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The Sherman Morrison Iteration

Joseph T. Slagel

(ABSTRACT)

The Sherman Morrison iteration method is developed to solve regularized least squares
problems. Notions of pivoting and splitting are deliberated on to make the method more
robust. The Sherman Morrison iteration method is shown to be effective when dealing with
an extremely underdetermined least squares problem. The performance of the Sherman
Morrison iteration is compared to classic direct methods, as well as iterative methods, in a
number of experiments. Specific Matlab implementation of the Sherman Morrison iteration
is discussed, with Matlab codes for the method available in the appendix.
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Chapter 1

Introduction

Consider the following regularized least squares problem

min [ Ax — blf3 + \*|[Lx|[3, (1.1)
x€cR™

where A € R™" b € R™ X\ € R, and L € R for some suitable m,n,¢ € N. Let us
also assume that n > m, meaning that this least squares problem is extremely underdeter-

mined. Least squares problems of this nature arise frequently in signal processing ([3, 19]),
tomography ([8, 30, 33, 21]), geophysics ([26, 32]), and genetics ([20, 23]).

The primary goal of this thesis is to further develop the Sherman Morrison Iteration as
described by P. Maponi ([22, 10]), and extend it as an efficient direct solver of (1.1). In
special cases, the Sherman Morrison iteration becomes a preferable approach over traditional
direct methods and even sophisticated iterative methods such as LSQR and LSMR.

First we must review some background topics. Chapter 2 reviews the basics of ill-posed
inverse problems, least squares problems, and Tikhonov regularization. In Chapter 3, the
Sherman Morrison iteration in its most general sense will be developed with methods such as
pivoting and splitting. We will then look at the specific application of the Sherman Morrison
iteration to regularized least squares problem and investigate when it is beneficial to use.
Numerical results are provided in Chapter 4. The Matlab code for the developed Sherman
Morrison Iteration is in the appendix.



Chapter 2

Preliminaries

2.1 IllI-Posed Inverse Problems

Suppose f : R” — R™ is a function with an input x € R” and an output b € R™. In other
words we have

f(x) = b. (2.1)

If x and f are known, finding a b € R™ that satisfies (2.1) is referred to as the direct problem.
If we know b and f or x, then the process of finding a x € R” or f : R” — R™ that satisfies
(2.1) is known as the inverse problem [2].

Figure 2.1: The inverse problem set up. We have output b (perhaps contaminated by noise)
of a function f with input x. Either x or f is known, and the inverse problem is to find the
other [15].

Approximately known
Input
X
f
Output
One is known b




Jacques Hadamard was first to define the notion of a well posed problem (parfaitement bien
posé [24]). A well-posed problem is a problem in which

1. there is a solution,

2. the solution is unique, and

3. the solution depends continuously on the data.

When a problem is not well-posed it is called ill-posed. A number of inverse problems are
ill-posed. For problem (2.1) ill-posedness means

1. there is not an x € R" such that (2.1) is satisfied,
2. there are many x € R” such that (2.1) is satisfied, or

3. the solutions x and x to f(x) = b and f(x) = b + n, respectively, are not necessarily
close to each other for small 7. This means that little perturbations in b result in
potentially large perturbations of the solution to (2.1).

For detailed discussion about inverse problems in a general sense, refer to [1, 2, 25, 35].
We now explore the ill-posedness of a specific inverse problem, namely the solving of linear
systems.

2.2 Least Squares Problems

Consider the problem
Ax =b, (2.2)

where A € R™", x € R", b € R™ for some suitable m,n € N. This is the same as (2.1)
where f(x) = Ax. If we know A and b, then finding x is indeed an inverse problem. This
inverse problem can be ill-posed. Below are some simple examples of how ill-posedness can
appear in such problems. First an example of a problem in which there is no solution:

Example 2.2.1. Consider the system

(o)x=(2)

This system clearly has no solution x because if it did the first entry of x would have to
simultaneously be 1 and 2.



Now an example where there is no unique solution

Example 2.2.2. Consider the system

(o )=(h)

This system is satisfied by any vector of the form

(1)

Now an example of an unstable system.

where ¢ € R.

Example 2.2.3. Consider the system

(ke )= (3)

where € > 0. The solution to this is clearly

=(4).

however, if we perturb b slightly to obtain the linear system

11N (2
1 1+¢ o\ 24€ )7

we see the solution to the system is
< — 1
=)

We see that a small perturbations to b could tmpact the value of x drastically. We call such
a system un-stable. When small perturbations of b result in small perturbations of x, we

call the system stable.

