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Abstract
The holographic principle suggests that regions of space contain fewer phys-
ical degrees of freedom than would be implied by conventional quantum field
theory. Meanwhile, in Hilbert spaces of large dimension 2n, it is possible to
define N≫ n Pauli algebras that are nearly anti-commuting (but not quite) and
which can be thought of as ‘overlapping degrees of freedom’. We propose to
model the phenomenology of holographic theories by allowing field-theory
modes to be overlapping, and derive potential observational consequences. In
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particular, we build a Fermionic quantum field whose effective degrees of free-
dom approximately obey area scaling and satisfy a cosmic Bekenstein bound,
and compare predictions of that model to cosmic neutrino observations. Our
implementation of holography implies a finite lifetime of plane waves, which
depends on the overall UV cutoff of the theory. To allow for neutrino flux
from blazar TXS 0506+056 to be observable, our model needs to have a cutoff
ΛUV ≲ 500ΛLHC. This is broadly consistent with current bounds on the energy
spectrum of cosmic neutrinos from IceCube, but high energy neutrinos are a
potential challenge for our model of holography. We motivate our construction
via quantum mereology, i.e. using the idea that EFT degrees of freedom should
emerge from an abstract theory of quantum gravity by finding quasi-classical
Hilbert space decompositions. We also discuss how to extend the framework
to Bosons. Finally, using results from random matrix theory we derive an
analytical understanding of the energy spectrum of our theory. The numerical
tools used in this work are publicly available within the GPUniverse package,
https://github.com/OliverFHD/GPUniverse.

Keywords: holographic principle, phenomenology, cosmic rays,
random matrix theory
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1. Introduction & summary of results

The holographic principle has emerged as one of the most prominent conjectured properties
of an eventual theory of quantum gravity [1–4]. Its most precise formulation has been given
by [5] (generalising results of [6]), and it states that the entropy S that can be accumulated
on a light-sheet10 emanating from a space-like surface B is bounded by a quarter of the area
|B| of that surface (measured in units of the Planck area). In the weak gravity regime and for
spherically symmetric, space-like volumes R, a simpler version of the holographic principle
states that the maximum entropy that can be localised withinR equals the boundary area |δR|
of that region divided by four times the Planck area,

S(R)⩽ |δR|
4ℓ2P

. (1)

Such a bound is incompatible with standard quantum field theory, because the local degrees
of freedom of the latter scale extensively with volume and not with area11 [3, 4, 11–13]. The
above bound also seems to imply that the Hilbert space of quantum gravity is locally finite [14],
which calls the validity of bosonic quantum field theory into question even further [15, 16].
Even within an AdS-framework, the emergence of sub-AdS locality remains an open problem
where a large separation of the string scale and the AdS scale is needed [17, 18].

An area scaling of entropy requires the degrees of freedom of quantum gravity to be de-
localised. But how is this reconciled with the fact that local degrees of freedom seem to
be a ubiquitous part of nature? So far, the most concrete example of a mapping between
local, bulk degrees of freedom and holographic, boundary degrees of freedom is given by
the AdS/CFT correspondence [19, 20] which connects a theory of quantum gravity on d+ 1
dimensional anti-de Sitter space to the degrees of freedom of a conformal field theory living on
the boundary of that space. Within that correspondence, information present in the bulk the-
ory can indeed be recovered from the boundary theory [21–23]. Concrete efforts to generalise
results from AdS/CFT to more realistic spacetimes have for example attempted to establish

10 In a 3+ 1 dimensional spacetime a light-sheet emanating from a space-like surface B has been defined by [5] as a
3 dimensional null hypersurface generated by a family of light-rays that are orthogonal to B and whose expansion θ
is ⩾0 everywhere (i.e. the light-sheet stops where the expansion θ becomes negative).
11 In particular, in a cosmological context S(R) would be the maximum entropy that can be localised on a light-sheet
inside the cosmic horizon, which is strictly different from the cross-horizon entanglement entropy (which in fact does
scale like area, see [7–10]; the fact that those two different quantities are of the same order of magnitude remains to
be explained, but is not addressed here).
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a de Sitter space/CFT correspondence. Initially, this was suggested to be a correspondence
between quantum gravity on d+ 1 dimensional de Sitter space and a d-dimensional CFT on
the future conformal boundary of de Sitter space (e.g. at future infinity), with time being an
emergent coordinate—see [24] for the original proposal and e.g. [25, 26] for concrete imple-
mentations as well as [27, 28] for potential phenomenological consequences. Alternatively,
[29] have recently proposed a version of dS/CFT that is closer in spirit to AdS/CFT in that
it proposes a duality between dS quantum gravity and a non-gravitating QFT at the time-like
boundary of part of de Sitter space. In particular, that dual theory is supposed to display a (unit-
ary) time evolution and can be viewed as a QFT on [(d− 1)+1]-dimensional de Sitter space.
Kawamoto et al [29] have found that such a duality is only possible, if the (emergent) bulk
theory is over-counting the degrees of freedom present in the boundary theory12. A potential
duality between QFT in 3+1-dimensional Minkowski space and a boundary CFT has been
exprored by [32], and the celestial holography program [33–35] is establishing such a duality
for general gravitating, asymptotically flat spacetimes.

The search for generalisations of AdS/CFT to more realistic spacetimes is one of the most
promising routes to finding a holographic description of our own Universe. But it is worth-
while considering complementary test beds to study the consequences of holography. A con-
structive way to find such test beds is to modify quantum field theory in such a way that it
obeys equation (1) and its ramifications (such as local finite dimensionality). This has e.g. been
explored by [13, 36], who simply removed the modes of a scalar field which upon excitation
would form black holes, andmore recently by [15, 16], who replaced the canonically conjugate
field variables of a scalar field by finite-dimensional generalised Pauli operators [37]. In this
paper we present a new addition to this program (though we discussion potential connections
to the afore mentioned duality-based approaches in section 8): we approximate holography in
quantum fields with the help of overlapping degrees of freedom.

In quantum computing, it is customary to assume that N independent qubits live in N sep-
arate tensor factors of a 2N dimensional Hilbert space. However, such independence is only
approximate in practice. This is particularly pronounced, for instance, in various experimental
setups involving long range interactions such as Rydberg systems where actions performed on
one physical qubit influences other nearby qubits. To this end, Chao et al [38] introduced the
concept of overlapping qubits, such that Pauli operators Pi,Pj supported on different qubits i, j
satisfy

|| [Pi,Pj] |ψ⟩||< ϵ. (2)

Although these overlapping qubits are good approximations of independent qubits from the
lens of commutation relations, they showed that the Hilbert space dimension associated with
such systems can be as small as poly(N). This surprising result follows from ameasure concen-
tration argument [39] which states that one can identify exponentially many near-orthogonal
vectors in a vector space (the Johnson-Lindenstrauss theorem). Related ideas have been applied
to areas of computer science [40, 41], compressed sensing [42, 43], and also lately in the con-
text of quantum gravity (e.g. [44–50]) to decrease the number of degree of freedom of the
system.

12 One way to understand why this problem does not appear in AdS/CFT is to look at discretised versions of anti-
de Sitter space in the form of tensor networks [30, 31]: the hyperbolic tessellation in such networks makes their
boundary legs numerous enough to encode all information present in the bulk factors of the networks without the
need for overcounting degrees of freedom.
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Here we want to apply the same idea as a simple model of potential holographic effects on
quantum field theories and study its physical consequences. For instance, one can relax the
causal locality condition [O,O ′] = 0 for some spacelike separated operators O,O ′ such that
[O,O ′]≈ 0. Although this may appear strange at first sight, [50] suggests that similar beha-
viours are expected for gauge invariant operators coupled to long range interactions such as the
electromagnetic or gravitational field [51, 52], where the operator dressing renders an oper-
ator non-local. A similar relaxation for fermions is also possible, e.g. [53], where one considers
the anti-commutator instead of the commutator. More generally, violation of microcausality
is also expected at the non-perturbative level for quantum gravity [54].

1.1. Summary of results

For the impatient reader we are summarising our main results already here, with details and
derivations given in subsequent sections as well as our appendices. We consider a massless,
left-handed Weyl fermion which, when constrained to a box of finite side length L, can be
decomposed into Fourier modes as

ψ̂ (x, t) =
∑
p

1

(|p|L3)
1
2

{
ĉp (t) u(p) eipx+ d̂p (t)

† u(p) e−ipx
}
, (3)

where the sum is over all momenta p ∈ { 2π/L · (n1,n2,n3) | ni ∈ Z }, and where we define the
mode functions u(p) in more detail in section 2. The operator d̂†p can be thought of as creating
an anti-spinor of momentum p while ĉp is destroying a spinor with momentum p. In standard
QFT these operators would satisfy the anti-commutation relations

0= {ĉp, ĉq}= {d̂p, d̂q}= {ĉp, d̂q}= {ĉp, d̂†q} (4)

{ĉp, ĉ†q}= {d̂p, d̂†q}= δp,q . (5)

These relations can only be satisfied if the individual momenta p represent independent Hilbert
space factorsHp (which further split into particles and anti-particles asHc

p⊗Hd
p). In particular,

the overall Hilbert space in which the field ψ̂ is defined needs to be given by

H=
JW⊗
p

Hp , (6)

where the ‘JW’ above the tensor product symbol indicates that operators of the individual
Hilbert spaces have to be embedded into the product space via Jordan–Wigner strings in order
to achieve anti-commutativity between different factors (as opposed to commutativity; cf our
appendix D). We will explicitly break this product structure, and describe the field ψ̂ using a
Hilbert space that is strictly smaller than indicated by equation (6).

We follow the lines of [38], who in the context of quantum computing have studied imper-
fect qubit registers that suffer from qubit overlap (cf the sketch in our figure 1 for an illus-
tration). They considered N qubits, but assumed them to be embedded in a Hilbert space of
dimension 2n < 2N. The Pauli algebra and the raising and lowering operators of an individual
qubit can be represented in a Hilbert space of dimension 2n as follows (though see our section 3
for more details):

1. Choose generators C1 , . . . , C2n for the Clifford algebra in the Hilbert space of dimension
2n < 2N .

5
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Figure 1. The upper sketch illustrates a perfect register of eight non-overlapping qubits.
The Hilbert space of the entire register is the tensor product of the individual qubit
Hilbert spaces. The lower sketch illustrates the situation when the total Hilbert space
is strictly smaller than such a tensor product. In this case the qubits must be overlap-
ping, by which we mean that the operator algebras defining the different qubits are not
(anti-)commuting.

2. Choose a pair v,w of orthonormal vectors in R2n .
3. Define

σx ≡
2n∑
j=1

⟨ej|v⟩Cj , σy ≡
2n∑
j=1

⟨ej|w⟩Cj , σz =−iσxσy ,

where ⟨ej|v⟩ and ⟨ej|w⟩ are the jth components of v,w in some orthonormal basis {ej} of
R2n .

4. Finally, define raising and lowering operators as

c=
1
2
(σx+ iσy) , c† =

1
2
(σx− iσy) .

To embedN qubits into the Hilbert space of dimension 2n, we simply chooseN orthonormal
pairs (v1,w1) , . . . , (vN,wN) at random. We then construct the operators defining the jth qubit
with the help of the pair vj,wj following the steps outlined above. This procedure raises (at
least) two questions:

(A) Since n<N, the operators we obtain for different qubits cannot satisfy the anti-
commutation relations from equation (4). How large are the deviations from those
relations?

(B) The vector pairs vj,wj are chosen at random. Where does this randomness come from?
Which part of an underlying, more fundamental theory is represented by this randomness?

We discuss question (B) in detail in section 7. To answer question (A), let us look at the
number n and N that would be required to describe the Weyl field.

We had already said that the Weyl field can be considered as a collection of qubits: one
for each wave mode p in the particle sector and one for each wave mode p in the anti-particle
sector (cf equation (3) as well as our sketch in figure 2, which applies to either one of the two
sectors). For a thin Fourier space shell s of radius ks and width∆s the number density of modes

6
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Figure 2. The (c-particle part of the) Weyl field can be decomposed into a collection of
qubits, which are represented by points p in Fourier space (upper sketch). In 3 dimen-
sions, the number of qubits in a small Fourier space shell s (red crossed in upper sketch)
scales as k2s∆s where ks is the radius and∆s is the width of the shell. We want to embed
these qubits into a Hilbert space that is strictly smaller then the tensor product of the
individual qubit Hilber spaces (cf figure 1) in order to achieve a holographic scaling of
the effective degrees of freedom in our field.

p with |p| ∈ [ks−∆s/2,ks+∆s/2] per radius will scale as

Ns
∆s

∝ k2s , (7)

where Ns is the total number of modes inside shell s. The above scaling is the Fourier space
manifestation of the volume extensive scaling of QFT degrees of freedom. We will now

7
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squeeze the qubits present at these modes into a Hilbert space of dimension 2ns < 2Ns (cf again
figure 2). To approximately achieve holography the radial number density of effective qubits
in the shell should scale as [15] 13

ns
∆s

∝ ks , (8)

where ns is now the effective number of qubit degrees of freedom in shell s. At a first glance
this procedure may seem infeasible, because for high momenta ks it may lead to a vast over-
population of the physical Hilbert space with our unphysical qubits. But the authors of [57]
have shown that—using the embedding procedure we outlined above—the physical Hilbert
space can indeed be exponentially overcrowded with qubits (i.e. ns ∼ lnNs) while still keep-
ing the operator norm of the anti-commutator of any pair of qubits smaller than some small
parameter ϵ.

Note that, in order to achieve holography, we do not even need this exponential over-
crowding. We only need polynomial overcrowding,

Ns ∝ n2s . (9)

This leads us to our first result: in section 3 we show that in order to make theWeyl field obey a
holographic scaling of the effective degrees of freedom and also satisfy the Bekenstein bound
for the box of size L, we need to allow overlaps of the creation and annihilation operators for
different field modes that are bounded by

|{ĉ†p, ĉq}| < ϵ(k) ≈

√
48log(ksL)

απ (ksL)
2

ΛUV

Λsp

for all |p| ≈ k≈ |q|, p ̸= q . (10)

Here α=∆s/ks is the relative width of the Fourier space shells, ΛUV is a UV-cutoff of our
theory, andΛsp is our analog of the so called species scale beyond which quantum gravitational
effects are expected to become significant and different particle species present in the EFT of
our Universe cannot be resolved anymore [58–64]. In this paper we define Λsp in terms of the
Planck scale ΛPlanck as

Λsp ≡ ΛPlanck

√
Ndof,ψ/Ndof,total , (11)

where Ndof,total are the total number of degrees of freedom present in the Universe and Ndof,ψ

are the degrees of freedom contributed by ψ̂. As we discuss in sections 3.2 and 3.3, both
our definition of Λsp as well as the orders of magnitude we consider for the ratio Λsp/ΛPlanck

differ from typical discussions in the literature referenced above. In order to draw from the
intuition built around the species scale, and in order to simplify many of our expressions, we
nevertheless go ahead with the definition in equation (11).

Note that the bound of equation (10) is not an ansatz of ours, but a consequence of the
Johnson-Lindenstrauss theorem together with our requirement that the effective number of
field modes in each Fourier space shell scale like ns ∝ ks∆s (cf our discussion in section 3).We
plot ϵ(k) for different values of the ratio ΛUV / Λsp in figure 3, fixing α= 0.01 and choosing L

13 According to [11, 55, 56] the effective degrees of freedom should deplete even more quickly than this naive area
scaling—cf our comment in section 8.

8
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Figure 3. Bound on the anti-commutator {ĉ†p, ĉq} induced for modes p ̸= q, |p| ≈ k≈
|q|, due to squeezing the degrees of freedom of our field into too small Hilbert spaces
via the Chao-Johson-Lindenstrauss embedding (cf section 3). At energies probed by
the Large Hadron Collider or at energies of everyday life (cf small arrows) the bound
is vastly smaller than the operator norms of ĉp, ĉ

†
p, indicating that any pair of Fourier

modes behave as almost independent degrees of freedom. Different lines assume differ-
ent ratios between the UV-cut of our theory and the (pseudo-)species scale Λsp defined
in equation (11).

to be today’s physical size of the future particle horizon of ourΛCDMUniverse (i.e. the largest
distance to which wewill ever be causally connected; this is slightly larger than today’s Hubble
radius, see [16]). The bound ϵ(k) is in fact decreasing with increasing wave number k, i.e. at
higher energies the overlap between different modes becomes more and more suppressed. At
energies probed by the Large Hadron Collider it falls down to∼10−43, indicating that any pair
of Fourier modes in that regime behave as almost independent degrees of freedom (though see
the end of section 3.2 for a more nuanced discussion, including a heuristic understanding of
the scaling in figure 3 using intuition from AdS/CFT).

To investigate potential dynamical consequences of the non-vanishing Fourier mode over-
laps, we consider a Hamiltonian for our field that takes the same form as for the standard
non-overlapping Weyl field,

Ĥ=
∑
p

|p|
{(

ĉ†pĉp−
1
2

)
+

(
d̂†pd̂p−

1
2

)}
≈
∑
shell s

ks
∑
p∈s

{(
ĉ†pĉp−

1
2

)
+

(
d̂†pd̂p−

1
2

)}
, (12)

where in the second line we made explicit our decomposition of Fourier space into a set of
shells. Within each shell the occupation number operators N̂p = ĉ†pĉp, N̂q = ĉ†qĉq of different
Fourier modes p and q will not commute anymore. This also means that [Ĥ, N̂p] ̸= 0 and the

9
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occupation number in a given Fourier mode is not conserved, despite equation (12) formally
looking like the free field Hamiltonian. To determine the severity of this effect we first define
plane wave states in our theory through the following steps:

• consider the states |ψ(t)⟩ which at an initial time t0 start in the eigenspace of N̂p with eigen-
value +1, i.e. N̂p|ψ(t0)⟩=+|ψ(t0)⟩;

• in this subspace, find the states that minimize

∣∣∣∣[ d2

dt2 ⟨ψ(t)|N̂p|ψ(t)⟩
]
t=t0

∣∣∣∣ ;
• this condition is still satisfied by an entire subspace of states, so our final selection step

is to choose the candidate state that initially has the lowest energy expectation value
⟨ψ(t0)|Ĥ|ψ(t0)⟩.

In the following we will use the notation |p⟩ ≡ |ψ(t0)⟩, where |ψ(t)⟩ is chosen as explained
above, and we will consider |p⟩ as the closest equivalent our theory has to the standard plane
wave state ĉ†p|0⟩ for the non-overlapping Weyl field. In the standard theory, plane wave states
would be eigenstates of the Hamiltonian operator and thus have a trivial time evolution. In
our holographic version of the Weyl field this is not the case anymore. Operators N̂p and N̂q
for different modes p,q do not commute any longer, and thus the Hamiltonian (which is a
sum over all the different occupation number operators) does not commute with any of the N̂p
either. As a consequence, time evolution will move the states |p⟩ out of the +1-eigenspace of
N̂p. Note however that we have assumed different Fourier space shells to be non-overlapping,
so the initial probability amplitude in |p⟩will only be re-distributed with the shell that contains
p. Since in our fiducial construction the overlaps between different modes is independent of
their relative direction, we interpret this modified time evolution as an isotropic scrambling
of plane waves (or equivalently, of the information stored in plane wave excitations) within
their Fourier space shells. This indicates a breaking of Lorentz symmetry (in particular, of
momentum conservation), and we discuss implications of that in section 3.4.

