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(ABSTRACT) 

An effective medium approximation and a refined Monte Carlo simulation 

procedure for solving the stochastic groundwater flow problem are presented. The 

effective medium approximation permits one to solve the stochastic groundwater flow 

problem in a single run to generate the expected pressure head field. The proposed 

effective hydraulic conductivity expression for the effective medium is of the same 

form as the local Gardner’s equation and is easy to use. 

The refined Monte Carlo simulation procedure uses analytical means to estimate 

the sample size by controlling the error incurred in using the sample average in place 

of its population mean at a chosen confidence level. This estimator consistently 

performs well. Also, a variance reducing estimator which is different from the simple 

average for pressure head is developed. This estimator takes advantage of the 

correlation between the saturated conductivity and the pressure head distribution to 

reduce the output variance and is unbiased. This reduced variance results in a smaller 

width of uncertainty about the predicted pressure head. Both the effective medium 

approximation and the Monte Carlo approaches perform well when applied to several 

problems.
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1. Introduction 
ee 

1.1 Statistical Approach 

Two broad methods of solving groundwater flow problems are the deterministic 

and stochastic approaches. In the deterministic approach, flow and soil-hydraulic 

parameters (e.g., hydraulic conductivity) are assumed to vary in a pre-defined manner. 

The procedure involves assigning input parameter values over the spatial domain with 

the data estimated from laboratory analyses of core samples and/or field tests (e.g., 

slug test, pump test). The groundwater problem is then solved for the dependent 

variable, namely, the pressure head. Sensitivity analyses may be performed to 

investigate the variability of model output for specific changes in input parameters, 

i.e., by observing head variability due to changes in soil-hydraulic parameters. The 

advantage of such an analysis is that the extreme variations in the dependent variable 

are assessed as a function of input variation. This analysis also identifies the 

criticality of input parameters. Unfortunately, this range of variation for the output 

variable can be quite wide to be of any practical use. Also, theoretically meaningful 

inferences about the dependent variable cannot be made without the needed statistical 

support for the input parameters; e.g., establishing confidence limits about the head 
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field. It is also not clear how one can assign a range of pointwise values for the input 

parameters, except to assign a gross estimate over a large region of the porous 

medium. Stochastic approaches attempt to overcome these difficulties. 

It is economically and technically infeasible to provide the detailed input 

parameter distribution for a field problem [Konikow and Bredehoeft, 1992]. This then 

brings us to the question: "ts it possible to represent such spatially variable soil- 

hydraulic properties using some averaging mechanism that will provide a satisfactory 

representation of the heterogeneous system?" This has been addressed by de Marsily 

[1984] and Watt et al. [1976] in the following way. What is available from field 

observations is a set of values (of soil-hydraulic properties) from which statistical 

moments can be estimated. Given this information, there exists a parent probability 

distribution function with parameters which are described by the statistical moments 

to characterize the variability of the input parameters over space. This implies that 

a variety of porous media configurations may be formulated to fit this statistical 

description. Therefore, when we assign a particular set of parameters as dictated by 

this underlying probabilistic structure, one particular realization of the porous medium 

is attained which is indeed the heart of the Monte Carlo approach. Under this 

framework, the heterogeneity of a porous medium is well addressed and a much 

needed theoretical support is created. Dagan and Bresler [1983] explicitly admit to 

the aforementioned approach while other authors [see Gelhar, 1986 for a review] have 
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implicitly assumed such a framework. A good review on different stochastic 

techniques is given by El-Kadi [1984] who groups these methods according to the 

mathematical approach adopted. Because of their popularity and relevance to the 

present study, attention is focussed on the following two stochastic approaches: (1) 

Spectral-Perturbation (SP) analysis, and (2) Monte Carlo (MC) simulation. 

The basic objective of SP techniques is to obtain an analytically tractable 

solution for the groundwater problem in terms of the mean head variation. The 

spectral method of solving the groundwater flow equation uses the theory of 

perturbation analysis. The flow parameters are perturbed around their mean values. 

These zero mean fluctuations are assumed to be second order stationary, i.e., their 

variance is constant and the dependence between fluctuations at two spatial points is 

a function of the separation distance only and not on which specific locations are 

involved. It is further assumed that the mean values are slowly varying in space so 

that certain derivatives can be assumed small. The perturbed flow equations are then 

solved using the Fourier-Stieltjes representation to obtain a spectrum of head or flux 

in terms of the spectrum of the hydraulic conductivity field [Lumley and Panofsky, 

1964]. Further manipulation yields the head variance in terms of the covariance of 

the input hydraulic conductivity. The theory relies upon Taylor series expansion in 

deriving analytical solutions. Higher order terms of fluctuations in input parameters 

are typically neglected rendering the method applicable to situations only when the 
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variances of input parameters are small. This need not be true in real field situations 

[Yeh, 1982]. The theoretical development also neglects the products of perturbations. 

Therefore, the method is valid only when the magnitude of perturbations are relatively 

small (the methodology is acceptable only when the absolute value of perturbations 

are much smaller than unity). In addition, the solution procedure using spectral 

density function requires the assumption of an infinite flow domain; all practical 

problems have bounded domains. This problem has been addressed to a certain extent 

by Dikow [1988] who used discrete spectral representation for solving flow in 

rectangular finite domains. But his method lacks from generalization and cannot be 

easily extended to different boundary shapes. 

Another stochastic method of interest is the MC simulation technique. This 

method involves sequential generation of soil-hydraulic properties (input parameters) 

and solution of groundwater problems for each generation of input parameters. 

' Usually the first two moments of the output variable, namely mean and variance of 

pressure heads, are estimated. However, the method is capable of yielding the entire 

probability distribution. Inferences are drawn based upon the estimated statistics. MC 

simulation is easy to use. The development of high speed digital computers have 

made the method very popular. The most widely used argument against MC 

simulation procedure is the sample size required to construct the probability 

distribution of the output variable. 
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1.2 Scope and Objectives of the study 

As indicated by several researchers [see Gelhar, 1986; Gémez-Herndndez and 

Gorelick, 1989 for review], methodologies to estimate the pressure head distribution 

within certain confidence limits are needed. Because specification of pointwise 

hydraulic conductivity values or other properties is not possible, it is being suggested 

that these methodologies focus on utilizing statistical moments of the input parameter 

values (such as mean conductivity and its variance) to estimate the mean pressure 

head distribution. If an expression for a field scale average conductivity, often called 

effective conductivity, can be found, then this effective conductivity can be used for 

the solution of the groundwater flow problem and the resulting pressure head 

distribution would be the expected head distribution if the groundwater flow equation 

had been treated as a stochastic partial differential equation (PDE). 

As pointed out by de Marsily [1984] and Freeze [1975] usable effective 

conductivity expressions are not possible for complicated domain problems. MC 

approach is the recognized means for the solution of complicated problems. Also, to 

validate an effective conductivity approach, a performance comparison with the MC 

approach is needed. This thesis focuses on the following two major aspects: 

(1) To derive a relationship for the field scale effective hydraulic conductivity that 

uses the statistical moments of the measured hydraulic conductivities over the 

domain. This effective hydraulic conductivity is designed to yield a mean head 
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(2) 

1.3 

distribution which would be the same as if the problem were solved using the 

random input parameters. The proposed effective conductivity involves various 

covariance terms. Upon simplifying these terms with a Taylor series 

approximation, the resulting equation can be cast in the form of Gardner’s 

equation which is relatively simple to use. Suitability of the proposed effective 

conductivity expression is verified by using the relationship to solve various 

problems and comparing the results obtained with those obtained from MC 

simulation. 

A refined MC procedure is proposed. The method involves both the error 

Criteria as well as the desired confidence coefficient to generate the required 

sample size. Also, a variance reducing estimator for the pressure head is 

proposed which exploits the correlation between the head and saturated 

hydraulic conductivity to achieve the reduction in variance. 

Organization of the Thesis 

Chapter 2 presents the boundary value problem describing flow through an 

unsaturated porous medium along with the necessary boundary and initial conditions. 

An effective medium approximation approach is presented in chapter 3. A 

relationship for computing the effective hydraulic conductivity, Ks, based upon the 

statistics of the measured hydraulic conductivity values is developed. The relationship 

uses a perturbation analysis. Basic identities from stochastic processes are used to 
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derive an expression for effective hydraulic conductivity. This equation is then 

reduced to an equation similar to Gardner’s equation with the aid of Taylor series 

expansion. This effective hydraulic conductivity function is easy to use and yields 

results close to that of the MC simulation. 

Chapter 4 provides details on the MC simulation procedure. Previous work done 

in the area of groundwater flow modeling with MC simulation are delineated. Most 

of the chapter is devoted to developing the mathematical procedure for estimating the 

sample size with a pre-determined error and confidence limit criterion. This allows 

the modeler to determine the trade-off between the number of simulations and the 

error that will be encountered as well as the degree of confidence one can put on the 

results. The chapter also presents a description on the control variate technique for 

reducing the variance of the output variable. 

Chapter 5 presents the development of an analytical estimator for the variance 

' of the piezometric head in an unconfined aquifer. The sample size is estimated using 

this variance. The traditional method of using arithmetic, geometric, or harmonic 

means of hydraulic conductivity values to define effective medium is examined along 

with the proposed MC simulation procedure. 

Chapter 6 contains the application of the methodology to five different problems. 

The first problem is the saturated flow problem solved by Freeze [1975]. The results 

show that the refined MC simulation procedure proposed here performs better in that 
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the same results are achieved with a smaller sample size. The second problem is a 

one-dimensional unsaturated flow problem. The results obtained by using the 

proposed effective hydraulic conductivity are quite close to those obtained from the 

MC simulation. The third problem is a two-dimensional, unsaturated flow problem. 

Comparison of the results obtained from MC simulation with that obtained from the 

proposed effective conductivity relationship shows good agreement. The fourth 

problem is a one-dimensional, transient, unsaturated flow. Both the proposed MC 

technique and the effective conductivity perform well. The last problem on well flow 

shows that the use of harmonic mean as the effective conductivity performs well in 

the case solved. Chapter 7 provides a general summary of the study. An appendix 

with basic definitions of the stochastic terms used in this thesis is provided at the end 

of the thesis. 
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2. Unsaturated Flow Theory 
eC 

2.1 Governing Equation 

The movement of water in the subsurface zone occurs through both saturated 

and unsaturated regions. Water from precipitation infiltrates the ground surface; 

moves downward, primarily under the influence of gravity; and accumulates, filling 

all the interstices of the porous medium above some impervious stratum. The rate at 

which water travels through a porous medium depends upon the potential difference 

between two points, the movement occurring from the point with higher potential to 

the point of lower potential. 

