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Chapter I 

INTRODUCTION 

The need for fuel efficient caruiers has lead to studies in 

laminar flow control (Pfenninger et al. ,1957; Bacon et 

al. ,1959).It has been observed that considerable drag reduc-

tion and hence fuel economy could result if the flow over 

the body could be maintained laminar.A thorough understand-

ing of the mechanics of laminar to turbulent flow is thus 

necessary. It has been shown by (Schubauer & Skram-

stad, 1947)that during the initial stages,disturbances in the 

boundary layer are two dimensional and linear. These dis-

turbances are called Tollmien - Schlichting or more appro-

priately Tollmien - Schubauer waves, which can grow or de-

cay. During the process of amplification disturbances of a 

particular wavelength and frequency selectively grow inside 

the boundary layer (Tani, 1969 Reshotko, 1976 Morkovin 

,1978). 

Experimental studies show that initially the disturbances 

are two dimensional, later on these ·two-dimensional waves 

are observed to exhibit a three-dimensional behavior. At 

the next stage the disturbance amplitudes become large and 

modify the mean flow itself and nonlinear effects become im-

portant. 

1 
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Linear stability theory, in which disturbances are consi-

derd infinitesimal traveling harmonic waves, has been used 

to predict n factors, which are related to transition for a 

given problem (Liepmann, 1945; Smith & Gamberoni, 1956; van 

Ingen, 1956; Jaffe, Okamura & Smith, 1970; Mack, 1975, 1977). 

Initially all stability studies were confined to the case of 

the so-called "parallel boundary layer". Some of these are 

those conducted by Tollmien (1929), Schlichting(1935), 

Kurtz(l961), Kaplan(1964), Osborne(1967), Wazzan et 

al.(1968) and .Mack(l969). For low Reynolds numbers these 

results differ by nearly 30% from the experimental results 

for the flow over the flat plate conducted by Schubauer & 

Skramstad (1947), Ross et al.(1970), Kachanov et al. (1975) 

and Strazisar and coworkers( 1975, 1977, 1978). Experimental 

studies of boundary layer transition over a prolate spheroid 

were conducted by Meier and Kreplin(1980). 

The parallel flow assumption was discarded by Bouthi-

er( 1972, 1973), Nayfeh et al.(1974) and Gaster(l974) who in-

corporated the nonparallel effects on the stability of 

two-dimensional flows. Saric & Nayfeh ( 1975, 1977) showed 

that the nonparallel effects are significant for low Rey-

nolds numbers and unfavorable pressure gradients. The ef-

fects decrease as the Reynolds number increases or the 

pressure gradients become favorable.The minimum critical 
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Reynolds number predicted is quite close to that obtained 

experimentally. 

Three-dimensional disturbances do form in two-dimensional 

as well as in three-dimensional flows (Klebanoff et 

al.,1962; Kovasznay et al.,1962; Kachanov et al. ,1975). 

A theoretical investigation of three-dimensional stabili-

ty has been carried out by Gregory, Stuart & Walker(l955) who 

studied the three-dimensional temporal stability problem for 

a rotating disk flow. They reduced the three-dimensional 

temporal stability problem to a two-dimensional one through. 

a transformation. Brown( 1961) numerically solved the equa-

tions for a rotating disk flow. Nayfeh and Padhye(l980) cal-

culated the three-dimensional neutral stability of two-di-

mensional as well as three-dimensional flows. Cebeci and 

Stewartson (1980) identified an absolute neutral curve 

called 'zarf' for a rotating disk flow. Sorokowski and Orsz-

ag (1977) using their computer code SALLY and the code of 

Kaups and Cebeci ( 1977) studied the temporal stability of 

parallel three-dimensional flows. Mack (1977) calculated the 

three-dimensional stability of supersonic two-dimensional 

and three-dimensional flows. Nayfeh and Padhye (1979) pre-

sented a relationship relating temporal and spatial stabili-

ty for two-as well as three-dimensional flows. Mack (1978) 

calculated the stability of the Falkner-Skan-Cooke boundary 



layers and the effect of suction and cooling on the stabil-

ity of three-dimensional boundary layers in supersonic flows 

(1979). Cebeci and Stewartson (1980) calculated n factors 

for a rotating disk flow. Malik, ·Wilkinson and Orszag ( 1981) 

studied the instability and calculated n factors for a ro-

tating disk flow using the computer code SALLY. 

Nayfeh (1980b,c) presented a nonparallel three-dimension-

al stability theory using the method of multiple scales and 

derived conditions for the direction of propagation. Cebeci 

and Stewartson ( 1980), for the case of parallel flows, ar-

rived at the same conditions.Padhye and Nayfeh(l981) studied 

the nonparallel stability of three-dimensional flows and 

presented results for the X-21 wing. 

The effects of heating/cooling on the stability of the 

boundary layer were investigated by Linke(l942) and Liepmann 

& Fila(l947). Diprima & Dunn (1965) quote unpublished re-

sults of Mcintosh indicating large increases in the minimum 

critical Reynolds number for heated liquid boundary layers. 

Hauptmann (1968) also predicted strong stabilization in wa-

ter for small wall heating. 

Wazzan, Okamura & Smith (1968,1970a,b) and Wazzan, 

Keltner, Okamura, and Smith (1972) conducted extensive stu-

dies of the stability of heated and cooled water boundary 

layers.They showed that cooling destabilizes and heating 
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stabilizes water boundary layers. Potter and Graber ( 1972) 

also obtained similar results for plane Poi seui l le flow. 

Lowell and Reshotko ( 1974) considered temperature distur-

bances in their formulation but £ound no signifcant differ-

ences with the results of Wazzan et al. ( 1972) who did not 

consider temperature perturbations. An experimental study 

of uniformly and nonuniformly heated boundary layers was 

conducted by Strazisar, Reshotko and Prahl (1977) and Stra-

zisar and Reshotko (1978), respectively. 

Nayfeh and El-Hady (1980) considered the two-dimensional 

stability of heated boundary layers. They showed that nonsi-

milar effects must be taken into account for the case of 

nonuniformly heated boundary layers. 

Experimental studies of boundary layer transition on a 

prolate spheroid were conducted by Meier and Kreplin (1980). 

Liepmann et al. ( 1982) and Liepmann and Nosenchuck ( 1982) 

used a dynamic heating concept to show the usefulness of 

heating in active laminar flow control. 

A method for calclating the most dangerous frequency was 

proposed by Reed (1981) and Reed & Nayfeh (1982). Of all the 

different frequencies in the boundary layer one can calcu-

late the frequency which might be responsible for triggering 

la~ge growth rates and eventually transition. 
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The stability problem is formulated in Chapter I I. The 

method of multiple scales is used to derive the three dimen-

sional stability equations. The equations for the zeroth-

order and the first-order problems are presented. The solv-

abili ty condition is derived next. The solvability 

condition is then used to derive the wavenumber modulation 

equations which are then used to solve the Cauchy problem. 

The effect of heating a boundary layer is considered in 

Chapter III.Chapter IV covers the development of the boun-

dary conditions and the method of solution of the eigenvalue 

problem. Next the method of calculating the most unstable 

disturbance and a modified definition of the most dangerous 

frequency are given. Results and discussion are presented 

in Chapter V. Conclusions are presented in Chapter VI. 



Chapter II 

PROBLEM FORMULATION 

2.1 GOVERNING EQUATIONS 

We consider the general three-dimensional Navier-Stokes 

equations with variable flow properties; that is 

X-momentum equation: 

p{ au;at + uau;ax + vau;ay + wau;az} = - aP /ax + a;ax ( 2µau;ax+ 

AD i vv ) + a/ a y ( µau/ a y + µav/ ax ) +a/ a z ( µaw/ ax + µau/ a z ) ( 2 . 1 ) 

Y-momentum equation: 

p{ av /at + uav ;ax + vav ;ay + wav ;az }=-aP /ay + a;ax (µav ;ax + µau; 

ay) + a/ay(2µaV/ay + A DivV) + a;az(µav;az + µaW/ay) (2.2) 

Z-momentum equation: 

p{ aw;at + uaw;ax + vaw;ay + waw;az} = -aP /az +a/ax (µaw/ax + 

µau;az) + a/ay(µav;az + µaW/ay) + a;az(2µaw;az + ADivV) 

Continuity equation: 

ap/at + a;ax(pU) + a/ay(pV) + a;az(pW) = o 
Energy equation: 

( 2 . 3 ) 

( 2. 4) 

pDh/Dt = DP/Dt + a;ax(KaT/ax) + a/ay(KaT/ay) a;az(KaT/az) + ~ 

( 2 . 5 ) 

7 
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where ~ is the dissipation function and it is defined as 

follows: 

~ =µ { 2 ( au/ ax ) 2 + 2 ( av/ a y) 2 + 2 ( aw/ a z ) 2 + ( av/ ax + au/ a y ) 2 + 

( aw;ay + av ;az) 2 + ( au;az + aw; ax) 2 } + A. (au/ax + av /ay + aw/ 

az) 2 ( 2. 6) 

where 

p is the density 

U,V,W are the x,y,z components of velocity v 
t is the time 

K is the coefficient of thermal conductivity 

h is the enthalpy per unit of mass 

µ is the coefficient of vicosity 

A. is the second coefficient of viscosity 

T is the temperature 

p is the pressure 

The fluid properties p,µ and K are functions of temperature, 

which depend on the spatial coordinates. 

Nondimensional variables are * introduced using L = 
(2v x/U ) 1 / 2 as the length scale, where xis the suface dis-e e 

tance, the local edge velocity U as the velocity scale and e 

the free stream values of viscosity, specific heat and ther-

mal conductivity as the reference values for the fluid prop-

erties. The spatial variation in the fluid properties is 

evaluated through their dependence on temperature. 
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2.2 BASIC FLOW 

The basic flow is assumed to be two-dimensional / axi-

symmetric. It is governed by the following nondimensional 

set of equations: 

X-momentum equation: 

k k p{Uau;ax + vau;ay} = p u dU /dx + (l/r )a/ay(r µau;ay) e e e 
Y-momentum equation: 

aP /ay = o 
Continuity equation: 

k k a(r pU)/ax + a(r pV)/ay = o 
Energy equation: 

( 2. 7) 

(2.8) 

(2.9) 

p ( UaH/ax + vaH/ay) = (l/rk)a/ay{rk[ (K/c )aH/ay + 
p 

µ(1-1/Pr)uau;ay]} 

where H is the total enthalpy 

c is the specific heat at constant pressure p 

Pr is the Prandtl number 

r is the radial distance from the axis 

(2.10) 

k = 0 for two-dimensional flow and k = 1 for axisymmetric 

flow, 

the~. subscript e refers to conditions at the edge of the 

boundary layer. 
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2.3 STABILITY EQUATIONS 

We restrict our attention to time-independent boundary 

layer flows that are slightly nonparallel that is the 

transverse velocity is small compared with the streamwi se 

component and all mean flow quantities are slowly varying 

functions of the streamwise position x and spanwise position 

z. Thus the basic flow is independent of time t and depends 

on x,y,z as follows: 

u U (X1,y,zi) (2.lla) s s 
" /\ v EV (X1,Y,Z1) v 0 ( 1) (2.llb) s s s 

w = w (X1,y,zi) (2.llc) s s 
p p ( x 1 I z 1.) (2.lld) s s 
T = T (X1,y,zi) (2.lle) s s 
where 

(2.12a) 

(2.12b) 

E = l/R (2.12c) 

* * * and R = L U /v . The quantities with an asterisk are di-e e 

mensional and the subscript e refers to values at the edge 

of the boundary layer. 