To quantify the severity of the scrambling effect, we estimate a characteristic lifetime of
plane waves as

1
T2
scramble

=−E
{

d2

dt2
⟨p|N̂p|p⟩

}
, (13)

where the expectation value E{·} is taken with respect to the random vectors that are used in
the CRSV-embedding to construct representations of the different field modes (cf section 3).
In appendix C.2 we demonstrate analytically that the following relation between Tscramble and
the momentum |p| holds in the large-ns limit (cf more details also in section 4):

d2

dt2
⟨p|N̂p|p⟩ ∝

|p|2

|p|L
(14)

⇒ Tscramble ∝

√
L
|p|

. (15)

The exact amplitude of this scaling depends on the values of different parameters of our con-
struction, and we explain in section 4.2 that it is given by

Tscramble ≈ 2π2√α
(

Λsp

ΛUV

)2
√

L
|p|

. (16)

10
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Figure 4. Lifetimes of plane waves in the holographic Weyl field depend on the UV-
cut of our theory. We display the corresponding free path as a function of plane wave
energy according to our calculations in appendix C.2 (see also section 4.2) for ΛUV =
Λsp (blue, dotted line), for ΛUV = 10−3Λsp (orange, dash-dotted line), and for ΛUV =
470ΛLHC (green, dashed line), where ΛLHC = 14TeV represents the collision energies
reached at the LHC and Λsp ≈ 10−1ΛPlanck is the (pseudo-)species scale that appears in
our construction (cf our discussion in section 3.3). All of the displayed lines assume a
static Universe and a light-like dispersion relation.We also indicate the energies and path
lengths for a number of known and resolved sources of neutrino emission—cf table 1
for more details. To explain how all of these events could have been observed, we need
to assume a break down of neutrino EFT at ≲500 times ΛLHC.

In sections 3.2 and 3.3 we argue for fiducial values of the IR-scale, L, and the relative width of
holographically compressed Fourier space shells, α. This makes the ratio ΛUV/Λsp the main
unknown in the above expression. In particular, a higherΛUV seems to lead to a stronger scram-
bling. This can be understood as follows: a higher ΛUV means that our field has more modes,
which in turn requires larger mode overlaps in order to still satisfy the cosmic Bekenstein
bound. Figuratively speaking, the mode overlaps generate a ‘cosmic fog’ and that fog has to
become thicker when ΛUV is increased, i.e. when more modes are allowed to exist. In figure 4
we illustrate the impact of choosing different UV-cuts, fixing the other parameters to fiducial
values detailed in sections 3.2 and 3.3. In that figure we also indicate the typical energies and
travel distances of neutrinos created by a number of known and resolved sources (see also
table 1 for a summary; we assume that the neutrino dispersion relation is still close to light-
like in order to translate lifetimes to distances). The fact that we can meaningfully compare
effects of holography to such low-energy observations (low-energy compared to the Planck
scale) is indicative of a characteristic property of the theory of quantum gravity: it does not
exhibit the UV/IR de-coupling that is present in e.g. effective field theories [11]. We provide a
more detailed discussion of the results of this comparison in section 4, but the highly energetic

11



Class. Quantum Grav. 41 (2024) 195003 O Friedrich et al

Table 1. Known and resolved sources of neutrinos, their typical energies and their travel
distances. In order for the travel time of these particles to be shorter than the plane
wave scrambling time of our holographic construction, we need to impose UV cutoffs
that are significantly below the Planck scale and, in fact, even below the species scale
Λsp, which for standard model degrees of freedom we assume to be ≈10−1ΛPlanck (cf
our discussion in section 3.3). The most constraining UV-cut we derive is however still
safely above energy scales probed at the LHC; cf the 4th column. Holography and the
UV cutoffs also combine to suppress vacuum energy density significantly compared to a
standard FermionwithΛUV = ΛPlanck (but not enough to solve the cosmological constant
problem; cf 5th column). The table employs our fiducial assumption that about 1% of
the Universes degrees of freedom are contributed by our holographic Fermion (which is
equivalent to Λsp ≈ 10−1ΛPlanck). Whether this is a realistic assumption depends on the
degree to which different quantum fields overlap with each other (cf again section 3.3).

Neutrino
sources

characteristic
energy scale

travel
distance
dsource

UV-scale where
Fermion EFT must
break down in order
to ensure
dsource < Tscramble/c

vacuum energy
suppression
(due to
holography &
UV-cut)

ATLAS
[65]

≲14 TeV 50 m 1.04ΛPlanck

= 9.1 · 1014ΛLHC

1.4 · 10−31 (for
ΛUV = ΛPlanck)

CERN →
Gran
Sasso [66]

∼30 GeV 731 km 4.0 · 10−2ΛPlanck

= 3.5 · 1013ΛLHC

1.9 · 10−36

Solar (e.g.
[67])

<18 MeV 1.5 · 1012 m 1.8 · 10−4ΛPlanck

= 1.6 · 1011ΛLHC

1.1 · 10−44

SN 1987A
[68, 69]

≲20 MeV 1.6 · 1018 m 1.7 · 10−7ΛPlanck

= 1.5 · 108ΛLHC

2.9 · 10−55

TXS
0506+056
[70]

∼290 TeV 4.1 · 1025 m
≈ 1.3 Gpc

5.4 · 10−13ΛPlanck

= 4.7 · 102ΛLHC

1.7 · 10−74

neutrino emission observed from blazar TXS 0506+056 requires ΛUV < 470ΛLHC, where we
takeΛLHC = 14TeV. So electroweak theory should bemodified only a few orders of magnitude
above modern particle physics experiments. In section 4.3 we argue that this is still consistent
with current measurements of the cosmic neutrino spectrum by IceCube (cf figure 7 in that
section). The breakdown of our effective theory beyond the energy ΛUV should happen either
as a sharp cutoff or as a transition to ‘super-holographic’ mode overlaps, because any modes
present beyond ΛUV need to be squeezed into a very small part of the total Hilbert space in
order to still satisfy the Bekenstein bound. Note that the fact that we findΛUV ≪ Λsp is in itself
surprising, since usually Λsp is expected to be the scale of EFT-breakdown (see e.g. [60, 63]).
We discuss this point further in section 8.

Apart from the behaviour of plane waves, it is also possible to understand the dynamics of
our field more generally. In appendix C.1 we use results from random matrix theory to derive
that the set of eigenvalues of the Hamiltonian in each individual shell of equation (12) is given
by

12
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Figure 5. Suppression of minimum eigenvalue of the Hamiltonian (compared to the
case of non-overlapping degrees of freedom) in a Fourier space shell s of our holo-
graphic Weyl field as a function of its overcrowding Ns/ns (= Neff/ log2(dimH) in the
figure label). Note that Ns ∝ k2s∆s and ns ∝ ks∆s, where ∆s is the width of the shell
and ks its radius. Thus, Ns/ns ∝ ks, i.e. the x-axis of the figure is proportional to shell
radius. The different symbols represent measurements of vacuum energy suppression in
simulated realisations of the Fourier space shells for ns = 4,8,12. Overall 640 independ-
ent realisations of those simulations have been averaged to obtain these measurements.
The transparent bands indicate the standard deviation of the individual realisations. The
dashed line displays our theoretical prediction for the suppression of vacuum energy,
as derived in appendix C. Note that due to numerical limitations we were only able
to simulate very low dimensional shells. Our theoretical prediction will become even
more precise at higher values of ns and Ns because it describes an asymptotic, high-
dimensional limit.

{λ}=

{
ks
2

ns∑
i=1

λi si

∣∣∣∣∣ {si } ∈ [−1,+1]ns
}
, (17)

where λi are the positive eigenvalues of a generalisedWigner matrix. Using a rigidity property
for the eigenvalues of Wiger matrices derived by [71] the ith of these eigenvalues will be given
with high accuracy by the i/ns-quantile of a Wigner semi-circle distribution. In particular we
are able to derive the vacuum energy in a Fourier space shell of width ∆s and radius ks as

Emin,s ≈−Nsks
2

·
(

8
3π

√
ns
Ns

)
. (18)

In figure 5 we have used simulated realisations of overlapping qubits to show that this result is
accurate already for quite low numbers of field modes. At energies (and hence mode numbers)

13
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relevant for high-energy physics, it represents a strong suppression with respect to the non-
overlapping Weyl field, whose vacuum energy in each shell would simply be −Nsks/2. When
choosing ΛUV = ΛPlanck the total vacuum energy of the field is lowered by a factor of ∼10−30

(which is however not enough to alleviate the cosmological constant problem).
Finally, in section 5 we investigate the impact of the overlapping Fourier modes on the real

space propagator {iψα(x)†,ψβ(y)}. After tracing out the spin degree of freedom labelled by
α,β we obtain∑

α

{iψα (x)† ,ψα (y)}= 2iδD (x− y)+ 2iC(x,y) . (19)

The first term on the right hand side of equation (19) is the result one would obtain for the
standard Weyl field and the second term is a correction induced by the mode overlap. Since
we squeeze the degrees of freedom of our field into the true, physical Hilbert space of the
field via a stochastic procedure, the function C(x,y) is also stochastic. It vanishes on average,
E[C(x,y)] = 0, but it fluctuates with an amplitude√

E [|C(x,y) |2] = 1√
64π5

(
Λ2

UV

L

)(
ΛUV

Λsp

)
, (20)

where L is again the IR scale corresponding to the size of the box to which we confine our
field, ΛUV is a UV cutoff and Λsp is the (pseudo-)species scale appearing in our construction.
Note that the amplitude of the correction term is in fact independent of x, y and in particular
their distance. So, within our construction, a holographic scaling of the effective field degrees
of freedom manifests itself as a stochastic, long-range contribution to the field propagator. In
particular, the correction can be interpreted as a source of non-locality because the field and
its conjugate momentum do not anti-commute at non-zero, equal-time distances.

Since the correction term 2iC(x,y) in equation (19) has a scale independent amplitude, it
is tempting to assume that the standard term 2iδD(x− y) will always dominate the propagator
at sufficiently small distances x− y. To make this assumption more precise, and in order to
test it, we smooth our field with a Gaussian test function of width R (standard deviation). The
resulting smoothed field ψ̂R has the propagator∑
α

{iψR,α (x)† ,ψR,α (y)} = 2iCR (x,y)+
2i√

(4π)3R6
e−

1
4R2

|x−y|2 ≡ 2iDR (x,y) , (21)

where for simplicity we have again taken the trace over spin degrees of freedom, and where
CR(x,y) is an appropriately smoothed version of C(x,y). We can then compare the average
fluctuation of the long-range propagator (which is dominated by CR(x,y)) to the average local
propagator (which is given by the standard local propagator because E[CR] = 0). In particular,
we consider the ratio of these two and in section 5 we obtain

E
[
|CR (x,y) |2

]
E [DR (x,x)] E [DR (y,y)]

=
8
π2

(
R
L

)2(
ΛUV

Λsp

)2

. (22)

The square root of this ratio is displayed in the lower panel of figure 8 for different values of
the ratioΛUV/Λsp. Even for cosmologically large smoothing scales (R ∼ 100Mpc) the typical
amplitude of the long-range propagator remains at a level of<1% of the local anti-commutator.
So the non-locality induced by our holographic scaling of the effective field degrees of freedom
seems to become significant only on very large scales. In a sense, this is just the real space
equivalent of our result regarding the mode anti-commutators {ĉ†p, ĉq} from figure 3.
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1.2. Summary of assumptions and modelling choices

We discuss the assumptions and caveats of our analysis in detail in section 8, but we already
want to give a brief summary of our most crucial approximations and modelling choices here.

(A) We construct our holographic field by covering the space of Fourier modes of the field with
non-overlapping shells of constant relative width. The modes in each shell are then made
to overlap with each other in an isotropic way that ignores how close any two modes are in
Fourier space (though we do consider alternatives to our fiducial construction in section 6).

(B) The mode overlaps are stochastic, following the algorithm proposed by [38]. At first
glance, this may seem peculiar, but we argue in section 7 that this stochasticity is to
be expected in a framework where quasi-classical degrees of freedom emerge from an
ensemble of abstract quantum theories.

(C) We assume our holographic Weyl field to have a sharp UV-cutoff. This causes Lorentz
invariance violations, which we discuss in section 3.4.

(D) We discretise our field on a rectangular grid, which adds to the Lorentz invariance violation
mentioned above.

(E) Our model implements a naive equal-time version of holography. We argue in sections 3.4
and 8 that a more appropriate construction would quantise the Weyl field on a light-sheet,
i.e. it would implement the co-variant entropy bound [3].

(F) We assume that the future, co-moving particle horizon serves as an IR-cutoff to our model.
This is the largest distance in today’s Universe, to which wewill ever be causally connected
[16].

(G) We assume that the species scale is determined purely by the standard model degrees of
freedom. We also allow our (effective) theory to break down at energies far below the
species scale. This is in fact needed in order for our results to be consistent with cosmic
neutrino observations, as we demonstrate in sections 4.2 and 4.3.

(H) We assume that the Hamiltonian of the holographic Weyl field retains the usual form given
in equation (12). In section 7 we argue that this assumption should eventually be replaced
with an algorithm that extracts local field degrees of freedom from abstract Hamiltonian
ensembles.

(I) We ignore cosmic expansion when applying our model to the propagation of cosmic neut-
rinos (an estimate of the mistake made by that approximation is discussed in section 4.3).
Note also that we explicitly assume a spatially flat Universe. In particular, our calcula-
tions do no apply to AdS spacetimes or hyperbolic geometries in general. For example,
the maximum entropy attainable by our field is much lower that the entropy of, say, half
an equal-time slice of an AdS spacetime whose radius equals our IR-scale L.

The holographic quantum field we build based on the above modelling choices is charac-
terised by the following parameters.

• α: the relative with of the shells covering the field’s Fourier space. This can be though of as
the degree to which we allow mode overlaps to mix modes of different energy.

• ΛUV: the UV-cut of our model.
• Λsp: a (pseudo-)species scale defined as Λsp ≡ ΛPlanck

√
Ndof,ψ/Ndof,total, where Ndof,total are

the total number of degrees of freedom present in the Universe and Ndof,ψ are the degrees of
freedom contributed by ψ̂.

• L: the IR-cut of our model.
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In sections 3.2 and 3.3 we motivate fiducial values for all of these parameters except for ΛUV.
Hence, ΛUV (or equivalently the ratio ΛUV/Λsp) is the only parameter we vary in our analysis.

1.3. Structure of the paper

The rest of this paper is structured as follows. In section 2we review basics of theWeyl field and
how to decompose it into a set of qubits. Section 3 then introduces modifications to make the
degrees of freedom of this field obey an approximate area law scaling. We study the dynamics
of our holographic Weyl field in section 4. In particular, results about its energy spectrum are
presented in section 4.1 and we discuss our definition of plane waves and their lifetime in
section 4.2. Section 5 investigates the real space anti-commutator of our field, while section 6
repeats some of our analysis for two possible modifications of our fiducial construction. In
section 7 we put our construction into the context of quantum mereology and discuss why
classical stochasticity like the one present in our qubit overlaps is likely to arise in a dynamical
emergence of classical degrees of freedom from an abstract quantum theory. Finally, section 8
summarises our paper and discusses the (many) questions that are left open by our analysis.

Note that many of our technical results are derived in our appendices (in particular
appendix C) and only quoted in the main text.

2. The Weyl field as a collection of qubits

For the sake of simplicity we consider a Weyl fermion, which corresponds to one of the two
helicity sectors of a massless Dirac fermion. This section serves as a reminder of the Weyl
formalism. We also make explicit in which sense the Weyl field can be decomposed into a
collection of qubits. In section 3 we will use this decomposition to define a modified version
of the Weyl field, in which certain degrees of freedom are ‘overlapping’.

2.1. Weyl field basics

The (left-handed) Weyl spinor is a two-component field ψ with the Lagrangian

L= iψ†σµ∂µψ , (23)

where σ0 ≡ 1 and σi are e.g. the Pauli matrices (we are following here the notation of [72,
73]). The above Lagrangian leads to the equations of motion

σµ∂µψ = 0 . (24)

A general solution to these equations can be expressed as

ψ (x, t) =
ˆ

d3p

(2π)3Ep

{
ap (t)u(p) eipx+ b∗p (t)u(p) e−ipx} , (25)

where the time evolution of the coefficients ap and b∗p is given by

ap (t) = ap,0 e−iEpt , bp (t)
∗
= b∗p,0 eiEpt (26)
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with Ep ≡ |p|, and where u(p) are eigenvectors of the matrix σjpj with eigenvalues +Ep,14

σjpj · u(p) = +Ep u(p) . (27)

Note that in the following we will keep the time dependence of ap and b∗p implicit in our
notation. The reason is that this dependence will deviate from equation (26) once we consider
overlapping degrees of freedom.

Normalising the u(p) such that

u(p)† · u(p) = Ep (28)

ensures that they are orthogonal wrt. the Lorentz invariant momentum space measure

dp̃ :=
d3p

(2π)3 Ep
. (29)

Up to an irrelevant phase factor we can e.g. choose u(p) as [73]

u(p) =
√
Ep

(
e−iϕ sin θ2
cos θ2

)
, (30)

where p= (psinθ cosϕ,psinθ sinϕ,pcosθ)T.
In the quantum version of the above field theory we consider the operator valued field

ψ̂ (x, t) =
ˆ

dp̃
{
âp (t)u(p) eipx+ b̂p (t)

† u(p) e−ipx
}
, (31)

where the operator b̂†p can be thought of as creating an anti-spinor of momentum p while
âp is destroying a spinor with momentum p. At equal times these operators satisfy the anti-
commutation relations

0= {âp, âq}= {b̂p, b̂q}= {âp, b̂q}= {âp, b̂†q} (32)

{âp, â†q}= {b̂p, b̂†q}= (2π)3Ep δD (p− q) . (33)

This ensures that the field operators satisfy the equal-time anti-commutation relation

{ψ̂ (x) , iψ̂ (y)†} (34)

= i
ˆ

dp̃dq̃
[
{âp,a†q} u(p)u(q)

†
+ {b̂†−p,b−q} u(−p)u(−q)†

]
eipx−iqy

= i
ˆ

d3p

(2π)3Ep

[
u(p)u(p)† + u(−p)u(−p)†

]
eip(x−y)

= i 12D δD (x− y) , (35)

as is needed because iψ̂† is the conjugate momentum of the field ψ̂ .

14 Note that u(−p) is then an eigenvector with eigenvalue −Ep. This is why only a single family of functions u(p)
appears in the expansion of equation (25).
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2.2. Decomposition into qubits

To make it explicit that the above field can be considered as a collection of qubits, let us
constrict ψ(x) to a box of finite size L. This means that we have to perform the substitutions

d3p→ (2π)3

L3
, δD (p− q)→ L3

(2π)3
δp,q , (36)

and that integrals over momenta will be replaced by sums over the discrete grid p ∈
{ 2π/L(n1,n2,n3) | ni ∈ Z }. For convenience, we will also consider redefined mode
operators

ĉp =
âp

(EpV)
1
2

, d̂p =
b̂p

(EpV)
1
2

, (37)

such that the new operators satisfy the anti-commutation relations

0= {ĉp, ĉq}= {d̂p, d̂q}= {ĉp, d̂q}= {ĉp, d̂†q} (38)

{ĉp, ĉ†q}= {d̂p, d̂†q}= δp,q . (39)

Our field can now be decomposed in terms of these operators as

ψ̂ (x, t) =
∑
p

1

(EpV)
1
2

{
ĉp (t) u(p) eipx+ d̂p (t)

† u(p) e−ipx
}
. (40)

Usually, each of the grid points p in the above sum represents a 4-dimensional Hilbert space
factor

Hp =Hc
p⊗JW Hd

p (41)

and the total Hilbert space is the tensor product over all these factors,

H=
JW⊗
p

Hp , (42)

where the superscript ‘JW’ again indicates that operators in the individual Hilbert spaces need
to be embedded into the product space via Jordan–Wigner-factors (cf appendix D) in order for
them to anti-commute (as opposed to commute). The ĉp, d̂p and their Hermitian conjugates act
non-trivially only on the factors Hc

p and Hd
p respectively. On the factor Hc

p (and similarly for
Hd

p) we can define

σ̂cx,p = ĉp+ ĉ†p (43)

σ̂cy,p = i
(
ĉp− ĉ†p

)
(44)

σ̂cz,p =−iσ̂cx,pσ̂
c
y,p = 2ĉ†pĉp− 1 . (45)
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These operators constitute a Pauli algebra on the qubit Hilbert space Hc
p. Note however, that

the labels x,y,z are simply notation, and not meant to indicate directions in physical space.
The Hamiltonian of the field can be expressed in terms of these operators as

Ĥ=
∑
p

Ep

{(
ĉ†pĉp−

1
2

)
+

(
d̂†pd̂p−

1
2

)}
=
∑
p

Ep
2

{
σ̂cz,p+ σ̂dz,p

}
. (46)

So our field behaves like a set of non-interacting spins in a p-dependent magnetic field.
Of course, the occupation of different Fourier modes p of the Weyl field does not meas-
ure the state of any actual spins, but rather the existence or non-existence of particles with
momentum p.

