned graphs from each module through skip connections.

2.6.3 Model Interpretability

Investigation of model interpretability is important to understand the model result, especially
for applications such as clinical analysis [122, 145]. For this purpose, different approaches
are proposed, including mask methods [40], saliency-based methods [96], and discrete repre-
sentation learning on time series [66]. The prediction may also be explained by the learned
substructure of graph [216]. In some models, node embeddings and attention scores between
nodes are learned by neural networks and interpretation is possible through visualization
of learned embeddings [51, 75, 116, 133, 149]. Moreover, explainability is plausible through
ablation study [57, 180, 220]. For example, the contribution of a temporal component can
be evaluated by dropping the temporal component and then measuring how much the per-
formance is decreased. In GaAN [220], the effectiveness of attention and gate mechanisms
are investigated by comparing experiments with and without corresponding components.

2.7 Applications and Datasets

Applications of graph time-series models cover a broad spectrum, including urban traffic
planning [31, 33, 117, 133, 146, 167, 171, 190, 204, 220], crime forecasting [186, 205], motion
detection [148], crowd flow prediction [174], bike demand prediction [128], weather predic-
tion [194], website view forecasting [180], and epidemiological modeling [53], among many
other real-world applications [9, 24, 26, 29, 34, 65, 88, 100, 101, 119, 139, 159, 195, 228].
In this section, we first compare selected regression models in terms of their forecasting
performance on two widely used datasets, METR-LA and PEMS-BAY [121]. Furthermore,
we conduct a comparison of selected anomaly detection models using two water treatment
datasets, SWAT and WADI [51]. We then discuss how related models handle unique data
irregularities that are embedded in time series or graph structures.
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Table 2.5: A comparison of graph time-series models on traffic speed forecasting. The
forecasting performance of 3, 6, and 12 steps ahead of various graph time-series models
regarding metrics MAE, RMSE, and MAPE. The best result is highlighted in bold, and the
second best result is highlighted in italics.

Data Models
3 step ahead 6 steps ahead 12 steps ahead

MAE RMSE MAPE MAE RMSE MAPE MAE RMSE MAPE

M
E

T
R

-L
A

STGCN [217] 2.88 5.74 7.6% 3.47 7.24 9.6% 4.59 9.40 12.7%
DCRNN [121] 2.77 5.38 7.3% 3.15 6.45 8.8% 3.60 7.59 10.5%

FC-GAGA [146] 2.75 5.34 7.3% 3.10 6.30 8.6% 3.51 7.31 10.1%
GaAN [220] 2.71 5.25 7.0% 3.12 6.36 8.6% 3.64 7.65 10.6%

G-WaveNet [202] 2.69 5.15 6.9% 3.07 6.22 8.4% 3.53 7.37 10.0%
MTGNN [204] 2.69 5.18 6.9% 3.05 6.17 8.2% 3.49 7.23 9.9%

ST-GRAT [149] 2.60 5.07 6.6% 3.01 6.21 8.2% 3.49 7.42 10.0%
StemGNN [23] 2.56 5.06 6.5% 3.01 6.03 8.2% 3.43 7.23 9.6%
STGNN [190] 2.62 4.99 6.6% 2.98 5.88 7.8% 3.49 6.94 9.7%

DGSL (best) [167] 2.39 4.41 6.0% 2.65 5.06 7.0% 2.99 5.85 8.3%

P
E

M
S-

B
A

Y

DCRNN [121] 1.38 2.95 2.9% 1.74 3.97 3.9% 2.07 4.74 4.9%
STGCN [217] 1.36 2.96 2.9% 1.81 4.27 4.2% 2.49 5.69 5.8%

FC-GAGA [146] 1.36 2.86 2.9% 1.68 3.80 3.8% 1.97 4.52 4.7%
MTGNN [204] 1.32 2.79 2.8% 1.65 3.74 3.7% 1.94 4.49 4.5%

G-WaveNet [202] 1.30 2.74 2.7% 1.63 3.70 3.7% 1.95 4.52 4.6%
ST-GRAT [149] 1.29 2.71 2.7% 1.61 3.69 3.6% 1.95 4.54 4.6%

DGSL [167] 1.32 2.62 2.8% 1.64 3.41 3.6% 1.91 3.97 4.4%
STGNN (best) [190] 1.17 2.43 2.3% 1.46 3.27 3.1% 1.83 4.20 4.2%

2.7.1 Regression Model Performance on Traffic Forecasting

Transportation optimization is an ongoing pursuit for traffic policymakers and researchers.
One of the key points to the success of a more efficient traffic scheme is to precisely know
in advance the traffic situations on roads, including but not limited to the volume size of
the traffic flow, moving speeds, and possibly scheduled activities. The forecasting is then
used to make downstream decisions such as recommending faster routes or helping urban
construction planners understand traffic bottlenecks and hence ameliorate them. Sequential
values (e.g., traffic volumes, speeds) over time are collected in multiple locations to provide
time-series data, meanwhile, the geographical distribution of locations provides distance
information for graph construction.

METR-LA and PEMS-BAY [121] are two widely used traffic datasets for forecasting perfor-
mance evaluation. Their data statistics are listed in appendix D. Table 2.5 shows forecasting
performance for a horizon of 3, 6, and 12 steps. Various graph time-series models are re-
ported regarding metrics MAE, RMSE, and MAPE, in an approximate order from the worst
model to the best model. The formulas of these metrics are provided in appendix C.4. From
the table, we observe that DGSL has the best performance on all forecasting horizons for
the METR-LA dataset, and STGNN has the best performance for the PEMS-BAY dataset.
Note that among models with the best performance, MTGNN [204], STGNN [190], and
DGSL [167] use the provided graph structure to select edges, instead of using geographic
distance values in their model. This shows that exploiting temporal graphs and semantic
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Table 2.6: A comparison of graph time-series models on anomaly detection in water treat-
ment. The performance is reported regarding precision, recall, and F1 metrics. The best
result is highlighted in bold, and the second best result is highlighted in italics.

Data Models Precision Recall F1

SWAT

MTAD-GAT [228] 21.0 64.5 31.7
GDN [51] 99.4 68.1 80.8

FuSAGNet [80] 98.8 72.6 83.7
GReLeN [224] 95.6 83.5 89.1

WADI

MTAD-GAT [228] 11.7 30.6 17.0
GDN [51] 97.5 40.2 57.0

FuSAGNet [80] 83.0 47.9 60.7
GReLeN [224] 77.3 61.3 68.2

graphs contributes to performance improvement. Moreover, we also observe that the model
performance slightly differs between datasets, suggesting researchers to select and test mod-
els based on their datasets.

2.7.2 Anomaly Detection Performance on Water Treatment

The ability to detect anomalies in water treatment is critical for ensuring water quality con-
trol. Numerous graph time-series models have been proposed for accurate anomaly detection
and have been evaluated on two publicly available datasets, namely SWAT and WADI [51].
Both datasets consist of time-series data from water treatment sensors, and anomalies are
labeled in the testing set. Model performance with respects to precision, recall, and F1
is reported in Table 2.6. It is evident that different models prioritize different metrics.
For example, GDN and FuSAGNet achieve the highest and second highest precision across
both datasets, while GReLeN achieves the best recall performance. This difference might
be attributed to the graph relational learning of GReLeN in predicting negative samples
as positive samples, thus leading to an increase in false positive predictions. We suggest
readers test related models on their own datasets to evaluate model performance, since the
performance of SWAT alone may not be convincing [199].

2.7.3 Data Challenges

Data characteristics impose several challenges for modeling. For example, irregular time
series can be sampled at uneven interval time gaps and with anomaly spikes or dips [164, 169,
225]. Other examples include data that have sparse categorical features or dense numerical
features [103]. Furthermore, the irregularity can also lie in the graph structure.
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2.7.3.1 Irregular Time Series

Time series built on web view count or video view count have values that cover a large span
of values from zero to multiple millions, in contrast to traffic speed values that are typically
within a small range. In order to forecast time series of different scales, scaling is used in
data preprocessing and postprocessing stages [180]. Min-Max scaling and Z-score scaling
are the two most common scaling methods. The formulas for Min-Max scaling and Z-score
scaling are provided in Sec. C.1.

Heterogeneous types of time series impose another modeling challenge. For example, different
types of crimes, such as theft or robbery have different time-series patterns and evolving
interdependency. Attention mechanisms or gate mechanisms can be used to build type-
sensitive models and capture the interrelations between types. Xia et al. [205] proposed a
type-aware embedding layer to learn the mutual influence between types of crimes.

2.7.3.2 Irregular Graph Structures

In applications such as ride-hailing forecasting and crime forecasting [205], location data
are collected based on geographic coordinates instead of preselected locations. In this case,
grid mapping strategies such as partition and aggregation may be applied to construct a
graph from these data. The gird-structure data can be modeled with CNN to capture the
spatial correlations [221], or further aggregated for graph models. Moreover, graphs in the
real world can be dynamic, where interactions between nodes change over time. There are
several strategies to create a new graph or update an existing graph to reflect the dynamics.
For example, STAG-GCN [133] utilizes an adaptive graph that has dynamic edge weights.

2.7.4 Other Applications and Datasets

Related models are also used to conduct household electricity usage profiling, which classifies
households as different types and allows power companies to optimize pricing policies. Some
forecasting models can be easily extended to serve as anomaly detection models by measuring
the deviations of the difference between predicted values and actual values. For example,
traffic network forecasting models can be converted to detect anomaly traffic flows which
may be consequences of road accidents. The same task can also be approached in different
ways. For instance, Li et al. [119] target overnight stock price movement prediction and
formulate it as a binary classification problem, i.e., whether a stock rises or falls overnight.
Another spatio-temporal attention model [163], by contrast, formulates the stock selection
task as a time-series prediction problem.
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2.8 Future Directions

Despite the rapid progress of graph time-series models, there remain challenges and open
issues. This section discusses some future directions of graph time-series models.

Scalability. The existence of large-scale data necessitates the scalability of graph time-
series models. When dealing with a big graph, strategies include sampling and pooling can
be used to preserve essential structure knowledge and eliminate less useful ones. Similar
actions are also applicable for long sequential data where models should select impactful
time values instead of digesting all values to boost computational efficiency.

Adoption of Distinctive Considerations. Future work also needs to adapt to distinctive
situations for different datasets or objectives. Some considerations include (a) modeling the
impact of periodicity and seasonality in time series, and (b) modeling the impact of long-term
and short-term time-series patterns, and (c) modeling the impact of local and global neighbor
nodes in graphs, and (d) modeling outlier data such as time-series bursts and isolated nodes.

Adoption of Advanced Components. The development of time-series models and deep
graph models contribute to the advance of graph time-series models. For example, Trans-
former [182] has been increasingly used in series modeling, and is integrated into graph
time-series models [190, 207]. Similarly, recent advanced GNNs may be considered [203, 235].

Broader Applications to More Tasks. As shown in this survey as well as other sur-
veys [188], the majority of graph time-series models target forecasting problems. However,
the power of graph time-series models is not limited to this specific task. The research area
of graph time-series has rich potential for future work on classification, recommendation,
representation learning, and many other objectives.

2.9 Conclusion

In this survey, we comprehensively summarize recent work on the unified topic of graph
time-series modeling. We categorize graph time-series models into, graph recurrent/con-
volutional neural networks (GRCNN) and graph attention neural networks (GANN), and
further categorize them with respect to various components. We thoroughly present represen-
tative models in each category. We discuss and analyze these models and their components
from the perspectives of temporal, spatial, and representational modeling. This includes
an explanation of temporal modeling using RNN versus CNN, various graph construction
methods, goals and limitations of graph models, and the widely adopted attention and gated
mechanisms. We also discuss real-world applications and datasets. Moreover, we present per-
formance results on forecasting and anomaly detection tasks of selected graph time-series
models. In the end, we extend our discussion to include data challenges and future directions
in related research areas.



Chapter 3

Context Integrated Graph Neural
Network for Resource Forecasting

3.1 Introduction

This chapter introduces a novel graph time-series model that leverages contextual graphs for
resource forecasting. Resource (demand and supply) forecasting in spatio-temporal data is
widely studied in various fields, including transportation [112, 143], construction [43, 48] and
communication [189]. Resource time-series values are typically recorded at various locations
and exhibit dependency across, and based on, locations. This requires the modeling of
relational and spatial dependencies. Moreover, contextual or environmental factors (e.g.,
weather) also impact resource values and should be considered. For instance, ride-hailing
demand is sensitive to precipitation.

Related work that leverages contextual features includes TensorCast [47], which forecasts
author collaboration by incorporating features into tensors. Another work utilizes economic
features to forecast housing prices [69]. The time-evolving and dynamic nature of context
requires a modeling of dynamic contextual dependency, however, existing approaches assume
static contexts [71, 158] or require feature selection [211].

Hence, this chapter introduces a novel model, Context Integrated Graph Neural Network
(CIGNN), which learns and incorporates temporal, relational, spatial, and dynamic contex-
tual dependencies for resource forecasting. CIGNN considers a resource network of values
recorded at locations, and models it as a graph, where nodes represent locations and the
corresponding resource time series. CIGNN also constructs separate graphs as contextual
graphs to represent each context type, where nodes represent context-recording locations
and their associated context time series. Assuming that various contexts have dynamic
impact on resources, our proposed CIGNN model employs a novel fusion mechanism that
jointly learns from multiple contextual time series. To the best of our knowledge, CIGNN
is the first graph time-series model that integrates multiple sources of dynamic contextual
information for resource forecasting.

37
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Table 3.1: A qualitative comparison of CIGNN with other models. CIGNN is the only model
that incorporates temporal, relational, spatial, and contextual dependencies.

Modeled Dependencies ARIMA VAR LSTM STGCN DCRNN G WaveNet CIGNN

TEMPORAL ✓ ✓ ✓ ✓ ✓ ✓ ✓
SPATIAL ✓ ✓ ✓ ✓

RELATIONAL ✓ ✓ ✓ ✓
DYNAMIC CONTEXTUAL ✓

Our main contributions are summarized below:

• Joint Modeling of Various Dependencies: CIGNN performs resource forecasting
by leveraging temporal, relational, spatial, and dynamic contextual dependencies, in
contrast to existing methods that do not capture dynamic contextual information.
Table 3.1 shows a qualitative comparison of CIGNN against state-of-the-art methods.

• Unified Multisource Context Learning: In contrast to existing work that manu-
ally conducts feature engineering [211], treats context as static features [71], or ignores
contexts [31, 121], CIGNN integrates multiple contextual features in a unified way.

• Effectiveness: CIGNN consistently outperforms previous methods in terms of MAE
and RMSE on two real-world datasets. CIGNN has an average improvement of 5.7%
(MAE) and 9.4% (RMSE) on CallMi, and 4.4% (MAE) and 2.3% (RMSE) on BikeBay.

3.2 Context Integrated Graph Neural Network

Our proposed Context Integrated Graph Neural Network (CIGNN) leverages temporal, re-
lational, spatial, and contextual dependencies for resource forecasting. CIGNN represents a
resource network as a graph, where nodes represent locations and their associated resource
time series. CIGNN also represents each context type as a separate graph, where nodes
represent locations and their associated contextual time series. We introduce CIGNN using
a bike-sharing system as a running example. Given historical bike supply records at vari-
ous stations, CIGNN predicts future supply by considering four types of dependencies, as
illustrated in Fig. 3.1.

Definition 3.1 (Temporal dependency). Given time series x = [x1x2 · · · xT ], temporal de-
pendency is defined as a mapping from values prior to xt (e.g., previous w values) to xt,

[xt−w · · · xt−2xt−1] −→ xt (3.1)
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Figure 3.1: A simplified illustration of spatial, temporal, relational, and contextual depen-
dencies for one node. (a) Contextual dependency: contextual (temperature and humidity)
impact on resource graph. (b) Relational dependency: correlation between nodes within
a graph. (c) Spatial dependency: spatial accessibility between nodes within a graph. (d)
Temporal dependency: historical impact on future values within a time series.

Modeling temporal dependency allows models to learn from earlier time-series patterns.
Next, we define relational and spatial dependencies to model mutual influence between sup-
ply at various locations.

Definition 3.2 (Relational dependency). We let G = (V,E) denote a graph, where each
node represents a location with an associated resource (demand or supply) time series. We
then define edges to represent relational dependency:

E = {(i, j) | ∀ (i, j) ∈ |V | × |V | ∧ ψ (xi,xj) ≥ λr} (3.2)

where xi and xj denote the associated time series of node i and j, respectively. ψ denotes a
correlation metric and λr denotes a threshold value to filter out small correlation values.

We build pairwise edges with ψ (xi,xj) to represent the relational dependency, where edges
are removed if their weights are smaller than a predefined threshold λr. The insight behind
relational dependency is to capture the mutual impact between similar time series.

On the other hand, the spatial dependency is constructed on the first law of geography [179],
i.e., Near things are more related than distant things.

Definition 3.3 (Spatial dependency). Given a graph G = (V,E,A), where its adjacency
matrix A embodies distance information between nodes, an edge set representing spatial
dependency is defined as:

E = {(i, j) | ∀ (i, j) ∈ |V | × |V | ∧Aij ≥ λs} (3.3)
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Figure 3.2: An overview of our CIGNN unit. For the purpose of brevity, we depict two graphs
in the figure and the number of node features are assumed as one, di = dj = 1. We let Gi

denote a resource graph and Gj a contextual graph. The graph convolution is denoted by
Θ and is used to capture the relational and spatial dependencies. The intermediate state S
incorporates the temporal dependency. The contextual state F is aggregated for contextual
dependency modeling. In practice, CIGNN learns Φi,j for {(i, j) | i, j ∈ 1, 2, . . . , S ∧ i 6= j}.

Each element Aij is derived from distance information such that a short distance results in
a large weight value. Edges with a large weight indicate strong spatial dependency when its
weight is greater than a threshold value λs.

Definition 3.4 (Contextual dependency). Let Gs = (Vs, Es) denote a resource graph with
a set of nodes Vs representing the locations of interests, connected by edges in Es. In
addition, let Gc = (Vc, Ec) be a contextual graph with a set of nodes Vc representing the
locations where contextual features are recorded (e.g., weather stations recording humidity),
and connected by edges Ec. Note that Es and Ec are edges derived either from Definition 3.2
or Definition 3.3. We denote Esc as edges connecting nodes in Vs and nodes in Vc.

Esc = {(i, j) | ∀ (i, j) ∈ |Vs| × |Vc|} (3.4)

To account for more than one contextual type (e.g., if there are n contextual types), the
definition is extended to include all contextual types: Vc = Vc1 ∪ Vc2 ∪ . . . ∪ Vcn, Ec =
Ec1 ∪ Ec2 ∪ . . . ∪ Ecn, for contextual types c1, . . . , cn.

In a bike-sharing system, the bike supply is sensitive to weather conditions such as temper-
ature and precipitation, which are recorded in weather stations. In this case, we build one
contextual graph for temperature and another contextual graph for precipitation.
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3.2.1 Problem Formulation

We formulate resource forecasting as a time-series prediction task, which aims to learn a
function f that predicts future resource values. We define a series of graphs, denoted by
G = {G1, G2, . . . , GS}, where the first graph G1 represents a resource graph, and the rest
represents contextual graphs. For instance, in order to forecast the bike supply, we derive a
bike supply graph, a contextual graph for temperature information and a contextual graph
for humidity information. The ith graph is defined as Gi = (Vi, Ei,Ai), where Vi denotes
the node set and Ei denotes the edge set in Gi. Nodes represent locations with associated
time series and edges imply the dependency between nodes. Ai is the adjacency matrix that
encodes node connections, capturing spatial or relational dependencies.

For convenience, we refer to the group of time series in a graph as a graph signal [67], which
contains all time series from the same graph (type). Hence for graph Gi, the graph signal
is denoted as Xi ∈ RT×Ni×di , where T denotes the time span of interest, Ni = |Vi| is the
number of nodes in the ith graph, di is its corresponding node feature dimension. We use a
subscript to denote which graph is referred, and a superscript to denote a time index. For
example, Xt

i ∈ RNi×di denotes the graph signal of Gi at t.

Given graphs and graph signals, a multistep ahead time-series prediction task for a horizon
of τ is formulated as: [

X1:T
i , Gi

] f(·)−−→ X̂
T+1:T+τ

i , i ∈ [1, . . . , S]

Our model architecture is depicted in Fig. 3.2. We introduce our components for the modeling
of relational, spatial, temporal and contextual dependency in the following sections.

3.2.2 Relational Dependency Modeling using Graph Convolution

The relational dependency implies connections between locations. We leverage the graph
convolution to model it. Given a graph G (V,E,A) (where A ∈ RN×N complies with the
Definition 3.2) and its graph signal at a moment Y ∈ RN×d with N = |V | and d the feature
dimension, we define a graph convolution layer Θ with respect to G as:

Θ∗GY = Θ (L)Y = Θ
(
QΛQT)Y = QΘ (Λ)QTY (3.5)

where L = D− 1
2 (D−A)D− 1

2 is the normalized Laplacian matrix of adjacency matrix A,
with D its diagonal degree matrix. L = QΛQT is the Eigen-decomposition of L, where Q
is composed of eigenvectors. Λ is a diagonal matrix where each element is an eigenvalue of
the corresponding eigenvector.

