






Figure 4.9 Photo of Specimen 67 A 
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5.0 Experimental Results 

The Instrumentation of specimen 67 A was discussed in ch. 4. The present chapter 

details the loads applied and the reduction of the large quantities of data to a form 

fit for interpretation using the Least Squares method. 

5. 1 Applied Loads 
The specimen was loaded three times for each of four loadings (±axial, ±torsion). 

The nominal maximum load applied was ± 400 Ibs. axial and ± 100 in.-Ibs. torsion. 

The data were collected continuously as the cylinder was loaded and unloaded. All 

twelve rosette data channels were collected independently (no balancing) and 

simultaneously for each loading. The resulting strain-load curves are presented in 

Appendix B. 

5.2 Data Reduction 
Examination of the strain-load curves reveals generally linear behavior for all gauges 

over the load ranges examined. The data were therefore first reduced by taking the 

linear regression of each gauge under each load. The low values ( I Tx 1< 10 in.­

Ibs., I Fx 1<20 Ibs.) of each load trial were discarded prior to finding the linear 

regression. A tyro degree of freedom regression was used resulting in an equation 

for the data of the form: 

y=mx+b (5.1) 

where y is the strain, x is the load, m is the slope and b is the y axis intercept. 
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The y intercept should, of course, be zero but it was often significant. The two 

degree-of-freedom regression was generally a better fit then a one degree-of­

freedom fit (forced through the origin); therefore, the two degree of freedom fit was 

used and the offset was subsequently neglected. This effectively shifts all of the 

curves to the origin. This procedure also improved the consistency of the data. 

Tables 5.1-5.12 show the regressions of the data at this point. The data reduction 

and linear regressions were done using Borland's Quattro Pro 4.0. The Standard 

Errors are the curve fitting errors reported by Quattro and can be interpreted as m 

± Em and b ± Eb (Quattro Pro User's Guide [11 H. Note that the error ;n the y 

intercept is generally about the same magnitude or larger then the intercept itself. 
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Table 5.1 Tension Trial #1 

67A Tension Trial #1 Standard Standard 

Gauge m b 
Error (Em) Error (Eb) 

A1 1.21862e-07 1.32460e-07 3.20767e-10 2. 1620ge-07 

A2 3.25017e-07 2.38196e-06 1.02425e-09 6.90383e-07 

A3 9.80045e-08 -1.56351e-06 2.10420e-09 1.41831e-06 

81 1.07601e-07 2.91251e-06 1.17587e-09 7.92578e-07 

82 2.82721 e-07 -1.24291e-07 3.72596e-09 2.51144e-06 

83 1.02034e-07 -5.25906e-07 1.74024e-09 1 .1729ge-06 

C1 1.07184e-07 -3.08941e-06 2.42340e-09 1.63346e-06 

C2 3.22047e-07 -3.97993e-06 7.08205e-09 4.77357e-06 

C3 1.06350e-07 -7.89990e-07 2.10020e-09 1.41562e-06 

D1 9.8036ge-08 1.94178e-08 2.01138e-09 1.35575e-06 

02 2.81854e-07 8.99271e-08 5.81034e-09 3.9163ge-06 

D3 1.13434e-07 -5.94437e-07 2.65208e-09 1.78760e-06 

Experimental Results 47 



Table 5.2 Tension Trial #2 

67 A Tension Trial #2 Standard Standard 

Gauge b 
Error (m) Error (b) 

m 

A1 1.20094e-07 -6.86297e-07 3.49817e-10 2.31790e-07 

A2 3.22131e-07 3.S928Se-06 1.60008e-09 1.06022e-06 

A3 1.00300e-07 -2.0055ge-06 2.4107Se-09 1.S9737e-06 

B1 1.06420e-07 4.4S697e-06 9.7537ge-10 6.46290e-07 

82 2.81577e-07 3.07930e-06 3.68066e-09 2.43882e-06 

83 1.01S00e-07 1.91173e-06 1.60191 e-09 1.06143e-06 

C1 1.07357e-07 -7.48991e-07 2.02793e-09 1.34371e-06 

C2 3.22127e-07 -1.93816e-06 6.41656e-09 4.25163e-06 

C3 1.05560e-07 -3.04507e-07 2.08695e-09 1.38282e-06 

01 9.66155e-08 8.88661e-1O 2.31744e-09 1.53555e-06 

02 2.78587e-07 3.63728e-07 6.24846e-09 4.14025e-06 

03 1.1201ge-07 -3.3351ge-07 2.861S1e-09 1.89605e-06 
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Table 5.3 Tension Trial #3 

67 A Tension Trial #3 Standard Standard 

Gauge b 
Error (m) Error (b) 

m 

Ai 1.27131e-07 -2.61028e-07 3.25304e-10 2.18051 e-07 

A2 3.27605e-07 1.82050e-06 2.49986e-09 1.67565e-06 

A3 9.42364e-08 -9.13201e-07 1 .38766e-09 9.30143e-07 

81 1.02915e-07 1.22053e-06 1.36043e-09 9.11892e-07 

82 2.75233e-07 1.69261 e-06 4.16952e-09 2.79482e-06 

83 9.8076ge-08 -9.28220e-07 1.86374e-09 1.24926e-06 

C1 1.07322e-07 -2.49793e-06 2.01088e-09 1.3478ge-06 

C2 3.17651e-07 -2.79871 e-OS 5.72235e-09 3.835S8e-06 

C3 1.09767e-07 1.59386e-OS 1.32594e-09 8.8877Se-07 

01 1.0S4S7e-07 2.41137e-07 1.71154e-09 1.14724e-06 

02 2.92086e-07 2.36364e-07 5.27435e-09 3.5353ge-06 

03 1.1127Se-07 1.81136e-07 2.59572e-09 1.73990e-OS 
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Table 5.4 Compression Trial #1 

67A Com~ression Trial #1 Standard Standard 

Gauge b 
Error (m) Error (b) 

m 

A1 1.22551 e-07 -8.51846e-07 5.38153e-10 3.53121 e-07 

A2 3.26596e-07 -4.57775e-07 1.04546e-09 6.86002e-07 

A3 9.93998e-08 1.19472e-06 2.46688e-09 1.61870e-06 

81 1.0690ge-07 2.96972e-06 8.08313e-10 5.30393e-07 

82 2.82246e-07 2.24~07e-06 3.37536e-09 2.21482e-06 

83 1.01030e-07 1.95774e-06 1 .63221 e-09 1.07101e-06 

C1 1.06886e-07 -1.17498e-06 1.85827 e-09 1.21935e-06 

C2 3.16921e-07 -2.47493e-06 6.97S65e-09 4.S7723e-06 

C3 1.03663e-07 7.59658e-07 2.0424ge-09 1.34023e-06 

01 9.50401 e-08 -1.94094e-07 2. 15767e-09 1.41S80e-06 

02 2.78047 e-07 -7.33726e-07 6.23300e-09 4.08993e-06 

03 1.14388e-07 -7.07644e-07 2.62297e-09 1.72112e-06 
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Table 5.5 Compression Trial #2 

67A Comeression Trial #2 Standard Standard 

Gauge b 
Error (m) Error (b) 

m 

A1 1.20402e-07 -9.19270e-07 3.74253e-10 2.42173e-07 

A2 3.24530e-07 1 .41224e-06 1.37226e-09 8. 87964e-07 

A3 1.02330e-07 9.82200e-07 2.31588e-09 1.49856e-06 

81 1.0785ge-07 2.60941 e-06 1.35144e-09 8.74495e-07 

82 2.79960e-07 2.10351 e-06 3.52075e-09 2.27821e-06 

83 1.00082e-07 1.88560e-06 1.69797e-09 1.09873e-OS 

C1 1.05911 e-07 -1.45304e-06 1.73714e-09 1.12407e-06 

C2 3. 17S34e-07 -1.8683ge-OS S.81711e-09 4.41123e-06 

C3 1.02986e-07 8.71021e-07 2.43443e-09 1.57528e-OS 

01 9.47011e-OS -6.71437e-OS 2.44215e-09 1.5S027e-06 

02 2.76655e-07 -S.110Sge-07 6.4 7983e-09 4.19298e-OS 

03 1.12S75e-07 -1.72743e-OS 2.S7654e-09 1.73194e-06 
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Table 5.6 Compression Trial #3 

67A Comeression Trial #3 Standard Standard 

Gauge m b 
Error (m) Error (b) 

Ai 1.31652e-07 -7.42186e-07 5.8986ge-10 3.95402e-07 

A2 3.34663e-07 1.0278ge-06 9.06396e-10 6.07576e-07 

A3 9.89185e-08 -1. 1456Se-06 1.3797ge-09 9.2490Se-07 

81 1 .0670ge-07 1.93833e-OS 1.05021 e-09 7.03975e-07 

82 2.7701Se-07 7.27052e-07 2.69673e-09 1.80767e-06 

83 9.68266e-08 -1.00385e-06 1.19106e-09 7.98391 e-07 

C1 1.06745e-07 -2.24490e-06 1.84145e-09 1.23437e-06 

C2 3.1138ge-07 -2.49271 e-06 7.29717e-09 4.89145e-06 

C3 1.05425e-07 4.9671ge-07 2.32454e-09 1.5581ge-06 

01 1.01533e-07 2.85772e-08 2.57282e-09 1.72462e-06 

02 2.86535e-07 -6.8801ge-07 6.4 7704e-09 4.34170e-06 

03 1 .13596e-07 -9.9621ge-08 2.61172e-09 1.7506ge-06 
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Table 5.7 Positive Torsion Trial #1 

67 A Positive Torsion Trial #1 Standard Standard 

Gauge b 
Error (m) Error (b) 

m 

A1 -3. 15958e-07 -3.04415e-07 2.08716e-09 3.13325e-07 

A2 -1.08381 e-08 3.82201 e-06 1.54808e-09 2.3239ge-07 

A3 3.05582e-07 -3.28600e-06 1.22353e-08 1.83677e-06 

81 3.21725e-07 1.74771e-06 3.87005e-09 5.80974e-07 

82 -1.92701e-08 1.87116e-06 1 .42953e-09 2. 14602e-07 

83 -3.40434e-07 3. 34050e-06 6.46157e-09 9.70015e-07 

C1 -3.46967e-07 -3.53772e-07 6.81495e-09 1.02306e-06 

C2 7.3800ge-09 -1.26220e-06 1.38363e-09 2.07712e-07 

C3 3.30874e-07 -2.5594ge-07 9.3692ge-09 1.40652e-06 

01 3.11126e-07 -9.56094e-07 9.52034e-09 1.42920e-06 

02 1 .38176e-08 -1.6705ge-07 6.43007e-10 9.65286e-08 

D3 -3.30760e-07 4.91284e-07 1.19153e-08 1.78874e-06 
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Table 5.8 Positive Torsion Trial #2 

67 A Positive Torsion Trial #2 Standard Standard 

Gauge m b 
Error (m) Error (b) 

A1 -3. 18592e-07 5.31941e-07 1.41283e-09 2.11396e-07 

A2 -6.50695e-09 3.02488e-06 1.65160e-09 2.47123e-07 

A3 3.0000ge-07 1.31355e-06 1.09303e-08 1.63547e-06 

81 3.11501 e-07 6.47532e-07 3.81158e-09 5.70314e-07 

82 -2. 17838e-08 3. 16492e-06 1.69841 e-09 2.54127e-07 

83 -3. 36778e-07 1.57947e-06 5.41220e-09 8. 09808e-07 

C1 -3.4646ge-07 8.76893e-08 5.91866e-09 8.85587e-07 

C2 1.05933e-08 -1.1790ge-06 1.82138e-09 2.72526e-07 

C3 3.36113e-07 -1.23964e-07 9.72845e-09 1.45563e-06 

01 3.14261e-07 -1 . 10988e-06 8.67868e-09 1.29856e-06 

02 1.65226e-08 1.60657e-07 1.62195e-09 2.42686e-07 

03 -3.30757e-07 1.69773e-06 1.03634e-08 1.55063e-06 
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Table 5.9 Positive Torsion Trial #3 

67 A Positive Torsion Trial #3 Standard Standard 

Gauge b 
Error (m) Error (b) 

m 

A1 -3.33157e-07 6.61998e-07 1.83163e-09 2.75091e-07 

A2 -1.45633e-08 2. 16370e-06 1.78101e-09 2.67488e-07 

A3 3.01758e-07 -1.77776e-06 6.65355e-09 9.99292e-07 

81 3.25570e-07 2.47371e-06 4.26943e-09 6.41223e-07 

82 -1.19210e-08 3.57938e-06 1.46652e-09 2.20255e-07 

83 -3.41011e-07 4.84053e-07 5.4690ge-09 8.2139ge-07 

C1 -3.45931 e-07 -1.47553e-06 6.20292e-09 9.31612e-07 

C2 1.69810e-08 .. 2.7968ge-06 3.05928e-09 4.59472e-07 

C3 3.36916e-07 5.93021e-07 7.72444e .. 09 1. 160 13e-06 

01 3. 12875e-07 -2.42400e-07 8.73086e-09 1.31128e-06 

02 1.16983e-08 4.3530ge-07 8.00758e-10 1.20265e-07 

03 -3.34692e-07 -3.14013e-07 1.11887e-08 1.68043e-06 
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Table 5.10 Negative Torsion Trial #1 

67 A Negative Torsion Trial #1 Standard Standard 

Gauge b 
Error (m) Error (b) 

m 

Ai -3.21708e-07 1.8283ge-07 1.82245e-09 2. 54950e-07 

A2 -1.62553e-08 2.81802e-06 2.2503ge-09 3.14816e-07 

A3 2.S1720e-07 -5.00955e-07 1.0134ge-08 1.41781e-06 

81 3.24227e-07 2.96347 e-06 3.72868e-09 5.21621e-07 

82 -1.56793e-08 3.14170e-06 1.68408e-09 2.35593e-07 

83 -3.42551e-07 1.45475e-06 6.28645e-09 8.7943ge-07 

C1 -3.50173e-07 -S.89687e-07 6.30273e-OS 8.81716e-07 

C2 3.90892e-09 -2.31388e-06 1.4651ge-09 2.04971e-07 

C3 3.35434e-07 -1.89452e-07 9.26745e-09 1.29646e-06 

01 3.11042e-07 -1.28893e-06 8.64948e-09 1.21001e-06 

02 1 .45037 e-08 3.96482e-08 9.69782e-10 1.35667e-07 

03 -3.2836ge-07 1.71830e-06 1.15630e-08 1.61760e-06 
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Table 5.11 Negative Torsion Trial #2 

67 A Negative Torsion Trial #2 Standard Standard 

Gauge m b 
Error (m) Error (b) 

Ai -3.165S2e-07 2.26227e-07 1.77463e-09 2.91497e-07 

A2 -7.74721e-09 3.10411e-06 1 .S2448e-09 2.S0407e-07 

A3 2. 82S77e-07 -3.10771e-06 6.74460e-09 1 . 1078Se-06 

81 3.27508e-07 2.83828e-06 2.59404e-09 4.26091 e-O? 

