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Recycling Bi-Lanczos Algorithms: BiCG, CGS, and BiCGSTAB

Kapil Ahuja

Abstract

Engineering problems frequently require solving a sequence of dual linear systems. This paper
introduces recycling BiCG, that recycles the Krylov subspace from one pair of linear systems
to the next pair. Augmented bi-Lanczos algorithm and modified two-term recurrence are
developed for using the recycle space. Recycle space is built from the approximate invariant
subspace corresponding to eigenvalues close to the origin. Recycling approach is extended
to the CGS and the BICGSTAB algorithms. Experiments on a convection-diffusion problem

give promising results.
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Chapter 1

Introduction

We focus on solving a sequence of dual linear systems defined as follows:
ADNg@ = p@  A*Dz0) = pb), (1.1)

where the matrix AY) € C™" and the right hand sides b¥),b%) € C" vary with j. These
systems are large and sparse. Krylov subspace methods for solving such systems outperform
direct methods, both in terms of the amount of storage and the computational cost [8]. In
many practical applications, the change from one pair of systems to the next is small. An
important example arises while using the Iterative Rational Krylov Algorithm (IRKA) [9] for
model reduction. While solving a pair of systems we store the Krylov subspace generated,
and use a selected part of this space for solving the next pair. This process is called “Krylov
subspace recycling”, and leads to faster convergence for the new pair of systems. The con-
vergence of Krylov subspace methods for solving a linear system, to a great extent, depends
on the spectrum of the matrix. Moreover, the deflation or removal of the eigenvalues close

to the origin improves the convergence rate [12]. Eigenvalues can be deflated by including
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the corresponding eigenvectors in the Krylov subspace. Therefore, we use the approximate
invariant subspace corresponding to the small eigenvalues (in absolute value) as our recycle

Krylov subspace.

For solving a single linear system, this idea has been used in the GCROT [4] and the GMRES-
DR [12] algorithms. For solving a sequence of linear systems, this idea was first proposed
in [13] where it is applied to the GCROT and the GCRO-DR algorithms. The idea is further
adapted in the RMINRES [19] algorithm. GCROT as in [13], GCRO-DR, and RMINRES
all focus on solving a sequence of single systems and not on a sequence that contains a pair

of systems. For a comprehensive discussion of recycling algorithms see [13].

Since the most relevant Krylov subspace method for solving systems of the type (1.1) is the
BiConjugate Gradient (BiCG) algorithm [7], we focus on Krylov subspace recycling for BiCG
in this thesis. We use RBiCG to indicate the recycling BiCG method. To simplify notation,
we drop the superscript j in (1.1). At any particular point in the sequence of systems, we
refer to Az = b as the primary system and A*Z = b as the dual system. Throughout the
thesis, || - || refers to the two-norm, (-, -) defines the standard inner product, and e; is the i-th

canonical vector. Next, we briefly describe Krylov subspace methods, in particular, BiCG.

For the primary system, let xy be the initial solution vector with ro = b — Az as the
corresponding residual. Krylov subspace methods find approximate solutions by projections

onto the Krylov subspace associated with A and 7o [18]. The i-th solution iterate is given by

where o; € K'(A,rg) = span{rg, Arg, A’rg, ---, A" 'rg} would be defined by some pro-
jection. Before computing the solution over the Krylov subspace, we need to find a suitable

basis for this subspace. Using ry, Arg,---, A 'rg as the basis for K%(A,rg) is not good
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numerically. Successive basis vectors point more and more in the direction of the dominant
eigenvector, leading to dependence between them in finite precision arithmetic [18]. The
solution is to find an orthogonal basis for the Krylov subspace. For Hermitian matrices, the
Lanczos method is used to construct an orthogonal basis using a three-term recurrence [8].
For non-Hermitian matrices, the orthogonal basis is typically generated using the Arnoldi
method which is expensive because of the lack of a short-term recurrence. Alternatively,
one can generate bi-orthogonal basis, which avoids the cost of the full recurrence by using a
pair of three-term recurrences. This method is called the bi-Lanczos method [11]. Next, we

derive the bi-Lanczos method. First we initialize the Lanczos vectors as follows:

v1 = 1o/l|roll, T = To/||Toll- (1.3)

The bi-Lanczos method computes the subsequent Lanczos vectors as follows:

Vi+1 & KH_l(A, To) s.t. Vit1 1 'l~}1, c. 761' and (1 4)
QN}H-I S KiJrl(A*, fo) s.t. 61’—&—1 L VU1y...,0;.
We define V; = [v; vy ... v;] and V, = [01 Uy ... ©;], and use the above orthogonality condition

to compute the (i + 1)-th Lanczos vector for the primary system by 0,47 = Av; — VT L V.

This implies

f/l-*Avi — ‘Z*‘/;T =0. (1.5)

Using (1.4), we get the following equation:

Dyr = Vi Av;, (1.6)
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where D; = V*V; is a diagonal matrix. The above construction relies on (v;, ;) # 0. If
either v; = 0 or v; = 0, then the bi-Lanczos algorithm has found an invariant subspace,
and this is referred to as “regular termination” [8]. If (v;,¥;) = 0 but neither v; = 0 nor
0; = 0, then the algorithm breaks down and this is referred to as “serious breakdown” [8§].
There exist look-ahead Lanczos methods that avoid this breakdown (for details see [10]).
Since the diagonal matrix D; is assumed to be nonsingular, the above linear system has a
unique solution. Therefore, substituting this unique 7 in 0,41, gives us our (i+ 1)-th Lanczos
vector. The Lanczos vectors obtained are uniquely defined up to a scalar, and there is a
degree of freedom in choosing the scaling for them [8, 10, 14]. One choice requires ||v;|| = 1
and ||7;]| = 1. The other choice is to make ||v;|| = 1 and (v;, ;) = 1. Using the first scaling

we get the following:

Vig1 = Vi1 /||0ig1]],

i ) (1.7)
Vi1 = (A*0; — ViT) /|| (A0, = ViT) ||,

where 7 is computed by following the analogous steps as for computing 7. The bi-orthogonality
condition (1.4) converts the pair of full recurrences above to a pair of 3-term recurrences
(see [14]) such that computation of the (i + 1)-th Lanczos vector requires only the i-th and
the (i — 1)-th Lanczos vector. These pair of 3-term recurrences in the matrix form are called
bi-Lanczos relations, and are given as follows:

AV, = Vi T, = ViT; + tip1 067

- o (1.8)

AV, =Viq L, = ViT, + tip10i 167

where ?;,1; is the last element of the last row of the tridiagonal T';, and similarly, fi+17,- is

the last element of the last row of the tridiagonal Z To summarize, in exact arithmetic,
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the bi-Lanczos method computes columns of V; and ‘71 such that

where 1, denotes bi-orthogonality and implies that f/i*Vi is a diagonal matrix. Now that we
have a good basis for our two Krylov subspaces K*(A,ry) and K*(A* ), the next step is
to find approximate solutions by projections. Two standard ways of finding an approximate
solution over the Krylov subspace include the Ritz-Galerkin approach and the minimum
norm residual approach [18]. The CG algorithm is an example of Ritz-Galerkin approach
where the residual is orthogonal to the the current Krylov subspace. The GMRES algorithm
is an example of minimum norm residual approach and corresponds to solving a least squares
problem. Since we don’t have an orthogonal basis, we utilize the bi-orthogonality condition
to define a cheap projection. This leads to a non-optimal solution, and is an example of the
Petrov-Galerkin approach. From (1.2) we know o; € K*(A,rq). With columns of V; denoting

the basis of K'(A, 1), we get 0; = V;y;. The Petrov-Galerkin condition implies

ri=b—A(xo+ 0;) =ro— AVyy; L V.. (1.10)

Similarly, for the dual system we get

7= 7o — A*Vig; LV (1.11)

Next, we use the initial Lanczos vector (1.3), the bi-orthogonality condition (1.4), the bi-

Lanczos relation (1.8), and the Petrov-Galerkin condition (1.10) to derive the expression for



Kapil Ahuja Chapter 1. Introduction 6

Yi-
‘7{"7’0 - ‘Z*AV;ZU@' =0 =
ViViedllrol| = VitViTiy — Vivigael ti; =0 =
1|70l 1165 iy, (1.12)
Diexl|rol| — DiTiy; = 0 =
yi = |rol| T} er.

