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(ABSTRACT)

Structures built next to each other in congested cities are likely to pound on each other
during strong ground shaking caused by earthquakes. The main objective of this study is
to examine the problem of mutual structural pounding to identify its effect on structures
and then propose solutions to mitigate its effects. Mutual pounding of structural systems
with varying mass, stiffness, and seismic joint gaps, subjected to several different input
motions are examined. To evaluate the effects of pounding, the numerical results with and
without pounding have been considered. The resilience between two impacting masses is
represented by linear springs and also nonlinear Hertz model contact stiffness. Pounding
causes a large increase in the shear force in the stories higher than the top pounding story,
a large increase in the accelerations of the pounding floors and also large overturning effects
on both structures. The parametric study of pounding of structures in series showed that
in most cases the corner structures are penalized more than the interior structures. The
study of the effect of foundation flexibility on the structural pounding response showed that
a proper consideration of this parameter must be included in the analysis.

To alleviate the pounding effects to avoid damage to structural elements and supported
secondary equipment, it was found necessary to join the structures by rigid links and brace
all the stories of at least the taller structure. Joining of the floors is required to reduce
the excessive floor accelerations caused by impact, whereas the story bracings are required
to reduce the excessive story shears or bending moments in the higher stories caused by
pounding of the lower floors. It is observed that except for very soft soils, the proposed
pounding mitigation scheme will increase the shear force transmitted to the foundation,
thus requiring a strengthening of the foundation as well. Since the forces in the rigid

links connecting the two structures were observed to be reasonable, the joining of the two



structures does not pose any special problem; it can be easily accomplished by using large-
size steel rods hooked properly with both structures. In the case of column pounding where
the floors of one structure pound on the columns of the other structure, the pounding
mitigation strategy is to provide K-bracings on all pounding columns and diagonal bracing
in the other stories to reduce high bending moment in the column, and to rigidly join them

to avoid high pounding acceleration.
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Chapter 1
INTRODUCTION

Because of pressure on land, buildings in large cities are often constructed next to
each other with no or small clearance between them. When the dynamic characteristics of
such closely spaced buildings are different, their motions during an earthquake will usually
not be in phase. If the clearance between such buildings is not adequate, they are likely
to collide during an earthquake. Such collisions are commonly referred to as “mutual
pounding”. Indeed, such mutual poundings have been reported in several past earthquakes
(3, 4, 5, 27, 37, 38].

The pounding can cause local as well as overall failure of pounding structures. The
post-earthquake analytical investigation of the failure of a stair tower, warehouse and other
structures at Olive View Hospital [23] confirmed that pounding during the San Fernando
Farthquake did, indeed, contribute to damage and failure of these structures. Although no
other confirmatory analytical studies have been reported, several other damages observed
in past earthquakes have been attributed to pounding. Widespread occurrences of mutual
poundings, causing severe building damages and even collapses, have been reported in the
1985 Mexico City Earthquake [5, 14] and in the more recent 1989 Loma Prieta Earthquake
[3].

The structural pounding is a vibro-impact problem. This problem is commonly encoun-
tered in machines and mechanical equipment and as such it has been of significant interest
to mechanical engineers for some time now. The literature [9, 10, 12, 13, 22, 30, 31, 34, 39,
40, 44] on this subject which includes books [11, 21] is fairly rich. In the study of mechanical
vibro-impact problems, the primary interest is in reducing the wear and tear and noise level,

whereas in structural engineering the motivation to study seismic pounding problem is to



lessen its local and overall damaging effects on civil structures.

The easiest approach to eliminate pounding is to provide enough clearance between
the pounding structures. However, for existing structures, it is not possible to change the
clearance. In such cases, it is of interest to study this problem to understand and ascertain
the effect of impact and propose impact mitigating schemes. This is the main objective of
this study.

The fact that pounding can indeed occur has prompted a few investigators to study the
behavior of single-degree-of-freedom impacting structures subjected to base motions. Miller
[28] has investigated the problem of vibro-impact of two single-degree-of-freedom structures
subjected to harmonic base motion with single-impact-per-cycle oscillations. The impact
effects and loss of energy were included through the coefficient of restitution. For the case of
a harmonic input and single-impact-per-cycle, the exact solution of the equations of motion
was obtained. Parametric studies were conducted to examine the effect of the excitation
frequency and amplitude, gap size and coefficient of restitution. The results indicate that
if the coeflicient of restitution between the impacting bodies is small, a beneficial energy
dissipation can occur, thereby leading to a reduction in the overall response. This however,
need not be the case all the time, as reported in another investigation [45, 46].

A significant study on this topic was conducted by Wolf and Skrikerud in 1979 [45]
and reported in a rather extensive form in 1980 [46]. This study examined a single-degree-
of-freedom system impacting stiff boundaries on one and both sides (asymmetrical and
symmetrical impacts), subjected to harmonic as well as transient base motion. The im-
pacting surfaces were modeled by stiff springs acting in parallel with the oscillator spring.
Thus the entire system was assumed to have a hardening bilinear spring. The energy dis-
sipation during impact was included by providing viscous dashpots with damping factors
related to the coefficient of restitution through an exponential relationship, well-known in
vibro-impact studies [13]. The study identified subharmonic and hyperharmonic response
characteristics along with the “break even” frequency below which the response of impacting

system is lower than that of the nonimpacting system. An analysis of the impact between



the multi-degree-of-freedom reactor building and adjacent auxiliary building, modeled as
a single-degree-of-freedom mass-spring system, was also conducted to ascertain the forces
induced by a possible impact. For this specific problem it was concluded that impact was
not a problem with regard to the safety of the reactor building, and it only caused local
effects. The analyses were also carried out to see what effect a spring placed between the
two impacting structures would have on the response. It was observed that the use of a
precompressed spring between the structures reduced the high-frequency response as well
as the acceleration induced in the structures.

In a study by Davis 8], pounding was modeled by a single- degree-of-freedom oscillator
which may impact against either a stationary or moving neiboring barrier and subjected
to harmonic excitation. Non-linear Hertzian contact law is incorporated to present the
impact stiffness. The spectra of impact velocity versus excitation period for a range of
model parameters show a strong peak near a period equal to one-half the natural period of
a similar non-impacting oscillator. Bands of response in which periodic multiple impacts
and non-periodic or chaotic impacts occur are found.

Another study which has considered impact in the collapse of buildings is by Wada
et al. [41]. Simple single-degree-of-freedom models of impacting buildings with stiffnesses
characterized by elasto-plastic rotational springs at the base were considered to investigate
the effect of gravity on collapse. For this assumed model, the study showed that gravity
effects can, indeed, aggravate the situation leading to a collapse, indicated by very large
displacement response of the masses in the analysis.

In another study, Anagnostopoulos [1] considered a series of single-degree-of-freedom
oscillators representing a set of buildings in a city block. The numerical results have been
reported for four such oscillators impacting with each other. The bilinear force deformation
relationship was used to characterize the stiffness of the structures as well as the impacting
bodies. The parametric studies were conducted in which the clearances between the masses,
yield levels of bilinear stiffness elements and the ratios of the stiffnesses of the outside and

inside oscillators were varied. One conclusion of the study was that the outside or corner



structures in a row of buildings would experience higher levels of deformation than the
inside structures. They are, thus, particularly vulnerable to pounding effects and are more
likely to get damaged than the inside structures. This has also been reported to be the case
in some past earthquakes [37, 38]. In a more recent study [2], Anagnostopoulos basically did
the same parametric investigation [1] but for MDOF structures with the bases supported
on translational and rocking spring-dashpots.

In a rather different context, there have also been studies where impact has been con-
sidered with the primary purpose of reducing the response of structures and equipment by
providing constraints [26]. Such devices have been called impact dampers. In another re-
lated study, Iwan [15] has developed an interesting response spectrum procedure to predict
seismic response of equipment with motion-limiting constraints. The possibility of extend-
ing this approach to predict the response of multi-degree-of-freedom systems with motion
limiting constraints by means of equivalent linear modal analysis has also been briefly men-
tioned [15].

A study of the pounding problem involving MDOF buildings has been reported by
Maison and Kasai [24, 25] and Kasai et al. [19, 20]. In these studies, the pounding responses
of MDOF structures colliding at a fixed level against a rigid obstruction as well as a flexible
structure have been examined. The effect of various problem parameters on the pounding
response has also been reported. Jeng et al. [16] presented a spectral difference method
based on random vibration theory with the assumption of fixed level pounding to estimate
the minimum building separation necessary to avoid seismic pounding.

The problem of multilevel structural pounding between a MDOF structure pounding
against a rigid as well as a MDOF flexible structure has been reported by the writers for
the first time [35].

Jing and Young [17, 18] have studied the random response of vibro-impact systems
subjected to white-noise input. The Hertz’s contact law is used to model the contact
or pounding stiffness. The Fokker-Planck equation is solved for the stationary transition

density function of the response.



On the alleviation of the pounding effects, the work by Westermo [42] is significant.
In that study, the pounding structures are connected by a link and beam system which
transmits the connection forces to the floors of the structures. It is shown that for structures
with closely similar properties the linkage prevents the two from oscillating out of phase

while transmitting a relatively small force through the connection.

1.1 Scope of This Work

In the present study, we examine the pounding response of a multi-degree-of-freedom
structure pounding at several levels against a rigid as well as a multi-degree-of-freedom
deformable structure. To understand and evaluate the pounding effects, the displacements,
story shears, overturning moments, floor accelerations and floor spectrum responses have
been obtained with and without pounding.

In Chapter 2, the simpler problem of a multi-degree-of-freedom structure colliding
against a rigid obstruction of different heights has been examined. This is followed by
the study of pounding of two deformable multi-degree-of-freedom structures in Chapter 3.
Extensive parametric studies have been conducted to understand the characteristics of the
pounding response. As a part of the parametric study, the nonlinear Hertz’s model for the
contact stiffness at the pounding interface has been considered. The problem of pounding
of structures in series is examined in Chapter 4. As structural foundation may not be com-
pletely rigid, in Chapter 5 the effect of foundation flexibility on the structural pounding
response is investigated. In Chapter 6, several methods to alleviate the pounding problem
are investigated and pounding mitigation strategies are proposed. Finally, the study and

its main findings are summarized in Chapter 7.



Chapter 2

POUNDING OF A FLEXIBLE STRUCTURE
AGAINST AN OBSTRUCTION

2.1 Introduction

As a simplification to study pounding, in this chapter we consider the case of a multi-
degree-of-freedom flexible structure pounding at its floor levels against a rigid obstruction
(Figure 2.1). A parametric study is conducted, where the parameters of the pounding
structure are changed to study their effect on the pounding response. In the following, we

first describe the equations of motion and then present the numerical results.

2.2 Equations of Motion

We will model the vibrating structure as a p degrees-of-freedom shear building, being
pounded at its first s lower floors by a rigid obstruction. To develop the equations of motion,
consider the free body diagram of a typical mass m; as shown in Figure 2.2 for the two

cases of pounding and no-pounding. Using Newton’s law, the equation of motion for the

no-pounding case can be written as:
miE; — kizig + (ki + kig1)Ti — kig1Zigr = —midy(t) (2.1)

where m; is the i¢th floor mass; k; = stiffness of the ith story; #,(¢) = ground acceleration;
z;= displacement of mass m; relative to the ground.
When the free displacement of the mass exceeds the gap between the mass and adjacent

obstruction, the collision will occur. In such a case, the free body diagram is as shown in



Figure 2.2(a). Using Newton’s law in this case, the equation of motion for this mass can be

written as:

miZ; — kizicy + (ki + kig1)2i — kig1Zipr + didi + si(2i — i) = —midy(t) (2.2)

where g; is the size of the gap at the level of mass m; and s; is the coefficient of the contact
stiffness during pounding. Here it is assumed that this stiffness is linear. A nonlinear
contact stiffness will be considered later.

Equations for different masses can be collected and written in matrix form for the no-

pounding case as:

[MI{X} + [CHX} + [K{X} = ~[M]{r}d,(t) (23)

and for the pounding case as:

[MI{X} +[C + DI{X} + [K + SHX} = ~[M]{r}<,(t) + [SH{g} (2.4)

where [M] = mass matrix; [K| = stiffness matrix; {r} = influence coefficient vector; {g} =
the vector of clearances (gaps); and [S] is the supplemental stiffness matrix provided by the
contact springs whenever pounding occurs. In equations 2.3 and 2.4, we have now added the
system damping matrix [C] to include the energy dissipation effects. This matrix is defined
in terms of the modal damping ratio and eigenproperties of the structure using standard
procedures [5]. This structural damping matrix is supplemented by the damping matrix
coming from the dashpots provided at the pounding surfaces. These dashpots are provided
to include the loss of energy which occurs during any pounding.

In equations 2.3 and 2.4, the mass matrix is diagonal. The stiffness matrices [/’] and

[S], supplemental damping matrix [D] and vector {g} are defined as:



[ ki + ks =k 0 0 0 1
—ky kot ks —k3 0 0
} 0 —k3 ks + ky 0 0
[K]= , (2.5)
0 0 0 kpoy + kp, —kp
0 0 0 —k, kp |
[ 4, 0 0 |
0 dy ... 0
ol=| . . . . (2.6)
0 0 ds |
[ 81 0 0 |
0 S2 ... 0
s1= . T (2.7)
[0 0 ..., |
{Q}T =(g1 g2 ... g6 0 ... 0) (2.8)

The elements s; and d; are zero for the floors which do not pound. Also if only s number
of the floors are likely to pound, then the vector {g} contains only s nonzero elements.

The equations of motion 2.3 and 2.4, with and without pounding, are both linear.
Thus, if desired, they can be solved by the modal analysis approach. However, since [D]
and [S] matrices constantly change because of the pounding and no-pounding situations,
the problem is essentially nonlinear. It was, therfore, found to be best to solve it by a step-
by-step integration approach. Here the Newmark-g [5] approach as well as Runge-Kutta [6]
approach have been used. The time steps of the integration were kept very small to capture

the everchanging “pounding” and “no-pounding” states as the motion proceeded.



2.3 Problem Parameters for Numerical Analysis

Numerical results have been obtained for several configurations of two pounding struc-
tures. The assumed basic configuration is a ten-story structure pounding against a five-story
rigid structure as shown in Figure 2.1. Some results of pounding against a rigid structure of
varying height have also been obtained. In the basic configuration the structural parameters
are: the floor mass =6.02E + 5 K g, story stiffness =1.81E+ 9 N/m and the stiffness of the
impact spring =8.76 £ +9 N/m. The damping ratio of 0.05 has been assumed in each mode.
Also a dashpot with coefficient d; = 2.04F 4+ 7 Kg/sec has been added at each pounding
interface to include some loss of energy due to pounding in the analysis. Each of these
problem parameters has also been varied to examine its effect on the pounding response.
Another parameter which has been considered is the clearance between pounding floors.
Also the cases of pounding at a fixed level as well as possible pounding at all lower level
floors have been considered. It is assumed that pounding occurs only at the floor levels.
The case of a floor mass pounding in the middle of a column will be considered elsewhere.

The seismic base motion used to obtain the numerical results is the 1941 N-S El Centro
component with maximum ground acceleration level of 0.2 G. The plot of the acceleration
time history for this input motion is shown in Figure 2.3. For this input, the response
time histories have been obtained for the floor displacements, story shears and overturn-
ing moments at all floor levels. Figures 2.4 and 2.5 show the time histories with and
without pounding of the shear forces in the 6th and 10th stories, respectively. Similarly,
Figures 2.6(a) and (b) show with and without pounding time histories for the overturning
moments at the base. As the maximum response values are of design interest, these values
have been obtained from the calculated response time histories and compared with each
other to evaluate the pounding effect. These maximum values usually occur at the instant
of pounding, as shown by the spikes in the response time histories for the pounding cases
shown in Figures 2.4(b), 2.5(b) and 2.6(b).

To evaluate the effect of pounding on supported equipment, the floor acceleration time



histories have also been obtained. Figure 2.7 shows the acceleration time histories with
and without pounding at floor 10. The presence of acceleration spikes is noted in these
time histories. Also the presence of high frequency components can be clearly noticed in
the acceleration and other response time histories obtained in the pounding cases. The
floor acceleration time histories obtained in the pounding cases have been utilized to gen-
erate floor response spectra to examine the changes in the frequency content caused by the
pounding of structures.

The fundamental frequency for the basic configuration is 1.304 cps; the remaining fre-
quencies are shown in Table 2.1. In the table are also shown the maximum displacement of
each floor for the ground motion under consideration. These displacements also define the
minimum clearance required at the top of the adjacent building for no pounding between
the floors.

The following set of figures shows the maximum positive and negative values of the floor
displacements, story shears and overturning moments. The positive and negative values
are defined according to the covention shown in Figure 2.8. Although the shear in a story
remains constant over the story height, in the figure presented herein it is shown at the top
floor level of the story. These shear values are then joined by straight lines. The effect of

changing various parameters on the pounding response will now be discussed.

2.4 Effect of Gap Size

Figure 2.9 shows the effect of changing the clearance or gap size on the response when
the pounding is permitted only at the top of the adjacent rigid building, that is, at the fifth
floor level. Such a pounding will be referred to as single level pounding. The case when
the pounding occurs at all possible levels is referred to as multiple pounding. The results
for the multiple pounding are shown in Figure 2.10. The results are also shown for the
no-pounding case when the gap size at the fifth floor is larger than the displacement shown

in Table 2.1 for the fifth floor (that is, the gap > 0.0545 m). Also shown are the results

10



for gap sizes of about 90%, 50% and 0% (that is, no clearance) of the minimum gap for the
no-pounding case.

The results in Figure 2.9(a) show that the displacements on the pounding side are
reduced because of the obstruction due to the adjacent structure. The displacements on
the opposite side are also seen to decrease slightly, especially for larger gaps; for the no-gap
case, they increase slightly for the lower floors and decrease for the higher floors. The most
dramatic effect of pounding is, however, felt in the story shears and overturning moments.
The positive story shears increase dramatically for floors above the pounding floor whereas
the negative shear forces are seen to increase as well as decrease depending upon the case.
The magnitudes of the negative overturning moments increase but more significantly at the
ground level. Similar observations can be made form the results in Figure 2.10 shown for
the multiple pounding case; in fact, the results of the two cases are almost identical. This
is more clearily seen from the results shown in Figure 2.11 where the ratios of the response
values in the multiple pounding case to the values in the single pounding case are plotted.
In most cases this ratio is about one, except for the positive displacements and shear force
values below the pounding level where this ratio is less than 1, thus indicating that the
response in the multiple pounding case is less than the response in the single pounding
case.

To show the effect of pounding vis-a-vis no-pounding more clearly, in Figure 2.12 we plot
the ratios of the multiple pounding responses to the no-pounding responses. As seen from
the figure, the positive displacements are, of course, reduced because of the obstruction due
the adjacent structure. Also reduced are the positive shear force values in the stories below
the pounding levels, but this has little design implication as the shear forces on the negative
side for these levels are essentially unchanged. A dramatic increase in the shear force and
overturning moment in the top stories, compared to their values in the no-pounding case,
has, of course, definite design implications. The top floors are seen to be affected the most
by pounding. Also, the case with no gap is most severe and, as we would expect, increasing

the gap size reduces the overall pounding effect.