The effect of temperature perturbations on the stability 

results is negligible, Reshotko (1978) and Lowell & Reshotko 

(1974). Thus we consider the temperature profile obtained 

by solving the energy equation for the basic flow and do not 



1] 

consider the energy equation in deriving the disturbance 

equations. 

Small disturbances are introduced and superimposed on 

the mean flow so that the total-flow quantities can be ex-

pressed as 

(2.13) 

where Q represents U,V,W and P,the subscript s refers to the 

basic state and the lower case u,v,w,p refer to the distur-

bance quantities. 

Substituting the total flow variables in the Navier-

Stokes equations, subtracting the basic-flow terms and li-

nearizing the resulting equations, we obtain the disturbance 

equations. 

2.4 DISTURBANCE EQUATIONS 

X-momentum equation: 

p {au/at + u au/ax + uau ;ax + e.V au/ay +vau /ay + w au/az + s s s s s s 
wau ;az} = - ap/ax + 1/R [ a;ax{ 2µ au/ax + >. (au/ax + av /ay + aw/ s - s s 

az)} + a;ay{µ 5 (au/ay + av/ax)} 

Y-momentum equation: 

+a/az{µ (aw/ax s + au/az)}] 

(2.14) 
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p {av/at + u av/ax + Euav ;ax + EV av/ay +Evav ;ay + w av/az + s s s s s s 
Ewavs;az} = -ap/ay +l/R[ a;ay{2µ av/ay + A (au/ax + av/ay + aw/ s s 
az)} + 

Z-momentum equation: 

+a;az{µ (av/az s + aw/ay)} l 

(2.15) 

p s {aw/at + us aw/ax + uaw s/ax + EV s aw/ay +vaw s/ay + w s aw/az + 

waw ;az} = -ap/az + l/R [ a;az{2µ aw/az + A (au/ax + av /ay + aw/ s s s 
az)} + a;ax{µs (aw/ax + au/az)} 

Continuity Equation: 

au/ax + av/ay + aw/az = o 

2.5 BOUNDARY CONDITIONS 

+a/ay{µ (av/az s + aw/ay)} l 

(2.16) 

(2.17) 

The no-slip and no-penetration boundary conditions de-

mand the vanishing of the disturbance velocities at the 

wall; that is, 

u = v = w = 0 at y = 0 (2.18a) 

Moreover, all disturbances decay away from the wall; that 

U, V, W, p ~ 0 as y ~ oo (2.18b) 
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2.6 METHOD OF ANALYSIS 

We seek a first-order uniform expansion for the distur-

bance quantities u,v,w,p in the traveling harmonic wave form 

where 

ae;ax = a(X1 I Z1) 

ae;az = 5(x1, z1) 

aa;at = - w 

(2.19) 

(2.20a) 

(2.20b) 

(2.20c) 

Here a is the wave number component in the x direction , 5 

is the wave number component in the z direction , and w is 

the nondimensional frequency. Using the chain rule, we have 

a;ax = a a;aa + e: a;ax 1 

a;az = e a;aa + e: a;az 1 

a;at = -w a;aa + e: a;at1 

(2.2la) 

(2.2lb) 

(2.2lc) 

For a spatial stability analysis, a and p are complex and w 

is real; a and 5 then represent the wave-number components r r 

and -a. and -5. represent the growth rates in the streamwise 
l. l. 

and spanwise directions, respectively. For a temporal 

stabli ty analysis, a and 6 are real and represent the wave-

number compnents in the streamwise and spanwise directions 

and w is complex whose real part represents the frequency 

and whose imaginary part represents the growth rate. 
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Substituting equations ( 2. 19) (2.21) into equations 

( 2. 14 )- ( 2. 18) and equating each of the coefficients of E 0 

and E 1 on both sides, we have two sets of problems. These 

are called the zeroth-order and the first-order problems, 

respectively. 

2.7 THE ZEROTH ORDER PROBLEM 

The zeroth-order problem is 

Li(Uo,Vo,Wo) = p { iauo + Dvo + iBwo l + VoDp = 0 s (2.22) 

L2 (u 0 ,v 0 ,Wo,Po) = -iQp + iap U + iBp W }u 0 + v 0 DU + iap 0 -s s s s s s 

1/R iaµ ( iaru 0 + sDv 0 + iBsw 0 ) s 
+µ D2 u 0 + ia(v 0 Dµ +µ Dvo)l = 0 s s s 

L3(Uo ,Vo ,Wo ,po) + + Dpo 

+ Dµ Du 0 s 

(2.23) 

1/R{ 

iaµ (Du 0 + iav 0 ) + iasu 0 Dµ + iasµ Du 0 + rDµ Dv 0 + rµ D2 v 0 + s s s s s 

iBs w0 Dµ + iBsµ Dw 0 + iBµ (iBvo +Dw 0 ) l = 0 s s s 

and 

L4 ( u o , Vo , w o , Po ) 

l/R{ iaµ (iaw 0 s 

= p { i ( -Q + aU + BW ) W o s s s 

+ iBuo ) + Dµ Dw 0 s 

+ v 0 DW } s 
+ iDµ Bv 0 s 

(2.24) 

+ iBµ + s 
(2.25) 

where the subscript 's' stands for basic-flow quantities and 

the subscript 0 stands for zeroth-order disturbance quanti-

ties and 

s =). /µ s s (2.26a) 



r - (2 + s) 

D d/dy. 
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(2.26b) 

(2.26d) 

Equations (2.22)-(2.26) constitute a system of four ordinary 

differential equations with variable coefficients, y is the 

independent variable, and x 1and z 1 appear through the basic-

flow quantities. The boundary conditions for the zeroth-

order problem are 

Uo Vo Wo = 0 at y = 0 (2.27a) 

as y ~ oo (2.27b) 

The homogeneous sixth-order system of equations 

(2.22)-(2.25) together with the homogeneous boundary condi-

tions (2.27) represent an eigenvalue problem. For a given 

basic flow and four of the six parameters Cl , Cl. , 6 , 6. , w r l. r l. r 
and we can calculate the other two as eigenvalues. 

The four equations in (2.22)-(2.25) can be written as a 

set of six first-order equations which can then be numeri-

cally integrated over the region of interest. To this end, 

we define 

2 2 0 = Du 0 , Vo, (2.28a) 

2so=Wo, 250 = Dwo (2.28b) 

This enables us to write equations (2.22 - 2.25) and (2.27) 

as 

D 2~. o A .. 2. 0 = 0 for i l, 2 I 3 • • • 6 (2.29) 
l. l. J J 

21 0 = 230 2so = 0 at y 0 (2.30a) 

2 no ~ 0 as y ~00 (2.30b) 
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where A .. is a 6x6 variable-coefficient matrix which is lJ 
defined in Appendix A. 

functions of x 1 and z 1 . 

The A. . are al so slowly varying lJ 

The solution of equations (2,29) and (2.30) can be writ-

ten as 

(2.31) 

where A is an unknown function at this level of approxima-

tion. It is determined by imposing the solvabili ty condi-

tion at the next level of approximation (Nayfeh,1980a). 

2.8 THE FIRST-ORDER PROBLEM 

Substituting equations (2.19) (2.21) into equations 

( 2. 14 )- ( 2. 18) and equating the coefficients of e: on both 

sides, we obtain 

Li (u1 ,V1,W11P1) = I i (2.32) 

Lz (u1 ,V1,W11P1) = Iz (2.33) 

L3(U1 ,V1,W11P1) = I3 (2.34) 

L.; (u 1 ,V1 ,w1 ,p1) = I.; (2.35) 

U1 1V1 1W1 = 0 at y = 0 (2.36a) 

U1,V1,W1,P1 -+ 0 as y -+ 00 (2.36b) 

where the operators L1 ,L 2 ,L 3 and. L4 are defined in equations 

(2.22) -(2.25) and the inhomogeneous terms,I 1 , I 2 , I 3 and I 4 

have contributions from the nonparallel effects of the basic 

flo~ and the variation of the eigenfunctions along the 
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streamwise and spanwise directions; they are defined in Ap-

pendix B. 

Equations (2.32)-(2.36) can be cast into a set of six 

first-order equations by defining 

Z 1 1 = u 1 , Z 2 1 Du i , Z 3 1 v 1 , 

Z 4 1 P 1 , Z s 1 = w i , Z 6 1 = Dw 1 

The result is 

DZ.1 - A .. Z.1 = Dl.aA/at1 + E.aA/ax1 + F.aA/az1 + G. l lJ J l l l 

z 1 n -+ 0 

at y = 0 

as y -+ oo 

(2.37a) 

(2.37b) 

(2.38) 

(2.39a) 

(2.39b) 

where Di,Ei,Fi,Gi are functions of the basic-flow quanti-

ties, the eigenfunctions of the zeroth-order problem, and 

the streamwise and spanwise derivatives of these quantities. 

They are defined in Appendix C. 

