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Chapter I

INTRODUCTION

The need for fuel efficient carriers has lead to studies in
laminar flow control (Pfenninger et al.,1957; Bacon et
al.,1959).1t has been observed that considerable drag reduc-
tion and hence fuel economy could result if the flow over
the body could be maintained laminar.A thorough understand-
ing of the mechanics of laminar to turbulent flow is thus
necessary. It has been shown by (Schubauer & Skram-

stad, 1947 )that during the initial stages,disturbances in the

boundary layer are two dimensional and linear. These dis-
turbances are called Tollmien - Schlichting or more appro-
priately Tollmien - Schubauer waves, which can grow or de-

cay. During the process of amplification disturbances of a
particular wavelength and frequency selectively grow inside
the boundary 1layer (Tani, 1969 ; Reshotko,1976 ; Morkovin
,1978).

Experimental studies show that initially the disturbances
are two dimensional, later on these  two~-dimensional waves
are observed to exhibit a three-dimensional behavior. At
the next stage the disturbance amplitudes become large and
modify the mean flow itself and nonlinear effects become im-

portant.



Linear stability theory, in which disturbances are consi-
derd infinitesimal traveling harmonic waves, has been used
to predict n factors, which are related to transition for a
given problem (Liepmann,l1945; Smith & Gamberoni,1956; van
Ingen, 1956; Jaffe, Okamura & Smith,1970; Mack,1975,1977).
Initially all stability studies were confined to the case of
the so-called '"parallel boundary layer". Some of these are
those conducted by Tollmien (1929), Schlichting(l935),
Kurtz(1961), Kaplan(1964), Osborne(1967), Wazzan et
al.(1968) and Mack(1969). For low Reyholds numbers these
results differ by nearly 30% from the experimental results
for the flow over the flat plate conducted by Schubauer &
Skramstad (1947), Ross et al.(1970), Kachanov et al. (1975)
and Strazisar and coworkers(1975,1977,1978). Experimental
studies of boundary layer transition over a prolate spheroid
were conducted by Meier and Kreplin(1980).

The parallel flow assumption was discarded by Bouthi-
er(1972,1973), Nayfeh et al.(1974) and Gaster(1974) who in-
corporated the nonparallel effects on the stability of
two-dimensional flows. Saric & Nayfeh (1975,1977) showed
that the nonparallel effects are significant for low Rey-
nolds numbers and unfavorable pressure gradients. The ef-
feqts decrease as the Reynolds number increases or the

pressure gradients become favorable.The minimum critical




Reynolds number predicted 1s quite close to that obtained
experimentally.

Three-dimensional disturbances do form in two-dimensional
as well as in three-dimensional flows (Klebanoff et
al.,1962; Kovasznay et al.,1962; Kachanov et al.,b1975).

A theoretical investigation of three-dimensional stabili-
ty has been carried out by Gregory,Stuart & Walker(1955) who
studied the three-dimensional temporal stability problem for
a\ rotating disk flow. They reduced the three-dimensional
temporal stability problem to a two-dimensional one through.A
a transformation. Brown(1961l) numerically solved the equa-
tions for a rotating disk flow. Nayfeh and Padhye(1980) cal-
culated the three-dimensional neutral stability of two-di-
mensional as well as three-dimensional flows. Cebeci and
Stewartson (1980) 1identified an absolute neutral curve
called 'zarf' for a rotating disk flow. Sorokowski and Orsz-
ag (1977) using their computer code SALLY and the code of
Kaups and Cebeci(1977) studied the temporal stability of
parallel three-dimensional flows. Mack (1977) calculated the
three-dimensional stability of supersonic two-dimensional
and three-dimensional flows. Nayfeh and Padhye (1979) pre-
sented a relationship relating temporal and spatial stabili-
ty_for two-as well as three-dimensional flows. Mack (1978)

calculated the stability of the Falkner-Skan-Cooke boundary




layers and the effect of suction and cooling on the stabil-
ity of three-dimensional boundary layers in supersonic flows
(1979). Cebeci and Stewartson (1980) calculated n factors
for a rotating disk flow. Malik, '‘Wilkinson and Orszag (1981)
studied the instability and calculated n factors for a ro-
tating disk flow using the computer code SALLY.

Nayfeh (1980b,c) presented a nonparallel three-dimension-
al stability theory using the method of multiple scales and
derived conditions for the direction of propagation. Cebeci
and Stewartson (1980), for the case of parallel flows, ar-
rived at the same conditions.Padhye and Nayfeh(1981) studied
the nonparallel stability of three-dimensional flows and
presented results for the X-21 wing.

The effects of heating/cooling on the stability of the
boundary layer were investigated by Linke(1942) and Liepmann
& Fila(1947). Diprima & Dunn (1965) quote unpublished re-
sults of McIntosh indicating large increases in the minimum
critical Reynolds number for heated liquid boundary layers.
Hauptmann (1968) also predicted strong stabilization in wa-
ter for small wall heating.

Wazzan, Okamura & Smith (1968,1970a,b) and Wazzan,
Keltner, Okamura, and Smith (1972) conducted extensive stu-
dies of the stability of heated and cooled water boundary

layérs.They showed that cooling destabilizes and heating



stabilizes water boundary layers. Potter and Graber (1972)
also obtained simiiar results for plane Poiseuille flow.
Lowell and Reshotko (1974) considered temperature distur-
bances in their formulation but 'found no signifcant differ-
encés with the results of Wazzan et al. (1972) who did not
consider temperature perturbations. An experimental study
of uniformly and nonuniformly heated boundary layers was
conducted by Strazisar, Reshotko and Prahl (1977) and Stra-
zisar and Reshotko (1978), respectively.

Nayfeh and El-Hady (1980) considered the two-dimensional
stability of heated boundary layers. They showed that nonsi-
milar effects must be taken into account for the case of
nonuniformly heated boundary layers.

Experimental studies of boundary layer transition on a
prolate spheroid were conducted by Meier and Kreplin (1980).
Liepmann et al. (1982) and Liepmann and Nosenchuck (1982)
used a dynamic heating concept to show the usefulness of
heating in active laminar flow control.

A method for calclating the most dangerous frequency was
proposed by Reed (1981) and Reed & Nayfeh (1982). Of all the
different frequencies in the boundary layer one can calcu-
late the frequency which might be responsible for triggering

large growth rates and eventually transition.



The stability problem 1is formulated in Chaptér II. The
method of multiple scales is used to derive the three dimen-
sional stability equations. The equations for the =zeroth-
order and the first-order problems are presented.The solv-
ability condition 1s derived next. The .solvability
condition is then used to derive the wavenumber modulation
equatioﬁs which are then used to solve the Cauchy problem.
The effect of heating a boundary layer is considered in
Chapter III.Chapter IV covers the development of the boun-
dary conditions and the method of solution of the eigenvalue
problem. Next the method of calculating the most unstable
disturbance and a modified definition of the most dangerous
frequency are given. Results and discussion are presented

in Chapter V. Conclusions are presented in Chapter VI.



