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1. Introduction

There are several notions of what it means for a Hermitian matrix X to be “non-
negative”. For instance, we could require that X has non-negative eigenvalues; such
matrices are called positive semidefinite (PSD) and we denote the set of them by PSD.
If we further wish the entries to be non-negative (in some fixed basis), then such ma-
trices are called doubly non-negative (DNN), the set of which is denoted DANN. There
are, however, many other useful definitions of non-negativity. For example, the set of
completely positive (CP) matrices, denoted CP, is defined as

cpe conv{xx' :x >0} (1)

where, again, entrywise non-negativity of the vector x is with respect to a fixed basis,
as is the transpose x . It is straightforward to see that we have the inclusions

CP C DNN C PSD. 2)

Moreover, it can be shown that CP and DNN are the same if and only if the matrices
are of size 4 x 4 or smaller [1].

Optimizing over the set of doubly non-negative matrices can be done efficiently using
semidefinite programming, but, on the other hand, optimizing over CP is NP-hard [2].
Many natural NP-hard problems can be modeled via an optimization over the set of
CP matrices as a cone program, and its relaxation to the set of DNN matrices gives a
semidefinite programming relaxation to such problems which, as mentioned above, can
be solved efficiently.

Although CP matrices are well-studied in the optimization community [3,4], they have
seen only a few applications in the quantum information theory literature. Some examples
of such applications include the fact that a mixed Dicke state is separable if and only if
a certain associated matrix is CP [5,6], the related fact that copositive matrices (which
are dual to CP matrices) can be used to construct symmetric entanglement witnesses [7],
and the use of completely positive matrices in determining separability or entanglement
of quantum states with diagonal unitary symmetries [8,9]. CP matrices also arise in the
study of classical correlations with respect to a non-local game [10].

Indeed, when one utters the words “completely positive”, a quantum information
theorist is almost surely going to think of superoperators. A superoperator @ is said
to be positive if it maps PSD matrices to PSD matrices (not necessarily of the same
dimension) and is said to be completely positive' if (1 ® ®) is positive for all k € N,
where 1, is the identity map on k X k matrices. This notion of complete positivity is
one of two ingredients in the definition of a quantum channel (the other being trace-
preservation).

1 'We use CP to denote the set of completely positive matrices and avoid using any notation for completely
positive superoperators to avoid confusion.
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In this paper, we combine the two notions of complete positivity and look at superop-
erators which map CP matrices to CP matrices (not necessarily of the same dimension)
as in the following (informal) definition. (A formal definition can be found in Section 2).

Definition 1. A superoperator ® is said to be a completely positive completely positive
(CPCP) map if, for all k € N, we have

(1 ® ®)(X) is CP whenever X is CP. (3)
We denote the set of completely positive completely positive maps by CPCP.

We show that CPCP maps are also completely positive, and are thus valid quantum
channels as long as they are also trace-preserving. This paper studies CPCP quantum
channels and how they act on particular quantum states, most notably the states that
are represented by a CP density matrix, which we now discuss.

A density matriz is a positive semidefinite matrix with unit trace. Density matrices
are the most general description of a quantum state, and we identity quantum states
with their density matrices. If a quantum state p has rank 1 then it can be written as
xx* for some column vector x satisfying ||x||2 = 1. In this case, we identify the quantum
state with x itself and it is called a pure state. In this paper we use Dirac notation for
pure states, i.e., the notation |v) refers to a column vector/pure quantum state with
lllv}]l2 = 1, and we only use this notation for vectors with unit norm. The notation (v|
is defined as (v| def |v)*, the conjugate transpose of |v). Notice that |v)(v| is a rank-1
density matrix.

When we say that a quantum state p is CP, we mean that p € CP and Tr(p) = 1.
Indeed, every CP quantum state can be decomposed as

Z/\z‘ |vi){wil, (4)

where |v1),...,|v,) > 0 (with this inequality being meant entrywise), and Aq,..., A, >0
satisfy Y7 A; = 1. We see that |v) > 0 means that |[v) can be written as a non-
negative linear combination of the fixed basis vectors, or in quantum terms, has non-
negative amplitudes. Such quantum states are obviously preserved under CPCP quantum
channels.

One reason that CP quantum states are interesting is because they are ground states
of stoquastic Hamiltonians. A Hamiltonian is represented by a Hermitian matrix H and
a quantum state p is in its ground space if it satisfies

Tr(Hp) = Amin(H), (5)

where A, denotes the minimum eigenvalue. The Hamiltonian H is said to be stoquastic
if all of its off-diagonal matrix elements (in a fixed basis) are real and non-positive.
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It follows from the Perron-Frobenius theorem that there exists a ground state of such
a Hamiltonian that is CP. These quantum states are well-suited to Quantum Monte
Carlo methods since they avoid the so-called Sign Problem and can thus be efficiently
simulated [11]. Dealing with the Sign Problem is one of the biggest challenges in the
study of many-body quantum systems. Therefore, deciding whether a quantum state
is CP (in some basis) is very closely related to the task of deciding whether it can be
simulated efficiently using Quantum Monte Carlo methods.

To give a framework for studying CP quantum states and CPCP quantum channels,
we examine them from the perspective of a resource theory. Resource theories [12] have
been very effective for studying other interesting notions in quantum mechanics such as
entanglement [13], coherence [14], and quantum computation with stabilizer states and
operations [15], to name a few. Briefly, a resource theory has a set of free resources (in
our context, CP quantum states) and a set of free operations which preserve the free
states (in our context, CPCP quantum channels). A quantum state which is not free
is said to be resourceful. In this paper, we introduce and explore the resource theory
for non-negativity of quantum amplitudes that arises from considering these sets of free
states and free operations. In particular, we investigate questions such as:

e« How resourceful is a particular state?

e What is the most resourceful state?

e Can we experimentally witness non-freeness of a state?

e Are free operations physically or operationally motivated?

The resource theory we develop in this paper has close connections to other possible
and existing resource theories. Another definition of a pure CP quantum state |v) is
that each of its entries has the same relative phase, i.e., there exists € [0,27) such
that e®|v) > 0. This is because this phase does not appear in the outer product |v){v|.
So, the resource theory of non-negative amplitudes could equivalently be considered as
a resource theory of “phaseyness”, which is closely related to the already-investigated
resource theory of “imaginarity” [16,17]. Also, since CP quantum states are efficiently
simulatible, this resource theory is closely related the resource theory of efficient simu-
latible quantum states. Towards the end of the paper, we compare the resource theory
of non-negative amplitudes to the resource theory of coherence.

Paper organization We introduce our notation and mathematical preliminaries needed
for our results in Section 2. We then start building up our resource theory by exploring
its set of free states in Section 3, which as mentioned earlier are the CP quantum states.
In Section 4 we explore the cone dual to the set of free states, which act for witnesses
of this resource. In Section 5 we introduce various families of quantum channels that
preserve these free states and thus act as free operations in this resource theory. We then
explore various ways of measuring how resourceful a state is in Section 6 and discuss the
most resourceful state. We then close in Section 7 with some remarks about how this
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resource theory relates to the resource theory of coherence, and in Section 8 with some
open questions.

2. Mathematical preliminaries and notation

Our notation and terminology is mostly standard in quantum information theory, so
we direct the reader to the books [18,19] for a more thorough introduction. We use “kets”
like |v),|w) € C™ to denote complex column vectors with (Euclidean) norm 1, which
represent pure quantum states, and we use boldface lowercase letters like v,w € C" to
denote column vectors whose norms perhaps differ from 1. The standard (computational)
basis of C™ is {|]>}?;01 We use M, ,, to denote the set of m x n complex matrices,
M, = M, ,, and D,, C M, to denote the set of n x n density matrices (i.e., positive
semidefinite matrices with trace 1, which represent mixed quantum states).

Standard inequality signs are meant entrywise, so that |v) > 0 means that every
entry of |[v) € C™ is real and non-negative, and A > 0 means the same for the entries of
A € M,,. On the other hand, we use alternative inequality signs, asin A = 0 and A < B,
to refer to the Loewner partial order, i.e., they mean that A and B — A are Hermitian
positive semidefinite, respectively.