Strengthen Locality with Chebyshev Approximation. Chebyshev Approximation is
applied to strengthen locality and boost computational efficiency. The intuition behind
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leveraging graph convolution is that it is efficient on aggregating information from neighbor
nodes. Furthermore, we enhance local connections by extending the graph kernel Θ (Λ) to
a series of bases as:

Θ (Λ) =
K−1∑
k=0

θkΛ
k (3.6)

where θ = [θ1θ2 . . . θk]
T ∈ RK is a trainable coefficient vector and K is a hyperparameter

to regulate the locality radius of graph convolution. We set a small number for K to rein-
force local impacts. Hence, Eq. 3.6 is modified with the truncated Chebyshev polynomial
expansion [49, 177]:

Θ∗GY = Θ (L)Y ≈
K−1∑
k=0

θk Tk

(
L̃
)
Y (3.7)

L̃ =
2L

λmax

− I = L− I, assuming λmax = 2 (3.8)

where Tk

(
L̃
)

is the kth Chebyshev polynomial at the scaled Laplacian L̃, and I ∈ RN×N

is an identity matrix. λmax is the dominant eigenvalue of L, which is assumed as 2 since
parameters can adapt to the change in scale during training [106]. The Chebyshev polynomial
has a low time complexity as O (K |E|), where E is the number of nonzero edges. Recall that
we formulate a resource graph Gi and multiple contextual graphs (S graphs in total), the
graph convolution is applied on each graph with separate parameters,

Θ∗Gi
(Xi) =

K−1∑
k=0

θk,i Tk

(
L̃
)
Xi, i = 1, 2, . . . , S (3.9)

3.2.3 Spatial Dependency Modeling using Graph Convolution

Alternatively, the mutual impact between locations can be modeled with spatial dependency,
as defined in Definition 3.3. In this case, the adjacency matrix in the graph describes the
geographic proximity between nodes. The graph convolution is then used upon these graphs.

3.2.4 Temporal Dependency Modeling using Gated Recurrent Units

Inspired by the recent success of RNN structure in time-series prediction and its power of
capturing temporal dependency, we leverage a modified Gated Recurrent Units (GRU) [38]
variant in our approach. The temporal component in CIGNN is composed of units that
take current observations at time t from each graph Xt

i ∈ RNi×di and previous hidden states
Ht−1

i ∈ Rr×(Ni∗di) as input (i ∈ [1, . . . , S]), and yield new hidden states Ht
i ∈ Rr×(Ni∗di) as
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output, where r is the number of neurons. Our GRU-like structure is formulated as follows:

rti = σ
(

FC
r

(
Θr∗Gi

[
Xt

i ⊕Ht−1
i

]))
ut
i = σ

(
FC
u

(
Θu∗Gi

[
Xt

i ⊕Ht−1
i

]))
(3.10)

Ct
i = tanh

(
FC
C

(
ΘC∗Gi

[
Xt

i ⊕
(
rti �Ht−1

i

)]))
St
i = ut

i �Ht−1
i +

(
1− ut

i

)
�Ct

i (3.11)

where r and u denote a reset gate and an update gate, respectively. σ and tanh denote
the sigmoid and hyperbolic tangent activation functions, respectively. Θ denotes the graph
convolution layer as introduced in Sec. 3.2.2, which captures either relational dependency or
spatial dependency, based on the selected adjacency matrix. Hence, the intermediate hidden
state Si incorporates temporal, relational or spatial dependency in the ith graph.

3.2.5 Contextual Dependency Modeling with Fusion Layers

With the learned intermediate states from the previous section, we further propose a novel
fusion layer, denoted by Φ to capture the contextual dependency across graphs, which is
defined in Definition 3.4:

Φi,j

(
St
j

)
= σ

(
z
[
WT

i,jzTSt
j + bi,j

])
(3.12)

F t
i =

S∑
j=1, j ̸=i

Φi,j(S
t
j) (3.13)

where the subscript of W and b denotes different sets of parameters. The trainable pa-
rameters Wi,j ∈ R(Nj∗dj)×(di∗Ni),bi,j ∈ RNi∗di are regarded as learning relations between
time-series across graphs, i.e., the contextual dependency. Note that W has a similar form
as Esc defined in Eq. 3.4 when we consider a resource graph (e.g., a bike supply network)
and its contextual graphs (e.g., a temperature graph and a humidity graph). The parameter
z ∈ Rr is a mapping trainable vector that serve to aggregate the dimension.

Finally, our final hidden states Ht
i combine the intermediate hidden state St

i and the fused
hidden state Ft

i:

Ht
i = St

i + Ft
i (3.14)

In contrast to existing work, our fusion layer does not require manual feature engineering.

3.2.6 Prediction and Objective

With the hidden state Ht
i, the forecasting is calculated below:

X̂
t+1

i = zTHt
i (3.15)
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Table 3.2: A table of dataset descriptions: a graph is constructed for a demand or a supply,
and for each contextual type.

Dataset CallMi BikeBay
Data meaning Mobile call records Bike supply amount
Data location Milan city The Bay Area
Number of nodes 162 70
Time span Nov. 2013-Dec. 2013 Aug. 2013- Aug. 2015
Time interval 1 hour 2 hour
Contextual types temperature(5) temperature (3), humidity(3),dew(3)
(number of nodes) humidity (4) sea level(3) and wind speed(3)

Forecasts of further values are recursively calculated. Mean Absolute Error (MAE) is used
to minimize training loss across all graphs and all time horizons.

Loss = 1

|Ω|
1

S

1

τ

∑
t∈Ω

S∑
i=1

τ∑
j=1

∣∣∣X̂t+j

i −Xt+j
i

∣∣∣ (3.16)

where Ω denotes the set of timestamp index in the training set.

3.3 Experiments

In this section, we introduce our experimental setup, including graph construction methods
and hyperparameters. To verify the effectiveness of CIGNN, we compare our model against
previous state-of-the-art methods on two real-world datasets.

3.3.1 Graph Construction

We leverage two different methods to construct a graph. Specifically, we are interested in
deriving an adjacent matrix A for CIGNN. One method is based on geographical information
described in Definition 3.3 to model the spatial dependency, the other is based on the implicit
correlation between time series, as described in Definition 3.2.

Distance-based Gaussian Kernel Matrix. A truncated Gaussian kernel can be used to
derive the adjacent matrix, where an element Aij has a higher value if the distance between
node i and node j is smaller [121]:

Aij =

{
exp(−dist(i,j)2

σ2 ), if dist (i, j) ≤ κ

0, otherwise
(3.17)
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Figure 3.3: A comparison between spatial matrix and relational matrix. Deeper color indi-
cates higher correlations. (a) Selected bike dock locations in San Jose. (b) The Gaussian
kernel-based spatial matrix. (c) The correlation-based relational matrix. The value between
station 2 and 5 (marked by the red squares) is higher.

where dist (i, j) denotes the geographical distance between node i and node j. σ denotes
the standard deviation of distances and κ is a threshold value to control the matrix sparsity.
Note that λs = exp

(
−κ2

σ2

)
as in Definition 3.3.

Relational Matrix based on Correlation Coefficients. We observe in empirical study
that Gaussian kernel matrix can fail to capture the hidden relational correlations between
distant nodes. For example, in Fig. 3.3a, station 2 and station 5 are far from each other.
Distance-based Gaussian Kernel matrix (Fig. 3.3b) suggests that they have low correlations.
However, they are in fact highly correlated (Fig. 3.3c) as travellers frequently commute
between them along the straight road. To reflect this fact, we utilize the Detrended Cross-
Correlation Analysis coefficient (DCCA coefficient) [107, 208] to construct the relational
correlation matrix.

DCCA coefficient is a correlation metric on series data, which combines detrended cross-
correlation analysis (DCCA) and detrended fluctuation analysis (DFA). Given two time
series x, y of length T and sliding windows of length l, DCCA coefficient is calculated by

ρDCCA (x,y, l) = F 2
DCCA (x,y, l)

FDFA (x, l)FDFA (y, l) (3.18)

where the numerator and the denominator are the average covariance and variance of the
T − l + 1 windows (partial sums), respectively:

F 2
DCCA (x,y, l) =

∑T−l+1
s=1 f 2

DCCA (x,y, s)
T − l + 1

F 2
DFA (x, l) =

∑T−l+1
s=1 f 2

DFA (x, s)
T − l + 1

(3.19)
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Figure 3.4: A comparison of time-series patterns from the two datasets in use. (a) CallMi:
Call demand in Milan during Dec. 25-31. (b) BikeBay: Bike supply in San Francisco during
Aug. 25-31. Values are normalized. Note that CallMi shows more periodicity.

The partial sums are calculated with sliding windows across x and y:

f 2
DCCA (x,y, s) =

∑s+l−1
t=s (xt − x̄s) (yt − ȳs)

l
f 2
DFA (x, s) =

∑s+l−1
t=s (xt − x̄s)

2

l
(3.20)

where x̄s =
1
l
(xs + xs+1 + . . .+ xs+l−1) is the average value in the window starting at s. The

matrix is constructed with pairwise correlations:

Aij =

{
ρDCCA (x,y, l) , if ρDCCA (x,y, l) ≥ λr

0, otherwise
(3.21)

3.3.2 Experimental Setup

We conduct experiments on two public real-world datasets, CallMi and BikeBay (see Ta-
ble 3.2 for a summary) to show the performance of CIGNN. Both datasets contain dynamic
contextual features. CallMi [11] contains call demand data in Milan from Nov. 2013 to Dec.
2013. The dataset contains temperature and humidity information as contextual features.
The city is partitioned into grids in the raw data, however, some grids have very few records.
Hence, we cluster grids into 162 nodes that record mobile call demand. There are 5 temper-
ature nodes and 4 humidity nodes. Each contextual node corresponds to a weather station.
The time interval is an hour. BikeBay [4] contains bike supply data in 70 dock stations in
the Bay Area. The dataset was recorded from Aug. 2013 to Aug. 2015. It contains weather
conditions as contextual data. There are 3 nodes for temperature, humidity, dew, sea level,
and wind speed, respectively. The time interval is two hours.
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Table 3.3: Multistep ahead forecasting performance in terms of MAE and RMSE on CallMi
and BikeBay. The best performance is highlighted in bold text.

Data τ Metrics HA ARIMA VAR LSTM STGCN DCRNN G WaveNet CIGNN

C
al

lM
i

1 MAE 17.15 14.42 18.54 13.51 11.35 10.41 9.48 8.89
RMSE 38.80 24.26 31.30 25.04 20.46 19.44 18.18 16.82

2 MAE – 26.78 27.01 17.05 20.48 16.59 12.72 11.72
RMSE – 44.27 47.14 30.10 35.63 33.59 26.23 22.84

3 MAE – 38.12 34.49 19.02 33.14 22.60 15.38 14.86
RMSE – 61.43 60.13 35.04 40.01 55.03 32.09 29.59

Bi
ke

ba
y

1 MAE 22.70 7.62 8.04 19.91 6.80 6.55 7.00 6.37
RMSE 28.92 13.35 18.72 25.34 11.98 12.37 13.33 11.75

2 MAE – 11.70 12.06 20.83 10.76 10.13 11.01 9.68
RMSE – 18.62 29.42 26.67 16.98 17.65 19.56 16.60

3 MAE – 14.12 14.34 21.29 13.41 12.56 13.69 11.90
RMSE – 21.19 35.05 27.73 19.71 20.52 22.25 19.18

Diversity of Datasets regarding Periodicity. The two selected datasets demonstrate
different pattern characteristics. The call demand time series exhibit periodicity as shown in
Fig. 3.4a, while the bike supply time series show more irregularities, as shown in Fig. 3.4b.
We choose these two datasets to demonstrate the capability of our CIGNN in accurately
predicting time series, whether they exhibit periodicity or not.

We split the time-series data chronologically into training, validation and testing sets with
a ratio of 0.7 : 0.1 : 0.2. Values are normalized using Z-score normalization before training.
Predicted values are inversely transformed to calculate the error. The number of lags is set
as w = 6 and horizons is set τ = 3. The number of neurons is set as r = 32. We conducted
experiments with both the Gaussian kernel matrix and the DCCA coefficient relational
matrix. When using the Gaussian kernel matrix, the distance threshold κ in Eq. 3.17 is set
as 0.1, while the window length in Eq. 3.18 is set l = 4 when using the relational matrix.
A previous study [160] suggests that a small step of graph convolution is more effective in
strengthening the local impact, hence the graph convolution step in Eq. 3.9 is set as K = 1.
We adopt following hyperparameters during training: The learning rate is set as 0.1. The
learning rate decay ratio is set as 0.1 for every 10 epochs. We train for a maximum of 100
epochs with the Adam optimizer [105] and use an early stop strategy if the validation loss
does not decrease for 10 consecutive epochs. All experiments are implemented using Python
Tensorflow (v1.14) and run on Ubuntu 16.04 OS with 8 CPU cores and a memory of 32G.
MAE in Eq. 32 is used as a loss measure to update parameters for all horizons in the training
set. In evaluation, both MAE and RMSE are calculated, as defined in Eq. 33.

We compare CIGNN with both statistical models and DL-based models, including HA His-
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Figure 3.5: An illustration of the effectiveness of the fusion mechanism. CIGNN with fusion
outperforms the model without fusion (dashed), in both training and testing.

torical Average gives prediction for a given timestamp as the average of values at the same
time of the day over the past four weeks; ARIMA AutoRegressive Integrated Moving Average
fits each time series and predicts each time series independently; We use the same parameter
order (3, 0, 1) as used in [121]. VAR Vector AutoRegressive is a multivariate model that
generalizes ARIMA to have multiple evolving variables; MM-LSTM Multistep Multivariate
LSTM. We set the number of neurons as 64. DCRNN [121] Diffusion Convolution Recurrent
Neural Network is a graph time-series model that utilizes a graph diffusion to capture the
spatial dependency. Its details are covered in Sec. 2.5.1.1; STGCN [217] Spatio-Temporal
Graph Convolutional Network is a graph time-series model that learns both the spatial and
temporal dependencies with a gated mechanism to make predictions; Graph WaveNet (or G
WaveNet) [202] Graph WaveNet is a graph times-series model that leverages a self-adaptive
adjacency matrix to capture the spatial dependency.

Figure 3.6: A performance comparison of models with different matrix constructions and
different lags. DCCA coefficient-based model achieves better performance for both lags.
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3.3.3 Results

Multistep Ahead Prediction. We conduct experiments with w = 6 to predict values at
a horizon up to τ = 3. We report MAE and RMSE results for each horizon in Table 3.3.
From the table we note that graph time-series methods generally outperform statistical
methods (HA, ARIMA and VAR) as HA can only predict one step ahead, and ARIMA fails
to exploit interactions across time series. Among graph time-series models, Graph WaveNet
outperforms DCRNN on CallMi but not on BikeBay, while CIGNN consistently outperforms
STGCN, DCRNN and Graph WaveNet. CIGNN also outperforms baselines when more
observations and a larger horizon are considered. CIGNN outperforms previous state-of-the-
art models on both dataset. Specifically, CIGNN is better than Graph WaveNet on CallMi
by 5.7% MAE and 9.4% RMSE, and better than DCRNN on BikeBay by 4.4% MAE and
2.3% RMSE.

Effectiveness of Fusion. To assess the effectiveness of our proposed fusion mechanism,
we compared our approach to a CIGNN variant that has the fusion layer removed. We ran
experiments on the BikeBay dataset and compared the two models on both training and
testing losses, as shown in Fig. 3.5. Although CIGNN starts with a higher loss, it converges
faster than the variant without fusion layer. This shows that the fusion mechanism is effective
in utilizing contextual factors for forecasting.

Adjacency Matrix Analysis. To analyze and compare the effectiveness of the Gaussian
Kernel matrix and the DCCA relational coefficients matrix, we ran experiments on the
CallMi dataset using lags as 6 and 9. Fig. 3.6 shows MAE and RMSE results for a horizon of
6. We note that predictions based on the DCCA coefficient adjacency matrix are consistently
more accurate than predictions based on the Gaussian kernel matrix. Moreover, using 9 lags
results in significantly better prediction results than that using 6 lags, and the lag number
has an impact on prediction accuracy for a long horizon.

3.4 Conclusion

To model nonlinear temporal, relational, spatial, and contextual dependency in time-series
prediction, we propose a novel graph time-series approach for data with dynamic contextual
information. Our model employs a novel fusion mechanism to capture the dynamic contex-
tual impact on resource values. The capability of processing multiple graphs at the same time
empowers our model to be applied in more general structured sequence forecasting tasks,
such as dynamic social networks relationship prediction, and evolving preference prediction
in recommendation systems. Extensive experiments and analyses show that our proposed
CIGNN consistently outperforms previous state-of-the-art methods, which validates the ef-
fectiveness of the model.



Chapter 4

Evolving Super Graph Neural
Network for Large-scale Forecasting

4.1 Introduction

In this chapter, we propose another graph time-series model that also involves a series of
graphs. Different from CIGNN in Chapter 3, this model generates new graphs as time series
dynamically evolve forward. Our proposed model, Evolving Super Graph Neural Network
(ESGNN), aims to address time inefficiency, unscalability, and space limitations of existing
graph time-series models for forecasting on large-scale data.

Our model motivation is listed below (1) As discussed in Sec. 2.5.1.3, many graph time-series
models rely on external information to construct a spatial graph. However, the availability
of geo-information is not guaranteed, neither does it necessarily reflect the actual node
connections. In a cloud computing system, for example, two closely located compute nodes
can belong to different cloud clusters, resulting in a weak or negligible correlation between
them. On the other hand, connections between highly correlated nodes may be missing in
the datasets but should be taken into consideration. In fact, CIGNN in Chapter 3 has better
performance with a DCCA matrix than a distance matrix. In this model, we assume that
compute nodes in the same computing cluster share correlated patterns. We consequently
derive the cluster information with a similarity-based clustering algorithm. (2) Most existing
graph time-series models rely on a single graph throughout the entire time span, which
neglects the dynamically evolving node connections. In reality, nodes can not only neighbor
with different nodes at different moments but can also have changing link weights. ESGNN
creates a new evolving graph for every user-selected time interval, which reflects the most
up-to-date connection status and provides a more refined dependency modeling. (3) To
reduce time and space complexity, ESGNN builds super nodes based on the original (or
target) node time series, and builds super graphs upon super nodes. Many existing models
require O

(
|V |2

)
time complexity to build graphs [34, 121, 167]. When the number of nodes

grows from a few hundred to tens of thousands, the time cost of graph construction alone get
worsened by ten thousand times, and even more when considering training runtime with the
generated large graph. In contrast, ESGNN trains upon much fewer super nodes, hence its
training procedure requires much less computation and memory. As a consequence, ESGNN
predicts in a much shorter time, while achieving comparable forecasting accuracy.

50
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Our main contributions in this chapter are summarized below,

• Efficient Super Graph Construction: ESGNN employs a novel super graph con-
struction method that leverages K-Means and Locality-Sensitive Hashing (LSH) to
quickly build evolving super graphs from the most recent graph connections. To the
best of our knowledge, this is the first graph time-series model that approaches large-
scale time-series forecasting with a super graph.

• Improved Time and Space Complexity: Our proposed ESGNN has a significantly
lower time and space complexity compared to previous state-of-the-art baselines. Ex-
periments on two real-world datasets show that ESGNN has a speedup of 3.2×-40.5×
over baselines. In addition, ESGNN only needs 0.02% − 20.96% space usage of com-
pared baselines.

• Effectiveness: Compared to previous state-of-the-art baselines, ESGNN achieves
comparable forecasting performance, with the best or runner-up results across mul-
tiple steps ahead predictions on two cloud computing datasets.

4.2 Evolving Super Graph Neural Network

In this section, we describe the workflow of our proposed ESGNN. We associate each node
with a time series of interest, which we refer to as the target time series, as shown in Fig. 4.1
(a). In cloud resource usage forecasting, each time series represents a resource type such as
CPU or memory. We assume nodes with high pattern correlations have mutual influence
with each other. Hence, nodes with similar time-series patterns are grouped into clusters,
as shown in Fig. 4.1 (b). We build a super node for each cluster and create an average
time series by averaging over all time series in the cluster. Therefore, each super node is
associated with an average time series, or equivalently, a super time series. ESGNN then
constructs a super graph by connecting super nodes with super edges. Each super edge
connects a pair of super nodes. We assign super edge weights based on the similarity of its
connected super time series. Over time, nodes may belong to different super nodes during
various time periods. As a consequence, super graphs need to be dynamically updated with
the latest period of time-series observations, as shown in Fig. 4.1 (d). We train a model with
an evolving super graph encoder-decoder architecture that takes dynamic super graphs as
input, as shown in Fig. 4.1 (c). The goal of this step is to learn the super node embeddings.
Finally, a predictor structure is trained on the learned super node embeddings together with
the target node time series, as shown in Fig. 4.1 (e).
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Figure 4.1: The architecture of our proposed ESGNN. (a) Large-scale graphs before clus-
tering: each graph consists of a period of node time series. (b) Super graphs: each super
node is created by clustering node time series. (c) An encoder-decoder structure is trained
with super graphs to learn super node embeddings. (d) Time series are sliced into periods to
construct evolving super graphs per time interval. The testing data are masked off during
training. (e) A predictor leverages both target time series and encoded super node embed-
dings to make prediction.

4.2.1 Problem Formulation

ESGNN periodically creates evolving super graphs upon the time-series data X ∈ RN×T

of N time-series and T steps. Let p denote a user-selected graph update interval. Hence,
time values in the first p time steps X1:p are used to construct the first super graph G1, and
time-series values in the second p time steps Xp+1:2p are used for the second super graph G2,
and so on. The last super graph may contain fewer than p time step values if T does not
divide p evenly. Without loss of generality, we assume T is divisible by p. Therefore, there
are in total S = T

p
super graphs, denoted by G = {G1, G2, . . . , GS}. Each super graph Gi is

associated with a super node set and a super edge set, denoted as Gi (Vi, Ei). The number
of nodes in super graph Gi is denoted as Ni = |Vi|.

Given observed values and super graphs, we aim to predict values for a horizon of τ :

[
X1:T ,G

] f(·)−−→ X̂
T+1:T+τ (4.1)
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4.2.2 Super Graph Construction

ESGNN constructs super graphs in two stages, namely, super node aggregation and super
edge connection. Firstly, super nodes are created by clustering periods of time series, where
each cluster contains time series of similar patterns. For each super node, a super time
series is derived by averaging all time series in the corresponding cluster. In the second
stage, we connect super nodes with super edges. Our model creates a new super graph
every p time steps. For brevity, we discuss the super graph construction for the ith period
X(i−1)p+1:ip ∈ RN×p, with i ∈ {1, 2, . . . , S} covering the whole observation time span. We
temporarily override the notation X with X(i−1)p+1:ip for this discussion.