11



2.5 Effect of Story Stiffness

The next set of four figures shows the effect of changing the story stiffness of the ten-
story structure on the pounding response. Two additional story stiffnesses, with i— and 1—15
of the original story stiffness, have been considered. All other structural parameters are
the same as in the basic configuration. Also, the gap between the pounding structures is
assumed to be zero.

Figure 2.13 is for the single level pounding case whereas the next figure (Figure 2.14)
is for the multiple pounding case. A decrease in the story stiffness causes the pounding
displacement response to increase and the shear and moment responses to decrease. Simi-
lar observations also apply to the multiple pounding case (Figure 2.14), although a slight
increase in the overturning moment at the base for the case of a flexible structure is also
noted. Comparison of the responses in the multiple and single pounding cases is again best
shown by their ratios which are plotted in Figure 2.15. In general, below the pounding
level, the multiple pounding seems to cause lower displacement and shear responses than
the single pounding case. The overturning moment response, on the other hand, is seen to
be higher in the multiple pounding case at the lower levels of the softer structures.

In Figure 2.16, we compare the multiple pounding to no-pounding responses for struc-
tures with different stiffnesses by plotting the ratios of the two responses. It is seen that
decreasing the stiffness does not necessarily decrease the pounding effect of increased shear
above the pounding level as the curve for the stiffest structure is in between the curves of
the two softer structures. The overturning moment due to pounding, however, increases at

the lower levels when the structure becomes softer.

2.6 Effect of Floor Mass

The next four figures show the effect of changing the floor mass and keeping all other
parameters the same as in the basic case. Again the gap size is taken as zero. The response

results for the structures with % and }; of the original mass have been compared with

12



the response for the basic case. The lower the mass, the higher the fundamental frequency.
Figures 2.17 and 2.18 show the results for the single and multiple pounding case. The larger
mass structure is seen to experience a higher level of response in pounding. Comparison of
the responses in the multiple and single pounding cases is shown by plotting the ratio of
the two responses in Figure 2.19 for different mass parameters. It is noted that changing
the mass does not seem to change the ratio of the multiple to single pounding responses
except in the vicinity of the top floor and the pounding floor in the case of shear response
and near the base in the case of the overturning moment response. As in the previous case,
the displacement and shear force responses are in general less in the multiple pounding case
with some exceptions near the fifth floor in the shear response and near the base in the
moment response.

In Figure 2.20 we compare the responses obtained in the multiple pounding case with
the responses in the no-pounding case. The figures for all three responses show that the
pounding effect is most severe in the case of the structure with the largest mass, except
near the top in the shear and moment responses where the structure with the lowest mass
seems to be more severely affected by the pounding than the heavier structure.

In Figure 2.21 we put together the results of Figures 2.16 and 2.20 to compare the
effect of the fundamental frequency of the structure on its pounding susceptibility. The
fundamental frequencies ranged between 0.326 and 2.604 cps. Comparing the results for
various frequencies we observe that there is no particular correlation between the funda-
mental frequency of the structure and pounding severity measured by the increase in the
response caused by pounding. Pounding, being an impact phenomenon, probably interacts
with the higher frequency modes the most and not with the lower fundamental frequency
of the structure. The fundamental frequency of a structure, thus, does not seem to be a

significant parameter in predicting the pounding effects.

13



2.7 Effect of Pounding Stiffness

Next we examine the sensitivity of the results with respect to the assumed value of the
stiffness coefficient of the pounding spring (8.76E + 10 N/m), a parameter which is hard
to predict. We consider three values of the stiffness coefficient which are 1, 2 and 4 times
the stiffness used in the previous figures. In Figure 2.22 we plot the ratio of the multiple po
pounding to the single pounding case. We observe that the shear response ratio near the
top pounding floor is reduced by an increase in the stiffness. Thus with stiffer pounding
spring, neglecting the multiple pounding can overestimate the response. At the same time,
however, neglecting the possibility of multiple pounding can also lead to underestimation
of the overturning moment effect, especially near the base.

In Figure 2.23 we plot the ratio of the response with pounding to the response without
pounding for structures with three different pounding stiffnesses. For the range of stiffness
variation considered here, the displacement and shear responses are not changed very much
with a change in the pounding stiffness. The overturning moment effect at the bottom
level is increased with an increase in the pounding stiffeness. That is, a stiffer spring tends
to cause a higher overturning moment response at the lower levels of the structure due to

pounding than a softer spring.

2.8 Effect of Change in the Pounding Level

Here we compare the response results obtained when the height of the rigid structure is
changed. We consider pounding with rigid structures of 1 to 10 story heights. The response
values for the displacement, story shear and overturning moments obtained in the multiple
pounding cases are shown in Figures 2.24 and 2.25. We observe that the displacements on
the pounding side become smaller as the number of floors invloved in pounding increases.
The displacements on the other side do not necessarily increase with the number of pounding
floors; they seem to be reaching their maximum values when about five or six floors are

involved. For higher level poundings, these displacements seem to become less, as is seen
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from Figure 2.25. As noted before, the shear decreases below the top pounding floor, but
increases dramatically above this floor. It is always the next higher story which experiences
the highest shear force. The maximum shear force values attained in all cases are about the
same (see Figure 2.24), except for the pounding higher than level six the maximum shear
becomes small (see Figure 2.25). It seems that for the ten-story structure considered here,
the pounding against a five or six story rigid structure would seem to cause the highest
deformation and maximum story shear responses. The negative shears, however, do not
seem to have any particular trend with a change in the height of the rigid structure, but
pounding against a five or six story structure again causes the largest response.

The overturning moment response has a definite trend: as the height of the adjacent
rigid structure is increased, the overturning moment is also increased. A very large increase
in the overturning moment is noted for the case when all floors impact (see Figure 2.26).

Figures 2.26 and 2.27 show the ratio of the pounding to no-pounding responses for
different numbers of floors involved in the impact. It is noted that as more floors are
engaged, the effect of impact as measured by the increase in the positve shear force above
the pounding level is increased. The increase in the negative shear caused by pounding,
however, does not have any particular trend. The increase in the overturning moment due
to pounding with an increasing number of floors is quite obvious: when the top floor is
also engaged, the overturning moment on the negative side can increase dramatically due
to pounding. This is primarily due to large impacting forces applied at the top with large

lever arms.

2.9 Effect of Pounding on Floor Accelerations and Floor Response Spec-

tra

In Figure 2.28 we plot the maximum accelerations of various floors caused by pounding
of the basic configuration ten-story structure against a five-story rigid structure. Also shown

are the accelerations obtained with no pounding. A large increase in the acceleration due to
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pounding is noted at all floor levels. The acceleration of the highest floor of pounding (fifth
floor) is, of course, the highest. In Figure 2.28(b) we also plot the ratio of the maximum
accelerations obtained with and without pounding. It is seen that in this case the pounding
accelerations are up to about 7 times the no-pounding accelerations.

In the next two figures(Figures 2.29 and 2.30) we also plot the acceleration floor response
spectra of all floors. These spectra give a more complete picture about the frequency
content of the floor acceleration time histories. In these figures are also plotted the floor
spectra without any pounding. It is seen that floor spectra are greatly amplified in the
high frequency range, indicating that pounding introduces high-frequency components in
the response.

In Figure 2.31 we plot the ratio of the floor response spectrum values obtained with and
without pounding. It is noted that this ratio is more than 1.0 for almost all frequencies
higher than 1.5 cps. For frequencies higher than 10 cps there is a large increase in the floor
response spectrum values due to pounding. Also, it is noted that there are two distinct
groups of amplifications. The pounding floors are seen to experience a much larger increase
in the spectrum values (as high as 14 times the no-pounding spectrum values) than the non-
pounding floors, although the non-pounding floors also experience a significant increase (as
high as 7 times the no-pounding response spectrum values). The lowest floor experiences
the highest amplification in the response spectrum values. Thus pounding can severely
affect equipment which has high-frequency characteristics, especially those supported on

the lower floors.

2.10 Effect of Structural Damping on the Response due to Pounding

To examine the effect of structural damping on the pounding response characteristics,
all the results described above for 5% structural damping were also repeated for 2% and
0% structural damping ratios. Qualitatively all the response characteristcs of the 2% and

0% structure were very much similar to the response characteristics of the 5% damping

16



structure. We will therefore not present all the results, but for 2% damping, we will give
the results of the ratios of the pounding to no-pounding responses for various parameters
considered before.

Figure 2.32 showing the effect of the clearance on the pounding response should be
compared with Figure 2.12 showing similar results for 5% damping. The appearance of the
figures is very similar, but the numbers are slightly different. The structure with smaller
damping seems to experience a larger pounding effect.

The results in Figure 2.33 showing the effect of changing the structural stiffness parame-
ter for the 2%-damping structure should be compared with their counterparts in Figure 2.16
drawn for the 5%-damping structure. Similarly, Figures 2.34, 2.35 and 2.36, drawn for 2%
must be compared with the corresponding Figures 2.20, 2.21 and 2.23 drawn for a 5% damp-
ing ratio. Although there are some differences in the relative positions of various curves
and numerical values, qualitatively the two sets of results are similar. Comparison of Fig-
ures 2.37 and 2.31, plotting the floor response spectra ratios of various floors, shows that
there is a larger amplification of the spectral response due to pounding in the 2%-damping
structure.

In general, it is observed that a structure with a smaller damping value will invite a
higher level of response due to pounding than a structure with higher damping. This con-
clusion is also attested by the numerical results obtained for a structure with 0% damping,

although these results have not been reported here.

2.11 Summary

In this chapter, the effect of pounding of a 10-story structure against a rigid obstruction
was examined. A parametric study involving the following structural parameters has been
conducted: (1) clearance between the structure and adjacent obstruction, (2) stiffness, mass
and frequency of the structure, (3) pounding stiffness coefficient, (4) height of rigid obstruc-

tion and (5) damping ratio of the structure. The numerical results for the displacement,
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story shear, overturning moment and floor acceleration responses have been obtained. The
pounding responses were compared with the no-pounding responses to ascertain the effect

of pounding. The main observations of this study are:

1. The pounding causes a severe increase in the shear force in the stories above the
pounding stories, with the largest relative increase occurring in the top story. The
supporting columns in the higher stories will, therefore, experience a large increase in

their bending moments and are likely to be damaged first by pounding.

2. The overturning moment at different story levels and at the base level is also increased
significantly. This increase may affect the stability of individual columns of the lower

stories and also the entire structure.

3. Pounding causes a large increase in the floor accelerations, especially of the floors
involved in pounding. Also floor acceleration response spectrum values are ampli-
fied many times in the high frequency range. Thus, the high-frequency equipment

supported on the lower floors is most vulnerable to structural ponding.
The conclusions of the parametric study are:

1. The pounding effects are most severe when there is no clearance between the structure

and the adjacent obstruction.

2. The stiffness, mass and fundamental frequency of the vibrating structure are impor-
tant parameters affecting the pounding response. However, no special trend in the

response change with respect to these parameters could be identified.

3. For the range of pounding stiffness coefficient values considered in the analysis, the

pounding response was not found to be very sensitive.

4. For the 10-story example problem considered herein, the increase in the story shear

was observed to be most severe when the adjacent obstruction was about five to six

18



stories high. The overturning moment at the base increased with the height of the

obstruction.

5. The structures with smaller damping are likely to be affected more severely by pound-

ing.

19



Table 2.1: Natural frequencies and maximum positive displacements of the basic configu-
ration

Frequency No. | Frequency (cps) | Floor No. | Maximum Floor Displacement (m)
1 1.304 1 0.0124
2 3.884 2 0.0243
3 6.377 3 0.0355
4 8.727 4 0.0457
5 10.882 5 0.0545
6 12.795 6 0.0622
7 14.421 7 0.0686
8 15.725 8 0.0738
9 16.678 9 0.0775
10 ' 17.259 10 0.0794

i
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Figure 2.1: Schematic of a 10-story deformable structure pounding against a 5-story rigid
structure
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Chapter 3

POUNDING OF MDOF FLEXIBLE
STRUCTURES

3.1 Introduction

In chapter 2, we examined the pounding of a multi-story structure against a rigid ob-
struction. In this section we will consider both pounding structures to be flexible. In the
following section we develop the equations of motion. The numerical results parallel to
those presented in chapter 2 are also obtained for this case. They are discussed and com-
pared with the results for the rigid case in the subsequent section. Also considered is the
nonlinear Hertz model for pounding stiffness. The numerical results for the nonlinear and

linear pounding stiffness models are also compared.

3.2 Equations of Motion

Two multi-story flexible shear buildings are considered and identified as p and s-structures.
The properties associated with these structures will be identified by subscripts p and s, re-
spectively.

Let the p-structure be modeled as a p degrees of freedom [DOF] system described by
stiffness matrix [A], damping matrix [Cp], and mass matrix [M,]. Similarly, the s-structure
be modeled as an s DOF system with stiffness matrix K], damping matrix [C;] and mass
matrix [M,]. It is assumed that p > s.

It is assumed that the floor heights of both structures are the same and, therefore the
pounding will occur only at their floor levels. A schematic of the two structures is shown

in Figure 3.1. As assumed before, the impact is modeled by a linear spring and dashpot
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element introduced between the colliding floor masses of the two structures.
Figure 3.2 shows the free body diagram of the colliding masses of the two structures.

Using Newton'’s law, the equation of motion for the two masses can be written as:

MipZip(t) + (kip + kipt1 + 80)Tip(t) — KipZip—1(t) — Kip+1Tip41(2)

+d,':l'?,'p(t) - diiis(t) — S,‘l‘z‘s(t) - 8;0; = —mz‘péfg(t) (3.1)

misjis(t) + (kis + kis+l + si)xis(t) - kisxis—l(t) - kia-{—l xis-l—l(t)

+dizis(1) — dizip(t) — S.gxip(t) + s:g; = —’m,‘sfg(t) (3.2)

where z;,, m;, and k;,. respectively, are the relative displacement, mass and the combined
column stiffness of the ith story of the p-structure. Similar quantities with subscript s
pertain the s-structure. The stiffness and damping coefficient of the impact element are s;
and d;. The gap between the two colliding masses is denoted by g;.

It is noted that when §; = z;, — z;s — ¢; < 0, there will be no pounding. In that case
the terms containing s; and d; in equations 3.1 and 3.2 are set equal to zero.

Collecting equations for all masses, the combined equations of motion of the two pound-

ing systems can be written as:
[MU{X} + [CHX} + [KHX}+ {F} = —[M]{r}i,(1) (3.3)

where

=1, [ " } (3.4)



c,] 0
[C] = (5] +[D] (3.5)
0 [Cy
K 0
[K] = K] +18] (3.6)
0 [K,
L
8 p—s 8
S L ) s A
s1 O 0 0 ... 0 —-s; O 0
S9 0 0 0 0 -—s 0
s$s 0 ... 0 0 0 ... —s,
0 0 0 0 0
[S] = (3.7)
0 0 .0 0
SYM. S1 0 e 0
89 0
Ss
( )
a1
g2
{F}=-[S1 g, (3.8)
0
[ 0 )

where [M,], [Cp] and [K] are the mass, damping and stiffness matrices of the p-structure.

They are the same as those defined in chapter 2. The matrices associated with subscript s
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belong to the s-structure. The matrix [D] in equation 3.5 is of the same form as matrix [5],
except that s; in equation 3.7 are replaced by d; to obtain [D]. The sizes of submatrices in
[S]. and similarly in [D] are shown in equation 3.7.

The system of equations 3.3 is solved by the Newmark-3 approach to obtain numerical

results for the parametric study, the results of which are presented in the following section.

3.3 Numerical Results

Numerical results have been obtained for several configurations of two pounding struc-
tures. The assumed basic configuration consists of a ten-story flexible structure pounding
against a five-story flexible structure, as shown in Figure 3.1. In the basic configuration
the structural parameters for both structures are: the floor mass =6.02F + 5 Kg, story
stiffness =1.81E + 9 N/m and the stiffness of the impact spring =8.76E£ + 9 N/m. The
damping ratio of 0.05 has been assumed in each mode. Also a dashpot with coefficient
d; = 2.04E 4+ 7 Kg/sec has been added at each pounding interface to include some loss of
energy due to pounding in the analysis. A parametric study parallel to the study presented
in chapter 2 has been conducted here to examine the effect of changing various parameters
of the two systems.

The seismic base motion considered to obtain the numerical results is the 1941 N-S El

Centro component with maximum ground acceleration of 0.2 G.

3.4 Effect of Gap Size

To evaluate the effect of pounding, the ratios of multiple pounding to no-pounding
responses for different gap sizes are shown in Figure 3.3 for the ten-story structure and in
Figure 3.4 for the five-story structure. The results in Figure 3.3 show that on the pounding
side the displacement ratio is less than 1.0 for the gap size of zero, and converges to 1.0
as the gap size increases. The story shear above the top pounding level increases, and

this increase becomes less as we widen the gap between the two structures. In the case of
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overturning moment, pounding causes a large increase in the negative overturning moment,
especially at the base and top stories. Again these increments become small and approach
the no-pounding case as the gap size is increased. The negative displacements, negative
story shears and positive overturning moments remain essentially unchanged.

For the five-story building, the displacements on the pounding side (that is, the negative
displacements) are reduced because of the obstruction from the adjacent structure, as seen in
Figure 3.4. Also reduced are the negative story shears. The positive displacements, positive
story shears, and positive and negative overturning moments, however, increase due to
pounding. These increases are more noticeable at the top story of the structure. The most
severe effect of pounding is felt in the story shears and overturning moments. The positive
overturning moments increase dramatically with decreasing gap size. Increasing the gap
size causes the responses to approach those for the no-pounding case.

Figure 3.5 shows the plot of the story shear ratio versus the gap ratio. The gap ratio is
defined as the ratio of the clearance between the structures to the unobstructed maximum
displacement of the taller structure at the highest pounding floor. It is seen that, like a
whiplash effect, the largest relative increase in the shear occurs in the highest floor, as is
indicated by the shear ratio of story 10; for zero gap, the pounding has caused the shear force
to increase by about 140% in this particular story. Thus if the higher floors are designed
with a tight safety margin they are likely to fail first due to this relatively large increase
in the shear force caused by pounding. However, as expected, the effect of pounding is
reduced as the gap size is increased. For a gap ratio of slightly higher than 1.0, the shear
ratio also approaches a value of 1.0, indicating no pounding of the structures. Figure 3.6
shows results similar to those shown in the previous figure but not in ratio form. It is seen
that although the relative increase in the shear force due to pounding is larger in the higher
stories, the magnitude of the shear force is actually larger in the lower stories. Thus lower
stories may still be required to be designed for higher shear forces.

In Figure 3.7 is shown the variation of the absolute accelerations of various floors versus

the gap. Similar information is shown in Figure 3.8 in the ratio form where the ratio of
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pounding acceleration to the no-pounding acceration is plotted against the gap ratio. From
these figures it is seen that all pounding floors experience a rather large increase in their
accelerations due to pounding (about 8 to 9 times the no-pounding accelerations). This
effect is reduced (more so for the lower floors) as the gap ratio is increased. Later on it is
shown that the corresponding floor acceleration spectra are also increased significantly by

pounding. This is of direct relevance in the design of supported secondary systems.

3.5 Effect of Story Stiffness of the Five-Story Structure

In this section the effect of changing the story stiffness of the five-story structure on the
pounding response is investigated. Two additional story stiffnesses, with 1 and ILG of the
original story stiffness, have been considered. All other structural parameters of the two
pounding structures are the same as in the basic configuration. Also the gap between the
pounding structures is assumed to be zero.