3. Fermion field with overlapping qubits

3.1. Chao–Reichert–Sutherland–Vidick embedding

Wewill now use the scheme of [38] for embeddingN qubits into an Hilbert space of dimension
2n < 2N (Chao–Reichert–Sutherland–Vidick embedding, or CRSV-embedding for the rest of
this paper) to create a version of the Weyl field whose effective degrees of freedom approxim-
ately follow an area law scaling. To describe our approach we will focus on the particle part of
the field (the anti-particle part can be treated analogously). We start by covering the entirety
of Fourier space with adjacent but non-overlapping shells {s} (cf our sketch in figure 2), and
we introduce the following notation.

• ks , ∆s :
the central radius and width of Fourier space shell s.

• Ns :
number of qubits inside Fourier space shell s (i.e. the number of momenta p ∈ s).

• ns :
logarithm (to the base 2) of the dimension into which the Ns will be embedded.

For our regular grid in Fourier space we expect

Ns ≈ 4π k2s∆s

/
(2π)3

L3
, (47)

where ks is the central radius of shell s. The scaling Ns ∝ k2s∆s indicates a volume scaling of
the independent degrees of freedom, but we will squeeze the qubits of shell s into a Hilbert
space that is too small for them to be independent. In particular we would like to obtain an
area-scaling of the effective degrees of freedom, such that [15]

ns
Ns

∝ ks∆s

k2s∆s
=

1
ks
. (48)

This will be achieved if

ns = B · 2π ks∆s

/
(2π)2

L2
, (49)

where B is some constant, and where the factors of L/2π are just for later convenience. Along
the lines of [38] we will now proceed as follows:
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(A) For each shell s we choose a 2ns-dimensional matrix representation of the Clifford algebra
with generators C1, … , C2ns .

(B) In the space R2ns , we draw 2Ns random vectors from a standard normal distribution.
(C) We collect these vectors into Ns pairs (corresponding to the Ns momenta p in the Fourier

space shell s), and choose orthonormal bases {|vp⟩, |wp⟩} for the Ns 2-dimensional sub-
spaces spanned by these vector pairs.

(D) For some orthonormal basis {|ej⟩} of R2ns , we define

σc
x,p ≡

2n∑
j=1

⟨ej|vp⟩Cj , σc
y,p ≡

2n∑
j=1

⟨ej|wp⟩Cj , σc
z,p =−iσc

x,pσ
c
y,p , (50)

and we set

cp =
1
2

(
σc
x,p+ iσc

y,p

)
. (51)

(Note that this is slightly different from how [38] had originally defined their embedding.
The reason for this is that we want the creation and annihilation operators for different
modes p1, p2 to approximately anti-commute, while [38] wanted operators on different
qubits to approximately commute.)

(E) The matrices c†p and cp can serve as creation and annihilation operators in the Hilbert space
Hc
s corresponding to shell s. In principle we now only have to stitch together different shells

to obtain the creation and annihilation operators ĉ†p and ĉp in the whole Hilbert space

Hc =
⊗
s

Hc
s . (52)

A naive attempt to do so would be to define ĉp =
(⊗

p/∈s 1s
)
⊗ cp, i.e. to consider a tensor

product of the operator cp (which is defined on the Hilbert space of the shell that contains
p) with the unit operators in all shells that do now contain p. This naive approach would not
work, becausewe need operators ĉp and ĉq that live on different shells to be anti-commuting
(instead of commuting).
To achieve anti-commutation between different shells, we need to insert the appropriate
Jordan–Wigner strings into the above, naive construction. We sketch in appendix D how
this can be done in practice. But the details of this do not matter in the following, since
they do not impact any anti-commutators that are relevant to our calculations.

(F) Finally, we duplicate the above construction for the d-particles and build the full Hilbert
space as the tensor product of the spaces of particles and anti-particles (again, using an
appropriate Jordan–Wigner construction to ensure anti-commutation between c- and d-
operators).

Within the above construction the anti-commutator between the operators ĉ†p and ĉq, where
p and q are in the same Fourier space shell s, becomes
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{ĉ†p, ĉq}=
1
4

∑
jl

⟨vp+ iwp|ej⟩⟨el|vq+ iwq⟩{Cj,Cl}

=
⟨vp|vq⟩+ ⟨wp|wq⟩+ i⟨vp|wq⟩− i⟨wp|vq⟩

2
≡

⟨zp|zq⟩
2

, (53)

where in the second line we have used that ⟨vp+ iwp|= ⟨vp| − i⟨wp|, and in the last line we
have introduced the complex vectors |zp⟩= |vp⟩+ i|wp⟩. Note that in general ⟨zp|zq⟩ ̸= 0 for
p ̸= q, because the vectors |vp⟩, |wp⟩ are more numerous than their dimension (and because we
chose these vector pairs randomly). At the same time, it is easy to check that ⟨zp|zp⟩= 2 and
hence {ĉ†p, ĉp}= 1.

The vectors |vp⟩, |wp⟩ that are used in the above embedding procedure are chosen at random
(cf steps (B) and (C)). As a consequence, the anti-commutators {ĉ†p, ĉq} for p ̸= q become clas-
sical random variables. We demonstrate in appendix B that, as a consequence of the Johnson-
Lindenstrauss theorem (JL-theorem, [38, 39, 74–76]) the vectors {|vp⟩, |wp⟩} can be drawn
such that with a probability >1− δ all anti-commutators in a shell s simultaneously satisfy

|{ĉ†p, ĉq}|<

√
16
ns

ln

(
2Ns√
δ

)
=

√√√√32π log
(
k2s∆sL3/

(
π2

√
δ
))

ksBL2∆s
. (54)

To asses whether or not this is small, we need to specify values for L, ∆s and B. Our fiducial
choice for these parameters is explained in the following subsection.

3.2. Fiducial parameters and appearence of a species scale

Our procedure to construct overlapping creation and annihilation operators for the Weyl field
depends on the values of a number of parameters:

• ∆s: the width of the Fourier space shells {s};
• B: the parameter determining the dimension of the Hilbert space factor, into which the qubits

in one Fourier space shell will be embedded;
• L: the IR scale that induces the discreteness in Fourier space;
• ΛUV: a UV-cutoff.

In the following, we will take the UV scale ΛUV to be a free parameter of our construction. As
we will see later, in order to explain the existence of a number of observed cosmic neutrino
fluxes this scale needs to be significantly lower than the Planck energy scaleΛPlanck. Generally,
having a lowerΛUV will decrease effects of holography (or rather: of the mode overlaps present
in our construction) because is allows us to choose a higher value of B (and thus have smaller
mode overlaps) while still satisfying the Bekenstein bound on the total number of degrees of
freedom present in our field. We will interpret ΛUV < ΛPlanck as an indication that effective
field theories of elementary Fermions need to break down already at sub-Planckian energies.

To fix L, we adopt the approach of [16] who chose their IR scale as the future co-moving
particle horizon of a ΛCDM Universe similar to our own Universe. This scale is finite in a
Λ-dominated cosmos, and it corresponds to the largest distance in today’s Universe to which
we will ever be causally connected. Assuming the best-fitting ΛCDMmodel of [77] we obtain
L≈ 4.5c/H0, where c/H0 is today’s Hubble radius.

For concreteness we will assume a constant relative shell width, i.e. ∆s = αks for some
α≪ 1. This is a somewhat arbitrary modelling choice, and we will quote many of the results
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in later parts of this paper in terms of general shells widths ∆s (or in terms of general values
for ns and Ns) in order to keep these results accessible to generalisation. Generally, having
wider shells leads to a stronger suppression of holographic effects. The reason for this can
be found in the Johnson-Lindenstrauss theorem itself, which states that the qubit overlap ϵ
can be chosen such that ϵ2 ∼ (lnNs)/ns ∼ (ln∆s)/∆s, which decreases as ∆s is increased.
Demanding α≪ 1 seems natural because is leads to an approximately smooth radial mode
density function in Fourier space, and in our fiducial construction we will set α= 0.01.

Finally, we can motivate a choice for B as follows. The overall number of effective qubits
in our construction is given by

Neff = 2
∑
shell s

ns =
BL2

π

∑
shell s

ks∆s ≈ BL2

π

ˆ ΛUV

0
dk k

=
B(LΛUV)

2

2π
, (55)

where the factor of 2 in the first line takes into account that there are both particles and anti-
particles. At the same time the IR scale L will correspond to a real-space boundary area
Aboundary ∼ 4πL2. The Bekenstein bound on the maximum entropy attainable within such a
boundary should then lead to

B(LΛUV)
2

2π
≲ π (LΛPlanck)

2 (56)

⇒ B ≲ 2π2

(
ΛPlanck

ΛUV

)2

. (57)

Note again that a lower UV-scaleΛUV allows us to choose a higher value forB. Since in turn the
qubit overlaps scale as ϵ∼ 1/

√
B this means that holographic effects will be less pronounced.

If our field ψ constituted the only degrees of freedom in the Universe, then the above bound
would be saturated, such that B≈ 2π2 (ΛPlanck/ΛUV)

2 and ns ≈ πL2ks∆s (ΛPlanck/ΛUV)
2. We

will instead take into account the possibility (or rather: certainty) that there are other quantum
fields in the Universe. Assuming that the degrees of freedom of all types of fields (including
spacetime degrees of freedom) individually satisfy an area law scaling leads to

B ≈ 2π2

(
ΛPlanck

ΛUV

)2 Ndof,ψ

Ndof,total
, (58)

where Ndof,total are the total number of degrees of freedom present in the Universe and
Ndof,ψ are the degrees of freedom contributed by the field ψ. Note that the combination
ΛPlanck

√
Ndof,ψ/Ndof,total appearing in equation (58) is reminiscent of the so called species scale

ΛPlanck/
√
Nspecies, where Nspecies is the number of particle species present in the effective field

theory of our Universe. Beyond this scale the individual particle species cannot be resolved
anymore and quantum gravitational effects are expected to become relevant, such that the spe-
cies scale can be thought of as the maximal scale of validity of the EFT [58–64]. As we explain
in section 3.3, ΛPlanck

√
Ndof,ψ/Ndof,total is not perfectly analogous to usual definitions of the

species scale, because Bosonic and Fermionic species contribute differently to Ndof,total. But
in order to draw from the intuition built around the species scale (and in order to simplify our
expressions) we nevertheless define the scale

Λsp ≡ ΛPlanck

√
Ndof,ψ/Ndof,total . (59)
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Note especially, that throughout the rest of our paperΛPlanck,Ndof,ψ andNdof,total always appear
in the above combination. For example, equation (58) then simplifies to

B ≈ 2π2

(
Λsp

ΛUV

)2

. (60)

With our above choices for ∆s and B the bound on qubit overlap from equation (54) now
becomes

|{ĉ†p, ĉq}|<

√√√√32π log
(
k2s∆sL3/

(
π2

√
δ
))

ksBL2∆s

=

√√√√16
[
3ln(ksL)+ ln

(
α/π2

√
δ
)]

απ (ksL)
2

ΛUV

Λsp

≈

√
48log(ksL)

απ (ksL)
2

ΛUV

Λsp
for ks ≫ L . (61)

As we already noted in section 1, this bound is decreasing with increasing wave number k.
This means that at higher energies the overlap between different modes becomes more and
more negligible. In figure 3 we display the bound for different values of the ratio ΛUV / Λsp

in figure 3, fixing α= 0.01. At everyday scales k∼ cm−1 the anti-commutators {ĉ†p, ĉq} have
absolute values ≲10−27, and at energies probed by the Large Hadron Collider they drop to
≲10−43, indicating that any pair of Fourier modes in this energy range behaves as almost
perfectly independent degrees of freedom.

At energy scales ks ∼ ΛUV the above bound on |{ĉ†p, ĉq}| is suppressed by a factor
∼1/(ΛspL). This may indicate that ΛspL plays a similar role as the parameter N in AdS/CFT
implementations of holography (i.e. as the size N of the gauge group of the boundary CFT).
Note however that even below energies ∼ΛUV the typical anti-commutator {ĉ†p, ĉq} remains
small (compared to the operator norms of c†p, ĉq) as long as ksL≫ 1. In general, one can inter-
pret the suppression ofmode overlaps displayed in figure 3 as a consequence of the JL-theorem:
At fixed ϵ it predicts an exponential scaling Ns ∼ exp[nsϵ2], but in order to achieve holography
we only need polynomial scaling between Ns and ns! This allows us to choose a running ϵ
instead, that quickly decreases with increasing energy. The decrease in ϵ needed to achieve
holography can also be heuristically understood using intuition from AdS/CFT15: High energy
modes have smaller wavelengths, and can therefore fit into smaller entanglement wedges if
pushed towards the AdS/CFT boundary. Thus there will be fewer entanglement wedges with
which such modes have significant overlap, so that their non-locality is suppressed. In par-
ticular, modes near the boundary are quasi-local in AdS/CFT. Of course, one caveat to this
explanation is the fact that we never actually define a boundary theory (though we potentially
get close to it, cf the discussion below as well as in section 8). Hence, it is not entirely evident
whether our model should benefit from such an AdS/CFT-inspired reasoning.

Note that the above construction of an approximately holographic Weyl field with overlap-
ping degrees of freedom explicitly reduces the Hilbert space dimension of the field beyond
just the usual reduction caused by imposing UV and IR cutoffs to a field theory. We thus do

15 We thank an anonymous referee for this interpretation.
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not expect that the phenomenology we derive in later sections of this paper can be fully cap-
tured by a standard, 3+1 dimensional effective field theory. In appendix C we re-formulate
our model in terms of non-overlapping degrees of freedom (whose number follows an area law
by construction) and we explicitly derive the Hamiltonian of that dual model (assuming that
the Hamiltonian in terms of overlapping degrees of freedom still has the standard Weyl form).
That dual Hamiltonian turns out to be highly non-local in the new degrees of freedom. We
think that this suggests the following viewpoint: a 2+1 dimensional theory that is highly non-
local can be interpreted as a close-to-local 3+1 dimensional field theory, if we allow the mode
operators of the latter to overlap slightly (see also the corresponding discussion in section 7).

3.3. Degrees of freedom of other quantum fields and the value of Λsp

The standard model has 90 Fermionic and 28 Bosonic field degrees of freedom [78].
Neglecting Bosonic fields, and assuming that all Fermion degrees of freedom behave in a
way similar to our holographic Weyl field, it seems that Ndof,ψ / Ndof,total < 1/90. Of course,
Bosonic degrees of freedomwill account for vastly more effective qubit degrees of freedom, so
a much smaller ratio Ndof,ψ / Ndof,total may seem likely. Technically, Bosons should contribute
infinitely many qubits, but in the light of the holographic principle it has been argued that this
is unphysical [14–16]. Let us assume that Bosonic degrees of freedom are approximated in the
real Universe with generalised Pauli operators [16, 37] of dimension ∼1000. This number is
admittedly ad hoc, but the number of qubits contributed by such approximate Bosonic degrees
of freedom depends only logarithmically on the dimension of the generalised Pauli operators.
We would then expect Ndof,ψ / Ndof,total < 1/(90+ 28log2 1000) ≈ 0.003.

So, if we attempt tomodel e.g. a neutrino of the standardmodel with our holographic version
of the Weyl field, then it seems that we should use Ndof,ψ / Ndof,total ≲ 0.003. This however
assumes that all the different fields in the standard model are independent and that there is
no overlap between those fields (i.e. that field operators between different species perfectly
commute/anti-commute). We consider this unlikely, and thus take the somewhat larger value
of

Ndof,ψ / Ndof,total ≈ 0.01 (62)

to be our fiducial choice in the rest of this paper. Correspondingly, our fiducial species scale
will be

Λsp =

√
Ndof,ψ

Ndof,total
ΛPlanck ≈ 0.1ΛPlanck . (63)

This choice forΛsp differs from the species scale that is e.g. considered by [61–64] for two reas-
ons. First, we only take into account standard model fields whereas string theory approaches to
quantum gravity can predict significantly more particle species. Note however that the number
of EFT-fields emerging from string theory does not seem to be as large as originally thought
[79, 80] and is in fact bounded by 1/g2s , where gs is the string coupling. The value of gs that
is realised in our Universe is as of yet unknown, and we will thus stick to the known standard
model degrees of freedom.

A second reasonwhy our definition ofΛsp is unusual is the fact that the ratioNdof,total /Ndof,ψ

does not simply count the number of particle species, but in fact up-weighs Bosonic degrees
of freedom by lnd, where d is the dimension of the Hilbert space in which the Bosonic field
modes are approximated (e.g. via generalised Pauli operators [16, 37]; see the explanations at
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the beginning of this sub-section). This will however only have an effect of ≲ lnd on Λsp, so
we will interpret our Λsp as the species scale for the remainder of this paper.

3.4. Breaking of Lorentz symmetry

Our construction breaks Lorentz invariance for a number of reasons:

(A) we assume hard UV and IR cutoffs;
(B) we have employed a naive equal-time version of holography instead of imposing area

scaling on a light-sheet;
(C) we have used non-local mode overlaps to build our holographic Fermion field.

We leave it to future work to address point (B) by e.g. quantizing our field directly on a
cosmic light-sheet and then imposing holographic mode overlaps on that sheet. This may also
address our need for an IR-cut, since the light-sheet naturally ends at the cosmic horizon.

In section 4.2 we show that it is a consequence of point (C) that plane waves in our field
have a finite lifetime. In particular, we show that over time the power in a wave with wave
vector p is isotropically scrambled to other modes q of similar absolute wave number |q| ≈ |p|.
Such a breaking of Lorentz symmetry is likely related to ideas of modified dispersion relations
for relativistic particles, which have been proposed as a generic feature of quantum gravity
before (e.g. [81, 82]). At the same time, we demonstrate that the plane wave lifetime can be
made cosmologically large by choosing a UV-cut that is far below the Planck scale, but still
reasonably above the energies of current particle physics experiments.

This turns point (A) into the main cause of our Lorentz symmetry breaking. It has been
argued that quantum fields can be UV-regularized in a Lorentz invariant manner [83, 84] via
dimensional regularisation. But this regularisation scheme has also been criticised as being
a mere mathematical trick that lacks concrete implementations [85]. Instead of assuming a
sharp cutoff at ΛUV we could have modelled our UV-cut as a transition from a holographic
mode density below ΛUV to a ‘super-holographic’ mode density above ΛUV. This means that
instead of squeezing the ∼k2s∆s modes of Fourier space shell s into ∼ks∆s physical modes
one would impose a stronger squeezing when ks > ΛUV. With a sufficiently strong super-
holographic squeezing, this may still satisfy the cosmic Bekenstein bound with a similar value
for ΛUV.