Super Node Aggregation. ESGNN groups N nodes into Ni super nodes through a cluster-
ing method, denoted by ϕ. K-Means is one eligible algorithm for ϕ, in addition to alternative
options such as X-Means [150]. K-Means is applied on N nodes with their individual node
time series of p time values. We briefly describe K-Means below in three steps: initial-
ization, assignment, and update. In the initialization step, K = Ni nodes are randomly
selected as centroids, denoted by [M0

1 ,M
0
2 , . . . ,M

0
K ], at the iteration 0. In the assignment

step, each node is assigned to the closest centroid. We let At
u denote the assigned cluster for

node u in the tth iteration, and let [Ct
1, C

t
2, . . . , C

t
K ] denote the resulting K clusters, where

Ct
k = {u | At

u = k}. Cluster centroids are recalculated for each cluster in the update step:
M t

k = 1

|Ct
k|
∑

u∈Ct
k

xu. The node assignment step and the centroid update step are repeated
until convergence. As a result, K clusters C1, C2, . . . , CK are obtained. ESGNN creates a
super node for each cluster. Let yk denote the kth super time series: yk = 1

|Ck|
∑

u∈Ck
xu.

We let Y = [y1,y2, . . . ,yNi
]T denote all Ni derived super time series. Here, Y ∈ RNi×p.

Super Edge Connection. We utilize Locality Sensitivity Hashing (LSH) to quickly build
edges among highly correlated super nodes. LSH assigns super time series to various buckets
with linear time complexity. We connect super nodes within the same bucket and use a
time-series similarity metric ψ to determine edge weights. LSH generates a signature for each
super time series through a random matrix, denoted by B ∈ [−1, 1]p×b, which maps super
time series to b-dimensional vectors, with b being a small preselected number. Therefore,
the matrix of b-dimensional vectors for all super time series Xb ∈ RNi×b is calculated by
Xb = YB. A binary signature matrix Xsign ∈ RNi×b of Ni time series and b bits is derived
from applying the sign function on Xb:

Xsign
i,j =

{
1, if Xb

i,j ≥ 0

0, otherwise
(4.2)

The resulting signatures are b-bit strings. Hence, there are at most Q = 2b unique strings
ranging from a b-digit string of all zeros (00 · · · 0︸ ︷︷ ︸

b

) to a b-digit string of all ones (11 · · · 1︸ ︷︷ ︸
b

).

Super time series with equivalent signatures are classified into the same bucket. We let
B1, B2, . . . , BQ denote the Q different buckets, where two super nodes u and v are in the
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same bucket if and only if xsign
u = xsign

v . We connect super nodes within the same bucket to
form the edge set:

E = {eu,v | u, v ∈ Bi ∧ u 6= v, i = 1, 2, . . . , Q} , eu,v = ψ (yu,yv) (4.3)

where ψ denotes a time-series similarity metric that takes two time series as input and yields
a similarity score. The selection of ψ is flexible and can naturally leverage any application-
specific or state-of-the-art techniques. For instance, our approach can adopt Pearson Corre-
lation Coefficient or Dynamic Time Warping [133]. Correspondingly, we derive an adjacency
matrix A ∈ RNi×Ni for each super graph with Au,v = eu,v. Leveraging LSH for super edge
construction has two advantages. Firstly, LSH is efficient with a time complexity that is
linear to the number of super nodes. Secondly, LSH helps to further reduce the number of
super edges compared to constructing a complete graph with pairwise connections, which
reduces training runtime.

4.2.3 Diffusion on Evolving Super Graphs

ESGNN learns from dynamically evolving super graphs through graph diffusion. Given super
graphs G, we leverage the DCRNN model to incorporate time-series values from evolving
graphs into a hidden state, as Ht = DCRNN

(
Yt, Gi

)
. Details of DCRNN is given in Eq. 2.17-

Eq. 2.20. Gi is the i =
⌈

t
p

⌉
th graph of timestamp t and period length p. Thus, different

graphs are used in different periods during training.

We leverage an encoder-decoder architecture where the encoder consists of evolving super
graph GRUs and derives encoded states, with the final state used to initialize the decoder.
The decoder, also composed of evolving super graph GRUs, generates prediction for the
super time series. Both the encoder and the decoder use the DCRNN model.

Ŷ
t+1

= Decoder
(
Encoder

(
Yt
))

(4.4)

We use MAE, defined in Eq. 32, as the loss function to train the neural network by minimizing
the difference between the ground truth and the prediction.

Loss
super

= MAE
(
Yt, Ŷ

t
)

(4.5)

where t iterates over the time index in the training set.

4.2.4 Predictor

After training on super graphs, ESGNN uses a predictor to decode the learned super time-
series embeddings. The predictor allows each target time series to be modeled individually
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with their corresponding super time-series embeddings. To ensure a lightweight predictor,
we utilize a single-layer network that takes the concatenation of target time series and its
super time series as input. Let Yemb = Encoder (Y) denote the encoded embeddings for all
Ni super nodes. At any moment, a target time series is associated with a super node, as
described in Section 4.2.2. The super time-series embeddings from the latest super graph
are used in the predictor since they are closest to the prediction period. Let Alast

u denote
the last assigned cluster of node u, a concatenation is formed by combining the two time
series xcat,u =

[
xu ‖yemb,Alast

u

]
. We further construct a matrix with all N concatenations

Xcat = [xcat,1,xcat,2, . . . ,xcat,N ]
T. Our predictor uses Xcat to generate forecasts:

X̂ = FC
out

(Xcat) (4.6)

Similar to Eq. 4.5, the predictor model is trained with MAE.

4.3 Experiments

We design experiments to answer following research questions: (1) What is the forecasting
performance of ESGNN compared to existing methods? (2) How much runtime does ESGNN
model take compared to other models? (3) How much space is saved by ESGNN?

We evaluate ESGNN on two cloud trace datasets from Google and Adobe [156]. Google trace
records the activities of a cluster of 12, 224 machines over a period of 2 days in 2011. The
measurements of CPU usage, maximum CPU usage, and memory usage are collected at 5-
minute intervals, resulting in a total of 36, 672 time series. Adobe trace records the activities
of a cluster of 795 machines. The CPU usage for each task is recorded every 30 minutes. For
both datasets, we obtain time series of length 576 and split them chronologically in a ratio
of 0.5 : 0.25 : 0.25 for training, validation, and testing, respectively. We set the number of
super nodes as K = 100 in the K-Mean algorithm for both datasets across all time periods.
The length of the binary strings in the LSH algorithm is selected as b = 12. We set the
graph update time interval as p = 48 and generate S = 6 super graphs in total. The number
of units in each graph diffusion layer is set as 16. We use a rolling window of length 24 to
create data samples. For each data sample in the window, the first 12 values are conditioned
to predict the next 12 values. We compare our model against state-of-the-art large-scale
models, including NBEATS [145], DeepAR [162], MQRNN [192] and DF [191]. All models
are implemented using Gluonts [1] with the suggested hyperparameter selection from the DF
paper [191]. All experiments are run with 16 CPUs of 2.40 GHz, 37.2 GB memory, and a 12
GB NVIDIA GPU.
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Table 4.1: A table of prediction performance on Google and Adobe datasets. MAE and
RMSE are reported on 3, 6 and 12 steps ahead predictions.

Data Methods
3 steps ahead 6 steps ahead 12 steps ahead

MAE RMSE MAE RMSE MAE RMSE

G
oo

gl
e

ESGNN 0.0687 0.1766 0.0781 0.1955 0.0867 0.2019
NBEATS 0.0590 0.1294 0.0711 0.1498 0.0889 0.2893
DeepAR 0.1172 0.3183 0.1413 0.3326 0.1576 0.3763
MQRNN 0.1684 0.2576 0.1787 0.2602 0.1837 0.3399
DF 0.3691 0.5059 0.3864 0.5283 0.3947 0.5802

Ad
ob

e

ESGNN 0.0140 0.0302 0.0175 0.0364 0.0232 0.0455
NBEATS 0.0107 0.0187 0.0221 0.0429 0.0274 0.0530
DeepAR 0.0199 0.0628 0.0340 0.0784 0.0424 0.0852
MQRNN 0.1066 0.1739 0.1099 0.1754 0.1195 0.1814
DF 0.0972 0.1329 0.1016 0.1474 0.1141 0.1590

4.3.1 Results

We report MAE and RMSE for 3, 6, and 12 steps ahead prediction in Table 4.1. The
best performance is highlighted in bold and the second best performance is shown in italic.
For the Google dataset, ESGNN achieves the second best result for 3 and 6 steps ahead
predictions and the best result for 12 steps ahead prediction. We observe that DF performs
the worst on the Google dataset which may be attributed to the small number of global
factors in the DF model, since it implies a strong assumption that all time-series are related
to each other. For experiments with the Adobe dataset, our method ESGNN achieves the
second best result for the 3 steps ahead prediction and the best forecasting for the 6 and
12 steps ahead horizon. Overall, our proposed ESGNN demonstrates competitive accuracy
compared to state-of-the-art models. It is worth noting that although NBEATS outperforms
ESGNN at certain horizons, our model requires less space and has a shorter training time,
as discussed in the next section.

4.3.2 Runtime and Space Usage Analysis

We report the model space usage in terms of space ratio compared to the baselines, as shown
in Table 4.2. We notice that NBEATS takes much more parameters than other methods,
due to its multilayer residual block stacking mechanism, where a great number of parameters
are needed. In contrast, our proposed ESGNN greatly saves space usage with much fewer
parameters. Specifically, ESGNN only needs 0.02% of the space required by NBEATS,
and only accounts for 19.96%, 6.99%, and 0.08% of the space usage compared to DeepAR,
MQRNN, and DF, respectively.
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Table 4.2: The space complexity of each model, measured in the number of parameters.

Methods ESGNN NBEATS DeepAR MQRNN DF

#parameters 5, 357 24, 830, 628 26, 844 76, 602 6, 483, 211

In addition, we report the training runtime of our ESGNN against baselines for both the
Google dataset and the Adobe dataset. The training runtime measures the time from the
start to the end of the training for all time series and all training samples. For a fair compar-
ison, we include the time for super graph construction in ESGNN. ESGNN is significantly
faster than baselines regarding training runtime, namely, more than ten times faster than
NBEATS (15.9×), DeepAR (14.6×), and DF (14.3×) on Google dataset, and more than
three times faster than MQRNN (3.2×). A similar speedup is observed with the Adobe
dataset, as NBEATS (40.5×), DeepAR (37.2×), MQRNN (8.1×), and DF (36.3×).

4.4 Conclusion

In this chapter, we propose a novel graph time-series model, Evolving Super Graph Neural
Network (ESGNN) to address the challenges of time and space complexity in time-series
forecasting. With a novel super graph construction method, ESGNN significantly reduces
the number of nodes in the super graph, which reduces the runtime and space requirements.
ESGNN exhibits substantial advantages in runtime and space usage compared to previous
state-of-the-art models, with competitive prediction accuracy.



Chapter 5

Probabilistic Hypergraph Recurrent
Neural Network for Forecasting

5.1 Introduction

In this chapter, we go beyond models with standard graph structures and propose a novel
hypergraph time-series forecasting model. Despite the huge success of graph time-series
models, there still remain challenges to be resolved. This chapter aims to address two of them.
The first challenge lies in modeling beyond-pairwise relationships among nodes. Conventional
graph time-series models are limited to modeling pairwise relationships [84, 131]. However,
beyond-pairwise connections are ubiquitous in many applications. For instance, beyond-
pairwise connections exist among compute nodes in cloud computing systems, where multiple
compute nodes are routinely allocated together to accomplish tasks [114]. When nodes
collaborate on the same task, messages are typically broadcast among them, resulting in
simultaneous broadcasting communication instead of one-on-one interactions. Graph models
proposed for these applications simplify broadcasting into pairwise connections. In contrast,
hypergraph modeling naturally represents the beyond-pairwise relationships among nodes
and therefore provides a more accurate description of the actual interactions [28, 197].

The second challenge is related to the deterministic structure in existing models. These mod-
els assume that the leveraged graph structure or hypergraph structure is statically fixed, and
their connection weights among nodes remain constant. In reality, however, the underlying
internode or node-hyperedge relationships may follow a distribution, with dynamic connec-
tion weights sampled from the distribution. To address this challenge, probabilistic graph
models have been proposed, which model connections between nodes as probabilistic distri-
butions, resulting in significant performance improvement across various tasks [140, 167].

Following this thread, this chapter introduces a novel probabilistic hypergraph approach
when modeling node connections. An example of three time series and their relationships
with a hyperedge is presented in Fig. 5.1. For illustration purposes, we define hyperedge
time series as the mean time series of its nodes. Notably, the node-hyperedge relationships
are dynamic, as nodes exhibit varying correlations with the hyperedge over time (e.g., the
blue area versus the red area). Our probabilistic approach aligns with the nature of node in-
teractions and captures these dynamics, compared to existing hypergraph approaches (either
unweighted or weighted), as they assume deterministic node-hyperedge weights.

58
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Figure 5.1: Dynamics of node-hyperedge connections. Node time series for (v1, v2, v3) and
their hyperedge series e1 are depicted on the left. The green area around the hyperedge
time series highlight the standard deviation. Node time series exhibit higher correlations
with hyperedge time series in the blue area than in the red area, indicating fluctuations
in the connection strength. Probabilistic relationships modeling can learn the interaction
dynamics, in contrast to weighted or unweighted deterministic relationship modeling.

Our proposed model, namely, Probabilistic Hypergraph Recurrent Neural Network
(PHRNN), incorporates both probabilistic modeling and hypergraph modeling, and earns
the following advantages for time-series forecasting: (1) PHRNN is a hypergraph-based
model, enabling it to capture beyond-pairwise interactions among nodes. Specifically, such
interactions are modeled in the form of hyperedges that are incident to many nodes. (2)
PHRNN does not require an explicit hypergraph structure, but instead, learns a hypergraph
structure from the time-series features. This alleviates situations where the underlying struc-
ture is unreliable or missing. (3) PHRNN models node-hyperedge interactions as probabilis-
tic distributions, allowing it to exploit the dynamics of node-hyperedge relationships. The
probabilistic modeling aligns well with many scenarios across various applications.

Our main contributions in this chapter are summarized below:
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• Probabilistic Hypergraph Learning: We introduce a novel hypergraph time-series
forecasting model, Probabilistic Hypergraph Recurrent Neural Network (PHRNN),
which leverages the interrelationships among time series by learning a probabilistic
hypergraph. The probabilistic hypergraph approach benefits our model with the ad-
vantages of both probabilistic modeling and hypergraph modeling. To the best of our
knowledge, PHRNN is the first probabilistic hypergraph model for time-series forecast-
ing. The novel probabilistic hypergraph modeling within our proposed PHRNN serves
as an adaptable spatial component and is readily integrated with other models.

• Effectiveness: Using multiple datasets, we conduct extensive experiments with closely
related baselines, including graph-based methods and hypergraph-based methods. Our
experimental results show that PHRNN outperforms previous state-of-the-art baselines
in terms of forecasting accuracy. We investigate the effectiveness of PHRNN through
a hyperparameter study, including prior knowledge hypergraph constructions and reg-
ularization coefficients.

5.2 Related Work

The majority of existing graph models leverage explicit graph structures that are derived
from geographical information [121, 217, 229], however, there is a growing trend in graph
structure learning, which frees models from relying on connectivity information. Graph
structure learning is particularly useful when an explicit graph structure is missing or is
challenging to define. Models along this line either learn graph structures from time-series
features or from embeddings [167, 202, 204]. This is closely related to the temporal graph
construction and the semantic graph construction introduced in Chapter 2. However, most of
them learn a deterministic graph in which a static weight is learned for each edge [145, 206].
This assumes that the connection weights between nodes are fixed, which may not accurately
reflect real-world scenarios, as connection weights between node time series fluctuate and
evolve over time. In order to better reflect these dynamics, some models learn a probabilistic
graph structure where each edge represents a distribution, and edge weights are sampled from
these distributions [167, 218]. To leverage this advantage, our proposed PHRNN embraces
a probabilistic approach by modeling interactions among nodes as distributions.

In addition to graph time-series forecasting models, recent efforts have also been made in
hypergraph time-series modeling [213, 214, 215, 231]. A hypergraph consists of nodes and
hyperedges, where each hyperedge essentially embodies a set of nodes and describes connec-
tions among nodes that extend beyond pairwise relationships. Compared to graph structures,
hypergraphs are capable of representing more complex relationships among nodes [64, 197].
Many existing hypergraph models are motivated by web applications as well as traffic net-
works, as one of their primary goals is to capture inherent connections among groups or
communities of nodes to improve forecasting accuracy [134, 187, 214, 232]. For example,
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Table 5.1: A notation table of used symbols

Notations Descriptions Notations Descriptions

H(V,E,C) a hypergraph E(v) edges that v incident to

E ⊆ 2V (hyper)edge set M = |E| number of edges

C incident matrix λreg regularization coefficient

s temperature g Gumbel distribution

zv node embedding ye hyperedge embedding

FC (·) a fully connected layer Conv (·) a convolutional layer

Wu et al. [198] introduced a hypergraph time-series forecasting model that leverages rela-
tional modeling with the aid of predefined hyperedge categories. In contrast, our proposed
PHRNN does not assume hyperedge categories and is therefore free from such constraints.
Another hypergraph model, introduced by Zhao et al. [232], focuses on capturing the traf-
fic network isomorphism by constructing hyperedges based on actual network connections.
Unlike these models that fall short of requiring explicit hypergraph structures, our proposed
PHRNN benefits from learning a probabilistic hypergraph structure, which is advantageous
when connectivity information is unreliable or missing.

5.3 Problem Formulation

We target a time-series forecasting problem, where our objective is to predict future values
for N time-series. Let X ∈ RN×T denote the time-series matrix of a length of T . With the
time-series values, we initially learn a probabilistic hypergraph, denoted by H (V,E,C).

X1:T → H (V,E,C) (5.1)

where V and E denote a node set and a hyperedge set, respectively. Each node v ∈ V is
associated with a time series xv ∈ RT , resulting in N = |V |. Furthermore, we let xt ∈ RN

denote the time-series values for all nodes at time t. Each hyperedge e ∈ E is incident
to a subset of the node set V . We let M = |E| denote the number of hyperedges. The
letter C ∈ [0, 1]N×M denotes the probabilistic incidence matrix for the hypergraph H, where
each column C:,e ∈ [0, 1]N describes the incident information for hyperedge e, signifying
node-hyperedge connections between all nodes and the hyperedge e. We aim to learn a
probabilistic distribution for each element Cv,e in the incidence matrix, which subsequently
represents the node-hyperedge dynamics.

After learning a probabilistic hypergraph H, our primary objective is to learn a function f

that predicts future time-series values X̂
T+1:T+τ of a horizon τ . The prediction is based on

historical time-series observations X1:T in conjunction with the learned hypergraph H:[
X1:T , H

] f(·)−−→ X̂
T+1:T+τ (5.2)
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5.4 Probabilistic Hypergraph Recurrent Neural Net-
work

Our proposed Probabilistic Hypergraph Recurrent Neural Network (PHRNN) adopts an
encoder-decoder structure, where the encoder recursively digests input sequence values to
learn encoded states for nodes, while the decoder utilizes these states to recursively make
future predictions. PHRNN contains a probabilistic hypergraph learning component that
automatically learns the underlying hypergraph structure from time-series. Once the hy-
pergraph is learned, it is used to update node time-series embeddings through a node-to-
hyperedge aggregation and a hyperedge-to-node aggregation. Subsequently, these updated
node embeddings are used by a predictor to generate predictions.

5.4.1 Probabilistic Hypergraph Learning

To overcome limitations of existing hypergraph methods that they rely on explicit hyper-
graphs with fixed incidence matrix values [213, 232], PHRNN learns a probabilistic hy-
pergraph structure that parameterizes the hypergraph representation. We parameterize C
through the parameters θ ∈ [0, 1]N×M by using the Gumbel reparameterization trick, which
allows efficient differentiability [98, 167]. The distribution of an element Cv,e is described by

Cv,e = σ

 log
(

θv,e
1−θv,e

+
(
g1v,e − g2v,e

))
s

 (5.3)

where σ(·) denotes a sigmoid function. g1v,e and g2v,e denote two standard Gumbel distribu-
tions Gumbel(0, 1), and s is a temperature hyperparameter that controls the sparsity of the
incidence matrix. During the hypergraph structure optimization, we independently sample
g1v,e and g2v,e from the standard Gumbel distribution, which consequently instantiates the
node-hyperedge weights Cv,e for node v and hyperedge e. For brevity, we let Cv,e denote
both the distribution and the instantiation for the incidence matrix, as the context will
clarify any ambiguity.

Calculation of Parameter θ. The parameter in Gumbel reparameterization θ depends on
pairs of node-hyperedges, as described in Eq. 5.3. More specifically, the value of θv,e depends
on node v and hyperedge e. Therefore, we propose calculating θ from node embeddings and
hyperedge embeddings. We derive node embeddings from time-series values. Let zv denote
the node embedding for node v ∈ V . We compute zv through a fully connected layer FC (·)
and a convolutional layer Conv (·) over time series xv:

Node embeddings: zv = FC (Conv (xv)) ∈ Rdz (5.4)

The use of the convolutional layer over the entire time span of time series allows node
embeddings to capture the temporal relations across a wide range of time steps.
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Figure 5.2: Probabilistic hypergraph structure learning. (a) PHRNN utilizes a prior knowl-
edge KNN hypergraph. A hyperedge is derived by taking each node and its closest K − 1
nodes in terms of time-series similarity. (b) A node embedding zv is calculated for each node
v using Eq. 5.4. A hyperedge embedding is calculated by averaging all node embeddings the
hyperedge is incident to. (c) Using the node embeddings and hyperedge embeddings, the
hypergraph parameter θv,e is derived through a two-layer neural module. (d) θv,e is computed
for each node-hyperedge pair. Gumbel distributions are used with θv,e to form a probabilis-
tic distribution for each node-hyperedge weight. (e) The learned hypergraph structure is
represented in the form of an incidence matrix, where each element represents the sampled
node-hyperedge weight.

