THE LONGITUDINAL DYNAMICS OF A RIGID AIRCRAFT

\

INCLUDING UNSTEADY AERODYNAMIC EFFECTS,

by
Ta Kang Chen,
Thesis submitted to the Graduate Faculty of the
Virginia Polytechnic Institute and State University
in partial fulfillment of the requirements for the degree of
MASTER OF SCIENCE
in

Aerospace and Ocean Engineering

APPROVED:
Dr. E/ M. Cliff, Chhirman
Dr. J. A. Schetz /Dr. F. H&Llﬁe, Jr.

September, 1977

Blacksburg, Virginia



ACKNOWLEDGMENTS

First and foremost the author wishes to express his appreciatiom
to who was the principal advisor for this thesis and
whose encouragement, patience and breadth of knowledge made this study
enjoyable. Thanks are due: to and for
their kind advice and careful review of this work; to

for all the help he rendered. The author especially wants to dedi-
cate this thesis to his mother, i« Without her love and

sacrifice, the author could not have accomplished his educational goals.

ii



TABLE OF CONTENTS

Acknowledgments + « « ¢« + ¢« o o o .
ContentsS. « « « ¢ o o o o ¢ o o o o &
List of Tables. . . . « ¢« ¢« ¢« « « . .
List of Figures . . « . . « . « « . .
Nomenclature. . « « « « « o o o « o &
Introduction. . . . « .+ ¢« + ¢ . ¢ . .

I. Problems of Non-Uniform Motion.

II. The Unsteady Aerodynamic Model.

III. 1Inclusion of the Unsteady Aerodynamics in

Dynamic System. . . . . . . . .

IV. Inclusion of the Three-Dimensional Unsteady

in the Aircraft Dynamic System.
Conclusions . . « ¢« . « + « ¢« & & + &
References. . . « « ¢ ¢« ¢« ¢« ¢« ¢« o . &
Appendix 1. . . . « « ¢ ¢ ¢ . o 4 .
Appendix 2. . . . ¢ ¢ ¢ ¢ e @ e e W
Appendix 3. . . . . . . o . 0 0 0. .

Appendix 4. . . . « ¢ ¢ ¢ . . . . .

Appendix 5. . . . . . . 0 e 0 e o e

Appendix 6. . . . . . . . o o . . .

Vita: & ¢ ¢ ¢ ¢ e o o o o o s o o o @

iii

Page
i1
iii

iv

vi

14

19

26
35
37
39
42
43
45
48
49

66



LIST OF TABLES

Table Page

1 The Comparison Between the Approximated Transfer Function
for Three-Dimensional Plunging Lift and the Data from
H7WC o ¢ v ¢ v ¢ 6 4 o o o e o o s o s o s o o o « o« « &« « 51

2 The Lift and Moment Coefficients in the Three-Dimensional
Unsteady Motions . . . &+ & ¢ 4 v 4 ¢ o & o o o o« s o &« « o« 52

3 The Poles and Zeros of the Transfer Function in 2-D and
3_D CaseS . . . . . . » . . . . . . . . . . . . . » . . . . 5 3

4 The Lift and Moment Coefficients in Three-Dimensional
Sinusoidal Pure Pitching Motion. . . . . . . . . . . « . . D54

5 The Eigenanalysis of Quasi-Steady System Matrix and
Augmented System Matrices When Including Different
Unsteady Aerodynamic Effects . . . . . . . . « . « . . . . 55

6 Comparison of Some Useful Measures of the Rate of Growth
or Decay of the Oscillation. . . . . . . . . « « ¢« « . . . 56

iv



Figure

LIST OF FIGURES

The Flow Chart for the Two-Dimensional Lift Calculation.

The Bode Plot of the Lift Frequency Response in Two-
Dimensional Case « « ¢« &+ ¢ v ¢ ¢« ¢ + ¢« s o 4 s s e o

Sinusoidal Plunging Motion of the Airfoil in Two-
Dimensional Case . « ¢ ¢« &« ¢ & o « « o o « &« &

The Sinusoidal Plunging and Pitching Motion and Their
Representations Used in the Program H7WC . . . . . . . .

The Wing Geometry Used in the Program H7WC . . . . . . .

The Division of Strips and Boxes and Their Coordinates
Used in the Program H7WC . . . . ¢« ¢ ¢« & ¢ « o o o &

The Motion due to (a) Pitching Angle Change and (b) Angle
of Attack Change . . . . . . . . e e s e e s e e e .

The Rotary Oscillation in Free Flight Condition. . . .

The Block Diagram of Coupling the Unsteady Aerodynamics
to the Quasi-Steady Aircraft System. . . . . . . . . .

Page

57

58

59

60

61

62

63

64

65



>

ol

Gij (s)

AL

Al

NOMENCLATURE

Dimensional system matrix

Element of ith TOowW, jth column in A
Non-dimensional system matrix
Aspect ratio

Dimensional control matrix

Non-dimensional control matrix

' Wing span

Mean chord of airfoil

3/ at

Transfer function between input j and output i
gravity acceleration (32.17 ft/secz)
Vertical displacement from airfoil surface
Location of N. P, from leading edge
Location of c.g. from leading edge
Pitching moment of inertia

Non-dimensional pitching moment of inertia
=1

Static gain

Reduced frequency (= %%9
Total 1lift

Total 1lift change

Lift per unit span

Lift change per unit span

Total pitching moment

vi



o .E.
m
c.g.
oy g,
c.g.
1/2

o> L0

wl

Mach number

Aircraft mass

Pitching moment per unit span w.r.t. the leading edge
Pitching moment per unit span w.r.t the c. g.
Pitching moment change per unit span w.r.t. the L. E.
Pitching moment change per unit span w.r.t. the c. g.
Cycles to half amplitude

Pole

Pitch rate

Non-dimensional pitch rate

Wing area

Semispan used in H7WC (in inches)

Transformation matrix between é and x

Inverse matrix of T

Transformation matrix between X and x

Thrust disturbance

Time

zvet/E

Time to half amplitude

Airfoil plunging velocity

Amplitude of sinusoidal plunging motion

Airspeed

Non-dimensional airspeed

Reference airspeed

Airplane weight

Unknown aerodynamic state variable

vii



oI

o o

>\'

Unknown aerodynamic state variable for lift part

Unknown aerodynamic state variable for moment part

Roots of cubic equation
Non-dimensional state variable
DX/DE

zeros

Angle of attack

Amplitude of angle of attack variation
Angle of attack disturbance
Thrust angle of attack

m':uo

Reference flight path angle
Flight path angle

Disturbance of ¥y

Camber ratio

Circulation

Strength of vortex sheet
Potential of motion

Phase shift

Pitch angle

Amplitude of pitch angle variation
Disturbance in 6

Air density

Non-dimensional mass (= 2m/pSc)
we/V

Eigenvalues

viii



Damping ratio

Damped circular frequency

Natural frequency

Pitching moment coefficient

Lift coefficient

Lift coefficient at reference flight condition
8CL/ Qo

Drag coefficient

o,/ &

Drag coefficient at reference flight condition
ac_/ 3

Thrust coefficient at reference flight condition
w/;pvzé

9D/ 3

3L/3q

aL/3v

oL/

L/ X

M/ dq

M/ v

M/

M/ 3d

Thrust at reference flight condition

AT/ oV

acm/a&

BcL/Bq
ix



Superscripts

! used in 2-D augmented system

* used in 3-D augmented system



INTRODUCTION

There are various problems of practical aeronautics which require
information on the aerodynamic pressures and forces acting on an airfoil
in unsteady flight. Foremost among these are the problems of stability
and control, followed by the phenomena of aeroelasticity, particularly,
flutter. According to the classical theory of invicid incompressible
flow, in the absence of free vortices, the pressure distribution on a
rigid body depends only on the instantaneous velocities and accelerations
of the body surface. This does not hold for wing theory, since a wing
1s usually followed by a vortex wake, and it is generally inapplicable
to the motion of a body in a compressible fluid.

