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Abstract

Stochastic block partitioning (SBP) is a statistical inference-based
algorithm for clustering vertices within a graph. It has been shown
to be statistically robust and highly accurate even on graphs with
a complex structure, but its poor scalability limits its usability to
smaller-sized graphs. In this manuscript we argue that one reason
for its poor scalability is the agglomerative, or bottom-up, nature
of SBP’s algorithmic design; the agglomerative computations cause
high memory usage and create a large search space that slows
down statistical inference, particularly in the algorithm’s initial
iterations. To address this bottleneck, we propose Top-Down SBP, a
novel algorithm that replaces the agglomerative (bottom-up) block
merges in SBP with a block-splitting operation. This enables the
algorithm to start with all vertices in one cluster and subdivide
them over time into smaller clusters. We show that Top-Down
SBP is up to 7.7x faster than Bottom-Up SBP without sacrificing
accuracy and can process larger graphs than Bottom-Up SBP on
the same hardware due to an up to 4.1x decrease in memory usage.
Additionally, we adapt existing methods for accelerating Bottom-
Up SBP to the Top-Down approach, leading to up to 13.2X speedup
over accelerated Bottom-Up SBP and up to 403X speedup over
sequential Bottom-Up SBP on 64 compute nodes. Thus, Top-Down
SBP represents substantial improvements to the scalability of SBP,
enabling the analysis of larger datasets on the same hardware.
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1 Introduction

Much of the real-world data from domains like the World Wide
Web [7], computer networks [10], and bioinformatics [16] contains
relational information, making graph representation the natural
choice for such datasets. In such data, vertices often form groups
that are more strongly connected to each other than they are to ver-
tices in other groups. Graph clustering, also known as community
detection, is a class of graph analytics algorithms that identifies
such groups within a graph [3].

Because optimal graph clustering is an NP-hard problem [3], sev-
eral approximate heuristics have been developed. These heuristics
include modularity maximization [1], which optimizes a measure
of intra-cluster connectivity, spectral clustering [26], which lever-
ages eigenvectors to uncover clustering structure, and statistical
inference over latent models of the graph structure [12]. Heuris-
tics based on inferential methods have the advantage in terms of
accuracy and statistical robustness, particularly on graphs with a
complex clustering structure [14, 15].

In this manuscript, we focus on stochastic block partitioning
(SBP) [8, 12, 13], an inferential graph clustering algorithm based
on inference over a latent stochastic blockmodel [9]. At a high
level, SBP starts with a large blockmodel where every vertex is
assigned to its own cluster and searches for the optimal clustering
configuration. The search is done by alternating between agglom-
erating (merging) entire clusters together in a model search phase
and moving individual vertices between clusters via Markov chain
Monte-Carlo (MCMC) inference in a model optimization phase,
with both phases of the algorithm being conditioned on the descrip-
tion length (or entropy) of the blockmodel. While the algorithm is
accurate due to the rigor of MCMC-based inference, it faces sig-
nificant challenges in scalability. Both the accuracy and scalability
challenges of SBP have been recognized through the formulation of
the Streaming Graph Challenge, sponsored by IEEE, Amazon Web
Services, and MIT, which seeks novel approaches for accelerating
the algorithm and thus enabling accurate clustering of large graphs
with millions of vertices.

Largely as a result of the Streaming Graph Challenge, SBP’s scal-
ability challenges have been addressed via data reduction [32],
algorithmic refinement [23], and various degrees of paralleliza-
tion [24, 25, 29, 31]. However, none of these methods adequately
addresses the problems inherent in the bottom-up or agglomerative
computational approach used in SBP. These problems include large
memory requirements for storing and updating a large blockmodel
and the vast search space stemming from having a substantial num-
ber of clusters, leading to slow convergence.
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To address these challenges, we propose to eliminate the bottom-
up/agglomerative approach altogether and replace it with an al-
ternative methodology. Specifically, we propose Top-Down SBP, a
novel algorithm that improves upon Bottom-Up SBP by starting
with a small initial blockmodel, where all vertices are in one cluster,
and eliminating agglomerative computation by splitting clusters
over time in the model search phase. Top-Down SBP is inherently
faster than Bottom-Up SBP, while retaining its accuracy and statis-
tical rigor by continuing to rely on MCMC inference in the model
optimization phase as well as having a more stable initial state.

Our main contributions are summarized as follows:

o A novel Top-Down SBP algorithm that is up to 7.7X faster and
up to 4.1X more memory efficient than Bottom-Up SBP.

o The acceleration of Top-Down SBP using data reduction and
parallelism on shared memory and multi-node systems. Accel-
erated Top-Down SBP is up to 15X faster than sequential Top-
Down SBP, up to 13.2X faster than the equivalent Bottom-Up
SBP implementation, and up to 403X faster than sequential
Bottom-Up SBP when processing real-world graphs on 64
compute nodes, all with minimal accuracy loss.

o An extensive experimental evaluation of the accuracy and
scalability of accelerated Top-Down SBP on synthetic and real-
world datasets.

2 Background and Related Work

In this section, we provide background information on graph clus-
tering approaches, the stochastic block partitioning (SBP) algorithm,
and past research on accelerating SBP.

2.1 Graph Clustering Approaches

Over the past few decades, a plethora of graph clustering algo-
rithms have been developed as the research community strives
to push the boundaries of both accuracy and scalability. Perhaps
the most prevalent class of graph clustering approaches are the
bottom-up, or agglomerative, methods. Bottom-up approaches start
with many clusters and iteratively reduce the number of clusters
by merging them together or moving individual vertices out of
non-viable clusters. Many of the most common graph clustering
algorithms including Louvain [1], Leiden [22], InfoMap [18], Label
Propagation [17], and even SBP [12, 13], fall under this category.