The steps are similar for computing g;. If the T;’s become singular at any iterative step, then
we get a breakdown of the second kind [8]. The previous breakdown was in the underlying
bi-Lanczos algorithm. Extensive experiments show that BiCG works well, and these break-
downs do not happen often in practise. Next, we do a LDU decomposition of the tridiagonal
matrix 7}, to obtain a two-term recurrence that has numerical advantages [10]. Note that
we can do T; = L; D; R; because all leading principal submatrices of T; are nonsingular (since
T; has T;_; as a leading principal submatrix, and at all steps, the tridiagonal is assumed to

be nonsingular) [6]. If

T, = L,DR,
Gi; = ViR;', and (1.13)
i = |Irol| D7 Li e,

then the two-term recurrence for the primary system solution update is given by [5]

Ty = Ti—1 + ©iili, (1.14)

where g; is the last column of G; and ¢;; is the last entry of the vector ;. It is similar for
the dual system. The above two-term recurrence can be made more elegant. The solution
(x) is now updated using standard iteration vectors p and r, and scalars o and 3. We skip

the derivation of this elegant expression, and state the final result in Algorithm 1. The
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Algorithm 1. BiCG

1. Choose initial guesses x¢ and Zy. Compute rg = b — Axg and 79 = b— A*Ty.

2. if (r9,7) = 0 then initialize 7y to a random vector.

3. Set pp =0, pg = 0, and By = 0. Let tol be the convergence tolerance, and itn be the
maximum iterative steps the algorithm can take.

4. fori=1...itn do
O pi=ri1+ Biipi-1
o Py =Ti—1+ Bic1Pi-1-
o g = Ap:.

% qz = A* Di -

o ap = (Fi-1,7i-1)/(Dis @i)-

O Xy = Ti—1 + ;.

O Iy =Ty + agp;.

ST =Tl — 44;.

O Ty =T — Q4G;.

o if ||ry|| < tol and ||7;|| < tol then break.
o Bi=(Ts,1)/(Tic1,mim1).

5

. end for.
analogous derivation is done for RBiCG in Chapter 2. Algorithm 1 solves both the systems
(primary and dual) in the pair of systems. The traditional BiCG algorithm available in the
literature solves only the primary system. This is because most of the time one is required

to solve the primary system only.

The remainder of this thesis consists of six chapters. In Chapter 2, we derive the RBiCG
iteration that uses an existing recycle space. Computing a recycle space cheaply is covered
in Chapter 3. In Chapters 4 and 5, we extend the recycling approach to Conjugate Gradi-
ent Squared (CGS) [16] and its smoothly converging variant BICGSTAB [17] respectively.
For these two algorithms, we only focus on using the recycle space (generated by BiCG).
Computing the recycle space within CGS and BiCGSTAB is future work. We give imple-
mentation details and results in Chapter 6. Chapter 7 provides conclusions and discusses

future work.



Chapter 2

Recycling BiCG: Using a Recycle

Space

In this chapter we modify the BiCG algorithm to use a given recycle space. First, we briefly
describe the recycling idea used in the GCRO-DR algorithm. This is because we closely
follow this idea for our RBiCG. After solving the j-th primary system in (1.1), GCRO-DR
retains k approximate eigenvectors (w;’s) of A. It then computes matrices U, C € C™* from
W = [wy, ..., wg] such that AU = C' and C*C = I (where A is the matrix for the (j + 1)-th
system). It then adapts the Arnoldi process to compute the orthogonal basis for the Krylov
subspace such that each new Krylov vector v is orthogonal to range(C'). This produces the

Arnoldi relation

(I = CCAV, =VinH,,

where H, is (i + 1) x i upper Hessenburg matrix. GCRO-DR finds solution over the recycle

space range(U) and the new Krylov space generated range(V;).

For our BiCG too, we let the columns of matrix U define the basis of the primary system
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recycle space, and define C' = AU. A is the matrix from the (j + 1)-th linear system and
U available from the approximate right eigenvectors of the j-th system. Similarly, we let
columns of matrix U define the basis of the dual system recycle space, and define C' = A*U.
U is computed from the approximate left eigenvectors of the j-th system. As in GCRO-DR,
the number of vectors selected for recycling is denoted by k such that U, U, C, and C are

n x k matrices. We define columns of C' and C as follows:

C = [01 Cy ... Ck], C = [51 52 Ck].
C here is no longer an orthogonal matrix. Rather we build bi-orthogonality between C' and

C. An alternative choice is discussed later in the chapter.

The rest of this chapter is divided into four sections. In Section 2.1, we derive augmented
bi-Lanczos algorithm that computes basis for our two Krylov subspaces that satisfy an
augmented bi-orthogonality condition. The two-term recurrence for the solution update
in RBiCG is derived in Section 2.2. In Sections 2.3 and 2.4, this two-term recurrence is

formulated into an elegant expression.

2.1 Augmented Bi-Lanczos Algorithm

The standard bi-Lanczos algorithm computes columns of V; and V; such that, in exact arith-
metic, V; Ly Vi; see (1.9). Since we recycle spaces U and U, the bi-Lanczos algorithm can

be modified to compute the columns of V; and V; such that either

U Vi) L [0 V] (2.1)
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or

C V)] L, [é v] . (2.2)

We decided to build bi-orthogonality given by (2.2) because this leads to simpler algebra. It
also has the advantage that the RBiCG algorithm has a form similar to the standard BiCG
algorithm. Next, we derive the recurrences that build the above bi-orthogonality (2.2). We

assuime

C 1, C.

We show how to enforce this bi-orthogonality in Chapter 3 (where we build the recycle
space). As in the standard BiCG algorithm, we assume v; and 0 are available from the initial
residuals 7o and 7p. We make this statement more precise later in the chapter. The (i+1)-th
Lanczos vector for the primary system is computed by ;11 = Av; — Vit — Cp L [C’ V|

This implies
(Av; = V;r — Cp) = 0. (2.3)

Using (2.2), we get the following equations:

Dcp = é*AUi,
] (2.4)

DiT = V;*Avi,
where D, = C*C and D; = YZ*Vl As in the standard BiCG algorithm we assume D; is
nonsingular (“serious breakdown” does not occur). We ensure D, is nonsingular in Chapter
3. Substituting 7 and p from (2.4) into (2.3) gives the (i + 1)-Lanczos vector. The type of
scaling used for the Lanczos vectors, analogous to (1.7), is discussed later in this chapter. As

in the standard bi-Lanczos algorithm, the bi-orthogonality condition (2.2) converts the full
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recurrence of ;41 to a (3+ k)-term recurrences where k is the number of columns of C'. This
implies the computation of the (i41)-th Lanczos vector require the i-th and (i—1)-th Lanczos
vectors and k columns of C. Similarly, we get a (3 4+ k) term recurrence for computing the
Lanczos vectors for the dual system. These pair of (3 + k)-term recurrences in the matrix
form are termed as augmented bi-Lanczos relations. The augmented bi-Lanczos relation for

the primary system is given as follows:

(I — CCHAV; = Vin T, (2.5)

where C' = [5—1 L. & ] and T'; is the (i + 1) x ¢ tridiagonal matrix. Similarly, we get

* = * =
cjc1 c5C2 i Ck

the augmented bi-Lanczos relation for the dual system as follows:

(I — CCHA*YV, = Vi T, (2.6)

where C' = Cf—; C;—iQ éf’zk]. One drawback of the current form of the augmented bi-
k

Lanczos relations, (2.5) and (2.6), is that the two matrices, (I —CC*)A and (I —CC*)A*, are

not conjugate transpose of each other as in the standard BiCG algorithm. This complicates

the algebra while deriving the RBiCG solution update recurrence. This problem is solved if

we use (2.2) and write the the two relations in the following form:
AV, = Vi T, where A, = (I —CD;'C*)A(I — CD;CY), (2.7)

AV, = Vi T;, where Al = (I —CD;*C*)A*(I — CD;*CY), (2.8)

with C*C' = D.. D, is a diagonal matrix and so D} = D,. The next step is to obtain
the solution update recurrence that utilizes the recycle space. This is described in the next

section.
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2.2 Updating the Solution Using the Recycle Space
In the standard BiCG algorithm, the i-th solution iterate is given by (1.2). That is,
v = x0+ Viyi, ¥ = &0 + Vilii.