The set of linear maps from M, to M,, is denoted by L(M,, M,,). Of particular
interest are the linear maps ® € L(M,,, M,,) that are both completely positive, i.e.,

(1x @ ®)(X) = 0 whenever 0 X X € M ® M,, and k € N, (6)
where 1y € L(My, My) is the identity map, and trace-preserving, i.e.,
Tr(®(X)) = Tr(X) for all X € M, (7)

Linear maps with these two properties represent quantum channels, and some particu-
larly important examples include the partial traces

Try : M, ® M, — M,, defined by Tri(A® B) = Tr(A)B for all A€ M,,,B € M,;
(8)

Tro : M,,, ® M,, — M, defined by Tro(A® B) = Tr(B)A for all A€ M,,,B € M,.
(9)

A linear map ® € L(M,, M,,) is completely positive if and only if its Choi matriz
def n—1
7@ Y il e e (i) (10)
i,j=0

is positive semidefinite [20], and trace-preservation of ® is equivalent to Tra(J(®P)) = I,,
where I,, € M, is the n x n identity matrix. Equivalently, ® is completely positive if and
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only if it can be written in the form ®(X) = Z?:l A; X A% for some family of matrices

{A1,...,Ax} C My, ,, called Kraus operators, and trace-preservation of ® is equivalent
k
to ) i1 AjA; =1

3. Free states: normalized completely positive matrices

Every quantum resource theory consists of two components: a subset F,, C D,, con-
sisting of free states, which are the states that are “useless” at the particular task(s)
considered by the resource theory, and a set of quantum channels that send F,, to Fp,
(called free operations) [12,21].

For the present resource theory, the free pure states are simply those that have non-
negative amplitudes with respect to some fixed basis of C™ (which we assume is simply
the computational basis for convenience). Equivalently, since pure states are only defined
up to global phase, these are the pure states in which all entries have the same phase
as each other. In other words, |v) is free if and only if there exists § € [0,27) such that
'?|v) has real and non-negative amplitudes. For mixed states, the free states are simply
the convex combinations of (projections onto) these pure states:

def u “
CPn = ij|vj><vj| €Dy : |v1>,-~'7|vm> > Oa D1y yPm = 07 ij = 1; m € N
j=1 j=1

(11)

Equivalently, the set CP,, consists of the reduced states that are obtainable after tracing
out one half of a pure state with non-negative amplitudes:

CPn = {Tri(Jv)(v]) €Dp:0< |v) e C"®@C",m e N}. (12)

Indeed, this equivalence follows immediately from that fact that we can write every
0<|v) e C"®@C" as |v) = Z;-n:_ol l7) ® \/Pjlv;) for some non-negative {p;} and
entrywise non-negative {|v;)}. A pure state [v) € C™ ® C" for which Try(Jv)(v|) = p is
called a purification of p, so Equation (12) says that CP,, consists exactly of the density
matrices that have an entrywise non-negative purification.

Determining whether or not a particular mixed state p is free (i.e., determining if
p € CP,) is NP-hard [2], so we sometimes work with the set of doubly non-negative
density matrices instead:

DNN, ¥ {peD,:p>0}. (13)

Membership in DAV, can be determined straightforwardly, which makes it much easier
to work with in many settings. It is straightforward to see that CP,, C DNN,,, and it is
true (but not straightforward to see) that equality holds if and only if n < 4 [1]. When
n > 5, there are density matrices with non-negative entries that nonetheless are not
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completely positive (and thus not free in this resource theory), with one simple example
[22] being

1 10 0 1

1112100
p=-10 1 2 1 0| € DNN;5\CPs. (14)
9970 0 1 1 1

100 1 3

In particular, the fact that this mixed state is not completely positive means that, despite
its entries all being real and non-negative, it does not have a purification with real and
non-negative entries. We verify that the state (14) is not completely positive in Section 4
(though this example is well-known in the literature of completely positive matrices).

3.1. The completely positive rank

It is worth emphasizing that the number of terms required in the convex sum in
Equation (11) (or equivalently, the dimension m needed in Equation (12)) is indeed
finite, and we can choose m < n?+1 by Carathéodory’s Theorem. The minimum number
of terms m needed to represent a particular state p € CP,, in this way is called its
completely positive rank (CP-rank), and the argument we just provided shows that the
CP-rank of every CP state is no greater than n? + 1. In fact, this bound can be reduced
by roughly a factor of 2: it was shown in [23] that the CP-rank of every CP state is at
most n(n + 1)/2 — 1, but the best possible upper bound is not known in general (for
example, when n = 5, the maximum CP-rank is 6 [24], which is smaller than the general
upper bound of 5(54+1)/2 — 1 = 14).

The central problem investigated in [25] was whether or not a given pure quantum
state in a tensor product space could be transformed via local unitary operations into
one that has non-negative entries. The Schmidt decomposition tells us that for every
pure state |v) € C™®C", there exist unitary matrices Uy € M, and Uy € M, such that
(Uh1@U2)lv) =32, Ajlj)®[j) = 0, where {A;} are the (non-negative) Schmidt coefficients
of |v). The following proposition uses the CP-rank to answer the variant of this question
where we only have unitary freedom on one half of the state, rather than both halves.

Proposition 1. Suppose [v) € C™ ® C™ is a pure state. There exists a unitary matriz
U € My, such that (U ® Ip,)|v) > 0 if and only if Tri(|v){(v|) is completely positive with
CP-rank < m.

Proof. For the “only if” direction, suppose that there is a unitary matrix U such that
|w) := (U ® I,)|v) > 0. If we write |w) = Z;.":_Ol |7) ® wj, then w; > 0 for each j, then

m—1

Ty (o) {v]) = Tra(jw) (w]) = Y wyw], (15)

J=0
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which is completely positive with CP-rank < m.

The “if” direction follows by reversing the above argument and noting that given two
pure states |v), |w) € C™ ® C", they satisfy Trq (Jv)(v|) = Tr1(|Jw){(w]|) if and only if there
exists a unitary matrix U € M, such that |w) = (U ® I,)|v) [18, Theorem 2.12]. O

However, determining whether or not such a local unitary transformation exists in
the multipartite case (i.e., where we have three or more tensor factors, rather than just
two) seems much more difficult.

4. Witnesses: copositive matrices

A real symmetric matrix W € M,, is called copositive if (v|W |v) > 0 whenever |v) > 0,
or equivalently, if Tr(Wp) > 0 whenever p € CP,,. In other words, copositive matrices are
the members of the dual cone of CP,,, if we think of CP,, as a subset of the vector space of
real symmetric n X n matrices. However, in our setting of quantum information theory, it
is much more natural to regard CP,, as a subset of the complex Hermitian n x n matrices.
When we do this, the dual cone CP;, actually consists not only of copositive matrices,
but also any Hermitian matrix W whose entrywise real part? $(W) is copositive:

CP; ={W =W"* € M, : R(W) is copositive}. (16)

In other words, CP, consists of the copositive matrices plus arbitrary imaginary part
(subject to Hermiticity). Indeed, if W is such a matrix then Tr(Wp) = Tr(R(W)p) > 0
whenever p € CP,, thanks to Hermiticity of W and realness of p. Note that unlike the
members of CP,,, we do not place any normalization condition on the members of CP;,,
as it is a cone.

A standard separating hyperplane argument shows that for every density matrix
p & CP,, there exists W € CP; for which Tr(Wp) < 0. In fact, W can always be
chosen to be real, if desired, and hence a copositive matrix. For this reason, we think
of copositive matrices as witnesses for the resourcefulness of the non-free state p (just
like every entangled state can be verified to be entangled via some entanglement wit-
ness). Furthermore, this method provides a way of demonstrating the resourcefulness of
a state that is directly measurable in a lab—W can be thought of as an observable that
we measure in a system with state p, and Born’s rule tells us that Tr(Wp) < 0 is the
average result of that measurement.

It is clear that if a symmetric matrix W € M,, can be written as the sum of a positive
semidefinite matrix and an entrywise non-negative matrix then it is copositive, since

2 We mean “real part” entrywise, not in the sense of the Hermitian + skew-Hermitian Cartesian decom-
position.
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Tr(Wp) > 0 for all p € CP,,. In fact, the matrices of this form are exactly the real parts

of the members of the dual cone of the doubly non-negative density matrices:

DNNS ={W =W*e M, :R(W)=X+Y,X =0,V >0}. (17)

Since CP,, € DNN,, with equality if and only if n < 4, it follows immediately from
standard results about dual cones (see [26], for example) that DNN? C CP; with
equality if and only if n < 4 as well.

