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1 Introduction

The challenge of establishing the phase structure of Quantum Chromodynamics (QCD),
corresponding to the observed color confinement with chiral symmetry breaking, might be
tackled [1] by adding small SUSY breaking perturbations to the exact results and phase
structures of the supersymmetric versions of these theories (SQCD) [2, 3]. In the IR of
softly broken SU(N.) gauged SQCD with N, colors and Ny flavors, studied by some of the
authors previously [4, 5], there exists a stable chiral symmetry breaking minimum for all
Ny < 3N, except for the specific case of Ny = N, in which the stability of the chiral symmetry
breaking point cannot be determined. Such chiral symmetry breaking minima are expected
to continuously connect to the true vacua of non-SUSY QCD as SUSY-breaking is increased.
Meanwhile, at the upper end of the free magnetic phase (%Nc > Ny 2 1.43N,) and into the
conformal window, the theory suffers from an apparent runaway behavior, attributed to the
tachyonic 2-loop masses of dual squarks. From the point of view of the electric description,
we expect these runaways to end at an incalculable global minimum at large field values of
O(A), while still leaving the chiral symmetry breaking minimum to be locally stable.

In this letter, we study QCD-like Sp(/V,) theories, which are free of any baryonic runaways
because there are no baryons. The superpotentials, moduli spaces and quantum vacuum



structure of N'=1 SUSY Sp(NV.) theories have been worked out in [6] by Intriligator and
Pouliot, which will be the basis of our analysis for the AMSB perturbations [7, 8]. The
unitary symplectic group! Sp(N.) is the subgroup of SU(2N.) which leaves invariant an
antisymmetric tensor J°/, which we can take to be J = 1y, ® ios. The dimension of this
group is N.(2N. + 1). We take for our matter content 2N fields @Q;, i = 1---2Ny, in the
fundamental 2N, dimensional representation of Sp(/N.). Similar to the conclusion of SU(V,)
gauged theory, we predict that non-supersymmetric Sp(N.) QCD leads to chiral symmetry
breaking all the way up to Ny < 3(N. + 1). Our analysis cannot be applied to the range
Ny > 3(N. + 1) because the AMSB effects make the squark masses negative and thus the
perturbed theory has no ground state. However, in the Sp(N.) theories, 2-loop level AMSB
runaway in the dual squark direction is naturally lifted by the tree level SUSY potential
at the upper end of the free magnetic phase (%NC > Ny 2 1.43N.) and the lower edge of
the conformal window, and the Ny = N, + 1 meson point in the quantum-modified moduli
space is also stable with respect to runaways.

Before we begin, we recall a well-known result from Anomaly Mediated Supersymmetry
Breaking (AMSB), namely the tree-level supersymmetry breaking terms in the Lagrangian,

Wree = anglj*a;kw* + m*m (Ong”*ﬁj*K — K)
+m (aWgT oK —3W) + cc. (1.1)
where g% is the inverse of the Kihler metric g;; = 0;07 K. For simplicity, we will always

take the single spurion m to be real.? When the Kéhler potential K is canonical in the
fields ¢;, this reduces to

ow
ol

This is accompanied by loop-level supersymmetry breaking effects in tri-linear couplings,

Viree =M (qbi — 3W> + c.c. (1.2)

scalar masses, and gaugino masses. The above expressions remain true at all energy scales
due to the property of ultraviolet insensitivity for AMSB.

2 ADS superpotential Ny < N,

The space of vacua can be given a gauge invariant description in terms of arbitrary anti-
symmetric expectation values of the “meson” superfield M;; = Q;cQjqJ @ Tn the low energy
theory, the dynamically generated superpotential restricted by holomorphy and symmetries

is the Affleck-Dine-Seiberg (ADS) superpotential
_ 1/(Ne4+1—Ny)
—1 A 3(Net+1)—N,
9Ne—1 ANC,Nf f

PE(M)

W = (N, +1— Ny) (2.1)

where we have set the root-of-unity factor wpy, 41— N, to 1 because it is not significant to
our current discussion. To be concise, we will drop the subscripts on A for the rest of this

'Note that we use notation such that U(N) C Sp(N) C SU(2N).
2This corresponds to a choice of U(1)x frame, and can be exchanged for a different frame if convenient.



section. Subject to “D-flatness” constraints, the classical lagrangian has a moduli space of
degenerate SUSY vacua @); which when assembled in a single (2N x 2N.) matrix are of
the form (up to gauge and global flavor rotations)

a
a2
Q= ® 12 (2.2)
any
The corresponding matrix of Meson VEVs is
0 a?
—a? 0
M = (2.3)
2
0 an,
*a%\/f 0

with Pf(M) = vazfl a?. In the region far away from the origin of moduli space (i.e. the meson
VEVs are much larger than A?), the theory is weakly coupled and the Kéhler potential is
canonical in the quark superfields, so we can use eq. (1.2) to obtain

2
ONe—1A3Ne+3—Ny | Neri-n; [ Ns 2

PE(M)

1

a;

V=2

i=1

+ c.c. (2.4)

9Ne—1 ABN+3—Ny 1/(Ne+1-Ny)
Pf(M) )

—m@Ng+3—Np<

We use the inequality of arithmetic and geometric means to deduce that this potential is
minimized when all the |a;|? are equal. Thus, the global minimum can be found in the
homogeneous direction M = a?;; ® io2. Without AMSB, the vacuum clearly runs away to
infinity. With AMSB, we can see that the runaway is lifted and we have a global minimum at

NC+17Nf

ﬁ:ﬁﬁﬂ(m+1w o (2.5)
3N +3—Nym

The minimum is indeed at a? > A? for m < A, which justifies the weakly-coupled analysis.
The SU(2Ny) flavor symmetry is dynamically broken to Sp(/Ny), and whenever this happens
we shall call the minimum a fully chiral symmetry breaking minimum.? The massless particle
spectrum consists of the Nambu-Goldstone bosons, whose scalar and fermion partners have
masses that grow with m. Naively increasing m beyond A, one would expect that the only
remaining degrees of freedom will be the massless NGBs.

3Whenever the flavor symmetry is broken to a larger subgroup of SU(2N;), such as Sp(N.)®Sp(Ny — N.—2)
in the dual squark branch (see later), we shall call the corresponding minimum a partial chiral symmetry
breaking minimum.



3 Quantum modified constraint Ny = N, 41

The dynamical superpotential is zero in this case. The low-energy degrees of freedom are the
previously defined meson fields M;; subject to the quantum modified constraint

P(M) = 2N ARG (3.1)

There are no “baryons” in Sp(/N,.) because the invariant tensor € "“Ne breaks up into sums
of products of the J°, i.e. baryons break up into mesons. The quantum moduli space of
vacua is smooth. The above constraint enforces that the meson fields have VEVs of O(A).
Therefore, higher order terms in the Kéhler potential are not suppressed relative to the
canonical term and the formula (1.2) cannot be trusted. So instead of implementing the
quantum-modified constraint in the superpotential via a Lagrange multiplier field X, we
should perform a non-linear analysis using the constraint. For simplicity, we will use units
where A = 1. In general the equivalence classes of the 2N; x 2Ny anti-symmetric meson
field M under SU(2N;) flavor symmetry can be represented by

M = dia‘g{ah U ,CLNf} ® 7:0-27 (32)
in which a; to ay, are non-negative real numbers that satisfy quantum modified constraint
N _
Hi:fl a; = 2N,
The moduli space contains a special point of enhanced symmetry: the meson point with
M;; = ad;j ® io9, where o = 2(Ne=1)/(Net1) " We shall first perform AMSB around this point.