82 -1.67333e-08 2.63498e-06 9.93333e-10 1.63162e-07 

83 -3.36735e-07 5.95394e-07 S.82563e-09 9.S6904e-07 

C1 -3.4S290e-07 -7.7441Se-07 5.92362e-09 9.7299ge-07 

C2 4.7278ge-09 -2.39923e-06 2.03910e-09 3.34937e-07 

C3 3.33242e-0? -1.07967e-06 6.81360e-09 1. 1191ge-06 

01 3.13917e-07 -1.02484e-06 6.98S70e-09 1.1474Se-06 

02 1.52385e-08 -3.92302e-07 7.76272e-10 1.27S0ge-07 

03 -3.29990e-07 6.07616e-07 9.33217e-09 1.53288e-06 
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Table 5.12 Negative Torsion Trial #3 

67 A Negative Torsion Trial #3 Standard Standard 

Gauge b 
Error (m) Error (b) 

m 

A1 -3.33447e-07 7.75273e-07 2.16551 e-09 3. 17832e-07 

A2 -1.40732e-08 2.22595e-06 1 .94158e-09 2.84965e-07 

A3 3. 14340e-07 -1.91642e-06 8.07293e-09 1 .18486e-06 

B1 3.20088e-07 2.81403e-06 6.57642e-09 9.65220e-07 

B2 -1.40741 e-08 1.72086e-06 1.25753e-09 1.84567e-07 

83 -3.34347e-07 -2.08670e-08 5.0402ge-09 7.39762e-07 

C1 -3.44478e-07 -1.55217e-06 6.64230e-09 9.7488ge-07 

C2 1.05982e-08 -4.26856e-06 1.73704e-09 2.54945e-07 

C3 3.29060e-07 4.80812e-07 7.69604e-09 1 .12955e-06 

01 3.09376e-07 -2.01180e-08 8.26863e-09 1.21358e-06 

02 9.32684e-09 6.30513e-07 2.32536e-09 3.41293e-07 

03 -3.3037ge-07 1.99628e-07 1.08950e- --
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All of the individual load trials were then averaged. The intercept values (b) are 

discarded at this point. 

Table 5.13 Average Gauge Strains 

67A Average Gauge Strains 

Axial Load Torsional Load 

m terror m terror 

A1 1.2394ge-07 1.75492e-10 -3.23236e-07 7 .61345e-1 0 

A2 3.26757e-07 6.15907e-10 -1.16640e-OB 7.3511Be-10 

A3 9.BB64Be-OB B.41916e-10 2.99331e-07 3.B2544e-09 

81 1.06402e-07 4.64504e-10 3.21770e-07 1.760BOe-09 

82 2.79792e-07 1.4517Be-09 -1.6576ge-OB 5.BBB56e-10 

83 9.9924ge-OB 6.67372e-10 -3.3B643e-07 2.35594e-09 

C1 1.06901 e-07 B.14637e-10 -3.46551 e-07 2.5759Be-09 

C2 3.17962e-07 2.75103e-09 9.03157e-09 B.15016e-10 

C3 1 .05625e-07 B.50262e-10 3.33606e-07 3.47064e-09 

01 9.B7323e-OB 9.0652Be-10 3.12100e-07 3.4727Be-09 

02 2.B2294e-07 2.49117e-09 1.3517ge-OB 5.43542e-10 

03 1.12B9Be-07 1.09067e-09 -3.30B24e-07 4.45363e-09 

The error throughout the data reduction is calculated according to the formula: 

(5.2) 

where OR is the error of the value R which is a function of the constants Xi each with 
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The data were then averaged according to the sign of the patch as shown below in 

Table C.13. Because the same-sign patches are on opposite sides of the cylinder this 

operation eliminates the influence of bending in the same manner as balancing the 

gauges would have. 

Table 5.14 Gauge Balancing Formulas 

Formulas m 

EI (81 +D1 )/2 

(+) Patch 
(82+D2)/2 en 

em (83+D3)/2 

el (A 1 +C1 )/2 

(-) Patch 
en (A2+C2)/2 

em (A3+C3)/2 
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The results at this point are given in Tables 5.15 - 5.16. 

Table 5.15 Balanced Average Gauge Strain Values, Axial Load 

67 A Axial Load m terror 

eI 1.02567e-07 5.09303e-10 

(+) Patch 
ell 2.81043e-07 1.44166e-09 

eIII 1.06411 e-07 6.39327e-10 

el 1.15425e-07 4.16663e-10 
I 

(-) Patch 
ell 3.2235ge-07 1.40957 e-09 

I 

em 1.02245e-07 5.98283e-10 

Table 5.16 Balanced Average Gauge Strain Values, Torsional 
Load 

67A Torsional Load m terror 

eI 3.16935e-07 1.94683e-09 
(+) Patch 

en -1.52950e-09 4. 00684e-1 0 

em -3.34734e-07 2.5191ge-09 

eI -3.34893e-07 1.34307 e-09 
(-) Patch 

en -1.31621e-09 5.48783e-10 

em 3.1646ge-07 2.58260e-09 

The strains for each load are now rotated to their respective "principle" strain 

coordinates. "Principle" strain direction in this case refers to the coordinate system for 

which an quasi-isotropic, ± 45° laminate would have true principal stresses (zero shear 

stresses). These are the cylinder coordinates for axial loads (ex, eel Yxe) and the 

material coordinates for the torsional loads (e1' e2' Y12)' Note that 
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the shear stresses will not be zero in this case because; the laminates are 

anti-symmetric, thick wall cylinder, ply-angle variation through thickness. 

Despite these effects, these choices of axes generally have large extensional 

strains and smaller (less accurate) shear strains. This means there are only 

two measurements with high error as opposed to four if coordinates were 

chosen to maximize the shear components. This choice is somewhat 

arbitrary but seems to work well. 

The data from Tables 5.15 and 5.16 are now rotated to the proper 

coordinate system through the strain transformation equations (( +) Patch): 

cor p sin2 p 2 sin p cos P 
2 em 

sin p cos2 p -2sinpcosp 

-sinpcosp sinpcosp (cos2 P -Sin2P) 11-111 
2 

1J-m=2el/-(eJ+ em) 

where, for axial loads: 

and for torsional loads: 

P =450 

{e it e1' Ytj} = {£1' £2' Y12} 

P = 94.150 « +)Patch) 

p = -4.150 « -)Patch) 

(5.3) 

(5.4) 

(5.5) 

Because of the the numbering convention used EI and Em must be switched in the 

right hand side of eq. 5.3 for a (-) Patch. The geometry of the measured and 

calculated strains is shown below for a (+) oriented patch. 
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(+) Patch 

8 axis 
< 

Tx 

Fx 

Gauge #2 
(Ell) 

Ex 

Figure 5.1 Coordinate Systems, Specimen 67A 

The results of these rotations are given below. 

Table 5.17 Axial Load Strains, Cylinder Coordinates 

67 A Axial Load m terror 

Sx 2.81043e-07 1.55321 e-09 

(+) Patch 
Se -7.20644e-08 1 .55321 e-09 

'Yxe 3.8441ge-09 8.17391 e-1 0 

Sx 3.2235ge-07 1.50088e-09 

(-) Patch 
Se -1.04690e-07 1.50088e-09 

'Yxe 1.31797e-08 7.2907 5e-1 0 
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Table 5.18 Torsional Load Strains, Material Coordinates 

67A Torsional Load m ±error 

£1 -3.32385e-07 2.51720e-09 

(+) Patch 
CZ 3.14586e-07 1.95113e-09 

Y12 7.94868e-08 3.28105e-09 

£1 3.11918e-07 2.57888e-09 

(-) Patch 
ez -3.30342e-07 1.35484e-09 

Y12 1.09655e-07 3. 1 0696e-09 

5.3 Final Data 

The final measurements used in the inversion are listed below and plotted on the 

following page. The strains from the (-) oriented patch were chosen over the (+) patch 

measurements because the linear regression errors were generally smaller. The data 

were not averaged together because the data from the patches of the same sign were 

generally self-consistent but not consistent with the patches of opposite sign. In other 

words, patches A and C «-) patches) have very similar values while patches Band 0 

«+) patches) also have very consistent data but the (+) patch data is significantly 

different from the (-) patch data. The cause of this discrepancy is unknown and may 

be related to gripping or end effects. 

A secondary effort was made to characterize the effect of strain gauge position on the 

measured strains using gauges E, F, G, and H. These results are contained in 

Appendix C. 

The following chapter details the application of the inversion method to the data 

presented in this section. 
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Table 5.30 Final Strain Measurements for Speciman 67 A 

67 A Final Strains 

Axial Load m error 0/0 

error 

Ex 3.2235ge-07 1 . 50088e-09 0.47 

(-) Patch 

Ee -1.04690e-07 1 .50088e-09 1.43 

'Yxe 1.31797e-08 7.29075e-10 5.53 

Torsional Load m error % error 

E1 3.11918e-07 2.57888e-09 0.83 

(-) Patch 

E2 -3.30342e-07 1.35484e-09 0.41 

'Y12 
1.09655e-07 3.10696e-09 2.83 
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6.0 Inversion of Experimental Data 

6.1 Introduction 

This chapter discusses the inversion of the experimental data presented in ch. 5. 

The problems encountered and solutions employed are discussed. Final results are 

presented and discussed for specimen 67 A. 

6.2 Initial Estimate 

The least squares inversion method requires a reasonable initial estimate of the 

elastic properties from which to work. As shown in the sample inversion shown in 

ch. 3, this initial estimate does not have to be very accurate for convergence to 

occur. However, an accurate initial estimate can greatly reduce the number of 

iterations required. For this study, a rule-of-mixtures approach is employed. 

6.2.1 Effect of Porosity 

In ch. 4 porosity was discussed as a major factor influencing the properties of 

aluminum oxide. The matrix material was determined to have a porosity of 

approximately 20 to 30 percent. A middle value of 25% will be used for the 

estimate. The effect of porosity on the Young's modulus, shear modulus, and 
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Poisson's ratio of aluminum oxide are give empirically by Spriggs[12)[13]. The 

equations are exponentials of the following form: 

where: 

E=E e-bP 
(J 

E = Young's modulus of porous material 

Eo = Young's modulus of non-porous material 

b = an empirical constant 

P = volume fraction porosity 

A similar expression is used for the shear modulus: 

where: 

G=G e-dP 
(J 

G = Shear modulus of porous material 

Go = Shear modulus of non-porous material 

d = an empirical constant 

P = volume fraction porosity 

The Poisson Ratio is given by the isotropic relation: 

E v=--1 
2G 

The zero porosity moduli are approximately: 

Eo = 59 msi 

Go = 23.5 msi 

(6.1) 

(6.2) 

(6.3) 

The empirical constants for slip-cast and sintered aluminum oxide were used 

because this fabrication method was the only one reported with porosities in the 

range of the sol-gel experimental specimens used. The empirical constants are: b = 
2.73, d = 2.91. The resulting variation in properties with porosity is shown in fig. 

6.1. Using equations 6.1-6.3 the matrix properties are calculated as: 

I nversion of Experimental Data 

E = 29.8 msi 

G = 11.4 msi 

U = .31 
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6.2.2 Rule-or-Mixtures 

E 

G 

0 
.-
0 

cr 
c 
0 
(f) 
(f) 

'0 
c... 

Rule-of-Mixtures calculations are now performed based on the properties given 

in Table 6.1. Fiber properties are based on information received from the 

manufacturer (Babcock & Wilcox). 

Table 6.1 Estimated Constituent Properties 

Estimated Constituent Pro~erties 

Vfiber~43% Matrix Fibers 

E 29.8 msi 43 msi 

G 11.4 msi 17.1 msi 

u 0.31 0.26 
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The rule-of-mixtures equations are [17]: 

(6.4) 

(6.5) 

(6.6) 

V 1 = V , V, + v m{1 - V,) (6.7) 

Application of these equations with the propert.ies in Table 6.1 yields the 

following estimate for larnina properties (out-of-plane properties are estimated 

from in-plane properties): 

Table 6.2 Estimated Lamina Properties 

Estimated Lamina Pro~erties 

E1 35.5 msi u12 0.29 

E2 34.3 msi U 13 0.29 

E3 34.3 msi U 23 0.29 

G12 13.3 msi 

6.3 Initial Inversion Attempt 

The specimen geometry (Table 4.1) and the final reduction of the experimental data 

(Table 5.30) were input and an inversion attempt was made using the BASIC version 

of the Least Squares program. Because only axial and torsional load data are 

available U 13 and U 23 are set equal to U 12 in order to have an over-defined system (see 

section 3.2). 

Inversion of Experimental Data 70 



The rule-of-mixtures initial estimate (Table 6.2, designated #1) was used in addition to 

two additional, more conservative, estimates (Table 6.3). 

Table 6.3 Additional Initial Estimates 

Additional Initial Estimates 

#2 #3 

E1 18 msi E1 20 msi 

E2 8 msi E2 6 msi 

E3 7 msi E3 5 msi 

Gi2 4 msi G12 3 msi 

u12 0.1 u 12 0.1 

These inversion attempts were not successful. The rule-of-mixtures estimate attempt 

developed properties which led to an imaginary eigenvalue ( A ) in the elasticity 

solution after only five iterations. The additional estimates did not "crash" the program 

but they gave no sign of converging for over 125 iterations. 

6.3.1 Initial Adjustment to Y xe(F x) 

The least squares program outputs "trace" files containing the values of the error 

function, elastic properties and calculated strains for each iteration. These trace files 

were examined in order to gain some insight into the failure to converge. It was 

discovered that the largest term in the error function was the Yxe(Fx) term. 

Specifically, property values could not be found that produce shear strains as large as 

those measured. The possibility of a large error in this measurement is not surprising 

considering the typical magnitude of this strain (Appendix A, Ch. 3) and the testing 

situation (surfa!;e roughness, voids, strain variation over patch, etc.). 
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A preliminary attempt to obtain convergence was made by changing the value of 

YX9(Fx ) to 1 x 10-9 in the data file. This change did produce convergence for 

estimates #2 and #3 (the rule-of-mixtures estimate again failed and was discarded) 

indicating that this component was part the problem. However, the error function is 

still relatively large indicating that the converged solution is not very good. 

6.3.2 Discussion of Convergence Problem 

A failure of the method to converge, or convergence with large values of the error 

function, indicates that there is no feasible region of material properties that can 

reproduce the input strains for the given geometry and loads. This means that, 

either the model used does not accurately represent the strain response of the 

cylinder, or that the experimental error in the measurements is so large that the 

measurements are physically inconsistent. The latter problem was observed in ch. 

3 with the inversions of the truncated analytical data. 

A combination of these problems is most likely considering the specimen geometry 

and characteristics. However, there is no method available to better model the 

actual cylinder. Therefore, attempts will be made to find and correct inconsistencies 

in the data. The adjustment of Yx,(Fx ) in the previous section is an example of this. 

This adjustment made the data consistent enough for some convergence, however I 

the size of the error function indicates that there are still some significant 

inconsistencies. The following trace plots from the initial inversion attempts can 

provide some insight into the nature of the problem. 
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#1 Rule-of-Mixtures Initial Estimate 

#2 Initial Estimate #1 

#3 I nitial Estimate #2 

#4 Initial Estimate #1 , 

Yxe(Fx) set to 1 x 10.9 

#5 Initial Estimate #2, 

Yxe(Fx) set to 1 x 10.9 

Experimental Data Inversion Attempts 
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Figure 6.2 Initial Inversion Attempts, Fiber Direction Modulus (E1) vs. Iterations 
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Recall that the out-of-plane Poisson Ratios were set equal to the in-plane ratio in 

order to achieve an over defined system. 

