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Some Formation Problems for Linear Elastic Materials

David R. Schenck

ABSTRACT

Some equations of linear elasticity are developed, including those specific to certain
actuator structures considered in formation theory. The invariance of the strain-energy
under the transformation from rectangular to spherical coordinates is then established for
use in two specific formation problems. The first problem, involving an elastic structure
with a cylindrical equilibrium configuration, is formulated in two dimensions using polar
coordinates. It is shown that L? controls suffice to obtain boundary displacements in
H'/2. The second problem has a spherical equilibrium configuration and utilizes the elastic
equations in spherical coordinates. Results similar to those obtained in the two dimensional
case are indicated for the three dimensional problem.
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Chapter 1

Introduction

In this paper we look at two problems in linear formation theory. Formation theory is an
area of control theory concerned with, among other things, the shape control of linear elastic
materials. We begin in Chapter 2 with a brief introduction to linear elasticity in rectangular
coordinates followed in Chapter 3 by an introduction to those aspects of formation theory
relevant to the current discussion. Since the formation problems we consider in Chapters
5 and 7 have cylindrical and spherical equilibrium configurations, we examine in Chapter
4 the coordinate transformation of the elastic equations obtained in Chapters 2 and 3.
Chapter 6 contains some graphical results based on the work in Chapter 5 and Chapter 8
contains some suggestions for future study in this area.



Chapter 2

Introduction to Linear Elasticity

2.1 General Comments and Notation

Many scientists have made significant contributions to the development of the theory of
elasticity. What follows is a brief look at some events that provided the way for future
research and that are relevant to understanding some fundamental ideas in the theory of
elasticity. For a more comprehensive view the interested reader is referred to Love [7],
Todhunter and Pearson [14], and Timoshenko [13]|, from which most of what follows is
obtained. We will then discuss terminology and notation.

2.1.1 Some Background

Elasticity is a mathematical theory with empirical roots going back to Galileo Galilei and
Robert Hooke in the 1600’s. Galileo investigated the resistance of horizontal and vertical
suspended beams to failure under their own weight and applied loads in his Discorsi e
Dimostrazioni matematiche of 1638 [7]. Through experimentation in the mid to late 172
century, Robert Hooke in England and E. Maroitte in France independently discovered the
proportionality of what are now referred to as stress and strain (more on stress and strain
later). Then, in the 18% and 19% centuries, the mathematical theory of elasticity became
the subject of extensive study by many world renown scientists.

Claude Navier is credited with first discovering the general equations of elasticity in
1821. Following Isaac Newton, Navier postulated a “structure” theory of elastic bodies in
which “molecules” or more simply “material points” are presumed to interact in specified
ways, being thus responsible for observable elastic phenomena. Navier’s assumption of
material points as centers of force, and similar assumptions of Siméon Poisson and of
Augustin-Louis Cauchy in his later work on crystalline bodies, leads to elastic equations



involving just one constant in the case of isotropic bodies. Isotropic elastic materials are
presumed to exhibit the same stress-strain relationship regardless of direction within the
body.

The equations found by Navier can be included as a special case of the equations
of elasticity developed by Cauchy in 1822 and later derived by George Green and inde-
pendently by George Gabriel Stokes using the principle of conservation of energy. Here no
assumptions are made concerning interactions of material points and the elastic equations
so derived contain two constants in the isotropic case. Stokes attributed the distinct con-
stants to the tendency of an elastic body to resist compression (changes in volume only)
and shear (changes in shape only). These constants are referred to as the bulk modulus (or
the modulus of compression), denoted K, and the shear modulus (or the rigidity), denoted
G, respectively. Thomas Young, in 1807, first commented on this property of elastic bodies
to differentially resist expansion (or contraction) and shear and was the first to define a
material’s modulus of elasticity [7]. This modulus, now known as Young’s modulus, denoted
FE, is the ratio of one-dimensional extensional stress to extensional strain.

2.1.2 Terminology and Notation

When subject to forces or loads nearly all commonly encountered material bodies tend to
deform or experience changes in size and shape. The term elasticity refers to the tendency
of certain types of material bodies to return to their original equilibrium configuration upon
release of applied forces. The stresses in the body are a function of the loading and the
corresponding changes in size and shape are elucidated in terms of relative displacements
or strains (more precise notions of stress and strain are provided later). In linear elasticity
we assume that components of stress are linear functions of the components of strain. This
assumption, known as Hooke’s Law, governs the standard mass-spring system in which the
force of the spring is proportional to displacement of the mass. To ensure that we remain
within the realm of linear elasticity, we assume that the strains are “small” in the sense that
two points which are “close” at equilibrium remain “close” under load. We also require that
the body be perfectly elastic in the sense that all (nonequilibrium) strains disappear upon
removal of applied loads. In addition, the deformation must occur adiabatically, “that is
to say in such a way that no heat is gained or lost by any element of the body.” [7]

The natural complexities of the subject are compounded by the use of different
terms for the same phenomena, the use of similar or the same terms to refer to distinct
phenomena, and the use of many different notations, in particular, for the components
of stress and strain (see [7], pp. 614-616). We have endeavored to conform with current
notation and conventions for mathematics and elasticity. In cases of conflicting usage our
choices will be clearly stated. We use o to denote stress, € to denote strains, and subscripts



are used as descriptors. For example, u, will be used to denote the z-component of the
displacement vector, while du/0x will denote the partial derivative of u with respect to x.

2.2 Strain and the Strain-Displacement Equations

In this section and the following we will examine what happens within an elastic body sub-
ject to an arbitrary applied load and develop the notions of stress and strain in rectangular
coordinates. It is instructive and useful to carry out the following calculations with respect
to arbitrary orthogonal curvilinear coordinates, however this level of generality, combined
with the natural complexities associated with modeling elastic solids, will unnecessarily
muddy the waters. The results of such a course, for example from [7], pp. 51-58, will be
used when cylindrical and spherical geometries are considered in Chapters 5 and 7, respec-
tively. We will now develop the notion of strain as a measure of relative displacements
within an elastic body, the relative movement of material points being the source of elastic
potential energy.

We consider a three dimensional elastic solid S which initially occupies the region
R C IR®. At equilibrium each coordinate point P(z,y,2z) € R corresponds to a material
point M € S§. Under an arbitrary load our solid § is deformed and now occupies a new
region R. We may view this deformation as a smooth vector field, D : R — R. Under
the action of D the material point M is relocated to coordinate point P(x U,2) € R.
Assuming that D has rectangular components D,, D,, D,, i.e.

= Dy(z,y,2)
g = Dy(,y,2)
z=D,(x,y,z),

then the movement of material point M can be described by the displacement vector field,
u(x7 y? Z)?

u(z,y,z) = (Da;(x,y, z) — :U)i + (Dy(x,y, z) — y)j + (Dz(x,y, z) — z)k 2.1)
= (2, y, 2)i+uy(z,y, 2)j+ us(z,y, 2)k,

here 1, j, k are the standard Cartesian unit vectors and u,, u,, u, are the z, y, 2 components,
respectively, of the displacement vector u.
We now consider the movement of two particular material points with coordinates
Z,7,%), Q(T + 6%, 7 + 67, Z + 6Z) € R, respectively. Under loading P — P(Z,7, 2) and
Qv Q(Z + 6,7 + 67, 2 4 62), where = D,(,7, %), § = D,(Z,7,%), 2= D.(Z,7, %) and



T+ 0% = D,(T+ 0,5+ 06y,2+ 6%) (2.2
§+06y = Dy(z+0x,y+ 0y,z+ 6z 3
Z+6z2 = D, (T + 6z, 0y, z (

Considering (2.2) we write

T+06x =
oD, .. 0D, _ 0D,
0x + oy +

Y 0z

Oz ) 0z

(82Dw ., 0D 0*D )

5 572 + aya;63j~637+ azazéaféﬂ .

oD, . 0D, _ 0D, __
o 0x + Dy oy + ER 0Z.

X

-
i
\l:zl
_l’_

Therefore,
5 0D, 55 + 0D,
T~ z
ox dy 0z
as long as the quantities |6z|?, |6z6%|, |626z|, . . . are small compared to |6z|, |69, |62].
The same calculation using (2.3) and (2.4) provides the corresponding approximations for

oy and 6z,

oy +

52, (2.5)

oD oD oD
6 = —6I 2657 26z 2.6
J ox T dy v 8z * (26)
oD oD oD
0z ~ =67 =6y =62, 2.7
z 5 0% + By Y+ 5, % (2.7)
We use unadorned double vertical bars, || - ||, to denote the Euclidean distance

between two points or the Euclidean length of a vector. For example, if A(xq,Ya, 2a),
B(xp, Yb, 26) € R, then ||AB|| denotes the distance between A and B and ||AB]|| the length

—

of vector AB = (xp, — )i+ (Up — ¥a)j + (26 — 2a)k,

|AB|| = [|AB]| = /(2 — 2a)? + (s — ¥a)? + (2 — 2a)?.

We now use the approximations (2.5)-(2.7) to calculate



1PQ|I* - [|PQI|*
= 6% + 8 + 63% — 6% — 83 — 67

oD, 0D, . 0D,_\° (oD,. 0D, 0D, \’
~ ( 5 0x + By oy + ER 62) + ( o 0x + By 6y+§62>

D, OD.__ 0D._\° 4 9 ..
(83: 0x + By oy + 9, 62) — 0" — 0y” — 6z

oD,* oD,> 0D.,* , [oD,* oD,> 0D.? "
—[ax + 5+ —1]6:c+[ay o oy —1]6y
oD,* 0D,*> 0D.,* I oD, 0D, 0D,0D, 0D.0D.| ___
+[8z +8z +8z _1]62 +2[8x 8y+8x 8y+8x 8y]6$6y
oD,0D, 0D,0D, 0D,0D,| _
2[ dy 0z * dy 0z dy 0z ] 6502
oD, 0D, 0D,0D, 0D,0D,
2 + +
Jx 0z Jx 0z Jx 0z

] 0z0%

From (2.1) we have D, = u, +z, Dy = u, +vy, D, = u, + z and so

1PQI? = [|1PQII?
ou > u,? Ou> O, > ou 2 Hu,?
a2 £ 41 — = — 1] 67 - — 41 = — 1| 67
<8x+>+8x+8x 6x—|—ay +<8y+>+8y ]
O, > 8uy2 ou, 2 o
+ B +§ +<az+1> — 1] 6z

[ ([ Ou, O, Oy, Ou,  Ou,Ou,|
+2_<8x +1> Jy +<8y +1> Ox * Ox 8y]6$6y
[ Ou, Ouy Oy, Ouy, ou, ou,| .
+2_8y 0z +<8y +1>§+<8z +1> 8y]6y62

[ ([ Ou, Ouy  Ouy Ouy Ou, oD, | . _
2 _(%—i_l) 9z oz 02 +<8z +1> %]62(5%




Assuming that the first partial derivatives of u,, u,, and u, are small enough that their
squares and products may be disregarded we have

. _ Ju Ju Ju Ju Ju
P 2 _ P 2 9 T =2 Y -2 ] p Y o
PGP~ 1PQIF = 2| Goat+ Gtag+ Gzt (G4 5o Yoty

Ouy, Ouy\ . .  (Oug  Ou.\ ._ _
+ (a—i— ay)éyéz—l— (82 + &U)(Széx]

(2.8)

From this expression we define the rectangular components of strain, €z, €2y, €225 Eyas Eyy)

Eyzy Ezxy E2yy €22, AS

.= Ouy % ou,

R N e

fye = oy =5 oy Oz
2.9
£ = £ = l au‘t + % ( )

vovrTo\loy  ox

e —e, =L (Dt Ou

so that

IPQIP = [|PQIP & 2|easdT” + €4y 0 + 262" + £0y6T6Y + £,26567 210
2.10

+ £,.000% + £.y0 700 + £.,076T + sméaﬁéz} .

A physical interpretation of Equations (2.9) helps distinguish the two types of
strains: the extensional strains, €., €yy, €:., and the shear strains, €y, €yz, €yz, €y,
€.z, Ex». For example, the extensional strain, €., gives the relative elongation in the x-
direction of “elastic fibers” initially parallel to i. The shear strain e,, can be associated
with the rotation of fibers as follows: if f, and f, are fibers in the zy-plane, initially parallel
to i and j, respectively, then e,, is one half the change in the angle between f, and f, [4].
Equations (2.9) are called the strain-displacement equations. (NOTE: It is not uncommon
for the shear strains to be defined without the coefficient % in the last three definitions of
(2.9). This is done in [7], [13]. In this case the shear strain e,, would be the total change

in the angle between fibers f, and f,.)



2.3 Stress and Hooke’s Law

Stress in a three dimensional elastic body can be thought of as the mechanism by which
force is transmitted from one portion of the body to another via (real or imagined) plane
surfaces. We again consider a material point M in elastic solid S, we let Ax, k =1,2,3...,
be a sequence of plane area elements containing M with area Ay, and we denote by Fy, the
net force acting on Ai. We assume that all area elements have the same normal vector n
and that Ag, ||Fi|| — 0 as k — oco. The stress vector or traction, Ty, with respect to the
plane with normal vector n and containing the point M, is defined as [4],
Fy

T, = lim —.