The most well-known matrix that is copositive but not a member of DNN; is the
Horn matriz [22] Wy, where for © > 1 we define

Wy=|2z -1 1 -1 =z|. (18)

In fact, the Horn matrix W; verifies that the density matrix p from Equation (14) is
indeed not completely positive as we claimed earlier, since Tr(Wip) = —1/9 < 0.

To confirm that W, ¢ DNN; for all z > 1, we can simply use semidefinite program-
ming. To verify that W; is indeed copositive, we compute

5 5
2
> 0(vj = Vi1 F Vi + Vs — Vi) 4D 0010543
— —
VTW1V = ! /
V1 + Vg + U3 + Vg4 + Us

>0 (19)

whenever 0 # v > 0, where the subscripts above are taken modulo 5. Copositivity of W,
when x > 1 then also follows by just noting that W, is the sum of W; and an entrywise
non-negative matrix. More generally, to show that a matrix is (or is not) copositive or
completely positive, we can make use of semidefinite programming hierarchies like the
one introduced in [27].

5. Free operations: completely positive-preserving and completely positive completely
positive maps

The free operations in this resource theory are the quantum channels ® € L(M,,, M,,)
that preserve complete positivity. We refer to such channels as CP-preserving, and they
satisfy

®(X) € CP,, whenever X € CP,,. (20)

3 Again, we are considering DA'N,, as a subset of the set of complex Hermitian matrices. If we considered
it as a subset of real symmetric matrices, its dual cone DNN¢, would be the same, except its members
would all be real.
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It is natural to ask which CP-preserving channels remain CP-preserving upon ten-
soring them with an identity channel of arbitrary size (i.e., when they act on just part
of a quantum state rather than the whole state). For this reason, we call a linear map
® € L(M,, M,,) a completely positive completely positive (CPCP) map if it satisfies

(1 ® ®)(X) € CPrm whenever X € CPpy,. (21)

Equivalently, a linear map is CPCP if 1, ® ® is CP-preserving for all k£ > 1. If we instead
regard CPCP channels as the free operations then, in the terminology of [12], it gives
this resource theory a tensor product structure.

The first result of this section characterizes CPCP maps in a few other ways that are
analogous to the various well-known characterizations of completely positive maps.

Theorem 1. Suppose ® € L(M,,, M,,). The following are equivalent:

(a) ® is CPCP.

(b) J(®) is completely positive (as a matriz).

(c) @ is completely positive (as a linear map) and has a family of real entrywise non-
negative Kraus operators.

Furthermore, the CP-rank of J(®) is the minimal number of entrywise non-negative
Kraus operators possible in (c).

Proof. The fact that (a) implies (b) follows simply from the fact that ZZ =0 1) (J|®[8) {J]
is completely positive, so J(®) = (L, ® ®)( X7 ,- Ll @ i) (G |) is also completely
positive.

The fact that (b) implies (c) can be seen by noting that if J(®) is CP then we can write
J(®) = ZJ 1 vjv; for some entrywise non-negative column vectors {vi, ..., vm}. Then
o(X) = Z] 1 AjX A%, where Aj = mat(vj) is the column-by-column matricization of
v;j. Since each vj is entrywise non-negative, so is each A;. The “furthermore” part of the
theorem can be seen by reversing the previous argument: if m is the least integer for
which we can write ®(X) = Z;“:l A;j X A7 with each A; entrywise non-negative, then
letting v; = vec(A;) be their vectorizations shows that J(®) = Z;nzl v;v; has CP-rank
equal to m.

Finally, to see that (c) implies (a) just notice that if X = Zle vivi* is completely
positive (with vi > 0 for all ¢) and {A44,..., A} are the entrywise non-negative Kraus
operators of ®, then (I, ® A;)v; is also entrywise non-negative, so

m L m £
(1 ®P)(X) =Y (Ix04;) <Zvivi*> (k@A) =Y 3 (k@ Aj)vi) (e ® Aj)vi)”

j=1i=1
(22)
is also completely positive for all k € N. O
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The above characterization of the Kraus operators of CPCP maps shows that CPCP
maps are exactly the same as the maps that are positively factorizable via an abelian
algebra, as concurrently investigated in [28, Theorem 3.2]. It also immediately gives us
the following corollary.

Corollary 1. The set CPCP is a convex cone and is closed under composition (when the
composition is well-defined).

Proof. The fact that CPCP is a convex cone follows immediately using Theorem 1(c).
To see that it is closed under composition, notice that if we have a CPCP map ®; with
Kraus operators {A1,..., A} (where each have entrywise non-negative entries) and
another CPCP map ®, with Kraus operators {Bi,..., B¢} (where each has entrywise
non-negative entries), then the composition ®5 o ®; has Kraus operators

{BjAr :je{l,.... 0 ke{l,...,m}} (23)
and each of these clearly have non-negative entries as well, so ®5 0 ®; is thus CPCP. O

We also have the following corollary concerning CPCP quantum channels (i.e., mem-
bers of CPCP that are trace-preserving), which follows via the same argument used to
prove Corollary 1.

Corollary 2. The set of CPCP channels is convex and closed under composition (when
the composition is well-defined).

While we are not aware of a simple characterization of CP-preserving maps that is
analogous to the one for CPCP maps above, we can at least see that these two sets are
different (in all dimensions) by noting that if {|vg),|v1),..., |vn—1)} is any orthonormal
basis of C™ other than the standard basis, then at least one entry of at least one of
lvo) (vol, |v1){v1], - .., |vn—1){vn—1| must not be real and non-negative (after all, they add
up to the identity matrix, which has all off-diagonal entries equal to 0). It follows that
the measure-and-prepare channel ® € L(M,,, M,,) defined by

Z (0] X [v;))17) (4] (24)

7=0

is CP-preserving (after all, if X > 0 then (v;|X|v;) > 0forall j € {0,...,n—1}, so ®(X)
is completely positive), but is not CPCP (its Choi matrix is J(®) = Z;L;Ol [v;) (v;|®17) (41,
which does not have all non-negative real entries, so J(®) is not completely positive).

If we consider only CPCP quantum channels (i.e., we add in the trace-preservation
requirement) then CPCP maps simplify considerably.
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Theorem 2. Suppose ® € L(M,,, M,,) is a quantum channel. The following are equiva-
lent:

(a) ® is CPCP.
(b) ® has a family of entrywise non-negative Kraus operators with at most 1 non-zero
entry in each row.

Proof. Theorem 1 gives us all parts of this theorem except for the fact that the entrywise
non-negative Kraus operators of ® have at most one non-zero entry in each row. To see
why this is the case, note that if ® is trace-preserving then its Kraus operators {4y}
satisfy >, Ay Ay = I. If we denote the i-th column of Ay by a; j then this is equivalent
to

S @
% 0 otherwise.

Since a; k,a; > 0 for all 4, j, and k, this implies a; ;. - a; ; = 0 whenever i # j. By again

using the fact that a; y,a;, > 0, this then implies that, for each ¢, either the /-th entry

of a; ;, equals 0 or the /-th entry of a; ;, equals 0. Since ¢ and j were arbitrary, this simply

means that the /-th row of Ay contains at most one non-zero entry, as claimed. O

When a CPCP quantum channel is furthermore unital (i.e., has ®(I) = I), it has an
even simpler form that can be expressed in terms of Schur maps, which are maps of the
form

Pa(p) =A0p, (26)

where “®” denotes entrywise multiplication. Such a map ® 4 is completely positive if
and only if A = 0 [29], and it is trace-preserving if and only if it is unital if and only if
the diagonal entries of A all equal 1. We also say that ¥ € L(M,,, M,,) is a permutation
channel if it can be written in the form

U(p) = PpP", (27)

where P is a permutation matrix. Equivalently, there is a permutation o such that, for
all i and j, the (i, j)-entry of W(p) equals pg(iy,o(j)-

Theorem 3. Suppose ® € L(M,, M,) is a unital quantum channel. The following are
equivalent:

(a) ® is CPCP.
(b) ® has a family of entrywise non-negative Kraus operators with at most 1 non-zero
entry in each row and in each column.
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(¢) ® is a conver combination of maps of the form Wo® 4, where ® 4 is a Schur channel,
U is a permutation channel, and A is completely positive.

