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Russi Georgiev Yordanov
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Mathematics
(ABSTRACT)

The present work in the area of soliton theory studies two problems which arise when
seeking analytic solutions to certain nonlinear partial differential equations.

In the first one, Lax pairs associated with prolonged eigenfunctions and prolonged
squared eigenfunctions (prolonged squares) are derived for a Schrédinger equation with a
potential depending polynomially on the spectral parameter (of degree N ) and its respective
hierarchy of nonlinear evolution equations (here named generalized polynomial Korteweg-de
Vries equations or GPKdAV).

It is shown that the prolonged squares satisfy the linearized GPKdV equations. On that
basis, the Cauchy problem for the linearized GPKdV has been solved by finding a complete
set of such prolonged squares and applying an expansion formula derived in another work
by the author.

The results are a generalization of the ones by Sachs (SIAM J. Math. Anal. 14, 1983,
674-683).

Moreover, a condition on the so-called recursion operator A is derived which generates

the whole hierarchy of Lax pairs associated with the prolonged squares.



As for the second part of the work, it developes a scheme for deriving gauge transfor-
mations between different linear spectral problems. Then the scheme is applied to obtain
all known Darboux transformations for a quadratic pencil (the spectral problem considered
in the first part at N = 2), Schrédinger equation (N = 1), Ablowitz-Kaup-Newell-Segur
(AKNS) system and also derive the Jaulent-Miodek transformation. Moreover, the scheme
yields a large family of new transformations of the above types. It also gives some insight on
the structure of the transformations and emphasizes the symmetry with respect to inversion

that they possess.
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Chapter 1
Introduction to Soliton Theory

Soliton theory is a comprehensive theory for analytical solution of a wide class of non-
linear PDE’s (often called ”"nonlinear evolution equations” — NEE), many of them with im-
portant applications in physics, such as the nonlinear Schrédinger, Sine-Gordon, Boussinesq,
three wave interaction, Korteweg-de Vries (KdV), Modified KdV, Kadomtsev-Petviaschvili,
Benjamin-Ono and other equations.

Solitons are specific solutions of the NEE, usually representing solitary waves moving
with constant speed and almost no change of shape. In addition, if two solitons interact
they restore their speeds and shapes after the interaction. Mathematically, the so-called
N-soliton solution is an analytical solution of the NEE corresponding to a reflectionless
potential of the associated spectral problem with N eigenvalues in the point spectrum.

The theory of solitons is a relatively new theory, considered to have begun with the
numerical results of Zabusky and Kruskal ! in 1965 who observed solitons when solving the
KdV equation, and especially the classical paper of Gardner, Green, Kruskal and Miura 2
where the new Inverse Scattering Method was applied for the first time as a way to solve
the Cauchy problem for the KdV equation. In 1968 Lax 3 put this result in a more general
framework introducing what is now called Lax representation. In 1972 this framework was
applied by Zakharov and Shabat # to solve successfully the nonlinear Schrodinger equation,
thus showing the broad applicability of the method.

We will illustrate how the method works by using the KdV equation:
Ut = 6UUy — Uggpq, / (14 |z|)u(z,0)dz < co. (1.1)
- 00

For many problems, the method has been successfully applied with ”decreasing” boundary
conditions (such as (1.1)) or with periodic ones. However, even in these classes of functions,
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only a dense set of the solutions can actually be expressed analytically by formulas. What
the method does, in fact, is to reduce the solving of a certain NEE to solving the direct and
inverse scattering problems for some linear spectral problem, associated with that NEE.

For instance, KdV is associated with the Schrédinger equation

— (2, A) + u(z)P(z, A) = Ap(z, A) (1.2)

for which the direct and inverse problems have to be solved. Using e.g. Darboux transfor-
mations, we can do that analytically for an infinite set of potentials u(z).

The apparatus for solving the inverse problem is based on the so-called Gelfand-Levitan-
Marchenko (GLM) equation derived in the early fifties 5 of this century. It is an integral
equation of Volterra type which restores the potential u(z) when some spectral data S() for
(1.2) is given. Here, S()) refers to the spectral function p(A) in the case of Gelfand-Levitan
equation, or a set of data consisting of the eigenvalues A;, I = 1, M, their multiplicity, a
corresponding set of normalizing coefficients ¢; and the reflection coefficient #(A) in the case
of Marchenko equation.

So, the Inverse Scattering Method solves the Cauchy problem for a certain NEE (e.g.

KdV) in the following way:

direct
u(z,0) — S(A,0)
scatiering
nonlinear problem l l linear problem

u(z’t) mverse S(A’t)

scattering

(All the functions here depend on the variable ¢ as well.)

a) First, we find the scattering data S(A,0) for (1.2) with a potential u(z,0) given by
the initial condition for (1.1).

b) Secondly, we obtain the scattering data S(A,t) for any moment ¢ by solving simple
linear equations for S(A,t). It is crucial that the nonlinear equation becomes a set of linear
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ones in the space of scattering data. For (1.1), (1.2) we will have, for instance,
() =0, (A1) = 8N\, 1),

yielding

Ai(t) = const, r(A,t) = r(/\,O)eS’\mt,

where \; are the eigenvalues of (1.2), 7 is the reflection coeflicient, etc.

¢) Thirdly, we restore the potential u(z,t) knowing S(A,?) at any moment ¢ by using
the GLM equation.

The idea is not very different from that of the Fourier transform for solving linear
PDE’s. Still, it is hard to understand how we can solve a nonlinear equation knowing that
linearity is essential in applying Fourier transform.

The answer is that we actually solve a linear equation. For KdV this would be the

Cauchy problem for the linearized KdV:
F; = 6uF, + 6u,F — Fypy (1.3)

where u(z,t) is a solution of (1.1). Equation (1.3) describes a ”small” perturbation F' of a
specific solution u(z,t) of (1.1) and is obtained by taking a variational derivative of (1.1)

at du= F:
d d .
Ez(u + €F)t|e=0 = T [6(v+ eF)(u+ eF); — (u+ €F)gzs]|e=0-

Here we pay the price of having two unknown independent (for the moment) functions in
order to have linearity (in F').

Due to a theorem (generalized in the present dissertation) we can find a complete set
of solutions of (1.3) in the form F = (1%;), where 1;, ¢ = 1,2 are eigenfunctions of the
Schrodinger equation (1.2). We call a function of the form 11, a squared eigenfunction
(square). (The word ”product” is reserved for the case when 1y and 1, satisfy (1.2) for

different potentials u; and us.)



By differentiating (1.1) with respect to = we see that u, is also a solution of (1.3). If
we expand u,(z,t) in terms of derivatives of squares [1)1(z, A, t)12(z, A, )], (see section I1.3
below) then the expansion coefficients happen to be exactly the scattering data S(A,0) in
the commutative diagram above. So u is a superposition of squares which, unfortunately,
depend on u itself.

When u is considered small (which it is for 2 — +00) equations (1.1) and (1.3) can
be approximated by linear PDE’s, (1.2) has exponents for solutions and the whole scheme
reduces to the usual Fourier transform.

The so-called soliton equations (completely integrable equations) for which the Inverse
Scattering Method can be applied have some distinctive features such as Lax representation,
an infinite set of first integrals (preserved quantities), Hamiltonian structure, Backlund
transformations, etc. Maybe the most important of these is the Lax representation. This

is a representation of the nonlinear equation in the form

L= AL - LA (1.4)

where L and A are a pair of linear operators (Lax pair). For KdV equation,

L = -0, +u, A = =400, + 3(u0y + Opu).

Notice that L determines the spectral problem (1.2) for KdV.

Actually (1.4) can be written as a commutation relation,

[L,@t—A]:O

and expresses compatibility between the two linear problems

Ly=Xp  and , = At (1.5)

When u is small, these two equations are automatically compatible since [0, ;] = 0.
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The representation (1.4) is not unique. On one hand, we can use A + Q(L) instead
of A where {2 is a polynomial with constant coefficients. On the other, (1.4), being a
compatibility condition, permits us to find solutions of (1.5) under appropriate conditions,

so we can use (1.5) to derive analogous equations e.g. for the squares of these solutions,

A™(h1p2) = M1apy and (Y192)e = B*(¢1%2)

or their derivatives

A(Y1¥2)s = A(192)e and (Y1%2)et = B(¥1%2)z

thus obtaining the compatibility conditions
A} = B*A* — A*B* Ay = BA - AB

where A, B, A* and B* are certain linear operators. We refer to these as Lax pairs for the

squares. In the case of KdV equation,

1 1
AT = 8;1(-—3w:z:$ + w0, + _'Ug;) B* = -0, + 6u0; z
4 2 o
A= (_Zaxm: + 'U'az + Eux)agl B = _8171'1: + 6(‘)$u —00

In 1974 Ablowitz, Kaup, Newell and Segur (AKNS) © developed a procedure for deriving
soliton equations associated with a certain spectral problem and applied it to the 2x2 AKNS
system. The reverse problem (finding a Lax pair for a certain soliton equation) is much
more difficult and has not yet been solved entirely.

It appears that the Schrédinger equation (1.2) is associated with a whole class of NEE

(called generalized KdV equations):
up = QA)ug, Qp) = aop™ + ap™ L+ ap. (1.6)

The simplest nonlinear equations in (1.6) are obtained when § is linear, e.g. Q(u) = 4p

yields the KdV equation.



In view of (1.4) it is strange that the equations (1.6) are determined by one operator
only (for that reason A is called recursion operator). Even u, here can be written formally
as u; = 2A -0 assuming 9;1(0) = 1. The reason for this is that B can be expressed through
A, as we will see.

Here again we see the importance of A and the squared eigenfunctions.

One may ask if every operator A determines through (1.6) a soliton type of equations,
or whether there are certain conditions on A in order for this to happen. We will answer
this question partially later on (theorem 2.4).

Often instead of (1.6) only the sequence
u = Ay,  £=0,1,2,... (1.7)

is considered, known as the KdV hierarchy. Each equation in (1.7) has its own Lax pair
(L, Ax) with L defined above. Also, each one has infinitely many first integrals which are
common for the whole hierarchy. They can be obtained as coefficients in the expansion of
Ina(A) where a()) is reciprocal to the transmission coefficient for (1.2) and is part of the
spectral data (the point spectrum of (1.2) is determined by the zeros of a())). Here it is

important that a;(A,¢) = 0. The first integrals are

k
o0
cp = —/ or(z,t)dz, o0=0, o1=u(z,t), Or41=—0Org— z CiCk—i-
—o0 i=1

In connection with this, the equations (1.6), (1.7) can be represented as infinite-dimensional

Hamiltonian systems. For instance,

o) 2
KdV: Uy = 39;6—H, 6—1'1" = —Ugy + 302, H = / (h + u3) dzx.
du du —oo \ 2

The first integrals above are, in fact, the set of Hamiltonians for the whole hierarchy (1.7).
In addition, all of them are in involution, i.e. {H;, H;} = 0 for every two Hamiltonians

H;, H; where {,} is an appropriately chosen Poisson bracket. In the framework of this
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Hamiltonian formalism, the Inverse Scattering Transform has been shown 7 to be a canonical
transformation to angle-action variables.