Since the homogeneous part of the first-order problem has 

a nontrivial solution, the inhomogeneous first-order problem 

has a solution if the inhomogeneous parts are orthogonal to 

every solution of the adjoint homogeneous problem( Nayfeh, 

1980a). This is the solvability or the consistency condition 

which must be satisfied by the first-order problem. 
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2.9 SOLVABILITY CONDITION 

We use the concept of adjoint to arrive at the solvabil-

ity condition for the first-order problem, which is solved 

after the solution to the zeroth-order problem has been ob-

tained. The adjoint problem can be defined as follows: The 

zeroth-order homogeneous system is 

{ DZo l - [ A ) 

z 0 n -+- 0 

= 0 

= 0 at y = 0 

as y -+- oo 

(2.40) 

(2.41a) 

(2.4lb) 

We multiply equation (2.40) from the left by { W IT where { 

W l is the adjoint column vector and obtain 

WTDZ 0 - WTA Z0 = 0 (2.42) 

Integrating equation (2.42) by parts from y = 0 to y = oo,we 

obtain 
T .., 

W Zo 10 = 0 

We now define the adjoint equation as 

DWT + WTA = 0 

or 

(2.43) 

(2.44a) 

(2.44b) 

The boundary conditions for the adjoint system can be ob-

tained as fol lows. Using equation ( 2. 44a), we obtain from 

equation (2.43) that 

(2.45a) 

or 
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(2.45b) 

Since Z 0 ~ 0 as y~ ~, the terms evaluated at ~ in equation n 

(2.45) vanish if 

(2.46) 

Then using equation ( 2. 41a), we find that equation ( 2. 45a) 

becomes 

l - 0 y=O - (2.47) 

We define the adjoint boundary conditions at y = 0 such that 

each of the coefficients of Z 2 0 , Z 4 0 and Z 6 0 in equation 

(2.47) vanish independently; that is, 

at y = 0 (2.48) 

Therefore the adjoint problem is governed by equations 

(2.44) subject to the boundary conditions (2.46) and (2.48). 

Having defined the adjoint problem, we return to the inho-

mogeneous problem. We multiply the matrix form of equations 

( 2. 38) from the left by WT, integrate the result by parts 

from y = 0 to y = ~, use the definition of the adjoint prob-

lem and equations (2.39), and obtain the solvability condi-

ti on 

(2.49) 

where D, E, F and G are column vectors whose components are 
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2.10 AMPLITUDE-MODULATION EQUATION 

Substituting equations (2.31) into equation (2.49) yields 

the following amplitude-modulation equations: 
,.. 

g 1 aA/at 1 + g 2aA/ax 1 + g 3 aA/az 1 = h 1 A 

or 

aA/at 1 + waaA/ax 1 + w6aA/az 1 = h 1A 

where 
A 

wa = g2/g1, we= g3/g1, hi = ht/g1 

(2.50) 

(2.51) 

(2.52) 

and g 1 , g 2 , g 3 are defined in Appendix D. Equation (2.51) 

describes the modulation of the amplitude function A with 

x 1 ,z 1 and t 1 .Here,wa,we are the componens of the complex 

group velocity in the x and z directions ,respectively. The 

functions g 1 ,g2 and g 3 are given in quadratures in terms of 

the basic flow,the eigenvalues and the eigenfunctions of the 

zeroth-order problem, and the eigenfunctions of the adjoint 
A 

problem. The function h 1 is given in quadratures in terms 

of the basic flow, the the adjoint eigenfunctions the 

variation of the basic-flow quantities with the streamwi se 

and spanwise directions, the nonparallel flow terms, and the 

variation of the eigenfunctions and eigenvalues of the zer-

oth-order problem in the streamwise and spanwise directions. 

It is defined in Appendix E. 
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2.11 WAVE NUMBER MODULATION EQUATIONS 

The evaluation of h 1 demands the evaluation of the deri-

vatives of the eigenfunctions of the zeroth-order problem. 

To this end we replace Zi by l;i ,. the zeroth-order eigenfunc-

tion in equations (2.40) and (2.41), differentiate the re-

sulting expressions with respect to x 1 and arrive at 

= iE. aa/ax 1 l. 

subject to the boundary conditions 

a<: /ax 1 -+ O as y -+ 00 

n 

+iF. ae/ax1 
l. 

+ Hli 

(2.53) 

(2.54) 

(2.55) 

Similarly differentiting equations (2.40) and (2.41) with 

respect to z 1 yields 

A .. (a<:./az1) 
l. J J 

= iE. aa/az 1 l. 

subject to the boundary conditions 

ae; /az 1 -+ O as y -+ 00 n 

+iF. ae/az1 
l. 

+ 

(2.56) 

(2.57) 

(2.58) 

where the Ei and Fi are given in Appendix C, whereas the Hli 

and H2 i are given in Appendix F. 

Since the homogeneous parts of (2.53) - (2.58) have non-

trfvial solutions, the inhomogeneous systems ( 2. 53) - ( 2. 55) 

and (2.56) - (2.58) have solutions if solvability conditions 

are satisfied. Application of these conditions yield 



wa aa/ax 1 + w6 a6/ax 1 = h 2 

and 

wa aa/az 1 + w6 a6/az 1 = h 3 
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(2.59) 

(2.60) 

where h 2 and h 3 reflect the effects of nonparallelism in the 

streamwise and spanwise directions, respectively. 

given in Appendix E. 

They are 

If the phase angle 8 is assumed to be continuously dif-

ferentiable, then it follows from equations (2.20) that 

a2S/azax = £aa/az 1 = a2S/axaz = £a6/ax 1 

and hence 

(2.61) 

Therefore equations (2.59) and (2.60) can be rewritten as 

w(l aa/ax1 + w6 aa/az1 = h2 

w(l ae;ax1 + we ae;az 1 = h3 

(2.62) 

(2.63) 

For this formulation to represent a physical problem, Nayfeh 

(1980b,c) showed that w8/wa must be a real quantity. Divid-

ing equations (2.62) and (2.63) by wa' we have 

aa/ax1 + (w6/w(l) aa/az1 

ae;ax1 + (we/w(l) ae;az1 

= h 2 /w 
Cl 

(2.64) 

(2.65) 

These two equations represent a Cauchy problem in x 1 and z 1 

A Cauchy problem needs initial data specified on an ini-

tial curve which is not a characteristic but intersects one 

of ·the characteri sties. This initial data should satisfy 
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the dispersion relationship and the condition w~/w b . .., ex e1ng 

real at a particular x and z location. In this work, the 

initial data is taken to be 8(x 1 =a,z 1 ) =8 0 (z 1 ) on z 1 = T. 



Chapter III 

HEATED BOUNDARY LAYERS 

Heating in water and cooling. in air significantly affect 

the stability characteristics of boundary layers. A study 

of heating effects is essential for evaluating the shear 

forces on the body which are needed in evaluating the per-

formance of the vehicle as well as its proper control. 

Quali tati tvely the effect of heating a liquid boundary 

layer on its stability can be explained as follows. For an 

inviscid, constant density flow, a velocity profile which has 

an inflection point is unstable. Considering viscosity to be 

variable, we reduce the boundary-layer equations for a flat 

plate to 

d 2 U/dy 2 =-(1/µ) (dµ/dy)(dU/dy) at the wall. ( 3 . 1 ) 

For a heated flat plate dT/dy < 0 at the wall. Since µ 

decreases with increasing temperature dµ/dT < 0 Hence 

dµ/dy > 0 at the wall. Moreover since µ and dU/dy are 

greater than zero at the wall, it follows that d 2 U/dy 2 < 0 

at the wall for wall heating. On the other hand, for wall 

cooling of a liquid boundary layer, d 2 U/dy 2 > 0 at the 

wall. Since d 2 U/dy 2 < 0 as y -+ oo , it follows that if the 

cufvature of the profile is positive at the wall there 

should be an inflection point in between, implying that 

24 
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heating stabilizes and cooling destabilizes a liquid boun-

dary layer. The effect is just the opposite for gases. 

Diprima and Dunn(l965) quoted unpublished results of 

Mcintosh which indicate that for the two-dimensional Toll-

mien-Schubauer type of instabilty in a heated water boundary 

layer, the minimum critical Reynolds number increases ten 

times for a temperture difference of 50 ° C and an ambient 

temperature of 10°C. Hauptmann also predicted very strong 

stabilization in water for relatively small overheating. 

Wazzan, Okamura, and Smith (1968,1970a,b) and Wazzan, Kelt-

ner, Okamura and Smith (1972) conducted extensive studies 

of the stability of heated and cooled water boudary layers. 

Their results show that while cooling the wall destabilizes 

the flow, moderate heating stabilizes it. As the heating is 

increased , the minimum critical Reynolds number reaches a 

maximum with T and then decreases. They concluded that as w 
T is increased above T , the velocity profile becomes more w e 
stable, whereas the variable viscosity terms tend to desta-

bi lize the flow. At moderate rates of heating, the effects 

of the mean velocity µrofiles on the minimum critical Rey-

nolds number are dominant. As the heating increases, the de-

stabilizing effect of the viscosity on the minimum critical 

Reynolds number increases whereas the stabilizing effect of 

heating due to the change in the velocity profiles begins to 
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level off. The minimum critical Reynolds number then reaches 

a maximum at the critical value T of T . As T is in-w c w 
creased beyond T , the destabilizing effects of the viscosi-c 
ty become dominant and the minimum critical Reynolds number 

decreases upon increasing T beyond the critic al value. w 
The results of Potter and Graber (1972) for the stability of 

Plane Poiseuille flow with heat transfer show similar re-

sults 

Wazzan et al.(1968,1972) formulated the two-dimensional 

stability problem by taking into account the viscosity and 

temperature variations of the basic flow but ignoring the 

temperature and viscosity disurbances. The result is a 

fourth-order modified Orr-Sommerfeld equation. Lowell and 

Reshotko (1974), on the other hand, included the temperature 

perturbations, and hence included the energy equation. 

Their sixth-order system yields results very close to the 

results of the fourth-order system of Wazzan et 

al. ( 1968, 1972). Also the neutral stability characteristics 

and growth rates calculated by Lowell and Reshotko (1974) " 
are sufficiently close (as compared to Wazzan et al.) so 

that there is no important quantitative difference between 

the two" ( Reshotko, 1978). Heating dramatically decreases 

the amplification rates as well as the range of frequencies 

and' wave numbers undergoing amplification. All these imply 
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a more stable boundary layer. Thermal disturbances and 

hence perturbations in the viscosity and other fluid proper-

ties hardly affect the stability characteristics. This is 

attributed to the fact that the ~hermal bounday layer is ex-

tremely thin due to the large Prandtl number of water. Thus 

these disturbances are of importance only in a region which 

is much smaller than the veloctiy boundary layer . 

Experimental studies of nonuniformly heated boundary lay-

ers were conducted by Strazisar and Reshotko (1978). They 

cosidered step changes in temperature and a power law temp-

erature variation along a flat plate. The temperature vari-

ation is of the form 

T - T = A xN w e (3.2) 

where T is temperature, x is the distance along the plate, N 

is an exponent which may be positive or negative, the sub-

script w denotes the wall, the subscript e denotes the edge 

of the boundary layer, and A is a constant. Their results 

show that at x= x as N increases the instability increases r 

whereas as N decreases the instability decreases; that is, N 

< 0 results in growtn rates that are lower than those for N 

= 0 or N >O. 