Chapter II

PROBLEM FORMULATION

2.1 GOVERNING EQUATIONS

We consider the general three-dimensional Navier-Stokes

equations with variable flow properties;that is
X-momentum equation:

p{3U/3t + U3U/3x + VaU/3y + W3aU/3z} = =-3P/3x  +3/3x(2udU/3x+
ADivV) + 3/3y(uaU/ay + uavV/ax) +3/93z(udW/ax + nal/az) (2.1)

Y-momentum equation:

p{3V/3t + Ua3V/3x + VavV/3y + WaV/3z}=-3P/3y +3/3x(udV/3x + wal/
y) + 3/3y(2uaV/ay + X DivV) + 3/az(uaV/dz + udW/ay) (2.2)

Z-momentum equation:

p{3W/3t + UIW/3x + VIW/dy + WIW/3z)}) = =-3P/dz +3/9x(udW/dx +
nal/3z) + 3/3y(udV/dz + waW/3y) + 3/9z(2udW/3z + ADivV) (2.3)

Continuity equation:

3p/3t + 3/3x(pU) + 3/3y(pV) + 3/3z(pW) = O (2.4)

Energy equation:

pDh/Dt = DP/Dt + 23/3x(xdT/8x) + 3/3y(x3T/3y) 3/3z(rdT/3z) + ¢

~

(2.5)



where ¢ 1is the dissipation function and it is defined as
follows:

¢ =u{2(3U/3x)% + 2(3V/3y)2 + 2(3W/3z)2 + (aV/ax + aU/3y)2 +
(3W/3y + 3V/3z)2 + (3U/3z + W/ 38x)2} + X(du/3x + 3v/3y + aw/
3z) 2 (2.6)
where

p 1s the density

U,V,W are the x,y,z components of velocity ¥

t is the time

k 1s the coefficient of thermal conductivity

h is the enthalpy per unit of mass

U is the coefficient of vicosity

A 1s the second coefficient of viscosity

T is the temperature

P is the pressure

The fluid properties p,u and k are functions of temperature,
which depend on the spatial coordinates.

Nondimensional variables are introduced using L* =
(2\)ex/Ue)1/2 as the length scale, where x is the suface dis-
tance, the local edge velocity Ue as the velocity scale and
the free stream values of viscosity, specific heat and ther-
mal conductivity as the reference values for the fluid prop-
erEies. The spatial variation in the fluid properties 1is

evaluated through their dependence on temperature.




2.2 BASIC FLOW
The basic flow is assumed to be two-dimensional / axi-

symmetric. It is governed by the following nondimensional

set of equations:

X-momentum equation:

p(UBU/3x + VaU/3y) = p_U_dU_/dx + (1/c5)3/3y (rFuat/ay) (2.7)

Y-momentum equation:

3P/3y = O (2.8)

Continuity equation:

a(rkpU)/ax + a(rka)/ay =0 (2.9)

Energy equation:

p(U3H/3x + V3H/3y) = (l/rk)a/ay{rk[(K/cp)aH/ay +
u(1l-1/Pr)uau/ayl} (2.10)
where H is the total enthalpy

cp is the specific heat at constant pressure

Pr is the Prandtl number

r is the radial distance from the axis

k = 0 for two-dimensional flow and k = 1 for axisymmetric
flow,

thé‘subscript e refers to conditions at the edge of the

boundary layer.




10

2.3 STABILITY EQUATIONS

We restrict our attention to time-independent boundary
layer flows that are slightly nonparallel ; that is , the
transverse velocity 1is small compared with the streamwise
component and all mean flow gquantities are slowly varying
functions of the streamwise position x and spanwise position

2. Thus the basic flow is independent of time t and depends

on X,y,z as follows:

U, = U (x1,y,2,) (2.11a)
N 72

VS = evs(x1,y,zl) VS = 0(1) (2.11b)
W = W_(xy,y,2,) (2.11c)
Ps = PS(X1/Z1) (2.114)
TS = Ts(xl,y,zl) (2.11e)
where

Xy = gX (2.12a)
Z, = g2 (2.12b)
e = 1/R (2.12c)

* *
and R = L Ue /v*e. The quantities with an asterisk are di-

mensional and the subsc:ipt e refers to values at the edge
of the boundary layer.

The effect of temperature perturbations on the stability
results is negligible, Reshotko (1978) and Lowell & Reshotko
(1974). Thus we consider the temperature profile obtained

by solving the energy equation for the basic flow and do not




1]

consider the energy equation 1in deriving the disturbance
equations.

Small disturbances are introduced and superimposed on
the mean flow so that the total-flow gquantities can be ex-
pressed as
Q = Q. (x1,y,21) * a(xy,y,21, %) (2.13)
where Q represents U,V,W and P, the subscript s refers to the
basic state and the lower case u,v,w,p refer to the distur-
bance quantities.

Substituting the total flow variables in the Navier-
Stokes equations, subtracting the basic-flow terms and li-
néarizing the resulting equations, we obtain the disturbance

equations.

2.4 DISTURBANCE EQUATIONS

X-momentum equation:

p_{3u/at + U_du/3x + udU_/3x + eV_3u/dy +vaU_/dy + W_du/3z +
waUS/az} = -3p/3X +1/R[a/ax{2usau/ax + xs(au/ax + Jv/3y + 3w/
3z))} o+ a/ay{us(au/ay +  3v/3x)} +a/az{us(aw/ax +  Jdu/9z)}]

(2.14)

Y-momentum equation:

~
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ps{av/at + Usav/ax + euavs/ax + aVsaV/ay +svaVS/ay + Wsav/az +
swavs/az} = -3p/3y +1/R[a/ay{2usav/3y + xs(au/ax + vy + 3w/
3z)} + a/ax{us(av/ax +  3u/3y)} +a/az{us(av/az +  3w/3y)}]

(2.15)

Z-momentum equation:

ps{aw/at + Usaw/ax + uaws/ax + eVSaw/ay +vaws/ay + wsaw/az +
waws/az} = -3p/3z +1/R[a/az{2usaw/az + xs(au/ax + 3v/3y + 3w/
3z)} + a/ax{us(aw/ax + Jdu/3z)} +3/ay{us(av/az + w/3y)}]

(2.16)
Continuity Equation:

/3K + JIV/3Yy + dW/3z = O (2.17)

2.5 BOUNDARY CONDITIONS

The no-slip and no-penetration boundary conditions de-
mand the vanishing of the disturbance velocities at the

wall; that 1is,

u=v=w=020 at y =0 (2.18a):