Finally, Backlund transformations are usually associated with each soliton equation,
transforming a solution into another solution. The spatial parts of these transformations
are known as Darboux transformations and, as it was pointed out, can be used to find
analytical solutions to the equation under consideration.

Here we will make a conjecture, namely, that Darboux transformations for a certain
spectral problem exist if and only if there exists a GLM equation for it, as well as an
N-soliton solution. It is based on the results of the present and other works about the
polynomial Schrodinger equation.

First, in Ref. 8 and 9, asymptotics for the eigenfunctions were derived for |A\| — oo
in order to obtain eigenfunction expansions. However, in the case N > 2 (N is the degree
of the polynomial in the polynomial Schrédinger equation) these asymptotics were proven
only outside certain strips in the A-plane containing the continuous spectrum.

In Ref. 10, the inverse scattering problem has been studied and GLM equation derived
for a similar type of a problem which excludes, however, exactly the cases where the dif-
ficulties in Ref. 8 and 9 arise. This prompted the work in Ref. 11 where GLM equation
was derived for the case N = 2, in an attempt to extend the result for N > 2, which was
unsuccessful. Also, in Ref. 11 the obtained GLM equation was shown to be derivable by us-
ing Jaulent-Miodek transformation, which is a Darboux type of transformation (see chapter
III). This suggests that different transformations could generate different GLM equations,
in support of the above conjecture.

Finally, it is shown in chapter III that the method introduced for deriving Darboux

transformations does not work for N > 2 which once again confirms the conjecture made.

The results in chapters IT and III are reflected in Ref. 12 and 13, respectively.



Chapter I1

Cauchy Problem for the Linearized Version of the Gener-
alized Polynomial KdV Equation |

1. Introduction.

Gardner, Green, Kruskal and Miura ' observed in their classic paper that the squares
of the eigenfunctions satisfy the formal adjoint of the linearized KdV equation, and the
derivatives of these squares satisfy the linearized KdV equation itself. Sachs 1% used this
result and solved the Cauchy problem for the linearized KdV by applying an expansion
formula for the squares of the eigenfunctions of the Schrodinger equation.

The present chapter is a generalization of these results for a wider class of equations,
namely the “generalized polynomial KdV equation” or GPKdV (it reduces to KdV when
n =1, N = 1). Here we prove that the prolonged squared eigenfunctions of the associated
spectral problem evolve according to the linearized GPKdV, also we derive the Lax pairs
associated with the prolonged eigenfunctions as well as prolonged squared eigenfunctions
and on the basis of the expansion formulae obtained in Ref. 8 and 9 we solve the Cauchy
problem for the linearized GPKdV with a decreasing at infinity initial condition.

Analogous questions have been considered in Ref. 16 for the AKNS hierarchy.

The problem of deriving orthogonality relations and expansion formulae for the Schro-
dinger equation %1718 and other similar equations ®!9 has been treated by many authors.

Let us consider the spectral problem

N-1
0
_ ’ r _1\N r_
1= — " (2, A) + [}_0) A vr(w)] e =MW, A€l ‘== (2])
where v, € & (S is the Schwartz space of functions » : R — €) and N is a natural number.

As usual, the functions v,, 9 are assumed to depend also on a ”time variable” ¢ in connection
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with the evolution equations associated with (2.1).

Equation (2.1) is a generalization of the Schrédinger equation (N = 1) and we will call
it a polynomial Schrédinger equation. It is known to be the spectral problem associated
with a certain class of nonlinear evolution equations (here referred to as GPKdV) solvable
20 by the inverse scattering method. Strictly speaking, the associated linear problem is

not (2.1) but, according to the Lax pair for GPKdV (theorem 2.1), the equivalent matrix

equation
Lf=M\f (2.2)

with L independent of A, namely

0 1 0 0 ¥

0 0 1 . A

L= . . . . 0 R f = .
0 0 ... 0 1 N1
_axx + v V1 Ve ... VN1 A d)

Here f = ¥(z,A)o(}), (X)) = (1, A,...,AN"1)T T = transposition, is called a prolonged
solution, 1 being a solution of (2.1). Also, if ¢, ¢ are solutions of (2.1) then the product

¢ is a solution of

N-1
—iam + 3 X | (49) = Wau(6w), (o) = 0,0 + %vx (e = 8u(.), (23)
r=0

or, equivalently, M F = AJF where

—i(v) ... —j(on-1) O
J = _J(_UZ) a . ax- (.) 9

8, 0 0
'—lax:cw + (v 0 O e 0
40wee I i) —ites) . B

M = : : -

0 —j(on—1) 8 . :
0 0 0 U |

and F(z,\) = é(z,A)yP(z,A)o(A) is the so called prolonged squared solution. For con-

venience we define a product "f o g” of f = o and g = ¢o as fog = ¢Po, so that

F=fog.



Also, M = AJ with

0 0 ... 0 (—%Bmm—i-j(vg))@;l
10 ... 0 F(v);1 .
A=lo 1 . 3(v2)0z ! , 0;1=/
Lo : -0
0 ... 0 1l jevper
Therefore, MF = AJF can be represented as
AJF) = AJF) (2.4)

-+
where I = ¢9o is a prolonged squared solution. (Here we also need F’ Z77%, 0 to ensure

that 918, = id.)

Moreover, the following is true:

A F = MF (2.5)
0 1 0 0
0 0 1 .. :
with A* = : : 0
1.0 0 0 1
ax ("'Zaxm + ](UO)) 6,;'13'(1]1) a;lj(’vz) e a;lj(@’N——l)

Using the operator A we can 20 write the GPKdV equations in the form
vy = Q(A)”Ux (26)

where v(z,t) = (vo,v1,...,o8-1)", Qu) = aou™ + a1p™ ! + ...+ a,. Here  is used
for generality. Often only the case Q(p) = ", n =0,1,2,...1is considered, referred to as a
hierarchy of evolution equations. For N = 1 this is the KdV hierarchy and for N = 2 it is
the Jaulent-Miodek hierarchy.

Despite the presence of d;! in A, (2.6) represents a system of differential equations.
Indeed, as a consequence of appendix B and formulae (3.12), (3.18) in Ref. 20 we conclude
that the functions

T Cm,0
po = 2, Pm = / Cm—1,N-1(8)ds, m>1, where c, = : = A",
- Cm,N-1

10



depend polynomially on »,, 7 =1, N — 1, and their derivatives only.

2. Lax Pairs and Time Evolution of Eigenfunctions.

Let us introduce the matrix

0 0
C. = .
K 0 ... 0
Cno0 --- CpN-1
For simplicity the following theorem will consider only the case ag = 1,1 = ... = a, =0,

the general result being written as a corollary.

THEOREM 2.1. The GPKdV equations (2.6) for ap=1,a1=...=a, =0 have the Lax
representation

Lt = AnL - LAn

where
A —fj Y it mpida ) L7
n = pard 4pz,:z: 2171 e .

Proor: Using the approach in Ref. 21 (p.216) we will show first that

1 1 1 i )
—p: —n. _ ——n ap: —_ . — > . =0. .
( 4pz,w + 2pzax) L-1L ( 4pz,m + 2p18x) Ci —CiAL, 12> 0, Ca.=0 (2 7)
Indeed, at ¢ = 0 we get
0 0
0L — Loy =| : | =¢o.
v 0 ... 0 °
U0,z --- UN-14
If 7 > 0 then
0 0
1 1 1 1 : :
(_Zpi,a: + é'pzax) L-L (_4pi,z’ + 2pzam) = 0 ... 0 s
bo bn_1

where, for r = 1, N — 1,

1 1 1 1 1
b'r = —Zpi,:r: + Epzax Ur — Ur _Zpi,m‘ + Epta’b' = Epivhl"

11



and (using the above at r = 0)

1 1 1 1 1
bo = (—Zpi,x + Epz z-) ( Oze + 'UO) = (=0 + 'UO) ( ~Pix t+ pzaa:) = Epiv(),l'-l_

1 1 1 1 1
+ {sz,xamm - Epzax:m: - aa:xp't,a: + amxpzax] = Epivo,x + (_Zpi,a:zz' + pz,z‘aa::r) .
On the other hand
0 0
Ci—CiaL=| :
0 ... 0
do ... dn_1

where due to ¢; = Ac;; wehaveforr=1,N -1,

. _ 1 _
d, = [Ci—l,'r—l + J(’U’I‘)aq; lci—l,N—l] - [Ci—l,r—l + Cz‘—l,N—1’Ur] = §Ur,xax lci—-l,N—l = b,

and for r = 0,

1
d0:( 4 wmw+J(vo)) Yei1,N-1— eim 1,N-1(=0ss + v0) =

1

=~V (3;165—1,N—1) -

5 —Ci—1,N-1,zz + Ci—l,N—lam'a: = bo.

4
Finally, due to (2.7) we find A,L — LA, =

1 1 i i
- Z [( ~Digx + pza ) L-1 (_Zpi,x + 5171, a:)jl L = E(C Ci_lL)L = Cn

1=0

CoroLLARY. The nonlinear evolution equations (2.6) can be represented in the form

Li=AL- LA, A=) aiA.. (2.8)

Now we will find the time-evolution of the solutions of (2.1), the prolonged and the

prolonged squared solutions provided the potential v(z,t) evolves according to (2.6).

LEmMMa 2.1. If f(z, ) and v(z) satisfy (2.2) and (2.6) respectively then f; — Af is another

solution of (2.2).

Proor: Differentiating Lf = Af with respect to ¢ yields Lif + Lf; = Af;. Using (2.8) and

(22) we get L(ft - Af) = )‘(ft - Af)
We will be especially interested in the partial case f; — Af = 0.

12



LEmMa 2.2. If f(x,X) = %o is a solution of (2.2) and f; = Af then 9 evolves according to

Py = Z (—Zpi,x + 5}7@'(%) (@A™ + ..+ ani ).
=0

(This result was obtained independently of Ref. 22.)

Proor: Using change in order of summation we obtain

= = [aﬂz ( ~Piz t p1a ) Ln_i‘f"

=0

n—1 0
LI ~ 11 .
+a, z (—Zpi,a; + ‘2'pi3$> "1 4 | ta, E (_sz-’x + 'é'piaa:) LO——{I f=
Z.'—

=0

n
=2 (‘-pw + peaz) [a0L" + L 4 ] £ =

=0

_Z(‘“ =Piz+ pz )(ao/\n Z+...+an_,~)f.

