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(ABSTRACT)

While Geographic Information Systems (GIS) have proven to be effective tools for the
management and analysis of forest resources data, estimates of the reliability of area and
distance measures computed in GIS have been lacking. Using fairly weak assumptions regarding
the variability of point location errors, expressions for computing the mean, variance and

covariance of polygon area, and an approximate distribution for distance are derived.

Assumptions about point location errors include unbiasedness, independence between X
and Y coordinate errors, known and equal variance of errors in X and Y coordinates, and
correlation between errors at adjacent points. For the derivation of distance from a point to a
line, the assumption of normality of errors is added. Because the variance of polygon area that
was derived depends on the location of the centroid, a centroid location which minimizes

polygon variance was defined.



After the mean and variance of polygon area errors were obtained, polygon area was
shown to be approximately normally distributed in a simulation of errors in regular polygons.
Distance between a point and a line consists of two cases: distance from the point to a vertex of
the line, and perpendicular distance to a line segment. The square of vertex distance was shown
to be distributed as a non-central chi-square random variable when normal errors are assumed.
The normal distribution was demonstrated to be a reasonable approximation for perpendicular

distance under similar assumptions.

As an application of the polygon variance and covariance formulas, the variability of
value of a tract of land was estimated, based upon fixed per-acre values and assumptions
regarding variability of location errors. Under moderate assumptions of variability and
correlation, the coefficient of variation of mean tract value was 8%. To demonstrate the
application of the distribution of distance, a probabilistic point-in-polygon analysis was
performed using timber cruise plot locations in a timber stand map. Over half of the plots were
ambiguously located when evaluated using the most liberal set of assumptions tested. The

advantages and disadvantages of the models developed herein are discussed.
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Chapter 1 - INTRODUCTION

GEOGRAPHIC INFORMATION SYSTEMS IN FOREST MANAGEMENT

Forest resource management is, by its nature, concerned with spatially occurring
phenomena. Data collected and used by resource managers are associated with earth locations.
Decisions made by forest managers are typically implemented at specific sites. It comes as no
surprise, therefore, that foresters have exhibited a great deal of interest in Geographic

Information Systems (GIS).

The tremendous investment in GIS systems recently by public and private forestry
organizations has helped to create a substantial market for computer mapping hardware,
software, and services. Even a cursory review of current literature suggests that nearly all large
forestry organizations (those managing perhaps 500,000 acres or more of land) rely upon GIS for
spatial data management and analysis. If the present trend continues, it is not difficult to
imagine that within the next decade, almost every acre of professionally managed forest land in

North America may be represented in digital form in some GIS system.

While most foresters using GIS recognize that their data and results contain error, this
acknowledgement is not communicated to users of these analyses unless specific statements are
made as to accuracy and precision. Users of forest resource reports and inventory estimates may
bg quite accustomed to statements about accuracy and precision. These statements may come

in the form of confidence intervals or standard deviations, and acknowledge the probabilistic



nature of the figures reported. However, this stochastic treatment of the attributes of spatial
phenomena has not been extended to a stochastic treatment of the location of spatial
phenomena. Recent GIS literature and studies have begun to call attention to this serious

shortcoming.

Forestry represents only one aspect of GIS use. Concurrent with widespread application
of GIS in forestry has been its growth in such fields as urban and regional planning, geologic and
hydrologic investigations, automated cartography, land records management, and utility
mapping. The forestry perspective on GIS often differs from some of these other applications.
For example, forestry applications are characterized by large area coverage, small scale maps,
quantification of many-variable phenomena, and an orientation towards analyses and provision
of summary statistics, in addition to production of cartographic products. For this reason,
many of the studies of GIS errors performed by practitioners in other fields may not be directly

applicable in forest management situations.

CONCERNS ABOUT ERRORS IN GIS

Numerous recent articles have called for studies on the sources and effects of GIS errors.
A new National Science Foundation consortium on GIS has selected accuracy analysis as its
primary initiative for research. Most studies on error reported so far have considered a
classification of the sources or types of errors, or have viewed error and accuracy from the
perspective of the map producer. Some of the accuracy studies have resulted in qualitative
descriptions or models of spatial error, which are not appropriate for quantitative analyses.

Thus, while cartographers have been investigating spatial error from a map producer’s



orientation, and in a somewhat qualitative manner, foresters are also concerned with
quantification of error from a user’s point-of-view; e.g., the likelihood that estimated stand

acreages are correct.

The primary expression of spatial error that has been used to date is a positional
accuracy statement such as that included in the United States National Map Accuracy
Standards (Thompson, 1979):

“For maps on publication scales larger than 1:20,000 not more than 10 percent

of the points tested shall be in error by more than 1/30 inch, measured on the

publication scale...”

However, such a statement does not provide a map user with any information on the impact of
locational errors on resulting area or length estimates, and therefore does not communicate

much information relevant to the forestry user’s application.

An example of what is missing from GIS accuracy studies is a quantification of the
variability of area estimates. Acreage figures are pervasive in the data used in resource
management decisions. Yet when acreage figures are printed on a map or in a report, there is
rarely any indication that these are estimates. When resource variables such as timber volume
are expressed on a per-acre or per-hectare basis, the implication is that these numbers will
eventually be multiplied by an estimate of area. Therefore, area errors will have a

multiplicative effect in many analyses, and an error statement becomes important.



APPLICATIONS OF A SPATIAL ERROR MODEL

The application of GIS in forestry would be greatly enhanced by an explicit recognition
of the errors in digital spatial databases and a more thorough understanding of the impacts of
these errors on the resource management decisions which rely upon GIS analyses. First, since
forestry GIS databases typically contain information from a variety of sources, scales, and
accuracies, it would be helpful to incorporate information regarding the quality of the source
data into the database itself. Next, once information is available regarding the variability of
source data (or if assumptions can be made about this variability), a technique is needed to
translate information about positional variability into information about area or distance
variability. For example, a procedure to derive confidence intervals on the area of timber stands
(given a map and some statement or assumptions about its locational precision) would be
valuable. Such a procedure should be statistically sound, capable of being automated and
included in typical GIS analyses, and sufficiently flexible to accommodate different assumptions

about source data variability.

A model of spatial error in a GIS would contribute toward a better understanding of the
relative magnitude of spatial errors and attribute errors. If estimates of area are found to be
more variable than estimates of per-acre values, for example, a different allocation of inventory
resources may be in order: more on deriving area estimates and less on per-acre value estimates.
On the other hand, if area estimates are found to be less variable than previously assumed,

perhaps more confidence in GIS analyses would be justified.

Another use of a spatial error model would be the analysis of error propagation through



the combination of various source mape in map overlay procedures. At present, concerned GIS
users have expressed uneasiness about the reliability of overlay products. A quantification of

possible ranges of error would be quite useful, and would require an error modeling capability.

STATEMENT OF PURPOSE

The purpose of this study is to develop a procedure for incorporating information or
assumptions about the locational variability of data in GIS databases into analyses typically
encountered in forestry applications of GIS. This will be done by creating a stochastic model of
area and distance errors based upon assumptions about locational accuracy. Next, a method for
expressing area and distance variability to a GIS user will be developed; this method will be
suitable for automation in the type of GIS systems currently popular in forestry applications.
Finally, the use of the model and its interpretation will be demonstrated through example

applications typical of forest management decision processes.



Chapter 2 - LITERATURE REVIEW

This study will consider those aspects of errors in GIS that are pertinent to forestry GIS
users. Therefore, an overview of the main features of GIS and a discussion of forest

management applications is in order.

DEFINITION AND IMPORTANCE OF GIS

Cowen (1988) recently reviewed some definitions of GIS and concluded: “GIS is best
defined as a decision support system involving the integration of spatially-referenced data in a
problem-solving environment.” As noted in the Forestry Handbook (Wenger, 1984) the purpose
of Geographic Information Systems “is not so much to draw maps as to provide information on
the spatial location of the resources”. In the first comprehensive text on GIS, Burrough (1986)
lists the five basic sub-systems necessary in GIS:

1) Data input and verification;

2) Data storage and database management;
3) Data output and presentation;

4) Data transformation;

5) Interaction with the user.

While all the above modules are necessary, the one that sets GIS apart from automated

drafting systems is the connection between the spatial information and a database management

system containing resource attribute data.



Geographic Information Systems have evolved over the recent years into effective means
of accomodating exactly the types of spatially-referenced data that forest managers rely upon.
Prior to the development of modern GIS systems, resource data were either analyzed apart from
their spatial context, or combined through a tedious manual process of drafting and overlaying
of translucent maps of the same scale (McHarg, 1971). The advent of computerized map
analysis techniques has initiated a revolution in the way spatial analyses of resource data are
performed. It is now possible to readily combine diverse maps of different sources and scales,
and to perform complex analyses such as proximity analysis, spatial routing, and multiple map
overlay (Johnston, 1987). Physical products such as colored thematic maps, perspective view
diagrams, and spatially aggregated reports can now be generated in considerably less time than
ever before. All these ca.pabiliﬁes introduced by GIS have provided the resource manager with
analytic powers that will change the way resource management decisions are made and

implemented (Shumway, 1986).

The rapid infusion of GIS technology into resource management organizations is
evidenced by the investment in such systems. The money spent by public and private forestry
organizations on GIS hardware and software alone has helped create a market for GIS which
could reach $500 million by 1991 (Lang, 1988). The initial purchase of a GIS system represents
only a fraction of an investment in GIS. Creation of the digital spatial databases used in GIS
requires an even larger expenditure than does the initial system acquisition. A huge market for
GIS database “conversion”, or digitizing, services has been spawned by this demand.
Employment opportunities for those with GIS skills have abounded in both the companies
providing systems and services, and the companies and agencies which are considered the “end

users” of GIS technology.



FOREST MANAGEMENT APPLICATIONS OF GIS

Forestry applications of GIS often differ from cultural applications (urban planning,
utility mapping) and from the growing land records management applications (which usually
refer to a Land Information System - LIS, or a cadastre). Several contrasts between these

applications can help identify the relevance of accuracy studies.

First, the scope of forestry operations in which GIS typically have been applied is larger
than in many other fields. Forest products companies and public resource management agencies
using GIS may be responsible for the management of hundreds of thousands of acres of forested
land, often extending over numerous counties and multiple states. In contrast, most other non-
forestry applications of GIS are concerned with cities, counties, development areas, or regions of
smaller size. In public forest management, the scope of responsibility usually includes multiple
resource concerns. For example, while private forestry companies may be interested in primarily
timber, and perhaps wildlife resources, the U.S. Forest Service must also consider cultural
resources (archeological sites and historic features), water resources (sensitive soils, watersheds,
surface and subsurface water quality and quantity), mineral resources, recreation facilities and
opportunities, and non-game wildlife species and habitats. This depth of interest creates a need
for multiple “layers” of spatial data which cover the same areas on the earth. For example, in a
workload analysis for a GIS to be installed at the George Washington National Forest in
Virginia, 49 data layers were identified (Tomlinson Associates, 1985). While some non-forestry
applications of GIS (such as regional planning) may also require attention to multiple resources,
they rarely cover the areal extent that many forest management companies or agencies must

deal with.



In kéeping with the broad scope of forestry GIS, data are typically recorded at a smaller
scale. While some municipalities utilize GIS databases at source scales as large as 1:1200
(Hanson, 1988), the broad scope of forest management GIS usually requires coverage at a much
smaller scale. Scale is a critical consideration in error analysis since small scale maps are almost
always more generalized than larger scale maps, and since a given error on a small scale map
will represent a larger offset on the ground than an error of the same magnitude on a large scale

map.

The forest resource, being a biological one, is often more difficult to delineate and
measure as precisely as man-made features. For example, boundaries of forest stands or soils
units cannot be mapped at the same level of precision at which cadastral mapping of ownership
boundaries is performed. As noted by Goodchild and Dubuc (1987), natural resources data
differ in character from socio-economic data, which may include primarily lines arbitrarily
defined by man (such as administrative and political boundaries). The authors note: “Lines
which follow streets are likely to have very different errors from lines which are defined to follow
rivers..” Thus, the nature of the features being mapped imparts an important characteristic to

mapping errors.

The orientation of forestry GIS is more towards measurement and analysis than towards
production of a physical map product. In many GIS systems used by cartographers or planners,
the GIS is a means to produce a physical map, which is the end product (Weibel and
Buttenfield, 1988). In contrast, in most forestry GIS applications, the map is a means of
representing spatial phenomena which are often combined with economic data and operational
parameters, and an integrated analysis is the end product (Sieg, 1988). Consequently, a GIS

which never produces a physical cartographic product may still be extremely useful to a forest
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manager. Goodchild (1980a) notes “The most useful products of a geographical information
system ... are measures of some kind, such as the area of a homogeneous patch of land of certain
characteristics, the length of a line, or the distance between specified points.” The orientation of
any accuracy study in forestry will need to focus not so much on the planimetric accuracy of a
map product as on the accuracy of the spatial extent (distance and area) of the phenomenon
being mapped. Indeed, accurate location of a feature on a forester’s map is rarely as critical as

accurate expression of area or distance.

Some non-forestry applications of GIS require very high levels of accuracy and precision.
For example, some land-records-information systems contain legal, authoritative descriptions of
land ownership, and accuracy is critical (Sonnenburg, 1988). Forestry applications of GIS may
vary widely in the required accuracy and precision. In many forest management situations, the
GIS is used only as a first step in identifying areas for treatment or study. Rarely will such
decisions be implemented on the ground based solely upon information from a GIS. A prudent
manager would typically precede any costly management activity with field verification of
information leading to the decision. For example, when selecting timber stands for fertilization,
a query of the stand and soil attributes contained in the GIS might be performed to identify
potentially responsive stands. These candidate stands would then be reviewed in the field prior
to making a final selection. Thus, when absolute location of a feature is needed for
implementation of a decision, it will usually be obtained from an on-site inspection, not from a
map. In an article on a decision-support system involving GIS, Covington et. al. (1988) state
that their system “is thus an interactive tool that ultimately depends on human judgement and
expertise for a final decision”. This “preliminary selection” type of GIS application does not
require a high level of accuracy and precision. At the other extreme, payment for contracted

silvicultural treatments is commonly made on a per-acre basis. Often, GIS is used in
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conjunction with aerial photographs to determine acreage treated. In cases in which per-acre

treatment costs are high, the financial impact of errors in area estimates can be significant.

DATA STRUCTURES

Because this study will deal directly with the representation of spatial features in a GIS,

a discussion of the manner in which features are recorded is appropriate.

A GIS database typically contains spatial features which are identified by unique labels
or code numbers, and which are recorded in one of several formats. Information about the
attributes of a feature is then contained in a database management system (DBMS) and cross-
referenced with the spatial feature by the label or identifier code (Parker, 1988). For example, a
timber stand in a GIS may be identified by a stand number, which serves as an index to records
in a DBMS which contain the attributes of the stand, such as height, age, site index, density,
stocking, volume, etc. (Figure 1). The aggregation of data for all features of a given type in the
spatial and attribute database comprises one “layer” of information, e.g. the timber stand layer.
Additio;lal layers pertaining to other feature types might be included in the same way to contain

information on soils, wildlife, recreation, transportation, economic criteria, etc.

GIS can be divided into two broad categories based upon the data structure, or the way
in which spatial features are represented in the computer. These are commonly termed “raster”
and “vector” structures. Much has been written about the differences between them, and their

relative advantages and disadvantages. Maffini (1987) states: “Both raster and vector data
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Figure 1. Representation of a map in a GIS with a DBMS linkage.
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structures have a place in GIS and will continue to prevail for many more years”. Peuker and
Chrisman (1975), Monmeonier (1982), Peuquet (1984), and Burrough (1986) are excellent sources

for discussions of cartographic data structures.

The older of these structures is the raster, or grid cell structure, in which the land
surface is represented by a regular tessellation, usually rectangular grid cells, which are
registered to earth coordinates. In this structure, ground attributes are recorded for each cell, or
pixel, in the grid. The earth location of each item of information is implied by its position in
the grid. Thus, a feature such as a timber stand is represented by a collection of adjacent grid
cells, each encoded with a label corresponding to the stand. In the digital database of a raster
system, a logical record typically consists of a concatenation of the numbers or letters
representing cells in a row or column of the grid. The grid structure has been used extensively
in conjunction with data derived from satellites, due to the raster format of digital remote
sensing products. However, this structure requires a great amount of computer storage space
when the resolution of the grid cells is fine. Raster storage is often inefficient for representation
of sparse linear networks or for point features. Large grid cells are generally undesirable because
of the degree of generalization involved when recording only one feature label per cell. Large
cells also produce blocky, less appealing output products unless the scale of the product is small
relative to the resolution of the grid. One advantage of the grid cell structure is that it remains
the primary technique for computer representation of data that vary continuously across the
landscape, such as elevation (Carter, 1988). In addition, almost all computer graphics display
devices use a raster structure. For these reasons, the grid cell structure will continue to be used

despite its shortcomings.

In the vector format, features on the earth are identified as 0-dimensional (points), 1-



14

dimensional (lines), or 2-dimensional (polygons). Cartesian coordinates, such as state plane zone
or Universal Transverse Mercator (UTM) coordinates are recorded for points. These earth
coordinates are derived from mathematical projections of the curved surface of the earth onto
planes (see Snyder, 1982). State plane coordinates record the location of a point in feet, relative
to an arbitrary origin defined for each zone. UTM coordinates typically represent the location of
a point in meters relative to a UTM zone origin. Thus, a point is defined by a northing, or Y-
axis distance, and an easting, or X-axis distance, in feet or meters. The X, Y coordinate of a

point is therefore the fundamental element of which higher order features (lines and polygons)

are composed.

There are at least two subtypes of vector structures. One is called the polygon format,
in which lines are encoded as a series of points (sometimes called vertices), and polygons are
encoded with a complete list of the points that make up the lines that bound them. When
encoding adjacent polygons using this structure, all the boundary points that are shared by
polygons are recorded twice: once for each polygon. While this technique allows all the points
comprising a polygon to be located close together in physical computer storage (which speeds

some processing steps), it involves a redundancy of all points shared by more than one polygon.

Another vector structure is called the arc-node format. This structure defines nodes as
the endpoints of arcs, which are strings of points (see Figure 2). As in the polygon structure,
points are represented by single coordinate pairs. Lines are created by linking connected arcs.
Polygons are then identified by indicating a series of connected arcs which close. This data
structure is more complex, involving numerous pointers which cross-reference nodes, arcs, and
polygons, yet provides more efficiency in storage. It is this structure which has gained the most

popularity in forest management applications in the recent years, and is the structure which
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Node File Polygon File
Node Point Polygon
I.D. 1D. Arcs LD. Arcs
1 1 10, 12, 14 1 12, 14, 15
2 13 10, 11, 16 2 10, 11, 12, 13
3 17 11, 12, 15 3 13
4 23 13 4 11, 15, 16
5 46 14, 15, 16
Arc File
Arc From To Poly Poly Points
LD. Node Node Left Right List
10 1 2 0 2 1,2,3,...,13
11 2 3 4 2 | 13,14,15,16,17 '3
12 3 1 1 2 17,18,...21,22,1
13 4 4 2 3 23,24,...32,33,23
14 1 5 1 0 1,34,35,...45,46
15 5 3 1 4 46, 47, 48, 49, 50
16 2 5 0 4 13, 51, 52, 53,46

Figure 2. Representation of polygon features in an arc-node GIS.
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will be used in this study, for reasons which will be discussed later.

It is important to note that in neither of these vector structures are actual lines or
vectors explicitly recorded. Rather, lines, arcs, and polygons are implied by the adjacency of
point coordinates in computer storage. Any error model for vector structures must recognize
that these structures really involve only points and that the relationships between them are

implied.

Other data structures exist, such as quadtrees (Rosenfield, 1980), generalized balanced
ternary structures (van Roessel, 1988), and vaster structures (Peuquet, 1984). However, these

have not yet found wide acceptance and will not be considered here.

CALLS FOR ERROR STUDIES

As geographical information systems have developed technologically and expanded in
application, more attention has been focused on the reliability of the results coming from these
systems. Numerous authors have called for map-makers to begin providing error statements
that are more directly interpretable by map users (Bennett, 1977; Aronoff, 1982a; Chrisman,
1984a; Bailey, 1988). Others have noted that more research is warranted in this area. Vitek et
al. (1984) state “We believe that the next step in the refinement of geographic information
systems is specifying the accuracy of the output products”. As recently as 1987, Berry (1987)
noted that this has not been accomplished: “... effective procedures to spatially characterize map

variance and model uncertainty have yet to be developed”.
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The National Science Foundation recently established a National Center for Geographic
Information Analysis. Accuracy analysis has been selected as the first research initiative of this
center (Goodchild, 1988). An entire chapter in Burrough’s textbook (1986) is devoted to error
analysis and GIS accuracy. All of these sources indicate the strong interest in better models and

procedures for dealing with the various aspects of errors in GIS.