The next plots show the calculated strains vs. iterations. The values are normalized 

by the experimental value used (E'j *). Therefore Yxe(Fx ) is normalized by 1 x 10-9 

for trials #4 and #5 rather then the values given in Table 5.30 which were used for 

the rest of the lines. 
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1.1 ----#1 

-+-
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#4 
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Figure 6.7 Initial Inversion Attempts, E'x(Fx) vs. Iterations 

Note the rapid convergence for the trials with the adjusted shear modulus. 
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Note that, for fig. B.9, the convergence to the adjusted shear value (trials #4, #5) is 

still not complete. 

The plots for c,(Tx) and c2(Tx) use a different format in order to emphasize an 

important effect discussed in the next section. 
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6.3.1 Initial Adjustment to E1(Tx) and E2(Tx) 

The trace plots show that, with the adjustment to yx,(Fx), there are still significant 

errors in the converged values for yx,(Fx)' e,(Tx), E2(Tx), and y'2(Tx). In particular, 

consider fig. 6.11. This plot shows the convergence of the extensional strains 

under torsional loading. Note that the error in the convergence (vertical distance 

from 1.0) after a few iterations appears to be always equal and opposite for the two 

strains. This tends to indicate that the problem is not with converging to the 

measured value of E,(Tx) or E2(Tx) but rather converging to the measured value of E, 

relative to the measured value of E2• 

Note that, for a thin wall cylinder with a balanced, symmetric laminate, the absolute 

values of E,{T x) and E2{T x) are identical. The difference seen is a thickness effect 

(ply-angle variation and anti-symmetry of laminate also contribute). Therefore, the 

problem is similar to that considered for Yx,(Fx) earlier, which was also largely a 

thickness effect. The approach taken will also be similar. The values will be 

adjusted until a region of good convergence is found. However, in this case, the 

two values will be adjusted relative to a central value; the average of the absolute 

values of the strains: 

Inversion of Experimental Data 

t 1(T.r) =AVG-DIFF 

t1(~) = -AVG-DIFF 

(6.8) 

(6.9) 

(6.10) 
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The average value (AVGl is calculated from the experimental data and does not 

change. For the (-) patch AVG I T x = 3.2113 x 10-7 and the initial value of the 

difference is DIFF IT x = 9.212 x '0-9
• Note that attempts to adjust the values of 

AVG or Y12(T xl instead of DIFF did not significantly improve the convergence 

characteristics of E', (T x) and E'2(T x). 

6.4 Inversion within "Convergence Zones" 

There are now two parameters (Yx,,(Fx)' DIFF) which can be varied in order to obtain 

"good" (or any) convergence. These parameters will be taken as representing 

perpendicular axis, thus defining a plane with coordinates (Yxe(Fx), DIFF). Areas 

containing points for which the least squares inversion converges will be called 

"convergence zones". No attempt will be made to completely map these zones, 

instead a rough mapping will be performed and then another optimization method 

will be used to find the best values within the zones. 

y 

DIFF(Tx) 

Figure 6.13 Convergence Zone Geometry 
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The first step in identifying the convergence zones is to find reasonable values for 

the parameters by observing their values as given by the elasticity program using 

realistic estimates of the properties. This approach leads to estimates on the order 

of 10·" for yx,(Fx)/Fx and 1 O·s for DIFFIT x. At this point the least squares program 

is used to "map" the area by calculating the converged value of the error function 

(Y) in a region around the estimates. A wire-frame surface of part of a convergence 

zone is shown below. A faster C language version of the code was used due to the 

large number of inversions involved. 
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Figure 6.14 Convergence Zone Mapping 
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In this figure GAMMAxy(Fx) is plotted along the x axis, DIFF along the y axis and Y is 

the surface height. Note the linear ridge of high convergence. The spikes along this 

ridge are an artifact of the resolution of the mapping. From this plot a rough estimate 

of a linear relation between Yxe(Fx) and DIFF can be found. A "Pattern Search" 

optimization algorithm[4] (see listing and algorithms Appendix D) was then used to 

identify points on the line to obtain a better relation. Note that the pattern search 

algorithm tends to find and accelerate along ridges. In applying it to this problem it 

was not observed to move along the ridge indicating that any peaks or slope seen in 

fig. 6.14 are artifacts of the grid size used to calculate the mapping and not properties 

of the ridge. The pattern search was used to find six pOints for the data set which 

were then used to find a linear relation for the convergence line: 

Yxe(Fx) Diff Error Function 

(V) 

9.60500e-12 1 .22400e-08 1.ge-30 

2 .25650e-11 1 .22580e-08 1.ge-30 

3.98463e-11 1 .22820e-08 4.5e-31 

6.50460e-11 1 .231 70e-08 4.2e-32 

8.16060e-11 1 .23400e-08 3.4e-32 

9.99660e-11 1 .23655e-08 4.2e-32 

Linear Regression 

DIFF = Yxa{Fx) m + b terror 

m 1.388873 7.88e-06 

b 1 .222666e-08 6.18e-16 

TaDle 6.5 {;onver ence Line tJOlnts ana tJro enles g p 

A graph of the data and equation shown above is presented on the following page. 
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Figure 6.15 A Section of the "Convergence Line" 

6.3.1 Properties Along "Convergence Line 

Because a line of "best convergence" was found rather then a point, the properties 

must be found all along the line. It will be useful in presenting these results to 

define a coordinate, X, along this line. The origin (X = 0) will be taken as the DIFF 

axis intercept ( yx,(Fx) = 0) and the position along the line will be given by the 

value of yx,(Fx) at that point: 
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I not to scale I 

o 1 2 3 4 5 'Yxe 

Figure 6.16 Convergence Line Coordinate Geometry 

The error function and elastic properties will now be presented as a function of 

position along the convergence line (X). 
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Figure 6.17 Final In-Plane Property Ranges, Specimen 67 A 

Note that, for values of X ( Vx,(Fx)) below 1 x 10-10 there is virtually no change in 

the property values. It is very likely that Vx,(Fx) lies in this range, the initial rough 

estimate for Vx,(Fx) was s:::: 1 x 10.11
• The consistency of the data over five orders 

of magnitude variation in the shear strain suggests a limiting value that may be the 

correct value. However the surest way to find the correct values would be to 

measure one of the properties by some other method (ultrasonics, etc.) and 

correlate that value to a horizontal position on the above graph. The remaining 

properties could then be obtained from the graph. The following page displays E3 

and the error -function along the convergence line. 
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Figure 6. 19 Error Function Along Convergence Line 
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Note the extremely low values of E3 found. This may be a relatively true estimate 

considering the large voids in the material which tend to be concentrated along the 

ply interfaces. A cursory examination of a model of a cylinder with very compliant 

inter-ply regions lends some credence to this idea. The effect of the out-ot-plane 

Poisson's ratios was also investigated parametrically but were found to have an 

insignificant influence on E3 • Recall also, from ch. 3, that inacurracy in the 

experimental data most strongly effects the out-of-plane properties. This, in 

conjunction with the large voids is the most likely explanation for this phenomena. 

Internal pressure loading of the cylinder may aid in the accurate calculation of this 

value. 

When considering the error function plot the large spike on the right should be 

considered an artifact of; the accuracy to which the equation of the convergence 

line is obtained, the interval between data points. I believe that this spike 

represents the point at which the equation of the convergence line (Table 6.5) 

crosses the actual convergence 'line. The pattern search algorithm can generally 

obtain convergence to Y s 10-35 for any point along the convergence line. 

A partial tabulation of the data from figures 6. 17 - 6.19 is included below. Further 

discussions and recommendations follow in ch. 7. 
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Final Progert~ Ranges 

yx,(Fx) y E, E2 E3 G'2 Un 

1 e-15 6.0e-32 18356767 6362590 62754.7 2931634 0.0382 

5e-15 6.0e-32 18356115 6362583 62154.8 2931634 0.0382 

1 e-14 6.0e-32 18356785 6362515 62754.8 2931634 0.0382 

5e-14 6.0e-32 18356864 6362501 62155.4 2931635 0.0382 

1 e-13 6.0e-32 18356963 6362422 62756.2 2931637 0.0382 

5e-13 6.0e-32 18357754 6361742 62762.2 2931651 0.0382 

1 e-12 6.0e-32 18358144 6360892 62769.1 2931668 0.0382 

5e-12 5.ge-32 18366659 6354092 62829.7 2931808 0.0384 

1 e-11 5.8e-32 18316555 6345591 62904.8 2931982 0.0385 

5e-11 5.2e-32 18455757 6217526 63503.1 2933381 0.0397 

1 e-1 0 4.4e-32 18554861 6192295 64246.6 2935138 0.0413 

5e-10 4.2e-33 19352644 5503390 10021.6 2949513 0.0557 

1e-09 1.4e-32 20368792 4616831 16904.8 2968884 0.0795 

2e-09 2.3e-31 22606001 2581459 90518.9 3019318 0.1833 

3e-09 6.0e-15 27331949 238957 87513.2 3342418 0.4742 
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7 .0 Summary, Conclusions and 
Recommendations 

7 . 1 Summary and Conclusions 

The objectives of this research were: 

1. Development of a method by which the ply level, elastic properties of a thick, 

axisymmetric, laminated angle-ply cylinder can be determined from the strain 

response of the tube subject to axisymmetric thermal and mechanical loading. 

2. To use the analysis to calculate the ply level mechanical properties of 

experimental specimens from measured surface strains. 

Objective 1 was met by the development of a numerical inversion of an elasticity 

based strain response model. The strain response model and the Least-Squares 

optimization routine used for the inversion were derived ch. 2. This inversion 

method was verified using analytical d1ta for several geometries in ch. 3. The 

inversion convergence was found to be very rapid and robust for thick angle-ply 

cylinders with very high accuracy data. However the out-of-plane properties 

suffered greatly with reductions in the input data accuracy although the in-plane 

properties were not affected tremendously for the error magnitudes simulated. It 

Summary, Conclusions and Recommendations 91 



was also shown that the inversion is very intolerant of data inaccuracy for thin wall 

cylinders. Problems encountered with analytical data inversions for cross-ply 

([0/90]) laminates and CL T based methods were also mentioned. 

Ch. 4 detailed the geometry of the CFCC characterization specimen used for 

objective 2. In addition to the general geometry many important but obscure 

characteristics of the specimen were detailed such as the ply-angle variation 

through the thickness, the filament winding "patch" geometry, and the large voids 

present in the material. The specimen preparation and strain gauge geometry was 

also covered. 

The reduction of the experimental data to a form convenient for use in the inversion 

attempts was detailed in ch. 5. While the errors involved in the linear regressions of 

the experimental data were determined and carried through the reduction no effort 

was made to quantify the error produced by the many other factors involved 

(surface roughness, gauge alignment and position, voids, thickness variation, etc.). 

A small side effort regarding the effect of strain gauge position on the recorded 

strains was briefly considered in Appendix D. 

The inversion of the experimental data was covered in ch. 6. It was found that the 

Least-Squares method would not converge for the experimental data. The problem 

is considered to be an inconsistency among the measured strain values for which a 

feasible region of properties cannot be found. 

The probable cause was traced to the value of yx,(Fx) and difference between the 

absolute values of f, (T x) and f 2(T x) (defined DIFF). Both of these measurements 

are very small and are primarily due to thickness effects. In an effort to extract 

some useful property information from the remaining data, these two measurements 

were varied in order to find a more consistent data set. The mEjasure of the 

consistency is the error function, Y. A pattern search optimization program 

(Appendix D) was constructed to find the best values of the parameters within 

some feasible region. It was found that there is a linear relation between Vxe(Fx) 

and DIFF for which very good convergence is possible. 
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The Least-Squares method was then run for points along this line. The result are 

the ranges of properties displayed in figures 6.17 - 6. 19. It was noted that the 

properties seem to have a limiting value for values of yx,(Fx) < 10.10 and suggested 

that limiting values may be the correct property values although the rest of the 

curve should be considered as well. 

The property range for E3 was observed to be extremely low I two orders of 

magnitude lower than E2• The exact cause of this phenomena is unknown. It is 

known that the out-of-plane properties are effected by experimental error much 

more then the in-plane properties, especially if out-of-plane loading (internal 

pressure) is not available. Also, the effective out-of-plane modulus may actually be 

much lower then the in-plane transverse modulus due to the large voids 

concentrated in the inter-ply region. 

7.2 Recommendations 

Many problems were encountered with the application of the method to 

experimental data. The following are recommendations for more effective use of 

the method as well as areas for further research. 

7.2. 1 Specimen Geometry and Characteristics 

If possible, filament wound cylinders should not be used for material 

characterization unless a model is developed which can account for the non­

axisymmetric nature of these specimens. If they are to be used, a more 

fundamental analytical or experimental understanding of the strain variation with 

position on a patch should be developed. A longer gauge section is also desirable 

to reduce end and gripping effects. 

The effect of surface roughness on the accuracy of strain gauge data should be 

investigated with the aim of determining the size of gauges to be necessary for 

accurate measurements on various surfaces. Due to the strain variation over a 

patch very small gauges are desirable in order to improve the assumption of a point 

Summary. Conclusions and Recommendations 93 



strain state. This conflicts with the need for large gauges to reduce the effect of 

the rough surface. This information is of course unnecessary if the surface can be 

manufactured smoother or filament wound cylinders are not used. 

The effect of the lamination sequence and angles on the inversion method should be 

investigated with regard to the sensitivity of the determined properties to 

experimental error. There is some evidence to suggest that a balanced ±45D 

laminate may be a relatively degenerate case. An unbalanced laminate may be a 

better choice. 

The possibility of non-tubular specimens might be examined. A thick, 

unsymmetric, angle-ply beam subject to bending and extension may be a good 

specimen. The problem of edge effects is again present but the specimen will most 

likely be easier to manufacture and test and may be closer to the desired 

component geometry then a cylinder. The inversion method developed is, in 

general, applicable for any over-determined system. Finite element models could 

easily be used in place of the elasticity solution employed although the computer 

power required would probably be prohibitive at this time. 

7.2.2 Experimental Data 

The addition of pressure loading data is essential to obtaining out-of-plane 

properties and would improve the accuracy of the in-plane properties as well. Free 

thermal expansion data should also improve the accuracy of the elastic properties in 

addition to providing the thermal expansion coefficients. 

A thermal gradient loading would also provide additional data points and might 

make determination of the out-ot-plane shear moduli possible. The current elasticity 

solution model does not include this capability. 
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7.2.3 Inversion Method 

A better understanding of the effect of experimental error on the inversion 

procedure should be developed. Of interest is the failure of the model to converge 

for certain combinations of data. A better definition of what constitutes 

"inconsistent" data is needed. 

Extensions of this method to strength characterization have been mentioned and 

should be feasible. This specimen is especially suited to strength studies due to the 

multi-axial stress states possible. 
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Appendix A. 

Strain-Property Influence Plots 

In order for the inversion method to work each property desired must show a 

significant influence on some measurable strain under some available load. 