THEOREM 2.2. If the solutions f = o , g = ¢o of (2.2) satisfy the evolution equation
= Ay then:

(a) the prolonged squared solution F' = f o g evolves according to

n

1 1 ,
Ft:Z( gPi T 3P0 )(“0’\ a4t an)F;
1=0

(b) if moreover (2.6) holds then JF evolves according to

n k
(JF); = BJF where B = a;Bn_i, Bp=)» TA*
=0 =0
and T = 0,,
1 0 ... 0 j(cm_l,o)c‘);l
Tm: (pm,x‘l'Epmax) +Pm, Pm:_ ) m > 0.
0 ... 0 j(cm—l,N—l)a;1

ProoF: (a) As a consequence of lemma 2.2,

7

Fo= Wt 900 = D [0 (<3 2902 ) (X 4t 0o+ 6 (it

=0

13



< 1 1 :
+ pz ) (aOAn : +...+ a"n,—i)"/):lo- = Z [(_gpi,z + 5p20:v) (ao)\n—z + ...+ an_i)mb o

1=0

(b) We will prove the statement at ag = 1, a3 = ... = a, = 0. In the general case it
follows from the linearity of the right-hand sides of the equalities used.
Let us denote by J’'[w] the matrix operator 6J|4,_,,. (Here § is the variational deriva-

tive, 6®(v) = £[®(v + 6(‘57’))“5:0’ where @ is a functional of v or an operator depending

on v.) Then for n = 0 we have
(JF)e = J'[og)F + JF, = J'[vg]F + JO, F = 3, J F.

Suppose it is true for some non-negative n. Then
=~/ 1 1 ;
B,JF = J’[vt]F + JF; = J’[cn]F +J (Z (——p,',z + “piaa;) )\’“—z) F
=0 2 2
and therefore for n 4+ 1 we obtain (using (2.4), (2.5) and ¢cp41 = Acy)

n+1
1 1 :
(JF)t = J’[cn+1]F +J (Z (“Epi,z‘ + 5?@67:) )\n+1—z> F =

=0

1
= J’[Cn+1]F+ J (__

1
2pn+17$ + 5pn+1ar) F 4+ A{BnJF — J’[A"vx]F} =

1

1
Pn+1,z + Epn-i—l ar) F + BnAJF e J’[Cn]A*F

In order to calculate this we need to use the linearity of j, namely,

j(cn,r—l =+ j(vr)pn-{—l) = j(cn,r——l) + j(j(vr)pn+1)

as well as
1 1 1 .
](]('Ur)pn+1) + ](v'r) pn+l,:p + pn+16 = |\ Pn+il,z + §pn+] ax .7(’01')- (29)
Now we find
1 j(cn,o) 0 ... 0
(JF); = BLAJF + (Pn+1,r + §pn+18x) JF — F =
jlean-1) 0 ... O

= (BuA + Tny1)JF = By JF.
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LEMMA 2.3. The following identity holds:

AT — TwA = Ppyq — PuA,  m > 0. (2.10)

Proor: We express the left-hand side as
1 0 0 So
0O ... 0 SN -1
where for m >0, » = 1, N — 1 we have due to (2.9):

. _ 1 1 . _
$r = J(Ur)az‘ ! (pm:-’l’ + Ep'ma’t) - (pm,m + Epma:v) ](v'r)az -

~j(em-1,-1)05" = §(v,)07 " j(em-1,N-1)05 " =

: - 1 o . 1 1 _
= ](v'r)ag; ! (pm,z‘ + Epma:c) - I:](J(Ur)pm) + J(vr) (—apm,x + Epmaa:):l ax 1_

_j(cm—l,r—l)ax_l - j(vr)(?;lj(pmjx)(?;l = = [j(J(vr)pm) + j(cm—l,r—l)] 8;1+

1 1 1 1

. -1 |1 1 _ 1 _ _ 2 -1 _

+](’U7-)3$ [2pmazw + pm,zaa; + 23xpm,x 2(9me31- pm,mﬁz me,zle 81.
(2.11)

= _j(j(vr)pm + cm-—l,'r——l)a;;l = _j(cm,'r)ary_l-

Now we use (2.11) for » = 0 to obtain

1 1 1 1 } _
S0 = l:_zaxaca: + ]('L’O)] 8;1 (pm,:z: + '2_pm3$) - (pm,x + Epmaz) [_Za:z:xm + .7("]0)] ax 1

1 . 1. _ ey _
- [“Z oz + ](UO)] aa: lj(cm—l,N-—l)a:c '= —](](’Uo)Pm)ax =

1 1 1 1
- o - o — Ugz | G Pm,zz m xaa: 3—1 =
1 |:a:ca: (pm,z + 2pmaa:) (pm,:v + 2pm8.7:) axw 0 (217 oz T Pm, ) z ]
Y 1 11 -1, 1 _1 1| _
= -7 (](WO)pm - 4p'm,mx:c) am - 4 [] (pm,mzx)am + 2pm,:m:8z Zampm,mam =

= —].(Cm,())(?;l.

At m = 0 we have To = Og, Py =0, sp = §(vr)0;10, — 053 (vr )07t =
r=1,N-1,

= [J(’UT)O:L' - aa:](vr)]ag;-l = _j(v'r,a:)a;I = "'j(cﬂ,r)aa:_lv

1 . _ . _
N [_iﬁm + j(vo)} 3510, — 0» [‘Zam + j(vo)] 07" = —j(v0,0)8; " = —j(co0)07

So =
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CoOROLLARY 1. For each n > 0 we have

AB, — BuA = P,,..

Proor: By changing the order of summation we obtain

AB, — B,A=A (Zn: Z}A”‘i) - (zn: T.iA"“") A=

=0 1=0

=Y (AT —=T:A)A™ = ) (Piy1 = BAA™™ = Poyy.

1=0 1=0

CoroLLARY 2. If (2.6) is satisfied then the following Lax representation holds:

Ay = BA - AB.

Proor: Now we use corollary 1 to obtain

n n

BA~AB = ai(Buih—ABni)=—Y a;Pu_iy1 =
=0 =0

=3 6 (B0)lgpmrneio, = (60 lspmqaye, = Ac-

CoroLLARY 3. The operator B, can also be represented as

B, = iA""’(Ti - P).

=0

Proor: For n = (it is trivial. Let it be true for some n. Then

Bn+1 = BnA + Tn+1 =

(2.12)

= {Zn:An_i(Tz‘ - Pi)/\} + Ty = {iAn_i[A(Ti - P)+ (AP, - Pi+1)]} + Tht1 =

=0 =0

n n+1
= {ZAn_i[A(Ti = P,-)]} + (Tny1 = Papr) = ) AT — Py).

=0 =0
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THEOREM 2.3. Let the conditions in Theorem 2 hold (including the one in (b)). Then JF

satisfies the linearized GPKdV equation

he = §(QUA)v2)lsy=, - (2.13)

Proor: Again we will prove the statement for ap = 1, a; = ... = a, = 0 only. We have to
show that

§(A"vy) = Bp(6v). (2.14)

First we will prove (2.14) in the case when §v € &. Then it will follow for the general case
as well because A™v,, depends on v, v, ... polynomially and therefore does not contain 9.
As a byproduct we get that B, is also a differential operator, not containing 9;!.

For n = 0 we have
8(A"v,) = 0,(8v) = To(6v) = Bo(6v).

If it is true for some n > 0 then §(A"tlv,) =

0 ... 0 j(8vo)d;t om0

= (8A)A™ v, + A6(A™0,) = | : : : : + AB,(6v) =
0 ... 0 j(bvy_y)ogt/ \ CmN-2
Prn+l,z

1
= (Prtre + 5Put100)(80) + (Brl + Prt1)(89) = (Bl + Tus1)(80) = Buga (80).

Now we will try to clarify the idea behind the results obtained so far and to simplify
some proofs as a consequence.
Notice that

P = —(6A) pm-to, .

(Here A™ 1y, is the value of the vector-function on which §A depends, namely év.)
Also,
Ty = (6A — 6A) pm-1y, (2.15)
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where we define ®,, for any linear operator ¢, which depends linearly on u, by
D u = O, w.

Indeed, (2.15) follows from

0 ... 0 j(’uo)agl Wo
o=z T ()
0o ... 0 j(’U/N_l)ax_l WN -1

UoWN -1 + %uo,z(aglw]v_l) 1 Up
= : = [wN—l + 5(3;1wN—1)3z] :

1, -
UN_1WN-1 + FUN_1,(0; Lwn_1) UN-1

and therefore

— 1
(5A)w = wny-1+ 5(6;1101\;_1)8,3.
So (2.10) can be written as
A(8A = 6A)pm-1y, — (BA — 6A) gm-ry, A = —(6A)pmo, + (6A)pm—ry A,  m > 1.

This is a partial case of the next result.

THEOREM 2.4. The following operator identity holds:

(6A)Aw — A(6A)y = 6A,A — ABA,,. (2.16)

ProoF: Let the vector-function A(w,u) be defined as
A(w,u) = (6A,A — AGA,)u.

Then (2.16) is equivalent to A(w,u) = A(u,w). In order to show it we calculate the r-th

component (r = 0, N — 1) of A(w,u). For r > 0,
1 . -
[wN—l + 5(3;1101\1—1)39:] [ur—1 4 5(vr) (87 un—1)] -

1 1
- { [wN—l + 3 (07 wn—1) 8z] 1 + 7(v,)0;! ["UN—l + 3 (07 wn-1) 3z] uN—l} =

18



1 1 1
= [wN—l + 5 (07 wn-1) (%] |:'U'r'u/N—l + 5 (ax_luN—l)] - [vr + EvT,xf?;l] X
Lo 1 -1 -1
X |lwy-1+ 5 (ag; wN—l) Oz | un—1 = Z'U'r,wx (63; uN—l) (ag; wN-—l) +
1 _ _ -
+§'U'r,a: [UN—l (81; 1wN—l) + wy-1 (33, luN—l) + 20; 1(UN—1’WN—1)]
which is obviously symmetric with respect to the interchange u < w.

For » =0 we have the expression above plus an additional term:

1 1

1 1
wn-1 + 5 (07 wn—1) ax] (—ZUN—l,.’L‘Z') — (_Zar:c) [wN—l + 3 (07 wn—1) 31] UN_1 =

1 1
= Z(UN—le—l):cm + guN—l,wa—l,x-
This is also symmetric. Therefore A(w, ) = A(u,w).

Using theorem 2.4 we can easily derive the Lax pair (2.12). Consider the sequence of

identities
(6A)y, = 0,A — AO;

(6A)py, — A(6A),, = 6A, A — ABA,,

(6A) s, — A(6A)Av, = 6Apy A — ASAp,, (2.17)

(6A) Any, — A(6A) pnc1y, = 6Apnc1y, A — AGApnc1y,
which follows from (2.16) with an exception of the first one. We add them after multiplying

the k-th identity by A®*1=% on the left:

(6A)pany, = DuA—AD,, with Dy, = §Apn-1y, + A6Apncsy, +. ..+ A"TIEA, + A0,
(2.18)

If (2.6) holds then (2.18) implies

A; = DA — AD with D= Za,;Dn_,'.
=0

Now let us show that D, = B, (hence D = B) where according to (2.15),

B = (6A — 6A)pn-14, + (6A — 6A)pn2y A+ ...+ (§A — 6A), A™1 + 0,A".  (2.19)
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For n = 1it follows from the first identity in (2.17). Suppose that D,, = B,, for some integer

n > 0. Then (see (2.18), (2.19)):
Bn+1 - (ﬁ - 6A)A,.v,; + BRA = mA"u, - (DnA - ADn) + B A = ;SXA"U, +AD, = Dn+1-

We can see the symmetry for the evolution operator D = B of the prolonged squares JF

(A being on the left, right, respectively).
So (2.16) answers to some extent the question that we asked in chapter 1. It is a condition

satisfied by A which generates a whole hierarchy of Lax pairs and therefore ensures the

soliton type of the corresponding hierarchy of nonlinear evolution equations.