Moreover, all disturbances decay away from the wall; that

u, v, w, p - 0 as y »> = (2.18b)
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2.6 METHOD OF ANALYSIS

We seek a first-order uniform expansion for the distur-

bance quantities u,v,w,p in the traveling harmonic wave form

a(x,y,z,t) = [q1(x1,Y,21) *EQ2(X;/Y/Z1) + ... Jexp(is)

(2.19)
where
36/3x = a(xXy,2,) (2.20a)
38/3z = B(x,,2;) (2.20Db)
36/3t = - w (2.20c)
Here o is the wave number component in the X direction , B8
is the wave number component in the 2z direction , and w is

the nondimensional frequency. Using the chain rule, we have

3/9% = « 3/38 + &£ 3/3x, (2.21a)
3/3z = B 3/36 + &£ 3/3z, (2.21b)
3/3t = -w 3/38 + £ 3/3t, (2.21c)

For a spatial stability analysis, « and p are complex and w
is real; a,. and Br thgn represent the wave-number components
and —ay and —Bi represent the growth rates in the streamwise
and spanwise directions, respectively. For a temporal
stablity analysis,a and B are real and represent the wave-
number compnents in the streamwise and spanwise directions
and w 1s complex whose real part represents the frequency

and whose imaginary part represents the growth rate.
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Substituting equations (2.19) - (2.21) into equations
(2.14)-(2.18) and equating each of the coefficients of ¢g?
and ¢! on both sides, we have two sets of problems. These
are called the zeroth-order and the first-order problems,

respectively.

2.7 THE ZEROTH ORDER PROBLEM

The zeroth-order problem is

LI(U.Q ,VQ,WO) = ps{ iauo + DVO + lBWg } + Von =0 (222)
La(ug,Vo,Wo,Po) = { -iflp + lap U + iBPsWsiuo + voDU_+ lap, -
1/R iaus(iaruo + sDvy, + 1iBswy) - Bus(awu +Bug ) + DusDuo
+HSDZUO + ia(VoDus +usDV°)} =0 (2.23)
La(ug,Ve,Wo,Po) = Psfi(‘9+ GUS + BWS)VO} + Dpy - 1/R{

iau_(Dug + iavg) + iesu,Du_+ iasu _Du, + rDu_Dv, + rusDavo +

iBs woDu_+ iBsu_Dw, + iBu_(iBve +Dwe)] = O (2.24)
and
Ly(ug, Vo, Wo,Po) = Psfi(‘Q ol  + BW Jw, VnDWS} + iBpy -

1/R§ iaus(iawo + lBug ) + DHSDWO +].ISD2W0 + iDUSBVQ + lB]JS +

iBusto + iBuS( iasuy, + sDvy + iBrwgy)} = O (2.25)

where the subscript 's' stands for basic-flow quantities and

the subscript ; stands for zeroth-order disturbance quanti-
ties and

S =xs/us (2.26a)
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r (2 + s) (2.26Db)

D

d/dy. (2.26d)
Equations (2.22)-(2.26) constitute a system of four ordinary
differential equations with variable coefficients, y is the
independent variable, and x,and z;,; appear through the basic-
flow quantities. The boundary conditions for the zeroth-

order problem are

U, = Vg = Wy = 0 at y =0 (2.27a)
Ug , Vg , Wg ,pg > O as y > = (2.27b)
The homogeneous sixth-order system of equations

(2.22)-(2.25) together with the homogeneous boundary condi-
tions (2.27) represent an eigenvalue problem. For a given
basic flow and four of the six parameters a_,a.,B8_, B.,w
r'i’"r i’"r
and W, we can calculate the other two as eigenvalues.
The four equations in (2.22)-(2.25) can be written as a
set of six first-order equations which can then be numeri-
cally integrated over the region of interest. To this end,

we define

219 = Uy, Zs9 = Dug, Z3g = Vg, (2.28a)

240 = Po., Zsog = Wy, Zso = Dwy (2.28b)

This enables us to write equations (2.22 - 2.25) and (2.27)

O
N
b
(=]
1
>
o
|
(@]
H
(o]
a1
}_J.
I
'_l
N
w
o

(2.29)

N
o
|
N
w
o
|
N
w
o
|
(@]
o))
ct
<
]
(@)

(2.30a)

Zn“ - 0 as y - (2.30b)



16

where Aijis a 6x6 variable-coefficient matrix which 1is
defined in Appendix A. The Aij are also slowly varying
functions of x,; and z,.

The solution of equations (2.,29) and (2.30) can be writ-
ten as

Z. o

= A (%1,21,%)8,(%,,y,2,) for i=1,2,...,6 (2.31)
where A i1s an unknown function at this level of approxima-
tion. It is determined by'imposing the solvability condi-

tion at the next level of approximation (Nayfeh,1980a).

2.8 THE FIRST-ORDER PROBLEM

Substituting equations (2.19) - (2.21) into equations
(2.14)-(2.18) and equating the coefficients of ¢ on both

sides, we obtain

Ly(uy, vy, wy,py) = I, (2.32)
La(uy, vy, wy,p1) = I (2.33)
Liy(uy,vy,wy,p1) = I3 (2.34)
Li(uy,vy,wy,p1) = I (2.35)
u,,vy,w; = 0 at y =20 (2.36a)
Uy ,vVy,Wy,p1 > 0 as y > = (2.36Db)

where the operators L,,L,,L; and L, are defined in equations
(2.22) =-(2.25) and the inhomogeneous terms,I,, I,, I3z and I,
have contributions from the nonparallel effects of the basic

flow and the variation of the eigenfunctions along the
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streamwise and spanwise directions; they are defined in Ap-
pendix B.
Equations (2.32)-(2.36) can be cast into a set of six

first-order equations by defining

2,1 = uy, 25y = Duy, 23, = vy, (2.37a)
241 = P1, 25y = Wy, 2Zgy = Dw, (2.37b)
The result is

DZ;1 - A;4251 = Dj3A/3t, + B 38/3x, + F3A/92, + Gy (2.38)
Zyy = 231 = Z4q = O at y = 0 ' (2.39a)
an > 0 as y > = (2.39b)

where Di,Ei,Fi,Gi are functions of the basic-flow gquanti-
ties, the eigenfunctions of the zeroth-order problem, and
the streamwise and spanwise derivatives of these quantities.
They are defined in Appendix C.