The i-th solution iterates in the RBiCG algorithm, as in the GCRO-DR and the RMINRES

algorithms, are given as follows:

In the standard BiCG algorithm, y; and ¢; are computed by (1.10) and (1.11). That is, by

enforcing the following orthogonality conditions (Petrov-Galerkin approximation):
ri=ro— AVy; LV, 7 =7y — A"Vigi L V.
With recycling, the Petrov-Galerkin approximation gives
ri =1 — AUz — AViy; L [C* V} =70 — ATUE — AV L [C V). (2.10)
For the primary system, the above orthogonality condition leads to the following:

C* Zi
} ro — AU V] = 0. (2.11)
12 Yi
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The steps are similar for the dual system. The actual computation is somewhat more efficient

than the above equation. Lets first look at ro. Defining ¢ = ||(I — CC*)ro|| we get

o = Cé*ro + o — Cé*rm

= Cé*?‘o—l—Cvl, taking v; = %,

= CC*ro+ (Vipen, (2.12)
CY*TO

= [C V]
Ce

It is here that we define our first Lanczos vector v;. Note that v, is obtained from the
initial residual ro. Now let’s look at the second term of (2.11). For the following derivation,

augmented bi-Lanczos relation (2.5) is used.

Zi Zi
AU V] = [AU AV} :
Yi Yi
~ Zi
= [c ceravi+viT] , (2.13)
Yi
I C*AV; | | =
= [C Vz‘+1]
0 I, Yi
Substituting (2.12) and (2.13) in (2.11) gives
o C*r I C*AV; | |
[C Vii] - = 0. (2.14)

—1
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Using the bi-orthogonality condition (2.2) in the above equation we get!

C*ry I C*AV, 2
— —0. (2.15)
Ceq 0 T; Yi

Therefore, the equations for finding y; and z; are given by

yi = (I 'e,

As in the standard BiCG algorithm, the algorithm here fails if a singular tridiagonal is
encountered [8] (breakdown of the second kind discussed in Chapter 1). For clarity of
exposition we assume this does not occur. Substituting the above expressions in (2.9) leads

to the following solution update for the primary system:

where xo = xo + Ué*ro and y; = CT[lel. Next, as in the standard BiCG algorithm, we

compute LDU decomposition of the tridiagonal matrix 7; to get a two-term recurrence. If

I, = LDR,
G = (I-UC*A)V;R;', and (2.17)
Y = CDi—lLi_le:h

then the two-term recurrence for the solution update of the primary system is given by

Ty = Ti—1 + ©iili, (2.18)

!Note that the dimension of e; in (2.15) is one less than that of e; in (2.14), although both denote the
first canonical vector.
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where g; is the last column of G; and ¢;; is the last entry of the vector ;. It is similar
for the dual system. We now do a slight change of notation to make the future derivations
simpler. Let x_; be the initial guess and r_; = b — Az _; the corresponding initial residual.
We define

2o =12_1 4+ UC*r_y and ry = (I — CC*)r_y. (2.19)

Similarly, for the dual system, let #_; be the initial guess and 7_; = b — A*i_; the corre-

sponding initial residual. We define
fo=a_,+UC*7_; and 7p = (I — CC*)7_. (2.20)

xo in (2.18) is defined by (2.19). We follow this convention for xq, Zg, 19, and 7y for the
rest of the thesis. Note that in (2.17) we never compute any explicit matrix inverse. The
matrices under consideration are either diagonal, or lower triangular, or upper triangular.
Moreover, we can obtain the required information even without generating the tridiagonal
matrix explicitly. In the next section we do simplifications to this solution update recurrence
leading to a form similar to the standard BiCG algorithm. That is, we derive the analogous
version of the standard iteration vectors: x (solution), p, and r (residual). The corresponding

scalars, a and (3, are derived in Section 2.4.

2.3 Iteration Vectors for the Elegant Expression: x, p,

and r

We first develop the recurrences for z, followed by recurrences for p, and finally for r. The

main idea is to simplify the notation, and use the orthogonality condition of the bi-Lanczos
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method. For the = recurrences, we write (2.18) in the following form:

T = X1+ o; 4p;, (2.21)

where a; = 2 Zp; = ||ri_1||gi, and Z = (I — UC*A). For the dual system, solution

[Iri—1l]’

update is given by

B =1+ & 2p;, (2.22)

where Z = (I — U C’*A*) If the recycle space does not exist, then the above solution update

recurrences are the same as in the standard BiCG (see Algorithm 1).

Next, we find the relationship between the residual and the Lanczos vectors. This relationship
is described by Theorem 2.1 and is used in computing the p vector. Theorem 2.1 also indicates
how to compute the Lanczos vectors that are used in building of the recycle space (Chapter

3).

Theorem 2.1. Prove that r; = v;v,41 and 7; = V0,11, where v; and U; are scalars.

Proof. Using augmented bi-Lanczos relation (2.5), the first Lanczos vector (2.12), the solu-

tion update expression (2.16), and the initial residual (2.19), we get

r; = b— Aux;,
= 19— A(I —UC*A)\V,y;,
= ro— ViniL,yi,
= 1o — VinLT; *Cen,
= rog— (v — (tﬂlﬂflgel)viﬂ, where ¢;,; is the last column of T,

= ViUj41,

where v; is a scalar. We can prove 7; = ;0;,1 in a similar fashion. ]
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As discussed in Chapter 1, there is a degree of freedom in choosing the scaling of the Lanczos
vectors v; and 9; [8, 10, 14]. The following scaling ensures that the computation of the recycle

space stays cheap:

|Jvsf| = 1, (v, ;) = 1. (2.23)
This is discussed more in Chapter 3. Hence, the Lanczos vectors are computed as follows:

ri—1

||7“i—1|”

ri—1

(Ui, 7:@—1) '

Now we find the recurrence for the p vector. From the LDU decomposition in (2.17), we know

G; = ZV;R7', where, as before, Z = (I — UC*A). Taking ZV; = F; we get the following:

{fl 2o fi}:[gl g2 - gi:|

R; above is bidiagonal because it is the upper triangular matrix from the LDU decomposition

of a tridiagonal matrix. By using the = recurrences, (2.21) and (2.22), and Theorem 2.1 we

get
Gi = fi—€19i1 =
gi = Zv; — €_10i-1 =
Zp; Zri_1 Zpi—1
[[ri—1l] [lri—1ll =i o]
) _ o eimallrieall,
Di = Ti-1 lri_a]] Pi-1-
In the above derivation, we assume Z is nonsingular. Taking 8, = —w, the p

[Iri—2]l
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recurrences are given by the following equations:

pi = Tim1 + Bic1pi-a, (2.25)

i = i1 + Bicapic. (2.26)

The above p recurrences are the same as in BiCG (see Algorithm 1). These recurrences need
the residual recurrences. The residual recurrences are obtained from the recurrences for the

solution update i.e. (2.21) and (2.22), and are given as follows:

Ty ="Ti—1 — Oél(] - Cé*)Apl, (227)

P = i — (I — CC*) A ;. (2.28)

If these recurrences are used for further derivations, then the expressions for the iteration
scalars v and 3 are not as simplified as in the standard BiCG algorithm. However, if the
augmented bi-Lanczos relations of the form in (2.7) and (2.8) are used, then we get simpler
algebraic relations. Using these different form of augmented bi-Lanczos relations, we get the
residual recurrences as follows:

ri = ri—1 — oA, (2-29)

Ty = Tio1 — QAP (2.30)

If we replace A; by A above, then these recurrences are the same as in the standard BiCG
algorithm (see Algorithm 1). For theoretical purpose, these new recurrences are ideal. While
for implementation, we still use the old residual recurrences i.e. (2.27) and (2.28). This is
because, working with A; and A* is more expensive than working with (I — CC*)A and

(I — éé*)A*. With iterations vectors at hand, we next find expressions for a’s and (’s.
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2.4 Scalars for the Elegant Expression: a and (3

First we prove a result that is central to CG and its derived algorithms. In CG, this result
states that the p vectors are A-orthogonal. For BiCG, the equivalent result is that p and p
are A-orthogonal. Theorem 2.3 below, gives the analogous result for RBiCG. Theorem 2.3

uses a result that is derived in Theorem 2.2 below.

Theorem 2.2. IfT;, = L;D;R; and TZ = LD,RH then show that R} = Zi and L} = ]:21

Proof. We know from (2.8) that the augmented bi-Lanczos relation for the dual system is

given by

AT‘Z - f/z'+1i¢ =
V*AWV, = Ty, since V;*V; = I from the choice of scaling (2.23).