A unique solution exists for (2.2) if and only if A is invertible. In that case, (2.2) can be
solved by setting x = A~!b, but stability is still in an concern. Suppose we solve the system

Ax=b+mn, (2.3)
where 7 represents the noise in the measured b. Solving the system we get

x=A"'"b+An (2.4)



For ill-posed problems, it is possible that X is not near x, the solution to (2.2). To see this
consider the bound on the relative error between x and x

ond(A) 172 (2.5)
b2
Here || - ||o represents the 2-norm (the euclidian norm) and cond(A) represents the condition
number of A in the 2-norm. In particular
cond(A) = 2, (2.6)
o
where oy is the largest singular value of A and o, is the smallest singular value of A. For
information on norms and condition numbers see [9].

The bound in (2.5) shows that the computed solution could be far from the real solution if
A is not well conditioned and there some noise introduced in the system.

wi . . . . w
For systems with no unique solution, either too many solutions or none at all, we seek an x
that is “close” to a solution, meaning that it minimizes

||Ax — bl|5.
We arrive at the least squares problem
min ||Ax — blf. (2.7)
xeRn?

Assuming that A € R™*" has full column rank, x, € R", and b € R™. Solving (2.7) is the
equivalent to minimizing the function g where

g(x) = [|[Ax —b|j; = (Ax —b) " (Ax — b)
= (x"AT —=b")(Ax —b)
=x"ATAx—b'Ax—x"A'b+b'b.

To minimize this function we find its critical points. Taking the derivative of g we get

Vg(x) =ATAx — A'b,

setting this equal to zero we arrive at the system



ATAx=ATb. (2.8)

The system (3.14) is what is known as the normal equations. If A has full column rank then
ATA is positive definite, and therefore invertible. Hence, the solution of the least squares
system is

x1s = (ATA)'ATD.

We define the residual as

I':AXLs—b

Upon further investigation, xrg is found by projecting b orthogonally on the range of A. A
visualization of this is available in the Figure 2.2

Figure 2.2: The solution xpg to the least squares problem (2.7) is the orthogonal projection
of b onto the range of A [9].

If we apply the bound (2.5) to the normal equations (2.9) we see the condition of the problem
is on the order of cond(ATA) = cond(A)? [9]. When A is poorly conditioned, solving the
normal equations becomes unstable. Recall from (2.6) that the condition number of A is the
ratio between the largest and smallest singular value of A. Small errors in b could result in
error of the calculated solution when the smallest singular value of A is close to zero.

If A does not have full column rank there is not a unique least squares solution, since ATA
is not invertible. The solution set for this least squares problem can be characterized, with
perturbation theory similar to that of the full column rank case [9)].

To impose uniqueness and stability into an ill-posed least squares problem, we introduce
Tikhonov regularization. For more information on least squares problems see [9, 12, 17, 25].



Figure 2.3: Motivation for Tikohnov regularization. The inverse solution A~(b + n) is far
from the true solution x. The idea of Tikhonov regularization is to replace an ill-conditioned
problem with a nearby well-conditioned problem, thus obtaining xry, which is close to the
true solution [15].
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2.3 Tikhonov Regularization

Tikhonov regularization, named after Andrey Tikhonov [34], replaces an ill-posed inverse
problem with a nearby well-posed inverse problem.

Consider the minimization problem

min ||Ax — b||3 + \?||Lx||3, (2.9)

xeR”

where A € R™" L € R*" X\ € R and b € R™. This is called a regularized least squares
problem. The matrix L is a regularization matrix. The regularization matrix forces structure
or smoothness on the solution and A is a constant that determines how much emphasis is
put on the regularization term. Notice that equation (2.9) can be rewritten as

() (3)

The corresponding normal equations to (2.10) are

() (L)==() (5) ey

2 (2.10)

min
xER™

2



which can be rewritten as
(ATA+NL'L)x=A"b. (2.12)

If A =0 then (2.12) is identical to (2.7). Given an underdetermined problem, the classical
normal equations (3.14) will not have a unique solution. However, if L has full column rank,
(ATA +L'L) is positive definite, and therefore invertible. Next we investigate the solution
of (2.10) compared to solutions of the original least squares problem (2.7).