Darcy’s law provides the mathematical expression describing water movement 

through a porous medium. The law states that the flow rate through a porous medium 

is proportional to the potential gradient. Mathematically, the specific discharge or the 

superficial velocity, g, through a porous medium can be written as 

q=-KVo (2.1) 

where K is the hydraulic conductivity of the porous medium, @ is the hydraulic head, 

V@ is the hydraulic gradient, V = (0/dx,)i+(0/0x,)j+(0/dx;)k is the del operator, and 
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x; are the cartesian co-ordinate axes (i = 1, 2, 3). 

The constant of proportionality in Darcy’s law, hydraulic conductivity (K), 

expresses the ease with which a fluid moves through a porous matrix. It depends on 

both the property of the porous medium and the property of the fluid flowing through 

it. The relevant porous medium properties are pore size distribution and porosity 

while the fluid properties of major concern are density and viscosity. This 

dependence of hydraulic conductivity can be expressed as [Freeze and Cherry, 1979] 

K-*Fe8 (2.2) 
n 
  

in which k is the intrinsic permeability of the porous medium, p is the density of 

flowing fluid, g is the acceleration due to gravity, and ny is the dynamic viscosity of 

flowing fluid. 

The hydraulic head, 9, has two main components; the pressure head, w, and the 

gravitational head, x;. w is positive in saturated soils and is negative in unsaturated 

soils. The relationship between w and @ can be expressed as 

> = wp + x, (2.3) 

in which x, is taken to be the vertical direction, positive upwards. Considering both 

the components of @, Darcy’s law takes the form, for flow in the vertical direction 
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ao-K [a +4} 2.) 
0x, 

  

In x, and x, directions, Darcy’s law takes the form 

any 
Ox, 

q,;=-K i=1,2. (2.5) 

    

In unsaturated soils, K depends on the capillary pressure head. Therefore, Darcy’s 

law, in general, can be expressed as 

q, =~ K{y) 2. (2.6) 
1X. 

In writing Eq. (2.6), it has been assumed that x,, x,, and x, axes coincide with the 

principal axes. Combining the general Darcy law [Eq. (2.6)] with the continuity 

equation 

00 8 Veg (2.7) 
at 4 

and using the identity 

00 C =s- (2.8) Cy) ap 

we get Richards’ equation describing flow through unsaturated porous media 
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O(a +. 

capt - ~ Kev “ | . (2.9) 
t 

In Eqs. (2.7) and (2.8), 6 is the moisture content which is a function of capillary 

tension. C(w) in Eqs. (2.8) and (2.9) is called the soil water capacity. Eq. (2.9) 

describes the unsaturated flow through a non-deforming porous medium (constant 

porosity). The non-linear function of K-w has been approximated by various 

researchers with empirical relations [e.g., Brooks and Corey, 1964; Gardner, 1958; 

van Genuchten, 1980]. In the present study, a relatively simple relationship, 

Gardner’s equation, is used. This aids in obtaining an analytically tractable solution. 

Gardner’s equation is expressed as 

K(w) = K,e™ (2.10) 

where a iS a non-negative soil parameter and K, is the saturated hydraulic 

conductivity of the porous medium. Information on K, and a for various soil types 

can be obtained from published literature. 

2.2 Boundary Conditions 

Boundary conditions specify the dependent variable or the derivative of the 

dependent variable at the boundaries of the problem domain [Anderson and Woessner, 

1992]. These conditions are largely responsible for determination of the flow pattern. 
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Dirichlet, Neumann, and Mixed type boundary conditions are the three types of 

boundary conditions that normally occur. 

In the Dirichlet boundary condition, the dependent function values are prescribed 

at all points on the system boundary. This occurs when there is ponded water on the 

soil surface. For the system boundary I, a Dirichlet-type boundary condition can be 

expressed as 

was = pO for x,e T (2.11) 

where w, is a known function of time for all ¢ over I. 

When the flux rate is known at the boundary of the flow domain, Neumann type 

boundary condition exists. It is also possible to have cases when the boundary 

condition changes from one type to another. For example, the ground surface may 

be dry at the beginning of a storm event. Therefore, a Neumann-type boundary 

condition prevails with flux equal to the infiltration rate. As time progresses and the 

hydraulic conductivity of the porous medium reaches its saturated value, water will 

start ponding at the surface and Dirichlet-type boundary condition takes over. After 

cessation of the storm, as time progresses, a Neumann-type boundary condition once 

again will prevail. Such boundary conditions that change with time can be described 

by a mixture of dependent functions and their derivatives. These are known as mixed 

boundary conditions. These may be at boundaries where conditions are not known 

a priori. 
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2.3 Initial Conditions 

Initial conditions provide the spatial distribution of head everywhere in the flow 

system at the beginning of the simulation. In addition to the boundary conditions 

discussed in the previous section, initial conditions also need to be specified to 

formulate a well defined boundary value problem. Initial conditions can be expressed 

as 

(x30) = W,(x) (2.12) 

where w,{x,) denote the initial pressure head at all points in the flow domain. 

Eqs. (2.9) through (2.12) describe the boundary value problem describing the 

flow through an unsaturated porous medium. The boundary value problem can now 

be solved to obtain w(x;;) for all x; and t. However, the non-linear partial differential 

equation (PDE) cannot be solved analytically. Therefore, numerical techniques must 

be used to solve the boundary value problem. These techniques transform the PDE 

of the groundwater flow system into systems of ordinary differential or algebraic 

equations. The solution of these equations determines the values of the dependent 

variables within the flow domain. Various numerical schemes are available for 

solving unsaturated subsurface flow problems. In the present work 3DFEMWATER 

[Yeh, 1987; 1990] is used. 
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3. Effective Medium Approximation 
i eCSSSCis 

3.1 Introduction 

The probabilistic treatment of groundwater flow equation involves the use of 

parameters which are considered to be random input. Because the pressure head 

depends on these random parameters, it is also random. Mantoglou et al. [1987a, b, 

c], Yeh et al. [1985a, b, c], and Zhu [1990] use perturbation approximations to express 

the random variables (both dependent and independent variables) in terms of their 

means and perturbations. The zero mean perturbations are assumed to be second- 

order stationary. 

The effective hydraulic conductivity relationship proposed by Mantoglou et al. 

[1987a, b, c] and Yeh et al. [1985a, b, c] require a priori knowledge of the covariance 

relationship between the input parameters and the output variable. This is needed to 

estimate the covariance of the fluctuations. The methodology proposed in this thesis 

requires information only on the input parameters. 
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3.2 Theory 

The general flow equation through an unsaturated porous medium is given by 

Richards’ equation 

_ a0 “ +X;) (3.1) BOWE = = KW)   
x; 

  

where K (w) is the unsaturated hydraulic conductivity, w is the capillary tension head, 

8 is the moisture content, and C(w)=- 08/dw is the specific moisture capacity, and ¢ 

represents time. For brevity, here onwards K(w) will be written as K. Taking 

expectations on both sides of Eq. (3.1), we get 

(3.2) 
  

_ AE} . 6 Fk ee 
ot Ox, Ox, 

  

Let us define effective soil water capacity, C,,, and effective hydraulic conductivity, 

Ky as 

dE[8] C.2- at (3.3) 
of dH 

do E|-K— 
Ox. E [ q| _ (3.4) 

and K_, = ‘t=, tJ = 1,2,3 

    

  

  

Effective Medium Approximation 16



in which J=-09/ox, and q; is the Darcy flow. The field scale flow equation, from Eq. 

(3.2), can therefore be written as 

(3.5) c oH, a|, CH) 
Tot ax) ax, 

  

where H is the mean of the pressure head. C,, and K,, are effective soil water 

capacity and effective hydraulic conductivity, respectively. In the above equation 

Einstein summation convention is used. 

Unsaturated hydraulic conductivity, K, in Eq. (3.1) depends upon the pressure 

head, w. In the present study, the Gardner equation [Gardner, 1958] 

K =K,e* (3.6) 

is used. In Eq. (3.6), a>O is the soil parameter and w>0 is the capillary tension. It 

is customary to express the input parameters and output variables as the sum of their 

means and perturbations [Mantoglou et al., 1987a; Mishra et al., 1990; Zhu, 1990; 

Russo, 1992]. Therefore, we can write 

InK, = F+f (3.7) 

InK = G+g (3.8) 

wp=HAH+h (3.9) 

such that 
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E[inK] =F, Eff] = 0 (3.10) 

E[InK] = G, — Efg] = 0 (3.11) 

Ely] =H, ~— Eh] = 0 (3.12) 

in which F, G, and H are the mean functions. The fluctuations f g, and h have zero 

mean. Let us now define K,,; as the effective hydraulic conductivity in the x; 

direction. Defining hydraulic gradient in the x,-direction as J,; and taking 

expectations, we get 

i= ep j-e 

where J,, is the mean hydraulic gradient in the x; direction. 

  

- x i=1,2,3,... (3.13) 
Ox. 

From the definition of effective hydraulic conductivity, the ratio of average flux 

to the average hydraulic gradient, given in Eq. (3.4), it is seen that evaluation of K,,,; 

necessitates evaluation of expected terms in the numerator and the denominator. First 

the denominator in Eq. (3.4) is evaluated. 