3.1 The meson point

To satisfy the constraint (3.1) at the meson point and examine stability only along the
direction that M stays in the form (3.2), we make the change of variables

1
M:aen®i02:a<1+ﬂ+21'[2~-)®i02 (3.3)

where II is a diagonal, traceless matrix, so that det(e!) = 1. The pure imaginary part of this
II will turn out to be Goldstone modes. The Kéhler potential is built out of flavor invariants,
e.g. Te(MTM), (Tr (MTM))2, Te(MTMMTM), etc. Notice that they will all contribute at
quadratic order in the hadron superfields and will have similar algebraic form. For example,
let’s examine the II contribution of the aforementioned three terms up to quadratic order (an
overall factor of 2 appears in the traces due to the tensor product with io9):

1 1
TrMTM:Z(TrHTH—i—2TrH2—|—2TrHT2> (3.4)
1 1
(Tr MTM)? =38 (TrHTH +3 Tril? + 3 T&“HTZ) (3.5)
1 1
T MTMMIM =8 (Tr I + 5 Ir I° + 5 T HTQ) (3.6)

A useful formula here will be the tree level AMSB potential corresponding to K = ¢fp +
n/2(¢? + ¢12). Using the general formula (1.1), we then get

Vamss = n°m?¢lo + gmz(sOQ + %)

= (n* + n)m*Re(9))* + (n* — n)m*(Im(p))*



Setting 7 = 1 corresponds to the Kéhler potential (upto factors of 2) for each component
of IT in (3.4)—(3.6), so that the Im(II) are the massless pions — the Goldstone bosons of
broken chiral flavor symmetry.

For Im(IT) to remain massless, Goldstone’s theorem ensures that all higher-order meson
flavor invariants of the Ké&hler potential will give contributions proportional to the right-
hand-sides of (3.4)—(3.6). Moreover, they will (in aggregate) come with a positive sign in
order for the II to have a physical kinetic term (i.e. a positive-definite Kéahler metric). Also
note that this will result in a positive mass for Re(II), which will stabilize this direction.
Thus, unlike the AMSB-deformed SU(N,) SQCD theory where baryonic contributions lead
to incalculable minima, the meson point here is stable.

3.2 Away from the meson point

Next, we consider the possibility of having another stable minimum away from the meson
point. First we examine this possibility with just a canonical Kéhler potential. Then we
investigate whether higher order Kéahler terms could change the conclusion.

Restricting to a canonical Kéhler potential, we show that any point in the quantum
modified moduli space other than the meson point would not be a stable minimum, thus
suggesting that the meson point is a global and chiral symmetry breaking minimum. To
see this instability, we perturb around an arbitrary point

1
M:Aen®z’02:A<1+H—|—2H2-~->®i02 (3.7)

in the moduli space, in which we have taken A = diag(aq, a9, - -- ,aNf) to have different

eigenvalues satisfying Hi\;fl a; = o!V7, and II again to be a traceless matrix. We expand
I1 = AT with hermitian SU(N;) generators T and complex scalar fields IT4. Focusing on
contributions from Tr MM, we find a II-linear term K > Tr MTM > 2(Tr AATTA)(HA—l—HAT)
in the Kéhler potential. This II-linear term becomes zero only when the matrix A has identical
eigenvalues. This linear term in K leads to also a II-linear term in the scalar potential

1 1
VAMSB > HE <—2’UE + 5CAE'CZEUB + UACZECEB

1
—EUACXé(DCDE + DECD)CD}BUB> (3.8)

where v = 2 Tr(AATT4), CAB = Tr(AATTATE), and DABC = Tr(AATTATETC). Also note
that there is a II' linear term of a similar form in Vaumgsp.
In general, it is hard to find a necessary and sufficient condition for this linear term to be

A

vanishing. But it’s straightforward to see that it disappears when v**, or equivalently, when

the Il-linear term in K is zero. There is also a constant term in Vamsp, which is

1
Vamss D 5UACAT}BUB — 2Tr(AAT) (3.9)

This term is most negative when at the meson point. So overall, the nonzero linear term in
VamsB, showing up everywhere in the moduli space other than the meson point, ensures that
we have a unique, stable, fully chiral symmetry breaking minimum at the meson point.
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Figure 1. The potential (in A = 1 units) for the case Ny = N, + 1 = 3, with Kéhler potential
K = 1+ Tr MTM which properly interpolates between the small- and large-field regimes and
maintains positive-definite kinetic terms everywhere. The red dot indicates the meson point, which
can be seen to remain the global minimum of the theory. We parametrize the moduli as in eq. (3.2)
with az = a

Next we consider whether the inevitable higher order terms in the Ké&hler potential
could change this conclusion. We require that the second derivative of the Kéahler potential
0?K/0¢'0¢*) be positive definite on the entire moduli space for ensuring a positive definite
kinetic term for the mesons. This is rather constraining, such that generically adding
higher-order Kéhler terms truncated at some finite order results in a non-positive-definite
Kahler metric. We expect the full Kahler potential to interpolate between the canonical
form for the mesons Tr MM at small field values and that for the quarks v Tr MTM at
large field values (where the perturbative UV description should apply). So as an ansatz
we take K = v/1+ Tr MTM. Numerical computations at low values of Ny show that this
ansatz satisfies the requirement of positive-definiteness, and the meson point remains the
global minimum (see figure 1 for the Ny = 3 example). Any deformations to the canonical
Kéhler potential we have tried that produce other minima or runaways suffer a lack of
positive-definiteness of the kinetic term, and thus are not physically acceptable.

Taken all together, we have strong evidence supporting the conjecture that the meson
point is the true global minimum of the full theory.



4 S-confinement Ny = N, 4 2

The case N, = 1 is equivalent to SU(2) s-confining SQCD with AMSB, which in [9] was found
to not have a chiral symmetry breaking minimum for small field values. In [10], a three-
generation SUSY SU(5) GUT with AMSB also had a classically conformal superpotential
and was also found to not have a symmetry breaking minimum. Whether an additional
deformation of such theories could salvage the situation remains an open question, but we
do not investigate it further in this work.

For the case of N, > 1, we find a stable chiral symmetry breaking minimum and no
runaway directions. At leading order we take a canonical Kéhler potential for the low energy
meson field M, which is justified when the eigenvalues of M are much smaller than the
dynamical scale A (i.e. the theory is strongly coupled). The superpotential is

W = —k PE(M), (4.1)

where we use units with A = 1 and & is an unknown order 1 coupling that makes the Kéhler
potential canonical. For M, we start with a block diagonal matrix with arbitrary (possibly
different) entries v; for each block. For fixed Pf(M), any terms outside the 2 x 2 blocks
would increase Vgygy, justifying their omission. Also, given that we are taking m real, it is
enough to look for minima with all fields v; real. Later we deduce that the global minimum
occurs when the VEVs are homogeneous, namely M;; = vd;; ® ioo. Using equation (1.2),
and that in general Pf(M) = Hi\ifl v;, we get

1 o (S
V=3 (KPE(M))™ [ D o2 + 2mr(3 — Ny)Pf(M). (4.2)
i=1 171

For a fixed Pf(M), the inequality of arithmetic and geometric means tells us that this
function is minimized when all the v; are equal. Setting all the v; to v in the above potential

~(2m(N.— 1)\
v = ("M) . (4.3)

and minimizing, we get

The potential at this minimum is a long expression, but in particular it is
Vinin = —O(mNe+2)/Ne) (4.4)

This is the fully chiral symmetry breaking minimum that we hope to be continuously
connected to that of non-SUSY Sp(N.) QCD. Note that since there is no Yukawa-like term
in the superpotential (unlike the corresponding SU(V,) case), we don’t get a 2-loop mass
for the meson. So there is no 2-loop potential that could destabilize the chiral symmetry
breaking minimum.

We should finally check the effects of higher order terms in the Kéhler potential, the
leading ones being (Tr MTM)? and Tr MTMMTM with unknown coefficients (including
signs). Using (1.1), we find that these give potential terms ~ m?v*. At the value of v ~ m!/Ne
that minimizes the potential, these are higher order in m (as 2+ 4/N, > 2 + 2/N.) and

can be neglected.



5 Free magnetic phase N, +2 < Ny < 3(IN, + 1)

For this range of flavors, the SUSY theory is in the free magnetic phase and the IR is described
by an Sp(Ny — N, —2 = Nc) gauge theory with 2N; dual quarks ¢'(i = 1...2Ny) in the
fundamental representation (i.e. Ny “flavors”) and a gauge-singlet antisymmetric meson M;;
(= —Mj;). The theory has a global SU(2Ny) flavor symmetry with ¢ in the (2Ny) and M in
the (Ny(2Ny —1)) representations. The superpotential of this free magnetic theory is given by

W= ; Mijqiq) g, (5.1)
in which all the fields are already normalized to have Kéhler potential % Tr MTM + Trqfq.
Also note that only the deep IR behavior of the theory is specified and we do not have control
over the relative strengths of the gauge interaction and the Yukawa interaction A in (6. 20)

One of the most significant properties of Sp( ) gauge theory, different from SU(N,),
is that for the entire free magnetic phase window the baryonic runaways of the latter are
absent in the former, regardless of the negative 2-loop mass of quarks when Ny 2 1.43N..
Furthermore, throughout the free magnetic window, the chiral symmetry breaking minimum
is stable and likely to be the global minimum of the theory. To reach this conclusion, we
have to carefully check several branches presented below case by case.