Proof. The equivalence of (a) and (b) follows almost immediately from Theorem 2: we
showed in the proof of that theorem that if the entrywise non-negative Kraus operators
{Ay} of ® satisfy ), Aj A = I then they each have at most one non-zero entry in each
row, and a similar argument shows that if ® is unital then ), Ay A; = I, so each Ay
has at most one non-zero entry in each column as well.

To see that (b) and (c) are equivalent, notice that part (b) is equivalent to saying that
® has a family of Kraus operators of the form Ay = Py Dy, where Py is a permutation
matrix and Dy is an entrywise non-negative diagonal matrix. If dy = diag(Dy) then it
is straightforward to check that

kaDZ = (dkdk*) © p, (28)

where dydy* is completely positive, and this argument can be reversed by writing A as
a convex combination of rank-1 non-negative matrices like didy*. O

In particular, the above result shows that every unital CPCP quantum channel is a
“strictly incoherent operation” [30]. Such channels are one of the natural choices of free
operations in the resource theory of coherence [31].

5.1. Ezamples of CPCP channels
In this subsection, we present several popular types of channels that are CPCP.

e Identity, Pauli-X, and classical error channels: The identity channel is
(p) = p, (29)
the bit-flip channel, or Pauli-X channel, is
D(p) = XpX, (30)

where X is the Pauli X matrix (see the upcoming Equation (45)). The classical error
channel is its convex combination

®(p) =pp+ (1 —p)XpX for p€[0,1], (31)

which is CPCP since the set of CPCP maps is convex.
o Measure (in computational basis)-and-prepare (a CP state) channel:

Ju

m—

®(p) = Y _ ({iloli)oy, (32)

J=0
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where og,...,0m_1 € CP,.
The partially dephasing channel:

®(p) = pp+ (1 =) Tx(p) = for pe [0,1], (33)

which is CPCP by convexity.
The partial trace:

D(p) = Tri(p) (34)

since it has family of entrywise nonnegative Kraus operators with at most 1 non-zero
entry in each row.
Tensor/prepare channels: For a fixed o € CP,

D(p) =p®o. (35)

This is because the identity channel is CPCP and CP,, ® CP,, C CPmn. To see this,
notice that xx' @ yy' = (x®@y)(x@y)'.
Stochastic, permutation, and SWAP channels:

O(p) = SpST, (36)

where S is a stochastic matrix (which includes permutations and doubly stochastic
matrices as special cases). The SWAP channel: This channel is defined on product
states as

P(pRo)=0®p (37)

and is extended linearly. As this is a special case of a permutation channel, it is also
CPCP.

Schur maps and fully decohering channels: For A € CP with diagonal entries equal
to 1,

alp) =AOp. (38)

This case is detailed earlier in Theorem 3 and the preceding discussion. A special
case is the fully decohering map

®;(p) = Diag(p), (39)

where Diag(p) zeroes off the off-diagonal entries of p and leaves the diagonal entries
alone.
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e Projections onto symmetric subspaces: The projection onto the symmetric subspace
of n x n Hermitian matrices is defined as

n—1

1 1
Sn=51®1+ j;0k><l|®|l><k| . (40)

Thus, the quantum subchannel* which projects onto the symmetric subspace
®(p) = SnpSy (41)
is CPCP (since it has a single Kraus operator which is entrywise non-negative).

As mentioned in Corollary 2, one can take the convex combination and/or composi-
tions of any of these channels to create other CPCP channels.

5.2. Doubly non-negative maps

It is difficult to determine whether or not a linear map is CPCP (since it is NP-
hard to determine whether or not its Choi matrix is CP), so it may be useful to instead
consider the maps ® € L(M,,, M,,) with the property that (1,2®)(p) € DNN whenever
p € DNN, for all k € N. We call such a map completely positive doubly non-negative,
and denote the set of such maps as CPDNAN. The following theorem (which is directly
analogous to Theorem 1 for CPCP maps) tells us that it is simple to determine whether
or not a map is CPDNN.

Theorem 4. Suppose ® € L(M,,, M,,). The following are equivalent:

(a) @ is CPDNN.
(b) J(®) is doubly non-negative (as a matriz).

Proof. The fact that (a) implies (b) follows simply from the fact that Z?;:lo [i) (j|®]2) (5]

is doubly non-negative, so J(®) = (I, ® ®)( Z?;:lo |i)(j| ®1i)(j|) is doubly non-negative
as well. For the reverse implication, recall the formula ®(p) = Try ((p" ® L,,)J(®)). If
J(®) and p are both doubly non-negative then it follows immediately that ®(p) is as

well. O

If n = m = 2 then the set of CPDNN maps coincides with the set of CPCP maps
simply because their Choi matrices are 4 x 4 in this case, and CP4 = DN N 4. However,
in all other cases there are maps that are CPDNN but not CPCP, as first demonstrated
by the quantum channel ® € L(Ms, M3) with Choi matrix

4 Note this map is not trace-preserving, but is nonetheless interesting in the study of quantum information.
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300000
01 1(0 0 1
1101 2[1 00
J(®) = = 42
@ =500 1]2 1 0| (42)
0001 1 1
0 1 00 1 3]

which is doubly non-negative but not completely positive. Indeed, the bottom-right 5 x 5
submatrix of this Choi matrix is the same (up to scaling) as the density matrix (14), and
is thus DNN but not CP for the same reasons. In particular, this means that this channel
does not have a family of real entrywise non-negative Kraus operators. Note that one
can add diagonal blocks with |0)(0| to construct such examples of channels with a larger
input dimension and pad each block with rows and columns of Os if one were to increase
the output dimension. The only remaining case is for £(Ms3, Ms). For this, consider the
same Choi matrix above, but with a different partitioning;:

3 0/0 0oflo 0

0 1(1 0|0 1

1(o0 1]2 1]0 0
J(®) = = 43
@ =510 01 2|1 0 (43)

0 0[0 1|1 1

0 10 of1 3]

This Choi matrix is DNN but not CP as previously discussed. Note, however, that this
is not a quantum channel as it does not satisfy trace-preservation. We leave it as a open
question whether one can find a CPDNN quantum channel that is not CPCP for this
specific choice of input and output dimension. Indeed, the difficulty is that there is no
way to permute the rows and columns of this J(®) so as to create a trace-preserving
map, and there are only a few other known choices for matrices in the set DNN \ CP.

5.83. Maps on qubits

The structure of CP-preserving and CPCP maps simplifies quite a bit in the qubit-
input qubit-output (i.e., m = n = 2) case. We call such maps qubit channels, for
convenience. Part of the reason for this is that, as noted earlier, they are simply the
CPDNN maps in this case. Much more is known about this set in these small dimen-
sions too. For example, the maximal CP-rank of a 4 x 4 matrix is 4, so every such CPCP
map has a set of 4 (or fewer) entrywise non-negative Kraus operators.

To help illuminate the structure of the sets of CP-preserving and CPCP channels
acting on qubits even further, recall [19] that every density matrix p € D can be written
in the form

1
p=5I+p:X +p)Y +p:2), (44)
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10)(0] = 3(I+ 2)

(I+X)

N|—=

=)~ = - X) g ) (+] =

= 301-2)

Fig. 1. The set of completely positive qubit density matrices forms the 2D “wedge” of the Bloch ball (cross-
hashed on the right here) containing |0)(0[, [1)(1|, and |+)(+].

where

X:[(l) (1)] Y:[? _OZ] and Z:[(l) _01] (45)

are the Pauli matrices and p,, py, and p, are the corresponding (real) coefficients of p in
the Pauli basis {I, X, Y, Z}. Positive semidefiniteness of p is equivalent to p2+p2+p2 < 1,
so when written in this way, the set of qubit density matrices naturally form a ball of
radius at most 1, called the Bloch ball. It is straightforward to see that p € CPy = DN N,
if and only if we further impose p, = 0 and p, > 0, so CP, makes up the 2-dimensional
“wedge” of the Bloch ball containing the z-axis and the positive half of the z-axis, as
shown in Fig. 1.