From Eq. (3.6), we can write, 

InK = InK,-ay . (3.14) 

Using Egs. (3.8) and (3.9), we get 
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Gtg = F+f-ayp (3.15) 

which upon differentiation with respect to x; and upon rearrangement gives, 

of _ og (3.16) 

ay”, 

Noting that dF/dx; and dG/dx; are non-random (mean functions of space and time 

op _1j1aF _ aG 
&, ale, a, 

  

which are evaluated over the ensemble at each point in space and time), we can write 

from Eq. (3.16) and using the identity 9 = -w-x;, 

          

  

    

3.1 g|-O4| = LY OF _ OG hr, 1%) CN) 
Ox, Qfox, ox, Ox, 

In obtaining Eq. (3.17), the following derivative properties are used: 

Ao _ GETf] _ 0 (3.18) 

Ox, Ox, 

and 

F\98.| = SFIS) - 6. (3.19) 
Ox, Ox, 

    

Eq. (3.17) facilitates evaluation of the denominator of Eq. (3.4) in terms of the mean 

saturated and the unsaturated hydraulic conductivity gradients and the potential 
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gradient. The next step is to evaluate the numerator of Eq. (3.4). For this purpose, 

from Eq. (3.8) and the identity = -.p-x,, we can write 

Ko oon) OY, | (3.20) 
Ox, OX, = 

Taking expectations, we get 

8 | = Ele oe] VY ms . (3.21) 
Ox, Ox; Ox, 

        

Using Eqs. (3.8) and (3.16) in Eq. (3.21) and re-arranging, we get 

1 

a = Ox Ox. Ox    

  

- #5 (e x | (3.22) 

        

Eq. (3.22) requires evaluation of the following two expectations, 

  

28 98 | (3.23) 
Ox, Ox, 

  

8 of | and E 

These expectations are evaluated in the following theorem. 

Theorem 3.1 

Let the variogram y{&) = % E [f(x+&) - f(x)|’ of f be a function OE") 1/{2E[e**]} 

for A>1. Then 
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El er 2-0. (3.24) 
ox 

Proof: From the definition of stochastic differentiation 

  

sof 2 oe lim fxt8)-fe) _ lt SAx+5)-e x) ese g>0 ET E80 —— *) (3.25) 

and Eles S| = lm £ le * Axss) - e* Ro] , (3.26) 
ax| §70 E 

By the Schwarz inequality, we have 

ose( ese) <ele*]e( KO -f = O,(6) =0 as E> 0, 

(3.27) 

which when used in Eq. (3.26) yields the required result. 

It is noted that in general the covariance function E[/(&) f] is continuous, and it 

is sufficient to show that E[f(&)-f]’ > 0 as § > 0. The requirement on the variogram 

in Theorem 3.1 is needed to show that it goes to zero at a faster rate than &. de 

Marsily [1986] has recommended such a variogram. By imposing the same kind of 

restriction on the variogram of g, one can conclude E ¢ & <8 = 0 . From this 
x 
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result and Theorem 3.1, Eq. (3.22) is reduced to 

1 (3.28) 
a 

éF  aG x, 
—— —_—_ + GQ 

Ox, Ox, Ox, 
E|-K2?| = ¢ 6 Ele §] 

Ox, 

            

Eq. (3.28) is the numerator of Eq. (3.4). Using Eqs. (3.17) and (3.28) in the 

definition of K.y,, Eq. (3.4), and re-arranging we get 

Ky = e°(E [et]}. (3.29) 

Eq. (3.29) is the relationship for K,,,; expressed solely in terms of soil hydraulic 

parameters. It is important to note some of the major differences between Eq. (3.29) 

and expressions developed for effective hydraulic conductivity using Spectral 

Perturbation (SP) methods. While Eq. (3.29) expresses the effective conductivity 

solely in terms of soil hydraulic properties, the SP method requires an a priori 

knowledge of head perturbations. Furthermore, development of SP theory neglects 

third and higher order terms in Taylor series expansion. In the above development, 

no such approximations have been made. This has an advantage as it allows the 

proposed method to be used even when variability in input parameters are large; as 

opposed to SP method which is limited to small variances [Yeh et al., 1985a]. For 

evaluating the expectation term within the braces in Eq. (3.29), the following strategy 

is adopted which reduces Eq. (3.29) to an expression similar to the Gardner equation. 
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3.3 Field Scale Gardner’s Equation 

Expanding the exponential function, e*®, using Taylor series, we get 

g? 

efmla+g +S + Og). (3.30) 

This approximation is valid for small g, the log unsaturated hydraulic conductivity 

fluctuations. Taking expectations on both sides of Eq. [3.30] and neglecting third and 

higher order terms of g, we get 

2 

eler)~1+ele]+e|£ | (3.31) 

which, when Eq. [3.11] is used, reduces to 

Oo 2 

Elej~1+—. (3.32) 

As recommended by Zhu [1990], the variance of log-unsaturated hydraulic 

conductivity is taken to be the same as the variance of log saturated hydraulic 

conductivity. Therefore, with use of Eq. (3.32), Eq. (3.29) may be rewritten as 

2 

K wee[s+Z]oer[r+Z lem (3.33) 
2 2 
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Defining 

2 KteeF lt +2 (3.34) 
2 

Eq. (3.33) can be re-written as 

K, =K, e"% (3.35) 

Eq. (3.35) can be used to obtain an estimate of K,,.,, which is then used in the 

field scale mean flow equation [Eq. (3.5)] to compute the mean head field. It is noted 

that Eq. (3.35) is of the same form as the local Gardner equation; the saturated 

hydraulic conductivity being replaced by its effective counterpart and the capillary 

tension replaced by mean pressure head. Because Eqs. (3.5) and (3.35) are of the 

same form as Richards’ equation and Gardner’s equation, the schemes used to solve 

the boundary value problem (with Richards’ equation, Gardner’s equation, initial and 

boundary conditions) can be used to solve the mean flow equation. In circumstances, 

when the above assumptions can not be justified, one may resort to the more powerful 

and less restrictive MC simulation procedure, which is presented in the next chapter. 
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4. Monte Carlo Simulation 
a 

4.1 Introduction 

Monte Carlo (MC) methods comprise the branch of mathematics concerned with 

the use of random numbers. The procedure consists of generation of random numbers 

from a known probability distribution. The generated random numbers are used as 

inputs to governing equations, and the corresponding outputs are computed. This 

process is repeated a specified number of times to obtain a set of system outputs 

which are then analyzed to define the output statistics. Because the input numbers are 

generated from a known distribution, a priori knowledge of the distribution of these 

numbers is required. In groundwater flow analyses, the primary input is the saturated 

hydraulic conductivity and the hydraulic head is the output of main interest. 

Therefore, use of MC simulation procedure in groundwater flow analyses require an 

advance knowledge of the probability density function (pdf) of saturated hydraulic 

conductivity. In the present study, saturated hydraulic conductivity is assumed to be 

log-normally distributed. Law [1944] was the first researcher to propose log-normal 

distribution for saturated hydraulic conductivity, based upon core analysis from an oil 

field reservoir. This distribution is also implied by the observation that saturated 
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hydraulic conductivity can be estimated as an exponential function of porosity, which 

is generally taken to be normally distributed [Bennion and Griffiths, 1968]. The 

assumption of log-normally distributed saturated hydraulic conductivity can also be 

supported based upon small particle statistics [Aitchtson and Brown, 1957]. Other 

researchers whose field studies confirm log-normal distribution of saturated hydraulic 

conductivity include Nielsen et al. [1973] and Unlii et al. [1990]. Carsel and Parrish 

[1988] analyzed each of the 12 types of soils, based on the Soil Conservation Service 

classifications, to develop joint probability distributions of various soil water 

characteristics. They worked with an extensive database of cores. Various 

distributions were fitted for different soil-hydraulic parameters. One of their major 

conclusions is that the log-normal distribution fitted saturated hydraulic conductivity. 

Wilson et al. [1989] analyzed two forested watersheds and found saturated hydraulic 

conductivity to be log-normally distributed. 

The set of soil-hydraulic parameter values such as hydraulic conductivity from 

field observations provides estimates of statistical moments of the variables which in 

turn define the underlying probability distribution. Using such a probabilistic 

description, one may postulate various porous media configurations as possible 

realizations of the underlying probability distribution. Therefore, when we assign a 

particular set of hydraulic conductivity values as dictated by this underlying 

probabilistic structure, one particular realization of the porous medium is attained. By 
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the same token, a second set of input parameters attains a different realization from 

the parent probability distribution. It follows that the sample moments from this 

ensemble of configurations would faithfully resemble the parent moments and 

therefore the output statistics can also be generated. The major advantages of MC 

simulation are: 

° Practical adaptation of the algorithms for computer programming is simple. 

° No additional difficulties arise in solving problems with discontinuous boundary 

functions and non-smooth boundaries. 

° Problems with random coefficients, random boundary values, and other 

stochastic parameters can be solved without difficulty. 

Warren and Price [1961] were among the first researchers to make use of MC 

procedure in groundwater flow analysis. They used a numerical scheme to investigate 

the effect of heterogeneous hydraulic conductivity on steady and transient flows. 

They assumed that the hydraulic conductivity was log-normally distributed. No 

objective scheme was given for computing the sample size. 

Freeze [1975] carried out a detailed MC analysis of a saturated flow problem. 

He stated that: 

° there is no simple way to define an equivalent effective porous medium in non- 

uniform porous formations when complicated boundary conditions are involved; 

° the consideration of spatial variability leads to very large fluctuations in 
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hydraulic heads. Therefore, the values of hydraulic head computed with 

deterministic models may suffer from very large errors. 

The above conclusions were the main reason for Freeze’s questioning of 

traditional deterministic approaches. This criticism about a single deterministic run 

has been supported by various other researchers as well [Smith and Freeze, 1979a, b; 

Ma et al., 1987; Dagan, 1989]. Gdémez-Herndndez and Gorelick [1989] provide a 

review, but they also do not offer a procedure for sample size estimate. However, it 

is implied in the traditional MC approach to groundwater flow problems that the 

sample size be based upon the reproduction of the input saturated hydraulic 

conductivity moments by the generated conductivity values. This method does not 

relate the sample size to the pressure head values. Because the concern is towards 

estimating the mean pressure head, naturally the question arises, "how close ts the 

sample average of the output pressure head to its population mean?" Towards this 

end the following formulation is presented. 

4.2 Estimation of Sample Size 

Let Y=W(x;t) be the random field under consideration. For a given x and a 

fixed t, W is a random variable. Let W,,'V,,...,W, be the realized values from the n 

number of MC simulations. We are interested in the absolute error {|sample mean - 

population mean|} being very small. The sample mean is given by 
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P-L yy, (4.1) 
nN jel 

which depends on the sample size n and is a random variable if the Y; values are not 

yet observed. Let E[Y]=E[P;]=4y. We would like to have the probability of 

committing the error {|W - 4, | > ©}, for small ¢ > 0, to be very small. That is, 

P [P-1 | > e| < 6 (4.2) 

where (1-5) is the level of confidence and ¢ is the error. In an attempt to compute 

the probability in Eq. (4.2) we use the following lemma 4.1 and theorem 4.1 due to 

Hoeffding [1963]. 