The classical theory of aircraft dynamics is based on Bryan's(ref.
1) representation of the aerodynamic forces acting on a body in flight.
That is, each of the aerodynamic forces and moments is presumed to be
uniquely determined at any time by the instantaneous values, and the
derivatives, of the variables which define the motion and orientation
of the body. Although this assumption is known to be valid only under
special circumstances, the concept has been very successful when applied
to a wide range of problems in aircraft dynamics. However, there are
cases where it fails.

The basic limitation of the method of Bryan i1s its inability to
account for the lagging mechanism of aerodynamic loads, i.e., the loads
depend not only on the instantaneous motion but also its time history.
In other words, Bryan's method has no "memory", so the conventional

derivatives fail to give an accurate value of the instantaneous forces.



For example, a wing in subsonic flight leaves behind it a vortex wake of
varying strength. The induced velocity field at the wing, which influ-
ences its 1lift, is dependent on the distribution of the circulation T
all the way back to infinity, i.e. on the entire previous motion of the
wing.

The two-dimensional potential theory of airfoils in nonuniform mo-
tion was first given by Wagner (ref. 2) and has been extended to problems
involving the motion of hinged or flexible airfoils by Theodorsen (ref.
3) and Kissner (ref. 4). In the case of steady motion, a correction is
known to be necessary before the results of the two-dimensional theory
can be applied to wings of finite aspect ratio. A theory for the unsteady
1lift of finite wings was developed in reference 5. This theory has since
been somewhat improved mathematically by using operational methods (ref.
6 and 7) in the solution of certain integral equations which arise.

While the development of practical, three-dimensional lifting-surface
theories for flutter analysis throughout the various Mach number regimes
was still beginning, Etkin (ref. 8 pp. 161-164) pointed out the useful-
ness of the theory of oscillating wings for calculating dynamic stability
derivatives. Etkin demonstrated the calculation using Theodorsen's two-
dimensional solution. And at that time, he found the difficulty that
there is no Maclaurin series in the reduced frequency for the two-dimen-
sional solution. Some other surveys have been done by Rodden and Revell
(ref. 9) in 1962; by Ashley, Widnall and Landahl (ref. 10) in 1965 and
by Landahl and Stark (ref. 11) in 1968.

Before Etkin's effort, M. Tobak first introduced the indicial func-

tion concept in the analysis of unsteady motions of wings (ref. 12).



3
He showed the qualitative variation of CL with time for some o changes.
By using the same concept, Etkin was able to introduce the aerodynamic
transfer function idea on the stability derivatives for unsteady flight.
Etkin's approach together with the numerical calculations of Rodden and
Giesing (ref. 13) give the basis of our present analysis.

In constructing the unsteady aerodynamic model, an effort has been
made to minimize the aerodynamic state variables required to describe
the unsteady motion. Finally, the conventionally-used method, under the
assumption of quasi-steady flight condition, has been evaluated in com-
parison with the results from the present unsteady aerodynamic model

approach.



I. PROBLEMS OF NON-UNIFORM MOTION

Vortex System Associated with the Variations of the Circulation around

an Airfoil

In this chapter most of the work is a version of Von Karman's work
in Durand's book. For simplicity, we only briefly state the two-dimen-
sional theory here. Those who are interested in the details can refer
to reference 13, pp. 2800303.

It is true that in many cases the field of flow around an airfoil
can be obtained with sufficient approximation by superposing the effects
which are due to the influence of the angle of incidence and to the cur-
vature, each considered separately. Extending this method to the present
case, it may be assumed that to obtain an expression for the influence
of the free vortices, it is sufficient to derive its value for the most
simple type of airfoil; that is, for a flat plate lying in the horizontal
plane.

It will be evident that in general every change of the state of mo-
tion of an airfoil will be accompanied by a change of the circulation T
around it. Also for every change of I', a vortex must leave the trailing
edge of the airfoil. The strength of this vortex is equal to the change
of the circulation; the direction of rotation is opposite to that of the
change in I'. In the case of a continuously changing circulation, a con-
tinuous band of vortices develops behind the airfoil.

These phenomena account for the peculiar character of the problems
of unsteady motion. The vortices which leave from the trailing edge pro-
duce a vertical component of velocity at the place of the airfoil, and

so they have a marked influence upon the flow around the airfoil, and
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thus upon the magnitude of the circulation.

Since the vortices are considered parallel to the span of the air-
foil, the most important features of their influence are not affected by
the restriction to the two-dimensional case. Now we shall suppose fur-
ther that the general motion of the airfoil, considered with respect to
the air at rest, is rectilinear, apart from oscillations of small ampli-
tude in the vertical direction, which are considered in some problems.

If s is the distance travelled by the trailing edge of the airfoil
in the direction of -x, measured from a given point of the x axis, then
the velocity V is given by the equation

V = ds/dt (1.1)

If in the interval from t to t+dt the circulation around the airfoil
changes by the amount dI'y, then from the trailing edge there separates a
vortex of strength -dT'. The strength ;-of the vortex sheet (ref. 13, pp.

15) is

— _dr _ 1 4r
Y- 4s TV at 1.2)

Integration of (1.2) from -=» to s gives

S
f;(t,i) dg = - I'(t,s) (1.3)

The problems to be investigated now are the following:

1. In the first place we must find the influence of the vortices
which constitute the band, upon the circulation around the airfoil. The
problem can be solved, according to the treatment given by Wagner, by
calculating the influence of a free vortex upon the flow around an air-

foil with the aid of conformal transformation. The basic assumption



made in the calculation of the circulation is, as in the steady case,
that its value at every moment produces tangential flow at the trailing
edge. By combining (1.2) with the mathematical expression for the influ-
ence of the free vortices upon the circulation, a system of two equations
is obtained, from which both T and ;-can be determined.

2. After obtaining the circulation around the airfoil and the dis-
tribution of the vorticity in the wake, the next problem becomes the de-
termination of the force and of the moment acting on the airfoil. This
requires a special investigation, as the Kutta-Joukowski theorem in its

usual form cannot be applied in the unsteady case.

Circulation around an Airfoil in the Presence of Free Vortices

Let V be the reference flight velocity, p the air density, ¢ the
mean chord of the airfoil. If the airfoil is kept in a fixed position,

then the lift per unit span is

2

1= ZW'%pV e a (1.4)
and the circulation is
T = mcV a (1.5)

1. If the airfoil is not at rest, but is making small vertical
oscillations, the vertical velocity at any moment being u (reckoned po-
sitive downward), then the effective angle of incidence i is increased by

the amount u/V; hence we put:

i=a+% (1.6)



and instead of (1.5) we obtain the circulation due to this motion is

I'"=mcV (a +)=mc (Va +u) (1.7)

<

2. The contribution due to the rotary oscillations is obtained
by noting that a rotary motion about the center of the chord with the

angular velocity da /dt in the clockwise direction, imparts to the ele-

ments of the airfoil a normal velocity of the amount:

_ c, da
vy =~ (x+ 2 ) at (1.8)

Rewrite x = ¢/2 *( cos® - 1 ) and according to Durand's book, the

contribution of rotatory oscillations to the circulation is

nEz da

= 4 E (1.9)

3. Coming to the contribution to be derived from the presence of
a free vortex, we assume, as indicated above, an airfoil in the form of
a horizontal plate of breadth ¢ and consider an isolated vortex of
strength Fl at a distance £ from the trailing edge. By means of the well
known conformal transformation and method of images, the circulation

around the airfoil due to this isolated vortex is

rl[\/é—z—g— 1] (1.10)

Replace the intensity I'; of the vortex by y(t,£)dE, then the circu-

lation due to the presence of the vortex system is

™' = ;(t,g{ ct+ g - ]_j dg (1.11)
0 €



Adding together (1.7), (1.9), (1.11l), we obtain the total circula-

tion around the airfoil

I'!l + I\ll + I-nl"

—
L]

-2 o

Z me do z c+ & _
e (Voo +u ) + T + . y(t,g)[ F 1} dg (1.12)

This expression is valid both for the case of constant and for that

of variable V.