Hyperedge embeddings, on the other hand, cannot be directly derived from time series due to
the missing of hypergraph structure information. To address this, we leverage a K-Nearest-
Neighbors (KNN) prior knowledge hypergraph to initialize hyperedge embeddings. The
KNN-based hypergraph is constructed by iterating over each node, where at each iteration
a hyperedge is formed by including the iterated focal node and its K − 1 closest neighbors
in terms of time-series similarity. Redundant hyperedges are further removed, resulting in
M ≤ N hyperedges. An example that contains three hyperedges is depicted in Fig. 5.2 (a).
Let HK

(
V,EK

)
denote the KNN-based prior knowledge hypergraph, we let the hyperedge

embedding ye be the aggregation of node embeddings for nodes incident to e:

Hyperedge embeddings: ye =
1

|e|
∑
v∈e

zv, e ∈ EK (5.5)

As depicted in Fig. 5.2 (b), we employ the mean aggregation, but other aggregation methods
such as sum aggregation or attentional aggregation are also possible [79].

Given node embedding zv and hyperedge embedding ye, a node-hyperedge incidence predic-
tor is used to derive θv,e. We leverage a two-layer module, as depicted in Fig. 5.2 (c):

θv,e = FC (FC (zv ⊕ ye)) (5.6)
Our incidence predictor has a simple yet effective structure but other readout functions are
also viable [202, 204]. Subsequently, the parameter θv,e is computed for each pair of node
v and hyperedge e, as shown in Fig. 5.2 (d). In conjunction with the Gumbel distributions
from Eq. 5.3, the parameter θ is used to derive the probabilistic hypergraph structure C, as
shown in Fig. 5.2 (e).
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Figure 5.3: Our proposed hypergraph-based RNN cell. (a) A sampled hypergraph is used
to determine hyperedges. (b) Two hyperedges are highlighted for the node-hyperedge-node
aggregations. Each hyperedge is first aggregated from its incident nodes, as described in
Eq. 5.7. Each node is then aggregated from its incident hyperedges, as described in Eq. 5.8.
(c) The cell function Φ(·) outputs a hidden state for each node by applying a fully connected
layer to the original node vector q and the transformed node vector s.

5.4.2 Hypergraph-based RNN Cells

With the learned probabilistic hypergraph structure from Eq. 5.3, we design a hypergraph-
based RNN cell that serves as the basic unit for our encoder-decoder framework. Inspired
by HGC-RNN [213], our cell takes node time series and node hidden states as input, and
outputs updated hidden states, through a node-hyperedge-node update route. An example
of two hyperedges are depicted in Fig. 5.3 (a). For the clarity of writing, we let qv ∈ Rdq

denote the input time-series vector for node v to our RNN cell. Each RNN cell consists
of two stages, a node-to-hyperedge aggregation stage and a hyperedge-to-node aggregation
stage, as depicted in Fig. 5.3 (b). In the node-to-hyperedge aggregation stage, we aggregate
each node time-series vector to its incident hyperedges. Let re ∈ Rdr denote the vector for
hyperedge e ∈ E through a mean aggregator,

v-to-e aggregation: re =
1

|e|
· σ

(∑
v∈e

WT
(v2e) · qv

)
, ∀e ∈ E (5.7)

where WT
(v2e) ∈ Rdq×dr denotes a weight layer that transforms node vectors into hyperedge

vectors. In the hyperedge-to-node stage, the hyperedge vectors are aggregated to produce a
new node vector, denoted as sv ∈ Rds for each node v,

e-to-v aggregation: sv =
1

|E(v)|
· σ

 ∑
v∈E(v)

WT
(e2v) · rE(v)

 (5.8)

where WT
(e2v) ∈ Rdr×ds denotes a weight layer that transforms hyperedge vectors into node

vectors. E(v) denotes hyperedges that are incident to node v. We adopt a residual structure
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Figure 5.4: Our hypergraph encoder-decoder framework. The encoder consists of hypergraph
RNN cells Φ(·) that recursively consume historical time-series values, described by Eq. 5.9.
Given the encoded states, the decoder utilizes hypergraph RNN cells to make forecasts
through a fully connected layer.

and apply a fully connected layer to the concatenation of the original node vectors and the
aggregated node vectors, as depicted in Fig. 5.3 (c). Let Φ(·) denote our PHRNN cell:

Φ(qv) = FC (qv ⊕ sv) ∈ RdΦ (5.9)

5.4.3 A Hypergraph Encoder-decoder Framework

Inspired by previous work [121, 167, 202, 213], our PHRNN utilizes an encoder-decoder
structure. The encoder recursively digests historical observations to learn a hidden state,
which is subsequently used by the decoder to generate forecasts. Our hypergraph encoder-
decoder framework is depicted in Fig. 5.4, where both the encoder and the decoder are built
with the hypergraph-based RNN cell described in Sec. 5.4.2. Let Ht ∈ RN×d denote the
hidden state at time step t, where d denotes the dimension of the hidden state features. The
hidden state Ht is computed from the time-series values xt and the previous hidden state
Ht−1. Hence, the input variable qv in Eq. 5.9 is substituted accordingly, as qv ≡ xt ⊕Ht−1,

Ht = Φ
(
xt ⊕Ht−1

)
∈ RdΦ (5.10)

The prediction for time step t + 1 is generated by decoding the final hidden state Ht using
a projection layer.

x̂t+1 = FC
out

(
Ht
)

(5.11)

The prediction for future time steps is computed by recursively feeding the predicted output
as input to the model. PHRNN takes an end-to-end supervised training approach that aims
to minimize the loss between the ground truth time-series values and the predictions. We
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Algorithm 1 PHRNN Model Training
1: Initialize model parameters FC∗(·), Conv∗(·), W∗, etc.
2: for each node v and each hyperedge e in the prior knowledge graph HK do
3: With the time-series values xv

4: Calculate the node embedding zv in Eq. 5.4
5: Calculate the hyperedge embedding ye in Eq. 5.5
6: Calculate the parameter θv,e in Eq. 5.6
7: Sample a value for the incidence matrix Cv,e in Eq. 5.3
8: end for
9: for all time series xt at timestamp t in a batch do

10: With current model parameter estimates
11: Encode xt with Hypergraph-based RNN cells in Eq. 5.10
12: Decode from the encoded hidden state Ht in Eq. 5.11 to give time-series prediction
13: In the current batch, calculate the time-series loss and the regularization loss. Perform

stochastic gradient descent to update the trainable parameters accordingly.
14: end for

use MAE as the training loss on time-series, denoted by Lossts. The MAE loss is calculated
by Eq. 32. Additionally, we integrate a regularization loss on the learned hypergraph. Previ-
ous work has shown that incorporating a prior knowledge (hyper)graph potentially improves
forecasting performance [167, 218]. The prior knowledge graph can be derived from exter-
nal connectivity information, such as geographic distance, or from time-series patterns. In
PHRNN, we reuse the KNN hypergraph from the stage of hyperedge embeddings, described
in Sec. 5.4.1, for the purpose of regularization. Each hyperedge in the KNN hypergraph is
constructed based on a node and its K − 1 closest nodes in terms of time-series similarity,
which aligns with the assumption that time series with similar patterns are more relatable
to each other than other random time series [29]. We use the elementwise cross entropy
between the learned hypergraph and the KNN hypergraph as the regularization loss,

LossC = − 1

N

1

M

∑
v∈V

∑
e∈E

(
Cv,e log

(
CK

v,e

)
+ (1−Cv,e) log

(
1−CK

v,e

))
(5.12)

Our final loss function is a combination of the time-series loss and the hypergraph loss using
a regularization coefficient λreg as a weighting factor,

Loss = Lossts + λregLossC (5.13)

The workflow of PHRNN is summarized in Algorithm 1.
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Table 5.2: A statistics table of used datasets

Min. Mdn. Ave. Max.
Data |V | |E| Density Deg. Deg. Deg. Deg. Time-scale

Adobe 1, 135 332 0.88% 1 1 2.92 38 30 min
Google 845 838 1.18% 1 7 9.89 57 5 min
Traffic 862 828 1.02% 1 7 8.45 31 1 hour

Table 5.3: Results for one-step ahead forecasting (MAE and RMSE)

Metrics DATA HGC-RNN DGSL RGSL MTGNN STGCN StemGNN PHRNN

MAE
Adobe 0.052± 0.021 0.071± 0.019 0.064± 0.023 0.052± 0.020 0.061± 0.022 0.059± 0.020 0.039 ± 0.021
Google 0.064± 0.024 0.063± 0.012 0.062± 0.015 0.065± 0.016 0.071± 0.022 0.077± 0.020 0.060 ± 0.022
Traffic 0.026± 0.015 0.060± 0.021 0.030± 0.015 0.025± 0.021 0.029± 0.016 0.038± 0.019 0.013 ± 0.011

RMSE
Adobe 0.101± 0.037 0.128± 0.032 0.119± 0.041 0.100± 0.036 0.117± 0.039 0.111± 0.036 0.075 ± 0.034
Google 0.082± 0.028 0.082± 0.013 0.080± 0.018 0.081± 0.018 0.092± 0.025 0.096± 0.022 0.077 ± 0.025
Traffic 0.040± 0.020 0.076± 0.026 0.043± 0.023 0.038± 0.028 0.044± 0.024 0.053± 0.025 0.019 ± 0.020

5.5 Experiments

We conduct extensive experiments on three real-world datasets to evaluate the forecasting
accuracy of our PHRNN model. Furthermore, we perform a hyperparameter analysis to
investigate the effectiveness of prior knowledge hypergraph.

In our experiments, we select three datasets from cloud computing systems and traffic net-
works. Adobe Cloud Trace. This dataset contains 1, 135 time series of CPU utilization rates
recorded from October to December in 2018, with a time interval of half an hour. Google
Cloud Trace. The Google trace dataset records the CPU usage of tens of thousands of com-
pute nodes in May of 2011 [154, 156]. We select a subset of highly active nodes, i.e., those
with utilization rates exceeding 25% for more than 70% of their lifetime, resulting in 845
time-series of CPU utilization rates. Traffic Occupancy. This dataset contains 862 time
series of road occupancy rates recorded in San Francisco from 2015 to 2016, with a time
interval of one hour [110]. All values fall within the range of [0, 1].

To evaluate the robustness of our model on various time-series patterns, we divide each
dataset into 10 folds. For each fold, we randomly select a period to be split into training,
validation, and testing sets in a ratio of 0.5 : 0.25 : 0.25. Following commonly adopted
configurations [167, 204], we construct data points with a time lag window w = 12 and a
prediction horizon τ = 12. For each period, we generate a prior knowledge hypergraph with
K = 10 from time-series values, and then train a model instance. Consequently, we train 10
model instances for our PHRNN and for each baseline. A summary of the prior knowledge
hypergraph statistics is provided for each dataset in Table 5.2.

We select highly related graph and hypergraph models as baselines. HGC-RNN [213] utilizes
an explicit hypergraph for time-series forecasting. HGC-RNN also learns from a node-to-
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Table 5.4: Results for multistep ahead forecasting (MAE and RMSE)

Metrics DATA τ HGC-RNN DGSL RGSL MTGNN STGCN StemGNN PHRNN

MAE

Adobe
3 0.059± 0.020 0.071± 0.019 0.062± 0.022 0.052± 0.021 0.061± 0.021 0.059± 0.021 0.049 ± 0.023
6 0.059± 0.021 0.069± 0.018 0.064± 0.023 0.054± 0.022 0.061± 0.021 0.058± 0.021 0.051 ± 0.023
12 0.058± 0.021 0.068± 0.018 0.060± 0.023 0.055± 0.019 0.060± 0.024 0.058± 0.021 0.053 ± 0.022

Google
3 0.066± 0.012 0.062± 0.010 0.063± 0.012 0.067± 0.022 0.068± 0.016 0.068± 0.014 0.061 ± 0.014
6 0.069± 0.010 0.065± 0.008 0.063± 0.011 0.080± 0.039 0.064± 0.010 0.068± 0.009 0.062 ± 0.010
12 0.072± 0.016 0.068± 0.016 0.073± 0.012 0.081± 0.034 0.068± 0.013 0.069± 0.012 0.067 ± 0.016

Traffic
3 0.036± 0.012 0.061± 0.017 0.031± 0.009 0.038± 0.023 0.033± 0.015 0.036± 0.016 0.029 ± 0.009
6 0.037± 0.010 0.065± 0.017 0.037± 0.019 0.041± 0.017 0.034± 0.013 0.042± 0.014 0.034 ± 0.008
12 0.033 ± 0.012 0.068± 0.019 0.033± 0.010 0.036± 0.017 0.035± 0.014 0.035± 0.015 0.033 ± 0.012

RMSE

Adobe
3 0.110± 0.035 0.128± 0.031 0.115± 0.039 0.101± 0.035 0.118± 0.036 0.112± 0.036 0.092 ± 0.038
6 0.111± 0.037 0.126± 0.031 0.119± 0.039 0.103± 0.035 0.117± 0.037 0.111± 0.036 0.097 ± 0.038
12 0.110± 0.037 0.125± 0.031 0.113± 0.039 0.106± 0.033 0.125± 0.057 0.110± 0.036 0.100 ± 0.036

Google
3 0.080± 0.014 0.081± 0.011 0.081± 0.015 0.085± 0.024 0.089± 0.018 0.086± 0.016 0.078 ± 0.015
6 0.084± 0.012 0.080± 0.008 0.083± 0.013 0.101± 0.043 0.083± 0.011 0.085± 0.010 0.079 ± 0.011
12 0.086± 0.018 0.087± 0.018 0.088± 0.015 0.101± 0.040 0.089± 0.015 0.088± 0.013 0.085 ± 0.019

Traffic
3 0.051± 0.019 0.077± 0.022 0.040 ± 0.013 0.053± 0.029 0.050± 0.024 0.052± 0.024 0.045± 0.018
6 0.053± 0.018 0.081± 0.023 0.051± 0.027 0.057± 0.024 0.050± 0.022 0.059± 0.020 0.050 ± 0.015
12 0.048± 0.017 0.083± 0.021 0.046± 0.015 0.049± 0.022 0.045 ± 0.018 0.048± 0.019 0.047± 0.017

hyperedge aggregation and a hyperedge-to-node aggregation to predict the node-level time
series. For a fair comparison, we use the same prior knowledge KNN hypergraph HK for
HGC-RNN as the one we use in PHRNN (described in Sec. 5.4.1). We also include prob-
abilistic graph structure learning models as baselines. These methods model the pairwise
interactions between nodes as probabilistic distributions. DGSL [167] exploits the pairwise
information among time series by optimizing the mean performance over the graph distribu-
tion. The probabilistic graph structure is learned based on the historical values of time series.
RGSL [218] fuses both implicit and explicit graphs, where the implicit graph is learned from
node embeddings, and the explicit graph is rendered from domain knowledge. We derive the
explicit graph from the KNN hypergraph by connecting all nodes within each hyperedge.
Other nonprobabilistic graph-based models are also included. MTGNN [204] is a relational
learning model for time-series forecasting that learns the uni-directed relations among nodes
through node embeddings. STGCN [217] consists of a spatial layer that extracts relation-
ships between nodes and a temporal layer that learns temporal dependencies. StemGNN [23]
predicts time-series values by combining graph Fourier transform and discrete Fourier trans-
form to learn the intraseries correlations and interseries correlations in the spectral domains.
For hyperparameters settings, we adopt the recommended hyperparameters from the papers
of baselines. Readers may refer to papers of baselines for detailed configurations. As for
PHRNN, we conducted a grid search and configure hyperparameters with the following val-
ues: d = dz = ds = dΦ = 16, dr = 32. We select K = 10 and Euclidean distance when
generating prior knowledge hypergraphs. We adopt s = 0.25 and λreg = 0.02.
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5.5.1 Results

We conduct experiments to evaluate the forecasting accuracy regarding one-step ahead pre-
diction and multistep ahead prediction of our model. For PHRNN and each baseline, we
report the mean values and standard deviation from their 10 model instances in terms of
selected loss metrics, including MAE in Eq. 32 and RMSE in Eq. 33. For one-step ahead
prediction, our proposed PHRNN outperforms all other baselines by a significant margin on
the selected datasets, as shown in Table 5.3. In addition to PHRNN, the only hypergraph
baseline model HGC-RNN also exhibits comparatively better performance than most other
baselines, underscoring the positive impact of hypergraph modeling on forecasting accuracy.
In contrast, the probabilistic graph model DGSL [167] achieves the least favorable results
among the compared models in the Adobe and Traffic dataset, suggesting that only using
probabilistic graph modeling may not precisely capture the interactions among time series.

For multistep ahead prediction, we assess prediction performance for horizons of 3, 6 and
12, as presented in Table 5.4. Notably, PHRNN achieves superior performance across most
datasets and horizons. Despite PHRNN exhibits slightly subpar RMSE results for prediction
horizons H = 3 and H = 12 on the traffic dataset compared to the baseline, this observa-
tion may be attributed to the presence of more outlier points in the traffic dataset, which
contribute to larger RMSE losses for PHRNN [193]. Additionally, we observe that some
models predict more accurately on larger horizons than smaller ones, which is also noticed
in previous research [234]. For instance, our model has lower prediction losses on H = 12
than H = 6 for the traffic dataset. This behavior is rooted in the randomness of our data
selection process, resulting in more challenging values to predict for H = 6 in the testing set.

5.5.2 Hyperparameter Analysis

We perform a hyperparameter analysis to investigate how the prior knowledge graph impacts
PHRNN with respect to two hyperparameters, hyperedge size K and regularization coeffi-
cient λreg. Hyperedge size K determines the density of the incidence matrix and consequently
affects the characteristics of the hypergraph, while regularization coefficient λreg determines
how strictly the learned hypergraph should adhere to the prior knowledge hypergraph.

Effectiveness of Hyperedge Size K. To investigate the effectiveness of hyperedge size
K in the prior knowledge graph, we vary K ∈ [5, 10, 20, 40, 80] and run our PHRNN using
the Adobe dataset. For each selected K, we report the MAE losses of 1, 3, 6, and 12 steps
ahead predictions. As shown in Fig. 5.5 (Left), our PHRNN exhibits improved performance
as K increases from 5 to 40. This improvement may be attributed to the inclusion of more
nodes within each hyperedge in the prior knowledge hypergraph, leading to the incorporation
of extra information. However, this information gain is not unlimited, as the performance
deteriorates when K continues to increase to 80.
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Figure 5.5: (Left) Effectiveness of PHRNN on K. MAE losses of 1, 3, 6, and 12 steps
ahead prediction are reported on different hyperedge sizes K ∈ [5, 10, 20, 40, 80]. A large
K causes more nodes to be included in each hyperedge of the prior knowledge hyper-
graph. Our PHRNN reaches the best performance when K = 40 (highlighted) for the
Adobe dataset. (Right) Effectiveness of PHRNN on λreg. MAE losses of 1, 3, 6, and 12
steps ahead prediction are reported on different regularization coefficients with the range
λreg ∈ [0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1]. A larger λreg indicates the model weights are closer to
the prior knowledge hypergraph. Our PHRNN reaches the best performance when λreg = 0.1
for the Adobe dataset.

Effectiveness of Regularization Coefficient λreg. To investigate the effectiveness of
regularization coefficient λreg, we vary λreg ∈ [0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1] and run PHRNN
on the Adobe dataset. The MAE losses for predictions at 1, 3, 6, and 12 steps ahead are
reported for each selected λreg. As illustrated in Fig. 5.5 (Right), we observe that PHRNN
benefits from assigning more weights to the prior knowledge hypergraph as λreg increases
from 0.01 to 0.1, and PHRNN achieves the best performance when λreg = 0.1. However, the
performance deteriorates when λreg continues to increase, as a larger regularization coefficient
restricts PHRNN from effectively learning the hypergraph structure.

5.6 Conclusion

In this chapter, we introduce a novel hypergraph time-series model for time-series forecasting,
namely, Probabilistic Hypergraph Recurrent Neural Network (PHRNN). PHRNN captures
the nature of node interactions from two distinct perspectives: (1) PHRNN learns a hyper-
graph which allows nodes to engage with hyperedges, simulating broadcasting interactions
in groups or communities, and (2) PHRNN models node-hyperedge interactions in a proba-
bilistic manner, providing a more precise representation of the underlying dynamics between
individual node time series and their associated hyperedges. Our extensive experiments on
multiple datasets show that PHRNN consistently outperforms state-of-the-art baselines.



Chapter 6

Graph Deep Factors for Probabilistic
Time-series Forecasting

6.1 Introduction

In this chapter, we propose a novel framework that utilizes graph time-series models to make
probabilistic forecasting. Time-series forecasting is significantly useful in business world, as
most typically leveraged in stock price prediction and sale outlook forecasting. Recently,
forecasting has been utilized for the optimization of resource allocation. For example, accu-
rate forecasting of workload patterns on cloud cluster nodes can help service providers such
as AWS or Azure, optimize the resource allocation and scheduling and therefore save money.
In cloud resource optimization, the goal is to accurately forecast the resources a service or
job will require given CPU and memory usages over time. For this problem, learning and
inference must be fast and efficient. For instance, every 5 minutes, we receive new CPU and
memory usage measurements, and as soon as we receive them, we need to learn a model and
use it to forecast the next τ -steps ahead, and then make a decision to scale up/down or not.
Additionally, it’s important to quantify the prediction uncertainty so that decision makers
can apply different strategies based on the probability of forecast values.

Recently, there is a significant increase of data-driven approaches [13, 151] in time-series
prediction due to the extensive availability of abundant data from various fields, e.g. shop-
ping behaviors of consumers [161, 162], resource usage optimization for cloud computing [50]
and energy consumption [54, 120]. The huge abundance of data makes it necessary to have
models that extract limited useful information from big data. At the same time, the intrinsic
dependency between time series also needs to be leveraged for accurate predictions.

In local models, the free parameters are learned independently for each time series. While
these models are sometimes useful, they require a large amount of data for training [81]. Since
these models focus on individual time series, there is often not enough recent data available
to make accurate forecasts. As a consequence, they fail to model and extract the mutual
connections and dependency across time series that may help forecasting. Another disadvan-
tage of these models is that they are comparatively simple and they require manual feature
engineering and design by domain experts, which is labor-intensive and time-consuming.