ERRORS IN GIS - INTRODUCTION

Before discussing the literature on GIS error studies, the use of the term “error” must be
placed into context.  First, the terms “error” and “variability” are sometimes used
interchangeably, and can lead to some confusion. Use of the word error may seem to some to
imply that a mistake has been made, or that a recorded value is incorrect due to some flaw or
defect in the data collection process. On the other hand, variability is concerned with deviations
from a mean, which may or may not be the “true” value of interest. Thus, the term variability
is often used in recognition of the fact that a “correct” or “true” value may not exist, or may be
unknowable. This is often the case in natural resources, which contain a great deal of
randomness, or in which attempts at precise quantification may be clouded by poor definition of
terms. For example, the use of site index values to represent the potential height growth of a
timber stand does not imply that all trees of a given species growing on a given site will achieve
a specified height at a given age. Instead, site index is defined as an average height of dominant
or codominant trees at a base age (Avery and Burkhart, 1983); this usage accommodates the
natural variability of forest ecosystems. Thus, when measured heights of trees do not

correspond to a height predicted from site index equations, the difference, or error, does not
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necessarily imply that a mistake has been made. Similarly, the map location of a boundary
between naturally occurring features should be taken to represent a tendency of objects of
different types to occur on opposite sides of a possibly non-existent line (Averack and Goodchild,
1984). For example, an experienced forester is not at all surprised to note that hardwood trees

will exist in a timber stand designated on a map as “pine”.

The point here is that the term “error” will be used in this study to indicate that a
there is a difference between features as they exist on the earth and the abstraction or
representation of those features as they are portrayed on a map or in a digital data file. Switzer
(1975) refers to reality as a “true map” and to any map at hand as an “estimated map”. The
difference between the “true map” and the “estimated map” constitutes error. Sometimes this
difference is due to a flaw or defect, but often will be due simply to the inherent variability of

the features being mapped.

Another point about error in maps and spatial databases is that errors are inescapable.
The mapping process is one of creating a model of reality, and as such requires generalization
(Peuquet, 1984). This generalization step necessarily involves the loss of some information, and
results in a difference between the model and reality; it results in error. As Goodchild (1982)
points out, the generalization process is one of “error that is deliberate”. In addition to
requiring generalization, mapping usually involves the representation of features on the curved
surface of the earth by a plane, which immediately introduces errors in distances, areas, shapes,
and/or relative angles. Thus, spatial errors can be acknowledged to be inevitable, and can be

considered to include natural variation.
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ERRORS IN GIS - CATEGORIZATIONS

Several recent works have provided classifications of GIS errors. Mead (1982) listed
numerous important causal factors in GIS errors, including source map scale, age of data,
completeness, degree of modification, and others. His purpose in categorizing such errors was to
enable different source materials to be compared for possible inclusion in a database. Walsh et
al. (1987) categorized errors as “inherent” (dealing with source materials), and “operational”
(deriving from the process of being manipulated in a GIS). However, while their categorization
pointed out the different stages in which errors may occur, it did not permit classification of
individual errors into one of their categories. For example, according to their definitions, a
source map error, if propagated through a GIS manipulation, becomes an operational error.

Burrough (1986) describes the following three groups of error sources:

I) Obvious sources of error,
IT) Errors resulting from natural variation or from original measurements, and

HI) Errors arising through processing,.

When discussing errors in topographic data, Vitek and Richards (1978) note that both
horizontal and vertical errors are possible. However, it may be impossible to distinguish
between them. For example, consider a grid representation of an elevation surface, as in Figure
3. The value in each grid cell represents the elevation in feet above mean sea level (MSL) of a
given location on the earth’s surface. If the true elevation of cell A were known to be 115 feet
above MSL, we could say that the cell was in error. However, we could not say reliably whether
a vertical error of 5 feet had occurred, or whether a horizontal error had occurred, in which case

the cell directly to the east of cell A was positioned improperly. Therefore, in grid data sets
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such as this, while hard to categorize, error is relatively easy to diagnose: the value recorded for
a cell does not match the “truth” for that location on the ground. This is not the case in vector
systems, in which a boundary may be misplaced and the attributes of areas adjacent to the

boundary may be in error.

The horizontal and vertical errors mentioned by Vitek and Richards correspond to the
boundary and classification errors mentioned by Hord and Brooner (1976), and to the positional
and attribute errors described by Chrisman (1987a). Chrisman notes that the inaccuracy with
which a line is drawn is sometimes due to the indeterminacy of attribute definitions. As an
example, he suggests that the problem with drawing wetland boundaries may lie more with the

definition of what constitutes wetland than the ability to locate areas on the ground.

The above categorizations of GIS error serve mainly to organize our thinking about the
diverse kinds of errors which contribute to the failure of a map to accurately depict reality. By
refining the classification of Walsh, et al. (1987), it may be useful to distinquish between errors
present in source materials, and those introduced in the process of digitizing and manipulating
data in a GIS database. A review these types of errors will be helpful in understanding the

structure of GIS errors in general.

ERRORS IN GIS - SOURCE DATA

Source data errors may be considered to be either locational or attribute errors

(Chrisman, 1987a), acknowledging that it is sometimes impossible to distinguish between them.
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Most data in forestry GIS databases come from physical maps. Thus, any errors existing in the
source maps will likely remain in the digital data. Attribute data are typically derived from
field inventory and entered into a DBMS which is integrated with the GIS. Thus, for the

purposes of this review, locational and attribute source errors may be considered separately.

Locational source errors are introduced in the mapping process. The majority of natural
resources maps used by foresters originate from aerial photographs. Even USGS topographic
quadrangle maps, often considered as ultimately reliable base maps, are derived from
photogrammetric processes. Thus, all the elements of the photogrammetric system used in
creating source maps may contribute to GIS errors. Camera lens distortions, scale variation due
to camera tip or tilt and topographic displacement will all contribute to map errors. Subetantial
attention has been paid to these sources of error in the photogrammetry literature (Wolf, 1974;
Slama, 1980; Smith, 1987; Wiles, 1988). Human factors enter when aerial photographs are
visually interpreted for delineation of features, and when the human hand is used to retrace
lines. “Fuzzy”, or indeterminate, boundaries (e.g., wetland borders) complicate the
interpretation process and lend another level of variability. Maps derived from non-
photogrammetric sources (field surveys, sketch maps, etc.) will also contain errors from such
sources as faulty or misread instruments, failure to adjust for magnetic declination, procedural

or arithmetic mistakes, etc. (Breed et al, 1971).

Attribute errors include misclassification of features, errors in measurement of feature
attributes (e.g., tree heights), modeling errors when attributes are estimated (e.g., timber
volumes), sampling errors, and direct blunders in recording or transcribing data. In addition,

generalization errors occur when a single value is recorded for an area of land, and an

unwarranted degree of homogeneity is implied (Leung, 1987).
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ERRORS IN GIS - PROCESSING

Processing errors may be defined as those errors that result from the entry and
manipulation of data in a GIS database. These errors begin with digitizing. Manual digitizing
is much like drafting, and includes both physiological and technological factors which contribute
to error. Some of these factors have been discussed by Traylor (1979) and modeled by Keefer
(1988). Implied in the term “digitizing” is the process of assigning discrete values to
continuously occurring phenomena. This computerization of coordinates requires use of numbers
with finite precision; thus, some rounding error is inevitable. In addition, when lines are
digitized, a finite subset of points is selected from the infinity of points contained in a line.
Thus, digitizing is a sampling process and introduces a sampling error. Furthermore, digitizing
usually represents a redrafting of a line from some source map and is therefore essentially a

generalization of an already generalized line.

An integral part of computerizing spatial data is “registration”, or the referencing of
points on maps to earth coordinate systems. A variety of techniques are available for registering
maps, and with the exception of some work by Petersohn and Vanderohe (1982), little attention
has been paid to the influence of the registration process on spatial errors in databases. There is
a definite need for further study in the area of registration error, but it is beyond the scope of

this study.

Once spatial features have been digitized into a vector system, they are represented by
collections of coordinate pairs. Typical GIS algorithms such as proximity calculation, overlay

analysis, scale change, coordinate translation, and plotting involve arithmetic manipulation of
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these coordinates. Several authors have discussed the impact of finite computer precision on the
accuracy of geographic data after such manipulation. Morrison (1980) suggested that computer
precision represents the limiting resolution with which mape can accurately be portrayed, but
this is refuted by Blakemore (1984) and Burrough (1986). One possible approach to resolving
numeric precision problems is simply to allocate more storage for higher precision. Chrisman
(1984b) has discussed some aspects of the finite precision of computer coordinates, and suggests
“we should push for computer maps that show the graininess and imprecision of our basic
information”. He argues for judicial selection of a suitable level of precision and notes that
using double precision (64-bit floating point) coordinates, “a whole world inventory can be
carried to the incredible precision of locating individual viruses”. Yet as Franklin (1984) points
out, limited precision of coordinates can lead to undesirable results when algebraic
manipulations are performed. As an example, he demonstrates a case in which an adjacent
point and line are each rotated by a common angle, with the result that the rotated point moves
to the opposite side of the rotated line. Thus, computer precision may play an important role in

GIS processing errors.

A final type of processing error is the compounding of error in map overlay. This
subject has intrigued a number of investigators. One of the earliest treatments of overlay error
was by McAlpine and Cook (1971), who first noted the problem of map overlays which resulted
in very large numbers of very small polygons which bore little or no agreement with the initial
map descriptions. Goodchild (1978) followed the problem of these “spurious” polygons, and
noted that the more vertices (points) used to define lines, the more spurious polygons were
created. This result implied that the more detail used to draw a line, the more problems it
would generate in a map overlay. MacDougall (1975) reported a pessimistic analysis of map

overlay accuracy, concluding “... some overlay mape may indeed differ little from random maps
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and ... contain more error than the compilers and users probably realize”. Bailey (1988) seems
to concur, stating “Map overlays may be so inaccurate or unable to capture significant units of
productivity and ecological response as to be of questionable value for planning”. Chrisman
(1987a) argues for a more positive outlook: “While map error should not be ignored in map
overlay, the estimates of MacDougall should be replaced by empirically derived test results.
Combining information from diverse sources can actually strengthen the value of the

information, not degrade it”.

The problem of accuracy analysis in the process of multiple map overlay has been
discussed from the perspective of a grid-based GIS by Newcomer and Szajgin (1984). They note
that the accuracy of a product of map overlay is a function of the spatial coincidence of errors in
the component maps. The highest accuracy that can be achieved in an overlay map is only as
accurate as the most erroneous input map source. This level of accuracy is achieved when all
the errors in all the component maps occur at the same places. The worst case of error occurs
when none of the errors in the source maps occurs at the same place; in this case the accuracy of
the overlay map is the mathematical product of the percentage accuracies of the component
maps. Newcomer and Szajgin’s analysis is very useful for grid-based GIS, but does not apply to

vector systems.

Burrough (1986) provides an example of the compounding of attribute error in map
overlay. Using the universal soil loss equation, which might be a typical application of GIS
overlay analysis, he examined the impact of realistic errors in predictor variables on the
variability in predicted soil loss and noted “95 percent of the cells having the climate/slope/soil
regime specified here would have a soil loss ranging between 3 and 21 em”. The conclusion

indicated here was that even moderate errors in single map layers may combine in an overlay
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analysis to yield an unacceptable error in the resulting map.

GIS operations such as map overlay may have a drastic impact on the locational and
attribute accuracy of maps produced in routine GIS analyses. Error propagation is a serious
topic, and one continually being studied. It has been examined in a raster context (Newcomer
and Szajgin, 1984), or with an emphasis on “sliver” or “spurious” polygons (Goodchild, 1980a),
or with a focus on attribute errors (Burrough, 1986). However, a statistical analysis of the
spatial errors resulting from map overlay in a vector system has not been reported. In any
analysis of errors in forestry GIS (where overlay is common), consideration must be given to this
subject. The closely related topic of detecting spurious polygons also merits further study.
When a map overlay produces numerous small “sliver” polygons, the question arises: “Are these
significant features on the landscape or are they artifacts of the precision and accuracy of the
data and the computer algorithms used?” Some GIS software products (e.g., ESRI’s
ARC/INFO) provide an option for the analyst to specify a threshold parameter which prevents
such spurious polygons from being created. However, published discussion of such capabilities
has been concerned primarily with producing aesthetically pleasing map products, not reliable

information.

METHODS FOR DEPICTING AND ANALYZING ATTRIBUTE ERRORS

Since the attributes recorded with spatial features are an integral part of GIS systems,
some attention must be devoted to attribute errors. However, this is relatively easy, since
attributes take the form of numbers and labels which are familiar, and for which methods of

portraying uncertainty have been established. Attributes of spatial phenomena, like any
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measures, may take the form of nominal, ordinal, interval or ratio values. Numeric variables
(including interval and ratio data) may be dealt with in conventional statistical manners.
Variability may be expressed as estimates of standard deviation or variance, or as confidence
intervals. Derivation of these expressions of uncertainty are well explained in statistical texts
and need not be repeated here. Examples in forestry situations are easy to find, and may
include: estimates of timber volumes with accompanying variance figures, height measurements
“plus or minus” a confidence interval half-width, and ranges on numbers of organisms per unit

area.

Nominal data are common in GIS systems in the form of “thematic maps”, sometimes
referred to as “choropleth maps”. These maps contain polygons that are labelled as belonging
to categories, such as timber types or soil units. Attribute errors in nominal data take the form
of misclassifications. While locational errors may also lead to misclassifications (as in instances
of faulty registration), misclassification error will Pe considered here to be primarily an attribute
error. This type of error has been commonly encountered in land cover mapping, and is

discussed at length in the remote sensing literature (Campbell, 1987; Congalton et al, 1983;

Chrisman, 1980).

The conventional way to express misclassifications in thematic maps has been the
contingency table or error matrix. Cross-tabulation of pixels for which both the classification
and the reference (“truth”) categories are known can provide a user with valuable indications of
the suitability of the map for different purposes (Chrisman, 1982a; Prisley and Smith, 1987).
Entries along the diagonal of an error matrix indicate the number of correctly classified pixels in
various categories. Off-diagonal entries represent misclassifications. A variety of expressions,

such as “producer’s accuracy” and “consumer’s accuracy” (Story and Congalton, 1986) can be
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derived from contingency tables.

Aronoff (1982b) proposed another technique to use contingency tables to communicate
misclassification rates to map users. His perspective is one of accepting or rejecting maps as if
they were hypothesis tests. While this may not commonly occur in practice, it does encourage a
statistical consideration of a map as an estimate. Aronoff differentiates between the concerns of
the map producer and the map user, defining “producer’s risk” (that of incorrectly rejecting an
accurate map) and “consumer’s risk” (that of accepting a map of insufficient accuracy); these
risk classifications are analogous to Type I and Type II errors in hypothesis testing. While the
accept/reject decision may not be applicable, Aronoff’s suggestions for communicating
information regarding map uncertainty to the map user are important. Most applications of
contingency tables have been in conjunction with classifications of satellite imagery for land use
or land cover mapping or other raster-format data (Greenland and Socher, 1985). There is no
reason that contingency tables cannot be produced for vector-based maps; the concept is
independent of any underlying structure to the data. However, in practice, reports including

contingency tables have almost exclusively dealt with raster-format digital maps.

Attribute errors have been studied by Jenks and Caspall (1971) in the context of
choroplethic maps. Their concern was that choroplethic (categorized) maps are a generalization
of reality in that continuous spatial distributions are represented by discrete categories. In order
to evaluate the error involved in this generalization, they considered several techniques for
dividing a continuous variable (per-acre value of farm products in Illinois) into categories. A
three-dimensional map of the state of Illinois which portrayed value of farm products by county

was produced using each technique, and errors were calculated as the difference in the various

representations.  Their analysis suggested appropriate methods for separating spatially-
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continuous phenomena into discrete categories; however, no attention was paid to errors in

location, only in attribute representation.

An analysis of attribute errors by MacEachren (1982) involved a similar treatment of
attribute errors. In this study, accuracy of a thematic map was related to the variability of the
data being categorized, the size of the enumeration units, and the compactness of these units.
Again, spatial location of enumeration unit boundaries were considered to be invariant, and only

attribute errors were evaluated.

METHODS FOR DEPICTING AND ANALYZING SPATIAL ERRORS

A number of models have been developed to portray and/or analyze spatial errors in

maps. A review of the more prominent and relevant ones is appropriate here.

Baster models

Since the raster data structure has been applied for a longer time than the vector
structure, there have been more studies focussing on errors in a raster context. For example,
some work by Frolov and Maling (1969) was concerned with the accuracy of area estimates
based upon dot grid counts. Their results are directly applicable to raster-based GIS systems,
and have been further discussed by Muller (1977), Goodchild (1980a), and Burrough (1986).
Several of these authors have been interested in determining the variability of area estimates

using grid structures, and agree that this variability is dependent on the resolution (dimension)
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of the grid cells.  Thompson (1981) related errors in area estimates not only to grid cell size,
but also to shape of regions; he employed a shape factor based upon a ratio of perimeter to the
square root of area. Switzer and Venetoulias (1987) also note that misclassification rates can be
related to grid cell size. Detailed results of these raster studies are not directly applicable to
vector data structures; however, some of the underlying concepts (such as the relationship of

error to resolution) can be carried into the vector domain.

The Fuzzy Boundary Model

Some recent attempts at expressing the uncertainty of map information have utilized a
mathematical framework called fuzzy set theory. Fuzzy set theory acknowledges that some
concepts are “fuzzy” or indeterministic by nature, and cannot be dealt with appropriately by
common mathematical or statistical techniques. Bouiller(1982) suggests that most phenomena
occurring in maps and spatial data bases fit this description, and would be suitable for
consideration in a fuzzy-set context. In a comprehensive paper on the subject, Leung (1987)
suggests “regional boundaries concern the degree of belongingness to regions and are thus fuzzy”.
His treatment of spatial boundaries using fuzzy set theory involves first a linguistic proposition
that defines regions (e.g., the statement “timber stand X is pre-merchantable pine” may be a
linguistic proposition which defines a region based upon its predominant timber type and size).
The regions are characterized by a set of characteristics (e.g., species, age, stocking, etc.) and a
membership function. The membership function indicates the degree to which an area with a
set of characteristics corresponds to one of the defined regions. Next, Leung defines regional
cores, boundaries, and edges as: )

CORE: “The core of a region Z is the point or area in space whose

characteristics are most compatible to the linguistic proposition
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characterizing Z.”

BOUNDARY: “A boundary is in fact a zone including all points in space whose

characteristics are more or less compatible to the regional characterization..”

EDGE: “The edge of a region ... consists of points in space which just fall short

in having a positive degree of compatibility to the characterization..”

In an example of the above, Leung uses a classification of regions based upon climate.
Regions may be classified according to temperature and precipitation, into categories whose
labels may include: hot, warm, cool, cold, and abundant, substantial, and adequate
precipitation. Rather than using arbitrary thresholds for temperature and rainfall to delineate
these regions, a membership function was used to indicate the “degree of belongingness” to a
given category. For example, Figure 4 shows the membership for the fuzzy sets “hot”, “warm”,
“cool”, and “cold”, as a function of temperature. Areas in which the value of the membership
function is equal to one are deemed the core of the regions. Areas in which the value of the
membership function is above some threshold (Leung uses the notation “alpha level”) are
considered boundary regions. Edges are then defined as areas in which the membership function

for all sets falls below the specified alpha level.

Fuzzy set theory provides an enlightening perspective on boundary imprecision. First, it
recognizes that boundaries may be quite indeterminate, and occupy a broad area on the ground.
In addition, the membership function shows the indeterminacy of the definitions of regions
(Robinson and Frank, 1985). This concept is important in determining how well boundaries can

be located. While Leung’s application demonstrated the potential utility of mapping with fuzzy
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boundaries, it also required extensive data (temperature and precipitation), and involved
interpolation, which introduces another dimension of error which was not discussed. The use of
fuzzy set theory in the classification of land cover was discussed by Robinson and Strahler
(1984), and an application involving relational databases has been presented by Buckles and
Petry (1982). Fuzzy set theory has been useful in these situations as a means of portraying the

inexactness of the data being used.

The Fractal Model

Some attempts at characterizing the variability of lines have used the concept of
fractional dimensionality developed by Mandelbrot (1977). Most of these efforts have focused on
the relationship between line complexity or length and scale (Loehle, 1983). The fundamental
premise is that the length of a Iinerdepends upon the scale at which it is measured. Plotting the
logarithm of measured length against the logarithm of the measurement precision indicates a
constant relationship. The slope of the plotted relationship is the fractional dimension.
Shelberg and Moellering (1983) have developed a computer program to measure the fractional
dimensionality of lines. Goodchild (1980b) has shown that Switzer’s (1975) estimate of
mismatch areas in a raster structure can be rewritten such that the mismatch area is a function
of both the grid cell size and the fractal dimension D. However, no practical application has
been published which demonstrates the usefulness of such a model to a map user interested in

data reliability.