This Appendix presents graphs showing the nonlinear influence of the 

pertinent elastic parameters (E" E21 E31 G'21 U'21 U131 U231 0, I °2 , 0 3 ) (denoted 

x) on the calculated surface strains (E 11 E21 V12 or Exi Eel Vxe ) for axial, 

torsional, pressure, and thermal loads as calculated with the elasticity 

solution. Close examination of these plots can show which elastic properties 

can be found with a given cornbination of loadings. If a certain elastic 

property shows no influence under a combination of loadings then that 

combination cannot be used to obtain the property in Question. 

The plots shown here are not general, they will change with changes in 

geometry or properties. For example, the influence of the out-of-plane 

properties will generally decrease with increasing R/h as the tube approaches 

a thin wall geometry. The geometry and properties shown in Table 1 below 

are roughly representative of the experimental specimens examined. 
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Table A.1 Sample Properties and Geometry 

E1 = 20 x 10° U 12 = .1 
E2 = 5 x 106 

U 13 = .1 
E3 = 5 x 1 06 

U 23 = . 1 

G12 = 3 X 106 

U1 = 9 X 10-6 

u 2 = 8 x 10-6 

<X.3 = 8 x 10-6 

R/h = 10.304 

[-45/45b 

The abscissa of the plots corresponds to the elastic properties given in the 

legend to the right of the plot. The properties are nondimensionalized by 

dividing by the corresponding initial property (xo) given in Table 1. The ordinate 

is also a percentage scale where K = Ej I Et where i denotes the strain 

component and Et is the strain component found using the initial properties (xo)' 

All strains are at the outer surface (r = Ro). Et for this example are given in 

Table 2. 

In constructing the plots and in the application of the final program, the material 

coordinate strains are generally used for torsion, thermal and pressure loads 

while the tube coordinate strains are generally used for the axial loading case. 

This is done to minimize the number of very small strains and to have as much 

uniformity in magnitudes as possible. 
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Table A.2 Calculated Surface Strains 

Cylinder Coordinates 
8 xo/Fx= 1.8067 x 10-7 

8/ I Fx = -6.4188 X 10-8 

Y'1.yo I Fx = -1.4933 X 10-9 

Cylinder Coordinates 
8x

o I Tx = -1.3551x 10-9 

8/ I Tx = -2.2581 x 10.10 

Y'1./ I Tx = -2.4568 x 10-7 

AXial Loa 

Torsion Load (Tx) 

Material Coordinates 
81° I Fx = 5.7494 X 10-8 

82° I Fx = 5.8988 X 10-8 

Y12 ° I Fx = -2.4486 x 10-7 

Material Coordinates 
8 1

0 1Tx= 1.2205 x 10-7 

82° I Tx = -1.2363 X 10-7 

Y12 ° I Tx = 1.1293 x 10-9 

Internal Pressure Load (q) 
Cylinder Coordinates Material Coordinates 
8'1.° I q = -4.3662 X 10-7 

81° I q = 3.4827 X 10-7 

8/lq= 1.1340x10-6 82
0 /q= 3.4911 X 10-7 

Y'1.yo I q = -8.4057 X 10-10 Y12° I q = 1.5706 X 10-6 

Cylinder Coordinates 
8'1.° I dT = 8.7886 x 10-6 

8/ I dT = 8.7486 x 10-6 
Yx/ I dT = 1.5289 x 10-8 

Thermal Load (dT) 
Material Coordinates 

81° I dT = 8.7763 x 10-6 

82° I dT = 8.7610 x 10-6 

Y12 0 I dT = -3.9980 x 10-8 

All of the properties involved can be obtained using the inversion scheme 

developed. Examination of the influence plots reveals that, although all of the 

properties cause some variation for one or more loadings, the experimental 

accuracy required may be prohibitive. This is especially true for the out-of­

plane Poisson ratios. 

When considering these plots make careful note of the magnitude of the 

ordinate. For some cases the scale is large (0~3, Figure 3) and may obscure 

the smaller but important effect of other properties. In other cases there 

appears to be a significant influence but the scale is very small (.9994~1.0006! 

Figure 18) and the data portrayed is actually insignificant. 
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Figures 1 and 2 are now considered in detail to demonstrate the type of the 

information contained in these plots. Figure 1 shows the influence of the 

Young's moduli and shear modulus on the value of axial strain on the outer 

surface under axial load (Ex(Ro, Fx)). For this case, the in-plane properties 

show significant slopes indicating that these properties have a large influence 

on the axial strain under axial load, or conversely, that measured values of 

Ex(Ro, Fx} can be used to obtain these in-plane moduli. Note that these curves 

are also non-linear and therefore a non-linear optimization method must be 

used. For the out-of-plane modulus however, the curve is essentially flat (at 

this scale). This means that any value of E3 , within the abscissa's range, will 

produce essentially the same value of Ex(Ro, Fx}. E3 has virtually no influence 

on this response, and therefore, measured values of Ex(Ro, Fx) cannot be used 

to obtain this property. Figure 3 shows the influence of the Poisson ratios on 

Ex(Ro, Fx}· Only the in-plane ratio (U12 ) shows any influence at this scale. 

Note that the scale is small enough that this influence has very little value. 

A more quantitative understanding of the property influences can be obtained 

by considering the partial derivatives of the strains with respect to the elastic 

properties. This is the Jacobean matrix of Chapter 2. A visual representation 

of the Jacobean for the initial properties is given at the end of the appendix. 

Note that these derivatives are only valid at the defined point and does not 

reflect the nonlinear nature of the influence. 
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The following plots show the magnitude of the elements of the Jacobean 

matrix (Chap. 2). The elements are scaled as follows: 

A (J .. -E.O) 
J .. = IJ , 

IJ ( f, ./load) 
J 

where EO are the initial properties given in Table 1 and the denominators are 

the strains per unit load given in Table 2. 
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Appendix B 

Experimental Data 

This Appendix contains plots of the experimental data obtained for 8&W Speciman 

67 A. Each plot shows the data from one rosette under one load trial. The 

Appendix is organized as follows: 

Tension Trials 
-Rosette A 

-Trial 1, 2, 3 
-Rosette 8 

-Trial 1, 2, 3 
-Rosette C 

-Trial 1, 2, 3 
-Rosette D 

-Trial 1, 2, 3 

Compression Trials 
-Rosette A 

-Trial 1, 2, 3 

Positive Torsion Trials 

Negative Torsion Trials 

Fig. 4.9 is repeated below for reference. 

X ax Is 

t 
A2 82 C2 02 

Figure 1 strain Gauge Locations 

Theta axis 
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Figure 8.38 Rosette A, Negative Torsion Load Trial #2 

Experimental Data 

-1 
-e-
2 
-.-
3 

-1 
-e-
2 
-.-
3 

139 



C 
"ij 
~ 

Vi 

4 
-

3 
-

2 
--.. 

II) 
I 

LIJ 
0 - 0 
II'! 
to 
.~ -1 
~ ..... 

-2 

-3 
-

-4 

67 A-Negative Torsion Triol #3 
Rosette A 

............. -.. ~ ~~ --. 
~ ~IL --. 

~ ... -=- = ~ ....... - ~ ...... - .-- t-' 

~ ~ 

~ ~ ~ 

~ --'if" 

-~ 
~ 

A~'" 

. . 

~ .... 
~ 

-110-100 -90 -80 -70 -60 -50 -40 -30 -20 -10 0 
Tx 

Figure B.39 Rosette A, Negative Torsion Load Trial #3 
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Figure 8.45 Rosette C, Negative Torsion Load Trial #3 
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Figure 8.47 Rosette 0, Negative Torsion Load Trial #2 
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Appendix C 

Effect of Gauge Position 

The effect of the surface "patch" pattern on the surface strains is a prime concern 

for the filament wound specimens available. Specifically, how does the strain state 

vary over a given patch. A strain gauge rosette does not measure the entire strain 

state at a point. It measures three separate extensional strains at three separate 

points. If the strain state varies significantly within this region the measurement is 

inherently flawed. This effect can be reduced by using smaller gauges which can 

be placed closer together but, in this case, larger gauges are desired to reduce the 

effect of the surface roughness on the measurements. 

A secondary effort was made to obtain qualitative information regarding the effect 

of strain gauge position on measured strain response for axial and torsional loads. 

This was done by collecting data from gauges E, F, G, and H (Fig. C.l) on specimen 

67 A under axial and torsional loads. 
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Figure C.1 Strain Gauge Positions, Specimen 67 A 
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Gauges E and F are aligned with the fibers and therefore measure E, while gauges G 

and H are perpendicular to the fibers and measure E2 • Gauges E and G are located 

at the center of the patch and gauges Hand G are close to the edges. 

Note that Fig. D. 1 is not to scale. Gauges E, F, G, and H are substantially larger 

then those composing the strain gauge rosettes (A-D) above them. The off-axis 

gauges for the rosettes are also not exactly aligned with the fiber direction and are 

much further from the patch edges then gauges F and H. 

Four loads were considered; tension, compression and ±torsion. Four trials were 

done for each of the axial loads and three trials were recorded for each of the 

torsional loads. Plots ofthe first trial of each load are now presented. 
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Gauge Position Characterization 
Compression Trial #1 
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Figure C.3 Sample Compression Trial, Gauges E, F, G, H 
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Figure C.4 Sample Positive Torsion Trial, Gauges E, F, G, H 
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Gauge Position Characterization 
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Figure C.S Sample Negative Torsion Trial, Gauges E, F, G, H 

Two parameter linear regressions are now fit to the data to enable a more quantitative 

examination. All axial trials are lumped together as are all torsion trials. The y 

intercept was subsequently neglected (as discussed in ch. 5). The linear regression 

data is presented below. 

Table C.1 Comparison of Patch Edge and Patch Center Strains, 
Axial Load 

Axial Loading m tError 

Center (E) 9.B9520e-OB 1. 30346e-1 0 

81 Edge (F) 7.75233e-OB B.70B25e-11 

Edge/Center 0.783 

Center (G) 1.0B692e-07 1 .33417 e-1 0 

8 2 Edge (F) 1.00576e-07 1.71662e-10 

Edge/Center 0.925 
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Table C.1 Comparison of Patch Edge and Patch Center Strains, 
Torsional Load 

Torsional Loading m ±Error 

Center (E) 3. 34424e-07 2.06035e-10 

E1 Edge (F) 3.32513e-07 2.92536e-10 

Edge/Center 0.994 

Center (G) -3.71542e-07 3.40356e-10 

E2 Edge (F) -3.46548e-07 4.8529ge-10 

Edge/Center 0.933 

Examination of Tables C.1 and C.2 reveals a large effect for fiber direction strain under 

axial load and a very small effect for fiber direction strain under torsional load. The 

effect of position on the transverse direction strains is also relatively large at 7 or 8 

percent. 

Although these cursory results are not quantitatively useful in this study they indicate 

that this effect may be a major concern for filament wound characterization specimens 

and should be examined more closely. 
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Appendix D 

Computer Codes 

The computer codes developed for the project are listed below along with sample 

input files. The BASIC version (Microsoft QuickBasic Compiler) is listed first 

followed by a C version (MIX Software Power C and C Math Toolbox) designed to 

map convergence zones (ch. 6). The final code listed is the pattern search code 

discussed in ch. 6. The elasticity solution is not listed separately but is included as 

a subroutine in each of the codes. 

0.1 BASIC Code 

The following is the input data file used with the basic version of the code in ch. 6. 

The first two columns are unimportant. The third column list the strains and 

columns 1-4 list the loads in the following order: Fx, T x' PINNER' dT. The C version 

input file is similar. 

1 1 3.22359d-7 1.0 0.0 0.0 0.0 

2 2 -1.04690d-7 1.0 0.0 0.0 0.0 

3 3 1.31797e-8 1.0 0.0 0.0 0.0 

4 1 3.11918d-7 0.0 -1.0 0.0 0.0 

5 2 -3.30342d-7 0.0 -1.0 0.0 0.0 

6 3 1.09655d-7 0.0 -1.0 0.0 0.0 

Final Data, (-) Patch 
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The Basic code is now listed, the geometry is that used in ch. 6 for a (-) patch. The 

geometry is set in the ELASTCYL subroutine. 

DECLARE SUB INPUTSUB (X#(), ExpR#(), LOADS#(» 
DECLARE SUB PHISUB (XI(), LOADS#(), ExpRI(), phil(), P$, Y#) 
DECLARE SUB JACOBEAN (XI(), LOADS#(), ExpR/(), JCALLI{» 
DECLARE SUB ELASTCYL (X#(), LOADS#(), i', Eps#(» 
DECLARE SUB AmatBvec (J#(), phi/(), A/(), BI(» 
DECLARE SUB MATRIXSOLVE (BI(), A/(), dX/(), NP%, ENORM#, MCALL$) 

COMMON SHARED ND', NP', NAP', Pil 

CLEAR , , 2000 

CLS 

DEFINT I, K, N 
DEFDBL A-H, J, L-M, o-z 

BEEP 

'INPUT "ENTER THE NUMBER OF DATA POINTS: ", ND 
'INPUT "ENTER THE NUMBER OF PARAMETERS: ", NP 
'INPUT "ENTER THE NUMBER OF ACTIVE PARAMETERS: " NAP 
ND = 6 
NP = 10 
NAP = 5 
INPUT "ENTER THE TRACE FILE NAME: II TRCn$ 

TRC$ = "C:\thesis\exper\" + TRCn$ + ".TRC" 
TRs$ = "C:\thesis\exper\" + TRCn$ + ".TRs" 

OPEN TRC$ FOR OUTPUT AS 12 
OPEN TRs$ FOR OUTPUT AS 13 

DIM J(NAP, ND), Eps(3), X(NP), dX(NAP), A(NAP, NAP), B(NAP), ExpR(ND), 
phi{ND) 

DIM ITP(ND), LOADS (ND, 4) 

'NP: # OF PARAMETERS (ELASTIC CONSTANTS) 
'ND: # OF DATA POINTS (STRAINS) 
'PHI(): VECTOR OF SQUARE ROOTS OF OBJECTIVE FUNCTION TERMS 

(Y=PHI()*PHI(» 
'J(): JACOBEAN MATRIX 
'XC): SOLUTION VECTOR (ELASTIC CONSTANTS E1, E2, v12 etc.) 
'ExpR(}: EXPERIMENTAL RESULTS 

INPUTSUB XC), ExpR(), LOADS() 

20 C = C + 1 

JCALL$ = "N" 

PRINT "Run: ttl TRCn$; ".trc" 

PHISUB XC), LOADS(), ExpR(), phi(), JCALL$, Y 

PRINT 
PRINT C; 
PRINT USING "ENORM=#II###.II"; ENORM; 
PRINT USING" ENORM/SF=II.II""''''''''; ENORM / 1D+25 
PRINT 
PRINT USING "Y= 11.1111"""""; Y 
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IF INT(lE+16 * Y) = INT(lE+16 * ypre) THEN BEEP 

ypre = Y 

PRINT 
PRINT #2, Y; 

FOR i = 1 TO NP 
PRINT "xC"; i; ")= "; XCi) 
IF i > NAP THEN 1 
dX(i) = 0# 
PRINT #2, ","; 
PRINT '2, XCi); 

1 NEXT i 
PRINT 

PRINT #2, 

JACOBEAN XC), LOADS(), ExpR(), J() 

AmatBvec J(), phi(), A(), B() 

MCALL$ = "Y" 

MATRIXSOLVE Be), A(), dX(), NAP, ENORM, MCALL$ 

FOR i = 1 TO NAP 

dX(i) = dX(i) * 100000# 

IF ABS(dX(i» > ABS(.2s * XCi»~ THEN dX(i) = ABS(.2s * X(i» * 
SGN(dX(i» 

XCi) = XCi) + dX(i) 
NEXT i 

X(6) = XeS) 
X(7) = XeS) 

GO TO 20 

END 

SUB AmatBvec (J(), phi(), A(), B(» 

, [A 1 = [ J] [JT] 
'{B}=-[J]{PHI} 

FOR i = 1 TO NAP 
B(i) = 0# 
FOR K = 1 TO NAP 

A(i, K) = 0# 
FOR KK = 1 TO ND 

A(i, K) = A(i, K) + J(i, KK) * J(K, KK) 
IF K > 1 THEN 10 
B(i) = B(i) - J(i, KK) * phi(KK) 

10 NEXT KK 
NEXT K 

NEXT i 

ABSF = 1D+2s 
ASF = 100000# 

FOR i = 1 TO NAP 
FOR K = 1 TO NAP 
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A(i, K) = A(i, K) * ABSF * ASF 
NEXT K 
B(i) = B(i) * ABSF 

NEXT i 

END SUB 

DEFINT J 
DEFDBL N 
SUB ELASTCYL (XZ(), LOADS(), IDT, Epa(» 
'PRINT "ELASTCYL" 

'A PLANAR, CYLINDRICAL ELASTICITY SOLUTION FOR LAMINATED COMPOSITE 
CYLINDERS 

'SUBJECT TO AXIAL, TORSIONAL, THERMAL AND PRESSURE LOADS. 