Lemma 4.1 

Let WY be a random variable such that V,,, <W <V , then for any arbitrary 

h>0, the function e"” is convex (second derivative is positive). From the property of 

the convex function that the chord lies above the curve, it follows that 

oho cd | Yew? | me | PYuin | roe (4.3) 

Vaux P min Prnax min 

    

which upon taking expectation gives 
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E [e*] < Vmax [Ly] em + E [Pain oan (4.4) 

        

We will make use of this identity to prove theorem 4.1, which is presented next. 

Theorem 4.1 

Let Y,,W,,...,.Y, be independent and identically distributed random variables and 

W ia oY; s‘V a (4=1,2,...,n), then for any e > 0, 

2n 74? 

_ rey (4.5) 
P| ¥-y, 26] < _ 

which reduces to 

_ 2ne? 
way (4.6) 

P | P-pyz0| se ~ 

when the limits of W,,,; and W,; are the same for all 7. 

Proof 

Let S = BP 4+,+...4P, be the sum of random variables W,,'V,,....V, .. Then, 

y-5 (4.7) 
n 

and therefore 
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~ = 4.8 E[W] =u, = - (4.8) 

and variance of W is given by 

Var [w ] = Vor] (4.9) 
n 

Let the indicator function 

I [S-E[s]-ne] = 1 if  S-E[S]-ne > 0 (4.10) 

and —s_' [S-E[S]-ne] = 0 otherwise . (4.11) 

Then it follows 

E [i = [th dI = | 1 f, dl = P| S-E[S]-ne > 0] (4.12) 

or E [1] = P[ S-E[S] > ne | (4.13) 

which is always less than or equal to 1. For an h>0, we obtain 

0 < eMs-Ais-r] <} for S-E[S]-ne < 0 (4.14) 

and eAs-zisi-ne] 54 for S-E[S]-ne > 0. (4.15) 
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Therefore, it is concluded that 

eXszi~] » p [S-E[S] = ne] = P[W-y, = e] - (4.16) 

Because W; are independent, we obtain 

E les (-x15-m) = eg -me Il E e MYTH] (4.17) 
i=] 

In order to evaluate Eq. (4.16), we need to evaluate the terms on the RHS of the Eq. 

(4.17). To achieve this, we make use of Lemma 4.1 to write 

  

E [eX] < o™ Paar, Hi ote, | Me Pain, oat = pln) (4.18) 
Wanax, Vin, Wimax, min, 

in which 

Lh) = -h; p; + In(1 ~ p,+ Pp; e*| (4.19) 

’ with 

H- Wain 
h, =F (Wo, Vein) » P; = (4.20) 

    

Var Pris, | 

Taking the first and the second derivatives of L(h,) with respect to h;, we can write 

P; (4.21) 
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and 

P; . (1-p) e™ (4.22) L"(h) = —_———. ————— 

Pe dve*l] [p+ e%| 

By considering the first term to be u, we have the second term (J-u). Therefore, 

L"(h) =u (1-u). (4.23) 

For 0 < u < 1, we must have the maximum of L"(hi)=4-4=%, and therefore we can 

write 

L"(h) s - (4.24) 

The Taylor’s formula with a remainder is given by 

fx) = fla)+x-af'(a)+& yr LO FY (a) +. FD poya)+R,2) (4.25) 

ie a fore) (4.26) where Rx) = 

for some c between a and x. Also, if there are positive constants M and r such that 

| FOO | <M r @tt) (4.27) 

for all ¢ between @ and x, inclusive. Then, 
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ntl _77 | Atl 

IR(x)| = Mo ea (4.28) 
(n+1)! 

Therefore, we can write 

L(h) = L(0) + h, L‘(0) + R,(h) (4.29) 

and because 

IL” (h)| s ; =M with r=1 (4.30) 

we have 

R(h) 4 he (4.31) 
ee 4 2 

Finally we obtain 

L(h) < L(0) + h, L'(0) + ; h? = . h2 . (4.32) 

Evaluating the function L(h,) and its derivatives about h=0, we also get 

L(0) = L‘(0) =0. (4.33) 

Now, using the Taylor series expansion about the origin, we can write L(h,) as 

2 

L(h) = L(0) + L'(0) h, + L" (0) = +... (4.34) 

Substitution of Z(0), L’(0), and L"(0) in the above equation results in 
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2 Arlp -y_V 1h) «ee (Pom Mo) (4.35) 
‘ 8 8 

Substituting this in Eq. (4.18), we get 

H? (You~ You) (4.36) 

which when used in Eqs. (4.16) and (4.17) gives 

- hne + . a va) (4.37) 

P| ¥-u, = e] < ¢ rr 

The minimum value of the exponential function in the above equation can be 

obtained by differentiating the function with respect to h, equating the resulting 

equation to zero, and solving for h. The corresponding value of h for which the 

function is the minimum is thus obtained as 

4ne 

a (4.38) 

Y (Wea,~ Pain) 
wl 

which when used in Eq. (4.37) gives 

2n 26? 

P | P-y,2¢| se ed 

(4.39) 

When the upper and the lower bounds, »w,_.; and w,,,,;, are the same for all 7’s, we can 
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rewrite the above equation as 

_ Ane? 

P[ p-w,2e] se _ Cha 

which proves theorem 4.1. 

With the aid of theorem 4.1, we can estimate the sample size required to satisfy 

Eq. (4.2). This is accomplished in theorem 4.2. 

Theorem 4.2 

Consider the probability P[|¥ - wy) > el so. 

The sample size N necessary to achieve the absolute error no larger than « > 0 with 

a very small probability of excedence 6 is 

Nz -I|n 5 (Pane Paid/ef . (4.40) 
2 2 

Proof 

The sample size required is given by, 

N = min n:P FE ()~P4y > e| < a} (4.41) 

where e > 0 is an absolute error, (1-5) is the minimum confidence level, and w is the 

average given by Eq. (4.1). 

By using the definition of absolute value, we obtain 
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Pilp-p, |2e] = Pry -w,2e|+P[ p+ ee] (4.42) 

which gives 

PI|)-n, =e] - Php-H2e]+Plp Hse] . (4.43) 

By using the theorem 4.1, we have 

2ne? _ - 4.44 P[ lm) 2 e]<2e (4-44) 

in which the right and the left tail probabilities have been taken to be the same. 

For minimum confidence level of (1-8), 

. 2ne? 

Ie Yaa) 5 (4.45) 

which upon manipulation and when used in Eq. (4.41) proves identity (4.40). 

It is observed from Eq. (4.40) that the number of replications for the MC 

simulation requires a priori knowledge of the range of WV in addition to the desired 

error criteria and the level of confidence. It is also of interest to compare the 

performance of Eq. (4.40) with the Chebyshev inequality. The Chebyshev inequality 

[DeGroot, 1975] states that for any number e > 0, 

2 

4.46 ie (4.46)   P||¥ - wl >e |< 

where o” is the variance of YW. Therefore, in order to satisfy the probability in Eq. 
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(4.41), the sample size required is given by 

N.2=—<_. (4.47) 

Crow et al, [1960] suggest that the range may be written as a constant multiple of the 

standard deviation, i.e., V., - Vj, = po. Therefore, Eq. (4.40) may be written as 

  

2 x2 

Ne -in(®) 29 (4.48) 
2) 2 

Comparing Eqs. (4.47) and (4.48), for N to be smaller than N,, we need 

2 

- In 6 P\< i (4.49) 
2)\2 fe) 

In general, the sample size estimate from Eq. (4.40) will be smaller than that 

given by Eq. (4.47). Because we want the probability of violation 6 in Eqs. (4.40) 

and (4.47) to be extremely small, it is seen from Eq. (4.49) that the reciprocal of 6 

gets larger at a faster rate than 1n(5/2) as 6 gets smaller. 

4.3 Variance Reduction 

If the variance of the output variable of interest can be reduced without affecting 

its expected value, then greater precision can be achieved; i.e. either a pre-specified 

precision with lesser number of simulations or a narrower confidence interval around 

the expected value for the same number of simulations is achieved. When the 

correlation between the input parameter and the output variable is included in the 
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analysis, population mean can be estimated with a lesser number of simulations with 

the same deg.-e of accuracy. 

Let K, be the saturated hydraulic conductivity of a porous medium with known 

mean ,,=E/K,J. fx, is a constant for a given type of soil; and varies from soil to 

soil. Values of sz, can be obtained from published literature [Carsel and Parrish, 

1988]. If the correlation between W and K, is py x,, then from the definition of 

correlation coefficient, 

C 
Pur = ol *. (4.50) 

y Var[¥] y Var[K,] 

in which Cov/',K,/ is the covariance of VY and K,, and Var[‘P] and Var/K,/ are the 

  

variances of W and K,, respectively. 

Let W be a random variable whose mean uy=E/] is to be estimated. Then, for 

any real number f [Law and Kelton, 1991], 

w= WB - BK, - wy) (4.51) 

is an unbiased estimator of fy. In Eq. (4.51), the random variable K, is called a 

control variate for V as it controls YW. The purpose of the technique is to reduce 

variance of an estimate of W through appropriate selection of B, a real number, called 

weight. From Eq. (4.51) 
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Var [¥] = Var (w] + B? Var [K,] - 2 B Cov [WK] . (4.52) 

In Eq. (4.52), for a variance reduction to be guaranteed we must have 

B? Var [K]] - 2B Cov [WK] < 0 (4.53) 

which is not possible for every B. A particular value of B, called B*, which 

guarantees not only a reduction in variance but also makes it the maximum reduction 

is given by 

. _ Cov [YK] (4.54) 
Var |K]] 

for which 

Var [¥] ={ 1 - pox} Var [¥] . (4.55) 

It can be concluded from Eq. (4.55) that a variance reduction is always achieved 

with an optimal value of B as long as P and K, are correlated. Note that even when 

they are not correlated, nothing is lost 

i.e., Var [‘¥.] < Var|'P] . (4.56) 

Evaluation of optimal value of B involves the use of sample equivalents of Var/K,/ 

and Cov/,K,] estimated as 
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(4.57) 
  

  

Sk K, -K n 
= 1) YK, A yf 

and 

1 n _ _ (4.58) 
= W -W(n)| |K. -K (n 

VK, (n-1) — i ( ) Ss; ( ) 

where Wn) = iy W., (4.59) 
i=l] 

and K(n) = 1 yx, ; (4.60) 
t=] 

n being the number of simulations. The estimator of B is computed as 

Cc 
B* = — , (4.61) 

Sx. 