The Epsilon Mode] and other Error-Band Models

A number of authors have appreciated the fact that boundaries may be more



34

appropriately represented by a band of a certain width than by an infinitely thin line. Peuker
(1976) postulates that a line can be characterized by:

a) a general direction,

b) a band width, and

c) a length.

This definition of a cartographic line has some utility in generalizing lines; that is,
reducing the number of coordinate pairs required to adequately define the line. It also may help
in determining line intersections, and in determining whether two different representations of a
line are actually independent records of the same line. Peuker’s discussion does not directly

address error, but the concept he advances is useful in characterizing line errors.

Perkal (1966) originated the concept of an “epsilon band” which may be used to
represent the probable location of a line. The application he discussed was an attempt to
determine the length of a line while considering scale and generalization. Chrisman (1982b)
developed the epsilon model into a useful framework for error analysis. He suggested “Given a
cartographic line as a straight line approximation, it might be supposed that the true line lies
within a constant tolerance, epsilon, of the measured line”. In an example application of the
epsilon band model, a U.S. Geological Survey Land Use/Land Cover map was noted to have
seven percent of the total area contained in epsilon bands of 20 meters. The epsilon model was
also used to develop bounds on area measurements for individual land use/land cover categories.
Chrisman noted that “These bounds should be interpreted as standard deviations, not absolute
limits”. His treatment of bounds on area, and the epsilon model itself, was quantitative but not
probabilistic; no statement (such as a statistical confidence interval) was provided which would
indicate how often the true line could be expected to lie within the epsilon band, or how often

the true area would be expected to be contained within the “probable bounds”. Another
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potential drawback to Chrisman’s example is the assumption that the epsilon band is constant
in a given map, regardless of the boundary being drawn. A contrary situation can readily be
conceived; note that boundaries between similar features (such as a pine-hardwood timber stand
and a pure hardwood stand) may be more difficult to delineate accurately than boundaries
between quite distinct features (such as between a pine plantation and a water body). Such
situations fa.vor-t.he use of different epsilon band widths for different boundary types. Thus,
while Chrisman has proposed a reasonable and useful model, greater flexibility in assumptions

and a more formal statistical treatment would be desirable enhancements.

Blakemore (1984) applied the epsilon model in an examination of the common “point-
in-polygon” analysis. In his study, industrial establishments in England were represented as
point data (coordinate pairs), and Employment Office Areas (EOA’s) were represented as
polygons in a vector database. The analysis was concerned with determining which industrial
establishments were located in which EOA’s. Using epsilon bands around the EOA boundaries,
the uncertainty of the lines were acknowledged. Points (industrial establishments) were
designated as being in one of the following categories:

a) possibly out (of an EOQA),
b) possibly in,
c) unassignable,
d) ambiguous,
e) definitely in.
With an epsilon band width of 100 meters on the ground, 7% of the 780 test points were

in areas of doubt. At an epsilon of 0.7 km, only 50% of the points were uniquely assignable to

only one area.
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Blakemore’s analysis provides an excellent example of how a model of spatial
uncertainty can be used in a GIS application to provide information about the reliability of the
result. Note, however, that Blakemore’s categories were qualitative and not related to specified
probabilities. Also, the point locations were taken to be deterministic; variability was only
assumed for the EOA boundary lines. Again, a quantitative, probabilistic 'treatment may

enhance the epsilon model.

Another analysis which uses an “error band” model of a cartographic line was presented
by Yoeli (1984). This application is interesting in that it relates attribute error to spatial error
in a topographic data context. As noted earlier, an error in gridded elevation data is difficult to
categorize as being an attribute or locational error. Recognizing this, Yoeli used statements
concerning errors in elevation to depict possible locational errors. Figure 5 indicates how this is
done. Given an elevation mean square error of M,, and the slope of a parcel of land, it is
possible to project the vertical mean square error to the ground surface, and thence to a
planimetric surface. With a given vertical error, steep slopes will produce a smaller planimetric
(horizontal) error than will relatively flat slopes. Yoeli produced maps depicting a zone of error
around contour lines using this procedure. Unlike epsilon bands, his error bands are not
necessarily symmetric about the estimated line, nor are they constant acroes a map. Rather,
they change with the topography. Yoeli’s analysis is intriguing, but it is not readily apparent

how such a procedure could be applied to non-surficial data.

The above analyses using “error bands” around a cartographic line present the best
opportunity for a statistical treatment of spatial error in a vector GIS. Most of the authors
cited, especially Chrisman, were very close to the kind of model which has been needed by

forestry users of GIS. A more formal statistical treatment can greatly expand the utility of
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Mp = Mean square planimetric error

Mh = Mean square height error

a = Angle of slope of land surface

Mp = Mh/tan (a)

Figure 5. The determination of planimetric contour error bands (from Yoeli, 1984).
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these models, and strengthen the interpretation of results.

Digitizing Error Model

One component of digital map error that has attracted attention has been that of
digitizing error. It is interesting that numerous users of GIS wonder about how closely a person
digitizing a line can follow the map line, yet may never question how closely the original map
draftsman was able to delineate lines that may have been barely perceptible in the first place.
Since the digitizing of maps is a process that closely mimics the original drafting procedure,
results from digitizing studies may contribute to an understanding of error processes involved in
map creation. Thompson (1981) studied errors in digitizing directly from a photographic
stereomodel. He reported an average digitizing error of 3.3 meters when digitizing from 1:80,000
scale photographs onto a map scale of 1:40,000. Chrisman (1982c) assumed that digitizing using

scanning devices produced normal errors with a standard deviation of 8.3 meters.

Baugh and Boreham (1976) simulated errors in digital lines representing the coastline of
Scotland. They noted that random errors in point coordinates produced a systematic error in
length of lines. Keefer (1988) encountered this same result. Baugh and Boreham related this
phenomena to what is termed the “Steinhaus paradox”: the more accurately an empirical line is
measured, the longer it gets. Baugh and Boreham’s study set a precedent for using simulation

of point errors to evaluate secondary errors, such as errors in line length.

One frequently-cited study of digitizing error was performed by Traylor (1979). Traylor

measured and modeled digitizing error in an attempt to train digitizers to improve their
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accuracy. Traylor’s results helped establish some guidelines for modeling error by noting the
presence of systematic patterns and differences between latitudinal and longitudinal errors.

Jenks (1981) reviewed Traylor’s work and emphasized the human element in digitizing errors.

Chrisman (1987b) examined digitizing error, but was primarily concerned with
topological errors, such as missing or multiple labels for a polygon, polygons which did not close
or contained “loops”, or dangling or unconnected chains. Thus, while he noted that consistency
between attributes (polygon or line labels) and the spatial features is critical, he did not examine

the digitizing errors relating to correct placement of lines and points.

Otawa (1987) evaluated the impact of digitizing errors on polygon area. Fourteen
students independently digitized the same square mile from a soils map, and Otawa reported
only generalized results, noting that “The majority fell within plus or minus 7 percent from the
mean regardless of polygon size”. No tests were performed to detect differences between
digitizers, and no attempt was made to relate the variability of polygon areas to either polygon

size or complexity.

Keefer (1988) carried the work of many of the above authors to the modeling of spatial
errors specifically to support interpretations important to map users. In his study, coordinate
errors were simulated and the impact of these errors on line length and polygon area were
recorded. Keefer’s model included a provision for serial correlation between adjacent points. As
noted by Baugh and Boreham (1976), errors in points comprising a line produce a bias in line
length. However, no bias was noted in polygon area. Variation in length and area were related

to the accuracy standard employed in the simulations, which controlled the magnitude of the
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coordinate errors. Standard deviation of polygon area was noted to be related to polygon size,
and variation in line length was related to line length. Keefer’s work represents an important
contribution to the interpretation of the impact of digitizing errors on map variables (length and

area) of interest to a forestry GIS user.

Polvgon Area Error Models

Two recent works have examined the effects of point location errors on areas of
polygons. Bondesson (1986) derived estimates of the standard error of areas obtained by
traversing compartments. He assumed normal etrors in bearings and distances, and assumed
that errors at adjacent points were uncorrelated. Using these assumptions, and standard
surveying formulas for computing area, he obtained estimates for area variability. While
Bondesson’s work concerned points defined in a relative sense (bearings and distances from one

point to another), his procedure is very similar to that followed here.

In a more recent effort, Chrisman and Yandell (1988) developed a model to describe the
bias and precision of area estimates based upon X and Y coordinates. They assumed
independent and identically distributed coordinate errors at well-defined points representing the
vertices of a polygon. ’i‘hey reported that the resulting area estimates were unbiased, with
variance a function of the coordinates. While their results may be applicable to cadastral data,
the reliance on independent errors and well-defined points may limit the usefulness of their

model for natural resources data, which are less likely to exhibit the assumed characteristics.



Chapter 3 - PROCEDURE

ASSUMPTIONS REGARDING POINT LOCATION ERRORS

The arc-node data structure described earlier was used as the data model for this work.

Since point coordinates are the fundamental feature in the arc-node data structure, it is logical
to begin any derivations with assumptions regarding errors in point locations. The notation
introduced by Chrisman and Yandell (1988) will be used as a starting point. An X,Y coordinate
is considered a multivariate random variable; the observed location of a point (X;,Y;) consists of
the unknown true coordinate and an error term:

X;=x; +¢ Y,=yi+m (3.1)
where: X;, ¥; = true location of point i

€; = error in location of x-coordinate of point §

7; = error in location of y-coordinate of point §

The concept of the coordinates of a point being random variables is not new.
Statements of map accuracy are typically based upon the recognition that points as represented
on a map may be in error relative to their position on the earth. Thus, the coordinates of a
point on a map may be considered to be random variables centered on the true location of the
earth feature they represent, varying to some degree due to the errors accumulated in the
mapping process. We express this concept by considering the observed point location to be an
unbiased estimate of the true location:

E(X;) = x; E(Y;) =y;

41
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The next assumption that must be made concerns the variability of the point
coordinates. A similar error in both X and Y dimensions is plausible. This can be expressed by
assigning an equivalent variance to both errors:

Var(e;) = Var(n,) = o]
In some specific cases, there may be reason to reject this assumption. For example, if it is
known that the use of a certain map projection has distorted coordinates more in one direction
than the other, unequal variances for X and Y errors may be more suitable. However, in
developing a model to describe the general expected situation, equal variances do not seem

unreasonable.

Next, we will assume that X and Y errors are uncorrelated:
E(e;n) =0
This assumption may also be arguable. For example, Traylor (1979) provided evidence that X
and Y digitizing errors are not independent, but rather are influenced by the direction that the
digitizer cursor was moving when the point was sampled. Traylor noticed a greater tendency for
longitudinal than latitudinal errors, which would imply that o # oy and that p:y is a function
of digitizing direction (such that the major axis of an isodensity ellipse would follow the
direction in which the line was drafted or digitized). While Traylor’s suggestion of dependence
between error directions is convincing, his work concentrated on digitizing errors, which represent
only one component of the overall coordinate error. Undoubtedly, some of the error components
will exhibit this type of correlation (particularly those involved with human line-following
processes), while others will not. The degree of correlation between X and Y errors at a point
will depend upon the relative importance of the error components which exhibit such a
dependency. If the model for point error were to include a correlation between X and Y errors,

then the direction of digitizing, drafting, scribing, etc. at each point would have to be known or
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arbitrarily assumed in order to determine the appropriate values for 0., oy, and pzy. The
model would require a different value of p-y for every point; these values would presumably
derive from the angular direction from the previous point. In order to avoid arbitrary selection
of which adjacent point is to be deemed the previous point, a simpler model will be used here

and X and Y errors will be assumed to be independent.

Next, we need to consider correlation between errors at adjacent points. Several authors
(Traylor, 1979; Jenks, 1981; and Keefer, 1988) have indicated that digitizing produces correlated
errors at adjacent points. Keefer et al. (1988) reported that an autoregressive process of order 1
was exhibited by the majority of the data they studied. This means that the error at a
coordinate can be expressed as a function of the previous coordinate error and an independent
random error:
€ =pei + €

where: €; = error at point i
€;_, = error at point before point i
p = correlation coefficient

¢; = independent random error

0

Many of the map-making processes (such as drafting and scribing) may be thought to
produce error patterns similar to those from digitizing. In addition, processes such as map
projection or coordinate rotation produce errors that are functions of the coordinates themselves,
with adjacent coordinates behaving similarly. Thus, the model used here will account for
correlation between errors at adjacent points by using a correlation coefficient, p. If p; is the
correlation between errors at points i and i+1,

_ Cov(e;€;,1) _ Cov(n;,m;41)
Pi="TFd T T T 00ina :




Thus, we assume that X errors at adjacent points are correlated to the same extent as the Y

errors at those points, but that X errors are not correlated with Y errors.

The assumptions regarding errors in point locations can be summarized with the

following expressions of expectation:

E(¢) =0 E(n) =0

E(eicir1) = pioioiyy E(miniy1) = pi0i044y
E(e}) = o} E(n]) = o]

E(e;e,) =0 for lbil > 1 E(n;m) =0 for kil > 1

E(‘."h:) =0 Vv ”k

POLYGON AREA ERRORS - DERIVATION

The area of a polygon in a vector GIS is calculated using some form of a standard

algorithm which expresses area as a function of cartesian coordinates (Maling, 1989):

Ay = % * g (xiY.'-u - xi+1Ya)
where: X, =X, Y1=Y

Ay = area of a polygon composed of n unique points
The above formulation yields a positive result for area when coordinates are indexed in a
counter-clockwise manner; thus, when points are recorded in a clockwise direction, the absolute
value is taken. This expression is sometimes referred to as the herringbone method (Maling,

1989). An alternative formulation involves centering the coordinates about a local origin. For a
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polygon, a reasonable origin is the polygon centroid. If the coordinates of the polygon centroid
(Xc,Yc) are subtracted from all other coordinates, the resulting area is the same. This is
equivalent to a coordinate translation from the origin of the coordinate system to the polygon
centroid. In computer processing, this has the advantage of increasing the precision with which
coordinates are manipulated, and thereby reducing rounding errors. If centered coordinates
(X;,Y,) are defined as:

X,-:X,--Xc ?'zY-°Yc

X, =x; - X Yyi=vyi-Ye (3.2)

then the alternate expression for polygon area is:

Av=he Y (Bi¥in- Xas) (53)
i=

which holds for arbitrary X¢, Y.. As will be noted, an approximate expression for polygon area
variance was derived which omitted minor covariance terms, and a dependency of area variance
upon the centroid location was noted. Thus, a consistent method for defining the polygon
centroid was needed. Rather than arbitrarily selecting one of the variety of centroid definitions
in use (Monmonier, 1982), differential calculus was used to obtain the centroid location which
minimizes polygon area variance. This centroid will be termed the minimum-variance centroid

(MVC). It is hypothesized that inclusion of omitted covariance terms would obviate the

necessity for use of the MVC.

The derivation of mean polygon area and polygon area variance proceeded in steps from
the coordinates to the entire polygon. First, it was noted that each pair of points in the polygon
boundary formed a triangle with the MVC. The area of one of these triangles is obtained by
one element of the sum in (3.3):

A= % (Xx’?i+l - XHIYHI) (3.4)
where: ; = area of the triangle formed by points i, ++1, and the MVC
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The sum of the areas of these triangles is then equivalent to the polygon area. Note that (3.4)
may yield negative values, depending on the direction in which coordinates are indexed. Some
triangles may effectively deduct area from the polygon (Figure 6). However, the overall polygon

area will be positive if coordinates are indexed in a counter-clockwise direction.

The first step in deriving the mean and variance of polygon area was to obtain the mean
and variance of area of a single triangle. This was done using simple statistical techniques for

obtaining the expectation and variance of sums and products of random variables.

Next, it is apparent that adjacent triangles will have correlated areas. This is because
each point on the polygon boundary is shared by two triangles, and an error in the point
location will affect the area of both triangles. Thus, it was necessary to derive the covariance of
area for adjacent triangles. This was also done using the methods for finding the expectation of
a function of random variables, since, according to the definition of covariance:

Cov(A;A 1) = E(AA ) - E(A)E(A;4,)-

Now, the expectation and variance of polygon area is found simply by taking the
expectation and variance of the sum in (3.3). The expectation of polygon area is the sum of the
expected triangular areas. The variance of polygon area is the sum of the triangle variances plus

twice the sum of the triangle covariances:

E(Ay) = S E(A;)

=1

Var(Ay) = 3 Var(A;) +23 Cov(A,A,,)

=1 i=1

where: A=A
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Figure 6. Polygon area as a summation of triangle areas. The area of the shaded triangle is

deducted from polygon area.
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Note that in the above equation, only pairwise covariances between adjacent triangles
(Cov(Ai,Ai +1)) are considered. This represents a first approximation, and omits the covariance
between triangle A; and all non-adjacent triangles within an arc. These additional covariance
terms would be functions of order p”, n>1. Thus, while not an exact expression, it is believed

that this represents a sufficient approximation and enables significant simplification.

After obtaining an expression for polygon area variance, the covariance of area of
adjacent polygons was considered. Due to the simultaneous dependency of a pair of polygons
upon the arc which they share, there is a negative covariance of areas of adjacent polygons. Any
error in an arc between two polygons will increase the area of one polygon while decreasing the
area of the other. The covariance of polygon area is important for cartographic modeling
applications, an example of which will be discussed later. To obtain the needed covariances, we
begin again at the level of the triangles. Now, we note that every pair of points in an arc
belongs to fwo triangles: one with the MVC of the polygon to its left, and one with the MVC of
the polygon to its right (ignoring for the moment arcs along the exterior map boundary). Thus,
every point along the arc is involved in four triangles; two to the left and two to the right
(Figure 7). This means that triangle A; on the left of an arc will exhibit covariance of area with
triangles A;_;, A;,,, B;_;, B;, B;,; (where A denotes triangles to the left of the arc and B
denotes triangles to the right of the arc). To obtain covariance between adjacent polygons, we

now must consider the covariances:
Cov(A;,B;_,), Cov(A;,B,), and Cov(A;,B,,,).

These terms will be derived as before, using common statistical methods for obtaining

expectations of sums and products.
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Xa, Ya
(Centroid of polygon A)

Xb,Yb
(Centroid of

polygon B)

Figure 7. Diagram of the triangular areas involved in polygon covariance.
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Once these covariances have been obtained, we combine them in a sum along an arc:

Cov(A,B) = i(Cov(Ai,Bi_l) + Cov(AyB,) + Cov(A,B,, )
where: A = area of the polygon to the left of the arc

B = area of the polygon to the right of the arc

A; = area of triangle i in the polygon to the left of the arc

B, = area of triangle i in the polygon to the right of the arc

m = number of points in the arc

Cov(A,,By) = Cov(Am,B,,,1) =0 by definition

(Here we assume the order of indexing of points is that which yields a positive area for the
polygon to the left of the arc). Once again, the derivation will allow for a different o and p for
each point, while a practical application would likely use a single o and p for the entire arc

separating the two polygons.

POLYGON AREA ERRORS - VALIDATION OF THE DISTRIBUTION

Knowledge of the mean and variance of polygon area errors can be more useful if they
can be shown to be parameters of some known distribution. Given a distribution for these
errors, the probability of occurrence of certain events could then be inferred. For example,
“sliver” polygons which arise from overlay and intersection of similar arcs present a problem in
interpretation. Do such polygons represent significant features on the ground, or are they

artifacts of the map overlay process? Generally, such polygons are small in size. In fact, some
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GIS software modules provide for the arbitrary elimination of polygons smaller than some
threshold area, on the assumption that they must be insignificant. If the distribution of polygon
area were known, a p-value could be obtained which would indicate the probability of getting a
sliver polygon of the observed size when, in fact, no such feature exists in the area being
mapped. Such a statement could be useful in the determination of which sliver polygons to

eliminate.