'FROM MASTER'S THESIS BY CARL ROUSSEAU 
'"STRESSES AND DEFORMATIONS IN ANGLE-PLY COMPOSITE TUBES" 
'ERIC GEORGE 

'Bl,B2,B3: COEFFICIENTS IN W EQUATION 
'**Cl: COEFFICIENT OF Eo IN RESPECTIVE STRESS COMPONENTS 
'**C2: COEFFICIENT OF (Go R) IN RESPECTIVE STRESS COMPONENTS 
'**C3: COEFFICIENT OF (AI RA(L-l» IN RESPECTIVE STRESS COMPONENTS 
'**C4: COEFFICIENT OF (A2 RA(-L-l» IN RESPECTIVE STRESS COMPONENTS 
t**CS: CONSTANT PORTION OF RESPECTIVE STRESS COMPONENTS 
'NOTE: ALL OF THE ABOVE ARE FUNCTIONS OF K 

K = 6 
KK = 2 * K + 2 

DIM CB(K), TH(K), T(K), R(K + 1), Al(K), A2(K), SICK), S2(K), B3(K), 
L(K) 

DIM ZZ(K), SXCl(K), SXC2(K), SXC3(K), SXC4(K), SXCS(K), SOCl(K), 
SOC2(K) 

DIM SOC3(K), SOC4(K), SOCS(K), SRCl(K), SRC2(K), SRC3(K), SRC4(K), 
SRCS(K) 

DIM TCl(K), TC2(K), TC3(K), TC4(K), TCS(K), EXT(K), EOT(K), ERT(K), 
GXOT(K) 

DIM A(KK, KK), B(KK), CBll(K), CB12(K), CB13(K), CS16(K)', CS22(K) 
DIM CB23(K), CB26(K), CB33(K), CS36(K), CB66(K) 
DIM X(KK) 

Pi = 4 * ATN(l) 

'ELASTIC CONSTANTS **************************************************** 

El = XZ(l) 
E2 = XZ(2) 
E3 = XZ(3) 
G12 = XZ(4) 
v12 = XZ(S) 
v13 = XZ(6) 
v23 = XZ(7) 
alpha1 = XZ(8) 
alpha2 = XZ(9) 
alpha3 = XZ(10) 
IF INT(E2) = INT(E3) THEN E2 = E2 + 1 

'GEOMETRY ************************************************************* 

Ri = .624# 
Ro = .72# 

Tel) = .016# 
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T(2) = .016# 
T(3) = .016# 
T(4) = .016# 
T(5) = .016# 
T(6) = .016# 

R(O) = Ri 
R(K) = Ro 

h = Ro - Ri 

FOR i = 1 TO K - 1 
R(i) = R(i - 1) + T(i) 

NEXT i 

'LOADS **************************************************************** 

Fx = LOADS(IDT, 1) 
Tx = LOADS(IDT, 2) 
dT = LOADS(IDT, 3) 
Pin = LOADS(IDT, 4) 
Pout = 0# 

'PLY ORIENTATION******************************************************* 

isign = -1 

TH(l) 
TH(2) 
TH(3) 
TH(4) 
TH(5) 
TH(6) 

= -45.37 * (Pi / 180#) * isign 
= 46.08 * (Pi / 180#) * isign 
= -46.78 * (Pi / 180#) * isign 
= 47.46 * (Pi / 180#) * isign 

-48.12 * (Pi / 180#) * isign 
48.77 * (Pi / 180#) * isign 

SFSCALE = 1# 

, c MATRIX INITIALIZATION SUBROUTINE 
GOSUB 100 

, C-BAR MATRIX INITIALIZATION SUBROUTINE (ALSO ALPHA's, THERMAL 
STRAINS) 

GOSUB 110 

, STRESS-STRAIN DISPLACEMENT COEFFICIENT SUBROUTINE 
GOSUB 120 

, SOLUTION MATRIX STACKING ROUTINE 
GOSUB 130 

MCALL$ = ttN" 

MATRIXSOLVE B(), A(), XC), KK, ENORM, MCALL$ 

Eo = X(l) 
Go = X(2) 

IC = 0 
FOR i = 3 TO KK - 1 STEP 2 

IC = IC + 1 
A1(IC) = XCi) 
A2(IC) = XCi + 1) 

NEXT i 

, STRESS OUTPUT SUBROUTINE 
GOSUB 140 
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GOTO 1000 

100 'e MATRIX SUBROUTINE****************************************** 
V = (1 - v12 * (v12 * E2 / E1 + 2 * v23 * v13 * E3 / E1) - v13 A 2 * E3 

/ E1 - v23 A 2 * E3 / E2) 

C11 = (1 - v23 ... 2 * E3 / E2) * E1 / V 
C12 (v12 + v13 * v23 * E3 / E2) * E2 / V 
C13 = (v13 + v12 * v23) * E3 / V 
C23 = (v23 + v12 * v13 * E2 / E1) * E3 / V 
C22 = (1 - v13 ... 2 * E3 / E1) * E2 / V 
C33 = (1 - v12 A 2 * E2 / E1) * E3 / V 
C66 = G12 
RETURN 

110 'CBAR MATRIX SUBROUTINE***************************************** 
FOR i = 1 TO K 

N A 

4) 

A 2 

M A 

" 2 

2) ... 

M = COS(TH(i» 
N = SIN(TH(i» 

CB11(i) 
4 
CB12(i) = 
CB13(i) = 
CB16(i) = 
- N ... 2» 
CB22(i) = 
4 
CB23(i) = 
CB26(i) 
- N ... 2) ) 
CB33(i) = 
CB36(i) = 
CB66(i) = 

2 

C11 * M A 4 + (2 * eM * N) " 2) * (C12 + 2 * C66) + C22 * 

«M * N) A 2) * (C11 + C22 - 4 * C66) + C12 * (M ... 4 + N " 

C13 * M A 2 + C23 * N A 2 
M * N * (Cl1 * M A 2 - C22 * N ... 2 - (C12 + 2 * C66) * (M 

C11 * N A 4 + (2 * (M * N) A 2) * (C12 + 2 * C66) + C22 * 

C13 * N A 2 + C23 * M A 2 
M * N * (C11 * N A 2 - C22 * M A 2 + (C12 + 2 * C66) * (M 

C33 
M * N * (C13 - C23) 
(C11 + C22 - 2 * C12) * (M * N) A 2 + C66 * (M A 2 - N A 

EXT(i) = (alpha1 * M A 2 + alpha2 * N A 2) * dT 
EOT(i) = (alpha1 * N A 2 + alpha2 * M A 2) * dT 
ERT(i) = alpha3 * dT 
GXOT(i) = 2 * M * N * (alpha1 - alpha2) * dT 

NEXT i 
RETURN 

120 'STRESS-STRAIN-DISPLACEMENT SUBROUTINE****************************** 
FOR i = 1 TO K 

B1ei) (CB12{i) - CB13(i» / (CB33(i) - CB22(i» 
B2(i) = (CB26(i) - 2 * CB36(i» / (4 * CB33(i) - CB22(i» 
B3(i) = 1 / (CB33(i) - CB22(i» 

L(i) = SQR(CB22(i) / CB33(i» 

ZZ(i) = (CB13(i) - CB12(i» * EXT(i) + (CB23(i) - CB22(i» * EOT(i) 
+ (CB33(i) - CB23(i» * ERT(i) + (CB36(i) - CB26(i» * GXOT(i) 

SXC1(i) = CBll(i) + B1(i) * (CB12(i) + CB13(i» 
SXC2(i) = CB16(i) + B2(i) * (CB12(i) + 2 * CB13(i» 
SXC3(i) = CB12(i) + L(i) * CB13(i) 
SXC4(i) = CB12(i) - L(i) * CB13(i) 
SXC5(i) = B3(i) * ZZ{i) * (CB12(i) + CB13(i» - EXT(i) * CB11{i) -

EOT(i) * CB12(i) - ERT(i) * CB13(i) - GXOT(i) * CB16(i) 

SOC1(i) = CB12(i) + B1(i) * (CB22(i) + CB23(i» 
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SOC2(i) = CB26(i) + B2(i) * (CB22(i) + 2 * CB23(i» 
SOC3(i) CB22(i) + L(i) * CB23(i) 
SOC4(i) = CB22(i) - L(i) * CB23(i) 
SOCS(i) = B3(i) * ZZ(i) * (CB22(i) + CB23(i» - EXT(i) * CB12(i) -

EOT(i) * CB22(i) - ERT(i) * CB23(i) - GXOT(i) * CB26(i) 

SRC1(i) = CB13(i) + B1(i) * (CB23(i) + CB33(i» 
SRC2(i) = CB36(i) + B2(i) * (CB23(i) + 2 * CB33(i» 
SRC3(i) = CB23(i) + L(i) * CB33(i) 
SRC4(i) = CB23(i) - Lei) * CB33(i) 
SRCS(i) = B3(i) * ZZ(i) * (CB23(i) + CB33(i» - EXT{i) * CB13(i) -

EOTei) * CB23(i) - ERT(i) * CB33(i) - GXOT(i) * CB36(i) 

TC1(i) = CB16(i) + B1(i) * (CB26(i) + CB36(i» 
TC2(i) = CB66(i) + B2(i) * (CB26(i) + 2 * CB36(i» 
TC3(i) = CB26(i) + L(i) * CB36(i) 
TC4(i) CB26(i) - L(i) * CB36(i) 
TCS(i) = B3(i) * ZZ(i} * (CB26(i) + CB36(i}) - EXT(i) * CB16(i) -

EOTei) * CB26(i) - ERT(i) * CB36(i) - GXOT(i) * CB66(i) 

NEXT i 
RETURN 

130 'SOLUTION MATRIX STACKING 
SUBROUTINE************************************** 

'SF IS A SCALE FACTOR USED TO IMPROVE THE NUMERICAL ACCURACY OF THE 
SOLVE 

'ROUTINE BY SCALING THE W INTERFACE CONDITIONS CLOSER TO THE REST OF 
THE 

'MATRIX VALUES. 

'ERASE A, B, X 
'DIM A(KK, KK), B(KK), X(KK) 

B1T2 = 0# 
B2T2 = 0# 

'NEXT TWO LOOPS STACK MATRIX ELEMENTS ASSOCIATED WITH THE INTEGRATED 
B.C. 

FOR i = 1 TO K 
A(l, 1) = A(l, 1) + (SXC1(i) * (R(i) A 2 - R{i - 1) A 2» / 2 
A(2, 1) = A(2, 1) + (TC1(i) * (Rei) A 3 - R(i - 1) A 3» / 3 
A(l, 2) = A(l, 2) + (SXC2(i) * (R{i) A 3 - R(i - 1) A 3» / 3 
A(2, 2) = A(2, 2) + (TC2(i) * (R(i) A 4 - R(i - 1) A 4» / 4 
B1T2 = 81T2 + (SXCS(i) * (R(i) A 2 - R(i - 1) A 2» / 2 
B2T2 = B2T2 + (TCS(i) * (Rei) A 3 - R(i - 1) A 3» / 3 

NEXT i 

IC = 0 
FOR i = 3 TO KK - 1 STEP 2 

IC = IC + 1 
A(l, i) = SXC3(IC) * (R(IC) A (1 + L(IC» - R(IC - 1) A (1 + 

L(IC») / (1 + L(IC» 
A(l, i + 1) = SXC4(IC) * (R(IC) A (1 - L(IC» - R(IC - 1) A (1 -

L(IC») / (1 - L(IC» 

A(2, i) = TC3(IC) * (R(IC) A (2 + L(IC» - R(IC - 1) A (2 + 
L(IC») / (2 + L(IC» 

A(2, i + 1) = TC4(IC) * (R(IC) A (2 - L(IC» - R{IC - 1) A (2 -
L{IC») / (2 - L(IC» 

NEXT i 

8(1) = Fx / (2 * Pi) - B1T2 
8(2) Tx / (2 * Pi) - B2T2 
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'THE NEXT LOOP STACKS THE [A] MATRIX AND {B} VECTOR ELEMENTS ASSOCIATED 
WITH 

'THE INTERFACE CONDITIONS 

IC = 0 
FOR i = 3 TO KK - 3 STEP 2 

IC = IC + 1 
A(i, 1) = SRC1(IC) - SRC1(IC + 1) 
A(i, 2) = (SRC2(IC) - SRC2(IC + 1» * R(IC) 

A(i + 1, 1) = «Bl(IC) - Bl(IC + 1» * R(IC» 
A(i + 1, 2) = «B2(IC) - B2(IC + 1» * R(IC) A 2) 

A(i, i) = SRC3(IC) * R(IC) A CL(IC) - 1) 
A(i, i + 1) = SRC4(IC) * R(IC) A (-L(IC) - 1) 
A(i, i + 2) = -SRC3(IC + 1) * R(IC) A (L(IC + 1) - 1) 
A(i, i + 3) = -SRC4(IC + 1) * R(IC) A (-L(IC + 1) - 1) 

A(i + 1, i) = (R(IC) A L(IC» 
A(i + 1, i + 1) = (R(IC) A (-L(IC») 
A(i + 1, i + 2) = (-R(IC) A L(IC + 1» 
A(i + 1, i + 3) = (-ReIC) A (-L(IC + 1») 

B(i) = SRC5(IC + 1) - SRC5(IC) 
B(i + 1) = «B3(IC + 1) * ZZ(IC + 1) - B3{IC) * ZZ(IC» * R(IC) 

NEXT i 

'THE FOLLOWING LINES STACK THE MATRIX ELEMENTS ASSOCIATED WITH THE 
INNER AND 

'OUTER SURFACE PRESSURE B.C. 