Top-down approaches, sometimes called “divisive” algorithms,
start with a small number of clusters (usually one) and split them
over time. A well-known example is the Girvan and Newman [5]
algorithm, which splits clusters by successively removing the edge
with the highest betweenness-centrality from the graph. However,
such algorithms are rarely used in practice due to the computa-
tional cost of cluster-splitting methods. Computing betweenness-
centrality, for example, is an O(n?) operation, while the entirety of
the agglomerative Louvain and Leiden algorithms is near-linear in
terms of the number of edges.

2.2 Stochastic Block Partitioning

Stochastic block partitioning (SBP) [12, 13] is an agglomerative
graph clustering approach based on statistical inference. It clus-
ters vertices by finding the optimal latent model that describes the
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graph’s structure. The latent model of choice in SBP is the stochas-
tic blockmodel (SBM) [9], which describes the graph in terms of the
edges between its clusters. In its simplest form, a stochastic block-
model is a matrix B, where every entry By, y is the number of edges
originating from vertices in cluster x and ending at vertices in clus-
ter y. An optimal blockmodel is one that has the lowest description
length [11] H — a measure of the entropy, or compression achieved
by the blockmodel. It is typically of the form H = —In(B) — L(B|G),
where —In(B) is the description length of the blockmodel matrix
and clustering assignment, and L(B|G) is the log-likelihood of the
blockmodel given the graph. Different formulations of —In(B) and
L(B|G) exist depending on the type of blockmodel and graph being
used. For an in-depth discussion on blockmodel entropy, see [11].

The algorithm for optimizing H in SBP starts with each vertex in
a separate cluster and consists of two phases; a model search phase,
which changes the number of clusters/blocks in the model, and a
model optimization phase, which moves vertices between clusters.
In the model search phase, entire blocks are merged together based
on the resulting change in H. Several merge proposals are gen-
erated per block, after which the best proposals across all blocks
are sequentially applied to the blockmodel until a user-defined
threshold of clusters is reached. The model optimization phase uses
an iterative Markov chain Monte-Carlo (MCMC) algorithm called
Metropolis-Hastings [6] to optimize the vertex-to-block assignment
for a given number of clusters. Each global iteration of SBP runs
both phases one after the other, simultaneously performing a golden
ratio search for the optimal number of clusters and optimizing the
blockmodel for that number of clusters. A high-level overview of
the algorithm is given in Algorithm 1.

Algorithm 1: STOCHASTIC_BLOCK_PARTITIONING(G)

Data: Graph G
Result: Updated Blockmodel B
1 initial_clusters = range(0, G.num_vertices);
2 Blockmodel B(G, initial_clusters);
3 H = compute_H(B);
/* T is a triplet of blockmodels used to perform

the golden ratio search. */
4 T =B, B(), B(J;
5 do
6 B’ = get_next_blockmodel(T);

/* Performs the model search phase */

7 B’.merge_blocks();

/* Performs the model optimization phase */
8 B’.run_metropolis_hastings();

9 AH = compute_AH(B');

10 update(T, B’, AH);

1 while optimal_blockmodel_not_found(B);

return get_best_blockmodel(T);

o

=
1Y)

SBP is of particular interest because of the high-quality results it
provides on graphs with a complex structure [4, 15, 27]. It also pro-
vides the statistical benefits of using an inferential graph clustering
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method over a descriptive one like modularity optimization, includ-
ing the ability to identify graphs that lack an intrinsic clustering
structure [14].

2.3 Challenges in Accelerating SBP

The benefits of SBP are often outweighed by scalability problems
that limit its applicability to large graphs containing millions to
billions of edges. This is in large part due to the difficulty in paral-
lelizing MCMC inference in the model optimization phase, which
takes up the vast majority of the algorithm’s runtime [29]. In recent
years, several heuristics have been developed to parallelize this
phase with a minimal loss in accuracy [24, 31]. These advances
have improved the algorithm’s runtime on parallel and distributed
systems, but we argue that they do not address a core computational
limitation of the SBP algorithm; its agglomerative nature.

As has been shown in a parallel Label Propagation implementa-
tion [19], the initial stages of agglomerative algorithms can consume
the majority of the algorithm’s runtime. This front-loading of the
computation is due to a combination of the large initial search space
(V vertices that can be placed in any one of V clusters results in
an approximately V' search space, not accounting for duplicates)
and the data access implications of storing and modifying a large
clustering model in an algorithm with highly irregular data access
patterns. SBP, as shown in [23] and in our own experience with the
algorithm, is strongly affected by this phenomenon. While prior
work like sampling [32] and aggressive initial merging [23] has
partially addressed this problem, these methods provide limited
speedup and can lead to accuracy loss with the wrong choice of
hyperparameters.

3 Methods

In this section, we describe the sequential Top-Down SBP algorithm
and how methods used to accelerate Bottom-Up SBP can be adapted
to this novel approach. We also the discuss potential limitations of
Top-Down SBP.

3.1 Top-Down SBP

As previously discussed, Bottom-Up SBP has computational weak-
nesses stemming from the large blockmodel size in the initial it-
erations. First, the large blockmodel size leads to high memory
usage, which in turn causes inefficient cache usage and longer iter-
ation/access times for the blockmodel data structure. This problem
is compounded when the blockmodel transpose is stored to speed
up column-wise iterations — a technique independently developed
in [29] and [23] to accelerate Bottom-Up SBP for directed graphs.

Second, the large blockmodel leads to a large search space for
the Markov chain Monte-Carlo (MCMC) phase of the algorithm.
Because a given vertex can potentially move to any block/cluster,
having many blocks leads to longer mixing times for the MCMC
algorithm. It also leads to more vertex moves being performed,
which in turn causes more inefficient accesses and modifications to
the blockmodel data structure.