Expressions for the Force and the Moment Acting upon the Airfoil

First we introduce the potential ¢ of the motion around the airfoil.
Let the subscripts 1, 2 represent the lower and upper sides respectively,

then the force per unit area f on the airfoil is

£ = OVI(E,E) + o 3= ( 6y = 6 ) (1.13)

From the force per unit area f, we can get the 1lift and moment per

unit span (with respect to the leading edge) like the following:

0 a [0
1 =.jig fdx = pVI + p 521];; (6, - ¢, ) dx (1.14)
0 -
m = _/’_ fe(c+ x) dx
-c

0 _ - a [© -
pV-j:_ Yy*(x+c)dx + »p aztj:g ( ¢2 - ¢1 Y(c+ x ) dx

C

(1.15)
Let

0
I =-/’_ ( 9, - ¢1 ) dx (1.16)

-C

0 -

J =.jr_ ()= 03 )(5+x) dx (1.17)

-C

we get:



1= oVl + oI (1.18)

oV (Te = I) + p( (1.19)

B
i
Njel
e
+
e
N

In the same reference, I,J, have been calculated and are given by

_2 - 0 [ -
I="-(Va-Ve+u)+r+ ?-c—+g—55+€2 dg (1.20)
4 2 o L2
J=1'E—3v +E—2—r+£o{
32 '¢ T 16 T 128

|01

-2 -, .2
. ;[g_+y_;__(
0 16 2

+ % Wee + gz] dg (1.21)

So finally,

-2 -2
1=opmcV( Vo +u) +E%E—{ a-g )V + EEZR(ZV& +u)

[+

P Y] x84 (1.22)

2 0Vece + gz

and the moment m in the case of oscillating airfoil will be given later.

Calculation of the Forces Experienced by the Oscillating Airfoil at Con-

stant Velocity

In the two-dimensional case we have considered both sinusoidal plun-
ging and sinusoidal pitching motions. For brevity, we consider the details
of the plunging motion only. In particular, we shall explain how one calcu-
lates the 1ift variation with the frequency of the oscillation. First let

us assume

a =0
u = u0 sin wt
= +
r PO Plsin wt + F2cos wt

1= 10 + 1ysin wt + 12cos wt



From (1.22) 1 becomes

and

we ge

10

-2 - oo -
mpc g+ pVe y(t, &) dt

1 = mcpVu +
4 2 OVecE + £
We further assume that
- p'“'E ._
mcpVu + 4 u = c0 + clsin wt + czcos wt
1. The first two terms in (1.12) are:
nc (Va +u) + E%—-& = Tcu
= ncuosin wt = Blsin wt
2, Since Y(t,E) = - l( dr
. YAt vide /&
A
T = PO + Plsin wt + cmos wt
t - W wg
y(t,&) = - ﬁ'( Flsin wt + chos wt ) sin v
- ; WE
+ ( T,cos ut - Tysin ut ) cos v

So the last term

[- -]

Y
0

where

[

3.

in T equation is:

-—E—g-—leE

we
-5 [S( rysin wt + T

C =

[e -]

0

=

0

we
\

2
1_+£_L_

cos Agl[,/ 5 1 ]dgl
/1 1
1+8& _

sin Agl[ £ 1 Jd&l

cos wt ) + C( Plcos wt -~ Fzsin wt )}

- and £, = £/c

The circulation T becomes

I'=T 4+ T'.sin wt + T ,cos wt

0

1

2

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)
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cos wt ) +

= Blsin wt - A[S( I‘lsin wt + I‘2

c( Plcos ot - stin wt ﬂ (1.31)
So, FO =0
(14 AS)r, - xCT,, = B
{ 1 2 1 (1.32)
ACFl + (1+ 28 )r2 =0
which gives
I =88
(1.33)
Ty = A8,
where
A = 1+ AS
L 14 2s)2%+2%2
- -AC (1.34)
) 7.2

(1+1s)%+2%

4., Now we solve (1.23) for plunging motion with constant velocity:

1 = mepvu + BT g 4+ ¥ Y de (1.35)

4 2 [oVer + gz

From the assumption and (1.24), we get

CO =0

¢y = pwEVuO (1.36)
- pﬂEUQV

c, 4 A

Using (1.27), we now have another two integrals:
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-/
]

® 1
cos A, —s—i— dE
1 1 (1.37)
0 \/512 +E)
" in AE. et dE

5. The final form for 1 is

Lo
]

1O =0
_ pVA _
1, = <y + 5 ( QFl + PI‘2 )
(1.39)
= VA o pr. -
l2 =c, + 2 ( PPl QI‘2 )

The flow chart of the computer program in calculating the two-dim-
sional case is given in Figure 1. So from the above equations (1.23)-
(1.39) and a given plunging velocity amplitude ug, we can calculate both
the in-phase and out-of-phase parts of unsteady lift easily. By the
same method, we can get the unsteady lift for pitching motion (actually,

the rotory oscillation) easily.

Two-dimensional Unsteady Moment Part

From Durand's work (pp. 303(c)),

- -2 -3 -4
_ cl mC 2 c . . LCR.
O Pl {—4 *[Tv" e + Tg( 20Va + pu ) + 753 p“] (1.40)

This moment is calculated with respect to the leading edge. Theo-
retically, the moment taken with respect to the c/4 point from the lead-
ing edge is independent of the vorticity of the wake and thus of the

past history, so the terms in the bracket is a constant of time.

Change m o to m 2.
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Suppose the center of gravity is h'c from the leading edge, then
c.g. 128

-2 -3 -4 .
m = - {( %-— h' el +[£%—pvze + E%E{ 2pVa + pu ) + Ir-E—-po:] (1.41)

Let m, g be the change of moment about center of gravity due to the

unsteady motion, then we have

= l - T N
bm, == (=B )SCAL) (1.42)
or oM, = - ( %-- h' )o( AL ) (1.43)



II. THE UNSTEADY AERODYNAMIC MODEL

System Identification of the Unsteady Lift Frequency Response

By using the computer algorithm in Chapter 1 and given the values
of E, v, Ugs p» we are able to calculate the 1lift of the airfoil corres-
ponding to the sinusoidal plunging and pitching motions of different fre-
quencies. The Bode plot of this two-dimensional frequency response is
shown in Figure 2 for plunging motion.

Now that we have found the frequency response of the unsteady lift,
the next important thing is to find the transfer function which charac-
terizes this frequency response. There are many papers (ref. 14-17) dis-
cussing this subject, most of them use computer aid in finding the trans-
fer function. Because this is not the main topic of this thesis, we are
not going deeply into the discussion and comparison of these different
existing methods. But for our case, it looks very possible that there
are one pole and two zeros for the unsteady lift transfer function as we
can verify later. For this situation, we are able to use a simple but
precise enough method to find the locations of the poles and zeros. For
the frequency range we are most interested in (k<0.05), the error of the
result from this method compared with the data is well below 0.1% (see
Table 1). Because of this success, we will use the same method all through
this analysis. This method is illustrated in Appendix 1, the finding of
the transfer function from known poles and zeros is in Appendix 2 and
an example case is given in Appendix 3.

By using the method depicted in Appendix 1, 2, we get one pole and
two zeros as expected for transfer function representing two-dimensional

14
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plunging motion:

p = 5.90209
2= 9.00983
z,= 182.23874

The transfer function between the input u, where u = Re(uoeimt) and

ug = 1 ft/sec, and the output 1ift coefficient CL is:
2
_ 0.000609 s~ + 0.11648 s + 1
GCLu(S) = 0.008446 0.16943 & + 1 (2.1
2
_1 _ ,_0.000609 s~ + 0.11648 s + 1,
Sc,a(® = 5 G ul®) = 000846y te0u3 s + 1) (20D

Similarly, we can get the transfer function for pitching motion and

this is given in Chapter 3.