We proceed by first analyzing the dual quark direction, where the entire dual gauge group
is Higgsed by giving VEVs to the dual squarks. As mentioned, the theory is free of runaways in
this direction throughout the whole free magnetic phase. We next exhibit the chiral symmetry
breaking minimum along the mesonic direction. Finally, we check the mixed directions, where
only some meson VEVs are turned on, to ensure that they contain no runaways.

5.1 RG analysis

We first present some general renormalization results from [11, 12] when the superpotential
is (6.20), which will be useful in both the free magnetic phase and conformal window sections.

For a more general Yukawa-like superpotential W = %)\ijk@(quﬁk, the anomalous di-
mension for scalar fields are

= 20 = g (2920 - jX;AkaAzjk) . (-2

Substituting in our specific Yukawa potential (6.20), we get the 1-loop anomalous di-
mensions

Y=g 2(2CF§/ — (2Ny — 1)X?) (5.3)

Y™ = _2]8\/;;\2 (5.4)

41t should be noted that at exactly N F = %Nc, the theory enjoys classical conformal invariance. This is
known to obstruct the usefulness of AMSB [9, 10], and so this particular point remains an open problem.
One may, however, speculate about chiral symmetry breaking in the non-SUSY theory based on the results
immediately above and slightly below in Ny.



where Cp = (2N. + 1)/4 is the quadratic Casimir of the dual gauge group Sp(N,) in its
fundamental representation.

For the beta functions of the gauge coupling and the Yukawa coupling, we have their
exact results and 1-loop approximations as

9" 3(Ne+1) = Ny — Npyg 1-Joop (=b)g"*

ﬁg g _87-(2 1 . (NC + 1)92/(8772) 87‘(2 (55)

B = —(ym + 279)A? (5.6)
2

L (@R, + ANy — 29X - (2R, + 1)g?) (5.7

where b = 3N, + 3 — Ny. Note that we follow the notation 3, = M%QQ etc.

In a small neighborhood of the origin of moduli space, the theory is allowed to run into
the deep IR. Then since the magnetic theory is IR free, both gauge coupling g and Yukawa
coupling run to zero. At 1-loop, the coupled beta functions have the relation

ﬂg BA_Nf_Nc_Q 2_N6+2Nf—12

—- - == A 5.8
g2 N2 82 g 472 (58)
We can solve the RGE, and we find that in the deep IR
2
1
E ANy — (5.9)
8m (BNe+3— Ny)lnp
A2 Ny — N, -2
~ ! (5.10)

472 (3N +3— Ny)(Ne+2N; — 1) Inp
Plugging these into (5.8), we can conclude that close to the trivial fixed point the
couplings approach along the trajectory given by

4o o B D (5.11)

dlog ju \2 g2 A2
This relation allows A to be written in terms of g as

X Nj-N.-2

5= = (5.12)
g 2N.+ 4Ny —2
when close to the IR fixed point.
Now, through anomaly mediation, scalars acquire 2-loop masses given by
1,
m3 () = —=7i(n)m® (5.13)

4

in which 4 = ,u%% (in general, physical masses are the sum of contributions from the
tree-level or non-perturbative superpotential, tree-level AMSB and loop-level AMSB). The
signs of these mass formulae have been chosen consistently with the sign convention of the
+’s. Thus, the 2-loop masses of the dual quarks and the mesons are [5]

(—b)g* 2N? — (6N, + T)Ny — 2N2 + 2N, + 3m

2 2
m2 = _ : 5.14
7 (1672)2 2(N. 42Ny — 1) (5.14)
2 _ (—5)2]\7c92)\2 2
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Figure 2. A plot for Ny = 330, N. = 230, i.e. Ny = 1.429(N. + 1). Couplings clearly flow to
the fixed point (0, 0) along a straight-line trajectory. The red line is a plot of mg = 0 and indeed
the trajectory converges onto it near (0, 0). The region below the green line satisfies m%;, > 0; the

trajectory completely lies in this region.

where b is negative (in the free magnetic phase), ensuring that the meson masses remain
positive throughout the free magnetic window. The dual quarks have positive masses for
most of the window, however become negative at the upper end when Ny 2 1.43(N.+1) (for
large N.). The RG flow is illustrated in figure 2 for a choice of Ny ~ 1.43(N. + 1), where
we expect mg to switch sign (and hence be ~ 0) while m3%, remains positive.

5.2 Dual quark branch

For Ny 2 1.43(N.+ 1), we give D-flat VEVs to the dual squark. The squark VEV appears to
trigger condensation of the mesons as well, leading to a minimum along a mixed branch. We
focus on the slice of moduli space parametrized by the VEVs ¢ = ¢,1®12 and M = ¢ ml®ioy.5

°If we just used the available gauge/flavor rotations and D-flat conditions, generally there could be more
non-zero entries in the ¢ matrix, whose presence in the scalar potential could be parametrized using a
CKM-esque unitary matrix. However, even a numerical exploration turns out to be very challenging if we
assume full generality. Therefore, we resort to a numerical exploration on a slice with enhanced symmetry.

,10,



The superpotential and Kéhler potential are then
A cd
W = 3 Z]chdJ = AN, (bM(b (5.16)
1 -
K:iTrMTM—i—Tquq:Nf]¢M]2+2Ncl¢q]2 (5.17)

which lead to the scalar potential

2
1 1 ow
V=—N 2 ’}/M _2N 2 7q 2+
M oW ( _%) ow
+3m(W+h.c.)— (1 > <¢ Bon; +h.c > -m 5 bq ey +h.c.
_ 27M ()\]\~fc¢q) S 2% 2 (2)‘NC¢M¢q)2 ~ 2
=—Nym ¢M+7Nf —2N.m Z¢q+—2ﬁc +m (Y +27) </\NC¢M¢q)

(5.18)

Note that even though the terms quadratic and linear in ¢); may be positive, it is not
necessary that the minimum of the potential would be for ¢p; = 0. So ¢ps should not be
integrated out a priori. In the deep IR, we can use equations (5.3), (5.4), (5.9), (5.10),
(5.14) and (5.15) to express the scalar potential as a function of Ny, NJC, m, ¢y and @
only. Even for the slice that we have chosen, the scalar potential is complicated and an
analytical derivation of the minimum does not seem to be possible. The scalar potential
is numerically analyzed using contour plots on the ¢y — ¢, plane, for different values of
the “unconstrained” parameters NC7 Ny and ¢. We take the RGE scale p ~ *(¢M + ¢q)
(one could also take the geometric mean Without changing the net qualitative outcome of
the analysis). Regardless of these choices, we always find a single minimum at non-zero
¢ém and ¢4 (hence the ° ‘mixed branch”), where the original SU(2Ny) chiral flavor symmetry
would be broken into Sp( ¢) @ Sp(Ny — N, — 2). In particular, there is no runaway despite
tachyonic dual squarks, and also no minimum is seen for this potential along the pure dual
squark or pure mesonic branch (i.e. for either ¢»; = 0 or ¢, = 0). For illustration, a 3D
plot and contour plot have been shown in figure 3 along with the corresponding numerical
choices made. For each set of parameters, we locate the coordinates of the minimum in
moduli space and evaluate the value of the scalar potential at the minimum. However, we
are unable to provide an analytical expression.

Interestingly, we will show in the next subsection that the partial chiral symmetry breaking
minimum from this branch is only a local miminum for 1.43(N. + 1) < Ny < 1.5(N. + 1),
with the global minimum coming from a pure mesonic branch after accounting for non-
perturbative dynamics.

