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| CHAPTER T
,‘INT_RODUCTION'_' |

It is well known that any bandllmlted contlnuous tlme‘
;31gnsls f(t) can be represented by a d1screte tlme sequence’,.
{f(kT)}- In order to. obtaln the sequence {f(kT)} the 31gna1,
: f(t)fis sampled"at regular dlsplacements (T) in t1me
That is, each number in the sequence {f(kT)} represents a
sampled data of f(t) at the observatlon t1me kT (where
fk=0,1,2,...;.). ThlS process 1s known as the unlform
sampllng of the s1gna1 f(t) because each sample is taken
at a unlform rate and is governed by the Unlform Sampllng
‘Theorem whlch states that
A bandlimited'31gna1 fkt) with hlghest sPectralp7'
component fy is uniquely determined by the

periodical samples taken every T seconds, and,

the signal f(t) can be reconstructed from these

 samples with no distortion providing that the

sampling interval T is such that, T < 1/2fy.

_However{ in many applications a non-uniform sampling‘
‘sCheme‘isﬁused to generate the data sequence. In‘this,case,
the sampling.time 'T' is not‘a cOnstant‘ One example is.
the:Moving“farget Indlcator in radar 31gna1 proce531ng,
whlch employs the 31mp1e stagger sampllng scheme in order'

3

'.to mlnlmlze the“'bllnd veloc1ty effect ‘The~advantage'
of u31ng a non- unlform sampllng scheme over the unlform

'sampllng scheme is - that we have an extra degree of freedom



in de31gn1ng the fllter ThlS freedom Wlll enable us tolf]:ﬂfflf}’

synthe31ze a dlgltal fllteer1wh extended perlods : That.l]

1s, w1th the unlform sampllng scheme We w1ll generate apﬂy»l”

’:¢d1g1ta1 fllter w1th a perlodlc frequency?response haV1ngf5¢‘
1,2)

dfundamental perlod equal to 2n/T butvvas 1t was founa

vthe frequency response of the fllter us1ng non unlform bj”h

‘ sampllng scheme has a perlod of 2 o P/T where P 1s the
1nteger relatlng the non unlform sampllng spac1ng -Wepfﬂff’

shall see (ln an example) that the per10d1c1ty in the

"frequency response of a hlgh pass f11ter based on. a unlform»;;l*vl

'_sampllng scheme w1ll cause loss of 1nformat1on whlch has
’ frequency components at the perlodlc notches of the
response The non unlform sampllng scheme 'on the other; e

_hand w1ll tend to redUCe thlS type of loss and hence can

:better process the 31gnal

) In thlS analy31s we shall ma1n1y study the synthe31s offiiljf?y

dlgltal fllters u31ng ‘a spec1al non unlform sampllng o
scheme - the s1mple stagger sampllng scheme The obJectlvet

is: to m1n1m1ze the perlodlcal notches in- the frequency

response of the d1g1tal fllter as one would obtaln 1n u31ng ihleETV

: a unlform sampllng scheme To measure the goodness of

o approx1mat1ng to a de31red fllter response an error'-fl*

lcrlterlon 1s establlshed The propertles of the error

criterion . functlon w111 be analysed, and based on thlS ?vkv*h'”

crlterlon an algorlthm is developed whlch w1ll determlne lfdi*fi¢;u7



the optlmal parameters (that is to ﬁtnlmlze the error S
'fvcrlterlon) for the dlgltal fllter Severa1~numer1ca1
rexamples Wlll be carrled out in order to 111ustrate the
”;concepts developed 1n the ana1y51s, and w1th the afore-‘
»mentlonedvalgorlthmxa,hlgh pass‘fllter 1s 31mdlated and itsbu

optimal parameters obtaiﬁed;



: CHAPTER 11 | | |
THE TRANSFER FUNCTION FOR PROCESSING S
| NON UNIFORMLY SAMPLED DATA

2 l The General Transfer Functlon ﬁjl

For a llnear tlme varylng dlgltal operator w1th

'1nf1n1te 1mpu1se response {h (t )} as shown 1n Flgure l

ithe relatlonshlp between the non unlformly sampled 1nput p,abf'h

,{x(t )} and output {y (t )} 31gnals at a glven observat1on
tlme t is glven by the convolutlon sum | N
y(‘tn)' - ‘kZ by (t >+x<t ;'>,;{n- S en
'where-
{t } represents the tlme 1nstants at Wthh the cont1n~‘e
puous tlme s1gnal 1s sampled R

h 1s the 1mpulse response coeff1c1ent of the llnear

'operator

If the d1g1tal operator in equatlon (2 l) is assumed to;ff;h

= be tlme 1nvar1ant and causal (1 e h (t ) = O for k < 0

then the 1nput and output relatlonshlp can be mod1f1ed as pl{;-T

In order to obtaln the 31nuS01dal response character-’

1st1cs of thls operator the 1nput 31gnal x(t) 1s replaced




x(t)

(e} Ty (e}

iy (£))

Figure 1: A Digitaleinear'Operator



by a Standard complex exponentiai input signai:'
x(t) = agdett® L (2.3)

where, A, » and 6 are constants representing the amplitude,
radian;frequency and thSe angle of the signal respectively.
With this input signal, the response of the linearioperatdr :

at the observation time t,

j(wt +6)

t) = 7§
y ) k£0 Tk

By a simple algebraic manipulation, this expression can be
modified to give the standétd;tranSferifunction relation-

ship, i.e.,

_j. w _(tﬁ_tnfk)

j(wt_+06)
- n
e o

‘ Y(ﬁn) ;f{ z

} Ae

(2.4)
‘Hence, the'traﬁsfer function‘can be identified as:

h'efjw(tn—th—k)

g (w) = " (2.5)

D
n kéO'

Notevthét;in'theiuniform sampling case, where th:nT

(n=0,1,2,...), this expression reduces to:

H(w) = ) hkefJQkTv::i‘.
k=0 &

(2.6)
=0 R



h1ch 1s the standard transfer functlon formula for av
'unlform sampllng system Also notlce that the transfer
-.functlon for the non- unlform sampllng scheme (2 5) is
dependent on the radlan frequency of the 31gna1 and on the :
_observatlon t1me t The dependence on frequency, w,]
'enables the 1mp1ementat10n of the various attenuatlon
hfunctlons of a d1g1tal fllter such as, low pass, hlgh

pass and band passffilters.» The second dependence on t1me
th, however, glves an extra degree of freedom in the design
of the dlgltal fllter and, it 1s ‘this characterlstlc that
“enables the appllcatlon of'non-uniform Sampling scheme to
'digital filter synthesisf 'MoreOVer-‘the variationVOf the‘
transfer functlon as a function of observatlon t1me w111

depend on the partlcular non- unlform sampllng scheme used;

2 2 Transfer Functlon for Slmple Stagger Sampllng Scheme’_
In thlS ana1y31s the 81mp1e stagger sampllng scheme{_"

is. used whose sampllng time 1nstants are deflned as:
Ve . . . § ) . ;
'.jkT:v‘ ' -~ for k=even AR
VKT + ¢ for k=odd . '
1where,'T is the ”nominalﬁ sampling time; and, e 1s the
offset parameter ‘such that Iel < T.
To fac111tate the analy31s of the transfer functlon ;

(2 5) for the s1mp1e stagger sampllng scheme thevbehavlorh



-sof’tﬁ-tn;k.for different combinations of eVen.and odd n,k's

:2)

are-determined(1 and is summarlzed 1n Table 1.
P Wlth the 1nformatlon from Table 1, the transfer func-n'
tlon for the 31mp1e stagger sampllng, equatlon (2 5), can;'