Figure 3.9 is for the ten-story structure whereas Figure 3.10 is for the five-story structure.
In these figures we compare the multiple pounding to no-pounding responses for structures
with different stiffnesses by plotting the ratios of the two responses.

In Figure 3.9 it is seen that decreasing the stiffness of the five-story structure does not
necessarily decrease the pounding effect of increased shear above the top pounding level, as
the positive shear ratio for the highest and lowest stiffnesses are about equal and they are
larger than the ratio for the medium stiffness. A similar observation can also be made for
the negative overturning moments at the lower levels. In fact, it is interesting to note that
the ratio of pounding to no-pounding response is about 1.0 at all floor levels for the case
when the stiffness of the shorter structure is reduced to 4.53 £ + 8 N/m. For this particular
stiffness value of the shorter structure, the fundamental frequencies of the two structures
are nearly equal. This causes them to vibrate in phase with each other, with minimum
collision and pounding effect.

Figure 3.10 shows that the negative displacement responses of the five-story structure
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due to pounding decrease when the structure becomes softer. It is also seen that the story
shear responses are highest for the stiffest structure. Also the overturning moment increases
dramatically for the softest structure. Again for the case when the two structures have equal
fundamental frequencies, the response ratios are nearly equal to unity as the two structures

vibrate in phase with each other with a minimum number of collisions.

3.6 Effect of Story Stiffness of the Ten-Story Structure

The effects of changing the story stiffness of the ten-story structure on the pounding
responses of the two structures are shown in Figures 3.11 and 3.12. As in the previous
section, two additional story stiffnesses, with 1 and % of the original story stiffness, have
been considered. All other structural parameters of the two buildings are the same as in
the basic configuration.

Figure 3.11 shows that the positive displacement responses at the lower levels decrease
when the structure becomes softer. Also, decreasing the stiffness does not necessarily de-
crease the pounding effect of increased shear above the pounding level, as the curve for the
stiffest configuration is in between the curves of the two softer structures. The overturning
moment due to pounding, however, increases at the lower levels when the structure becomes
softer.

Figure 3.12 shows the pounding to no-pounding response ratios for the five- story struc-
ture. As the ten-story structure becomes softer, the negative pounding displacement and
story shear responses increase. For the story shear this increase is highest at the top story.

A large increase in pounding overturning moment response occurs for the softest structure.

3.7 Effect of Floor Mass of the Five-Story Structure

The next two figures show the effect of changing the floor mass of the five-story structure
and keeping all other parameters of the two pounding structures the same as in the basic

configuration. The pounding to no-pounding response ratios for the structures with % and
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41 of the original floor mass are shown for the ten- and five-story structures in Figures 3.13
and 3.14, respectively. As shown in Figure 3.13, for the largest mass of the five-story
structure, the pounding response is largest for the ten-story structure. On the other hand,
Figure 3.14 shows that, for the largest mass of the five-story structure, the pounding re-
sponse is the lowest one. Generally as the mass decreases, the pounding response increases.

This increase is more severe for the story shear (especially at the top story) and overturning

moment.

3.8 Effect of Floor Mass of the Ten-Story Structure

Next we examine the effect of changing the mass of the ten-story structure by keeping
all other parameters of the two pounding structures the same as in the basic configuration.
The pounding to no-pounding response ratio for the structures with % and % of the original
mass are shown for ten- and five-story structures in Figures 3.15 and 3.16, respectively.

Figure 3.15 shows that as the mass of the ten-story structure decreases, the positive
pounding displacement response increases. The same kind of behavior can be seen in the
positive story shear for the pounding floors. The positive shear for the top floors and
negative overturning moments are higher for the heavier ten-story structure. Again as the
fundamental frequencies of the two structures become closer, the ratio of pounding to no-
pounding response is nearly equal to 1.0 for all stories due to the fact that the motions of
the two structures are in phase with minimal collision and pounding effect.

The effect of increase in the mass of the ten-story structure on the response of the five-
story structure is seen in Figure 3.16. The positive displacements, shears and moments are
larger for the heavier ten-story structure. Again when the fundamental frequencies of the
two structures become closer, a uniform decrease in the pounding response of the five-story
structure is observed in the figures. That is, whatever pounding occurs in this case, it only

reduces and not increases the story shear and overturning moment.
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3.9 Effect of Pounding Stiffness

To examine the sensitivity of the pounding responses with respect to the assumed value
of the stiffness of the pounding springs, we consider three values of the stiffness coefficient
which are 1, 2 and 4 times the stiffness used in the basic configuration.

In Figure 3.17 we plot the ratio of pounding to no-pounding responses with three differ-
ent pounding stiffnesses. For the range of stiffness variation considered here, the displace-
ment and shear responses are almost unchanged with a change in the pounding stiffness.
The overturning moment effect at the lower pounding levels is, however, increased with an
increase in the pounding stiffness. That is, a stiffer spring tends to cause a higher overturn-
ing moment response at the lower levels of the ten-story structure due to pounding than a
softer spring.

In Figure 3.18 we plot the ratio of pounding to no-pounding responses for the five-story
structure. The displacement and shear responses are not changed much with a change in the
pounding stiffness. The overturning moment pounding response increases with an increase

in the pounding stiffness.

3.10 Effect of Change in Height of s-Structure

In this section we consider the pounding of the p-structure against the s-structure with
different heights. The height of the s-structure is changed from one story to nine stories.
The properties of the two structures are the same as in the basic configuration. The gap
between the structures is assumed to be zero. The results are again presented in the form
of ratios of the pounding to no-pounding responses. Figures 3.19 and 3.20 are for the taller
structure and 3.21 and 3.22 are for the shorter structure. Figures 3.19 and 3.21 show the
results for the s-structure heights of 1, 2, 3, 4 and 5 stories, whereas Figures 3.20 and 3.22
show similar results as Figures 3.19 and 3.21 but for the s-structure heights of 6, 7, 8 and
9 stories.

From Figures 3.19 and 3.20, it is noted that below the highest pounding level in the taller
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structure. the positive displacements and story shears decrease slightly whereas the over-
turning moment and floor accelerations increase dramatically. Above the highest pounding
floor level, the story shear and overturning moments also increase significantly. Also the
most severe pounding effect is observed when the s-structure is 5 or 6-stories high, that is,
when it is about half as tall as the taller structure.

The effect on the s-structure is shown in Figure 3.21 and 3.22. A very short structure
shows higher displacement and story shear ratios and lower overturning moment and ac-
celeration ratios. As the height of the s-structure is increased, the shear ratio is seen to
decrease. The overturning moment and acceleration ratios on the other hand increase with
an increase in the height up to 5 stories and then decrease thereafter. That is, a medium-
height s-structure experiences the maximum overturning effect and floor acceleration due

to pounding.

3.11 Effect of Pounding on Floor Response Spectra

As was done in chapter 2, here also we plot the floor response spectra of various floors for
the pounding and no-pounding cases. The floor spectra for the ten-story building are shown
in Figures 3.23 and 3.24, and for the five-story structure in Figure 3.25. In all these cases,
it is seen that floor response spectra with pounding are very high compared to the spectra
with no pounding, especially in the high-frequency range. To show the relative increase, in
Figures 3.26 and 3.27 we plot the ratio of pounding to no-pounding floor spectra at various
frequencies for the ten-story and five-story structures, respectively. First we note that due
to pounding the floor spectrum values of the pounding floors are amplified much more than
the spectrum values of the higher (no-pounding) floors. A similar observation was also made
when we discussed Figure 2.32 in chapter 2. However, a comparison of the amplification
values obtained in Figure 3.26 with those in Figure 2.32 also shows that the pounding floors
of the ten-story structure are more severely affected, especially in the high-frequency range

when the adjacent structure is considered flexible. Also a comparison of the ratios for the
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pounding floors in Figure 3.26 for the ten-story structure with the ratio shown in Figure 3.27
for the five-story structure shows that the floor spectrum values of the ten-story structure

floors are more severely affected by pounding than those of the five-story structure.

3.12 Pounding Response of Equal Fundamental Frequency Structures

While discussing Figures 3.9 and 3.15, it was observed that when the fundamental fre-
quencies of the two structures were the same, the pounding effect was somewhat lessened.
To examine this effect further, we considered three sets of pounding structures with fun-
damental frequencies of 0.653 cps, 1.304 cps and 2.484 cps. We show the pounding to
no-pounding response for displacement, story shear, overturning moment and absolute ac-
celeration ratio for the ten-story structure in Figure 3.28 and for the five-story structure in
Figure 3.29. It is noted that for the ten-story structure the displacement, story shear and
positive overturning moment ratios are near 1.0, indicating that there is not much pounding
effect. The negative overturning moment and floor acceleration values for the flexible case
show the same pounding effect. Similar observations are also applicable to the five-story
structure (Figure 3.29) as well, except that in this case now the overturning moment and
acceleration values which are affected by pounding are on the opposite side from those of

the ten-story structure.

3.13 Pounding Against a Flexible Versus Rigid Structure

In chapter 2, the s-structure was assumed to be rigid, whereas in this chapter it is
assumed to be flexible with the same mass and stiffness parameters as the first structure.
To show the effect of the s-structure flexibility in the pounding analysis, in Figures 3.30
through 3.33 we plot the ratios of the flexible to rigid responses for various parametric
variations from results shown in Figures 3.3, 3.11, 3.15 and 3.17. The s-structure properties
are taken the same as in the basic configuration. Thus we plot the ratios of flexible to

rigid responses obtained for different gap sizes in Figure 3.30, for different stiffness and
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mass parameters of the ten-story structure in Figures 3.31 and 3.32, respectively, and for
different contact stiffness coefficients in Figure 3.33. In all cases, ratios greater than 4, which
occur for the positive displacements and shears for the pounding floors, are not shown as
these two responses are not critical or significant. In all other response quantities, it is
noted that this ratio is not exactly equal to 1.0 but does fluctuate around the value of 1.0
for various cases. These fluctuations are quite large in the floor acceleration response. This
implies that, for calculating the response, it will not be accurate to consider the smaller
structure rigid when it is not. The inclusion of s-structure flexibility might complicate the
analysis somewhat, but for evaluating the pounding effects it is necessary that flexibility of

the smaller structure is also reflected in the analysis.

3.14 Pounding with Hertz’s Spring Model

A study of structural pounding involves several parameters. We do have a better handle
on most of these parameters except the parameter of stiffness and coefficient of damping
of the contact element at the pounding interface. In the numerical study in the previous
section and in chapter 2, it was assumed that the pounding stiffness was linear. However in
pounding studies, the Hertz contact model has also been adopted to represent the pounding
stiffness. In fact it has been claimed to be more realistic [14,15], as it has been derived on
the basis of elastic behavior during contact of two bodies. Without going into the details
of the merits or validity of this model, it is considered appropriate to include this model as
well in the parametric study presented herein. In this section, therefore, we now assume

that the contact stiffness is such that the contact force is given by the following nonlinear

relationship:
F; = si(zip — 245 — gi)% (3.9)

Since no damping model is available in the literature to represent the energy loss, here

we have assumed the same model as the one used in the previous numerical study.
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The numerical responses have been obtained for pounding between two flexible struc-
tures. Since the primary purpose of these results is to see what effect this nonlinear model
will have on the response compared to the previously used linear model, here we present
the numerical results only for the standard configuration (that is, the taller building is ten-
stories high and shorter building is five-stories high). The stiffness and mass parameters

are the same as described at the beginning of this chapter.

3.14.1 Equations of motion with nonlinear model

The free body diagram in this case remains the same as shown in Figure 3.2, except
that the interface force between the colliding masses, instead of being s;(z:, — zis — i), is
now replaced by s;(z;p, — 25 — gi)%. This changes the form of the combined equations of

motion to the following:

[MI{X} + [CHX} + [KH{X} + {F'} = ~[M]{r}&,(t) (3.10)

where [M] and [C] are the same as in equations 3.4 and 3.5. The new stiffness matrix [K’]

and vector {F'} are, however, defined differently as:

[Kp] 0
[K'] = (3.11)
0 [K,]

3
( (z1 - Tp41 — g1)2

3
(z2 - Tpy2 — !]2)2

(P} =815 (25— 2pra—90)7 | (3.12)
0
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It is noted that because of the nonlinear terms, these equations of motion are of different
form than equations 3.3 - 3.8.

To solve these equations, the fourth order Runge-Kutta method was used. The details
of the method are quite standard and are available in texts on numerical methods [6].
Here, however, only the basic information needed to implement this method is provided for
completeness sake.

The (p+ s) second order system of differential equations in 3.10 can be transformed into

2(p + s) first order differential equations as:

(0] (1] {0}
{Y}= {v}+ (3.13)
~[M]YKT  —[M]YC] ~[M]{F'} = {r}&,(t)

where
T

Z2

{(Y}= x’f*’ ) (3.14)
1

P

Tpts )

.

The fourth-order Runge-Kutta method is applied to equation 3.13 directly to compute

the solution across the ith interval accrding to the following equation:

1
Tiit1 = T+ EAt(k'jl + 2kjg + 2kj3 + kj4)
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where
ki1 = fi(ti, 165 @205« s To(pts) )
Ty =z + ';‘Atkjl
kjo = f;(t: + %At,x’{;,x;, ey x;(pﬁ),,-)
Tji= i+ %Atkﬂ
kis = fi(ti + %At,fu,@;,...,52(p+s),,-)
T;; = x5 + Atkjz

k.74 = fj(ti + At7f;iafai’ e "T;(p-i—s),i)

J=12.....2(p+s) (3.15)

3.14.2 Numerical results

In Figure 3.34, we show the displacement, story shear force, overturning moment and
floor acceleration responses for the taller (p-structure) obtained with linear and nonlinear
models of the contact spring. It is interesting to note that the displacement and shear
force responses are nearly the same for the two cases, but the negative overturning moment
and floor acceleration of the colliding floors are quite different. The nonlinear model is
associated with the lower values of these response quantities. In Figure 3.35, we compare
the ratio of the nonlinear to linear responses. As observed before, this ratio is nearly equal
to 1.0, except for the overturning moment and floor acceleration responses where it is less
than 1.0.

Results similar to those in Figures 3.34 and 3.35 are also presented in Figures 3.36
and 3.37 for the smaller (s-structure). Here again we observe that the differences in the
displacements and story shears are not large but the overturning moments and acceleration

values for the impacting floors are significantly different. Again, these values are smaller

for the nonlinear case.

72



Thus we conclude that in general the nonlinear model will lead to a prediction of smaller
response values than the values predicted by the linear model.

The next set of figures shows the effect of nonlinear models on the floor response spectra.
Figures 3.38 and 3.39 are for the taller structure and Figure 3.40 is for the smaller structure.
Again we observe that the nonlinear case gives lower floor response spectrum values than the
values given by the linear case. This is more clearly shown in Figures 3.41 and 3.42 where we
plot the ratio of the nonlinear to linear spectra for the ten-story and five-story structures,
respectively. Except in the low-frequency range, this ratio is less than 1.0, indicating a
smaller impacting effect if the impacting spring behaves according to Hertz’s model.

To compare the effect of pounding on the floor spectrum response in the nonlinear case,
we have plotted the ratio of pounding to no-pounding floor response spectrum values for the
taller structure in Figure 3.43 and for the smaller structure in Figure 3.44. We observe that
the floor response is affected by pounding. This effect is specially large for the pounding
floors. However, when we compare these figures with Figures 3.26 and 3.27, we observe that

the impacting effect is significantly reduced if the impact springs are nonlinear.

3.15 Summary

In this chapter, the pounding response of two flexible structures was examined. The
parametric variation study involving the parameters of gap size, masses and stiffness of the
two structures, stiffness coefficient of the pounding springs and the height of the smaller
structure has been conducted. The response quantities calculated are displacement, story
shear force, overturning moment, floor acceleration and acceleration response spectra. Also
considered is the pounding of structures with equal fundamental frequencies as well as
pounding of structures with pounding springs modeled according to Hertz’s contact law.

The main conclusions drawn from this parametric study are that:

1. The shear forces in the higher stories not involved in pounding are significantly in-

creased.
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2. Accelerations and high-frequency acceleration spectrum values of the floors involved

in pounding are greatly increased.

3. Overturning moments at the levels of the lower floors and the foundation are also

increased.

4. Tt is important to consider the flexibility of the shorter structure to assess the effect
of pounding more accurately. That is, inaccurate conclusions can result in the study

of a pounding problem if the shorter structure is considered perfectly rigid.

Other conclusions of the parametric variation study are:

1. The closer the structure, the more serious the pounding effects.

2. The pounding effects depend upon the relative velocity as well as the relative mag-
nitude of the colliding floor masses. The relative velocity depends upon the dynamic
characteristics of the two structures such as frequency, damping and modal response
characteristics, and not how the masses or stiffness of these structures change individ-
ually. Therefore, any two simple shear structures with equal fundamental frequencies
will experience minimal pounding as they are likely to move in phase with respect to

each other during an earthquake.

3. For the range of values considered for the impact spring stiffness, the pounding re-

sponse was generally insensitive to this parameter.

4. The consideration of nonlinearity in the impact stiffness according to the Hertz’s model

mainly affected the magnitudes of the overturning moments and floor accelerations.
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(c) Overturning Moment Ratio

Figure 3.3: Ratio of multiple pounding to no-pounding responses for various gap sizes

(10-story structure)
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Figure 3.7: The maximum absolute acceleration versus the gap size for various pounding
floors of the 10-story structure
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(c) Overturning Moment Ratio
Figure 3.9: Ratio of multiple pounding to no-pounding responses of the 10-story structure

for various story stiffnesses of the 5-story structure
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Figure 3.11: Ratio of multiple pounding to no-pounding responses of the 10-story structure

for various story stiffnesses of the 10-story structure
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Figure 3.12: Ratio of multiple pounding to no-pounding responses of the 5-story structure
for various story stiffnesses of the 10-story structure
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Figure 3.13: Ratio of multiple pounding to no-pounding responses of the 10-story structure
for various floor masses of the 5-story structure
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Figure 3.14: Ratio of multiple pounding to no-pounding responses of the 5-story structure
for various floor masses of the 5-story structure
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(c) Overturning Moment Ratio
Figure 3.15: Ratio of multiple pounding to no-pounding responses of the 10-story structure

for various floor masses of the 10-story structure
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(c) Overturning Moment Ratio

Figure 3.16: Ratio of multiple pounding to no-pounding responses of the 5-story structure
for various floor masses of the 10-story structure
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(c) Overturning Moment Ratio

Figure 3.17: Ratio of multiple pounding to no-pounding responses of the 10-story structure

for various impact stiffness coefficients
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(c) Overturning Moment Ratio

Figure 3.18: Ratio of multiple pounding to no-pounding responses of the 5-story structure
for various impact stiffness coeflicients
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(¢) Overturning Moment Ratio

pounding to no-pounding responses of the p-structure (s-structure heights: 6, 7, 8 and 9

Figure 3.20: The effect of changing the height of the s-structure on the ratio of multiple
stories)
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(c) Overturning Moment Ratio
pounding to no-pounding responses of the s-structure (s-structure heights: 6, 7, 8 and 9

Figure 3.22: The effect of changing the height of the s-structure on the ratio of multiple
stories)
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Figure 3.23: Floor acceleration response spectra of various floors in pounding and no-
pounding cases for 10-story structure (multiple pounding against 5-story structure)
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Figure 3.24: Floor acceleration response spectra of various floors in pounding and no-
pounding cases for 10-story structure (multiple pounding against 5-story structure)
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Figure 3.26: Pounding to no-pounding floor response spectrum ratios for 10-story structure
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Figure 3.28: Pounding response of equal fundamental frequency structures: response ratios

for the 10-story structure
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(c) Overturning Moment Ratio
Figure 3.31: The ratio of responses obtained in pound
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Figure 3.32: The ratio of responses obtained in pounding against a flexible and a rigid

5-story structure for various floor masses of the 10-story structure
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Chapter 4
POUNDING OF STRUCTURES IN SERIES

4.1 Introduction

In chapters 2 and 3 the effects of pounding on the response of two adjacent structures
were investigated. In many cities, however, several buildings in a row are commonly put
next to each other. During an earthquake they can pound against each other. The end
buildings will be subjected to one-sided pounding whereas a building in middle will be
subjected to pounding on both sides. In this chapter, therefore, the problem of earthquake-
induced pounding of multi-degree-of-freedom adjacent structures in a row will be examined.
There can be many different possible arrangements of buildings in a row. Here, however,
the numerical results for a simpler case of three buildings of the same height in a row are
obtained. The effect of pounding on the response of the interior building subjected to two-
sided impact, and the response of the exterior structures, subjected to one-sided impact,

are investigated.