Our Top-Down algorithm addresses these issues while retaining
the high accuracy and statistical guarantees provided by Bottom-
Up SBP via minimizing the blockmodel description length using
MCMC-based optimization. By initializing the algorithm with every
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vertex being placed in one block and replacing the block merge
phase of Bottom-Up SBP with a block-splitting algorithm, Top-
Down SBP retains the MCMC-based optimization while using much
smaller blockmodels in the initial iterations. The conceptual differ-
ences between the two algorithms are outlined in Figure 1.

3.2 Splitting Clusters

The main challenge in developing a Top-Down SBP approach is
developing an algorithm for splitting a cluster in two that is fast
and memory efficient and that leads to high-quality splits. A slow-
splitting algorithm could negate any benefits from the reduced
MCMC phase runtime. An algorithm that is not memory efficient
could negate the memory advantages of having a small blockmodel.
If the splits are not of high quality, then either the MCMC phase
would be prolonged in order to “fix” a poor split, or the algorithm
would be unable to recover and lead to poor clustering results.

What follows is a high-level overview of our splitting approach
(due to space constraints, we refer the reader to Algorithm 3 for
an outline of the parallel version of this approach). Similar to the
block merge phase, we make several block-split proposals for each
block and store the proposal that results in the biggest decrease in
the description length H. For each proposal, we extract a subgraph
consisting only of vertices and edges contained within the given
block. The subgraph is then split in two using one of the algorithms
described in §3.2.1, and the AH between the resulting two-cluster
blockmodel and the blockmodel of the subgraph with just one
cluster is computed. If this is the most negative AH computed for
this block so far, then this proposal is stored in the aforementioned
vector. Once all proposals have been completed, the vector is sorted
and the best splits are applied to the blockmodel until the number
of blocks reaches a specified threshold.

3.2.1 Splitting Algorithms. We develop and test several ways to ini-
tialize and perform the splitting of a block into two (propose_split
in Algorithm 3). First, we describe the different splitting methods:

¢ Random: This serves as the “control” algorithm. All the ver-
tices are randomly assigned to either cluster 0 or 1.

e Snowball: This method aims to localize the two resulting
blocks to two topological regions in the graph. First, two
vertices are selected to initialize the two blocks. A “frontier”
set of neighboring vertices for each block is kept updated
throughout the algorithm’s runtime. The algorithm iterates
between the two blocks and adds one random neighboring
vertex from the frontier set to the corresponding block until
all vertices are assigned.

e Single snowball: Due to the greedy and random nature of
the snowball method, both blocks may lose their locality.
This method aims to correct that by focusing on the quality
of a single snowball sample. Here, one vertex is selected to
initialize block 0. A “frontier” set of neighboring vertices
for block 0 is kept updated throughout the splitting runtime.
The algorithm selects a random neighboring vertex from the
frontier set until either a) the frontier set becomes empty, or
b) the frontier set reaches a randomly generated threshold
size. All remaining vertices are then assigned to cluster 1.

e Connectivity snowball: This approach counteracts the ran-
domness in the snowball method by assigning vertices to
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Figure 1: An illustration of the high-level differences between the Bottom-Up SBP algorithm (red, right) and the Top-Down SBP
algorithm (blue, left). The steps in black (top) are the same in both algorithms.

clusters based on connectivity. This further biases clusters to-
wards their topological locale. First, two vertices are selected
to initialize each cluster. A set of “frontier” vertices that are
neighbors of one or both blocks is kept updated throughout
the splitting runtime. The algorithm iterates through vertices
in the frontier, calculates the number of edges the vertex has
adjacent to each cluster, and assigns the vertex to the cluster
it is most strongly connected to.

The latter three methods all require one or two vertices to be
selected to initialize the splitting algorithm. The following methods
for selecting these initial vertices were tested:

e Random: The initialization vertices are selected uniformly
at random. This allows the algorithm to explore different
regions of the graph.

e High-degree: The initialization vertices are selected to be
the two highest-degree vertices in the graph. This ensures
that the snowball samples start from “hub” vertices.

e Degree-weighted: This method falls in between the ran-
dom and high-degree approaches. The initialization vertices
are selected at random, with the vertex degrees serving as
weights for the random distribution.

As seen in Figure 2, preliminary results on the Graph Challenge
graphs (see §4.1) demonstrate that the best accuracy is almost uni-
versally achieved using connectivity-snowball splits with random
initialization. This is because the connectivity-snowball splitting
algorithm greedily maximizes connectivity within each cluster, and
random initialization allows the approach to explore a larger va-
riety of possible splits. Henceforth, all results shown are obtained
with this combination.

3.3 Accelerating Top-Down SBP

In [30], it was shown that parallel computing, distributed comput-
ing, and sampling can be used together to accelerate Bottom-Up
SBP with a minimal loss in accuracy. As we will describe next, since

Split Algorithm Split Initialization
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® Single snowball m Random
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Figure 2: Speedup and accuracy results on Graph Challenge
datasets with between 5,000 and 200,000 vertices using all
combinations of split algorithms and split initializations.
The optimal combination would be in the top-right corner.

both methods rely on MCMC, these acceleration techniques can
also be adapted for the Top-Down algorithm.

3.3.1 Parallel Computing. As shown in Figure 1, there are two
phases to both the Top-Down and Bottom-Up algorithms — a vertex-
level phase where vertices move between clusters, and a block-level
phase where entire blocks are either merged or split.
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The vertex-level phase in [29, 30] is parallelized using a hybrid
approach, where a subset of vertices is reserved for sequential
processing while the majority of vertices are processed fully asyn-
chronously using a variant of asynchronous Gibbs [21]. More recent
work [24] has shown that a batched asynchronous approach can
parallelize the vertex-level MCMC computations to greater effect.
We therefore use this batched asynchronous approach to parallelize
the MCMC phase in our Top-Down (and Bottom-Up) implementa-
tions. Pseudocode for this is shown in Algorithm 2.