Let us start with a simple choice of the regularization matrix. Let L = I where I is the n xn
identity matrix, and let A > 0. From (2.12) we arrive at the normal equations:

(ATA+ X NI)x=A'b

The matrix A" A + \?1I is positive definite, and therefore invertible. We obtain the Tihkonov
solution

x7ik = (ATA +N1)'ATD.
Let A =UXV' be the SVD decomposition of A [9]. Since VV T =T we see

xri = (VE*VI + X2VVHT'VZU'b
= (V(Z2+ XDV 'VZU'b
=V(E24+M1)'2UDb
= VDX 'U'b,

where D is a diagonal matrix with entries

with o; being the ith singular value of A.

When A\ is close to zero, D will be close to the identity matrix, and xry will become increas-
ingly similar to the unregularized least squares solution, potentially contaminated by noise .
The larger A gets the more emphasis is on the regularization of xry, which for L = I means
reducing the overall magnitude of xry.. As A get larger, the smaller singular values in A are
filtered out of the solution xry.. Notice as A — oo, D — 0, and so the solution Xy, goes to
0. Methods for choosing A are well developed [5, 4, 27].

There are more complicated choices of L than the identity matrix that impose various con-
ditions on the solution to the system. For example, if L is the difference operator then
regularization will impose smoothness on the solution x, i.e. the entries of x will be close
to one another. To look at the effect a regularization matrix L has in general on the least
squares problem see [15].



It is important to think about what is necessary to solve the regularized least squares problem
in equation (2.9) for a general L. For canonical LSMR, LSQR, and CGLS implementations
([7, 11, 28, 29]) the standard Tikhonov problem (where L = I) can be solved with only
one additional input parameter, \. However, for general-form Tikhonov regularization (with
general L), additional care must be taken. If L is invertible we can make a change of
variables. With L'y = x, recast (2.9) as solving:

min |AL™"y — blf3 + X*ly[3, (2.13)
yeR”

where x = L~'y. Notice this process requires us to find L~!. If L is not invertible or L~! is
too costly to find, we could also apply LSQR, LSMR, or CGLS to (2.10).

There are also cases where we are given (LTL)™! and must find L or L™ in order to carry
out traditional solvers of regularized least squares problems. Suppose we have the system

Ax =b+n,

where x and m are sampled from random variables X and N, respectively, where X ~
N(0,7°T") and N ~ N(0,0%I). The maximum likelihood estimate of x is given by (2.9)
where A = o/y and T' = (LTL)"! [6]. To find the regularization matrix L a Cholesky
decomposition must be preformed on I'"!. In the next chapter we introduce a method that
can avoid computing L and L~! by working directly with T.

There is a vast amount of literature regarding Tikhonov regularization. See [16, 5, 4, 14, 27,
31, 13].



Chapter 3

The Sherman Morrison Iteration

Suppose we have the regularized least squares problem

min ||Ax—b||§+/\2||Lx||§, (3.1)

xeR”

where L € R®™ is a Tikhonov regularization matrix with the property that L'L is easily
invertible (L has full column rank) and A € R™*" with n > m. As shown in Section 2.3,
solving (3.1) is equivalent to solving the system

(ATA+NL'L)x=A"b.

In this chapter we will investigate and develop Sherman Morrison iteration method for solving
this system effectively. First we develop the general case, then we apply it to regularized
least squares problem.

3.1 Developing the General Case

The goal of this section is to use the Sherman Morrison formula

A-luvTA!
A Nl=At-= 3.2
(A+uv’) 1+viA-lu’ (32)
to solve

Ax =D, (3.3)

where A € R™"™ A is non-singular, x,b € R™ and

A=Z;'+UV'

T - (3.4)

-1 T

10
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It should be noted that every matrix A has such a decomposition. For example a given
matrix A can be written as (3.4) where

Z,' =1, U=A-1, V' =1I1,.

P. Maponi in [22] and [10] developed the Sherman Morrison iteration without pivoting and
with pivoting. In this chapter we extend the Sherman Morison iteration by developing notion
of partial pivoting and splitting. We will start by describing the Sherman Morrison iteration
without pivoting.

The goal is to solve (3.3). One approach is to invert A and then multiply it on the right by
b to obtain A~'b. To do this we define Z; for 1 < i < k where
Zi= (2 +uv))™! (3.5)

-
Zifluivi Z; 4

— _ 3.6
1+ V;Zi_lui ( )

=27

The Sherman Morrison identity in (3.2) was used to get from (3.5) to (3.6). Thus, there is a
simple recursive relationship between Z; and Z; ;. Using this recursion one could construct
an algorithm that calculates

Zo—2Zy — ... — Z,=A"" (3.7)

and then applies A~! to b to find x = A~!'b. However, calculating the matrix Z; for all
could be a costly task. Instead we consider an approach to find x directly instead.