Similarly, for the primary system, we get the following:

AV = Vil =
VFALV; = T, again using (2.23).

Equating the two Vi*A’{f/i, we get that T = T;. LDU factorization of the two tridiagonals
implies R*D*L* = L;D;R;. As the LDU factorization is unique, we get that R = L; and

L: =R, O

7

Next, we define P; = [p; p2 ... pi], and find a relation between the matrices P; and V;. From
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the LDU decomposition in (2.17) and the = recurrence (2.21) we know

GiR; = ZV;, with Z = (I — UC*A) =

Z[ 2 22 PR = 7V — (2.31)
llroll {lrll [[ri—1ll

P = ViR'Y,,
where Y; = diag(||roll, |||, - - -, ||ri=1l|). As earlier, we assume Z is nonsingular. Similarly,

for the dual system, this relation is defined by the following equation:

P = ViR, (2.32)

where Y; = diag((vy, ||7o|]), (va, ||71]]), - - -, (vi, [|7i-1]|)). Now the main A-conjugation result:

Theorem 2.3. Show that p; Aip; =0 for i # j.

Proof. We equivalently prove that f’i*AlPi is a diagonal matrix. The proof below uses
Theorem 2.2, (2.31) and (2.32).

PrAP = Y7R7VEAVIRY,,
= YR"TLR]'Y,
= Y/R;*L;D;R;R;'Y;,
= Y RRDY,
= YD),

}Z*DiY; is a product of diagonal matrices, and hence, is a diagonal matrix. O]

With the entire framework ready, we now find expressions for a’s and (3’s. First we show
how to compute . For this we use the bi-orthogonality condition (2.2), Theorems 2.1 and

2.3, the recurrences for the p vectors (2.25)-(2.26), and the recurrences for the residuals
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(2.29)-(2.30). That is,

~ s o
V; Vi1 = 0

* J—
ri_qr; =0

=k ok _
Ti1Ti—1 — airi_lAlpi =0

R S

P it — (B — BicaPio1)* Aipi = 0

T qrio1 — ap; Aips = 0.
Thus, the expressions for the a’s are given as follows:

*
T 1Ti-1

s and O~éz = Q;. (233)

o = —
' b; Aip;

As discussed before for the residual recurrence, for theoretical purpose, (2.33) is ideal. For

implementation, following version of (2.33) is better suited:

o= —— L (2.34)
pi(I — CC*)Ap;
Similarly, 3’s are given by the following equation:
ﬁi = ~*ri ik s and Bz = B,L (235)

TiaTi-1



Chapter 3

Recycling BiCG: Computing a

Recycle Space

In this chapter we are concerned with how to build U and U. As mentioned in Chapter 2,
the columns of U define the basis of the primary system recycle space, and the columns of
U define the basis of the dual system recycle space. In GCRO-DR [13] and RMINRES [19],
approximate invariant subspaces have been successfully used to build the recycle space. It has
been demonstrated there (in [13] and [19]) and in [12] that using the approximate invariant
subspace corresponding to small eigenvalues (in absolute value) is effective. For RBiCG we
follow the same strategy. For a detailed discussion on the choices for computing a recycle

space see [13].

Harmonic Ritz vectors provide an approximate invariant subspace cheaply, and are defined

using the theorem below (see Theorem 5.1 from [15]).

Theorem 3.1. Let S be a subspace of C". A wvalue N € C is a harmonic Ritz value of A

22
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with respect to the subspace W = AS if and only if

(Au — M) L AS for some u € S, u # 0.

In Theorem 3.1, u is called the harmonic Ritz vector associated with the harmonic Ritz value
A. Typically, we compute the harmonic Ritz values (and vectors) with respect to the current
Krylov subspace [13, 19]. Working directly with the above orthogonality condition is hard.
We first convert this orthogonality condition into a generalized eigenvalue problem in Section
3.1. This eigenvalue problem is of much smaller dimension than the dimension of matrix A.
The first system in our sequence of linear systems requires special attention since there is no
recycle space available at the start. This is covered in Section 3.2. After obtaining the U and
U, we build C' and C that need not satisfy the bi-orthogonality condition (2.2). We explicitly
build bi-orthogonality between them in Section 3.3. Although, the generalized eigenvalue
problem developed in Section 3.1 is of smaller dimension, it is still expensive to solve. The
bi-orthogonality condition (2.2) and the choice of scaling (2.23) can be exploited to reduce
the cost further. This is covered in Section 3.4. The generalized eigenvalue problem of
Section 3.1 requires the tridiagonals of the bi-Lanczos method explicitly. These tridiagonals,
as in the CG algorithm [14], can be built inexpensively using « and 3 derived in the previous

chapter. Section 3.5 gives such a derivation.

3.1 Using Harmonic Ritz Pairs

Until now in the discussion, we did not need the Lanczos vectors v; and v; explicitly. However,
these Lanczos vectors are needed to build the recycle space. Instead of using all the Lanczos

vectors to build the recycle space, we update the recycle space periodically to keep the
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memory requirements modest [19]. The iteration process between two updates of the recycle
space is referred to as a “cycle”. The length of the cycle “s” refers to the number of iterations
between updating the recycle space. Let V; and f/j contain the Lanczos vectors generated

during the j* cycle. That is,

V}' = [U(j71)s+1 Ujs} and ‘/J = [ﬁ(j*1)3+1 ﬁjs] :

Let T, and Tj be V; and f/] respectively with one previous and one subsequent Lanczos

vector. That is,

Tj=[vg-ns - vera] and Tj=[0Gns . Tjara]
The augmented bi-Lanczos relations for the j** cycle are now given by

(I -CC*AV; = T,;I; and

R Y (3.1)
(I-CCHAV;, = T, T

E
where T; and T'; are the tridiagonals from (2.5) and (2.6) with an extra row at the top
(corresponding to v(;_1)s and ?(j_1)s) and at the bottom (corresponding to v;s41 and ¥js41).

To be precise, the new tridiagonals have the non-zero pattern shown in Figure (3.1).

We now discuss how to build the recycle space. The discussion in this paragraph concerns
only the primary system (Az = b). Similar results hold for the dual system (A*Z = b). Let
columns of U,_; denote the recycle space generated at the end of the (j — 1) cycle for the
current linear system, and columns of U be the recycle space available from the previous
linear system. We want to obtain U; from Vj, U;_;, and U. It is important to note that Uj is
not used for solving the current linear system (for that U is used). The final U; here (at the

end of solving the current linear system) would be the U matrix for the next linear system.
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Figure 3.1: Non-zero pattern of I'; and fj.

There are many options for selecting U; [19]. For RBiCG we build U; from range([U;_1 V}])

because it keeps the algebra simple. Let

(I)j:[Ujfl V}], \IJJZ[C Cj,1 Tj],and Hj: ] 0 )

where B; = C’*A‘/J The augmented bi-Lanczos relation for the primary system (3.1) leads
to

Similarly, let

where B; = C*A*V;. The augmented bi-Lanczos relation for the dual system (3.1) gives
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In RMINRES [19] harmonic Ritz pairs of A with respect to the subspace range(A®;) have
been successfully used to build the recycle space. Since here we work in a Petrov-Galerkin
framework, using harmonic Ritz pairs with respect to the subspace mnge(A*tfj) is more
intuitive. This leads to simpler algebra and cheaper computations later. Let (A, u) denote

the harmonic Ritz pair of A we are interested in. Then, using Theorem 3.1 and the above

discussion, A and u are defined by the condition
(Au — Au) L range (A*ffj) ) (3.4)

where u € range(®;) (since we build U; from range([U;_; V;])). Using u = ®;w and (3.2) -
(3.3) in (3.4) gives

(4®,) Adjw = A (4°0)) Bw =
(0,88,) e = X(0;) @0

Thus, condition (3.4) is equivalent to the following generalized eigenvalue problem:
H U0 Hyw = NH U jw. (3.5)

Let the k chosen right eigenvectors of the above generalized eigenvalue problem form the
columns of matrix W;. As discussed at the start of this chapter, we choose eigenvectors cor-
responding to the eigenvalues close to the origin because deflating these eigenvalues improves
the convergence rate [12, 13, 19]. Thus, U; = ®,W; (since u = ®;w). Let columns of W,
denote the k chosen left eigenvectors of the generalized eigenvalue problem, then Uj = CjT?jo.