The estimator for zy can, therefore, be computed as, 

W(n) = Vn) - B" K,(n) “A , (4.62) 

It is recommended that the above estimator be used for the mean pressure head value. 

It has been shown that the upper and the lower bounds of the pressure heads are 

necessary to obtain the desired sample size for MC simulation, with a pre-specified 
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level of confidence and a pre-determined error criteria. The methodology proposed 

here consists of performing simulations repeatedly and re-estimating the sample size 

based upon the simulation results. The procedure involves performing the simulation, 

with the use of random generation of hydraulic conductivity parameters required by 

the model, a pre-specified number of times. The initial number of simulations is just 

an arbitrary number. Results of the simulations are to be used to obtain the maximum 

and the minimum values of pressure heads. The pressure head range, obtained from 

simulation, is used in the sample size Eq. (4.40) to revise the number of simulations 

required. The simulation is performed for the revised number of simulations and the 

minimum and the maximum pressure head values are computed to re-estimate the 

sample size. The procedure is illustrated with the use of flowcharts in Figures 4.1 and 

4.2. 

4.4 Confidence Limits 

Based upon the simulation results, the sample mean and the sample variance can 

be estimated. As the population mean is unknown, it is of interest to construct a 

confidence interval around the sample mean of the output variable. But, the 

construction of the confidence interval requires an apriori knowledge of the population 

variance, which is not known to begin with. Therefore, we will make use of the 

identity that the sample variance converges stochastically to the population variance 

when the sample size is large. Hence, (W - py)/[S(n-1)°5] has a limiting distribution 
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that is standard normal; where S’ is the sample variance and 7 is the number of 

simulation runs [Hogg and Craig, 1978]. This fact enables us to construct a 

confidence interval around the sample mean. A 100(1-8) percent (0<5<1) confidence 

interval for the mean head, H, is then given by 

(4.63) 

where z is the cutoff value with area to the left of which is (1-6/2) for the standard 

normal density curve. In the above equation, H(n) and S(n) are the mean and the 

standard deviation of head estimated from m number of simulation runs. It is 

important to note that as opposed to a deterministic approach which yields only a 

single pressure head value at a given location, the statistical method provides an 

interval which contains the sample mean along with the mean head value itself. 
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Notes: 

NELE =No. of elements 
MEANY = Mean of In Ks 

: STDY = Standard deviation of In Ks 
| | STND- = Standard normal deviate 
Read NELE, MEANY, STDY Kg = Saturated hydrauic conductivity 

Subroutine NORMAL generates standard 
normal random deviates       
  

  
      

Call subroutine NORMAL 

  

  

Compute 
Y() = MEANY(D + STND x STDY(D 

oot 
Compute 

KS() = EXP (Y(1)) 

    

  
  

  

  

NO 
> I= [+1 | 

  
Figure 4.1 Flow Chart - Generation of Saturated Hydraulic Conductivity 
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Figure 4.2 Flow Chart - Monte Carlo Simulation 
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5. Saturated Groundwater Flow Analysis 
a 

5.1 Introduction 

Traditional methods of solving groundwater flow problems make use of 

arithmetic, geometric, or harmonic means of saturated hydraulic conductivity as the 

effective conductivity [Binley et al., 1989]. As pointed out by Freeze [1975] and de 

Marsily [1984], it is important to note that the use of these effective values need not 

always yield correct results. They concluded that an effective medium definition may 

not be possible for non-uniform flows, e.g., converging radial flow. In the present 

study the above claim will be verified through a saturated well flow problem by using 

_ Monte Carlo (MC) simulation. This chapter deals with the choice of selecting an 

appropriate sample size for the analysis. A relationship for the variance of the 

piezometric head is developed. Advantages of the proposed MC approach and the use 

of control variate technique to reduce the variance of the piezometric head are 

highlighted. 
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5.2 Governing Equation 

Let Q be the constant pumping rate of a well in an unconfined aquifer with an 

initial phreatic surface height of H,. Let K, be the saturated hydraulic conductivity 

of the aquifer medium. Then, under steady state conditions, the drawdown in an 

observation well located at a radial distance r can be obtained using the Dupuit 

approximation. If the radius of influence of the well is R and the phreatic surface 

level at the observation well is h (Figure 5.1), then h can be computed as [Bear, 1979] 

=H? - 2 ine . (5.1) 
s 

  

Although an assumption of a single well has been made above, Eq. (5.1) is valid for 

any number of wells as long as radii of influence of each of the pumping wells are 

the same and the observation well is located equidistant from each of the pumping 

wells. If the observation well is located at different radial distances from the pumping 

wells and if there are N number of pumping wells, each with flow rate Q/N, then the 

phreatic surface height at the observation well may be computed as 

  w= H2 - 2 i) (5.2) 
1K, r* 

where ré= (Fry Py) . (5.3) 

Subsequent developments are based upon Eq. (5.1). From Eq. (5.1) we can write, 
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Initial water table 
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Figure 5.1 Radial Flow to a Well in a Phreatic Aquifer 
(Source: Bear, 1979) 
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  h= He - £ H(8) | . (9-4) 
1K, r 

Using Binomial expansion, Eq. (5.4) can be written as 

  

    

h=H, - Q in(®\ _|_ 2? in (R\]" _ (5.5) 
20.K,H, r 8x °*KH, r 

which, when second and higher order terms are neglected, may be approximated as 

HH) 
The next step is to derive an analytical expression for variance of h. This can 

Q h = H, - 
° | 2 K.H, 
  

    

then be compared with the estimated variance from the MC simulations. Before 

proceeding to the derivation for variance of h, a theorem required for this purpose is 

presented. 

Theorem 5.1 

If K is a random variable for which the n-th central moment yu, = E[K,-]" exists 

{where ux = E[K,] and o? = E[K,-u]’}, and if g(-) is a n-times differentiable function, 

then the variance of the function may be approximated as 

Var [0] = Leaf 67 
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where g”(K,) is the first derivative of g(K,). 

Proof 

Since g(K,) is n-times differentiable, use of Taylor series expansion about the 

mean yp gives 

      gk) = gt) + gt) (kw) + 4 ae (ky? +... +8 ma) (kw (5.8) 
1 n! 

where O<E<(k,-u). Evaluating at K, and taking expectation, we get 

K - wu," 

FlatK)] = 8) + Ww) FS + 2%) B+. +E (2%) oe _< “69 

When n=2, dropping higher order terms, we can approximate Eq. (5.9) as 

E [&(K)] = a) + 8%) < (5.10) 

Applying Eq. (5.10) to the function g’(.) whose first and second derivatives are 

2e(.)g(.) and 2{9(.)g@(.) + [g.)f }, we can write 

E[eK= 9 +{e°u]? + ew ew}. GID 

From the definition of the variance of the function g(K), 

Var [g(K)] = E |g(K)P - { Hg(K)} (5.12) 
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Using Eqs. (5.10) and (5.11) in Eq. (5.12), we get 

Var | aK] = { g®w}'o? - { gm} = =[gwf o 65.13) 

which proves theorem 5.1. This theorem is used in deriving a relationship to estimate 

an "analytical" variance of h which is presented next. 

5.3 Variance of Piezometric Head 

This section presents the development of the relationship that is used to 

analytically compute the variance of water table elevation. The mathematical 

derivation is based upon Eq. (5.6), which can be re-written as 

g In R 
2nH, r 

For fixed values of Q, Hp, R, and r, the phreatic surface level, h, depends only on the 

1 (5.14) zm 
s 

h =H, -     

    

hydraulic conductivity, K,; for a random K,, h is also random. Using the variance 

operator on both sides of Eq. (5.14), we get 

yA (5.15) Var[h] = Var | H, zx   

    

in which 
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  A=_2 nf) (5.16) 
2nH, \r 

Use of the property of a variance operator in Eq. (5.15) results in, 

      

  

              

    

Var[h] = Var [ H, ] + A? Var 1 |-2 cov H, » +I (5.17) 

Let us recall that, for any constant H,, 

Var |H,| = £ [H, - E[A,][ = £ (AX, - Wf =0. (5.18) 

and 

A A A Cov Ho = E | (H,-E[A,] ) x E K =0. (5.19) 

Therefore, we can write Eq. (5.17) as 

2 

Var{hy =| —2_ in (®) | |var | 2 (5.20) 
20H, r ; 

    

Evaluation of Eq. (5.20) requires the estimation of the variance of 1/K, on the 

right hand side of the equation. Use of theorem 5.1 will be made for the estimation. 

When 9(K,) = 1/K,, we can write, 
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g%K) = - a (5.21) 

which gives gu.) =|- aK 7 (5.22) 

Theorem 5.1, therefore, gives 

° (5.23) 
1 1 Var[K ] 

Var} — |#) - > Var[K,] = = . 
K, {E[K,}} {E[K,}} 

    

When Eq. (5.23) is used in Eq. (5.20), we get the relationship for Varfh] which is 

Q In R 
2x, r 

This is the expression used to compute the "analytical" variance of h. Thus computed 

VarlK,] 

{EIK,}}° 
(5.24) 

  Var[h] =   

      

variance can then be compared with the "estimated" variance from the MC simulation 

procedure. 