- be rewrltten and decomposed 1nto the summatlon of the

‘, partlal sums over the odd and even 1nd1ces : Hence, the

r;fllter transfer functlon (2 5) becomes

“Jult,-t ‘k) + 'Z h e_Jm(tn"tn-k)
e S _
- Kehg

He (w) = hke

n e
(2.8)
where A and A‘ represent the'even and odd setvofdnon-
negatlve 1ntegers respectlvely

-Applying the results of Table 1 1nto equatlon (2 8)

_the expre351on can be wrltten as:

COH () = ] me KT D ee gy omJukT (g gy
o n kel o kel L Lo
, e o :
or o U
He () = By + eJ(fl)‘we.f H, () @
where IR
CH = omeT ey

~and



TABLE 1

o 3 - (1)
vatnes of o0, .

even o even. v | kT
even odd  KT-e

odd  even = kTte




H, (w) Z hk 'J“’kT e : TRy ‘.(2.'1'71fb)""

T From the results of expres31ons (2. 9) and (2 10) 1t ‘was

'found(l)

that the transfer‘functlon is also a_functlon of»
theaoffset‘parameter e,‘and*is'independent of the‘obser—r
- vation time t ’ffHence, the transfer functlon for the )

31mp1e stagger sampllng scheme can be wrltten as
"ﬁ (8_65 ;2ﬁ (éj +Féj(-1)nwg H“(:y}?. ?l'f':{(éwiz)'v_
nt el o oY g e L

(2)

It has also been proven that the transfer functlon'
H (e, w) as g1ven by equatlon (2.12) is a perlodlc functlon
“‘of w if and only if. the parameters € 1s equal to qT/P

vwhere P and q are both 1ntegers w1th q 1ess than P. More-'

- over, the fundamental perlod 1s glven by ZnP/T where T is
the nomlnal sampllng tlme ThlS per10d1c1ty characterlza—t
tlon holds for both n- odd and n ‘even" (Thls 1s Theorem 1;d
- as stated 1n (2)) Recall that the perlod of the transfer:”
functlon in the case of unlform sampllng is 2n/T thls
1mp11es that the perlod of the transfer functlon 1n the non— .
s'unlform sampllng case 1s extended" for P> 1 ThlS fact
hjcan be ‘best 111ustrated by examlnlng the frequency responses
~of s hlgh pass fllter based on unlform and the 31mp1e
:stagger sampllng schemes L -

' Flgure 2 shows the frequency response of an 1dea1

: dlgltal high pass fllter based on unlform sampllng ‘viﬁ_
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Figure 2: VIdéal»High‘PaSS Filtef (uniform sampling)'>

- Figure 3: IdéalvﬁighQPass Ei1ter (ndpfuniform-sampling)



- Flgure 3 the frequency response of the same 1dea1 dlgltal
llfllter based on 31mple stagger sampllng 1s shown _ It can."
be seen that the fundamental frequency of the f11ter has__,
been extended" to 2wP/T 1n . the non- unlform sampllng ll’f'
lcase The fact that the fundamental perlod 1s extended
is very 1mportant in- the de31gn of d1g1ta1 fllters

It can be seen that because of the per10d1ca1 notches

in d1g1ta1 f11ters, unnecessary 1oss of 1nformatlon (1n the

= case of hlgh pass fllter) and a11a31ng (1n the case of low

o 1mp1ement the Mov1ng Target Indlcator Processor

' pass fllter) results For example, 1f unlform sampllng is
‘used in a h1gh pass fllter deSLgn, then 1nformat10n between\f
the frequenc1es 2n/T -’m and 2n/T +.0, xas well as thelr -
J;harmonlcs are reJected However '1f the nonrunlform sampe;
'11ng technlque 1s used ‘one can Shlft the notches to hlgherf:
vfrequency ranges, SO as not to affect the low frequency
' 'components of the 51gnal by selectlng a proper value for

P This technlque has been employed by radar englneers tov
(1,2) |



. CHAPTER IIT |
~ THE ERROR CRITERION FUNCTION -

3.1 Development'of:the'Minimum"ErrorVCriteriond

In order to determlne how good the welghtlng sequence
{hk} can- be selected so as to best approx1mate a de31red
transfer functlon behav1or some klnd of crlterlon has to '
be establlshed We shall now con31der the ana1y31s for a.
general non- unlform sampllng scheme, and then apply the _;l
results to the 51mple stagger sampllng scheme In thls d;
ana1y31s the crlterlon chosen for evaluatlng the goodness“
.of approx1matlon is the 1ntegral squared error (mean squared
. 'error) crlterlon whlch is glven by the follow1ng
'expre331oni ‘ | |

CEm) = [ W@ B - B2 G

where Hd(w) is the frequency response of the de31red ‘
filter, H (w) is the frequency response of the synthe31zed
'fllter o is the set of w values over Whlch the comparlson
l“between Hd(w) and H (w ) is to be made, and W(m) is a real o
non negatlve welghtlng functlon Note that expre331on (3 1)

_ can.also be ertten as,'

Qo



= [ drgw? Hd<w> SO

Hn(w>vH3 (@) f JHh(w)li}dm,_ ,dT d:'“ (3%25):r'.3f

| | .
Where (& ) denotes the complex conJugate of the argumenf/
Recall that for the most general case of non unlfOrm :

sampllng, we have

H_ ((u) Zlhke Sk S (25)

If thlS exnre851on is substltuted 1nto equatlon (3 2) then

we get

,if_Jm(t t‘ ) ; : tt
Ky ’<m> -

-“_fm);{VKMH%W)' Eh e B
LT Ry , S
o v'>'1,;f‘n"-'m(t”;£5=;)-f
CHg(w) X h’ eJ o _“'.“? + ) e B [k

e, Je(tt. )

In general {h } 1s a complex valued sequence haVlng L

| 'di coeff1c1ents h oy + JBk for all k. (uk and Bk are the reali?;‘fffV

S PP R €16 M

_and 1mag1nary Parts of hk respectlvely ) In order toi°ﬁ;‘y¢gfs%<“

' m1n1m1ze the squared error crlterlon a necessary condltlon G

‘is that the part1al derlvatlves of f(h) w1th respect to

i the ak s and Bk s are all zero. That is:




af(h) af(h)
ozk , aBk

Using‘equation:(3.3) We‘canleveluate,expression‘(3,4):[¢
e, : o -

Hd(m) -'Hd(w)e é n""n- k

)  ,._ w(t t » )

: af(h)=JW(w){eJ_», K
: vaBk - ; .,
e Jm(t -ty )

-Jw(tn_tn k) Z me‘m m

- te m=0_

?'Jw(t t k) Jw(t )

If we eQueﬁe.equation'(3;5) to zefo,‘then wefcan::eﬁriteﬁ*?
‘7thisxexpression'as:‘ | |
e dule et -de(e -t )
me)( J Wt BOomm o tm ok
b o
@ o=jelt -t ) Je(t -t )

”+f_{~ e e H e )dmf:

[W(w) (Hd(w)e & B3 n-k +Hy(w)e n _Pfkg_;w

Slmllarly, the second condltlon in equatlon (3 4) Bféh) _
: RN k ‘

can also be expressed as

 fork=0,1,2... B.&)

O PR

(3 6)7f7»,f,s



"16_£l -

SR - Jw(t t ").¥j (th%t ‘)’
JW(w) (7 h J | m A aTtask’
o _ m-O ' L

v; 2 hké_JQ<t tn k) -Jé(tn n‘m))dw

e b(t t.’ o ju(t -t ),_t4
= [w(@><H3<w)e Jé ok Hd<w>eJ nork )y de
(3.7)

By performlng addltlon and subtractlon on equat10ns7t.