Note that, in general, T}, and n are not parallel.

The state of stress at a point is determined when the traction on every plane con-
taining the point is known. Knowing the tractions, Tj, Tj, Ty, on planes parallel to the
coordinate planes (the yz, xz, zy-planes, respectively) is sufficient to determine the state of
stress at a point [4]. When we resolve the tractions T;, T}, Ty into their i, j, k components

we have
Ti = wai + Uwyj + Uwzk
T; Oyel + 0yyj + 042k (2.11)
Ty = o0ni+ Uzyj + Uzzk>

where 04z, Ozy, Ozzy Oyzy Oyy, Oyzy Ozzy Ouy, 0, are called the rectangular components of

stress.
The First and Second Laws of Thermodynamics may be used to prove the existence

of a function, W, called the strain-energy function or potential energy density, with the

property that [7],

oW oW oW
Tz = O€za Toy = Oy Toz = Oy
ow ow ow
= - = 2.12
% O€ye vy Oeyy % Oy, ( )
oW oW oW
Oaw = O 1 Ty = ey Tz = 0c,,

The strain-energy function has units energy per unit volume. Note that since e, = €yq,
Eyz = Eyzs €z = Egz, Equations (2.12) imply that o,y = Oys, Oys = Oyzy Osp = O



Assuming Hooke’s Law holds, the six distinct components of stress can be expressed
as linear combinations of the six distinct components of strain via some 36 constants:

Oz Ci1 Ci2 €13 Cia Ci5 Cig Exx
Oyy C21 C22 C23 C24 C25 C26 Eyy
022 _ C31 C32 C33 C34 C35 C3p €2z . (2. 1 3)
Ozy C41 C42 C43 C44 C45 C4p Exy
Oyz C51 C52 C53 Csa Css5 Cs6 Eyz
02z Cé1 Ce2 C63 Cea Co5 Co6 Ezx

Assuming that W is continuously differentiable, calculations such as

do.. 0 [awl ) [awl_ao—wy

C34 = = =
Oe, Oy | 0,2 0¢ .,
) )

show that the coefficient matrix (¢;;) is symmetric. Therefore, Hooke’s law in its most
general form, Equations (2.13) with ¢;; = ¢;i, requires 21 elastic constants.

If we assume the material is isotropic, then only 2 elastic constants are needed. It is
common to use the Lamé constants, A and p, named after Gabriel Lamé. After publication
of Lamé’s Lecons sur la théorie mathématique de l’élasticité des corps solides in 1852, the
2 constant model of isotropic elastic solids was generally accepted [7]. Using the Lamé
constants the stress-strain equations take the form

Oy

Oz = (A 20)ezz + Aoy + Aezs
Oy = Mgz + (A4 20)eyy + Aez
Ore = Aegg + Aeyy + (A +20)e,,

2.14
Opy = 2UEqxy (2.14)
Oyz = 2UEy,
Oz — 2,U52w .

We can express the shear modulus, G, bulk modulus, K, and Young’s modulus, F
in terms of the Lamé constants as follows,
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K = X+2p
G = p
g - A2ut3N
A+
A
vV = —F—.
2\ + )

The last equation defines Poisson’s ratio, v, which is the ratio of lateral contraction to axial
expansion due to uniaxial stress. For example, if o,, # 0 and all other stresses are zero,
then equations (2.14) are equivalent to

Ozz ,U(zlu + 3)‘)

— P oA 2.15
Exz A+ (2.15)

Eyy €2z A
Y _ s e— 2.16
[ Ezz  2(A+ p) ( )

The right-hand side of (2.15) is Young’s modulus while the right-hand side of (2.16) is
Poisson’s ratio.

2.4 The Strain-Energy Function and Potential Energy

We may now derive an expression for the strain-energy function, W, as a quadratic function
of the components of strain and find the potential energy, Vs, of any isotropic linear elastic
solid S.

The strain-energy function, W, is a function of the nine components of strain .,
Eyys €22, Eays Eyzy Ezzs Eyay €2y, Exzy, Which, for our purposes in this section, we shall refer to
as €1, €9, €3, €4, €5, €6, €7, €8, €9, respectively. This allows us to write the total differential
of W as

9
dW = Z %W (2.17)

Note that W cannot be obtained by integrating both sides of (2.17):

Wie, ... ¢Z/ G
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Since the first partial derivatives of W are linear functions of €1, ... &g , i.e.

Z Cij€j, (2.18)

7j=1

851

it can be shown that W is in fact given by

Wiei, ... Z/ Z Cij€i;.

=1 j=i+1

This in turn can be shown equivalent to

9 8 9
W(El, e = %ZCME? —|—Z Z CijEiEj .

i=1 i=1 j=i+1

Comparing (2.18) to (2.14), we see that

Cll=Cp=C33=A+2u
Cla = Ci13 = C23 = A
Cig =— Cij5 — . .. :ci9:0, 221,2,3
C44 = C55 = Cep = Cr7 = Cgg = Cog = 2[4
Ciit1 = Ciiy2a = ... =Co=0, 1=4,56,7,8,9.

We thus obtain the strain-energy function in the form

W = T(A+2p)(e2, + €2y +€2,) + MEabyy + EyyErz + E22E02)
2.19
+ 2u(el, + el +e2,). (2.19)

Various other forms of the strain-energy are possible. Some commonly encountered

forms are shown below:

w

(A 20) (ean + ey +€22)° + 20(e], + €3, €D, — Epy€an — ExsEun — Eaatyy)
(2.20)

§BA+ 201) (ean + gy + £22)" + 311 | (g — €22) + (22 — £00)” + (20 — £00)’)
+ 2u(el, + €2, +¢2,) (2.21)
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AEgg + Eyy + 522)2 + ,u(siw + 512111 + 532 + 2552 + 2531, + 25iy) (2.22)

N [

= L3N+ 2u)(can + &gy + €22) + o[ (€an — £y)? + 262, + 262, + 22|
+ §(Ean + gy — 2622)". (2.23)

The potential energy of the elastic solid S, Vs, is found by integrating the strain-
energy function over the equilibrium configuration, R, of the elastic solid: Vs = [, WdV.
Using (2.22) for the strain-energy function we obtain the potential energy in rectangular
coordinates as a function of the strains,

2
R

Ve =1 /{)\(Em ey + ) 4 2u(e, + E5, + €5, + 265, + 260, + 25§$)}dxdydz. (2.24)

To obtain the potential energy as a function of the displacements we use the strain-
displacement equations (2.9) in (2.24):

9 2 2 2 2
Vs — l/{)(auw n Ou, n 8uz> —|—,u[28uw +28uy +28uz n (8% n 8uy>

2 or Oy 0Oz Ox Oy 0z oy  Ox
Ou,  Ouy\? Oou, Oug\?2
-+ (a -+ ay ) -+ ( 83: + 82 ) ]}dxdydz (2.25)

Another form of the potential energy which will be useful in Chapter 4 is found by
noting that the strain-energy function can be expressed as

W = %(amsm + Oyyyy + 022€2z + 200yEqy + 20,6y, + 20,06 1) (2.26)

Writing o for the stress matrix,

o= | 0y Oy Oy |, (2.27)

and € for the strain matriz,

E=| €y Eyy Eyz |, (2.28)
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we have

W = 1Tr(o€), (2.29)

2
where Tr(A), the trace of square matrix A, is the sum of the diagonal elements of A. We
may therefore write

Vs = %/Tr(as)dxdydz, (2.30)
R

for the potential energy of the elastic solid S in rectangular coordinates.



Chapter 3

Introduction to Formation Theory

3.1 Introduction

Formation theory is an area of control theory concerned with the design, modeling, and
control of elastic bodies with attached and/or embedded actuators. The term formation is
used to emphasize that one of our goals is to seek classes of target configurations achievable
with a prescribed, but somewhat general, actuator structure. Here we will focus on a
specific type of actuator, called a “monotropic” actuator. Consideration of other modes of
actuation may be found in [10]. Much of what follows is derived from [11].

The elastic bodies we seek to model are composed of two parts; the actuator material
and the “matrix” material into which the actuators are embedded. The actuator structure
will be divided into “families” which share certain geometric and elastic properties. The
controls for each family will consist of actuator material densities and “signals” used to
maintain actuators in a nonequilibrium state. We assume that the dimensions of the
actuators are small enough, compared to the dimensions of the body, that the matrix
material displaced due to their presence is negligible. We will therefore use (2.25) for
the potential energy of the matrix material. Our goal in this chapter is to describe the
actuator structure and derive an expression for the actuator potential energy, the total
potential energy being the sum of the matrix and actuator potential energies.

3.2 The Actuators

In this section we will describe the actuators and some assumptions made when modeling
the actuator structure. We will consider a specific type of actuator, henceforth referred to
as a “monotropic” actuator. A monotropic actuator may be thought of as a filament or

14
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fiber or a very small rod with equilibrium length ¢ and uniform cross-section of area A. The
dimensions of the cross-section (the lateral dimensions) are assumed to be much smaller
than ¢. The length of the actuator will increase or decrease an amount ¢/ in response to a
control signal, u, and we assume that the fractional change in length, ¢/¢, is proportional
to u. Therefore, the length of the actuator under the influence of the control only is
0+ 60 =10(1 + ku), where k > 0 is a constant. The length ¢(1 + xu) will be referred to as
the controlled equilibrium length. We also assume that the lateral contraction or Poisson
effect due to u is negligible, i.e. Poisson’s ratio v ~ 0. This implies that the cross-sectional
area, A, remains the same upon application of the control signal, u, and that the orientation
of the long axis of the actuator determines the nature of the stress produced.

3.3 Actuator Families

We assume that the collection of actuators is divided into groups which we refer to as
families. Many characteristics may distinguish one family from another, but here we will
restrict our attention to the monotropic actuators described above, with each family of
actuators having, in general, its own control signal, orientation, distribution density, and
Young’s modulus. In this section we quantify these characteristics.

Let R be the region in IR?, that our elastic solid, S, initially occupies and let F be
a family of actuators. Let x = (z y 2)T be an element of R and let ax be an actuator in F
near x. We then define the distribution density, d, and the orientation, ¢, for family F as

ix) = [Pl p(x) = %

where F is a piecewise, continuously differentiable vector field on R. The orientation,
¢(x), is the unit vector in the direction of the long axis of actuator ax and the distribution
density, d(x), is the density of actuator material at x.

We let u(x) be the control signal associated with family F. This means that the
actuator ax in F with equilibrium length ¢ has controlled equilibrium length ¢(1 + ru(x)).
This is the length of ayx in the absence of other deformations of the matrix material.

3.4 The Actuator Potential Energy

In this section we derive an expression for the potential energy, V£, of the family of actuators
F. We assume that the actuators are securely embedded in the matrix structure so that
the assemblage behaves as one under deformation and that the actuators are numerous
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enough that summation over a family may be approximated by integration over the region
R.

The potential energy per unit volume of an actuator as described in §3.2 can be
expressed as one half the product of the stress, o, and strain, e. The potential energy of
an actuator is therefore,

V= %UEV,

where V is the volume of the actuator. In one dimension the strain is just the fractional
change in length, e = §¢/¢, and the stress, by Hooke’s law, is ¢ = Fe. This gives us

V = 1EV

AN
()
502
= %EA7. (3.1)
Now the change in length of the actuator, 6/, depends on two influences. As an
embedded element in the matrix material, the actuator is subject to the same deformation
as the matrix. This is described in section §2.2 using the scalar components of vector
fields D and u. That calculation is repeated here using vector notation and the variables
associated with the actuators. The actuator is also subject to changes due to the control, u,
associated with the family F. This effect is realized via the controlled equilibrium length,
{(1 + ku(x)), and will enter the calculation later.
We assume that one end of the actuator is located at X and the other at x + 6x.
Since the actuator has length ¢ and orientation ¢(X) we have X = lp(x). The endpoints
of the actuator are relocated due to deformation of the matrix to x = D(x) and X + 6x =
D(x + 6x). As before we write

X+ 6x = D(x+6%)

where 0D /0x is the Jacobian of D,



oD, 0D, 0D,

Jor 0y 0z
oD | oD, 0D, 0D,
ox Jor 0y 0z
oD, 0D, 0D,
Jor 0y 0z
Therefore,
0x ~ g—z(i)éi.
Since the displacement field, u, is defined in (2.1) by D(x) = u(x) + x we have
oD  Ou
& - & + I,

where I is the identity matrix. We therefore write

- ou, _ _
0X ~ (&(X) + I) 0X,

and calculate the square of the length of the actuator under the influence of D,

16%])2 = 6%T6%

6xT (%Z‘c) + I) (g—z(i) + I) 6x

ou’_ ou ou ou’
_ 5xT o oy ey 9B o <
= 0x ( (x) + X(X) + o (x) + I) ox

Q

Q
>
b
)
/
‘Q‘)
c
2
+
QD‘QD
=
/TH
+
[—
———
>
b

(a_u()—() + %?}‘()) 6% + 6xTOX.