5.3 Mesonic branch

For N.+2 < Ny < 1.43N,, where m?u and mg are positive, all the scalar potential terms
in (5.18) that are quartic and quadratic in ¢, would be positive (the sign of the term linear
in m could be flipped by doing a U(1)pg rotation on m), and there is no term linear in ¢,
therefore allowing us to integrate out the dual squarks by taking ¢, = 0. Without their
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Figure 3. A 3D plot and a contour plot of the scalar potential in the upper end of the free magnetic
phase 1.43(N. + 1) < Ny < 1.5(N. + 1) when the dual squarks are tachyonic and the meson mass-
squared is positive. Both the dual squark VEV ¢, and the meson VEV ¢, are non-zero at the unique
minimum. For these plots, we have assigned the numerical values ]’\Tc =6, Ny =22 and % =0.1. The

value of the scalar potential at the minimum is —1.0305 x 10~3 in units where A=1.
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effects, the beta function of the gauge theory flips sign, allowing the theory to generate a
new IR dynamical scale given by

Ai(ﬁﬁ D = 9Ns AN+ D=Nrpp( ). (5.19)
Thus the usual superpotential of pure SYM is generated as

—2
W = (N, +1)2 - 2Nct1 A3
( ) L (5.20)

~ ~ 1
= —(Ne + 1) (2N N IPF(AM)) Net

Note that we set A = w, , namely only keeping its important phase factor from

Ne+1
3(Ne+1)— Ny

scale matching.

We give the meson a VEV with full rank. Upon adding tree level AMSB term, and by
doing an analysis similar to the ADS section (Ny < N.), one can find minimum along the
homogeneous direction M = vl ® toy with the potential

2Nfiﬁc—1 2(~Nf 71) N Nfi]’\;c—l Ny
V = Nf2 Ne+1 |)\7}| Ne+1 . 2m(Nf — 3(Nc + 1))2 Ne+1 ()\U) Ne+1 (5.21)
at the point
_L}f\chl 1 N 3 N 1 Nf—lzc(%i-‘—l)
v=2 Ny—=2(Ne+1) () f— (~C+ )m )
AJ \ Ny—(Ne+1)
) fo(ﬁfﬂ)
Vmin =-0|m Np=2(Neth) . (522>

At this fully chiral symmetry breaking minimum, the original SU(2Ny) chiral flavor
symmetry is completely broken into Sp(Ny) by meson VEVs. Since the 2-loop mass of meson
from (5.15) goes as m?v?, it also contributes to the potential at the same order in m, however
it is loop-suppressed. Thus, we find that the minimum is stable.

Now for 1.43(N. + 1) < Ny < 1.5(N. + 1), we could carry out the same derivation to
get a purely mesonic branch minimum, provided we can justify integrating out the dual
squarks which have a negative 2-loop AMSB mass. Naively looking at equation (5.18), the
term quadratic in ¢, could have either sign when mg < 0, and it is not conclusive as to
whether ¢, = 0 minimizes the scalar potential. But it should be noted that non-perturbative
effects are not included in this potential. So we shall do a posteriori justification as follows.
We will integrate out the dual squarks, derive an expression for ¢,; that minimizes the low
energy scalar potential (5.21) (which includes non-perturbative contributions like gaugino
condensation), plug that ¢ back into (5.18) to get an effective potential for ¢4, and then
show that it has a minimum at ¢4 = 0 (or in other words g has a net positive mass-squared
that allows integrating it out consistently). However, this process could only be carried out
numerically rather than analytically because it involves the mixed branch potential again.
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Continuing the example used in figure 3, let us discuss the case where N, = 6, Ny =22
and % = 0.1. We use equation (5.10) to substitute for A in the deep IR, and we take the RGE

scale p =~ ¢pr. Then the minimum is found to be at v = 0.00516, in units where A= 1, which
is consistent with the units in the mixed branch analysis. So we plug in ¢ = 0.00516 into
equation (5.18), and use equations (5.3), (5.4), (5.9), (5.10), (5.14) and (5.15) to express this
effective scalar potential as a function of ¢, only. We find that ¢, = 0 is indeed a minimum
and hence conclude that it was justified to integrate out the dual squarks in the first place.
It remains to check whether the pure mesonic minimum is deeper than the mixed ¢ & M
minimum, and we find that indeed it is. In this example, the pure mesonic potential has a
minimum value of —5.138 x 10719, which is much deeper than the mixed brach potential’s
minimum value of —1.0305 x 107! (in the same units).

Based on many numerical explorations similar to the example presented above, going up
to ]Vc = 15, it seems very convincing that the pure mesonic branch provides the global (fully)
chiral symmetry breaking minimum throughout the free magnetic phase. The mixed ¢ and
M branch features a local minimum when the dual squarks turn tachyonic.

5.4 Mesonic mixed branches

Instead of turning on all of the meson VEVs, we can choose to turn on only some of them.
These will reveal tree-level AMSB contributions within the free magnetic phase. We will
ignore A in this subsection as it is nit important for the discussion here.

We begin by splitting meson matrix into

MR, xR, 0

M= "RrxBr__ ® oy (5.23)
0 M(N;—Rp)x(N;—Ry)

and without loss of generality, we look for minima at diagonal M and M. We then give

the lower component M a VEV. This gives masses to 2(Ny — Ry) dual quarks, leaving the

Sp(Ne) gauge theory with Ry massless flavors and a new dynamical scale

NMNFD=Ry _ oN;—Ry ABWNAD=Nspr(AT) (5.24)

with A being the Landau pole of the Sp(J\NfC) dual theory. To avoid congestion, in this
subsection we set

2Nf*RfK3(ﬁc+1)*Nf =1

Finally, we analyze the region where M is small compared to the M VEVs as well as the
generated scale Ap.
For 1 < Ry < ]\7c + 1, the remaining theory is of ADS-type and has the superpotential
_ - 1/Ne+1-Ry
Ne—1 A3(Ne+1)—R
2 A7 !

W = (N, +1— Ry) )

1
+5 e MN (5.25)
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where N is the meson field formed by the remaining massless dual quarks. Note that we
ignored the w No+1-R; factor in the first term and the Yukawa coupling A in the second term.
The second term comes from the Yukawa interaction of the dual theory.

First we consider only the effect of the dominant SUSY potential. Finding the minimum
of the SUSY potential is equivalent to solving the SUSY equations of motion (EOM), which
set W to the minimum. The EOM of M sets N = 0. Meanwhile, the EOM of N is singular
at this point, indicating M — oco. This violates the assumption of small M. Therefore,
even before a small AMSB deformation can be applied, this branch collapses back to the
mesonic branch already considered.

For Ry = N. + 1, there will be emergent meson degrees of freedom N with a quantum
modified constraint. The superpotential would be

L . N
W = JTr MN + X (PI(N) gNe—1 p\2(Netl)y (5.26)

where X is a Lagrange multiplier whose SUSY EOM implements the quantum modified
constraint. The SUSY potential is non-vanishing and affected by higher order terms in the
Kaéhler potential. Notice that the SUSY EOM of M sets N = 0, whereas the quantum
constraint imposes N = O(Ar) # 0. This behavior suggests that the energy density scale
goes back to O(Ap). Like the previous case, this branch also collapses back to the mesonic
branch before any AMSB deformation can be applied.

For N, + 2 < Ry < 3(N, + 1), the IR dynamics of the remaining theory is described
by a magnetic dual with gauge group Sp(R; — N, — 2) (except for Ry = N, + 2 where the
theory is s-confining). The superpotential is

1 1, —
Wy = §Nl~jbicbjd<]0d + 5 Tr MN (5.27)

where the b and NV are dual-dual quarks and mesons formed by the remaining massless dual
quarks, respectively. The original superpotential term (6.20) has transformed into the second
term of Wi, above, and this term enforces N = 0 as the equation of motion for M in the
supersymmetric limit. This means when we introduce tree-level AMSB, N = O(m), and we
were justified in ignoring the s-confining Pf(N) term as a high power of m (assuming N is
even full rank). We rescale the fields by appropriate factors of A, to make them canonical.
Ignoring order one factors we have,

1 1 ~
Wy = 5z\fz-jbicbjdjcd + AL Tr MN (5.28)

Finally we substitute the value of Ay to arrive at

W, = %Nijbz‘cbdeCd + %(Pf(]\?))l/(?’(ﬁdl)_l%f) Tr MN (5.29)