The following derivation confirms this. Let (u, %) denote the harmonic Ritz pair of A* we
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need. These harmonic Ritz pair are given by
(A*a — pa) L range (AD;), (3.6)

where @ € range(®;). Using @& = ®;w and (3.2) - (3.3) in the above condition leads to the

following;:

(‘I’jHj)* \i/jlf[ju? = ,u(I)* <\ijjﬁj> W.

. (3.7)

Hence, (3.5) and (3.7) are the same except that the former computes the right eigenvectors,
while the later computes the left eigenvectors (note that A = i since the eigenvalues of A*
are the complex conjugates of the eigenvalues of A). The first linear system and the first
cycle of all linear systems needs special attention since either U (and U) or U;_; (and U;_;)

or both are unavailable. We discuss these cases in the next section.

3.2 The First Linear System and the First Cycle

For the first cycle of the first system neither U (and U) nor U;_, (and U, ;) are available.
Thus, instead of solving the generalized eigenvalue problem, Ritz pairs are computed as

follows:

Tiw = w and Tﬂb = pw.
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Note that the tridiagonals, 73 and T} in the above equations, are s X s instead of usual
(s +1) x 5. From Theorem 2.2 we know T; = T%, and hence, we just need to solve one
system for both the left and the right eigenvectors. Also, as in (3.5) and (3.7), A and p are

complex conjugate of each other. Now the recycle space is given by

U =ViW, and U, = V,W,.

During the second and subsequent cycles of the first linear system, U;_; and U j—1 are available

but U and U not. Thus, the following variables are used in the generalized eigenvalue problem

(3.5):
I 0
Q;=[Uj1 Vi, V;=[C;m1 Y], and H; = :
0T,
- - - - - - I 0
=[O0 V], W= |G 1], and 1T = )
0T,

For the first cycle of each of the subsequent linear systems (i.e. j = 1), U and U are
available, while U;_; and Uj,l are not. Thus, the generalized eigenvalue problem (3.5) uses

the following variables:

I B
q)l = [U ‘/1], \Ill = [C Kl] s and H1 = s
0 T,
_ . . . _ I B
o=|0 vi|, w=|C V| adim=| |
0 T,

where V, and V, denote V; and V; with one subsequent Lanczos vector. T, and T, are the
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corresponding tridiagonals (with one extra row at the bottom). The final C; and C’j of the
current linear system are the C' and C for the next linear system, and thus, need to satisfy
the bi-orthogonality condition (2.2). The C; and C; as obtained from the previous derivation

need not be bi-orthogonal. We discuss how to satisfy this requirement in the next section.

3.3 Building Bi-orthogonality between the (C’s

As seen in Section (3.1), U; and Uj are given by the following equations:

Uy =®,W, and U; =d,;W;.
Also as seen before, C; and C'j are given by
C;=AU; and C;= AU
To construct bi-orthogonal C; and C’j, we use the singular value decomposition (SVD) of

C:C;
C:Cy = M;%;N7. (3.8)

Next we define
Uj = ©;W;N; = [Ujo VIW;N; and U; = &;W;M; = [Ujy ViIW; M. (3.9)
The new C'’s are given as follows:

Oj = AU] = A[Uj_l ‘/;]W]N] and éj = A*U] = A*[Uj_l ‘Z]W]M] (310)
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Note that these new C’s are bi-orthogonal (i.e. C’;C’j = 3J;). We build this bi-orthogonality
at the end of each cycle. To solve the generalized eigenvalue problem (3.5), we need matrices
H ;\if;f\I/jH ; and H ;\il;fq)j. Computing these matrices explicitly is expensive. However, with
algebraic simplifications, these matrices can be built cheaply. We discuss this aspect in the

following section.

3.4 Simplification of Matrix Blocks

The main cost of building ]:I;\il;\llej and ]:I;\i/;‘q)] for (3.5) is in computing matrices ﬁ/jlllj
and \i/;ffl)j (cross product of two dense matrices). We can simplify these matrices as follows

(using bi-orthogonality condition (2.2) and the choice of scaling (2.23)):

o D, C*C;_, 0
W= | ¢ {C Ciy Tj}z CrC S Oy |
T 0 Tici I
C* C*U; 0
Vo= | ¢, {Uj—l V}‘}: CiaUjsr GV |
Y YU 1

where D, = C*C is a diagonal matrix independent of the cycle, and I is an identity matrix
with an extra row of zeros at the top and at the bottom. Most of the blocks above can
be simplified further. Before doing more simplifications, it is important to point out that
because of the bi-orthogonality condition (2.2) and the SVD relations (3.8)-(3.10), we get

the following orthogonality conditions on the side:

Cj_o L T; and (3.11)
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Cis LT, (3.12)

We now simplify the blocks of the above two matrices (going from top-to-bottom and left-
to-right). For this we use the bi-orthogonality condition (2.2), the augmented bi-Lanczos
relations (3.1), the SVD relations (3.8)-(3.10), and the new orthogonality conditions (3.11)-
(3.12).

[ ] O*Oj,1 = O*AUjfl = |: O*AU]'_Q C*A‘G_l ‘| ijlefl’
= [ C*Cj_y C* [CC’*A‘/}_1 + T4 Fj—l} ] Wi 1Nj1,
= |: O*Oj_g Dch—l :| Wj—le—17

where C *Cj_2 is available from the previous cycle, and B;_; is computed during the iterations

of the bi-Lanczos method (see Chapter 6).

. . - Ur,
o Cr,C=U_AC=M_W; | ' |AcC,
Vi
5 Cc*_,C
= Mj—le—l _ ’ )
I Vi, AC |
5 Cc* ,C
— MW} iz

* I7* C;*QC
=M Wiy |
B \D,
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As in the previous block, é;_zc is available from the previous cycle, and Bj,l is computed

during the iterations of the bi-Lanczos method.

Sy s * T 7% ﬁ;—2
Vit
* T ¥ 0
— MJ—IW]—I _ 3
v,
* Tr* 0

* 7% 0
:Mjflefl ~ ~ 3
Fj—lTj—lTj
where
Ui-2s
6Ekj72)s+l
F§—1T;—1Tj:F;—1 : Vi-1)s Y@G-Ds+1 " Ujs Ujs+1 |
Ui-1s
L @z(j—l)sﬂ J
00 - 0 0
=I5, 10 0 00
10 00
_O 1 0 0_
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o YiCj1=T;AU; 4,
=T;A [ Uis Vi, } W;-1Nj1,
=10 T;A‘/j1:|VVj—1Nj—h
=10 T;‘ [CCA'*AVJ-A-FTJ‘AFJ'A} }VVj_le—l’
= 0 TjTj_lfj_l :| ijlefla
where
U(i-1)s
ﬁzkj—l)s—i-l
5Tyl = : VG-2)s VG-2)stl Tt VG-ns VG-ner1 | Li-t
i,
6;5—5—1
(00 .- 10
00 --- 01
=10 0 0 0|l
00 00

. C’*Uj,l =C* [ Ui—s Vi ] W;_1Nj1 = { C'*Uj_g 0 ] Wj1Nj-1,
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where C’*Uj,Q is available from the previous cycle.

3 _ U
o C;—lUj—l = Mf—1w/f—1 ~J tla [ Uji—2 V4 ] W;_1Nj_1,
v
N C* Uj gy C* Vi
:M]ilvvjil e e WjaNj1,

ViiCioa Vi AV

where é;_QU]‘_Q and CNY;_QVj_l are available from blocks of \i/;-‘_l@j_l. f/j*_le_g is a subset

of T;fle_% and hence, is available from \I/;{l\lfj_l. V;‘ilAVj_l can be simplified as follows:

(7)W= [T, | =TT

) C’;_lw is a subset of C’;_lTj, and hence, is available from \TJ;"\IIJ

Thus, only T;Uj,l needs to be computed explicitly. For solving the generalized eigenvalue
problem (3.5) we need the tridiagonals T; and T; explicitly. Only the tridiagonal for the
primary system (7}) needs to be computed since the tridiagonal for the dual system (7}) is
its conjugate transpose (from Theorem 2.2). The a’s and f’s, as derived in the previous
chapter, help in cheaply computing the tridiagonal. Hence, we discuss this aspect in the

next section.
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3.5 Computing Tridiagonal from «’s and (3’s

We derive the expression of the tridiagonal for our RBiCG on the same lines as the derivation
of the tridiagonal for CG [14]. Giving this derivation here is advantageous for two reasons.
Firstly, here we work with A; instead of A so the steps are not the same. Secondly, in the
literature for BiCG, the derivation of the expression for the tridiagonal is hard to find. We
start with the augmented bi-Lanczos relation (2.5) to compute the terms of the tridiagonal.