5.4 Monte Carlo Simulation 

In order to perform the MC simulation, an estimate of the sample size necessary 

to achieve a predetermined error criterion is required. This will be done by following 
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the theory developed in section 4.2. Specifically, the sample size required to achieve 

a (1-5)x100% reliability with an error less than e is estimated from 

  
Nez - In 5 | (Pax hassel (5.25) 

2 2 

where h,. and h, ,, are the maximum and the minimum phreatic surface heights. The 

range can be written as a constant multiple of the standard deviation of the 

piezometric head. By using the analytical variance the sample size can therefore be 

estimated. Based upon the results of the MC simulation and using the correlation 

between the saturated hydraulic conductivity and the phreatic surface (this correlation 

is computed from the results of the MC simulation), an unbiased estimator of the 

mean phreatic surface can be estimated from the theory proposed in section 4.3 as 

h(n) = h(n) ~ B* [K(n)-4,] (5.26) 

where the subscript c represents the unbiased estimate and the overbars represent the 

average from the traditional MC simulation. The optimal value of the weight, B’, is 

computed using the results of the MC simulation using the equation (see section 4.3) 

pr= (5.27)   

A confidence interval can then be placed around the unbiased estimator obtained in 

Eq. (5.26) using the relationship [Hogg and Craig, 1978] 
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h(n) + z S(n) / y(n-1) (5.28) 

where S(n) is the standard deviation from n simulation runs. The expected head 

estimate obtained from the MC simulation will be compared with the head values 

obtained by using the arithmetic, geometric, and harmonic means as the effective 

conductivity. The application is presented in chapter 6. 
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6. Applications 
eee 

6.1 Introduction 

In this chapter various problems taken from the literature are analyzed and 

performance improvements with the present approach are reported. The problems are: 

(1) one-dimensional, steady state, saturated flow problem by Freeze [1975]; (2) one- 

dimensional, steady state, unsaturated flow problem by Bear [1972]; (3) two- 

dimensional, steady state, unsaturated flow problem by Yeh [1987]; (4) one- 

dimensional, transient, unsaturated flow problem; and (5) a radial well flow problem 

by Bear [1979]. The principal objective of these applications is to verify the effective 

medium relationship and the MC approach developed in this thesis. Both the methods 

perform quite well. 

6.2 One-Dimensional, Steady state, Saturated Flow 

The first problem is a one-dimensional, steady state, saturated flow problem 

solved by Freeze [1975]. It consists of a 100 cm long column with fixed head 

boundaries at both ends. The hydraulic head at one end (x=0) is 0 cm and that at the 

other end (x=100 cm) is 100 cm [Figure 6.1]. Saturated hydraulic conductivities are 
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size of elements = 1 cm 

number of elements = 100 

  

  

                

element 
no. 1 2 3 . : . 100 , 

4 C 
4 

a 

Z K K K . . . K ay 

4 ° *2 "3 “oo hydraulic 

hydraulic 
heod = 100 cm 

heod = 0 

Figure 6.1 One-Dimensional, Steady State, Saturated Flow Problem 
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generated from a log-normal distribution with mean 1.0 and standard deviation 0.5. 

The flow equation describing one-dimensional, steady state, saturated flow 

through a heterogeneous porous medium is given by 

0 op | _ 6.1 = ks 4 0 (6.1) 

in which 9 is the hydraulic head and K,(X) is the saturated hydraulic conductivity at 

x. The boundary conditions are the fixed head boundaries at the ends of the flow 

domain. Mathematically, these are expressed as 

(0) = o(x=0) = 6, (6.2) 

and o(L) = o(=L) = 4, (6.3) 

where L is the length of the flow domain. If the flow domain is divided into m 

blocks of equal size and if K, (i = J, 2, ..., m) is the saturated hydraulic conductivity 

of the i* block, then the hydraulic head for each block can be computed by using the 

following set of equations [Freeze, 1975]: 
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Ot be i=1 (6.4) 

K i K. 
s aL . Ss Ry . 

=" ax + -1 4-1] + , l<i<cm (6.5) spe Bole ie] i J jel 

and 

>, =ax-alL +, , i=m (6.6) 

where a is given by the following equations 

a= $,Fo , for m=1,2 

L K, (6.7) 
— |(m-1) —~-1l)/+m 
m K, | 

and when m23, 

Qa 

(6.8) 

In Eqs. (6.7) and (6.8), 7 is computed as 

p= a, (6.9) 
L 

The right hand side of Eq. (6.9) is truncated to the lower integer. 
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Generation of saturated hydraulic conductivities from a log-normal distribution 

requires the mean and the variance of the log hydraulic conductivity. The random log 

saturated hydraulic conductivities, Y's (Y = InK,), are then generated using 

Y=yp, + Ry 9, (6.10) 

where R, is the standard normal random deviate generated; uw, and oy are the mean 

and the standard deviations of log saturated hydraulic conductivity, respectively. 

However, in general, only the mean and the variance of the saturated hydraulic 

conductivity and the parameters without the log transformation are available. For the 

log transformed data, 4, and oy, have to be computed. The relationships between these 

two sets of parameters are [Aitchison and Brown, 1957] 

Oy (6.11) 
Hg, = exp by + > 

2 o lm rai lest _ 1] (6.12) 

and 

In Eqs. (6.11) and (6.12), u,, and Og, are the mean and the standard deviation of the 

saturated hydraulic conductivity without the log transformation. Solution of Eqs. 

(6.11) and (6.12) results in 4, and oy which are used in Eq. (6.10) along with the 

standard normal deviate to generate random Y. Exponential transformation of thus 
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generated Y value 

K =e Y (6.13) 

results in the necessary saturated hydraulic conductivity value. This is done for all 

blocks within the flow domain. This is schematically presented in Figure 4.1. The 

simulation is performed first by dividing the flow domain into m segments. Each MC 

simulation run, therefore, consists of generating m random saturated hydraulic 

conductivity values (one for each block), assigning one of these values to each block, 

and solving Eqs. (6.4) through (6.9) for hydraulic heads. This is repeated a 

pre-specified number of times and the statistics, namely the first and the second 

moments, are estimated. 

MC simulation runs were performed initially for N=25. Based upon the 

simulation results of the 25 runs, it was observed that the maximum range of 

hydraulic heads occurred at the central node (node no. 51). Therefore, it was decided 

to update the sample size estimate using the maximum and the minimum hydraulic 

head values at this node. From the results of 25 simulation runs, the maximum and 

the minimum hydraulic head values, 9,,, and 9,,;,, at node no. 51 were 53.7 cm and 

46.7 cm, respectively. Using these values of 9,,, and 9,,, in Eq. (4.40) with a 

confidence coefficient of 0.95 (6=0.05) and an absolute error of 1 cm (e=1 cm), we 

get the revised sample size of 91. In other words, a total of 91 simulation runs are 

necessary if one were to rely upon the simulation results within the criterion specified 
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above. Therefore, an additional 66 (=91-25) realizations were made, each realization 

consisting of the generation of saturated hydraulic conductivity values and solving for 

the hydraulic heads. Analyses of hydraulic heads from the 91 simulation runs resulted 

in the maximum hydraulic head value of 53.9 cm and the minimum hydraulic head 

value of 46.7 cm. Use of these 9,,, and 9,,,, values in the sample size estimate Eq. 

(4.40) resulted in the new sample size of 96. Hence, an additional 5 (= 96-91) runs 

were made and the range of hydraulic head was unaffected. A plot of the mean 

hydraulic heads, at different spatial locations within the flow domain, based upon the 

96 simulation runs and a second plot showing the standard deviation of hydraulic 

heads at different spatial locations are shown in Figures 6.2 and 6.3, respectively. 

The results obtained by Freeze [1975] have also been superimposed in these figures. 

It is observed, from the plots, that the mean hydraulic heads and the standard 

deviations are quite close to the results of Freeze [1975]. It is important to note that 

the results obtained here was with 96 simulation runs, which is only a fraction 

(19.2%) of the total number of simulations performed by Freeze [S00 runs]. Also, 

the mean and the standard deviation of hydraulic head distributions agree quite well 

with the results of Freeze [1975]. Therefore, no additional information is gained by 

performing a very large number of simulation runs. 
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6.3 One-Dimensional, Steady State, Infiltration 

The next problem is a 200-cm thick soil column shown in Figure 6.4. A 

constant flux rate of 0.10 cm/day is to be maintained at the upper boundary whereas 

the lower boundary is a stationary water table. The mean and the standard deviation 

of the saturated hydraulic conductivity of the soil are 36.6 cm/day and 1.09 cm/day, 

respectively. Use of these values in Eqs. (6.11) and (6.12) results in uw, and o, values 

of 3.0 and 1.09, respectively. The Gardner parameter, a, is 0.07 cm™. The column 

is divided into 200, 1-cm thick, layers. 

Log-saturated hydraulic conductivities are generated from a normal distribution 

generator using the parameters given above. Eq. (6.13) is then used to transform the 

generated log-conductivity values to saturated conductivities. Two hundred saturated 

hydraulic conductivity values, one for each element, are to be generated for each 

realization of MC simulation. For each realization, the pressure head values are 

computed using the equation [see Bear, 1972] 

(6.14) 
  y= as In ) exp [ -a (z—p,)] + Z (e- -1) 

s 

with w,, the prescribed head at the lower boundary q, the flux at the ground surface, 

and z is the elevation above the datum (taken positive upwards). Eq. (6.14) is valid 

only if 
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(em -1) (<1. (6-15) 0< exp [ -a (z—p,)] z 

An initial sample size of 100 was chosen. The maximum and minimum pressure 

head values at each node were recorded to revise the sample size required for MC 

simulation. The maximum range in pressure heads was observed at node number 159, 

the extreme values being -82.406 cm and -86.191 cm. Using these pressure head 

values as w,, and w,., in Eq. (4.40) along with 6 = 0.05 and e = 1/3 cm, the number 

of simulations required was found to be 238. Therefore, an additional 138 (=238-100) 

realizations were performed and the sample size estimate was updated based upon the 

results of 238 realizations. The revised sample size was estimated to be 243 

(maximum and minimum pressure head values were -82.401 cm and -86.226 cm, 

respectively. The maximum range, once again, was found to occur at node 159). 

This necessitated an additional 5 simulation runs, which were performed starting with 

the generation of log-saturated hydraulic conductivities, exponential transformation of 

these values using Eq. (6.13) and pressure head computation using Eq. (6.14) with the 

assigned saturated hydraulic conductivity values. The results of 243 simulation runs 

indicated that there was no need for additional simulations. 

The mean pressure head variation as a function of depth, computed based upon 

243 simulation runs, is shown in Figure 6.5. Standard deviations computed at each 
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Figure 6.4 One-Dimensional, Steady State, Infiltration Problem 
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node are used in Eq. (4.63) to compute the confidence interval. The z value used for 

the computation is 1.96 corresponding to a confidence level of 0.95 [see Beyer, 1984]. 