We leave it to future work to investigate the extent to which such a regularisation scheme
together with a light-sheet quantisation would restore Lorentz symmetry. But it is already
clear, that even with such a revised model the restoration of Lorentz symmetry will not be per-
fect. And as soon as we try to describe several, interacting particle species within our frame-
work this residual breaking of Lorentz invariance may be particularly problematic. It has been
demonstrated by [86] that standard schemes to regularise interacting quantum field theories
lead to unacceptable Lorentz breaking effects at low energies, even if the regularisation scales
are chosen at unobservably high energies. In single species QFTs such a low-energy Lorentz
breaking can be absorbed into a renormalised speed of light, but as soon as multiple fields are
interacting, a preservation of low-energy Lorentz invariance seems to require either supersym-
metry or an unnaturally fine tuning of how different fields are regularised [87]. The authors
of [88] have argued that these findings can be circumvented in non-perturbative approaches to
QFT/quantum gravity, but [89] has objected that their argument only applies in non-generic
situations and relies on Euclidean symmetries that are not present in Lorentzian field theory.
In particular, according to [89] the need for fine tuning remains in more general scenarios. It
is at the moment unclear, to which degree the above discussion regarding Lorentz-violating
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regularisation schemes maps onto our construction based on overlapping degree of freedom.
But we consider it likely, that similar arguments apply to our situation, at least as soon as we
consider interactions between different particle species.

We would like to stress that there are reasons to believe that the breaking of Lorentz sym-
metry is physical [14, 85, 90]. In particular, if spacetime and local degrees of freedom emerge
as approximations to a more abstract class of quantum theories—as is e.g. assumed by the
quantum mereology program [57, 91–93]—then also the symmetries of the emergent space-
time should be approximate. If Lorentz invariance is indeed broken, then [87] suggest that the
requirement of fine tuning should not be viewed as an obstacle, but rather as a guide for find-
ing the correct UV-theory. For the mereology program this would mean that the fine tuning
needed to approximate Lorentz symmetry at low energies should be implicit in the algorithm
that extracts local, quasi-classical degrees of freedom from abstract classes of quantum theor-
ies. In section 7 we describe the mereology program in more detail and we discuss the extent
to which our model fits into that framework. In particular, we argue that the emergence of
quasi-classical degrees of freedoms from abstract Hamiltonian ensembles would give rise to
stochastic features like those present in our model via the random mode overlaps. Modifying
previous attempts at mereology to include Lorentz-preserving fine tunings is however beyond
the scope of this work.

Finally, note that models of quantum gravity around an AdS background seem to strongly
respect Lorentz invariance (see e.g. [94]) while at the same time implementing holography
via the AdS/CFT correspondence. To see whether our construction can recover this result we
would have to extend it to AdS backgrounds and in particular to hyperbolic geometry. This
would significantly alter equations (55)–(57), and we leave the task of studying such modific-
ations for future work.

4. Dynamics of the holographic Weyl field

Let us define

ψ̂c (x) =
∑
p

1

(|p|V)
1
2

ĉp (t) u(p) eipx ;

ψ̂d (x) =
∑
p

1

(|p|V)
1
2

d̂†p (t) u(p) e−ipx , (64)

where we have expanded the field in terms of time dependent ladder operators ĉp(t) and d̂
†
p(t)

instead of writing explicitly what this time dependence is. This is necessary because our use
of overlapping qubits may change time evolution and we may in general have

dĉp
dt

̸=−i|p|ĉp ,
dd̂†p
dt

̸= i|p|d̂p . (65)

We will investigate one particular choice for the Hamiltonian operator of our Fermion, namely
we will assume that it remains of the form

Ĥ=
∑
p

|p|
{(

ĉ†pĉp−
1
2

)
+

(
d̂†pd̂p−

1
2

)}
≈
∑
s

ks
2

∑
p∈s

{
σ̂cz,p+ σ̂dz,p

}
≡
∑
s

Ĥs , (66)
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where in the second line we have made explicit that the field is a sum over independent (non-
overlapping) Fourier space shells s, and where we assumed that all momenta p in one shell s
have similar absolute values |p| ≈ ks. Because of the overlap between the operators ĉp, d̂p in
one shell, the spectrum of this operator is different from the energy spectrum of a standard
Weyl field. Also, the time evolution induced by this Hamiltonian will differ from the standard,
non-overlapping case. In the following, we study instances of both of these modifications.

4.1. Energy spectrum and re-formulation as non-local Heisenberg model

In section 3 we defined the operator algebra representing an individual Fourier mode p in a
Fourier space shell s of the particle sector of our field as

σc
x,p ≡

2n∑
j=1

⟨ej|vp⟩Cj , σc
y,p ≡

2n∑
j=1

⟨ej|wp⟩Cj , σc
z,p =−iσc

x,pσ
c
y,p .

From these operators we could then define annihilation operators as

cp =
1
2

(
σc
x,p+ iσc

y,p

)
.

This way we constructed a potentially large number of overlapping qubits to make up our
holographic Weyl field. But since the Hilbert space of Fourier space shell s of our field has
dimension 2ns , we can also decompose our construction into a set of non-overlapping qubits.
Let us e.g. define the creation and annihilation operators of these qubits as

Âj ≡
1
2
(C2j−1 + iC2j) , Â

†
j ≡

1
2
(C2j−1 − iC2j)

⇒ C2j−1 = Âj+ Â†
j , C2j =−i

(
Âj− Â†

j

)
.

In appendix C we show that with these non-overlapping creation and annihilation operators
the Hamiltonian Ĥs in each Fourier space shell can be re-written as

Ĥs =
ks
2

(
Â†
1, . . . , Â

†
n, Ân, . . . , Â1

)
K



Â1

. . .

Ân
Â†
n
. . .

Â†
1

 , (67)

where K is a stochastic coefficient matrix which can be characterised as a generalised Wigner
matrix (with the additional property of anti-persymmetry, cf appendix C.3). Equation (67) can
be considered as defining a non-local Heisenberg model with general 2-site interactions. In
appendix C.1 we show that the eigenspectrum {λH} of this Hamiltonian can be deduced from
the positive half of the eigenvalues {λK} of that coefficient matrix via

{λH}=

{
ks
2

ns∑
i=1

λK,i si

∣∣∣∣∣ {si } ∈ {−1,+1}ns
}
, (68)

i.e. the eigenvalues of Ĥs are proportional to sums over the positive eigenvalues of K with
all possible sets of prefactors ±1. The reason why only positive eigenvalues of K appear in
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this result is that all eigenvalues λ of K come in pairs ±λ (because of the above mentioned
anti-persymmetry, cf appendix C.3).

Up to one additional symmetry, the coefficient matrix K is a generalised Wigner matrix,
and the eigenvalues of such matrix ensembles are very well understood (see e.g. [71, 75, 95]).
In particular, a rigidity property derived by [71] states that in the limit ns →∞ the ith of these
eigenvalues will be given with increasing accuracy by the i/ns-quantile of aWigner semi-circle
distribution. In appendix C.1 we use this result to derive that the vacuum energy in a Fourier
space shell s as a function of ks, Ns and ns is given by

Emin,s ≈−Nsks
2

·
(

8
3π

√
ns
Ns

)
. (69)

In figure 5 we have used simulated realisations of overlapping qubits to show that this res-
ult is already accurate for very low numbers of field modes (cf appendix A for a description
of those simulations). At energies (and mode numbers) relevant for high-energy physics, it
will be even more accurate because of the asymptotic nature of random matrix theory results
[95]. Equation (69) result represents a strong suppression wrt. the non-overlapping Weyl field,
whose vacuum energy in each shell would simply be−Nsks/2. When choosing ΛUV = ΛPlanck

the total vacuum energy of the field is lowered by a factor of ∼10−30 (which is however not
enough to alleviate the cosmological constant problem).

4.2. Lifetime of plane waves

To investigate the impact of holography on the dynamics of our field further, we study the
behaviour of plane wave states. Unfortunately, the vacuum state of our Hamiltonian is not an
eigenstate of the occupation number operators N̂p of any of our overlapping Fourier modes
p. As a consequence, we cannot create a state in which a single mode is excited by acting on
the vacuum state with a creation operator ĉ†p . Instead, we proceed as follows to define a state
which approximates a plane wave excitation of our field with energy p:

(A) First we consider the subspace of states |ϕ⟩ with N̂p|ϕ⟩=+|ϕ⟩. These are the states in
which we would measure the occupation number of p to be 1.

(B) In this subspace, we find the states that minimize
∣∣∣ d2dt2 ⟨ϕ|N̂p|ϕ⟩

∣∣∣. These plane wave can-

didate states will be most stable in time. (Note that d
dt ⟨ϕ|N̂p|ϕ⟩ ≡ 0 for all eigenstates

of N̂p.)
(C) Condition (B) is still satisfied by an entire subspace of states (cf appendix C.2), and our

final selection step is to choose the candidate state that has the lowest energy expectation
value ⟨ϕ|Ĥ|ϕ⟩.

We denote the state defined through conditions (A)–(C) with |p⟩ and we consider it as the
closest equivalent our theory has to the standard plane wave state ĉ†p|0⟩ for the non-overlapping
Weyl field. We then estimate a characteristic time scale for the stability of this plane wave via
the equation

1
T2
scramble

≡−E
{

d2

dt2
⟨ψp|N̂p|ψp⟩

}
. (70)

Here the expectation value E{·} is with respect to the random vectors vp and wp that were
used to define the Pauli algebra of the mode p in the JLC-embedding (cf section 3). Note that

28



Class. Quantum Grav. 41 (2024) 195003 O Friedrich et al

the different Fourier space shells in our construction do not overlap. Hence, the total occupa-
tion number within each individual shell is conserved, and the power that is lost in the mode
p over time is isotropically scrambled to other modes in the same Fourier space shell s. In
appendix C.2 we derive analytically that Tscramble for the mode p is given in terms of the para-
meters of our construction by

Tscramble ≈ 2π2√α
(

Λsp

ΛUV

)2√ L
ks
, (71)

where the quantities appearing in this equation where introduced in section 3, and represent

• α: relative width of the Fourier space shell s,
• ΛUV/Λsp:

UV-cut of our field in units of the species scale Λsp ≈ 10−1ΛPlanck (cf section 3.3),
• L: IR-cutoff,
• ks: central radius of the Fourier space shell s.

Our analytical results are approximations that hold in the limit ns →∞, Ns →∞. In figure 6
we compare those analytical predictions to results obtained from low-dimensional simulations
of overlapping qubits (cf appendix A), and we find that they are already accurate for quite
low numbers of qubits—see e.g. the green triangles in figure 6, which were obtained from
simulating only 12 overlapping qubits.

Equation (71) is the relation we have used to derive our results in table 1 and figure 4. In
figure 4we show cTscramble for different UV-cuts. In that figure we also indicate the typical ener-
gies and travel distances of neutrinos emitted by a number of identified and resolved sources
(see also table 1 for a summary). The existence of solar neutrinos seems to demand that neut-
rino effective field theory already breaks down at ΛUV ∼ 10−3Λsp (≈10−4ΛPlanck). Cosmic
neutrino observations are even more constraining: the observation of a ∼290TeV neutrino
emitted from the blazar TXS 0506+056 [70] requires ΛUV < 470ΛLHC, i.e. only a few orders
of magnitude above modern particle physics experiments. As we discussed in section 3.4, the
breakdown of our effective theory beyond that energy should happen either as a sharp cutoff, or
as a transition to super-holographic mode overlaps for modes with |k|> ΛUV. This is because
anymodes present beyondΛUV need to be squeezed into a small part of the field’s Hilbert space
in order to still satisfy the cosmic Bekenstein bound. The fact that we then need ΛUV ≪ Λsp

to be consistent cosmic neutrino observations is in surprising, because Λsp itself is usually
expected to be the scale of EFT-breakdown (see e.g. [60, 63]). We discuss this point further in
section 8.

Note again, that the above considerations assume a ratio ofNdof,ψ/Ntotal ∼ 0.01 between the
degrees of freedom present in a single neutrino field and the total degrees of freedom present
in the Universe (which is equivalent to assuming thatΛsp ∼ 0.1ΛUV). In section 3.3 we argued
that this is a realistic estimate, assuming that Bosonic fields can be modelled via generalised
Pauli operators (GPO [15, 16, 91]) with similar holographic mode overlaps.

4.3. Consistency with the cosmic ray spectrum

As we discussed in the previous subsection, when we interpret our construction of the holo-
graphic Weyl field as a model for neutrinos then the fact that a 290TeV neutrino has been
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Figure 6. Comparing our analytical predictions for the lifetime of plane waves to results
obtained from simulated realisations of low numbers of overlapping qubits. The upper
panel displays the expectation value of the bi-commutator of the occupation number
operator N̂1, representing e.g. a Fourier mode k1, with the total occupation number oper-
ator N̂total in the Fourier space shell to which k1 belongs, as a function of the ratio Ns/ns
(which is proportional to the shell radius ks). This bi-commutator is proportional to the
second time derivative of the expectation value of N̂1, and can hence be used to define a
characteristic lifetime for the plane wave state |k1⟩, as we have done in section 4.2. The
expectation values are taken wrt. the state |k1⟩ and wrt. the CRSV-embedding. Symbols
represent results obtained from our simulations (cf appendix A) and the dashed lines
are the asymptotic results obtained in appendix C.2. The lower panel shows relative
residuals between the two.
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observed from the far away blazar TXS 0506+056 indicates that neutrino physics should have
a UV-cut of ΛUV < 470ΛLHC (where we again take ΛLHC = 14TeV). Above that threshold we
expect a rather sharp cutoff or at least a ‘super-holographic’ behaviour of the neutrino fields,
because whatever modes are present above ΛUV need to be squeezed into a very small part of
the total Hilbert space in order not to violate the Bekenstein bound.

Of course, our calculation has a number of caveats and relies on a number of modelling
choices. We list several of these in section 8, but the two main shortcomings of our model are
that it assumes a static background space time (whereas the cosmos has significantly expanded
in the time it took for neutrinos fromTXS 0506+056 to arrive on earth), and that we implement
a naive, equal-time version of holography instead of quantizing our field on a light-sheet. The
UV-cut ΛUV < 470ΛLHC may change once these shortcomings are corrected. But our current
result does at least seem to be consistent with current intensity limits for the cosmic neutrino
flux.

In figure 7 we have used tools and data compiled by [96] (which includes data from the
databases [98–100]) as well as observations reported by [97] to display current measurements
of the intensities observed in different cosmic ray species as a function of particle energy. To
date the IceCube experiment [101] has only established upper limits for neutrino flux beyond
the UV-cut we derived—cf the blue, open circles in both panels of figure 7, which represent dir-
ect neutrino detections and the vertical grey band which indicates our result from the previous
subsection. So far, the event that comes closest to our limit is an indirect detection of an excita-
tion of the Glashow resonance which presumably took place in Earth’s atmosphere and which
has produced a shower of secondary particles which was observed in IceCube (see orange
square; [97]). This event indicates that electroweak theory is valid until shortly before the
energy where our holographic theory for neutrinos needs to break down. Again, this compar-
ison hinges on a number of assumptions, part of which we already know to be rather simplistic.
To obtain an estimate of the impact of assuming a static space time, we re-derive our previous
UV-cut when taking the travel distance from TXS0506+056 to be the distance between us and
the blazar at the time when the observed high energy neutrino was emitted. This indeed moves
the UV-cut to higher energies, and the width of the grey band in figure 7 represents that shift.
Of course, we could also directly calculate the travel time of neutrinos from TXS0506+056
and use that to derive a UV-cut. But that would also be a simplification, because we still would
not properly quantize our field on an expanding background. So for now, we stick with the
above rough estimate of the impact of cosmic expansion. Another obstacle for further analysis
is the stark Lorentz symmetry breaking of our theory close the the UV-cut section 3.4. A better
approximation of Lorentz invariance may be achieved by quantizing the field on light-sheets
and by replacing the sharp UV cutoff with a transition to super-holographic mode overlaps.
We leave this for future work.

In the upper panel of figure 7 we also display measurements of cosmic ray flux that are
attributed to cosmic protons (using data from the Tibet-III [102], KASCADE-Grande [103] and
Telescope Array [104] experiments; as compiled by [96]). The measurements extend to much
higher energies than the holographic UV-cut we derived for neutrinos, which seems to indicate
that in QCD the breakdown of holography happens at higher energies. There is a number of
subtleties which at the moment prevent us from drawing more concrete conclusions from this
high energy proton flux. First, protons are composite particles and we did not investigate how
to describe such composite states within our framework. Quark confinement, and the fact that
quarks have fractional electric charges, will plausibly prevent individual proton constituents
from scrambling in the same way that individual neutrino excitations do. The energy of a
proton also does not directly translate to similar energies for the proton constituents. Finally,
it is a possibility that holography indeed breaks down at different energies for different parts
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Figure 7. Top panel: cosmic ray flux (more concretely the E2-Intensity, which is defined
as E2 dN/dEdAdtdΩ) as a function of particle energy; using data and tools compiled
by [96] as well as observations reported by [97]. Lower panel: zoom into the neutrino
contributions to the cosmic ray spectrum. The grey vertical band indicates the neutrino
UV-cut we have derived in section 4.2. The width of the band is an estimate of the mis-
take we make by assuming a static Universe. But note that a number of other simplified
assumptions may also significantly impact our results.

32



Class. Quantum Grav. 41 (2024) 195003 O Friedrich et al

of the standard model. A direct derivation of a QCD UV scale from the travel distances of
highly energetic protons (as we did in the previous subsection for neutrinos) is complicated by
the fact that high energy protons scatter with the cosmic microwave background [105, 106].
This mimics to some extent the plane wave scrambling we have derived here. Though in our
construction that scrambling would not reduce proton energy, but instead create a background
of diffuse, highly energetic particles. For these reasons, we do not take the existence of proton
cosmic rays above our neutrino cutoff as a significant problem for our model.

Finally, note that some of the high-energy neutrinos detected by IceCube may be associ-
ated with distant gamma ray bursts (GRBs). E.g. a neutrino with an energy of ∼60TeV may
be associated with a GRB that was located to be at redshift z= 1.38 [82]. If we assume this
association to be correct, then we could also use this pairing to derive a UV-cut for our holo-
graphic model of neutrinos. Estimating our systematic uncertainty due to assuming a static
Universe in the same way as above would lead to an interval 390ΛLHC ≲ ΛUV ≲ 601ΛLHC,
which encompasses our fiducial result ΛUV ≈ 500ΛLHC. The authors of [82] also report an
extreme event of a ∼1800TeV neutrino that may be associated with a GRB at a redshift of
z= 3.93. Our way of estimating the impact of cosmic expansion is likely inaccurate for a
source at such a high redshift. If we nevertheless employ that estimate again, and if we assume
that the association of said neutrino with the high redshift GRB is indeed correct, we arrive
at 128ΛLHC ≲ ΛUV ≲ 283ΛLHC. Such a range would indeed be in tension with the neutrino
spectrum displayed in figure 7, but we deem our calculations unreliable in this situation. To
adequately apply our framework to high-redshift sources, we would not just need to refor-
mulate it on an expanding background, but we would also have to implement the covariant
entropy bound (i.e. area scaling on light-sheets) instead of the equal-time area scaling present
in our current model. As mentioned above, we leave this for future work.

5. Real-space anti-commutator

Let us rewrite (ĉ-part of) the real-space field as

ψ̂c (x)≈
∑
shell s

1

(ksV)
1
2

∑
p∈s

ĉp (t) u(p) eipx , (72)

where we again made explicit that the field is a sum over independent (non-overlapping)
Fourier space shells s, and where we assumed that all momenta p in one shell s have sim-
ilar absolute values |p| ≈ ks.