A(KK - 1, 1) 
A(KK - 1, 2) 
A(KK - 1, 3) 
A(KK - 1, 4) 

= SRC1(1) 
= SRC2(1) * Ri 

SRC3(1) * Ri A (L(l) - 1) 
= SRC4(1) * Ri A (-L(l) - 1) 

A(KK, 1) = SRC1(K) 
A(KK, 2) = SRC2(K) * Ro 
A(KK, KK - 1) = SRC3(K) * Ro A (L(K) - 1) 
A(KK, KK) = SRC4(K) * Ro A (-L(K) - 1) 

B(KK - 1) = -Pin - SRC5(l) 
BeKK) = -Pout - SRC5(K) 

RETURN 

140 'STRESS OUTPUT 
SUBROUTINE****************************************************** 

R = Ro 
J = K 

W = B1(J) * R * Eo + B2(J) * Go * R A 2 + Al(J) * R A L(J) + A2(J) 
* R A (-L(J» + B3(J) * ZZ(J) * R 

Ex = Eo 
Etheta = W / R 
Gxo = Go * R 

M = COS ( TH ( J) ) 
N = SIN(TH(J» 

Epl = Ex * M A 2 + Etheta * N A 2 + Gxo * M * N 
Ep2 = Ex * N A 2 + Etheta * M A 2 - Gxo * M * N 
Gam12 = -Ex * 2 * M * N + Etheta * 2 * M * N + Gxo * (M A 2 - N A 
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2) 

IF Fx > 0 THEN 150 ELSE 160 

150 Eps(l) = Ex 
Eps(2) = Etheta 
Eps(3) = Gxo 

GOTO 170 

160 Eps(l) = Ep1 
Eps(2) = Ep2 
Eps(3) = Gam12 

170 RETURN 

1000 END SUB 

DEFINT N 
DEFDBL J 
SUB INPUTSUB (X(), ExpR(), LOADS(» 

OPEN "C:\thesis\exper\finalm.dat" FOR INPUT AS #1 

PRINT 
FOR i = 1 TO ND 

INPUT #1, Gigo, GIG02, ExpR(i), LOADS(i, 1), LOADS(i, 2), LOADS(i, 
3), LOADS(i, 4) 

PRINT Gigo; GIG02, LOADS(i, 1), LOADS(i, 2), LOADS(i, 3), LOADS(i, 
4) 

NEXT i 

PRINT 
INPUT It ENTER THE 
INPUT " ENTER THE 
INPUT " ENTER THE 
INPUT It ENTER THE 
INPUT .. ENTER THE 
INPUT .. ENTER THE 
INPUT " ENTER THE 
INPUT " ENTER THE 
INPUT It ENTER THE 
INPUT .. ENTER THE 

INPUT "OK", Gigo 
CLS 

END SUB 

INITIAL GUESS 
INITIAL GUESS 
INITIAL GUESS 
INITIAL GUESS 
INITIAL GUESS 
INITIAL GUESS 
INITIAL GUESS 
INITIAL GUESS 
INITIAL GUESS 
INITIAL GUESS 

FOR E1: "; X(l) 
FOR E2: If; X(2) 
FOR E3: II • X(3) , 
FOR G12: ... X(4) , 
FOR v12: It • XeS) , 
FOR v13: If • X(6) , 
FOR v23: to • X(7) , 
FOR alpha1: to • XeS) , 
FOR alpha2: " . X(9) , 
FOR alpha3: " . X(10) , 

SUB JACOBEAN (X(), LOADS(), ExpR(), J(» 

DIM XT(NP), FM(ND), FP(ND) 

JCALL$ = "Y" 

FOR i = 1 TO NP 
XT(i) = XCi) 

NEXT i 

h = .0001 

FOR i = 1 TO NAP 
XT(i) = XT(i) - h * XCi) 

PHISUB XT{), LOADS(), ExpR(), FM(), JCALL$, Y 
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XT(i) = XT(i) + 2 * h * XCi) 
PHISUB XT(), LOADS(), ExpR(), FP(), JCALL$, Y 

XT(i) = XT(i) - h * XCi) 

FOR K = 1 TO NO 
J(i, K) = (FP(K) - FM(K» / (2 * h * XCi»~ 

NEXT K 

NEXT i 

END SUB 

DEFINT J 
DEFDBL N 
SUB MATRIXSOLVE (B(), A(), XC), KK, ENORM, MCALL$) 

200 'SUBROUTINE FOR SOLVING THE MATRIX EQUATION [A]{X}={B} USING 
GAUSSIAN 

'ELIMINATION AND SCALED PARTIAL PIVOTING. ROUTINE OVERWRITES ORIGINAL 
[A],{B} 

'RETURNS: SOLUTION VECTOR {X}, ERROR NORM ENORM, MAXERROR RESMAX. 

DIM RSUM(KK), RNORM(KK}, RES(KK), IP(KK - 1) 

IF MCALL$ <> "Y" THEN 210 

DIM AO(KK, KK}, BO(KK) 

210 RNMAX = 0# 
FOR i = 1 TO KK 

RSUM(i) = 0# 
FOR J = 1 TO KK 

RSUM(i) = RSUM(i) + A(i, J) A 2 
IF MCALL$ <> tty" THEN 220 

AO(i, J) = A(i, J) 
BO(i) = B(i) 

220 NEXT J 
RSUM(i) = RSUM(i) + B(i) A 2 
RNORM(i) = SQR(RSUM(i» 
IF RNORM ( i) > RNMAX THEN RNMAX = RNORM ( i) 

NEXT i 

FOR i = 1 TO KK 
SF2 = (RNORM( i) / RNMAX) 
B(i) = B(i) * SF2 
FOR J = 1 TO KK 

A(i, J) = A(i, J) * SF2 
NEXT J 

NEXT i 

GOSUB 300 
'FACTOR SUBROUTINE 

GOSUB 510 
'SOLVE SUBROUTINE 

IF MCALL$ <> "Y" THEN 1100 

RESSUM = 0# 
FOR i = 1 TO KK 

RES(i) = 0# 
FOR J = 1 TO KK 

RES(i) = RESei) + AO(i, J) * X(J) 
NEXT J 
RES(i) = RES(i) - BO(i) 
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RESSUM = RESSUN + RES ( i) A 2 
NEXT i 

ENORM = SQR(RESSUM) 

GOTO 1100 

300 'FACTOR SUBROUTINE********************************************** 
FOR C = 1 TO KK - 1 

IP(C) = C 
FOR ROW = C TO KK - 1 

IF ABS(A(ROW + 1, C» > ABS(A(ROW, C}) THEN IP(C) ROW + 1 
NEXT ROW 

IF IP(C) <> C THEN GOSUB 460 
FOR ROW = C + 1 TO KK 

A(ROW, C) = -A(ROW, C) / A(C, C) 
FOR CC = C + 1 TO KK 

A(ROW, CC) = A(ROW, C) * A(C, CC) + A(ROW, CC) 
NEXT CC 

NEXT ROW 

NEXT C 
RETURN 

460 'ROWSWITCH SUBROUTINE 
FOR CC = C TO KK 

SWAP A(C, CC), A(IP(C), CC) 
NEXT CC 
RETURN 

510 'SOLVE SUBROUTINE********************************************* 
FOR RR = 1 TO KK - 1 

SWAP B(RR), B(IP(RR» 
FOR ROW = RR + 1 TO KK 

B(ROW) = A(ROW, RR) * B(RR) + B(ROW) 
NEXT ROW 

NEXT RR 

X(KK) = B(KK) / A{KK, KK) 
X(KK - 1) = (B(KK - 1) - A(KK - 1, KK) * X(KK» / A(KK - 1, KK - 1) 

FOR ROW = KK - 2 TO 1 STEP -1 
FOR C = ROW + 1 TO KK 

X(ROW) = X(ROW) + A(ROW, C) * X(C) 
NEXT C 
X(ROW) = CBCROW) - X(ROW» / A(ROW, ROW) 

NEXT ROW 
RETURN 

1100 END SUB 

DEFINT N 
DEFDBL J 
SUB PHISUB (XC), LOADS(), ExpR{), phi(), JCALL$, Y) 

DIM CompR(3), Rerr(3) 

Y = 0 
Merr = 0 

FOR i = 1 TO NO STEP 3 
ELASTCYL XC), LOADS(), i, CompR() 

phi(i) = ExpR(i) - CompR(l) 

computer Codes 161 



phi(i + 1) = ExpR(i + 1) - CompR(2) 
phi(i + 2) = ExpR(i + 2) - CompR(3) 

IF LOADS(i, 1) <> 0 THEN phi(i + 2) = phi(i + 2) * 100001 

IF JCALL$ = "Y" THEN 2000 

Y = Y + phi(i) A 2 + phi(i + 1) A 2 + phi(i + 2) A 2 

FOR II = 0 TO 2 
Rerr(II + 1) = (ExpR(i + II) - CompR(II + 1» / ExpR(i + II) 
IF ABS(Rerr(II + 1» > Merr THEN 1990 ELSE 1992 

1990 Merr = ABS(Rerr(II + 1» 
lMAX = i + II 

1992 'PRINT (I + II), ; 
PRINT USING "II.IIIIAAAA .1; ExpR(II + i) i CompR(II + 1) i Rerr(II + 

1) 
NEXT II 

PRINT #3, CompR(l);" "; CompR(2); ", H; CompR(3); II 

2000 NEXT i 

IF JCALL$ = "Y" THEN 2040 

PRINT 
PRINT "MAXERROR = "; IMAX, Merr 

PRINT #3, 

2040 END SUB 
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0.2 C Code 

The C code developed is listed below. The matrix equations are solved by the 

LineQn() function available in the MIX Software C/Math Toolchest. The organization 

of the program is simitar to the BASIC program but this version is set up to map 

areas in search of consistent data (ch. 6). 

Header File 

#include <stdio.h> 
#include <stdlib.h> 
#include <math.h> 
#include <mathlib.h> 
#include <bios.h> 

#praqma library "C:\\powerc\\mathlib\\mathlib.lib" 

char 9igo; 

#define Pi 3.141592654 
#define PAUSE scanf("'c",&gigo)i 

#define K 6 
#define KK «2*K)+2) 
#define ND 6 
#define NAP 5 
#define h .0001 
N-derivatives */ 

/* # of plies */ 
/* size of elasticity solution matrix */ 
/* # of data points */ 
/* # of active parameters */ 
/* size of , interval used in jacobean 

void lstsqr(double *Y, double E[], double Expr[][3], double eload[][5], 
double the], double r[], int *conv); 

void input(double E[l, double the], double r[], double Expr(][3], double 
eload[][5]); 

double phisub(double E[l, double r[], double the], double eload[][5), 
double Expr[][3], Real_Vector phi, int jcall, int *crsh)i 

void jacobean(double E[], double r[], double the], double eload[][5], 
double Expr[][3], Real_Matrix jaco)i 

void elastsub(double E[], double r[], double the], double load[], double 
Rc, double Ep[], int *crsh)i 

void c(double E[l, double cm[]); 

void cb(double cm[][4], double the], double E[], double dT, double 
cbm[][4][4], double et[][4]); 

void stress(double cbm[][4][4Ji double et[][4], double l[], double 
bc[][4], double sc[][4][5], double the], int *crsh)i 

void mat stack(double sc[][4][5], double l[], double bc[][4], double 
r[], double load[), Real_Matrix A, Real_Vector B)i 

void output(Real Vector x, double the], double Rc , double l[), double 
bc[][4], double Ep[], double load[]); 
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Main Program File 

#include "viz.h" 
#include "lstsqrv.c" 
#include "elastsub.c" 
#include "input.c" 
#include "phisub.c" 
#include "jacobean.c" 

int useinput_ = 1; /* causes lineqn() to overwrite inputs */ 

maine ) 
{ 
int i, j, ii, ij, c, cony; 

double avge1e2, E[10], Eo[10], Expr[ND/3][3], eload[ND/3][S), th[K), 
r[K+1], Y; 

FILE *OUTFILE; 

if«OUTFILE = fopen("output.dat", "w"» == NULL) 
{ 

} 

c = 0; 

printf("Cannot open data file, program aborted"); 
exit(O); 

input (Eo, th, r, Expr, eload); 

avge1e2 = (Expr[l][O]-Expr[1][1])/2; 

for(i=O; i<10; i++) 
E[i] = Eo[i]; 

for(i=O; i<50; i++) 
{ 
Expr[0][2] = 1e-11 + i * 1.8e-12; 

for(j=O; j<50; j++) 
{ 
c++; 
printf("\n\d\n", C); 

Expr[l][O] = avge1e2 - (1.2e-8 + j * 1e-11); 
Expr[lJ[l] = -avgele2 - (1.2e-8 + j * le-ll)i 

lstsqr(&Y, E, Expr, eload, th, r, &conv); 

if(conv==l) 
printf("\nCONVERGED\n"); 

else 
printf("\nFAILED\n"); 

printf("\ni = \d, GammaXY(Fx) = \1.6e\n", i, Expr[O][2])i 
printf(ttj = \d, Epsilonl(Tx) = \1.6e\n", j, Expr[l][O]); 
printf("j = \d, Epsilon2(Tx) = \1.6e\n\n", j, Expr[l][l])i 

printf("Y = \1.6e\n\n", Y); 

for(ii=O; ii<NAP; ii++) 
printf("E[\d] = %1.8e\n", ii, Elii]); 

printf("\n"); 

computer Codes 164 



fprintf(OUTFILE, "%l.Se %l.Se %l.Se %1.6e %d" Expr[0][2], 
Expr[l][O], Expr(lJ[lJ, -loglO(Y), cony); 

} 

for(ii=O; ii<7; ii++) 
{ 
if(ii<NAP) 

fprintf(OUTFILE, "%1.ge If, E[ii]); 

E[ii] = Eo[ii]; 
} 

fprintf(OUTFILE, "\n"); 
} 

} 

Subroutines 

void lstsqr(double *Y, double E[l, double Expr[][3], double eload[][S], 
double the], double r[], int *conv) 
{ 
int itr, i, j, jcall, crsh; 

double Ypre; 

Real Vector phi, Bl; 
Real:Matrix jaco, Al; 

phi = valloc(NULL, ND)i 
jaco = mxalloc(NULL, NAP, ND); 

for(itr=O; itr<23; itr++) 
{ 

/* 

crsh = 1; 

printf("%d ",itr); */ 

jcall = 0; 

*y = phisub(E, r, th, eload, Expr, phi, jcall, &crsh); 

if(crshl=l) 
goto CRASHED; 

if(itrl=O) 
{ 

} 

if(fabs(l-(*Y)/Ypre) < .0001) 
goto CONVERGED; 

Ypre = *Y; 

jacohean(E, r, th, eload, Expr, jaco); 

Al = mxmul2(jaco, jaco, NAP, ND, NAP)i 

Bl = vscale{vmxmul(jaco, phi, NAP, ND). NAP, -1.0); 

lineqn(Al, Bl, NAP); 

for(i=O ; i<NAP ; i++) 
{ 

} 

if(fabs(Bl[i]»(.25*E[iJ» 
Bl[i] = .25*E[i]*(Bl[i]/fabs(Bl[i]»i 

E[i] += Bl[i]; 
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} 

} 

E[S] = E[4]; 
E[6] = E[4]; 

vfree(B1); 
mxfree(A1); 