Unsteady Part of the Lift

The above transfer function is actually for the total 1ift coeffi-
cient variation with respect to the frequency, not the 1lift coefficient
difference between the steady case and the unsteady case with respect to
the frequency. So before we can apply the transfer function to the air-
craft system, we need to find the transfer function for the 1lift coeffi-
cient change from the steady condition with respect to the frequency.
First we find the static gain of the total lift coefficient transfer func-

tion:
Static gain K = égﬂ s*G(s) = 0.008446 (2.3)

Let L represent the total 1lift at a given flight condition, u is the
velocity perpendicular to the airfoil (Fig. 3), GL&(S) is the transfer

function for the total 1ift and GALﬁ(S) is the unsteady part of 1lift due
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to the plunging motion. Then

GAL&(S) GLﬁ(S) - total 1lift at reference flight condition

K

Grals) - 5

1

Suppose the total 1ift transfer function is written in the following

form:
K ( TZS + T3S +1)
GLﬁ(S) = (2.4)
s ( Tls + 1)
then
T.s+ (T, - T, )
Gpa(8) = 6. (8) = §= K —2 3 1 (2.5)
u T.s + 1

Realization of the Transfer Function

For quasi-~steady case, the aircraft dynamic system is given by
Xx=Ax+BS§ (2.6)

where x = [AV, M, q, AG]T and A characterize forces and moments. But in

quasi-steady flight condition,
Z(t) = 2 ca(t) + Zq-q(t) +Zoo8(t) + eeeeeens (2.7)

which is not true for unsteady motion. So we want to seek a model, having

a form of

ia(t) a xa(t) + b u(t)

(2.8)

Z(t) c xa(t) +d u(t)

which can accurately represent the same frequency response as the present

transfer function does. This lies in the category of realization problem,
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which is discussed in Brogan's book (ref. 14). From (2.5), we can see
that this transfer function actually represents a first-order system:

Let us write it in this form:

(2.9)

- ' X

AL ¢, X + d1 u

When u is small compared with Ve’ i.e.u<<Ve,

u=Vtana =V q (2.10)

e e

So, from equation (2.9),
a=Vd +a V=Va (2.11)
e e e

Here we have neglected aeo term, because both ae and 6 are small compared
to the first term. Rewrite (2.9), we get the unsteady aerodynamic model

for the plunging motion 1lift part:

x=a'x+V d
(2.12)
= ' LI
AL ¢, x + d1 a
'= L]
where d1 Ve d1
After identifying the parameters, we get
1
a' = - =
T
T
K 2
c,'"==(T,-T, -~ =) (2.13)
1 T1 3 1 T1
i = VeKTZ
1 T

Construction of the whole Unsteady Aerodynamic Model

Now we have found the model for the 1lift part, but it is still not
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complete. In order to include the moment change due to the unsteady mo-

tion into account, we must return to equation (1.43):

= l-_ — 1! =
AMc.g._ - ( 4 h' )c( AL ) (2.14)

Combine (1.43) and (2.12), we get

= v__l_" ' LK)
AMc.g. (h 4 Yel c,' x+ dl d } (2.15)

Since the unsteady aerodynamics influence is mostly in the aircraft's
body Z-axis direction, so we will ignore the AX. From (2.12), (2.13) and

(2.15), the complete unsteady aerodynamic model looks like:

K= -2 x+V +d
Tl ( e N\ ’ =
T V KT
K 2 e 2
AL T ( Ty =Ty -3 ) T
= 1 l X + l a'
- T cV KT
AM ( hl —- !‘. )C T - T - _2) (h'_l).__e__z_
C.8. 4 ‘T 3 1 T 4 T
1 1 1
. J \ y



III. INCLUSION OF THE UNSTEADY AERODYNAMICS TO

THE AIRCRAFT DYNAMIC SYSTEM

The Quasi-steady Aircraft Dynamic System

In this chapter we will follow the notation used by Etkin (ref.l5).
The quasi-steady longitudinal equations are given by equation(5.10,24)
for dimensional case, and by (5.13,19) for non-dimensional case in refer-

ence 15. Let x = [AV, Aa, q, AG]T, then (5.10,24) can be written as

x(t) A x(t) (3.1

where A is the quasi-steady system matrix, a is the ith row, jth column

ij

element and the sixteen elements are listed below as reference for use

later.
T cos a,_, - D

- \'/ T v -

A11 = (3.2-1)
Da + Tesin aT
A12 = gecos y, - - (3.2-2)
A13 = 0 (3.2-3)
A14 = -gcos Yo (3.2-4)
+ T _sin a

- LV \'/ T _

Ay T mvV + L. (3.2-5)
e o
A _ La + Tecos aT - mgsin Ye (3.2-6)
22 mV + L. :
e a
mVe - L

=& 49 -

A23 mVv + L. (3.2-7)
e a
mgsin Ye
A T T Tav_F I, 3.2-8)
e o

19
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L + T sin o

- L _ v v T
Ayy = T IMg-M— o7 ] (3.2-9)
y e &
. o l.[ v Md( L, + Tecos % - mgsin Yo ) 3 9-10
32 I o mV_ + L. ] (3.2-10)
y e a
M(mVv -L )
- L & e q
A33 = 1 [ Mq + mV + L, 1 (3.2-11)
y e a
M.mgsin Y
- L, __4a>" e _
Ay T 1 [ mV + L, ] (3.2-12)
y e &
Byp= O By = 0
(3.2-13)
A3 = 1 Buy = O

The Aircraft Dynamic System When Including the Unsteady Aerodynamic Model

The aerodynamic force model used in Etkin's formation is quasi-steady.

Thus, the 1ift force, L, is assumed to vary as
L(t) = LV Av(t) 4 cccscces (3.3)

This accounts for the presence of the stability derivatives LV, La’ etc,
in the listed expressions for the aij elements above. We now want to add
in the effect of unsteady aerodynamics as predicted by our realization
model. Most simply this is done by retaining to the dynamic equations

and considering each force component as a sum of quasi-steady term, and

an unsteady contribution. For example, the lift is
= A
L(t) qu(t) + AL(t)

where qu(t) is the quasi-steady form (2:7) and AL(t) is the unsteady
part derived in Chapter 2.

Since L(*) is modeled as the output of a first order system, it is



necessary to add a fifth state variable to the previous model.
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The new

elements of the fifth-order system are listed below, and the derivations

of these elements are given in Appendix 4.

aerodynamic state variable X .

T
q, A9, xa ]

il

'
All

t
As

1]
A

1
A22

1
A23

t
Ay

1
A25

1 ]
A3

1 ]
A3y

1 ]
A33

1
A3y

1
A3s

1
A1

1"

and

A' x'"(t

1}
Ay

0

are the same as A

)

11 "~ Ase

_ LV + Tvsin aT

mv + d!
e

T ¢
e

1

os ¢, -~ mgsin Ye + La

T

]
mVe + dl

mV - L
e

mV + 4!
e

mgs

mV
e

mV
e

L%

1

in Ye
L

+ dl

\J

1
+ di
dé( Ly + Tvsin a
wv_ + di
_ dé( Lh + Tecos %y = mgsin Yo ) :
mV + di
gL
e 1
dé( mgsin Yo )

(o4

)
I

e
)
14— ]

; ]
mVe + d1

Tonlt
4y |
1
mVe + d1

the same as A41 N A44.

We name the extra unknown

The result is a model with x' = [ AV, Aa

(3.5)

(3.6-1)

(3.6-2)

y
(3.6-3)
(3.6-4)
(3.6-5)
(3.6-6)
(3.6-7)
(3.6-8)

(3.6-9)

(3.6-10)

(3.6-11)
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Azs = 0 (3.6-12)
Aél - Ve Aél (3.6-13)
Aéz = v, Aéz (3.6-14)
A§3 = Ve Aé3 (3.6-15)
A§4 = Vv, AéA (3.6-16)
A;S = a' + Ve Aés (3.6-17)

Comparison of the New Model with the Comventional Model

Compare equation (3.6) with equation (3.2), we find that Ld has been
changed to di and M& to dé. Since we ignored the influence on the X-
direction force, the first row of A' remains unchanged as compared with

A. The elements in fifth column and fifth row are new and they give the

different shape to the initial system matrix.

Numerical Example

For the purpose of determining what the influence of unsteady aero-
dynamics on the aircraft longitudinal dynamic system, we use the example
given in Etkin (ref. 14, pp. 320-328), We make the same assumption as

in the book, i.e.Ye =q,, = 0, and use the unsteady aerodynamic model de-

T
rived from a rigid wing experiencing sinusoidal plunging motion and pi-
tching motion respectively. At present, we simply consider the contri-
bution from the wing only instead of the wing-body-tail combination. In
Chapter 4, we will consider the three-dimensional condition which will

better illustrate the influence of the unsteady aerodynamics on the long-
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gitudinal modes of the example aircraft. The data which pertains to a
hypothetical jet transport airplane flying at high altitude is given in

Appendix 5.