To asses how much the qubit overlap changes the behaviour of our field wrt. the non-
overlapping case, let us consider the equal-time anti-commutator of ψc and the ĉ-part of the
momentum field, iψcα(x)

†,

{iψcα (x)
†
,ψcβ (y)}= i

∑
shell s

1
ksV

∑
p,q∈s

{ĉ†p, ĉq} uα (p)
† uβ (q) e−ipx+iqy

= i
∑
shell s

1
ksV

∑
p,q∈s,p̸=q

{ĉ†p, ĉq} uα (p)
† uβ (q) e−ipx+iqy

+
i
V

∑
p

uα (p)
† uβ (p)
|p|

e−ip(x−y) . (73)
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In particular, let us look at the trace of this wrt. the spinor components,∑
α

{iψcα (x)
†
,ψcα (y)}=

i
2

∑
shell s

1
ksV

∑
p,q∈s,p̸=q

⟨zp|zq⟩ u(p)† u(q) e−ipx+iqy+ iδD (x− y)

≡ iC(x,y)+ iδD (x− y) . (74)

The second term in the last line of equation (74) would be the standard result in the case
of independent qubits, while the first term is a correction due to qubit overlap. Because of
the stochastic way by which we have embedded the individual qubit operators ĉp, ĉ

†
p into the

physical Hilbert space, the correction C(x,y) is in fact a (classical) random variable. It can be
shown to have vanishing expectation value, and its variance is given by

E
[
|C(x,y) |2

]
=

1
4

∑
shell s

ϵ2s
k2sV2

∑
p,q∈s,p̸=q

|u(p)† u(q) |2 , (75)

where ϵ2s = E(|⟨zp|zq⟩|2) is the variance of the overlap between two qubits in the same shell.
As we show in appendix B.5, this variance is given by

ϵ2s =
2
ns

=
2

πL2ks∆s

(
ΛUV

Λsp

)2

, (76)

where ns is again the effective number of qubits within the physical Hilbert space of shell s (cf
section 3) andΛsp is the species scale we defined in equation (59). Recall also, that the number
of actual (overlapping) qubits within shell s is given by

Ns =
4π k2s∆sV

(2π)3
. (77)

We can hence re-write the variance of C(x,y) as

E
[
|C(x,y) |2

]
=

1
4

∑
shell s

ϵ2s
V2
N2
s
1
N2
s

∑
p,q∈s,p̸=q

|u(p)† u(q) |2

k2s

≈ 1
4

∑
shell s

ϵ2s
V2

(
4π k2s∆sV

(2π)3

)2ˆ
dΩpdΩq

(4π)2
|u(p)† u(q) |2

k2s

≡ A
16π4

∑
shell s

k4s ϵ
2
s∆

2
s . (78)

Here we have introduced

A≡ 1

(4π)2

ˆ
dΩpdΩq

|u(p)† u(q) |2

k2s

=
1

(4π)2

ˆ
dθ1 sinθ1dϕ1

ˆ
dθ2 sinθ2dϕ2∣∣∣∣cos θ12 cos

θ2
2
+ ei(ϕ2−ϕ1) sin

θ1
2

sin
θ2
2

∣∣∣∣2 = 1
2
. (79)
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We can hence conclude that

E
[
|C(x,y) |2

]
=

1
16π5L2

(
ΛUV

Λsp

)2 ∑
shell s

k3s∆s

≈ 1
16π5L2

(
ΛUV

Λsp

)2ˆ ΛUV

0
dk k3

=
Λ4

UV

64π5L2

(
ΛUV

Λsp

)2

(80)

⇒
√
E [|C(x,y) |2] = 1√

64π5

Λ3
UV

ΛspL
. (81)

Note that—while the propagator C does depend on x and y—it is average amplitude between
two points is completely independent of those points and their separation. So our construction
induces a long-range correlation in the spinor field ψ.

To asses the severity of this effect let us introduce a finite smoothing scale to the real space
field, i.e. we consider

ψ̂cR (x) =
∑
shell s

∑
p∈s

e−
1
2 (|p|·R)

2

(|p|V)
1
2

ĉp (t) u(p) eipx , (82)

and similarly for the d̂-part of the field. This will change the trace of the anti-commutator to

∑
α

{iψcR,α (x)
†
,ψcR,α (y)} = iCR (x,y)+

i√
(4π)3R6

e−
1

4R2
|x−y|2 ≡ iDR (x,y) , (83)

where the variance of CR is now given by

E
[
|CR (x,y) |2

]
≈ 1

16π5L2

(
ΛUV

Λsp

)2ˆ ΛUV

0
dk k3 e−k2R2

≈ 1
8π5L2R4

(
ΛUV

Λsp

)2

(84)

as long as R≫ 1/ΛUV. We can then compare the long-range anti-commutator CR(x,y) to the
local anti-commutators DR(x,x) and DR(y,y) by considering the ratio

E
[
|CR (x,y) |2

]
E [DR (x,x)] E [DR (y,y)]

=
8
π2

(
R
L

)2(
ΛUV

Λsp

)2

. (85)

So the qubit overlap only significantly impacts the anti-commutation behaviour of the field
on scales R that are comparable to the IR scale L multiplied by the ratio Λsp/ΛUV. Choosing
L again as the co-moving size of our future particle horizon (which is finite in a dark energy
dominated Universe), one would expect an effect of ∼1% on scales R∼ 200(Λsp/ΛUV) Mpc,
cf figure 8.
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Figure 8. The overlap of Fourier modes generates a non-zero propagator at large equal-
time distances in real space. We show the average amplitude of this long-range anti-
commutator relative to the local anti-commutator when smoothing the field by different
scales R. Even for cosmological smoothing scales (R ∼ 100 Mpc) this ratio remains at
a level of <1% (cf section 5).

6. Alternative modelling choices

6.1. Non-isotropic overlaps

Our fiducial method of embedding N qubits into a Hilbert space of dimension 2n, n< N, relies
on choosing orthonormal pairs of vectors vi,wi (i = 1, . . . ,N) randomly in R2n and defining
the Pauli algebra of the ith qubit from these vector pairs via equation (50). The upper panel of
figure 9 displays the 2n× 2N matrix whose columns consist of such such random vector pairs
(in that instance, n= 4 and N= 32). In our fiducial construction each pair vi,wi represents
one Fourier mode of our quantum field in a thin Fourier space shell, and the scalar products
between different vector pairs determine how much the corresponding Fourier modes overlap.

The above way of constructing operators for the different field modes leads to mode over-
laps that are independent of how far away two wave vectors k and p are from each other in
Fourier space. We want to investigate the impact of such a non-local overlapping structure on
some of our results. To do so, we study an alternative embedding scheme in which the vec-
tors vi,wi form a matrix with a sparse structure, as is depicted in the lower panel of figure 9.
Concretely, this structure is obtained by populating elements above and below the diagonal
of the embedding matrix such that both horizontally and vertically only one quarter of the
matrix elements are non-zero (and we include non-zero elements in the upper right and lower
left corners to obtain cyclic symmetry). Such an embedding could e.g. represent a local over-
lapping structure in a one-dimensional string of field modes. This would in principle not be
appropriate in our case since our overlapping modes live in Fourier space shells which can
be thought of as approximately two-dimensional. But with this alternative embedding we can
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Figure 9. Sketch comparing our fiducial embedding scheme (‘CRSV-embedding’) to
an alternative scheme investigated in section 6. See main text of section 6.1 for details.

nevertheless qualitatively test for differences between the statistically isotropic overlaps of our
fiducial model and a more local scheme of overlaps.

In figure 10 we show how this new embedding scheme impacts the lifetime of plane waves.
Modulo a multiplicative factor, this figure displays ⟨k|d2N̂k/dt2|k⟩, i.e. the expectation value
of the second time derivative of the occupation number operator N̂k in a single field mode
(modulo a multiplicative factor) as a function of the energy |k| of the plane wave state |k⟩
wrt. which the expectation value is taken (also modulo a multiplicative factor, since Ns/ns ∼
ks). In section 4.2 we had used this second derivative as a definition of 1/T2

scramble, where
we took Tscramble to represent a characteristic time scale within which the plane wave will be
completely scrambled within its Fourier space shell. The orange circles in figure 10 represent
values for that second time derivative obtained from averaging 640 simulated realisations of the
new embedding scheme, while the blue triangles use our fiducial scheme and the dashed line
represents the analytical prediction derived in appendix C.2. In the limit of large ratios Ns/ns
the second time derivative of N̂k is larger in the alternative embedding scheme compared to
the fiducial scheme by more than a factor of 2, indicating a plane wave lifetime that is shorter
by about a factor of 1.5. This seems to indicate that the statistically isotropic CJL-embedding
leads to more stable plane waves than a more local embedding scheme. It is however possible
that this picture would reverse if we were to consider wave packets instead of plane waves.
Many plane waves will be superposed in such a packet in a way that is local in Fourier space,
and it may be that local mode overlaps cause such a superposition to become more stable.
At this point neither our analytical nor our simulation tools are powerful enough to test this
hypothesis in a meaningful way, and such an analysis needs to be carried out in follow-up
work.

Finally, we also investigate the impact of the new embedding scheme on the vacuum energy
of our field. Figure 11 compares how that energy is suppressed in the different embedding
schemes, and surprisingly we find that that suppression is almost identical in both approaches.
For the CJL-embedding we had found in appendix C.1 that the vacuum energy suppression
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Figure 10. Same as figure 6, but comparing our fiducial model to alternative analysis
choices. See main text of section 6 for details. Note that due to numerical limitations we
needed to reduce the amount of simulations run for our alternative Hamiltonian operator,
such that for large ratios Ns/ns the results shown here are only averaged over 64 (instead
of 640) realisations. This is why some of the green triangles display larger error bars than
the simulation results obtained for the other modelling choices.

only depends on the ratio Ns/ns. Since our alternative embedding cuts down the non-zero ele-
ments of the embedding matrix by the same factor both horizontally and vertically (cf our
sketch in figure 9), we speculate that the more local overlap structure retains the same ‘effect-
ive’ ratio of Ns/ns, and hence retains the same amount of vacuum energy suppression. We
however do not repeat our calculations of appendix C.1 for the new embedding scheme, and a
more thorough investigation is again postponed to follow-up work.

6.2. Alternative Hamiltonian

We also want to consider an alternative, more general form for the Hamiltonian of our field.
In this section we thus take the Hamiltonian in one Fourier space shell s to be given by

Ĥs =
∑
q,k∈s

Aqk

{(
ĉ†qĉk−

1
2

)
+

(
d̂†qd̂k−

1
2

)}
, (86)

38



Class. Quantum Grav. 41 (2024) 195003 O Friedrich et al

Figure 11. Same as figure 5, but comparing our fiducial model to alternative analysis
choices. See main text of section 6 for details.

where we choose the ansatz Aqk =Ns⟨zk|zq⟩, such that the coupling of any two Fourier modes
in the Hamiltonian is proportional to the overlap of these modes within the CRSV-embedding.
The time evolution of ĉk with this modified Hamiltonian is given by

dĉp
dt

= i
[
Ĥs, ĉp

]
=

iNs

2

∑
q,k∈s

⟨zk|zq⟩
{
⟨z∗k |zp⟩ĉ†q −⟨zq|zp⟩ĉk

}
. (87)

Now remember that we had represented the annihilation operators ĉq by matrices

ĉq =
1
2

2n∑
j=1

⟨ej|zq⟩Cj , (88)

where Cj are generators of the Clifford algebra in 2n dimensions and |ej⟩ are an orthonormal
basis in R2n. As we had already discussed in section 3, equation (88) constitutes a stochastic
embedding, because the vectors |zq⟩ are chosen stochastically in the CRSV-algorithm. But at
least on average we would like the right-hand side of equation (87) to equal −i|p|ĉp, which
would be the time derivative of the standard, non-overlapping annihilation operators. This can
be achieved by properly choosing the normalisation factorNs . First, let us calculate the average
operator that would appear on the right-hand side of equation (87). To do so, we will keep the
embedding of the operator ĉp fixed, i.e. we fix the coefficients ⟨ej|zp⟩, and we will average over
the embedding of the other operators, i.e. over the coefficients ⟨ej|zq⟩, ⟨ej|zk⟩ with q ̸= p ̸= k.
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It can then be shown that

E
[
dĉp
dt

]
⟨ej|zp⟩ fixed

=− iNs

2
ĉp
∑
q∈s

E
[
|⟨zq|zp⟩|2

]
⟨ej|zp⟩ fixed

=−2iNsĉp

{
(Ns− 1)

ns
+ 1

}
≈−2iNs ĉp

{
1+

ksL
2π3

}
. (89)

So in order for the average time evolution to equal that of the standard Weyl field, we need to
choose

Ns =
ks

2
(

(Ns−1)
ns

+ 1
) . (90)

Such a normalisation factor was not necessary in our fiducial Hamiltonian, because there
E[dĉp/dt] =−i|p|ĉp was already satisfied to begin with (we do not explicitly show this here,
but it is straight forward to demonstrate).

The green triangles in figure 10 show ⟨k|d2Nk/dt2|k⟩ as a function of Ns/ns in simulated
realisations of overlapping qubits for the alternative Hamiltonian discussed above. For large
ratios Ns/ns this second time derivative seems to approach the same asymptotic behaviour as
plane waves with our fiducial Hamiltonian (blue triangles, and the dashed line which repres-
ents our analytical result from appendix C.2). One may speculate that this is a result of our
choice for the normalisation constant Ns which ensures that the average dynamics of the field
modes is the same for our fiducial and alternative Hamiltonian. We however do not extend our
analytical calculations from appendix C.2 to the more general Hamiltonian and cannot con-
firm this speculation at this point. The fact that the lifetime of plane waves does not seems to
be significantly altered between our fiducial Hamiltonian and a more general one nevertheless
lends a degree of robustness to one of our key results. Of course, we have only considered
a rather restricted generalisation and a much more general class of Hamiltonians should be
investigated in follow-up work. Note in particular that (as we discuss in section 7) the ansatz
of our paper needs to be more thoroughly motivated by concepts of quantum mereology, in
which a given Hamiltonian dictates which degrees of freedom are good candidates for semi-
classical field degrees of freedom and thus how the Hamiltonian itself looks like in terms of
these degrees of freedom.

Finally, while plane waves behave quite similarly with our alternative Hamiltonian, the
energy eigenspectrum seems to be significantly altered. The green triangles in figure 11 show
the suppression of vacuum energy with our alternative Hamiltonian, and it is much less
severe than that present with our fiducial Hamiltonian. Note also, that the scatter of vacuum
energy (wrt. different realisations of the CRSV-embedding) is much reduced for the altern-
ative Hamiltonian. Again, we do not attempt to extend our calculations of appendix C.1 to
the more general Hamiltonian and postpone a more thorough analysis to follow-up work. In
particular, at this point it is not clear which form of the Hamiltonian would be motivated by a
more thorough integration of our work into a quantum mereology framework.

7. Why these random overlaps? Context within quantum mereology

In this section, we would like to embed our construction into the context of quantum mere-
ology [93]. We will argue, that our investigation is in a sense ‘mereology done the wrong way
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around’. This will also shed light on a peculiar feature of our model of a holographic Weyl
field: the fact that it contains a stochastic element in the form of randomly chosen embeddings
of the field modes into the smaller, physical Hilbert space.

Let us again consider a thin shell s in Fourier space with radius ks and width ∆s ≪ ks. The
particle-part of our field (and similarly, the anti-particle-part) consists of

Ns ≈
4π k2s∆s

(2π/L)3
∝ k2s∆s. (91)

Fourier modes p ∈ s, where L is the IR-cut of our theory. In the usual Weyl field, each of
these modes corresponds to one independent qubit in the overall Hilbert space. This would
however lead to a volume scaling of the field’s number of degrees of freedom. To achieve an
(approximate) area scaling, we instead sought to represent the field’s Fourier space shell s in
a Hilbert space of dimension 2ns < 2Ns with

ns ∝ ks∆s . (92)

We did so by choosing 2ns Clifford generators Cj in the Hilbert space of dimension 2ns and
then representing the Pauli algebra of each field mode p (for the particle-, or c-part of the field)
as

σc
x,p ≡

2n∑
j=1

⟨ej|vp⟩Cj , σc
y,p ≡

2n∑
j=1

⟨ej|wp⟩Cj , σc
z,p =−iσc

x,pσ
c
y,p ,

where ⟨ej|vp⟩ and ⟨ej|wp⟩ are the jth components of two orthonormal vectors vp and wp that are
randomly chosen in R2ns . The Johnson–Lindenstrauss theorem (cf our appendix B.3) together
with the results of [38] (cf our section 3.1) then guarantees that the fieldmodes for two different
p ̸= q in the same shell s almost anti-commute (up to a small ϵ, cf our equation (54)). We have
referred to the deviations from perfect anti-commutation as the ‘overlap’ between the modes p
and q. That overlap is a stochastic quantity itself, since it is proportional to the scalar products
between the random vectors vp,wp and vq,wq.

Why these random overlaps? Why should the true, low-energy EFT of quantum gravity be
described by a model with stochastic ingredients, and what is the mechanism to choose the
random vectors vp,wp ? We conjecture that the answer to these questions can be found in the
concept of quantum mereology. In [93] the authors consider general quantum theories, which
are defined by an arbitrary Hilbert space H as well as a Hamilton operator Ĥ on that Hilbert
space. The ensemble {H, Ĥ} can be considered as the ‘landscape’ of all possible quantum
theories. An arbitrarily picked point in that landscape is not equipped with any pre-defined
notion of ‘degrees of freedom’, i.e. the Hilbert spaceH does not have any a priori decomposi-
tionH=H1 ⊗H2 ⊗ . . . into factors that represent individual degrees of freedom. The authors
of [93] also assume that there are no pre-defined observables other then the Hamiltonian Ĥ.
Instead, they argue that such operators as well as a preferred Hilbert space factorisation should
emerge, by demanding that—under the evolution dictated by Ĥ—the emergent factors and
operators should behave in a quasi-classical way. More concretely, they propose and imple-
ment the following algorithm for quantum mereology:

1. Choose a candidate factorisation H=H1 ⊗H2 ⊗ . . . .
2. Among all observables of the form Ô= Ô1 ⊗ Ô2 ⊗ . . . , find the one that is most compatible

with the Hamiltonian Ĥ (i.e. whose commutator with Ĥ has the smallest operator norm).
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3. Consider a set of product states {|ψ⟩= |ψ⟩1 ⊗ |ψ⟩2 ⊗ . . .} that correspond to ‘peaked’ con-
figurations in the observables Ôi, i.e. the |ψ⟩i are superpositions of the eigenstates of Ôi that
are concentrated around one of the eigenvalues of Ôi.

4. Evaluate two measures of classicality for this candidate factorisation: (A) how slowly does
entanglement entropy grow when starting in the states {|ψ⟩}, and (B) how slowly do the
peaked states {|ψ⟩} disperse (when viewed as wave packets in the eigenspectrum of the
operators Ôi). These criteria have been interpreted by [93] as follows: (A) measures the
robustness of the observables Ôi towards decoherence, and (B) measures predictability in
the sense of asking how long it takes for peaked states in the observables Ôi to disperse.

5. Find the factorisation H=H1 ⊗H2 ⊗ . . . that maximises some joint measure of criteria
(A) and (B). This is the emergent, semi-classical factorisation of H. And the operators Ôi

measure observable degrees of freedom living on the factors Hi.