Algorithm 2: BATCHED_PARALLEL_MCMC(G, B, t, n, x)

Data: Graph G, Blockmodel B, double ¢, int n, int x
Result: Updated Blockmodel B

1 seti=0;

2 repeat

3 H = compute_H(B);

4 V = shuffle(range(0, G.num_vertices));
5 foreach batch b € 0..n do

6 start = b « G.num_vertices/n;

7 end = start + G.num_vertices/n;
8 list of moves M = [[-1] * G.num_vertices];
9 #pragma omp parallel for

10 foreach indexi € start..end do
11 vertex v = V[i];

/*x ¢’ =—1 if the move is rejected. */

12 cluster ¢’ = propose_move(v);
13 M[v] = ¢’;

14 end

15 foreach v, ¢’ € enumerate(M) do
16 if ¢/ > —1 then

17 ‘ B.move_vertex(v, ¢’);

18 end

19 end
20 end
21 AH = compute_H(B) — H;
22 i++;

23 until AH <t X H orx > i;
24 return B;

The computations in the block-level phase in Bottom-Up SBP
have no inter-block dependencies and can be executed entirely
asynchronously, with each thread being responsible for propos-
ing block merges for a distinct set of blocks. Since Bottom-Up
SBP starts with an abundance of blocks, there is typically enough
work per thread to maximize core utilization. Once all proposals
are completed, the merges are sorted, selected, and applied to the
blockmodel sequentially.

In Top-Down SBP, the block-level phase also does not have inter-
block dependencies and so the blocks can be processed entirely
asynchronously. However, the first few iterations have very few
blocks, leading to CPU under-utilization in many-core systems.
We therefore leverage the OpenMP collapse clause to parallelize
the block-level phase at the proposal level rather than at the block
level, as shown in Algorithm 3. Since there are several proposals
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per block, this improves core utilization and potentially improves
load-balancing due to more fine-grained thread workloads.

Additionally, extracting subgraphs in parallel could lead to inef-
ficient memory usage, particularly in the first few iterations when
the number of threads is higher than the number of blocks. In the
worst-case scenario, during the first iteration, this would lead to
x copies of the entire graph being stored in memory, where x is
the number of proposals to be made. Therefore, we pre-extract the
subgraphs for each block, allowing threads working on the same
block to share the same subgraph data structure memory.

Algorithm 3: PARALLEL_BLOCK_SPLIT(G, B, x, C’)
Data: Graph G, Blockmodel B, int x, int C’

Result: Updated Blockmodel B

H = compute_H(B);

best_split = [[B()] * B.num_blocks];

best_split_ AH = [[inf] * B.num_blocks];

subgraphs = [G() * B.num_blocks];

5 #pragma omp parallel for

[

)

w

'

for cluster c € B do
‘ subgraphs[c] = extract_subgraph(G, B, c);

=)

N}

s end
#pragma omp parallel for collapse(2)

©

10 for clusterc € Bdo

11 repeat x times

12 G, = subgraphs[c];

13 B’ = propose_split(G¢); // an SBM with 2 blocks
14 HB’ = compute_H(B');

15 AH = HB’ — compute_null_H(G¢);
16 if AH < best_split AH[c] then

17 best_split_AH[c] = AH;

18 best_split[c] = B';

19 end

20 end

21 end

22 sorted_splits = argsort(best_split_ AH);

X}

23 M = B.block_memberships.copy();
24 N = B.num_blocks;

25 for index i € sorted_splits do
26 if N > C’ then
27 ‘ break;

@

28 end

29 M = apply_split(best_split[i]);

30 N +=1;

31 end

return Blockmodel(G, M, N); // build new blockmodel

3

Y}

3.3.2 Distributed Computing. EDiSt, a distributed Bottom-Up SBP
variant with vertex degree-based load balancing using MPI, was
developed in [31]. EDiSt duplicates the graph and blockmodel across
each MPI rank and uses all-to-all communication primitives to
synchronize blockmodels during the vertex-level and block-level
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phases to prevent loss of accuracy due to broken dependencies. We
develop a similar implementation for Top-Down SBP.

Once again, the distributed MCMC code is identical for the two
algorithmic approaches. After the MCMC vertex moves are pro-
posed for each batch, MPI all-to-all communication synchronizes
the moves across MPI ranks. The local blockmodels are then up-
dated independently using accepted vertex moves from all ranks.

However, the communication in the distributed block-level phase
had to be refactored for the Top-Down approach. In Bottom-Up SBP,
a block merge could be communicated using just two block IDs and
the computed AH. In Top-Down SBP, we also need to communicate
which vertex moved to a new block. Therefore, we communicate
two vectors at the end of the block-split phase: a vector of the
resulting AH values from the best splits computed for each block
and a binary vector Y indicating whether or not a vertex stayed
in the same cluster (0) or moved to a new cluster (1). Once this
information is synchronized across MPI ranks, the splits are applied
with the following steps:

(1) Pre-computing new block IDs for every accepted block split.

(2) Iterating through the vertices marked with 1 in the synchro-
nized binary vector Y and changing their block if they belong
to a block that has an accepted split.

(3) Rebuilding the blockmodel using updated block member-
ships.

3.3.3  Sampling. Data reduction through sampling has been shown
to accelerate Bottom-Up SBP with a minimal loss in accuracy [28, 30,
32] by partially alleviating some of the same memory usage prob-
lems that are addressed using the proposed Top-Down approach.
However, Top-Down SBP can also benefit from data reduction, par-
ticularly on low-memory systems (storing much of the metadata
needed to compute AE requires O(V) or O(E) storage space) and
distributed systems (data duplication limits the scalability of both
Bottom-Up and Top-Down distributed implementations). We there-
fore implement sampling for Top-Down SBP using the SamBaS
framework described in [32].