Since the homogeneous part of the first-order problem has
a nontrivial solution, the inhomogeneous first-order problem
has a solution if the inhomogeneous parts are orthogonal to
every solution of the adjoint homogeneous problem( Nayfeh,
1980a). This is the solvability or the consistency condition

which must be satisfied by the first-order problem.
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2.9 SOLVABILITY CONDITION

We use the concept of adjoint to arrive at the solvabil-
ity condition for the first-order problem, which is solved
after the solution to the zeroth-order problem has been ob-
tained. The adjoint problem can be defined as follows: The

zeroth-order homogeneous system is

{ D2y } - [ A ] {2, } =20 (2.40)
Zi0 = 230 = Zsy = 0 at y = 0O (2.41a)
zn° > 0 as y > = . (2.41Db)

We multiply equation (2.40) from the left by { W }T where {
W } is the adjoint column vector and obtain
wipz, - wfa z, =0 ~ (2.42)

Integrating equation (2.42) by parts from y = 0 to y = =,we

obtain -

whzol, - L(DWT + WEA) 2, dy = 0O (2.43)
We now define the adjoint equation as

DWY + WIA = O (2.44a)
or

DW + ATW = 0 (2.44b)

The boundary conditions for the adjoint system can be ob-
tained as follows. Using equation (2.44a), we obtain from

equation (2.43) that

w 'z, =0 (2.45a)
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[ Wy Zyo + Wo 2a0 + W3 230 + ...+Ws 2, J, = O. (2.45b)
Since zn“ »+ 0 as y> =, the terms evaluated at « in equation
(2.45) vanish if
wn > 0 as y > = . (2.46)
Then using equation (2.4la), we find that equation (2.45a)
becomes

[ Wa 220 + Woq 249 *+ Ws Zg, ]y=O =0 (2.47)

We define the adjoint boundary conditions at y = O such that
each of the coefficients of 2,4,249 and Zgy; 1in equation
(2.47) vanish independently; that is,
W, = Wy = Wg =0 at y =0 (2.48)
Therefore the adjoint problem 1is governed by equations
(2.44) subject to the boundary conditions (2.46) and (2.48).
Having defined the adjoint problem, we return to the inho-
mogeneous problem. We multiply the matrix form of equations
(2.38) from the left by WT, integrate the result by parts
from vy = 0 to y = », use the definition of the adjoint prob-

lem and equatibns (2.39), and obtain the solvability condi-

tion
oo oo oo oo
T T T T _
W DsA/dt,dy + |W EsA/3dx,dy + |W F3A/dz,dy + (W Gdy = O.
0 o 0 0

(2.49)

where D,E,F and G are column vectors whose components are

~

the' D. ,E. ,F. and G. .
177171 i
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2.10 AMPLITUDE-MODULATION EQUATION

Substituting equaﬁions (2.31) into equation (2.49) vyields

the following amplitude-modulation equations:

g,93A/3t; + gp3A/3x,; + g3d3A/3z, = ﬁ1 A (2.50)
or .

B/3ty + w AA/3Xy + wgdA/3z; = hyA (2.51)
where

wg = 92/91, wg = 93/91, hy = hy/q (2.52)

and g;, 9>, g3 are defined in Appendix D. Eguation (2.51)
describes the modulation of the amplitude function A with
X,,2; and tI.Here,wa,wB are the componens of the complex
group velocity in the x and z directions ,respectively. The
functions g;,9, and g3 are given in quadratures in terms of
the basic flow, the eigenvalues and the eigenfunctions of the
zeroth-order problem, and the eigenfunctions of the adjoint
problem. The function ﬁl is given in quadratures in terms
of the basic flow, the the adjoint eigenfunctions , the
variation of the basic-flow gquantities with the streamwise
and spanwise directions, the nonparallel flow terms, and the
variation of the eigenfunctions and eigenvalues of the zer-

oth-order problem in the streamwise and spanwise directions.

It is defined in Appendix E.
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2.11 WAVE NUMBER MODULATION EQUATIONS

The evaluation of h; demands the evaluation of the deri-
vatives of the eigenfunctions of the zeroth-order problem.
To this end we replace Zi by ci,,the zeroth-order eigenfunc-
tion in equations (2.40) and (2.41l), differentiate the re-
sulting expressions with respect to x; and arrive at
D(aci/axi) - Aij(acj/ax1) = iE;aa/ax, +iFiQB/3x1 + Hli
(2.53)

subject to the boundary conditions
at;i/axl = 3C3/3x1 = 365/3){1 = 0 at Yy = 0 (254)

acn/axl > 0 as y +> = (2.55)
Similarly differentiting equations (2.40) and (2.41) with
respect to z; yields

D(3c;/9z1) = A;4(3¢,/32y) = iE;da/dz, +iF;38/3z, + H

ij 2i

(2.56)

subject to the boundary conditions

9¢,/3zy = 03g3/92, = 3¥5/3z; = 0 at y =0 (2.57)

az;n/az1 > 0 as y > « (2.58)
where the Ei and Fi are given in Appendix C, whereas the Hli
and H2i are given in Appendix F.

Since the homogeneous parts of (2.53) - (2.58) have non-
triyial solutions, the inhomogeneous systems (2.53)-(2.55)

and (2.56) - (2.58) have solutions if solvability conditions

are satisfied. Application of these conditions yield
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w, da/3X, + wg 3B/9x; = h»> (2.59)
and
0, da/d9z, + wg /32, = hj (2.60)

where h, and hj; reflect the effects of nonparallelism in the
streamwise and spanwise directions, regpectively. They are
given in Appendix E.

If the phase angle 8 is assumed to be continuously dif-
ferentiable, then it follows from equations (2.20) that
3268/323x = £da/3z, = 328/3xX3z = £3R/3IX,
and hence
da/3z, = 3B/3IX, (2.61)
Therefore equations (2.59) and (2.60) can be rewritten as
0 da/3X; + w, 3da/3z; = h, (2.62)

B
W, aB/ox, + wg 3B/d8z; = hj (2.63)
For this formulation to represent a physical problem, Nayfeh
(1980b,c) showed that wB/wa must be a real quantity. Divid-
ing equations (2.62) and (2.63) by w,, we have
da/3x, + (wﬁ/wa) 3a/3z, = ha/w<1 (2.64)
3B/3X, + (wB/wa) 3B/3z, = h3/wa (2.65)

These two equations represent a Cauchy problem in x; and 2z,

A Cauchy problem needs initial data specified on an ini-
tial curve which 1s not a characteristic but intersects one

of the characteristics. This initial data should satisfy
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the dispersion relationship and the condition wB/wa being

real at a particular x and z location. In this work, the

initial data is taken to be f(x;=a,z;) =B¢(z2,) on z, = T.



Chapter III

HEATED BOUNDARY LAYERS

Heating in water and cooling. in air significantly affect
the stability characteristics of boundary layers. A study
of heating effects 1is essential for evaluating the shear
forces on the body which are needed in eValuating the per-
formance of the vehicle as well as its proper control.