4.2 Equations of Motion

Let there be q adjacent buildings in a block, each modeled as a p degrees-of-freedom
shear building. It is assumed that the floor heights of the structures are the same, and
therefore the pounding will occur only at their floor levels. A schematic of such pounding
structures in series is shown in Figure 4.1. As before, the impact is modeled by a linear
spring and dashpot elements introduced between the pounding floor masses.

To develop the equations of motion, consider the free body diagram of a typical mass

m; of the interior and exterior buildings in a state of pounding shown in Figures 4.2 and 4.3
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respectively. Using Newton’s law, the equations of motion for the masses of the interior and

exterior buildings can be written as:

Interior Building:

m; ;% 5(8) + (ki + Kig1,5 + -1 + 85)i5(2) — ki jzio1,5(2)
—kip1,;%i01,5(8) + (djo1 + d5)205(8) — dj_1di5-1(2)
—djdij1(t) = 85120 5-1(8) — 852 j41(2)

+85-1gj-1 — $;9; = —m; ;T4(2) (4.1)

Exterior Building:

mi1Ei1(t) + (kig + kiv11 + 81)2i2(t) — ki1zi-11(2)
—kit11Zi+11() + di121(t) — d12;2(1)

—3113,‘('5) — 8191 = —m,"lflfg(t) (42)

where z; ;, m; ; and k; ;, respectively, are the relative displacement, mass and the combined
column stiffness of the i-th story of the j-th structure. The stiffness and damping coefficients
of the impact element introduced between colliding masses, m; ; and m; 41, are s; and d;,
respectively. The gap between these masses is denoted by ¢, and &,(¢) is the ground
acceleration.

Equation 4.1 is the general equation of motion of the mass m; for either interior building
which undergoes the two-sided impact or the exterior building which is pounded on one side
only. It is noted that equation 4.2 can also be derived from equation 4.1 by setting 7 = 1 and
letting the terms containing s;_; and d;_; become zero. Also in the case of no-pounding

when:

b1 = Zijo1—%ij—9g;-1 <0

0o = Zi;—Zij41—9;<0 (4.3)
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then the terms containing s;_q, s;, d,_; and d; in equation 4.1 are set equal to zero.
Collecting equations for all masses, the combined equations of motion of the q pounding

buildings can be written as:

[M{X} + [CHX} + [KI{X} + {F} = —[M]{r}&,(t) (4.4)
where
AR 0 |
[Ma] === 0
[ M ] = (4.3)
SYM. :
_ 01,) |
— [C.] © 0 |
(C2] 0
] Bl e
SY M. i :
_ il
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SYM.

(5] -[5]
[51] + [S2]

5]
SYM.
L
where
5]-
and

0 0
[K5) 0
#[s]
K]
0 0
(53] .. 0

[Sq—2] + [Sq—l] "[Sq—l]

[Sq—l] J

Si 0 ... 0T
s ... 0

SY M.
si |
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(4.8)

(4.9)



{£1}
{F2}
{p}:< : r (4.10)
{Fg-1}
( {F) )
where
(n) =[]l
g1
g1 g2
(n) = [s]]7 -]}
91 g2
(4.11)
' 9q-2 ‘ 991
{ra) = [sa]y o (- lsm]
l 99-2 } 9q-1
’ q—ll
(8} = [sn]) |
( 99-1

Each structure is described by stiffness matrix [K,], damping matrix [C,], and mass
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matrix [M,]. where n = 1,...,¢q. They are the same as those defined in chapter 2. The
matrix [D] in equation 4.6 is of the same form as matrix [S], except that s; in equation 4.8
are replaced by d; to obtain [D]. It is noted that matrix [5] is of order ¢ and submatrices
[S;] are of order p.

The system of equations 4.4 is solved by the Newmark-8 approach to obtain numerical

results for the parametric study.

4.3 Numerical Results

Numerical results have been obtained for three pounding shear beam structures in a
row. Each structure has ten stories. The “observed” structure or “examined” structure for
which the response values are presented in the following pages could be an interior or an
exterior structure. The structural parameters for the examined structure are: the floor mass
=6.02E 4+ 5 Kg, story stiffness =1.81E+9 N/m and the fundamental frequency =1.304 cps.
All the results discussed in the following and presented in Figures 4.4 through 4.7 are for
this structure with these mass and stiffness properties. When this structure is placed at the
corner, it is referred to as the exterior structure and when it is in the middle of the row, it is
called the interior structure. The stiffness of the impact spring is chosen as 8.76 £+ 9 N/m
and a dashpot with coefficient d; = 2.04FE + 7 Kg/sec has been added at each pounding
interface to include some loss of energy due to pounding in the analysis. The damping ratio
of 0.05 has been assumed in each mode.

Based on the study in the previous chapter, the effect of varying the important param-
eters of fundamental frequency, floor mass, gap size and impact element stiffness on the
pounding response is examined in this chapter.

The seismic base motion used to obtain the numerical results is the 1941 N-S El Centro

component with maximum ground acceleration level of 0.2 G.
Effect of Adjacent Building Frequency
In Figure 4.4 we show the pounding to no-pounding displacement, story shear, floor
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acceleration and overturning moment responses of the exterior and interior structures for
different frequency ratios (J3;). Here, the floor masses of all three buildings in the row are
equal to 6.02E + 5 K g. The parameter 3; denotes the ratio of the fundamental frequency
of the examined structure (for which the results are shown in the figure) to that of the
neighboring structure. When the parameter 5, = 0.5, the fundamental frequency of the
neighboring structure is 2.608 cps. To obtain this value of the frequency, the stiffness
parameter for the neighboring structure must be 7.24E + 9 N/m. For 5, = 1.5, which
corresponds to a softer neighboring structure, the stiffness and frequency of the neighboring
structure are equal to 8.04E + 8 N/m and 0.869 cps, respectively. From Figure 4.4 it is

observed that:

1. A softer (than its neighbor) exterior building will experience a higher response than a
softer interior building. That is, one-sided pounding will aggravate the situation more

than two-sided pounding for a softer building.

2. If the observed building is stiffer than its neighbor, then the story shear is slightly
higher when it is placed on the exterior (except at top). The acceleration and over-
turning moment responses, on the other hand, are increased for a stiffer building

placed in the interior.

3. For an interior structure, the displacement and story shear responses are greatly
affected by changes in the stiffness of the adjacent structures. On the other hand, the
acceleration and overturning moment responses are not very sensitive to the changes

in the stiffness of adjacent structure.

4. For an exterior structure, the opposites of the statements made in paragraph (3)
above are true. That is, displacement and story shear responses are less sensitive to

the stiffness changes in the adjacent structure than the acceleration and overturning

moment responses.

5. A softer exterior structure will feel a large increase in acceleration and overturning
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moment responses due to pounding.

Effect of Adjacent Building Mass

In Figure 4.5 we examine the effect of changing the mass of pounding structures. The
mass of the observed structure is kept the same as in the previous figure, and the masses
of the adjacent structures are varied. The spring constant of the adjacent structures is also
varied to keep the frequency of these structures at 0.95 cps. Here, the ratio of the mass of
the examined structure to that of the neighboring structure is denoted by 8. For 5 = 0.5,
which corresponds to a heavier neighboring structure, the mass, stiffness and fundamental
frequency of the neighboring structure are 1.204F + 6 Kg, 1.92E + 9 N/m and 0.95 cps,
respectively. For 39 = 2.0, which corresponds to a lighter neighboring structure, these
parameters are equal to 3.01F + 5 Kg, 4.80F + 8 N/m and 0.95 cps, respectively. The

following observations can be made from Figure 4.5:

1. The displacement of a building on the exterior is amplified by pounding, whereas for

an interior building it may be reduced.

2. The story shear for an exterior building, whether heavier or lighter than its neighbor,
is amplified by pounding. For an interior building, the shear is in general reduced by
pounding, except for a building whose neighboring buildings are heavier. The shear

at the top may be increased by pounding.

3. Pounding increases the acceleration of all buildings. However, for an exterior heavier

building this increase is not as large as for other three cases.

4. The overturning moment is also increased due to pounding, except that for a heavy

exterior building the increase is not as significant as it is for the other three cases.
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Effect of Gap Size

In Figure 4.6 we examine the effect of increasing the gap size on the pounding response of
the interior and exterior structure. The structural parameters for the neighbouring structure
are: the floor mass =6.02F + 5 K¢, story stiffness =9.60F + 8 N/m and the fundamental

frequency =0.95 cps. It is observed that:

1. For smaller gap size, the displacement and story shear ratios of the exterior building
are larger than those of the interior structure. The acceleration ratio of the exterior
building is somewhat smaller than that of the interior structure. The overturning

moment ratios of the exterior and interior structures are almost the same.

2. For larger gap size, the response ratios of the exterior and interior structures are
almost the same, except the overturning moment ratios, which are larger for the

interior structure.

3. The increase in the gap size does not seem to reduce the effect of pounding as far as
acceleration response is concerned. However for the overturning moment response, a
larger gap size does mean a smaller overturning moment, especially for lower stories,

both for interior and exterior structures.

Effect of Impact Element Stiffness

In Figure 4.7 the effect of impact element stiffness on the response of the exterior and
interior buildings is examined. The structural parameters for the neighboring structure
are: the floor mass =6.02F + 5 Kg, story stiffness =9.60F + 8 N/m and the fundamental

frequency =0.95 cps. The following observations can be made from this figure:

1. For both impact element stiffnesses examined, the displacement and story shear ratios
(except at the top floor) of the exterior structure are larger than those of the interior
structure, whereas the acceleration and overturning moment ratios of the interior

structure are larger than those of the exterior structure.
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2. Increasing the impact element stiffness by four times does not affect the displacement
and story shear very much, but there is a relatively large increase in the acceleration

and overturning moment responses of both interior and exterior structures.

4.4 Summary

In this chapter the effects of different parameters on the pounding responses of the
exterior and interior structure of the same height in a row were investigated. The results
show that the pounding responses of the exterior structure (subjected to one-sided impact)
are very different from those of the interior structure (subjected to two-sided impact). Due
to pounding, the exterior structure is usually penalized more than the interior structure
when it is adjacent to either a stiffer or a heavier structure. If the neighboring structure
is either softer or lighter, then the floor acceleration and overturning moment responses of
the interior structure are larger than those of the exterior structure. The parametric study
showed that, although the displacement and story shear responses are not very sensitive to
the impact element stiffness, the floor acceleration and overturning moment responses are

very sensitive to this parameter.
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Figure 4.1: Schematic of adjacent structures in series undergoing the pounding

129



=

m
R
L I_ 4
I
|
| k (x-x ) —
| i+1,j i+1,) i |
L.
" lasS(x-x-g)-—» S (x - x-g)—T 1
m I J'1 -1 i j-1 m \4_ J 1 L+ J m
Im o i . e
-1 - — d( x-x ) —»
- ']‘_ - dj-‘l( X %) AT -
| k (( x - x ) --— !
1 i,j ij i1, 1
|
=1
m
[ i_U.I
— .l.. J
I
i
4—)"(9—>

Figure 4.2: Free body diagram of a typical floor mass of the interior structure undergoing
the two-sided pounding

130



r_ 1

1
|m
i+1,1
| — J
r
|

I
k (x - x ) —»
i+1,1 i+1,1 i1 |

- g) —= 1
]
- d1( X Xi,Z) o

I
i, i-1,1 |

l«—S (X - X
1 i1 i

d

Figure 4.3: Free body diagram of a typical floor mass of the exterior structure undergoing
the one-sided pounding

131



STORY LEVEL

0.0 0.50 1.0

DISPLACEMENT RATIO

STORY LEVEL

0.0

EXTERIOR STRUCTURE (8,=0.5)
....... INTERIOR STRUCTURE (8,=0.5)
—— EXTERIOR STRUCTURE (8,=1.5)
.-+ ¢ -- INTERIOR STRUCTURE (8,=1.5)

-

w

>

w

=T

@

(]

[

1]
0 S I
0.0 5.0 100 150

ACCELERATION RATIO

STORY LEVEL

0.5 1.0
STORY SHEAR RATIO

2oy

cac@panszRIZIZ

siguiree et

+

0.0

5.0 100 15.0
OVERTURNING MOMENT RATIO

Figure 4.4: Pounding to no-pounding response ratios of the observed structure (exterior or
interior) for different fundamental frequencies of its neighboring building

132



10 * ’ 10
4 k4
" ¢
¢ ¢
g ‘ g | .
E ': ': E 5 ."
> °r 143 > B M
o D o v
e} + O $
= 5 L
? ;
‘ ¢
6 o
0 0 — :
0.80 1.0 12 0.50 1.0 1.5
DISPLACEMENT RATIO STORY SHEAR RATIO
~———— EXTERIOR STRUCTURE (! BZ’O‘5’
------- INTERIOR STRUCTURE (8,20.5)
—— EXTERIOR STRUCTURE (azxz.m
-~ 4~ INTERIOR STRUCTURE (8,-2.0)
10 —e 10 *
+ Pl
! s 4 Pl
s : +
i _ :
w ] * *
> > f
] ] :
= 5 - 5 * ®
> > : :
a9 [ong : >
e o ? : ¢
5 & N
+ : ¢
] 4 +
*’ J» 0
0 I n ! — I i . 0 L . PR S i . ) | 2 2 "
0.0 2.0 4.0 6.0 0.0 2.0 4.0 6.0
ACCELERATION RATIO OVERTURNING MOMENT RATIO

Figure 4.5: Pounding to no-pounding response ratios of the observed structure (exterior or
interior) for different floor masses of its neighboring building

133



STORY LEVEL
STORY LEVEL

00 050 1.0 LS 0.0 0.5 10 LS
DISPLACEMENT RATIO STORY SHEAR RATIO

EXTERIOR STRUCTURE (g=0.03 m)
------- INTERIOR STRUCTURE (ge0.03 m)
——a— EXTERIOR STRUCTURE (g=0.05 m}
---@-- INTERIOR STRUCTURE (gm0.05 m)

STORY LEVEL
STORY LEVEL
[
—T

[} . L 0
0.0 5.0 100 0.0 5.0 10.0
ACCELERATION RATIO OVERTURNING MOMENT RATIO
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Chapter 5

EFFECT OF SOIL-STRUCTURE
INTERACTION ON THE STRUCTURAL
POUNDING

5.1 Introduction

In the previous chapters, it was assumed that the two pounding structures were sup-
ported on a rigid base. In this chapter, we will consider structures supported on a flexible
soil foundation to examine the effect of soil-structure interaction on the pounding response.
Inclusion of a flexible foundation will also permit us to evaluate the effect of pounding on the
foundation forces. In the later chapters, we will be considering various pounding mitigation
strategies. The consideration of foundation flexibility will also permit us to evaluate the

effect of various pounding mitigation strategies on the forces transmitted to the foundation.

5.2 Model for Foundation Flexibility

The topic of soil-structure interaction has been the subject of extensive studies in the
1970’s in connection with the design of nuclear power plants for seismic loads. Various
analytical methods were considered then to incorporate the effect of soil foundation on the
response of superstructures and supported subsystems. One of the popular and simpler
approaches has been to use soil springs to represent the foundation flexibility. To include
the dissipation of vibration energv due to internal friction and radiation damping in the
foundation, viscous dampers have been utilized. In this study, the spring and dashpot
coefficients proposed by Parmelee et al. [32] have been adopted. Although these coefficients

are frequency-dependent, Parmelee et al. have shown that for most practical considerations
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they can be assumed to be frequency-independent. The frequency-independent spring and
damping coefficients corresponding to the translation and rocking degrees of freedom are

defined by Parmelee et al. [32] as follows:

k, = 4.4V, 2pr (5.1)
¢z = 2.7V,pr? (5.2)
ko = 2.3V, %pr3 (5.3)
co = 0.31V,pr* (5.4)

where k, and ky are the spring coefficients for the translation and rotation springs, re-
spectively, and ¢, and ¢y are the corresponding damping coefficients for the two degrees of
freedom. V;= the shear wave velocity of the foundation medium, p= the mass density of
the foundation soil and r= the radius of the base mat of the structure. For the numerical
values of these parameters, r has been assumed to be one-half of the base dimensions of the
structures. The numerical values used in this study for p and r are shown in Table 5.1.
The shear wave velocity V; is an important parameter representing the foundation stiff-
ness. A higher shear wave velocity means a stiffer soil. Here in the parametric study several
values of the shear wave velocities between the range of 77 m/sec to 600 m/sec have been

considered to calculate the numerical results.

5.3 Equations of Motion

Two multi-story flexible shear buildings, identified as p and g-structures, are considered.

It is assumed that the number of floors in the p- and g-structures are, respectively, p and



q. As before, the properties associated with these structures will be identified by subscripts
p and q, respectively.

As in chapters 2 and 3, it is azain assumed that the floor heights of both structures are
the same, and therefore the pounding will occur only at their floor levels. A schematic of
the two structures is shown in Figure 5.1. The impact is again modeled by a linear spring
and dashpot element introduced between the colliding floor masses of the two structures.

Considering the translation and rocking motions of the base, the equations of motion

for the ¢th colliding masses of the two structures can be written as:

My [E4, (1) + ip() + hibp (D] + Y €ij 85, (1) + def[£3,(2) + dp(t)+

7=1

hifp(1)] = [:,(8) + ig(2) + Ribg (D]} + (ki + Kiign), )i, (1) —
kip(io1), (1) = (1), 2 (i41), () + si{[2i,(2) + up(t) + hibp(2)] —
[2i,(1) + uq(t) + hiby(2) + gi]} = —mi, Ey(2) (5.5)

Mg [Zig (1) + tq(t) + Rubg ()] + Y i, &,(8) + dif[£:,(2) + g (2)+
1=1

hifly (1)) — [4,(2) + ip(2) + Ribp (D]} + (kg + K(ipr), )iy (1) —
kigZ(i—1)g(1) = k(1) Z(i41), (1) + si{[zi (1) + uq(2) + hiby(2)] -
[xip(t) + up(t) + hibp(t) — gil} = _miqfi'g(t) (5.6)

where z;, is the relative displacement with respect to the base of the ith mass m;, of the
p-structure; k;, and Cijp, s respectively, are the stiffness and damping coefficients for the ith
story of p-structure; u,= relative displacement with respect to the ground and 6, = rotation,
both of the foundation mat; h;= the height of the i¢th story; and s; and d;, respectively,
are the stiffness and damping coefficients of the impact elements at the ith level. Similar
quantities appearing in equation 5.6 with subscript q pertain to the g-structure. The at-rest

gap between the two colliding masses is denoted by g¢; and &,(?) is the ground acceleration.