Since every quantum channel is a linear transformation acting on the vector space
Ms, we can represent it as a matrix with respect to any basis of M5 of our choosing. If
we represent it with respect to the Pauli basis {I, X, Y, Z} then its standard matrix has
the form

1 0 0 0

t. T, T, T,
P = x z,x T,y T,z 46
[] ty Ty@ Tyay Ty7z ’ ( )
t, Z,T 2,y Z,2

where the entries in this matrix keep track of how ® acts on the different Pauli matrices.
For example, ®(I) = I +t, X +t,Y +¢.Z and ®(X) = T, ., X + T, Y + T, . Z, and
the coefficients of ®(Y) and ®(Z) similarly come from the third and fourth columns,
respectively, of [®]. The fact that {I,X,Y,Z} is a basis of My guarantees that [®]
completely determines ®, and the special form of the first row of [®] comes from trace-
preservation of ® (recall that each of X, Y, and Z are traceless, so they must be mapped
to traceless matrices). Furthermore, since {I, X,Y, Z} is a basis of the real vector space of
2x 2 Hermitian matrices, the entries of [®] are necessarily real whenever ® is Hermiticity-
preserving (which will always be the case for us).
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The following theorem characterizes what CP-preserving and CPCP qubit channels
look like when represented in this way.

Theorem 5. Suppose ® € L(Ms, Ms) is a quantum channel with standard matriz [®] as
in (46). Then

(a) @ is CP-preserving if and only if

1 0 0 0
_ ta: Ta:,:r T:v,y Tw,z

where ty > |Ty .| and Ty, > —/t2 — T2 ,, and

T,z

(b) ® is CPCP if and only if it is CPDNN, if and only if

1 0 0 0
ty T, 0 T
P = T T,x T,z 48
@ e op e (15)
t. 0 0 T..

where ty > Ty 2|, Tow > Ty yl, and t, > |T, .| — 1.
Proof. For part (a), we can see that ® being CP-preserving implies the indicated re-
strictions on [®] by plugging certain specific free states p € CPy into ®. In particular, if
p =1/2 then
O(p) = (I +t,X +1,Y +1.2)/2 € CPs, (49)

soty,=0and t; >0.If p= (I + Z)/2 then

P(p) =T+ (te£Tp )X £T,.Y + (t. £ T .)Z) € CPs, (50)

DN | =

soT,.=0and t, £T, . >0 (i.e., [Ty .| < t;). Finally, if p = (I + p, X + p.Z)/2, where
pz=—Ty . /ts (if t;, = 0 and/or |Ty .| = t, then choose p = (I + p,X)/2 with p, > 0
arbitrary instead to avoid division by 0 and make this argument work) and p, = /1 — p?
then

D(p) = (T4 (ta+ paTow+pTe2)X + p2Ty Y + (to+ paTew +p:T:2)Z) € CP2, (51)

DN | =

so Ty » = 0 and the coefficient of X in ®(p) is

Tz2z T:z: z
t2’ Tx,r - _’Tx,zw (52)

x

tm + prm,x + psz,z - tm + 1-—
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which we can see (by multiplying through by ¢,) is non-negative if and only if

ti - Ta?,z + \/ t% - TxQ,szﬂc 2 07 (53)

which is equivalent to Ty , > —,/t2 = T2 ,

In the other direction, to see that [®] having the form described in part (a) of the the-
orem implies that ® is CP-preserving, we note that every p € CP3 has [p] = (1, ps, 0, p2)

as claimed.

for some p, > 0 and p2 + p? < 1. Then

1 0 0 1 1
t, T, T, T, t, + T, + T,

[(I)] [p] _ x :6,36 Tz:z B,z %c _ | l= x,xpoac z,2Pz (54)
t, Tz,:c Tz,y Tz,z Pz t, + Tz,xpz + Tz,zpz

To see that ®(p) € CP2 (and thus @ is CP-preserving) we thus just need to check that
ty + Ty opy + Ty 2p. >0 whenever p, > 0,p2 +p2 < 1. (55)

To this end, just notice that if ¢, > 0 and |1, .| < ¢, then the inequality T, , >
—/t2 = T2, is equivalent to T, > 0 or /T2, + T2, < t,. Each of these inequalities

T,z —
straightforwardly imply Inequality (55), which completes the proof of part (a).

For part (b), we note that the Choi matrix J(®) of ® is 4 x 4 and thus completely
positive if and only if it is doubly non-negative, so Theorems 1 and 4 tell us that ® is
CPCP if and only if it is doubly non-negative. To determine the form of [®], we use
Theorem 4 to see that ® being doubly non-negative is equivalent to J(®) being doubly
non-negative. By using trace-preservation of ®, we see that this is equivalent to J(®)

having the form

J(®) = (56)

| w2 o

b
1—a
d
0

o oo
S0 QO

1—e

where a,b,c,d,e, f > 0 and a,e < 1. Straightforward (but tedious and ugly) linear
algebra shows that this is equivalent to the standard matrix of ® having the form

1 0 0 0
b+ c+d 0 b—

@ = "5 T 2 (57)
at+e—1 0 0 a—e

By making the change of variables t, = b+ f, Ty, =b—f, Ty o = c+d, T, = c—d, and
t,=a+e—1,T, . =a—e, we see that non-negativity of a,b,c,d, e, and f is equivalent
toty >0, |Thz] <tz Tow >0, |Tyyl < Typw, t, > —1, and [T, .| < t, + 1. We can
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discard the inequality ¢, > —1 since it follows for free from complete positivity of ® (if
t, < —1 then the (1, 1)-entry of ®(I) is (1 +t,)/2 < 0), which completes the proof. 0O

If we restrict our attention slightly further to unital CPCP qubit channels, we get the
following simplification of the previous theorem.

Corollary 3. Suppose ® € L(My, My) is a unital quantum channel with standard matriz
[®] as in Equation (46). Then ® is CPCP if and only if it is CPDNN, if and only if

1 0 0 0
0 T 0 0

P = Z,T 58
0 0 0 T..

where Ty o > Ty 4|

Proof. ® being unital is equivalent to its standard matrix (46) having t, =t, =t. = 0.
When combined with Theorem 5, the result follows immediately. O

In other words, the above corollary says that every unital CPCP qubit channel ® acts
on the Pauli X, Y, and Z matrices independently:

O+ pa X + pyY + p=Z) =1+ Poly o X + pyLyyY + p1% .2, (59)

where T, », Ty, T . € R satisfy [Ty ,| < T, < 1 and |T, .| < 1 (with the final two
inequalities being equivalent to complete positivity of ®).

This representation of a unital CPCP qubit channel of course agrees with Theorem 3,
since if we use part (c¢) of that theorem, we can write

®(p) =pAop+(1-p)X(BOopX, (60)

where A and B are CP with diagonal entries equal to 1 and p € [0, 1] is a scalar. Then
by just rewriting things appropriately, we can show that

DI+ paX + pyY +p.2) =1+ py(parz + (1= p)br2) X + py(parz — (1 — p)b12)Y
42— 1)Z. (61)

In particular, we have T, ;, = pai 2+ (1 —p)b1 2, Ty y = pai 2 — (1 —p)bi 2 (which satisfies
|Tyyl <Tpo),and T, . =2p — 1.

5.4. The most resourceful state

We now ask whether there is a “most resourceful state”, which in this context trans-
lates into determining which state is the “most non-non-negative”. Note that we did not
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say “most positive”, for reasons that follow from the below discussion. There are a few
ways to quantify this; one way is to find a state which maps to any other state using
some definition of a free operation (this is analogous to how pure quantum states with all
of their Schmidt coefficients equal to each other are considered “maximally entangled”
since they can be converted to any other quantum state via LOCC operations). Since we
have a nice characterization of the free operations for qubit channels, we can characterize
the most resourceful qubit state, below.

Lemma 1. For any qubit state p, there exists a CP-preserving quantum channel ® such
that

(o) = p (62)

where o is the density matriz

I1+Y
g = —.

. (63)

Proof. Define a linear map ® € £(Ma, Ms) which acts on the standard basis matrices in
the following way:

2(0){0) = 5 (64
a(o)f1)) =i FIEE (65)
a(o)) = — LA (66)
(1) = 5 (67)

for real parameters a, b, c satisfying a? +b% +¢? < 1, and extend linearly. Its Choi matrix
is, in block form,

1 I i(aX +bY +cZ)

2 | —i(aX +bY +¢2) I ) (68)

which can be checked to be positive semidefinite using Schur complements. Thus, ® is
completely positive. Representing this channel in the Pauli basis, we have

[®] = (69)

oo O+
[evlenenan]
o TR O
[evienenan]

and thus it is also trace-preserving. From Theorem 5, we see that this channel is CP-
preserving. Since for fixed a, b, ¢, the channel satisfies
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I +aX +0Y +cZ
= 5 ,

®(0) (70)
and every qubit state is of this form with a? + b? + ¢? < 1, we see that we can choose
a, b, c such that this represents any qubit we want. O

The above lemma says that the quantum state o = (I+Y)/2 is maximally resourceful
in this resource theory. In fact, the proof of the lemma shows that o is essentially unique—
the only other maximally resourceful state is (I —Y")/2. To verify that (I —Y)/2 is also
maximally resourceful, note that the only part of the proof of Lemma 1 that changes in
this case is that b changes to —b in Equation (70).