We note that

17

(3.2)
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Ouy 1 Ouy % 1 Ouy n ou,
ox 2\ Oy ox 2\ 0z ox
L(on ouh\ _ | 1(0u Ou Ouy 1 (0uy | Ou,
2\0x 0Ox 2\ Ox dy dy 2\ 0z dy
1 Oou, Ouy 1 ou, % ou,
2\ Ox 0z 2\ Oy 0z 0z
Exxz Exzy Eazz
= Eya Eyy Eyz = €
Ezz E€zy Ezz
Therefore,
|16%|* ~ 20% " e(%)6% + ||6%]|>. (3.3)
Since the actuator has length ¢ and orientation ¢(x), with |[p(X)|| = 1, we use

0% = lp(X) in (3.3) to obtain
[16%]|”
[16%]]

~

2020 (x)e(X)p(x) + (2
01+ 2T x)e(x)p(x)

((1+ ¢ R)e(®)p(x))

Since the change in length of the actuator, 6/, is the length due to deformation of
the matrix minus the controlled equilibrium length, we have

ol =

[16x|| — 4(1 + ru(x))

~ L1+ ¢ R)e®)p(R)) — U1 + ru(x))
= ((P"®e®)p(x) — ru(x)).

Using (3.4) for 6/ in (3.1), we obtain the potential energy of an actuator, accounting for both
the deformation of the matrix material and the control associated with the corresponding

actuator family,

(3.4)
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2

V = LEAL (¢ (R)e(X)p(X) — ru(x)) . (3.5)

To obtain the potential energy for the family of actuators, F, we sum expressions

of the type (3.5) over the entire family. As mentioned earlier, we are assuming that the

actuators composing each family are so numerous that this summation may be replaced

by integration of (3.5) over the region R. If the right hand side of (3.5) is multiplied and

divided by a differential volume element AV (x), we see that the expression A¢/AV(x) is

just the volume density of actuator material. As AV (x) — 0 this expression becomes d(x),

the density of actuator material at the point x. We thus obtain the potential energy of the
actuator family F in the form

Vr =1 [ Bd(x) (9" (x)e(x)p(x) — ru(x)"dv. (3.6)

3.5 The Total Potential Energy

The total potential energy of an elastic body as described above is the sum of the matrix
potential energy, Vs, and the potential energies of each of the actuator families. We assume
there are n families of actuators, F;,7 = 1,2, ..., n, each with Young’s modulus FE;, density
d;, orientation ¢;, and scaled control x;u;. Using (2.30) for the matrix potential energy and
(3.6) for the potential energy of each actuator family, we have the total potential energy,



Chapter 4

Coordinate Transformations

4.1 Introduction

In subsequent chapters we will consider specific elastic solids with cylindrical and spherical
equilibrium configurations. We will now examine how the potential energy changes due to
the transformation from rectangular to spherical coordinates. In particular, we will show
that the strain-energy, as a function of the strains, is invariant under this transformation.
This result extends to all transformations from one orthogonal coordinate system to an-
other, but this level of generality is not necessary here. We will then derive the potential
energy expression for the cylindrical configuration from the corresponding expression in
spherical coordinates when needed in Chapter 4.

4.2 Spherical Coordinates

We use (r, 0, ¢) to represent the spherical coordinates of a point P in IR? with rectangular
coordinates (x,y, z). Here r € [0, 00) is the length of the line segment OP, from the origin
O to P, 6 € [0,7] is the “latitude” angle measured from the positive z-axis to OP, and
¢ € [0,2m) is the “longitude” angle measured counterclockwise from the positive z-axis to
the orthogonal projection of OP onto the xy-plane. We have the following relationships
between the rectangular coordinates x, y, z and these spherical coordinates:

x =rsinfcos ¢ y =rsinfsing z=rcost
r? =g+ + 22 tanqﬁzg cosf = . (4.1)
x r

20
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4.3 Coordinate Transformation as a Mapping

The transformation from spherical to rectangular coordinates, viewed as a mapping with
components x(r,0,¢) = rsinfcos ¢, y(r,0,¢) = rsinfsin¢, and z(r,0,¢) = rcosf, has
Jacobian, J, given by

or 00 0¢
oy Oy oy si‘n 0 cos ¢ 7rcosb cos ¢ —r §in 0 sin ¢
J=| = —= == | = sinfsing rcosfsing rsinfcosq
or 00 0¢ .
cos 6 —rsinf 0
or 00 0¢

The (functional) inverse of this mapping, the transformation from rectangular to spherical
coordinates, has Jacobian

or Or Or
or Oy 0z
00 00 00
or 9y 0z |’
o9 9d¢ 0I9¢
dr Oy 0z

which may be shown equal to J~!, the matrix inverse of J.
In what follows it will be useful to decompose J into the product of two square
matrices, R and B, as follows,

sinfcos¢ cosfcos¢p —sing 10 0
J = sinfsin¢g cosfsing cos¢ 0 r 0 = RB. (4.2)
cos 6 —sin6 0 0 0O rsind

Note that |R|, the determinant of R, is 1 and so

dV = dxdydz = |J|drdfd¢ = |B|drdfd¢ = r? sin Odrdode.

The Jacobian, J, also plays an important role relating partial differentiation with
respect to rectangular coordinates and partial differentiation with respect to spherical coor-
dinates. Using the chain rule for partial differentiation of a function of r(z,y, 2), 6(z,y, 2),
and ¢(z,y, z) gives us
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o _oro w0 0
dr  Oxdr 0xd0  Ozrdd
0 _or0 o0 050
oy Oyor 0yo8  0Oy0d
o o o 00
dz  0z0r 0200 0z0¢

which can be written in matrix form as

9 9
Ox or
0 B T 0
0 9
9z ¢

Now we have (J71)T = (BT'R™H)T = (R™)T(B™)T and it can be shown that R~ = RT,
so that (R™1)T = R. Also, (B™!)T = B! since B, and thus B, is diagonal. Therefore,
(J7HT = RB™!, giving us

o 9
oz or
B N .
o | - RB 5
0 9
oz o

10 0 9

or

0 X 0 9

00 1 9

rsinf 9
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Lo
rsinf 0¢

We will use this result in §4.6.

4.4 Spherical Unit Vectors

We now look at the relationship between the rectangular unit vectors, i, j, and k, and
the unit vectors corresponding to increasing values of r, 8, and ¢, denoted &,, &y, and &,
respectively. Based on the definitions of r, 8, and ¢ we see that the unit vectors &y, €4, &,
may be obtained from i, j, k, respectively, by a rotation ¢ in the zy-plane followed by a
rotation 6 in the zr-plane, where the “r-axis” is coincident with the line segment OP, cf.
§4.2. Using the symbolic 3 x 1 “vectors” (& &, &,)" and (i j k)T we obtain

€y cos# 0 —sind cos¢ sing 0 i
e | = 0 1 0 —sing cos¢ 0 J
é, sinf 0 cosf 0 0 1 k

To get these in the “right” order we multiply on the left by the identity matrix with the
rows shifted down one,

e, 0 01 cosf 0 —sind cos¢p sing 0 i
€y = 1 00 0 1 0 —sing cos¢ 0 J
&, 010 sinf 0 cosf 0 0 1 k
sinfcos¢ sinfsing cos6 i
= cosfcos¢p cosfsing —sinf j
—sin ¢ cos ¢ 0 k
Therefore,
é, i
& |=R7'| ]|, (4.4)
&, k

where R™! is the inverse of the matrix defined in (4.2).
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4.5 Spherical Components of Displacement

In §2.2 we introduced the rectangular displacement vector, u(z,y, z),

u(z,y, 2) = uz(x,y, 2)i+ uy(z, v, 2)j + us(z,y, 2)k.

We use u, to denote the spherical displacement vector and u,, ug, uy to denote its r, 0, ¢
components, respectively,

US(T, 97 ¢) = Uy (Ta 6‘7 ¢)ér + Ua(ﬁ 6‘7 ¢)é9 + U¢(T, 6‘7 ¢)é¢

Using (4.4) we have

uy(r,0,0) = up(r,0,0)é + ug(r,0, )&y + ug(r, 0, 9)é,
= u,(r,0,¢)(sinf cos ¢i + sin @ sin ¢j + cos k)
+ ug(r, 0, ¢)(cos b cos i + cos 0sin ¢j — sin Ok)
+ ug(r, 0, ¢)(— sin ¢i + cos ¢j),
= (un(r,0,¢)sin 0 cos ¢ + ug(r, 0, ¢) cos 0 cos ¢ — uy(r, 0, ¢) sin ¢ )i
+ (ur(r, 0, ¢) sin Osin ¢ + ug(r, 0, ¢) cos Osin ¢ + wy(r, 0, ¢) cos ¢ )
+ (ur(r, 0, ) cosd — ug(r,0, $)sin 9) k.

But uy(r, 0, ¢) = u(rsinf cos ¢, rsin 0 sin ¢, rcosd), so we have

Uz (rsinf cos ¢, rsinf sin ¢, r cos )

= u,(r, 0, ¢)sinf cos ¢ + ug(r, 0, ¢) cos b cos  — ug(r, 0, P)sin ¢

Uy (rsin 6 cos ¢, rsin fsin ¢, r cos 0)

= u,(r, 0, ¢)sinfsin ¢ + ug(r, 0, ¢) cos O sin ¢ + uy(r, 0, ¢) cos ¢

u, (7 sin @ cos ¢, r sin 6 sin ¢, r cos 6)

= u,(r,0,¢)cosl — ugy(r,0,¢)sind.
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We will use this result in matrix form,

Uy Uy
uy, | =R | ug (4.5)
Uy Uy

4.6 Transformation of the Strain Matrix

In this section we derive an expression for the rectangular strain matrix in spherical coor-
dinates.

Some notation will make our task less cumbersome. We define two matrix differential
operators V and V as follows,

9 9
ox or

| o B 10
) 1 0
92 rsinf d¢

We must exercise caution when using V and V. Since both are 3 x 1 matrices, they may
be “muliplied” on the left by n x 3 matrices and on the right by 1 x m matrices. We
interpret multiplication on the left as creating a new differential operator. For example, if

ailz a2 ais
A = ,
a21 Q22 0423

then AV is
9
AV — (an a2 a13> (}x B a11%+a12§y+a13% |
Q21 Q22 Q23 8y a218 + aggagy 4 a23%
0z

a 2 x 1 matrix differential operator.
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“Multiplication” on the right is performed according to the ordinary rules of matrix
multiplication, but now juxtaposition of elements, with elements of V or V; on the left, is
understood as differentiation. The expression VA is undefined because V has fewer rows
than A has columns, but we could have an expression such as VTAT. We interpret this as
a differentiation,

ailz a1

o 0 0
VTAT = (% 8_y £> aiz2 Q22
@13 Q23

. Jaiy Oaqz aal?) Oag Oags 8@23
_<8x+8y+8z 8x+8y+8z>'

Note that the above examples also show that the familiar rule, (AB)T = BTAT, does not
hold for matrix differential operators. Ambiguous expressions such as VAB will not be
used. We will either write V[A]B to indicate A is being differentiated, the result being
multiplied by B, or V[AB]| to indicate differentiation of the product AB.

We now demonstrate the following,

Theorem 4.1 The strain matrixz in rectangular coordinates, €, is similar to the strain
matrixz in spherical coordinates,

Err Erg Erg
Es = Eor €00 Eop |,
Eor ¢ E¢o
via the matriz R defined in (4.2). In other words, e = R e, R7%.