Let all fields be real (one can check that minimum can indeed be found under this condition)
and consider the direction given by N = NY®ioy with Nj) = n;, M = M°®icy with Mg =z,
b=0"® 1, with b?i =y, fori=1,---, (Rf— NG — 2) and with all other entries 0. Finally let
M = M° ® 109 with MDY = v1. In this direction all fields, baryonic and mesonic, are turned on.
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Then by our earlier assumptions, x; < v, and the SUSY + AMSB scalar potential is

V= 24%” + (% — y2)? + 0202 — 2(C — 1)mvn;a;

2
c 2C—-2
+ = E iTi 5.30
3(Nc+1)_RfU (znx> ( )

where C' = (Ny — Rf)/(3(NC+ 1) — Ry) and remains greater than 1. Notice that the final term
is smaller than the third term in the first sum by a factor of 22 /v? < 1. Therefore, we can

neglect this term and the potential splits into 2y — N. — 2 identical parts. In what follows, we
suppress the index i. Substituting the y and n equatlons of motion, and using n, z < Ay, = v°

(the v here has a modified dimension as a consequence of setting A= 1) along the way, we get
Vign = —(C — 1)*m?z? (5.31)

This function of x does not have a minimum, but this tree-level runaway is power suppressed
as O(2?) < O(v?). Due to the Yukawa term in (5.29), the dual-dual quarks will acquire
a mass v, so we can integrate them out. Then AMSB effects yield a 2-loop mass for the
meson M , and the corresponding 2-loop potential gives a positive contribution with O(v?),
which will stabilize the runaway. However, notice that the resultant minimum keeps getting
deeper as x increases. So for enhanced stability, the theory would push x away from the
origin until it hits the scale Ar. So our initial assumption of the M VEVs being much
smaller than the M VEVs falls apart, and we once again collapse to the mesonic branch
(where all the meson VEVs are equal).

6 Conformal window 3(N. + 1) < Ny < 3(N.+ 1)

Seiberg established the conformal window of SQCD for 3(N.+1) < Ny < 3(N.+1), where the
theory flows to IR fixed points with non-trivial superconformal dynamics. The Sp(IV,) electric
theory (2N quarks @ in the fundamental representation) and the Sp(N; — N, —2) = Sp(N,.)
magnetic theory (2Ny dual quarks ¢ together with a gauge singlet meson field M) are
supposed to describe the same physics in the infrared (IR). We assume that the equivalence
persists sufficiently near the IR fixed point, and take m < A, A, to justify this assumption,
where A (A,,) is the strong scale of the electric (magnetic) theory. The electric theory has
no superpotential, while the magnetic theory has

1 d
W= 4M zJQCQdJC (6.1)

with M% being dual to the mesons in the electric theory. Here, jiy, is the matching scale
that satisfies

16MI]Xf(_1)Nf_NC_1 :A3(NC+1) NfA3(Nc+1) Ny (62)

In either description, the theory has a global SU(2Ny)g,q x U(1)g symmetry.
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For a superconformal theory, the conformal dimensions of chiral fields are determined
completely® by their R-charges, D(¢) = 3R(¢). On the other hand, the U(1)g symmetry in
supersymmetric QCD is determined by the anomaly-free condition and the charge conjugation

invariance,
Ny —N.—1
RQ)=—"—F—,
Ny
Ny =N, -1 N.+1
Rig)= ~—"=  RM)=2 . (6.3)
Ny Ny

The anomalous dimension of mass is 2(1 — D(¢)), and therefore the Ké&hler potential receives
the wave function renormalization

2-2D(¢)
) &*6. (6.4)

K = 2n¢o = (4

Here, 1 is the renormalization scale, and A is the energy scale where theory becomes
nearly superconformal.

It is clear that AMSB effects asymptotically vanish towards the IR limit because couplings
no longer run,

mgarr(w) =0, ma(u) = 0. (6.5)

However, the effects are relevant and change the IR dynamics unless
mé,q,M(M)

112
That is, if the AMSB effects scale sufficiently slowly as u — 0, they can produce different

— 0, — 0. (6.6)

IR dynamics from the ordinary SQCD case. This procedure and definition of relevance are
standard, and can be seen in e.g. section 1.1 of [14].

Unfortunately we do not have computational tools to answer this question for the entire
range of the conformal window. Instead, we look at Banks-Zaks (BZ) fixed points [15, 16]
where the conformal dynamics can be studied using perturbation theory. This is possible at
the upper edge or the lower edge of the conformal window as the IR fixed point couplings
turn out to be perturbative. In the conformal window, the magnetic description is no longer
IR free, and has a non-trivial fixed point which is weakly coupled at the lower end of the
window. We will first analyze the behavior of AMSB in this region and then we will turn
to the upper end of the window where the electric theory has a weakly coupled fixed point.
There will be no runaways in either case; AMSB effects make a relevant deformation in both
cases and destroys the superconformal phase. We can only conjecture about the intermediate
region where both descriptions are strongly coupled. Finally, we demonstrate local chiral
symmetry breaking minima in both regimes and conjecture via interpolation that chiral
symmetry is broken throughout the conformal window.

In general there can be other, non-anomalous U(1) symmetries that make the choice of U(1)g charges
ambiguous. The correct prescription is given by a-maximization [13]. In this work, only the quarks are charged
under the gauge group so the NSVZ fS-function is sufficient to determine the fixed-point anomalous dimension
of the quarks. That of the singlet (when present) can then be determined from the running of the Yukawa
coupling. For this reason we do not need to invoke a-maximization.
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6.1 Lower conformal window

We begin by considering the magnetic BZ fixed points for Ny = 3(N.+1)/(14€),0<e< 1.

This is at the lower edge of the conformal window because Ny ~ 3(N.+ 1) = 3(Ny — N. — 1)

implies Ny ~ %(Nc +1). We will work in the large N, limit and leading non-trivial order

in € for simplicity. For notational convenience, we define

N N,

A2 =_°4%
5 Y=g29

(6.7)

Naively, it would appear that the dynamics is ambiguous because depending on the initial
condition of coupling constants, mg and m%w are found to have either sign. We will also find
that in the deep IR, the coupled beta functions of the gauge coupling g and Yukawa coupling
A make them run asymptotically to the IR attractor along a trajectory given by

d 92 Bg B

dlog pu \2 g2 A\ (6:8)

In other words, as the theory flows to the IR, z and y will approach the fixed point along
this specific trajectory, from above or below (depending on initial conditions).

The magnetic RGEs modified for our Sp(Nc) gauge theory are given by equations (5.3)
to (5.7). A numerical plot of this RG flow is shown in figure 4, superposed with curves of
m2 = 0 (red) and m3; = 0 (green). Notice that irrespective of the trajectories far from
the fixed point, the coupling constants always approach the fixed point along a trajectory
that lies between the red and green lines.

Taking N.> 1 and expanding in € to linear order gives linearized RGEs:

Bly) = u;;y = —3y*(e — y + 6a), (6.9)
B(x) = ,udclljx = z(—2y + 14z). (6.10)

By setting the Lh.s. of equations (6.9) and (6.10) to zero, one can find that the BZ fixed
point is at (zo,yo) =~ (€, 7e). The approximation is valid as long as 7e < 1. Define 0z = x — x¢
and 0y = y — yo. We study the case where we are close to the fixed point, namely, dz, dy < e.

If we expand the RGEs around the fixed point we obtain a coupled set of linear first-order
differential equations. To leading order in € the eigensolutions are

d 2

d 3 3
—7({1—=€)6 ) ~1de| —7(1—=€]9 0 12
dlog ( 7( 2€> T+ y) e( 7( 26) T+ y) (6.12)

Then since 212 < 14e the latter combination quickly runs to zero, leaving the remainder

of the flow with the slower eigenvalue to occur along the line:

1 1 1 3e
r==-0y—s~—=-(14+—1]9 6.13
o 7y1—%e 7<+2>y ( )
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Figure 4. Two-dimensionaLRGE flow of coupling constants near the magnetic Banks-Zaks fixed point
(blue dot) with Ny = 151, N. = 50. m% > 0 below the red line, while m%, > 0 below the green line.

This is consistent with the constraint (6.8). Using this result to express 3(z), f(y) in
terms of dy and ¢, we get the RG flow

Bly) = 21y (6.14)
B(x) = 3620y ~ 216z (6.15)
yielding
Sy ~ e (6.16)
Sz~ 2t (6.17)

2
21e%t where

Therefore, both the couplings approach the fixed point with the exponent e
t = In u. Notice that these exponentials are slower than u? = e? whenever 21€? < 2, which
is indeed the case if 7e < 1. This satisfies (6.6). Therefore the AMSB effects are relevant
for sufficiently small e.