Using the linear transformation from non-dimensional case to dimen-

sional case (Appendix 6), we have

N\ 7 3
v -0.00658 17.83112 0.0 -32.17 Av\
o -0.00012 -0.85731 1.0 0.0 o
< >= > (3.7
q 0.00003 -3.30544 -1.35549 0.0 q
e) 0.0 0.0 1.0 0.0 40
\ . p )

1. The two-dimensional augmented longitudinal dynamics when inclu-

ding the unsteady aerodynamics of plunging motion only:

Now we couple the unsteady aerodynamics of plunging motion to the
quasi-steady case. Using the method in Chapter 2, the transfer function

for the two-dimensional unsteady lift is

0.0035944 s - 0.31252

Gypa(s) = 3362.53 s + 5.90209 (3.8)
The unsteady aerodynamic model in state space form is
x = =5.90209 x_ + 733 d
a a
AL -1122.19 8859.26 (3.9)
= x + a
M 2013.32 | 2 |-15894.39

Following (3.6), we have the 5x5 augmented longitudinal system matrix
as given in (3.10). The eigenanalysis is given in Table 5 and Table 6
for the system matrix including unsteady aerodynamics. The quasi-steady

case is also listed for comparison.
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[ -0.00658 17.83112 0.0 -32.17 0.0 ]
-0.00012 -0.85398 0.99612 0.0 0.00049
0.0 -3.47498 -1.15767 0.0 0.00156 (3.10)
0.0 0.0 1.0 0.0 0.0
L -0.08796-625.96734 730.15596 0.0 —5.54292/

2. The two-dimensional augmented longitudinal dynamics when inclu-

ding the unsteady aerodynamics of pitching motion (rotary oscillation)

only:

The transfer function for the two-dimensional unsteady 1lift is

0.00076414 52 + 0.11927 s + 1

Short Discussion

GLd(S) = 43148.38 s 0.15774 s ¥ 1) (3.11)
The unsteady aerodynamic model in state space form 1is
x = -6.33966 x + a
AL -11848.24 209.02 (3.12)
= x + a
M 21256.93 -375.01
c.g.
The augmented longitudinal system matrix is
~N
/
-0.00658 17.83112 0.0 -32.17 0.0
-0.00012 -0.85723 0.99982 0.0 0.00521
0.0 -3.48531 -1.14567 0.0 0.0165 (3.13)
0.0 0.0 1.0 0.0 0.0
L—0.000IZ ~0.85725 0.99982 0.0 -6.33445
e

In Table 5, we have listed the eigenanalysis of both the quasi-stea-
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dy and unsteady motion cases. As we can see, when we take the unsteady
aerodynamics into account, both the short period and phugoid modes have
changed somewhat. Both modes tend to be destabilized, depending on which
motion is taken into account. The unsteady aerodynamics from the plunging
motion tends to affect the short period mode more than it affects the phu-
goid mode. For either aerodynamic model (plunging or pitching), the phu-

goid mode remains essentially the same.



IV. INCLUSION OF THE THREE-DIMENSIONAL UNSTEADY

AERODYNAMICS TO THE AIRCRAFT DYNAMIC SYSTEM

The Application of Computer Program H7WC (ref. 15)

In the three-dimensional case, J. P. Giesing, T.P. Kalman and W. P,
Rodden's computer program H7WC has been used for both plunging and pitch-
ing motions. The calculations are carried out using the oscillatory 1li-
fting-surface method described 'in reference 16 which is based on the Dou-
blet Lattice Method of Albano and Rodden (ref. 17). For illustration,
the shape of the sinusoidal plunging and pitching motions are given in
Figure 4. The program H7WC requires a specified wing geometry as part
of its input. The wing planform used is given in Figure 5 for complete-
ness. The detalled specifications are shown in the following Figure 6.
The pitching motion here is with respect to the wind axes. The results
are for u, = 1 ft/sec for plunging motion and 1° pitching angle for pi-
tching motion only. Some of the 1lift and moment coefficients for plung-
ing and pitching motion of the example jet transport's wing at a Mach
number of 0.737 are shown in Table 2. Using the same method as in the

two-dimensional case, we get the poles and zeros for the transfer func-

tions and they are listed in Table 3.

The Three-Dimensional Unsteady Aerodynamic Model

In three-dimensional case, the system realization will be somewhat
different from the two-dimensional case even though the identification
procedure is still the sare. Usually, the unsteady lift transfer func-
tion and the unsteady moment transfer function will have different pole

positions. Thus for plunging motion we have:

26
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x = a' +V -aq
i A A A PO .1
AL = ci x + di o
x, = a' +V -ad
M M M e (4.2)
AM = cé Xy * dé a
and for pitching motion:

X = ! + l-(i

frrsnty @
AL = ¢ X + v o

e

< = ' +lod
“u R dé (4.4)
AM =

[} = 0
c2 xM + Ve o

where each of the above ai, ci, di, a&, cys dé comes from each part of

the motion's realization procedure as depicted in Chapter 2. Let

* = 1 * = !

317 A4 282 7 2y
cli = ci czg = cé (4.5)

= ' - 1

dij* = 4 dy* = 4,

then the three-dimensional unsteady aerodynamic model for the plunging

motion is

iL - ali 0 {XL + Ve g
iM L 0 azﬁj *M Lve )
(4.6)
{AL}= rcli 0 ] |, (d4,%] .
i [0 epp) ) [a




and fotr pitching motion:

%

’a * 01

11 {"L .
*

0 a3 {*

\ A

’c * oW

11 XL} N
*

[0 <23 [

28

’

1

Qe

1

\

(4 *
1 /Ve .
o

LdZ*/Ve

The Three-Dimensional Augmented Systems

(4.7)

The augmented systems derived from (4.6) and (4.7) are of order six

which is one order higher than the two-dimensional idealized case.

Now

the six state variables are AV, A, q, AO, X s xM, and the elements of

the augmented system for each motion are given below.

1.

11
13
15
21
*
23
25
*
31

33

11

13

21
23
_ 11
d.* + mV
e

31

33

24

26

*
12

*
14

*
16

*
22

*
32

*
34

System matrix elements for plunging motion (4.8):

12

14

22

24

32

34



A k= - L .fofllf_] A = ©22*
35 I d* v, 36 I
Ag*= 0 Byp* = 0
¢ 1 Ak = 0
A= 0 Byt = 0
Asy* = Ay Asp* = Agy’
As3* = Agy' Mgy = Agy'
Agg* = 8% - ';%ifilgzx—' Agg* = 0
Agr* = Asy Agp* = Agy'
Ags* = As3' Agy* = Agy'
Ags* = Vohys* Age™ = 3py%

2. System matrix elements for pitching motion (4.9):

11 11 12 12
K = ' *k = '
A3 A3 Al A14
* - * -
AL 0 AL 0
* = ' * = '
Ay Ay oY) Ayy
x = ' = '
Ayg Ayg Bos Ao
Ve, *
A - e 11 A %= 0

X = o —& Lt
25 dl* + mV 26
e
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* = 1 * = '
A3 A31 A9 A3y
% = ' = '
A3q Asg ByF = By,
* *x
L. _L Vel11 _ S22
Ays* = - T [ 3% 1 Agg* = —1 —
mVe 36 1
y 1 y
* = * =
A1 0 Auo 0
*x = * =
A43 1 o 0
* = =
A5 0 Ag* = O
* = ' % = '
A5y A Asy =Y
* = t = L
Asq Ay Ag* = Ay,
* = * * * =
Ass 3%+ Ay Ase 0
* = ' * = 1
Ag1 A1 Ago A99
% = ' * = '
Ag3 Ay Aes Aos
* = * * = *
Ags Ay Aee 359

Numerical Example

Agsume the same reference flight condition as in the two~dimensional
case and consider a rigid wing and the contribution from the wing only.