138



Two additional equations of motion associated with the translational and rotational
DOF of the foundation are derived by summing the external forces and moments of the

entire structure about the base. These equations for the p-structure can be written as:

i m;, i, (t) + (i mg, 4+ my)iip(t) + (zpj mi hi)B,(t) + f: di{[2:,(t)+
i=1 =1 =1 =1

Up(t) + hibp(t)] = [, (1) + tg(t) + hibg (O]} + Y sif[2i, (2) +

=1
up(t) + hibp()] = [:, (1) + ug(t) + hiby (1) + ¢:]} + kzup(t) +
crlp(t) = _(Z mi, + Mp)E,(1) (5.7)
i=1

S e hilEe (1) + (1) + b ()] 4 (3 I+ 1p)o(t) + 3. diki {2, (14
=1 =1

=1

wp(1) + hibp(1)] = [&i, (1) + g (t) + hiby ()]} + Y sihi{ [z, (1) +

=1
up(t) + hiby(t)] - I:xiq(t) + ug(t) + hiby (1) + g:]} + koby(t) +
cabp() = —(3 muyhi)io(1) (5.8)
=1

Equations similar to equations 5.7 and 5.8 can be written for the g-structure by merely
changing the subscript p to q.
It is noted that when 6; = z;, — z;, — g; < 0, there will be no pounding. In that case
the terms containing s; and d; in equations 5.5, 5.6, 5.7 and 5.8 are set equal to zero.
Collecting equation 5.5 for each mass of the p-structure and g-structure along with
equations 5.7 and 5.8 and similar equations for the g-structure, the coupled system of

equations of motion of the two pounding structures can be written as:

[MUX} + [CHX} + [KH{X} = =(IM]{r} + {ms}),(t) - {F} (5.9)
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where [M] = system mass matrix; [C] = system damping matrix and [A'] = system stiffness

matrix are defined as:

| o Mq]
=] 0 |y

ENZ]

’- v
=0 s

0w,

(5.10)

(5.11)

(5.12)

The unknown displacement vector { X }, the influence coefficient vectors {r}, the base mass

vector {m;} and the supplemental force vector { F'} are defined as:

{X}T - [xlp’ ceey Ipp’ ’u,p, 019’ zlq, e ooy xqq, uq’ gq]

p 2 q 2
e | N e e N
{T}T:[l, ey 1, 0, 0, 1, ..., 1, 0, 0]

) 2 2
T _ /—E'—ﬂ —— /—i—‘ ——
{ms}" =10, ..., 0, mp, 0, 0, ..., 0, mg, 0]
{F} =-[SKg}
where
q p+4

{9}" =141, 92 s 9o 0, ..., 0]
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In equations 5.10, 5.11 and 5.12, [M,], [C},] and [K,] are, respectively, the mass, damping

and stiffness matrices of the p-structure. The matrices associated with subscript q belong

to the g-structure. The matrices M,], [K,] and [C,] are defined as:

[Kp] =

mh 0
mo
[Mp] =
SYM.
[ ki + ko —ko 0
ky+kz  —k3
k3 + k4
SY M.
[Cp] =

Cz

Co

my

m2

My

(23]

myhy
m2h2
mphy
Qo
a3 J
0 0
0 0
0 0
—k, 0
k,, 0
ke

(5.18)

(5.19)

(5.20)

These matrices are of dimension (p + 2) X (p + 2). The structural damping matrix [C}]

is added to include the energy dissipation effects. This matrix is defined in terms of the

modal damping ratio and eigenproperties of the structure using standard procedures [6].



The matrix [S] in equation 5.12 is the supplemental stiffness matrix provided by the contact

spring whenever pounding occurs. This matrix is defined as:

I S A S S SR
s1 ... 00 oo 0 sy sthy —s1 ... 0 —s1 —s1hy
s 0 ... 0 s Sghy 0 coo —=8g  —8; —5ghg

0 ... 00 0 0 0 0 0

0 0 0 0 0 0 0

[S]= @y Of —$1 —$¢ —Qq4 Qg
ag  —s1hy ... —shy —a5  —og

s 0 31 si1hy

SYM.

Sq Sg  Sqhg

0y as
L Q6 .

(5.21)

The combined structural damping matrix in equation 5.11 is supplemented by the damping
matrix [D] coming from the dashpots provided at the pounding surfaces. These dashpots
are provided to include the loss of energy which occurs during any pounding. The matrix
[D] is of the same form as matrix [S], except that s; in equation 5.21 are replaced by d; to
obtain [D]. The s; and d; in these matrices are zero for the floors which do not pound. The

supplemental matrices [S] and [D] are of size (p+ ¢+ 4) x (p+ ¢+ 4).

The coefficients ay,...,ag in equations 5.18 and 5.21 are defined as:
14 14
o=y mit+m, oy = Y mih;
=1 =1
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p q
as=> (MR + L)+, , ou=)Y s
=1

=1

q
ag = Z s;h; . ag = Zs;h? (5.22)
=1

—

The equations of motion 5.9, with and without pounding, are both linear. However,
since [D] and [S] matrices constantly change because of the pounding and no-pounding
situations, the problem is essentially nonlinear. It was, therfore, found to be best to solve
it by a step-by-step integration approach. Here the Newmark-3 [6] approach has been
used. The time steps of the integration were kept very small to capture the everchanging

“pounding” and “no-pounding” states as the motion proceeded.

5.4 Numerical Results

5.4.1 Force and acceleration responses

Numerical results have been cbtained for several configurations of two pounding struc-
tures. The assumed basic configuration is a ten-story shear building pounding against a
five-story shear building. Table 5.1 shows the assumed building parameters for the nu-
merical analysis. This table summarizes the floor masses, m;, column stiffness, k;, modal
damping as a percentage of critical, £, centroidal mass moment of inertia, 7;, and the story
heights, h;.

Table 5.1 also shows the impact element stiffness and damping coefficients. These co-
efficients were estimated based on practical considerations [1, 24, 41, 46]. A parametric
study [35] indicated that the system pounding responses are not sensitive to the stiffness
and damping values of the impact element for the numerical values of these parameters

considered. The at-rest gaps between the floors of the two structures, g;, are assumed to

be zero.
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To avoid the effect of individual variation in the ground motion, here an ensemble of
50 accelerograms with similar frequency characteristics are used. These accelerograms were
generated for a broad-band spectral density function. The average ground spectra for these
accelerograms are shown in Figure 5.2.

The numerical results presented in the following pages represent the average of the
maximum response values obtained for the 50 accelerograms.

In Figures 5.3 and 5.4, we demonstrate the effect of foundation stiffness on the dis-
placement, story shear, overturning moment and absolute acceleration response of the two
structures when they pound. The results are presented for 6 shear wave velocity values of
77 m/sec, 100 m/sec, 200 m/sec, 300 m/sec, 600 m/sec and oo, representing six different
foundation media of increasing stiffness. The lowest value of 77 m/sec is taken from ref-
erence [43]. This represents a rather flexible foundation with a unit weight of 100 lbs/cft
and a shear modulus of 2 x 10° lbs/ ft> which gives a shear wave velocity of 250 ft/sec (or
77 m/sec). The value V, = oo m/sec corresponds to a fixed base case.

From the response results shown in Figure 5.3 for the ten-story structure, we observe

that:

1. The pounding displacement at all floors decreases with increasing flexibility of the

base.

2. The story shears in general increase with the increasing foundation stiffness, except in
the top and bottom stories where there is some crossover in the story shear values for
different shear wave velocities. We also notice that, for a more flexible foundation there
is a more dramatic increase in the shear force in the stories above the top pounding
level. That is, the increase in the shear force from pounding to no-pounding stories

is more pronounced for softer foundations.
3. The overturning moments at the lower levels are higher for more flexible foundation.

4. The absolute accelerations of the pounding floors are also increased by the flexibility

of the foundation.
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Similar observations can also be made from the response values shown in Figure 5.4 for
the five-story structure.

In general, therefore, we observe that a more flexible foundation may give somewhat
smaller story shear forces, but will tend to attract higher overturning moments and higher
floor accelerations. Later the significance of these higher floor accelerations on the response
of secondary systems will be examined further when the floor response spectra results will
be presented.

In the previous two figures we examined the effect of changing the shear wave velocity
on various response quantities. In the following figures we now compare the pounding and
no pounding responses for structures with flexible foundation. To avoid crowding of the
figures, we will consider only two cases of flexible foundations, with shear wave velocities of
77 m/sec and 300 m/sec. As mentioned before, the first case represents a rather flexible
foundation on a soil medium of organic clay silt. The second case is for a medium stiff soil
which is between the case of a very rigid and very flexible base. For these two cases the
numerical results obtained with and without pounding are compared with each other and
also with the results for the case of a rigid base.

The results in Figure 5.5 are for the ten-story structure, whereas those in Figure 5.6 are

for the five-story structure. From the results of the ten-story structure one observes that:

1. For the softer foundation medium, the pounding causes a higher displacement re-
sponse. This is, however, not the case for stiffer media, where one observes that the

pounding reduces the displacement response.

2. For the softer foundation medium, the pounding causes an increase in the shear force
in all the stories which is especially large for all stories above the top pounding story.
However, as the foundation medium becomes stiffer, the shear force in the pounding
stories is in fact decreased by pounding. The stories above the top pounding story,
on the other hand, always experience a significant increase in the shear force due to

pounding. This increase is, however, more dramatic for the softer foundation medium.
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3. The pounding causes a significant increase in the overturning moment especially for
lower stories, for all cases of foundation flexibility. This increase is larger for softer

foundations.

4. The floor acceleration response is also significantly increased by pounding for all cases
of foundation flexibility. This increase for the cases examined here is larger for softer

foundations.

The results for the five-story structure, shown in Figure 5.6, also follow a similar trend,
except in the case of shear force of the top pounding story where we observe a clear increase

in the shear force due to this pounding for all foundation medium stiffnesses.

5.4.2 Forces in foundation media

It is also of interest to examine the effect of pounding on the foundation media. This
effect is shown in terms of the force in the translational spring and moment in the rotational
spring for the ten-story and five-story structures in the next two figures (Figures 5.7 and 5.8).
From the figures for the ten-story structure we note that flexible foundations will experience
a significant increase in the shear force. The stiffer foundations, on the other hand, show a
decrease in the shear. The overturning moment is reduced for all foundation stiffnesses. For
the five-story structure, both shear and moment are reduced by pounding. This is clearly
shown in Figure 5.9 where we plot the ratio of pounding to no-pounding values. The ratios
greater than unity mean an increase in the value due to pounding. Only the shear force

values in the ten-story structure for flexible foundations are increased by pounding.

5.4.3 Floor spectral response

In the results presented in section 5.4.1 we examined the effect of foundation flexibility
and pounding on the displacement, story shear, overturning moment and floor acceleration
responses. In particular, it was observed that the flexibility of the foundation caused an

increased acceleration response of pounding floors in most cases. In this section, we explore
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this effect further by examining the effect of flexibility and pounding on the frequency
content of floor acceleration, expressed in terms of floor response spectra.

In Figures 5.10 and 5.11 we show the floor response spectra for floors 1 to 10 of the
ten-story structure obtained for various values of shear wave velocities. Here no particular
trend dependent upon the shear wave velocity is apparent in these figures. However, for the
pounding floors, all floor spectra have their peaks in the frequency range of 30 to 50 cps.
The peaks of the floor spectra for the higher floors are, however, shifted to lower values.
Floors 6, 7 and 9 have a predominant peak at a frequency of about 12.5 cps. In these cases it
appears that pounding seems to excite one of the higher modes of the system significantly.
The peaks for the 8th and 10th floors occur at lower frequencies than the peaks of 6th,
7th and 9th floors. Again no predictions about these peaks can be made in advance of an
analysis. To get a better resolution between various curves, the floor spectra for floors 1, 5
and 10 are plotted in enlarged form in Figures 5.12, 5.13 and 5.14.

The floor spectra for the pounding floors of the five-story structure are similar to the floor
spectra of pounding floors of the ten-story structure. Again, no particular trend dependent
upon the flexibility of foundation media is detected from these figures. Here again we plot
the spectra for floors 1 and 5 in enlarged form in Figures 5.16 and 5.17.

In Figures 5.18, 5.19 and 5.20 we compare the floor spectra with and without pounding
for the softest foundation (V, = 77 m/sec) for the ten-story and five-story structures. The
effect of pounding on the spectra in the higher-frequency range is quite clearly seen. Of
course, the pounding floors see a large increase in the spectral values in the high-frequency
range due to pounding. But we also note a significant increase in the spectra of higher

floors which do not pound.

5.5 Summary

In this chapter we have investigated the effect of foundation flexibility on the pounding

response. The results clearly show that the flexibility of the foundation is an important char-
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acteristic to be considered in pounding response evaluations. The flexibility may increase
or decrease the displacement and shear responses in pounding situations. The overturning
moment response was seen to increase with flexibility. Also the floor acceleration response
was seen to increase in most cases by the flexibility of the foundation. The effect of flexi-
bility on the floor spectra of varicus pounding and no-pounding floors was also observed to
be significant. The foundation itself may experience an increase or decrease in forces due
to pounding. This depends upon the stiffness of the foundation.

In general it is observed that to properly evaluate the effect of pounding on a structural
response, a proper consideration of its foundation flexibility must be included in the analysis;
the assumption of a fixed base structure, when in fact it is not, can produce erroneous results

and conclusions about the effect of pounding.
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Table 5.1: Properties of the ten and five-story pounding structures including the impact
element and the foundation medium properties.

m; (Kg) 3.76E + 04

ki (N/m) | 7.78E 407

3 0.05

I; (Kg—m?) | 2.88E + 04

ki (m) 4.00

s; (Nfm) | 8.76E+ 09

di (Kg/sec) | 2.46E + 06

Vs (m/sec) 77.00

p (Kg/m®) | 1.60E + 03

r (m) 1.75
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Figure 5.1: Schematic of pounding structures supported on the flexible foundation
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Chapter 6
MITIGATION OF POUNDING PROBLEM

6.1 Introduction

In chapters 2 and 3, we studied the pounding response of two deformable structures
during earthquakes. The parametric studies showed that the pounding, in general, increased
the response of structures. In particular the two most significant effects of pounding were

observed to be:

1. A large increase in the story shear response of the structures, especially in the stories
above the top pounding floor of the taller structure. Increased story shear means that

the story columns will experience larger bending moment response.

2. A dramatic increase in the absolute acceleration, especially of the pounding floors
of both structures. This increase in floor accelerations can be detrimental to the
supported secondary systems. The overturning moments at the lower levels were also

increased.

These response increases require that the design of pounding structures be modified to
either alleviate the pounding effects or increase the strength of the structural members to
prevent their damage. In this chapter, therefore, we examine different methods for reducing
or eliminating the effect of pounding on the response of structures.

The best alternative to a structural pounding problem is not to have pounding at all.
This can be achieved by separating the buildings with a clearance larger than their max-
imum unobstructed displacement response. This may, however, be only possible for new

construction. For existing buildings constructed next to each other with no or small spacing
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between them, this option of increasing the clearance is not available. For these structures,
other options of alleviating pounding effects must be sought.

The options considered are:
1. Installation of soft springs or precompressed springs at the pounding interface.

2. Installation of diagonal bracings to withstand large impact forces with and without

joining the two structures.

In the following sections, these alternative options are examined with numerical exam-

ples.

6.2 Pounding on Soft Springs

In Chapters 2 and 3, we conducted a parametric study where the stiffness coefficient of
the impact spring was changed. It was noticed that as the impact spring became softer the
response of the structures decreased to their no-pounding cases. In this chapter, therefore,
we examine the effect on response of using very soft springs.

Numerical results have been obtained for the basic configuration of the two systems
discussed in chapter 3. At the pounding interface, springs with stiffness coefficients several
orders of magnitude smaller than the story column stiffnesses have been used. The ratios
of multiple pounding to no-pounding responses for different impact spring stiffnesses are
shown in Figures 6.1 and 6.2. For the softer springs, we observe that the ratio of the
pounding to no-pounding response is nearly equal to or less than 1.0. However, as the
impact spring stiffness is increased, the story shear ratio for higher stories becomes greater
than 1.0 indicating that pounding response is higher than the no-pounding response. Similar
observations are applicable to overturning moment response, which also increases due to
pounding as the impact spring stiffness is increased.

From Figure 6.3, where we have plotted story shears versus pounding stiffness coeflicient,

we again note that for lower values of the coefficients, the story shears are nearly constant
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at about the no-pounding shear values. However, the shear values start to increase when
the pounding stiffness becomes greater than i th of the story stiffness. After a stiffness
coefficent of about 2.0F + 9 N¥/m the story shears approach a constant level; for higher
values of pounding stiffness coefficients, similar observations were made in Chapter 3 where
the parametric variation study on the pounding stiffness was performed.

In Figure 6.4 we show the acceleration variations of the pounding floors of the ten-story
structure with the stifiness coefficient of the impact springs. As observed earlier for the
story shears, softer springs cause lower floor accelerations. The acceleration response is also
seen to be insensitive to small values of the stiffness coefficent, but for stiffness coefficents
higher than 1.0F 4+ 8 N/m the accelerations increase montonically with the coefficient.

The above observations indicate that allowing the floors to pound on soft springs in-
stead of pounding on the floor slabs will reduce the structural response significantly, even
sometimes to less than the no-pounding response value. The use of a soft spring to reduce
the response is, however, only possible if it can be physically inserted between the pound-
ing floors. For a zero-gap case this will require cutting of the pounding floor slabs. The
amount of cutting will depend upon how much the spring will deform and its physical size.
A softer spring will, of course, also require a larger clearance to avoid impacting. Figure 6.5
shows the maximum deformations of various springs during vibration. It is seen that the
impacting springs of stiffness coefficient 1.81E+ 7 N/m (which is 11W of the story stiffness),
should be allowed to deform by about 4.5 cm, 3.8 cm, 2.9 cm, 2 cm and 1.1 cm at floors
5, 4, 3, 2 and 1 respectively. The largest spring deformation of 4.5 cm is nearly equal to
the maximum gap required for no-pounding of the structures. Thus provision of the softer
springs at the pounding interfaces to insure a soft impact is not a feasible alternative.

The insertion of precompressed springs between the pounding surfaces was also con-
sidered, but it became immediately apparent that this would not reduce the response.
The precompressed springs would apply an equal and opposite force to both structures.
These forces will always be there and are in addition to the forces the two structures will

experience when vibrating with the connecting springs. As the structural response with
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connecting springs is more than the no-pounding response, unless the springs are very soft,
no advantage is gained by providing precompressed springs at the pounding interfaces.

To examine what effect an energy dissipation device (viscous damper) introduced be-
tween the pounding floors will have on the response, here the story shear and floor accel-
eration responses obtained for increasing values of the damping coefficients are plotted in
Figures 6.6 and 6.7. It is noted that the shears in the higher stories do decrease if dampers
with very high coefficients are provided, although the story shear in the 6th story which
is just above the highest pounding floor seems to be rather insensitive to changes in the
damping coefficient. Also, for the chosen example problem, the floor acceleration response
seems to be specially sensitive with respect to the damping coeflicient values shown in the
middle range of Figure 6.7. Thus the effectiveness of providing energy dissipation devices

to alleviate the pounding effect, especially for reducing the story shear, is also questionable.