Using (5.13), the meson and dual squark masses are

m3, = gezéym2 (6.18)
3
mg = —Ze2dym2 (6.19)
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Notice that if we approach the fixed point from below in coupling space, then dy < 0 and
hence m3, < 0, mg > 0. On the other hand, if we approach the fixed point from above in
coupling space, then dy > 0 and hence m?w > 0, mg < 0. An illustration of the running of
coupling constants, and its consequences for the squark and meson masses near the infrared
magentic Banks-Zaks fixed point, is shown in figure 5, where we have picked initial conditions
such that the couplings approach the fixed point from below. For numerical plots, we took
values already close to the IR fixed point to keep the amount of running manageable.

Pushing ¢ beyond the validity range, we see that AMSB effects are relevant if 21€? <
2, or equivalently Ny < 1.77N.. But we cannot trust this upper bound given that the
approximations made by us are no longer valid there. While we cannot exclude the possibility
that AMSB is irrelevant for Ny ~ 1.7N,, we will now derive chiral symmetry breaking vacua
and show a consistent picture that it is likely relevant.

Notice that if we pick the initial conditions such that dy < 0, the dual squarks are
tachyonic. However, this does not lead to a runaway due to the presence of a positive quartic
term in the potential, as we shall see below.

6.1.1 Branch with dual squark VEVs in the magnetic theory

Consider the low energy theory obtained from initial conditions with mg < 0, where we give
D-flat VEVs to the dual squark. For these initial conditions the squark VEV appears to trigger
condensation of the mesons as well, leading to a minimum along a mixed branch. We focus
on the slice of moduli space parametrized by the VEVs ¢ = 941 ® 13 and M = ¢1 ® iog.”
The superpotential and Kéhler potential are then

A i J ye N
W = Mijq.q,7 4= ANcon o2 (6.20)

Z _
K = CMTM Tr MTM + ¢, 2, Trq'q = cxr Ny Zag |ur|* + 2¢,NZy |¢g|> (6.21)

"If we just used the available gauge/flavor rotations and D-flat conditions, generally there could be more
non-zero entries in the ¢ matrix, whose presence in the scalar potential could be parametrized using a
CKM-esque unitary matrix. However, even a numerical exploration turns out to be very challenging if we
assume full generality. Therefore, we resort to a numerical exploration on a slice of enhanced symmetry.
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which lead to the scalar potential

V = —en Ny Zuulpmt Bl o+ s | e, R 240
+ QCqN:Zq(M) gz 2 +3m(W +h.c.) —m (1 — 7;”) <¢M§?]; + h.c.)
—-m ( - 72Q> <¢qu + h.c.)
= —CMNfZM(u)mQ%ch?u + % - 2chch(u)m2%¢§
+ (2AN:9u160)° +m (v + 279) (ANC¢M¢>Z) (6.22)

2CqN eZq()
Recall that if we are close to the lower edge of the conformal window,

B(y) = 2126y = y(t) = Te + (y(0) — Te)e2 et (6.23)
B(z) = 21262 = x(t) = € + (2(0) — €)' (6.24)

Hence the anomalous dimensions, if x,y ~ €, are

vq = € + (y(0) — 62(0) — €)' (6.25)
v = —2€ — (22(0) — 2¢)e?! (6.26)

Note that Zy = (#m)_QE, Zy = (#m)e and Ny = 3(N, +1)/(1+¢€). Even for the slice
that we have chosen, the scalar potential is complicated and an analytical derivation of the
minimum does not seem to be possible. The scalar potential is numerically analyzed using
contour plots on the ¢y — ¢4 plane, for different values of the “unconstrained” parameters
N, e, %, ¢, ¢g, and the couplings {z(0),y(0)} in the UV.® We take p ~ %(ng + ¢q) (one
could also take the geometric mean without changing the net qualitative outcome of the
analysis). Regardless of these choices, we always find a single minimum at non-zero ¢, and
¢q (hence the “mixed branch”). In particular, there is no runaway despite tachyonic dual
squarks, and also no minimum is seen along the pure dual squark branch (i.e. for ¢py =0
and ¢, # 0). For illustration, one contour plot has been shown in figure 6 along with the
corresponding numerical choices made.

We will also show the existence of pure mesonic branch in co-existence with this mixed
branch at the end of the next subsection, but first we shall look at the complementary case
where initial conditions are such that m3, = —mQ% < 0 and mg = —m2% > 0. Notice
that in this case the scalar potential term quadratic in ¢, would be negative and there is
no quartic term in ¢,; to stabilize the resulting runaway. Hence there would be no finite
minimum along a mixed branch where both ¢5; and ¢, are non-zero. Also, on taking a full

8These initial conditions for coupling values are taken assuming flow to the fixed point from ABOVE in
coupling space, which is required for tachyonic dual squarks and positive meson mass-squared, and hence the
possibility of a finite minimum along the mixed q & M branch.
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Figure 6. A contour plot of the scalar potential in the lower conformal window when the dual
squarks are tachyonic and the meson mass-squared is positive. Both the dual squark VEV ¢, and the
meson VEV ¢, are non-zero at the unique minimum. For this plot, we have assigned the numerical
values N, = 10, e = 0.01, 1= =01, epr =g =1, 2(0) = 0.03 and y(0) = 0.2. The value of the scalar

potential at the minimum is —6.53884 x 1072 in units where A,, = 1.

rank meson VEV, all the scalar potential terms that are quartic and quadratic in ¢, would
be positive (the sign of the term linear in m could be flipped by doing a U(1)g rotation on
m), allowing us to integrate out the dual squarks by taking ¢, = 0.

6.1.2 Purely mesonic branch in the magnetic theory

As a consequence of a finite full-rank meson VEV, just as in the free magnetic phase, the
massive dual quarks can be integrated out and without their effects, the beta function of
the gauge theory flips sign, allowing the theory to generate a new IR dynamical (magnetic)
scale A,,. The low-energy pure SYM develops a gaugino condensate with the ezact non-
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perturbative superpotential

B o 1/(Ne+1)
W = (N, +1) (2Nc—1Ai§NC“>‘NfPf <2>) (6.27)
M

Here [M] = 2 and it is related to the dual Meson M, via the relation M = 2Ap,, My, so that

we can write %Mmijqfq?JCd = 4l+m]\41']-q§q§-1JCd. Taking VEVs M;; = 2\ uim@d;; ® i02, we find

~ N 1/(ﬁc+1)
W= (Ne+1) (2Nf’NC‘3Ai$NC“’NfAquﬁNf)

Z
K= cMTM Tr M, My, = car Ny ZardTo

. N.— N ~ 2
V= —cMNfZM(p)m27—M 9 92(Ne—1)/(Ne+1) 9 <A3(Nc+1)Nf)\Nf¢Nf_ﬁc_1> Ne+1

+ m
4 e N Zp (1) !
N
o ~ 3— ~
_ 92Ne/(Ne+1),, <3(NC +1) — Ny + Nf”;”) A Vet (Ag) e/ (Nt D) (6.28)

Nf-3(Netd) 4 ()"

Taking canonical normalization ¢ — ¢*/(Npcar Za (1)), using yas = 2 NT

—2e ~ ~
Iy = (ﬁ) , Ny =3(Ne+1)/(1+¢€), No > 1, and finally setting u ~ ¢, we arrive at
62 —€ 62
V. __2éa <m)2 A S S T AN
AL T 4 \ A, A, P\ \euNT A,

m A\ 3(1—e+e?) o 3+21¢2
oy () (m) <Am> (6.29)

If we minimize the most relevant part of the potential, which for ¢ ~ m, o = 21€? and € < 1

includes only the first two terms in the r.h.s. above, we find

_1
2—«
2162

3

T+¢ (2 2 = 1+

s acM6Oé( :z)m O<<m>2 %<m> ? (6.30)
GANTFN, "TAZ)

Am

Ay, A,

Even if we had an analytical expression for the mixed branch minimum from the previous
subsection, the two minima are not to be compared as they are obtained by assuming
different sets of initial conditions on the couplings (and hence there is no notion of tunneling
between the two).