3.4 Limitations

There are a few limitations of this proposed approach that merit
discussion. First, Top-Down SBP will be significantly less effective
as the number of identified blocks approaches the number of ver-
tices in the graph. This is because the higher the number of blocks
there are for a given input graph, the fewer iterations Bottom-Up
SBP has to perform, and the more iterations Top-Down SBP has to
perform. This is further compounded by the fact that block merge
proposals are faster to compute, requiring only indexing into the
blockmodel, while a good block-split proposal requires running
a non-trivial sampling algorithm in addition to iterating over the
entire graph to extract a relevant subgraph.

Furthermore, while Top-Down SBP can be expected to bene-
fit from parallelization, distributed computing, and sampling, it
is likely to benefit less from them than Bottom-Up SBP. This is
because a big reason for Bottom-Up SBP’s scalability is the large
amount of work done per thread in the vertex-level MCMC phase.
Top-Down SBP reduces the overall amount of work needed in the
MCMC phase, which could highlight the inefficiencies presented
by (a) Amdahl’s Law in the parallel implementation, (b) all-to-all
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MPI communication in the distributed communication, and (c) the
overhead of performing sampling and fine-tuning the result using
the SamBa$ framework.

4 Comparative Results

In this section, we describe our experimental setup, present and
explain runtime and accuracy results obtained with Top-Down SBP,
and compare them with results obtained with Bottom-Up SBP.

4.1 Experimental Setup

We conduct experiments on two sets of graphs; a set of syn-
thetic graphs from the official Graph Challenge [8] collection of
datasets and a set of real-world datasets curated from the SuiteS-
parse Matrix Collection [2]. To stress-test the SBP algorithm, we
select only complex synthetic graphs as characterized by high de-
grees of inter-block connectivity and block size variation. Tables 1
and 2 summarize the selected synthetic and real-world datasets’
characteristics, respectively.

Most of the experiments are conducted on the synthetic graphs
because they have the ground truth, making accuracy evaluations
more straightforward. The real-world datasets are used to mea-
sure scalability and ascertain that results on synthetic datasets are
generalizable to real-world applications. Hence, experiments on
synthetic graphs include sequential and single-node parallel runs
but are restricted to at most four compute nodes. On the other
hand, experiments on real-world graphs are run on up to 64 com-
pute nodes, but are restricted to parallel and distributed Top-Down
and Bottom-Up SBP implementations.

Table 1: Summary of Synthetic Graphs

Num. Vertices Num. Edges Num. Clusters

1,000 8,032 11
5,000 51,157 19
20,000 473,329 32
50,000 1,187,682 44
200,000 4,754,406 71
1,000,000 23,772,977 125

Table 2: Summary of Real-World Graphs

Dataset Name Num. Vertices Num. Edges

Cit-HepPh 34,546 421,534
soc-Slashdot0902 82,168 870,161
web-BerkStan 685,230 7,600,595
amazon0601 403,394 10,162,164
citPatents 3,774,768 16,518,947
eu-2005 862,664 18,733,713
wiki-topcats 1,791,489 28,508,141
Wikipedia-20070206 3,515,067 45,013,315
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Figure 3: Sequential results comparing Top-Down SBP and Bottom-Up SBP on synthetic graphs.

We evaluate accuracy using two metrics depending on the avail-
ability of ground truth clustering labels. The first metric is normal-
H

ized description length H""™ = =, where H is the descrip-

tion length of the algorithm’s clustering result and H null is the
description length of a null blockmodel where every vertex is as-
signed to the same cluster [29]. It can be used on both synthetic
and real-world graphs because it does not rely on ground truth.
On synthetic graphs, where ground truth is available, we also mea-
sure accuracy using normalized mutual information (NMI) [20]
between the clustering result and the ground truth. NMI is defined

as NMI = % where I(T) and I(O) are the Shannon en-

tropies of the ground truth and algorithm clusterings, respectively,
and I(T; O) is the mutual information between the two clusterings.

To ensure fairness when comparing results across the two al-
gorithms, we integrate the Top-Down SBP code into the common
framework shown in Figure 1, using our publicly available Inte-
grated SBP [30] code. This ensures that the only differences in code
and optimizations are present in the initial assignment and model
search phase portions of the algorithms.

To account for the nondeterministic nature of SBP, we perform
each run multiple times and report the average result. Finally, all
experiments are performed on the Stony Brook University’s Ookami
cluster, which consists of 176 A64FX nodes, each with 48 cores
spread across four processor groups and 32GB of high-bandwidth
memory.

4.2 Single-Threaded Runs

In our first set of experiments, we run Top-Down and Bottom-Up
SBP on a single core using the synthetic graphs. As seen in Figure 3,
the difference in accuracy between the new Top-Down approach
and the old Bottom-Up approach is negligible, empirically demon-
strating that the connectivity snowball splitting algorithm leads to
high-quality splits. However, Top-Down SBP has significant compu-
tational benefits; it is up to 7.7X faster than Bottom-Up SBP (on the
200,000-vertex graph) and uses up to 4.1x less memory. The lower

memory usage is evidenced by the lower maximum resident set size
(Max. RSS) values for Top-Down SBP and by Top-Down SBP suc-
ceeding at processing the 1-million vertex graph while Bottom-Up
SBP runs out of memory. Both speedup and reduction in memory
usage increase with the size of the graph.