In the field of multivariate forecasting, the global models have been studied for decades in

71
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(a) Time series of neighbors of a node (b) Time series of randomly selected nodes

Figure 6.1: In (a) the time series of CPU usage for a node (machine) in the Google workload
data shown in red and its immediate neighbors in the graph (blue) are highly correlated,
whereas in (b) the time series of randomly selected nodes are significantly different.

econometrics and statistics. In contrast to local models that consider each time series in-
dividually, the free parameters in global models are learned jointly across all time series in
the collection [162, 192]. The assumption behind global models is that all time series are
driven by a small number of latent factors. Among the global models, the deep learning
approaches [112, 153, 162] are able to capture complex nonlinear time series patterns. How-
ever, in global models, each time series are equivalently related to any other time series in
the data, which is often violated in practice.

There has also recently been local-global models that attempt to combine the benefits of
both [70]. Examples include mixed-effects models [42], where the fix (global) effects describe
the whole population while the random (local) effects capture the idiosyncratic behavior
of individuals. There are local-global models [165] that combine both types of models for
time-series forecasting. However, these models do not solve the disadvantages of ignoring
the different relations across time series in the global model. Also, the local model is too
restricted to model each time series individually. Thus, we argue that a relational global and
relational local model can lead to significantly better forecasting performance with faster
training/inference while improving the data efficiency.

In terms of relational time series forecasting [159], the local models [21, 73] that treat each
time series independently corresponds to a graph where each node time series is not connected
to any other nodes and their time series. Conversely, global models[153, 162, 192] that
consider all time series jointly correspond to a fully connected graph where each node time
series is connected to every other in the same way. These past works all assume time
series are either completely mutually independent or completely dependent. However, these
assumptions are often violated in practice as shown in Fig. 6.1 where a node time series is
shown to be dependent on an arbitrary number of other node time series.

In this work, we propose a deep hybrid graph-based probabilistic forecasting model called
Graph Deep Factors (GraphDF) that allows nodes and their time series to be dependent
(connected) in an arbitrary fashion. GraphDF leverages a relational global model that uses
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the dependencies between time series in the graph to learn the complex nonlinear patterns
globally while leveraging a relational local model to capture the individual random effects
of each time series locally. The relational global model in GraphDF improves the runtime
performance and scalability instead of jointly modeling all time series together (fully con-
nected graph), which is computationally intensive, GraphDF learns the global latent factors
that capture the complex nonlinear time-series patterns among the time series by leveraging
only the graph that encodes the dependencies between the time series. GraphDF serves as
a general framework for deep graph-based probabilistic forecasting as many components are
completely interchangeable including the relational local and relational global models.

Relational local models use not only the individual time series but also the neighboring time
series that are 1 or 2 hops away in the graph. Thus, the proposed relational local models are
more data efficient, especially when considering shorter time series. For instance, given an
individual time series with a short length (e.g., only 6 previous values), purely local models
would have problems accurately estimating the parameters due to the lack of data points.
However, relational local models can better estimate such parameters by leveraging not only
the individual time series but the neighboring dependent time series that are 1 or 2 hops away
in the graph. In comparison, relational global models are typically faster and more scalable
since they avoid the pairwise dependence assumed by global models via the graph structure.
By leveraging the dependencies between time series encoded in the graph, GraphDF avoids
a significant amount of work that would be required if the time series are modeled jointly as
done in existing state-of-the-art models.

In addition, considering the time-series streaming nature where newly incoming values arrive
at each time step, we further propose an incremental online GraphDF (IOGraphDF) model
that advances GraphDF model tremendously with respect to training runtime. Instead of
training a different GraphDF model instance when new values arrive at each time step, only
one IOGraphDF model instance is initialized in the first time step, and then the same model
instance is modified and updated to accommodate new values over time.

6.1.1 Main Contributions

We propose a general and extensible deep hybrid graph-based probabilistic forecasting frame-
work called Graph Deep Factors (GraphDF) that is capable of learning complex nonlinear
time-series patterns globally using the graph time-series data to improve both computational
efficiency and forecasting accuracy while learning individual probabilistic models for indi-
vidual time series based on their own time series and the collection of time series from the
immediate neighborhood of the node in the graph. The GraphDF framework is data-driven,
fast, scalable for real-time demand forecasting, and highly data efficient.

The state-of-the-art deep probabilistic forecasting methods focus on learning a global model
that considers all time series jointly or a local model learned from each individual time series
independently. In this work, we propose a deep graph-based probabilistic forecasting model
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that lies in between these two extremes. In particular, we propose a relational global model
that learns complex nonlinear time-series patterns globally using the structure of the graph
to improve both computational efficiency and forecasting performance. Similarly, instead of
modeling every time series independently, we learn a relational local model that not only
considers its individual time series but the time series of nodes that are connected to an
individual node in the graph.

Furthermore, the proposed GraphDF framework applies to a significantly larger class of
problems, which includes prior work as a special case. In particular, GraphDF naturally
generalizes many existing models including those based purely on local and global models,
or a combination of both. This is due to its flexibility to interpolate between purely non-
relational models (either local, global, or both) and relational models that leverage the graph
structure encoding the dependencies between the different time series. The experiments
demonstrate the effectiveness of the proposed deep graph-based probabilistic forecasting
model in terms of its forecasting performance, runtime, and scalability.

Finally, we extend GraphDF to meet the incremental online scheme and derive the IOGraphDF
model, which converges over timespan to yield approximately accurate predictions as GraphDF,
but takes much shorter time to train and update.

6.2 Related Work

Probabilistic Forecasting. Earlier DL-based forecasting models focused on point fore-
casting which aims at predicting optimal expected values. Recently, there is an increasing
interest in probabilistic forecasting models [86, 113, 137, 155, 200]. Probabilistic models
yield prediction as distributions and have the advantage of uncertainty estimates, which are
important for downstream decision making. Some recent probabilistic models are proposed
in the multivariate manner. For example, Salinas et al. [162] proposed a probabilistic fore-
casting model that jointly learns a global model from all available time series. Wang et al.
[191] proposed DF, a hybrid global-local model that assumes time series are determined by
shared factors as well as individual randomness. These methods indiscriminately model mu-
tual dependence between time series. Hence, they imply a strong and unrealistic assumption
that all time series are pairwise related to one another in a uniformly equivalent way.

In contrast, we propose a hybrid deep graph-based probabilistic forecasting framework that
leverages a relational graph global component that learns the complex nonlinear time-series
patterns in the large collection of relational time-series data and a relational local component
that handles uncertainty by learning a probabilistic forecasting model for every individual
node in the graph that not only considers the time series of the individual node, but also the
time series of nodes directly connected in the graph. The relational global component of the
proposed GraphDF framework leverages the graph time-series data, leading to a significant
improvement in the time-efficiency, scalability, and most importantly, the forecasting accu-
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racy of our model compared to the state-of-the-art DF model. Conversely, the relational
local model of GraphDF has the advantage of improving both forecasting accuracy and data
efficiency.

Resource Usage Prediction. Researchers and engineers put great efforts on resource
provisioning and load prediction in cloud scale systems [15, 142, 184]. Early work mainly
utilized the traditional state space models such as ARIMA [22, 236]. More recent work covers
both traditional methods [22, 236], machine learning approaches [41] such as K-nearest
neighbors [62, 168] and linear regression [61, 210] and RNN-based methods [35, 60, 108].
However, none of these methods leverages a graph to model the relationships between nodes.

Prediction on Streaming Data. In many applications, data values are not given before-
hand but instead arrive continuously with an equivalent time gap between arrivals. Early
work on prediction in this kind of scenario includes modifying ARIMA models to an online
manner [3, 129], predicting with kernel-based methods [157], and efforts on elastic resource
scaling to reduce cloud system operating cost [16, 168] More recent work leverages deep
learning on streaming data. For instance, Vrablecová et al. [185] proposed a stream change
detection method to identify the ongoing changes or concept drifts of the power meter data.
Guo et al. [76] proposed an adaptive gradient learning method which aims to minimize im-
pacts from outliers as well as leverage the local features, but this work is solely based on
RNN and only targets univariate time-series prediction. A more recent RNN-based work [55]
targets finding mismatch of temporal distribution between periods of time series. However,
these models do not leverage graph structures or the intercorrelations between time series
for forecasting. By contrast, our proposed work is graph-based and has the advantage of
forecasting accuracy and runtime efficiency.

6.3 Graph Deep Factors

In this section, we describe a general and extensible framework called Graph Deep Factors
(GraphDF). It is capable of learning complex nonlinear time-series patterns globally using
the graph time-series data to improve both computational efficiency and performance while
learning probabilistic models for each individual time series based on their own time series
and the collection of related time series from the neighborhood of the node in the graph.
The GraphDF framework is data-driven, flexible, accurate, and scalable for large collections
of multidimensional time-series data.

6.3.1 Problem Formulation

We first introduce the deep graph-based probabilistic forecasting problem. Notably, this
is the first hybrid deep graph-based probabilistic forecasting framework. The framework
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is comprised of a graph relational global component (Sec. 6.3.3) that learns the complex
non-linear time-series patterns in the large collection of graph-based time-series data and a
relational local component (Sec. 6.3.4) that handles uncertainty by learning a probabilistic
forecasting model for every individual node in the graph that not only considers the time
series of the individual node, but also the time series of nodes directly connected in the
graph. This has the advantage of improving both forecasting accuracy and data efficiency.

The proposed framework solves the following graph-based time-series forecasting problem.
Let G = (V,E,X ,Z) denote the graph model where V is the set of nodes, E is the set of
edges, and X = {X(i)}Ni=1 is the set of covariate time series associated with the N nodes
in G where X(i) ∈ RD×T is the covariate time-series data associated with node i. Hence,
each node is associated with D different covariate time series. Furthermore, Z = {z(i)}Ni=1

is the set of time series associated with the N nodes in G. The N nodes can be connected
in an arbitrary fashion that reflects the dependence between nodes. Two nodes i and j that
contain an edge (i, j) ∈ E in the graph G encodes an explicit dependency between the time-
series data of node i and j. Intuitively, using these explicit dependencies encoded in G can
lead to more accurate forecasts as shown in Fig. 6.1. Further, let z(i)

1:T denote a univariate
time series for node i in the graph where z(i)

1:T =
[
z
(i)
1 · · · z

(i)
T

]
∈ RT and z(i)t ∈ R. In addition,

each node i in the graph G also has D covariate time series, X(i) ∈ RD×T where X
(i)
:,t ∈ RD

(or x(i)
t ∈ RD) represents the D covariate values at time step t for node i. We also denote

A ∈ RN×N as the sparse adjacency matrix of the graph G where N = |V | is the number of
nodes. If (i, j) ∈ E, then Aij denotes the weight of the edge (dependency) between node i
and j, and Aij = 0 when (i, j) 6∈ E otherwise.

We denote the unknown model parameters as Φ. Our goal is to learn a generative proba-
bilistic forecasting model described by Φ that gives the (joint) distribution on target values
in the future horizon τ :

P
({

z(i)
T+1:T+τ

}N

i=1

∣∣∣A,{z(i)
1:T ,X

(i)
:,1:T+τ

}N

i=1
;Φ

)
(6.1)

Hence, solving Eq. 6.1 gives the joint probability distribution over future values given all
covariates and past observations along with the graph structure that encodes the explicit
dependencies between the N nodes and their corresponding time series {z(i),X(i)}Ni=1.

Graph Construction. For each dataset, we derive a graph where each node repre-
sents a machine with one or more time-series associated with it, and each edge represents
the similarity between the node time-series i and j. The constructed graph encodes the
dependency information between nodes. In this work, we estimate the edge weights us-
ing the Radial Basis Function (RBF) kernel with the previous time-series observations as
ψ(zi, zj) = exp(−∥zi−zj∥2

2ℓ2
), where ℓ is the length scale of the kernel.
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Figure 6.2: An overview of GraphDF framework

6.3.2 Framework Overview

The Graph Deep Factors (GraphDF) framework aims to learn a parametric distribution to
predict future values. In GraphDF, each node i and its time series z(i)t , ∀t = 1, 2, . . . can
be connected to other nodes and their time series in an arbitrary fashion, which is encoded
in the graph G. These connections represent explicit dependencies or correlations between
the time series of the nodes. Furthermore, we also assume that each node i and their time
series z(i)

1:t are governed by two key components, including (1) a relational global model
(Sec. 6.3.3), and (2) a relational local random effect model (Sec. 6.3.4). As such, GraphDF
is a hybrid forecasting framework. Both the relational global component and the relational
local component of our framework leverage the graph via the specific underlying model used
for each component.

In the relational global component of GraphDF, we assume there are K latent relational
global factors that determine the fixed effect to each node and their time series. Specifically,
the relational global model consists of an approach that leverages the adjacency matrix A

of the graph G and
{
X

(j)
:,1:t, z

(j)
1:t−1

}
for learning the K relational global factors that capture

the relational nonlinear time-series patterns in the graph-based time-series data,

relational global factors: sk(·) = GCRNk(·), k = 1, . . . , K (6.2)

where sk(·), k = 1, 2, . . . , K are the K relational global factors that govern the underlying
graph-based time-series data of all nodes in G. In Eq. 6.2, we learn the relational global
factors using a Graph Convolutional Recurrent Network (GCRN) [166], however, GraphDF
is flexible for use with any other arbitrary deep time-series model such as DCRNN, among
many other possibilities. These are then used to obtain the relational global fixed effects
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function c(i) for node i as follows,

fixed effect: c(i)(·) =
K∑
k=1

wi,k · sk(·) (6.3)

where wi,k represents the K-dimensional embedding for node i. Therefore, the final relational
nonrandom fixed effect for node i is simply a linear combination of the K global factors and
the embedding wi ∈ RK for node i. Now we use a relational local model discussed in
Sec. 6.3.4 to obtain the local random effects for each node i. More formally, we define the
relational local random effects function b(i) for a node i in the graph G as,

relational local random effect: b(i)(·) ∼ Ri, i = 1, . . . , N (6.4)

where Ri can be any relational probabilistic time-series model. To compute P(zi
1:t|Ri) effi-

ciently, we let b(i)t follow a normal distribution, and thus can be derived fast. The relational
latent function of node i denoted as v(i) is then defined as,

latent function: v(i)(·) = c(i)(·) + b(i)(·) (6.5)

where c(i) is the relational fixed effect of node i and b(i) is the relational local random effect
for node i. Hence, the relational latent function of node i is simply a linear combination of
the relational fixed effect c(i) from Eq. 6.3 and its local relational random effect b(i) from
Eq. 6.4. Then,

emission: z
(i)
t ∼ P

(
z
(i)
t

∣∣ v(i)(A,{X(j)
:,1:t, z

(j)
1:t−1

}N
j=1

))
(6.6)

where the observation model P can be any parametric distribution. For instance, P can be
Gaussian, Poisson, Negative Binomial, among others.

The GraphDF framework is defined in Eq. 6.2-6.6. All the functions sk(·), b(i)(·), v(i)(·) take
past observations and covariates

{
z(j)
1:t−1,X

(j)
:,1:t

}N
j=1

, as well as the graph structure in the form
of adjacency matrix A as inputs. We define wi =

[
wi,1 · · ·wi,k · · ·wi,K

]
∈ RK as the K-

dimension embedding for time-series z(i) where wi,k ∈ R is the weight of the k-th factor for
node i. An overview of the GraphDF framework is depicted in Fig. 6.2.

6.3.3 Relational Global Model

The relational global model learns K relational global factors from all time series by a graph-
based model. These relational global factors are considered as the driving latent factors.
After the relational global factors are derived from the model, they are then used in a linear
combination with weights given by embeddings for each time series wi, as shown in Eq. 6.3.
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6.3.3.1 Learning Relational Global Factors via GCRN

We first show how GCRN [166] can be modified for learning relational global factors in
GraphDF. Let x(i)

t ∈ RD denote the D covariates of node i at time step t. Now, we define
the input temporal features of the relational global factor component of the graph G as,

Yt =

z
(1)
t−1 x(1)

t
... ...

z
(N)
t−1 x(N)

t

 ∈ RN×P (6.7)

where P = D+1 for simplicity. We refer to Yt as a time-series graph signal. The aggregation
of information from other nodes is performed by a graph convolution operation defined as
the multiplication of a temporal graph signal with a filter gθ. Given input features Yt, the
graph convolution operation is denoted as f ⋆G Θ with respect to graph G and parameters θ:

f ⋆G Θ(Yt) = gθ(L)Yt (6.8)
= Ugθ(Λ)UTYt ∈ RN×P (6.9)

where L = I − D− 1
2AD− 1

2 is the normalized Laplacian matrix of the adjacency matrix,
I ∈ RN×N is an identity matrix. Dii =

∑
j Aij is the diagonal weighted degree matrix.

L = UΛUT is the eigenvalue decomposition. U is the matrix composed of eigenvectors by
order of eigenvalues of L, and Λ is the diagonal matrix of eigenvalues of L. gθ(Λ) = diag(θ)
denotes a filter parameterized by the coefficients θ ∈ RN in the Fourier domain [49, 85].
Directly applying Eq 6.9 is computationally expensive due to the matrix multiplication
and the eigen-decomposition of L. To accelerate the computation speed, the Chebyshev
polynomial approximation up to a selected order L− 1 is

gθ(L) =
L−1∑
l=0

θlTl(L̃) (6.10)

where θ =
[
θ0 · · · θL−1

]
∈ RL in Eq. 6.10 is the Chebyshev coefficients vector. Impor-

tantly, Tl(L̃) = 2L̃Tl−1(L̃) − Tl−2(L̃) is recursively computed with the scaled Laplacian
L̃ = 2L/λmax − I ∈ RN×N , with starting values T0 = 1 and T1 = L̃. The Chebyshev polyno-
mial approximation improves the time complexity to linear in the number of edges O(L|E|),
i.e., number of dependencies between the multidimensional node time series. The order L
controls the local neighborhood time series that are used for learning the relational global
factors, i.e., a node’s multi-dimensional time series only depends on neighboring node time
series that are at maximum L hops away in the graph G.

Let Θ ∈ RP×Q×L be a tensor of parameters that maps the dimension P of input to the
dimension Q of output:

H:,q = tanh
[

P∑
p=1

f ⋆G Θ(Yt, :,p)

]
, for q ∈ 1 . . . Q (6.11)
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The relational global component integrates the temporal dependence and relational depen-
dence among nodes with the graph convolution,

It = σ(ΘI ⋆G [Yt,Ht−1] +WI �Ct−1 + bI) (6.12)
Ft = σ(ΘF ⋆G [Yt,Ht−1] +WF �Ct−1 + bF ) (6.13)
Ct = Ft �Ct-1 + It � tanh(ΘC ⋆G [Yt,Ht-1] + bC) (6.14)
Ot = σ(ΘO ⋆G [Yt,Ht−1] +WO �Ct + bO) (6.15)
Ht = Ot � tanh(Ct) (6.16)

where It,Ft,Ot ∈ RN×Q are the input, forget and output gate in the LSTM structure. Q is
the number of hidden units, WI ,WF ,WO ∈ RN×Q and bI ,bF ,bC ,bO ∈ RQ are weights and
bias parameters, ΘI ,ΘF ,ΘC ,ΘO ∈ RP×Q are parameters corresponding to different filters.

The hidden state Ht ∈ RN×Q encodes the observation information from Ht−1 and Yt, as well
as the relations across nodes through the graph convolution described by Θ ⋆G (·) in Eq. 6.8.
From hidden state Ht, we derive the value of K relational global factors at time step t as
St ∈ RN×K through a fully connected layer,

St = HtW + b (6.17)

where W ∈ RQ×K and b ∈ RK are the weight matrix and bias vector trained in the model (for
the K relational global factors), respectively. The relational global factors St is derived from
the Eq. 6.17 that capture the complex nonlinear time-series patterns between the different
time-series globally.

Finally, the fixed effect at time t is derived for each node i as a weighted sum with the
embedding wi ∈ RK and the relational global factors St, as

c
(i)
t (·) =

K∑
k=1

wi,k · Si,k,t (6.18)

The embedding wi represents the contribution that each relational factor has on node i.

6.3.3.2 Learning Relational Global Factors via DCRNN

For the relational global component of GraphDF, we can also leverage DCRNN [121]. Differ-
ent from the GCRN model, the original DCRNN leverages a diffusion convolution operation
and a GRU structure for learning the relational global factors of GraphDF.

Given the time-series graph signal Yt ∈ RN×P with N nodes, the diffusion convolution with
respect to the graph-based time series is defined as,

f ⋆G Θ(Yt) =
L−1∑
l=0

(θlÃ
l
)Yt (6.19)
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where Ã = D−1A is the normalized adjacency matrix of the graph G that captures the
explicit weighted dependencies between the multidimensional time series of the nodes. The
Chebyshev polynomial approximation is used similarly as in Eq. 6.10.

The relational global factors are learned using the graph diffusion convolution combined with
GRU enabling them to be carried forward over time using the graph structure,

Rt = σ (ΘR ⋆G [Yt, Ht−1] + bR) (6.20)
Ut = σ (ΘU ⋆G [Yt, Ht−1] + bU) (6.21)
Ct = tanh (ΘC ⋆G [Yt, (Rt �Ht−1)] + bC) (6.22)
Ht = Ut �Ht−1 + (1−Ut)�Ct (6.23)

where Ht ∈ RN×Q denotes the hidden state of the model at time step t. Q is the number of
hidden units, Rt,Ut ∈ RN×Q are called reset gate and update gate at time t, respectively.
ΘR,ΘU ,ΘC ∈ RL denote the parameters corresponding to different filters.

With the hidden state Ht in Eq. 6.23, the fixed effect is derived from DCRNN similarly with
Eq. 6.17 and Eq. 6.18. Compared to the previous GCRN that we adapted for the relational
global component, DCRNN is more computationally efficient due to its GRU structure.

6.3.4 Relational Local Model

The (stochastic) relational local component handles uncertainty by learning a probabilistic
forecasting model for every individual node in the graph G that not only considers the time
series of the individual node, but also the time series of nodes directly connected to it. This
has the advantage of improving both forecasting accuracy and data efficiency.