These results were explained by Nayfeh and El-Hady(l980) 

for the case of two-dimensional stability. They showed that 

it 'is essential to consider the basic flow as nonsimilar in 
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the case of nonuniform wall heating. Their results agree 

qualitatively with those of Strazisar and Reshotko (1978). 

We formulate the three-dimensional stability problem 

without considering the temperature fluctuations and hence 

all fluid property disturbances are ignored. The mean veloc-

ity and temperature profiles are evaluated using the Transi-

tion Analysis Program System (TAPS)(Gentry, 1976 ;Gentry and 

Wazzan, 1976). The fluid properties are evaluated using the 

formulae given by Lowell and Reshotko (1974). We evaluate 

the most dangerous frequency responsible for the possible 

trigerring of transition for a flat plate and an axisymme-

tric body. The effect of heating is also considered and the 

effect of the exponent N is evaluated for three different 

boundary layers. 



Chapter IV 

METHOD OF SOLUTION 

4.1 GOVERNING EQUATIONS 

The zeroth-order problem given by equations ( 2. 29) and 

(2.30) can be written as 

DZ= AZ (4.1) 

Z 1 = Z 3 = Zs = 0 

21, 23, Zs -+O 

at y = O 

as y -+ .. 

(4.2) 

(4.3) 

Equations (4.1)-(4.3) constitute an eigenvalue problem. For 

a given mean flow the dispersion relationship is 

w = w(cx,f),R) (4.4) 

The eigenvalues are determined, in general, numerically by 

integrating the system of equations (4.1) in the transverse 

direction and imposing the boundary conditions ( 4. 2) and 

(4.3). The boundary conditions at y=O present no difficul-

ties, but the boundary conditions (4.3) are reformulated in 

the numerical procedure that we use. 

29 
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4.2 APPLICATION OF BOUNDARY CONDITIONS AT INFINITY 

Instead of applying the boundary conditions (4.3) numeri-

cally, which is very expensive and not so accurate, we det-

ermine an analytic solution to equations (4.1) outside the 

boundary layer, apply these boundary conditions, and replace 

them with three other conditions at a finite value of y just 

outside the boundary layer.We reformulate the boundary con-

di tions for both the zeroth-order problem and its adjoint 

following Ragab and Nayfeh (1981). 

The set of equations (4.1) is a variable-coefficient sys-

tern inside the boundary layer because of the variation of 

the basic-flow quantities. Outside the boundary layer all 

the basic-flow quantities are constant, and equations (4.1) 

reduce to the following set of differential equations with 

constant coefficients: 

DZ = CZ ( 4. 5) 

where C is given in Appendix G. The eigenvalues of C are 

given by 

Ai = {a; 2 + !32}1/2 (4.6) 

A2 = {a; 2 + !3 2 + ip R(cxU w) /µ } 1 I 2 (4.7) e e e 
A3 = A2 (4.8) 

A4 = - A 1 (4.9) 

As = -A2 (4.10) 

As ~ As (4.11) 
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The general solution of equations (4.5) is obtained by 

superposing six linearly independent solutions as 

!Z} = [Y] !bl 

where the elements b. of !bl are given by 
1 

(4.12) 

b. = c. exp(A.y) (4.13) 
1 1 1 

The matrix Y depends on y because the constant-coefficient 

matrix has repeated eigenvalues. To develop a matrix that 

is independent of y, we reduce the matrix C to a Jordan ca-

nonical form through the similarity transformation 

J = p- 1 CP (4.14) 

where the columns of the matrix P are the generalized eigen-

vectors of C. The columns are arranged so that the general-

ized eigenvectors corresponding to the eigenvalues having 

positive real parts appear in the first three columns. The 

matrix P is defined in Appendix H. Then we let 

z = p~ (4.15) 

in equation (4.5), use equation (4.14), and obtain 

~I = J~ (4.16) 

Since the first three rows in J correspond to the eigenva-

lues with posi~ive real parts, the boundary conditions (4.3) 

demand that 

(4.17) 

But it follows from equation (4.15) that 

(4.18) 

hence equation (4.17) implies that 
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at y=y max (4.19) 

where T consists of the first three rows of p- 1 and y >6, max 
where 6 is the boundary-layer thickness. The disadvantage 

of using T is the evaluation of p- 1 at each iteration. To 

avoid this we use the adjoint problem to develop a matrix T 

that needs no inversion. 
*T * Multiplying equation (4.1) by 2 where 2 is the adjoint 

of 2, and integrating the result by parts from y = 0 to y = 
* Y to max transfer the derivatives from 2 to 2 , we obtain 

*T Y ...... 
2 2 I -

0 

y.,.,,,. •• 

Jco2*T + z*TA) dy = o 
0 

The adjoint equations are defined as 

02*T + 2*TA = o 

or 

Then equation (4.20) reduces to 

2*Tz1 - z*T21 = o ymax 0 

(4.20) 

(4.21) 

(4.22) 

(4.23) 

We choose the adjoint boundary conditions such that both the 

terms in (4.23) vanish independently ;that is, 

2*Tz = 0 at y = Y max 
and 

Using equations (4.2), we reduce equations (4.25) to 

* * * 2 2 2 2 + 2 4 2 4 + 2 6 2 6 = 0 at y = 0 

(4.24) 

(4.25) 

(4.26) 
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Then the boundary conditions for the adjoint problem at y=O 

are obtained by setting each of the coefficients of 

Z2 (0),Z 4 (0) and 2 6 (0) equal to zero. The result is 
* * * 2 2 = 2 4 = Z6 = 0 at y = 0 (4.27) 

Substituting the transformation (4.15) into equation (4.24) 

yields 

z*Tp~ = 0 

Letting 

at y = y max (4.28) 

~* = pTz* (4.29) 

we rewrite equation (4.27) as 

~*T~ = 0 at y = y max 
Using equation (4.17) in equation (4.30) yields 

* * * 
~4 ~4 + ~s ~s + ~s ~s = 0 at Y = Ymax 

(4.30) 

(4.31) 

The boundary conditions for the adjoint problem are obtained 

by setting each of the coefficients of ~ 4 ,~ 5 ,~ 6 in equation 

(4.31) equal to zero. The result is 
* * * 

~4 = ~s = ~6 = 0 at y = y max 
Thus the adjoint bouhdary conditions at y = 

* * T Z = 0 at y = Ymax 

y are max 

where T* consists of the last three rows of PT. 

(4.32) 

(4.33) 

We now consider the adjoint of the adjoint problem for 

y>ymax· Then, equation (4.22) reduces to 

oz* + cTz* = o (4.34) 
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We can reduce * T C = -C to a Jordan canonical form by using 

the similarity transformation 

J* = p*-lc*p* 

* 
(4.35) 

where P is a matrix whose colµmns are the generalized ei-

* genvectors of C , rearranged so that the first three columns 

* correspond to the three eigenvalues of C having positive 

real parts. Using the transformation 

* * * z p ~ (4.36) 

we rewrite equation (4.34) as 

* * * D~ J ~ (4.37) 

* Since the first three rows of J correspond to the eigenva-

lues with positive real parts, then for decaying solutions 

we have 

* * * ~l = ~2 = ~3 = 0 at y = y max· (4.38) 

Using arguments similar to the preceding arguments, we ar-

rive at the following boundary conditions at y = y for max 
the original problem: 

TZ = 0 

where 

* 

at y - y - max' 
*T T consists of the last three rows of P . 

P is defined in Appendix I. 

(4.39) 

The matrix 
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4.3 NUMERICAL PROCEDURE FOR THE BOUNDARY VALUE PROBLEM 

To solve the two-point boundary value problem given by 

equations (4.1), (4.2) and (4.39), we use the code SUPORT de-

veloped by Scott and Watts 1975,1977). The integration 

procedure consists of the superposition of a set of linearly 

independent solutions coupled with an orthonormalization 

procedure that ensures the linear independence of the indi-

victual solution vectors. 
) 

The boundary-value problem is converted into an initial 

value problem. The boundary conditions at y=y are known. max 
These three conditions eliminate three of the six linearly 

independent solutions. The remaining three solutions are 

then integrated through the boundary layer. Linear combina-

tions of these three solutions do not satisfy,in general, 

the boundary conditions at y=O unless the parameters w, a., 6 

and R are chosen so that the dispersion relation (4.4) is 

satisfied. A simple Newton-Raphson procedure is used to it-

erate on the eigenvalues (two of. the parameters 

w ,w. ,a. ,a.. ,6 ,6. and R given the other parameters.) r 1 r 1 r 1 

tisfy the boundary conditions at y = 0. 

to sa-
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4.4 METHOD OF DETERMINING THE MOST UNSTABLE DISTURBANCE 
~ ~- -~-

Determination of the most unstable disturbance is done by 

solving the Cauchy problem defined by the wave number modu-

la ti on equations ( 2. 64) and ( 2. 65) . Equations (2.64) and 

( 2. 65) govern the variation of the wave numbers in the 

streamwise and spanwise directions. Their characteristics 

are given by 

(4.40) 

(4.41) 

Along these characteristics, equations (2.64) and (2.65) be-

come 

da/ds 

d6/ds 

(4.42) 

(4.43) 

Eq~ytions (4.42) and (4.43) show that if the wave number mo-

dulation equations were homogeneous, the wave numbers would 

be constant along each characteristic obtained by integrat-

ing equations (4.40) and (4.41). This would be the case for 

a "parallel boundary layer". Since the boundary layer is 

not nparallel" and all flow quantities are· slowly varying 

functions of the streamwise and spanwise positions, the re-

sulting wave number modulation equations are inhomogeneous, 

in general, and need to be numerically integrated with the 

dispersion relation (4.4) as a constraint subject to initial 

conditions on a given curve which intersects a characteris-

tic curve. The initial conditions are given in the form 



xi(a,t) =a. 