Qualitatitvely the effect of heating a liquid boundary
layer on its stability can be explained as follows. For an
inviscid, constant density flow, a velocity profile which has
an inflection point is unstable. Considering viscosity to be

variable, we reduce the boundary-layer equations for a flat

plate to

d2u/dy? =-(1l/u) (du/dy)(du/dy) at the wall. (3.1)
For a heated flat plate dT/dy < O at the wall. Since u
decreases with increasing temperature du/dT < O . Hence
du/dy > O at the wall. Moreover since p and dU/dy are

greater than zéro at the wall, it follows that dZU/dS/2 < 0
at the wall for wall heating. On the other hand, for wall
cooling of a liguid boundary layer, d2U/dy? > O at the
wall. Since d2U/dy? < O as y » «» ,it follows that if the
curvature of the profile is positive at the wall there

should be an inflection point 1in between, implying that

24
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heating stabilizes and cooling destabilizes a liquid boun-
dary layer. The effect is just the opposite for gases.
Diprima and Dunn(1965) gquoted unpublished results of
McIntosh which indicate that for the two-dimensional Toll-
mien-Schubauer type of instabilty in a heated water boundary
layer, the minimum critical Reynolds number increases ten
times for a temperture difference of 50 ° C and an ambient
temperature of 10°C. Hauptmann also predicted very strong
stabilization in water for relatively small overheating.
Wazzan, Okamura, and Smith (1968,1970a,b) and Wazzan, Kelt-
ner, Okamura and Smith (1972) conducted extensive studies
of the stability of heated and cooled water boudary layers.
Their results show that while cooling the wall destabilizes
the flow, moderate heating stabilizes it. As the heating is
increased , the minimum critical Reynolds number reaches a
maximum with 'I‘w and then decreases. They concluded that as
Tw is increased above Te , the velocity profile becomes more
stable, whereas the wvariable viscosity terms tend to desta-
bilize the flow. At moderate rates of heating, the effects-
of the mean velocity profiles on the minimum critical Rey-
nolds number are dominant. As the heating increases, the de-
stabilizing effect of the viscosity on the minimum critical
Reynolds number increases whereas the stabilizing effect of

heating due to the change in the velocity profiles begins to
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level off. The minimum critical Reynolds number then reaches
a maximum at the critical wvalue Tc of Tw. As Tw is in-
creased beyond TC, the destabilizing effects of the viscosi-
ty become dominant and the minimum critical Reynolds number
decreases upon 1increasing 'I‘w beyond the critical value.
The results of Potter and Graber (1972) for the stability of
Plane Poiseuille flow with heat transfer show similar re-
sults

Wazzan et al.(1968,1972) formulated the two-dimensional
stability problem by taking into account the viscosity and
temperature variations of the basic flow but ignoring the
temperature and viscosity ‘disurbances. The result is a
fourth-order modified Orr-Sommerfeld equation. Lowell and
Reshotko (1974), on the other hand, included the temperature
perturbations, and hence included the energy equation.
Their sixth-order system yields results very close to the
results of the fourth-order system of Wazzan et
al.(1968,1972). Also the neutral stability characteristics
and growth rates calculated by Lowell and Reshotko (1974) "
are sufficiently close (as compared to Wazzan et al.) so
that there is no important quantitative difference between
the two" (Reshotko, 1978). Heating dramatically decreases
the amplification rates as well as the range of frequencies

and wave numbers undergoing amplification. All these imply
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a more stable boundary layer. Thermal disturbances and
hence perturbations in the viscosity and other fluid proper-
ties hardly affect the stability characteristics. This is
attributed to the fact that the .thermal bounday layer is ex-
tremely thin due to the large Prandtl number of water. Thus
these disturbances are of importance only in a region which
is much smaller than the veloctiy boundary layer

Experimental studies of nonuniformly heated boundary lay-
ers were conducted by Strazisar and Reshotko (1978). They
cosidered step changes in temperature and a power law temp-
erature variation along a flat plate. The temperature vari-
ation is of the form
T, - T, =A xN (3.2)
where T is temperature, x is the distance along the plate, N
is an exponent which may be positive or negative, the sub-
script w denotes the wall, the subscript e denotes the edge
of ﬁhe boundary layer, and A is a constant. Their results
show that at x= X,. as N increases the instability increases
whereas as N decreases the instability decreases; that is, N
< O results in growtn rates that are lower than those for N
= 0 or N >0.

These results were explained by Nayfeh and El-Hady(1980)

for the case of two-dimensional stability. They showed that

it 'is essential to consider the basic flow as nonsimilar in
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the case of nonuniform wall heating. Their results agree
qualitatively with those of Strazisar and Reshotko (1978).
We formulate the three-dimensional stability problem
without considering the temperature fluctuations and hence
all fluid property disturbances are ignored. The mean veloc-
ity and temperature profiles are evaluated using the Transi-
tion Analysis Program System (TAPS) (Gentry, 1976 ;Gentry and
Wazzan, 1976). The fluid properties are evaluated using the
formulae given by Lowell and Reshotko (1974). We evaluate
the most dangerous frequency responsible for the possible
trigerring of transition for a flat plate and an axisymme-
tric body. The effect of heating is also considered and the
effect of the exponent N is evaluated for three different

boundary layers.



Chapter IV

METHOD OF SOLUTION

4.1 GOVERNING EQUATIONS

The zeroth-order problem given by equations (2.29) and

(2.30) can be written as

DZ = AZ (4.1)
Zl = Z3 = 25 =0 at Y = 0 (4.2)
2y, 23, 25 > O as y > = (4.3)

Equations (4.1)-(4.3) constitute an eigenvalue problem. For

a given mean flow the dispersion relationship is
w = w(a,B,R) (4.4)

The eigenvalues are determined, in general,numerically by
integrating the system of equations (4.1) in the transverse
direction and imposing the boundary conditions (4.2) and
k4.3). The boundary conditions at y=0 present no difficul-

ties, but the boundary conditions (4.3) are reformulated in

the numerical procedure that we use.

~

29
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4.2 APPLICATION OF BOUNDARY CONDITIONS AT INEFINITY

Instead of applying the boundary conditions (4.3) numeri-
cally, which is very expensive and not so accurate, we det-
ermine an analytic solution to equations (4.1) outside the
boundary layer, apply these boundary conditions, and replace
them with three other conditions at a finite value of y just
outside the boundary layer.We reformulate the boundary con-
ditions for both the zeroth-order problem and its adjoint
following Ragab and Nayfeh (1981).