The difference in memory usage is a direct result of the differ-
ences between top-down and bottom-up computation: a smaller
blockmodel is stored in a smaller matrix and requires smaller in-
termediate data structures for computing AH. The differences in
runtime can be attributed to the decrease in model optimization
time (6.1, on average), which correlates with the number of MCMC
moves performed in the model optimization phase. In our results,
the average difference in number of MCMC moves is 13.8X. This
difference can be explained by the fact that Top-Down SBP avoids
certain vertex moves by virtue of working with a smaller number
of clusters; a vertex move from block a to b in Bottom-Up SBP
cannot happen in Top-Down SBP if a and b have not been split
yet. A naive upper bound on this difference can be estimated using
the expected number of “ignored” vertex move proposals because
the proposed cluster was the vertex’s current cluster, p(Ccurrent)-
As shown in Algorithm 4, proposals for a vertex v are made based
on the connectivity of the blocks that are adjacent to v. Thus, the
probability of any given block proposal is weighted by inter-block
connectivity.

Algorithm 4: MCMC_PROPOSAL(G, B, v)

Data: Graph G, Blockmodel B, vertex v
Result: Cluster ¢’
list n = G.get_neighbors_of(v);

-

vertex o’ = choose_neighbor_random(n);

)

cluster ¢ = B.get_cluster_of(v’);
list nb = B.get_neighbors_with_weights(c);

©w

'S

5 return choose_neighbor_weighted(nb);
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graphs

Following this logic, assuming a sparse graph, the minimum
p(Ceurrent) for Bottom-Up SBPis 1/ d? in the first iteration, where d
is the average degree of the graph, while the minimum p(Ceyrrent)
for Top-Down SBP is 1/2, also in the first iteration, when the num-
ber of blocks is 2. This leads to an upper-bound estimate of the
difference in vertex moves of 282.5X on the 200,000-vertex graph.
This value is much higher than the observed value of 27.4X because
(@) p(Ccurrent) will grow as both algorithms progress towards the
final solution, and (b) the p(Ccurrent) values for both algorithms
will be similar in the latter iterations so long as they lead to similar
results. A more accurate estimate, which we leave to future work,
could potentially be computed with a more accurate estimate of
the number of candidates for an MCMC proposal over time.

Another possible contributor to the decrease in model optimiza-
tion time in Top-Down SBP can be seen in its convergence behav-
ior (Figure 4). Although both algorithms generally take a similar
number of iterations to converge, the starting point for the Top-
Down algorithm is significantly better than the starting point for
the Bottom-Up algorithm, as evidenced by a lower initial H™"™.
In fact, the initial H™°"™ for Top-Down SBP is always 1.0, since its
initialization is equivalent to a null blockmodel. The starting point
for Bottom-Up SBP is therefore worse than a random vertex parti-
tion according to the SBM description length, which contributes to
a high number of vertex moves.

Finally, we profile the runtime of the two approaches to un-
derstand how much time, percentage-wise, is spent in the model
optimization, model search, and all other phases (Figure 5). In both

algorithms, the model optimization phase takes up the majority of
the algorithm runtime. However, Top-Down SBP spends compara-
tively more time in the model search phase. All other computations
put together amount to a negligible portion of SBP runtime.

4.3 Parallel Runs

Next, we run Top-Down and Bottom-Up SBP on all 48 cores of a
single processor using the synthetic graphs. Note that the 48 cores
are spread over separate processor groups, potentially negatively
affecting the reported parallel runtimes. As in the sequential runs,
Figure 6 shows little difference in accuracy between Top-Down and
Bottom-Up SBP, with the Top-Down approach being significantly
(up to 4.9x) faster! and being able to process larger graphs on the
same hardware.

That said, the parallel speedup recorded for Top-Down SBP over
Bottom-Up SBP is lower than its sequential counterpart. Although
both algorithms have a similar theoretical parallel speedup as de-
fined by Amdahl’s Law, the parallel model search phase with block
splits is less efficient than its block merge counterpart. This hap-
pens because in earlier iterations of the Top-Down algorithm, there
aren’t enough blocks to be divided across all 48 threads, leading to
low CPU core utilization and load balancing issues until the number
of blocks grows sufficiently high.

!Notably, the parallel Top-Down SBP runtime on the 1-million vertex graph (20 min-
utes) is only 1.67X slower than the fastest-recorded Bottom-Up SBP runtime on the
same graph (12 minutes) [30], while using 170X fewer cores than the Bottom-Up SBP
run. (Caveat: The CPU cores in this paper, Fujitsu A64FX, differ from those in [30],
which were AMD EPYC 7702.
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Figure 6: Parallel results on 48 cores comparing Top-Down SBP and Bottom-Up SBP on synthetic graphs.

Additionally, both parallel algorithms are highly inefficient, as
can be seen by comparing the speedups achieved over their se-
quential implementations against the ideal speedups as predicted
by Amdahl’s Law (see Figure 7). Some contributing factors to this
include the overhead of parallel computation, the processor archi-
tecture having CPU cores spread across multiple processor groups
leading to inefficient shared memory accesses, and the fact that
asynchronous Gibbs, used to parallelize the model optimization
phase, tends to need more compute iterations to converge.

Top-Down Bottom-Up n
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— _ 1000
= 715 2 75 5000
U > U >
T2 50 2 50 20000
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TE 25 “g 25 —— 200000
w w
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Figure 7: Strong scaling results for both parallel algorithms.

However, significant speedups are unlikely to be obtained by
making the parallel implementations more efficient; at 48 threads,
less than 50% of either algorithm is being spent in parallel computa-
tions. The majority of the time is now spent sequentially modifying
the blockmodel with accepted vertex moves and block splits/merges.

4.4 Parallel and Distributed Runs

In our third set of experiments, we run parallel and distributed
Top-Down and Bottom-Up SBP on the synthetic graphs using four
nodes, or a total of 192 cores. To make better use of the processor
groups, we run two MPI tasks with 24 threads each per node, for
a total of eight MPI ranks. Figure 8 shows that the parallel and
distributed Top-Down approach is up to 6.9% faster than its Bottom-
Up counterpart, with a negligible difference in accuracy. However,
the parallel and distributed Top-Down algorithm is more likely to be

hampered by communication at scale, since it spends a significantly
higher percentage of its time performing MPI communication and
communicates more data in general.