Mean pressure head distribution is also computed using the proposed effective 

conductivity relationship, Eq. (3.31). The mean and the standard deviation of log- 

hydraulic conductivity are used in Eq. (3.38) to compute K,* and is 32.14 cm/day. 

This value of K,* when used in Eq. (3.39) results in the K,, relationship as 

K, = 32.14 @= 00m (6.16) 

Therefore, when Eq. (6.14) is solved with K, replaced by K,,, the result is the 

mean head distribution, H(z). This mean head distribution is shown in Figure 6.6 

along with the mean pressure head distribution obtained from the 243 MC simulation 

runs and that obtained by using Eq. (3.31), which does not involve any approximation. 

It is seen that the results of the mean pressure heads based upon both the effective 

conductivity relationships [Eqs. (3.31) and (3.39)] agree with the results of the MC 

simulation. Therefore, it can be concluded that the field scale Gardner’s effective 

conductivity approximation is a reasonable first approximation. 

Binley et al. [1989] have suggested the use of geometric mean as the effective 

conductivity. The flow problem was also solved by using the geometric mean. The 

mean pressure head distribution obtained for this case along with the mean pressure 

head distribution from MC simulation [N = 243] and the effective conductivity 

relationship [Eq. (6.16)] are shown in Figure 6.7. It is seen from the figure that the 
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geometric mean results differ considerably from the other two methods. 

To check the advantage of the proposed variance reduction technique (VRT), the 

weight B° was computed using Eq. (4.60). These B’’s were then used in Eq. (4.61) 

to obtain the unbiased estimator of the mean pressure head. This was repeated for 

each node and the result is plotted in Figure 6.8. 

A comparison is also made between sample size estimates obtained by 

Chebyshev inequality and Hoeffding inequality. As already shown above, the 

Hoeffding inequality resulted in a sample size of 243 for a confidence coefficient of 

0.95. To determine the sample size required to satisfy Chebyshev inequality, Eq. 

(4.46) is used along with the sample variance of 2.054 cm/day. Eq. (4.46) along with 

a confidence coefficient of 0.95, and an absolute error of 1/3 cm, gives 

2 2.054" _ 760 , 

1 (6.17) 
0.05 i 

which is significantly larger than the sample size actually used. 

N.2 
c 

  

6. Applications 72



De
pt

h 
(c

m)
 

Figure 6.8 

  200 TIT | 

| 

180 p Monte Carlo Average (N=243) Vt 4 
Maximum Head (With VRT) tft 

160 ..-, Minimum Head (With VRT) |! "| 
5 . { 4 

140 F ; 7 

120 5 i! 4 
L cdi 

St | 

jf 

80 go 4 

60 F - 

40 + / 
L | 

20 + 4 
L J 

0 it | ifs Le Ly Ld Ld L Ly     
  

0 10 20 30 40 50 60 70 80 90 100 

Mean Suction Head (cm) 

Mean Suction Head Distribution with 95% Confidence Interval, 
With Variance Reduction 

  

6. Applications 73



6.4 Two-Dimensional, Steady State, Infiltration 

Next problem is a two-dimensional, steady state, unsaturated flow. The flow 

domain consists of a two-dimensional vertical face (Figure 6.9). The lower boundary 

is maintained at a constant suction head of 150 cm whereas the central node on the 

upper boundary is maintained at a constant pressure head of zero. The rest of the 

upper face and the two vertical faces are no flux boundaries. The flow domain is 150 

cm by 150 cm in size. The statistics of the saturated hydraulic conductivity is the 

same as in the one-dimensional steady state infiltration case. The flow domain is 

discretized into 100 (10 in each direction) elements and 121 nodes (11 in each 

direction). 

Saturated hydraulic conductivity values were generated and assigned to each 

block [see Figure 4.1] and the boundary value problem was solved using 

FEMWATER [Yeh, 1990]. The procedure was repeated 100 times. Average suction 

head distribution from 100 simulations were computed at each node (total number of 

nodes = 121). The maximum range of suction head was found to be 6.281 cm which 

was used in Eq. (4.39) along with a confidence coefficient of 0.95 and an absolute 

error of 1 cm to yield the sample size of 100. Therefore, it was decided that no 

additional simulations were needed. 

The suction head contour within the flow domain is shown in Figure 6.10. To 

check the validity of the approximate effective conductivity relationship, the problem 
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Figure 6.9 Two-Dimensional, Steady State, Infiltration Problem 
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was solved with K,’ instead of K, in the local Gardner’s equation. K,° was computed 

using Eq. (3.38) and the same parameters as in the one-dimensional example problem 

[section 6.3] were used. It was further assumed that K, = K,. As in the one- 

dimensional, steady-state, infiltration problem, K,, was computed as 32.14 cm/day and 

a was taken as 0.07 cm’. The mean head variations obtained by using Eq. (6.16) in 

place of local Gardner’s equation is shown in Figure 6.11. It is seen that mean head 

distribution resulting from the effective conductivity is close to the mean head 

distribution obtained from the MC simulation. 

6.5 One-Dimensional, Transient, Unsaturated Flow 

The fourth problem is the one-dimensional, transient problem. Two problems 

with identical boundary conditions are solved, the only difference being the size of 

the domain. The first domain consists of a 100 cm deep soil column (Figure 6.12) 

and the second domain is larger with 200 cm depth. The ground surface is 

maintained at zero flux whereas the lower boundary is maintained at unit hydraulic 

gradient. Pressure heads at all points within the flow domain are assumed to be 

known at the beginning of simulation. 

Saturated hydraulic conductivity values were generated from a lognormal 

generator. The boundary value problem consisting of Eqs. (2.10) through (2.13) was 

solved repeatedly. Simulations were performed for a total length of 50 days. A 

sample size of 50 was used. 
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Figure 6.12 One-Dimensional, Transient, Unsaturated Flow Problem 

  

6. Applications 719



The spatial distribution of mean pressure heads, based on 50 MC simulation 

runs, are shown in Figure 6.13. The figure shows the mean head distributions 

(variation over depth) at times 5, 25, and 50 days for both the smaller and the larger 

domains. There is good agreement between the mean pressure heads, except at the 

vicinity of the lower boundary of the smaller domain. The disagreement near the 

lower boundary of the smaller domain is attributed to the condition imposed at the 

lower boundary of the smaller domain. Figures 6.14 and 6.15 show comparison of 

variances for the two domains. It is observed that, in general, variances of pressure 

heads increase with depth. As can be seen from these figures, there is reasonable 

agreement between the results of the two domains within the top 70 cm. Effects of 

the boundary are seen through the disagreement at larger depths for the two domains. 

Furthermore, there seem to be no apparent variance behavior with time. 

These problems were also solved with the Gardner effective conductivity, Eq. 

(3.35), proposed in this thesis. The mean pressure head field obtained by using the 

EMA for the two domains are shown in Figure 6.16. To facilitate the one-on-one 

comparison with the results of MC simulations, the mean pressure heads obtained by 

the effective medium approximation and MC simulations for the 100 cm deep column 

are shown on Figure 6.17. Similar results for the 200 cm deep column are shown on 

Figure 6.18. 

Figures 6.17 and 6.18 show that the EMA performs well when compared with 

the MC simulation results. The slight discrepancies in mean pressure heads may be 

attributed to the approximation made in arriving at Eq. (3.35) from Eq. (3.29). It is 
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noted that the assumption of equality between the variance of log unsaturated and log 

saturated hydraulic conductivities was assumed in deriving Eq. (3.35). Nevertheless, 

these variances are within one standard deviation. 

6.6 Well Flow Problem 

The last problem consists of a pumping well in an unconfined aquifer. The 

height of the phreatic surface, h, located at a radial distance r as given in chapter 5 

(Eq. (5.6)) is 

1 (6.18) h» H, - — 
K, 

0 
  

    

Qg In R 
2n Ff, r 

where H,, is the initial height of the phreatic surface, R is the radius of influence, Q 

is the pumping rate, and K, is the saturated hydraulic conductivity of the aquifer 

medium. Variance of h is then computed as (see Chapter 5 for derivation) 

2 In R 
2nHH, r 

For the example application, a constant pumping rate of 100 m*/hr, radii of 

Var|K,] 

(E[K,])" 
Var[h] = (6.19) 

      

influence of 100-m and 500-m, and an initial phreatic surface height of 50 m are used. 

Then using the conductivity value for sand as reported by Carsel and Parrish [1988] 

which are 

E[K,] = 0.297 m/hr 
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Var[K,] = (0.156)? (m/hr)? 

and assuming log-normally distributed K,, the mean and the variance of /nK, from 

Eqs. (6.11) and (6.12), are 

E[inK,] = - 1.3358 

Var[In K,] = (0.4936)*. 

The range can be expressed by po, [Crow et al., 1960]. By taking the range to 

be 50, at a radial distance of 15 m from the well, the required sample size to achieve 

a confidence coefficient of 0.95 and an absolute error of 0.5-m is 200. The well flow 

problem is solved for the phreatic surface, for each realization of the hydraulic 

conductivity. The maximum range of phreatic surface levels from the MC simulation 

at r=15-m was found to be 5.441-m. Using this value as the range, (h,..-Mwin) in Eq. 

(4.62) with an absolute error criteria of 0.5-m and a confidence coefficient of 0.95, 

we get the new sample size to be 220. This being close to the initial number of 

simulations (200), it was decided to analyze the results based upon the results of 200 

simulations. Covariances between the phreatic surface heights and saturated hydraulic 

conductivity values were estimated using Eq. (4.49) and B” values were computed 

using Eq. (5.27). The correlation coefficient required in Eq. (4.54) was computed 

using Eq. (4.49). The unbiased estimator, h, of the phreatic levels and the reduced 

variance were computed using Eqs. (5.26) and (4.54), respectively. 

Standard deviations are computed at different radial distances from the pumping 

  

6. Applications 88



well along with the mean head values. Next, the arithmetic (K,), geometric (K,), and 

harmonic (K,,) means of the generated hydraulic conductivity values are used, as 

effective conductivities, to compute the phreatic levels. These results are summarized 

in Tables 6.1 through 6.4. Table 6.2 also gives the estimates obtained from the 

variance reducing procedure. It is evident from Tables 6.1 and 6.2 that variance 

reduction was achieved without changing the mean values. 