That is, writing (I — CCA‘*)AVi = Vi11T; in the expanded form gives the following:

51 M 0 e 0
&1 0 13
(I - CC*)A[Ul Vg Ui] = [Ul Vg + - Vj—1 Ui Uz‘+ﬂ
&—2 di—1 m;
0 0 gifl 5z
0 0 0 &

Equating the i column above implies

([ — CO*)AUZ = NiVi—1 + (SZ‘UZ' + fiviﬂ =
Evit1 = Av; — 80, — nw_y — CC* A,

Therefore the “central” equation here is
Ak A% A%
fﬂh‘ﬂ = Avi — (Si’Ui — NiVi—1 — clclAvi - CQCQAUi e — CkaAUZ', (313)

The above equation is called “central” because it is the starting point of deriving expressions
for 9;, n;, and &. We now construct the expression for ¢;. This is followed by the derivation

of the expression for 7; and &;. Taking the dot product of the above equation with v;, and
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using the bi-orthogonality condition (2.2) along with the relation between the residual and

the Lanczos vector (Theorem 2.1), leads to the following:

vF A,

—_ 7

5i - SR =
VFv;

6‘ o 77;‘,11417‘1'—1

! Ti_qTi-1

The numerator of the above expression can be simplified further using the p recurrences

(2.25)-(2.26) and A-orthogonality of the p vectors (Theorem 2.3) as follows:

ff_lAlri—l = (151' - Bi—lﬁi—l)*Al(pi - @'—1291‘—1)7

= piAip; + 5@-27125371141}%—1'

Substituting this numerator back in ¢; and using expressions for 3 (2.35), gives the following:

~% % ~%
5 — Py Avp; TiaTic1 DiqAipia
i = T 0= i :
Ti1Ti-1 TioTi—2  T;1Ti-1

Therefore the §;, using expressions for a’s (2.33), is given by

(3.14)

For i = 1, the second term in the expression should be omitted. Next we work on the
expression for 7;. Taking the dot product of (3.13) with ©;_1, and using the bi-orthogonality

condition (2.2) along with the Lanczos vector expressions (2.24), leads to the following:

0 = 17;‘(_1141}1' —0—- niﬁj_lvi—l —-0-0---—-0 =
vF L Aqv;
. — i—1 v
i 5 v =
||Ti,2|| . F;‘,QAlri—l

M = el e



Kapil Ahuja Chapter 3. Recycling BiCG: Computing a Recycle Space 37

As in the case of ¢§;, we simplify the numerator of the 7; above using the bi-orthogonality

condition (2.2), Theorem 2.1, p recurrence (2.25), and the residual recurrence (2.29).

7:?,21417’1'—1 = ff,QAl(pi—ﬁi—lpi—l);

sk (rim1—Ty) (ri—a—ri—1)

= /r.l 2 a; ﬁl ]-/rl 2 a1 Y
_ Bi—1 (=*

Substituting this numerator back in n; leads to the following:

HﬁezH ] Bi—1

|[ri—1]] i1

h=— (3.15)

Note that n; above does not exist. We now derive the expression for &;. This derivation
follows the same steps as the derivation for 7; except that here we start by taking a dot
product with 9;,, instead of v; ;. That is,

B S ]| . L

§ = T = Tl mn

Consider the numerator of the second fraction above.

A = TP AP — Bicipic1),

(7’1 1— T@ ﬂ 7’1 2—Ti— 1)
21

= 7" y
Qi—1

(2

_ 7T
[ 73 :

Substituting this simplified numerator back in & above, gives the following;:

g =l 1 (3.16)

[rici||
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The tridiagonal is given as follows:

1 _roll . B
a1 llrall o
1N | S S + Bl | B
[Iroll o1 az o [Ir2]] a2
T, =
- _rie|l | Biza
[lri—all i1
_lraeall 1 1 4 Biza
[e73 a1

[lri—ell  ai-1

As discussed before, for computing the tridiagonal of the dual system, Theorem 2.2 is used.

That is, T; = T} .



Chapter 4

Recycling CGS

If the problem at hand requires solving both the primary system and the dual system, then
BiCG (or RBICG here) is the best choice. However, if only the primary system is to be
solved, then two other bi-Lanczos based algorithms, namely, Conjugate Gradient Squared
(CGS) [16] and BICGSTAB [17], might be better. In this chapter we extend recycling to the
CGS algorithm. We apply the recycling approach to the BICGSTAB algorithm in the next

chapter.

The BiCG algorithm has a number of drawbacks. It requires the matrix transpose, which
may be expensive or in some cases not available. Another disadvantage is that it requires two
matrix-vector products to extend the Krylov subspace for the solution xz; by one vector [2].
This lead to the development of the CGS algorithm [16]. In addition, the CGS algorithm
often converges faster. We now derive the Recycling Conjugate Gradient Squared (RCGS)
algorithm from our RBiCG in the same way as the CGS algorithm is derived from BiCG
in [16].

In the next section we describe the polynomial representation of the RBiCG iteration vectors.

39
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We exploit this to develop the polynomial representation of the RCGS iteration vectors in
Section 4.2. In Section 4.3, iteration scalars and vectors of the RCGS algorithm are derived.
Here we assume the recycle space to exist. One way to generate a recycle space for RCGS
is to solve every k" linear system by RBiCG. Computing the recycle space within RCGS is

an area of future work. As previously emphasized, ry and 7 are given by (2.19) and (2.20).

4.1 Polynomials in RBiCG

Here we derive the polynomial representation of the p and r vectors. For this we use (2.25)

and (2.29).

Theorem 4.1. For the primary system
ri = 0;(A1)ro, pi = i1 (Ar)ro, (4.1)

where ©;(Ay) and I1;_1(Ay) are i-th and (i —1)-th degree polynomials in A, with the following

polynomial recurrences:
Oi(A1) = 0;_1(A1) — ALy (Ar),  TLii(Ar) = ©;1(Ar) + Bicallia(Ay). (4.2)

Proof. We prove this by induction. The hypothesis is true for ¢ = 1 because

P1 =T = H[)(Al)ro and
ry =19 — ot dipr = ([ - &1141)7“0 = @1(141)7’0-
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Assume the hypothesis is true for 7. Then

Pit1 = 1i+ B,
= (0;(A1) + BiIL_1(A1))ro,
= Hz‘(z‘h)?”o;

where HZ(A1> = @2(141) + /611_[1,1@41) AISO,

Tit1 = Ty — Oéi+1A1pi+1,
= (0;(A1) — a1 AIL(Ay))ro,
= @iﬂ(Al)TO,

where 0©;,1(A;) = ©;(A;) — ;41 A111;(A;). Thus the hypothesis is true for ¢ + 1 and so the

proof is complete. Il

Similarly, for the dual system

i = ©i(A})7o, P = iy (A7)0, (43)

where ©;(-) and II;(+) are obtained from ©;(-) and II;(-) respectively after complex conju-
gation of the polynomial coefficients (the scalars o and ). Next, we use this polynomial

representation to develop the polynomial representation in RCGS.

4.2 Polynomials in RCGS

From the orthogonality condition (2.10) we know that r; L V;. This along with Theorem 2.1

gives r; L 7; for j < i. The polynomial representation of the r; and the 7; vectors from (4.1)
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and (4.3) lead to the following:

(©,(A7)70, ©i(Ar)rg) = 0 for j < i &
(7:0, @j(Al)@i<A1)T0) = 0 for ] < 1.

The latter form of the inner product contains no matrix transpose, and can be used to com-
pute the iteration vectors of RBiCG. This idea was first proposed in [16] and is fundamental to
the CGS algorithm. Consider the numerator and denominator of «; = (7—1,7;-1)/(Di, A1pi)
from (2.33).

(Fi1,7im1) = (©i1(A7)To, ©i1(A1)ro) = (Fo, (Oi-1(A7))*Oi-1(Ar)ro) = (70, O, (A1)70),
(pi, Aipi) = (TLi—1 (A7)0, Al (Ar)ro) = (Fo, AiIIZ_{ (A1)ry).