Despite running on four nodes, speedup over the parallel im-
plementation is less than 2X for both algorithms, leading to a dis-
tributed efficiency of under 50%. Furthermore, Figure 9 shows that
as the number of compute nodes increases to 64, the distributed ef-
ficiency for both algorithms drops to single-digit percentages, with
Top-Down SBP having a higher variation between the efficiency
on smaller and larger graphs. Interestingly, the highest distributed
efficiency using four nodes is obtained by the Top-Down approach
on the 200,000-vertex graph, despite the fact that distributed block
splits require more communication than distributed block merges.
This is because the increase in communication occurs in the block
split phase, which calls the communication primitives less often
(once per global iteration) than the model optimization phase (mul-
tiple times per global iteration). On the 200,000-vertex graph, for
example, the most communication-heavy collective in Top-Down
SBP is an Al1Reduce from the block split phase, which is only
called 208 times. In Bottom-Up SBP, it is an Al11Gather call from
the model optimization phase, which is called 3,184 times. At the
same time, the decrease in number of model optimization iterations
means that there are fewer MPI calls in Top-Down SBP overall,
leading to better performance.

One other observation is that for both algorithms, the most time-
consuming collective call is not the one that sends the most data.
On the same graph, in Bottom-Up SBP the AllGather call that
accounts for 90.2% of the MPI runtime transfers just 0.02% of the
data. In Top-Down SBP, the A11Reduce call that consumes 79.2%
of the MPI runtime transfers just 0.07% of the data. It is therefore
likely that improving load imbalance in the model search phase
could significantly improve scalability for both algorithms.

4.5 Parallel & Distributed Runs with Sampling

Next, we run parallel and distributed implementations of Top-Down
and Bottom-Up SBP with sampling on four compute nodes. We use



HPDC ’25, July 20-23, 2025, Notre Dame, IN, USA

—8— Bottom-Up

=
=}

I z'{"“t" Logeah

0.5

Normalized
Mutual
Information
o
w
Normalized
Description
Length

o
o

0.0

10° 10* 10° 10° 10° 10* 10° 10°

Num. Vertices Num. Vertices

N

L Ry

%% Lle 40 [ =Rs

r&-o—e

20

o

Speedup Over
Parallel Impl
=
Distributed
Efficiency (%)

0

10° 10* 10° 10° 10° 10* 10° 10°

Num. Vertices Num. Vertices

Ko g = =3¢

Wanye, Gleyzer, Kao and Feng.

—%# - Top-Down
— g2
2 102 5§
o ow© 10
€ 10! Eg=
= 38
2 10° 22
Ao
103 10% 10> 10° 103 10* 10> 10°
Num. Vertices Num. Vertices
= 0
40 g 10
X s
E oy o ©
= 20 7\ a
o T
0 -0 =
103 10* 10> 10° 103 10* 10> 10°

Num. Vertices Num. Vertices

Figure 8: Parallel and distributed results on 4 nodes comparing Top-Down SBP and Bottom-Up SBP on synthetic graphs.
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Figure 9: Strong scaling results for both parallel and dis-
tributed algorithms.

the uniform random sampling algorithm at a 50% sample size as
per [30]. As before, we run two MPI ranks per node with 24 threads
per node, for a total of eight MPI ranks and 192 cores.

With sampling, accuracy decreases for both Top-Down and
Bottom-Up SBP, particularly on smaller graphs (< 5,000 vertices).
Distributed Top-Down SBP with sampling is up to 4x faster than the
equivalent Bottom-Up algorithm. This is substantially lower than
the 6.9% seen without sampling, because Top-Down SBP sees sig-
nificantly less benefit from sampling, particularly on large graphs.
This is evidenced in the higher total time spent performing sam-
pling overhead computations (including sampling, extending partial
clustering result to the un-sampled vertices in the graph, and fine-
tuning the clustering result), as well as the higher overall percentage
of runtime spent in those operations. Most of this overhead is spent
in the finetuning phase and can be attributed to the larger number
of clusters C returned by the Top-Down approach, which can be
seen in Figure 10 to closely mirror the sampling overhead time.

This increase in C is not necessarily a weakness except in specific
use-cases where over-estimating the number of clusters is to be
avoided. Bottom-Up SBP tends to underestimate the number of
clusters in the synthetic graphs, while the Top-Down approach
tends to overestimate it. Since both result in similar NMI and H™°"™
values, the final clusterings are equally valid.

4.6 Real-World Graph Runs

Finally, we run 1-64 compute node scaling experiments using the
parallel and distributed implementations of both algorithms, with
and without sampling, on the real-world graphs in Table 2. As
before, we run two MPI ranks per node with 24 threads each, for
a total of up to 128 MPI ranks and 6,144 cores. The single-node
runs also schedule parallel and distributed implementations of Top-
Down and Bottom-Up SBP, with two MPI ranks running on a single
node.

As seen in Figure 11, the overall trends do not differ much from
those seen in the synthetic graphs. There is little-to-no difference
in accuracy (as measured by H"*"™) between the Top-Down and
Bottom-Up approaches, and the proposed Top-Down algorithm is
up to 13.2X faster than the equivalent Bottom-Up implementation.
On larger graphs like wiki-topcats, Bottom-Up SBP runs out of
memory, while Top-Down SBP does not, even without sampling.
Both algorithms exhibit poor strong scaling with less than 50%
distributed efficiency at eight nodes and higher. By 32 compute
nodes, the efficiency is generally below 10%. Despite the poor effi-
ciency, both algorithms benefit from distributed computation, with
64-node runs completing up to 4.6 faster than single-node runs.
Moreover, at 64 compute nodes, Top-Down SBP with sampling is
321.7x faster than the sequential Bottom-Up SBP baseline without
sampling on the citPatents graph (the largest graph in terms of
the number of vertices), and 403.3X faster than the baseline on the
eu-2005 graph (the largest graph in terms of number of edges than
Bottom-Up SBP can process).