3. Cauchy Problem for the Linearized GPKdV Equations.

Now we will find specific solutions of (2.1)-(2.4) for which the statements above apply.

Equation (2.1) has Jost solutions
E=AN2 Imk>o0, (2.20)

Yar(z,A) ~ 5 (2 - to0),

analytic ®° in the sectors {/\ P —(s - 1)2]% <argd < s%v’i}, s = 1, N and continuous
521}, s =0,N (lp =In). The same is true for the function

up to the rays [; = {/\ rarg A

a’(’\) = W(lb—(”% )‘)’ 1[)4.(.’1:, )‘)) = (2”‘7)_1 [1&_(:]}, A)d’f{-(xv ’\) - W_(:E, )\)¢+(9«‘a A)] .

In addition, on the rays I; we have

Ael, (2.21)

Pi(2, M) = ba(MY-(2, As) + ax(A)P-(z, A5),

where for any function ¢ we define ¢(Ay) = lime—o ¢(A £ 2e)d), A € l;. Notice that ky =
e>0

A2 2 0 and ax(A) = a(Az). Also
(2.22)

ar(A)a_(A) = b4 (A)o-(A) =1
20



which, together with (2.21), implies

o (2, A8) = —be (Vi@ ha) + ax (a2, A5), A€l (2.23)

We suppose that a()) has a finite number of simple zeros A;, { = 1, M. Then

iz, N) = bip—(z, \). (2.24)

Define fi(z,A) = ¢1(z,A)o(A). Then fi(z, A) also satisfy (2.21), (2.23), (2.24) as well

as fi(z,\) ~ et 2g(X) for z — Foo.
LEMMA 2.4. If the solutions f = o, g = ¢o of (2.2) satisfy y. = Ay then [W(+),$)]; = 0.

ProoF: According to lemma 2.2,

W80 = W )+ W00 = DN o an )W ((~Jia + 30102 .6

1=0

+W (¢, ("}IPi,x + %Piax) ¢) } = 0.

LEMMa 2.5. If (2.6) holds then:

(a) a2, \) = Afa(a, ) F QN (2, N);

(b)eEHFUN £, (. \) satisfies y; = Ay;

(c)a(A) = 0;

(Dbss(A) = —2kLQM)be(R), A€

(e)bis = —2ikiQ(\)by, where ky = N2, Im k; > 0;

(f)the vector-function gi(z) = fy(z,A) — bif—(z,\), where * = 8y, is a solution of
(2.2) and g (z) = Agi(z) — ik QA gi(2) — (2ikQN)) f1 (2, M)

(g)et1 ¥ M gi(z) + (2ikiQ(A)) f+(z, M)] satisfies y = Ay.

Proor: Statement (a) follows from lemma 2.1, the asymptotics (2.20) and the fact that
fei(z,A) ~ o(et*®)g(A) as  — +oo, as well as pi(z) € & for i > 0 and po(z) = 2.
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Statement (b) is a corollary of (a), and (c) and (d) follow from (b), lemma 2.4 and the

formulae
a(A) = (2ik) W (- (2, e UV g (2, 1)e*AO) |
b (V) 28N = (2iky ) I ($_(2, Ag)e R, by (2, Ag)eF2BOY)

Next, (e) can be obtained by differentiating (2.24) with respect to ¢ and using (a).
Notice that A;; = 0 due to (c).

About (f), in order to show that g;(z) solves (2.2) we differentiate (2.2) with respect to A
and use (2.24) again. This fact is not surprising since g;(z) = [¢¥4 (2, 1) — bio_(z, M)]o ().

Concerning the second part of (f),

ge(@) = (Fe = F | = (e —bifod — bl |

A—l A= /\l

= {A(Fs = bif-) = [RQT (s + bif) = QN Fi + 0D}, + 20k Q0b (2, 2).
Now we use (2.24).

Finally, (g) is a direct consequence of (f) and (a).
REMARK 1. According to (g) of lemma 2.5 the formula for §;(z,t) in Ref. 15 is incorrect.

In order to solve the linearized GPKdV equation we need an expansion formula. We

introduce the bilinear form

< fifa>= / Z @@z, = (1@, /0@,... ;@) =12

r=0

Then 89 for any vector-function h(z) € LV (—o00,00) = L1(—00,00) X ... X L1(—00,00) we

have

h(z) = F(2ri)"1 Z/ [% Fi(Ay),h > _L’Qi]v(;{(f\;)) < Fy(A2),h >] dAF

; (N, e :
¢§(2A{Va2(>u)) {[(/\—; + a(,\j)) JFz(z,\) — JF:F(;C,)\I)] < FeOu),h > —

— JFg(2, M) < Fe(M), b > (2.25)

with Fy(z,A) = fe(x,A)o fx(z, ), provided Ny €l;, I=1,M, s=1,N.
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REMARK 2. According to Ref. 8 and 9 for N > 2 the expansions above are formal when
some v, #0, r= [—]2I + 1], N — 1 due to lack of results on the asymptotics of {4 (z,\) as
|A| = oo for A close to the rays l;. Let us not forget also about the assumption that a())

has a finite number of simple zeros.

By adding the two formulae in (2.25) we will obtain a new expansion formula containing

prolonged squared solutions only (and not their A-derivatives as well), namely

P(2,0) = (e, A 0 f(2,A0), Qe = fil(m,Al)o f(2,0), A€l

. (2.26)
Pi(z) = Fy (2, M), Qi(z) = f4(z,A) e g(z), 1=1,M.
In order to do that we need the following
LEMMA 2.6. The functions in (2.26) satisfy the identities
2 _F_(z, A )F[(y,)\)
() [PENQTWN - QN s s T
(@, )F{ (3, 04)  Fy(2, A )FI(y,A-) | Fe(z, ) FI(y, A1) (2.27)
22 () =X0Y Ay
b [R@er P ]—2-—[(5 &('\l)>F( ) — B /\)JFT( )=
(b) |R(z)Q (v) — Q)P (v) 2 = [\ % + a0y ) FH@ A = Fel@, A) | Fo(y, A
—Fy (2, \)FT (g, \)— [(% + %) F_(z,\) — F_(z, Al)] FI (g, M)+ F- (2, \)F{ (9, ).

(2.28)

PROOF: (a‘) Let p(:t, )‘) = ¢+(Z, A+)¢—(m7 A—) ’ Q(xa )‘) = ’(ﬂ.{.(l‘, A—)¢—($,A+)'

Using (2.21), (2.23) several times we obtain
P(z,)Q (3, A) — Q(a, NPT (y,)) =
= o(A)o T (M{Y-(2, A) by (2, Ay ) ey - (2, A4 (9, A)[=b- P4 (y, A ) +as (9, A-)]
—tp_ (2, A b= (2, A=) + e (2, )] (95 A [0+ %4 (95 M) + a3, A4)]} =
= 007 {ad 92 (2, A\_)$3(y, A )—a2 92 (2, A )P (9, Ap) Y- (2, A )P (2, Ap) [bras v (v, A-)

—b_a_ i (v, A )] + [—b-ay 92 (2, A-) + bra_92 (2, A9 (y, A=)+ (9, A4)}
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Because of the identities
brar¥i(y, A) —boa i (y, Ap) = by (4, A )P (y, M) = bty (9, A ) ¥ (3, A);
—b_ay (2, A) + bra (2, M) = bytp (2, M) (e, Ao) = bt (2, A )9y (2, A4);
Y (¥ A4 (y, A4) = [b-¥-(y, A=) + a—v_(y, A9+ (y, Ay ) =
= b—¢—(y’ A—-)"/}'{‘(y’ A'i-) + lb—(% A+)[¢—(y7 ’\—) + b+/¢+(y7 )‘—)]
the following equality holds:
a0 [p(z, N)a(y, N) — a(z, Np(y, A)] = a4 F-(2,A-)F{ (y, A=) — a2 F_ (2, A4 ) F{ (3, \4)

+oo P (z, A Y- (2, A1) [bra(y, A) — b_p(y, M)+
+o0 " [brg(z,A) — b_p(z, M][Y-(y, Ap)P—(y, A_) + b_p(y, A) + byg(y, A)]. (2.29)

After interchanging z < y in (2.29) and subtracting it out of (2.29) we obtain after

cancellation
2[P($7 ’\)QT(ya ’\) - Q(za /\)PT(y7 )‘)] =
= @ F_(2, AL F] (1, 00) = & F_(2, A)FY (3, Ay) — a4 Py (2, A)FT (3, A-)+
+a2— F+($7 )‘+)Fj(y7 A+) - G(A)UT()\)Qb_b_{,[p(z, )‘)Q(ya ’\) - Q(II?, )‘)p(ya ’\)]

Now we use (2.22) and obtain (2.27).

(b) Let Ai(z,y) be the right-hand side of (2.28). Then due to (2.24) we have
Az, y) = =Fp (2, \)FT (y, \) = Fy (2, M) FT (g, M)+ F_ (2, \)F (3, \)+F— (2, \) EJ (9, \)-
On the other hand
2Qu(x) = 20(\) fi(z, M) Fa (2, M) — bif— (2, M)] =

= o(N)[f3 (@A) = b f2 (e, M) = Fy(z, \r) — b F (2, Ar).
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Therefore
Adz,y) = ~2Qu(@)FT (4, M) + F- (2, M)2Q] () = [-Qu(z) P (v) + Pi(2)QT (y)]bzf'

Using lemma 2.6 we find, after adding the formulae in (2.25) and dividing by 2:

dA
AN ar(Na_ ()

N-1
h(z) = @ri) 1 Y /I [JP(2,2) < Q(\), k> —JQ(z,A) < P(A), b >]
s=0 “°'s

M
+>_@AYE A)b) I Plx) < Qi h > —JQu(z) < Pk >]. (2.30)
=1

As a corollary of theorem 2.3 and lemma 2.5 ((b) and (g)) we find that
2N P(z ), e HRINgQ(z,N), A€l

RN P(g), 2 ROIONIQ(2) + (2K QUN)) T P(2)],  I=1,M

are solutions of (2.13). Therefore, applying the expansion formula (2.30) we obtain the

following

THEOREM 2.5. The Cauchy problem for the linearized GPKdV equation (2.13) (subject to

the restrictions in Remark 2) where v(z,t) evolves according to (2.6), with initial condition
h{z,t = 0) = ho(z) € L{V(—oo, 00),
has a solution

N-1
h(z,t) = (2m)™" ) /l [e%’“”()‘)tJP(a:, A < QA t=0),ho> —
s=0 s

M
: dA
=2k Q) N:2 2 -1
e~ 21k JQ(z,A) < P(A,t=0),ho >] PN ar (e () + lél [2A7" a*(A)bf(t = 0)] 7" x

x 2RO LT P(2) < Qu(t = 0), ho > — [JQi(2) + (2ikiQN)) T Pi(z)t] < Pyt = 0),ho >} .