(3.6) and (3. 7, one gets

. o g Jm(t -t ) -jw(t ?t ) '
Jw(w) 2 hke | n-k” - non-m du
Q.

B S CE 2 )1’; e
Ww>%wnjy?*nmdwfv.

aﬁd ERRa - :
-}”’$7-w@ -t )w& )
IW(w) ) hke J_; k - n m do
k=0

S LIOR NOTE

» do

Slnce W(w) is- chosen to be ‘real, 1t is seen that the ;o;ff o

_above two expre331ons are complex conJugates of each other  "'

:As a result the condltlon for a minimum approx1matlon_tj "

error requlres that



ilrflijze:vt
o Julety ) et -t ey
Jw(w) z hke Jé n n-k J n _nvm do

JW(w) Hd(w) e s » dwr”: R '_:'(3.8)-
sntevIfiwe;intetcﬁeﬁge:the_otderiof integfetioﬁ,andesumMatioh‘
B B 1Y € -t YR B | Jw(t St )
ol 2 thw(w)e ,_ nk ._nsm, dw Jw(w) Hd(w)e n. n-m dw
0 KT ) , R
(3.9)
| Now,'ietfs‘defineé |
el et )
C i =_JW(w)et'. n-k n;m‘dw_‘~ _ o SRR (S,IO)s

Jw(t —tn

by = JW(w)Hd(w)e k d@‘f
o

S Gan

'theh5equetion'(3#9)'beoomes};

Note that equatlon (3 12) 1nvolves an - 1nf1n1te sum o
| for 1mplement1ng the causal 1nf1n1te 1mpulse response (IIR)

'tfllter In practlce,-only a f1n1te 1mpulse response (FIR)

B ’fllter 1s 1mp1emented Hence for a causal FIR fllter

equatlon (3 12) has to be modlfled as:



o=b_ me0,1,2,...,N-1 (3.13)
Expressed in’vecter form{ this eXpressi6n7beqomes:
Ch=b @

where N is the'orderhof'the eaﬁsal FIR filter,eris thethNv,
vjmatrix Wrth cmktas,elementsjhh‘is-the Nii Veéter‘formedjby
thesmeightinghcoeffieientseqdenee {hk},iandhb*is the Nxl
veetbr"with_bk‘as elements.  | | |

| The problem Ofiseleeting'the optimaiiweighting'
'coeff1c1ent vector of the transfer functlon h is now reduceds
to solv1ng the: system of N 31mu1taneous llnear equatlons

. (3 14) for h ‘ That 1s we have

. where h°® is the optimal set of h, 's for a minimum value of

error,-and Cfl is‘the_inverse of the matriX’C{r

_33 2 Slmple Stagger Sampllng Appllcatlon

-We~ shall now restrlct our 1nterest to 31mp1e stagger -
’ssampllng If we exp11c1t1y 1nclude the functlonal depend—

' 7_ency of the stagger sampllng scheme parameter as’ 1dent1f1ed: 
,*iby the symbol e,;lnto the process of mlnlmlzlng the B
1approx1matlon error, then the error crlterlon functlon f(h)

- - becomes:
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£(c,h)
and‘ c = C(e)
b = b(e)
also 1% = h(e) = C7H(e) b(e) (3.15)

_A general algorithm for finding the optimal value of

the stagger parameter ¢ is now developed:

Algorithm:
'FINDING THE OPTIMAL VALUE OF THE STAGGER PARAMETER «¢.
1. An érbitrary value of (between +T) is selected,
then, |
2. based on this value of ¢; the.matrik C and the

- vector b, equétions.(B.lO) and (3;11),.ére
évalued;

3. Equation (3.15) is now solved for the optimal set
of_coefficienté‘{hk}.
4. With this set of cdefficients, the value of ¢ is

‘,varied'in.order to find an improvement (i.é.;

- reducing the error criterion function). Thié'new
value of ¢ is obtained by perturbing_the old
value of ¢ in the direction of ﬁhe negative
gradient, ‘

“old ’

where « is the step size.



.5LflAfter"thiscnewtvalue:is'determined ~the'Who1ef‘

”procedure is repeated untll a mlnlmum value of

‘ f(h(e),e) 1s found The minimum value of f(h( ) e)_‘a'

1s detected when no 1mprovement 1n the error

crlterlon 1s achleved by varylng h(e) and €.

3. 3 Propertles of C(e) and b( )

- In this sectlon ‘we' shall study the propertles of the
matrix C(e) and vector b( ). . For 1llustrat1ve purpose the
‘aforementloned scheme is applled in synthes121ng‘a hlgh pass
filter Wthh has the 1deal de31red frequency response as.

*,rshown in Flgure 4

In most radar applicatiOnS'tthe stop band»ofathe filter'~‘

(v < w ) is: very small compared to the pass band (about 17

of the frequency spectrum out to 2nP/T) Slnce the‘stop

band 1s a very 1mportant feature of the hlgh pass fllter and;,af‘

”ln thls case, 1t constltutes only a small fractlon of the

(2)

'entlre spectrum ’ a spec1al Welghtlng functlon W(m) has y

to be used 1n order to empha31ze this des1red stop band

characterlstlc The welghtlng functlon used w1ll have to A

welgh very heavy errors in: the reglon of the stop band and VlSVf

the tran31tlon to the pass band The welghtlng functlon

_that 1s used 1n thlS analy81s 1s shown 1n Flgure 5

| If we choose {Q W < wh} as’ the set of frequen01es forfbfxf:5

omparlson Where wc

'can‘bevevaluated Insertlng the above 1nformatlon 1nto

< wl < wh’ then the elements c k and bkiﬁfﬂhl
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equatibn (3;10)-and.(3¥11) One'gets: y'f'i
wh R N o
jm(t - -t _ ) jm(t _ _'t B )
C o = I e n-k”m-m’ g L J_ 5 n-k” n-m’
_ iy o -y
er(tn_k—tn_m) l : e_]m(tn K tom) |
, -wh o _wl _ :
| | — : . - m#k
4 . It o) o
- e o »_
"Idw i A'de | : o o ‘ m=
: \ - _wh. . Uy ‘
{Sln[w (t. -t ]
th- k n-m . h* n-k vn m’
(3.17)

Solving‘eqﬁation (3p11):gives,



| ﬂtn n- m5 e InThaem ‘”1

4 - eJ‘”(ktn tn m)b wh | Jw(tn tn m) : “{c, “

——————{x 'tt <X wtt"‘).
(’tn tn m Sln[ 1( )]‘ 51n[ (Un n- m]
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If'we choose N to be the order of the’FIR.filter”andf
tN'to be the obserVatioﬁ'time,'then the expressions

t and t_-t in equations (3.17) and (3.18)

n-k” tn-m n” n-m |
~ becomes -k~ tN-m and tN-tN respectively ‘With reference
to Table 1 with N odd, the dlfferent values of the expres—‘
sions are summarized in Table 2.