Proof. Since the strain matrix, €, is given by

1 a_“+a_“T
=% ox "ox /)7

we first consider how the transpose of du/0x, the Jacobian of the displacement vector u,
transforms. We use the notation above along with (4.3) and (4.5) to calculate

ou’

Ix

= V(ug uy uy)



= RVS[(UT Ug u¢)R_1}

= RVS[(UT Ug
o ow Ou
or or or
= R lau” 1% l%
N r 00 r 00 r 00
1 Ou, 1 Ouy 1 Ouy
rsinf d¢ rsinf d¢ rsinfh O0¢
9 9 9
Ur or Ho or Yo or
u, O ug O ug O
TR Y v oo
u, 0 ug O uy O

rsin98_¢ rsin98_¢ rsin98_¢

T
Uy
u@p{1+R{(ug)vj}I{1
Ug
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(4.6)

We now focus on the “product” (- )R~ in the second term of (4.6). To keep the
following calculation manageable, we will write c in place of cos and s in place of sin. We

—s¢

have
0 0 0
Urps Uppo Uen
ur 0 ug 0 up 0| g
rodd rod r o
u 0 ug 0 uy 0
rsﬁa_qﬁ @% @%
0 0 0
Urge W e
B u, O upg 0 uy 0
| ra8 ro0 r oo
u 0 ug 0 uy O
rsﬁa_qﬁ @% @%

stso

stco
( clcp clso

co

ch
—sb
0
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0 0
co(u,cld — ugst) so(urcl — ugsh) —u,s0 — ugch
- r r r
—s¢(ursf + ugch) — ugcd  co(upsd + ugcl) — ugyse 0
rsf rsf
0 0 0
Ug Uy
_20 0 _
r r R~
Y &—l—cot@%
r roor r
Using the expression above in (4.6) yields
o ow 0w
or or or
ou’ 1 du, 1 Oug 1 Oug .
ox ~ % e e vee |R
1 Ou, 1 Ouy 1 Oug
rsinf d¢ rsinf d¢ rsinfh 0¢
0 0 0
_ U Ur 0 1
+R , , R~
Y i &—l—cot plo
r roor r
u, Dug Oug
or or or
B 10u, g 10ug u, 1 Ouy .
=Rl Ty v o0 T " o0 R
1 Ou, g 1 Oug Ug 1 Ouy Uy Up
- — — —cot— — t0— + —
rsinf 0¢ r  rsinf 0¢ O rsind 0¢p oo r + r
= RJIRL

We may now compute the rectangular strain matrix,



29

_la_“+3_“T
€ = 5\ ox " ox

_ %(R J.R'+R JT R—l), since R1 = RT

- RY(F+IT) R

It is shown in [7] that the components of the matrix %(Js—i—JST) are the components
of strain referred to spherical coordinates (keeping in mind that Love defines the shear
strains, eqg (his notation), o and g distinct, to be double what we call the shear strains,
cf. the discussion at the end of §2.2). The spherical strain matrix, €, is thus,

e =3(F+T)). (4.7)

and so

e =ReR7 (4.8)

This is the desired result. m

From (4.7), we find the spherical components of strain,

- or %00 r ** " rsind 0¢p

Err + cot 9% + Ur (4.9)
r r

_ L (L10ur up  Ou _ L1 Oup L pte 10U
ETG_Z r 00 r or 86](;5_2 rsinf d¢ €0 r r 00

(4.10)

1 1 Our wug Ouy

e == | — -2+ ==
2 \rsinf 0¢ r or

The physical interpretations of the spherical extensional strains, (4.9), and the spherical

shear strains, (4.10), are exactly analogous to those of the rectangular extensional and

shear strains, respectively, described at the end of §2.2.
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4.7 Invariance of the Strain-Energy Function

We are now in a position to prove the main result of this chapter.

Theorem 4.2 The strain-energy function is invariant under the transformation from rect-
angular to spherical coordinates.

What we mean by this is that as a function of the components of strain, the strain-
energy is the same whether we use the rectangular strains or the spherical strains,

W = W(Ewm Eyys 2z, Exyy Eyxy Eyzy E2yy E2ry Swz)

- W(Erm €00,Epps Erh, EOry E0ps EPHy Epry €T¢)‘

Proof. It was shown in §2.4 that the strain-energy function, W, can be written as

W = 1Tr(oe), (4.11)

-2
where o is the stress matrix and € is the strain matrix. Using the stress-strain equations,
(2.14), we can rewrite the stress matrix,

Ozxz Ozy Ogxz
g = Oyr Oyy Oyz
Oz Ozy Oz

(A +20)eps + Aeyy + Aoz 21UE 1y 2UUE 2
= 20E yz Aezz + (A +20)ey, + Ay, 2UEy;
2 1z 24E 4y Aega + Aeyy + (A + 2p)e,,
= 2ue + Jel,

where e = €, + €4y + €., = T'r(€) is called the dilatation.
Using the results of Theorem 4.1 we have

o = 2ue+ \I'r(e)l
= 2uRe,R'+ \Tr(Re,R"HRR™
= 2uRe, R+ MNr(e,)RR™!
= R(2ue, + ATr(e )R
Ro.R',
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where o5 = 2ue; + AXT'r(g4)I is the spherical stress matrix,

Orr Org Org
O; = Ogr O¢p 0Og¢p

O¢r O¢o  Opg
We therefore have

W = LlTr(oe)

2

= iTr(Ro,R'Re,R7)

= Tr(Roe,R™Y)

2

= %Tr(ases),

and the result is proven. ®

The strain-energy function in spherical coordinates is thus,

W = 3\(Err + 200 + £09)° + piler, + o + 56 + 2565 + 265, + 2275), (4.12)

and the potential energy of an elastic solid & with equilibrium configuration R is

Vs = %/{)\(SW + Egp +8¢¢)2
R

+ 2u(e2, + €59 + €54 + 2654 + 265, + 25%)}7’2 sin @drdfde, (4.13)

where the spherical strains, as functions of the spherical components of displacement, wu,.,
ug, and ug, are given by (4.9)-(4.10).

4.8 The Actuator Potential Energy in Spherical Co-
ordinates

Conversion of the actuator potential energy to spherical coordinates closely follows the
conversion of the matrix potential energy.
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The potential energy of the actuator family F is given by (3.6) and is repeated
below,

2
=3 / Ed(x) (¢"(x)e(x)p(x) - ru(x)) " dV. (4.14)
R
We saw in Theorem 4.1 that the rectangular strain matrix transforms according to (4.8),

e=ReR™ (4.15)

We now concern ourselves with the quantities u, d, and ¢.

The spherical control will be denoted by ur to emphasize its association with the
actuator family F. We have ux(0) = u(x(0)), where p = (r 6 ¢)* and we write x(p) to
emphasize that x, y, and z are considered as functions of r, 0, and ¢, cf. (4.1).

Now recall from §3.3 that the distribution density, d, and the orientation, ¢, are
defined in terms of a vector field, F, as

d(x) = [|F(x)]| (4.16)

Fx)

P = Tw ) @17

)

We assume that F(x) = f,(x)i+ f,(x)j+ f.(x)k and that its counterpart in spherical
coordinates is Fs(p) = f-(0)& + fo(0)€s + fs(0)€s. Since F and F; are two different
representations of the same vector, we have that ||F|| = ||Fs|| and so

d(x(0) = \/£2(x(0) + f2(x(e) + f2(x(e))

= \/f2(0) + f3(0) + f2(e)

Since (x) is a unit vector which describes the orientation of actuators near x it
is convenient to view its components ¢,(x), ¢,(x), and ¢,(x) as direction cosines. In
other words, ¢;(x), ¢,(x), ¢.(x) are the cosines of the angles between the unit vectors
i, j, k, respectively, and the long axis of the actuators near x. Since we will introduce
specific actuator families in subsequent chapters with reference to cylindrical and spherical
coordinates it is useful to view the orientation angles (not their cosines) as the dependent
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variables. We thus write the spherical orientation vector, denoted ¢, in component form
as

pr(0) = cosa(g) & + cos B(e) & + cosy(e) &, (4.18)

where cos? a(g) + cos® 3(g) + cos®y(e) = 1 and a(p), B(e), 7(e) are the angles an actuator
located at p would make with &,, &g, €4, respectively. Following the derivation in §4.5, we
have

o Ccos (v
vy | =R| cosp |. (4.19)
P2 cos 7y

Using (4.15) and (4.19) we calculate

cos
pep = (cosa cosfB cosy )RR e,R'R | cospf
cos "y
cos
= (cosa cosf cosvy )es | cosf
Cos 7y
Err Erg Erg COosS &
= (cosa cosf cosy )| €or €00 oo cos 3
Epr Egh Epo COSs 7y

= cos’a &, + cos® 3 gpp + cOS Y €44

+ 2cosacos 3 erg + 2c0s 3OSy Egg + 2COS Y COS Qv €y

Therefore, the integrand of (4.14) can be written as

2
Ed((pTap — /@u) = Fdr ((2052 a € + €082 B g9 + cos? €pp +2cosacos B erg

2

+ 2cosacos 3 e, + 2c0s 3OSy €gp + 2CO8yCOSQ £y — /@uf) .

The potential energy of the actuator family F in spherical coordinates is thus,
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Vr = % /Efdf(g) (C052 Q €pp + cOS? B £gp + COS> Y 4 + 208 oS 3 €0
R

2
+ 2cos Fcosy €gg + 2COSYCOS QA Egyr — /@fuf(g)) 2 sin Odrdfde, (4.20)

where we use Er and k5 in place of E' and x to emphasize that these constants, along with
dr, ur, a, B, and v, may vary from one actuator family to another.



Chapter 5

A Two Dimensional Formation
Problem

5.1 Introduction

In this chapter we examine an elastic structure consisting of an elastic solid or matrix, S,
with two families of actuators embedded in the solid and one family of actuators attached
to the surface of the solid. The equilibrium configuration of the structure is a right circular
cylinder of cross sectional radius 1 with a rigid coaxial right circular cylindrical core of
cross sectional radius r; < 1. We assume that the axis of the cylinder is coincident with
the z-axis and that a state of plane strain exists in the cross-sections, i.e. the strains ¢,
€y, €2 are zero. In order to maintain this state of plane strain it is necessary to assume
that the cylinder is bounded above and below by fixed planes perpendicular to the z-axis.
The equilibrium configuration of the matrix material is therefore an annulus, A, with inner
radius r; and outer radius 1, which is firmly attached at the inner boundary to a rigid core.
In this way displacements at the inner boundary vanish and we avoid potential singularities
at the origin O. The equilibrium configuration of the matrix, A, the inner boundary, Z,
and the outer boundary, O, are thus

A={(z,y)|r} <2®+y* <1}
I =A{(z,y) *+y* =r}
O ={(z,y)] 2* +y* = 1}.

Our objective is to use the various actuator families and their corresponding controls to map
the outer boundary to a target configuration, 7. Ultimately we seek general classes of target

35
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configurations with respect to a given actuator structure and equilibrium configuration. In
what follows we examine a particular class of target configurations suggested by the current
cylindrical equilibrium configuration. We hope that this specific example will provide leads
in the attempt to identify more general classes of achievable target configurations.

5.2 Polar Coordinates

We use (r,$) to represent the polar coordinates of a point P in IR? with rectangular
coordinates (x,y). Here r is the length of the line segment OP and ¢ € [0, 27) is the angle
measured counterclockwise from the positive x-axis to OP. These polar coordinates are
obtained from the spherical coordinates introduced in §4.2 by setting 6 = 7 in (4.1). In this
way we obtain the relationships between rectangular coordinates x, y and polar coordinates

r, ¢:
T = 1Cos ¢ Yy =rsing
r? = x? + y? tan ¢ = Y. (5.1)
x

Using these polar coordinates the equilibrium configuration, the inner boundary,
and the outer boundary are

A={(r,¢)|m <r<1}
I =A{(r,¢)l r=ri}
O ={(r,¢)| r=1},

and we seek to achieve a target configuration of the type

T ={(r,9)| r=B(9)},
where B, the target function, is 2m-periodic with B(¢) > r; for all ¢ € [0,27). We write

A° to denote the closure of A, A° = {(r,¢)| r <r <1}.
The displacement vector in polar coordinates, u,, is

u, (1, 0) = ur(r, 9)&, + up(r, ¢)€y, (5.2)

where the polar unit vectors €,, &, are obtained from rectangular unit vectors i, j, respec-
tively, by a counterclockwise rotation of angle ¢ in the xy-plane.

We find the polar strain-displacement equations from the corresponding spherical
strain-displacement equations, (4.9)-(4.10), by setting e,¢ = g9 = €94 = 0 and 6 = T,
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ou, 1 (10u, wuy Ouy 10uy  ur
rr — rg — S| — I A = —— —. 5.3
c or eré 2(7’8¢ 7’+87’> Co¢ T8¢+r (53)
The stress-strain equations are

Opp = ()\ + QM)ETT -+ )\8¢¢ (54)

Opp = Aerr + ()\ + Q,U)E(M, (55)

O,y — )\(Err -+ 8¢¢) (56)

Orgp = 2,usr¢. (57)

The stress o,,, normal to the cross sections, is a result of the rigid planes bounding the
cylinder above and below [12].

Using (4.12) with €, = g9 = €94 = 0, we find the strain-energy of the matrix in
polar coordinates,

W =1\e +e4p) + 1 (Sfr + &5+ 253¢) : (5.8)
Elementary manipulations show that (5.8) may be written as,

W =3O+ 1) (err + €46)” + 1 [5(Err — £00)” + 262 - (5.9)

Using (5.3) in (5.9) and integrating over A gives us the matrix potential energy,

2m 1
ou U 1 Oug\ 2 ou U 1 Oug\ 2
_ 1 ry2ry 2P0 r_Zr_ 2P
Vs = 20/7/{()\+M)<8r+r+7’8¢> +M<87’ r raqﬁ) (5.10)
Oup  up  10u,\?
—i—u( o . +7’8¢> }rdrd¢.

The potential energy of the actuator family F in spherical coordinates is given by
(4.20). We substitute €,y = €go = €9y = 0 and 6 = 7 to obtain an expression for the
potential energy of F in polar coordinates,

2
Vr = %/Efdf(cosz Q Err + CO8% 7y Egg +2COS A COSY Erp — “f“f) rdrdg. (5.11)
4
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In general, dr, a, v, and u, are functions of both r and ¢, but in the following we assume
that dy: = dy:(T).