1. The three~dimensional unsteady aerodynamic model for the plung-

ing motion:

a. 3-D plunging motion 1lift transfer function:

2
= -0.00018201 s + 0.050547 s + 1
GCLﬁ(s) = 0.008285 € 0.070576 s + 1 ) (4.10)



CLi(s) = 3298.43

%

AL

-105

-14.17

31

0.00018291 s2 + 0.050547 8 + 1
s( 0.070576 s + 1 )

733 d

xL +

7.20 X + 6266.02 a

b. 3-D plunging motion moment transfer function:

(2]
~
]
~
I

Gy (8)

o

7812

-13.

0.00031097 s> + 0.057819 s + 1

=0.00465 s( 0.073842 s + 1 )
2
0.00031097 s“.+ 0.057819 s + 1
~28509.46 s( 0.073842 s + 1 )
56 x, + 733 3
.20

Xy~ 88005.13 «a

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

The combined unsteady aerodynamic model for the three-dimensional

plunging motion with amplitude ®..= 1 ft/sec is written as:

L 0

’-14.17 0 {XL}
= + o

0

-13.54 Xy

6266.02

AL /—1057.20 0]
= L + a
AM L 0 7812.20 Xy -88005.13

(4.16)

2. The three—-dimensional unsteady aerodynamic model for the pitch-

ing motion:

a. 3-D pitching motion 1lift tramsfer function:

(2]
L]
~
2}
~
]

[»]
—~
n
~
W

0.00030129 82 + 0.059398 s + 1
s( 0.074546 s + 1)

0.10603

0.00030129 52 + 0.059398 s + 1

42212.79 s( 0.074546 s + 1)

(4.17)

(4.18)
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X_ = -13. 1 * d
X 13.42 X +
(4.19)
AL = -10866.44 X, + 170.61 a
b. 3-D pitching motion moment transfer function:
2
- _ 0.00071716 s~ + 0.070537 s + 1
A 0.05952 5( 0.078726 s + L ) (4.20)
2
- 0.00071716 s~ + 0.070537 s + 1
Gy (8) = -364921.09 s( 0.078726 s + 1) (4.21)
iM = -12.70 Xy + 1 - a
(4.22)
AM = 80184.60 Xy ~ 3324.27 d

The combined unsteady aerodynamic model for the three~-dimensional

pitching motion with with amplitude a

(
*L ~13.42

S | °

aLy [-10866.44
AM} i 0

-12.70

0 1° is written as:

RokE
M

| ot

(4.23)
170.61

0
L + a
80184.60 xM -3324.27

The Augmented 6x6 System Matrix

The 6x6 augmented system matrix for the plunging aerodynamic model is

7

-0.00658 17.83112

-0.00012 -0.85495
0.00001 -3.43418
0.0 0.0

-0.08796-626.67835

L—0.08796—626.67835

\
0.0 ~32.17 0.0 0.0
0.99725 0.0 0.00046 0.0
~1.20526 0.0 ~0.00003  0.00581
(4.24)
1.0 0.0 0.0 0.0
730.98425 0.0 ~14.16921 0.0
730.98425 0.0 0.33718 -13.30290
A



The 6x6 augmented system matrix for the

(-0.00658 17.83112

-0.00012 -0.85724
0.0 -3.48332
0.0 0.0

-0.00012 -0.85724

-0.00012 -0.85724

\

33

0.0
0.99985
-1.14796
1.0
0.99985

0.99985

-32.17

0.0

0.0

0.0

0.0

0.0

pitching aerodynamic model is

0.0
0.00478
-0.00001

0.0
-13.40974

0.00478

0.0 T
0.0
0.06225
0.0
0.0
-12.70232
/

(4.25)

The eigenanalysis of the above two system matrix are listed in Table

5 and 6.

The Difference Between the Rotary Oscillation and the Pure Pitching

In pure pitching motion of an airplane, the pitching angle O varies

while the angle of attack o stays constant.

In pure plunging motion, the

angle of attack changes but the pitching angle stays zero (Fig. 7)

The

term "rotary oscillation" that we use (as in ref. 12) means the sinusoidal

pitching of the airfoil with respect to the wind, not to the horizontal

line (Fig. 8). From the definition, it is clear that the plunging motion

we considered is pure plunging motion, but the pitching we used both in

the two-dimensional analysis and program H7WC is not pure pitching.

That

is, the oscillatory "rotation" of the airfoil is actually a combination

of the pure pitching and a plunging motion.

So some resolution will be

needed if we want to consider the pure pitching motion.

rotary oscillation = pure pitching + pure plunging

AL due to pure pitching = AL due to rotary oscillation (present

result) - AL due to the plunging motion part
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AM due to pure pitching = AM due to rotary oscillation (present
result) — AM due to the plunging motion part
From this idea, there is no problem to get the pure pitching motion
frequency response as long as we have the corresponding rotary oscillation
and plunging result. By doing so, it becomes complete in considering the
three~dimensional longitudinal unsteady motion. Part of the result of

pure pitching can been seen in Table 4.



CONCLUSIONS

In this thesis an approach of constructing the unsteady aerodynamic
model from the frequency response calculation has been developed. This mo-
del has then been coupled to the aircraft longitudinal dynamic system to
investigate the influence of the unsteady motion on the longitudinal mo-~
des. From the above analysis, it is obvious that the sinusoidal plunging
and rotary oscillation both tend to destabilize the longitudinal modes of
the aircraft. It has also verified the suspicion that the unsteady aero-
dynamics has more influence on the short period mode than on the phugoid
mode. The unsteady motion decreases the damping of the aircraft but not
the natural frequency. Unlike the easily controlled phugoid oscillatiom,
the deterioration of damping in the short period mode can be of serious
concern to the pilot. Because of the different natures of the short pe-
riod and phugoid modes, the degrees of influence of the unsteady aerody-~
namic models on the two modes are also different. The unsteady plunging
motion tends to affect the short period mode more than the rotary oscilla-
tion does (see Table 5). But, on the contrary, the rotary oscillation
tends to have more influence on the phugoid mode than the plunging does.

Along with this analysié, we have a third mode ( and a fourth mode
in rotary oscillation) in the three~dimensional plunging case, which has
a very high damping (z = 0.9998) and a rather low frequency. We give it
the name "aerodynamic mode" because it arises purely from the unsteady
aerodynamics.

The numerical example given in this thesis are only for illustration.

Because the incompleteness of the parameters and wing geometry, these ex-

35
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amples can only serve as the indication of the influence of the unsteady
aerodynamics on the aircraft longitudinal modes. If we have the complete
parameters and wing geometry, whatever needed in the calculation, then

we are able to calculate the influence of the unsteady aerodynamics more
accurately. The system model of the whole aircraft longitudinal dynamics
including the unsteady aerodynamics 1s shown in Figure 9. Here we have
also shown only the pitch rate q enters the pure oscillatory pitching mo-
tion, while the total rate of angle of attack change excluding the contri-
bution from pitch rate enters the pure plunging motion part.

In free flight condition, an unsteady motion usually consists of
both pure pitching and plunging motion at the same time. For better il-~
lustrating the situation, we need to put in the unsteady aerodynamic. mo-
del for both pitching and plunging. By doing so, we will have a higher
order system than the present one. It will be a 7x7 matrix for the two-
dimensional case and a 10x10 matrix for the three-dimensional case.

By noticing that the poles for the lift or moment transfer function in
the three-dimensional plunging and rotary oscillation are almost the same,
we can thus assume it to be so for convenience. That is, the 1lift trans-
fer function has one same pole and moment transfer function has another
same pole. Although this will slightly reduce the good matching between
the data and the transfer function, but at the same time, we can get a
lower order system which can reduce the complexity considerably. The
simplified matrices will both be 6x6 in two-dimensional and three-dimen-

sional cases. We will leave the reduction for the future.
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APPENDIX 1. A METHOD TO ACCURATELY LOCATE THE POLES AND ZEROS

OF THE TRANSFER FUNCTION FOR UNSTEADY AERODYNAMICS

1. If
1 _ 1
G(s) = 1 then A¢p = - tan = T
s + T
2. 1If
G(s) = s + % then A = tan T uT

Before we use this method, we already have a transfer function with
one pole and two zeros which can give the frequency response data shape.
The disadvantage of the old transfer function is that it has a relatively
higher error than expected. From inspecting the data, we know it is possi-
ble to have one pole at lower frequency and two zeros at higher frequencies.
Let A¢p, A¢z ’ A¢z represent the phase angle changes due to the presence

1 2

of pole p and zeros z, and Zys respectively.