Substituting the results from TablevZ into equation

(3.17) yields:

(231n[wh((m—k)T +e)] + 2A51n[w1((m'k)T )] neodd

@K)T + ¢ A
2sinfw, ((@-K)T - )] + 2xsin[w1((,m-k)j: - e)] ‘m-—Qev_eﬁ
cmk=_ o : '
| 26in[u, (m-k)T] + 22sinfuy (n-k)T] Cmk = even
(m-kK)T + ¢
‘vZ(mh + Awl) m =k
(3}19)

Similafly, equatidn (3.18) becomes,

2

mT+e {131n{w (mT + e)] - A31n[w (mT + ¢)] +

sin[wh(mI,+ s)] - sin[mc(mT + )]} m=oddv“
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bm=(i£%{ASin(wlmT) - Asin(wcmT) 4+

-sih(mhmI),—‘Sin(QcmT)} S ‘_v:"m%évén'

2[00y - o) + G o] om0
| S (3.20)
A close'obsérﬁation,Of equation‘(3;19) shows that
there are some spécial relationships between the-elements
of the métrix C(e). This can be demonstrated by the

following examples:

Let m=1; k=2, then bvaable 2 and equation (3.19)?. 

this gives,

2sin[(—Tv+ é)wh]f+ stih[(fT»+ e)wlj

(o] -
12 (-T + <)

2sin [-(T 4”é)wh]‘+ 2X3in [-(T - e)uq] R

- =(T - ¢)
 If we now, let m=2, k=1 then,

.' ZSin[(TV-,e)@hT + ZXSiﬁ[(Tv— e)wlj

Since sin(x) = ~siﬁ(éx)5ptheref0re;>clé = c21.'vSimilarly,
Coik can be shown to-equal ckm’for all m and k. This implies

that matrix C'has identical terms on both sides of the
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;quiagahai'7fnbréd§er the dlagonal elements are. glven by

fgd2(lw + W, ) for m—k equatlon (3 19),jls constant for all m.wﬂfbv';

‘n}*and k the dlagonal elements are the same and are ﬁ__;i*“bd’v

'constant Hence the matrlx C(e) can be sa1d to be con—*
fJugate symmetrlc, and n therefore Hermltlan (1 e
C ( )—C( )) thls also results 1n a 31m11ar characterlza-

| tlon of C ( ) (C ( ))-—C ( )) (( ) denoteS’the

o complex conJugate transpose of the argument) This

f'symmetry property of C( ) w1ll be used when we examlne the

propertles of the error cr1ter10n funct1on

3,4’ Properties of the Error Criterion Function

Slnce the ‘error functlon prov1des a measure . of goodness
“of the: d1g1tal fllter synthe31zed ‘a study of 1ts propertles
is very benef1c1al 1n terms of m1n1m1z1ng the approx1ma—ﬂ

:tlon error. By expandlng equatlon (3 l) one obtalns

£h) [W(w><Hd<w> - H <w>><H§<w> - W) de

Q
W(w)Hd(w)Hz(m)dw + ’r W(w)Hdv(’w)’H:(w.)dm -

7

Q

O

W(w)H (w)Hd(w)dm + 'W<¢>Hn(m>ﬂz<¢)dwf[;

;:"—‘\



27

TABLE 2

o for‘N=0ddﬁb

vValuesvof tN—k—FN-m and ty~ -
m,k EN-k"tN-m N~ tN-m
m=odd,  k=even (m-K)T + ¢ mT + ¢
‘m-even, k=odd | (m-k)T - € mT
m=odd,  k=odd (m-k)T mT + ¢

3m#even, ‘ k#eveh (m-k)T mT




B
= [W(w)|nd(w)| du - J W(Q)Ha(a)ﬂz(w)dw,-

Jw(w)H (w)Hd(w) de + va(¢)lﬂn(w)|2dw‘ ©(3.21)
Q o -

Substltutlng equatlon (2 5) into the above expre351on the

error functlon can: be wrltten as:

N-1 Jw(t_ -t )

_ B 3 Zm o ‘?'c " N ‘" n n-m .
£ imw)lﬂd(w)l d - im YHy(w)e i
N-1 Jw(t —t ) ‘
-] b JW(m)Hd(w)e n-k’ g,
k=0 K ) ,
+ Z hk X b [W(w)e n-konemtg, o (3.22)
If we define:
a = JW(w)|Hd(m)|2dw' | o (3.23)

 and substitute the bk'S'and c k's as defined in equations
(3.10) and (3.11) into equatlon (3. 22), then this expression

can be 31mp11f1ed to:

-1 ,  N-1 ,  N-1N-1

| 1
£(h) = PR - 7 bh, 4+ ) zhch.
» ko Mk T L PPk 1o meo Tk

(3.24)
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Expressed in vector form this becomes:
”Vf(ﬁ)f=_?j,'hfb"g»bTh{#sthh”ff;yfﬁfﬁ‘"je; (3.25)
.and the le vector h w1ll hereby refered to as the fllter '
coefflclent vector P = » ' :
Note that the last term 1n equatlon (3 24)

( Z Z hk mkh ) 1s always p031t1ve because 1t represents

k=0 m=0

. the squared magnltude term,.£W(w)|H (w)l dw in equatlon "u*”'

”*(3 21) It then follows that the product h*ch is pos1t1ve

Slnce C is a NXN Hermltlan symmetrlc matrlx (sectlon III 2),Ql~{>"

_therefore, 1t is ev1dent that C 1s a p031t1ve def1n1te -

”_matrlx 1n order that the above statement be true

As was done in. the prev1ous sectlon we shall now |
1ntroduce the eXpllClt dependence of the stagger sampllng

'*parameter € 1nto the error crlterlon functlon that 1s I
f”"br' 2 .'+: Ifﬁ'f~ffl7 L t -fIh"ff hh"sl‘fh | h
f(g,h) = a -hh,b(e)~~fb,(e)h_+ h_C(e)h - (3.26)»:,v

'vThe task now 1s to. select the value of e and h Wthh w1ll

mlnlmlze the crlterlon f(e h) Recall that the optlmal

e transfer coeff1c1ent vector h 1s

hfthénfit[is clear»that,for;avparticular value of e:

CEGeh(e) £ EGeR  @an
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The Justlflcatlon for expres31on (3 27) follows from
the fact that C(e) is a p031t1ve deflnlte NxN matrlx f~
“; hence Rank {C(e)} 1s equal to N and thus the 1nversehcf“f7'{

: C(e) ex1sts If the 1nverse of C(a) ex1sts, then theusdiuéh
ftlon of h(e), equatlon (3 15),'1s unlque Therefore there‘-
‘lS only one mlnlmum,value of f(e h) for a partlcular value'
ofe. , | S o
fﬂHence;‘fdrfthenOPtimal filtericoefficientﬂﬁectqrfh(é);.
‘min f(e h) f(e h( )) < f(e h) (3.28)

‘In order to study the effects of varylng the para-

metersezandllon the error cr1ter10n functlon f(e h), one't‘

has to examlne the derlvatlves of the functlon w1th respect

to the varlables € andﬁh s. In.prev1ous sectlons, 1t ‘was"

"fshown that for a glven value of e; the gradlent of the

v'}'functlonal w1th respect to h w111 yleld an optlmal solutlon B

“for h as:
BT =R Gy

Now, 1f we take the derlvatlve of the functlonal

- equatlon (3 26) w1th respect to e;‘we can go under two

vd:pos31b1e condltlons Flrst we can. take the derlvatlve =

. of equatlon (3 26) w1th respect to € whlle holdlng h con—‘f

'stant, and then evaluate the derlvatlve w1th the optlmal .