‘The set of equations (4.1) is a variable-coefficient sys-
tem inside the boundary layer because of the variation of
the basic-flow guantities. Outside the boundary layer all
the basic-flow quantities are constant, and equations (4.1)
reduce to the following set of differential equations with

constant coefficients:

DZ = CZ (4.5)
where C is given in Appendix G. The eigenvalues of C are
given by

Ay = {a2 + 32}1/2 (4.6)
\e = (a® + B2 + ip R(aU_ - u)/u_}'/?2 - (4.7)
Az = X, ‘ (4.8)
Ae = =), (4.9)
Ag = =), (4.10)

\e = Xs (4.11)
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The general solution of equations (4.5) is ‘obtained by
superposing six linearly independent solutions as
{2} = (Y] {b} (4.12)
where the elements bi of {b} are given by
bi =cy exp(kiy) (4.13)
The matrix Y depends on y because the constant-coefficient
matrix has repeated eigenvalues. To develop a matrix that
is independent of y, we reduce the matrix C to a Jordan ca-
nonical form through the similarity transformation
J = P ICP - (4.14)
where the columns of the matrix P are the generalized eigen-
vectors of C. The columns are arranged so that the general-
ized eigenvectors corresponding to the eigenvalues having
positive real parts appear in the first three columns. The
matrix P is defined in Appendix H. Then we let
Z = P& (4.15)
in equation (4.5), use equation (4.14), and obtain
g' = Jg . (4.16)
Since the first three rows in J correspond to the eigenva-
lues with positive real parts, the boundary conditions (4.3)
demand that
§1 = &2 =83 =0 as y > = (4.17)
But it follows from equation (4.15) that
§ =P 1 2 (4.18)

hence equation (4.17) implies that
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Tz= { O } _ ' at Y=Y (4.19)
where T consists of the first three rows of P°! and Ymax >4,
where 6§ 1is the boundary-layer thickness. The disadvantage

of using T is the evaluation of P°! at each iteration. To
avoid this we use the adjoint problem to develop a matrix T
that needs no inversion.

Multiplying equation (4.1) by Z*T where Z* is the adjoint
of 2, and integrating the result by parts from y = 0 to y =

*
ymax to transfer the derivatives from Z to 2 , we obtain
T

Yrmax

*T Yona x * *T
Z Zk - J(DZ + 2 "A) dy = O (4.20)
0

The adjoint equations are defined as

* *
pz'T + 2"Ta = 0 (4.21)
or

* T*
pz' + alz" =0 (4.22)

Then equation (4.20) reduces to

£T £T _
22| pax © 2 2lg =0 (4.23)

We choose the adjoint boundary conditions such that both the

terms in (4.23) vanish independently ;that 1is,

2Tz =0 aty = (a.24)
Y ymax -
and
* * * *
2, 2y *+ 25 25 *+ 23 23 *+ .... 26 26 = 0 aty =0 (4.25)

Using equations (4.2), we reduce equations (4.25) to

* < *
Z, Z, + 24 24 + 25 26 = 0 at y = O (4.26)

-
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Then the boundary conditions for the adjoint problem at y=0
are obtained by setting each of the coefficients of
Z2,(0),24(0) and Z24(0) equal to zero. The result is

* - *

*
ZZ = 24 = Zs = 0 at Y = 0 , (4.27)

Substituting the transformation (4.15) into equation (4.24)

yields

*T
Z "PE =0 at y = Ymax (4.28)
Letting

* *
" = pTz (4.29)
we rewrite equation (4.27) as

Ty = 0 = 4.30
£ ¢ = at v = Yoo« (4.30)
Using equation (4.17) in equation (4.30) vyields

* » * * _ _
s &4 * &5 &5 *+ 8 £ = 0 at y = Ymax (4.31)

The boundary conditions for the adjoint problem are obtained
by setting each of the coefficients of £,,&5,%4s in equation

(4.31) equal to zero. The result is

* * *
8¢ =85 =% =0aty=y (4.32)

max

Thus the adjoint boundary conditions at y = Yonax 2aFe

* ok
TZ =20 at y = vy (4.33)

max

*
where T consists of the last three rows of PT.
We now consider the adjoint of the adjoint problem for

y>y . Then, equation (4.22) reduces to
max

* T _*
DZ +CZ =0 (4.34)
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*
We can reduce C = --CT to a Jordan canonical form by using

the similarity transformation

* x_] *_*

J =P "CP (4.35)
where P* is a matrix whose columns are the generalized ei-
genvectors of C*, rearranged so that the first three columns
correspond to the three eigenvalues of C* having positive

real parts. Using the transformation
* * %

z =P g (4.36)

we rewrite equation (4.34) as

*

* %
DE = J ¢ (4.37)
*
Since the first three rows of J correspond to the eigenva-
lues with positive real parts, then for decaying solutions

we have

* *

£, =8, =&, =0 aty-=y (4.38)

max’

Using arguments similar to the preceding arguments, we ar-

rive at the following boundary conditions at y = Ymax for

the original problem:

TZ = O at y = vy , (4.39)

*
where T consists of the last three rows of P T. The matrix

max

7

P 1s defined in Appendix I.
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4.3 NUMERICAL PROCEDURE FOR THE BOUNDARY VALUE PROBLEM

To solve the two-point boundary value problem given by
equations (4.1),(4.2) and (4.395, we use the code SUPORT de-
veloped by Scott and Watts ( 1975,1977). The integration
procedure consists of the superposition of a set of linearly
independent solutions coupled with an orthonormalization
procedure that ensures the linear independence of the indi-
vidual solution vecto;s.

The boundary-value problem is converted into an initial
value problem. The boundary conditions at Y=Y 2are known.
These three conditions eliminate three of the six linearly
independent solutions. The remaining three sdlutions are
then integrated through the boundary layer. Linear combina-
tions of these three solutions do not satisfy,in general,
the boundary conditions at y=0 unless the parameters w,a,B
and R are chosen so that the dispersion relation (4.4) 1is
satisfied. A simple Newton-Raphson prqcedure is used to it-
erate on the eigenvalues (two of. the parameters
w_,w.,a ,a.,B ,Bi and R given the other parameters.) to sa-

r 1 r 1 r

tisfy the boundary conditions at y = O.
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4.4 METHOD OF DETERMINING THE MOST UNSTABLE DISTURBANCE

Determination of the most unstable disturbance is done by
solving the Cauchy problem defined by the wave number modu-
lation equations (2.64) and (2.65). Equations (2.64) and
(2.65) govern the variation of the wave numbers in the
streamwise and spanwise directions. Their characteristics
are given by
dx,/ds =1 (4.40)

dz, /ds = wB/w (4.41)

[¢2

Along these characteristics, egquations (2.64) and (2.65) be-

come
de/ds = ha/u_ (4.42)
d8/ds = hs/u_ (4.43)