1
-1 w -1 W
A = -=tan — = tan - =
¢p P (p)
Ap, = tan—1 %
1 1
A¢z = tan_1 g
2 2

Choose a frequency w, and find the corresponding phase angle, then

Bo = Mk he, +be,

and the problem becomes to solve the trigonometric equation:

Ap = tan 1 (-%) + tan T (

&

)+tan‘1(§ )
1 2

N
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Since
w
tan A = - —
¢P P
N
tan A¢z = f
i i
S0
tan A¢ = tan( A¢p + A¢z + A¢z )
1 2
tan A¢p + tan( A¢zl + A¢22 )
- 1 - tan A¢ tan( A + A
Pprant &6, ¥ b, )

By using (1), and letting tan A¢ = m, we get
m*( pz,z, ) + w( z,2, - pz, - pz, ) - mmz-( -z, -z, ) =uw
1%2 1%2 1 2 P2 7%

or we can write

men + w'y - mwz'c = w3

By picking three different w's and their corresponding A¢'s, we can

solve n, X, . Now let X, = P x, = —zl, Xq = -zz, then

n = XX Xq

X = xzx3 + X, X, + xlx3

x1 + x2 + x3

Y
]

which will give the three coefficients of a cubic equation:

3 2 _
x° + alx + a2x + a3 = 0 (2)

where a, = - g, a2 = X a3 = - n. Solve for equation (2), we can get the

1

pole and zeros easily.



41

Actually this method enables us to find any three pole-zero combina-
tions without using other computer programs to calculate the cost func-’
tion. This method can give a more accurate result than the least-squares
method. By doing so, we are able to reduce the tedious work of matching
polynomials to the data to a simple inverse-trigonometric analysis. One
thing we have to be careful about is that the data points we choose for
the calculation have some influence on the result. For the present case,
we are only interested in the low frequency range (w20 rad/sec), so choo-
sing all three data points in this range can assure a good approximation

of the desired transfer function.

Another thing we should mention is that the whole idea of this method
is trying to find the transfer function by a ratio of two polynomials. The
Polynomials are determined by finding their roots which correspond to the
zeroes and poles of the frequency response plot. By inspection of the
plot, the number of zeros and poles can be determined. From figure, it can
be seen that there are two possible zeroes and one pole. Then, we employ
the above method to accurately locate the positions of the pole and zeroes
such that the ratio of these two polynomials give the same frequency res-

ponse shape as the data.

1 Here s=iw, A¢ is the phase shift and w 1s the frequency of oscilla-

tion.



APPENDIX 2. GETITING THE TRANSFER FUNCTION FROM KNOWN

POLE AND ZEROS

Let
1 _ 1 _ 1 _
T ~ P T, Zys T %
P 1 )
1 1
(s + TZJ)( s + Tz2)
= '
GCLu(S) K " il
ST
P
zZ,Z z. + 2z
( X' 12 )y 1 32 + i —1 s +1]
P 242, z,2,
1 s+1
) P
i K(T,s" +Tys+1)
Tl s+ 1
where Tl = ']; s ']'_'2 = zlz , T3 = _1+-1_
p 1 2 Zl Zz
and 2 3
G i 1+ (T,T,-T))w (T,-T,) 0T T,w
CLu(iw) = K > 2 + 1 79
1+ Tl W 1+ T1 w

The real part equals K when w = 0, and decreases when w increases.
The imaginary part starts from zero, first decreases then increases when
w increases. By suitable choice of K (using least-squares method), we
can get a very good approximation of the transfer function representing
unsteady aerodynamics. In the frequency range we are most interested in,

the error between the transfer and the data can be less than o.l%.
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APPENDIX 3. AN EXAMPLE CASE TO FIND THE POLE AND ZEROS

OF AN TRANSFER FUNCTION

In this appendix, we follow the method depicted in Appendix 2 and 3.
The transfer function used is the one that represents the three-dimen-

sional pitching 1ift. The three frequencies we choose are

w = 1, 10, 30

and the corresponding phase shifts are
¢i = -0.863°, -5.219°, 1.846°
Let m, = tan ¢i, we get

i

m, = tan ¢1 = =0.015064

1
m, = tan ¢2 = =0.091336
m, = tan ¢3 = 0.032236
Let
Pz,2, = N

then the three equations are:

(
-0.015064 n+ 1 x + 0.015064 ¢ = 1
J ~-0.091336 n + 10 x + 9.1336 ¢ = 1000
0.032236 n + 30 x - 29.0124 ¢z = 27000

\

Solving three equations, we get

43
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n = 44523.93
X = 674.48
g = -183.73

then
a= -t¢= 183.73
a,= X = 674.48
a,= -n= ~-44523.93

and give the cubic equation:
3 2
x~ + 183.73 x” + 674.48 x - 44523.93 =

Use Newton-Raphson method to get the roots:

x, = 13.41452

1
X, = -18.58839
Xy = -178.55687

which give the one pole and two zeros as expected:

p = 13.41452
z,= ~-18.58839

z = -178.55687



APPENDIX 4. THE DERIVATION OF THE NEW AUGMENTED SYSTEM EQUATIONS

1. The V equation is unchanged.
2. Thed equation:

From Etkin's (5.10,10(b)) and 5.10,18-(b) and (d):

mVeY = ATsin % + AaTecos % + AL + mgsin yeAy
where AL = LVAV + LaAoz + qu + ALC + unsteady lift part
AT = TVAV + ATC
Ay = A0 - Ao
we get

5 ) = + -
mVe( 45 ) ( TVAV ATC )sin a,, + AxTecos a., + mgsin Ye(AO Aa)

T T

+ LVAV + I_O‘Aa + qu + unsteady lift part + ALC

(—mVe)o'z = ( LV + Tvsin G ) AV

+ ( Tecos a,, — mgsin Yo + La ) Ao

T
- +
+ ( wv Lq) q
+ ( mgsin Yo ) A0

+ unsteady lift part

+ ( AL +ATCsina )

C T
—mVea = ( LV + Tvsin @ ) AV
+ - + L
( Tecos ¢ mgsin Yo 3 ) Ao
+ ( —uV_ + Lq ) q
+ ( mgsin Yo ) A®

L 1 °
+ cl x + dl o
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+ ( ALC + A’I.‘Csin o )

Rearrange, we get

LV + Tvsin aT

o= (- v + d.° ) AV
e 1
Tecos aT-mgsin Ye+La
+ (- I ) o
e 1
mVv - L
+(._L_g._)
oV + 4. q
e 1
. mgsinye
- e ) 20
e 1
cl
1
+ (- mv +d') Xa
e 1
ALC+ATCsin aT ,
(- W+ d )
e 1

3. The q equation:
From 5.10,10(c), 5.10,18(c),

. - +
Iyq MVAV + Mam + qu + AMC unsteady moment part

I ) 1 o 20
Iyq = MVAV + MaAot + qu + AMC + c2 xa + d2 o

Rearrange, we get

d.'"(L,+ T sina,_ )

. _ 1 I R A T
i= 1Y% w_ +d, ]
y e 1
d,'"(Lg + T cos - mgsin vy )
+1pm - e 1 =
I ] mVv +d
y e 1
' -
+]___[M+_d2(mve I'.q)]
Iy q mVe+d1
]
+1_[_d2(mgsinYe)]
1 nV_ +d,'
y e 1



4.