Define
x; = Z;b,
for 1 <14 < k. It would be nice to have a simple recursive relationship for x;:
Xg — X| — ... — X, = A7 'b,

like the recursive relationship between the Z; matrices in (3.7). Unfortunately, the recursion
depends on multiplication with Z; ;. Using the Sherman Morrison identity we see

X; = Zzb
Zi_uv]Z;_
= 7. b— #
1 —+ Vi Zi_lui (38)
Zi,luiviT
= X1 Xi—1-

B 1+ ViTZZ'_llli



To avoid constructing the matrix Z,_,, define z; ; = Z;u; for 1 <14, j < k. Notice

T
Zi u;v; 2,
1+ \L Zi_lui

-
Z;—1,iV;

zij = Zi10; —

=Zi—15 — Zi—14,

1+ V;l—zi—l,z'
and that

T
X = x Zi—1,:V; X
i = X1 — T 1o Xi-1-
1+ V;rzifl,i

12

(3.9)

(3.10)

To obtain x; in (3.10) we need x;_; and z;_1;, which is dependent on the value of z;_»; and
Z;_2,;-1 in (3.9). For illustration of the relationship between the iterates {x;} and the vectors

{2z ;} refer to Figure 3.1 for the case when k = 5.

Figure 3.1: An example of the recursive relationship between the iterates {x;} and the vectors
{2z, ;} when k = 5. Notice that x; depends on x;_; and z;_; ;. Note that z, ; is dependent on

N
VN

/\///\

/\M\
RN /\/’///\/'
SN == S

X Zo,1 Zg,2 7,3 Z0,4 Zo,s

Using this recursion we develop the standard Sherman Morrison iteration, detailed in 1.
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Algorithm 1 (P. Maponi) Sherman Morrison Iteration. Solve (Zy' + UV T)x = b.
1: compute xg = Zob and zp; = Zou, for 1 <j <k
2: fori=1,2,...k do
3:

T
X; =X _ViXi1l z
7 — Xq—1 — i—1,0
1+ V;rzi_l’z‘
4: forj=i+1,....kdo
5:
T
1,7 i—1,7 = i—1,0
J J 1 + V;Zi—l,i

6: end for
7. end for

There are a couple of problems with the basic Sherman Morrison iteration described in
Algorithm 1 that need to be addressed. The Algorithm 1 can fail even when A is non-
singular and Algorithm 1 is un-stable. Below is an example of when Algorithm 1 can break
down.

Example 3.1.1 (Maponi). Let

1 1 -1
A= 1 1 0 |,
-1 0 -1

with Zy' = diag(A),V =13, and U = A — diag(A). Notice that A = Zg' + UV and that
det(A) = —1. Algorithm 1 fails when computing x,

T
Z1’2V2

Xo =X — ———X
1 +V;Z172

1,

due to division by 0,

1+V;Zl72 = 1+V;Zﬂl2

1 0 0 1
=1+(010) 1 1 0 0

-1 0 -1 0
=14+ (-1)
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This is because

1 1 0
Zo=| 1 1 0 ,
10 -1

does not exist.

The following theorem establishes conditions for which Algorithm 1 will run.

Theorem 3.1.2. Algorithm 1 will converge to A~'b in a finite number of steps if and only
if Z; exists for all 1 <1 < k.

Proof. Recall from (3.5) and (3.6) that Z; depends on Z; ; existing and 1 + v, Z;_ju; # 0.
Similarly, we see in (3.8) that x; is dependent on Z; ; existing and 1+ v, Z; ju; #0. [

The previous example showed how Algorithm 1 will not run in general. Even when Z; exists
for all 1 < i <k, Algorithm 1 will become unstable if 1 4 V;r Z,;_ju; is near zero for some 1.
In the next section the method of Pivoting is introduced to avoid such issues.