CRASHED: 
*eonv = 0; 
goto OUT; 

CONVERGED: 
*eonv = 1; 

OUT: 

mxfree(jaeo) ; 
vfree(phi); 

void input(double E[], double the), double r[], double Expr[][3], double 
eload [ ] [5 ] ) 
{ 

int i, j, ie, dnum, dtyp, rnum; 

double thdp, thdm, dat, t[K]; 

FILE *DataF; 

printf("Elastic constant initial estimates:\n\n"); 

printf(tlEnter El: tI); 
seanf("%lf", &E[O]); 

printf("\nEnter E2: H); 
seanf("%lf", &E[l]); 

printf("\nEnter E3: "); 
scanf("%lf", &E[2]); 

printf("\nEnter G12: H); 
seanf("%lf", &E[3]); 

printf("\nEnter v12: ")~ 
scanf("%lf", &E[4]); 

printf("\nEnter v13: H); 
seanf("%lf", &E[S]); 

printf("\nEnter v23: "); 
scanf("%lf", &E[6]); 

printf("\n\nThermal expansion constants:\n"); 

printf{"\nEnter alpha 1: H); 
scanf("%lf", &E[7])~ 

printf("\nEnter alpha 2: H); 
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scanf("%lf", &E[8]); 

printf("\nEnter alpha 3: H); 
scanf("%lf", &E[9]); 

printf("\n\nTube geometry input:\n"); 

/* printf("\nEnter the inside radius: "); *1 
/* scanf("%lf", &r[O]); */ 

1* printf("Enter the outside radius: "); */ 
/* scanf("%lf", &r[K]); */ 

th[O] = 45.36S*Pi/180; 
th[l] -46.081*Pi/180; 
th[2] = 46.779*Pi/180; 
th[3) = -47.4S9*Pi/180; 
th[4] = 48.122*Pi/180; 
th[S] = -48.769*Pi/180; 

teO) .016; 
t[l] .016; 
t[2] = .016; 
t[3] .016; 
t[4) = .016; 
t[S) .016; 

r[01 = .624; 
r[K] = .72; 

for(i=l ; i«K+1) ; i++) 
{ 

rei] = r[i-1) + t[i-1]; 
printf("r[%d] = %1.6e\n", i, rei]); 

} 

PAUSE 

printf("\n\nElastic constant echo:\n"); 

printf("\nE1 = %g", E[O); 
printf("\nE2 = %g", E[l]); 
printf("\nE3 = %g", E[2]); 
printf("\nv12 %g", E[3]); 
printf("\nv13 = %g", E[4]); 
printf("\nv23 = %g", E[S]); 
printf("\nG12 = %g", E[6]); 

printf("\n\nThermal expansion echo:\n"); 

printf("\nAlpha 1 = %g", E[7]); 
printf("\nAlpha 2 = %g", E[8]); 
printf("\nAlpha 3 = %g", E[9]); 

PAUSE 

printf("\n\nTube geometry echo:\n"); 

printf{"\nK= %d", K); 
printf{"\ninner radius 
printf("\nouter radius = 

PAUSE 

for(i=O ; i<K ; i++) 

%g", reO]); 
%g\n\n", r[K]); 
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printf("PLY %d: theta = %f, Ri= %f, Ro= %f\n", i, th[i]*180/Pi, 
r[i], r[i+1]); 

PAUSE 

clrscrn(); 

if«DataF = fopen("finalm.dat", "r"» == NULL) 
{ 

} 

printf("Cannot open data file, program aborted"); 
exit (0); 

ic = -1; 
for(i = 0 ; i<ND ; i += 3) 

{ 
ic++; 
for(j = 0 ; j<3 j++) 

{ 
rnum = fscanf(DataF, "%d 'd 'If 'If %If 'If'', &dnum, &dtyp, 

&Expr[ic][j], &eload[ic][2], &eload[ic][3], &eload[ic][4]); 
if(rnum 1= 6) 

printf("File read error, check format"); 
printf(" %d 'd '1.Se %6.1f %6.1f %6.lf\n", dnum, 

dtyp, Expr[ic][j], eload[ic)[2], eload[ic][3], eload[ic][4]); 

} 

} 
eload[ic] [0] 0; 
eload[ic][1] = 0; 

} 
fclose(DataF); 

printf("read ok"); 

double phisub(double E[], double r[], double th[], double eload[J[Sl, 
double Expr[][3], Real Vector phi, int jcall, int *crsh) 
{ -
int i, iCi 
double Eps[3], Y; 

Y = 0.0; 

ic = -1; 

for(i=O ; i<ND ; i+=3) 
{ 
ic++; 

elastsub(E, r, th, eload[ic], r[K], Eps, &crsh); 

phi[i] = Expr[ic][O] - Eps[O]; 
phi[i+l] = Expr[ic][1] - Eps[1]; 
phi[i+2] = (Expr[ic][2] - Eps[2]); 

if(i==O) 
phi[i+2]=phi[i+2]*1000; 
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if(jcall==O) /* skip block if called by jacobean */ 

{ 
Y += phi[i]*phi[i] + phi[i+l]*phi[i+l] + phi[i+2]*phi[i+2]; 

/* printf("%l.8e 
printf("%l.8e 
printf("%l.8e 
PAUSE */ 

%l.8e\n",Expr[ic][O), Eps[O]); 
%1.8e\n",Expr[ic][1], Eps[l]); 
%1.8e\n\n",Expr[ic][2], Eps(2]); 

} 

} 

} 
if(jcall==O) 

return Y; 

/* skip block if called by jacobean */ 

/*a planar, cylindrical elasticity solution for laminated composite*/ 
/*subject to axial, torsional, thermal and pressure loads.*/ 

void elastsub(double E[l, double r[], double the], double load[], double 
Rc, double Ep[], int *crsh) 
{ 
int i, j; 

double cm[4][4], cbm[K][4][4], sc[K][4][5], bc[Kl(3], et[K][4], l[K]; 

Real Matrix A; 
Real=vector 8; 

A = rnxalloc(NULL, KK, KK); 
B = valloc(NULL, KK); 

/*input section *****************************************************/ 
/*elastic parameters ***************************/ 

/* E [0] : El */ 
/* E [11 : E2 */ 
/* E [2] : E3 */ 
/* E [3 J : G12 */ 
/* E [4] : v12 */ 
/* E [5] : v13 */ 
/* E [6] : v23 */ 
/* E [7] : ALPHAl */ 
/* E [8] : ALPHA2 */ 
/* E [9] : ALPHA3 */ 

if(E[l] == E [2] ) 
E[2] += 1; 

/*loads*****************************************/ 

/* load [0] : 
/* load[l]: 
/* load[2]: 
/* load[3]: 
/* load[4]: 

Pout */ 
Pin */ 
Fx */ 
Tx */ 
dT */ 
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/*main body *********************************************************/ 

e (E, em); 

eb(em, th, E, load[4], ebm, et); 

stress (ebm, et, 1, be, se, th, &ersh); 

mat_staek(se, 1, be, r, load, A, B); 

lineqn(A, B, KK); 
mxfree(A) ; 

output(B, th, Re, 1, be, Ep, load); 
vfree(B); 

} /*end **************************************************************/ 

void e(double E[], double em[][4]) 
{ /*e MATRIX SUBROUTINE*/ 

double v; 

v = (1 - E[4] *(E[4] * E[l] / E[O] + 2 * E[6] * E[S] * E[2] / E[O]) -
E[S] * E[S] * E[2] / E[O] - E[6] * E[6] * E[2] / E[l])i 

em[ 0] [0] 
em[ 0] [1] 
em[O][2] 
em [1] [1] 
em[ 1] [2] 
em(2][2] 
em[ 3] [3] 

} 

= 
= 
= 
= 
= 
= 

(1 - E[6] * E[6] * E[2] / E[l]) * E[O] / Vi 
(E[4] + E[S] * E[6] * E[2] / E[l]) * E[l] / 
(E[S] + E[4] * E[6]) * E[2J / Vi 
(1 - E[S] * E[S] * E[2] / E[O]) * E[l] / Vi 
(E[6] + E[4] * E[S] * E[l] / E[O]) * E[2] / 
(1 - E[4] * E[4] * E[l] / ErO]) * E[2] / Vi 
E (3) ; 

/* 
Vi /* 

/* 
/* 

Vi /* 
/* 
/* 

void eb(double em[][4], double the], double E[l, double dT, double 
ebm[J[4][4], double et[][4]) 
{ 
/*e-bar MATRIX SUBROUTINE*/ 

int it ii, j, jj, k; 
double mt n; 

for(i=Oii<Kii++) 
{ 
if(i>l) 

{ 

} 

fore j=O ; j<2 ; j++) 
{ 

} 

if(th[i]==th[j]) 
{ 
for(ii=Oi ii<4; ii++) 

{ 
for(jj=O; jj<4; jj++) 

{ 
ebm[i][ii][jj] = ebm[j][ii][jj]; 

} 
et[i][ii] = et[j][ii]i 

} 
goto end_loop_ebm; 

} 

m = eos(th[i]); 
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n = sin(th[i]); 

cbm[i][O][O] = cm[O][O]*pow(m,4) + (2*pow(m*n,2»*(cm[O][1] + 
2*cm[3](3) + cm[1][1]*pow(n,4); 

cbm[i][O][l] = pow(m*n,2)*(cm[O][O] + cm[l][l) - 4*cm[3][3]) + 
cm(O][l)*(pow(m,4) + pow(n,4»; 

cbm[i][O][2] = cm[0][2]*m*m + cm(1][2]*n*n; 
cbm[i][O][3] = m*n*(cm[O] [O]*m*m - cm(l][l]*n*n - (crn[O)[l] + 

2*cm[3)[3])*(m*m - n*n»; 
cbm[i][l)[l) = cm[O] [O)*pow(n,4) + (2*pow(m*n,2»*(crn[O][1] + 

2*cm[3][3]) + cm[1][1]*pow(m,4); 
cbm[i][11(2) = cm[01[2]*n*n + cm[1][2]*m*m; 
cbm[i][1](3] = m*n*(cm(O] [O]*n*n - cm[l][l]*m*m + (cm[O][l] + 

2*cm[3][3])*(m*m - n*n»; 
cbm[i][2][2] = cm[2][2]; 
cbm(i][2][3] = m*n*(cm[0][2] - cm[1][2]); 
cbm[i][3][3] = (cm[O][O] + cm[l][l] - 2*cm[0][1])*pow(m*n,2) + 

cm[3][3]*pow«m*m - n*n),2); 

for(j = 1; j<4 ; j++) 
for(k = 0; k<j ; k++) 

cbm[i][j1[k] = cbm[i][k][j]; /*stacks symmetric terms*/ 

et [i] [0] 
et [i] [1] = 
et [i] [2] = 
et [i] [3] 

(E[7]*m*m + E[8]*n*n)*dT; 
(E[7]*n*n + E[B]*m*m)*dT; 
E[9]*dT; 
2*m*n*(E[7] - E(B])*dT; 

/*x thermal strain*/ 
/*THETA thermal strain*/ 
/*R thermal strain*/ 
/*X-THETA thermal strain*/ 

end loop cbm: 
"} -

} 

void stress(double cbm[][4][4], double et[)[4], double l[], double 
bc[][3] , double sc[][4][S], double the], int *crsh) 
{ 
/* stress coefficients */ 

int i, ii, j, jj; 
double ZZ; 

for(i=O ; i<K ; i++) 
{ 

if(i>l) 
{ 
fore j=O ; j<2 ; j++) 

{ 

} 
} 

if(th[i)==th[j]) 
{ 

} 

for(ii=O; ii<4; ii++) 
{ 

} 

for(jj=O; jj<S; jj++) 
{ 
sc [ i] ( ii] [ j j] = sc ( j ] [ ii ] [ j j ] ; 

} 
if(ii<3) 

bc[i)[ii) = bc[j](ii]; 

l[i] = l[j); 
goto end_loop_stress; 

bc[i)[O] ( cbm [ i] [0] [ 1] - cbm [ i] [0] [2 ]) / ( cbm [ i ] [2] [2] -
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cbm[i][l][l]); 
bc[i][l] = (cbm[i][1][3] - 2 * cbm[i][2][3J) / (4 * cbm[i][2][2] -

cbm[i][l][l]); 
bc[i][2] = 1 / (cbm[i][2][2] - cbm[i][l][l]); 

zz = (cbm[i][0][2]-cbm[i][0][l])*et[i][0] + 
(cbm[i][l][2]-cbm[i][l][1])*et[i][l] + 
(cbm[i)[2][2]-cbm[i][l][2])*et[i)[2] + 
(cbm[i][2][3]-cbm[i][l][3)*et[i][3]; 

bc [i] [2] *= zz; 

if(*crsh 1= 0) 
{ 

} 

if«cbm[i][l][l] / cbm[i][2][2]) <= 0) 
*crsh = 0; 

lei] = sqrt(fabs(cbm[i] (1)[1] / cbm[i][2][2]»; 

for(j = 0; j<4 ; j++) 
{ 
sc[i][j][O} = cbm[i][O][j] + bc[i][O]*(cbm[i][l][j] + 

cbm [ i] [2 ] [ j ]) i 
sc[i](j][l] = cbm[i][j][3] + bc[iJ[l]*(cbm[i][l][j] + 

2 * cbm [ i] [2 ] [j ] ) i 
sc [ i] [ j ] [2] = cbm [ i] [ 1] [ j] + 1 [ i] * cbm [ i] [2 ) [ j ] ; 
sc[i][j][3] = cbm[i](l][j] - lei] * cbm[i][2][j); 
sc[i][j][4] = bc[i][2J*(cbm[i][1][j] + cbm[i](21[j]} -

et[i][O]*cbm[i][O][j] - et[i][l]*cbm[i][l][j] - et[i][2]*cbm[i][21[j] -
et[i][3]*cbm[i][j][3]; 

} 

end loop stress: 
}" -

} 

/*j=O: SIGMAx 
/*j=l: SIGMAtheta 
/*j=2: SIGMAr 
/*j=3: TAUx-theta 

coefficients */ 
coefficients */ 
coefficients */ 
coefficients */ 

void mat stack(double sc[][4][S], double l[), double bc[1[3], double 
r[], double load[], Real Matrix A, Real Vector B) 
{ --
/*subroutine for stacking the components of the linear equations 

[A]{x}={B}*/ 

int i, j, ic; 
double r3, rp3, b1t2, b2t2; 

for(i = 0; i<KK ; i++) 
{ 

} 

B[i] = 0.0; 
for(j = 0; j<KK ; j++) 

A[i][j] = 0.0; 

blt2 = 0; 
b2t2 0; 

/*initialize [A], {B}*/ 

/*next two loops stack elements associated with the integrated B.C.*/ 

for(i = 0; i<K ;i++) 
{ 
rp3 = r[i+l] * r[i+l] * r[i+1]; 
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r3 = r[i] * r[i] * r[i]; 