+l-.[cv_._2_._l_
I 2 mv +d. !
y e 1
d, '-AL
1 2
+I[AMC mV +d']
y e

AV

Ao

AO



APPENDIX 5. SOME DATA USED IN THE NUMERICAL EXAMPLE

100,000 1bs
15.4 ft

7

2

S = 1667 ft

W/S = 60 psf

b, at 30,000 ft = 0.000889 slug/ft>

500 mph = 733 fps u= 272
7 I, = 1288180 slug-Ft>
Cy = 0.252 C, = 0.0188
e CL e
0.016 +—7— CL = 4.88
o
4.88 ( h -h') h -h'= 0.15
n n
2CLe
== C, = 0.111 ch =0
-22.9 Cp = -2, =-2C)

v _e e
cDV = cMV = 0 oy = pmeV2b = 2501470 lbs/rad.
~4487940(from C_ ) 1b-ft/rad. m = 3103.82 slug

a
pv§cL = 271.57 1b-sec/ft h' = 0.1335

e
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APPENDIX 6. LINEAR TRANSFORMATION OF THE SYSTEM MATRICES

Let R represent the non-dimensional state variable [ AV,. Ax, §, AO ]T
» X represent the dimensional state variable [ AV, Ax, q, AO ]T, and

£ = A x+ B AS
e
X = A x + B AS§
e
where )
R
A 1 [\
AV = 0 0 o||av
Ve
- Ao 0 1 0 0! Ax
= A>= - >= T' X
0 0 == of\q
AO) 0 0 0 1| {46
(A 2 N
C
DV v, 9 0 oll ¢
. C M
; _< b P_ ° 0 0jele 1 &
R W A € T2 . ?
Dq 0 0 (EV;) 9 q
c L ]
DO 0 0 0 —1 0
\ ) { ZV% /

Combine all these equations together, we have the following relation:

1 g

e
n

A N

= T'l( A x+ BAS )

= ( 7 LAt ) x + ( 713 ) 88

= A x+ B AS
e

So we have

1

A = T AT and B = T B
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In our example,
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Table 1.

The Comparison Between the Approximated Transfer Function

for the Three-Dimensional Plunging Lift and the Data from H7WC.

w |CL|from transfer function |CL| from program H7WC error
1 0.0105 0.008274 0.008274 0.00%
3 0.0315 0.0081847 0.0081812 0.04%
5 0.0525 0.0080239 0.0080311 -0.09%
10 0.1050 0.0074742 0.0075378 -0.8 %
15 0.1575 0.0069549 0.0070281 =1.04%

TS



Table 2.

The Lift and Moment Coefficients in the Three-Dimensional Unsteady Motions.

pitching plunging
w k
CLﬁxO CM/a0 CL/u0 CM/u0

1 0.0105 | -0.105883+10.001595 | 0.059437-10.000481 [-0.008272+10.000165 | 0.004644-10.000074

3 0.0315 | -0.104690+10.004434 | 0.058798-10.001247 |-0.008168+10.000465 | 0.004588-10.000206

5 0.0525 |-0.102747+10.006569 | 0.057769-10.001630 |-0.008000+10.000706 | 0.004499-10.000306
10 0.1050 |-0.096687+10.008831 | 0.054612-10.000936 |-0.007465+10.001045 | 0.004220-10.000415
15 0.1575 {~0.090923+10.007823 | 0.051693+10.001491 |-0.006942+10.001097 | 0.003953-10.000373
20 0.2100 |-0.086339+10.005004 | 0.049474+10.004854 |-0.006511+10.000985 | 0.003740-10.000245

zs



Table 3.

The Poles and Zeroes of the Transfer Function in 2-D and 3-D Cases.

case pole 1st zero 2nd zero
2-D plunging motion 1lift part 5.90 9.01 182.24
2-D pitching motion 1lift part 6.34 8.89 147.19
3-D plunging motion 1lift part 14.17 21.45 254.90
3-D plunging motion moment part 13.54 19.30 166.64
3-D pitching motion 1lift part 13.42 18.59 178.56
3-D pitching motion moment part 12.70 17.18 81.18

129



Table 4.

The Lift and Moment Coefficients in the Three-
Dimensional Sinusoidal Pure Pitching Motion.

(6= eocos wt )

k cL/e0 cM/e0
0.0105 -0.000062-10. 000511 0.000035+10.000468
0.0315 -0.000179-10. 001510 0.000096+10.001392
0.0525 -0.000391-10. 002458 0.000208+10.002288

ws



Table 5. The Eigenanalysis of Quasi-Steady System Matrix and Augmented System Matrices
When Including Different Unsteady Aerodynamic Effects.
N case
quasi-steady 2-D plunging 2-D pitching 3-D pitching 3-D plunging
mode case motion only motion only motion only motion only
|
A -1.107+11.801 -0.884%11,958 -1.000+11,858 ~1.000+11.862 ~0.856+11.926
short
period g' 0.5236 0.4113 0.4740 0.4733 0.4061
W 2.114 2,148 2.110 2.114 2,108
v | =0.002909 -0.002877 -0.002890 -0.002806 -0.002873
A +10.05507 +10.05481 +10.05475 *+i10.05673 *10.05500
phugoid
z' 0.05275 0.05242 0.05270 0.04940 0.05216
0 0.05514 0.05489 0.05483 0.05680 0.05508
k' ~13.91%10.2431
aerodynamic _ -5.788 -6.338 -13.41
mode 1 ' 0.9998
w 13.91
‘ n
aerodynamic _ _ _ -12.71 _
mode 2

15



Table 6. Comparison of Some Useful Measures of the Rate of Growth or Decay of the Oscillation.

asures period t N
mode case (sec) 1/2 1/2
(sec) (cycles)

1., quasi-steady case 3.49 0.626 0.18

2-D case when including
2. plunging motion only 3.21 0.784 0.24

short 2-D case when including
period 3. pitching motion only 3.38 0.693 0.20
4. 3-D case when including 3.26 0.810 0.25

plunging motion only

3-D case when including
5. pitching motion only 3.37 0.693 0.21
1. quasi-steady case 114.1 238.2 2.08

2-D case when including
2, plunging motion only 114.6 240.88 2,10

2-D case when including
phugoid 3. pitching motion only 114.8 239.79 2.08
4. 3-D c§se when including 114.2 241.21 ! 2.11

plunging motion only

3-D case when including

5. pitching motion only 110.8 246,97 2,22

9¢
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Figure 1. The Flow Chart for the Two-Dimensional Lift Calculation.
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Figure 2. The Bode Plot of the Lift Frequency Response in Two-Dimensional
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Figure 3.
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o
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u = u.sin wt

Sinusoidal Plunging Motion of the Airfoil in the Two-Dimensional
Case.
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Figure 4(a).

The Sinusoidal Plunging Motion amnd Its
Representation Used in the Program H7WC.

n |z

= -0.0043035 + 0.01745 g

c.g. 1° v
s = semispan (in inch)

Figure 4(b).

h = vertical diplacement
from th x-y plane of
wind axes (in inch)

The Sinusoidal Pitching Motion and Its
Representation Used in the Program H7WC.



Figure 5.
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The Wing Geometry Used in the Program H7WC.
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Figure 6. The Division of Strips and Boxes and Their Coordinates
Used in the Program H7WC.
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Figure 7. The Motion due to (a) Pitching Angle Change, and
(b) Angle of Attack Change.
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Figure 8. The Rotary Oscillation in Free Flight Condition.
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to the Quasi-steady Aircraft System.
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THE LONGITUDINAL DYNAMICS OF A RIGID AIRCRAFT

INCLUDING UNSTEADY AERODYNAMIC EFFECTS

by

Ta Kang Chen

(ABSTRACT)

The main object of this thesis 1s to give a introductory study of
the longitudinal motion of an aircraft, including some effects of non-
uniform motion. Because this subject is connected with practical prob-
lems of importance in the domain of applied aerodynamics and control,

a great effort has been given to setting up the physics of unsteady aero-
dynamics and its effects on the aircraft longitudinal modes. Numerical
examples are given for both the two-~dimensional and three-dimensional
rigid wing, subsonic case. In this research, from the unsteady aerody-
namic theory, through the frequency response calculation, system iden-
tification and the augmentation of the aircraft dynamic system, a care-
fully derived theory and a computer algorithm have been presented and
used.

It is our main purpose that a suitable unsteady aerodynamic trans-
fer function be obtained and be coupled to the aircraft quasi-steady
dynamic system. A new modified model which includes the unsteady aero-
dynamic effects has been constructed and been compared with the conven-

tional model and the differences between them have been discussed.
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