The random effects in the relational local model represent the local fluctuations of the in-
dividual node time series. The relational local random effect for each node time series b(i)
is sampled from the relational local model Ri, as shown in Eq. 6.4. For Ri, we choose the
Gaussian distribution as the likelihood function for sampling, but other parametric distribu-
tions such as Student-t or Gamma distributions are also possible. Compared to the relational
global component of GraphDF from Sec. 6.3.3 that uses the entire graph G along with all the
node multidimensional time series to learn K global factors that capture the most impor-
tant nonlinear time-series patterns in the graph-based time-series data, the relational local
component focuses on modeling an individual node i ∈ V and therefore leverages only the
time series of node i and the set of highly correlated time series from its immediate local
neighborhood Γi. Hence, {z(j),X(j)}, j ∈ Γi. Intuitively, the relational local component of
GraphDF achieves better data efficiency by leveraging the highly correlated neighboring time
series along with its own time series. This allows GraphDF to make more accurate forecasts
further in the future with less training data. We now introduce probabilistic GCRN and
probabilistic DCRNN model that can be used as the stochastic relational local component.
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6.3.4.1 Estimating Uncertainties via Probabilistic GCRN

In this section, we propose a relational local probabilistic GCRN model for use with the
GraphDF framework. In contrast to the relational global model in Sec. 6.3.3, the relational
local model focuses on learning an individual local model for each node based on its own
multidimensional time series data as well as the nodes neighboring it. This enables us to
model the local fluctuations of the individual multidimensional time series of each node.

Compared to RNN, the benefits of the proposed probabilistic GCRN model in the local
component is that it not only models the sequential nature of the data, but also exploits
the graph structure by using the surrounding nodes to learn a more accurate model for each
individual node in G. This is an ideal property as we assume the fluctuations of each node
are related to those of other connected nodes in the ℓ-localized neighborhood, which was
shown to be the case in Fig. 6.1.

For simplicity, let C = Γi denote the set of neighbors of a node i in the graph G. Note that
C can be thought of as the set of related neighbors of node i, which may be the immediate
1-hop neighbors, or more generally, the ℓ-hop neighbors of i. Recall that we define x(i)

t ∈ RD

as the D covariates of node i at time t. Then, we define XC
t as an |C| ×D matrix consisting

of the covariates of all the neighboring nodes j ∈ C of node i.

X
(C)
t =

[
x(C1)
t x(C2)

t · · · x(C|C|)
t

]⊺
(6.24)

where Cj denotes the j(th) neighbor.

Now, we define the input temporal features of the relational local model for node i,

Y
(i)
t =

[
z
(i)
t−1 x(i)

t

⊺

z(C)
t−1 X

(C)
t

]
(6.25)

Let L(i) ∈ R(|C|+1)×(|C|+1) denote the submatrix of Laplacian matrix L that consist of rows
and columns corresponding to node i and its neighbors C. For each node i, we derive the
relational local random effect using its past observations and covariates of the node i and
those of its neighbors through the graph convolution with respect to L(i).

I
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Θ

(i)
I ⋆G

[
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(i)
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where Θ(i)
I ,Θ

(i)
F ,Θ

(i)
C ,Θ

(i)
O ∈ RP×R denote the parameters corresponding to different filters of

the relational local model, R is the number of hidden units in the relational local model, and
recall P = D+1. Further, H(i)

t ∈ R(|C|+1)×R is the hidden state for node i and its neighbors
Γi. W

(i)
I ,W

(i)
F ,W

(i)
O ∈ R(|C|+1)×R are weight matrix parameters and b(i)

I ,b
(i)
F ,b

(i)
C ,b

(i)
O ∈ RR

are bias vector parameters. Note that in the above formulation, we assume ℓ = 1, hence,
only the immediate 1-hop neighbors are used.

From the hidden state H
(i)
t , we only take the row corresponding to node i to derive the

relational local random effect for node i. We denote the value as h(i)
t ∈ RR, and apply a

fully connected layer with a softplus activation function to aggregate the hidden units,

σi,t = log
(

exp(w(i)⊺h(i)
t + β(i)) + 1

)
(6.26)

where w(i) ∈ RR and β(i) are weight vector and bias, respectively.

Finally, the relational local random effect b(i)t (·) for node i at time t is sampled from a
Gaussian distribution with zero mean and a variance given by σ2 in Eq. 6.26,

b
(i)
t (·) ∼ N (0, σ2

i,t) (6.27)

The relational local random effect b(i)t captures both past observations, covariates values
of node i and its neighbors Γi for uncertainty estimates through σi,t, which is given by
the probabilistic GCRN. A small σi,t means a low uncertainty of prediction for node i at t.
Specifically, the probabilistic model subsumes the point forecasting model when the relational
local random effect is zero for all nodes at all timesteps as σi,t = 0, ∀i∀t. The probabilistic
property also allows the uncertainty to be propagated forward in time.

6.3.4.2 Estimating Uncertainties via Probabilistic DCRNN

We also describe a probabilistic DCRNN for the relational local component of GraphDF.
For a given node i, its relational local random effect is derived with respect to its past
observations, covariates and those of its neighbors, denoted by Y

(i)
t ∈ R(|C|+1)×P as defined

in Eq. 6.25. The diffusion convolution models the relational local random effect among
nodes. The GRU structure is adapted with the diffusion convolution to allow the random
effects to be forwarded in time.
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Algorithm 2 Training Graph Deep Factor Models
1: Initialize the model parameters Φ (W∗,b∗,Θ∗, etc.)
2: for each time series pair {(z(i),x(i))} in a batch do
3: With current model parameter estimates Φ
4: Calculate the relational fixed effect c(i)t =

∑K
k=1wi,k · Si,k,t described in Sec. 6.3.3

5: Calculate the relational local random effect, b
(i)
t (·) ∼ N (0, σ2

i,t) described in
Sec. 6.3.4

6: Compute marginal likelihood, P(z(i)) =
∑

t−
1
2

ln(2πσi,t)−
∑

t
(z

(i)
t −ci,t)

2

2σ2
i,t

and accumu-
late loss

7: end for
8: Compute the overall loss in the current batch and perform stochastic gradient descent

and update the trainable parameters Φ accordingly.

where Θ(i)
R ,Θ

(i)
U ,Θ

(i)
C ∈ RP×R denote the parameters corresponding to different filters, H(i)

t ∈
R(|C|+1)×R is the hidden state for node i and its neighbors Γi, R is the number of hidden
units in the relational local model. b(i)

I ,b
(i)
F ,b

(i)
C ,b

(i)
O ∈ RR are bias parameters. The graph

convolution in equations above is performed with the submatrix L(i) taken from the Laplacian
matrix L of the graph G that explicitly models the important and meaningful dependencies
between the multidimensional time-series data of each node. The matrix L(i) consists of rows
and columns corresponding to node i and its neighbors Γi. With the hidden state H

(i)
t , the

relational local random effect b(i)t (·) is calculated similarly with Eq. 6.26 and Eq. 6.27.

6.3.5 Learning & Inference

To train a GraphDF model, we estimate the parameters Φ, which represent all trainable
parameters (W, etc.) in the relational global and relational local models, as well as the
parameters in the embeddings. We leverage the maximum likelihood estimation,

Φ = argmax
∑
i

P
(

z(i)
∣∣Φ,A,{X(j)

:,1:t, z
(j)
1:t−1

}N
j=1

)
(6.32)

where

P(z(i)) =
∑
t

−1

2
ln(2πσi,t)−

∑
t

(z
(i)
t − ci,t)2

2σ2
i,t

(6.33)

is the negative log likelihood of Gaussian function. Notice that maximizing −1
2

ln(2πσi,t) will
minimize the relational local random effect, at the same time, σ is small when the predicted
fixed effect ci,t is close to the actual value z

(i)
t , as shown in the second term (z

(i)
t −ci,t)

2σ2
i,t

in
Eq. 6.33. We describe a general training procedure in Algorithm 2.
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6.3.6 Model Variants

In this section, we define a few of the GraphDF model variants investigated in Sec. 6.5.

• GraphDF-GG: This is the default model in our GraphDF framework, where we use
a graph model to learn the K relational global factors (Sec. 6.3.3) and the probabilistic
local graph component from Sec. 6.3.4.1 as the relational local model.

• GraphDF-GR: This model variant from the GraphDF framework uses the GCRN
from Sec. 6.3.3 to learn the K relational global factors from the graph-based time-series
data and leverages a simple RNN for modeling the local random effects of each node.

• GraphDF-RG: This model variant from the GraphDF framework uses a simple RNN
to learn the K global factors and fixed effects of the nodes and for the relational random
effects of the nodes, we leverage the probabilistic graph component from Sec. 6.3.4.1
as the relational local model.

The GraphDF framework is flexible with many interchangeable components. Importantly,
the relational global component (Sec. 6.3.3) of GraphDF is completely interchangeable. In
particular, this component uses the graph-based time-series data to learn the K global factors
and fixed effects of the nodes. Similarly, one can also leverage any arbitrary relational local
model (Sec. 6.3.4) for obtaining the relational local random effects of the nodes.

6.4 Incremental Online Learning for GraphDF

In practical setting, time series are changing frequently in a streaming fashion as new time-
series observations arrive for all N nodes. For instance, in the Google cloud dataset [154] that
we used, the time interval is five minutes, which means that new time-series observations for
all N nodes arrive every five minutes. In such scenarios, we want to incrementally update
the forecasting model without the need to relearn the entire model from scratch every time
a new point arrives in the stream.

However, the original GraphDF model is incapable of incrementally updating the model as
new observations arrive in the stream. One solution could be to retrain a new GraphDF
model from scratch each time new values arrive, however, this process would require too much
time for GraphDF to initialize new parameters and train from scratch, which would cause
a waste of limited computing resources, especially when predicting with large-scale time-
series data. To handle this, we propose an incremental online approach called Incremental
Online GraphDF (IOGraphDF) that efficiently updates the current model, without the need
to retrain it entirely from scratch with each newly arrived point. As a result, IOGraphDF
operates much more efficiently.
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Algorithm 3 Incremental Online Learning for GraphDF
1: Initialize the model parameters Φ (W∗,b∗,Θ∗, etc.)
2: while new time-series values {(z(i)t , x

(i)
t )}Ni=1 arrive at time t in stream do

3: Add new values at time t and remove earliest for all N node time series
4: for each time series pair (z(i),x(i)) do
5: With current model parameter estimates Φ
6: Calculate the relational fixed effect c(i)t =

∑K
k=1wi,k ·Si,k,t described in Sec. 6.3.3

7: Calculate the relational local random effect b
(i)
t (·) ∼ N (0, σ2

i,t) described in
Sec. 6.3.4

8: Compute marginal likelihood P(z(i)) =
∑

t−
1
2

ln(2πσi,t) −
∑

t
(z

(i)
t −ci,t)

2

2σ2
i,t

and accu-
mulate the loss

9: end for
10: end while
11: Compute the overall loss in the current batch and perform SGD and update the trainable

parameters Φ accordingly.

Let t denote the moment dynamic streaming time series currently reach, we define the
set of covariate time series as Xt = {X(i)}Ni=1 where X(i) ∈ RD×t, with D the number of
dimension for covariate features. We define the set of target time series as Zt = {z(i)}Ni=1

where z(i)
1:t denotes the i(th) univariate target time series. Given

(
Xt,Zt

)
at the moment

t, our task is to give probabilistic predictions at the horizon for each target time series
{ẑ(i)

t+1}Ni=1, {ẑ
(i)
t+2}Ni=1, . . . , {ẑ

(i)
t+...}Ni=1. Hence the target function is modified accordingly,

P
({

z(i)
t+1:t+τ

}N
i=1

∣∣∣A,{z(i)
1:t,X

(i)
:,1:t+τ

}N
i=1

;Φ
)

t = 1, 2, · · · (6.34)

Therefore, every time new observations arrive, the new problem formulation is conditioned
upon all available known values to make further predictions. The algorithm for IOGraphDF
is described in Algorithm 3.

Now we analyze the time complexity of IOGraphDF, when a single value arrives at time t,
the worst-case time complexity to generate a forecast will be:

O ((|E| ·KLkN +K) + LCmaxkN) (6.35)

where |E| is size of the edge set in the graph, K is the number of relational global factors,
L is the order of the graph convolution. Noticeably, for incremental online GraphDF, we
maintain only the most recent k values in a streaming window for each of N nodes. The time
complexity of the relational global component can be decomposed into the computation for
K relational global factors, and their linear combination (i.e., the K term in Eq. 6.35) which
is timewise negligible, therefore, the time complexity of the relational global component
O (|E| ·KLkN +K) is approximately linear to all the aforementioned values.
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Further in the time complexity O (LCmaxkN) for the relational local component, Cmax is
the maximum node degree of the graph, and thus Eq. 6.35 is the worst case. However, in
practice NCmax �

∑N
i=1 |Ci|, where |Ci| is the degree of the ith node. Notice that since

the number of local iterations in the online model is a small fixed constant (e.g., 1, 10)
for every new data point that arrives at time t, it can safely be omitted. In the multistep
ahead prediction scenario, Eq. 6.35 is multiplied by a factor of future horizon τ , i.e., the
time complexity is linear to τ . However, the offline model time complexity is significantly
larger by a factor of epoch numbers M . In the offline case of GraphDF, we are given T time-
series values for each N nodes, and need to relearn an entire model from scratch every time.
Thus, the time complexity of GraphDF is significantly higher than that of IOGraphDF,
O (M · ((|E| ·KLTN +K) + LCmaxTN)) � O ((|E| ·KLkN +K) + LCmaxkN). It is im-
portant to note that T increases as a function of the stream size, hence, the offline model
consumes much more computation time than the IOGraphDF model.

In terms of input data space requirements, the offline GraphDF requires O(TN) space while
the incremental online GraphDF requires only O(kN) space where w is the most recent w
values in the stream. Hence, since k � T , then O(kN) � O(TN). Furthermore, as more
data arrives over time, we can also see that the input data space of GraphDF can actually
increase (assuming that it is trained using all available data). This is in contrast to the
incremental online GraphDF that always uses a fixed amount of space, as when a new data
point arrives for time t, we simply discard the most distant value and append the new value.

6.5 Experiments

In this section, we examine the performance of GraphDF models with previous state-of-the-
art methods, then we evaluate the performance of IOGraphDF models against GraphDF
models. Moreover, we investigate both models in the task of opportunistic scheduling. For
GraphDF, the experiments are designed to investigate the following:

RQ1. Does GraphDF outperform state-of-the-art deep probabilistic forecasting methods?

RQ2. Are GraphDF models fast and scalable for large-scale time-series forecasting?

RQ3. Can GraphDF generate cloud usage forecasts to effectively perform opportunistic
workload scheduling?

6.5.1 Experimental Setup

We used two real-world datasets in our experiments; Google trace data and Adobe trace
data. Table 6.1 shows the statistics and properties (e.g. edge density, average degree).
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Table 6.1: Statistics of the two real-world large-scale collections of time-series.

Avg. Median Mean Mean Median
Data |V | |E| Density Deg. Deg. wDeg. Time-scale T CPU usage CPU usage

Google 12,580 1,196,658 0.0075 95.1 40 30.3 5 min 8,354 22.7% 21.4%
Adobe 3,270 221,984 0.0207 67.9 15 67.7 30 min 1,687 108.5% 9.1%

Google Trace. The Google trace dataset records the activities of a cluster of 12, 580 machines
for 29 days since 19:00 EDT in May 1, 2011. The CPU and memory usage for each task
are recorded every 5 minutes. The usage of tasks is aggregated to the usage of associated
machines, resulting time series of length 8, 354.

Adobe Workload Trace. The Adobe trace dataset records the CPU and memory usage of
3, 270 nodes in the period from Oct. 31 to Dec. 5 in 2018. The timescale is 30 minutes,
resulting time series of length 1, 687.

For the opportunistic workload scheduling case study in Sec. 6.6, we need to train a model
fast within a few minutes and then forecast a single as well as multiple timesteps ahead,
which are then used to make a decision on whether the current resources are enough or if we
should instead scale up or down. Therefore, models must be able to be trained fast within a
few minutes. To ensure rapid model training, we use 6 observations in the time-series data
for training across all experiments. Furthermore, as in most time-series forecasting problems,
the future CPU usage of machines is highly dependent on the most recent observations than
those in the distant past. We set the number of embedding dimension as K = 10 in wi ∈ RK

and use time feature series as covariates. We set the embedding dimension to K = 10 in
wi ∈ RK and used D = 5 covariates for each time series. Similar to DF [191], the time
features (e.g. minute of hour, hour of day) are used as covariates. We derive a fixed graph
using Radial Basis Function (RBF) on the past observations.

The three models described in Section 6.3.6 are evaluated against four state-of-the-art prob-
abilistic forecasting methods, including Deep Factors, DeepAR [162], MQRNN [192], and
NBEATS [145]. Deep Factors is a generative approach that combines a global model and a
local model. To ensure a fair comparison, we modified DF to solve the same problem formu-
lated in Eq. 6.1, such that the DF variant for comparison uses the same inputs as GraphDF.
Unless otherwise mentioned, we use the same experimental setup as mentioned in the DF
paper. In particular, as suggested by the authors, we use the Gaussian likelihood in terms
of the random effects in the deep factors model. We use 10 global factors with a LSTM
cell of 1-layer and 50 hidden units in its global component, and 1-layer and 5 hidden units
RNN in the local component. We also use suggested hyperparameters for other compared
baselines. DeepAR is an RNN-based global model, we use a LSTM layer with 50 hidden
units in DeepAR. MQRNN is a sequence model with quantile regression and NBEATS is an
pure interpretable deep learning model. For MQRNN, we use a GRU bidirectional layer with
50 hidden units as an encoder and a modified forking layer in its decoder. For N-BEATS,
we use an ensemble modification of the model and take the median value from 10 bagging
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Table 6.2: Results for one-step ahead forecasting (P10QL, P50QL and P90QL).

Metrics DATA NBEATS MQRNN DeepAR DF GraphDF-GG GraphDF-GR GraphDF-RG

P10QL Google 18.12± 201.26 0.190± 0.004 0.046± 0.000 0.083± 0.001 0.037 ± 0.000 0.038± 0.000 0.044± 0.000
Adobe 0.615± 0.091 0.132± 0.000 0.164± 0.001 1.128± 0.004 0.118 ± 0.001 0.119± 0.000 1.027± 2.700

P50QL Google 10.064± 62.12 0.172± 0.001 0.098± 0.001 0.239± 0.001 0.072 ± 0.000 0.076± 0.000 0.077± 0.000
Adobe 3.070± 2.286 0.272± 0.001 0.619± 0.026 1.649± 0.001 0.188 ± 0.000 0.210± 0.001 0.746± 0.835

P90QL Google 2.013± 2.485 0.106± 0.001 0.051± 0.000 0.144± 0.002 0.041 ± 0.000 0.044± 0.000 0.048± 0.000
Adobe 5.524± 7.410 0.217± 0.000 0.949± 0.086 1.802± 0.002 0.153 ± 0.001 0.169± 0.001 0.342± 0.037

bases as results. All methods are implemented using MXNet Gluon [1, 30]. The Adam
optimization method is used with a default initial learning rate as 0.001 to train all models.
The training epochs are selected by grid search in {100, 200, . . . , 1000}. An early stopping
strategy is leveraged if weight losses do not decrease for 10 continuous epochs. We used a
learning rate decay factor of 0.5 and a minimum learning rate of 5 ∗ 10−5. We use Xavier
as the weight initializer, and train for 500 epochs on Adobe data and 100 epochs for the
Google dataset. Some hyperparameters are specific to our method: In GraphDF, we set
the order L = 2 in Eq. 6.10. A small value for the order indicates that the model makes
forecasts based more on neighboring nodes than those more distant. For other methods, we
use default hyperparameters in the Gluonts implementation, unless otherwise specified.

To evaluate the probabilistic forecasts, we use the quantile loss defined as follows: given a
quantile ρ ∈ (0, 1), a target value zt and ρ-quantile prediction ẑt(ρ), the ρ-quantile loss is

QLρ[zt, ẑt(ρ)] = 2
[
ρ(zt − ẑt(ρ))Izt−ẑt(ρ)>0 + (1− ρ)(ẑt(ρ)− zt)Izt−ẑt(ρ)⩽0

]
(6.36)

To derive quantile losses over a timespan across all time series, we use a normalized version
of quantile loss

∑
i,t QLρ[zi,t, ẑi,t(ρ)]/

∑
i,t |zi,t|. When ρ = 0.5, the resulted quantile loss is

equivalent to Mean Absolute Percentage Error (MAPE). In our experiments, the quantile
losses are computed based on 100 sample values. Our algorithms are implemented in MXNet
Gluon [30], and all experiments run on a machine with 8 CPU cores.

6.5.2 Forecasting Performance

To answer the research questions, we investigate the proposed GraphDF framework with
various forecast horizons, including τ = {1, 3, 4, 5}.

The results for single and multistep ahead forecasting are provided in Table 6.2 and Table 6.3-
6.5, respectively, where the best results for every dataset and forecast horizon are highlighted
in bold. We run 10 trials for each model and report the average for ρ = {0.1, 0.5, 0.9},
denoted as the P10QL, P50QL and P90QL, respectively. In all cases, we observe that
GraphDF models outperform state-of-the-art methods across all datasets and all forecast
horizons. Furthermore, we observe that in most cases, the GraphDF-GG variant that uses
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Table 6.3: Results for multistep ahead forecasting (P10QL).

DATA τ NBEATS MQRNN DeepAR DF GraphDF-GG GraphDF-GR GraphDF-RG

Google
3 0.652± 0.396 0.152± 0.006 0.070± 0.000 0.132± 0.004 0.064 ± 0.001 0.077± 0.000 0.087± 0.000
4 0.260± 0.017 0.272± 0.018 0.138± 0.000 0.193± 0.016 0.071 ± 0.001 0.083± 0.000 0.089± 0.001
5 0.447± 0.054 0.147± 0.005 0.484± 0.017 0.327± 0.036 0.054 ± 0.000 0.113± 0.001 0.088± 0.001

Adobe
3 0.811± 0.295 0.184± 0.003 0.207± 0.002 0.303± 0.006 0.183 ± 0.002 0.216± 0.008 0.267± 0.009
4 0.985± 0.537 0.219± 0.008 0.273± 0.003 0.313± 0.018 0.184 ± 0.002 0.242± 0.014 0.423± 0.019
5 0.626± 0.023 0.398± 0.229 0.402± 0.011 0.343± 0.047 0.251 ± 0.016 0.298± 0.031 0.544± 0.020

Table 6.4: Results for multistep ahead forecasting (P50QL).