Z1(a,t)=t 
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(4.44) 

(4.45) 

(4.46) 

The general solution of the characteristic equations 

(4.40) and (4.41) can be written as 

s 

z 1 = l(w6/wcx) ds + c 2 

(4.47) 

(4.48) 

where c 1 and c 2 are constants. Applying the initial condi-

tions (4.44) and (4.45) and the choice s=a at the initial 

curve, we obtain x 1 = s and c 2 = t. Hence, 

X1 = S 
s 

Z1 =L(w 6/wcx) ds + t 
/ 

(4.49) 

(4.50) 

To proceed further, we need to determine the partial 

derivatives of ex and 6 and hence the ~· with respect to x 1 1 

and z 1 along the characteristics. It follows from equation 

(4.43) and the initial condition (4.46) that 
s 

6 = l h3/w dt + 6 o ( t) 
a Cl 

Moreover, it follows from equation (4.50) that 
s 

t = z 1 - L (w 6/wcx) dt 

Since 

and 

as/ax 1 = 1 , <lt/<lx 1 = -w6;wcx 

it' follows from equations (4.52) and (2.61) that 

<la/<lZ1 = <l6/<lX1 = h3/W - Wo./W 60 1 (t) a µ ex 

(4.51) 

(4.52) 

(4.53) 

(4.54) 

(4.55) 
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Then, it follows form equation (2.65) that 

(4.56) 

Substituting equation (4.55) into equation (2.64) yields 

(4.57) 

These partial derivatives can now be used to solve equations 

(2.53) (2.58) and hence determine al;. /ax 1 
l 

which in turn are used to determine h 1 • Then, equation 

(2.51) can be rewritten along the characteristic as, 

dA/ds = (h 1 /w ) A 
Ct 

(4.58) 

To determine the most unstable disturbance, we determine 

* the d~mensional frequency w and the real part of the dimen-

* sional spanwise wave number 6r such that the n factor is a 

* maximum. To this end, for a given w , we select 

* 
* a 6 r and 

let 6 0 (t) = 6 in equation (4.46) and numerically integrate r 

equations (4.42),(4.43),(4.49),(4.50) and (4.58). The ini-

ti al values for 6., a and a. are determined by solving the 
i r i 

zeroth-order eigenvalue problem and imposing the condition 

that w6/wa must be real. Then, s is incrementd by ~s and new 

values for x 1 ,z 1 ,a and 6 are calculated from 

X1 = s + ~s (4.59) 

Z1 = (w 6/wa)~s + T (4.60) 

Ct = Ct old + (h 2 /w )~s (4.61) 
Ct 

6 = sold + (h3/W )~S (4.62) 
ll 
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The zeroth-order eigenvalue problem is solved at the new lo-

cation to check whether the predicted values of a and 8 sa-

tisfy the eigenvalue problem and the condition that we/wa 

must be real. If these conditions are not satisfied, the 

step size ~s is reduced until they are satisfied. Then, the 

n factor is calculated as 
:s 

n = _r{a.+(wa/w )8. - real(h 1 /Rw )} ds l l. µ a l. a (4.63) 

* * The process is repeated for other values of 8 r and w to 

determine the values that maximize n or that make n exceed a 

critical value in the ~hortest distance. _ _, 



Chapter V 

RESULTS AND DISCUSSION 

5.1 FLOW· OVER A FLAT PLATE 

Numerical results were obtained for the flow over a flat 

plate. The boundary layer-equations were solved using the 

Transition Analysis Program System (TAPS) I see Gentry 

(1976). It uses the Keller box technique. 

We first consider the unheated case. Table 1 shows the 

results for a free stream velocity of 13. 58 m/sec corres-

ponding to a free stream Reynolds No. per foot (RPF) of 4.5 
6 x 10 , at a free stream temperature of 23.9°c. In each case 

* w is kept a constant. To calculate the most dangerous fre-

quency we proceed as follows. For flows over a flat plate we 

assume that transition corresponds to n = 9. Keeping this in 

mind the most dangerous frequency should be defined as the 

one which gives n=9 in the shortest possible distance along 

the plate. 

Based on this condition, Table 1 shows that the most da:1· 

gerous frequency is F=24. 9 x 10- 6 corresponding to a dimen-

* sional frequency w =5000 Hz. R in all the tables is the x 
Reynolds number based on the surface distance x and is de-

fined as R x 
* * * U x /v . e 

40 
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TABLE 1 

n-Factor vs Frequency 

U = 1358.2 cm/sec,T = 534.69°R,RPF = 4.5 x io 6 
e e 

* w 

2500 
2500 
4500 
4900 
4950 
5000 
5100 

. 5200 

DT = 0.0,pe = 0.9965 g/cc;µe =0.0091676 cp 

12.46 
12.46 
22.42 
24.44 
24.68 
24.93 
25.43 
25.93 

n 

18.50 
9.00 
9.00 
9.00 
9.00 
9.00 
9.00 
9.00 

R x 10- 6 
x 

9.28 
5.25 
3.23 
3.14 
3.13 
3.13 
3.15 
3.15 
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Figure 1: n Factor vs distance. 
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It is interesting to note that F = 12.46 x 10- 6 gives n 

factors greater than 20 if the integration is carried out 

along a much larger distance on the plate. Had we based the 

definition of the most dangerous frequency on the maximum 

value of n, irrespective of how far the di turbance travels 

to reach this value, the results would have been erroneous. 

Since transition on a flat plate is assumed to occur when n 

reaches 9, there is no point in performing any calculations 

once this critical value is reached for any freque~cy. Con-

sequently the modified definition of the most critical fre-

quency should be used. 

These results compare very well with those of Saric(l983) 
-6 who found that F = 25 x 10 is the most dangerous frequency 

for a flat plate. A sample plot of the variation of the n 

factor with distance is shown in Fig.l. 

5. 1. 1 Effect of Three-Dimensional Disturbances 

Three-dimensional disturbances were. considered with 

different dimensional wavelengths in the spanwise direction. 

In all the cases considered, Table 2 shows that the result-

ing n factors are equal to or less than those obtained for 

twu-dimensional disturbances. Introduction of three-dimen-

sional disturbances reduces the wave number as well as the 
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TABLE 2 

Effect of Three-dimensional disturbances 

U = 1358.2 cm/sec,T = 534.69°R,RPF = 4.5 x 106 
e e 

DT = 0.0,pe = 0.9965 g/cc,µ~ =0.0091676 cp 

* ~r n R x 10- 6 
x 

-----------------------------------------------------------
4900 24.44 l.Oe-04 9.35 3.26 
4900 24.44 3.0e+OO 9.16 3.26 
4900 24.44 5.0e+OO 8.76 3.26 

5000 24.93 l.Oe-04 9.35 3.26 
5000 24.93 l.Oe-01 9.35 3.26 
5000 24.93 3.0e-01 9.35 3.26 
5000 24.93 5.0e-01 9.35 3.26 
5000 24.93 l.Oe+Ol 6.16 3.12 
5000 24. 93· l.5e+Ol 3.09 2.46 
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growth rates. The stronger the three dimensionality is, the 

lower are the growth rates as shown in Fig2. 

5.2 HEATING EFFECTS 

We consider the effect of wall heating for the flow past 

a flat plate where the variation of wall overheat with dis-

tance is shown in Fig.3. Since wall overheat is a function 

of the streamwise position,we use nonsimilar boundary layer 

solutions to solve for the mean- flow quantities. This was 

shown to be a requirement by Nayfeh and El-Hady (1980). The 

mean flow is obtained from the TAPS code 

The effect of power-law wall heating is shown in Table 3 

for T (x ) - T = 10°R at x = 10.7 cm; and A= 16.87 and N w r e r 
= 0.5 in T = T w e 

N + Ax . 

The effect of wall overheat is apparent and large reduc-

tions in the n factors occur as shown in Fig.4. 

5.2.1 Effect of Three-Dimensional Disturbances 

Table 4 shows the calculated n factors for three~ dimen-

sional disturbances for a RPF of 4.5 x 10 6 corresponding to 

a free stream velocity U = 13. 582 m/sec and F = 24. 44 x e 

10- 6 . Also shown are the results of the unheated case. It is 

clear from the data that three-dimensional disturbances re-

sul t in lower growth rates for both unheated and heated 
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boundary layers over a flat plate, irrespective of the wall 

overheat. The introduction of three dimensionality actually 

lowers the streamwi se wave numbers ex and the streamwi se · r 

growth rates -ex .. 
l. 

5.2.2 Effect of Exponent ~ in Power Law Heating 

Wall temperature was varied as T = T + AxN keeping ~T = T w e w 
- T = 10°R at x=l0.71 cm for all N. The temperature varia-e 
ti on along the length of the plate is shown in Fig. 3. The 

exponent N was varied between -1.0 and 1.0. The results are 

presented in Tables 5 and 6 for F = 24. 44 x 10- 6 and F = 

19.95 x 10- 6 , respectively. The free stream velocity is 
6 13.582 m/s (RPF =4.5 x 10 ) and the free stream temperature 

is 534.69°R. 

The effect of increasing the exponent N is to decrease 

the n factors. This result, which is shown in Fig. 5, ap-

pears to contradict the results of Strazisar and Reshotko 

(1978) and Nayfeh and El-Hady(l980) who found that decreas-

ing N is stabilizing. 

If we compare the growth rates at x = 10.71 cm, shown in r 

Table 7, we see that they agree with the conclusions of 

Strazisar and Reshotko (1978) and Nayfeh and El-Hady (1980). 
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4000 
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4900 
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TABLE 3 

Heating Effects 

U = 1358.2 cm/sec,T = 534.69°R,RPF = 4.5 x 106 
e e 

p = 0.9965 g/cc,µ =0.0091676 cp e e 

19.95 
19.95 

24.44 
24.44 

n 

8.75 
3.65 

9.35 
3.63 

R x :x: 

3.40 
4.01 

3.26 
3.04 

10-6 

No heating 
Heating 

No heating 
Heating 
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TABLE 4 

Effect of heating on Three Dimensional Disturbances 

U = 1358.2 cm/sec,T = 534.69°R,RPF = 4.5 x 106 
e e 

-06 F = 24.44 x 10 ,pe = 0.9965 g/cc,µe =0.0091676 cp 

T w n R x 10- 6 
x 

--------------------------------------------------------
l.Oe-04 534.69 9.36 3.26 
3.0e+OO 534.69 9.16 3.26 
5.0e+OO 534.69 9.01 3.40 

l.Oe-04 A=lO.O,N=O.O 4.40 3.48 
l.Oe+OO A=lO.O,N=O.O 4.37 3.40 

l.Oe-04 A=l6.87,N=0.5 3. 63 3.04 
l.Oe+OO A=l6.87,N=0.5 3.61 3.12 
3.0e+OO A=l6.87,N=0.5 3.45 2.98 
5.0e+OO A=l6.87.N=0.5 3.12 2.98 

l.Oe-04 A=5.93,N=-0.5 5.52 3.83 
l.Oe+OO A=5.93,N=-0.5 5.47 3.83 

l.Oe-04 A=3.52,N=-l.O 6.89 4.18 
l.Oe+OO A=3.52,N=-l.O 6.84 4.18 

l.Oe-04 A=28. 46 I N=l. 0 3.02 2.73 
l.Oe+OO A=28.46,N=l.O 3.01 2.73 
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TABLE 5 