We refer to the embedded actuator families by their orientation with respect to
the equilibrium configuration of the solid. The radial actuators, F,, are parallel to the
unit vector €, and the circumferential actuators, Fy4, are parallel to €,. Radial actuators
correspond to a = 0, v = 7 and circumferential actuators correspond to ao = 7, v = 0. To
simplify the notation we define

ET’(T) = Efrd]-‘r(r) Cr(ﬁ ¢) = “fruﬂ»(ra ¢)
Ey(r) = Er,dz,(r)  co(r,¢) = Kruz(r, ¢).

We will refer to ¢, as the radial control and c, as the circumferential control. We there-
fore have the potential energies of the radial actuator family, V., and the circumferential
actuator family, Vy, in the form

2w 1

V=4 [ [B0) o — o) rdrdo (5.12)
0 i
2

Vo =3 / / Ey(r) (eg9 — co)’ rerde. (5.13)
0 7

Substituting from (5.3) we obtain

27 1 a 2

V=1 / / E.(r) ( a“’" —c,,> rdrde (5.14)

r

0 7

2r 1 2
// (1 8u¢ — — c¢> rdrde. (5.15)

A third actuator family, the boundary actuators, will consist of circumferential ac-
tuators attached to the outer boundary, O, of the annulus. The potential energy of the
boundary actuators, Vo, is (5.15) specialized to the curve O,

/E ( (1,6) +u (1, ¢>—co<¢>)2d¢. (5.16)

Here the constant E¢ is the product of the Young’s modulus and the density of the bound-
ary actuator material and ¢, is the boundary control.
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The potential energy of the composite structure is the sum of the matrix potential
energy and the radial, circumferential, and boundary actuator potential energies,

V=Vs+V,+ Vs + Vo. (5.17)

Using (5.10), (5.14), (5.15), and (5.16) in (5.17), we obtain the total potential energy as a
function of the polar displacements:

or r * r 8¢ or
(5.18)
2
+ E¢(7’)<1%—UJ L. c¢> }rdrdqﬁ

5.3 Formation Problem

The problem we address is the following.

The Formation Problem. Using the radial, circumferential, and boundary
actuators and the corresponding controls, c,, cg, co, find displacements u, and
ug on A that minimize the potential energy, (5.18), vanish on the inner bound-
ary, Z, and map the outer boundary, O, to the target configuration T .

We obtain necessary conditions for the minimization of (5.18) using the calculus of
variations, the result of which is two partial differential equations (PDEs) in u, and ug and
two natural boundary conditions (NBCs) at » = 1. The radial PDE and radial NBC' are

0 ou, w0%u, D?ug
E[T()\—FQIU—FET(T)) aT] PP +(A+“)a¢ar

_ A+3p+ Ey(r) (Oug p 0 B
" 90 +u, | + Tur—l—Eqs(r)cqs B [rEr(r)cr} =0
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99

— Foco(®) — E(1)er(1,6) =0,

(A 21+ E(1)) %(1, ¢) + (Bo + \) <%(1, ¢) + un(1, ¢)>

and the circumferential PDE and circumferential NBC are

A+2u+ Ey(r) 0 |Ouy 0 | Ouy 82u,
r 3_¢[3¢+ T]ME[TW]H ) og0r
I aur aC¢
+ - <8¢ - ¢> —E¢(7’)a—¢—0
o 0 ou, dco
Fo'g i (1,6) + 1 (%<1>¢> - %w) +(Bo = p) 57 (1,6) = Fo'y? =0

Since the displacements are presumed to vanish on Z we obtain the two inner bound-
ary conditions (IBCs),
up(ri, ¢) =0

U¢(7’i, ¢) = 0.

The problem as stated makes obtaining the outer boundary conditions (OBCs)
somewhat more difficult than the IBCs. Without additional restrictions, the requirement
that O — 7 leads to a complicated relation involving the outer boundary displacements,
ur(1,¢) and uy(1, ¢). We can show that if the point (1, ¢) is displaced to the point (B(¢+
8¢), ¢+ 6¢), then

ur(1,0) + 1= B¢+ 6¢) cos b
ug(1, ¢) = B(¢+ 6¢)sin b9,

which are equivalent to

u¢(1> ¢)

m) — ug(1, ). (5.19)

ur(l,9) +1= JB <¢+tan—1
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As an alternative to (5.19), we obtain linear OBCs by making the a priori assumption
that on O the displacement is purely radial, i.e. wug(1,$) vanishes identically on O. We

therefore have the OBCs,
ur(1,¢) = B(¢) —1
U¢(1, ¢) =0.

We will refer to B(¢) — 1 as the target displacement.
We thus seek displacements u, and ug on A that satisfy the following boundary

value problem (BVP) consisting of two second order PDEs, two NBCs, two OBCs, and two

IBCs,
0 ou, w0%u, 0%u
E[T()\JrQMJrEr(T)) Ee ] +_8¢2 (A+u)a¢a‘i
(5.20)
A+3u+E ) )
AT ,U:‘ s(7) (ur + %) + gur + Ey(r)cy — E{TET(T)CT} =0
A+ 2u+ Eg(r) 0 8u¢ O [ Oug *u,
r ¢[ 96 ]JFME[TW]HM”‘)@@% o
5.21
a T a
23]
(A+20+ E.(1 >)a“’"<1 $) + (Eo +\) (%725(1 6) + u(1, ¢>) .
5.22
— Eoc,(¢) — Er(1)er(1,6) =0
0%uy ) o, d
o C(1,0) +p <U¢(1 @) — U¢(1 ¢)> + (Bo — )a?; (1,¢) — EO;—¢ —0 (5.23)
(5.24)

ur(L,¢) = B(d) -1
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us(l,¢) = 0 (5.25)
ur(ri, ) = 0 (5.26)
ug(ri, @) = 0. (5.27)

5.4 The Circumferential PDE and BCs

We now focus on the circumferential displacement, ug4, choosing the circumferential control,
¢4, and the boundary control, c¢p, in such a way that the trivial solution, ug = 0, uniquely
satisfies (5.21), (5.23), (5.25), and (5.27).

We use
1 [A+3u+E ou,
es(r: ) = oy [ (r6) + (0 G 0) (5.29)
B —
CO(¢) = OEwO qur(17¢)7 (529)

for the circumferential and boundary controls in (5.21) and (5.23) to obtain

A+ 21+ Ey(r) 0%uy O [ Ouy Lo
, BYe + e l W] e = 0 (5.30)
0? o
Eo agf(L )+ (%(L ¢) — %(1, ¢)> = 0. (5.31)

The BVP (5.30)-(5.31) along with the boundary conditions ugs(r;, ¢) = ug(1,¢) =0
clearly admits the trivial solution u4 = 0. To show that the trivial solution is unique we
assume that u4 can be written in separated form as

ug(r; @) = R(r)®(¢). (5.32)
Substituting (5.32) into (5.30) we obtain the ordinary differential equations (ODEs)

" +k°® =0 (5.33)

R’ +rR — f(r)R=0, (5.34)

where the separation constant, k2, k = 0,1,2, . . . oo, is chosen to ensure that solutions
are 2m-periodic in ¢ and f is defined by
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Fr) =14 AT 2B
1
The 27-periodic solutions of (5.33) are cosk¢ and sink¢p, k # 0 and 1 for k = 0. The
solutions of (5.34) are therefore the Fourier sine and cosine coefficients of the Fourier series
expansion of ug.

Now if & = 0, then u, = 0 and we are done. Otherwise, assuming that ® % 0, (5.25)
implies that R(1) = 0 and (5.31) implies that R'(1) = 0. Therefore, with E4(r) continuous
on [r;, 1], the unique solution of (5.34) satisfying R(1) = R/(1) = 0 is the trivial solution
R = 0. The Fourier coefficients of u4 are all identically zero and so ug = 0.

5.5 The Radial Boundary Value Problem

We now use (5.28), (5.29), and ug = 0 in (5.20) and (5.22) obtaining

ou,
+ _ur -
or r

Q rEr(r)cr} =0

+ (A +p) ar[

ol s

) ou,| | po*u,
E[r(A—l—Qu—i—Er(r)) ]

(3 204 B (1) S5 (1,6) + (At ) (1,6) = Br(1)er(1,6) =0

We rename the radial control variable in order to write the radial pde in self-adjoint form.
The control ¢, is replaced by ¢, + ¢., where ¢, is given by

. At
Cr (T7 ¢) - TET (7’) Uy (T7 ¢)
The boundary-value problem we wish to solve is:
0 ou, Pu, 0
pe [r()\ +2p + Er(r)) o ]—i—g i + U= o [TET(T)CT] =0 (5.35)
ou,
(A 20+ E(1) 5 7 (1,6) — E:(er(1,6) = 0 (5.36)
w(1,6) = B(g) - 1 (5.37)

ur (15, ¢) = 0. (5.38)
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5.6 The Primal and Dual Systems

Separating variables in (5.35), as in §5.4 for (5.30), leads to the consideration of Fourier
series expansions for the radial displacement, u,., radial control, ¢,, and target displacement,
B — 1. We therefore expand u,, ¢., and B — 1 in Fourier series and use the convergence
properties of B — 1 to establish the convergence of the series for ¢, and u,.. We use

o0

up(r, @) = ao(r +Z ap(r) cos kg + by(r) sin k¢)

¢ (r, ) = co(r) + Z cx(r) cos ko + di(r) sin ko)

B(¢) —1=0ap+ > _(akcoske + fisinkg), (5.39)
k=1
n (5.35)-(5.38) to obtain, for £ = 0,1,2, . .. 00, ordinary differential equations and

boundary conditions relating the Fourier cosine coefficients (FCC) of the radial displace-
ment, radial control, and target displacement,

d%[r(A 2+ By ()i (r)] = & (K = 1) ax(r) - d%[rE (er)] =0 (5.40)
(A 21+ Ex(1))ay' (1) = Ep(1)eg(1) = 0 (5.41)

ax(1) = ay (5.42)

ax(r;) = 0. (5.43)

The Fourier sine coefficients satisfy the same equations with a; replaced by by, cx by dy,
and ay by . We refer to (5.40)-(5.43) as the primal system.

Now the homogeneous version of the primal differential equation, (5.40), is self-
adjoint. We let oy, denote the solution of the adjoint or dual system defined by:

(24 B0 ()]~ 2 (1 = 1) ou(r) = 0 (5.44)

o/ (1) =1 (5.45)
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ox(r;) = 0. (5.46)

Multiplying the primal differential equation by oy, integrating from r; to 1, and using
integration by parts as needed we find an expression for the FCC of the target displacement,

1

[ o (DEc(p)eao)pdp. (5.47)

Ti

1
A+2u+ E(1)

A —

We now set ¢ (1) = &oi'(r), where & is a constant, in (5.47) to obtain

6, = 1>\+ 2u+ E,.(1) N
J or'(p)2Er(p)pdp
The FCC of the radial control must therefore satisfy
A+2u+ E (1)
} or' (p)*Er(p)pdp

This tells us how the FCC of the target displacement, oy, are related to the FCC of the
radial control, ¢, via the solution of the dual system, oy.

cr(r) = agoy (r). (5.48)

5.7 Convergence of the Fourier Series for ¢, and u,

We now establish the convergence of the Fourier series of the control ¢, in L?(A°) via
asymptotic properties of o and ay. As before we focus on the cosine coefficients.
Using Parseval’s Identity we calculate the square of the L? norm of the radial control,

2 1

lerllfoay = [ [ erlro)rards
0 7
1

= 27r/ o(T) TdT—i—?TZ {/lc;€ rdr—i—/dk rdr} (5.49)

Ti

Using (5.48) we have
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2

i /ck(r)Qrdr = i (); e Er(l))ak /ak'(r)Qrdr. (5.50)
k=07, k=0 fak’(r)QEr(r)rdr s

We do not proceed with the general case at this time, but assume that E,.(r) = E,,
a constant, in order to obtain an explicit asymptotic relationship between the norm of the
radial control, ¢,, and the Fourier coefficients of the target displacement. Using E,(r) = E,
in (5.50) we obtain

1 2
o] 92 Er 0 2
fure- (S 4
k=0r; " k=0 [ o4/ (r)%rdr

Note that later we will use the fact that the above expression holds with dy and ;. in place
of ¢ and oy, respectively.