To see that no other states are maximally resourceful, we just note that complete
positivity (in the linear map sense) forces the coefficient Ty, ,, in Theorem 5(a) to satisfy
ITy 4] <1, since otherwise ®(I+Y) = I+ (t, £ T, )X £T, ,Y + (t, £ T, ) Z would not
be positive semidefinite (e.g., if |[v) = (1,i)T/v/2 then (v|®(I £Y)|v) = 1 £ T, is less
than zero for one of the two choices of sign). Since Theorem 5(a) tells us that a general
qubit state p = (I + p, X + p,Y + p.Z)/2 is such that

(p) =

N | =

(I+(tr+Tx,xpm + T,y Py+Tu,202) X+ Ty ypyY + 2+ T2 000+ 1%y py +Tz,zpz)Z)v
(71)
we conclude that the only way that a qubit CP-preserving ® can satisfy ®(p) = (I+Y)/2
is if T}, p, = +1, which forces p, = £1,s0 p= (I £ Y)/2.
This furthermore tells us that we cannot use CPCP quantum channels to map o =
(I +Y)/2 or any other state to arbitrary qubits. To see this, Theorem 5 says that if ®
is a CPCP quantum channel, then

I+ X+ T, Y +t.2

(b(o-) 9 )

(72)
where the constraints on ¢,, T, ,, and ¢, are as in part (b) of that theorem. In particular,
since t, > 0, this tells us that we cannot get any qubits with a negative weight on the X
matrix, so o cannot be mapped to arbitrary qubits in this way (and a similar argument
works for (I —Y')/2). Since we already showed that no other state can be mapped by
CP-preserving channels to arbitrary qubits, they certainly cannot be mapped by CPCP
channels to arbitrary qubits. We thus conclude that there is no maximally resourceful
state in this resource theory if we consider only CPCP channels as the free operations.

6. Measures of non-negativity

We now investigate some ways of quantifying how close to free (i.e., pure and non-
negative, or mixed and completely positive) a non-free state is. That is, we define and
investigate measures that are analogous in this resource theory to entanglement mono-
tones [13] for the resource theory of entanglement and to coherence monotones [14] for
the resource theory of coherence.
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Throughout this section (and the remainder of this paper), we omit subscripts on sets
like D,,, CP,, and DNN,,, and instead simply note that n denotes the dimensionality
of the states in question in all cases. We say that a function N : D — [0,00] is a
non-negativity monotone if it satisfies the following three properties:

(C1) Freeness: N(p) = 0 whenever p € CP,

(C2) Monotonicity: N (@(p)) < N(p) for all CP-preserving channels ® and all p € D,
and

(C3) Convexity: N(X:fz1 pip;) < Zle piN(p;) whenever {pi1,...,pr} C D, p; > 0 for
alli € {1,...,k}, and Zlepi =1

Optionally, either or both of the following properties may be enforced as well:

(C1b) Faithfulness: N(p) = 0 if and only if p € CP, and/or

(C2b) Strong monotonicity: Zle piN(®i(p)/pi) < N(p), where p; = Tr (®;(p)) for all
i € {1,...,k}, whenever each ®; is CP-preserving and Zle d, is trace-preserving
(i.e., a quantum channel).

We note that faithfulness (C1b) trivially implies freeness (C1). Similarly, strong mono-
tonicity (C2b) trivially implies monotonicity (C2), and physically corresponds to the
function N being monotonic not just under the free quantum operations, but also under
subchannels or measurements.

Since the set of CP-preserving maps is somewhat unwieldy, it is typically easier to
check the monotonicity and strong monotonicity properties (C2) and (C2b) if we instead
only consider CPCP channels. We note that in this case strong monotonicity (C2b) is
equivalent (via Theorem 2) to the requirement that

k
ZPiN(AiPAﬁ/Pi) < N(p), (73)
i=1
where p; = Tr (A,» pAZ) foralli € {1,...,k}, whenever each A; is entrywise non-negative

and also Zle ArA; = I (and thus in particular has at most one non-zero entry in each
row).

6.1. The 1-norm of non-negativity for pure states

Before investigating any proper non-negativity monotones, we first introduce and
explore a non-standard vector norm that will be of use to us later. We will see that we
can roughly think of this norm as providing a measure of non-negativity of pure states.
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Definition 2. Suppose v € C". The 1-norm of non-negativity is the quantity

def . .
IVIF = inf > lvill s v=2eivi, v 20, Jegl =15, (74)
j i

where the infimum is taken over all such finite decompositions of v.

While this quantity perhaps look quite strange at first, it is the natural analog of
well-known quantities from the resource theories of coherence and entanglement. For
example, if we replace the free states {v;} in this definition by incoherent states (i.e.,
states with just one non-zero entry) then the resulting norm is just the usual 1-norm
[vlli = 3_; [vj]- On the other hand, if we replace those free states by separable (pure)
states then the resulting norm is the sum of Schmidt coefficients of v.

We also note that it is straightforward to see that if |v) € C" is a pure state (i.e.,
has ||[v)]| = 1) then [|[v)||)¥ > 1, and furthermore equality holds if and only if every
entry of |v) has the same phase (i.e., if and only if |v)(v| € CP,,). The following theorem
establishes some less trivial bounds on this norm.

Theorem 6. If |[v) € C™ is a pure state then |||v)||Y < min{\/n,2}.

Proof. The /n upper bound follows from the bound |||v)||¥ < [||v)|i < /n. The
(dimension-independent!) upper bound of 2 follows from the fact that we can write

[v) = max(R(|v)),0)+ (—1) min(R(|v)), 0) + i max(I(|v}), 0) + (—i) min(I(|v)), 0), (75)

where R(|v)) and I(Jv)) are the (entry-wise) real and imaginary parts of |v), respectively,
and each maximization and minimization is also meant entry-wise. This is a decomposi-
tion of the type from Definition 2, so

)Y < | max(R(|v)), 0)] + | min(R(|v)), 0)|| + || max(I(|v)), 0| + || min(S(|v)), 0)

< V2(IR(o) + I3 (o)])

< 2|}l = 2
(76)

completing the proof. 0O

When n = 2, we will see shortly (by combining the upcoming Theorems 8 and 9) that
we have the explicit formula

o) 1Y = /2| min {R(0,73), 0} + S (073)| + 1. (77)

In particular, this tells us that the bound of Theorem 6 can be tight when n = 2, since

[[0}[|¥ = V2 when [v) = %(1’ 1T,
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We will furthermore see that ||[v)||)¥ can be computed via semidefinite programming
when n < 4, and this can be quickly used to show that the bound provided by Theorem 6

can be tight in all dimensions. For example,

N N
ilfl'TH — 3 and Hi1f1'so...oTH —92 forall n>4.
H\/§(7 ,1) . V3 an \/ﬁ(’ ,i,—1,0,...,0) . or a n_(78)

In general, it is not clear that there is a simple way to compute ||[v)||}¥ via standard
techniques like semidefinite programming, but we can approximate it very well in prac-
tice by making use of nets. In particular, if we let £ > 1 be a large integer and choose
the scalars {c;} in Definition 2 to be equally spaced around the unit circle in the com-
plex plane, then we can find the corresponding optimal vectors {v;} via the following
semidefinite program:

minimize:  [[voll + vl + -+ [vic_1]
subject to: v = vg + €2/ Fyy 4 X hyy 4o g 2R Dinky, (79)

vy >0forall0 <j <k

The following theorem provides a bound on the error of this semidefinite program.

Theorem 7. Suppose k is a positive multiple of 4 and v € C™. The optimal value oy, of
the semidefinite program (79) satisfies

AL N
15 10sin (Z) < VI < o (80)
Proof. The inequality ||v||Y¥ < ai comes from the fact that aj arises from a particular
decomposition of the type that we minimize over in the definition of ||v|}.