A[O][O] += (sc[i][O][O]*( r[i+1]*r[i+1] - r[i]*r[i] » / 2.0; 
A[1][0] += (sc[i][3][0]*( rp3 - r3 » / 3.0; 
A[OJ[1] += (sc[i][O][1]*( rp3 - r3 » / 3.0; 
A[1][1] += (sc[i][3][1]*( rp3*r[i+1] - r3*r[i) » / 4.0; 

b1t2 += (sc[i][0][4]*( r[i+1]*r[i+1] - r[i]*r[i] » ; 2.0; 
b2t2 += (sc[i][3)[4]*( rp3 - r3 » ; 3.0; 

} 

ic = 0; 

for(i = 2; i«KK-1) i += 2) 
{ 
ic++; 

A[O][i] = sc[ic-1][0][2]*(pow(r[ic], 1+1[ic-1]) - pow(r[ic-1], 
1+1[ic-1]) ) / (1+1[ic-1]); 

A[O][i+1] = sc[ic-1][0][3]*(pow(r[ic], 1-1[ic-1]) - pow(r{ic-1], 
1-1[ic-1]) ) ; (1-1[ic-1]); 

A[1][i] = sc[ic-1][3][2]*(pow(r[ic], 2+1[ie-1]} - pow(r[ic-1], 
2+1[ic-1]) ) / (2+1[ic-1]); 

A[1][i+1] = sc[ic-1][3][3]*(pow(r[ic], 2-1[ic-1]) - pow(r[ic-1], 
2-1(ic-1]) ) / (2-l[ic-l]); 

} 

B[O] = load(2] ; (2 * Pi) - blt2; 
8[1] = 1oad[3] ; (2 * Pi) - b2t2; 

;*next loop stacks the elements associated with the interface 
conditions*; 

ic = 0; 

for(i 2; i«KK-3) i += 2) 
{ 
ic++; 

A[i][O] = sc[ic-1][2][0] - sc[ic][2][0]; 
A[i)[1] = ( sc[ic-1][2)[1] - sc[ic][2][1] * r(ic]; 

A[i + 1][0) = ( bc[ic-1][O] - bc[ic][O] ) * r[ic]; 
A[i + 1][1] = ( bc[ic-1][1] - bc[ic][l) ) * r[ic]*r[ic); 

A[i][i] = sc[ic-1][2][2] * pow(r[icl, (1[ic-1] - 1) ); 
A[i][i+1] = sc[ic-1][2][3] * pow(r[ic], (-1[ic-1] - 1) ); 
A[i][i+2] -sc[ic][2][2] * pow(r[ic], (l[ic] - 1) ); 
A[i][i+3] = -sc[ic][2][3] * pow(r[ic], (-l[ic] - 1) ); 

A[i+1][i] = pow(r[ic], 1[ic-1] ); 
A[i+1][i+1] = pow(r[ic], -1[ic-1] ); 
A[i+l][i+2] = -pow(r[ic], l[ic] ); 
A[i+1][i+3] = -pow(r[ic], -1[icJ ); 

B[i] = sc[ic][2][4] - sc[ic-1][2J[4]; 
8[i+1] = ( bc[ic][2] - bc[ic-1][2] ) * r[ic]; 

} 

/*next lines stack the matrix elements associated with the pressure 
8.C.*/ 

A[KK-2][0] = sc[0][2][0]; 
A[KK-2][1] = sc[0][2][1] * reO]; 
A[KK-2][2] = sc[0](2][2] * pow(r[O), (1[0] - 1) ); 
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A [ KK - 2 ] [ 3] = s e [ 0 J [2 ] [3] * pow ( r [ 0 ], ( -1 [ 0 J - 1) ) i 

A[KK-1][0) = sc[X-l][2][0]; 
A[KK-l][1] = sc[X-1][2][l) * r{X); 
A[KK-1)[KK-2) = sc[X-1][2][2] * pow(r[K], 
A[KK-1] [KK-l] = sc[X-1][2][3] * pow(r[K], 

B[KK-2] = -load[1] - se[0][2][4]; 
B[KK-1] = -load[O] - se[K-1][2](4); 

} 

l[K-l] - 1) ); 
-1[K-1] - 1) )i 

void output(Real Vector x, double th[], double Re, double l[], double 
bc[][3], double Ep[], double load(]) 
{ 
double Ex, Eo, Gxo, w, m, n; 

w = be[K-1] [O]*Re*x[O] + be[K-1] [1]*x[1]*Rc*Rc + x[2*(K-l)+2]*pow(Rc, 
1[K-1]) + x[2*(K-1)+3]*pow(Re, -1[K-1) + bc[K-1] [2]*Rc; 

} 

Ex = x[O]; 
Eo = w/Rc; 
Gxo = x[l]*Rc; 

m = cos(th[K-1]); 
n = sin(th[K-1]); 

if(load[2]==0) 
{ 

1* Ex: Epsilon x *1 
1* Eo: Epsilon theta, Er: Epsilon r *1 
1* Gxo: Gamma x-theta *1 

Ep[O] = Ex*m*m + Eo*n*n + Gxo*m*n; 
Ep[1] = Ex*n*n + Eo*m*m - Gxo*m*n; 

1* Epsilon 1 *1 
1* Epsilon 2 *1 
1* Epsilon 12 *1 

} 
else 
{ 

} 

Ep[2] = 2*m*n*(Eo - Ex) + Gxo*(m*m - n*n); 

Ep[O] = Ex; 1* Epsilon X *1 
Ep[l] = Eo; 1* Epsilon y *1 
Ep[2] = Gxo; 1* Epsilon XY *1 

void jacobean(double E[], double r[], double th[], double eload[][S], 
double Expr[][3], Real Matrix jaco) 
{ 
int i, j, jeall, Gint; 

double Etemp[10]; 

Real_Vector PHlminus, PHlplus; 

PHlminus = valloe(NULL, NO); 
PHlplus = valloc(NULL, NO); 

for(i=O; i<10; i++) 
Etemp[i] = E[i]; 

jcall = 1; 

for(i=O; i<NAP; i++) 
{ 
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} 

Etemp[i] -= h * E[i]; 
phisub(Etemp, r, th, eload, Expr, PHlminus, jcall, &Gint); 

Etemp[i] += 2.0 * h * E[i]; 
phisub(Etemp, r, th, eload, Expr, PHlplus, jcall, &Gint); 

Etemp[i] -= h * E[i]; 

for(j=O; j<ND; j++) 
jaco[i][j] = (PHlplus[j] - PHlminus[j])/(2 * h * E[i]); 

vfree(PHlplus); 
vfree(PHlminus); 

} 
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0.3 Pattern Search Code 

The following is a listing of the header and main program files of the Pattern Search 

program developed to find regions of high data consistency (ch. 6). Many of the 

subroutines are not listed as they are identical to those listed for the C version of 

the Least-Squares code listed above. For a description of the algorithm see 

reference 9. 

HEADER FILE 

#include <stdio.h> 
#include <stdlib.h> 
#include <math.h> 
#include <mathlib.h> 
#include <bios.h> 

#pragma library "C:\\powerc\\mathlib\\mathlib.lib" 

char gigo; 

#define Pi 3.141592654 
#define PAUSE scanf("%c",&gigo); 

#define K 6 
#define KK «2*K)+2) 
#define ND 6 
#define NAP 5 
#define h .0001 
N-derivatives */ 

/* # of plies */ 
/* size of elasticity solution matrix */ 
/* # of data points */ 
/* # of active parameters */ 
/* size of , interval used in jacobean 

double lstsqr(double E[l, double X12[], double Expr[][3], double 
eload[][5], double th[], double r[], int *conv); 
void Pattern(double Xb[], double Yb, double Xl], double *Y, double 
deltaF, double deltaT, double E[], double Expr[)[3], double eload[][5], 
double th[], double r[])i 

void input(double E[], double th[], double r[], double Expr(](3], double 
eload[][5J)i 

double phisub{double E[], double r[], double th[], double eload[][5], 
double Expr[][3], Real_Vector phi, int jcall, int *crsh)i 

void jacobean(double E[], double r[], double th[], double eload[][5], 
double Expr[][3], Real_Matrix jaco); 

void elastsub(dout.~e E[l, double r[], double th[], double load[], double 
Rc, double Ep[], int *crsh)i 

void c(double E[l, double cm[]); 

void cb(double cm[][4], double the], double E[l, double dT, double 
cbm[][4][4], double et[][4]); 

void stress{double cbm[)[4][4], double et{]{4], double l[], double 
bc[][4], double sc[][4][5], double th[], int *crsh); 
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void mat stack(double sc[][4][5], double l[l, double bc[)[4], double 
r[], double load[], Real_Matrix A, Real_vector B)i 

void output(Real Vector x, double th[], double Rc, double l[], double 
bc[][4], double Ep[], double load[]); 

Main Program File 

#include "search.h" 
#include "lstsqr.c" 
'include "elastsub.c" 
'include "input.c" 
'include "phisub.c" 
#include "jacobean.c tt 
#include "pattern.c" 

int useinput_ = 1; /* causes lineqn(} to overwrite inputs */ 

maine) 
{ 
int i, j, ii, c, *conv; 

double E[10], Eo[10], Expr[ND/3][3], eload[ND/3][5], th[KJ, r[K+l]; 
double Xb[2], Yb, Xt[2], Yt, X[2J, Y, deltaF, deltaT, DR; 

c = 0; 

input (Eo, th, r, Expr, eload); 

I*Expr[1][2] = -1.2e-5;*/ 

for(i=O; i<lOi i++) 
E [ i ] = Eo [ i] ; 

printf(IIEnter the starting pt. for the pattern search.\n"); 
printf("GammaXY(Fx) :"); 
scanf("%lf", &Xb[O]); 
printf("\nDiff :"); 
scanf("%lf", &Xb[l]); 
printf("\n\nlnitial delta (GammaXY(Fx»):"); 
scanf("%lf", &deltaF); 
printf("\n\nlnitial delta (Diff):"); 
scanfett%lf", &deltaT); 
printf(lI\n\nDelta reduction percentage :"); 
scanf("%lf", &DR); 

Yb = lstsqr(E, Xb, Expr, eload, th, r, &conv); 
printf("\nlnitial Y: %1.6e\n",Yb); 

PT1: 

Pattern (Xb, Yb, X, &Y, deltaF, deltaT, E, Expr, eload, th, r); 
printf("First Pattern Y: %l.6e\n",Y}; 

if«Xb[O]==X[O])&&(Xb[l]==X[l]» 
{ 
deltaF *= DR; 
deltaT *= DR; 
printf("\nReducing delta, deltaF = %1.6e\n", deltaF)i 
printf("\nReducing delta, deltaT = %1.6e\n\n", deltaT); 
printf("GammaXY(Fx) = %1.8e\n", X[O); 
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printf("Diff = %1.8e\n\n", X[l]); 
for(i=O; i<NAP; i++) 

E [ i] = Eo [ i] ; 
goto PTl; 
} 

PT2: 

} 

xt[O] = 2*X[O]-Xb[O]; 
Xt[l] = 2*X[1]-Xb[1]; 

Xb[O] = X[O] ; 
Xb[l] = X[ 1] ; 

Yb = Y; 

Yt = lstsqr(E, Xt, Expr, eload, th, r, &conv); 
printf("Temp Head Y: %1.6e\n",Yt); 

Pattern (Xt, Yt, X, &Y, deltaF, deltaT, E, Expr, eload, th, r); 
printf{"Temp Head Pattern Y: %1.6e\n",Y); 

if(Y>Yb) 
{ 
printf("\nStarting New Pattern, Y = %1.6e\n", Y); 
printf("GammaXY(Fx) = %1.8e\n", X[O]); 
printf("DIFF = %1.8e\n\n", X[l]); 
goto PTl; 

} 
else 

{ 

} 

printf("\nExtending Pattern, Y = %1.6e\n", Y); 
printf("GammaXY(Fx} = %1.8e\n", X[O]}; 
printf("Diff = %1.8e\n\n", X[l]); 
goto PT2; 

Subroutines 

void Pattern(double Xb[], double Yb, double Xl[], double *Yl, double 
deltaF, double deltaT, double E[l, double Expr[][3], double eload[][S], 
double th[], double r[]) 
{ 
double Xp(2], Xm[2], Yp, Ym; 
int *conv; 

Xp[O] = Xb[O]+deltaF; 
Xm[O] = Xb[O]-deltaF; 

Xp[l] = Xb[l]; 
Xm[l] = Xb[l]; 

Yp = lstsqr(E, Xp, Expr, eload, th, r, *conv); 
Ym = lstsqr(E, Xm, Expr, eload, th, r, *conv); 

if«YP<Yb)&&(Yp<Ym» 
{ 

} 

Xl [0] = Xp [0] ; 
*Yl = Yp; 

else 
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} 

{ 

} 

if«Ym<Yb)&&{Ym<Yp» 
{ 
Xl[O] = Xm[OJ; 
*Yl = Ymi 

} 
else 

{ 

} 

Xl[O] = Xb[O]; 
*Yl Yb; 

Xp[l] += deltaTi 
Xm[l] -= deltaTi 

Xp [ 0] = Xl [ 0] i 
Xm[O] = Xl[O]i 

Yp = lstsqr(E, Xp, Expr, eload, th, r, *conv); 
Ym = lstsqr(E, Xm, Expr, eload, th, r, *conv)i 

if«Yp<*YI)&&(Yp<Ym» 
{ 

} 

XI[l] = Xp[l]; 
*YI = Yp; 

else 
{ 

} 

if«Ym<*YI)&&(Ym<Yp» 
{ 

} 

Xl[1] = Xm[lJ; 
*Yl = Ym; 

else 
XI[I] = Xb[l]; 

double lstsqr(double E[), double XI2[], double Expr[][3], double 
eload[][SJ, double the], double r[], int *conv) 
{ 
int itr, i, j, jcall, crsh; 

double Ypre, Y, avgi 

Real Vector phi, Bl; 
Real=Matrix jaco, Al; 

phi = valloc(NULL, ND); 
jaco = mxalloc(NULL, NAP, NO); 

avg = (Expr[I][0]-Expr[ll[1])/2; 

Expr[0][2]=X12[0]; 

Expr[I][O]= avg - X12[1]; 
Expr[1][1]= -avg - X12(1]; 

for(itr=O; itr<21; itr++) 
{ 

crsh = 1; 

jcall = 0; 
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} 

Y = phisub(E, r, th, eload, Expr, phi, jcall, &crsh); 

if(crsht=l) 
goto CRASHED; 

if(itrl=O) 
{ 

} 

if(fabs(l-Y/Ypre) < .0001) 
goto CONVERGED; 

Ypre = Y; 

jacobean(E, r, th, eload, Expr, jaco)i 

A1 = mxmu12(jaco, jaco, NAP, NO, NAP); 

B1 = vscale(vmxmul(jaco, phi, NAP, NO), NAP, -1.0); 

lineqn(A1, B1, NAP); 

for(i=O ; i<NAP ; i++) 
{ 
if(fabs(B1[i]»(.3*E[i]» 

B1[i] = .3*E[i]*(Bl[i]/fabs(B1[i)); 
E[i] += B1[i]; 

} 
E[5] = E[4]; 
E[6] = E[4]; 

vfree(Bl); 
mxfree(A1); 

CRASHED: 
*conv = 0; 
goto OUT; 

CONVERGED: 
*conv = 1; 

OUT: 

mxfree (j aco) ; 
vfree(phi); 

return Y; 
} 
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