We therefore need to establish a lower bound on the square of the L?([r;, 1]) norm
of o k/>

1
Hak/H%2([ri,1]) = /T o (r)?rdr.

We obtain the needed bound by solving the dual system with E,(r) = E, for o;. The dual
differential equation, (5.44), becomes an Euler equation,

roy +roy — eioy, =0, (5.52)

[ W
=evVk?—1 and e= | ———. .
€ = €V and € T2 L (5.53)

A fundamental set of solutions to (5.52) for £ = 1 is {1,Ilnr} and for & # 1 we
obtain {r® r=%*} . It is therefore convenient to use the fundamental set of solutions
{cosh(exIn7),sinh(ex Inr)/ex} which is valid (in the limiting sense when k = 1) for all
k=0,1,2, ...,00. Now the solution of (5.52) satisfying the boundary conditions (5.45),
(5.46) can be written

where

sinh (ek In :—l)

e cosh(eg Inr;)’

O'k(T) =

(5.54)

from which we calculate o4’ and ||o/ ”%2([”,1])7



47

) = cosh (ek In :—z) (5.53)
TN = r cosh(eg Inr;) '

e Inr; + cosh(eg Inr;) sinh(ex In7;)

e _ 5.56
ok 1122 e, 1) 2¢;, cosh® (e In 1) 50

Note that since r; < 1 the right hand side of (5.56) is indeed positive and the expressions
(5.54)-(5.56) hold (in the limiting sense when k = 1) for all integers k > 0.
We now establish the lower bound on [|a[|72( 4c)- Since

112 lnrli 1 1
2l HLQ([”’”) B cosh?(ex In7;) * ;tanh <6k n 7’7) ’

we calculate

cosh®(e; In7;) = 1 (7’:" + 7’[6")2 < 3 (27’;6")2 when k£ > 1

_ Ti_2ek
Also for k > 1, we have
1 S o2k
tanh (ekln—> :7’@_% 7’1 = T;E S 5 > 1 — 2%,
This gives us
In X 1 1
2ok 2.. = —”—l——tanh(e ln—)
[lo HLQ([T“ID cosh®(exIn7;) e b 7
1 1
> % n— 4 — (1 - 27’1-26")
Ty €k
1 1 2
= — 4 (ln— — —) .
€k Ty €k

Now there exists a positive integer K > 1 such that In } — é > 0 for all £ > K and so

1 1 1
2 _
QHO'leLQ([ri’l]) > ; - H{Tl > J’ vV k> K. (557)
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Therefore, using (5.57) in (5.51) and the corresponding expression for di, we obtain from
(5.49) an estimate for the norm of the radial control,

27 1 oo
lerlfigay = [ [ extroyPrdrds < N5 k (o +62). (5.58)
0 7 =

where M > 0 is a constant.
It is known [1] that the Sobolev space HP([0,2)) consists of periodic functions,

f(¢) =ao+ i(ak cos k¢ + by sin ko),

k=1
for which

o0

Z k*P (]a;f + ’bk’2) < 0.

k=1
From (5.58) we see that B € H'?([0,2r)) implies ¢, € L?(A°). Corresponding results for
¢y and ¢, follow from (5.28) and (5.29). We have thus established the following theorem.

Theorem 5.1 Suppose E,.(r) = E,, a constant, let E, € C([r;,1]) and let target func-
tion B € H'Y?([0,2r)). Then the Formation Problem, cf. §5.8, obtains with radial and
circumferential controls c,,cy € L*(A°) and boundary control co, € HY?([0,27)).

Furthermore, assuming that B € C*°([0, 27)) enables us to establish an exponential
decay rate for the L?*(.A°) norm of ¢,. We use integration by parts to calculate ay, the FCC
of the outer boundary displacement u,.(1, ) = B(¢) — 1, for k > 0 as follows:

27
roy, = / (B(¢) — 1) cos kodo
0
27

= % [ B(9)sinkods

0

- = / B"(¢) cos kods

0
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2m
1 :
= - / B"(¢) sin kdo
0
_ cos(n+1)% +sin(n+1)% 73(”)(¢) cos k¢d n even 7
kn / sin ko n odd
where n is any positive integer. Therefore, for k > 0,
2m
(n)
o < — O/ BY(6)|do,

and so there exists an € > 0 such that

a =0 [(1 —i—s)_k} as k — oo.

The same estimate applies to the Fourier sine coefficients, i, of the outer boundary dis-
placement and so from (5.58) we obtain

0o
lerllZ < MG
k=0

where M > 0 is a constant and ¢, = O [k(l + 5)_’“} as k — oo.



Chapter 6

Some (Graphical Results

In this chapter we look at some computations based on the results of the proceeding chapter.
To that end we must specify several quantities, both variable and constant, and then we
solve the equations satisfied by the Fourier coefficients of the radial displacement, u,., and
the radial control, c,.

6.1 Equilibrium Configuration, Target Configuration,
Elastic Constants, and Actuator Densities

First we specify quantities associated with the physical configuration of the elastic structure.
In particular, we assume that the inner radius is ; = 0.1 and the target configuration, 7,
is an ellipse,

where

. 2

a \/COS2¢+4Sin2¢.
We assume that the matrix material is “rubber” [5] with Lamé constants A\ =

3250 N/cm? and g = 70 N/cm? and that the actuator material is “quartz” [5], a piezo-

electric with Young’s modulus 107 N/cm?. Note that Poisson’s ratio for quartz, v = 0.007,
also from [5], is compatible with our assumption in §3.2 that v ~ 0. We also assume all

(6.1)

B(¢)

50
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families of actuators are embedded with the same (constant) density, d = 0.01, so that
Er = E¢ = E@ = 107d = 105 N/cm2.

6.2 The Fourier Coefficients of the Outer Boundary
Displacement B(¢) — 1

Recall that the Fourier series expansion of the boundary displacement was expressed in
85.6 as

B(¢) —1=ap+ i(ak cos k¢ + P sin ko),
k=1

where the Fourier coefficients are given by

2

1
a0 = o= [(B¢)—1)do
on = [(B(o)~1)cosko do
B = %/(B(qﬁ)—l)sinkqﬁ do.

0

The calculation of the Fourier coefficients is greatly simplified by the particular
form (6.1), which is graphed in Figure 6.1. We first note that B is an even function, so the
Fourier sine coefficients, O, are all identically zero. We may also deduce that as;11 = 0 for
1=0,1,2, ..., 00, as follows.

e The function B and the functions cos(2i + 1)¢, i = 0,1,2, . . . 00, are even with

respect to (wrt) the line ¢ = 7 so that

27 iy

oz == [(B(6) ~ 1) cos(i + 1) do) = % [(B(&) ~ 1) cos2i +1)6 do.

0

—_

e The function B is even wrt the line ¢ = 7, while the functions cos(2i + 1)¢, i =

0,1,2, ..., 00, are odd, so that the integrands, (B(¢) — 1) cos(2i 4+ 1)¢, are odd wrt
¢ = 5 and thus
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0.8
0.6
04

0.2

1 2 3 4 5 6

Figure 6.1: The outer boundary displacement u,(1,¢) = B(¢) — 1 for ¢ € [0, 27].

w/2 T
/(B(¢) ~ 1) cos(2i +1)¢ dp = — /(B(¢) ~ 1) cos(2i + 1)¢ do.
0 /2

e We therefore obtain

Qi1 = %/ —1)cos(2i+ 1)¢ do
9 /2
= — / —1)cos(2i + 1)¢p dp + — / —1)cos(2i + 1)¢ do
T 0 7r/2
= 0.

Similar considerations show that the FCC for k = 2i, ¢ > 0, can be written

w/2
4
g = = / (B(¢) — 1) cos 2i¢ do.
7r
0
Now comparing the graph of the boundary displacement with the graphs of the nt
partial sums of its Fourier series,

n/2

SE _1(P) =ap+ Zn:(ak cos kp + Brsinkd) = > agy cos 2k,
k=0

k=1
cf. Figure 6.2, we find that S ;(¢) provides a reasonable approximation to B(¢) — 1.
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n=28 n=10

1 ‘ ‘ ‘ ‘ 1F ‘ ‘ ‘
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2

0 ‘ ‘ 0

0 1 2 3 4 5 6 0 1 2 3 4 5 6

Figure 6.2: Comparison of the partial sums S%_;(¢) and B(¢) — 1 for n =0,2, ..., 10.
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6.3 The Fourier Expansions of u, and c,

Recall that in §5.6 we expanded u, and ¢, in Fourier series as

ur(r, ) = ao(r) + 3 (au(r) cos g + by(r) sin kig)
k=1

cr(r, @) = co(r _|_Z ck(r) cos ko + di(r) sin k¢),

and showed that the FCC ay, and ¢, satisfy the ODE and BCs, (5.40)-(5.43), which for the
case E,.(r) = E, have the form

E, d
7’2ak” + Tak/ — Eiak = m@ [TC]@(T)} (62)
E.

1) = ——t a1 .
W) = () (63)
ax(1) = ay (6.4)
ag(r;) =0, (6.5)

where
_ [AE=T)
€p =4 —— .

Equations (6.2)-(6.5) hold with the sine coefficients by, di, and [ in place of ag, ¢, and
ay, respectively.

We also showed that c(r) o< ay, cf. (5.48), and a similar calculation reveals that
di(r) o Br. Now since [y = 0 for all k, we have d;, = 0 and so by, satisfies the homogeneous
versions of (6.2)-(6.4) and (6.5). This implies that b = 0 for all £ and we need only consider
the FCC a; and ¢;.

Now the solution of (6.2)-(6.4) is

1

Er
ai(r) = oy cosh(eglnr) — m/ck(p) cosh <€k In— ) dp, (6.6)

and in order to satisfy (6.5) we require that
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E,

S — h(enlnt)d 6.7
At 2u+ B, ) cos (6’“an> P (6.7)

ay, cosh(eg Inr;) =

Note that (6.7) is equivalent to (5.47). We thus ﬁnd an explicit representation for ¢ of the
form

A+ 2u+ E, cosh (ek In :—z)
E, r ’

Ck(T) = Oékiﬁk (6'8)
where

e cosh(eg Inr;)

Ve = e InTy + sinh(ex, In7;) cosh(ex Inr;)”
We now use (6.8) for ¢ in (6.6) to obtain

ag(r) = O;k (2 + ¢y, cosh(eg In7;) In 7’) cosh(ex Inr)
Otk

€k

(cosh(e;€ Inr;) — € sinh(ex Inr;) In 7’) sinh(eg In7).

If we denote by S7',(r,¢) the ntt partial sum of the Fourier series for the function
(*)(r, ¢), then we have,

n n/2
St (r,¢) = ao(r) + > (ar(r) cos k¢ + by(r) sin kg) = Z asy(r) cos 2k
k=1
n n/2
SE(r,¢) = co(r) + Y (cu(r) cos ke + di(r) sinkg) = Z ok (1) cos 2k .
k=1

Based on Figure 6.2 and the results from §5.7, choosing n = 20 should provide sufficient
accuracy.

Now recall that in §5.5 we used the feedback-modified radial control, ¢, — ¢, + ¢,
where ¢ = (A + p)u,/rE,. The radial control should therefore be approximated by

~ A
52 (r,0) = St (r,0) + = LLS0 (1, 6).

The graphs of S2°(r, ) and S2°(r, ¢) are shown in Figures 6.3 and 6.4.
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Figure 6.3: The graph of the approximation S2°(r, ¢) to the radial displacement, u,(r, ¢),
on [r;, 1] x [0, 27].
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Figure 6.4: The graph of the approximation S2(r, ¢) to the radial control, ¢,(r,¢), on
(73, 1] x [0, 27].



o8

6.4 Other Graphs

We use Sﬁ? to graph some of the other quantities that depend on u,. In particular, we look
at the circumferential control

1 [A+3u+E ou,
colrd) = g [T el 0) + (A ) G, 6)|.
in Figure 6.5, the strains
ou,
Epp =
or
S 1 du,
T 2r g
Uy
Epp = —
ol r’

in Figures 6.6-6.8, and the stresses

O = (A4 2)er + A

Orgp = 2,u5r¢
Opp = Mg + (A4 2n)egq
e = MeErr +€59),

in Figures 6.9-6.12.
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Figure 6.5: An approximate graph of the circumferential control c,(r, ¢) on [r;, 1] x [0, 27].
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Figure 6.6: An approximate graph of the extensional strain €,,(r, ¢) on [r;, 1] x [0, 27].



61

0

Figure 6.7: An approximate graph of the shear strain e,4(r, ¢) on [r;, 1] x [0, 27].
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Figure 6.8: An approximate graph of the extensional strain e44(r, ¢) on [r;, 1] x [0, 27].
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An approximate graph of the extensional stress o,,(r, ¢) on [r;, 1] x [0, 27].
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Figure 6.10: An approximate graph of the shear stress o,4(r, ¢) on [r;, 1] x [0, 27].
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Figure 6.11: An approximate graph of the extensional stress o44(r, ¢) on [r;, 1] x [0, 27].
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Figure 6.12: An approximate graph of the extensional stress o.,(r, ¢) on [r;, 1] x [0, 27].



Chapter 7

The Three Dimensional Problem

7.1 Introduction

Here, as in Chapter 5, we examine an elastic structure consisting of a matrix with attached
and embedded actuator families. The equilibrium configuration of the structure is a sphere
of radius 1 with a rigid concentric spherical core of radius r; < 1. At equilibrium, the
matrix material occupies the region

R ={(z,y,2)| r? < 2> +y* + 2* < 1},

and the inner and outer boundaries of the matrix are

1= {(.CL',y,Z)’ $2+y2—|—2’2 :Ti}
O ={(z,y,2)| 2* +y* + 2* = 1}.