6.3 Response of Rigidly Joined Structures

One approach to avoid pounding is to join the pounding structures rigidly. To examine
what effect this rigid joining will have on the response of the two structures, compared to
the response when they are allowed to pound freely, the following set of numerical results is
presented. The first five floors of the two structures are assumed to be connected by rigid
links. A schematic of the joined structures is shown in Figure 6.8.

Figures 6.9 and 6.10, respectively, show the column bending moments and floor acceler-
ations for the two structures for the El-Centro accelerogram and a synthetically generated
accelerogram. To include the effect of variations in the base motion input, we also present
similar results, but the average of the maximum values, obtained for an ensemble of fifty
time histories which have similar frequency content as the accelerogram used in Figure 5.2.
For comparison, the responses obtained for the no-pounding and free pounding cases are
also shown.

It is clearly seen that by joining the two structures, the maximum floor acceleration
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values are drastically reduced. The effect of joining the two structures on the column
bending moment is, however, not entirely beneficial. In Figure 6.9, which is for the El-
Centro accelerogram, we note that in the ten-story structure the column bending moments
in the first few stories and also in the story immediately above the top pounding story are
increased and those in the other stories are somewhat reduced. The bending moments in
the five-story structure are increased by joining. A similar observation can be made from
the results presented in Figure 6.10, which are for a synthetically generated time history.
However, when we consider the average results for an ensemble of time histories, as shown in
Figure 6.11, there are some differences. For example, the bending moments in all pounding
stories are now decreased; they are even smaller than those for the no-pounding case. The
bending moments in some stories above the top pounding story are increased. Also increased
are the bending moments in the five-story structure.

Thus, joining the two structures is definitely advantageous in reducing the high floor
acceleration caused by pounding. It will be helpful in protecting the supported secondary
systems. But joining cannot reduce the increased story shears or bending moments in
columns caused by pounding; in fact, it can even be detrimental as it could lead to higher
bending moments in some stories. The situation of the smaller structure is definitely wors-
ened by joining of the two structures because it introduces higher bending moments in the

story columns.

6.4 Pounding of Braced Structures - Analytical Formulation

As observed in previous chapters, another detrimental effect of pounding was to increase
shear in stories above the pounding stories, which results in higher bending moments in
the columns. As seen in the previous section, these higher bending moments could not
be reduced by joining of the two structures. To reduce this bending moment, we will
examine the use of diagonal bracings. Several different configurations of the bracings will

be considered. To strengthen the pounding structures of unequal story heights, the use of
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bracings has been suggested by Rosenblueth and Esteva [36] and Newmark and Rosenblueth
[29], and strengthening by links and beams has been suggested by Westermo [42].

In the previous section, we considered the pounding structures as shear beam structures.
Now since diagonal bracings will be introduced in various stories, we will model the pounding
structures as frame structures. The columns, beams and braces of the frames are modeled
as beam finite elements. Each node will now have three degrees of freedom. In the following
we will develop the equations of motion of two pounding structures for the general case of a
flexible foundation. The results for a rigid foundation can be simply obtained by choosing
a high value for the foundation springs.

The two pounding structures are identified as p- and g-structures. The properties asso-
ciated with these structures will be identified by subscripts p and q, respectively.

Let the p-structure be modeled as a p-story structure with n nodes and 3n degrees of
freedom [DOF]. This system is characterized by stiffness matrix K,, damping matrix C,
and mass matrix M,. Similarly the g-structure is modeled as a g-story structure with m
nodes and 3m DOF. This system is characterized by stiffness matrix K,, damping matrix
C, and mass matrix M. It is assumed that n > m.

It is assumed that the floor heights of both structures are the same and therefore the
pounding will occur only at their floor levels. A schematic of the two structures is shown
in Figure 6.12. As assumed before, the impact is modeled by a linear spring and dashpot
element introduced between the colliding floor masses of the two structures.

The Lagrangian formulation is utilized to develop the equations of motion of the pound-
ing structures. For the two pounding structures, the elastic potential energy of the struc-
tural components, the translational and rocking springs at the base, and the floor pounding

springs can be written as:

1
V = 3 [uZ'Kpup + uquuq + kx(xgp + zgq) + kg(0§p + ng)] +
1 q
5 Z Sy [(xip + Thp + hiobp) - (xiq + Thq + hiebq) - g'z']2 (61)
i=1
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where k, and &y are the stiffness coefficients of the translational and rotational soil springs
at the base; z;, and 6y, are the relative translation and rotation displacements of the base
of the p-structure; zp, and 6y, similarly are the degrees of freedom of the base of the g-
structure; h; is the height of the ith floor measured from the base; g; is the at-rest gap at the
ith floor levels of the pounding structures; s; is the stiffness coefficient of the impact element;
and z;, and z;, are the displacements of the ith floor in the p- and q-structure. Here it is
assumed that the soil springs at the base of the two structures are the same, although there
will not be any difficulty in the formulation to have different springs. The vectors u, and

u, are the nodal displacements vectors for the p- and g-structure, respectively, defined as:

3n
T - ~
u, = [ Z1p, Y1p, glpa T2p, Y2p, 02p, ceesTnps Ynp, 9np ] (62)
3m
T _
uq - [ T1gsY1qs olq’ T29yY2q; 02!]5 ceesTmgs Ymys omq ] (6'3)

They define the nodal displacements measured with respect to the bases of the two struc-
tures.

The kinetic energy of the combined system of structures can be written as:

T = 3 [ngpvp + ngqvq + myp(Eep + £4)° + mbg(Fbg + 39)° + Top05, + Ibqagq] (6.4)

where I, and Iy, represent the moments of inertia of the base mats of the p- and g-structure,
respectively; mg, and my, are the masses of the base mats of the p- and q-structure, re-
spectively; z, is the ground displacement and the dot indicates the time derivative with
respect to time. The vectors v, and v, relate the nodal displacements u, and u, to the

base displacements through the following equations:

Vp = Up + Tgp(Zg + Tip) + Topbhp (6.5)
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Vg = Ug + gg(Tg + Thg) + Togbhg (6.6)

The mass matrices M, and M, and the stiffness matrices K, and K, are derived by
assembling the finite element mass and stiffness matrices using the standard finite element

procedures [33]. The influence vectors for the ground displacement are defined as:

3n

rl =[1,0,0,1,0,0,...,1,0,0] (6.7)
3m

rl =[1,0,0,1,0,0,...,1,0,0] (6.8)

and the influence vectors for the base rotation are defined as:

3n

rl = [h1,—b/2,—1,... by, —b/2,—1,h1,b/2,—1, ..., hy,b/2, —1] (6.9)
3m

rh = [hi,b/2,—1, ... hg,b/2,—1,hy, —b/2, =1,..., kg, —b/2,—1] (6.10)

where h, and h, are the heights of the top floors of the p- and g-structure, respectively and
b is the bay span of the two structures, assumed to be the same. Substituting for v, and

v, in T, we can write the Lagrangian as:

L = T-V
= 3 [uf + gy (g + &) + rg;:gbp] M, [“p + Tgp(Zbp + 34) + rﬁpabp] +
) [un + rfq(qu +2g) + rg;obq] M, [“q + rgq(Zg + 29) + rﬂqebq] +

3 [mbp(xbp + :zg)2 + Ib,,o,?p - ugK,,up - kx:cgp — kgOZpJ +
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1 . . ;
5 [mbq(qu 4 :Irg_)2 + Ibqﬂgq - uZKquq - kxxgq — kg()Zq] -

1 q
3 > sil(@ip + zop + hibhp) = (Tig + Tog + hibsg) — g:]° (6.11)

=1

The Rayleigh dissipation function for the energy dissipated through viscous damping in

the structures, radiation damping in the soil medium and in the impact damping elements

can be written as:

LT s : 21 L L [T . ;
D = 3 [uZCpup +codp, + c90§p] +3 [unCquq + codh, + ceﬂgq] +
1 . . ; . . 512
5 20 di [(dip + by + hibly) = (2iq + by + hibl)] (6.12)
=1

where C, and C; are the damping matrices for the p- and g-structures. As in the previous
chapters, these matrices have been defined in terms of the modal damping ratio and eigen-
properties of the structure using standard procedures. The damping coefficient of the impact
element is indicated by d; and the translational and rocking radiation damping coefficients
are denoted by c; and cg, respectively. Using the Lagrangian of equation 6.11 along with
equation 6.12, we can develop the equations of motion in the generalized coordinates q as

follows:

d [OL oL 0D
-
where q is defined as:
3(n+21)+4
qT = [ EIH:L‘bpvobpauqsqu’ 06;] (6.14)

Utilizing equations 6.11 and 6.12 in equation 6.13, after some simplifications the equa-

tions of motion for the p-structure can be written in the following form:
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M, ii, + M,r 3, + Mpreps, + Cott, 4 f1 4+ Kpu, + £, = ~M,rg, 3, (6.15)

q
rgpMpﬁp + (rgpMpryp + myp)Erp + rgpMpropgbp + Z d; [(iip + @4p + hiflyy)—

=1

q
(Tig + Zpg + hiﬂbq)] + Codibp + koZip + Y 8i [(Tip + Top + hiblyy)—

=1

(Tig + Tbg + hiflhg) — gi] = _(rgpMprgp + mip)ig (6.16)

g
rgpMPﬁP + rg;:Mprgpfébp + (rgpMprf)p + Jop )0 + Z dihi [(2ip + Top+

=1

q
hibyp) — (Zig + Toq + hi9bq)] + cbpp + kobsp + D sihi [(Tip + Top + hiflyy)—

t=1

(zig + Tbg + hibhg) — gi] = _rg;aMprgpféy (6.17)

where f; is a 3nx 1 vector containing the coupling terms between the two pounding structures
due to impact force. It is noted that when é; = (2ip+2sp+ hibhp) — (Zig+2pg+hibsg)—g: < 0,
there will be no pounding. In that case the terms containing s; and d; in equations 6.15, 6.16

and 6.17 are set equal to zero. The vector f, is defined as:
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4

f, =4

\

s1((z1p + Top + h1sp) — (T1g + Tog + A1) — 01]
0
0

s [(z2p + Top + habhp) — (224 + og + h2bhg) — g2]
0
0

s [(Zgp + Top + hgbbp) — (Tgq + Tog + hgbhg) — 94
0
0

AN

7/

(6.18)

Similarly f; is a 3n x 1 vector containing the coupling terms between the two pounding

structures due to impact damping. This vector is defined as:

fd=<

4

di [(Ihp + Zbp + h1sp) — (B1q + Tog + hlébq)] ‘
0
0
dy [(i‘zp + Zpp + hzébp) — (Z2q + Tog + h2ébq)]
0
0

dq [(iqz’ + ibp + hqébp) - (‘i’qq + j’bq + hqébq)]
0
0
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Using a similar procedure, the equations of motion for the g-structure can be derived.
In this case there are 3m + 2 equations of motion where q of them are coupled with the
p-system of equations. By combining the coupled equations of motion of the two pounding

structures, we can write the system equations of motion as:

Mii+(C+D)a+(K+S)u=f (6.20)

where the system mass matrix is defined as:

M,
M = (6.21)
M,

The sub-matrix M; corresponding to the p-structure is defined as:

M, M,rg, M,re,
_ T T T
M, = | rIM, rI My, +my, r,M,rg, (6.22)
T T T
| rg, M, rg,Mprgp rg,Mprop + Iy ]

and the sub-matrix M; corresponding to the g-structure is defined as:

F M, Mgrg, M;ry,
M2 = rngq rg‘qurgq + mbq rg‘qurgq (6-23)
rg, M rI M,r rl M,ro, + I
| T3V g atgg 6gViqltoq T dbg |

The vector of the unknown displacements, u is given as in equation 6.14 and the damping

matrix C and the stiffness matrix K are given as:
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c k

Cr kx

Co k&

The supplemental stiffness matrix, S, is defined as:

Sl 0, Sz —Sl 0, _82

03 o0 o0 of o

S; -ST 05 -S;

S = (6.25)
S; 0 S,
SYM. 0, o7
S3

where S; is a 3¢ X 3¢ diagonal matrix with the diagonal elements vector defined as:

3q
531:[;1101013270703“-3sq,0a0‘] (626)

and the matrices S; and S3 have the dimensions 3¢ x 2 and 2 X 2 respectively and are

defined as:
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s 00 s 00 ... s, 0
Slhl 0 0 32h2 0 0 ... thq 0 0

sT = (6.27)

s XLsih
S, = (6.28)

q h- q h2
i=lS‘h' Ei:lsthi

The 04, 03, 03, 04 and 05 are null matrices with the dimensions of 3¢ x (3n — 3¢), 3¢ x 3¢,
(3n —3q) x (3n — 3q) ,2 X (3n — 3¢) and 2 X 3¢, respectively.

The supplemental damping matrix D in equation 6.20 is of the same form as matrix S,
except that the s; are replaced by d; in equations 6.25, 6.26 and 6.27 to obtain D.

The system force vector f in equation 6.20 consists of the forces due to ground excitation

as well as the forces due to the structural pounding. This vector is defined as:

M,ry,
rg;Mprgp + mpp
ranMprgp
f=- J > 25+ Sg (6.29)

My,

T
rngq Tgq + Mpq

T
Ty

qu!'gq

where g is defined as:
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3¢ 3n:3q
g7 =[91,0,0,90.0,...,4,,0,0,0,0,...,0] (6.30)

The system of equations 6.20 is solved by the Newmark-3 approach to obtain numerical

results, which are presented in the following section.

6.5 Structures on Rigid Foundation

Equations derived in the previous section are used to obtain the numerical results for
various bracing configurations.

Since the story above the top pounding story had the highest increase in its shear force,
the strengthening of this story by a diagonal bracing has been examined first. These results
are presented in Figures 6.13, 6.14 and 6.15, again for El-Centro, one synthetic time history
and fifty synthetic time histories. Comparing the response of the braced and unbraced
ten-story structure, it is seen that the column bending moment in the braced story is
drastically reduced, but at the same time there is an increase in the moments of the other
stories, especially the pounding stories, for the results presented for one accelerogram in
Figures 6.13 and 6.14. This increase in the bending moment is, however, not seen when the
average of several ground motions is considered, as is seen from Figure 6.15. The bending
moment in the top stories is still higher than the bending moment for the no-pounding case.
From the bottom set of the sketches in Figures 6.13, 6.14 and 6.15, we note that bracing of
a story does not reduce the floor acceleration significantly.

Next we show the results, again for El-Centro, for one synthetic time history and the
ensemble of fifty time histories in Figures 6.16, 6.17 and 6.18 for different bracing arrange-
ments. From the results in Figure 6.17 for one time history input, we note that if we brace
all non-pounding stories to reduce the bending moment in them, we end up getting higher
bending moments in all the pounding stories. (This increase in the moment in the pounding
stories is not very significant, however, when we consider the averaging effect of fifty time

histories, Figure 6.18). Thus, in general, this arrangement only transfers the problem from
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the top stories to the bottom stories. It also worsens the acceleration response situation.

The effect of only bracing the pounding stories is also not beneficial, as it causes even
higher bending moment response in the non-pounding stories. However, because this ar-
rangement makes the structure more stiff, it reduces the relative displacement between
the pounding stories and thus the accelerations of the pounding floors compared to the
accelerations we obtain for the case of free pounding.

From these results, we observe that, in general, bracing one or more stories only has
a local effect. In most cases, it only transfers the problem from the braced stories to the
remaining unbraced stories. It may, therefore, be necessary to brace all stories. With
this motivation, we have also examined the case of bracing all ten stories of the structure,
and corresponding results are presented and compared with other bracing arrangements in
Figures 6.16, 6.17 and 6.18.

We observe that bracing all stories of the taller structure does reduce the bending
moment response in all stories; the response becomes even smaller than the no-pounding
response, except in the smaller structure in which its top story experiences somewhat higher
bending moment. However, we also note that although the floor accelerations have been
reduced, they are still much higher than the accelerations of the no-pounding case.

It is, therefore, now apparent that one must brace all the stories of at least the taller
structure to reduce the bending moment response. At the same time, to reduce high ac-
celeration caused by pounding, one must also join the two structures by rigid links. In the
next set of three figures (Figures 6.19, 6.20 and 6.21), we therefore show the combined effect
of joining the two structures and bracing the taller structure. From these results, we note
that, even for the joined case, a partial bracing of the structure does not solve the problem
completely; it only transfers the effect to the remaining part which is not braced. However,
joining and complete bracing of the taller structure provides the best solution. It reduces
the bending moments in all the stories of the taller structure. The higher pounding stories
of the shorter structure experience moments higher than the no-pounding case and may,

therefore, require bracing as well.
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In the next set of three figures (Figures 6.22, 6.23 and 6.24) we examine the acceler-
ation response, again for three different inputs. As we noted earlier, joining reduces the
pounding accelerations of floors drastically. In the lower portions of the Figures 6.22, 6.23
and 6.24, we compare the acceleration response for different arrangements of bracing of the
joined structures. We note that bracing all floors causes higher acceleration compared to
other bracing arrangements, simply because the taller structure now becomes more rigid.
Nevertheless this acceleration is much smaller than the acceleration for the case of freely
pounding structures.

The next set of figures (Figures 6.25, 6.26 and 6.27) shows the response of the joined
and separate, but completely braced, ten-story structures. We observe that joining does
not change story bending moments. It mainly reduces the floor accelerations.

In the next set of figures, we examine the sensitivity of various response quantities with
respect to the bracing size used. The case with all stories of the taller structure braced is
considered. Also the results are only for the average of fifty time histories. In Figure 6.28
we plot the story column bending moment and acceleration responses obtained for various
bracing sizes. As expected, we note that column bending moments are reduced by a larger
bracing. However, the reduction is not very sensitive to size as all moment curves are not
much separated. The acceleration values are seen to be more sensitive to bracing size. But
even a large bracing does not reduce them to the no-pounding level.

In the next figure (Figure 6.29) we compare the axial force in the bracing in the upper
part of the figure and combined axial plus bending stress in the bracing in the lower part
of the figure. We observe that a larger bracing attracts a larger force, whereas the stresses
in the bracing do not change much with the sizes. This is more clearly shown in the lower
part of Figure 6.30, where we notice that stresses in the bracings in different stories do not
change drastically as their sizes are changed. This suggests that a smaller size bracing may
be as effective as a larger bracing, as far as the stresses in bracing themselves are concerned.
Thus for design purposes, we can start with a smallest size bracing which can reduce the

column bending moment to its no-pounding level. Similar observations can also be made
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from the results presented in the next two figures (Figures 6.31 and 6.32) which pertain to

the case of joined structures.

6.6 Structures on Flexible Foundations

In the preceding section, we considered various options to reduce the detrimental effects
of pounding of two structures with a rigid foundation. In this section, we present parallel
results for the structures on flexible foundations. The flexibility of the foundation is intro-
duced through a set of two soil springs (translational and rotational) provided under each
structure. The soil spring constants corresponding to a shear wave velocity of 77 m/sec are
used.