Originally, [93] implemented their mereology algorithm for the situation where H is only
split into two factors (a system and an environment), but we want to consider their ideas here in
the context of many degrees of freedom. In particular, we would like to interpret the Ôi as local
degrees of freedom in some effective field theory. To do that, we would need to complement
the original algorithm by some locality criterion. But such a generalised version of mereology
may be difficult to realise, because it is not guaranteed that an arbitrary Hamiltonian admits
a factorisation in which dynamics are local. The authors of [107] have shown that such a
factorisation rarely exists, and that it is essentially unique if it exists. Though the situation may
be not as dire as these results indicate, because according to the findings of [108] factorisations
in which a given Hamiltonian appears approximately local do exist for quite general ensembles
of Hamiltonians.

One way to increase the success probability of finding degrees of freedom with quasi-local
dynamics when given an arbitrary Hamiltonian is to make the mereology algorithm more flex-
ible: instead of insisting that the Hilbert space H be split into an exact factorisation and that
the observables Ôi have exactly vanishing (anti-)commutators, we may instead task mereology
with finding operators Ôi that are only quasi-commuting—similar to the mode operators ĉp, d̂p
of our holographic Weyl field. (Technically, ĉp, d̂p are of course not local because they are
the Fourier space degrees of freedom. But also the real space degrees of our field suffer ran-
dom overlaps, as is demonstrated by our investigation of the real space anti-commutator in
section 5.) In the following, we will assume that the mereology algorithm is given this addi-
tional leeway and that, given a Hamiltonian Ĥ, it identifies EFT degrees of freedom Ôi that
have local dynamics but that can have small non-zero overlaps.

Now note that we have started the mereology algorithm by randomly picking a point
(H, Ĥ) in the landscape of quantum theories. Even the points on that landscape with the same
Hilbert space H will still vary in their Hamiltonian Ĥ, i.e. these points will result in different
EFT degrees of freedom Ôi. So the mereology algorithm we conjectured above will map an
ensemble {Ĥ} of Hamiltonian operators to an ensemble {{Ô1 , Ô2 , . . .}Ĥ} of sets of quasi-
classical degrees of freedom, with each set {Ô1 , Ô2 , . . .}Ĥ corresponding to a different quasi-
local EFT. In appendix C, we find evidence that our model of the Weyl field with overlapping
degrees of freedom indeed fits into such a perspective. We show there that the Hamiltonian Ĥs

in one Fourier space shell s of our field can be written as

Ĥs ∝
n∑

j,k=1

(
MjkÂjÂk+XjkÂjÂ

†
k −X∗

jkÂ
†
j Âk−M∗

jkÂ
†
j Â

†
k

)
, (93)
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where the Âj, Â
†
j are non-overlapping creation and annihilation operators and Mjk,Xij are ran-

dom coefficients that depend on the vectors vp,wp from above. In particular, these coefficients
have zero mean and identical variances (see appendix C for more details). So the Hamiltonian
above is that of a non-local Heisenberg model with 2-site interactions and randomly drawn
interaction coefficients. This is a very general ensemble of theories! And nevertheless, with
the help of overlapping degrees of freedom, this can be reformulated into an ensemble of the-
ories that approximates the standard Weyl field. If we interpret this as an instance of quantum
mereology, then the randomness of the embedding vectors vp,wp simply appears to be a result
of sampling from a more general landscape of quantum theories.

There are a number of caveats to this admittedly enthusiastic interpretation of our results,
which we list in the following.

• We have only shown in a quite limited way, that our model indeed approximates the Weyl
field.We demonstrated that plane waves in our field can have cosmic life times (cf section 4),
that anti-commutators between Fourier modes are tiny (cf section 3.2), and that notable dif-
ferences to the real-space propagator only appear at cosmological scales (cf section 5). We
have not studied the full dynamics of our field, and have only limited reason to claim that
the locality of that dynamics is preserved.

• We present a link between a somewhat general ensemble of quantum theories and an
ensemble of theories approximating a quasi-local EFT, but we do not demonstrate that this
link is made via any sort of mereology algorithm.

• While we did reduce our construction to a quite general ensemble of Heisenberg models, this
is still far from sampling the space of all possible Hamiltonians. In particular, our results are
restricted to Heisenberg models with only 2-site interactions, and we still assume different
Fourier space shells to be uncoupled. (Though note that [108] showed that Hamiltonians
with 2-site interactions are approximately unitary equivalent to the ensemble of all possible
Hamiltonians in C2n with exponentially small error in the limit n→∞.)

Part of these caveats are summarised by our sketch in figure 12. Ideally, the program of
quantum mereology would be implemented by sampling from the landscape of all possible,
abstract Hamiltonians (right hand-side of the sketch) and then applying a mereology algorithm
to re-interpret the latter as an ensemble of theories with quasi-classical degrees of freedom and
dynamics (left hand-side of the sketch). If we view the process of mereology as ‘bridging a
river’ between the landscape of abstract quantum theories and the landscape of potential quasi-
classical physics, then the approach of this paper has rather been the following: we float down
the river and throw ropes to either side of it, in the hopes that they stick somewhere (lower
part of the sketch; and creating a concrete implementation of holography in the process). As a
result we sample neither on the right nor on the left hand-side of the sketch quite the ensembles
of theories we would like to sample. Nevertheless, we consider our findings as strong evid-
ence, that the mereology program (and related ideas about the emergence of local degrees of
freedom from random Hamiltonian ensembles, see [108–112]) can work in principle. And the
framework of overlapping degrees of freedom we have developed may assist in future imple-
mentations of that program.

8. Discussion

Since section 1 included a detailed overview of our results, we will summarise them here only
very briefly, and instead focus on open questions. The essential results are:
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Figure 12. Putting our work into the context of the quantum mereology/quantum first
program [37, 57, 91–93]. The latter conjectures, that classical physics and in particular
classical, local degrees of freedom emerge from an abstract quantum theory (specified
through a Hamiltonian operator in some Hilbert space) by decomposing the Hilbert
space of that theory into factors that satisfy certain classicality conditions (upper, orange
part of the sketch). Finding and implementing such amereology algorithm is challenging
[93], and our work (lower, black part of the sketch) does not quite tackle this task (cf our
discussion in section 7). But our insights and the tools we developed can assist future
implementations of the quantum mereology program. And as an additional product, we
managed to derive a concrete phenomenology of the holographic principle.

(A) We have introduced a modified version of the Weyl field whose effective degrees of free-
dom obey an approximate area scaling (exact area scaling in Fourier space), and that sat-
isfies the Bekenstein bound for the total degrees of freedom inside the cosmic horizon.

(B) We find that each pair of Fourier modes of that field still behaves like a pair of almost
independent, non-overlapping degrees of freedom (|{ĉp, ĉq}| ∼ 10−43 at LHC energies).
The real space anti-commutator obtains a stochastic, non-local correction which however
becomes significant only on cosmological scales.

(C) We define plane wave states in our holographic field and find that they have a finite lifetime.
In particular, the power in a wave of energy p (or equivalently, the information stored
in the excitation of the mode p) is isotropically scrambling to modes of similar absolute
value |p|. We find that this is not in contradiction to observed cosmological sources of
highly energetic neutrino emission as long as our effective theory breaks down at energies
ΛUV < 470ΛLHC. We argued that this is still consistent with current bounds on the validity
regime of electroweak theory from observations of the high-energy cosmic neutrinos. But
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a potential tension arises if we naively apply our calculations to a highly energetic neutrino
that according to [82] may be associated with a GRB detected at a high redshift (z≈ 3.93).

(D) We have motivated our construction via quantum mereology, i.e. using the idea that EFT
degrees of freedom should emerge from an abstract theory of quantum gravity by finding
quasi-classical Hilbert space decompositions.

(E) We also find that vacuum energy is significantly reduced in our construction, e.g. by a
factor ∼10−30 if ΛUV ∼ ΛPlanck and by ∼10−25 if ΛUV ∼ 470ΛLHC (which corresponds
to an overall suppression of ∼10−74 compared to a naive calculation with ΛUV = ΛPlanck

and no holography). Neither of this is enough to be relevant for the cosmological constant
problem.

All of these findings depend on a number of parameters and modelling choices, and a large
number of questions remain unaddressed. We list those in the following:

• Our construction explicitly reduces the Hilbert space dimension of the Weyl field beyond
just the reduction that would be caused by imposing UV and IR cutoffs to a field theory.
Hence, we speculated that the phenomenology we derived cannot be fully captured by a
standard 3+1 dimensional effective field theory. In appendix C we went on to re-formulate
our model in terms of non-overlapping degrees of freedom (whose number follows an area
law by construction) and we explicitly derived the Hamiltonian of that dual model. The dual
Hamiltonian turns out to be highly non-local in the new degrees of freedom, and we argued
that this suggests the following viewpoint: a 2+1 dimensional theory that is highly non-local
can be interpreted as a close-to-local 3+1 dimensional field theory, if we allow the mode
operators of the latter to overlap slightly (see also the corresponding discussion in section 7).
This point should be explored further and made more precise in follow-up analysis.

• Several of our results assumed a ratio of Ndof,ψ/Ndof,total ∼ 0.01, i.e. that our holographic
field makes up ∼1% of all degrees of freedom in the Universe. This is equivalent to assum-
ing that the species scale that appears in our constrcution is given by Λsp ≈ 10−1ΛPlanck. In
section 3.3 we have only given a heuristic justification for that number. Our argument did
take into account the fact that Bosonic fields may need to be modelled via generalised Pauli
operators (as e.g. done by [15, 16, 91]) and that such fields would contribute significantly
more degrees of freedom to the Universe’s total budget than Fermionic fields. But a more
thorough analysis, that e.g. more closely examines potential overlaps between different mat-
ter fields, is needed. Note also that in string theory models, many more particle species than
those of the standard model are expected in the Universe’s EFT [60, 63, 79].

• While we have considered one alternative to our fiducial Hamiltonian and found that both
Hamiltonians lead to similar plane wave lifetimes, we have not demonstrated that there is not
any other alternative Hamiltonian for the holographic Weyl field that more closely preserves
the classical, non-overlapping dynamics.

• As explained in section 7, our analysis can be viewed as an incomplete and, in a sense,
inverted version of the quantum mereology program, which aims to describe the emergence
of classical degrees of freedom from abstract quantum theories (cf figure 12). At the same
time, the technology we have developed for describing overlapping degrees of freedom may
facilitate more faithful implementations of quantum mereology (and of related ideas, see
[108–112]) in the future.

• We have studied the dynamics of plane waves, but particle propagation would more real-
istically be described via wave packets. The latter would be described by superpositions of
plane waves, but the overlap between the different Fourier modes of our field may cause
such superpositions to display non-trivial behaviour.
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• To define the lifetime of plane waves we have only considered averages of the second time
derivative of mode occupation numbers N̂p. Significant scatter around those averages could
lead to further effective changes to the dispersion relation of plane waves.

• We have investigated the suppression of vacuum energy of our field. But our results do in
principle allow us to calculate the entire energy eigenspectrum of the field. A more detailed
study of that spectrum may reveal even more observational signatures of holography.

• We have considered only one alternative to our fiducial approach of making degrees of free-
dom overlap in such a way that an approximate area scaling is reached. There maybe a mul-
titude of alternatives, and some of those may preserve classical, non-overlapping dynamics
more closely, especially when investigating those dynamics beyond plane waves.

• We have implemented a naive, equal-time version of holography instead of imposing a holo-
graphic scaling of degrees of freedom on a light-sheet. We have also quantized our field on
a static, non-expanding background. Both of these simplification impair the applicability of
our calculations to high-redshift sources such as the ones reported by [82].

• We have imposed a sharp UV cutoff in our model. Instead, UV regularisation could also
take place as a transition from holographic to super-holographic mode overlaps, such that
all modes above the regularisation scale ΛUV are squeezed into a small part of the overall
Hilbert space (cf the corresponding discussion in section 3.4). Such a regularisation may
decrease the severity Lorentz symmetry breaking, especially when paired with a quantisation
that implements the covariant entropy bound on light-sheets instead of our naive equal-time
area scaling.

• It has been argued that the species scaleΛsp should be the energy scale beyondwhich the EFT
that describes the low energy limit of quantum gravity should break down [58–64]. But we
had to impose a separate UV-cutΛUV ≪ Λsp in order for the predictions of ourmodel to agree
with cosmic neutrino observations (cf sections 4.2 and 4.3). Following the arguments of [11]
it is not entirely unexpected that quantum gravity should modify quantum field theory even
below the species scale (see also [63], who explicitly point this out). However, according to
[63] the holographic entropy bound should be satisfied right up until the species scale Λsp,
whereas we explicitly argued that the UV cut ΛUV ≪ Λsp should be viewed as a scale where
holography breaks down (e.g. via a transition to super-holographic mode overlaps, cf the
discussion above). Of course, the species scale could be much smaller than what we have
assumed (cf the discussion in section 3.3). But our results depend only on the ratioΛUV/Λsp,
such that a lower Λsp would only force us to choose an even lower ΛUV.

• The authors of [55, 56] have investigated a number of observational consequences of EFT
mode depletion which we have not considered. Our construction may serve as a concrete
model that implements their ideas. To achieve that, our model overlaps would need to be
modified such that the degrees of freedom underlying effective field theory deplete even
more quickly with energy than the naive area scaling ns ∼ ks∆s we have assumed.

• Even though the independent degrees of freedom of our field satisfy an approximate area
scaling, we have not worked out a theory that is dual to our construction and that lives on
our construction’s boundary. This obscures potential connections of our model to approaches
that explicitly construct such dualities in situations more general than AdS/CFT such as e.g.
[26, 29, 33–35]. The shape of the real-space anti-commutator of our field (cf section 5) hints
at differences to [26]. In the latter the authors also find modifications to the field algebra
induced by holography, but the commutator between fields at different locations x,y still
retains the Heisenberg shape∝ δ(x− y). This indicates an absence of field overlaps, in con-
trast to our construction. At the same time, our constructionmay be supported by the findings
of [29]. The latter have proposed a duality between dS quantum gravity and a non-gravitating
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QFT at the time-like boundary of part of de Sitter space. They then show that such a dual-
ity is only possible, if the (emergent) bulk theory is over-counting the degrees of freedom
present in the boundary theory—in line with our thoughts. Finally, since our current con-
struction is set in flat space, its results should be related to existing results from the celestial
holography program [33–35]. An interesting avenue to work out such a relation would be
to derive the soft-limit of the S-matrix of our theory. Note in particular that, while we chose
the Hamiltonian of our field to have the same shape as that of the free Weyl field, our mode
overlaps should nevertheless generate a non-trivial S-matrix. Note also, that we indeed did
disentangle our mode overlaps in appendix C, and the resulting collection of Heisenberg
models (one for each shell) should at least be isomorphic to a potential boundary theory.
Our S-matrix, together with the dictionary worked out within the celestial holography pro-
gram may then tell us, what that isomorphism is. Making the Lorentz invariance violations
of our construction less severe (e.g. via quantisation on light-sheets; cf our discussion above)
may be a necessary prerequisite to working out such connections. Also, we are at themoment
still lacking a description of multi-particle states.

The above points constitute a multitude of potential problems and open questions for our con-
struction. Nevertheless, the tools we have developed here may serve to open a fruitful new
pathway towards studying observational signatures of the holographic principle.
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Appendix A. Simulated realisations of the CRSV-embedding

We have complemented the analytical calculations presented in appendix C and in the main
text with simulated realisations the the CRSV-embedding of N qubits into a Hilbert space of
dimension 2n, n< N. Comparing our analytical calculations to these simulations in particular
allows us to determine how quickly the asymptotic limit in which these calculations are valid
is reached.
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To generate overlapping qubits, we follow very closely to the CRSV-procedure described
in section 3. This requires us to

• choose 2n generators of Clifford algebra in the Hilbert spaceC2n ; we do this via the iterative
algorithm proposed by [116],

• generate 2N random vectors on the unit sphere in R2n,
• in the planes spanned by each pair of these vectors generate an orthonormal basis by applying

the Gram-Schmidt algorithm to the original pairs.

If Cj are the Clifford generators and v,w is one of the orthonormal vector pairs, a Pauli algebra
that represents one qubit can be obtained via

σc
x ≡

2n∑
j=1

vjCj , σc
y,p ≡

2n∑
j=1

wjCj , σc
z,p =−iσc

x,pσ
c
y,p . (A.1)

Each pair of orthonormal vector then generates one qubit, and as has been demonstrated by
[38] (see also the calculations we present in section 3.1, appendices B.1 and B.3) the anti-
commutator between the lowering and raising operators of different qubits will depend on the
scalar products between the random vectors that were used to construct the Pauli operators
corresponding to those qubits.

Due to computational constraints, we were only able to simulate quite low numbers of
qubits. In the most extensive case we simulated N= 3600 qubits squeezed into a Hilbert space
of log2-dimension n= 12 (i.e. dimH= 212 = 4096). It however turns out that this is already
enough to reach the asymptotic regime in which our calculations based on random matrix
theory are valid—see e.g. figures 5 and 6 as well as their descriptions in the main text. Each
simulation was run 640 times and these figures present averages of our quantities of interest
over these repeated runs.

To implement the above calculations we made use of the python packages cupy (package
enabling computations with graphical processing units; see https://cupy.dev) as well as numpy
[113] and scipy [113]. Our simulation code is publicly available within our GPUniverse
package (https://github.com/OliverFHD/GPUniverse).

Appendix B. Random vectors on the unit sphere and the
Johnson-Lindenstrauss theorem

B.1. Moments on the unit sphere

Let us consider two random vectors v1,v2 ∈ Rn that are normalised, |v1|2 = 1= |v2|2, and that
are otherwise drawn from a uniform distribution on the unit sphere. Because of symmetry
reasons (e.g. mirroring v1 w.r.t. the hyperplane orthogonal to v2) the expectation valueE[v1 · v2]
must vanish. In other words: on average the two vectors will be orthogonal.