Traditionally, for steady state saturated flow analysis one of arithmetic, 

geometric, and harmonic means is taken as the effective conductivity [Dagan, 1989]. 

It is crucial to note that the computation of these means do need a sample size. Also, 

which of these means is the most appropriate is not known apriori. The present 

analysis overcomes all these drawbacks. The phreatic surface level computed from 

the present procedure and that from using the harmonic mean are quite close while 

the estimates from the arithmetic and the geometric means differ slightly. The 

' performance of the analytical variance of the piezometric heads is good. It can be 

employed to estimate the confidence limits directly if a reliable average piezometric 

head is available, say using the harmonic mean. The advantage of using the harmonic 

mean is that only the random conductivities need be generated and there is no need 

to solve the well flow problem for each realization. 
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Table 6.1 

Comparison of Phreatic Surfaces 

(N = 200; R = 100 m) 

  

  

  

  

  

  

  

  

  

    
    
  

  

                
  

  

Distance MC Estimate Estimate* | Estimate* {| Estimate* 

From the Average Using Using Using Using 
Well VRT K, Kg Ky 

(m) (m) (m) (m) (m) (m) 
0.2 41.180 41.210 42.798 42.072 41.260 

0.5 42.641 42.664 43.934 43.332 42.661 

1.0 43.697 43.717 44.775 44,262 43.691 

2.0 44.720 44.736 45.599 45.172 44.698 

4.0 45.712 45.725 46.410 46.064 45.682 

7.0 46.493 46.503 47.053 46.772 46.462 

10.0 46.982 46.991 47.459 47.218 46.952 

15.0 47.530 47.538 47.916 47.720 47.503 

25.0 48.210 48.216 48.486 48.344 48.188 

40.0 48.826 48.829 49.005 48.912 48.810 

60.0 49.350 49,351 49.448 49.396 49.340 

80.0 49.717 49.718 49.759 49.737 49.713 

100.0 50.000 50.000 50.000 50.000 50.000 

* Ky, Arithmetic Mean of hydraulic conductivity 

Ke Geometric Mean of hydraulic conductivity 

Ki Harmonic Mean of hydraulic conductivity 
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Table 6.2. 

Comparison of Standard Deviations 

(N = 200; R = 100 m) 

  
  

  

  

  

  

  

  

  

  

  

  

  

  

  

            

Distance From Analytical Standard Std. Dev. Using 

the Well Standard Deviation From VRT 

Deviation MC Simulation 

(m) (m) (m) (m) 

0.2 3.498 4.352 2.402 

0.5 2.983 3.510 1.888 

1.0 2.592 2.942 1.557 

2.0 2.202 2.419 1.262 

4.0 1.812 1.932 0.996 

7.0 1.497 1.560 0.797 

10.0 1.296 1.332 0.677 

15.0 1.068 1.081 0.546 

25.0 0.780 0.776 0.389 

40.0 0.516 0.505 0.252 

60.0 0.288 0.278 0.138 

80.0 0.126 0.120 0.059 

100.0 0.000 0.000 0.000   
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Table 6.3 

Comparison of Phreatic Surfaces 

(N = 200; R = 500 m) 

  

  

  

  

  

  

  

  

  

  

  

  

    
  

  

  

  
  

                
  

Distance Monte Carlo Estimate* Estimate* Estimate* 
From the Average Using Using Using 
Well Ky, Kg Ky 

(m) (m) (m) (m (m) 
0.2 38.364 40.726 39.762 38.675 

0.5 40.016 41.919 41.093 40.167 

1.0 41.180 42.798 42.072 41.260 

2.0 42.292 43.661 43.029 42.324 

4.0 43.361 44.506 43.965 43.362 

7.0 44.198 45.177 44.706 44.183 

10.0 44.720 45.599 45.172 44.698 

15.0 45.303 46.075 45.696 45.276 

25.0 46.025 46.667 46.348 45.995 

40.0 46.676 47.206 46.940 46.646 

60.0 47.229 47.665 47.444 47.200 

80.0 47.617 47.989 47.799 47.590 

100.0 47.915 48.238 48.072 47.890 

200.0 48.826 49.005 48.912 48.810 

300.0 49,350 49.448 49.396 49.340 

400.0 49.717 49.759 49.737 49.713 

500.0 50.000 50.000 50.000 50.000 

* Ky Arithmetic Mean of hydraulic conductivity 

Keg Geometric Mean of hydraulic conductivity 

Ki Harmonic Mean of hydraulic conductivity 
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Table 6.4 

Comparison of Standard Deviations 
(N = 200; R = 500 m) 

  

  
  

  

  

  

  

  

  

  

  

  

      

  

  

  

  

        

Distance From the Well | Analytical Std. Dev. (m) | MC Standard Deviation 

(m) (m) 

0.2 4.404 6.296 

0.5 3.889 5.086 

1.0 3.498 4.352 

2.0 3.108 3.704 

4.0 2.718 3.120 

7.0 2.403 2.683 

10.0 2.202 2.419 

15.0 1.974 2.130 

25.0 1.686 1.781 

40.0 1.422 1.474 

60.0 1.194 1.219 

80.0 1.032 1.042 

100.0 0.906 0.908 

200.0 0.516 0.505 

300.0 0.288 0.278 

400.0 0.126 0.120 

500.0 0.000 0.000   
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7. Summary 

In this study two approaches, namely an effective medium approximation and 

a refined Monte Carlo simulation procedure for solving the stochastic groundwater 

flow problem are presented. In the effective medium approach, an effective hydraulic 

conductivity which adheres to the same conventional definition of the ratio of 

(average) flow to (average) hydraulic gradient is employed. The method permits one 

to solve the stochastic groundwater flow problem in a single run to generate the 

expected pressure head field. A reduced form of the effective conductivity expression 

attains the form of the traditional Gardner equation. This field scale Gardner equation 

has the saturated hydraulic conductivity replaced by its effective counterpart and the 

capillary tension replaced by the mean pressure head. The major advantage of the 

relationship is that the same schemes used to solve the groundwater boundary value 

problem (with Richards’ equation, Gardner’s equation, initial, and boundary 

conditions) can be used to solve the mean flow equation. Example applications verify 

this proposed effective conductivity. 

The refined MC simulation procedure presents an analytical method to estimate 
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the sample size. The key advantage of this estimate is that it uses the output variable, 

namely the pressure head behavior along with an error control and the desired 

confidence level. Use of the proposed approach in the one-dimensional, steady state, 

saturated flow has shown rather dramatic improvement in accurately duplicating the 

results of Freeze [1975] with significantly smaller number of simulation runs. 

The variance reducing estimator which is different from the simple average for 

pressure head is derived. This estimator takes advantage of the correlation between 

the saturated conductivity and the pressure head distribution to reduce the variance 

and is unbiased. This reduced variance results in a smaller width of uncertainty about 

the predicted pressure head. For predictive purposes, the method not only yields the 

expected pressure head but also establishes a range to cover the variations at a given 

confidence level. 

Recommendations for future work are: 

(1) to apply the proposed method to real field problems and validate against field 

observed data. 

(2) to derive a relationship for EMA relaxing the assumption of equality of 

variances of log unsaturated and log saturated hydraulic conductivities. This 

will facilitate in using the EMA relationship over a wide range of saturation. 
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Appendix 

This appendix presents definitions of stochastic terms used in this thesis. 

Random variable: 

Stochastic process: 

Stationary process: 

Assigns a real number for a member of the sample space made 

up of all realizations of a random experiment. The value of a 

random variable is not known with certainty prior to the 

outcome. 

A stochastic process {K(x); x € X} is a set of random variables 

indexed by parameter space X, i.e., for each fixed value x € X, 

K(x) is a random variable. If x has more than one component, 

K(x) is called a random field. 

The joint distribution of K(x,)K(x,), ... for any choice of x,, x,, 

... from X depend only on the distance between these random 

variables and not on the choice of x,, X,, ..... For example K(x;,), 

K(x,), K(x;), .. have all identical univariate probability 

distribution functions; {K(x,), K(x;)}, {K(x7), K(X1_)}, {K(x)), 

K(x,)}, ... all have the same bivariate distribution; {K(x,), 

K(X19), K(X;.), K(X5)}, {K(X,), K(%5), K(%s), K(X;;)}, ... have the 

same joint distribution. This aspect is guaranteed if {K(x,), 
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Weak stationarity: 

Ensemble: 

Ergodic hypothesis: 

K(x,), ... } and {K(x,+h), K(x,th), ... } have the same joint 

distribution function for all x,, x,, ... & X and for all h. This 

definition also yields the important characteristic that any joint 

Statistics depend only on the distances between the random 

variables, e.g., E/x,x>x,] is the same as E[X,,X,x,)] and so on 

for h=10. 

A stochastic process is said to be weakly stationary (also called 

second order stationary or stationary in the wide sense) if its 

expected value is a constant and its covariance function only 

depends on distance and not on specific points of reference. 

Note this characteristic is implied in the stationary process 

definition for any choice of two random variables. 

The set of all possible realizations. 

Ergodicity implies that the ensemble average taken across all 

realizations of a stochastic process is the same as that of a time 

average of a single realization of the same stochastic process. 

Clearly for this to be true the mean value must not depend on 

at which time the ensemble average is taken or on which 

realization is used to form the time average, i.e., E [X]=u=X(w), 

the time average. For the process X(f) to be distribution- 

ergodic, set y()=1 if X(sx and y(d)=0 if X(‘))x. Then 

E[y()]=P[X()sx]=F(x) and therefore if y(t) is ergodic (in the 

mean), X(f) is ergodic in distribution [see Papoulis, 1984 for 

complete discussion]. 
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Precision: If 7(s) is an estimation of the location, x, dependent parameter 

K(x), then the mean squared error of this estimator is given by, 

MSE [x,7] = E [1(s) - K(®f = Var [7(5)] + 64,7) 

where b(x,7) = E[7(c)]-K(*) is known as the bias of the 

estimator. The variance in the above equation measures how 

tightly the distribution of 7 clusters about its origin. This 

aspect of T is called its precision [Bickel and Doksum, 1977}. 

For a normal distribution, this precision can be defined as the 

reciprocal of variance [DeGroot, 1975]. 
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