An assumption of normal errors in point location has been suggested by Chrisman

(1982a), and seems quite reasonable. This is expressed as:

€ ~ N(o’”?) N ~ N(ov”?)
Then, X; ~ N(x;,07) Y; ~ N(y;,o?)
and (X;-Xc) ~ N(%;,07) (Yi-Ye) ~ N(F;,07)

The formula for the area of a triangle (3.4) can be rewritten as a function of a random

determinant: - -
(X,- - XC) (x:‘+1 - xt) xn‘ x-'4-1

>
-

I
[T
*
!
[T
*

(Yc' - Yc) (Yi+1 - Yc) ?-’ ?i+1

If we assume that adjacent coordinates are independent and normally distributed, we can apply
the findings of Nicholson (1958), who noted that the distribution of a random normal
determinant could be approximated by a normal distribution. Indeed, if p=0, the expression for
variance of a triangle obtained here agrees with the variance of a 2x2 random normal
determinant described by Nicholson (1958). Thus, in the absence of correlation between
coordinate errors, the polygon area is a sum of nearly-normal random variables. Because these
triangles are not independent, the Central Limit Theorem is not strictly applicable. However, it

appeared that a normal distribution would still be a reasonable approximation to the

distribution of area estimates.
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It was thought that as the number of vertices (and therefore triangles) in a polygon
increased, the more the distribution of errors would tend towards normality. To test this idea,
simulations of errors in polygon coordinates were performed. Six polygons were created by
sampling points at regular intervals on circles of different radii such that the polygons all had
the same area. The area was arbitrarily set at 8000 square units. Polygons were created with 3,
5, 7, 9, 11, and 15 vertices. (The polygons were therefore an equilateral triangle, a regular
pentagon, heptagon, nonagon, etc.). The polygons were created with a single arc which closed
on itself. It was noted that when the standard deviation of location errors is large relative to
line segment length, pathological situations arise since adjacent points may actually reverse
order when errors are added to point coordinates. A regular polygon with 15 vertices and an
area of 8000 square units will have a boundary composed of 15 line segments which are each
21.29 units in length. The standard deviation for point errors was set at 2 units (roughly 10% of
the line segment length) so as to effectively eliminate the potential for simulated errors causing a
reversal of points in the polygon boundary. The correlation between adjacent X errors and
between adjacent Y errors was arbitrarily set at p=0.5. Using the IMSL (1987) Fortran
subroutine RNMVN, vectors of n correlated normal errors were created to represent X and Y
coordinate errors at each vertex of each polygon such that:

€; ~ N(0,4) n; ~ N(0,4) fori=1.n

E(e;€;41) =2 E(n;n:41) =2 for i = l..n-1

One iteration of a simulation on one polygon involved creating the vectors of correlated
X and Y errors, adding them to the coordinates, and recording the area of the resulting
perturbed polygon. A simulation consisted of 80 iterations for each polygon. (The sample size
was set at 80 because initially, the IMSL routine KSONE was used to obtain Kolmogorov-

Smirnov test statistics, and KSONE provides exact probabilities only for n < 80). These 80
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polygon areas were then sorted, and the resulting empirical distribution function was compared
to the normal (generated by the IMSL program ANORDF). The Anderson-Darling A? statistic
(Stephens, 1974) was calculated to test the null hypothesis of normality, with the normal
parameters of mean and variance as specified by the expressions derived herein. Twenty

simulations were performed, resulting in 20 values of A2 for each of the six polygons.

POLYGON AREA ERRORS - EXAMPLE APPLICATION

An example application of the polygon area variance expression was performed to
demonstrate its utility. The application consisted of an analysis of the variability of value of a
tract of forested land, due to the variability of area estimates. As noted by Meyer (1963),
variability of area estimates is often ignored when total volume (or value) estimates are
calculated. The analysis conducted here was meant to demonstrate how area variability can be
accounted for in performing such routine tasks as volume or value summaries. The variability
of total volume (value) consists of two parts; that due to volume determination, and that due to
acreage determination. The former is commonly considered using a standard error estimated
from the sample of plot volumes, but will be ignored here in order to concentrate on the latter.

However, both components could be considered jointly.

This analysis was performed using data from a recent land acquisition by a southeastern
U.S. forest products company. The subject parcel will be referred to as the “Webster” tract.
The 218-acre tract consists of five stands, which are comprised of 20 individual polygons (Figure
8). Two of the stands are non-forested. The remainder include a 110-acre stand of upland

hardwood, a 53-acre stand of bottomland hardwood, and a 26-acre stand of loblolly pine planted
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Figure 8. Timber stand map of the Webster tract. Labels inside the stands indicate stand

number/acres. Stand descriptions are given in Table 1.



55

in 1961. These three stands were inventoried using a systematic sample of variable-radius plots

(BAF 10) on a 4-chain by 5-chain grid.

After obtaining a survey of the tract boundary, 70mm natural color aerial photographs
of the tract were interpreted to delineate stand boundaries. The photo scale was 1:15,840, or 1
inch to 20 chains. The map was digitized, and point coordinates were extracted for input into
Fortran programs which calculated polygon area variance and covariance. From the inventory
data, pine and hardwood pulpwood and sawtimber volumes were calculated using appropriate
tree volume equations. Using current stumpage prices as reported by Timber-Mart South
(1989), and volumes per acre from the inventory, a per-acre timber value was calculated for each
stand (Table 1). For simplicity, no “bare-land” values were assumed. Thus, the total tract

value is obtained from:

where:
V = total tract value
v; = timber value per acre for stand i
a; = acres in stand i
n = number of stands in the tract

The variance of tract value is:
n
Var(V) = z: v} « Var(a;) + 2+ z:v,-vJ-Cov(a,-aJ-) (3.5)
=1 i<j
The variance and covariance terms of (3.5) were obtained using the expressions

developed herein, under 9 different sets of assumptions about locational errors (three o’s and

three p’s). The assumptions began with three choices for p which were expected to encompass



Table 1. Timber volumes and values for the Webster tract.
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Pine Hardwood Value

Stand Description Acres  tons/ac. tons/ac. $/ac.
1  Open-Scrub hardwood 2.3 0.0 0.0 0.00

2  Upland hardwood 110.3 5.3 74.3 341.46

3 Bottomland Hardwood 53.4 0.0 193.5 1248.08

4  Loblolly pine (1961) 25.6 87.6 8.3 528.26

5 Open-Abandoned field 26.4 0.0 0.0 0.00
Total (Average): 218.0 (13.0) (85.0) (540.52)
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the range of realistic values; these were 0.3, 0.6, and 0.9. A recent survey of the tract boundary
indicated a standard deviation of error in monument location of approximately 2 feet. Thus, all
arcs on the tract boundary were assigned a standard deviation for points of 2 feet. Even under
the best possible conditions, the accuracy of timber stand mapping cannot be expected to be
better than the width of the line with which stands are delineated; therefore, the lowest standard
deviation used for point location errors was 25 feet (a. 0.5mm line at a scale of 1:15840
represents a band 26 feet wide on the ground). A more realistic value was estimated to be about
50 feet, and an extreme value of 75 feet was included. ‘The nine sets of assumptions are
indicated in Table 2. Using the estimated values per acre for each stand and variances and
covariances of polygon areas, variance of total tract value was obtained for each of the nine sets

of assumptions.

DISTANCE ERRORS - INTRODUCTION & ASSUMPTIONS

Distances are calculated in GIS systems in two common forms: distance from one point
to another, and distance from a point to a line (arc). As will be seen, the former can be treated
as a special case of the latter; the distance from a point to a “degenerate” arc of zero length,
consisting only of a single node. Thus, this section will be concerned with obtaining expressions
to describe the statistical behavior of the distance from a point to an arc when errors in point

location (of both the subject point and the points in the arc) are present.

First, the concept of distance from a point to a line must be clarified. There are an

infinite number of such distances; the one treated here is the minimum distance from the subject

point to some location along the arc. In vector data structures, there are two cases to consider.
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Table 2. Nine sets of assumptions about point location errors for estimating polygon area

variances and covariances for the Webster tract.

Assumption o for boundary arcs o for internal arcs P
A 2.0 25.0 0.3
B 2.0 25.0 0.6
C 2.0 25.0 0.9
D 2.0 50.0 0.3
E 2.0 50.0 0.6
F 2.0 50.0 0.9
G 2.0 75.0 0.3
H 2.0 75.0 0.6
I 2.0 75.0 0.9
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First, the smallest distance may be from the subject point to a verter or node of the arc ( Figure
9a). We may call this the vertez distance. This is quite distinct from the other case, in which
the shortest distance is from the subject point perpendicular to some line segment in the arc
(Figure 9b). We will call this the perpendicular distance. These cases require individual
attention. As mentioned, Case 1 includes the situation of distance from one isolated point to

another.

For both cases, we will adopt the same assumptions regarding point location errors as
were used when considering polygon area errors. That is, X and Y errors are independent, with
the same o; X errors at adjacent points are correlated, as are Y errors at adjacent points; and
the mean errors are zero. In addition, we have the subject point (X,, Y,) which is similarly

represented as composed of the true location and an error:

Xs=x,+¢, Y.=y:+

where: E(e;) =0 E(n,) =0
E(e?) = o2 E(n?) = o}
E(e,ns) =0

and the errors at the subject point are independent of any errors along the arc.

DISTANCE ERRORS - DERIVATION

Case 1: Vertex Distance

Let (Xy,Yy) denote the coordinates of the vertex found to be the closest to the subject

point, and ¢, and 7, the X and Y errors at that point (each with standard deviation o). Then,
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Figure 9. Two cases of distance from a point to a line. Case 1 (a) shows the closest distance
being from the subject point to a vertex on the line. In Case 2 (b), the closest distance is along

a perpendicular to the line segment from the subject point.
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if D is the distance from (X,,Y,) to (X.,Yu), we have:

D= (X, - Xo)? + (Y, - Yo)?
It becomes necessary at this point to adopt an assumption regarding the distribution of errors.
The location of a point on a map coming from a GIS is the result of a number of steps, such as
photointerpretation, transfer onto a map base, possible multiple plotting and redrafting of that
map, digitizing of the map, storage and manipulation of computerized coordinates, and a final
re-plotting of the map from the GIS. As discussed previously, each of these steps may
contribute to the final error in the point location. Because of the Central Limit Theorem, an
argument can be made that the distribution of the composite errors is normal. This argument
has precedent: the normal distribution was chosen by Chrisman (1982c) for modeling point
errors for the reason cited above. In addition, the symmetry and shape of the normal
distribution seem appropriate as a projection of the density of point locations onto a set of
coordinate axes. Thus, it might reasonably be expected that point errors will behave like
bivariate normal random variables. We can express this as:

€ ~ N(0,02) 7s ~ N(0,02)

€v ~ N(0,02) nv ~ N(0,02) (3.6)
These assumptions allow the exact distribution function of D? to be obtained. While it would
be desirable to know the distribution (or simply the mean and variance) of D, the derivation is
intractable. However, in many applications, knowledge of the distribution of D* will provide

most of the information needed.

Case 2: Perpendicular Distance

The distance from a point to a line segment presents a more complex situation. While

the concept of a point varying randomly in two-dimensional space is relatively commonplace,
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the case of a line segment whose endpoints are bivariate random variables was not discussed in
any of the literature reviewed. Certain treatments of random lines in two-dimensional space
have come close to modeling the situations described here (Solomon, 1978), but have not

provided results which are useful for this application.

If we were to attempt to derive the expectation, variance, and distribution of distance as
before, we would note that the perpendicular distance is a function of the three coordinate pairs:
(X.,Ys), (X,,Y;), and (X;,,,Y;,1)- A reasonably simple expression for this function derives
from noting that the distance we seek is the height (A) of a triangle whose base () is the length

of the line segment, and whose area is similar to that defined in (3.4). Noting that A; = }bh, we

have:
he po 2 _ [(X; - Xo)(Yipy - Yo) - (XKigy - Xa)(Y; - V) a7
J(xs-n =X+ (Yo - Y)? -
D = (2A,-)2 _ ((X,- = Xo) (Vi - Yo) - (Xipg - Xa)(Y, - Y:))2

5 (Xip1 - X,)* + (Yigr - Y,)?

While the numerator of (3.7) can be shown to be approximately normally distributed, we
encounter a difficulty which will be discussed later in dealing with the distribution of distance in
the denominator. Therefore, it was decided to find a reasonable approximation for the

perpendicular distance using other methods.

Consider a line segment and a point with the properties assumed in the previous section.
For convenience in the following discussion, we will redefine the coordinates of the point and line
segment. Without loss of generality, we can establish a new coordinate system such that the

new X-axis coincides with the true line segment. If coordinates in the new system are referred to
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as (X', Y'), then let the endpoints of the line segment be at (x}, 0), (x}, 0), and the subject
point be at (xi, y;) (Figure 10). Let us denote the point of intersection of the perpendicular
with the line segment as (xj, yp). In the absence of any errors in the line segment or the subject
point, Xp=xp=x; and Yp=yp=0. The errors in the new coordinate system will have the same

means, variances, and correlations as before.

One useful expression which is more soluble than a direct derivation of the distribution
of D in (3.7) is the distribution of distance conditioned on xi. By conditioning on x}, we will
ignore ¢, and assume Xj=x; and we return to a univariate case of distance between (x},Y%) and

(x3,Y3); and we have Dix; = Y} - Y5.

In order to proceed further, we must consider the error at Y, (n5). Initially, it might
appear reasonable that 7, would be distributed identically to 5} and n}; this would create an
isodensity region around a line segment which would appear as in Figure 11a. In the common
epsilon-band models of line error, a constant width for the epsilon band implies exactly this.
However, it was believed that the errors in Y’ at locations along the line segment between points
1 and 2 would have a lower variance than the errors at the line segment endpoints. The
reasoning for this is as follows. In order for a Y’ error of a givén magnitude (say, k) to be
observed at some point along the line segment, one of two events must occur. Either both
endpoints exhibit a Y’ error at least as great as k ({n{ >k n{n > k}), or one endpoint has
a smaller error ({r)i =uwu < k}) and the other endpoint has a sufficiently larger error ({q', >
k + m(Xj5 - X3); where m is the slope of the line from one endpoint to the other}). Thus, the
probability of an error of magnitude k at an intermediate point is a joint probability involving
errors at both endpoints. Consequently, Prob{np>k} < Prob{n;>k} and Prob{np>k} <

Prob{n3>#k}. This, in turn, implies that Var(np) < Var(n;) and Var(np) < Var(n}).
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Figure 10. Diagram of a point and a line segment in X’, Y’ coordinates.
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(a) Isodensity region is parallel about the line.

(— —
N — —

(b) Isodensity region is concave.

Figure 11. Isodensity regions indicating the “probable location” of a line segment. The first
diagram (a) shows a region for which o3 is the same for all X} (comparable to the epsilon-band

model). Diagram (b) shows a modified region, in which o3 is a function of X}.
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Thus, it was hypothesized that the isodensity contours indicating the probable locations of a line
segment with variable endpoints would be a figure which was circular at the endpoints but
concave between (Figure 11b). Noting that at the endpoints, the distribution of Y’ errors was
normal, it was further assumed that along the line segment, the conditional distribution of Y’

errors (given x') was also normal:

Tlﬂx;’ ~ N(O’a;) where a'; = /(”f,ﬂgyp, ,P) (3'8)

The rationale for this assumption comes from simple geometry. The slope of the line segment

from (X1,Y]) to (X5,Y) is a ratio of two normal random variables:

(Yz-Y3)
m= ——
(X3 - X1)
where: (Yz- Y1) ~ N(yz-yi,01 + 03 - 2p0,0))

(X3 - X}) ~ N(x=x},0{ + 03 - 2p0,05)
To obtain the Y’ value at x5, we insert xp into the equation for the line segment:
» ?
p=m(xp-Xy) +b
where ? = np (since yp = 0)
b = the Y'-coordinate of the line segment at X' = X
=N

Thus, given xp, (xp - X}) is normal, m is a ratio of normals, and b is normal. This suggests

that Yp may be normal also.

The next step, therefore, was to obtain the expression which describes a’% in terms of the
endpoint error variances, the correlation coefficient, and the location along the line segment.

This function was first evaluated graphically. A program was written to simulate line segments
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with normal errors at endpoints (with specified o and p). For each line segment simulated, the
errors in Y' at different points along the line segment were calculated. The variance of these
errors was plotted against the location along the line at which they were observed (Figure 12).
By simulating different values of ¢,, o5, and p, the effects of these variables on the function
were noted. Several expressions (quadratic and trigonometric) which were thought to provide
reasonable estimates of the observed function were tested. The curves of o versus X} obtained
through simulation were compared graphically with prospective estimates of the function until a
“best fit” was found. It was not felt that thorough examination of goodness-of-fit (through
regression analysis, for example) was called for, as the intention here was to develop a

reasonable approximation, not a definitive expression.

Now, given the conditional distribution hypothesized in (3.8) and the assumption of a
bivariate normal error at (X3,Y:), we note that:
DX; =Y:-Yp
E(DIX)) = E(Y)) -E(Y,) =y, -0=1y.

Var(DIX}) = Var(Y}) + Var(Y5) - 2Cov(Y3,Y}) = o2 + o3

8o: DIX§ ~ N(yi,o? + 02) (3.9)

Thus, we have hypothesized that distance from a point to a line segment may be modeled by a
normal distribution with mean equal to the nominal distance and variance a function of the
individual point variances, the location of the intersection of the line segment and the

perpendicular, and the correlation coefficient.
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Figure 12. Example graph of o, versus Xp. The curves represent the standard deviation of Y}y

versus Xp for p=0.0, 0.2, 0.4, and 0.6. The data are from 1200 simulations of line segments

with ¢; = 3.0, and ¢,=5.0.
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DISTANCE ERRORS - VALIDATION OF THE DISTRIBUTION

Since case 1 resulted in an exact solution for the distribution of D?, no validation was
necessary. Case 2, however, involved an approximation, and warranted some testing to

determine the validity of the approximation.

To conduct a thorough test of the distribution hypothesized in (3.9), it would be
necessary to consider ranges of values f;:)r X}, X4, o3, o3, p, X, Y, and 02. The purpose of
this phase of the study was not to prove that the distribution of distance is normal, but rather
to examine whether a normal distribution is a reasonable model for distance errors in a few
limited situations. Of special interest are those cases in which a point is located close to a line
segment (close in the sense of a short distance relative to the length and the variability of the
line segment). Such cases might include sliver polygons (in which the sliver is triangular, and
the distance from the longest side to the opposite vertex is near zero), and situations in which
the location of a point with respect to a boundary is in question. Thus, for the purposes of this
study, a limited test involving only a few values of o3, p, X} and Y (with X}, X4, o2, and o2
fixed) was performed. The results from a restricted set of assumptions may be generalized to

numerous other cases by scaling and by symmetry.

The line segment simulation program used for investigating o2 was extended to

calculate distances between a specified point and line segment with specified error variances and
correlations. The line segment was fixed at:
(X1,Y1) = (-50,0) (X3,Y3) = (50,0)

and of and o7 were fixed at 3.0. Fifty-four combinations of X}, Y}, o2, and p (3x3x3x2) were
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evaluated:

X: = {-25.0, 0.0, 25.0}

Y: = {2.0, 8.0, 32.0}

o3 = {1.0, 3.0, 5.0}

p = {0.3, 0.7}
For each combination, 20 éimulations of 80 iterations each were performed. Each iteration
consisted of generating errors (e;, 7,, €5, 15, €, 71,) from the specified normal distributions
using the IMSL (1987) subroutines RNMVN and RNNOA. Errors were added to the specified
coordinates, and the distance from the subject point to the line segment was calculated. After
80 such iterations, the vector of distances was compared to the hypothesized distribution (3.9)
using the Anderson-Darling statistic (A?). The result (acceptance or rejection of the
hypothesized distribution) was recorded. Twenty such simulations were performed for each of

the 54 combinations of variables.

DISTANCE ERRORS - EXAMPLE APPLICATION

The most obvious use of a probablistic expression of distance from a point to a line is in
point-in-polygon analysis, such as that conducted by Blakemore (1984). An example of possible
interest in forest management is the determination of the probability that an inventory plot lies
in a specified timber stand. At least one southeastern forest products company is considering
digitizing plot locations in their GIS system in order to maintain a spatial identifier for the
inventory information associated with a plot. As stand lines change through silvicultural
manipulations and map updates, new polygons are created and the question will arise: “Which

stand is this plot in?” One approach would consist of simply overlaying the plot location with
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the timber stand data, resulting in a deterministic identification of the polygon containing the
point. However, when points are near polygon boundaries, and both the point locations and the
boundaries contain errors, the prudent analyst would recognize the possibility that the digitized
point is not properly located with respect to the digitized stand line. A statement of probability

would be useful.

To demonstrate this capability, an analysis was performed using the Webster tract
described earlier. The purpose of the analysis was to determine the number of plots which could
be located with at least 80% certainty in a stand. Plot locations were simulated according to
the protocol described below. To perform the analysis, the closest stand line was determined for
each plot, and the distance d from the plot to the stand line was calculated. A p-value was then
calculated according to the situation; for vertex distances the value was P(D? Zdzld=0), for
perpendicular distances the value was P(D>dld=0). These values represented the probability of
observing a distance at least as great as d, if in fact, the point was on the stand boundary
(d=0). Low probabilities (p<0.20) indicated that the point was not likely to be on the
boundary, and therefore could be assumed to be located inside a polygon with some reliability.
The number of plots with p-values over 20% represented the number of plots whose polygon

membership was not reliably defined; these plots are termed “ambiguous”.