In the above expressions we need vectors ©2 ,(A;)ry and 117 ;(A;)rg. Squaring the polyno-

mial recurrences in (4.2) leads to the following recurrences:

OF (A1) = 07 (A1) + & ATI?_ | (A1) — 203410, (AT (Ay),

171 (A1) = ©7_(Ay) + B2 TT7 (A1) + 23,1051 (AT o (Ay).

In order to compute the above recurrences, we need two more recurrences as follows:

O,-1(ANIL 1 (Ar) = @%,1(141) + Bi—10i-1 (A1) _2(Aq),
;-1 (AL 2 (A1) = ©;9(AIL o (Ay) — 041‘711411_[12_2(141)-

Based on the above idea, we now find the RCGS iteration scalars and vectors.
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4.3 Iteration Scalars and Vectors

Analogous to CGS, in RCGS we interpret the vectors ©2(A;)ry as the residuals for the

solution estimates x;. That is,

T, = @ZZ(A1>TO and
pi = H?A(Al)ro-

The iterations scalars, o and (3, are now given by

(To,7i—1)

(To, A1pi)’

(7o, 7i)
(Fo,Ti—1)

fi=

o; =

Using the vectors u; = ©;_1(A1)I;_1(A1)re and ¢; = ©;(Aq)I1;_1(A;)ro, iteration vectors for

the RCGS algorithm are defined as follows:

u; =121 + Bic1¢i-1,
i = Ui—1 + Bi—1(qi—1 + Bi—1pi-1),
¢ = u; — o Aip;,

ri =11 — A (u + ;).

Next, we derive the recurrence for the solution update from the recurrence for the residual.

That is,

ri =rio1 — oA (u; + q;) =
b—Ar; =b— Av;y — ;A (ui + @) =
Az; = Ay + (I — CCHAL — CC*)(us + q;) =
T = xi1 4 a;(I — UC*A)(I — CC*)(u; + q1).



Kapil Ahuja Chapter 4. Recycling CGS 44

Until now for theoretical derivations we have worked with matrix A, = (I—CC*)A(I—CC*).
As in the RBiCG algorithm, the computations in RCGS can be performed with Ay = (I —
CC’*)A instead of A;. This is because A1p; = Aop;, A1u; = Agu;, and A1q; = Agq;. Therefore

the iteration scalars and vectors used in computation are

) (Fo, Ti—1)
% (fo, Aops)’

Bi = ATo. i)

(fo, 1)’

u; =11+ Bic1gi-1,

pi = ui—1 + Bic1(gi-1 + Bicapi-1),
¢ = u; — a; Aopi,

i = 11— i Ag(ui + ),



Chapter 5

Recycling BiCGSTAB

In general, the CGS algorithm has irregular convergence behavior, and this sometimes leads
to cancellation errors [2]. This drawback lead to the development of BICGSTAB [17]; a
smoothly converging variant of CGS. Next, we extend our recycling CGS to the recycling

BiCGSTAB algorithm (RBiCGSTAB).

With recycling, the columns of V; define the basis for K*(Ay,ry) and the columns of f/l define
the basis for K'(A}, 7). As emphasized earlier, ry and 7y are given by (2.19) and (2.20).

Again, in this section we assume that the recycle space has been computed previously.

From the orthogonality condition (2.10) and the above result, we get that r; 1 K*(Aj, 7).

Using the polynomial representation of r; (4.1), we get that ©;(A;)ro L K'(A3, 7). In

BiCG, K'(A3,7y) = span{fo, ©1(AD)7o, ---, ©;_1(A%)7}. This leads to the orthogonality

condition of the form
(0,(A})Fo, ©;(A1)rg) = 0 for j < i. (5.1)

As observed in [17], the above orthogonality condition must be satisfied by other basis of
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K'(A;, 7)) too. So, other polynomials can be used as well [20]. If
KZ(ATJZ()) = spcm{fo, Ql(AT)fo, ety Qi—l(AT)fO}u then

(Q,(AD)7o, ©;(A)rg) = 0 for j < 4. (5.2)

As in the BiCGSTAB algorithm we define

(A1) = (I — w1 A —waAy) ... (I —w;Ay), (5.3)

where w; is selected by minimizing the residual r; with respect to w;, and
Qi(AL) = (I — 1 A)) (I — A1) ... (I —@;A;). Next, we apply the same technique as in the

CGS algorithm to get the iteration parameters. We replace expression (5.2) by

(70, €2j(A1)0;(A1)ro) = 0 for j < i. (5.4)

Using the recurrence for the p vector in RBiCG (2.25) and it’s corresponding polynomial

representation (4.1), we now derive the recurrence for the p vector in RBICGSTAB.

4

Di = Tic1 + Bicapi—1
Qi1 (A)pi = Qi1 (A1) (rim1 + Bicipio1) =
Qi1 (ADIL 1 (A)ro = Qim1(A1)O 1 (Ao + Bic1 (1 — wim1 A1) Qo (Ao (Ar) 0.

Analogous to BiCGSTAB, in RBICGSTAB we interpret the vectors €;(A1)0;(A1)ry as
the residuals for the solution estimates x;. Hence, taking r; = €;(A;)0;(A;)ro and p; =

Q;_1(A)I;_1(Ay)ro, the recurrence for the p vector is given by

pi =ri-1+ Bi-1pi-1 — Biciwi-1A1pi-1. (55)
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Using recurrence of the residual in RBiCG (2.29) and it’s corresponding polynomial repre-

sentation (4.1), we derive the recurrence for the residual in RBICGSTAB below.

T =Tio1 — aA1p; =
Qi(Ar)rs = Qi( A1) (i1 — s Aips) =
Qi(A1)0i(A1)ro = (1 — wi A1) Qi1 (A1) (Oi-1 (A1) — ATl (Ar)7o).
Therefore, the residual recurrence is given by
ri =1 — g Aip; — WA (rion — o Awpy). (5.6)

The derivation of @ and [ in (5.5) and (5.6) closely follows the derivation of BICGSTAB [2].

o (77077%;1)
“e (7o, A1pi)’ (5.7)
Bi = (or) o (5.8)

(fo, 7’171) w;
Next, we show how to compute the coefficients w;’s. From (5.6), we have r; = s — w;t, where

s=1r;_1— a;A1p; and t = A;s. To minimize r; with respect to w;, we need

(Ti,t):() =

(s,t) —wi(t,t) =0 =

—~

s,t
tt) "

N

Wi =

—~

The last step is to develop the recurrence for the solution update. The residual from (5.6)
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is given by

ri =1ri—1 — o Aip; — WiAl(Tifl - aiAlpi) =
b— Az, =b— Az, — a;A1p; — wiAi(rio1 — o Aip) =

Ax; = Az + 0 Aips + wiAr(rior — i Agpy).

Using A; from (2.7), and taking s = r;_1 — o; A1p;, we get the following:

Ar; = Az + a;(I — CCHAI — CCHp; + wi(I — CCHA(I — CC*)s,
= Az + (A — AUC*A)(I — CC*)p; + wi(A — AUC*A)(I — CC*)s.

Therefore, the solution update is given as follows:

2= 21 + a;(I —UC*A)I — CCHp; + wi(I — UCTA)(I — CC*)(rioy — a;Arpi).  (5.9)

As stated earlier for RBiCG and RCGS, for theoretical derivations it is convenient to work
with A1 = (I — CC*)A(I — CC*) because it emphasizes the symmetry in the bi-Lanczos
relations (Section 2.1). For computations, we work with Ay = (I — CC*)A instead of A,
because it is cheaper. Therefore, the iteration scalars and vectors used in computation are

as follows:

(o, 1)
; = 7=
? (To, Aopi)’

B = Ao, 7o) _ 0

T (Fo, Ti—1) "wi?