To calculate the variance of v1 · v2 we then only have to compute the 2nd moment of cosθ,
where θ is the angle of points on the n-dimensional unit sphere w.r.t. an arbitrary axis. This
2nd moment is given by

´ π
0 dθ (sinθ)n−2

(cosθ)2´ π
0 dθ (sinθ)n−2 =

1
2

√
π Γ

(
n−1
2

)
/Γ
(
n
2 + 1

)
√
π Γ

(
n−1
2

)
/Γ
(
n
2

) . (B.1)
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So the variance of the scalar product between two random unit vectors in Rn is given by

Var(vi · vj) =
Γ
(
n
2

)
2Γ
(
n
2 + 1

) = 1
n
. (B.2)

Now consider a single random vector v drawn uniformly on the unit sphere in Rn. For some
of the results of this paper we need to calculate moments like E[v21v22], where vi it the ith
component of v. This amounts to computing

´ π
0 dθ sinn−2 θ cos2 θ sin2 θ

´ π
0 dϕ sinn−3ϕ cos2ϕ´ π

0 dθ sinn−2 θ
´ π
0 dϕ sinn−3ϕ

=
1
2

√
π Γ

(
n+1
2

)
/Γ
(
n+2
2 + 1

)
√
π Γ

(
n−1
2

)
/Γ
(
n
2

) 1
2

√
π Γ

(
n−2
2

)
/Γ
(
n−1
2 + 1

)
√
π Γ

(
n−2
2

)
/Γ
(
n−1
2

)
=

1
4

Γ
(
n
2

)
Γ
(
n
2 + 2

) = 1
n(n+ 2)

. (B.3)

Similarly (but simpler) the moment E[v41] requires calculation of

´ π
0 dθ sinn−2 θ cos4 θ´ π

0 dθ sinn−2 θ
=

´ π
0 dθ

[
sinn−2 θ − sinn θ

]
cos2 θ´ π

0 dθ sinn−2 θ

=
1
n
− 1

2

Γ
(
n−1
2 + 1

)
/Γ
(
n
2 + 2

)
Γ
(
n−1
2

)
/Γ
(
n
2

)
=

1
n
− n− 1
n(n+ 2)

=
3

n(n+ 2)
. (B.4)

And the 6th moment E[v61] is given by

´ π
0 dθ sinn−2 θ cos6 θ´ π

0 dθ sinn−2 θ
=

´ π
0 dθ

[
sinn−2 θ − 2sinn θ+ sinn+2 θ

]
cos2 θ´ π

0 dθ sinn−2 θ

=
1
n
+

1
2

Γ
(
n
2

)
Γ
(
n−1
2

) [Γ( n−1
2 + 2

)
Γ
(
n
2 + 3

) − 2
Γ
(
n−1
2 + 1

)
Γ
(
n
2 + 2

) ]

=
15

n(n+ 2)(n+ 4)
. (B.5)

We also need to calculate moments of the form E[v41v22]. This amounts to computing

´ π
0 dθ

[
sinn θ − sinn+2 θ

]
cos2 θ

´ π
0 dϕ sinn−3ϕ cos2ϕ´ π

0 dθ sinn−2 θ
´ π
0 dϕ sinn−3ϕ

=
1
4

[
Γ
(
n+1
2

)
Γ
(
n
2 + 2

) − Γ
(
n+3
2

)
Γ
(
n
2 + 3

)] Γ
(
n
2

)
Γ
(
n+1
2

) = 3
n(n+ 2)(n+ 4)

. (B.6)
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Finally, we need to calculate moments of the form E[v21v22v23]. This amounts to computing

´ π
0 dθ sinn+2 θ cos2 θ

´ π
0 dϕ sinn−1ϕ cos2ϕ

´ π
0 dχ sinn−4χ cos2χ´ π

0 dθ sinn−2 θ
´ π
0 dϕ sinn−3ϕ

´ π
0 dχ sinn−4χ cos2χ

=
1
8

Γ
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n+3
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)
/Γ
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n+4
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n(n+ 2)(n+ 4)

(B.7)

B.2. Moments of orthogonal vectors

Consider two random unit vectors v, w̃ ∈ Rn. We can define a w⊥ v via

w= w̃− (w̃ · v) v

⇒ wi = w̃i − vi
∑
j

vjw̃j . (B.8)

Note that w is not yet normalised. We will address this missing normalisation later, but for now
let us consider joint moments of w and v. We start with

E
[
w2

1v
2
1

]
= E

[
w̃2

1

]
E
[
v21
]
− 2E

w̃1v
3
1

∑
j

vjw̃j

+E

v41∑
jk

vjvkw̃jw̃k


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[
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E
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]
E
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]
+
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E
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w̃2
j

]
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v41v

2
j
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=

1
n2

− 6
n2 (n+ 2)

+
3n− 3

n2 (n+ 2)(n+ 4)
+

15
n2 (n+ 2)(n+ 4)

=
1
n2

− 3
n2 (n+ 2)

=
n− 1

n2 (n+ 2)
. (B.9)

We will also require the moment
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. (B.10)
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Finally, we will also need

E [w1w2v1v2] =−E

w̃1v
2
2v1
∑
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vjw̃j

−E
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. (B.11)

For later calculations we actually require the moments between v and a normalised version
of w,

ŵ≡ w
|w|

=
w√

1− (v · w̃)2
. (B.12)

In the following we approximate such moments as

E [ŵi ŵjvkvl] = E

[
wiwjvkvl

1− (v · w̃)2

]
≈

E [wiwjvkvl]

1−E
[
(v · w̃)2

] . (B.13)

Corrections to this approximation will involve moments of at least 68 vector components.
Correspondingly these corrections will be of higher order, and vanish in the n→∞ limit.
Since E[(v · w̃)2] = 1/n, our moments of interest hence become

E
[
ŵ2

1v
2
1

]
≈ n− 1
n2 (n+ 2)

1
1− 1/n

=
1

n(n+ 2)
(B.14)

E
[
ŵ2

1v
2
2

]
≈ n+ 1
n2 (n+ 2)

1
1− 1/n

=
n+ 1

(n− 1)n(n+ 2)
(B.15)

E [ŵ1ŵ2v1v2]≈− 1
n2 (n+ 2)

1
1− 1/n

=
−1

(n− 1)n(n+ 2)
. (B.16)

Note especially that

E
[
ŵ2

1v
2
1

]
= E

[
ŵ2

1

]
E
[
v21
]
+O

[
1
n3

]
(B.17)

E
[
ŵ2

1v
2
2

]
= E

[
ŵ2

1

]
E
[
v22
]
+O

[
1
n3

]
(B.18)

E [ŵ1ŵ2v1v2] = 0+O
[
1
n3

]
. (B.19)

Together with the fact that E[vi ŵj] = 0 we take this as justification to treat v and ŵ as inde-
pendent random vectors in the large-n limit, and in particular to ignore the mixed moments
E[ŵ1ŵ2v1v2] in the following calculations.

51



Class. Quantum Grav. 41 (2024) 195003 O Friedrich et al

B.3. The Johnson-Lindenstrauss theorem

We prove here a slightly different version of the JL-theorem than the one considered by [75]:

Theorem (Johnson-Lindenstrauss). Consider a k× n dimensional matrixV= (v1 , . . . , vn),
obtained by drawing each element from a standard normal distributionN (0,1) and then nor-
malising the column vectors of V such that |vi|2 = 1. Now take any n vectors x1 , . . . , xn ∈ Rn.
As long as

k⩾ 8
ϵ2

ln

(
n√
δ

)
(B.20)

all pairwise squared distances between the xi are preserved within precision ±ϵ with probab-
ility ⩾1− δ. More precisely,

(1− ϵ) |xi − xj|2 ⩽ |Vxi −Vxj|2 ⩽ (1+ ϵ) |xi − xj|2 (B.21)

for all pairs xi,xj with probability ⩾1− δ.

An important detail here is the statement that equation (B.21) is holds for all pairs. If it
would only hold for an individual pair then there would be no reason why k should depend on
n, since the statement would just be one about random angles in Rk.

To prove this modified version of the JL theorem, we first quote [75] who showed that with
the above choice of V the probability that equation (B.21) is not satisfied for some individual
pair of vectors is given by

P

(∣∣∣∣ |xi − xj|2 − |Vxi −Vxj|2

|xi − xj|2

∣∣∣∣> ϵ

)
⩽ 2exp

(
−kϵ2

4

)
. (B.22)

With our lower bound on k this becomes

P

(∣∣∣∣ |xi − xj|2 − |Vxi −Vxj|2

|xi − xj|2

∣∣∣∣> ϵ

)
⩽ 2exp

(
−2ln

(
n√
δ

))
=

2δ
n2

. (B.23)

Taking a union bound over all pairs of points the probability of having at least one pair violating
equation (B.21) is then given by

P

(∣∣∣∣ |xi − xj|2 − |Vxi −Vxj|2

|xi − xj|2

∣∣∣∣> ϵ for at least on pair

)
⩽
(
n
2

)
2δ
n2

⩽ δ . (B.24)

So equation (B.21) is satisfied for all pairs with probability ⩾1− δ. □
Of course the theorem stated above is only a statement about distances between pairs of vec-

tors, while in figure 3 or equation (10) we made statements about the scalar products between
pairs of vectors. We simply quote here [74], who have shown that these are two equivalent
viewpoints on the JL-theorem. In particular, they showed that

Corollary. Consider the same situation as stated in our above version of the JL-theorem. Then

xi · xj− ϵ⩽ Vxi ·Vxj ⩽ xi · xj+ ϵ (B.25)

for all pairs xi,xj with probability ⩾1− δ.
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If the vectors xi are chosen to be orthonormal, this in particular means that |Vxi ·Vxj|< ϵ,
and this is in fact the statement we have used in the main text. There, the anti-commutator
between two different, overlapping operators ĉp, ĉq in the same Fourier space shell was given
by

{ĉ†p, ĉq}=
⟨vp|vq⟩+ ⟨wp|wq⟩+ i⟨vp|wq⟩− i⟨wp|vq⟩

2
, (B.26)

where {|vp⟩, |wp⟩}p∈s is a set of 2Ns normalised vectors inR2ns , ns being the number of physical
qubits present in the Fourier space shell s and Ns the number of Fourier modes in that shell.

Hence, if in our above formulation of the JL-theorem we set k= 2ns and n= 2Ns, and if we
draw the {|vp⟩, |wp⟩} from orthonormal {xi} via the random matrix V described above, then
we can derive that

|{ĉ†p, ĉq}|=
|⟨vp|vq⟩+ ⟨wp|wq⟩+ i⟨vp|wq⟩− i⟨wp|vq⟩|

2

⩽ |⟨vp|vq⟩|+ |⟨wp|wq⟩|+ |⟨vp|wq⟩|+ |⟨wp|vq⟩|
2

⩽ ϵ (B.27)

for all mode pairs p,q with probability >1− δ as long as we choose

ns ⩾
4

(ϵ/2)2
ln

(
2Ns√
δ

)
=

16
ϵ2

ln

(
2Ns√
δ

)
. (B.28)

For fix ns, Ns and δ we can turn this around and compute the smallest mode overlap achievable
to be

ϵbest =

√
16
ns

ln

(
2Ns√
δ

)
. (B.29)

B.4. Angles between complex vectors

Consider two complex vectors

v= x+ iy , w= a+ ib , (B.30)

with x,y,a,b ∈ Rn being Gaussian random vectors like we have considered before in this
section. Normalising v and w yields the vectors

v̂=
x+ iy√
|x|2 + |y|2

, ŵ=
a+ ib√
|a|2 + |b|2

. (B.31)

The Hermitian product between these vectors is

v̂†ŵ=

[(
xTa
)
+
(
yTb
)]

+ i
[(
xTb
)
−
(
yTa
)]√

|x|2 + |y|2
√

|a|2 + |b|2
. (B.32)

For our derivation of the lifetime of plane waves in the holographic Weyl field in appendix C,
we need to calculate the expectation value of |̂v†ŵ|2, which is given by

E
[
|̂v†ŵ|2

]
=

E
[
{
(
xTa
)
+
(
yTb
)
}2
]

(|x|2 + |y|2)(|a|2 + |b|2)
+

E
[
{
(
xTb
)
−
(
yTa
)
}2
]

(|x|2 + |y|2)(|a|2 + |b|2)
(B.33)
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Let us define the vectors

r≡
(
x
y

)
, s≡

(
−y
x

)
, c≡

(
a
b

)
. (B.34)

Then equation (B.33) becomes

E
[
|̂v†ŵ|2

]
=

E
[(
rTc
)2]

|r|2|c|2
+

E
[(
sTc
)2]

|s|2|c|2
. (B.35)

The terms on the right hand side of this equation are expectation values of products of uniform
random vectors on the unit sphere in R2n. Our results from appendix B.1 then tell us that

E
[
|̂v†ŵ|2

]
=

2
2n

=
1
n
. (B.36)

B.5. Moments of the overlaps ⟨zq|zp⟩

Let p be a wave mode located in some Fourier space shell s, and remember that |zp⟩= |vp⟩+
i|wp⟩ with

⟨vp|vp⟩= 1= ⟨wp|wp⟩ , ⟨vp|wp⟩= 0 . (B.37)

For another mode q in the same shell we have

⟨zq|zp⟩= (⟨vq| − i⟨wq|)( |vp⟩+ i|wp⟩) = ⟨vq|vp⟩+ ⟨wq|wp⟩+ i (⟨vq|wp⟩− ⟨wq|vp⟩) ,
(B.38)

while

⟨z∗q |zp⟩= (⟨vq|+ i⟨wq|)( |vp⟩+ i|wp⟩) = ⟨vq|vp⟩− ⟨wq|wp⟩+ i(⟨vq|wp⟩+ ⟨wq|vp⟩) .
(B.39)

For q ̸= p all of the above products between the {|vp⟩, |wp⟩, |vq⟩, |wq⟩} have a variance of 1/ns,
where ns is the total number of modes in the shell s. At the same time, the covariance between
these vector products is 0.

For the moments of the complex products ⟨zq|zp⟩, ⟨z∗q |zp⟩ this means

E
[
⟨zq|zp⟩2

]
=

1
2ns

+
1
2ns

− 1
2ns

− 1
2ns

= 0 (B.40)

E
[
⟨z∗q |zp⟩

2
]
= 0 (B.41)

E
[
⟨zq|zp⟩⟨z∗q |zp⟩

]
=

1
2ns

− 1
2ns

− 1
2ns

+
1
2ns

= 0 (B.42)

E
[
|⟨zq|zp⟩|2

]
=

2
ns

= E
[
|⟨z∗q |zp⟩|2

]
. (B.43)
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Appendix C. Our construction as a Heisenberg model

In this appendix we will show that the Hamiltonian Ĥs in a single Fourier space shell s of our
holographic Weyl field can be re-interpreted as that of a Heisenberg model with general non-
local, two-site interactions. In a second step we then re-formulate that Heisenberg Hamiltonian
to resemble the Hamiltonian of a set of non-interacting spins in a stochastic, spatially varying
magnetic field. This will allow us to characterise the energy spectrum of our field, and in
particular the average vacuum energy of our construction. Similar calculations will then also
yield the typical lifetime of plane wave states.

In section 3 we had defined

σc
x,p ≡

2n∑
j=1

⟨ej|vp⟩Cj , σc
y,p ≡

2n∑
j=1

⟨ej|wp⟩Cj , σc
z,p =−iσc

x,pσ
c
y,p

as well as

cp =
1
2

(
σc
x,p+ iσc

y,p

)
.

(Note the difference with the original CRSV-embedding because we want to produce approx-
imately anti-commuting sets of operators instead of approximately commuting ones.) Each p
represents one of the overlapping qubits of the c-part (i.e. the particle-part) our field. But since
the dimension of the Hilbert space of Fourier space shell s is a power of two (dimHs = 2ns) we
can also decompose our construction into a set of non-overlapping qubits. Let us e.g. define
the creation and annihilation operators of these qubits as

Âj ≡
1
2
(C2j−1 + iC2j) , Â

†
j ≡

1
2
(C2j−1 − iC2j)

⇒ C2j−1 = Âj+ Â†
j , C2j =−i

(
Âj− Â†

j

)
.

If we furthermore set

fp,j ≡ ⟨e2j−1|vp⟩+ i⟨e2j|vp⟩ , gp,j ≡ ⟨e2j−1|wp⟩+ i⟨e2j|wp⟩

then we have

iσc
z,p = σc

x,pσ
c
y,p =

n∑
j=1

n∑
k=1

(⟨e2j−1|vp⟩C2j−1 + ⟨e2j|vp⟩C2j)(⟨e2k−1|wp⟩C2k−1 + ⟨e2k|wp⟩C2k)

=
n∑

j=1

n∑
k=1

(
f∗p,jÂj+ fp,jÂ

†
j

)(
g∗p,kÂk+ gp,kÂ

†
k

)
=

n∑
j=1

n∑
k=1

(
f∗p,jg

∗
p,kÂjÂk+ f∗p,jgp,kÂjÂ

†
k + fp,jg

∗
p,kÂ

†
j Âk+ fp,jgp,kÂ

†
j Â

†
k

)
(C.1)

If we define the matricesM and X via

Mjk ≡−i
∑
p∈s

f∗p,jg
∗
p,k , Xjk ≡−i

∑
p∈s

f∗p,jgp,k (C.2)
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then the Hamiltonian in the Fourier space shell s (with ∆s ≪ ks) becomes

Ĥs ≈
ks
2

∑
p∈s

σc
z,p =

ks
2

n∑
j,k=1

(
MjkÂjÂk+XjkÂjÂ

†
k −X∗

jkÂ
†
j Âk−M∗

jkÂ
†
j Â

†
k

)
. (C.3)

So the Hamiltonian in each Fourier space shell of our construction is equivalent to that of a
general, non-local Heisenberg model with 2-site interactions.

C.1. Energy spectrum of the holographic field

Using the anti-commutation relations between the (non-overlapping) operators Âj, Âk, Â
†
j , Â

†
k

we can reformulate equation (C.3) as

Ĥs =
ks
2

n∑
j,k=1

{
Mjk−Mkj

2
ÂjÂk−

M∗
jk−M∗

kj

2
Â†j Â

†
k

}
+
ks
2

n∑
j,k=1

{
1
2
XjkÂjÂ

†
k +

1
2
Xjkδjk−

1
2
XjkÂ

†
k Âj

}

− ks
2

n∑
j,k=1

{
1
2
X∗jkÂ

†
j Âk+

1
2
X∗jkδjk−

1
2
X∗jkÂkÂ

†
j

}
, (C.4)

Note that

n∑
j=1

Xjj =−i
∑
p∈s

n∑
j=1

{⟨e2j|vp⟩− i⟨e2j+1|vp⟩}{⟨e2j|wp⟩+ i⟨e2j+1|wp⟩}

=−i
∑
p∈s

⟨vp|wp⟩+ i
n∑

j=1

{⟨e2j|vp⟩⟨e2j+1|wp⟩− ⟨e2j+1|vp⟩⟨e2j|wp⟩}


=
∑
p∈s

n∑
j=1

[⟨e2j|vp⟩⟨e2j+1|wp⟩− ⟨e2j+1|vp⟩⟨e2j|wp⟩} (C.5)

which is real, such that the terms proportional to Xjkδjk and X∗
jkδjk in the second line of

equation (C.4) cancel each other. We can then write the shell-Hamiltonian as

Ĥs =
ks
2

n∑
j,k=1

{
Mjk−Mkj

2
ÂjÂk+

M∗
kj−M∗

jk

2
Â†
j Â

†
k

}
+
ks
2

n∑
j,k=1

{
Xjk+X∗

kj

2
ÂjÂ

†
k −

Xkj+X∗
jk

2
Â†
j Âk

}

≡ ks
2

(
Â†
1, . . . , Â

†
n, Â1, . . . , Ân

)−XT+X∗

2
M† −M∗

2

M−MT

2
X+X†

2




Â1

. . .

Ân
Â†
1
. . .

Â†
n



=
ks
2

(
Â†
1, . . . , Â

†
n, Ân, . . . , Â1

)−XT+X∗

2
M† −M∗

2 Rn

RnM−MT

2 RnX+X†

2 Rn




Â1

. . .

Ân
Â†
n
. . .

Â†
1

 , (C.6)
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where we have grouped all creation and annihilation operators into one operator valued vector(
Â†
1, . . . , Â

†
n, Â1, . . . , Ân

)
and where in the last line we have reversed the order of the 2nd

half of that vector by multiplication with the matrix Rn (the n× n matrix whose entries are 1
on the cross-diagonal and 0 everywhere else).

The 2n× 2n matrix that appears in the last line of equation (C.6) is both Hermitian and
anti-persymmetric, i.e. it switches sign when it is flipped along the cross-diagonal. As we
show in appendix C.3, the eigenvalues of such a matrix come in pairs ±λ. And if v is an
eigenvector with eigenvalue λ, then R2nv∗, i.e. the complex conjugate of v multiplied by R2n

(which reverses the ordering of the elements of v∗), is an eigenvector with eigenvalue −λ. So
we can express the above matrix as

−XT+X∗

2
M† −M∗

2 Rn

RnM−MT

2 RnX+X†

2 Rn

= U†



λ1

. . .
λn

−λn
. . .

−λ1


U, (C.7)

where without loss of generality we can assume that all λi > 0 and λi+1 ⩾ λi, and where the
unitary matrix U† consists of the columns

U† =
(
v1, . . . , vn, Rnv∗n , . . . , Rnv

∗
1

)
. (C.8)

We can then define new creation and annihilation operators via

B̂1

. . .