The wikipedia-20070206 graph is an outlier; the accuracy (H"°""™)
is much better with sampling and without sampling the runtime
increases with the number of threads. This mirrors the findings
in [32], where sampling improved the accuracy of Bottom-Up SBP
on some sparse graphs. Top-Down SBP appears to exhibit the same
behavior. Without sampling, the runtime increases because the low
accuracy is due to Top-Down SBP finding a very low number of
clusters (2-17); there is not enough work to effectively distribute
across all processes, particularly in the model search phase.



Top-Down Stochastic Block Partitioning:

Turning Graph Clustering Upside Down HPDC °25, July 20-23, 2025, Notre Dame, IN, USA

—8— Bottom-Up —% - Top-Down

=3 —— 1.0 oo
B_5 o 882y 85 R E
NG e - ¢ Nss o
2205 - T2205 =
ESE” ke g
o = e o — 3
=z £ Z0 4
0.0 0.0
10° 104 10° 10° 10° 104 10° 10°
Num. Vertices Num. Vertices
=3 =B =
(IS /o (IS .’./o @
oz ® o5 4 235 P
2.© 50 o QE pe =8 _x
3c I 23, | gx X rXe-— E€ 10° 5=
83 LT 8 X 8 /Q/
Qo 2 3 =
ng o ¥ ng o © %
103 10* 10° 108 103 104 10° 108 103 104 10° 106
Num. Vertices Num. Vertices Num. Vertices
S| 5 : o _x
s T > E 2 9] x
S T e S22 200 A G 107 =T
£ o T g2 X 3 ol —e
£ 10! A\, S 3 & s g ‘o—0——@
£ ® 2 T £ 100 X% 1 L@
o ~~ s} #” — £ 10
0k | Svg -7 _o—0—® S ;
e & g 0 x— = XF=— %
10° 104 10° 10° 10° 104 10° 10° 103 104 10° 10°

Num. Vertices Num. Vertices Num. Vertices

Figure 10: Parallel and distributed results with sampling on four nodes comparing Top-Down SBP and Bottom-Up SBP on
synthetic graphs.
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Figure 11: Strong scaling and normalized description length (lower is better) results comparing Top-Down SBP and Bottom-Up

SBP on real-world graphs.
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In Figure 12, we plot an estimate of the weak scaling properties
of both algorithms on the real-world graphs. We start with the
citPatents graph with V' = 3,774, 768 vertices running on 64 nodes,
and select datasets whose vertex numbers are closest to factors of
two of V. Since our datasets do not contain a graph with close to
235,923 vertices, we skip the entry with four compute nodes. The
results show predictably poor weak scaling efficiency across all
four algorithm implementations. On 16 nodes without sampling,
Bottom-Up SBP achieves a weak scaling efficiency of 1.3% while Top-
Down SBP achieves 3.7%. With sampling, those values are 2.2% and
3.6%, respectively. This is partially expected because the runtime
complexity of SBP and Top-Down SBP is superlinear at O(E log? E),
but is also exacerbated by the high overhead of MPI communication
and in the case of Top-Down SBP, sampling overhead.

5 Future Work

The major limitation of our Top-Down approach is that it is only
faster than Bottom-Up SBP when the number of clusters is small
compared to the size of the graph. On graphs with a relatively large
number of clusters, Bottom-Up SBP is likely to converge faster than
Top-Down SBP. Additionally, our experimental results highlight
two limitations of the accelerated variants of both algorithms. The
first is that both approaches may lose some accuracy on certain
graphs as a result of sampling-based data reduction. The second is
that both algorithms exhibit poor parallel and distributed scaling
efficiency (under 50% on four compute nodes). Furthermore, since
the distributed implementations of both algorithms do not partition
the graph or the blockmodel across MPI ranks, the size of graph
that they can process is limited by the memory availability of a
single compute node, rather than the entire compute system.
Given these limitations, several avenues for future work present
themselves. First, exploring alternative data reduction strategies
could lead to better accuracy preservation or accuracy preserva-
tion at smaller sample sizes. Second, effective data and workload
partitioning as well as parallelizing more code regions within the
algorithm, such as blockmodel updates, could improve the parallel
and distributed efficiency of both algorithms. Finally, extending
Top-Down SBP to more complex clustering scenarios, such as over-
lapping (multi-membership) clusters and time-evolving dynamic
graphs, could broaden its applicability in real-world scenarios.

Wanye, Gleyzer, Kao and Feng.

6 Conclusion

In this manuscript, we present Top-Down SBP, a novel graph clus-
tering algorithm that addresses a key limitation of the traditional
agglomerative, or bottom-up SBP approach. By reversing the com-
putational paradigm — starting with one cluster and iteratively
splitting it instead of starting with many clusters and iteratively
merging them — Top-Down SBP reduces both the memory foot-
print and search space of SBP, particularly in the first few iterations
when the number of clusters is close to the number of vertices. As
a result, our experimental evaluation shows that Top-Down SBP is
both up to 7.7x faster than Bottom-Up SBP and uses up to 4.1 less
memory than Bottom-Up SBP, enabling it to cluster larger graphs
on the same hardware.

SBP has previously been accelerated via data reduction and vari-
ous levels of parallelism. We adapt these approaches to accelerate
Top-Down SBP, yielding up to 4X speedup over accelerated Bottom-
Up SBP and up to 220x speedup over sequential Bottom-Up SBP
on four compute nodes. We further test the scalability of acceler-
ated Top-Down SBP on real-world graphs, showing up to 13.2x
speedup over accelerated Bottom-Up SBP and up to 403X speedup
over sequential Bottom-Up SBP on 64 compute nodes.
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