3.1.1 Pivoting

Now we consider a few methods to improve Algorithm 1. Our goal is a Sherman Morrison
iteration method that works for the general case A nonsingular, with Z;', U,V chosen
arbitrarily such that A = Z;* + UV,

P. Maponi proposed a pivoting approach where at the ith iteration the largest remaining
|1+ v, z;_1] is selected to help avoid a breakdown and increase stability.
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Algorithm 2 (Maponi) SMI with Pivoting. Solve (Zg* + UV )x =b
1: compute xg = Zob and z¢; = Zou; for 1 <j <k
2 p=(12....k)7
3: fori=1,2,...k do

i = argmax{|1 + Vg(j)zi,l’p(j) J=i+1,...,k}

4
5. swap p(i), p(2)
6:

Vo) x,
_ p(i) Txi—1
X =Xj-1— Z;—1,p(i)

L+ Vg(i)zi—lyp(i)

7. forj=1i4+1,...,k do

Vg(i)zifl,p(j)

Zi,p(5) = Zi—1,p(j) — Zi—1,p(i)

L+ v Zi1p6)

9: end for
10: end for

The Sherman Morrison iteration with pivoting may be computationally expensive, especially
for large-scale problems. We propose to use partial pivoting, which saves computing time by
using the first viable |1 + v z;_y ;| instead of searching through all the remaining options.
The Sherman Morrison iteration with partial pivoting is provided in Algorithm 3.

Algorithm 3 SMI with Partial Pivoting. Solve (Z;' + UV )x=b
compute xg = Zob and zg ; = Zou; for 1 <j <k
p=(1,2...,k)7
:fori=1,2,...k do
t=1
while 1 + vg(j)zi,l,p(j) =0do
swap p(i), p(i + 1)
t=t+1
end while

Vp(i) Tx;—1
Xj =Xj—1 — Zi—1,p(i)
L+ V;(i)zi—lyp(i)

10 forj=i+1,...,kdo
11:

Vg(i)zifl,p(j)

Zi,p(5) = Zi—-1,p(j) — Zi—1,p(i)

1+ v ] Zio1,p0)

12: end for
13: end for
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Let us compare Algorithm 1 with Algorithm 2. When we do not use pivoting, updating x; is
dependent on the invertibility of Zg' +wv{ +---+uv, or Z: ', + u;v,. Pivoting allows us
to being able to update to x; if there is a j between i and k inclusively such that Z; !, + ujv;r

is invertible.

Note that example 3.1.1 works with pivoting. Pivoting also helps stability if it is enforced
when |1+ v;z;_1 4| is close to zero. This will avoid situations where we divide by a very small
number and risk propagating error.

Unfortunately, Algorithm 2 does not work in the general case of A non-singular with arbitrary
Z, 1 U, and V. Below is an example to illustrate when the Sherman Morrison iteration with
pivoting fails.

Example 3.1.3. Let

10 O
A= 01 0 ,
00 -2
with
0O 0 0
U = 0O 0 0 ,
-1 -1 1
and
0 0 1
vi=lo0o0 1],
0 0 1

and Zy"' = I3. Notice that det(A) = —2. However
1 00
Zo'+wv, =1 010 |,
0 00
is singular for all possible i. So Algorithm 2 will not be able to update xg to x.

Although pivoting does make the process of solving the linear system more robust, it still
may fail.

3.1.2 Splitting

We now develop the idea of splitting.

Suppose that we are at the ith iteration in Algorithm 1. We know that updating x; to x;1
is dependent on the existence of Z;11 = (Z; Ly uiHVZ-TH)_l, but more importantly on the
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fact that 1 4+ v, 1Z;u;.1 # 0. When 1+ v;,1Z;u;,1 = 0, we split

1 1
ui+1viT+1 = §ui+1V;:_1 + §ui+1V;:_1, (311)

then re-define w;11v;; = 2u;11v;; and send the other half of the outer product to the end
of the line of outer products, making wy1v,,; = 301V,

Since 1+ v;11Z;u;11 = 0 we see that 1+ %viHZiuiH = % and so we can update x; to x;11.

The Sherman Morrison iteration with splitting is described in Algorithm 4.

Algorithm 4 SMI with Splitting. Solve (Zg' + UV )x =b
1: ¢ = 0 compute xg = Zgb and zg; = Zou; for 1 < j <k
2: while i < k do

3: 1=1+1
4: if 1 + V;rzi—l,i = 0 then
5: ViT = %V;F,Zi_lJcJ’_l =z, 1u,k=k+1
6: end if
7
v Xio1
X;=Xj—1— mzifl,i
8 forj=1+1,...,kdo
9:
V:Zifl,j

Zi; = Zj—1,5 — Zi—1,

il
1+v, zi_1;

10: end for
11: end while

The benefit of this technique is that we can always update x;. The potential disadvantage
is that an additional iteration is required every time a splitting occurs. Next we prove that
the Sherman Morrison iteration with splitting is a direct method because it will converge to
the solution in a finite number of steps.

Theorem 3.1.4. Given a system Ax = b where A is non-singular and A = Zy' + UV,
Algorithm 4 will converge to A='b in a finite number of steps.