Using the spherical coordinates defined in §4.2 we have

R={(r0,¢9)rn <r<1}
I =A{(r.0,9) r=ri}
O ={(r,0,¢)| r =1},
and we use R¢ to denote the closure of R, R® = {(r,6,¢)| r; <r <1},

Our objective is to use the various actuator families and their corresponding controls
to map the outer boundary to a target configuration, 7, of the form

T ={(r,0,9)| r = B(0,9)},
where B is 2m-periodic in ¢ and B(6, ¢) > r; for all (0, ¢) € [0, 7] x [0, 27).

67
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7.2 The Matrix Potential Energy

Using (2.21) for the strain-energy with x, y, z replaced by r, 0, ¢, respectively, and inte-
grating over the equilibrium configuration of the solid we obtain the potential energy of
the matrix, Vg, as a function of the strains,

2

[

Vs =

N[

T 1
//{()‘ + 211 (e + 00+ €99)” + 241 [ (err — £00) + (00 — £09)” + (€96 — )]
0

+ dp(ely + €5y + 535,,)}72 sin Odrdfde.

We obtain the potential energy of the matrix as a function of the displacements using the
spherical strain-displacement equations, (4.9)-(4.10),

1
ou, u, 10ug Ug 1 Ouy\?
2
2 D il bt
/{(A—i_?”u)(ar—i_ 7’+7’89 +C0t97’+7’sin98¢>

2 2
+ %Ml(aur _&_lau(;) + (1%—@9%— ! 8u¢>

or r r 06 r 00 r  rsinf 0¢
1 aqu /U/G ur aur 2
ke 2oy 1
+<7’Sin9 0¢ +C0t97’ * r 87’)] (7.1)

10u, wup Oug\? 1 Oug ug 1 0us\?
+M[<r 00 r + 87’) +<7’sin9 0¢p cot@r +7’ 89)

( L dur _up  Oug

2
2 .
rsinf 0¢ r ar ) ]}7’ sin @drdfde¢.

7.3 Actuator Families

As in the two dimensional case, each embedded actuator family consists of actuators aligned
with a particular unit vector and each attached actuator family corresponds to a unit vector
tangent to the equilibrium configuration of the outer boundary O. The three embedded
actuator families are the radial actuators, F,, parallel to é,, the latitudinal actuators,
Fo, parallel to €y, and the longitudinal actuators, F,, parallel to €,. The two attached
actuator families are the latitudinal boundary actuators, Fo,, and the longitudinal boundary
actuators, Fo,, parallel to & and &, respectively, on O.
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In §4.8 we found the potential energy of the actuator family F in spherical coordi-
nates,

Vr = %/Efdf(COSQ Q € + €08 3 £gg + COS> Y €44 + 208 avcos B &4

2
+ 2cos Fcosy €gg + 2COSyCOS QX € — /@fuf) r?sin Odrdode,  (7.2)

where Er is the Young’s modulus of the actuator material, dr is the density of actuator
material, o, 3, and ~ are the orientation angles with respect to the spherical unit vectors
€,, €y, €4, and Krus is the scaled control.

For the radial actuators we have a =0, 8 =~ = 7, for 1at1tud1nal actuators 3 = 0,

v = a = 7, and latitudinal actuators correspond to v = 0, a = 3 = 7. Using the notation
E.(r) = ErdF,(r) er(r,0,9) = Ktz (r,0,0)
Ey(r) = Erydg,(r) co(r,0,9) = kz,uz,(r,0,0)

E¢(7’) = E]-‘¢d_7-‘¢(7’) C¢(T797¢) = H}-¢u]:¢(7’,(9,¢),

n (7.2) and using the spherical strain-displacement equations, we obtain the potential
energies, V,, Vy, and Vg, of the radial, latitudinal, and longitudinal actuator families,

2 w1 2
ou
— l T o 2 .
V, = 20/0/1/Er(7’) ( 5 c,,> r*sin Odrdfdg (7.3)
) 271' v 1 1au0 2 ) ‘
Vo = 5///1*79(7’) -0 + — —¢p | r*sinfdrdfde (7.4)
0 0 7

2r )
1 8u¢ ) .
/// (7’ sinf O¢ T o tg_ + — C¢> r* sin Odrdfde. (7.5)

We call ¢, the radial control, ¢y the latitudinal control, and c4 the longitudinal control.

The potential energy expressions for the attached actuator families are found from
the corresponding expressions for the embedded families specialized to the surface O. Using
(7.4) we find the potential energy of the latitudinal boundary actuator family, Vo,,

2w

2
//Eog (8% (1,0,0) +u-(1,0,¢) — 609(9,¢)> sin 6dfda, (7.6)
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where the constant Ep, is the product of the Young’s modulus and density of the latitudinal
boundary actuator material and co, is the latitudinal boundary control. Using (7.5) we
obtain the potential energy of the longitudinal boundary actuator family, Vo,

2

_1 1 Ouy _ :
Vo, = 3 O/O/E(% (sin@ 90 (1,0,8) + cot 0 up(1,0,¢) + u,(1,0,¢) — co,(0,0) | sinddode,

(7.7)
where the constant Ep, is the product of the Young’s modulus and density of the longitu-
dinal boundary actuator material and co, is the longitudinal boundary control.

7.4 The Total Potential Energy

The total potential energy is the sum of the matrix potential energy and the actuator
family potential energies:
V:V5+VT+V9+V¢+V(99+V@¢.

Using (7.1) and (7.3)-(7.7) we obtain the total potential energy in terms of the spherical
strains,
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2t ™ 1
ou, u, 1 0ug Ug 1 Ouy\?
_ 1 A2 ( ol 29U | o g0 —)
4 20/0//{( —|—3u) or * +7’89+ 7’+7’sin98¢
ou, u, 10up\?2 1 Ouyg Ug 1 Ouy\?
2 _ - _Z70 il
* 3“[( or r r 89) +< 00 COter rsind 8¢>

+< 1 8¢ 9_+_r_8ur>2
rsinf 8¢ r or

10u, wug Oup\2 1 Oug ug 1 0uy
+M[<r 00  r + 87’) +<7’sm98¢ cotf=" +7’ 89)

1 Our uy Oup\?
* (rsin@ o r + W) ] (7.8)

du N2 19 c
+ B0 =) + B0 (55 + T o)

L dus
rsinf 0¢

Z{E%(a“" (1,6, 6) + ur(1,6, ) — )2

Ug Uy 2 2 .
+ E¢(7’)< + cot 97 + - c¢> r* sin Odrdfd¢

2

[

+

N [

+ Eo¢< 19%7;’5(1 0,6) + cot 0 ug(1,0,0) +u,(1,0,¢) - ¢>2}sin9d9d¢.

7.5 Formation Problem

We address the following problem.

The Formation Problem. Using the radial, longitudinal, latitudinal, and
boundary actuators and the corresponding controls, ¢, co, ¢4, Co,, and co,, find
displacements u,, ug, and ug on R that minimize the potential energy (7.8),

vanish on the inner boundary, Z, and map the outer boundary, O, to the target
configuration T .
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Necessary conditions for minimization of the potential energy (7.8) require that the
displacements satisfy three PDEs and three NBCs on the surface O. The radial PDE and
radial NBC' are

0| 5 ou, w0 | . ou,
g [7’ ()\—i-Q,u—l—Er(r)) 87’] + Y lsm@(ae —u(;)]
1)

p 0 [Ou, r(A+ 0 | . ,0ug 0y
+ sin? 0 0¢ [(%5 sin 00 sin0 +

—sinf u¢] +

1 0
_ ()\ +2p + E¢(7’)) (sm@ (;Z + cot 0 ug + ur> +1rE4(r)ce

— (A+ 20+ E(r) (%—e—l—ur)—i—TEe( )Ce—g[r E,(r)e,| =0

ou,

(A+2u+Er(1)) B (1,6,0) + (A + Eo,) (%9 (1,6,0) +u.(1,6 ¢)>

1 Ou
+()\+Eo¢)< 98;

- EOQCOQ(9>¢) EO¢,CO¢,(9 ¢) ( )Cr(l 0 ¢) = 0.

The latitudinal PDE and latitudinal NBC are

A+ 2p + Eo(r) 0 [1 9<%+ur>]+iﬁ[%_cowu4

(1,0, ) + cot 0 ug(1,0,¢) + u, (1,6 ¢)> (7.10)

sin 0 a0 sin?0 0¢ | O¢

N 9 8_ O ) 0 8ur N 1 82u¢_
Har |" “ar Wi\ar|" a0 | " singopan
1 8u¢
— cotd ()\+2u—|—E¢(r)) S0 90 +cot 0 ug + u, | — rEy(r)cy

+ u <8ur —u(9> — rEy(r) g[sin@ ca] =0

(7.11)

00 sinf) 00
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du, o
fsin 6 ( o "(1,6, ¢) — (1,9,¢)+$(1,9,¢)>

1 8u¢
sinf 0¢

+ Eo, cos@( (1,6, 0) + cot 0 up(1,0, ¢) + u.(1,0,¢) — 009(9705)) (7.12)

d | . Juyg dr.
- EOB% lsm@ ( 50 (1 6,¢) +u,(1,6 qﬁ))] —i—EOB%[sm@ 609(9,@] =0
The longitudinal PDE and longitudinal NBC are

A+2u+E¢(T)g[ 1 a“Mcoteuﬁu] 9 [2%1

sin ¢ 0¢ |sinf 0¢ +’u§ " or
Ougl  A+up (0 | Ou, 0%ug
sm@@@ l ] sin 0 (E [7’ 8¢] * 898¢> (7.13)
wo [Ou Jupg Uy rEy(r)Ocy
* sin 0 <8¢ « 98¢ sm9>_ sin 0 8—¢_0
1 Ou, 9
usm@( " 81; (1,0,0) —us(1,0,0) + a?w(l 0 ¢)>
—_— (7.14)
o 99 [sm@ 8;(1 0,0) + cot 0 ug(1,0,0) +u.(1,6,¢) — Co¢,(9>¢)] =

Since the displacements are assumed to vanish on Z, we obtain the the three IBCs

ur(rh 6‘7 ¢) 0 (715)
u@(rh 6‘7 ¢) =0 (716)
ug(ri,0,9) = 0, (7.17)

and, as in Chapter 5, we assume that the displacement on the outer boundary, O, is purely
radial. This implies that ug(1, 6, ¢) = ug(1,60,¢) = 0 and the OBCs are

u(1,0,0) = B(6,¢)—1 (7.18)
ugp(1,0,¢) = 0 (7.19)
us(1,0,¢) = 0. (7.20)
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We therefore seek displacements u,., ug, and u, on R satisfying the BVP (7.9)-(7.20).

7.6 Solution Strategy

We will proceed along the same lines as the two dimensional case, attempting to control
the nonradial displacements, ug and ug, to zero throughout ‘R. The more complex nature
of Equations (7.9)-(7.14) compared to Equations (5.20)-(5.23) leads to several difficulties
not present in the two dimensional case. To alleviate some difficulties we assume that F,,
Ey, and E, are constant, but other problems are not so easily ameliorated. A complete
resolution of all such difficulties is not currently at hand, but the nature and potential
resolution of each is addressed as we proceed.

7.7 The Longitudinal PDE and BCs

We now choose the longitudinal controls, ¢y and co,, so that uy = 0 uniquely satisfies
(7.13), (7.14), (7.17), and (7.20).
We use

co(r, 0, ¢) = L [()\ +3p + E¢) (cot b ug + u,) + (A + p) (rau’" = Oug = u)] (7.21)

rEy or 06
EO¢ — W
co,(0,9) = Tur(l, 0,¢) + cot 8 ug(1,0, ), (7.22)
O
in (7.13) and (7.14) to obtain
A+ 2+ Ey 0%uy O | 40uy w0 | . 0ug p

_ et 2 - 2| _ =0 7.23
sin® 4 0¢? ar |" or * sin 6 06 sin 0 00 sinZ ¢ (7.23)

0%u ou

9 ¢ ¢
1 ——(1 =0. .24
g 1:0.0)u(ns01,0.0) - G2016.0)) =0 (7.20)

Equations (7.23), (7.24), along with ug(r;, 8, ¢) = us(1,6, ¢) = 0, clearly admit the
trivial solution, ug = 0. To show that the trivial solution is unique we assume that u4 can
be written in separated form as

ug(r,0,¢) = R(r)©(0)®(¢). (7.25)
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Substituting (7.25) into (7.23) we obtain the ODEs

" (¢) + k1 ®(¢) =0 (7.26)
TQRH(T) +2rR'(r) — koR(r) =0 (7.27)
dr. I 1+ kK M
g S 90+ (“2 - Smiiﬁ) 0(6) =0, (7.28)
where k1 and ko are separation constants and
Ko = S
PNt 2ut By

Ideally, k1 and kg are chosen so that the product, ©®, of solutions © of (7.28) and
solutions ® of (7.26) is a surface spherical harmonic. Surface spherical harmonics are the
two dimensional analogue of the circular harmonics sine and cosine. However, the term
1 4 K1/pe prevents this from happening for general values of the elastic constants.