:set of h coeff1C1ents, 1 e. » at h h(e) | Or, we‘can,
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take the derlvatlve w1th respect to € for the error crlte—:
. rlon functlon w1th the optlmal set of h coeff1c1ents as a
-varlable of the functlon (1 e., f(e h) f(e h(e)))

For the f;rst-procedure»we get:

S dtew - fa- b n-nbe) FhToe) B

.=.4_gha§$l-hsfhf§%§$;f+ hfggéi%~h | |
e | " (3.29)
4 f(e,h)h|h£*$ _db ‘e) [c (a)b( >] [c‘l(e>b( >]* :

SR BT

Slnce C(e) is symmetrlc (as shown 1n sectlon II 2) so

"w111 C(e) thus the expre331on can be modlfled ‘and becomes

d f(auh) | = _b ( )C (h)-db( )‘ db (E) C (s)b(é> o L

h—h(e) dst ey

;Ih5+(5>¢;l(?> 9Ce) ¢~ e ) 63y

d -

Note that:'

Il: C(E)Cfl(éji'if:v.h



’ftf32«”ﬂ"

vL‘where I is the 1dent1ty matrlx If we take the derlvatlve ‘
‘Wlth respect to e on both 31des of thlS 1dent1ty, we get
ot% dc(e) ¢41( )’+ c(;) dc41(e)3f
~ de ¢ T R TTEe T
which,een.be,wfitten*333
dC(e) L L oo dol
c (€)=-C(e)'

Sﬁbstituting this-into.equatidnt(3;30) yields:”t~

df(g h) | b+( ) C (C)dg(E)‘f dg (E)‘C—l(e) b(E)
hh(c ) | ERRE T |

‘.‘::. T s, {~:»t
b (e) cTherote) e by

. - & S T . j 'v
= b*<e>c ( )db‘e?,etébdéf? cTHe) be)

. te =.§ b ( )[C db( ) s dC €(€) b( )]

. R »de.b C (E),b(£>'_” -

g e b()] Q%fflc bobe)
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-4 phoneE] ' (3.32)

For a minimum value éf f(e,h) one would anticipate that
%Ef(é,h) l  = 0, and then solye for thg‘value of‘e whiéh
wi11 sat?;?§€%his cdndition; o .

For the secbnd procedgre we shali take the deriﬁativev

of the errof~criterion function with fespect?to:e,'which

has h(e) as its argument, that is:

o

€

dfe,n(e)) = & [a - b7 be) - bT(e) h(e)

[aR

+ b’ (o) .c<e}v> h(e)]
With h(e) = ¢ e b(;)} tﬁis'c;n be written as:
f(e;h(e)):= %E'{éb;'[C_l(e)b(e)]Tb(E#
, "-*»'5*"(';)' :[¢f1<e>b(e)]
: + [c‘lll‘-(,gljb;.(e)jf(.;'(e) [‘C'-frl_.(é) ‘b(E)j_}
= %é:{a bt b(e)

- bT(e).C—l(f;:.) .b.(-s)»



| _;b@fi:'l@ G o v

'f*;li”%é Lb*<g>cf1<25fb<€5lsk

evorlose e

"%69 32?{b?<e)*ﬁ(e5]d7 i ';fdff;\~l'g ERERELI

Surprlslngly, thls is. the same result as. obtalned in the :_'
‘.flrst procedure, equatlon (3 32) » However a second thought |
would tell us that they have to be equal because they ‘
represent the ‘same p01nt on the error crlterlon functlon
for the same value of e;’l e. ,: |

f(e, h) l o= f(e h(e))

=h(e)

and hence they should have the ‘same slope w1th respect to\fy'

€. Therefore we can conclude that:

Gefem | e, h(e)) “:'»%g[bf(e)h(e)]l EECEL

h‘h(e)

»Furthermore we shall refer the total derlvatlve of the -

error functlon w1th respect to e as f (e h( )) and thus

fé(e,h(e)) =L [b (e)h(e )]

- "égégﬁlcﬁ(€> ' b*( )dh(e) S {k3}365_;;ﬁ;}4**




‘Recall that-“ C(e)h(e) b( ) hence blf we take the
derlvatlve with respect to e on both 31des of thlS o

identity, we get:

dC(e)s s 4 ~y ~dh(e) _ db(
-—-————-—déé)h‘(e) + C(e) 'd'e(e) = dge)

B RCORE T S IO BN I )

Substituting_this;intoveqnationf(3.34);‘Yieldsjh

£_(e,h(e)) = - %ﬁl h(e) - bT(e) CTH(e)

This will_be the relationshiphnsed to generate‘the
derivative of’the:error criterion function with respect'
to e in the simuiations.,
| Before 1eaving-thisvsection'We shall recali that the»'
‘error crlterlon functlon is a functlon of the two Varlables_
€ (the 31mple stagger sampllng parameter) and h (the
transfer functlon coeff1c1ent vector) | Also, it was |
found that the hk s of’h would.also be a fnnction of ¢
“if h is chosen to be optlmal Hence in order ‘to achleve
the best approx1mat10n to a de51red fllter one hasvto

select the value'of € that;would minimize the érror
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criterion function. The technique used tofdéterminéfthis:;ff5”

: optimal value offc‘is_as outlined,ih‘ﬁhe Algorithm in
‘section IIIQZ;'vThis’éigorithm'will,form“the“ébié'bésis;

" of the numerical examples presented in the next section. .



| CHAPTER IV
NUMERICAL EXAMPLES AND DISCUSSIONS S

In order to demonstrate the concepts and observa-
~ tions developed 1n the prev1ous sectlons we. shall con31der
the de31gn of a«hlgh‘paSSLfllter“ ThlS fllter w111 have a.

f;functlonal relatlonshlp between the 1nput and output

5 slgnals as glven by equatlon (2 1), :}ei;;:i.

Where'y(tﬁ)'is‘the’butput Of'theclinearhfiltergat'time‘th;j S

X(tn) is the input at time t 5 and h, are the transfer
’funCtion coefficients
The de31gn obJectlve ‘now, is to select’the value of

the stagger sampllng parameter € of the 51mp1e stagger

»sampllng and the fllter transfer functlon coeff1c1ent Vectorv'-"

‘h, so that the mlnlmum error crlterlon descrlbed in sectlon
,III can be satlsfled The des1red frequency response of
the d1g1ta1 high pass fllter w111 be as shown in Flgure 4

| The 1nterval set for comparlson is: @ = {w |wl<Pn/T} |

' In a pract1ca1 31tuat10n 'thls klnd of fllter -= 'the

clutter reJectlon fllter s—-.w111 have a Very small notch :
‘i.e., the relatlve w1dth of the stop band; glven by B
2w /(ZwP/T) = T/Pn is small In order to ensure the

presence of the notch at 1ow frequency 1n the 1mplemented
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fllter ‘one would choose a welghtlng functlon whlch welghs
heav11y around the reglons of trans1tlon between the stop
band and the pass band as . well as the stop band 1tse1f

A typlcal‘welghtlngvfunctlon ofuthls type is shown in

- Figure 5, i.e.,

| 1 otherwise -

p in which » >> 1 and w1_> ué"'The’Value‘ofhx’hassto‘be?”'
: large in order to: glve.a good match to the stop band at
-low frequenc1es in the frequency response of the 1deal hlgh
pass fllter Note that a small value of A will glve a
poor match and hence w111 not give a de31red stopvband at
low frequency, i.e., it mlght result 1n an all pass ‘t
filter, whlch 1s to be avoided. - | |

In order to contrast the two dlfferent sampllng
schemes unlform and 51mp1e stagger the follow1ng set
of parameters 1s used in synthe81z1ng a hlgh pass fllter
i(Table 3) Where all w s are in radlans Wlth € deflned
as e = qT/P, a Value of q =0 would result in a fllter