DATA τ NBEATS MQRNN DeepAR DF GraphDF-GG GraphDF-GR GraphDF-RG

Google
3 0.741± 0.050 0.257± 0.011 0.148± 0.001 0.400± 0.004 0.091 ± 0.001 0.134± 0.002 0.097± 0.000
4 0.618± 0.105 0.410± 0.017 0.191± 0.000 0.454± 0.007 0.097 ± 0.002 0.185± 0.002 0.109± 0.000
5 0.485± 0.021 0.684± 0.012 0.466± 0.006 0.563± 0.017 0.128± 0.000 0.284± 0.012 0.126 ± 0.001

Adobe
3 1.683± 0.100 0.556± 0.028 0.592± 0.017 1.116± 0.006 0.272 ± 0.004 0.315± 0.006 0.319± 0.005
4 1.424± 0.210 0.574± 0.011 0.629± 0.024 1.029± 0.001 0.314 ± 0.004 0.353± 0.007 0.405± 0.007
5 1.069± 0.027 0.687± 0.064 0.633± 0.012 1.039± 0.004 0.375 ± 0.007 0.401± 0.014 0.484± 0.005

Table 6.5: Results for multistep ahead forecasting (P90QL).

DATA τ NBEATS MQRNN DeepAR DF GraphDF-GG GraphDF-GR GraphDF-RG

Google
3 0.830± 0.262 0.091± 0.001 0.067± 0.000 0.208± 0.002 0.051 ± 0.000 0.051± 0.000 0.089± 0.000
4 0.976± 0.429 0.090± 0.000 0.070± 0.000 0.213± 0.002 0.050 ± 0.001 0.076± 0.001 0.095± 0.001
5 0.523± 0.085 0.124± 0.000 0.134± 0.000 0.220± 0.002 0.069 ± 0.001 0.167± 0.013 0.094± 0.001

Adobe
3 2.556± 0.328 0.317± 0.002 0.751± 0.117 1.545± 0.008 0.248 ± 0.004 0.254± 0.003 0.301± 0.003
4 1.862± 1.212 0.335± 0.004 0.696± 0.170 1.673± 0.008 0.317 ± 0.006 0.318± 0.009 0.482± 0.014
5 1.512± 0.082 0.463± 0.003 0.546± 0.000 1.690± 0.015 0.410 ± 0.021 0.434± 0.007 0.512± 0.007

GCRN for both the relational global and relational local component outperforms the other
variants. The second best model is GraphDF-GR, followed by Graph-RG.

To understand the overall performance and variance of the models, we show boxplots for each
model in Fig. 6.3. Strikingly, we observe that the GraphDF models provide more accurate
forecasts with significantly lower variance.

6.5.3 Runtime Analysis

Training and inference runtime performance results are shown in Table 6.6 and Table 6.7,
respectively. All forecasting models are trained using only six previous values for each time
series in the collection (Table 6.6). As expected, the relational global model is significantly
faster and more scalable than the global model used in Deep Factors. In particular, we
observe that the runtime of our GraphDF model that uses GCRN for the relational global
model with RNN as the local model is significantly faster than Deep Factors that uses the
same local model, but differs in the global model used. This is due to the fact that in
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Figure 6.3: Probabilistic forecasting results for 3-step ahead forecast horizon (P50QL) from
Adobe and Google trace dataset.

Table 6.6: Training runtime performance (in seconds).

DATA NBEATS MQRNN DeepAR DF GraphDF-GG GraphDF-GR GraphDF-RG

Google 663.31± 54.09 284.76± 71.08 413.79± 49.62 315.06± 67.80 279.45± 41.19 222.08 ± 69.52 281.76± 49.51
Adobe 462.06± 120.07 393.08± 4.22 351.99± 285.30 378.97± 441.64 282.30± 36.80 211.20 ± 21.56 264.00± 56.29

Table 6.7: Inference runtime performance (in seconds).

DATA NBEATS MQRNN DeepAR DF GraphDF-GG GraphDF-GR GraphDF-RG

Google 88.08± 10.96 9.22± 0.06 17.06± 0.16 8.28± 0.02 1.67± 0.03 0.99 ± 0.003 1.16± 0.003
Adobe 162.63± 7.59 2.69± 0.006 4.30± 0.02 2.12± 0.001 0.51± 0.005 0.28 ± 0.001 0.33± 0.000

the state-of-the-art DF model, all time series are considered equivalently and jointly when
learning the K global factors. This can be thought of as a fully connected graph where
each time series is connected to every other time series. In comparison, the relational global
components of GraphDF leverage the graph that encodes explicit dependencies between the
different time series, and therefore, does not need to leverage all pairwise time series, but
only a smaller fraction of those that are actually related.

In terms of inference, all models are fast taking only a few seconds as shown in Table 6.7.
For inference, we report the time (in seconds) to infer the next six values in each time series
in the collection. In all cases, the GraphDF model variants are significantly faster than DF
on both Google and Adobe workload datasets.

6.5.4 Scalability

To evaluate the scalability of GraphDF, we vary the training set size (i.e., the number
of previous data points per time series to use) from {2, 4, 8, 16, 32}. Fig. 6.4 shows that
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Figure 6.4: Comparing scalability of GraphDF to DF as the training set size increases for
the Adobe workload trace dataset. The training set size refers to the number of data points
per time series.

GraphDF scales nearly linear as the training set size increases from 2 to 32. For instance,
GraphDF takes around 15 seconds to train using only 2 data points per time series and 30
seconds using 4 data points per time series, and so on. We also observe that for the Adobe
data, GraphDF is always about 3× faster compared to DF across all training set sizes.

6.5.5 Experimental Result on IOGraphDF

To evaluate the performance of IOGraphDF, we design experiments to answer the following
research questions:

RQ4. Does IOGraphDF yield more accurate predictions than GraphDF?

RQ5. Does IOGraphDF outperform GraphDF regarding training and prediction runtime?

RQ6. Does IOGraphDF perform better in the opportunistic workload scheduling task?

Experimental Setting. To compare the performance and runtime between IOGraphDF
and GraphDF, we simulate an streaming procedure containing 100 timesteps, where new
values are received by both models at each time step. At each time step new values arrive,
a new GraphDF instance is initialized and then trained with the newly arrived values. In
contrast, IOGraphDF model only needs to be initialized once in the beginning, and the
same IOGraphDF instance is incrementally updated from the previous time step with newly
arrived data. We assume that incoming values are more dependent on near observations
than those in the distant past. Therefore, we maintain a shifting window size of 9 to include
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Figure 6.5: Comparing the training runtime and one step ahead P50QL (i.e., MAPE) between
GraphDF (blue) and IOGraphDF (yellow dashed line) on the Google dataset.
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Figure 6.6: Comparing the training runtime and one step ahead P50QL between GraphDF
(blue) and IOGraphDF (yellow dashed line) on the Adobe dataset.

the most recent observations relative to t. As t increments, the oldest values are removed
from the window, and newly arrived values are appended to the window. The window
values are split for data training and fitting procedure. In the case of the GraphDF model
using the Google dataset, the number of training epochs is set as 100. Conversely, for the
IOGraphDF model, the number of local iterations (i.e., the number of training iterations
upon each shifting window) only needs to be set as a smaller number, 50. This is because
after the model is initialized, it preserves the learned information from previous time steps.
In the inference stage, values in τ = 3 steps ahead are predicted and evaluated.

Experimental Results. We observe from Fig. 6.5 (Left) and Table 6.10 that IOGraphDF is
significantly faster. As observed in Fig. 6.5 (Right), the P50QL of GraphDF and IOGraphDF
for each 100 streaming timestep is plotted. In the first few timesteps, IOGraphDF has much
higher errors than GraphDF, however, IOGraphDF performance converges quickly to that
of GraphDF’s, as two lines in Fig. 6.5 are mostly overlapping after streaming timestep 20.
Hence, IOGraphDF sacrifices a small amount of accuracy for a significant speedup.
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Table 6.8: Runtime comparison between GraphDF and IOGraphDF over timesteps

Data GraphDF IOGraphDF

Google 208.770± 11.862 76.948± 22.717
Adobe 58.170± 1.666 30.534± 0.718

Table 6.9: Results for multistep ahead forecasting (P50QL) with IOGraphDF.

DATA τ GraphDF-GG GraphDF-GR GraphDF-RG IOGraphDF-GG IOGraphDF-GR IOGraphDF-RG

Google
3 0.091 ± 0.001 0.134± 0.002 0.097± 0.000 0.104± 0.006 0.146± 0.007 0.141± 0.013
4 0.097 ± 0.002 0.185± 0.002 0.109± 0.000 0.108± 0.005 0.146± 0.005 0.156± 0.005
5 0.128± 0.000 0.284± 0.012 0.126± 0.001 0.122 ± 0.006 0.164± 0.010 0.171± 0.010

Adobe
3 0.272± 0.004 0.315± 0.006 0.319± 0.005 0.211 ± 0.023 0.328± 0.039 0.371± 0.042
4 0.314± 0.004 0.353± 0.007 0.405± 0.007 0.240 ± 0.018 0.332± 0.057 0.393± 0.056
5 0.375± 0.007 0.401± 0.014 0.484± 0.005 0.286 ± 0.023 0.341± 0.083 0.404± 0.059

Table 6.10: Results for multistep ahead forecasting (RUNTIME) with IOGraphDF.

DATA τ GraphDF-GG GraphDF-GR GraphDF-RG IOGraphDF-GG IOGraphDF-GR IOGraphDF-RG

Google
3 279.45± 41.19 222.08± 69.51 281.76± 49.51 70.209± 0.844 51.213 ± 1.380 68.237± 1.477
4 282.67± 12.33 222.31± 14.31 283.54± 26.26 70.325± 1.227 51.481 ± 1.222 68.340± 0.729
5 283.69± 15.43 223.53± 24.54 289.16± 32.79 70.839± 1.351 51.733 ± 1.465 68.807± 1.080

Adobe
3 282.30± 36.80 211.20± 21.36 264.00± 56.29 27.69± 1.17 20.20 ± 0.82 25.19± 0.55
4 282.80± 26.03 212.60± 14.00 264.90± 60.90 26.69± 0.63 20.49 ± 1.17 25.22± 0.49
5 287.30± 12.03 214.81± 21.93 274.78± 46.10 26.86± 0.82 20.78 ± 0.73 25.24± 0.68

In both offline and online models, the expected runtime on training is positively related to
the number of input and output values. In the offline GraphDF model, each time new values
arrive, a new model has to be created and trained using these new values. Only recent values
are taken as input. Hence, this results in the loss of earlier observations. In our proposed
IOGraphDF, the input is only modeled upon a fixed amount of recent values. Since the
same model instance is used and kept updated over time, IOGraphDF has the advantage
of leveraging earlier observations for forecasting, as learned by the model parameters. As a
consequence, we set the local iterations, the number of times data values are used to update
IOGraphDF model, to a small number 50, which results in a much faster IOGraphDF while
still preserving high accuracy. The runtime comparison between GraphDF and IOGraphDF
over 100 timesteps is shown in Fig. 6.5 (Left). Similar result can be observed from the
experiment using Adobe dataset using the same warm start period (20 steps i.e. 10 hours),
as shown in Fig. 6.6. We also summarize average and deviation runtime in Table 6.8.

Following the setup in Sec. 6.5.2, we designed experiments to investigate the performance
of IOGraphDF model variants over multistep ahead prediction, and compare them against
previous results from GraphDF variants. Since IOGraphDF models take advantages of
incremental training, for a fair comparison, we report the result for IOGraphDF models
after a warm start period (set as 20 timesteps). The values in the warm start period are
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Table 6.11: Results on combination of hyperparameters for 3-step ahead forecasting (p50QL)
with the Google dataset. The best performance for each number of warm start period (row)
is highlighted in bold.
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5 1.121± 0.124 0.804± 0.105 0.746± 0.058 0.453± 0.048
10 0.321± 0.015 0.305± 0.011 0.295± 0.010 0.281± 0.009
20 0.124± 0.012 0.104± 0.006 0.108± 0.009 0.126± 0.008
50 0.102± 0.005 0.009± 0.003 0.105± 0.007 0.107± 0.003

used to train the IOGraphDF models, but not used for loss comparison. Subsequently, the
values after the warm period are then used to evaluate and compare prediction loss with
the GraphDF variants. The result is shown in Table 6.9. We observe that on the Google
dataset, IOGraphDF variants reach very close results to the GraphDF counterparts, while
IOGraphDF models require significantly less training runtime than GraphDF models, as
shown in Table 6.10. For the Adobe dataset, IOGraphDF models not only require less run-
time, but also obtain more accurate predictions with smaller losses in most cases (highlighted
in the column IOGraphDF-GG).

6.5.6 Ablation Study

We further investigate the effects of hyperparameters on the IOGraphDF model through
extensive experiments. The length of the warm start period and the number of relational
global factors K are selected from the range of {5, 10, 20, 50}. We report p50QL for forecast-
ing 3-step ahead on the Google dataset with combinations of these hyperparameters, and
the result is shown in Table 6.11. From the result table, we observe (1) When the number of
relational global factors K is fixed (i.e., for each column of Table 6.11), IOGraphDF achieves
better performance as the warm start period increases. (2) When the number of warm start
period is small, the performance drastically improves with increasing K, as shown in the
first two rows of Table 6.11, with the best performance observed at K = 50. We suggest this
can be due to the insufficient training of the model, since the number of warm start period
is small. (3) When the number of warm start period is large, the performance improves
little or even worsens as the number of relational global factors K increases, as shown in
the last two rows of Table 6.11. This might be attributed to the excessive amount of model
parameters which leads to overfitting.
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Algorithm 4 Opportunistic Scheduling
1: Initialize hyperparameters and variables lookback window for GraphDF (or streaming

window for IOGraphDF) w, horizon τ , threshold ratio ϵ, portion ratio λ. Accumulated
utilization improvement Acc

2: while New observations arrive t← t+ 1 do
3: Initialize weights Φ for new model ft
4: ft ← P

(
· | Φ,A,

{
X

(i)
:,t−w+1:t+τ , z

(i)
t−w+1:t

}N
i=1

)
5: for each node i do
6: Obtain forecasts ẑ(i)={ẑ(i)t+1, ẑ

(i)
t+2 . . . ẑ

(i)
t+τ}∼ft

7: if MEAN of forecasts MEAN(ẑ(i)) ≤ ϵ then
8: Utilization Acc←Acc+ λ(1−MEAN(ẑ(i)))
9: else

10: Cancel assigned tasks on node i
11: end if
12: end for
13: end while

6.6 Case Study: Opportunistic Scheduling

We leverage our GraphDF forecasting model to enable opportunistic scheduling of batch
workloads. Since batch workloads, such as ML training, crawling web pages etc. have loose
latency requirements, they can be opportunistically scheduled on underutilized resources,
such as CPU cores. This improves resource utilization of the cluster and reduces operating
costs by precluding the need to allocate additional machines to run the batch workloads.
Our model generates probabilistic CPU usage forecasts for cloud nodes and nodes with low
predicted usage are employed for scheduling these workloads.

Our model satisfies the following requirements of such an opportunistic scheduler. First, the
model must be able to correctly forecast utilization. If the utilization is underestimated, tasks
will be assigned to busy machines and may need to be canceled, which is a waste of resources.
Second, the execution time of the forecasting model must be significantly faster than the
time period used for data collection. For example, since CPU usage in the Google dataset is
observed every 5 minutes, the CPU usage forecast should be generated in less than 5 minutes
i.e. before the next observation arrives. We simulate opportunistic scheduling by developing
two main components, the forecaster and the scheduler. The Google dataset provides CPU
usages for the cluster in this study. The forecaster reads the 6 most recent observed CPU
utilization values of each machine from the data stream and predicts next 3 values. The
scheduler identifies underutilized machines as those with mean predicted utilization across
the three predictions lower than a predefined threshold ϵ (25%). To safely make use of the
idle resources without disturbing already running tasks or cause thrashing, the scheduler
only assigns workloads that require at most 75% of compute resources. If a machine is
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Figure 6.7: CPU utilizations without opportunistic scheduling (green) and with scheduling
based on each forecaster (red and blue), on a period of {6, 12, 24} hours on the Google
dataset. GraphDF scheduling has higher CPU utilizations than DF and vanilla scheduling.

Table 6.12: Opportunistic scheduling results using different forecasting models.

Data Model utilization correct cancellation
improvement (%) ratio (%) ratio (%)

Google DF 38.8 68.6 20.9
GraphDF 41.9 88.6 8.2

Adobe DF 42.0 65.8 19.1
GraphDF 53.2 97.0 2.2

assigned batch workloads that exceeds resource availability, they are terminated/canceled.
This procedure is described in Algorithm 4.

Effects on CPU utilizations. Fig. 6.7 shows the CPU utilizations without opportunistic
workload scheduling (vanilla) and with scheduling based on each forecaster over a period of
{6, 12, 24} hours on the Google dataset. We observe that the GraphDF-based forecaster
consistently outperforms both vanilla and DF-based versions by generating forecasts with
higher accuracy. Table 6.12 summarizes the performance of the GraphDF-based forecaster
with respect to three metrics CPU utilization improvement, correct scheduling ratio, and
cancellation ratio. The utilization improvement measures the absolute increase in CPU usage
compared to the vanilla version. The correct scheduling ratio corresponds to the ratio when
predicted utilization by the scheduler matches the actual utilization. The cancellation ratio
measures the fraction of machines on which the batch workload was terminated due to
incorrectly generated forecasts. We observe that GraphDF-based workload scheduling leads
to higher CPU utilizations, higher correct scheduling ratio, and lower cancellation ratio
compared to DF-based scheduling.

Execution Time Comparison. Fig. 6.8 shows that the runtime of DF-based scheduling
often exceeds the 5-minute time limit, while GraphDF-based version is much faster and
always meets it. The average time of prediction by DF is 340.43± 77.95 where the average
time of prediction by GraphDF is 231.90 ± 4.25. Hence, GraphDF persuasively provides a
solution for enhancing cloud efficiency through effective usage forecasting. Google dataset
receive observations every 5 minutes, therefore, DF will fail as it is too slow.
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Figure 6.8: The time constraint (black line), the runtime of scheduler with DF (red) and
that with GraphDF (blue). Note that in most cases, DF fails to meet the time constraint
while GraphDF produces a much faster forecast.
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Figure 6.9: CPU utilization without opportunistic workload scheduling (shown in green) and
with scheduling based on each forecaster (shown in blue and yellow), over a period of 6 hours
on Google dataset.

Opportunistic Scheduling with IOGraphDF. Using the same parameter setup as in
previous section, we further conducted opportunistic scheduling with IOGraphDF model,
as shown in Fig. 6.9. We observe that scheduling based on IOGraphDF performs worse
than GraphDF in the beginning, which may be attributed to the insufficient training of
the IOGraphDF model. However, over time IOGraphDF gives performance close to that
of the GraphDF model. Additionally, IOGraphDF delivers smoother scheduling curve than
the GraphDF model. Since IOGraphDF delivers more accurate prediction over time, the
opportunistic scheduling with IOGraphDF also outperforms scheduling with GraphDF model
with respect to correct ratio and cancellation ratio, as shown in Table 6.13.
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Table 6.13: Results for opportunistic scheduling in the cloud over a 24 hour period using
different forecasting models.

Data Model utilization correct cancellation
improvement (%) ratio (%) ratio (%)

Google GraphDF 41.9 88.0 4.6
IOGraphDF 42.7 90.1 2.9

Adobe GraphDF 56.3 97.3 0.80
IOGraphDF 54.3 98.5 0.44

6.7 Conclusion

In this work, we introduced a deep graph-based probabilistic forecasting framework called
Graph Deep Factors. While existing deep probabilistic forecasting approaches do not ex-
plicitly leverage a graph, and assume either complete independence among time series (i.e.,
completely disconnected graph) or complete dependence between all time series (i.e., fully
connected graph), this work moved beyond these two extreme cases by allowing nodes and
their time series to have arbitrary and explicit weighted dependencies among each other.
Such explicit and arbitrary weighted dependencies between nodes and their time series are
modeled as a graph in the proposed framework. Notably, GraphDF consists of a relational
global component that learns complex nonlinear time-series patterns globally using the struc-
ture of the graph to improve both computational efficiency and performance as well as a
relational local model that not only considers its individual time series but the time series of
nodes that are connected in the graph. The experiments demonstrated the effectiveness of
the proposed deep graph-based probabilistic forecasting model in terms of its forecasting per-
formance, runtime, and data efficiency. Further, to address the common streaming nature
of many time-series prediction applications where values arrive over timesteps, we propose
the incremental online GraphDF model (IOGraphDF). Experiments show that IOGraphDF
outperforms GraphDF regarding forecasting accuracy and runtime.



Chapter 7

Conclusion

In this chapter, we summarize the contributions of this dissertation and give a list of resulted
publications. We further discuss future directions for graph time-series models.

7.1 Contributions

The main contributions and task statuses of this dissertation are summarized in Table 7.1.

7.1.1 A Comprehensive Review of Graph Time-series Models

• Proposal of the notion of graph time-series models (A1) The notion of graph
time series is introduced and defined, which serves as a fundamental data form for
various tasks such as classification, forecasting, and anomaly detection.

• Novel categorization of graph time-series models (A2) Recent graph time-
series models are categorized into Graph Recurrent/Convolutional Neural Networks
and Graph Attention Neural Networks. Model analyses are given in details in terms
of temporal modeling, graph modeling, and representational modeling.

• Extensive performance comparison on various models and applications (A3)
Experimental performance of more than ten models is compared on two traffic fore-
casting datasets. Anomaly detection performance is also compared on water treatment
datasets. Analyses of performance are also provided.

7.1.2 Context Integrated Graph Neural Network for Time-series
Forecasting

• A novel graph time-series forecasting model that integrates multiple con-
textual graphs (B1) For the task of mobile call demand forecasting and bike supply
forecasting, a context integrated model, CIGNN, has been proposed to leverage con-
textual information such as temperature and humidity records. CIGNN jointly learns
from the target time-series and contextual time-series to forecast for target time-series.