Let us now return to the case where the initial conditions are such that mg < 0 and
m?w > 0. Recall that we had identical conditions in the upper end of the free magnetic
phase, where it was shown that a pure mesonic branch minimum co-exists with a mixed ¢ &
M branch minimum. Following a very similar procedure here, we will provide a posteriori
justification for integrating out the dual squarks. Continuing the example used in figure 6,
let us discuss the case where N, = 10, € = 0.01, Z = 0.1, cpy = cq = 1, (0) = 0.03 and
y(0) = 0.2. Note that in the result (6.29), a = (2¢ — 2x(0) if we follow equation (6.25) and
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we substitute for A from equation (6.22), taking the RGE scale pu ~ ¢p;. Then the minimum
is found to be at ¢ = 0.133576, in units of A,,, = 1. So we plug in ¢y = 0.133576 into
equation (6.22), and follow the steps in the previous subsection to express this effective scalar
potential as a function of ¢, only. We find that ¢, = 0 is indeed a minimum and hence
conclude that it was justified to integrate out the dual squarks in the first place. It is also
found that pure mesonic minimum is deeper than the mixed ¢ & M minimum. In this example,
the pure mesonic potential has a minimum value of —2.0966 x 10~7 (in units of A,, = 1),
which is much deeper than the mixed brach potential’s minimum value of —6.53884 x 10~ '2.

Based on many numerical explorations similar to the example presented above, going
up to ]VC = 15, it seems very convincing that the pure mesonic branch provides the global
(fully) chiral symmetry breaking minimum at the lower edge of the conformal, irrespective
of whether we flow to the fixed point from above or from below in coupling space. At this
minimum, the original SU(2Ny) chiral flavor symmetry is completely broken into Sp(Ny) by
meson VEVs. In addition to this global minimum, the mixed ¢ and M branch features a local
(partial) chiral symmetry breaking minimum when we flow to the fixed point from above,

where the original SU(2Ny) chiral flavor symmetry is broken into Sp(N.) ® Sp(Ny — N, — 2).

6.2 Upper conformal window

In this section, we show that the AMSB effects are relevant and modify the IR dynamics at
the higher edge of the conformal window, using the electric BZ fixed point for Ny = 3(N. +
1)/(14¢€),0 < e < 1. Again we work in the large N, limit and leading non-trivial order
in e. We will begin with the electric description, but then for deriving the chiral symmetry
breaking minimum we will have to resort to the twice-dual theory.

6.2.1 RG in the electric theory

Running effects in the electric theory are given by [11]

1

e = 53(26°Cr); (6.31)
d 9 43(NC—|—1)—Nf—Nf’yQ

_ _ 6.32

B(g) a9 A e ANy (6.32)

with Cp = (2N, + 1)/4. For Ny = 3(N.+1)/(1 +¢€), No. > 1 (i.e. N+ 1 ~ N,), and
y = N.g?/8n?%, the beta function, squark and gluino masses reduce to

d
ey = —3y*(e —y), (6.33)
3
me = Zy2(€ —y)m?, (6.34)
3
my = 5(6 —y)m (6.35)

at the leading order in €. Note that since the electric theory is weakly coupled in the UV,
the couplings approach the fixed point from below as they flow from UV to IR regimes.
Therefore, € > y and the squark mass is positive. The approximations we made are valid
when y ~ ¢ < 1, i.e. we are in the neighborhood of the fixed point (setting the variation of
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Figure 7. Running of the electric gauge coupling (above) and the AMSB quark mass squared (below)
in units with m = 1 near the electric Banks-Zaks fixed point with e = 1/20 and N.g*(0)/87% = 0.03
and N, > 1. The dashed line represents the infrared fixed point.

y w.r.t u equal to zero, we see that y = € at the fixed point). An example of the solutions
is shown in figure 7. Note that in the large N, limit that we are taking, the results agree

between this theory and the electric SU(N.) AMSB theory [5].
We can work out the approximate solution near the fixed point as

y(t) — e = (y(0) — e)e*™, (6.36)
mé = 262(6 - y(O))e?’thmQ, (6.37)
my = g(e (0 (6.38)

Here t = In yt — —oo defines the IR limit. The AMSB effects are relevant when 3¢ < 2, or
equivalently Ny > 1.65N, (this is when the above exponentials are slower than p? = e*).
However, we cannot fully trust this lower bound since our approximations of small € are no

longer valid near it. Since mé stays positive through all energy scales, there is no minimum
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along this direction. At some point in the RG flow the squark and gluino masses will exceed
the renormalization scale. At this point the superpartners decouple, can be integrated out,
and the superconformal phase is destroyed. What remains is non-SUSY QCD at low energies,
which must be analyzed from the (albeit strongly-coupled) magnetic description or the
twice-dual of the electric theory (see the next subsection).

In the vicinity of the upper edge of the conformal window, if we consider giving the
squarks in the electric theory a generic D-flat VEV of the form

ai
a2
Q= , ® 1y (6.39)
an,

then the only non-zero contributions to the scalar potential would be in the form of 2-loop
AMSB mass terms:

N, N,
c 3 C

Vo =mg Y lail*> = (e —ym? Y laif? (6.40)
i=1 =1

The minimum would appear to be the origin in the electric description. The low energy theory
is then described by integrating out the massive gauginos and scalars. The beta function of
the theory turns back over, leading to strong coupling and cutting off our ability to analyze
it directly. In the next section, we show how an alternative description can yield results.

6.2.2 The twice dual theory

Applying the duality map again leads to a Sp(/N.) theory with 2Ny quarks in the fundamental
representation, along with singlet mesons M;; and N;;. The superpotential is

1
W = 5YNij(QmQﬂ)ﬂb — AM;;) (6.41)

In the SUSY theory, the field N serves as a Lagrange multiplier, whose equations of motion
enforce the identification of AM;; with the composite Q;,Qj»J @ leaving us with the original
electric theory with W = 0. However, the presence of AMSB can lead to a nonzero VEV of
the field N, modifying the story. If, as we have been assuming, Seiberg duality is robust to
the AMSB perturbation, then in the deep IR the AMSB-perturbed Twice-Dual description
should describe the same physics as the AMSB-perturbed Electric theory.

6.2.3 RG in the twice dual

Here we analyze the RG equations for the Twice dual theory. Note that the interaction
of N with @ is totally analogous to that of the Magnetic theory, while the field M has
no interactions that can generate wavefunction renormalization. So the RGE here will be
qualitatively the same as that of the Magnetic description.

At 1-loop, the anomalous dimensions are given by

1

0=53 (2Crg® — (2N; —1)A%) (6.42)
2N,

S A (6.43)
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where Cp = (2N, + 1)/4 is the quadratic Casimir of Sp(/N.). The beta functions of the

gauge and Yukawa couplings are’

dg? __g4 3(Ne+1) = Ni(14+99) (6.44)
—_J_ . .
dln p 8?2 1 %
dy?
=— 27Q)Y? 4
T = O+ 290) (6.45)

We will work in terms of ‘t Hooft-like couplings « = Aéj}f andy = ];3];‘(]22 and take Ny = S(%il)
such that € < 1 corresponds to being near the upper edge of the conformal window where
the electric description should have a perturbative fixed point. At large N, and to leading

order in €, we have a nontrivial fixed point at
(24, 54) = (€, 7€) (6.46)

If we consider small deviations dx and dy away from this fixed point, and linearize the

RGE, we find
d ox 14e  —2¢ ox
— A4
dln p <5y> <—882e2 147€2> <6y> (6:47)

The eigenvalues of this matrix are 14¢ and 21¢2. Conclusions about the RG in the Twice-Dual
are then completely analogous to those in the Magnetic theory. As one flows toward the
fixed point the larger exponent 14¢ will decay rapidly, leaving the final approach along the
direction corresponding to 21€2. The dynamics is again ambiguous because depending on the
initial condition of coupling constants, mé and m%v are found to have either sign. However,
our RGE analysis in the electric theory (in section 6.2.1) unambiguously showed that mé >0
in the viscinity of the electric Banks-Zaks fixed point, and we expect that in the deep IR the
AMSB-perturbed Twice-Dual and Electric theories describe the same physics. So we assume
that the initial conditions in the Twice-Dual theory lie in the region of the parameter space
where m2Q > 0 and m?\, < 0 (the corresponding flows approach the fixed point from below
in coupling space). This would imply that we can integrate out the quarks.