Effect of Exponent N 

U = 1358.2 cm/sec,T = 534.69°R,RPF = 4.5 x 10 6 
e e 

-06 F = 24.44 x 10 ,p = 0.9965 g/cc,µ =0.0091676 cp e e 

l.Oe-04 

l.Oe-04 
l.Oe-04 

l.Oe-04 
l.Oe-04 

l.Oe-04 

T w 

534.69 

A=3.52,N=-l.O 
A=5.93,N=-0.5 

A=l0.00,N=O.O 
A=l6.87,N=0.5 

A=28.46,N=l.O 

n 

9.36 

6.89 
5.52 

4.40 
3.63 

3.02 

R x 10- 6 
x 

3.26 

4.18 
3.83 

3.48 
3.04 

2.73 
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TABLE 6 

Effect of Exponent N 

U = 1358.2 cm/sec,T = 534.69°R,RPF = 4.5 x 106 
e e 

-06 F = 19.95 x 10 ,pe = 0.9965 g/cc,µe =0.0091676 cp 

l.Oe+OO 
l.Oe+OO 

l.Oe+OO 
l.Oe+OO 

l.Oe+OO 

T w 

A=3.52,N=-l.O 
A=5.93,N=-0.5 

A=l0.00,N=O.O 
A=l6.87,N=0.5 

A=28.46,N=l.O 

n 

8. 34 
6.94 

5.41 
3. 63 

2.37 

R x 10- 6 
x 

4.62 
4.49 

4.50 
4.01 

3.21 
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TABLE 7 

Effect of the Exponent N on growth rates 

Ue = 1358.2 crn/sec,Te = 534.69°R,RPF = 4.5 x 20 6 
-06 ' F = 19.95 x 10 ,pe = 0.9965 g/cc,µe =0.0091676 cp 

x (cm) N 

10.71 N=-1.0 
10.71 N=-0.5 

10.71 N=0.5 
10.71 N=l.O 

ex . 
l 

-2.5le-04 
-0.54e-03 

-0.15e-02 
-0.17e-02 
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They investigated the effect of the exponent N on the growth 

rates at x = x . r At x = x r' decreasing N is stabilizing 

because the temperature variation in Fig.3 shows that wall 

overheat increases for all x < x as the exponent N is de-r 

However for x > x the opposite is true and wall r creased. 

overheat increases for increasing N. 

It should be emphasized that, if x is greater than or r 

equal to or even slightly less than the streamwise position 

of Branch I I of the neutral stability curve, decreasing N 

will appear to be stabilizing. This is the reason why Nay-

feh and El-Hady (1980) after calculating n factors have ar-

rived at the conclusion that decreasing N is stabilizing. 

* As a test we changed x to 25. 0 cm for the case of w r 

4900, for which the branch II point occurs at x = 27.5 cm 

and calculated the effect of the exponent N on the n fac-

tors. At this value of xr' decreasing N appears to be stabi-

lizing as shown in Table 8, which agrees with the cone lu-

sions of Strazisar & Reshotko (1978) and Nayf eh & 

El-Hady( 1980). The conclusion that decreasing or increasing 

N is stabilizing actually depends on the location of the re-

ference point x and is thus not universal. r 



u = 1358.2 e 
F = 24.44 

l.Oe-04 

l.Oe-04 
l.Oe-04 

l.Oe-04 
l. Oe-04 

l.Oe-04 

Effect of 

x 

cm/sec,Te 

10-06 

T w 

,pe 

534.69 
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TABLE 8 

Exponent N for x 

= 534.69°R,RPF 

= 0.9965g/cc,µ e 

n 

9.36 

r 

= 

= 

= 25cm. 

4.5 x 106 

0.0091676cp 

R x 10- 6 
x 

3.26 

A=8. 21, N=-1 . 0 completely stable 
A=9.06,N=-0.5 3.04 3.69 

A=l0.00,N=O.O 4.40 3.48 
A=ll.04,N=0.5 5.56 3.26 

A=l2. 19, N=l. 0 6.48 3.26 



58 

5.3 FALKNER-SKAN FLOWS 

For the pressure gradient parameter of -0. 025, corres-

ponding to a flow over a wedge having a vertex angle of 4.5 

degrees, we calculated the n factors for the case of two di-

mensional stability. The results are shown in Table 9 and 
-6 Fig.6. Note that F = 12.5 x 10 produces a larger n factor 

but F = 27.4 x 10- 6 reaches n=9 much earlier. According to 

our modified definition, this is the most dangerous frequen-

cy. As a check the n factors for three-dimensional distur-

bances were calculated for F = 28.17 x 10- 6 . The result is 

the same as that for the flat plate; that is, three-dimen-

sional disturbances yield lower n factors than two-dimen-

sional disturbances. 

The effect of heating on Falkner - Skan boundary layers 

is the same as that for the flow over a flat plate. Three-

dimensional disturbances in heated boundary layers result in 

n factors equal to or less than those produced by two-dimen-

sional waves. For this value of x , increasing the exponent r 

N appears to be stabilizing. The results are shown in Ta-

ble 10 and Fig. 7. 
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TABLE 9 

Falkner - Skan Profiles 

U = 1358.2 cm/sec,T = 534.69°R,~=-0.025,RPF = e e 
6 4.5 x 10 

* w 

2500 
4800 
5000 
5500 
5650 
6000 

DT = 0.0,p = 0.9965 g/cc,~ = 0.0091676 cp e e 

F x l0-0 6 

12.46 
23.90 
24.93 
27.42 
28.17 
29.92 

n 

9.0 
9.0 
9.0 
9.0 
9.0 
9.0 

R x 10- 6 
x 

4.44 
2.67 
2.66 
2.64 
2.66 
2.83 
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5.4 AXISYMMETRIC BOUNDARY LAYERS 

We consider the axisymmetric flow past the prolate spher-

oid shown in Fig. 8. The expressions for the inviscid edge-

velocity components past this body are given by 

u/U = 2/(a a 0 ) [ 1 

v/U = 2/(a a o ) [ 1 

and 

cos8 = x/[x2 + y 2/(b 4 /a 4 ) 11/2 s 

a 0 = 2(1-e 2 )[1/2 log((l+e)/(1-e)) - e]/e 3 

e = [l - bz;a2]1/2 

where 

( 5. 1) 

( 5. 2) 

8 is the angle between the x axis and the surface normal s 

e is the eccentricity 

a is the semi-major axis 

b is the semi-minor axis 

The prolate spheroid under study is 6 feet long and 1 foot 

thick at the center.The free stream velocity is 6.036 rn/sec 

and the Reynolds number per foot ( RPF) based on the free 

stream velocity is 2.0 x 106 . 

Meier and Kreplin ( 1980) observed "growth of instabili-

ties" at x/2a = 0 .14 and "large increases in local wall 

J 
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TABLE 10 

Effect of exponent N 

Falkner Skan Profiles 
Ue = 1358.2 cm/sec,Te = 534:69°R,RPF-= 4.5 x 106 

p = 0.9965 g/cc,µ =0.0091676 cp e e 

27.43 
27.43 

T w 

A=5.93,N=-0.5 
A=l6.87,N=0.5 

n 

6.11 
4.83 

R x 10- 6 
x 

3.22 
2.73 
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shear stress" at 0.4 < x/2a < 0.5 in their experimental in-

vestigation of flow past a 1 6 prolate spheroid. Their 

smaller value corresponds to higher free stream velocities. 

Their maximum RPF value is 1.219 x 106 . 

We calculated the n factors for a RPF of 1.219 x 10 6 for 

a dimensional frequency of 200 Hz. The neutral point is ob-

tained at x/2a = 0.15 and n = 9 occurs at x/2a = 0.36. For 

a dimensional frequency of 800 Hz. and a RPF of 2. 0 x 106 

the disturbances become unstable at x/2a = 0. 14 and n = 9 

occurs at x/2a = 0.38. 

The modified definition of the most dangerous frequency 

is employed and is found to be in the range (820 - 900) Hz. 

The results are shown in Tables 11 and 12 and a sample plot 

is shown in Fig 9. 

5.4.1 Effect of Three-Dimensional Disturbances 

We calculated the n factors for three-dimensional distur-

* bances at the frequency w = 875 Hz. For this axisymmetric 

flow, three-dimensional disturbances result in slightly low-

er values of n. It seems that three-dimensional disturbances 

are not critical for axisymmetric problems either. The re-

sults are shown in Table 13. and a sample plot is shown in 

Fig.10. 
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806 
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TABLE 11. 

Axisymmetric Flow 

Prolate Spheroid 1 : 6 
= 6.036 m/sec,T = 534.69°R,RPF = 2.0 x 10 6 

e 
p = 0.9965 g/cc,µ =0.0091676 cp e e 

n max 

no growth 
no growth 

11.30 
11.23 
11.18 
11.16 
11.12 
11.06 
10.94 
10.75 
10.54 
10.33 
9.93 
9.52 
8.78 
6.17 

x(cm) 

92.78 
91.41 
91.41 
91 . 41 
91 . 41 
90.04 
88.70 
88.70 
86 . 07 
84.74 
80 . 83 
77.06 
72.12 
65.33 

x/2a 

0.507 
0.499 
0.499 
0.499 
0.499 
0.492 
0.485 
0.485 
0.471 
0.463 
0.442 
0.421 
0.394 
0.357 
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600 
750 
790 
800 
818 
837 
850 
862 
870 
875 
880 
887 
900 
950 

1030 

u = 6.036 
00 

p = e 

no 
no 
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TABLE 12 

Axisymmetric Flow 

Prolate Spheroid 1 : 6 
m/sec,T = 534.69°R,RPF = 2.0 x 106 

e 
0.9965 g/cc,µ =0.0091676 cp e 

n x(cm) 

growth 
growth 
9.0 69.79 
9.0 69.46 
9.0 68.97 
9.0 68. 91 . 
9.0 68.61 
9.0 68.43 
9.0 68.40 
9.0 68. 36 
9.0 68.40 
9.0 68.43 
9.0 68.77 
8.78 72.12 
6.17 65.33 

x/2a 

0.382 
0.381 
0.377 
0.377 
0.375 
0.374 
0.374 
0.374 
0.374 
0.374 
0.376 
0. 394 
0.357 
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TABLE 13 

Axisymmetric Flow 

Prolate Spheroid 1 : 6 
U = 6.036 m/sec,Te = 534.69°R,RPF = 2.0 x 106 

p = 0.9965 g/cc,µ =0.0091676 cp e e 

T w n max x(cm) x/2a 

--------------------------------------------------------
875 534.69 9.93 80.83 0.44 

875 A=7.5,N=-l.O 8.65 85.15 0.466 

875 A=8.6,N=-0.5 5.75 75.07 0.411 

875 A=lO.O,N=O.O 3.17 68.45 0.374 

875 A=ll.55,N=0.5 0.70 55.15 0.302 

875 A=l3. 33 I N=l. 0 no growth 
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5.4.2 Effect of Wall Overheat 

The power-law heating equation was used to arrive at the 

variable wall overheat. The results are presented in Table 

14 and Fig.11. Heating dramatically reduces the n factors . 