A grid of hypothetical plot locations at an exact 4-chain by S5-chain spacing was
generated by a computer algorithm and overlaid on the Webster tract stands at a random
orientation. The assumptions regarding point location errors were based on a subset of the nine
sets of assumptions used previously (B, E, and H in Table 2), and two assumptions regarding

variability of plot locations. When plot locations are established on a map or in a digital file

prior to their visitation in the field (as is often the case), the variability of location no longer
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depends upon mapping processes, but upon the process of locating mapped positions in the field.
The best judgement of the most experienced inventory forester in the company providing the
example data suggested that 90% of the time, he was able to locate plots on the ground within
1.5 chains of their mapped position. This translates roughly into a standard deviation of error
in plot location of 60 feet. Thus, the two assumptions used to “bracket” this estimate were o,
= 50 feet and o, = 70 feet. For each set of assumptions, the number of plots of questionable

polygon membership were recorded.



Chapter 4 - RESULTS & DISCUSSION

POLYGON AREA ERRORS - DERIVATION

Derivation of Polvgon Area Mean and Yariance

The first step in obtaining the mean and variance of polygon area is to obtain the
expectation of the area of a triangle. Recall from (3.4) that the area of the triangle formed by
points X,,Y; and X;,,, Y;,,, and the MVC is given by:

Ay =1 (XY -X,Y)
Using the equalities in (3.1) and (3.2), this can be written as:
Aj=1» ((ii + €)(Fivr + Mia) - (Rigy + €400)(F: + '7.'))
Ai=1is ((5‘.‘5'.41 “Xia¥ ) + Riigr + Fiaa€i - X - Fi€in) + (€mi4 - ‘i+1'li)) (4.1)
Now, note that the nominal area of the triangle (assuming no erroré) is equal to the first two
terms in (4.1):
a;= 3 * (X741 - Xi0a¥s)

We define the remaining six terms in (4.1) as follows:

ty = 3(Ximis) ty =-3(Fi€i41)
ty = 3(Finr€i) ts = 3(€iMi41)
tg = '%(ii-q-l"i) tg = '%(fu.x'l.-)

And we note:

E(t;) = 3%,E(n;,,) =0 E(ty) = -37,E(¢;4y) = 0
E(ty) = 37:.1E(¢;) =0 E(ts) = 1E(€;744,) = 0
73
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E(ts) = -3%,,,E(n;) = 0 E(ts) = -3E(€;41m;) = 0

Thus, taking the expectation of (4.1) yields:

E(A:) = a; + (E(t2) + E(ts) + E(ts) + E(t,) + Etg) + Ete)) = 2,
Evidently, the mean area of a triangle with coordinate errors coincides with its nominal area. If
we are willing to assume that coordinate errors are zero, on average, then the estimated area
equals the true area, on average. However, an individual area estimate will deviate from the
true area, so a precision estimate is the next logical step. To get the variance of area of a
triangle, we can take the variance of (4.1), which can be expressed as the sum of the variances of

the individual terms plus twice the sum of the covariances:

Var(A,) = 26: Var(t;) + 2 + Z Cov(t;,t;) (4.2)
where: = .<J
Var(ty) = &ioi,, Var(t,) = {¥ioi,,
Var(t,) = 1y2,,07 Var(ts) = joiol,,
Var(ts) = {x7,,07 Var(te) = 07,07

So the sum of the variance terms is:

6
Z Var(t;) =3+ ((i? +§)oi + (&l + Fia)el + 2‘7?”?4.1) (4.3)
i=1

For the covariances we have:

Cov(t;,t;) = E(t;t;) - E(t;)+E(t;) = E(t;t;)

Cov(ty,ty) = {%,¥:41E(1i416) = 0

Cov(ty,ts) = ~3X; X1 E(Mi 1) = -§%i%410,0:410;
Cov(ty,ty) = -3%,7:E(Mi416541) = 0

Cov(ty,ts) = %.E(Mi1Mis1€:) = §Ri070E(e) = 0

Cov(tyste) = -3%,E(1;417:€i41) = -3%,0,0,410:E(€;41) = 0
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Cov(tats) = -3¥i41%:41E(esn) = 0

Cov(tyts) = -37.Fi01E(Ci€i41) = -37:F:419:04 410

Cov(tsts) = 1¥i11E(€i€:0i41) = 1Fi4107E(M44,) = 0

Cov(taste) = -3¥:41E(€i€5411) = -§7:410404410:E(n;) = 0
Cov(ts,ty) = §%,415:E(ni€i41) = 0

Cov(ts,ts) = -1%; 11 E(M:Mi416:) = -§%i410i0:41:E(¢;) = 0
Cov(tarte) = §%ip1B(M:Mi€541) = 1%i4107E(ciy;) = 0

Cov(tysts) = -1¥:E(€;€:41Mi41) = -§5:0,0,410;E(154,) = 0
Cov(tyte) = 17:E(€i41€i01M:) = §7:071,E(n;) = 0

Cov(tsite) = -E(€;€,11M:Mi41) = -§E(€s€40 ) E(miniyy) = -1ol0d,, p?

And twice the sum of the covariances is:

2 Z COV(t,,tJ) = " ((x xt+1 + y yt+l)c:”n+lp: + o al+1pl) (4‘4)
i<

Thus, substituting (4.4) and (4.3) into (4.2);

Var(Ai) = % (rde—l + l'l-o-l"' 2(x x|+1 + y.Y:-H)a dH»lpo + 2(1 Pn)aa t+1) (4°5)

Where: rP=x2+3} and 1, = %30+ 72,
Equation (4.5) gives the variance of area of a triangle formed by any pair of adjacent points in a
polygon boundary. The area of a polygon is simply the sum of the areas of the n individual

triangles:

Av=YA=) <§ v (KT - X,-,,,\'f,.))

i=1 i=1

where the sum is “circular”, i.e.,

Xn+1 = xl Yo = ?1

This expression yields a positive area when the coordinates are indexed in a counter-clockwise
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direction. Individual triangles may be positive or negative in area, but the sum should be

positive. The mean polygon area is:
n 1 - . - n
E(Ay) =E i*(xiyin - Xi+1Yi) = Z a;
i=1 i=1
which is the nominal polygon area. Because errors in area of triangles are not independent,
covariance terms will be required for triangles in order to derive the variance of A,,. Ignoring

covariance of non-adjacent triangles, the variance of Ay can be expressed as the variance of a

sum:
n+1

Var(Ay) = Var(i Ai) = zn: Var(A;) + 2*ZCOV(A,-_1,A,-) (4.6)
i=1 i=1 i=2

Where: A=A
The variance of the A; is given in (4.5). To derive Cov(A;_;,A;) we begin by noting:
Cov(A;_1,A;) = E(A;1A;) - E(A;)*E(A;) = E(A;_,A,)) - 3,43, (4.7)

And, A;_JA; = 3+ ((Xx’—l?i - X:’Yi—l) * (X;‘?iu - Xi+l?i))

N

= 3% (Xi—lxi? Y- X, X Yi- X3, ., Yia+ X.'X.'H?i-l?i)

]

b

Taking these terms one by one, we define:

XXV Vi = o+ 6.)E + €)F + 1)Figr + 0i41)

il

q

Xy g%+ X6+ X6+ 61€6) T Tigr F Fittigr + it + MiMiga)

~~

I
o

i1 %Y iV i + XX i+ XX oam + XX
X 16Y: Vi + X165 M + X6 + X 6mM4 +
Xi€; 1§V iv1 + X6 F il + X6 ¥ 0 + X6 My +
€16 iVip1 + 616N + 616F i1 + €im16MiNin

Similarly,

@ = X XK V7 = Kooy + €2)Figr + 600G + m)°

. . - <2, o= 2
= (Rio Ky + X6y + X6y + €61€)(F0 + 250 + )
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= = =2, ox = - - = ~ -
= XX ¥i + X% 028 + X %0 + Xi_1€F: +
- - - 2, - . - -
Ri1€012F M + K€ M7 + Xy €0 F7 + %06, 128im; +

- 2 - -
Rig1€im1i + € 1600177 + €1€,412F 05 + €, 16,407

a3 = X}Y,_ Vi = % + €?Fact + %2)Figr + Misr)
= (%] + 2%;6; + €)(FamaFinr + FicrMigr + FisaMict + TiciMiss)
=%1Vi1Fier + KT iaMiar + XFigaMicy + K310 +
2651V ier + 26T i1 Mgy + 26 F 1Moy + 2%i6m 114y, +

¥ 1Fin + €FicaMigr + €V ipaMioy + €MicaMin

e = XX, Y, V.= + €)(Xip1 + €ip))(Ficy + 10T + )

= (XRipy + Ri€in + X6 + €6,)Fima¥i + Fimami + Fiminy + nim1m)

e

=X X1V iV + XX gV + XX 0 imio + KR ann +

Xi€i¥io1¥i + X6 ¥ioai + Koo Fimioy + Xigmiyn; +

Xipr6¥io1¥i + Xipa6¥ia + R 6500 + Xppp€amiyn; +

€i€in1¥ia¥i + €€ T i1 + €€ T iy + €€ 0540

So: A A =3%a1-q2- a3 + q)
And:  E(A;,A)) = i+(E(@) - E(ay) - E(as) + E(aa))
Again going term by term:

E(q) = X;01%,7:F 41 + XX T B(Mi41) + X,00%,5 0, E(0:) + %21 %E(n044,) +
Xio1¥i¥ i1 E(€q) + X005 B(eimi00) + %17 iaEleim) + %, E(e;mim:40) +
XYV i E(ein1) + X,3,E(€i10041) + 2,701 E(e5_1m0) + X.E(€,21m5m441) +
¥i¥i1E(eim1€0) + FiE(€i1€:mi41) + FipaiE(es_16im:) + E(e;y€,mimi04)

E(q)) = %,,%,7:Fi41 + Xi0%,030,0p; + X, E(€)E(nin:4,) +

X, E(€;_1)E(Miniy) + ¥:F:010i210iPi-1 + F.E(€;21€)E(n44,) +

(4.8)
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Vis1E(e5_1€)E(n;) + E(e;_1€)E(n;m;4,)

E(q) = Xi1X,7:Fi41 + Xi1%i0005010; + 5.554105010:P51 + 04102041010, (4.9)

E(Q2) = %;_1%;4137 + %;_1%,4125:E(n;) + i-;—lii+1E('I?) +
%, 1§ 7E(€141) + %21 28:E(€141m;) + %1 E(€;4qn7) +
;19 7E(€i21) + %31 28:E(€i21m;) + %y 44 E(e;_y07) +
FIE(€i-1€541) + 27 E(€i_1€441m:) + Ee4_1€44107)

E(qz) = X 1%;0¥] + %i1%4107 + X, E(e;,,)E(n]) +
%;1E(6_)E(1?) + 2§ E(€i_y€441)E(n;) + Ele;_y€,41)E(n?)

E(qy) = %;_,%,,,57 + %;_,%,,,07 (4.10)

E(Q3) = %}¥;1Fi01 + X1Fi1E(i41) + X370 E(ni) + XPE(n;_ym5,,) +
28,51V i1 (&) + 2%,F ;1 E(eimiy1) + 28,51 B(€imi21) + 28,E(eim,_1144,) +
Vici¥ i B(e]) + Fi1B(e1niyy) + FiaE(edmiy) + E(edni_1mi41)

E(Q3) = X7¥io1¥im1 + 2%E()E(MiyMig1) + FiciFisr0? +
¥i1E(€)E(M:41) + ¥i4aB(€)E(mi-1) + E(DE(m;_1mi41)

E(qs) = Xi¥;_1Fi41 + Vima¥is10? (4.11)

E(qq) = %%, 1Fi1¥ + XX 00500 B(0) + %,%,4,5,E(0i1) + X%, E(n;_ym;) +
XY i1V iB(ei01) + X,F i1 E(eiqm:) + X:7E(€410Mi20) + KE(eiqmioym;) +
Xip1¥ia¥E(6) + %415 0E(6im:) + %,,5E(eimim1) + % E(6imi_yms) +
Vio1¥iE(ei€i41) + Fio1BE(eiei01m0) + FE(ei€i01mim1) + E(€i€40m50m:)

E(qq) = X%, 1Fiea¥i + X,%010,10:051 + %E(€;4)E(niym) +
X; 1 B(€)E( 1) + §io1¥:0:004105 + Fi1E(e5€,,1)E(n;) +

¥iE(ei€:41)E(mio1) + E(€i€,40)E(n;217;)
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E(ag) = 2% 1Fia¥i + XiXi1000100050 + Fim1§i0:00 4105 + 041030, 410410 (4.12)
Substituting the expressions in (4.9), (4.10), (4.11), and (4.12) into (4.8) we have:

E(A;_1A;) = }» ( i-1Xi¥iVi41 + X0%00,0,000; + §:Fi410i-10piy + (4.13)

".-1‘72”s+1p.-1p. - %1% ¥i - Xio1%4107 -
X3V i1T i1 - Fica¥in0F + X% aFioa¥s +
X410, 10:Pi1 + V150054105 + °’i-1°’?”i+1pi-1l’i)
Note that:
8;_18; = 34X 0¥ - XiF i) (RiF ig1 - %ipa¥s)
= (&1 XiF T i - RimaRiaF7 - X3V i1 Fign + %%y Fi0075) (4.14)
Substituting (4.13) and (4.14) into (4.7) gives:
Cov(A;_1,A)) = %*(ii—liidiai«o-lpi + ¥i¥ie10im10i0i01 +
01030 01Pic1Pi - Kis1R 4107 - Fi1Fi4010F +
X, X410i10iPi + ¥io1¥i0:05410; + "i-l"?"iul’i-lpi)
Combining terms we get:
Cov(A;_1A;) = i*((ii-lii +¥ia5)0:001pi + (FiF i1 + XiRy41)0i 1000, +
20,_103041Pi-1P; - (Rimi%ipy + 9.‘-15'“1)"?)
This, then, is the expression for covariance between areas of adjacent triangles. Substituting

into (4.6), we are now ready to complete the summation:

Va'r(AN) = %* E(rzal-ﬂ + t‘+16 2(xixl+1 + ¥ YH-l)a iTiv1Pi + 2(1 =Pi )‘7 at+l)

=1

+
-

n

+ %* ((xg-—lx + ¥io1¥i)o; iTiv1Pi + (¥; Vi1 + X:%,,1)0,_10; pi_y +

-
I
©

20;_103041Pi1Pi - (Riy%ipy + 5’.‘-5’.41)".')
To simplify this expression, we can define the following:

W= XX +5i¥ie
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8; = 0i0i41Pi
which yields:
= 2

Var(AN) = %* (rza?_,,l + rfﬂaf - 2w;s; + 20’?0,-+1

[
i=1
- 97 + 2w_ys + 2wis,_y + dsi_y; 22,07 (4.15)

Using the fact that this sum is “circular”, we can rewrite this as:

n
Var(Ay) = 3+ Z(r?("?-x + 0lu1) + 2Wilsioy - 8 + 8) + 20707, - 26] + 4s;_ys; '2zi‘7?)

i=1

Note that this expression for variance of area of a polygon, in terms of the coordinates,
the point variances (o,’s) and the correlations between errors at adjacent points (p,’s), does not
explicitly include representation of the arcs which comprise the polygon. Instead, individual
points which make the polygon boundary are used. The identification of arcs is not necessary;
the results are the same. However, in a computer implementation of this formulation, some

efficiencies will be noted if arcs are considered.

Derivation of the Minimum-Variance Centroid

At this point, we may consider the problem of consistently defining what is meant by
the polygon centroid. It was noted that the location of the centroid used to center the
coordinates prior to variance calculations affects the value of the variance obtained, possibly due
to the omission of covariance of non-adjacent triangles. Therefore, it became necessary to
establish a consistent method for determining the location of the centroid. (Here we are
concerned with a centroid for use in variance calculations only; this centroid need not be in a
polygon interior, and should not affect any other processing steps). For the purposes of
estimating polygon area variance, a useful approach is to select the centroid location which
minimizes the variance, such as Bondesson (1986) used when evaluating the variance of area

obtained from traversing.
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To determine the location of the minimum-variance centroid (MVC), the formula for
polygon variance is written as a function of the arc variances (,’s), the correlations associated
with the arcs (p,’s), the point coordinates (x,’s and y,’s), and the centroid coordinates (X. and
Yc). Taking the derivative of variance with respect to X and Y., and solving for X, and Y.
will yield the centroid coordinates which will minimize or maximize variance. Rewriting the
formula for the variance of a polygon made of n points (4.15),

Vi 3 (1ot vet kel 5o+
i=1
205071(1-9]) - 20,0, 1pi(R %4y + yiyiﬂ)) +

7
i Z (4”i-1"?°’i+1ﬂi-1ﬂi +20,0,,10:(%i1X; + §5045:) +

i=1

20,0;_1Pi1(X Koy + FiFia1) - 200 (Rioi%iyy + 5’.'-15’.'4-1)) (4.16)
Now, replacing the centered coordinates in equation 4.16 (X; and ¥,) with the original
coordinates x; and y;, where X; = x; - X, and §; =y, - Y¢; we obtain the following:
V=1i+ ix (d:?+l((xi'x¢)2 + (Y."Yc)z) + ”.?(("-'4,1‘)(02 + (Yi+1'YC)2)
i=
+2003,1(1-67) - 20,0410, (xXe)(Xig1Xe) + (Yo Yigr-Ye))
+40,_1030,,10i105 + 2"-"’i+1Pi((xi-l'XC)(xi‘xe) + ()’i-l'Yc)(Y.--Yc))
+ 2".‘-1”.'1’.'-1((Xi'xc)(xin‘XC) + (Ya"YC)(YH-l'YG))
- 2”?((xi-1'x°)(xi+l'x‘=) + (Yi—l'Yc)(Yi-H'YC))
This can be expressed in three parts:
V=¢:+¢y+ ¢
where:
¢ = 071 (x] - 2x,Xe + X2) + 0 (x,; - 2%, Xe + X3)
- 20,0, ,1Pi(XiXi 41 - X Xe - X4, Xe + X2)
+20,0,1Pi(Xio1X; - XiXe - X Xe + X2)
+20;_10:p;_1(XiX; 41 - X;Xe - X1 Xe + X3)

- 203(%;_1X; 41 - Xioy Xe - X4 Xe + X3)
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¢y = ol i(yi - 2y, Ye + Y + o}yl - 2¥ipa Ye + Y)
-20,0,41P:(YiYis1 - ¥iYe - Vi Ye + Y2)
+20,0,010i(Yi-1¥i - ¥iYe - i, Ye + Y2)

+ 20, 10,0 1(¥i¥is1 - ¥iYe - Yig1Ye + Y7)
- 2”?()’;'-1)"-‘-:-1 - ¥ia1Ye - ¥ig1Ye + Y2)

¢ =20l0},,(1-p7) + 40, _,070,,1P:_1P;

Note that by separating terms,

AV _ 04z 8V _ 0y
aX. = 3X. and 3Y. = 3Y.
Thus,
oV _1, Zn: (a? (-2x; + 2Xe) + o2(-2x;,, + 2X.)
aX, T A% L | Tl c 2%y, c

20,0,41P:(%; + Xi4y - 2Xe) - 20,0, pi(x; + x;_; - 2X.)
- 20,100 1(X; + X4y - 2Xe) + 203 (x;_y + Xy - 2Xe) )

n

=1x E (-26?“1:,- + 202, Xe - 20%%;,1 + 203X, + 200,10,
i=1
+20,0,41PiXi41 - 400,19 Xe - 20,0,,1p:X; - 20,0,,1P:X;
+40;0,,1piXe - 20, 10,0 _1X; - 20,_10,p;_1X;4y + 40;_10,p; ;X
+ 20',?x,-_l + 2afx,-+1 - 402X, )
And, combining terms:
3Xc =14 Z ('”-?+lxi +olaXe+ olx; - 0iXe + 0,0,,,0:X0 4

S 004 1PiXic) - 01 0P 1X; - O 1O;pi 1 X1+ 2"i-1";l’i-1xc)

(4.17)

Setting the derivative equal to zero and moving the terms involving X. to the left side of the

equation we get:

%*zn: Xc( ,+1+0--20'._1°'gl’;_1) Ex( .+1‘U.-1”;Pa-l)

=1 =1
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‘ Y . 2 -
+ E*Z x--l("i "i"'iul’.‘)

i=1

n
+ %"'qul(a-‘”iﬂp.‘ - "i-l”spi-1)
=1
Next, we multiply both sides by two. Then, we note that the sums are “circular” (i.e., xo = xn

and x,,; = X,) and we can make the following substitutions:

§" : 2 §n : 2
x‘_lu.' = x"a'-‘_l

=1 =1

n n
2 :xi-lf’i"uxl’.' = E :xi”i+1‘7i+2pi+1

i=1 s=1

n n
E :x-'+1"i"i+1Pi = z :xi“i-ﬂ’il’.‘-l
i=1

s=1

n n
Exul”i-l”il’i—l = in”i-z"'i-lpi-z

=1 i=1

And we get:

Xe = (i"’?ﬂ + z":"? - 22"-‘-1”#-‘-1) =

=1 =1 i=1

n n n n
2 2
Z'xiai«fl + Z'Xi"e-l”ipi-l + in”in + Z'xa""ul”uzl’iu
=1

=1 i=1 i=1

n n
+ Z’H‘".‘-l”dl’iq + Z‘X.’Vi-z”iqm-z

i=1 i=1

Now, we note that on the left side of the equation,

2 2 2 2
St =- 307

i=1 =1

And on the right side of the equation, the first and third terms cancel and the second and fifth

terms cancel, leaving:



n 4]
Xe (Z -2 "-‘"i+1l’i) = ‘x.‘(”iu”inpin + "i-z“’i-lpi-z)

s=1 i=1

Thus, we have:

b¢3
Exi( G 20i1Pi-2 + ”i+1”-‘+2l’i+1)
X = =t % (4.18)

2(2 ".“’inpe)

i=1

The procedure for ¢ follows identically, yielding:

7
EYi(ai-2ai-lpi—2 + "i+1°’-‘+2l’i+1)
Y, = = - (4.19)

2(2757i+1pi)

t=1

To verify that this indeed is a minimum, we can take the second derivative of equation (4.17):

n

%‘% = % * i (‘7?-0-1 - 0'.? + 2di_16‘-p‘_1) = E ("i—l"'il’i-x)

i=1 i=1

It is reasonable to believe that p will usually assume positive values. Positive p implies
that errors at adjacent points are more likely to be in the same direction than in opposite
directions; this seems to be the case for most mapping processes which produce errors. When
p>0, the above expression (and the similar one for the Y terms) is positive, indicating that the
solution is a minimum. Thus, the coordinates which minimize the estimated variance of a
polygon are weighted averages of the polygon coordinates, in which the weights are the products

of ¢’s and p’s associated with adjacent coordinates.