Equations (4.42) and (4.43) show that if the wave number mo-
dulation equations were homogeneous, the wave numbers would
be constant along each characteristic obtained by integrat-
ing equations (4.40) and (4.41). This would be the case for
a "parallel boundary layer". Since the boundary layer is
not "parallel" and all flow quantities are slowly varying
functions of the streamwise and spanwise positions, the re-
sulting wave number modulation equations are inhomogeneous,
in general, and need to be numerically integrated with the
d%;persion relation (4.4) as a constraint subject to initial

conditions on a given curve which intersects a characteris-

tic curve. The initial conditions are given in the form
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X:(a,1) = a (4.44)
zy(a,1) =1 (4.45)
B(xy = a,1) = Bo(2,) (4.46)

The general solution of the characteristic equations
(4.40) and (4.41) can be written as
X, = s + ¢, (4.47)
s
Z, =L(w8/wa) ds + c, (4.48)
where c; and c, are constants. Applying the initial condi-

tions (4.44) and (4.45) and the choice s=a at the initial

curve, we obtain x; = s and c, = 1. Hence,

Xy = s (4.49)
S

Z, =5(w Jw ) ds + 1 (4.50)
e B Ta

f; proceed further, we need to determine the partial
derivatives of o and B and hence the Ci with respect to x;
and z; along the characteristics. It follows from equation
(4.432 and the initial condition (4.46) that
B = ‘Lh3/wa dt + By (1) (4.51)

Moreover, 3t follows from equation (4.50) that

1=z, - a(wﬁ/wa) dt . : (4.52)
Since

3B/3x, = (3B/3s) 3s/3xy; + (3B/31) d1/3x%,4 (4.53)
and

3§/ax1 =1, 3t/3x, = -wB/wa (4.54)

it follows from equations (4.52) and (2.61) that

d3a/3z, = 3B/3xX, = h3/wa - wB/wa Bo' (1) (4.55)
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Then, it follows form equation (2.65) that
B/3zy = By ' (1) (4.56)
Substituting equation (4.55) into equation (2.64) yields
da/3%x, = ha/wa - (wB/wza) hy + (wé/ wa)2 B'o (1) (4.57)
These partial derivatives can now be used to solve equations
(2.53) - (2.58) and hence determine aci/ax1 and aci/azl,
which in turn are used to determine h;. Then, equation
(2.51) can be rewritten along the characteristic as,
dA/ds = (hl/wa) A (4.58)
To determine the most unstable disturbance, we determine
the dimensional frequency w* and the real part of the dimen-
sional spanwise wa&e number Br* such that the n factor is a
maximum. To this end, for a given w*, we select a Br* and
let By (1) = Br* in equation (4.46) and numerically integrate
equations (4.42),(4.43),(4.49),(4.50) and (4.58). The ini-
tial values for Bi,ar and @y are determined by solving the
zeroth-order eigenvalue problem and imposing the condition
that wB/wa must be real. Then, s is incrementd by As and new

values for x;,z;,a and B are calculated from

X, = s + As ) (4.59)
z, = (wB/wa)As + 1 . . (4.60)
@ =a g4 F (hz/wa)As (4.61)
B = Bold + (h3/wa)As (4.62)
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The zeroth-order eigenvalue problem is solved at the new lo-
cation to check whether the predicted values of a« and B sa-
tisfy the eigenvalue problem and the condition that wg/%x
must be real. If these conditions are not satisfied, the
step size As 1s reduced until they are satisfied. Then, the
n factor is calculated as
s
n = iﬁai+(w8/wa)6i - real(hl/Rwa)} ds (4.63)
* . *

The process 1is repeated for other values of B r and w to
determine the values that maximize n or that make n exceed a

critical yalue in the shortest distance.



Chapter V

RESULTS AND DISCUSSION

5.1 FLOW- OVER A FLAT PLATE

Numerical results were obtained for the flow over a flat
plate. The boundary layer-equations were solved using the
Transition Analysis Program System (TAPS), see Gentry
(1976). It uses the Keller box technique.

We first consider the unheated case. Table 1 shows the
results for a free stream velocity of 13.58 m/sec corres-
ponding to a free stream Reynolds No. per foot (RPF) of 4.5

X 106, at a free stream temperature of 23.9%c. In each case

w* is kept a constant. To calculate the most dangerous fre-
quency we proceed as follows. For flows over a flat plate we
assume that transition corresponds to n = 9. Keeping this in
mind the most dangerous frequency should be defined as the
one which gives n=9 in the shortest possible distance along
the plate.

Based on this condition, Table 1 shows that the most dan-
gerous frequency is F=24.9 x 10-6 corresponding to a dimen-
sional frequency w*=SOOO Hz. Rx in all the tables 1is the

Reynolds number based on the surface distance x and is de-

- E I )
fined as R, = U X /v .
; X e

40
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TABLE 1

n-Factor vs Frequency

U, = 1358.2 cm/sec,Te = 534.69%R,RPF = 4.5 x 10
DT = O.O,pe = 0.9965 g/cc;ue =0.0091676 cp

0 F x 10°° n R, X 1078
2500 12.46 18.50 9.28
2500 12.46 9.00 5.25
4500 22.42 9.00 3.23
4900 24.44 9.00 3.14
4950 24 .68 9.00 3.13
5000 24.93 9.00 3.13
5100 25.43 9.00 3.15
5200 25.93 9.00 3.15
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Figure 1: n Factor vs distance.
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It 1is interesting to note that F = 12.46 x 10-6 gives n
factors greater than 20 if the integration is carried out
along a much laréer distance on'the plate. Had we based the
definition of the most dangerous frequency on the maximum
value of n, irrespective of how far the diturbance travels
to reach this value, the results would have been erroneous.
Since transition on a flat plate is assumed to occur when n
reaches 9, there 1s no point in performing any calculations
once this critical value is reached for any frequency. Con-
sequently the modified definition of the most critical fre-
quency should be used.

These results compare very well with those of Saric(1983)
who found that F = 25 x 10—6 is the most dangerous frequency
for a flat plate. A sample plot of the variation of the n

factor with distance is shown in Fig.1l.

5.1.1 Effect of Three-Dimensional Disturbances

Three-dimensional disturbances were, considered with
different dimensional wavelengths in the spanwise direction.
In all the cases considered, Table 2 shows that the result-
ing n factors are egual to or less than those obtained for
two-dimensional disturbances. Introduction of three-dimen-

sional disturbances reduces the wave number as well as the
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TABLE 2

Effect of Three-dimensional disturbances

c
|

= 1358.2 cm/sec,T_ = 534.69°R,RPF = 4.5 x 10°
DT = 0.0,p_ = 0.9965 g/cc,u =0.0091676 cp

W F x 10°° B n R x 107°
r X
4900 24 .44 1.0e-04 35 3.26
4900 24.44 3.0e+00 9.16 3.26
4900 24.44 5.0e+00 76 3.26
5000 24.93 1.0e-04 9.35 3.26
5000 24.93 1.0e-01 9.35 3.26
5000 24.93 3.0e-01 9.35 3.26
5000 24.93 5.0e-01 9.35 3.26
5000 24.93 1.0e+01 6.16 3.12
5000 24.93 1.5e+01 3.09 2.46
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growth rates.The stronger the three dimensionality is, the

lower are the growth rates as shown in Fig2.