Again we will consider the effect of joining the structures, providing bracing only and
joining and bracing of the two structures. For calculating the response of pounding struc-
tures on a flexible foundation, the formulation of section 6.4 is used. For joined, braced or
unbraced, structures on a flexible foundation, the formulation is developed in the following

section.

6.6.1 Rigidly joined structures - equations of motion

In this section we develop the equations of motion of two structures rigidly joined at their
floor levels. However, their foundation mats and soil springs are separate. The schematic
of this system is shown in Figure 6.33.

Again the Lagrangian formulation is used. The kinetic energy of the combined system

can be written as:

1. . . . . . . . ; ;
T=3 VIMV, + VIMg Vg + mup(Esp + £4)° + mig(dg + 39) + InpbZ, + Ibqﬂgq] (6.31)

where M, and M, are the mass matrices of the p- and g-structures considered separately;

mp, and my, are the masses of the bases of the two structures; I3, and [, are the mass
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moments of inertia of the two bases; v, and v, are the absolute displacement vectors of the
two structures; zp, and zs, are the translations, relative to ground, of the bases of the two
structures; 6, and 6, are the rotations of two structures and z, is the ground displacement.
The dot over a quantity represents its time derivative.

The potential energy of the system is written in terms of the relative diplacement vector
as:

V=< [ulKpu, + ulKou, + ko (2}, +2,) + ko(6}, + 62,)] (6.32)

N =

where K, and K, are the stiffness matrices of the p- and g-structures; u, and u, are the
displacement vectors of the p- and q- structures relative to their respective bases and k,
and kg are the stiffness coefficients of the translational and rotational soil springs at the
bases of two structures.

The Rayleigh dissipation function for the energy dissipated through viscous damping in
the structural damping and radiation damping in the soil medium can be written as:

D = 5 [&] Cpity + 6l Cyity + e, + 28,) + co(62, + 63,)] (6.33)

N~

where C,, and C, are the p- and g-structure damping matrices. As in the previous chapters,
these matrices have been defined in terms of the modal damping ratios and eigenproperties of
the structure using standard procedures. The translational and rocking radiation damping
coefficients at the bases of two structures are denoted ¢, and cy, respectively.

The absolute and relative displacement vectors are related as follows:

Vp = Up + Igp(2g + Thp) + Topbhp (6.34)

Vg = Ug + Tyg(Tg + Tog) + Toqbhg (6.35)
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Since the two structures are joined, the absolute displacement values at the common
points on the two structures are the same. Let the absolute displacement vector of these
common nodes be denoted v.. In terms of this common vector, the absolute displacement

vectors are written as follows:

Vv

vy=4{ (6.36)
vC
v

vo=4{ ° (6.37)
vC

where vy, and vy, are the absolute displacement vectors of the unconnected nodes of the

p- and g-structure, respectively.

Similarly, the influence vectors rg,, rg,, rgq and rg, can be subdivided as:

r

rp=4 7 (6.38)
Tgep
T

ro, =4 7 (6.39)
r

ra=4 °° (6.40)
Tgcq
ro

rgg=4 0 (6.41)
Lhcq

where ry;, and rys, are the influence vectors due to the ground motion of the unconnected

nodes of the p- and g-structure; rye, and rye, are the influence vectors due to the ground
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motion of the common nodes of the p- and q-structure; rys, and ryz, are the influence
vectors due to the base rotation of the unconnected nodes of the p- and g-structure and
Tocp and ry.,; are the influence vectors due to the base rotation of the common nodes of the
p- and g-structure. These influence vectors are defined in Appendix A.

Substituting equations 6.36, 6.38 and 6.39 in equation 6.34, one obtains:

u, = — (zg+ zpp) — Obp (6.42)

Similarly by substituting equations 6.37, 6.40 and 6.41 in equation 6.35, we can write:

v r rg
u, = fq _ 9fq (:cg+ qu) _ fq

Ve Tgeq Tgcq

O5, (6.43)

Substituting equations 6.42 and 6.43 in equations 6.32 and 6.33 and by partitioning the
mass, damping and stiffness matrices of the two structures in terms of their unconnected
and common nodes, the kinetic energy T, potential energy V and dissipation function D

can be written, respectively, as:

T = l ‘.’}WP M”P Mlzi’ ‘.’fp + l ‘.’Tq Mllq M,
2| T Mj1p, Moy, Ve 2| 7 My, Moy,
vy 1 L o : .
. L 5 [mbp(xbp + &)° + mag(Eg + &) + TepbF, + Ibqefq] (6.44)
vC
T T T
v r r K K
vV = % fPp \ _ afp (zg+$bp)— 6fp 9bp 11p 12p
vi rgcp rg@ Ko, Kap
Vs Tyf rof
P b o (zg + zbp) — ’ bpp | +
Ve Tgep Tocp
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2 v?q _ rgfq - rgfq 0 K11, Kizg
2 T (.’l'g + zbq) T bg
Ve Tocq rt’)cq K21q K22q
v Tgf rof
- e (zg + 2bg) — ! Ong | +
Ve Fgeq Tcq
1
5 [kaleh, +23,) + ko(83, + 6,) (6.45)
. T T T
1 v r L r s Cip C
D = - _‘;f] - ifp (g + &pp) — ;f” Bsp PVl
Ve Tgep Tocp Cap Coap
\-’ r N . Iy .
.fp _ gfp (zg +by) — fp by | +
Ve Tgep Tgep
. T T T
1 Vie | _ ) Tasq . .y ) Tesq 6 Ciqy Cizg
) T T (29 + bq) T bq
Ve Tgeq Tocq Cao1y Cay
Vs Tof . . ryf .
g | _ 9fq (9 + d5g) — g 6o | +
Ve Tgeq Tycq
1 -2 -2 A2 H
2 lex(&h, + &8, + co(6h, + 6,)] (6.46)

Using the Lagrangian of equations 6.44 and 6.45 along with equation 6.46, we can

develop the equations of motion in the generalized coordinates q as follows:

d [OL oL 0D
— ==+ =0 6.47
it [aq aq T 9q (6.47)
where q is defined as
3(n+2)+4
" = [ V1p, Ves Vs Tbps Obps T, g | (6.48)

and
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L=T-V (6.49)

Utilizing equations 6.49 and 6.46 in equation 6.47 and after some simplifications the

equations of motion for the joined system in matrix form can be written as:

Mg+ Ca+Kq=1 (6.50)

The matrices M, C, K and the vector f are defined in Appendix A.

6.6.2 Rigidly joined structures on flexible foundation - numerical results

In Figures 6.34, 6.35 and 6.36 we present the column bending moment and floor accel-
eration results for the two structures subjected to El-Centro (Figure 6.34), one synthetic
time history (Figure 6.35) and fifty synthetic time histories (Figure 6.36). For fifty time
histories the results are the average of the maximum values.

From the comparison of the results for joined and free pounding structures we notice
that joining the two structures reduces the bending moments in the columns of the ten-story
structure for all three inputs. It is pointed out here that this was not the case when we
considered the structures on a rigid foundation (as shown in Figures 6.9, 6.10 and 6.11). So
in this case, the pounding effects are reduced in the ten-story structure by joining the two
structures, but the bending moments are still higher than those for the case of no-pounding.
Also the smaller structure experiences larger bending moments than the moments for the
free pounding or no-pounding cases. The main advantage of joining the two structures,

however, lies in the fact that the pounding accelerations are now reduced drastically.

6.6.3 Braced structures on flexible foundation

In this section, we will present results for various configurations of bracings. When the

structures, braced or unbraced, are freely pounding, the formulation presented in section 6.4
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is used to obtain the numerical results. On the other hand, when the structures are rigidly
joined, the formulation presented in section 6.6.1 is used.

First we consider bracing of the sixth story of the ten-story structure which experienced
a large increase in the bending moment due to pounding. Again the results for three inputs
are presented: (1) El-Centro in Figure 6.37, (2) one synthetic time history in Figure 6.38 and
(3) fifty synthetic time histories in Figure 6.39. The most conspicuous effect of providing
bracing in the sixth story is to reduce the bending moment in this particular story. The
bending moments in other stories and pounding accelerations are not affected significantly.
The top story of the five-story structure is seen to attract more bending moment in this
case.

Thus the effect of providing bracing only in the sixth story did serve the purpose of
reducing the bending moment in that story, but the benefits were localized.

In the next set of figures (Figures 6.40, 6.41 and 6.42) we compare the responses ob-
tained for the three inputs for different configurations of the bracings used. The results are
presented for: (1) no-pounding response, (2) free pounding without bracings, (3) pounding
with first five stories braced, (4) pounding with top five stories braced and (5) pounding

with all ten stories braced. In all three cases of inputs it is observed that:

1. Bracing of only the top five stories reduces the responses in the braced stories. The
response in the unbraced lower stories may even be increased by this bracing arrange-

ment (Figures 6.40, 6.41 and 6.42 for El-Centro and synthetic time history inputs).

2. Bracing of the lower five stories has a similar influence. That is, it does reduce the
bending moment response in the lower five stories, but it may increase the response

in the higher stories (Figure 6.40 for El-Centro input).

3. Bracing of all ten stories seems to be the best in reducing the bending moment due
to pounding over the entire height. It is, however, noticed that this reduced response
is still higher than the no-pounding response. Also, bracing all ten stories increases

the bending moment in the top story of the five-story structure.
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4. All these arrangements of bracing do not decrease the pounding acceleration responses.

In summary, we notice that bracing of all ten stories provides the best results, but at
the same time it does not take care of all problems. That is, (1) it does not reduce the
column moments adequately, (2) it does not decrease the pounding acceleration and (3) it
increases the bending moment in the top story of the five-story structure. Therefore, next
we want to examine if we can reduce these undesirable features by joining as well as bracing
the two structures.

In the next three figures (Figures 6.43, 6.44 and 6.45) we compare the bending moment
response for three different inputs for joined structures with different bracing configurations.
We observe that bracing of either the top five or bottom five stories does not reduce the
response in the remaining unbraced parts, whereas bracing of all ten stories reduces the
bending moment response in all stories of ten- as well as five-story structures to a level less
than the level of no-pounding response in almost all cases.

In the next three figures (Figures 6.46, 6.47 and 6.48) we compare the acceleration
response for the three inputs for different bracing configurations of joined structures. Now
since the pounding is avoided, the accelerations are drastically reduced as is seen from the
top parts of Figures 6.46, 6.47 and 6.48. In the lower parts of these figures we only show
the accelerations for the joined structures. We note that accelerations obtained for the
braced cases are higher, especially in the top five stories, but they are still well below the

accelerations we get when structures pound against each other.

6.6.4 Effect of bracing size

The previous set of results was obtained for bracing of size W530 x 66. In the next few
figures we examine the effect of reducing the bracing size on the pounding response as well
as on the stresses in the brace itself.

Figure 6.49 shows the column bending moment in various stories and pounding accel-
eration for the ten-story structure braced with different size bracings. All ten stories are

braced. It is noticed that a larger bracing reduces the bending moment more than a smaller
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bracing. The bracing size, however, has no significant effect on the pounding acceleration
response.

In Figure 6.50 we show the axial force and combined bending plus axial stress in different
size bracings. From the top part of the figure we note that although larger braces attract
larger forces, the combined stresses in different size bracings are not very different (lower
part of the figure). This is more clearly shown in the next figure (Figure 6.51). The top part
indicates the bracing forces plotted against the bracing size and the lower part shows the
maximum stress in the brace. Since the curves in the lower part are nearly horizontal, they
indicate that stress values are not sensitive to the size of the bracing used. This suggests
that we could use the smallest possible bracing size which will produce a desired reduction
in the bending moment of story columns.

In the next figure (Figure 6.52) we compare the responses obtained in the case of joined
structures braced with smallest and largest size bracings in the group. It is seen that it
is adequate to use the smaller bracing as it reduces the bending moment to the level of
no-pounding. As seen from the stress in this bracing in Figure 6.53, it is well within the
acceptable level for steel. Thus in pounding mitigation by bracing of stories, the stresses in
the bracing will not be a critical factor. One can use the smallest bracing which will reduce

the bending moment to a desirable level.

6.7 Foundation Shear

In this section we examine the effect of pounding mitigation schemes on the foundation
forces. In Table 6.1 we show the force in the linear foundation spring for the five- and
ten-story structures for (1) no-pounding, (2) pounding without bracing, (3) pounding with
1 through 5 stories braced, (4) pounding with 6 through 10 stories braced and (5) pounding
with the most effective case of all stories braced. Also shown are the forces when the two
structures are joined by rigid links. In the calculation of these forces it is assumed that the

two base mats are also attached. The results in this table are for a soft soil (with shear
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wave velocity of 77 m/sec). Also, the response for the braced case was obtained when the

ten-story structure was braced with the largest size bracing in the group. It is noted that:

1. Pounding increases the shear force transmitted to the soil, by a factor of about 1.5

for this soft soil.

2. The shear transmitted to soil increases further if stories are braced. In the case when

all ten stories are braced, there is a further increase in shear of about 25% due to

pounding.

3. The situation is, however, improved dramatically when the two structures are joined.
Joining, of course, changes the dynamic characteristics of the combined structures
to bring about a change in the foundation forces. At the same time it reduces the
pounding effect to reduce the foundation shear forces. As we will see later, this change
is, of course, also affected by the stiffness of the foundation relative to the structural

stiffness.

4. The shear force in the foundation of the five-story structure does not change much
either due to pounding or bracing of the ten-story structure. When the two structures
are joined, there is an increase in the foundation shear for the five-story structure as its
foundation mat is assumed to move the same as the foundation mat for the ten-story

structure.

In Table 6.2 we present the results for the ten-story structure braced by different size
bracings. From these results we observe that the smaller the bracing, the lower the shear
force due to pounding in the ten-story structure foundation. Again the force in the five-
story structure is not affected much. Also the force for the joined case does not appear to
be sensitive to the bracing size used.

In Table 6.3 we show the effect of shear wave velocity on foundation shear forces. We

show the forces for the cases of (1) no-pounding of unbraced structures, (2) pounding of
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ten-story structure braced with smallest size bracing in the group and (3) joined structures
with ten-story structure braced.

For the ten-story structure we note that pounding with bracing seem to increase the
shear forces for all foundation flexibilities, except that for the foundation with V; = 600 m/sec
no significant pounding effect is noticed. In the five-story structure the pounding is seen
to reduce the foundation force for all cases of shear wave velocities. Joining of the two
structures is seen to reduce the foundation force in soft soil only. For higher shear wave
velocities, the joining also imposes a higher shear force on the foundation.

In summary, it is observed that except for the very soft soils, the mitigation scheme of
joining the structures and bracing the ten-story structure will increase the shear force trans-
mitted to the foundation, thus requiring a strengthening of the foundation. For the cases
considered here, the foundation force may, however, be reduced in very flexible foundations.
This effect, however, is significantly affected by the combined frequency characteristics of

the structures and foundation soil.

6.8 Forces in the Rigid Links Joining the Structures

To get some idea what size rigid link we may need to connect the two structures, we
have calculated the forces in the links provided at various levels.

Figure 6.54 shows the forces in the five links for various configuration of bracings. It
is noticed that only the top link experiences a significant level of force. Also when braces
are provided in all stories the force in the top link is also reduced, but then lower links
experience some force.

In the next figure (Figure 6.55) we show the effect of different bracing sizes. We notice
that bracing size does affect the forces in the links, but not very dramatically. In Figure 6.56
we show the effect of foundation flexibility on the link forces. We note that generally a rigid
foundation will cause higher forces in the links. However, even the highest force is not very

large. Assuming an allowable tensile stress of 150 M Pa in steel, the maximum force of
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0.32 M N can be easily carried by a 52 mm rod. Thus joining of the two structures does not
pose any special problem and it can be easily accomplished by using large size steel rods or

specially manufactured links.

6.9 Pounding of Structures at Unequal Levels - Column Pounding

Often structures in cities are not at the same level, or they may have unequal height
stories. In such cases the floors of one structure will pound against the columns of the other
structure, as shown in Figure 6.57. Here such pounding is referred to as column pounding.
Such a pounding is most likely to cause collapse as most building columns are not designed
for any impacting lateral load.

To alleviate the effect of such pounding, it is necessary that columns be K-braced, as
suggested by Newmark and Rosenblueth [29]. The most critical case of column pounding
will happen when the floor impacts in the middle of a column height. In the following,
therefore, we have examined the responses for such a column pounding situation for various
bracing configurations. The two pounding structures considered are three- and six-story
structures.

The bracing configurations considered are:
1. Only bracing of pounded columns by K-braces, for both structures, Figure 6.58.

2. K-bracing of pounded columns with diagonal bracing of the higher stories of the six-

story structure.

The column bending moment and floor acceleration responses for these two bracing
arrangements are compared with the no-pounding response and response of joined and
braced structures in Figures 6.59 and 6.60 for El-Centro ground motion and for an ensemble
of fifty time histories.

From the results in these two figures we observe that K-bracing of the two structures is

adequate to reduce the pounding effect on the column. However, bracing of the pounding
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stories is seen to increase the column bending moment of the higher stories, especially
for the fifty time history ensemble results, and also for the smaller size bracing results
shown in Figures 6.61 and 6.62 for both the El-Centro and fifty time history results. If the
higher stories are also braced, the bending moment response in all stories can be reduced
significantly. But any of these bracing arrangements do not help much in reducing the
pounding acceleration response. To reduce this, we must also join the two structures by
rigid links. We observe that the bending moment response for the case of a joined and
completely braced structure is significantly reduced. In fact, it is much smaller than the no-
pounding response. The floor acceleration response in this case is now close to the response
for the case of no-pounding.

Since the provision of the bracing reduces the bending moment response much more
than what is necessary, it suggests that perhaps even a smaller size bracing may also be
adequate. In the next two figures, therefore, the same results are presented for two smaller
bracing sizes. The results in Figures 6.61 and 6.62 are for W310 x 23.8 size bracing and
those in Figure 6.63 and 6.64 are for even smaller size W 150 x 13.5 bracing. It is noted from
these figures that if we only provide bracings in the pounding stories, then the higher stories
attract responses higher than the no-pounding case. Thus we also need to provide bracing
in those higher stories. Also providing bracing alone does not avoid high acceleration values
due to impact; they can only be reduced by rigid joining of the two structures. We also
note that by choosing the smallest possible size bracing it is possible to reduce the pounding

effect to a desirable level.

6.10 Summary

In this chapter two proposals to alleviate pounding effects were examined. Providing
a softer cushion, representing a softer spring was found impractical because of clearance
requirements; the clearance requirement to permit the deformation of a soft spring is as

much as the clearance required to avoid pounding. The introduction of energy dissipation
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devices, even if possible to be installed, are not of much help in reducing the story shear,
and in some cases may even be harmful as they may increase the floor acceleration response.

The best solution for alleviating pounding effects if it cannot be avoided by increasing
the clearance is to rigidly connect the impacting floors and brace all the stories of at least the
taller structure. Joining of the floors is required to reduce the excessive floor accelerations
caused by impact, whereas the story bracings are required to reduce the excessive story
shears or bending moments in the higher stories caused by pounding of the lower floors.
Although the shears are increased only in the higher stories, it is necessary to brace all
the stories of at least the taller structure. Also bracing of all the stories increases the floor
acceleration response more than the no-pounding case because it makes the structure stiffer,
but it is still necessary to protect the damage to the higher stories due to increased bending
moment response.

The forces in the rigid links connecting the two structures were observed to be reason-
able. Thus joining of the two structures does not seem to pose an insurmountable problem.