Alternatively, we may guarantee the existence of bounded solutions of (7.28) by
setting ko = k(k+1) and 1+ k1 /1y = m?, where n and m are nonnegative integers [8]. We
will see this equation in §7.10 and detail its solutions there. Now, with x; = pg(m? — 1),
Equation (7.26) certainly admits bounded solutions and so we focus on solving (7.27).

The OBC (7.20) implies that R(1) = 0 and this along with the NBC (7.24) implies
that R'(1) = 0. Therefore, the unique solution of (7.27) is R = 0 and thus uy, = 0
uniquely satisfies (7.13), (7.14), (7.17), and (7.20) with ¢, and co, given by (7.21) and
(7.22), respectively.

7.8 The Latitudinal PDE and BCs

We now use (7.21), (7.22), and uy = 0 in (7.11) and (7.12) to obtain

A+2u+Eg 0 [ . Oug o 0%uyg d [ ,0ug
~sing 96 lm@(%”’"ﬂ Tazeor Tror | ar

0|0 0 Oug ou
_ r_ 7.29
+(A+u)<89 [ar[rurﬂ+cot98r[rur}+cot989 u9>+u<89 u@> (7.29)

E,
+ pcot O(cot 8 ug + uy) — ;T‘;%[sme 09} =0
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Ou, 0
e sin 0 ( 50 (1,0, 0) — (1,9,¢)+$(1,9,¢)> + pcos u,

a ) (7.30)
- Foy [sme ( 5o (1.6.0) +us(1,6,0) — co, (6, ¢)>]

We choose the latitudinal controls, cy and co,, so that ug = 0 uniquely satisfies
(7.29), (7.30), (7.16), and (7.19).

We use
1 ou,
co(r, 0, 0) = Ea ()\ +3p + Eg)u,, (A+ 1) rg, Turt cot 6 ug (7.31)
En —
609(97¢) = OEgvTuuT(179>¢)7 (732)
0

n (7.29) and (7.30) to obtain

2
wa [in@aw’] o O0%ug Maﬁl %]‘FM(COJG 9—1)u9—0 (7.33)

sing 90 | o0 + sin? 0 9¢2 -
E 0 du ug 8u9
sm@@@ l nf—y 06 (1,0 qj)] TH <u9(1>9>¢) ar —(1,0 ¢)> (7.34)

The BVP (7.33)-(7.34), along with the boundary conditions ug(r;, 0, ) = ug(1, 0, ¢) =
0, clearly admits the trivial solution, ug = 0. To show that the trivial solution is unique
we assume that ug can be written in separated form as

ug(r, 0, ¢) = R(r)0(0)2(¢). (7.35)
Substituting (7.35) into (7.33) we obtain the ODEs

D"(p) + k1P(p) =0 (7.36)
PR (r) +2rR(r) — maR(r) = 0 (7.37)
2 J—
snlled% [siné &) + 1o (“2 -l %) 6(0) =0, (7.38)
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where k1 and ks are separation constants and

S
AN 2u+ Ey

Again, we would like to choose k; and ks so that the product ©® is a surface
spherical harmonic, but this is not possible.

A full accounting of solutions of (7.38) is not complete, but assuming that bounded
solutions exist, we may proceed exactly as in §7.7. Using (7.35) in the BCs (7.19) and (7.30)
shows that R(1) = R'(1) = 0 and so the unique solution of (7.37) is R = 0. Therefore,
ug = 0 uniquely satisfies (7.11), (7.12), (7.16), and (7.19) with ¢y and co, given by (7.31)
and (7.32), respectively.

e

7.9 The Radial Boundary Value Problem

We now use up = 0, ugy = 0, and the expressions (7.31), (7.21) for the latitudinal and
longitudinal controls, respectively, in the radial PDE, (7.9), to obtain

8ur 12 0 . aur 1% a2ur
2
or ] lsm@ ] * sin? @ 0¢?

sin 6 00

0
A+2u+E,) [7’

or 00

(7.39)

0 0
+ 2(A + ,u)a[rur] + 2uu, — g [TQET(T)CT} = 0.

To write this equation in self-adjoint form we add a feedback term to the radial
control, ¢, — ¢, + ¢, with

A+

rE.(r)
Using ¢, + &, ug = 0, ug = 0, and the expressions (7.32), (7.22) for the latitudinal and
longitudinal boundary controls in the radial NBC, (7.10), we obtain the following BVP for
the radial displacement w,.:

Cr(r,0,¢0) =2

u(r, 6, @).

0
. T 2 2 _
sin 6 + 2€“u, — El@ [7’ c,,] =0 (7.40)

0 [28%] e 0 l 8u] e 0%u,
T + +

or or sin @ 00 00 sin? @ O¢?
ou,
&5, (1.0,9) = Erc.(1,60,9) (7.41)

ur(1,0,¢) = B(0,$) — 1 (7.42)
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ur(rh 6‘7 ¢) = 07 (743)

where,

2 1% E,

_ d Fi=——-—. 7.44
\t2u+E, O "T At 2u+ E, (7.44)

)
Il

7.10 Separation of the Radial Equation

We assume that the radial displacement, u,, and the radial control, c,, can be written in
separated form as

ur(r,80,0) = U(r)0(0)e(¢)
e(r,0,¢0) = C(r)0(0)2(s),

and substitute these expressions into (7.40) to obtain

©

®"(¢) + r1®(¢) = 0 (7.45)
r?U"(r) +2r0'(r) + €(2 — w2)U(r) = E1% [r°C(r)] (7.46)
sin@di@ {sin@ @/(9)} * (KQ B sigé 9) 0() =0, (7.47)

where k1 and ks are separation constants.

Since we require solutions 27-periodic in ¢ we need k; = m?, where m = 0,1,2, .. ..
This gives us periodic solutions of (7.45) of the form ®(¢) = ¢ cosme + cysinme. If
we make the substitution £ = cos@ in (7.47) we obtain Legendre’s associated differential
equation:

— — K —
(1-€) =0 -2 + (- 1) =0 0 (7.45)
Here Z(¢§) = O(0) and =’ = d=/dE.
We are only interested in (7.48) when ko = k(k+1), k =0,1,2, ..., since otherwise

solutions become unbounded as £ — —1 or £ — 1, [8]. Independent solutions of
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2

(1 _ 52) =€) — 262/ (¢) + (k(k +1) — 1T€2> () =0 (7.49)

are P and Q, the associated Legendre functions, of degree k and order m, of the first
and second kinds, respectively. These functions are given by

PE) = (¢ —1) : %’fn@ (7.50)

7 d"Qx(§)
m __(_1\m 2 3
Qp(e) = (-1 (¢ 1)
where k,m € IN, m < k, and Py, Q are the Legendre functions, of degree k, of the first
and second kinds, respectively. It is known [8] that the Legendre functions of the second
kind, Q and Q}", converge for €| > 1, so we do not consider them further. The functions

Py, valid on [—1, 1], may be expressed by Rodrigues’ formula,

1 d* o, k
Py(€) = 2 (5 - 1) V ke NN, (7.51)

and for £ = 0, we have Py = 1.
Now P[*(¢) as defined by (7.50) is complex-valued for —1 < £ < 1, so we prefer to
use what is known as Ferrers’ associated Legendre function of the first kind, T}, given by

7 d" P ()

m __(_1\m 2
Tr(e) = (1 (1- ) F (7.52)
for positive integers k and m, with m < k. For convenience, we define 7Y = P, for
k=0,1,2, .... The functions 7" are orthogonal on [—1, 1], i.e.

1

[ T )ds =0

-1

for nonnegative integers ¢, 7, @ # j, and m = 0,1,2, . . ., but they are not normalized. In
8] we find that their L? norm squared is

_/1 R =T (7.53)

Now, with k3 = k(k + 1), we have Equation (7.46) in the form
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r2U" (r) + 2rU'(r) + 62(2 —k(k+ 1))U(7’) = Eld% [7’20(7')} > (7.54)

and we see another interesting result not present in the two dimensional case. The functions
T (cos 8) cosme and T} (cos #) sin m¢ are surface spherical harmonics and so we obtain u,
in separated form as a spherical harmonic series,

oo k
up(r,0,0) =" (a;”(r) cos m¢ + by (r) sin m¢)T,§”(cos 0). (7.55)
k=0 m=0
But the solutions of (7.54) are indexed by k only, so that we actually have coefficient
functions ay(r) = a*(r) and bg(r) = b7*(r) which do not depend on m. This appears to
restrict the class of possible radial displacements and target functions B(#, ¢), since if we
write

oo k
BO,¢)—1=> > (a;” cosme + (3" sin mqﬁ)Tg”(cos 9), (7.56)

k=0 m=0
then the boundary condition (7.42) implies

ad=ar=al= ... =af =a(l)

Bi=0v=0= ... =0 ="bd).
The consequences, if any, of considering a restricted class of harmonic series, in which the
coefficients depend on k£ and not m, are unclear at the present time.
We proceed with this case assuming that the radial displacement, wu,, the radial
control, ¢, and the boundary displacement, B — 1, are expanded in spherical harmonic
series of the form

oo k
up(r,0,0) => Y (ak(r) cos me + by(r) sin m¢) T (cos 8) (7.57)
k=0 m=0
oo k
a&(r0,0)=> > (ck(r) cos me + di(r) sin m¢)T,§”(cos 0) (7.58)
k=0 m=0
oo k
Bl,¢)—1=> > (ak cos me + [ sin m¢)T,§”(cos 9), (7.59)
k=0 m=0

where it is understood that by(r) = do(r) = Bo = 0. As before, we focus on the relations
involving the ay, ¢, and oy, realizing that the same relations hold for the by, di, and F.
We thus consider the BVP,
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P2al(r) + 2ra () + (2 — k(k + 1) )an(r) = El% [r2eu(r)] (7.60)
ar'(1) = Brex(1) (7.61)

ax(l) = ax (7.62)

ar(ri) =0, (7.63)

which we refer to as the primal system.

7.11 The Dual System

We may obtain the same type of relationship between the boundary displacement coeffi-
cients, ag, and the control coefficients, ¢, via solutions of the adjoint equation as in the
two dimensional case. We let o denote the solution of the adjoint or dual system defined
by

r2ofl(r) + 2rop(r) + €(2 = k(k +1))ox(r) = 0 (7.64)
ol (1) =1 (7.65)
ox(ri) = 0. (7.66)

We multiply the primal differential equation, (7.60), by o) and integrate from r; to
1 to obtain

1

= Br [ o (p)ewlp)pdp. (7.67)

Ti

We now let ¢, be a constant multiple of o’ to obtain

() = — (D) (7.68)

: .
Ey [ oi'(p)?p*dp
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7.12 Estimating the L? Norm of the Radial Control

We now investigate the convergence of the series expansion of the radial control, ¢,, in
L?(R°) via asymptotic properties of o3 and ay.

Using Parseval’s Identity and (7.53) we calculate the square of the L?*(R¢) norm of
the radial control,

T 1
leol|Z2rey = ///cr(r,qﬁ)QrQ sin @drdfde
00

o 1
= Z/Cn 22d7’

n=0r,

n

Z / T™(cos §)? sin Od6 / cos® mode

— i 2n2—|— : <2+ Zn: n—l—:):) {/lcn(r)2r2dr —|—/1dn(r)2r2dr}

25 {/cn 22dr+/d 22d7’}

T T

Using (7.68) and the analogous result for di, we have

= onlad+52)
HCTH%Q(RC) = Z

- )
n=0 2 [ 5,/ (r)?r2dr
i

(7.69)

We thus seek a lower bound on f,,ll or'(r)?>r?dr. The dual differential equation, (7.64),
is an Euler equation and as such admits solutions of the form r?, where p is a solution of
the characteristic equation
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P+t —k(k+1) =0, (770

For k = 0 the solutions of (7.64) depend on the elastic constants via €2, cf. (7.44), and
for k = 1 we have the fundamental set of solutions {1,77*}, but for large values of k the
solutions are qualitatively the same as the solutions of the dual system ODE, (5.44), in the
two dimensional case. We therefore expect that

1
/ o' (r)*r*dr = O [k_l] as k — oo,

so that the estimate

lerl[Foirey < M Sk (0} + B7) (7.71)
k=0
where M > 0 is a constant, may follow.

It is clear that we have merely indicated the feasibility of this result based on the
results of Chapter 5 and the calculations performed here. A complete solution of the

Formation Problem with spherical equilibrium configuration must wait for the future.



Chapter 8

Future Work

It is clear from the work in Chapter 7 that results similar to those obtained for the two
dimensional formation problem in Chapter 5 are likely. The establishment of these results
for the three dimensional formation problem is the initial focus of future work. An exten-
sion of the results in Chapter 5 to include the case of radially dependent density (using
E,(r) instead of the constant E,) and more general equilibrium configurations is also de-
sirable. We may also make use of other elastic models to include temperature dependence,
anisotropic matrix materials, and nonlinear elastic effects and address some of the other
goals of formation theory including optimization of the actuator structure, optimal control
of the boundary displacement, and dynamic (time-dependent) boundary control.
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