6.2.4 Chiral symmetry breaking minimum in the twice dual

When N gets a nonzero VEV and the quarks do not, we can integrate the latter out to
get an effective superpotential

1 B 1
W = —JYANYMj; + (N +1) (2Nc—1A3<Nc+1>—NfPf(YN)) Nett (6.48)

where AM;; would be identified with Q;,Q»J ab in the SUSY limit. We can take M;; =
M __ @ joy and N;j = 5,~j¢7N ® 109, such that ¢y, ¢pr will have canonical Kéahler

s
ZJ\/CA{N‘f \/CNZNNf

potentials. Then

1
PN M ( Ne—13(Ne+1)—Ngy Ny N )NC“
W=YA——"==+ (Nc+1) 27 A% YNyt 6.49
e+ (Ne+1) oy (6.49)

9There is also RG for the mass term NM, but this is just the wavefunction renormalization for N. As
expected, it flows to zero in the IR.
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The scalar potential for the canonically normalized ¢y, ¢ps is then (assuming real moduli
for simplicity)

L - wv) ow oW _
47N¢N+2m <1 ON 8¢N + 2mao 6,7 6mW  (6.50)

3¢>N |(’9¢M

Take Zn = (&)™ and parametrize 4§ = ¢,(%5)®. The most relevant part of this potential
for small ¢y, ppr, 0 < A is given by (in units with A = 1)

1 y? 4y
V== 2,2 a, 1T A2 N2 651
4cv04m DN +CMCNM ON \/CMTNm(bNéMM ( )
2Y YN Y2 B
Wm(l 2 )WWW NP QRN OO 7 oy +2 2 3)

We found from our RGE analysis, see section 6.2.3, that close to the upper edge of the

3(#4;1) and € < 1. The first term above, then,

is suppressed by a coefficient of order €2 compared to the others. Sufficiently close to the

window we have a = O(€?), where Ny =

upper edge, then, it should be consistent to drop it. In that limit, the potential is symmetric
(to leading order) in the fields ¢y and ¢p;. This motivates taking ¢y = ¢y = ¢ and
taking pu = ¢ for a Coleman-Weinberg-like potential. Doing so, we obtain a fully chiral
symmetry breaking minimum at

¢ _ | Vemen(4+26)(2 —2¢)m I/EN cMCN™M e 6.52
AT ety A T vA (6.52)

We plot the full potential numerically and find the same result, see figure 8. This is
all identical to the result found for the case of SU(N.) in [5], which is to be expected since
the small € limit is necessarily large N..

7 Free electric phase Ny > 3(N.+ 1)

For large number of flavors, the 2-loop squark mass from AMSB is negative, leading to true
runaway behavior. AMSB cannot be used to understand the non-SUSY theory in this case.

8 Conclusions

We carefully analyzed the behavior of Sp(/N.) gauge theories with Ny flavors upon the
application of AMSB, focusing on the chiral symmetry breaking minima and potential
baryonic runaway directions. For N, 42 < Ny < 3/2(N. + 1) we found that there are no
tree level runaways, even though the 2-loop mass of dual quarks turn negative near the
upper end of the free magnetic phase, Ny 2 1.43N,. For similar reasons, runaways are also
removed in the lower end of the conformal window.

In summary, we found that stable chiral symmetry breaking minima are present for
Ny < 3(N¢ + 1) upon application of AMSB in the small SUSY-breaking limit. The case
of Ny = N+ 1 required particular care due to the inherently strongly coupled nature
of the quantum modified moduli space. We found that the theory is best analysed after
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10*V/A* in the Twice Dual
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10922
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Figure 8. The plot of the potential indicating the minimum at ¢ = ¢n. We took N, = 100, Ny =
270, m = 0.1A,Y = 1, and u = v/¢xrdn as an example. The red dot corresponds to the calculated
minimum in (6.52). Note that this is the full potential (with ¢y = ¢y = ¢, = 1) without any
truncation, large N or small € approximations. Different choices of N¢, N, give analogous results.
Different choices of u slightly deform the contours, but keep the minimum very close to ¢ = dn-
Everything’s been scaled so as to be visible.

implementing the quantum constraint, and upon application of AMSB, the chiral symmetry
breaking point is found to be stable. Furthermore, the theories with Ny 2 1.43N, are
protected from runaways to incalculable minima, particularly in the dual quark branch of
the free magnetic phase and the lower end of the conformal window. This indicates that
the minima that we have found in these regions are indeed the global minima even if we
consider large field values of O(A). See Table 1 for a case-by-case list of whether we have a
global or local minimum for chiral symmetry breaking, and what symmetry breaking pattern
there is for the global minimum. The table also includes the results for the corresponding
phases of the SU(V) case from [4] for comparison.

We point out that the case of N. = 1 and N; = 3 is special. The s-confining superpotential
is renormalizable with a dimensionless coupling and has no tree-level AMSB effects. Loop-
level effects do not induce chiral symmetry breaking [9]. How this case is connected to the
non-supersymmetric limit m — oo remains an open question.
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Our analysis was performed in the m < A limit, and the question remains about the
behavior in the non-supersymmetric limit of m > A. The chiral symmetry breaking minima
for all flavors may or may not be continuously connected to the true vacua of non-SUSY
QCD. Irrespective of the potential appearance of a phase transition between these two limits,
these are the vacua that are of phenomenological interest for the study of real-world QCD.
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Regime

SU(2Ny) Chiral
(Ny vs. N, relation)

SU(Ny)r, x SU(Ny)g Chiral
Symmetry Breaking Vaccum

Symmetry Breaking Vaccum

w.r.t. Sp(IV,) case

in Sp(NV.) theory

in SU(N.) theory

ADS Superpotential

Stable global minimum
Residual: Sp(2Ny)

Stable global minimum
Residual: SU(Ny)y

Quantum Modified
Constraint
N = N.+1

Stable (conjectured) global

minimum at Meson point
Residual: Sp(2Ny)

Neither global nor local
minima can be identified;
baryonic runaway possible

s-Confinement
N = NC +2

Stable global minimum
Residual: Sp(2Ny)

A stable local minimum;
Residual: SU(Ny)y
No runaways near origin

Free Magnetic Phase
(Lower Part)

N, +3 < Ny < 143N,

Stable global minimum
in Mesonic branch;
Residual: Sp(2Ny)

Mixed branch collapses
to Mesonic branch

A stable local minimum
in Mesonic branch;
Residual:SU(Ny)v

Mixed branch runaways

stabilized near origin

Free Magnetic Phase
(Higher Part)

143N, S Ny < 3(N.+1)

Stable and calculable
global minimum in
Mesonic branch
Residual: Sp(2Ny)

& a local minimum in
Mixed q & M branch
with Residual
Sp(N.) x Sp(2(N; — N.)

Runaway to incalculable
global minimum in
Dual Squark branch
with Residual
SU(N.) x SU(Ny — N.)
& a stable local minimum
in Mesonic Branch;

Residual: SU(Ny)y

Lower end of the
Conformal Window

3(Ne+1) < Ny <3(N.+1)

Stable and calculable
global minimum in
Mesonic branch with
Residual Sp(2Ny)

& a local minimum
in Mixed q & M branch
with residual
Sp(N.) x SU(2(N; — Ne))

Runaway to incalculable
global minimum due to
tachyonic dual squarks
with residual
SU(N.) x SU(Ny — N.)

& a stable local minimum

in Mesonic branch;

Residual: SU(Ny)y

Upper end of the
Conformal Window

Stable global minimum
in Mesonic branch

Stable global minimum
in Mesonic branch

3(Ne+1) < Ny <3(N.+1) Residual: Sp(2Ny) Residual: SU(Ny)y

Table 1. A comparison between the xsp vacua of Sp(N.) and SU(NV.) gauge theories (note that the
latter have a slightly different relation between N. and Ny for a given phase than what is written in
the leftmost column). In each case, if there are both global and local minima in the theory, we first
specify the global minimum and the residual flavor symmetry, followed by the local minimum. Note
that in the upper edge of the free magnetic phase and at the lower edge of the conformal window, the

calculable global minimum in the Sp(NV,.) theory is O(—m?*), whereas the incalculable global minimum
in the SU(N,) theory is O(—m?A?).
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