The tabulated n factors are the maximum values, and the dis-

turbances are stable further downstream. For this particu-

lar pattern of heating, increasing N appears to be stabiliz-

ing. 

Calculations were also performed for three-dimensional 

disturbances for the heated boundary layer case with varia-

ble wall overheat. We show the results in Table 15 and a 

sample plot in Fig. 12. Three dimensional-disturbances ap-

pear to be less critical resulting in lower growth rates 

than those produced by two-dimensional disturbances. 
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TABLE 14 

Heating And Three Dimensional Effects 

Prolate Spheroid 1:6 
U = 6.036 m/sec,T = 534.69°R,RPF = 2.0 x 106 
~ e 

* w = 875,p = 0.9965 g/cc,µ =0.0091676 cp e e 

l.Oe-04 
l.Oe-04 
l.Oe-02 
l.Oe-01 
l.Oe+OO 

T w 

A=0.00,N=O.OO 
A=S.66,N=-0.5 
A=S.66,N=-0.5 
A=S.66,N=-0.5 
A=S.66,N=-0.5 

n x/2a 

9.93 0.442 
5.75 0.411 
5.75 0.411 
5.75 0.411 
5.49 0.416 
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TABLE 15 

Three Dimensional Effects 

Prolate Spheroid 1:6 
U = 6.036 m/sec,T = 534:69°R,RPF = 2.0 x 106 

e 
* w = 875,p = 0.9965 g/cc,µ = 0.0091676 cp e e 

l.Oe-04 
l.Oe-02 
l.Oe-01 
l.Oe+OO 

n 

9.93 
9.93 
9.92 
9.57 

x/2a 

0.442 
0.442 
0.442 
0.435 
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Chapter VI 

CONCLUSIONS 

1. We have analyzed the three-dimensional stability of 

two-dimensional and axisymmetric boundary-layer flows. Num-

erical results are presented for the case of heated water 

boundary layers. 

2. A modified definition for determining the critical fre-

quency has been suggested. The critical frequency is the one 

that gives n = ntr' where ntr corresponds to transition, in 

the shortest possible distance on the body. This definition 

has been used to obtain the most dangerous frequency for the 

case of the Blasius boundary layer, the Falkner-Skan boun-

dary layer, and the axisymmetric boundary layer over a pro-

late spheroid. 

3. Three-dimensional disturbances have been studied. The 

results show that two-dimensional waves are more critic al 

and yield higher n factors than three-dimensional waves for 

all heated and unheated boundary layers irrespective of the 

pressure gradient and the wall geometry. 

4. The effect of heating a water boundary layer on the n 

factors has been evaluated. Moreover the effect of variable 

wall overheat has been studied. The results show that the 

stability strongly depends on the actual heat distribution. 

76 



BIBLIOGRAPHY 

Bacon, J. W. ,V. L. Tucker and W. Pfeninger (1959) 
Experiments on a 30 degree swept 12 % thick symmetrical 
laminar suction wing in 5 ft. by 7 ft. Univ. of Michigan 
Tunnel, Northrop Corp. Norvair Div. Report Nor-59-328 
(BLC-119). 

Bouthier, M. (1972) Stabilite lineaire des ecolurnents 
presque paralleles - I, Journal de Mecanique, Vol.11, 
No.4, pp.599-621. 

Bouthier, M. (1973) Stabilite lineare des ecoluments presque 
paralleles II - la couche limite de Blasius, Journal de 
Mecanique, Vol. 12, No.l, pp.75-95. 

Brown, W. B.(1961) A stability criterion for three-
dimesional laminar boundary layers, in Boundary Layer and 
Flow Control, Vol.2, G. V. Lachmann (ed.), Pergamonn 
Press, New York 1961, p.913. 

Cebeci, T. and K. Stewartson (1980) On stability and 
transition in three-dimensional flows, AIAA J ,Vol. 18 
,No.4, pp. 398-405. 

DiPrirna, R. C. and D. W. Dunn (1965) Effect of heating and 
cooling on the stability of the boundary layer flowof a 
liquid over a curved surface, Journal of Aerospace 
Science, Vol.23, No.10, pp. 913-916. 

Gregory, N.,J.T.Stuart and W.S. Walker(l955) On the 
stability of three dimensional boundary layers with 
application to the flow due to rotating disk, 
Philosophical Transactions of the Royal Society of London 
Ser.A, Vol.248, pp. 155-199. 

Gaster,M. (1974) On the effects of boundary layer growth on 
stability, Journal of Fluid Mecanics, Vol. 66, part 3, 
pp. 465-480. 

Gentry,A.E. (1976) The transition analysis program system, 
Vol I - User's manual. Report No. MDC J7255/0l, McDonnell 
Douglas Corporation, Long Beach, California. 

Gentry,A.E. and A.R.Wazzan (1976) The transition analysis 
program system Vol. II - program formulation and 
listings. Report No. MDC J7255/02, Mcdonnell Douglas 
Corporation, Long Beach, California. 

77 



78 

Hauptmann, E.G. (1968) The influence of temperature 
dependent viscosity on laminar boundary layer stability. 
International Journal of Heat and Mass Transfer, Vol. 11, 
pp. 1049-1052. 

Jaffe,N. A.,J. J. Okamura and A.M.O. Smith (1970) 
Determination of spatial amplification factors and their 
application to predicting transition, AIAA J Vol.8, No. 
2, pp. 301-308. 

Kachanov,Y.S., V.V. Kozlov and V.Y. Levechenko (1975) Growth 
of small disturbances in a laminar boundary layer, (in 
Russian) Ucheniya Zapiski TSAGI Vol.6, pp. 137-140. Also 
in Fluid Mechanics Soviet Research (in English) 1979, 
Vol. 8, No.2, pp 152-156. 

Kaups, K. and T. Cebci (1977) Compressible laminar boundary 
layers with suction on swept and tapered wings, 
J.Aircraft, Vol.14, No.7, pp.661-667. 

Klebanoff,P.S., K.D. Tidstrom and L.M. Sargent (1962) The 
three dimensional nature of boundary layer stability, 
Journal of Fluid Mecanics, Vol.12, part l, ppl-34. 

Kaplan,R. E. (1964) The stability of laminar incompressible 
boundary layer in the presence of compliant boundaries, 
MIT Report No. ASRL Tr 116-1. 

Kovasznay,L. S. G. H. Komada and B. R. Vasudeva (1962) 
Detailed flow field in Transition, Proc. 1963 Heat 
Transfer and Fluid Mech. Inst. Stanford Univ. Press.,l. 

Kurtz,E.F. (1961) A study of the stability of laminar 
parallel flows, Ph.D Thesis Massachusetts Institute of 
Technology, Cambridge, Massachusetts. 

Liepmann,H. W. (1945) Investigation of boundary layer 
transition on concave walls, NACA ACR 4J28, Washington 
D.C. 

Liepmann,H.W. and G.H.Fila (1947) Investigations of the 
effect of surface temperature and single roughness 
elements on boundary layer transition. NACA Report 890. 

Liepmann,H.W. ,G.L.Brown and D.M.Nosenchuck (1982) Control of 
laminar instability waves using a new technique, Journal 

· of Fluid Mecanics Vol. 118,pp. 187-200. 



79 

Liepmann,H.W. and D.M.Nosenchuck (1982) Active control of 
laminar turbulent transition, Journal of Fluid Mecanics 
Vol.118, pp.201-204. 

Linke,W. (1942) Uber den Stromungswiderstand einer beheizten 
ebenen platte. Luftfahrtforschung, Vol. 19,p.157. 

Lowell,R.L., and E. Reshotko (1974) Numerical study of the 
stability of a heated water boundary layer, Report 
FTAS/TR-73-95, Case Western Reserve University. 

Mack,L.M (1969) Boudary layer stability theory, JPL Document 
900-277 (Rev.14), Pasadena, California. 

Mack,L. (1975) Linear stability theory and the problem of 
boundary layer transition, AIAA Journal Vol.13, 
pp.278-289. 

Mack,L.M. (1977) Transition prediction and linear stability 
theory, AGARD-CP_224, AGARD Fluid Dynamics Panel 
Symposium, Laminar Turbulent Transition, Paper No.l. 

Mack.L.M. (1978) Three dimensional effects in boundary layer 
stability, Proc. Twelfth Symposium on Naval 
Hydrodynamics, National Academy of Sciences, Washington 
D.C. 1963. pp.63-76. 

Mack.L.M. (1979) On the stability of the boundary layer on a 
transonic swept wing, AIAA paper No.79-0264. 

Malik,M.R., S.P. Wilkinson and S. A. Orszag (1981) 
Instability and transition in rotating disk flows, AIAA J. 
Vol.19, No.9, pp.1131-1138. 

Meier,H.U and H.P.Kreplin (1980) Experimental investigation 
of the boundary layer transition and seperation on a body 
of revolution, Z.Flugwiss Weltraumforsch, Vol.4, heft 2, 
pp. 65-71. 

Morkovin.M.V. (1978) Instability, transition to turbulence 
and predictability, AGARDograph No.236. 

Nayfeh, A. H. (1980a) Introduction to Perturbation 
Techniques, Wileyinterscience, New York. 

Nayfeh, A.H. (1980b) Stability of three dimensional boundary 
· layers, AIAA Journal Vol. 18, No.4, pp.406-416. 



80 

Nayfeh, A. H. (1980c) Three-dimensional stability of growing 
boundary layers, IUTAM Symposium on Laminar Turbulent 
Transition,Stuttgart, Springer-Verlag,Berlin, pp.201-217 

Nayfeh, A.H. and N. M. El-Hady (1980) Nonparallel stability 
of two-dimensional nonuniformly heated boundary-layer 
flows, Physics of Fluids, Vol.23, No.l, pp.10-18. 