B̂n
B̂†
n
. . .

B̂†
1

≡ U ·



Â1

. . .

Ân
Â†
n
. . .

Â†
1

 . (C.9)

This is well defined because

[
B̂i
]†

=

v
†
i ·



Â1

. . .

Ân
Â†
n
. . .

Â†
1





†

=
(
v1∗i Â1 + · · ·+ vn∗i Ân+ vn+1∗

i Â†
n+ · · ·+ v2n∗i Â†

1

)†

=
(
v1i Â

†
1 + · · ·+ vni Â

†
n+ vn+1

i Ân+ · · ·+ v2ni Â1

)

= (R2nv∗i )
† ·



Â1

. . .

Ân
Â†
n
. . .

Â†
1

 = B̂†
i . (C.10)
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It is also straight forward to show that {B̂i , B̂j}= 0= {B̂†
i , B̂

†
j } and that {B̂i , B̂†

j }= δij. The
shell-Hamiltonian thus becomes

Ĥs =
ks
2

n∑
i=1

λi

(
B̂†
i B̂i − B̂i B̂

†
i

)
=
ks
2

n∑
i=1

λi

(
2B̂†

i B̂i − 1
)
. (C.11)

So we have reduced our Hamiltonian to that of a set of decoupled spins with varying coupling
λi to an external field. Since we have (without loss of generality) assumed that all λi > 0, the
minimum energy eigenstate of that Hamiltonian is the one that has occupation number 0 in
each mode i. Hence, the minimum energy eigenvalue is

Emin =−ks
2

n∑
i=1

λi . (C.12)

To derive an estimate of this energy we will use a number of results from randommatrix theory
[71, 95, 117, 118]. Let us first note that the matrix

K≡

−XT+X∗

2
M† −M∗

2 Rn

RnM−MT

2 RnX+X†

2 Rn

 (C.13)

can be interpreted as a draw from a random ensemble of matrices, since the vector components
⟨ej|vp⟩ and ⟨ej|wp⟩ appearing in the definition of K where chosen at random according to the
JL-embedding scheme described in section 3.1. Clearly, the ensemble from which K is drawn
belongs to the Hermitian matrices. Hence there will be an eigenvalue distribution associated
with this ensemble, i.e. there will be a function p(λ) such that p(λ)dλ is the probability of
finding a randomly chosen eigenvalue of a matrix in the ensemble within the interval [λ, λ+
dλ]. The minimum energy of equation (C.12) can then be approximated as

Emin ≈−ksn
ˆ
λ⩾0

dλ λ p(λ) . (C.14)

So equation (C.12) can be viewed as ‘Monte-Carlo’-integration of equation (C.14), and the
factor of 1/2 in equation (C.12) disappears in equation (C.14) because we are only integrating
over half of the probability density function p(λ). Note especially, that p(λ) = p(−λ) because
the eigenvalues of K come in pairs ±λ as discussed above.

So in order to obtain a theoretical expectation value for Emin we need to determine the
eigenvalue density p(λ) of the random matrix ensemble from which K is drawn. We will use
the results of [95, 118] to do so. First, let us calculate the sum of the variances of the elements
in the kth row of K. With our results from appendix B one can show that this is given by∑

l

E
[
|Kkl|2

]
=

1
4

∑
l

{
E
[
|X∗

kl+Xlk|2
]
+E

[
|M∗

lk−M∗
kl|2
]}

=
1
4

∑
l

{
E
[
|Xkl|2

]
+E

[
|Xlk|2

]
+E

[
|Mkl|2

]
+E

[
|Mlk|2

]}
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≈ 1
2

∑
l

∑
p

{
E
[
|fp,k|2

]
E
[
|gp,l|2

]
+E

[
|fp,l|2

]
E
[
|gp,k|2

]}
=

1
2

∑
l

∑
p

{
2
2ns

2
2ns

+
2
2ns

2
2ns

}
=
Ns
ns
. (C.15)

If we can interpretK as drawn from the generalisedWigner ensembles considered by [95, 118],
then we can conclude from equation (C.15) that in the asymptotic limit ns →∞ the eigenvalue
distribution p(λ) is given by the semi-circle distribution

p(λ)≈


ns

2πNs

√
4Nsns −λ2 for |λ|< 2

√
Ns
ns

0 else

. (C.16)

For the minimum eigenvalue of the shell Hamiltonian this gives

Emin ≈− n2sks
2πNs

ˆ 2
√
Ns/ns

λ=0
dλ λ

√
4
Ns
ns

−λ2

=− n2sks
2πNs

[
−1

3

(
4
Ns
ns

−λ2

) 3
2

]2√Ns/ns

λ=0

=−Nsks
2

·
(

8
3π

√
ns
Ns

)
. (C.17)

So the vacuum energy seems to be suppressed wrt. the standard, non-overlapping Weyl field

by a factor of 8
3π

√
ns
Ns

. The only caveat to this result is the fact that K indeed satisfies all

the properties of generalised Wigner ensembles considered by [95, 118] except that it has the
additional property of anti-persymmetry. A priori, one might expect that this can change the
width of p(λ) by a factor of O(1). We do not repeat the proofs of [95, 118] in our modified
situation and instead simply check in numerical experiments that the width of p(λ) is exactly
the one predicted by those authors, i.e. the impact of anti-persymmetry is solely that the eigen-
spectrum is symmetrised around 0 without changing the asymptotic width of the eigenvalue
distribution.

C.2. Lifetime of plane waves

Let k ∈ s be a wave mode in the Fourier space shell s, and let us define the state corresponding
to a plane wave excitation |k⟩ of that mode as in section 4. We will again decompose the
shell-Hamiltonian as

Ĥs =
ks
2

(
Â†
1, . . . , Â

†
n, Ân, . . . , Â1

)
K



Â1

. . .

Ân
Â†
n
. . .

Â†
1

 , (C.18)
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as we had done in the previous section. Note that the properties of our modified Weyl field do
not depend on the exact vector pairs vp, wp used to construct the different field modes ĉp, but
only on the scalar products between the vectors in different vector pairs. Thus we can always
rotate all embedding vectors in such a way that the vectors vk and wk defining the mode ĉk are
given by

vk = (1, 0, 0, . . .) , wk = (0, 1, 0, . . .) . (C.19)

This means that we can without loss of generality assume that

N̂k = Â†
1Â1 (C.20)

or equivalently, that ĉk ≡ Â1.
In section 4 we estimated the lifetime of the plane wave excitation as

1
T2
scramble

≈−E
{

d2

dt2
⟨N̂k⟩

}
= E

{
⟨k|
[
Ĥs,
[
Ĥs, N̂k

]]
|k⟩
}
, (C.21)

where the expectation value E is taken wrt. the random vectors that are used in the CRSV-
embedding. Note that the first time derivative of ⟨N̂k⟩ vanishes since |k⟩ is an eigenstate of
N̂k. Hence, we consider the second time derivative to estimate a characteristic time scale. To
evaluate the double-commutator between N̂k and Ĥs, let us first decompose the latter as

Ĥs =
ks
2

{
K11

(
2N̂k− 1

)
+ 2Â1B̂− 2Â†

1B̂
†
}
+ ĤB (C.22)

where the operator B̂† (which should not be confused with the operators B̂†
i from the previous

subsection) is given by

B̂† =

ns∑
j>1

{
K1,jÂj+K1,2ns+1−jÂ

†
j

}
(C.23)

and where ĤB is the part of Ĥs that does not contain any factors Â1 or Â†
1. It is clear that[

ĤB, N̂k
]
= 0=

[
B̂†, N̂k

]
, (C.24)

because Â1 and Âj represent non-overlapping qbits for j> 1 (and because N̂k contains the two
factors Â1 and Â†

1 such that anti-commutation becomes commutation). Hence the first com-
mutator of Ĥs and N̂k becomes[

Ĥs, N̂k
]
= ks

{[
Â1, N̂k

]
B̂−

[
Â†
1, N̂k

]
B̂†
}
= ks

{
Â1B̂+ Â†

1B̂
†
}
. (C.25)

Note that ⟨k|Â1|k⟩= 0= ⟨k|Â†
1|k⟩. Hence, when applying the commutator with Ĥs a second

time, only terms without single factors Â1 or Â†
1 will contribute to equation (C.21). This leads

us to
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1
T2
scramble

= k2s E
{
⟨k|
{[
Â1B̂, Â

†
1B̂

†
]
−
[
Â†
1B̂

†, Â1B̂
]}

|k⟩
}
= 2k2s E

{
⟨k|N̂k{B̂, B̂†}− B̂B̂†|k⟩

}
= 2k2s E

{
⟨k|B̂†B̂|k⟩

}
. (C.26)

We can think of the operators B̂ and Â1 as living on different tensor factors of the shell Hilbert
space, i.e. we can understand them as tensor products of the form I1 ⊗JW B̂ and Â1 ⊗JW I2−n,
where the subscript JW in ⊗JW signifies that appropriate Jordan–Wigner strings have to be
added to the naive tensor product in order to ensure anti-commutation instead of commutation
(cf our discussion in appendix D). The state |k⟩ can then be thought of as a product state

|k⟩= |1⟩A⊗JW |bk⟩ (C.27)

where |bk⟩ only lives on the Hilbert space factor corresponding to B̂ (and again the subscript
JW is a reminder that the naive tensor product structure has to be augmented by appropriate
Jordan–Wigner strings). The scrambling time thus becomes

1
T2
scramble

= 2k2s E
{
⟨bk|B̂†B̂|bk⟩

}
. (C.28)

Now in section 4 we had defined |k⟩ such that it maximizes Tscramble, while also having
⟨k|N̂k|k⟩= 1. So |bk⟩ needs to be an eigenvector of B̂†B̂ corresponding to its minimum
eigenvalue.

We can express B̂ as

B̂= (K1,2, . . . , K1,n, K1,n+1, . . . , K1,2n−1)



Â2

. . .

Ân
Â†
n
. . .

Â†
2

≡ a† ·



Â2

. . .

Ân
Â†
n
. . .

Â†
2

 , (C.29)

where we have defined a≡ (K∗
1,2, . . . , K

∗
1,2n−1)

T. So we need to find the minimum eigenvalue
of

B̂†B̂=
(
Â†
2, . . . , Â

†
n, Ân, . . . , Â2

)[
a · a†

]


Â2

. . .

Ân
Â†
n
. . .

Â†
2

 , (C.30)

where the dyadic product a · a† is a (2ns− 2)× (2ns− 2)-matrix. Similarly to how we pro-
ceeded in appendix C.1, we can use the anti-commutation relations between Âj, Âk, Â

†
j , Â

†
k to

symmetrize the above expression. This yields

B̂†B̂=
|a|2

2
+
(
Â†
2, . . . , Â

†
n, Ân, . . . , Â1

)[1
2
a · a† − 1

2
b · b†

]


Â1

. . .

Ân
Â†
n
. . .

Â†
2

 , (C.31)
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where the vector b is given by

b≡ (R2ns−2 · a)∗ , (C.32)

i.e. it is the complex conjugate of the vector obtained by reversing the order of a.
Note that the matrix [a · a† − b · b†] is Hermitian and anti-persymmetric (i.e. it changes

sign, when flipped along the cross-diagonal; cf appendix C.3). So similarly to what we did
in appendix C.1 we can calculate the eigenspectrum of B̂†B̂ by determining the eigenspectrum
of [a · a† − b · b†]. The latter is a rank two matrix, and a standard result shows that its only
non-trivial eigenvalues are

λ±

[
a · a† − b · b†

]
=

|a|2 − |b|2

2
± 1

2

√(
|a|2 + |b|2

)2
− 4
∣∣∣(b† · a)∣∣∣2

=±|a|2

√√√√
1−

|
(
b† · a

)
|2

|a|4
, (C.33)

where in the second line we used the fact that in our case |a|2 = |b|2. The plane wave life time
is then given by

1
T2
scramble

= 2k2s E

{
|a|2

2
− 1

2
λ−

[
a · a† − b · b†

]}

= k2s E

|a|2 − |a|2

√√√√√1−

∣∣∣(b† · a)∣∣∣2
|a|4

 . (C.34)

To evaluate this further, let us write the (2ns− 2)-dimensional vector a as

a≡
(

v†

Rns−1w

)
⇒ b=

(
w

Rns−1v†

)
, (C.35)

where v,w are random vectors ∈ Cns−1. The term appearing in the square root of
equation (C.34) then becomes∣∣∣(b† · a)∣∣∣2

|a|4
=

4
∣∣(v† ·w)∣∣2

|a|4
= 4

∣∣(v† ·w)∣∣2
|v|2 |w|2

· |v|2

|v|2 + |w|2
· |w|2

|v|2 + |w|2
. (C.36)

Using e.g. lemma 2.2 of [75] one can show that |v|2/(|v|2 + |w|2) ∈ [1/2− 1/(2ns− 2)1/4,1/2
+1/(2ns− 2)1/4]with a probability⩾1−

√
2ns− 2/8. This means that as ns →∞ the value of

|v|2/(|v|2 + |w|2) (and similarly, of |w|2/(|v|2 + |w|2)) will be concentrated in an increasingly
narrow interval around 1/2 with probability increasingly closer to 1. We can hence conclude
that in the high-ns limit∣∣∣(b† · a)∣∣∣2

|a|4
≈
∣∣(v† ·w)∣∣2
|v|2|w|2

. (C.37)
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Our results from appendices B.1 and B.4 will then indicate that |(b† · a)|2/|a|4 is∼1/(ns− 1),
with fluctuations around this only of the order 1/(ns− 1)2. So in the high-ns limit it will be
warranted to expand the square root in equation (C.34) at linear order, which yields

1
T2
scramble

≈ k2s
2
E

{(
|v|2 + |w|2

) ∣∣(v† ·w)∣∣2
|v|2|w|2

}

=
k2s
2
E
{
|v|2 + |w|2

}
E

{∣∣(v† ·w)∣∣2
|v|2|w|2

}

=
k2s
2
Ns (ns− 1)

n2s

1
ns− 1

, (C.38)

where in the second line we used the fact that the angle between v andwwill be uncorrelated to
the absolute value of these vectors, and in the third line we used our results from appendix B.4
as well as amodified version of equation (C.15). Using our definitions from section 3we finally
arrive at

Tscramble ≈ 2π2√α
(
ΛPlanck

ΛUV

)2 Ndof,ψ

Ntotal

√
L
ks
, (C.39)

where the quantities appearing in this equation were

• ks: central radius of the Fourier space shell s,
• α: relative width ∆s/ks of the Fourier space shell s,
• ΛUV/ΛPlanck: UV-cutoff of our field in Planck units,
• Ndof,ψ: number of degrees of freedom (‘qbits’) present in our field
• Ntotal: total number of degrees of freedom present in the Universe,
• L: IR-cutoff.

C.3. Eigenvalue structure of Hermitian and anti-persymmetric matrices

Let Rn be the n× n-matrix such that

(Rn)ij =
{
1 if i+ j = n+ 1
0 else

, (C.40)

i.e. it is the skewed unit matrix with ones on the cross-diagonal. We define the skew transposed
MS of a matrixM as

MS ≡ RnM
TRn , (C.41)

where T is regular transposition. We follow [117] in callingM persymmetric ifMS =M. And
we will call it anti-persymmetric if MS =−M. In analogy to situations considered by [117]
we now prove the following statement.

Theorem. LetM be a Hermitian and anti-persymmetric matrix (i.e.M=M† andMS =−M)
of dimension n× n. Then
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- if λ is an eigenvalue ofM then −λ is also an eigenvalue;
- if v is an eigenvector to the eigenvalue λ, thenRnv∗, i.e. the complex conjugate of vmultiplied
by Rn (which reverses the ordering of the elements of v∗), is an eigenvector to the eigenvalue
−λ.

Proof. Let v be an eigenvector of M with eigenvalue λ, i.e.

Mv= λv . (C.42)

We will now do three transformations of this equation:

- we will take its complex conjugate,
- we will multiply it from the left with Rn,
- we will insert a I= RnRn.

This gives

λRnv∗ = RnM
∗RnRnv∗ =

[
RnM

TRn
]†
Rnv∗ =

[
MS
]†
Rnv∗ =−MRnv∗ (C.43)

⇒M(Rnv∗) =−λ(Rnv∗) . (C.44)

Corollary. For odd n the MatrixM must have at least one eigenvalue λ= 0.

This corollary is however irrelevant for our work, since our results of appendix C only
involve matrices of even dimension.

Appendix D. Jordan–Wigner strings to construct anti-commuting creation and
annihilation operators

For each mode p in a narrow Fourier space shell s, the CRSV-embedding we described in
section 3 is generating creation and annihilation operators ĉp, ĉ

†
p (and d̂p, d̂

†
p for anti-particles)

whose anti-commutator deviates from the standard anti-commutators of the non-overlapping
field by only some small value ϵ (with high probability). We then took different shells s1,s2
to be non-overlapping, i.e. operators ĉp1 , ĉ

†
p1 and ĉp2 , ĉ

†
p2 for modes p1 ∈ s1 and p2 ∈ s2 should

be anti-commuting. If H1,H2 are the Hilbert spaces of the two shells, then their combined
Hilbert space will be isomorphic to the tensor product

H12 ≃H1 ⊗H2 . (D.1)

However, we cannot simply take the mode operators in this combined space to be the tensor
products of operators in the individual spaces such as

ĉp1 ⊗ 1 , 1⊗ ĉp2 etc.

because such a construction would make the operators of different shells commute instead
of anti-commute. To embed the operators of the individual shells into the combined Hilbert
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space in amanner that makes them anti-commute wewill have to incorporate so-called Jordan–
Wigner strings. This is best done with the help of the non-overlapping creation and annihilation
operators we introduced in appendix C,

Âs,j ≡
1
2
(Cs,2j+ iCs,2j+1) , Â

†
s,j ≡

1
2
(Cs,2j− iCs,2j+1) ,

where Cs,j are the generators of the Clifford algebra we chose for each shell s. We can now
sort the operators Âs,j from all shells s into a single list of operators, e.g. in the form

(â1, â2, â3, . . .) ≡
(
Âs1,1, Âs1,2, . . . , Âs2,1, Âs2,2, . . . , Âs3,1, . . .

)
, (D.2)

where we understand the operators on the right-hand side to be embedded into the combined
Hilbert space by means of the naive tensor products mentioned above. In particular, operators
between different different shells are still only commuting at this point. We can now devise

new, anti-commuting operators
(
b̂1, b̂2, b̂3, . . .

)
as follows: Let the index j correspond to

some shell s. We then define

b̂j ≡ exp

−iπ
∑
s′<s

∑
j′∈s ′

â†j′ âj′

 âj . (D.3)

Here the criterion s ′ < s means that we are summing over all shells s′ that come before the

shell s in the order of shells implied by equation (D.2). The new operators
(
b̂1, b̂2, b̂3, . . .

)
as well as their Hermitian conjugates are now anti-commuting between the different shells.
At the same time, within each shell the above transformation is just a constant unitary, i.e. the
anti-commutation relations within one shell are unchanged. We can then apply the same trans-
formation also to the overlapping mode operators ĉp, ĉ

†
p, and since they can be expressed as

linear combinations of the non-overlapping Âi, Â
†
i they will also anti-commute between dif-

ferent shells. This construction can also be extended to incorporate the anti-particle Hilbert
space in a straight forward manner. Note especially that none of our previous calculations are
impacted by the above transformation and this appendix is only meant to close a conceptual
gap in our presentation.
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[63] Castellano A, Herráez A and Ibáñez L E 2022 J. High Energy Phys. JHEP08(2022)217
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