Derivation of Covariance between Polygons

After the derivation of polygon variance, the next step is to obtain an expression for the
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covariance of area between polygons which share an arc. We will proceed to derive polygon

covariance as we did for polygon variance, beginning with covariance between triangles.

First, consider polygon A as a polygon with centroid (X4, Y,). It shares an arc with
polygon B, whose centroid is at (X,,Y,) (Figure 7). We will consider the triangles involved in a
sequence of four points on the arc: (X;_;,Y; ), (X;,Y;), (X;41,Yis1)y (Xi42:Yiy3)- Since the
sequence of indexing depends on the direction (relative to a centroid), assume the direction of
indexing is that which will yield positive areas for polygon A (note direction of arrows in Figure
7). Thus, for polygon A, triangle i, the area is:

Aj=3+ ((xi - Xa)(Yiys - Ya) - (Xi4q - Xa)(Y; - Yo)) (4.20)
This implies that for polygon B, the direction is reversed; i.e. for polygon B, triangle i, the area
is:

B,=3+ ((xi+1 - X)(Y; - Yy) - (X - X)(Yig - Yb))'

There are three cases to consider: these involve the covariance between triangle i in A
and the three triangles in B with which there is a dependency: triangles B;,,, B;, and B;_,.
Thus, individual expressions are derived for:

Cov(A;,B;_,), Cov(A;,B;), and Cov(A,;,B;,,)

Case 1: Cou(A;,B;_,)

By deﬁnition, COV(A",B.-_I) = E(A.B'_l) - E(A.)E(B’_l) (4.21)
We start by obtaining the appropriate expectations. To begin with, equation (4.20) expands to:

Aj=5+ ((x,- + € - Xa)(Yirr + Migr - Ya) - (Xigy + €54y - Xa)(vi + 1 - Ya))
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Aj=3+ (x:’yi+1 + XiMis1 - X Ya + Yig1€; + €044 - Yae; - Xayiyy - Xanyy; + XaYa
= Xip1Yi ~ X1 - Xi41Ya - Yi€i41 - €1 + Ya€iyy + ¥, Xa + Xan; - XlaYa)
Rearranging, we get:
A; =1 % (X¥i41 - X,Ya - XaYips + XaYa - X017, - Xi4 1 Ya + ¥, Xa - XaYa) + 3#(xi4 41
+ Yip1€i + €041 - Ya€; - Xatliyy - Xi1?i - ¥i€ig1 = €417 + Ya€ipy + xa'l.-)
Substituting a, =} * ((x,- - Xa)(¥i41 - Ya) - (Xi41 - Xa)(y; - Y.)), we get
A;=a; + %*(Xi'l.‘n + Yier€i + €041 - Ya€; - Xanyyy - X400
" Yi€ig1 - € + Yaciyy + xa'l.‘) (4.22)
Now, define:
8;= the second term in (4.22)
= %*(xiﬂhl + Vip16 + €041 - Ya€; - Xapg - Xi1 i - ¥i€iy

= €41 + Ya€gyy + Xu'l.')
Then: E(A;) = E(a; + 8;) = a; + E(s,)
And: E(s;)) =1+ E(xi”i+l + Yie1€6i + €Mig1 - Ya€; - Xafiyg - X175 - ¥i€igg

- €ipli + Ya€iyy + xﬂ”i)
=3 (xiE("Hl) + YinE(€:) + E(eini4) - YaE(€;) - XaE(n444) - X401 E(n;)
- ¥iE(€i01) - E(e41m) + YaE(€ry) + XaE(n,))

=0
So E(A;) = a
For B;_, we use:

B,y =3+ ((Xi - X)(Yioy - Yy) - (Xioy - X)(Y; - Yb))

B, =%+ ((x,- + € - Xy)(Vier + My - Vo) - (g + €51 - Xp)(y; + 5 - Yb))

3+ (Xi)'i-x + XMy - XYy + Y6+ 60y - Ve - Xy - Xyminy + X,Y
S Xi1¥i - XioaMi + X Y - Y€y - €0 + Y6 + Xy + Xy, - Xbe)

Rearranging terms:
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Bioy = B(xyior - XYy - Xyo¥ioy + X4 - Xy + X0, Y, + v.X, - X,Yy) + Se(xiniy
tYica o €mioy - Y& - Xymy_y - X415 - Yi€ing - €yt + Yaeiy + Xpn;)
And substituting  b;_, =} * ((x,- - X)) (Yo - Yy) - (%izg - Xo)(y; - Yb)), we get:
Bi i =biy + 3 (Ximiy + Yir€i + €y - Vo€ - Xomyog - Xy - Vi€iy - €50
+ Y€, + Xymy) ' (4.23)
Now, we will define:
s, = the second term in (4.23)
= %‘(xi’l.‘-l + Yic1€ + € - Yo - Xymig - Xi_1Mi - Y€y

-6+ Yy + xs'l.‘)
Then:  E(B;_;) = E(b;_, +s;) =b;_; + E(s5)
And: E(s;) = § * E(xi'li-l + Yio1€i + €My - Yoe - Xymig - X075 - ¥i€iy

S€a + Y + xa’li)
=} # (xB(iy) + Vi E(e0) + Bleinioy) - YiE(e;) - X,E(n_y) - X,1E(n:)
- ¥iE(eiy) - E(e5oym0) + Y, E(e;y) + be('h‘))

=0
So: E(B;_;) = b,_,
Then, AB;,_, =ab,_; +a;8, + b,_;8 + 38,8,
and  E(A;B;_;) = a;b;_, + a,E(s;) + b;_,E(s) + E(s;8;) = a;b;_; + E(s;3,) (4.24)
Now, we substitute (4.24) into (4.21) and get:
Cov(A;,B;_;) = E(A;B,_,) - E(A,)E(B;_;) = a;b,_; + E(s,8,) - 3,b;_, = E(s3,)
So, solving E(s,s,):
E(s;s,) = § + E(("."Iiu + Yinr1€i + €M41 - Ya€g - Xaniyy - X000 - Vi€

- €iafi + Ya€iy, + Xan; )*(Xi'h‘-l + Yio1€ + €01 - Yae - Xyniy

S X1 - Yi€io1 - €M + Vo€ + xb"i)) (4.25)

Equation (4.25) expands to 100 terms. When passing the expectation through, the only terms
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which remain are those involving the following products, whose expectation is non-zero:

€i€iv1s €€ NiNiv1s NiMi-1»

2 2 2
€y Ci—1y €ivlr

2 2 2
Mis Ni-1s Nis1-

Any term involving the product of three of the random variables (¢;’s or 1,’s) will be zero. (For
example, E(€;¢;417:) = E(€1€:41)E(M:) = (0,01,10:)(0) = 0). Thus, (4.25) reduces to:
E(sis;) = § * (‘xi-lxiE('li'h+1) + Xy E(0541) + Yio1¥ianB(€]) - Y3yipiE(€))
- Yi¥inE(eio16) + Yoy E(ei_1€5) - E(6;_16m:441) - Yay;1E(€])
+ YaY,E(€]) + Yay;E(ei€iy) - YaY,E(e;_y¢;) + Xax;_1E(min:41)
- XaXoE(n:i41) - Xi%;i 01 E(mi1m:) + XiXi i E(mi21m:) + Xi21%, 1, E(n})
- XaXi 1 E(0]) - Yior¥iBl€i€ian) + Yo¥iE(€i€i01) - B0 1m5)
+ Yay;_1E(€i€441) - YaY, E(e56541) + Xax;E(n;1;_1) - XaX,E(n;_,7;)
- Xax;1E(n]) + XeX,E(n]))
And taking the expectations:
E(s;8,) = 5 * (‘xi-1xi"i”i+1l’i + XoX;0,0,010: + Yi1Yinr 03 - Yi¥ino}
- ViYi+19i10iPicy + Y3Yin10i10iPicy - 0510304104 1P
- Yayio10? + YaY30! + Yayio, 100,y - YaYy0,_ 100,
+ XaX; 10,0419 - XaXy0,0,410; - XX 410100,y
+ XyXi4105103Picy + Xic1Xian 07 - XiXig10F - ¥il1¥i0,04410;
+ Y3¥i0:0,410; - ”i—l”?”i«ﬂpi—l"i + Yoy 10:041pi - YaY40,0,,,p;
+ XaX;0;_10:pi_1 - XaX30;_10:0i_; - XaX;_0% + X..X,a',?)
Combining terms, we have:
E(sy8;) = § # (“?(Y.’-d’ul = YiYis - Ya¥ioy + YaY))
+03(X;1Xie1 - XyXiyy - Xaxi_; + XaX})

-0 10:Pi1(Yi¥is1 - YaYisr - Ya¥; + YaY,)
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- 05101 (XiXi 41 - XyXiyq - XaX; + XaX,)
- 0:041Pi(Xim1X; - XX, - Xax;_; + XaX)
- 0:0541PiYio1¥i - Yo¥; - Yayi_g + YaY,)
'2‘7.‘-1"?”i+1l’.‘-1p.‘)

Therefore,

Cov(A;B; ) =1+ (”?((Y-‘-u = Ya)(¥ic1 - Y3) + (Xi4q - Xa)(x;-y - xb))
- "s-x”ipi-x(()’iu - Ya)(yi - Y3) + (%41 - Xa)(x; - xb))
- ”.“’i+1l’i((h = Ya)(vioy - Y3) + (x; - Xa)(x;_, - Xb))

- 20, 1030,,1Pi_1P (4.26)

Case 2: Cov(A;,B;)

By definition, Cov(A;,B;) = E(A,B;) - E(A,)E(B;) (4.27)
Equation (4.22) gives us an expression for A;. To get B,, we begin with:
§ o ((Reoa - X)(Yi - V3) - (K- XYooy - V)

=i ((xi+l Fen - X)W+ 1 - V) - (% + €5 - X)(Yigr + Migr - Yb))

B;

=j+* (xi+1y-’ + XM - X Yo + Vi€ + €0 - Ya€inn - Xo¥; - X, + XY,
S XiYierm Xilligr + XY - Vi€ - €05y + €Y + Xo¥iyg + X4y - beb)
Rearranging terms,
B; = 3%(Xi01¥i - X Yo - Xo¥s + XoY3 - X300 + XYy + ¥i0n Xy - XpY5) + dx(xiqm;
+ Yi€iar F €t - Ya€in - Xyl - XiMi01 - Yigr€i - €My + Yo&; + Xy0404)
And substituting b, =} ((xi+l - X)(yi - Y3) - (x5 - Xy)(¥igr - Yb)),
We get:
B, = b; + 3+(XipaM + Yi€ipr + € - Yo€ipr - Xolli = Xillig = Yina€i - €041

+ Y6 + Xymi49) (4.28)
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Now, let us define:
83 = the second term in (4.28)
= %*(xul'li +Yi€ia + €l - Vo€ - Xy - XiMiyg - Vi
S €N+ Yo + xb"s‘+l)
Then, E(B;) = E(b; + s3) = b, + E(s)
And E(s3) =3+ E(xi+1'li + Yi€igr + €1t - Ya€op - Xy - X044 - Vi€
- €M1 + Yoe; + x»'lux)
=3+ (xqu('h) + ¥iB(ei41) + E(€;41m;) - YiE(e440) - X4E(n;) - x,E(n;,,)

- YiniB(€) - E(eininy) + YiE(e;) + XE(ni4))

=0
So E(B;) = b
Then, A;B; =a;b; + a;83 + b;s, + 5,84
and E(A;B;) = a;b; + a,E(s3) + b;E(s;) + E(s;83) = a;b; + E(s;s3) (4.29)

Now we substitute (4.29) into (4.27) and get:
Cov(A;,B;) = E(A;B;) - E(A;)E(B;) = a;,b; + E(s,s3) - a;b; = E(s;s,)
And, E(sys3) = £ * E((xi'lin + Yisr€i + €Mig1 - Ya€; - Xatlyyy - X407 - Vi€
- €417 + Ya€gyy + Xan; )*(x.'n'h + Yi€iar F €17 - Yy€ipn - Xy
S XiMig1 - Yie1€i - €0 + Vo€ + Xw.-+1) (4-30)
Equation (4.30) expands to 100 terms. As before, passing the expectation through eliminates all

terms except those whose expectation is non-zero:

€i€isls €i€i1y NiNi+1r N:M5»

2 2 2
€ €1y €ivly

2 2 2
V) Ni-1, Nis1-

Thus, (4.30) simplifies to:

E(s83) = % * (xixi+1E('7i"i+1) - Xy, E(mini 1) - X?E(ﬂ?n) + xbxiE(”?ﬂ)
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+ YiYinE(ei€i41) - Yoy E(eiey) - i E(e]) + YsYisiE(e])
+ E(ei€01MiMi41) - E(€1041) - YayiE(ei644,) + YaY,E(ese;, )
+ Yoy E(€]) - YaYiE(€]) - Xax, 4 E(nin;,,) + XaXyE(n:1:41)
+ Xax;E(n},1) - XaX,E(nd,,) - X3,,E(n]) + Xyx;,,E(n?)

+ XX 1 E(0im441) = XoXi 1 E(030541) - ¥7E(€l41) + Yoy,E(ed,))
+ YiYinBlei€in) - YayiE(esei00) - B(e2,1n7) + E(eie;41m:0:401)
+ YaYiE(f.?u) - YdYbE(‘-?u) - Yoy E(€i€441) + YaY,E(eeyy,)
+ Xax.'+1E('I.?) - XaX,E(n}) - Xax;E(n;7;41) + xaxsE('I.'ﬂ.-+1))

Taking the expectation:

E(s;s5) = § * (xs'xin"i"'iuﬂi - Xyx;0,0,1p; - X103, + Xyx,07,,

+ YiYi19i%i01Pi - Ya¥is10i0 410 - Y3107 + Y3y, 4,07
+ 07070107 - 070301 - Yayi0:0,,10; + YaY,0,0,,10,

+ Yay,-+la? -Y.Y,0? - XaX; 4100410 + XaX;0,0,,1p;
+ Xax;0},; - XaX08,, - X107 + Xyx;4,07

+ XX 4100410 - XoXi010:05410; - Y303, + Yoyi0l,,

+ ¥i¥i10i0i1Pi - Ya¥i0.0,1p; - 03,107 + 0l0l, 1]

+ Yay;001 - YaYy0ls - Yo¥in10:0i10; + Ya¥30,0,410;
+ XaX;4107 - XaXy07 - XaX;0,0:,10; + xaxs”i”.‘uﬂ.')

Combining terms, we have:

E(s;s3) = § * ("?(‘ Vi + YaYia + Yayiy - YaY, - X7 + Xpxir + Xaxqy, - XaX,)
+ 03X + Xix; + Xax; - XaX, - ¥7 + Yy, + Yay; - Ya¥,)
+0,011Pi(xX; 41 XpX; - XaXiyy + XaXp + X% - XXiyg - Xax; + XaX,)
+0,0501P(YiYisr- YoYier- Ya¥i + Ya¥y + ¥i¥ir1 - Yoy, - Yayiyy + YaY,)
- ‘7?+1‘7? + ”?”?ﬂ/’? + ”?"?ﬂl’? - "?"?4-1 )

And simplifying, this becomes:
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Cov(A;,B;) =} + (—o?(( Visr = Yo)(¥is1 - Ya) + (Repn - X3)(Kigs - Xa))
- oda((x - X)(xi - Xa) + (0 - V)3 - Ya))
+0:05412( (% - Xa)(Xigre Xs) + (% - X))oy - Xa))
+0e¢a+1p;((y5- Y)(Visrm Ya) + (Yigr - Ya)(¥: - Ya))

- 207,,0%(1 - p}) (4.31)

Case 3: Cov(A;,B;,,)

By definition, Cov(A;,B;,,) = E(A;B,,,) - E(A;)E(B,,,) (4.32)
Again, equation (4.22) provides an expression for A;. To get B, we use:
Biyi =3+ ((xi+2 - X)) (Yiaam Vo) - (Xiun - X)(Yiya - Yb))

=i+ ((Xi+z + €iva - Xp)Vier + Migr - Y3) = (Kigr + €641 - X3)Viga + Miya - Yb))

i+ (xi+zY-'+1 + Xipalis1 = Xiga Yo + Yier€iva + €aallivr - Yo€iso - Xo¥ipy
= XoMigr + XYy - Xi1Yisa - XipaMisa + X1 Y - Yiea€igr - €i1%iga
+ Y€ + Xo¥ipa + Xyniyg - beb)
Rearranging terms, we get:
By = 3#(Xisa¥is1 - Xisa Yo - XoYisr + KoY - Xiga¥iss + Xina Yy + V040X, - X,Y)
+ 34 (XigaMis1 + Vis1€ivz + €ipaMigr - Yo€ina - Xyniy - Xit1Mi+2
- Yis2€is1 - €inMiva + Y€ + Ximiy5)
And substituting  b;,; =1 * ((x,-,,, - X)(Visr - Ya) - (Rign - Xp)(¥iga - Y»)),
We have
Biy1 = by + 3#(Xipaig1 + Visr€isz + €isaMisn - Yi€isa - Xolliys - X142
- Yira€is1 - GiarMisa + YVo€ipy + Xyniyg) (4.33)

Now, let us define:
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84 = the second term in (4.33):
= 3#(XipaMig1 + Yig16iaa + €iraMis1 = Yo€ipa - Xofigr - X4 10542
" Yisa€isr - €inMliva + Vo€ + Xyniyy)
Then,  E(B,,;) = E(b;,, +84) = b;,; + E(s,)
and E(sy) = }+ E(xi+2'7i+l FYin€iaz + Gnalivn - Yo€isz - XoMiyy - X414y,
S Yisa€is1 - €CierMiva + Yo€opy + xb’h‘n)
=} (xi+zE('I.'+1) + VinE(€i42) + E(e449m541) - Y,E(€542) - X,E(n;44)
= Xi1E(0442) - ¥is2B(€i41) - E(€441542) + Y E(es,,) + be(ﬂi+2))
=0
So E(B;,1) = by,
Then, AiBiyr = abiyy + a8 + b8, + 518,
and  E(A;B;y;) = a;by; + a;E(s4) + by 1E(sy) + E(sy54) = a;b;,; + E(sys,) (4.34)
Now, we substitute (4.34) into (4.32) and get:
Cov(A;,B,,1) = E(A;B;,,) - E(A,)E(B,,) = a;b;,; + E(s;s,) - ab;,; = E(s,s,)
And, E(s;8,) = § # E((xi"i+l + Yirr€i + €041 - Ya€i - Xangyy - X017 - Vi€iag
- € + Y€y, + Xan; )*(Xi+z'li+1 + Yir1€iva + €i420is1 - Yo€iyga
= XoMinr - iy Miva = Yisa€ivn - €iaMiva + Vi€ + Xyniy2) (4.35)
Equation (4.35) expands to 100 terms. Passing the expectation through as before leaves only
the terms which involving the following products, whose expectation is non-zero:
€i€ivn €€y NiMisrr  MiMi-p
e, €1 ‘?+1’
UH Mty M
Any term involving the product of three of the random variables (¢;’s or 7,’s) will be zero.