Nayfeh, A. H. and A. R. Padhye (1979) Relation between 
temporal and spatial stability in three-dimensional 
flows, AIAA Journal Vol.17 No.10, pp.1084-1090. 

Nayfeh, A.H. and A.R. Padhye (1980) Neutral stability 
calculations for boundary layer flows, Physics of Fluids, 
Vol. 23, pp. 241-245. 

Nayfeh, A. H. and H.L.Reed (1982) Stability of flows over 
axisymmetric bodies with porous suction strips, AIAA 
paper 82-1025. 

Nayfeh, A. H, W. S. Saric and D. T. Mook (1974) Stability of 
nonparallel flows, Archives of Mechanics Warsaw, Vol.26, 
pp.401-406. 

Osborne, M.R. (1967) Numerical methods for hydrodynamic 
stability problems, SIAM J. Appl. Math. Vol.15, No.3, pp. 
539-557. 

Padhye,A.H. and A.H. Nayfeh (1981) Nonparallel stability of 
three-dim ensional flows, AIAA Paper No.81-1281. 

Pfenninger, W., L. Gross and T. W. Bacon (1957) Experiments 
on a 30 degree swept 12 % thick symmetrical laminar 
suction wing in the 5 ft. by 7 ft. University of Michigan 
tunnel, Northrop corporation, Norvair Div. Rep. 
NAI-57-317 (BLC-93). 

Potter, M. C. and E. Graber (1972) Stability of plane 
poiseuille flow with heat transfer, Physics of Fluids, 
Vol.15, No.3, pp. 387-391. 

Ragab, S. A and A. H. Nayfeh (1981) Gortler instability, 
Physics of Fluids, Vol. 24, No.8, pp. 1405-1417. 

Reed, H. L. (1981) The Tollmien-Schlichting Instability of 
Laminar Viscous Flows, Ph. D Dissertation, Virginia 
Polytechnic Institute and State University. 



81 

Reed, H. L. and A. H. Nayfeh (1982) Stability of 
compressible three dimensional boundary layer flows, 
AIAA/ASME third joint thermophysics, fluids, plasma and 
heat transfer confernce.AIAA paper No. 82-1009. 

Reshotko, E (1976) Boundary layer stability and transition, 
Annual Review of Fluid Mechanics, Vol. 8, pp.311-349. 

Reshotko, E. (1978) Heated boundary layers, Twelfth 
Symposium on Naval Hydrodynamics, Washington D.C., pp. 
33-47. 

Ross J. A. ,F.H. Barnes,J.G. Burns and M.A.S. Ross (1970) The 
flat plate boundary layer, part3, comparison of theory 
with experiment, Journal of Fluid Mecanics Vol.43, pp. 
819-832. 

Saric W. S. (1983) Private communication. 

Saric W. S. and A. H. Nayfeh (1975) Nonparallel stability of 
boundary layer flows, Physics of Fluids, Vol.18, No.8, 
pp.945-950. 

Saric, W. S. and A. H. Nayfeh (1977) Nonparallel stability 
of boundary layers with pressure gradients and suction, 
AGARD Conference Proceedings No. 224, Laminar Turbulent 
Transition, Paper No.6. 

Schlichting, H. (1935) Amplitudenverteilung und 
Energiebilanz der Kleinen Stoungen bei der 
plattenstromung, Nachr. Ges. Wiss. Gottingen, 
Math. ,Phys. ,Klasse, Vol.l, p.47. 

Schubauer, G. B. and H.K. Skramstad (1947) Laminar boundary 
layer oscillation and transition on a flat plate, J Aero 
Sci. Vol. 14, p. 69. 

Scott,M.R. and H.A. Watts (1975) SUPORT - A computer code 
foL two-point boundary-value problems via 
orthonormalization, Report No. SAND75-0198 Sandia 
Laboratories, Albuquerque,New Mexico. 

Scott,M.k. and H.A.Watts (1977) Computational solution of 
linear two-point boundary-value problems via 
orthonormalization. SIAM Journal of Numerical Analysis, 
Vol. 14, No. l,pp 40-70. 

Smith, A. M. 0. and N. Gamberoni (1956) Transition, 
pressure gradient and stability theory, Douglas Aircraft 
Company, Inc. Report No. ES 26388. 



82 

Sorokowski, A. J. and S. A. Orszag (1977) Mass flow 
requirements for LFC design, AIAA paper No. 77-1222. 

Strazisar, A. J. J. M. Prahl and E. Reshotko (1975) 
Experimental study of heated boundary layers in water, 
Fluid, Thermal and Aerospace Sciences, Case Western 
Reserve University Report. ,FTAS/TR-75-113. 

Strazisar, A. J., E. Reshotko and J. M. Prahl (1977) 
Experimental study of heated laminar boundary layers in 
water, Journal of Fluid Mecanics,Vol. 83, No. 2, 
pp.225-247. 

Strazisar, A. J. and E. Reshotko (1978) Stability of heated 
laminar boundary layers in water with non-uniform surface 
temperature, Physics of Fluids, Vol. 21, No. 5, pp. 
727-735. 

Tani, I. (1969) Boundary layer transition, Ann. Rev. Fluid 
Mechanics, Vol. 1, pp. 169-196. 

Tollmien, W. (1929) Uber die entstehung der turbulenz, 
Nachr. Ges. Wiss. Gottingen, Math. Phys. Klasse pp. 
21-24, (Translated as NACA TM 609, 1931). 

van Ingen, J. L. (1956) A suggested semi-empirical method 
for the calculation of the boundary layer transition 
region, Dept of Aero. Eng. Univ. of Technology, Delft, 
Holland, Report. VTH - 71 and 74. 

Wazzan, A. R., T. T. Okamura and A. M.O. Smith (1968) The 
stability of water flow over heated and cooled flat 
plates,Journal of Heat Transfer, Vol. 90, pp. 109-114. 

Wazzan, A. R., T.T. Okamura and A. M. 0. Smith (1970a) The 
stability and transition of heated and cooled 
incompressible laminar boundary layers, Proc. fourth 
Intl.Heat Transfer conf, ed. U.Grigull and E. Hahne, 
Vol. 2, FC1~4, Amsterdam, Elsevier publishing company. 

Wazzan, A. R., T. T. Okamura and A. M. 0. Smith (1970b) The 
stability of incompressible flat plate laminar boundary 
layers in water with temperature dependent viscosity, 
Proc. Sixth Southeastern Seminar on Thermal Sciences, pp. 
184-202. 

Wazzan, A. R., G. Keltner, T. T. Okamura and A. M. 0. Smith 
(1972) Spatial stability of stagnation water boundary 
layers with heat transfer, Physics of Fluids, Vol.15, No. 
12, pp. 2114-2118. 



Appendix A 

COMPONENTS OF MATRIX A 

All A .. = 0 except the following: 
J. J 

= R/µ [-iwp + iaU p J + (a 2+6 2 ) s s s s 

= -Dµ /µ s s 

A23 = R/µ [ s p DU - iaDµ /R + iaµ (s+l)Dp /Rp ] s s s s s s 

Az4 = 

A31 = 

iaR/µ s 

-ia 

-Dp /p s s 

= [-2iaDµ + iraµ (Dp /p ) ]/R s s s s 

A.;2 -· -iaµ /R s 

-ip ( -w+aU ) s s 

µ (Dp /p ) 2 ]/R s s s 

-[µ (a2+62 s 

A4 5 = i6(rµ Dp /p - 20µ )/R s s s s 

83 

+ rD(Dp /p )) s s + r ( Dµ Dp /p -s s s 



84 

Ass = l. 0 

As3 = -i6(Dµ /µ (s+l)Dp /p ) s s s s 

As 4 = i6R/µ s 

Ass = ip R(-w+cxU )/µ + ex 2 + 52 
s s s 

Ass = -Dµ /µ s s 



+ woaU /az 1 l s 

Appendix B 

+ i/R{ 2µ io:au 0 /ax i s 

+ 

+ 

2µ iuo ao:/ax 1 + 2io:u 0 aµ / ax 1 + 2io:µ au 0 /ax 1 + io:>. au 0 /ax 1 + s s s s 
io:u 0 a>. /ax 1 + io:>. au 0 /ax 1 + i>. u 0 ao:/ax 1 +>. a2 v 0 /ax 1 ay + av 0 /ay s s s s 

2i8µ auo/az1 + iµ Uo a8/az1} s s 

= -p [avo/at1 s 
W av 0 /az 1 l + l/R{io:v 0 aµ /ax s s 

+ 

+ 

+ io:µ avo/ax1 + iµ Vo ao:/ax1 + s s 

+ u 0 aw /ax 1 s 

io:a>. /az i s 

+ 

+ 

i). s 

a-o:/az 1 ) + au 0 /ax 1 (-i8µ i8>.) + au 0 /az 1 (-io:µ - io:>.) + s s s s 
a2 v 0 /ayaz 1 (-µ ->. ) +av 0 /az 1 (-aµ /ay) + aw 0 /az 1 (-2iµ S-2iµ s s s s s 
-2ifn) + av 0 /ay(-a>. /az 1 )} s s 

85 



Appendix C 
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Appendix G 

COMPONENTS OF MATRIX C 
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COMPONENTS OF MATRIX P 
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Appendix I 
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STABILITY OF HEATED BOUNDARY LAYERS 

WAQAR ASRAR 

A three-dimensional 

for two-dimensional 

(ABSTRACT) 

linear stability analysis is 

boundary ,layer flows. The 

presented 

method of 

multiple scales is used to derive the amplitude and the wave 

number modulation equations,which take into account the 

nonparalleli sm of the basic flow. The zeroth-order 

eigenvalue problem is numerically integrated to calculate 

the quasi-parallel growth rates which are then integrated 

together with the nonparallel growth rates along the 

characteristics of the wave number modulation equations to 

evaluate the n-factors. The n-factors are used to determine 

the most dangerous frequency. 

The most critical frequency is defined to be the one that 

yields the n-factor corresponding to transition in the 

shortest possible distance. This definition is used to 

evaluate the critical frequency for the Blasius boundary 

layer, a wedge flow and an axisymmetric boundary layer. 

The effect of three-dimensional disturbances is evaluated 

and found to be less critical than two-dimensional 

disturbances regardless of the pressure gradient, the 

temperature distribution of the wall and the wall geometry. 

The effect of heating the boundary layer is evaluated 

for the Blasius, Falkner-Skan and axisymmetric boundary 

layers. In all the cases considered, heating substantially 

reduces the n-factors. Results are compared with those of 



Strazisar & Reshotko (1978) and Nayfeh & El-Hady (1980). 
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