— (Svt) 1 — —
i = -, with s = 7,1 — a; Agp; and t = Ags,
(&) (5.10)

pi = 1ric1 + Bicipic1 — Biciwi—1Aopi—1,

ri =121 — q;Agp; — wiAo(rio1 — @ Aops),

T, = Tj—1 + CY»L(] — UCA'*A)pz + CUZ(I — UO*A)<Ti_1 — OéonpZ)



Chapter 6

Implementation and Results

This chapter starts with a discussion on code optimizations and other implementation details
in Section 6.1. Section 6.2 provides results for numerical experiments on RBiCG, RCGS,
and RBiCGSTAB for a convection-diffusion problem and IRKA. Until now we have worked
in a complex framework. However, our implementation is only for reals. That is, matrix

A@ e R™" and the right hand sides b, b@) € R™,

6.1 Implementation

First we discuss efficient implementation of some vector updates and matrix compositions.
Preconditioning is briefly discussed towards the end of the section. The optimizations are

done for all the algorithms described (RBiCG, RCGS, and RBiCGSTAB), however, we

demonstrate them here for RBiCG.

For updating the solution and residual as in (2.21) and (2.27), vectors (I — CCT)Ap; and

(I-U C’TA)pi are required. The implementation below requires only matrix-vector products,
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and hence, keeps the cost low. The solution vector is not used during the iterative steps of
the algorithm. Hence, to reduce the cost further, a cumulative update is done to the solution
vector.

During the iterations:

1. hy = Ap;i, ki = CThy, hy = h; — Cry,

F.Tilri_l
2. Oéz — Z~T
p; hi

3. Ty = i1 +ayp;, S =<+ quky,

4, Ty =Ti—1 — Ozzh,

At the end of all iterations:

x; =x; — Ug.

Solution and residual updates for the dual system have a similar form. For (3.2) and (3.3),
computing matrices B; = CTAV; and B; = CT ATV} is an expensive operation. &; at the
iteration, as computed above, can be utilized to cheaply build B; as follows (p; used below

is defined by (2.25)):

Ki = C'TApi = OTA(Ti—1 + Bicipic1) =

ki = CTAr ) + Bi—1Ki-1-
Hence the i column of B, is given by

Ry — @71/‘%71

CT Av; = , 6.1
R ] oy

since v; = H:l:H from (2.24). Similarly, the i column of Bj is given by
CT AT, = Ki — ﬁiflﬁifl’ (6.2)

(Ui,fi—l)
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where #; = CTh; with h; = ATp;. (6.1) and (6.2) are not exact dual of each other because
the scaling for ¢; is different from that for v; in (2.24). For some “hard” problems, the
algorithm at hand does not converge or takes too much time. In these cases, preconditioning
the linear system helps. If preconditioning is used, then the generated recycle space pertains
to the preconditioned linear system. We have implemented split preconditioning inside the

recycling algorithms. This type of preconditioning is defined as [1, 14]

MGTAMT Y = M0, = M.

6.2 Results

For testing our algorithms, we use the linear system obtained by finite difference discretiza-

tion of a partial differential equation. The partial differential equation used is [17]

—(AV,), — (AYy), + B(z,y)d, = F,

with A as shown in Figure 6.1, B(x,y) = 2e2@*+v*) and F = 0 everywhere except in a small
square in the center (see Figure 6.1) where F = 100. The domain is (0,1) x (0,1) with

Dirichlet boundary conditions

9(0,y) =9(1,y) = J(x,0) =1,
Yz, 1) = 0.

The standard second order central difference scheme is used for the discretization, and the
mesh width is taken as 1/128. This leads to a nonsymmetric linear system of 127 unknowns.

The linear system is preconditioned by a Crout version of ILUT factorization [14] with a
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A=1E-§

A =100

Figure 6.1: Coeflicients for the PDE.

drop tolerance of 0.2.

The results are summarized in Figures 6.2 and 6.3. Figure 6.2 shows the benefit of recycling
in BiCG. The linear system is solved twice with RBiCG!. The subspace is recycled from the
first run to the second. This is the “ideal” case for recycling; “We do this to exclude the
effects of right-hand sides having slightly different eigenvector decompositions” [13]. Note
that the second solve uses 25% fewer iterations than the first solve. For this experiment
we take s = 80 and £ = 20. These are chosen based on experience with other recycling
algorithms [13, 19]. We do a third run too (that uses the recycle space generated in the
second run) to show that the recycle space gets accurate with more runs. This is evident in

the figure (the algorithm converges fastest in the third run).

The benefit of recycling in CGS and BiCGSTAB algorithms is shown in Figure 6.3. The

'The current implementation scales the Lanczos vectors as follows: ||vs]| = 1 and ||5]| = 1 instead of
(2.23). This leads to some extra work in computing 7; because now T; # T;1. Overall, this doesn’t affect
the results because we are not doing timing comparisons here.
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Convergence curves
6

RBICG: First run
RBICG: Second run
4 RBICG: Third run
2 |
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o
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0 50 100 150 200 250

Number of iterations
Figure 6.2: Recycling in BiCG.

linear system is first solved with the standard CGS and BiCGSTAB algorithms. After that,
the same linear system is solved with RCGS and RBiCGSTAB (using the recycle space
developed during the second run of RBiCG in Figures 6.2). As evident in the figure, the
recycling algorithms converge much faster. Generating recycle space within RCGS and
RBiCGSTAB is an area of future work. This is because real deflation of the primary system
residual is done by the left eigenvectors [3], and these left eigenvectors not available during

the RCGS and RBiICGSTARB iterations.

Next, we briefly show the application of RBiCG in IRKA [9] that is used for model reduction.

IRKA requires linear solves for building matrices

Vi = [A(O'il)ilb, RN A(O’Z‘j)ilb],
Wi = [A(o3) T, .., Aloy,)"TH,

where A is a matrix that depends on the scalar . This is a good example to show the
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Convergence curves

CGS
BiCGStab
—6— RCGS
RBICGStab

log10 ||r]|

0 50 100 150
Number of iterations

Figure 6.3: Recycling in CGS and BiCGSTAB.

usefulness of RBiCG because of the following reasons. A column of V; denotes the primary
system and the corresponding column of W; denotes the dual system. The change in o,
both horizontally (along the columns of V; and W;) and vertically (with change in i), is not

substantial.

We apply the RBiCG algorithm to the above solves as follows. While solving the system
A(oiy1,,)7 10 (also the dual system), with m = 1,...,j, we pick the recycle space generated

in the previously solved system that has o closest to o;1;,,. The pool for picking o currently

1S 04y - - .aij’0i+11’ ey O, -

Our 1357 x 1357 test dynamical system comes from the rail models (courtesy: Dr. Peter
Benner). We take j = 6 and initialize the o’s as logspace(—5,0.7,6). We do the linear solves
both with RBiCG and the standard BiCG algorithm. Figure 6.4 shows the convergence
curves at ¢ = 3. This is for the primary systems (the columns of V;). Similar graph exists for

the dual systems (the columns of W;). The curves in bold are corresponding to the systems
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Convergence Curves for the Primary Systems

Bolds:  No recycling
Dashed: Using a recycle space

log10 ||r]|

100 150 200 250
Number of iterations

Figure 6.4: Using RBiCG in IRKA.

without recycling, and the dashed curves are corresponding to the systems that use recycling.
It is evident that the systems that use a recycle space converge in fewer iterations as compared
to the systems that do not use recycling. Note that only three systems use recycling. This
is because the other three converge fast, and applying recycling to them is not useful. To
summarize, RBiCG works well in IRKA for small models. For larger models, deterioration of
the space range <A* |:Uj_1 f@]) makes the algorithm converge poorly. Having a good basis

for this space fixes the problem, and we are currently working to obtain such a basis cheaply.



Chapter 7

Conclusion

In this thesis, we apply Krylov subspace recycling to the BiCG, CGS, and BiCGSTAB
algorithms. For BiCG, we first assume the recycle space exists and modify the algorithm to
utilize this space. Second, we show how to build the recycle space cheaply. The resulting
algorithm is termed RBiCG. For the recycling version of CGS and BiICGSTAB (RCGS and
RBiCGSTAB respectively), we assume that the recycle space is present. Computing the

recycle space within RCGS and RBiCGSTAB is an area of future work.

We test our algorithms on a linear system arising from the finite difference discretization
of a PDE. To simulate slowly changing linear systems, we solve our linear system twice
where-in the subspace is recycled from the first run to the second. This example is an
“ideal” case of recycling because it best exemplifies the usefulness of the recycling algorithms.
The results indicate that these recycling bi-Lanczos based algorithms can help solve slowly
varying sequence of dual linear systems faster. A “real life” example for RBiCG arises while
performing model reduction using IRKA [9]. Utilizing RBiCG inside IRKA is currently being

researched upon.
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