Thus, (4.35) simplifies to:

E(s;84) = % * (xixi+2E(77x?+l) - xibe("?ﬂ) - X X; 1 E(Mi417i42) + X, XsE(Mi417i42)
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- YirYir2E(€i€i41) + Y1 ViE(ei€41) - B(€i€41M5417:42)
+ YayisaE(ei€i41) - YaY,E(ei€44y) - Xaxi 4 E(ni,,) + XaX,E(n,;)
+ XaX; 11 E(0: 415 42) - XaXE(1:41%i42) - Xi41%;42E(0:7541)
+ X1 XeE(Mimi41) - ¥iVis1B(€isn€i42) + ¥iYiE(€i41€642)
+ ¥i¥isaE(elh) - ViV E(ed,,) - E(€iy1€i4amiMis1) + Ya¥is1E(€i41€4)
- YaY,E(€;41€042) - Ya¥iyaE(elyy) + YaY,E(el,,) + XaX;y3E(ni1:41)
- x¢be('7."Ii+1))
Which is:
E(sy84) = § * (xixi+2”?+l - %, X004 - XiXi410i410i42Pi41 + X, X403 410,,5P:44
- YirrYis20i0ia1Pi + Vi Y40i0,010; - 0,08,104,00:0i41
+ Ya¥i420i0410; - Ya¥30,0,,1p; - XaXi 4308, + XaXy0l,,
+ XaXi410i41%i42Pi41 - XaX40i4010,00P041 = Xip1Xis20:0 4105
+ X1 X40i0501P: - Yi¥ir1%i010is2Piss + ¥iY40:410502P00s
+ Y-'Y-'n"'.?n - Y.'Yt”?n - ”ia?+1”i+2pipi+l + Ya¥i410:41%i42Pin1
- YaY40,4100420041 - Ya¥ira0isn + YaY307,y + XaX;150,0,,10;
- xaxb”i"iﬂpi)
Combining terms, we have:
E(s;s,) = § * (" fe(xiXip XX, - Xax;y3+ XaXy + ¥,¥i42- ¥iYy - Yayipa + YaY,)
030in1Pi(YintYisa Yin Yo Ya¥isot YaYob Xop1 X0 X0, Xy~ XaX, 0+ XaX,)
05419 i42Pin1(XiXig1- XXy XaXi 1+ XaXy+ ¥i¥i41- ¥iYs- Ya¥i+ YaY,)
- 20’;”.?+1"i+2l’iﬂi+1)
Which simplifies to:
Cov(A;B;y) = § (”-?-u((xi - Xa)(Xi42- Xp) + (¥i - Ya)(Viga - Yb))
'”i"-‘+1l’i(()’i+1 - Ya)(Yisz - Vo) + (%54 - Xa)(X42- xb))

‘”i+1°’i+2pi+1((xi - Xa)(xi41- X3) + (v; - Ya)(¥i4r- Yb))
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- 2”i”?+1°’i+2P.‘P.‘+1)) (4.36)

Combining Triangles Along an Arc

We have developed expressions for the three cases of covariance between a triangle in
one polygon and the connected triangles in an adjacent polygon. The next step is to sum the
covariances for all triangles formed by an arc. Assume that an arc which separates polygons A
and B has m+1 points. There will be m triangles in the arc-sector in polygon A (A, =1..m)
and m triangles in the arc-sector in polygon B (Bj, j=1..m). Then, the covariance between
polygons A and B is the sum of all appropriate triangle covariances:

Cov(A,B) = Cov(A,,B;) + Cov(A,,B,) +
Cov(A3,B,) + Cov(A;,B;) + Cov(A,,B;) +

Cov(A3,B3) + Cov(A;,B3) + Cov(Ag,By) +
Cov(A;,B;_;) + Cov(A;,B;) + Cov(A;,B,,;) +

Cov(A,,_1,B;y_3) + Cov(A,,_;,B,,_;) + Cov(A,,,_;,Bm) +
Cov(Am,B,,_;) + Cov(Am,Bm).
or, if we define Cov(A,,B;) = 0 and Cov(Am,B,,,,) = 0, we can use the summation:
Cov(A,B) = fj(cov(A,.,B,._l) + Cov(A,B;) + Cov(A;,B;,,))
Now, we subst'i:t:lllte the expressions we have derived for these individual triangle covariances
(4.26, 4.31, and 4.36), and obtain:
Cov(AB) = & » 30(e2Raypsks,_, + ForaiFn,_,) - Tir0ibilRaspiXe, + FasuiFs)

=1

- = - = 2
- ”i"i+1l’i+1(x¢.-xb,-_l + Yd.'yb,-_l) - 2‘75-1‘7.'0'i+1PiP.'+1) -
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27w - - - v = -
(”i (x¢i+1xb.-+l + yﬂ.'“)'b“_l) + ”?-l»l(xd.'xb.- + y0,')'b.-) -

Ti0inPiRaXy,  +VaFs,, ) - 0i001Pi(Ragy Xa, + FaipyTa) +

2

2"?":‘4»1(1'/’.?)) + (0'-?+1(’-‘¢.~iu+z + Ya,F0i42) - 0:0:419:(Ra;  Kpina +

VaiFbisa) - ina0isapiniZaXe,, + Faifa,, ) - 2".'”-?+1".'+2P.'P.'+1))

m
= g.;(,g(i,,.ﬂ(i,‘_l - %3, ) + ey Os,_ - T,,))
+ ’.?+1(i¢.-(iu+z -%) + ¥a,(Foiaa - 5’5,-))
- 81 (Rag o Xe, + Fap0¥3,) - sina(Ra iy, + Fai, )
- sg(iai(ibi_l - ib'-+1) + 5’«.-(5’5,-_1 - 5’5.-“))

- si(i°i+1(i5|’+2 -%p,) + oy (Faiva - ?a,-))

- %*2(35(95-1 -8 + 8;y1) + oiol,,
where: )
Xa;y) = Xij1 - Xa Xp, = Xio1- Xy
Xa; =1x;-Xa X, =x;-X;
Ya;_; =¥i-1- Ya Yy, l—Y.-l'Yb
Ya; =VYi-Ya Yo, =vi-Y,
etc...

and where s; is as in (4.15).

DISCUSSION - DETERMINING MODEL PARAMETERS

(4.37)

The expressions for polygon variance and covariance depend upon the coordinates and

the o’s and p’s which indicate the variability and correlation of points in an are.

Several

possibilites exist for selecting values of ¢. In Chrisman’s (1982c) work in this area, close
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examination of the steps involved in producing a USGS land cover map (scale 1:250,000)
provided deductive estimates of individual error components, which were combined to arrive at
an overall estimate of positional accuracy. Chrisman considered three components: line width,
digitizing (by scanning), and rounding errors, under two assumptions he termed “conservative”
and “less conservative”. For example, under conservative assumptions, the standard deviation
of errors caused by line width was assumed to be 14.4 meters, that of scanning errors was
assumed to be 16.6 meters, and rounding errors exhibited a standard deviation of 5.8 meters.
Adding the variances of these errors resulted in an overall standard deviation of 22.8 meters.
This approach for estimating overall positional error has been endorsed in the Proposed Digital

Cartographic Data Standard (Morrison, 1988).

An alternative for estimating the variance parameter is based upon map accuracy
statements. As discussed by Keefer (1988), typical map accuracy statements include a band
width and an alpha level. For example, the National Map Accuracy Standard quoted earlier
states:

“For maps on publication scales larger than 1:20,000, not more than 10% of the

points tested shall be in error by more than 1/30th inch, measured on the

publication scale...”

In the above statement, the error-band half-width is 1/30th inch, and the alpha level is 0.10.
Keefer (1988) describes how these statements may be used to select a variance for a normal

distribution that meets the specification. The estimate for & is denoted by:

o= ¥

where:
W = } the error band width

K = 1-§ quantile of the standard normal distribution
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A more costly alternative procedure is to evaluate the variability of points in repeated
sampling involving mapping the same area a number of times. In this case, a point coordinate
represents a random variable which is observed in repeated samples and for which the standard

deviation can be calculated.

In some instances, obtaining an estimate of arc variability may be straightforward. For
example, in many GIS applications, polygons are formed by prozimity analysis, in which a
computer algorithm delineates those areas within a given distance of some feature. A typical
case in forestry GIS is the creation of road polygons to extract acreage from the timber stands
through which a road passes (thereby obtaining net forested acres). Another example is creation
of “buffer strips” around streams or drainages. In these cases, the arcs surrounding the feature
of interest (e.g., the road or stream) are established by the GIS at a fixed distance from that
feature. However, on the ground, the width of the road or buffer strip is likely to vary
somewhat. If we measure the variability of width via sampling, we could assign one-half of the

standard deviation of width to the arcs on each side of the road or stream.

The choice of the correlation coefficent, p, may be more difficult. In an analysis of
digitizing errors, Keefer et al (1988) used time series analysis to detect serial correlation of
errors. After fitting an autoregressive model to data digitized in stream mode, he encountered
correlation coefficients between 0.3 and 0.9, with an average of about 0.7. It is likely that
mapping processes such as digitizing technique will have a significant impact on the serial
correlation of coordinate errors, but more study is obviously needed to obtain reliable estimates

of the correlation coefficient under varying conditions. Even without firm knowledge of the
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amount of correlation of errors in a map, the model may be quite useful: one advantage of an
algorithm for calculating polygon variance is the capacity for performing sensitivity analyses in

order to determine the impact of different levels of correlation on the resulting variance.

The derivations performed to obtain an expression for polygon area variance allowed a
different o0 and p to be assigned to each coordinate pair in the map. A more realistic
assumption might be that all points in an arc exhibit the same variance and correlation with
their neighbors. In some cases, a single o and p may even suffice for all arcs in a map. Often,
however, knowledge about the ability to locate various boundaries may suggest the use of
different parameters for different arcs. For example, in maps derived from interpretation of
color-infrared photographs, some boundaries (such as those between water and land) may be
discernible with much greater precision than other boundaries (such as those between vegetation
types with similar spectral signatures). In these instances, assumption of different o’s for the
different arcs may be justified. In any case, it is logical to consider the values for o and p to be
attributes of an arc, and to be maintained as such when overlaying polygons. Then, the values
may be made available to computer programs which could calculate polygon variances for the
resulting overlay map. When all points in an arc are assumed to have the same parameters (o
and p), simplification of the variance and covariance equations is possiblé, and an opportunity
for computational efficiencies arises. Thus, the equations for polygon area variance (4.15) and
covariance (4.37) as written are not in the most efficient computational form. Matrix notation
may also be used to express the variance and covariance formulas, but calculation of these

quantities by matrix algebra may not be more efficient than use of simple sums.

One issue which is encountered in implementation of the variance and covariance

expressions is the selection of an estimate of o for nodes. If the arcs which are incident at a
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node have different assumed variabilities, there may not be a single obvious choice for which
variability to assign to the node in area variance calculations. It would seem reasonable to
assign the variance of the points in the least variable incident arc to a node as the variability of
that node. For example, if a node is at the intersection of an ownership boundary, a timber
stand boundary, and a soils unit boundary, the location of the node is known to be on the
ownership boundary, and hence is known at the highest of the three precisions. This is
especially true when data sets are digitized and overlaid with a priority given to the most precise
layers, which is possible when GIS software allows a user to “snap” an arc to an existing (and

usually more precise) arc or node.

A final consideration in the identification of point variability is the average distance
between points along an arc. The simulation programs which were used to test the equations
derived above performed very poorly when o was large relative to the distance between points in
an arc. When o approached values of % to % of the distance between points, simulated errors
occasionally caused points on an arc to reverse order, creating “loops” in the arc. The lesson to
be learned from this is that it may be unrealistic to assign a value of ¢ which does not reflect
the distance between digitized points. Actually, the inconsistency lies in digitizing points at a
higher resolution than the map and data call for. However, when analyzing data that has
already been digitized, it makes sense to use a ¢ which is compatible with the density of the

data.

POLYGON AREA ERRORS - VALIDATION OF THE DISTRIBUTION

The suitability of the normal distribution to model polygon area errors was examined in
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a limited test involving simulations of a few contrived polygons. It was suggested that areas of
polygons with few vertices would be less likely the normal distribution than areas of polygons
with more vertices. To test this, the Anderson-Darling A? statistic was calculated for each of
twenty simulations (80 iterations each) of the six polygons created from sampling a circle.
These values are tabulated in Table 3. A null hypothesis of normal errors (with mean and
variance specified by the expressions previously developed) at a=0.10 would be rejected for a
sample of size 80 if A? > 1.933. Even for a polygon of only three vertices, the null hypothesis
was rejected in only 15% of the simulations. Even data known to be from a normal distribution
may be expected to be rejected an average of two times out of 20 when tested at a = 0.10.
Though inconclusive, there appeared to be a trend toward fewer rejections of a hypothesis of
normality as the number of vertices in the polygon increased. While this was only a limited
evaluation of errors in single artificial polygons, it appears that an assumption of normality for
area errors seems appropriate. Simulation of different sizes and shapes of sliver polygons, at
varying values for ¢ and p, would be desirable before making inferences using the normal

distribution to model areas of sliver polygons.

POLYGON AREA ERRORS - EXAMPLE APPLICATION

Polygon area variances and covariances were calculated for the Webster tract using the
nine sets of assumptions depicted in Table 2. These variables, and the per-acre values from
Table 1, were entered into equation 3.5 to obtain nine estimates for variance of total tract value.
Coefficients of variation of total tract value were calculated for each of the nine assumptions,

and are given in Table 4. Figure 13 shows the coefficent of variation as a function of the values

used for o and p. It is readily apparent that increasing o or p will increase variability in a



102

Table 3. Anderson-Darling A? statistics® for 20 simulations each of six polygons with varying

numbers of vertices.

Number of Vertices in Polygon
N=3 N=5 N=7 N=9 N=11 N=15

2.31608 Reject H,
3.22710 4.56917 2.24194
2.76724 2.36631 1.98364 2.88770
2.03021 1.94432 1.95903 2.12643 2.41514 1.96851
1.73295 1.32892 1.72841 1.73555 1.72182 1.63094
1.67825 1.28616 1.39735 1.35096 1.24803 1.54893
1.37749 1.24127 1.20659 1.29623 1.17020 1.26306
1.25466 1.10529 1.18011 1.28882 1.02360 1.01745
1.05587 1.09097 0.96616 1.00782 0.87936 0.96420
0.98085 0.93748 0.94840 0.98653 0.86596 0.90264
0.92962 0.78622 0.87671 0.95864 0.79844 0.79936
0.86852 0.76338 0.84288 0.95382 0.75302 0.77579
0.75689 0.72450 0.82498 0.92506 0.65272 0.76962
0.73806 0.61611 0.71898 0.87453 0.64449 0.60908
0.71356 0.60953 0.69086 0.83841 0.55401 0.57480
0.65800 0.59430 0.63707 0.81243 0.49825 0.57464
0.65350 0.53202 0.52043 0.78192 0.47489 0.55566
0.47606 0.39913 0.50621 0.58696 0.47460 0.51931
0.46569 0.36320 0.47999 0.57171 0.45585 0.39865
0.43224 0.35265 0.16157 0.49050 0.35425 0.35004
0.36627 0.26125 0.45313 0.27800 0.34501
0.32093 0.16953 0.28715
0.13584 0.23950
Average = 1.10300 1.04153 1.05654 1.01181 0.74133 0.76640
# Rejected= 3 3 4 2 1 1

1The critical value of A2 for a test at o = 0.10 is 1.933.
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Table 4. Variability of total timber value estimates? for the Webster tract under nine

assumptions of ¢ and p for point location errors.

Standard Coefficient

o used for Deviation of Variation

Assumption internal arcs P of Value ($) of Value (%)
A 25.0 0.3 3402.59 2.89
B 25.0 0.6 4791.32 4,07
C 25.0 0.9 5860.13 4.98
D 50.0 0.3 6823.42 5.79
E 50.0 0.6 9594.85 8.15
F 50.0 0.9 11732.27 9.96
G 75.0 0.3 10297.48 8.74
H 75.0 0.6 14446.12 12.27
I 75.0 0.9 17656.80 14.99

2Total timber value was estimated to be $117,834.
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CoefTficient of Variation
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Figure 13. Coefficient of variation of value as a function of assumed values for o and p
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seemingly linear fashion. The choice of o appears to have a greater influence on the resulting
variability of value than does the choice of p. Under the set of assumptions which seem most

realistic (0=50, p=0.6), the standard deviation of value was 8% of the mean tract value.

The influence of the degree of correlation on area variability may not be intuitively
obvious. One might correctly point out that given a polygon composed of a single arc, point
errors with the maximum correlation (p=1) would result in a shift in polygon location, but
would produce no errors in area. Very highly correlated errors tend to shift an entire arc in one
direction. When a polygon is composed of more than one arc, and the individual arcs are
shifted independently of each other, a higher variability will result. Part of the explanation
might be that independent errors may tend to offset each other; an error at one point may
increase polygon area by the same amount that another point error decreases it. When errors

are highly correlated, this offsetting effect may be reduced or eliminated.

While this analysis was only a cursory demonstration of an application of the variance
formulas, it indicates that variability of summary estimates due to imprecision in spatial data
can be significant. The assumptions used here were meant to be only approximations; more
intensive analysis of the mapping process would produce more reliable estimates of ¢ and p.
However, even such approximations as used herein can be useful for comparative purposes. For
example, suppose two tracts of la.ixd are being considered for acquisition, and only one will be
purchased. If the two are mapped and inventoried in similar manners, comparisons of
variability can be made under a variety of assumptions. If the values of the tracts are similar,
yet have widely different variances, the tract with lower variance of value would appear to
present less risk, and would be the desirable choice. Precise and accurate knowledge of o and p

is not necessary in such circumstances.
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An interesting extension of the analysis presented here would be to consider both
components of variability: that due to variance of inventory estimates, and that due to spatial
imprecision. As presented by Schumacher and Bull (1932), the standard error of total volume
can be seen as consisting of two terms:

SETy = SE} * A? 4 SE% + V2

where: SE 7y = standard error of total volume estimate

SE,, = standard error of volume per acre estimate

A = area in acres

SE , = standard error of area estimate

V = volume per acre
This equation can also be expressed in terms of relative standard errors:

SEpvg =SEyg + SE g

SE y . e

where: SE, g = —¢* = CV x (coefficient of variation of X)
While this example only considered area variability, the above expressions could be used to
account for both variance components. Knowledge of the relative contribution of per-acre
volume variance and area variance toward total variance might suggest where effort might best
be directed to increase precision. More samples might be taken to reduce per-acre volume
variability, or more detailed mapping (through better equipment, larger-scale photography, or
better ground control) would likely reduce area variability. Consequently, inventory resources

could be directed where they would be most efficient in terms of variance reduction.
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DISTANCE ERRORS - DERIVATION
Case 1: Vertex Distance

Since the assumption of normality has been adopted for this case, we can state:
Xs ~ N(xs,07) Y, ~ N(ys,03)
Xv ~ N(xv,03) Yo ~ N(ye,03)
which implies:
X,-Xv ~ N(x, - X0, 02 + 03)

Y:'Y0~N(y:‘)'u,7?+a'3)

X, - X, ~N( X, - X ’1)
]d?+03 ]63+63

and

Y. - Yu y [ YV
~ N y 1
do? + o2 Jo? + o2
By squaring and applying the definition of a non-central chi-square random variable® {Johnson

and Kotz, 1970) we obtain:

AN

2

() ~l-d)
’ ¥ - 3o

(B) (=% ) aan

3 A non-central chi-square is denoted by x':(A) where v is the degrees of freedom and

A is the non-centrality parameter. By definition, (N(p,l))2 ~ x'f(/\ = u?)
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Adding the left sides of (4.38) and (4.39) yields:

2 2
(x.-x,) N (Y.-Y.,)=(X.-X.)’+(Y.-Yu)’

3 3
]0? + o3 e? + o2 oy + 0y

D?
= = 4.40

Cs+0y ( )

where D? is the square of the measured distance from the point to the vertex. Since non-central
chi-squares are additive (X'fq(’\l) + X';’zg(’\ﬂ) = X'%”1+y2)(,\1+,\,)), we can add the right sides

of (4.38) and (4.39) to obtain the distribution of (4.40):

o + Oy

where d? is the square of the true distance: (% - X0)? + (¥s - yvu)?. This expression can be
useful in making statements about the probability of observing certain distances. For example,
if we wish to know the probability that a point is at least a distance k from a vertex, when the

error variance of the point and the line are known, we can state:

Prob{Dz k} = Prob{D’ > P}

= Probd 25 > £
° {a.+a., - 0.+0'u}

= Prob {x’:(A = —,L,) > 1"2—5}

cs + 0y Oitoy

A special case of this would be a test to determine if a point is on a line, or two points are in

essentially the same location. Assume we calculate the distance between the points to be k
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units. If the points were, in fact, coincident, we would have:
Prob{DZ k| d’=o} = Prob {x’g(,\ =0)> ;,f:—a,}

But x' g(,\ =0)= x:, so we can use commonly available tables of the percentage points of the
x? distribution. We would then calculate ;2%_:;3. If the area under the tail of a x:
distribution to the right of this point were sufficiently small, we would conclude that the points
were distinctly different. The above development follows along the lines of a prevalent
application of .distance between two bivariate normals: the probability of hitting a target when
the target location and the point of impact are bivariate normal random variables (Grad and
Solomon, 1955). In such targeting applications, the desired probability is the probability that
the distance between the target and the point of impact of the projectile is less than the effective

“kill” radius of the weapon.