In the case of column pounding, the proposed mitigation strategy is to provide K-
bracings on all pounding columns of the two structures and also to rigidly join them to
avoid pounding acceleration.

The proposed pounding mitigation strategies were also examined for the structures
supported on the flexible foundation media. It is observed that except for the very soft
soils, the mitigation scheme of joining the structures and bracing the ten-story structure
will increase the shear force transmitted to the foundation, thus requiring a strengthening

of the foundation.
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Figure 6.19: Comparison of the bending moment response obtained for joined structures
with different bracing configurations with the response obtained for unbraced joined and
unbraced disjoined freely pounding structures (rigid foundation model, El-Centro time his-
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Figure 6.20: Comparison of the bending moment response obtained for joined structures
with different bracing configurations with the response obtained for unbraced joined and
unbraced disjoined freely pounding structures (rigid foundation model, 1 synthetic time
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Figure 6.21: Comparison of the bending moment response obtained for joined structures
with different bracing configurations with the response obtained for unbraced joined and
unbraced disjoined freely pounding structures (rigid foundation model, 50 synthetic time
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Figure 6.22: Comparison of the acceleration response obtained for joined structures with dif-
ferent bracing configurations with the response obtained for unbraced joined and unbraced
disjoined freely pounding structures (rigid foundation model, El-Centro time history)
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Figure 6.23: Comparison of the acceleration response obtained for joined structures with dif-
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Figure 6.24: Comparison of the acceleration response obtained for joined structures with dif-
ferent bracing configurations with the response obtained for unbraced joined and unbraced
disjoined freely pounding structures (rigid foundation model, 50 synthetic time histories)
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Figure 6.25: Comparison of responses obtained for joined and completely braced 10-story
structure with the responses of the disjoined and completely braced 10-story structure (rigid
foundation model, El-Centro time history)
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Figure 6.26: Comparison of responses obtained for joined and completely braced 10-story
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Figure 6.28: Comparison of responses obtained for different bracing sizes with the responses
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Figure 6.29: The effect of bracing sizes on the bracing force and stress responses in various
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Figure 6.31: Comparison of responses obtained for joined and completely braced 10-story
structure, with different bracing sizes, with the responses of unbraced joined and no-
pounding cases (rigid foundation model)
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Figure 6.32: The effect of bracing sizes on the bracing force and stress responses in various
bracings of the 10-story structure for joined structures (rigid foundation model)
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Figure 6.33: Schematic of rigidly joined structures supported on the flexible foundation
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Figure 6.34: Comparison of the column bending moment and absolute floor acceleration
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Figure 6.35: Comparison of the column bending moment and absolute floor acceleration
responses of rigidly joined structures with the corresponding responses obtained for the
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Figure 6.36: Comparison of the column bending moment and absolute floor acceleration
responses of rigidly joined structures with the corresponding responses obtained for the no-
pounding and free-pounding cases (flexible foundation model, 50 synthetic time histories)
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Figure 6.37: Comparison of responses obtained with bracing, without bracing and no-
pounding cases (flexible foundation model, El-Centro time history)
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Figure 6.38: Comparison of responses obtained with bracing, without bracing and no-
pounding cases (flexible foundation model, 1 synthetic time history)
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Figure 6.39: Comparison of responses obtained with bracing, without bracing and no-
pounding cases (flexible foundation model, 50 synthetic time histories)
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Figure 6.40: Comparison of responses obtained for different configurations of bracings with
the responses obtained for unbraced and no-pounding cases (flexible foundation model,

El-Centro time history)
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Figure 6.41: Comparison of responses obtained for different configurations of bracings with
the responses obtained for unbraced and no-pounding cases (flexible foundation model, 1

synthetic time history)
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Figure 6.42: Comparison of responses obtained for different configurations of bracings with
the responses obtained for unbraced and no-pounding cases (flexible foundation model, 50

synthetic time histories)
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Figure 6.43: Comparison of the bending moment response obtained for joined structures
with different bracing configurations with the response obtained for unbraced joined and
unbraced disjoined freely pounding structures (flexible foundation model, El-Centro time
history)
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Figure 6.44: Comparison of the bending moment response obtained for joined structures
with different bracing configurations with the response obtained for unbraced joined and
unbraced disjoined freely pounding structures (flexible foundation model, 1 synthetic time
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Figure 6.45: Comparison of the bending moment response obtained for joined structures
with different bracing configurations with the response obtained for unbraced joined and
unbraced disjoined freely pounding structures (flexible foundation model, 50 synthetic time
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Figure 6.46: Comparison of the acceleration response obtained for joined structures with dif-
ferent bracing configurations with the response obtained for unbraced joined and unbraced
disjoined freely pounding structures (flexible foundation model, El-Centro time history)
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Figure 6.47: Comparison of the acceleration response obtained for joined structures with
different bracing configurations with the response obtained for unbraced joined and un-
braced disjoined freely pounding structures (flexible foundation model, 1 synthetic time
history)
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Figure 6.48: Comparison of the acceleration response obtained for joined structures with
different bracing configurations with the response obtained for unbraced joined and un-
braced disjoined freely pounding structures (flexible foundation model, 50 synthetic time
histories)
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Figure 6.49: Comparison of responses obtained for different bracing sizes with the responses
obtained for unbraced and no-pounding cases (flexible foundation model)
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Figure 6.50: The effect of bracing sizes on the bracing force and stress responses in various
bracings of the 10-story structure for pounding structures (flexible foundation model)
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Figure 6.51: The effect of bracing sizes on the bracing force and stress pounding responses
in various bracings of the 10-story structure (flexible foundation model)
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Figure 6.52: Comparison of responses obtained for joined and completely braced 10-story
structure, with different bracing sizes, with the responses of unbraced joined and no-
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Figure 6.53: The effect of bracing sizes on the bracing force and stress responses in various
bracings of the 10-story structure for joined structures (flexible foundation model)
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Table 6.1: The forces in the foundation springs of the 5- and 10-story structures for no-
pounding, pounding and joined without bracing and with different bracing configurations

No-pounding Pounding Joined
Braced stories
of the 10-story 10-story 5-story 10-story 5-story 10- or 5-story
structure structure structure structure structure structure

Force (MN) | Force (MN) | Force (MN) | Force (MN) Force (MN)

No-bracing 0.40450 0.28659 0.60232 0.26307 0.36543
1 through 5 - - 0.68095 0.26033 0.36471
6 through 10 - - 0.59583 0.28282 0.37188
1 through 10 - - 0.74597 0.28362 0.36927
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Table 6.2: The forces in the foundation springs of the 5- and 10-story structures for pounding
and joined structures with different bracing sizes of the 10-story structure

pounding Joined

Bracing size 10-story 5-story 10- or 5-story
structure structure structure

Force (MN) | Force (MN) Force (MN)

W530 x 66 0.74597 0.28362 0.36927
W460 x 52 0.73492 0.27996 0.37083
W410 x 38.8 0.71576 0.27299 0.37288
W360 x 32.9 0.70386 0.26971 0.37345
W310 x 23.8 0.68077 0.26682 0.37379
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Table 6.3: The forces in the foundation springs of the 5- and 10-story structures for unbraced
no-pounding, braced pounding and joined structures with different shear wave velocities of
the foundation media

No-pounding Pounding Joined
without braces with braces with braces
Shear wave
velocity in the
foundation media 10-story 5-story 10-story 5-story 10- or 5-story
structure structure structure structure structure
Vs (m/sec) Force (MN) | Force (MN) | Force (MN) | Force (MN) Force (MN)
77 0.40450 0.28659 0.68077 0.26682 0.37379
200 0.48485 0.45922 0.79315 0.39981 0.60740
400 0.65093 0.68661 0.73197 0.50940 0.77040
600 0.72542 0.73999 0.72835 0.55388 0.80870
{
; o) : 0.76954 0.70212 ‘ 0.98415 0.57298 0.81210
: L L i
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Chapter 7
SUMMARY AND CONCLUDING REMARKS

In this study, the effect of pounding caused by earthquake induced vibrations of closely
spaced structures was examined. Several structural systems with different floor mass, col-
umn stiffness, impact spring stiffness, and seismic joint gaps, subjected to several different
input motions, were considered. To evaluate the effects of pounding, the numerical results
with and without pounding were obtained. To study the characteristics of the response dur-
ing pounding, the problem of a multi-degree-of-freedom shear structure pounding against a
rigid structure was considered in Chapter 2 and pounding against a deformable structure
was considered in Chapter 3. The structural responses obtained during rigid and flexible
pounding were observed to be different numerically but similar qualitatively. A compre-
hensive parametric study was conducted to evaluate the importance of various problem
parameters.

The most conspicuous effects of pounding were observed to be: (1) a large increase in
the shear force in the stories higher than the top pounding story and (2) a large increase
in the accelerations of the pounding floors. The pounding can also cause large overturning
effects on both structures.

In chapter 4 the parametric study of the structural pounding was extended to the
pounding of structures in series. The results showed that: (1) due to pounding, the exterior
structure is usually penalized more than the interior structure when it is adjacent to either
a stiffer or a heavier structure, (2) if the neighboring structure is either softer or lighter,
then the floor acceleration and overturning moment responses of the interior structure are
larger than those of the exterior structure, (3) the displacement and story shear responses

are not very sensitive to the impact element stiffness, whereas the floor acceleration and
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overturning moment responses are quite sensitive to this parameter.

In Chapter 5 the effect of foundation flexibility on the structural pounding response
was investigated. The foundation flexibility may increase or decrease the displacement
and shear responses in pounding situations. It will depend upon the relative stiffness of the
foundation media with respect to the structure, as well as combined dynamic characteristics
of the foundation and the structure. For the example problem considered in this study it
was observed that for a stiffer foundation the transmitted force increased due to pounding.
Such force increases may also necessitate foundation treatment to increase its load carrying
capacity. The overturning moment and floor acceleration responses were seen to increase
in most cases due to the flexibility of the foundation. In general it was observed that to
correctly evaluate the effect of pounding on a structural response, a proper consideration
of its foundation flexibility must be included in the analysis.

It is necessary to alleviate these pounding effects to avoid damage to the structural
elements and supported secondary equipment. In Chapter 6, therefore, methods to reduce
the pounding effects have been investigated. It was found necessary to join the structures
by rigid links to avoid high accelerations caused by pounding. Joining of the structures,
however, does not reduce the high shear force (or bending moment in the story columns)
caused in the upper stories by pounding. To reduce the high bending moment, it is necessary
to brace all the stories of the taller structure; a partial bracing of the structure transfers the
force to the unbraced stories and thus does not solve the problem. The floor accelerations
in the completely braced structures are, however, increased slightly when compared to the
accelerations in the unbraced but joined structures.

The forces in the rigid links connecting the two structures were observed to be reason-
able. Thus joining of the two structures does not seem to pose an insurmountable problem.

The proposed pounding mitigation strategies were also examined for the structures
supported on the flexible foundation medium. It was observed that except for the very soft
soils, the mitigation scheme of joining the structures and bracing the ten-story structure

will increase the shear force transmitted to the foundation, thus requiring a strengthening
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of the foundation.

This study was mostly limited to linearly behaving structures, although it is realized
that nonlinear force deformation characteristics play an important role in the design of
structures. The nonlinearity of the pounding problem arising from the fact that the state
of contact between the two colliding structures keeps changing constantly as the structures
vibrate was, however, considered in the analysis. Also, as a part of the parametric study, the
nonlinear Hertz model for the contact stiffness at the pounding interface has been considered
in the study. A natural extension of this work is to study the effect of pounding and its

mitigation when the lateral load carying members (columns) can yield or go in the inelastic

range.
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Appendix A
MATRICES

Influence vectors, first introduced in equations 6.38 - 6.41, are defined as
follows:

3(n—2)
T, =[1,0,0,1,0,0,...,1,0,0]
7
r, =1[1,0,0,1,0,0,...,1,0,0]
3(n—12)
i, = | hq+1,—b/2,—1,...,hp,—b/2,:1,h1,b/2,—1,...,hp,b/Q,—f]
3%
3., = [ A1, —b/2, -1,.: hgy—b/2,—1]
3%
7, =[1,0,0,1,0,0,...,1,0,0]
3z

rl., =[1,0,0,1,0,0,...,1,0,0]

rh, = [ h1,0/2,—1,. .. ke, b/2,—1]
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The combined mass, damping and stiffness matrices and forcing function

vector appearing in equation 6.50 are defined as:

Mass Matrix:

Miip Mizp 0 0 0 0 0O

Mo, Mo+ Mgy, Mgy, 0 0 0 O

0 Mp, My, 0 0 0 0

M=| o 0 0 my 0 0 0
0 0 0 0 L, 0 0

0 0 0 0 0 my 0

0 0 0 0 0 0 I

Damping Matrix:

[ ‘1 €2 ... C17 ]
C= €21 C22 ... C27
L €71 €72 ... C77 ]
where
c11 = Ciyp
€12 = Clzp
Ci13 = 0
c1s = —(Crrprysp + Cr2pTyep)
c15 = —(Ci1pTosp + Ci2pTocp)
Cig = 0
a7 =0
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C24

C25

C26

C27

C36

37

C41

C42

_ T T T T
cas = T Criplgfp + TgpCroplyep + Ty C21p8 g fp + Ty Ca2pTyep + €2

T T T T
C45 = rgfpcllprafp + rgfpcl2pr0cp + rgcpCZIerfp + rgcpC22pr0cp

21 = C21;7
c22 = Cagp + Coyy
c23 = Cayq
= —(Ca1prgsp + Co2pTycp)
= —(Clerofp + CzZpr()cp)
= —(Ca1qrgsq + Ca24Tgcq)
= —(Ca1qTosq + Ca2qTocq)
c31 =0
32 = Cizg
33 = Cuig
c34 =0
¢35 =0
= —(Ciiqlgfq + Ci2Tgcq)
= —(Cr1qT5q + Ci2T0cq)

= _(rgfpcllp + rgr:pc?lp)

T T
= _(rgfp012p + g, Cazp)

cq3 =0

cs6 =0
c47 =0
T T
¢s1 = —(rg4,C11p + 5., Co1p)
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T T
C52 = —(refpcup + rocpc22p)
Cs3 = 0
— WT T T T
C54 = rgfpcllpré?fp + rgprIZpchp + rgcpc21pr0fp + rgcp022pr90p

T T T T
Cs5 = rgpruprgfp + rgfpclgprocp + rgcpc21pr9jp + rocpc22pr0cp +co

cse =0
cs7=0
c61 =0
Ce2 = —(1‘5ch12¢ + rgch;zzq)
Ce3 = —(rngqCuq + rsqvqu2IQ)
cgg =0
ces = 0

T T T T
66 = Tg7aCr19Tq5q + Ty, Cr2gTgcq + Tyeg Co14T0 g + ¥pe, Co2gTgcq + o

T T T T
Ce7 = rgchllqrefq + rgqu12qr0cq + rgchZIqrofq + rgcqc22qrt9cq

crn =0
72 = —(rg}qcmq + rg‘cqcz2Q)
¢73 = ~(r35,Cu1g + ey Ca1g)
C74 = 0
Cr5 = 0

_ T T T T
Cre = I‘gchuql‘ofq + I'gchlzqrecq + chqczlqrefq + !’gcqczzqracq

T T T T
77 = TgsaCr1qT05q + To7qC12¢T0cq + ThcgC219T05g + TocqC22¢T0cq + o
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Stiffness Matrix:

kin o kg k17
ka1 koo ka7
Ko | Fo ke
| k71 Kz k77 ]
where
ki1 = Kiip
k12 = Kigp
kiz=0

k1a = —(Ki1prgsp + Ki2pTyep)

k15 = —(Kllprefp + Kl?pr9cp)

ki =0
kiz=0
k21 = Kaip

ka2 = Kagp + Kaog
ka3 = Kaig
k2a = —(Ka1pTgsp + Ka2pTgep)
ks = —(Kaoipresp + Kooprocy)
ka6 = —(Ka14%g5q + K22qTgeq)
ko7 = —(Ka14Ta5q + Ko2qTocq)
k3; =0

k3z = Kio4
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k33 = Kig
kag =0
k3s =0
k3s = —(Ki1qTgsq + Ki2gTgeq)
ka7 = —(KiiqTosq + Ki2qTocq)
k1 = —(rgprllp + !‘ZcpKnp)
kaz = —(r; 7, Ki2p + rng22P)
kis=0
kag = rgprllprgfp + rngpKlgprgcp + rchnglprgfp + I‘chpKzzprgcp + k.
kys = rg‘prllprefp + rgprIZprBCp + rgcpK21pr9fp + rgcpK22pr0cp
ksg=0
kg7 =0
ksy = —(r3;,K11p + 13, Ka1p)
kso = “(rgprwp + rng22P)
ks3=10
ksa = v Kitprosp + o, Ki2pTocy + ooy Ka1pofp + Ty K22pTocp

T T T T
kss = rgs,Ki1pTosp + TaspKi2pTocp + TocpK21pTosp + ToepKozpTocy + ko

kse =0
ks =10
ke1 =0
kea = —(rfqulzq + rchqKzzq)

kes = —(rl; Kiig + r% Koig)
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kes = r;qullqrgfq + rgquUqrgcq + rchqKﬂqufq + rgcqK”qrng + kg
ke = rgqullqrefq + rngquqrecq + rgicqan!'qu + r;cqK22qr9cq
k71 =10
kry = =(rf7,Kizg + i, Kaag)
krs = —(r];,K11q + T, Ka1)
krzg =0
kzs =0
k7¢ = Pg‘quuql‘efq + I‘g}qanracq + Pg'cqK21q1'0fq + rgcqanl'ocq

T T T T
k77 = r55,K114T01q + To5,K12¢T0cq + TocqKo14T07q + Tgcg Ka24T0cq + ko

Forcing Function Vector:

[ 1

o) f2

. f7 s

where

f1 = (Cr1pTsp + CropTycep)iy + (KiapTgsp + Kiploep )2y

f2 = (Caprysp + Cazplgep + Ca1gTgfq + Co2¢Tgeq) g + (Ka1pTgsp +

Ko2pTgep + Ko14Tgpq + K224Tgeq)2g

f3 = (Cr14Fgsq + CragTyeq) Ty + (Ki1gTgfq + Ki2gTgeq)2g
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. T T T
foo = —mipZy — (rg,CripTosp + Ty Croplocp + Ty Cotplgsp +
T : T T
Toep Co2plyep)Eg — (TgppKuiprysp + T KiopTgep +

T T
rgcpKZIPrgfp + rgcpK22PrgCP )z g

T T T T -
f5 = _(rgfpcllprﬂfp + rgfpcl2pr0cp + rgcpCZIprf)fp + rgcpC22pr00p)$g -

T T T T
(rgprllprgfp + rgspKizproey + rgcpK21pr9fp + rgcpK22Pr90P)zg

_ - T T T
fo = —mpgig— ("gchllqryfq + r344Cr2gTgcq + Ty Ca19Tgsq +
T - T T
l’gcqci’?qrgcq)xg - (rgqullqryfq + 1y Ki2glgeq +

T T
rgcqKZIQerq + rgcqK22qr99q ).'L'y

T T T T .
fr = —(rg4,C114T0fq + Tgs,Cr2gTocq + TgeqCa14T0sq + Ty Ca2qT0cq )29 —

T T T T
(rgqullqujq + rgqul2qr90q + chqKzlql‘gfq + rgcqK22qr9cq)xy
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