For the other inequality, let aj(v) denote the optimal value of the semidefinite
program (79) when applied to the vector v. We need two facts: (a) ap(v + w) <
ar(v) + ag(w), which follows immediately from the triangle inequality for the usual

Euclidean norm || - ||, and (b) ax(cv) < 2|c — |c]|||v]| + |c|ar(v), which we now demon-
strate:

ag(ev) —|cag(v) < ag(ev — |c|v) (81)

< 2[[ev = [e|v|| = 2|e = |d/]||v]], (82)

where the first inequality above comes from fact (a), and the second inequality comes
from the fact that k is a multiple of 4 so we can use the argument from the proof of
Theorem 6. Rearranging gives ay(cv) < 2’0 — \CHHVH + |c]ag(v), as desired.

Now let € > 0 be small and suppose that

v = Z Vi (83)
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is a decomposition which almost attains the infimum in Definition 2: 37 ||vj|| < vV +e.
Also let d; be the closest k-th root of unity to c¢; in the complex plane. Some straight-
forward geometry shows that the angle between c; and d; in the complex plane is no
larger than 7 /k, so |¢; — d;| < 2sin (7/(2k)). If we define w = > djv; then

w) <> vl < VIR +e, (84)
j

and the fact that v; > 0 for all j tells us that ||v;]| = ||v;||Y¥ = ax(v;). This implies

ap(v—w) =ay Z( —d;)v;j <Zak Vi) (85)

J

<3 (2ltes = d) ~les ~ dilllwall + les — dlenvp))  (86)
<53l — | =

< lOZsm( ) lvi]| < lOsm( )(||v||1 +¢), (88)

where the first inequality comes from property (a) above, the second inequality comes
from property (b) above, and the third inequality comes from applying the triangle
inequality to the absolute value and using the fact that ||v;|| = ag(vj).

This inequality, together with the triangle inequality for ay, (i.e., property (a) above),
and letting ¢ — 0T, then shows that

ar(v) =ar(w+ (v—w)) < ap(w) + ag(v—w) < (1 + 10sin (;_k>) v, (89)
completing the proof. O
MATLAB code that implements the semidefinite program (79) and all bounds that

we have seen for this norm is provided at [32], and in practice it can compute this norm
to 4 decimal places when n = 50 in about 10 seconds on a standard desktop computer.

6.2. The robustness of non-negativity

We define the robustness of non-negativity as follows (in analogy with the robustnesses
of entanglement [33] and coherence [34]):

p+ so
NE,(p) & > .
cplp) = minys20: 5—— cCP (90)
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We note that it follows from [21, Theorems 14, 15, and 18] that ng is a non-negativity
monotone in the strongest possible sense: it satisfies properties (C1), (C2), and (C3)
from earlier, as well as the stronger properties (C1lb) and (C2b).

While this quantity can naturally be expressed as a conic optimization problem, opti-
mizing over the set CP is NP-hard, so it is useful to be able to get explicitly computable
bounds on it. For this reason, we note that duality theory for conic optimization (see
[26] for details) says that we can rewrite NF5(p) as the following optimization over the
dual cone CP°:

Nep(p) = max {~Te(Wp) : W 1} (91)
We recall from Section 4 that CP° is the set of matrices whose entrywise real part is
copositive.

This dual formulation of N&, is useful because we can use any copositive matrix
(many of which are known in the literature) to get a lower bound on NE;(p). Fur-
thermore, this lower bound is measurable since we can treat that copositive matrix as
an observable that we measure on the state p, and the quantity — Tr(Wp) that lower
bounds NCRP(p) is simply the negative of the average value of this measurement. For
example, we noted earlier that if W7 is the Horn matrix (18) and p is the doubly non-
negative but not completely positive density matrix (14) then Tr(Wip) = —1/9. If we
set W = W1/ Amax(W1) = Wl/(\/g + 1) so that W < I, then we see that

NES(p) > = Te(Wp) = 1/(9V5 4 9) ~ 0.0343. (92)

To further help us bound NCR737 we also introduce the robustnesses with respect to
the sets DANVA of doubly non-negative and DD of entrywise non-negative diagonally
dominant density matrices:

pp & { p € DNN :pj;; > ZpiJ for all j } (93)
oy

These sets have the desirable property that we can optimize over them via semidefinite
programming, so the following variants of NCRP are efficiently computable:

+ so
NE df minds>o0: 7~ D 94
Bt @ migfs >0 2527 c o (o)
and
NE () Y minds>0: L% cppl (95)
o€D - 1+s

Furthermore, these sets provide inner and outer approximations of the set of com-
pletely positive density matrices in the sense that
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DD C CP C DNN (96)

(with the first inclusion being the main result of [35]), so it immediately follows that

Ninn(p) < NEp(p) < Npp(p) (97)

for all p € D. We furthermore have equality on the left when n < 4. It is perhaps worth
making it clear, however, that NE,-\/(p) and N, (p) do not typically equal each other
when n > 5, even if we restrict them to pure states, as demonstrated by the following
example.

Example 1. Let w = €2"™/5 be the primitive fifth root of unity and consider the pure
state

[v) = (1,w, w?, w?,w?) /V5. (98)

We claim that

NE v (Jo)(@]) = (34 V5)/2 ~ 2.6180 < 2.8197 =~ 14 — 5v5 = NE(Jo)(v]).  (99)

This value of NJx-(|v)(v]) can be found numerically via standard semidefinite pro-
gramming software like CVX [36] and can be proved analytically via standard semidefi-
nite programming duality techniques (see [18], for example).

The fact that NE(Jv)(v]) < 14 — 5¢/5 follows from the fact that NE,(jv)(v]) =
14—5+/5 (which can again be proved via standard semidefinite programming techniques).
Finally, the fact that NZ,(|v)(v|) > 14 — 51/5 can be seen by letting W = I — 5(3 —
V5)|v)(v| in the dual optimization problem (91). In particular, it is then the case that
—Tr(W|v)(v]) = 14 — 55, and W is a feasible point of that optimization problem
because W =< I trivially and the real part of W is a non-negative scalar multiple of a
Horn-like copositive matrix from Equation (18): R(W) = (v/5 — 2)Wi(31 5 /2 1t follows
that W € CP° by our discussion in Section 4. Note that W is complex—mno real member
W of CP° attains this same objective value of — Tr(W|v)(v|) = 14 — 51/5.

It is worth emphasizing that the above example is somewhat surprising and contrasts
with the robustness of entanglement, where for pure states the robustness with respect
to the set of separable states coincides with the robustness with respect to the set of PPT
states [33, Appendix B] (and both can be computed by a simple function of that pure
state’s Schmidt coefficients). It thus seems natural to ask whether or not N5, simplifies
in any meaningful way when applied to pure states. The following theorem shows that
it can be computed in terms of the 1-norm of non-negativity.
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Theorem 8. For all pure states [v) € C™ we have NEs(v)(v]) = (|||’U>||11\I)2 -1

Proof. This result follows immediately from [21, Theorem 10]. In particular, we choose
(in the notation of that paper) V to be the set of all pure states whose entries have equal
phases as each other. O

In particular, the above result, together with convexity (property (C3)) of N&p, im-
mediately implies N5(p) < min{n — 1,3} for all p € D,,, and this bound is tight in
all dimensions for the exact same reason that the bound of Theorem 6 is tight. The
dimension-independence of this bound also contrasts with the robustnesses of coherence
and entanglement, which can become arbitrarily large as the dimension n increases.

The following theorem shows that the robustness of non-negativity simplifies even
further, right down to an explicit formula, when applied to qubits.

Theorem 9. If p € Dy then NE\n(p) = NE(p) = NEp(p) = 2| min{R(p12),0} +

Z’%(plg) | .