100
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Table 7.1: Research tasks and status

Tasks Description Status

Research Area A A Comprehensive Review of Graph Time-series Models Completed
A1 Introduction of the notion Graph Time Series Completed
A2 Categorization and analysis of graph time-series models Completed
A3 Performance comparison on forecasting and anomaly detection Completed

Research Area B Context Integrated Graph Neural Network for Forecasting Completed
B1 Proposal of context integrated graph time-series model Completed
B2 Proposal of leveraging various dependencies Completed
B3 Validation on two real world datasets Completed

Research Area C Evolving Super Graph Neural Network for Forecasting Completed
C1 Proposal of evolving graph time-series model Completed
C2 Proposal of using K-Means and LSH for graph construction Completed
C3 Validation on two large-scale datasets Completed

Research Area D Probabilistic Hypergraph Model for Forecasting Completed
D1 Proposal of probabilistic hypergraph time-series model Completed
D2 Proposal of leveraging heuristic KNN hypergraphs Completed
D3 Validation on three real world datasets Completed

Research Area E Graph Deep Factor for Probabilistic Forecasting Completed
E1 Development a framework of probabilistic forecasting model Completed
E2 Validation on two cloud resource usage datasets Completed
E3 Simulation with opportunistic scheduling Completed
E4 Analysis of time complexity and scalability Completed
E5 Experiment extension to forecast on streaming values Completed

F Dissertation Writing and Revision Completed

• Introduction and definition of various data dependencies (B2) CIGNN models
the complex dependency between data values by considering the temporal dependency,
spatial dependency, relational dependency, and contextual dependency. The Detrended
Cross-Correlation Analysis coefficient (DCCA coefficient) is novelly used for relational
dependency modeling when geographic information is unavailable.

• Evaluation and analysis on two real world datasets (B3) CIGNN is tested
on the mobile call dataset and the bike supply dataset to validate its effectiveness in
forecasting accuracy. Different combinations of graph constructions are also tested to
validate their effectiveness.
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7.1.3 Evolving Super Graph Neural Network for Time-series Fore-
casting

• A novel graph time-series forecasting model that generates multiple super
graphs (C1) To predict for large-scale time series, a evolving graph model, ESGNN,
has been proposed to construct a series of super graph to quickly make forecasts while
leveraging mutual influence between node time series.

• An efficient super graph construction method (C2) K-Means and Locality-
Sensitive Hashing (LSH) are novelly applied to quickly generate super nodes and con-
nect them with super edges. Super graphs are created per a user-selected time interval.

• Evaluation and validation on large-scale datasets (C3) Forecasting results are
obtained on two large-scale datasets. Runtime and space usage of ESGNN are studied
and validated.

7.1.4 Probabilistic Hypergraph Recurrent Neural Network for Time-
series Forecasting

• A novel probabilistic hypergraph model that learns a hypergraph structure
from time series (D1) To consider the situations where time series interact in a
simultaneous broadcasting manner, a hypergraph model, PHRNN, has been proposed
to model node connections with a probabilistic hypergraph.

• Dual utilization of KNN hypergraphs (D2) A KNN-based hypergraph is con-
structed to initiate hyperedge embeddings for probabilistic hypergraph learning, and
is also used for learning regularization.

• Evaluation on three real-world datasets (D3) PHRNN is evaluated on cloud
resource usage datasets and traffic dataset. Its effectiveness is validated on various
sets of hyperparameters.

7.1.5 Graph Deep Factor for Cloud Resource Usage Forecasting

• Development of a novel probabilistic forecasting framework (E1) A proba-
bilistic forecasting framework for cloud resource usage forecasting, GraphDF, has been
proposed, which consists of a relational global model and a relational local model. The
GraphDF framework is data-driven, fast, scalable for real-time demand forecasting,
and highly data efficient.

• Evaluation and validation on two cloud resource usage datasets (E2) Exten-
sive experiments have been conducted to evaluate GraphDF with various components
in the relational global model and the relational local model.
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Table 7.2: A summary of model characteristics

Models Graph Structure Number of Graphs Forecasting Data Scale

CIGNN graphs multiple point, offline small
ESGNN super graphs multiple point, offline large-scale
PHRNN hypergraphs single point, offline small

GRAPHDF graphs dual probabilistic, offline large-scale
IOGRAPHDF graphs dual probabilistic, online large-scale

• Realistic simulation of opportunistic scheduling (E3) Extensive experiments
have been conducted to evaluate GraphDF for the task of opportunistic scheduling, to
validate how much more resources will be utilized with the method.

• Analysis of time complexity and scalability (E4) The time complexity of GraphDF
is studied. Extensive experiments have been conducted to evaluate its scalability.

• Extension to accommodate streaming values (E5) The GraphDF model has
been extended to introduce a new model IOGraphDF that targets streaming values.
Extensive experiments and analyses have been conducted with IOGraphDF.

7.2 Relations between Works

This dissertation is more than a simple union of several models. Instead, different chapters
are closely related to each other. Chapter 2 introduces and defines the concept of graph time-
series models. It serves as the cornerstone of the following models. Chapter 3-Chapter 6
introduce various graph and hypergraph time-series forecasting models, targeting different
research problems and challenges. From the perspective of time-series modeling, all models
utilize a RNN model with an encoder-decoder. From the perspective of graph modeling,
CIGNN and ESGNN from Chapter 3 and Chapter 4 operate on a series of graphs, PHRNN
in Chapter 5 introduces a probabilistic hypergraph model, and GraphDF and IOGraphDF
in Chapter 6 leverages two separate graphs for different components in probabilistic forecast-
ing. In terms of graph construction, CIGNN builds upon both spatial graphs and temporal
graphs; ESGNN, GraphDF, and IOGraphDF are based on temporal graphs; PHRNN learns
a semantic hypergraph from node embedding. From the perspective of data characteristics,
CIGNN utilizes contextual data; ESGNN, GraphDF, and IOGraphDF target large-scale data
that have tens of thousands of node time series; PHRNN targets small datasets. Overall,
Chapter 3-Chapter 6 collectively cover a large range of different graph construction methods,
data characteristics, and forecasting manners.
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7.3 Publications

7.3.1 Journal Papers

1. Chen, Hongjie, Ryan A. Rossi, Kanak Mahadik, Sungchul Kim, and Hoda Eldardiry.
‘Graph Deep Factors for Probabilistic Time-series Forecasting.’ ACM Transactions on
Knowledge Discovery from Data 17, no. 2 (2023): 1-30.

2. Chen, Hongjie, and Hoda Eldardiry. ‘Graph Time-series Modeling in Deep Learning:
A Survey.’ ACM Transactions on Knowledge Discovery from Data (2023).

7.3.2 Conference Papers

1. Chen, Hongjie, Ryan A. Rossi, Kanak Mahadik, Sungchul Kim, and Hoda Eldardiry.
‘Graph deep factors for forecasting with applications to cloud resource allocation.’ In
Proceedings of the 27th ACM SIGKDD Conference on Knowledge Discovery & Data
Mining (KDD), pp. 106-116. 2021.

2. Chen, Hongjie, Ryan A. Rossi, Kanak Mahadik, and Hoda Eldardiry. ‘Context Inte-
grated Relational Spatio-Temporal Resource Forecasting.’ In 2021 IEEE International
Conference on Big Data (Big Data), pp. 1359-1368. IEEE, 2021.

3. Chen, Hongjie, Ryan A. Rossi, Kanak Mahadik, and Hoda Eldardiry. ‘Hypergraph
Neural Networks for Time-series Forecasting.’ In 2023 IEEE International Conference
on Big Data (Big Data), 2023.

4. Chen, Hongjie, Ryan A. Rossi, Kanak Mahadik, Sungchul Kim, and Hoda Eldardiry.
‘Evolving Super Graph Neural Networks.’ In The Pacific-Asia Conference on Knowl-
edge Discovery and Data Mining (PAKDD), 2024.

7.3.3 Submitted Papers

1. Chen, Hongjie, Ryan A. Rossi, Kanak Mahadik, Sungchul Kim, and Hoda Eldardiry.
‘Probabilistic Hypergraph Recurrent Neural Network for Time-series Forecasting’ is
submitted to The ACM SIGKDD Conference on Knowledge Discovery & Data Mining
(KDD), 2024

7.4 Future Directions

Time series and graph are evergreen research areas, and there remain many challenges to
be solved. Chapter 2 list some future directions for graph time-series models. This section
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presents additional future directions in terms of learning approaches, task objectives, and
data characteristics.

Unified Learning of Time Series Most time-series models learns from one source of
dataset (e.g., traffic networks) and are used on the same source. However, there are situations
where the target dataset has limited data points while abundant data points are available
from other sources. To leverage datasets outside of target domain, numerous methods have
been proposed in the areas of transfer learning and domain adaptation. These models mainly
learn from one source domain and are tested on one target domain. Recent successes in large
language models may inspire research ideas in learning from large collections of time-series
datasets, resulting in a large general time-series model. For example, a general large time-
series prediction model may be learned to enable users to achieve satisfied accuracy with a
few additional customized time-series data provided by users. Therefore, one future direction
is to incorporate various data sources and learn a unified model for time-series tasks.

Various Graph Structures This dissertation has introduced models that cover both
graph structures and hypergraph structures. Moreover, other graph structure types also
exists, including homogeneous graphs and heterogeneous graphs, homophilous graphs and
heterophilous graphs, and bipartite graphs, among others. Different graph structures should
be considered according to actual objectives as well as the involved datasets.

Incorporating Irregular Data Future directions should also take irregular data char-
acteristics into account. For example, in medical and neurological datasets, time series are
sparse with a few sudden spikes when events occur. These require more efficient graph repre-
sentations. Another example of irregular data characteristics lie in the domain of time series,
such as acoustic series where data are recorded in waveforms. Hence, the graph modeling of
acoustic series need to consider relations between series in the waveform.
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A Neural Network Functions

Activation Functions are element-wise non-linear functions. Heavily used activation func-
tions include the sigmoid, ReLU, LeakyReLU [136], tanh, and GeLU [87] functions

σ (X) =
1

1 + e−X
ReLU (X) = max (0, X) (1)

tanh (X) =
eX − e−X

eX + e−X
GELU (X) =

1

2
X

[
1 + erf

(
X√
2

)]
(2)

LeakyReLU (X) =

{
X, x >= 0

µX, x < 0
(3)

where LeakyReLU (·) is used with a pre-defined small hyper-parameter µ.

Vectorization is defined as a mathematical operation that converts any higher dimension
values into a vector. Given a tensor X ∈ Rd1×d2×...×dm , vectorization is denoted by

Vec (X) ∈ Rd1∗d2∗...∗dm×1 (4)

Softmax Function non-linearly transforms an array of values. Given an array of d values
x ∈ Rd, the i(th) transformed value is calculated by

fsoftmax (xi) =
exp (xi)∑d
j=1 exp (xj)

(5)

A Fully Connected Neural Layer, or a dense layer, with respect to a parameter weight
matrix W ∈ Rcin×cout and a parameter bias vector b ∈ Rcout is defined as

FC (X) = fFCW,b (X) = σ (XW + b) (6)

Without loss of generality, X ∈ Rc1×c2×...×cm is defined as a tensor with m dimensions.
Thus, the size of last dimension cin = cm is mapped to size cout, resulting in fFCW,b (X) ∈
Rc1×c2×...×cout . We let fFCW

denote the layer when the bias/intercept b is not included.
In practice, when the fully connected layer is not applied on the last dimension, tensor
dimensions are reorganized by switching the target dimension and the last dimension before
applying the dense layer, and switching back their dimension order after the dense layer is
applied. We drop W and b from the subscript for conciseness, as fFC (X) = fFCW,b (X)
or fFC (X) = fFCW

(X), when the context is clear to understand. When a dense layer is
needed to apply for a selected dimension of X, we denote with a subscript under function
f (·). For instance, when the ith dimension is selected, the input channel size cin = ci
is transformed into cout with the aforementioned description, denoted as fFCW,b,i (X) ∈
Rc1×c2×...ci−1×cout×ci+1×ci+2...cm . The calculation is also applicable when X is a matrix or a
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vector. In addition, we let fFCs denote a fully connected network that stacks multiple dense
layers.

An Embedding Layer maps discrete one-hot vectors, denoted by X ∈ RN×cin to a contin-
uous space RN×cout . We let fEMB (·) : RN×cin → RN×cout denote an embedding layer, which
can be implemented in various ways depending on the task characteristics, e.g., fEMB can
be a dense layer in the simplest case.

A 1D Convolutional Layer adopts a filter to select only a specific subset of input neurons
to derive each output neuron. Given an input vector x ∈ Rdin , the convolutional layer is a
function denoted by fCONV that maps it to an output vector x′ ∈ Rdout

fCONV (xi) =

din∑
j=0

Wij ⋆ xj + bi, i ∈ {1, 2, . . . , dout} (7)

where W and b are parameters and ⋆ is the cross-correlation operator defined in the subject
of signal processing. A dilation method can be applied to the convolutional layer by spacing
input neurons to reduce parameter complexity.

B Graph Time-series Models in Details

This section lists detailed equations for the discussed models.

B.1 GCRN

Following the conventional use of symbols I,F, and O to respectively denote input gate,
forget gate, and output gate, the GCRN model [166] can be described with,

It = σ
(
fGCN,XI

(
Xt
)
+ fGCN,HI

(
Ht−1

)
+WCI �Ct−1 + bI

)
(8)

Ft = σ
(
fGCN,XF

(
Xt
)
+ fGCN,HF

(
Ht−1

)
+WCF �Ct−1 + bF

)
(9)

Ct = Ft �Ct−1 + It � tanh
(
fGCN,XC

(
Xt
)
+ fGCN,HC

(
Ht−1

)
+ bC

)
(10)

Ot = σ
(
fGCN,XO

(
Xt
)
+ fGCN,HO

(
Ht−1

)
+WCO �Ct + bO

)
(11)

Ht = Ot �Ct (12)



132

B.2 FC-GAGA

Given concatenated state Z as input, the residual module fres = X̂ in FC-GAGA is described
with the following equations:

Z =

[
Hemb ‖

X

x̃ ‖G
]T

Z0 = Z Ẑ0 = 0 Zb = ReLU
[
Zb−1 − Ẑb−1

]
(13)

H1
b = fFC,b1 (Zb) HL

b = fFC,bL

(
HL−1

b

)
(14)

X̂b = fFC,b

(
HL

b

)
fres = X̂ =

B∑
b=1

X̂b (15)

and then Z is used to initialize the input to B residual blocks in Eq. 13, where each block
contains L dense layers in Eq. 14. Finally, the forecasting is the aggregation of hidden states
at the last layers of each block through dense layers, as in Eq. 15.

B.3 Radflow

Radflow defines a feed-forward layer, denoted by gFF (·):
gFF (X) = fFC,FF2 (GELU (fFC,FF1 (X))) (16)

The residual module and attention module are described by the following equations:
Zt

1 = fFC

(
X t
)

Hb = fLSTM (Zb) Pt
b = gFF,p

(
Ht

b

)
Zt

b = Zt
b−1 −Pt

b−1 (17)

fres :

{
Qt

b = gFF,q

(
Ht

b

)
, Q̂

t
=
∑B

b=1 Q
t
b

Ut
b = gFF,u

(
Ht

b

)
, Ut =

∑B
b=1 U

t
b

(18)

fattn :


Ut

K = fFC,K

(
Ut
)
, Ut

V = fFC,V

(
Ut
)
, Ut

Q = fFC,Q

(
Ut
)

λtj =
exp(Ut

j,Q·Ut
j,K)∑

k∈Γi exp(Ut
k,Q·Ut

k,K)
, Ũ

t

i = GELU
(∑

j∈Γi λ
t
jU

t
j,V )
)

Û
t
= fFC,E

(
Ut−1

)
+ fFC,N

(
Ũ

t
)

(19)

Q̂
t
= fres,Q · fLSTM (X) Û

t
= fattn · fres,U · fLSTM (X) (20)

X̂
t
= fFC,recurrent

(
Q̂

t
)
+ fFC,graph

(
Û

t
)

(21)

The hidden state Q̂t in the recurrent component is computed with the residual module,
described in Eq. 18 and only relies on the time-series data. Whereas the hidden state Û

t in
the graph component renders attention mechanisms to aggregate node embeddings from the
neighborhood for each node, as described by Eq. 19, in addition to the use of LSTM model
and neural blocks aggregation.
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C Experimental Setup

C.1 Data Preprocessing

Normalization techniques are applied to map large-scaled data into a range of [0, 1] or [−1, 1].
Given time-series x, the min-max normalization is defined as

Norm
min−max

(x) = x− xmin

xmax − xmin
(22)

where xmax and xmin are the maximum and the minimum values in the time-series, respec-
tively.

The Z-score normalization is defined as

Norm
z−score

(x) = x− µ
σ

(23)

where µ and σ are the mean and standard deviation of the time-series.

The normalization can be extended for data in the matrix format.

C.2 Distance-based Graph Construction

Radial Basis Function (RBF) is applied to on a given distance adjacency matrix Adist ∈
RN×N to derives a proximity matrix A with a selected length scale l:

Aij = exp
(
−
A2

disti,j

l2

)
(24)

C.3 Time-series Similarity/Coefficient Metrics

Dynamic Time Warping is a closeness measure between time-series. Given two time-series
x = [x1,x2, . . . ,xm] and y = [y1,y2, . . . ,yn] of length m and n, the DTW distance between
the two time-series is denoted by DTW (n,m) which is defined as

DTW (i, j) = costi,j + min (DTW (i− 1, j − 1) ,DTW (i− 1, j) ,DTW (i, j − 1)) (25)

where costi,j is the distance between xi and yj and can be decided by the use of distance
functions, e.g., absolute distance or square distance. DTW (i, 0) and DTW (0, j) are initial-
ized with zeros. A number of variants soft-DTW [44] proposed a smoothed formulation of
DTW and use it as a differentiable loss function for classification tasks.
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Cosine similarity is also used by taking time-series as vectors. Given two time-series, x,y ∈
RT of same length, cosine similarity is defined as

Cos (x,y) = x · y
‖x‖ ‖y‖ (26)

C.4 Loss Functions and Metrics

For classification tasks, without loss of generality, we let TP, TN, FP, and FN denote numbers
of true positive, true negative, false positive, and false negative, respective, thus commonly
used metrics are as follows:

Precision =
TP

TP + FP
Recall = TP

TP + FN
F1 =

2Precision Recall
Precision+Recall (27)

For regression tasks, we let X, X̂ ∈ Rc1×c2×...×cm denote the input forecast and prediction
tensors to loss metrics.

MAE
(
X, X̂

)
=

1∏
i ci

∑
i1,i2,...,im

∣∣∣Xi1,i2,...,im − X̂i1,i2,...,im

∣∣∣ (28)

RMSE
(
X, X̂

)
=

√
1∏
i ci

∑
i1,i2,...,im

(Xi1,i2,...,im − X̂i1,i2,...,im)2 (29)

MAPE
(
X, X̂

)
=

1∏
i ci

∑
i1,i2,...,im

∣∣∣∣∣Xi1,i2,...,im − X̂i1,i2,...,im

Xi1,i2,...,im

∣∣∣∣∣ (30)

SMAPE
(
X, X̂

)
=

1∏
i ci

∑
i1,i2,...,im

∣∣∣∣∣∣ Xi1,i2,...,im − X̂i1,i2,...,im(
|Xi1,i2,...,im|+

∣∣∣X̂i1,i2,...,im

∣∣∣) /2
∣∣∣∣∣∣ (31)

These metrics are still applicable when X is a vector or a matrix. For example, let Ω denote
the time index of the training dataset, its overall MAE and RMSE losses for N time series
and a horizon of τ are calculated as:

Loss
MAE

=
1

|Ω|
1

N

1

τ

∑
t∈Ω

N∑
i=1

τ∑
j=1

∣∣xt+j
i − x̂t+j

i

∣∣ (32)

Loss
RMSE

=

√√√√ 1

|Ω|
1

N

1

τ

∑
t∈Ω

N∑
i=1

τ∑
j=1

(
xt+j
i − x̂t+j

i

)2 (33)

where X ∈ RN×T is a time-series matrix. Losses for other metrics are calculated similarly.
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C.5 Other Functions

A sign function is defined as

sgn(x) =


1, x > 0

0, x = 0

−1, x < 0

(34)

The probabilistic Density functions (pdf) of the probability distribution are listed as follows

Gumbel(x;α, β) = 1

β
exp

(
x− α
β
− exp

(
x− α
β

))
(35)

Gumbel(x; 0, 1) = exp (x− exp (x)) (36)

D Data Characteristics

We collect and present available representative datasets in Table 3. Statistical properties of
selected datasets are also described. The selected datasets are by no means exhaustive but
are summarized for the convenience of researchers.
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Table 3: Statistical attributes of selected datasets.

Category Collection Source #Datasets #Time-series #Features #Length #Classes

Classification
UEA [5] 30 27− 50K 2− 1.3K 8− 18K 2− 39
UCI [56] 88 58− 63M 4− 2M - -
UCR [46] 128 40− 16K - 60− 2.7K 2− 60

Category Application Dataset Source #Time-series #Length

Regression

Speed
METR-LA [121] 207 6.5M
PEMS-BAY 325 17K
Xiamen [233] 95 52.7K

Taxi ShenZhen [229] 156 3K
DiDi [133] 1.3K 17.2K

Power
Solar1

[110] 137 52.5K
Electricity2 321 26.3K
PMU [167] 42 8.6K

Currency Exchange [110] 8 7.6K
Stock [119] 498 18K

Influenza
Japan-Prefecture

[53]
49 348

US-States 49 785
US-Regions 10 360

Large Scale Music [180] 60.7K 63
Wiki 366.8K 1827

Category Datasets Source #Time-series #Features #Length %Anomalies

Anomaly Detection

SWaT [51] 50 1 95K 11.97
WADI 112 1 122K 5.99

SMAP [228] 25 1 561K 13.13
MSL 55 1 132K 10.27
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