(Here P, Q, P;, Q; defined in (2.26) depend on t implicitly via v(z,t).)
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Chapter III

Gauge Transformations for a Quadratic Pencil and AKNS
System

1. Introduction.

The gauge transformations (GT) between different linear spectral problems play an
important role in the theory of solitons. An example is the Jaulent-Miodek (JM) transfor-
mation 23, which is a generalization of the well known Miura transformation (see e.g. Ref.

24). JM transforms the eigenfunctions of the AKNS system (also called Zakharov-Shabat

system):
ni(z,A) + idni(z, A) = g(z)na(z, A)
(3.1)
ny(z, A) — idna(z, A) = r(z)na(z, N).
into the eigenfunctions of a quadratic pencil:
1" 2 14 a
V(5 0) = [uo(e) + w(2)A = My(z, ), = o (3:2)

with potentials ug(z), u1(z) depending on the potentials ¢(z), 7(z) of (1). This transforma-
tion provides also a very simple relation between the spectral data of (3.1) and (3.2) which
is the reason that (3.1) and (3.2) are often considered equivalent in the context of solving
the nonlinear evolution equations (NEE) associated with (3.1) and (3.2) (the AKNS hier-
archy and the Jaulent-Miodek hierarchy, respectively), via the inverse scattering method.
JM allows for transfering features from (3.1) to (3.2) and vice versa. For instance, in Ref.
11 it was used to derive Marchenko equation for (3.2) from the one for the AKNS system
(3.1).

When a gauge transformation 7 is between spectral problems of the same type (with
different potentials U and 7(U)) it is often called Darboux transformation (see e.g. Ref.
24). Tt expresses the eigenfunctions of the problem with a potential 7(U) through the
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eigenfunctions of the other one. So we get a whole family of linear problems with different
potentials 7*(U),n = 1,2,..., for which we can solve analytically the direct and inverse
scattering problems provided we can do it for the first one with a potential U (usually
U = 0). This is a way to generate N-soliton solutions (represented by the potentials 7"(U))
for the NEE associated with this spectral problem.

In this chapter we present a natural way of deriving all GT of certain class between QP
and QP, QP and AKNS, and AKNS and AKNS. No boundary conditions are imposed. As
a result we obtain all known Darboux transformations for QP and AKNS, the Miura and
Jaulent-Miodek transformations, as well as new ones.

The proposed scheme classifies the transformations into four different types and also
stresses the similarities between different transformations (e.g. it shows the common nature
of JM with Darboux transformations). Since the inverses of these GT are in the same class
and types of transformations, that symmetry with respect to inversion is incorporated into
the form of the transformations. Some explanation for the symmetry in the QP —QP case
can be found on p. 39.

In addition, even though we do not show the transforming of the spectral data (which
are defined only in the presence of boundary conditions) we do show the connection between
Wronskians of eigenfunctions (through which spectral data are being defined).

Moreover, we derive some previously unknown GT, mainly between QP and AKNS,
and also most of the ones of type 2 and 4.

QP~QP transformations with decreasing boundary conditions (for ug, %1, vo,v1) have
been derived in Ref. 25. They cover the types 1 and 2 only and are expressed in terms of
the potentials solely, thus making the two types indistinguishable.

Ref. 26 obtains QP—QP transformations without imposing boundary conditions by
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applying the transformation

4 A i
()= (5 B () we m=rve

(a QP—AKNS transformation of type 4 with 7' = 0 — cited from Ref. 27) to the three
kinds of AKNS—AKNS transformations in Ref. 28. It covers type 3 (being labeled as I
and II kind for 8 = £¢ respectively) and type 1 (III kind). A shortcoming of the paper is
the difficult to use form of the transformations involving a lot of dependent on each other
variables.

The three kinds of AKNS—AKNS transformations considered in Ref. 28 (without
boundary conditions) are derived in an elegant form and correspond to type 3 (8 = F1
respectively) and type 1. A result analogous to lemma 3.4 is obtained.

Finally, the Jaulent-Miodek transformation >3 appears to be a QP AKNS transforma-

tion of type 3 with 3 = 0 and d = 0, as will be seen later on.
2. GT for a Schrodinger Equation with an Energy-Dependent Potential.

QP (see e.g. Ref. 29 and the references there) is a partial case (N = 2) of a Schrodinger

equation with a potential depending polynomially on the spectral parameter A:

y'(z,A) = U(z, Ny(z, A), (3.3)
where
N-1
Uz, \) = (Z u,(zw) AV (of. (2.1)). (3.4)

As was mentioned in Chapter I, there are not known N-soliton solutions to these NEE for
N > 2 as well as a Gelfand-Levitan-Marchenko equation. In addition, there are problems
with finding asymptotes of the eigenfunctions and expansion formulae when N > 2.

Now we will attempt to find Darboux transformations for that linear problem and will
see that for N > 2 the method fails.
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For simplicity, let us start with an arbitrary potential function U(z, A). We look for a

transformation 7: y — 2 of the type

2(2,A) = a(z, \y(2,A) + b(z, Ny/(a, A) (3.5)

where z(z, \) satisfies

2'(z,0) = V(z,N)z(z,N) (3.6)

for some potential V' (z, A). Since (3.3) and (3.6) are linear problems it is natural that 7 be

linear as well. Substituting (3.5) into (3.6) and using (3.3) yields:
[@" + (BU)Y + (a + b')U —aV]y + [2¢' + bU + " — bV]y = 0. (3.7)

Because we want (3.5) to give a solution to (3.6) for any solution y(z, ) of (3.3), we may
put in (3.7) two linearly independent solutions y; 2(#,A) and the 2x2 system obtained will
have a nonzero determinant, det = y194 — yjy2 = W(y1,y2) # 0. Therefore

" +20'U+bU' +a(U-V)=0

(3.8)
b +2d' + (U - V) = 0.
From (3.8) we can exclude V:
ab” — a"b — b(20'U + bU') + 2ad’ = 0.
After integrating with respect to  we get
ab' — a'b — b2U + a® = p = W(rys, 792) /W (v1,%2), p = p(A). (3.9)

Indeed, for any two solutions i, yo of (3.3) we have

ay1 +by; (@' +0U)y1 + (a+b)yp | _
ays + by, (a’ +bU)y2 + (a + b')yh

TH (Tyl)’
Tys (Ty2)

W(Tyh T?Jz) =

[a(a + b') — b(a’ + bU)] = (a + ab’ — a'b — B*UYW (1, 12).

n ?/i
Y2 ¥
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We may use (3.9) to introduce only one independent function 7'(z,A) in place of the two

functions a(z, A) and b(z, A):

A)
T :_p=L = _a(a:, . .
+T°-U 52 where T'(z, \) oz, ) (3.10)
So the system (3.8) is equivalent to (3.10) coupled with
AN A 1% ,
V=U-+ (g) + ('E) —QT"Z;'—QT. (3.11)
We can give that system a more symmetrical look:
o g2 (Y Y (Y )
rerou= b= (Uor) s (Lor) v o

It is easy to check that every function 7'(z, A) defines a transformation 7: y — z of the form
2(2,A) = b(z, M[y/(2, A) = T(a, \y(z, V)] (3.13)

between the eigenfunctions y, z of (3.3) and (3.6), respectively, where b(z,A) and V (z, )
are determined by (3.12). Note that p(A) and b(z, A) are defined up to a multiplication by
a function of A which, however, does not affect 7 (due to its linearity) or V(z, ). So we
could choose p = 1 for simplicity. Unfortunately, p can be zero for some A.

The symmetry in (3.12) can be seen in (3.13) as well if we invert it (provided p # 0):
z\ -T 1 Y
Z)TO\--T4-T) &-T)\y )’
(1) =% 1) (2):
y pP\-F-T(H-T) T)\*
In addition, since (3.3) and (3.6) are linear, it is actually ny being transformed into zzl-:

£ Gl

The following lemma discusses a composition of transformations.

(3.14)
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LeEmma 3.1. The composition of two transformations (71,1, p1) and 1o(T2, b2, pa) such

that y D w s again a transformation of the same kind, 15(13,bs,ps), ¥ T, w,

where
P b1—2 bl
Ts =T+ 7 ) b3 = b1b, b_ -1 -T), P3 = p1p2- (3.16)
Eonm) 1
In the case when
bl
a -T1—-T5=0, (3.17)

T3 is essentially the identity transformation, T3 = id.,/p1p.

Proor: Indeed, (3.14) implies

b/ b’
d=b |2 -Th v+ _P_;__1_T1+T12 i
b 2 b

and therefore

b} b]
w = bz(Z, - Tzz) = b2b1 [(b_ - T1 Tz) y + ( ];; bl Tl + T]_ + T2T1) :| (318)

yielding (3.16). Concerning ps,

W(T2T1y1,T2T1y2) — W(Tl?/l,lez) W(72T1y1,T27'1?J2)
W(?/la@h) W(ylayZ) W(lel,ﬁyz)

D3 = = pip2.

Also, 73 satisfies a system of the kind (3.12) because 73 and 7 do. Here we use the equiva-
lence between (3.12) and the statement that 7 transforms a fundamental system of solutions
of (3.3) into solutions of (3.6).

If (3.17) holds then (3.16) is inapplicable and (3.18) yields w = —(p1b2/b1)y. However,

due to T5 = 7+ — 17 we have
bt ! b’ 2 p1
b2 =T +T; -V = (ﬁ—Tl) + (E—Tl) -V= bza
where V is the potential of 2(z, A). Hence w = y,/p1pz which means that 73 = id,/p1p2.
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3. Darboux Transformations for a Quadratic Pencil.

When the potentials U(z, A), V(z,A) are of the form (3.4), according to (3.11) we get
a restriction on T(z, A), namely that (%)' + (%’)2 — 2T% — 27" must be an (N — 1)-degree

polynomial in A. One way to do this is to choose:

= ' T'+T*-U)
T(z,\) = Z a, ()7, % = —-% (T'-:* T2 U) — independent of A. (3.19)

r=0

Lemma 3.2, If S(z,A) = Zﬁo sy(z)A" then S’/S is independent of A if and only if s,(z) =

c,h(z) for every r = 0, M. Then S'/S = h'(z)/h(z).

Proor: Let S’/ = w(z). After integrating with respect to z we get S(z,\) = P())e?®)

where @'(z) = w(z). Therefore

M
P()) = Z sp(2)e= Q@

r=0
Now we have s,(z)e~ 9@ = M:‘)!Q)_ = ¢, and so s,(z) = ¢,h(z) with h(z) = €?().