Proof. Since we have NJ /v (p) < NE>(p) < Nip(p) for all p € D, it suffices to show
that

Npp(p) < 2| min{R(p1,2),0} +iS(p1,2)| < Npaar(p)- (100)
For the left inequality, we simply note that we can choose

_ | min{R(p1,2),0} +iS(p1,2)| min{R(p1,2),0} +iS(p1,2) (101)

77 [ min{R(p12),0} —iS(pr2) | min{R(p12),0} +iS(p12)|

so that the (1,2) and (2,1)-entries of p + so both equal max {R(p1,2),0}. Then
(p+ s0)/(1+s) € DD; and s = Tr(so) = 2| min{R(p1,2),0} +iS(p1,2)

, SO

Npp(p) < 2| min{R(p1,2),0} +iS(p1,2)]- (102)

For the right inequality, we just note that it is clear that the (1,2)-entry of the so in
Equation (101) is as small as possible (in absolute value) subject to the constraint that
(p+s0)/(1+s) € DN Ny, and if we fix the (1, 2)-entry of a positive semidefinite matrix
then its trace is minimized when its diagonal entries are both equal to the absolute value
of that (1,2)-entry. It follows that

Npaa(p) 2 2| min{R(p1,2), 0} +iS(p1 )], (103)
which completes the proof. O

The above theorem perhaps suggests defining an easy-to-compute measure of non-
negativity N via
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N (p) = S [min{R(ps), 0} +iS(pi)], (104)

i,7=1

in analogy with the £;-norm of coherence [14]. While this measure equals the robustness of
non-negativity when n = 2, it is not faithful (C1lb) when n > 5, and it is not monotone
(C2) even just under CPCP channels when n > 3. To see why, consider the channel
(X)) = A1 XA + A3 X A} and state p € D3 given by

1/vV2 0 0 000 1[1 =10
Ar=11/v2 0 0|, A2=[0 0 0|, and p=5[-1 1 O0f. (105)
0 10 00 1 2lo o0 o0

It is straightforward to verify that ® is a CPCP channel (after all, its Kraus operators
are entrywise non-negative), but N (®(p)) = v/2 > 1 = N (p).

6.3. The trace distance of non-negativity

We now introduce a somewhat more geometrically-motivated measure of non-
negativity, which asks how close the given density matrix is to the set CP,, of free
density matrices. We define the trace distance of non-negativity (in analogy with the
trace distances of entanglement [37] and coherence [38]) by

NEp(p) & mi - 106
¢p(p) = min {llp o}, (106)
where ||p — o||+, is the trace norm of p — o (i.e., the sum of the singular values of p — o).

The fact that N5, satisfies properties freeness (C1), faithfulness (C1b), and convexity
(C3) are all straightforward to see. To see that it is monotonic (C2), we just note that if ®
is a CP-preserving quantum channel and & € CP attains the minimum in Equation (106)
then

Nep (2(p) = min {[|@(p) = ollu} < [2(p) = 2(&)ux < llp =&l = Nep(p), (107)
with the second inequality coming from the fact that quantum channels cannot increase
the trace norm.

The only remaining property of N that remains to be determined is strong mono-
tonicity (C2b). While we do not have an explicit counter-example to this property, it
seems unlikely to hold, as the trace distances of coherence and entanglement are known
to not be strongly monotonic [39]. However, the following modification of N, where
we instead consider the closest unnormalized completely positive matrix to p is indeed
strongly monotonic (and also satisfies properties (C1lb) and (C3) for the same reasons
that N does). Indeed, this was shown in [21], where the upcoming quantity Ni%.(p)
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that we introduce equals the quantity that they called T¢. (p), in the special case when
S =CP:

r def .
Nf\CP(P) = aeéngl}vo{ﬂﬂf/\antr}- (108)

We now show that the trace distance of non-negativity and its modification both
satisfy the same formula as the robustness of non-negativity when restricted to the 2-
dimensional case of qubits (refer back to Theorem 9).

Theorem 10. If p € D, then N¥(p) = Nibp(p) = 2| min{R(p1,2),0} + iS(p1,2)|-
Proof. It is clear that N5 (p) > NiL5(p) in all dimensions, so it suffices to prove that
Niep(p) = 2| min{R(p1,2),0} +iS(p1,2)| = N (p)- (109)

For the right inequality, we simply note that we can choose

P11 max {R(p1 2),0}} .
- ’ ’ 0
{maX{%(m,z),o} P22 (110)
so that
—o= 0 min{R(p1.2), 0} +iS(p1.2)
Pmos [min{%(m,z), 0} —i3(p1.2) 0 , (111)
which has

NEp(p) < llp = ollee = 2| min{R(p1,2), 0} + iS(p1,2)|- (112)

For the left inequality, we just note that it is clear that the (1, 2)-entry of p — Ao from
Equation (111) (with A = 1) is as small as possible (in absolute value) subject to the
constraint that Ao € CPs9, and if we fix the (1,2)-entry of a 2 X 2 matrix then its trace
norm is minimized when its diagonal entries are both equal to each other and smaller in
absolute value than that of the (1, 2)-entry. It follows that

Niep(p) = 2| min{R(p12), 0} +iS(p12)], (113)
which completes the proof. O

As with the robustness of non-negativity, we can get efficiently-computable upper
and lower bounds on N (p) and Nizp(p) by instead minimizing the trace distance to
the sets DDN and DD. Alternatively, the semidefinite programming hierarchy of [27],
for example, can be used to construct semidefinite programs that compute any of these
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measures to as much accuracy as we like (though the size of those semidefinite programs
grows quickly with the desired accuracy).

7. Relationship with coherence

This resource theory is analogous to the resource theory of coherence [14] in many
ways. In that resource theory, the free states are those that are “incoherent”, which
simply means that they are diagonal when represented in the computational basis. We
denote this set of states by Z, and we note that it is trivially the case that Z C CP. That
is, every density matrix that is free in the resource theory of coherence is necessarily free
in this resource theory of non-negativity as well. For this reason, we can think of the
present resource as a sub-resource of coherence.

As a consequence of the inclusion Z C CP, most of the properties of the resource
theory of non-negativity are naturally bounded by an analogous property of the resource
theory of coherence. For example, the measures of non-negativity that we introduced in
the previous section all have analogous measures of coherence that are defined simply
with the set CP replaced by Z. In particular, the robustness of coherence C® [34], trace
distance of coherence Cy; [38], modified trace distance of coherence Cy, [39], and ¢;-norm
of coherence C'** [14] satisfy the (trivial) bounds

NE%(0) SCR(p)  Nin(p) < Culp) (114)
N%(p) <C%(p)  Niep(p) < Cilp). (115)

These coherence measures have the advantage of being efficiently computable by
semidefinite programming, as well as having numerous theoretic results known about
them (see [40-43] and the references therein, for example), so all of these results imme-
diately provide bounds on the corresponding quantities concerning non-negativity.

8. Conclusions and open questions

In this work, we introduce a resource theory for non-negativity of amplitudes of quan-
tum states, motivated by the Sign Problem and stoquastic Hamiltonians. We showed that
the free states in this resource theory are the well-studied completely positive matrices
from linear algebra and convex optimization, and we characterized the accompanying
witnesses and free operations.

We also introduced numerous ways of measuring how resourceful a quantum state
is in this resource theory. Most of these measures are difficult to compute, so we also
proved numerous bounds, and presented a method of approximating these measures via
semidefinite programming.

Our work leaves numerous questions unanswered, and opens the door to many possible
directions of future research, including:
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e The set of doubly non-negative density matrices that are not completely positive
are mathematically directly analogous to the set of entangled density matrices with
positive partial transpose (see [5,6] for a way of making this relationship explicit).
Since PPT states are bound entangled, it seems natural to guess that DNN-but-not-
CP states are “bound” in some sense for this resource theory as well, and this seems
worth exploring.

o Is there a nice operational interpretation of the set of CPCP channels? For instance,
it is known that J(®) is separable if and only if ® is a measure-and-prepare channel.
Is there an analogous statement that can be made if J(®) is instead completely
positive?

o We showed that the states (I +Y)/2 are maximally non-non-negative in the sense
that they can be mapped via CP-preserving channels to arbitrary qubit states. Are
there states that are similarly maximally non-non-negative in higher dimensions, and
if so, what are they?

» We mentioned that the trace distance of coherence N5 is monotonic, but probably
not strongly monotonic. Can an explicit example be constructed to show that it
indeed is not strongly monotonic?

e There are numerous other natural measures of non-negativity that could be defined
and explored. For example, we could define the relative entropy of non-negativity by

NS (p) def ;2%1717 {S(pllo) : range(p) C range(o)}, (116)

where S(p||lo) = Tr (plog(p)) — Tr (plog(c)) is the relative entropy of p with respect
to o, and explore what properties and interpretations it has.
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