1mplemented by unlform sampllng, and for q # 0 the sampllng

- scheme is the 31mple stagger sampllng

We shall now proceed by follow1ng the steps as out-

lrned in the Algorlthm of Chapter III. The bk:Svand '

ok S (equatlons (3.17)wand'(3;18), respeCtively)iare ngﬁwj"“”
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TABLE 3

Parameters for a digital high pass

‘filter '

~a = 10° . . n-=

I

:vwh Pr/T

w, = n/10T o . q-=

3, 9
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evaluated. Then solving-the'sYStem7Of N equations in N

unknowns (equatlon (3 ll)), the optlmal values of the f11ter7?_fhf;i;

transfer functlon coeff1c1ents for a glven € are obtalned
~ Hence, the frequency response can besobtalned‘by evalua- -~
ting the Fourier Transform relationship:

; N1 -Jw(t e ) _ : A
HGe) = ] me ™ NONK o as)

Figure 6 shows the frequency responsehobtained with
"N=3, 9and e =0 (i.e., uniform sampling). vNote'thatv'd
when N is increased a better roll off for the tramsition
bands can be achieved which is'common as in‘a11~(analogs‘~
or digital) filter synthesis. '1f we now set € ='O;1T
(simple stagger sampling;‘T is the uniform sampling period)J
then the frequency response in Figure 7 shows that the |
perlodlc notches-arevremoved,‘although some troughs
'are still observable in thekpass band spectrum Again,
with a high order N, the frequency response of the filter-
is comparatlvely flatter, i.e., the troughs are reduced and;“;:

‘hence we have a better approximatlon to the de31red

response. From ‘this example one can see that the selectlon'_f’-h L

of the parameters N and € will have deflnlte 1nfluences on e o

the coeff1c1ents hk and hence on the frequency response

and error criterion functlon of the fllter Later on

we shall study the 1nf1uence of another 1mportant parameterjff{;ﬂ




( N=3 . E=OT , T=0.001 . P=10 )

0.00  10.47 _ 20.94 _ 31.42  41.89 _ 52.36 Te2.es
| - FREQUENCY k100

0.00  10.47 _ 20.94 Sl.42  41.89 _ ©S2.35  62.83
SN FREGQUENCY 3 L

N | o T DR
ﬁ:FiguPev6:'_Frequenéy‘hebonses_of a digital‘filteb'(gnifobm'
, sampling). : e o '
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( N=3 . E=0.1T , T=0.001 . P=10 1

0.00 10,47 20,84 Sz 4189 _ E2.96  62.83
| S FREGUENCY T wiec T T

‘(a)i

( N=9 , E=0.1T . T=0.001 . P=10 )

W,

0.00  10.47 '2b§94‘-"33142 41 89 . 52.36 . 652,83
| FREQUENCY. x10° S

g@)f

Figure 7: Fr‘equency r'esponse of a digltal f‘ilter (non-
uniform: sampllng)
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X, the constant in the welghtlng functlon . on’ the frequency
response and approx1mat10n error of the fllter

| In order to determlne ‘the optlmal value of € whlch w1ll"
minlmlze the error crlterlon functlon one now, has to |
perform step 4 of the Algorlthm 1n Chapter III | That is,
to flnd the dlrectlon of negatlve gradlent of the error
crlterlon functlon and perturb the value of € accordlngly
However, 1n the. process of s1mulat10n 1t was suspected

that the minimum valuevof f(e h(e)) dld‘not change
rdrastlcally as the Value of e was varled between +T. This
| behav1or is observed from a plot of f(e h) for several
dlfferent values of h Wlth the parameters as glven in vvib
' Table 4, f(e, h) is plotted and is shown in Flgure 8 |

It can be seen from Flgure 8 that the minimum values

of f(e h) for all dlfferent values of h have more or less o
the same values (1 e., the dlfference between these mlnlmum
vvalues is not large, and that these mlnlmum values occur

at the selected values of (e +O 7T +O 5T +0. IT, 0).

ThlS conflrms equatlon (3 28), wh1ch says

Cming Hew = £ Gee

v_Iffwejrecalljeduation.(3;33):we seefthat{' :

Bem(e) =a-bione ey
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TABLE 4

Parameters for the graph of f(e,h) vs e.

A = 10 N’.=‘9

0y = 3w, b;‘ | | P fviO "

wp =:Pﬂ/T T=1 sec '

oy =>31r/1v0"1‘v> | - q = +7, 45, }_1, 0
e = iO.TI;,v _-i:O}.S”I, +0.1T, 0




Q4 .82

x10°
75.88

THE ERROR FUNCTION F(E.H(E))  (T=1 . LM=10Z6 )

H(E=<0.TT)
‘H(€ =-05T)
H(E ==~01 T.)
H(e=0) .

H(E= 0-/T)
H(e = o-5T)
H{€= oTT)

D<N XD & x

s
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'Since a fs rndependentfof é, and'hence;:in’order‘that
»f(e h(e)) to have approx1mately the same mlnlmum value forv
' dlfferent € s, i.e. , for mlnlmum f(e h(e)) tends to be
'constantuovervthe,range of € 1nterested,_theaproduct
| _bT(e)h(é)vwill'have to'belapbroximatelv'conStantx'-To

b'verlfy this fact, a serles of tables W1th dlfferent para-

meters is generated and is presented in Table 5(a- e) ‘Thesev]'

tables-show the values of the producttﬂ(e)h(e), the value: |
oflf(s,h(e))land‘off(e;h(e))bwith‘h(e)t='h(O),fcorrespond; -
ing to a set of values of ¢ =0, +0.1T, +0.5T, +0.7T. o
~ It can be seen that although the product of . b (e)h(e)
_'tends to have very llttle varlatlon the value of
f(e, h( )) does not necessarlly have the ‘same small order
of varlatlon In fact, the varlatlon 1n the value of
f(e,h(e)) 1s larger than in the product of b (e)h(e) This :
1s due to the fact that f(e h(e)) has a smaller order than

the product of b (e)h(e) : Hence a small change in

- b ( )h(e) may reflect 1n a large change in f(e h(e)) .

Based on these results, we can now hypothe31s the
-follow1ng conJecture
CONJECTURE

For a partlcular fllter transfer functlon
coefficient vector, h, ‘obtained optimally for a -
given value of ¢, the plot of f(e,h(e)) appears to 1
have a minimum at ¢ = ¢. It was then hypothe31zed
that the condition.

£(Z,0(E) < £(e,h(D)

~for all e in'the'rangeb—T<é<T,}‘
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TABLE 5 B

values of f(e h(&)) for dlfferent e's

(o)

.‘************;*******************************k*****i********
NC = U.bce3eu U Wl = 0.188500 vl WH 3 u.471240 02
URDER = v LAMDA = 0,100 08 | o
P = 0.150 02 T = 0.l0b 01
k**************************************************ﬁ***;****
€  B(EJ*H(E) FOE/HCED) F(E,HLO))

k***********************************************************

=0.71 (.2¢566D 08 'o.abbsau 07 0.10248D 09
<0.57 0.224980 08 .  0.26753D 07  0.540010 08
<017 0.22e2sD 0B 0.29099L 07 0.497580 07
0.0T 0.22165D 08 0.296750 07 0.296750 07
0,17 0.22109D 08 0.302420 07 U.508900 07
0.57 . 0.c18BYD 08 0.324420 07 0.544510 08
0,77 0.2l7/60 08 0.83572u 07 0.102890 09
by _
\****************************************************Q*******
COWC = 0.514160 U3 W1 = 0.10996D 04 WH = U.157080 05
URDER = 9 O LAMDA = 0.100 05
P = U500 01 1= 0.10U=02 -
»*******************************k************i*****kﬁk**;k***»
£ BRIXM(E)  F(EHCE))  F(EH(U)) -