Applying lemma 3.2 for S(z,\) = T+ T% — U we obtain from (3.12) for N = 2:

/ I3 h/ 2
(T"+ T? - U) = h(z)(co + 1A + c2A?) = (—2%; - T) + (—% - T) -V (3.20)

or:

b e 2
a’+a2—u0:c0h(x):—(2—h+a) +<E+a) — v

B+ 208 - uy = crh(z) = —f' +2 (_2’%+a)ﬂ_v] (3.21)

14 8% =coh(z) =1+
where a, [ stand for ag, a;. Actually the left-hand side is a system of two equations for «,
8 provided (cg, c1,¢2) # (0,0,0) (we assume h(z) # 0). When N = 1 we have one equation
with one unknown (ag). When N > 2, however, the equations (2N — 2) are more than the
unknowns (V) and cannot be satisfied for arbitrary potentials ug, u1,..., un—_1.
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THEOREM 3.1. For any choice of the constants ¢y, ¢1, ¢z in (3.21) such that (co,c1,¢) #
(0,0,0) the system (3.21) has a solution («, 3) for arbitrary potentials ug, u1. It defines a

transformation T (y 5 z):

A2, A) = K72 (2)ly (2, 0) - T(2,\y(z, AL, T(z, ) = a(z) + A(z)A
between the linear problems (3.3) and (3.6) with potentials U = uo(z) + u1(z)A — A% and
V = vo(z) + v1(z)A — A? where h(z) and V(z, ) are determined by (3.20).

At the moment we can think of p(A) as p(A) = co + 1A + A%, b(z,A) = h~1/2(x).
Now, using theorem 3.1 we will derive different types of Darboux transformations 7 by

choosing the constants ¢q, ¢1, co differently. But first we need the following

LemmaA 3.3. Ifd € @ is a zero of the quadratic equation

co+ciA+ Cz/\2 =0 (3.22)
then
a(z)+ B(x)d = %, ;’,;((x)) a(z) — f(z)d = ~,((m 5)) (3.23)

where §, 3 are some solutions of (3.3) and (3.6) respectively, related through §(z,d)z(z,d) =

h=1/2(2).

Lemma 3.3 is an easy consequence of (3.20). The relation between 7 and Z follows from
(3.23).

TYPE 1. Equation (3.22) has two different zeros d; 3. Then (3.23) yields

¥(z,ds) W(z) Z(z,ds)

= = — - =1,2 3.24
D= G 0y = T w7 R G2
so the transformation is determined by:
1 ¥'(2,d1) 7'(x,d2) 1 [?7/(95» di) (z,d2)
= d + d1= , = ~ - =
Rl Bt ey R o) RN OBl brrov it

(3.25)

33



If we denote ¢; = §'(x,d;)/9(z, ds), ¥s = Z'(z,d;)/%(z,ds), s = 1, 2, then due to (3.24) the

potentials transform according to
uo+urdy —df = $1 + ¢ 1 —da = —(¥1 — 1) vo+ vidi — di = P + 9]
hl
¢1+¢2=—‘}7—("/’1+¢2) vo + vidy — dj = ¢ + 93
(3.26)

uo + wrdy — d3 = ¢ + ¢

where because of (3.21), (3.25) and (3.26) we have
2(d1 — $2)(1 — $2)' _ _2(¢%1 — ¥2)(¥h1 — ¥a) (3.27)
$2)? 7 (di = d2)? 4 (1 — 2)? '

W _cb(z) _ 288 _
h ch(z) 1462 (di—d2)?+ (¢1 —

TYPE 2. Equation (3.22) has a multiple zero at z = d, i.e. ¢3 # 0, ¢§ — 4coez = 0

d = —c1/2c3. Then we take the limit dy — d, dy — d in (3.24) — (3.27) and choosing for
Y(z,d) we obtain:

simplicity the case when limg, .4 §(z,d1) = img,q §(z,d2) =
where ¢(z) = — | = R
U ACTER N

(3.28)

B=¢, a=¢-gd,
wtmd— & =¢' +¢*  p=—9 W+ 9% = v + 01d - &
) ) B ) )
w —2d = ¢ +2¢¢ ¢:*E—¢ Y+ 29 = v — 2d
with
W 208 24y _H(@d . (”(x A))
1442 1492 where (z) = #(z,d)’ ¥ = #=,A)
TYPE 3. ¢; = 0, ¢; # 0. Then (3.21) implies § = +7 and (3.22) has a simple zero
d = —cg/cq so that:
¥ (z,d) _ #(=z,d)
V= 3(z,d)

a(z)tid=¢(z) = 5};((3:)) —P(z), where ¢ = i(z,d)’

Another relation can be obtained from (3.21)
+2i )= esnla) = 20 [ 21 4 o) - ().
1a(z) —ui(z) = c1h(z 2h( ) 1
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From here we exclude a(z) using (3.28):
+2igp(z) + 2d — u1(z) = c1h(z) = F2ip(2) + 2d — v1(z).

So the transformation is:

U = U uy F 219 = vy + 249 v =1
B (3.29)
ug + urd — d* = ¢ + ¢* ¢>:—%—¢ vo + vid — d* = ¢’ + ¢?
with
K (ah(z))  (ur F2i¢ - 2d) _ (v1 £ 247p — 2d)

h cah(z)  wy F2p—2d ~ vy E2p—2d
TYPE 4. ¢; = ¢; =0, ¢g # 0. Then 3(z) = +4, a(z) = Fiui(z). In addition, the first

two equations of (3.21) yield after substituting for & and A’/2h + a:
N , :
d=o e with R (wtgu + 3ud) _ (v0 F 01 + i"’%)'_

h ug + Juq + iuf vo F 507 + 1‘1712

? 1 1
ug + -Z-uﬂ + Zuf =1 F Ev{ + Z'vi?
4. Features of the QP < QP Transformations.

Obviously the inverse of a transformation of the class (3.19) is a transformation of the
same class (see (3.14)), the same type and with the same constants d; 2 (when applicable).
A transformation of type 3 or 4 with 8 = ¢ has an inverse with # = —¢ and vice versa.

On the other hand, the product of two transformations of the class (3.19) is generally
outside that class. For instance, in lemma 3.1, if we choose 1 and ™ of type 4 with
B1 = B2 = then according to (3.16) b5/b3 depends on A in general.

The following lemmas show cases when 73 = 7977 is still in the class (3.19).

LEMMA 3.4. The product of two transformations of type 3 with different § and different d

is a transformation of type 1.

T T
ProoF: Let the two transformations 7, 75 (y A w) be determined by T = ay + 817,

Ty = ag + BoA where §1(z) = £i = —fF2(z) and

¥(2yd1) _ _ H(a,dy) _
or(2) i) = £ = 01(a), oal@) (e = ST = dala)  (see (3:29))
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Then
Ti(z,A) = Br(A—d1) + ¢1(z),  Ta(z,A) = Ba(A — d2) + ¢a(z).

On the other hand (3.15) yields:

e Z@d) ¥ o pi(da)bi(e) -+ some u(z) = (2. d2)
$2(e) = Hz,dy)  by(z) Tz, d2) ba(z) — T1(z, ds) f Pa(e) = iz, dy)
So
%’11% d T](:E, /\) - Tg(:l:, )\) =
T NI 11c NP A e CO I
= h1(2) Ti(z,A) — B2(A — d2) bi(2) + Ti(z,d2) + (%2(2:) —Ti(e.dy) =
— _(ﬂl +ﬂ2)(A _ dg) + pl(d2)b1—2($) pl(dz)bl_z(m)

Bi(dr - da) — 410} + da(e)  F(di — da) — n(2) + dala)
For T35 we find according to (3.16):

1 A b—2 Z ~
Ty(e,\) = Ta(z, \) + I%j);l_}(—;)[m(dl )~ 1(z) + Bale)] =

A—dp

=BA—d) + (@) + 5 1Bi(dh = do) = () + $a()] =

4 1 & [Ma(2) — ¢1(2)) + (—drda(@) + dadpr(2))] = Ba(2)A + az(z)  (cf. (3.25)).

The only exception would be when (3.17) holds and then 737 ~ id. According to (3.23)

this means:

_ K@) L )
= ey~ @) = A@A = ax(2) = Ba(@)) = [ = 1A = )]~ [B2 4 Bo(A — o))

where

However, this implies
vo + vids — dj = ¢ + ¢35 =

=P + [t — Ba(dy — do)]? = B3(d1 — d2)? — 2B2(d1 — da)9py + (vo + vidy — d?)
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orT:
(do — dv) [o1 — (do + dv) — 28291 — B2(dy — d1)] = 0

If the second multiplier in this expression is zero then there exists a relation between vy(z)
and vi(z) which through (3.29) induces a relation between uo(z) and u;(z). This type of
potentials were initially excluded from our considerations.

dy—ds
If dy = dg then (3.17) holds only if 1 —— ¢3. So we get the following

LEMMA 3.5. The product of two transformations of type 3 with different 3 and the same
d Is a transformation of type 2 if 1y # ¢ in (3.29) (index k corresponds to the k-th

transformation, k=1, 2) and it is the identity transformation otherwise.

LEMMA 3.6. The product 77 of two (type 1)-transformations

T(¢1 y(fb‘p),q5 y($,9)>’ %(551 CACR )P '(3777'))

(=, p) ¥(z,q) #(z,q) %(z,r)
where
y >z . w, ¢ = 2(2,9) M) ACR ). P2 (3.30)

%(z,q) 2k (z) (=, q)

is a transformation of type 1 as well (with dy = p, dy = 7).

Proor: Using (3.24) for d; = ¢ and (3.30) we get:

()

52) (20~ Ty(z, ) = "2h (z)

bi(z) —[p2+B1(A— Q)]—[¢1+ﬂ2(>\ )] = —(B1+82)(A—1q).

(3.31)

Here we have due to (3.15):

_ RO I E A 1C))] (r=p -0 +8)| _
Ba(z) = r(¢1 —¢) = P [(}51 — b:(z) + Ti(z,7) + %_(%%l Ten) =
_ 1 (r=p)r—gQ+8)] _ .,  (p=r)(1+5})
e [ b1+ Tile)+ bs—Tawr) | O e ()
Therefore, according to (3.16), (3.31):
(A =p)(A - 9)(1+8}) 1+ 67

T3=T1(-'E,)\)— (,61+,62)()\-Q) :Tl(x’/\)_()‘_p)(p_,r)(l +‘612)[¢3—T1($,7')]:
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~ D)) - ;%’q’[(p Qs — (r— q)br + (7 — p)¢2]} _

—r)$1 — (A — p)¢s] = as(e) + Ba(2) .

As we could expect, the Darboux transformations for the standard Schrédinger equation
(w1 = v1 = 0) are a partial case of the ones above. Namely, they can be obtained from type

1 when:

~!
dy = —di, ¥Y(z,ds) = §(z,dv), implying B=0, oz)= M, b(z) = 1.