It would probably be useful to know the mean and variance of D. However, deriving

the distribution of:

in order to obtain them has proven to be intractable. Note that the situation we are evaluating,
that of the distance between two independent bivariate normal random variables, is a common
one in multivariate statistics (Tatsuoka, 1971). Yet most of the multivariate statistical tools
(such as Hotelling’s T? or Mahalanobis’s D?, as well as the targeting applications just
mentioned) for detecting differences between groups utilize measures of squared distances. Thus,
it appears that in other efforts, the distribution of distance between multivariate normal random

variables has been elusive, while inferences using squared distance measures have sufficed.
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Case 2; Perpendicular Distance from the Point to a Line Segment

The distribution sought in this section is the conditional distribution of distance given
the position along the line segment (X3 = Xi). We have hypothesized (3.9):
DIX} ~ N(yi, 03 + ¢3)
Where 03 = flo3, a;, p, Xi). The expression for o3 yielding the best graphical fit to variances
observed in simulations was:
o3 = 0ip; + o3p} + 2p0,0,p,p, (4.41)

where: P; = proportion of the line segment from point 1 to point X5

_ Xp-Xp
T (X:-XD
Pz = proportion of the line segment from point X} to point 2
=(1-py)
_ (X3-X5)
T (X3-X)

Part of the evidence that led to this formulation was noting the location of the value of X} at

which a";, was lowest. Simulations indicated that when p=0, this point was found at:
2 2

4] ivalently: - _ 93
Pimin = -§+—5, or, equivalently: Pamin = m

Incorporating a nonzero correlation coefficient yielded slightly different locations. It was soon

discovered that the X}, which evidenced the lowest o2 was such that:

L= -0010; _ __04(0y - poy) 4.42
Pimin 0} + 03 - 2p0,0, 03 + 03 - 2p0,0, (4.42)
- PO O Oql04q - pO
or, Pamin = pO102 — 2( 2-°f l) (4.43)

o+ a3- 2p0,0, 03 + 03 - 2p0,0,
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In fact, taking the derivative of (4.41) with respect to p, or p, and solving for p, or p, will yield

the above equations.

An interesting result of these expressions is the value of a?, at the minimum:

o3 . = 0103(01-001)* + 0foi(01-p02)? + 2pa303(01-p0,) (0 5-pory)
me (01 + 03 - 2p0,0,)°

”f”;(”g&l’”l"2+P2”f+"f'2p¢1”:+P2”;+2P”1"2'2P2”f'2P2”§+2P3”1”2)

(o1 + 03 - 2p0,0,)°

o1o3(o3(1-p7) + 03(1-p*) - 200,0,(1-5%))

(01 + 03 - 2p0,0,)°

aio3(1-p?)

o + 03 -2p0,0,

Table 5 shows the formulas for p,,,;, and o3 min for the general case, and for the specific cases
when ¢,=0,=0, and when p = -1, 0, or 1. If we assign similar variances to all points in an arc,
then most often, o, will equal o5, the exceptions being if point 1 or 2 is a node with a variance
different from the rest of the arc. Thus, we will usually have Pimin = 0.5, and a simpler
expression for a%m‘u. The expressions shown in the table have a degree of intuitive appeal. For
example, when p=1 and o,=0,, the errors at each endpoint are identical. Therefore, every line
segment with errors will be parallel to the nominal line segment (without errors). This would
imply that since p,,,;,. is undefined, there is no single point along the line at which variance is
minimized; the variance is the same for all locations along the segment. Conversely, if p= -1,
then the errors at point 2 will be equal but opposite in direction from the errors at point 1. This
would imply that every erroneous line segment would intersect the nominal line segment at its’

midpoint, and that the variance of errors at that point would be 0. If o, = o,, the equations

simplify considerably, and we note a linear effect of p on a3, .
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General
Case p=-1 p=0 p=1
2 .
o1(01-p03) oy g3 0if 0y <oy
oL # 2 af+a,-2po‘1a, oy + 0, 0-15 + 627 lifo; >0,
Pimin
0,=0, % % % undefined
2_2 2 2_2 2_2
oio3(1-p7) 7,02 20103 T S
c —i ——is min(c$, o
1 # 01+03-2p0,0, (01 + 03) o1+ 0o, (o1, 73)
2
7 Pmin
2 2
g,=0, ﬂ#} 0 % az
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The behavior of the function in (4.41) was noted graphically to be very consistent with
simulations, over a wide range of the parameters 7y, 03, p, and X;. Other functions tested
included a parabola and a cosine curve which were fit to duplicate the noted results at the
endpoints and the point (p,,,;,) at which variance of Y’ errors were smallest. Neither of these

curves performed well at other points, or were consistent across ranges of the parameters.

Equation (4.41) therefore provides a parameter which allows us to specify completely
the hypothesized normal distribution of perpendicular distance from a point to a line (3.9). The
translation of (X,Y) to (X',Y’) was performed to simplify notation, and has no effect upon the
results. Given any point (X,,Y,) and its variability ¢2, and any line segment from X,Y; to
X;41,Y;4; and its error structure (02, o?,,, p;), we can first calculate the point of intersection
of the perpendicular from the subject point to the line segment, and then calculate the

parameters of the hypothesized distribution.

DISTANCE ERRORS - VALIDATION OF THE DISTRIBUTION

The normal distribution was hypothesized for perpendicular distance from a point to a
line. To evaluate the validity of this assumption in an admittedly restricted test, twenty
simulations of 80 iterations each were performed using 54 sets of assumptions. The Anderson-
Darling statistic was used to compare the empirical distributions resulting from the simulations
to the hypothesized distribution. At a=0.10, and n=80, the rejection region for this statistic is
A2>1.933. At this Type I error rate, data from a normal distribution might be expected to

result in a rejection about two times out of 20. Table 6 shows the number of rejections (out of

20 simulations) for each of the 54 sets of assumptions.
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Table 6. Number of rejections of a null hypothesis* of normal distance errors in 54 sets of

simulations.
p=03 p =07
Xe=-25 X;=0 Xi=2 | X,=-25 X,=0 X,=92

+=32 2 3 2 4 2 1
o3=1|Y.,=38 2 2 2 2 1 2
=2 1 3 1 3 1 5
1=32 2 3 3 3 2 2
o3=3 |Y.=8 2 1 1 2 2 3
Yi=2 1 4 2 1 4 2
4=32 0 2 1 2 2 1
o3=5 |Y.= 3 3 1 1 1 1
=2 3 1 2 2 : 0 1

4Testing at a=10%, the null hypothesis is rejected if A2> 1.933.
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The average number of rejections for the 54 sets of simulations was 1.96. While not
confirming the normal distribution as the best model, this data certainly provides no evidence
for rejecting it. Inspection of the relationship between frequency of rejections and the

parameters shows no discernible pattern; none of the parameters used seems to lead to an undue

number of rejections or acceptances.

Therefore, under restricted circumstances, the normal distribution seems adequate for
modeling errors in perpendicular distance from a point to a line. The mean of these errors will
be zero, and the variance will be dependent upon the variances and correlations of the points

involved, as well as the position of the intersection of the perpendicular.

DISTANCE ERRORS - EXAMPLE APPLICATION

The 4-chain by 5-chain grid of plots laid over the Webster tract resulted in 107 plots
being located within the tract (Figure 14). The distances between the plots and the nearest
stand boundary line were calculated in a Fortran program. Ten of the 107 plots were nearest to
a vertex, while the distance from the remaining 97 plots to the nearest stand line was a
perpendicular distance. For each plot, under each of the six sets of assumptions, a p-value was
recorded which indicated the probability of observing the measured distance (d) if the plot were
on the stand boundary (d=0). Recall that large p-values are associated with ambiguous plots;
for plots that are not on the stand boundary, one wishes to obtain a small p-value, thereby
leading to the correct rejection of the hypothesis: d=0. The relative frequency of these p-values

is shown in Figure 15.
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Figure 14. Timber cruise plot locations for the Webster tract.
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Figure 15. Percentage of plots by p-value for six sets of assumptions.
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For the most generous of the six sets of assumptions (04=50.0, ¢,=25.0, p=0.6), only
42% of the plots were indicated as being separate from the stand lines with probability 90%.
Slightly more than half of the plots could be located within a stand with 80% probability. At
the most extreme of assumptions (¢,=70.0, ¢,=75.0, p=0.6), 22% were confirmed to be within

a given stand at 90% probability, and only 38% at 80% probability.

These figures at first appear to be alarming. It does not seem credible that half of the
inventory plots are ambiguously located; indeed, that is not the case. Several factors are
unaccounted for in this brief example. When locating plots in the field, a forester typically uses
a compass and pacing to determine location. However, there are often landmarks (such as stand
boundaries themselves) which supplement simple bearings and distances to aid in location.
When a plot is indicated on the map to be within a pine stand but adjacent to a lake, the plot
will almost certainly be taken in the pine stand, even if strict adherence to bearings and
distances might lead to a location in the lake. The point is that discernible boundaries will
influence the ability to locate nearby points. However, if the boundary were more indeterminate
(or even invisible, such as a county line or unmarked property boundary), these results are more
believable. As a comparison, Blakemore (1984) reported that only half of the 780 sites he

studied were uniquely assignable to one administrative polygon in his epsilon band analysis.

Figure 16 indicates which plots could and could not be judged to be significantly distant
from the stand lines with 80% probability (using the most generous of the assumptions). It was
noted that some plots identified as ambiguous (p > 0.20) were farther from the boundaries than
others which were not deemed ambiguous. For example, plot 24 was 55 feet from a stand line
and was not considered ambiguous, while plot 4 was 88 feet from a line and was considered

ambiguous. The difference is that plot 4 was closest to a vertex, while the distance from plot
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Figure 16. Locations of ambiguously defined cruise plots. Circles indicate plots which could not

be located in a specific stand with at least 80% probability. (+)’s indicate plots which could be

located with at least 80% probability in a stand.



120

24 to the stand line was a perpendicular distance. The concavity of the isodensity lines about
the line segment create a narrower “zone of uncertainty”, allowing closer points to remain
unambiguously defined. This observation leads to a paradox which will be discussed in the

following section.

The findings of this admittedly superficial example reinforce warnings made by several
authors that “use of a GIS . . . could lead to false perceptions about the quality of the results”
(Bailey, 1988). The precision with which lines and points are drawn by a digital plotter lends
undue credence to the precision of the data being mapped. The plots and stands in this example

exhibit far more variability in location than is evident in Figure 14.

DISCUSSION OF MODEL STRENGTHS AND WEAKNESSES

The models developed here offer an opportunity to examine the impacts of spatial
location errors on measurements such as area and distance calculated in a GIS. The models
appear to behave well in simulations, and are based upon fairly weak assumptions regarding

point errors. However, there are some drawbacks which merit discussion.

First, it was noted that the definition of the centroid location influenced the variance of
polygon area. This may have been due to the approximation method used; covariances between
non-adjacent triangles were omitted in the derivation of the variance of polygon area. It is
hypothesized that complete specification of polygon area variance, including covariances of non-

adjacent polygons would result in a variance formula independent of centroid location.
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However, this dependence upon the centroid does not appear to be a serious shortcoming since
the simulations performed to test the normality of errors did not indicate that the variance
estimate was in error. Further simulations of polygon area errors could support the validity of

this model, or indicate the need for a centroid-insensitive formulation.

Second, the results obtained depend on some arguable assumptions. Notably, the
polygon variance expressions require assumptions that X and Y errors are not correlated, and
that serial correlation is of order 1 (based upon results from Keefer, 1988). The distance
distributions involved assumptions of normality, which, while reasonable, cannot be proven to
be valid. Viewed as an initial effort, these results might be improved upon in future work by
relaxing the assumptions. However, by including such terms as the correlation between X and Y
errors in the model, additional variables must be specified in order to use the model. So little is
currently known about correlation of errors in GIS systems that further parameterization may

not be called for at this point.

Third, the models presented here considered only one aspect of location errors: errors of
commission. That is, we considered what errors occur at points which have been digitized into a
spatial database. Errors of omission have been ignored. Since mapping by definition involves
generalization, there may be significant features (such as meander loops in streams or
convexities in boundary lines) which are lost in the mapping process. Such errors are difficult to
model in any situation, since there is little basis for knowing when and where generalization has
resulted in omissions. Some automated mapping and drafting systems include the ability to
“un-generalize” by adding detail to map features. An example is “smoothing” lines by fitting
spline curves to digitized points. Such endeavors are generally practiced by cartographers

seeking to improve the appearance of map products, who are not overly concerned with the
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integrity of the coordinate data therein.

The paradox referred to in the previous section is that according to the models
developed here, the precision of line location (a;) improves with increased distance from a
sampled point. The lower variances towards the middle of line segments suggests that the fewer
points are used to represent a line, the better. Following such a line of thinking to an extreme
would lead to tremendous omission errors, which are not being modeled. If we were to assume
that some degree of omission (generalization) errors are inevitable between the points sampled
on a line, then reverting back from the concave isodensity region in Figure 11b to the parallel
isodensity region in Figure 11a might be advised. It might also be argued that the complexity
involved in obtaining the estimate of o3 based on p, (proportional distance from a vertex)
represents an over-quantification. The epsilon band model, wherein the band of uncertainty
about a line has a constant width, may be more suitable for the applications considered here.
Certainly, such a model would obviate the paradoxical results obtained, and provide more

consistency in application than the two-case model for distances developed here.

Other situations may indicate that the concave isodensity region is appropriate. For
example, land ownership in a majority of the United States follows rectangular patterns
established by the Public Land Survey system of townships and square-mile sections. Many
polygons (representing ownership, land cover, road networks, etc.) in these areas are square or
rectangular, with long distances between vertices, and errors at corners are more likely to be
independent. In such cases, ommission errors are less likely, and boundaries may truly be more

precisely located at a distance from polygon corners.
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The modeling approach followed herein has several advantages over current applications
of models such as the epsilon-band. First, a constant error-band width is not assumed for all
arcs in a map. This feature provides for more realistic modeling of errors accumulated in an
overlay map, wherein arcs can be traced back to different source maps, and may have different
error structures. Second, variances and covariances are statistically defined and approximate
distributions are suggested; previous models avoided probabilistic statements. Finally, errors in
both points and line segments were considered. This represents an extension of the qualitative

point-in-polygon analysis cited in the literature review.

The models for area and distance errors should have a variety of beneficial applications.
By obtaining variance estimates for a variety of polygons, more could be learned about the
influence of such factors as polygon size, shape, and complexity on the variance of area. The
effect of varying assumptions (or map accuracy standards) could be tested on a case-by-case
basis. As mentioned in the polygon area application example, the relative importance of spatial
and attribute errors in a cartographic modeling situation can be estimated. If nothing else,
applications of models such as are developed here might lead to a wider recognition of the

indeterminacy of spatial phenomena in GIS systems.

DISCUSSION OF A MODEL FOR LINE LENGTH

When intially proposing the work described here, the derivation of mean and variance of
line lengths was considered also. The derivation was soon found to be very problematic,' and

further work in this area was abandoned. A brief discussion of the problems involved might

provide an interesting contrast to the models developed for distance and area.
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Obviously, line length derives from distances between points. In a GIS, length along a

line or arc is calculated as the sum of distances between successive points in a digitized line:

n-l1

Ly= z J(xi’xﬂ-l)z +(Yi-Yi0)? (4.44)

i=l

where: Ly = length of a line composed of n segments

X,,Y; = coordinates of point i along the line

The first difficulty encountered is attempting to evaluate E(L,). In order to do this, one must
obtain the expectation of a function involving a square root for which the joint distribution of
X; and Y; must be known. If we assume the normal distribution (as seems most realistic), we
are faced with the same situation as in considering the distance between two bivariate normal
random variables. The squared distance is known to be distributed as x’ :, but the distribution

of distance is unknown and intractable.

Next, evidence from several authors (Baugh and Boreham, 1976; Keefer, 1988) suggests
that contrary to the situation encountered with area, errors in line length result in a bias when
length is measured using the conventional expression (4.44). A similar bias is noted when using

D? to estimate d2:

E(D?) = E(,L,)(az +0?)

oy + 05

= 12 —_ d? 2 2
= E<X u=2(A"‘m))(”v +03)

= (A + v)(oi + o3)

=d? + 2(02 + o?)
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If D were unbiased for d, then by applying the above equation, and using the fact that Var(D)

= E(D?) - [E(D)]’, we would obtain Var(D) = 2(03 + o3).

Finally, to further complicate matters, obtaining the distribution of distance would not
be sufficient. It is readily noted that the distances between successive pairs of points on a line
are correlated, as was the case with adjacent triangles in the derivation of polygon area. Thus,
pairwise covariances would be required to obtain the variance of line length:

n=32

Var(Ly) = 2_‘: Var(D;) + 2)_ Cov(D;,D;,,)

i=1 =1

where: D, = distance between points i and i+1: |(X;-X;,1)® + (Yi-Yi,,)?
Once again, these pairwise dependencies interfere with the strict application of the Central Limit
Theorem in obtaining the distribution of Ly. All these complications suggest that modeling

errors in line length will require a different approach than those followed in this work.



Chapter 5 - SUMMARY

Geographic Information Systems are becoming commonplace in forest resource
management organizations. They have progressed from being little more than automated
drafting machines to being requisite tools for managing and manipulating large spatial
databases. While the technological capabilites of these systems have rapidly improved, the
reliability of results has often come into question. The need for estimates of accuracy and
precision of derived variables such as area, length, and distance has been stated repeatedly in the

literature.

The objective of the work described here was to develop a procedure for incorporating
information or assumptions about the locational variability of points in arc-node databases into
the analyses common in forest management applications of GIS. First, assumptions regarding
the variability of points were presented in statistical expressions. Then, using the algebra of
expectations of functions of random variables, the mean and variance of polygon area were
derived. The derivation was based upon triangles formed by line segments in the polygon
boundary and a centroid location. Note that the derivation of the variance expression was an
approximation, which may have resulted in a dependency of area variance on centroid location.
Therefore, in order to obtain consistent estimates of variance, a minimum-variance centroid was
defined. Next, the covariance of area of adjacent polygons was derived. It was thought that the
distribution of polygon areas was approximately normal; some simulations of polygon area
errors revealed no reason to believe otherwise. The centroid definition and expressions of
polygon area variance and covariance provided the necessary tools to evaluate the variability of

estimates obtained by multiplying per-unit-area figures by area estimates.

126
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Next, by extending the assumptions about point location errors to include normality, it
was possible to obtain the distribution of distance between two points. An approximate
distribution of perpendicular distance from a point to a line segment was also described. The
hypothesized distributions withstood testing of simulated distance errors using a variety of
parameters. An application of the use of distributional information about distances was
demonstrated: a point-in-polygon analysis revealed that many points which are located
deterministically within polygons cannot be shown to be distinguishable from the polygon

boundaries at high confidence levels.

The models of error assumed and derived herein have several drawbacks. First, there is
currently very little known about some of the parameters (notably the correlation between
adjacent point errors) which are required for application of the variance expressions. Second, the
variance and covariance of polygon area depended upon the location of the centroids of the
polygons. A model which is not dependent on either centroid locations or coordinate axis scale
or orientation might be preferable. Finally, the models considered only errors at digitized points
in a spatial database, neglecting potential generalization errors which occur between such points.
However, it would be difficult at this point in time to account for such omission errors, as they

tend to be even more elusive than the errors committed at recorded coordinates.

The advantages of the models developed here include the allowance for error structures
which differ among arcs, the probabilistic statements which can be made with distributional
assumptions, and the expansion of previous methods to incorporate variability in both points
and arcs. Obviously, more research is needed in several areas. Sensitivity analysis would
indicate the effect of varying parameter values on the estimates of variability that are obtained.

Regressing polygon area variability against measures of polygon shape, complexity, and size may
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provide insights into the effects of these variables on area precision. More efforts are also needed
to improve ways of obtaining estimates of the parameters used in the models: variability and
correlation of point location errors. Finally, no satisfactory expression for the accuracy or

precision of line length estimates has yet been developed.

The ultimate goal of studies of error in forestry GIS systems is to provide resource
managers with some indication of the reliability of results of GIS analyses. As GIS systems,
users, and databases become more prolific, more caution must be exercised in the interpretation
of the products derived from GIS. Only with some understanding of the reliability of these
products can resource managers prudently apply the information developed, and reap the

benefits that GIS advocates have promised.
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