5.2 HEATING EFFECTS

We consider the effect of wall heating for the flow past
a flat plate where the variation of wall overheat with dis-
tance 1is shown in Fig.3. Since wall overheat is a function
of the streamwise position,we use nonsimilar boundary layer
solutions to solve for the mean- flow quantities. This was
shown to be a requirement by Nayfeh and El-Hady (1980). The
mean flow is obtained from the TAPS code

The effect of power-law wall heating is shown in Table 3
for T (x_) - T_ = 10°R at x_ = 10.7 cm; and A = 16.87 and N

w''r e r
= 0.5in T =T + Ax\.

w e

The effect of wall overheat is apparent and large reduc-

tions in the n factors occur as shown in Fig.4.

5.2.1 Effect of Three-Dimensional Disturbances

Table 4 shows the calculated n factors for three- dimen-
sional disturbances for a RPF of 4.5 x 106 corresponding to
a free stream velocity Ue = 13.582 m/sec and F = 24.44 x
10_6. Also shown are the results of the unheated case. It is

clear from the data that three-dimensional disturbances re-

“sult in lower growth rates for lboth unheated and heated
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Figure 2: Effect of Three-Dimensional Disturbances.
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boundary layers over a flat plate, irrespective of the wall
overheat. The introduction of three dimensionality actually
lowers the streamwise wave numbers @, and the streamwise-

growth rates -, .

5.2.2 Effect of ExXponent N in Power Law Heating

Wall temperature was varied as Tw = Te + AxN keeping AT = Tw
- Te = 10°R at x=10.71 cm for all N. The temperature varia-
tion along the length of the plate is shown in Fig.3. The
exponent N was varied between -1.0 and 1.0. The results are

presented in Tables 5 and 6 for F = 24.44 x 10-6 and F =

19.95 x 10~6, respectively. The free stream velocity 1is
13.582 m/s (RPF =4.5 x 106) and the free stream temperature
is 534.69°R.

The effect of increasing the exponent N 1is to decrease
the n factors. This result, which 1is shown in Fig. 5, ap-
pears to contradict the results of Strazisar and Reshotko
(1978) and Nayfeh and El-Hady(1980) who found that decreas-
ing N is stabilizing.

If we compare the growth rates at X, = 10.71 cm, shown in

Table 7, we see that they agree with the conclusions of

Strazisar and Reshotko (1978) and Nayfeh and El1-Hady (1980).
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TABLE 3

Heating Effects

U_ = 1358.2 cm/sec,T_ = 534.69°R,RPF = 4.5 x 10°
pg = 0.9965 g/cc,ﬁe =0.0091676 cp
* - -
w F x 10 06 n RX X 10-6
4000 19.95 8.75 3.40 No heating
4000 19.95 3.65 4.01 Heating
43900 24 .44 9.35 3.26 No heating

43900 24 .44 3.63 3.04 Heating
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TABLE 4

Effect of heating on Three Dimensional Disturbances

Ue = 1358.2 cm/sec,Te = 534.69°R,RPF = 4.5 x lO6
F = 24.44 x 10-06,pe = 0.9965 g/cc,ue =0.0091676 cp

. e 6

B T n R x 10

r w X
1.0e-04 534.69 9.36 3.26
3.0e+00 534.69 9.16 3.26
5.0e+00 534.69 9.01 3.40
1.0e-04 A=10.0,N=0.0 4.40 3.48
1.0e+00 A=10.0,N=0.0 4 .37 3.40
1.0e-04 A=16.87,N=0.5 3.63 3.04
1.0e+00 A=16.87,N=0.5 3.61 3.12
3.0e+00 A=16.87,N=0.5 3.45 2.98
5.0e+00 A=16.87.N=0.5 3.12 2.98
1.0e-04 A=5.93,N=-0.5 5.52 3.83

Oe+00 A=5.93,N=-0 5.47 3.83
1.0e-04 A=3.52,N=-1.0 6.89 4.18
1.0e+00 A=3.52,N=-1.0 6.84 4.18
1.0e-04 A=28.46,N=1.0 3.02 2.73
1.0e+00 A=28.46,N=1.0 3.01 2.73
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TABLE 5

Effect of Exponent N

(o]
o
]

1358.2 cm/sec,Te = 534.69°R,RPF = 4.5 x lO6

F = 24.44 x 10 Pe T 0.9965 g/cc,ue =0.0091676 cp

* 6

B T n R x 10

r w X
1.0e-04 534.69 9.36 3.26
1.0e-04 A=3.52,N=-1.0 6.89 4.18
1.0e-04 A=5.93,N=-0.5 5.52 3.83
1.0e-04 A=10.00,N=0.0 4.40 3.48
1.0e-04 A=16.87,N=0.5 3.63 3.04

1.0e-04 A=28.46,N=1.0 3.02 2.73
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TABLE 6

Effect of Exponent N

Ue = 1358.2 cm/sec,Te = 534.69°R,RPF = 4.5 x 10

F = 19.95 x 10-06,pe = 0.9965 g/cc,ue =0.0091676 cp

* -6
B T n R x 10
w X
1.0e+00 A=3.52,N=-1.0 8.34 4.62
1.0e+00 A=5.93,N=-0.5 6.94 4.49
1.0e+00 A=10.00,N=0.0 5.41 4 .50
1.0e+00 A=16.87,N=0.5 3.63 4.01

1.0e+00 A=28.46,N=1.0 2.37 3.21



NFACTOR

u.00 61.00 8.00 10.00

2.00

0.00

54

RPF - 4.5 X 10EQ6
F - 24. 44E-06

NO HERTING

1.

00

1.50 2.00 2" 50 3.00 3.50
RX X 10E-06

Figure 5: Effect of Exponent N on n Factors.
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TABLE 7

Effect of the Exponent N on growth rates

Ue = 1358.2 cm/sec,Te = 534.69°R,RPF = 4.5 x 106

F = 19.95 x 10-06,pe = 0.9965 g/cc,ue =0.0091676 cp
x(cm) N ay
10.71 N=-1.0 -2.51le-04
10.71 N=-0.5 -0.54e-03
10.71 N=0.5 -0.15e-02
10.71 N=1.0 -0.17e-02
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They investigated the effect of the exponent N on the growth
rates at x = X, At x = Xr’ decreasing N 1is stabilizing
because the temperature variation in Fig.3 shows that wall
overheat increases for all x < X, as the exponent N is de-
creased. However for x > X, the opposite is true and wall
overheat increa<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>