:’7(:173 dl)
(Naturally, at dy — 0 the above becomes a partial case of type 2.)
The transformation itself reduces to the simple form:
#(z, M) 5’(w,d)} [y'(w, A) @’(w,d)] 2 2 5 !
— = - = = —(A*=d°), where Z(z,d) = = .
[z(z,/\) 2(z,d) ] Ly(z,A) ¥(z,d) ( ) (z,d) i(z,d)

The transformation QP —QP of type 1 written also as

e (4ot

(3.32)

can similarly be represented in a simpler form. Indeed, if

y'(z, ) _ 2'(z, )
PR R Fy

¢:

then because of (3.24) — (3.27) the equality (3.32) becomes

[/\ d2(¢ ¢1)+A dl(zb %)H (- <z>1)+A d‘(¢ asz)]:
-o-ao-w [ G0 ]

Now we multiply by (d; — dg)*:
[(A = d2)(% = 1) = (A = d0) (¥ — $2)][(A — d2)(¢ — 1) — (A — dh)($ — ¢2)] =

= (A= d)(A—d2) {[(¥ = ¥1) — (¥ — p2)][(# — b1) — (¢ — p2)] — (d1 — d2)*}.
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After cancellation we get

(A= d1)(A=dg)(dy — d2) = —(A = d2)(¥ — V1 )( — $1) + (A — d1)(¥ — ¥2) (¢ — ¢2)

or:

0= i) [S20 - Zm] [rle)_ Bl

Z(2,0)  E(2,d2)] [¢(2,2) _ ¥(z,d2)
+(d1 - )[ 2z, \) Z(:L‘,dz)] [y(x,)\) ¥(z,ds)

In the end, we will give a simple picture of how the Darboux transformations work and

] —(A — dg)(da — dy)(dy — A).

explain why we are able to represent analytically z(z,A) for every A through y(z, ) and
two specific solutions y(z,d,), s = 1,2 (type 1).

First, for the Schrodinger equation case (41 = v; = 0) we have

ot [+ £ o B =0

Now, if we apply [Bm - %l:‘ to both sides we obtain

Kz(z, ) = [am - y?((fdi))] [aac +Z ((x j))] 2z, A) = (42 — A2) 2(z, A)

where
¥(z,d)
¥(z,d)

This is a Schrodinger equation for z(z, A) with a different potential.

() = [0 - L2 4o ),

In the general case the picture is similar. Then

K:b[(‘?x— (%,—T)] b(0y —T) = b8 — U) = 0> (T' +T? - U)

A=Az ¥(z,d1) A—A ) (e, dy) ~
r= () S () S =i D,
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5. GT between a Quadratic Pencil and AKNS System.

Consider the AKNS system (3.1). We use the same approach as above. Let the trans-

formation 7 have the form

n1(z, A) = a(z, \)y(z,A) + b(z, \)y'(z, \)
(3.33)
na(z, A) = c(z, Ny(z, A) + d(z, A)y'(z, A)
where y(z, A) is the general solution of the quadratic pencil (3.2). Then we substitute (3.33)

into (3.1) and obtain due to (3.2):
(b +a+ixb—qd)y + [a’ + ida— gc+ b(uo + u1A — A%y =0
(d'+c—ixd—rb)y + [ —ixe— ra+ d(uo + A = A?)jy = 0

As before we conclude that the coefficients in front of y, 3’ are zeros. So:
a=qd—b —i\b, c=rb—d +i\d

and hence for the other two coefficients we get

— b — qrb+ g'd + 2qd’ — 20 + b(uo + u1 A) = 0
(3.34)
—d" — qrd +r'b+ 2rb' + 2iAd’ + d(ug + u1)) = 0.

We exclude ug + 21 A and then integrate with respect to z:
(—b" — 2\ + ¢'d + 2qd")d + (d" — 2eAd' — 7’6 — 27b")b =0
(d'b — db') — 2iAbd + qd* — 70 = p = W(Ty1, 7v2)/ W (¥1, ¥2), p = p(A). (3.35)

Again, (3.35) allows for an introduction of a single function T'(z, A):

P 2 _ P _ d(z,))
T — 20T —r + qT° = 320 T(z,\) = BN
Then (3.34) yields
b\’ Y 2 v by
g + UL A = (-E) + (3) + 21'/\? + qr — (¢'T + 2¢T" + 2qT—5).
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This can be written as

‘ b ! Y 2
q(T'~2AT —r+qT?) = pgq; = (; —qT + i)\) + (—b- —qT + i)\) —(ug+ur A—A?). (3.36)

The equations (3.33) become

b .
nyy\ _ —(T—qT-l—z)\) 1)(y)
()= (e Saitl D0 an
and the inverted formulae are
b -T 1
V) == ' . ‘ ) m
(y,)“ P(‘%_T(%_QT','Z’\) %“QT-}-E)\) (nz) (3.38)

Equations (3.37) can be written in the form

ny v _ (Y N
[nl‘THy‘(b‘qT*“)]“bZ

or:

Again we choose

B (T =20\T —r + ¢qT?%Y .
T(z,A) = a(z)+ B(z)A, b= Ty T 2T —r 4 T2 independent of A

which due to (3.36) and

T' — 20T —r 4+ ¢qT% = (o’ — r + qa?) + (8" — 2ia + 2gaB)A + (¢B% — 2iB)\?

implies:
o gt VN (Y )
ga' — gr 4+ ¢°a” = coh(z) = (—b——qa) + (-Z—qa) — g
b .
o8+ 200(af - ) = exh(e) = ~(g8 = ~2a - ) (5 ~g0) O

14 (g8 —1)? = e2h(e) = 1+ (g8 — ©)°
where we could choose:

b=b(z) = [g(a)/R(@)]'?, p=coter+ed?,  h(z)#£0. (3.40)

Just as in the case of transformations between QP and QP the left-hand side of (3.39) allows
us to find «, 8 as functions of ¢, 7, co, ¢1, ca when ¢(z) # 0 and (co, ¢1,¢2) # (0,0,0).

41



THEOREM 3.2. For any choice of the constants co, c1, ¢y in (3.39) such that (co,c1,¢2) #
(0,0,0) and any potentials g(z) # 0, r(z) there exist functions ofz), f(z) satisfying (3.39)
and defining a transformation 7: (nq1,n2) — y (see (3.38)) between the linear problems (3.1)

and (3.2) where the potentials ug, uy are determined by (3.39).

LemMma 3.7. If d € € is a zero of the quadratic equation

co+ed+e =0 (3.41)
then
fia(2z,d) b'(z) , ¥ (z,d)
T:l),d:~ ’ — Q?T$,d+’td:-—
&= )y e OTEITE=500
or:
1 (d(x) h’(??))
z)l(z,d —zd:—(——— —¥(z) = p(z 3.42
(@)1 (od) - id = 5 (D5 - 55 ) = 0t@) = o) (3.2
where
_ ¥(z,d) _ (=, d)
1#(3;) - ?((B,d) ) ( ) - ﬁ']((l), d).
TYPE 1. Let (3.41) have two different zeros d; 5. Then
. 1 N %
gla+ Bdig) —idi o = 2 (q; - z) — P12 = p1,2-
So the transformation is defined by:

_ 1 ’flz(l‘,dl) ’flz(:l!,d2)j| _ 1 ['fzz(m,dl) _ ﬁz(.’l),dz)]
o(e) = dy — dy [ 2ﬁ1($,d1) + 1’711(55, da)|’ Ale) = di —dy |(z,d1) Pz, dy)
and has the form

4
qT+q_(Ps+ids)‘d§=P/s+Pg, s=1,2 p1— p2 = —(11 — ¥2)
q / hf (3'43)
up + urds — d = YL+ 92, s=1,2 P1+Pz—%=—z—(¢1+¢2)

where due to (3.39) and the equality ¢8 — ¢ = (p1 — p2)/(d1 — d2) we have

_e2h(@)]  2(p1 — pa)(p1 — p2)  _ _2(% — a)(¥ — )
T och(z) T (di—d2)?+ (p1—p2)? T (di—d2)? + (1 — P2)?
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If we use the transformation in the direction QP — AKNS then we first recover ¢'/q

through

'q’ d do) = ! dz d2 q,

z;( 1—dz) = (pr—p2)' + (di —d3) + (o1 + p2 - E)(Pl—Pz)
which is the difference of the first pair of formulae in (3.43).

TYPE 2. Let (3.41) have a multiple zero A = d. Then the transformation can be

obtained from type 1 when dy — d, d3 — d:

=6 - 6d =40 0 =———+ 0=—<|-"7" .
a(z) , A=) where 6 = 2 d)’ X [71(2,\)] =g
The transformation becomes:
/ .
qr+q;(/rﬂrial)—dz:p’+p2 p=—v P+ 7 = uo +wd — d?
i od— i 4 90 q b W 4 20 2d
q(p+t)— =P +2p P =g P+ 299 = ug —

with
Ko 2pp 24

h 1402 1492

TYPE 3. Let ¢, = 0, ¢; # 0. Then there exists one solution d = —cg/c; to (3.41) and
so (3.42) holds. Also, (3.39) yields ¢f — i = ¢ and (after excluding a from the second

equation using (3.42)):
!
—(iﬁ:i)gq—:l:2ip+2d: erh(z) = F2itp + 2d — uy. (3.44)

So the transformation becomes

! ! ' !
q—:i :F2z'(p—q—>+ii:i2i¢+u1 U] = U
qg q 2q q
q’ 4 d2_ /+ 2 Q_'__ i, d) ¢I+¢2_u +ud——d2
q7‘+q(p+z )_ =p TP P 2q— oh = Up 1
with
B (ah(®))  (ux2ip—2d)  [(1£0T F 2ip—2d]
h ™ eh(z) — wE2ip-2d T (iki)dF2p-2d°
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ExaMPLE. In the case § = 0 we get a generalization of the Jaulent-Miodek transformation.

Indeed,
T=a="2 +d = ?z(x’d) (from lemma 3.7),
q ’Ill((E,d)
Z’ (A- )“l’(’(g)”) ~2ia(A—d) (from (3.39)),
so b=a"'/? (up to a constant in z),

%’_qu_i_qa_ [%+ d] [%Hd}

and therefore (3.38) becomes

( y ) — 0_1/2 . a. N1T2 774117'142 (nl )
y —2ta(A—d) +« (z)\ L_)_Z(n ) " zd) — (z/\ 1—)—2(ﬁ 7y zd) ng )
Also,

(Rafig)’

o o
o LV _ s
dinhe a2 (p+ %) = iuy (from (3.44))

b .
1/):3-—QT+’td:— 5

which is the above-mentioned transformation (at d = 0):

/ !