**t*t**x*tk***xﬁ***x********t***w***********t*****i*kﬁ*x*t*t

=0.71 . 0.135200 08 0.221770D 07 0.740940 07 -

“0.5T 0.13659D 08 0.207850 07 U.4B1350 07
YTy 0.136670 08  0.e0706D 07  O.elselb 07

0.01 0. 156550 06 0.208230 0T 0.208250 07
0,17  G.156420 08 0.209490 07 0.220690. 0T
0.5T  0.159550 08 0.21846D 07  0.490780 07

0.71 0134550 08 0.22836D 07 . 0,7%0370 07
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(C))

't***********************************************t******t*;**i :“A
WC = 0.94248D 03 W1 = 0.529870 04 CWH = 0,157030 os-; 
ORDER = 9 LAMDA = 0,100 U6 |
Pz 0.50D 01 T = 0.100-02
v;*************************************************i*********;
E B(EJH(E) F(EsH(E)) - CFE,HC0))

r*******************ﬁ**t********t*********t*****************l 

=0l 1T
0,57
-0, 1T
0.0T
0e1T
0.5T
e

0.150550 09
C0.123290 09
0. 7bsaaufou

V.702760 08

0.691710 08 -
0.1uisab 09
;0.13¥Z5Dﬂ09i‘ x..

o.9aa730 08
0.904520 08
0.740500 08

0.702760 08

0.680100 08
0.750870 08

0.852850 08

0.37699D 09
0.38UB1D 09
0,397210 09
U.400990 09
0,405250 09
0.3962350 09
0.387980 09

t(d5 

I*********************************************************** s

NC = 0.51416D VU W1 = 0.94248D 00 wH = O, 510160 oa
i | oﬁucw =9 LAMDA = 0,100 04 _’
Pz ou.lo0 02 1 = 0,100 01
****k*****t*************************t***ﬁ*t*t*****ﬁl******i*

E - BlE)*H(E) FGErH(E)) CF(EAHL0))
**********************k***t**********t***ﬁk*****t**tt**tt***

"0.’.[
‘»-0,51'
'U¢1“‘

0,07

OQIT
0.5T
0L TT

,o.1odezo
UelU814D
0.108190

V. 10823D

0.108260
0.108330
0,108340

04
04
04
04
‘04: '
04
04

Q¢234900
'.30,2$bibu
o 0.255650
0,255550

0.235030

 0.234260
©0.234150

0s
["E

03

‘03  :“
103 
03

U;ugésuoau
 0;245350"
0.255990
U.23538D
0.235350 ¢
0.241970
0. 208940

0s

03
oe

03

03 -

)
03
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t************t**‘k***-********(*e'k‘*)***’k'k***.t****t****‘*****t***‘**.
WC = 0,351416D 00 W1 = 0.94248D 00 wH = 0U.31416D 02
 URDER = 9 LAMUA = 0,100 07
P o= 0,100 02 ' T = 0.100 01
: k****r;'c**t***vttvttvtk*‘i***'*******t*k***t*_**t*.**'lf‘*jk*****i*tt****'
E BEJRA(E)  F(EfHCE)) FUE,H(0))

EXRAKRKARKR KRR KRAAR KRNI KAAARAARKRAKRAKRRAAKRARANKRAKRRARRARRKRARRAR R ARk kkkoke

[ 1]

0,71 0.110710 07 - 0.1490350 U6 U,15556D 0B

“0.5T 0.111v8D 07 0.149850 Vb -~ U.BL0S1D 07
~0.1T 0.110920 07 U.14748D U6 0.469T9V 0b
0,01 0,110780 07 0.14887D 06 0.148870 06
0;1|', 0.11061D 07 1 0,15059L 06 0472880 06
0.57 0.109520 07  0.16146D 06  0.8117eD 07

0,77 0.108030 07  0.170410 06 Ue155680 08
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However, as an ekample‘showh‘ih Figure 9'for alsmall ﬁalue
of A (i e- 103), 1t 1llustrates that thlS condltlon is not
'true in general The reason that Flgure 8 1nd1cated this
condltlon is thought to be caused by the large value of A
(1.e.51106) used rn-the‘de31gn. :

Nevertheless, if we canvvery crudely,regard these
variations in the functional f(e,h(e)) with respect to
‘different ¢ to be ihsignificant, then,'We will be able to
‘manipulate the.value‘of e‘in order to'redistribute the
error over the entire spectrum. That is, becaﬁSe onlyﬂa
small imprcvement'in the error criterion function is
obtained'by'varying the parameter ¢, cne can, instead of
aimihg tc minimize the error criterion functiOn; select the'
value of ¢ that will‘predUCe‘aifrequency'response'that is
best for the processing of ajparticular input signal
spectrum. | |

To verify;this, the filter with parameters.as shown in
Table.A»is synthesizedé'-The'Value of'qjvagain, has been
varied for the different values in the set {q: +7, 2, +1}.
The frequency response of the synthe81zed fllters corres-
vpondlng to each dlfferent value of e is presented in
- Figure 10(a—e). Notlce that the locatlons and the depths
cofvthe-troughshare not the same ln:each.case.v Th;s means’h-
although we cannot totally eliminate the troughs, We cah

manipulate the value of the parameter e, such that, an



299.58

|

285.88

E L, HCE )
258.49 -

=
1244 .79

THE ERROR FUNCTION F(E.H(E)) ~  (T=1 . LM=10E3 )

Hi€=-07T) .
H(E ==-c5T)
CR(E =-o1 T
CH(E=0) .
CH(€E="0c-1T) -
H(e= 0-5T)
CH(e = ¢TT)

Il
DA &k

z72.18

1

 ¢' ';¢ r”‘f-?—‘§=!§:g%asgg!!!!!!!gigf

1.00.  -0.80  -0.60  -0.40 -0.20  -0.00 - 0.20  0.40 ~ 0.80 - 0.80 100"
T CooLo o - VALUE GF E oxT ' :

| 231.09

. Figure 9: 'The E_rvréir Crite'r'_io_nv Fﬁnction (r = _103)



~ Figure 10 Frequency Response of dlgltal fllter w1th
© 7 different values of €.

CON=9 ., E=0.7T . T=l

L P=10)

0.00 . 10.47  20.94  31.42 41.89  52.25 - 62.83
FREQUENCY ' : '

'Figure 10(a)

CUN=8 , E=0.21 . T=l , P10 )

0.00 10.47  20.94 - 31.42 41.83 52.36  67.83
L o FREQUENCY. .