2-=I-——q0z+2id a—:iul Uy = Uy

a o« a
mhg) r f17y)’
(fa) _ 7 | o (afia) o g = o+ urd — 2.
1Ny a4 ning

TYPE 4. Let ¢ = ¢1 = 0, ¢g # 0. Then from (3.39) we obtain:

iti 1+1¢ ¥ i , %
B(z) = —, a(r) = =2 & 5~ da=Egu, —gf' = + 2i+

which, together with (3.39), leads to the transformation

141 (¢\ _ i, ul 1 (V]
= (?) StoF Uit with 2 Y (uo$lu1+4)' = (Q)
/ I3 z 7 U
iq—ii%"—-ul PowFpe - (1)
q
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6. Darboux Transformations for AKNS System.

In order to derive Darboux transformations for AKNS we need to use the following

transformation:
y(z, ) = Ni(z, M)[Q(z)] 7/ (3.45)

where (N7, N;) satisfy the AKNS system
N{(z,A) + ANy (z,)) = Q(z)Na(z, N)
(3.46)
Ny(z, ) — iAN2(z,A) = R(z)Ny(z, A).

Then y(z,A) is a solution of a quadratic pencil with potentials:

_ AN AN _ @
uO_QR_(2Q>+(2Q)’ “n=ry

The transformation (3.45) can be written in an invertible form:

_ 1 , 0 N N _ _ Q , 0 Y
(7)-a (v o) (1) = (B) - (a¥'g 1) ()
(3.47)
and is of type 4.

Now we will derive AKNS—AKNS transformations out of the QP<AKNS ones by

substituting (3.47) into (3.37):

(1)1 [(% )+ (2) ((-areane ) Q] (). o

In order to present (3.36) in a symmetrical form we need to make the substitution

b’ Q'
3 T +id=—5o + QK —iA (3.49)

where K(z,)\) is obviously of the form K = A(z) + B(z)A. Then:

b[ ! b/ 2 5
(z—qT-i—i)\) + (Z—qT-l—i)\) — (g +wmA— ) =

() o o) o (§) (8 2084
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= Q(K'+QK? — 2i\K — R).
So (3.36) takes the form
@(T'—2iAT —r+4¢T%) = p(Mh(z) = Q(K'—2IAK —R+QK?),  p=coter A +caA? (3.50)
where T" and K are connected through (see (3.40), (3.49)):
1 qi ) Ql ' ) ‘
2h_(2q+zA—qT)+(2Q+M—QK). (3.51)

For (3.48) we get due to (3.40), (3.49):
h\ "2 ~K 1\ (N
(m)=Ga) (oew 2) () 6
N 1( h\ Y2 -T 1 ‘
(M)-=Ga) (oatoe x) () ow

Again, (3.52), (3.53) can be written as

] = v

eyl Frewy ()

m(z,N) | [Mi(z,))
THEOREM 3.3. For any choice of the constants cg, ¢1, ¢z in (3.50) such that (cg,c1,c3) #
(0,0,0) and any potentials ¢(z) # 0, r(z) there exist functions o(z), B(x) satisfying the

left-hand side of

g(o =7+ ga®) = coh(z) = Q(A’ — R+ Q4?)
qB' + 2qa(gB — i) = c1h(z) = QB +2QA(QB —i)  (see (3.50)). (3.54)
14 (g8 — i) = coh(z) = 1+ (QB — i)?

The functions a(z), 3(z) define a transformation 7: (n1,n2) — (N1, N3) ((3.52), (3.53))
between the eigenfunctions of (3.1) and (3.46) where the potentials (), R and the function

K = A(z) + B(x)A are determined by the right-hand side of (3.54) and

M_(4d . 9
2h (2q ! )+ (262 QA) (see (3.51)) (3.55)
0= (g8 -1)+ (@B —1)
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(we first substitute A, B from (3.55) into (3.54) and then find @), R from (3.54)).

LemMa 3.8. Ifd € € is a zero of the quadratic equation
co+cd+ e =0 (3.56)

then, according to (3.50),

Ny(z,d)

T(z,d) = 280 K = 220

T~L1($,d)’

Now we will derive four types of Darboux transformations for AKNS in a form similar
to the one in Ref. 28 so that we can compare the results.
TYPE 1. Let (3.56) have two different zeros d; 5. Then, by lemma 3.8,

91 - 92 7~7f2(93eds)

——=217T 17 = ith §, = ——2—~ =1,2
ae)=—y =g, PE=g Ty WG =Ty ST L
and
—d201 + d10, 0, -0, . No(z,ds)
Az) = ——=, B(z) = ——=, with @, = ———>=, s=1,2.
(@) di — dy (2) dy — dy ° Ny(z,ds)

We substitute A, B from (3.55) into the second line of (3.54) and find for Q(z):
Q' ' ’ . (ql hl)
i =—qf —(g8) - (g - |-——]. (3.57
2 (a8 ~ (B =) (£ - % )
Since

(c2h) _ [9B(gB — 20))'
c2h qB(gB — 21)

according to (3.54), we obtain for (3.57):

h/
n

Q ’ / . ___, (g8 — 21)
L = ot - (@) - (w9 - 0 [-5 - B
Q _ [ B, (¢8-2i)
’6"[“5 RPTRET ]
Therefore
Qz) = wezw“, wp = const. (3.58)

p(z)
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The symmetric form for (3.58) is

4 2w, @B _ 49 _QB-2
(—g'ezw = qﬁ — 9 = —QB = QB (See (3.55)).
This implies also:
B = —fe e,

In addition we have

ch _gB(aB—2)  gB(=GB) .o -2 2w
@- @ @ PPl (3:59)

which simplifies (3.55):

ga+ QA = -—%,. (3.60)

We will give (3.60) an even more convenient form by excluding the potentials ¢, Q. The
relations

0, — 2id 0, — r + g8 =0, s=1,2

imply B+ 2a(qB — i)+ (d1 + d2)B(¢B — 2i) = 0, so (3.60) becomes:

8 (5) + a8 (5) =250 - )+ (@ + (e - 20)

or (using (3.55)):
e A _ 61+6  ©1+0;
(qﬂ—2z)[ﬁ+§+(d1+d2)]_0 = 01_02+@1_02_0
(3.61)

since ¢fB(gpB — 2i) = cah # 0.
Finally, we get the transformation
. we _ 01— 62
9;—2zd101——r+q0f=0 e =m

b+, 0,40
T 6,—-6, 0;-—0,

0] — 2id,0; — R+ Q0% =0

0 — 2dyfy —r+¢02=0 0 0 — 2id;0; — R + QO3 = 0.
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For (3.53) we obtain through (3.59), (3.61):
A

_p£ —TK = BB(A - d1)(A - d3) - (¢ + BA)(A+ BA) = —ABB [(d1 +dy) + % + 'E] n

A
+3B [d1d2 - %E] =B (d1 + %) (dz + %) = %9192 = —e % 0,0,,

so (3.53) takes the form:

(Nl) = con.stew0 =P (/\ + _d“’f—eﬁ ) ) 1 (m)
Ny 8 —e~2w0g, 0, B ()‘ — (dy + dz) _ —dzef]—ief] 92) o

or:

8,—0,

W —d;é’] :tdl 62 Wg d,—d.
N ewo (/\+ R ) e G5t ny
N2 - — e~ Wo di—d3)6.0, —e—Wo (/\ _ dle,—dzaz) Ty
9,-8

1—V2

When wg = 0 this coincides with the formula obtained in Ref. 28.

TYPE 2. Letting dy — d, d2 — d yields:

0 —2id0 —r + g8% = 0 —gZwo 0 —2id® - R+Q0%*=0

D @ -

0 — 2i(0 + db) + 2q06 = 0 0 O’ — 2i(® + dO) +2Q00 = 0,

M —e (/\ + %dé) T n
- (0 F )

TYPE 3. ¢3 =0, ¢; # 0. Then ((3.54), (3.55)):

+

ol fo)

(¢8-1)ti=0=—(QB—1)+t: = B = ’?i, B= ’g’ (3.62)

Also, lemma 3.8 implies

N2(:B7d) d= __CE

ﬁZ(xad)
df =0 = ——+ A+dB=0 == , = )
ot dp * Nq(z,d) c1

f1(z,d)’
$0
a:B——id(E), A:@-id(l—é—l).
q @
The second line in (3.54) yields

q(izi),¥2iqa:c1h:Q(igi)’:l:%QA. (3.63)
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Now we substitute ga + QA from (3.55) to get

14 / ! *1
5= + (-q; - %—) = ch = (-5—) e*ve, wg = const. (3.64)

Therefore the potentials transform according to

’ +1 i
_ -9 100 = 9 ez‘wo - _ 2) :
(1:;:1)(2d zq)$2q0 (Q) (l:tl)(Qd ZQ + 2iQ0,

0 — 2idf —r + ¢6%> =0, ©' —2id® — R+ QO%*=0.

For the transformation of the eigenfunctions we obtain:
a)upper sign

. q 2w QI) .
—2iq0 = —e*"° :2(2d—-z— + 2:Q0,
v Q

!

9= OF é (iqg +2d - 2%) = 20e72 (iqﬂ +2d+ z‘—) = 2ire” 0,

S~

B
Ny _ Q u —0 . 1 nq
(NZ) — Constewu (_(}\ _ d)%zﬂ _ 0 (@ + 21!2—(1!) @ _I_ 21 )é—d TLZ

or:
MY _( S ~% (’nl .
N, re~% (=% 42i(A—d)) e ng )’
b)lower sign
/
2 (zd— zq—) +2ig8 = Lo = _9ig0,
7 2id e2wo c1h e
= —, B:O, :0——, A= = — s —_— = s
o q ® q 2iq Q ¢
_ 2i(A—d)
(Nl):const 9 (9+ g ) 1 (n1>
Wo e2%o 2¢(A—-d e2wo e2wo
N, e ~(A— )~ (9+_(q_l) <_W) o ng
or:
N —[qf + 2i(A — d)]e™™° ge™™* n
(N;) _ ( [ %L ) ) (). (3.65)

When e%° = —2; (3.65) yields the expression derived in Ref. 28.
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TYPE 4. ¢2 =¢1 =0, ¢o # 0. Still (3.62) and (3.63) hold. Instead of (3.64) we have

1 ! 7 +1
% =+ (% — —QQ—) = coh = (%) ezw", wg = const.

Since ¢; =0 (3.63) implies
N A
N 2 g2’ - 2 Q2
and therefore the first line in (3.54) yields

1:F1 q, /_ B q +1 wo 141 QI /
“‘IT-{-T(;)—COh:—.(a) e’ __QR_*_T(Q)'

The eigenfunctions transform in the following way:

a)upper sign

q 2w Q,>, eZwu
— = - ¢ = — R —_ = = — ,
21 ! T
=0, B=—, a=0, A==, - = ’
g Q P @@
Ny _ Q9. 1. n1
or:
Ny _ 0 -2 ny
Ny J — \rew (—LT’- + 22)\) e~ vo ng )’
b)lower sign
AN
—qr+ (q‘) = Lo = g,
q q
? q cgh %o
=" B =0, a=—, A=0, —_— = ’
P q Q@ ¢
! 22
N\ _ 4 (—F—% ny
(N2) = CO’IZStewD ( _% 0 g
or:
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