'Figuré 10(b)
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H(_N=9 ;'E;0r1T.ﬁ‘T=1'. P;1D‘]

0.00  10.47  20.94  31.42  41.80 S 36 62.89
L - . FREQUENCY S B ,

~ Figure 10(c)

C'o.o0 - 10,47 20,94 31.42 - 4189 2.9 67.63
’ : ' FREQUENCY U :

' 'Figﬂre 10(d)
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(N=9 . E=-0.7T . T=1, P=10 )

o

el

Lo . : B .
©w » T ‘ — U T T - N
'0.00 10.47 20.94 31.42" 41.89 52.36 0 B2.83

N FREQUENCY

liFigure 10(e)



:"rnput‘spectrum can be processed w1th mlnlmum d1stortlon |
:_}'Thls is seen in the follow1ng example T | |
| | In proce531ng radar s1gnals 'some‘partlcular‘frequency
vcomponents may be 1ns1gn1f1cant in the frequency spectrum ’
*’concerned (1 e. assume that 31gnals may occur only at |
certaln frequenc1es) : Hence, one may tend to orlent the
*troughs of the 1mp1emented fllter response to those
vfrequenc1es Thus, the s1gna1 ‘can be processed w1thout
_lmuch loss of 1nformat10n due to the presence of the .
vtroughs | R | | |

| HoweVer \1t can be‘seen that there 1s no systematlc
;approach to- select the parameter €. One has to study all L
;5the ‘response spectrum of the fllter correspondlng to all
Iposs1ble values of s before the best value can be selectednh
| Nevertheless,vlf we proceed w1th the algorlthm pre-'

”Llsented 1n Chapter III we can always flnd an optlmal value:‘

"-of € Wthh mlnlmlzes the error crlterlon functlon

“} The f11ter presented in Flgure 7b is now belng solved3c;

ufor the optlmal value of ; and was found to be e%=-0. 38T

}Wlth thlS optlmal value of ¢ the frequency response of the“tfdg‘"“

f»fllter is generated and is shown 1n Flgure ll If we' compare

N Flgure 6b (unlform sampllng), Flgure 7b (non unlform staggertf:tf

“;samp11ng w1th arbltrary e) and Flgure 11 (non unlform
*:stagger sampllng w1th optlmal E) we can see that the |

bfo_perlodlc notches present in the frequency response based on




C(N=Q L E=-0.38T . T

1 ,‘}éxltj )

0.00  10.47  20.84. 3142  41.83  ©2.36  62.83
7 TFReauency T T |

. Figurell: Frequency Response of digital filter with optimal




»_;unlform sampllng 1s reduced 1n the non- unlform sampllng
'cases ' It can also be observed that 1n the non unlform

: sampllng case u31ng the opt1ma1 value of £ (Flgure ll)

vthe locatlons of troughs that are orlolnally present in theﬁ-ﬁ oo

' response w1th an arbltrary value of e 1s redlstrlbuted over;
’x*the entlre spectrum That 1s, w1th the optlmal value of e,:
the frequency response of the fllter w1ll have a better .
"approx1mat10n to the de31red response than the one u51ng an:f

arbltrary value of e;bas expected | s |
' Note that 1n Flgure ll the symmetry about the -
frequency Pﬁ/T is lost _ Slnce €0 is equal to,—O,38T in
‘thls case whlch means the relatlonshlp € IIQT/P‘gives
q/P = -0.38 or q = —38}‘P'= lOO.__However; wédhavé |
orlglnally used P =10 (Tablef3);3therefore;‘thisbmeans that .
we have a further 1ncrease‘in‘the period,v'Thatris,’With:‘

=10 38T"thedfilter Will have affrequency résﬁonse that

dr:has a period’ of lOOn/T rather than 101/T as we have expectedjjT'

: and that is the reason for lack of symmetry in the response‘-w'

sshown 1n Flgure ll over the frequency range presented

It was mentloned that the constant Ain the welghtlng

functlon W(m), equatlon (4 l), has to be large in order to _fvf“ﬁd

lrnsure the notch in the stop band ThlS fact 1s 1llustra—,‘
. ted by Figure lQ‘and 13. In Flgure 12 we have used a value‘x
‘.of A equal to 103 and 1n Flgure 13 a value of lO6 ‘It can |
hbe observed from Figure 12 that the response has a very i

‘small attenuatlon ( 7 db) at low frequenc1es that is,



( N=9 . E=-0.3T . T=l . A=10xx3 |

LU

'o.o0 10.47 20,94 31.42  41.88  52.96  t2.83
' o -FREQUENCY = : -

Figure 12 :- ‘Frequency response of filter with small A,



IN DB

W)

H{
60.00

CONSS, E=-0.3T . T=l o n = 10%46 )

=27.50

0.00  10.47  20.94  31.42  41.89  52.36  62.03
o = FREQUENCY ’

o Figure 13 'Fr‘e‘quen'oy» reéponse of filter with _1a_r'gé, A



“vf_the stop band of the hlgh pass fllter is® not achleved

',;fWhereas w1th a large A the attenuatlon at low frequen01es

‘;i¢60:_;

is hlgh (- 60 db) whlch in effect acqulres the functlon

of the stop band

PR SR A Ll




CHAPTER V
SUMMARY AND CONCLUSION
The loss of 1nformat10n and allas1ng problems due to-
the perlod1c1ty of a dlgltal fllter based on unlform AQT'
sampllng scheme is found to be*very undeslrable\ln,some~bf7<
applications in 31gnal proce351ng ‘1ﬁ75£der”to*over¢6mé f
this effect one would tend to con31der the dlgltal fllterﬂ
- .based on a non- unlform sampllng scheme because the
'frequency response of the dlgltal fllter in thls case w1ll{»
have an extended perlod ThlS effect 1s 1mportant 1n that
dwe can de81gn a fllter w1th the proper extended perlod »
so that the loss of 1nformat10n and a11a31ng problem can pi
be mlnlmlzed ' |
It was. shown that w1th the s1mple stagger.samplfng;
v'an optlmal value of the stagger parameter can always be
found wh1ch mlnlmlzes an error crlterlon That 1s,1the,
voptlmal value of the error cr1ter10n functlon f(e h) ls

given by.

Where h is: the transfer functlon coeff1c1ents vector
However 1t was found that the optlmal value of the:a'

error cr1ter1on functlon £(e, h(e)) does not have a large”

variation by;varylng the parameter,e,for:lelgi. ThlS effect ffffqlf



,jallows an extra degree of freedom 1n‘the fllter de31gn
‘LBecause by selectlng a proper value of € one can have a
»fllter response that would best process a partlcular 31gnal
fhowever thlS value of € may not be the optlmal Value that 'f:
would minimize the error crlterlon functlon |

A conJecture was put forth that the condltlon

' _f(e h(e))<f(e h(e)) 1s true, that is, the m1n1mum of

f(e h(a)) occurs at e However thlS condltlon was shown
to be false when»the.value of'A the constant‘rn thef
'welghtlng functlon was chosen to be small o

| Only the 31mple stagger sampllng scheme has been"b
:f:studled in thlS analy31s The propertles and character— l
l,lstlcs of thlS partlcular sampllng scheme may not be’.”
common to other types of non- unlform sampllng schemes
R However the advantages of u31ng a non- unlform sampllng
‘scheme 1n synthe8121ng a dlgltal fllter are 1nev1table

lSlnce thlS analy51s does ‘not g1ve an exhaustlve study on -

all p0331ble non unlform sampllng schemes further 1nvest1{;ff;fif,ff

gatlon should be carrled out to examlne the propertles
characterlstlcs and 1nfluences on the frequency response Ly

~of a synthe31zed dlgltal fllter
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APPLICATION OF NON- UNIFORM SAMPLING TECHNIQUES TO DIGITAL
,FILTER SYNTHESIS ; |
by

Joseph SiuminngSUi-

;,‘(ABSTRACTQV

An Investlgatlon of the non- unlform sampllng technlqueI'
as applled to digital filter deSIgns w11l be made ' he:d
_;obJectlve of the desIgn'ls to reduce the Interference 1
problems as one'would-encounter in using,uniform Sampiingvh
_technlque in: the syntheSIS An analySIS of - the error‘
functlon which measures the goodness ln apprOXImatlng a
deSIred frequency~response w111-also be undertaken An
algorlthm which: determlnes the optlmal parameters for a
high pass fllter will be developed and used to syntheSIZe
- the partlcular hlgh pass fllter " The results-ofvthls '
design, the frequency response and its approx1mat10n error‘g

"w11l be studled and evaluated
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