Proof. Recall that

1

min{||E|; : A + E singular} = AT,
2

(3.12)

As we run the splitting algorithm, the worst case scenario is that we keep splitting all the
remaining ujVjT. Let us denote uj(old)va(Ol 4 88 the original columns of U and V. Recall that
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k is the number of outer products in the decomposition of A given in (3.4). Choose b € N
such that

1

1 T
- WiV 1<j<kl<—"
maX{H 3( ld)vj(old)H2 >J > } kHA_lHQ

21)

If Algorithm 4 doesn’t repeatedly split all the remaining vectors, it will end after a finite
number of steps. Let us assume that Algorithm 4 has split all uj(old)VjT(ol d) b times. This is
the only case that is necessary to prove the theorem.

We will show that all the remaining Z, "buavie - u,v, are invertible. So each of
the remaining Z; exists for ¢« +1 < j < k and we can update x; all the way to the solution
of the system without having to split anymore.

Let 7 be inclusively between ¢ and k. Notice
At (v = wmv)) = Z7 b wa v gy
and

| = vy = = wevglle = [ viy + o v

< wgavills + -+ uevi [l2

e V)

<—
k—(+1)

~ kAT

o1
A=l

max{ || o) Vg ll2 - 1 < j < k}

So, from (3.12), Z; ' + wvy ... u;v, is non-singular therefore Z; exists. We may update to

x; for the rest of algorithm with no splitting. We have our result. m

Algorithm 4 will work in the general case where A is nonsingular. Algorithm 4 will also
work with any non-singular choice of Z;' and any choice of U and V.

Corollary. Given a system Ax = b, where A is non-singular, there exists a Zgl,U,VT
such that A = Zg' + UV and Algorithm 1 and 2 will successfully solve the system.

Proof. Start with any choice of Zy', U, and VT, that satisfy (3.4). Run Algorithm 4. As
splitting occurs add a column vector to U on right side and add row vector to bottom of
V7. At end of algorithm 3 we have U and V. Running Algorithm 1 with U, VT, and Z,*
will converge in a finite number of steps trivially. O]
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To conclude this section we offer a visualization of what are necessary and sufficient condi-
tions for the Sherman Morrison iteration to run without pivoting, with pivoting, and with
splitting:

Figure 3.2: This is a visualization of the necessary and sufficient conditions for the Sherman
Morrison iteration to run without pivoting when k = 3. All the nodes of the graph that are
black must be invertible.

RAXn 0 Z3
Zo + ulvlT + U3V3T eZy Zo + u2v2T + u'3,v3T
Zy + u3v;|— °Z1 Zy + uzvg
iz,
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Figure 3.3: This is a visualization of the necessary and sufficient conditions for the Sherman
Morrison iteration to run with pivoting when & = 3. We need one directed path from Z, to

Z3 to exist where all the matrices at the nodes we pass through are invertible.

RFIX”

Zy + u3v;|—

Zy + u1v1|— + U3V:;|—

Z3

Z>

Zy + uzvg + U3v;|—

Zy + u2v;—
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Figure 3.4: This is a visualization of the necessary and sufficient conditions for the Sherman
Morrison iteration to run with splitting when k£ = 3. The splitting algorithm makes its own
directed path to Zz where every node it lands on (by design) is invertible. This is guaranteed
to work as long as A is invertible.

Rnxn 24 0 Z3
23 ¢
Zy + ulvil— + U3V:;|— Z Zy + uzvg + U3V:—>)|—
22 ?
Zy + u3v;r 21 $Z; Zy + u2v;—
20 sZp
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3.2 Application to Regularized Least Squares Problem

Recall we are interested in solving the regularized least squares problem

min || Ax — blf3 + \*|[Lx][3, (3.13)
xeR”

where L € R”" L'L is easily invertible (meaning L is full column rank), and A € R™*"
with n > m, and A > 0. The normal equations are given by

(ATA+NL'L)x=A"b. (3.14)

We can solve the system (3.14) using the Sherman Morrison iteration. Let Z;' = N’LTL, U =
AT, and V = AT, then Algorithm 1 will solve the system, with no breakdowns. This is
because each of the Z;* + ui+1vZT+1 are positive definite and therefore non-singular, which
will be proven in the preceding sentences. Notice L'L is positive definite. Let w # 0 and
let a; denote the ith row in A. We have:

T /-1 T T -1 T T T
w (Z7 +uv, ) w=w (Zy" +uv, +wpvy + -+ wyv,

=w' (ML'L+ala; +ajas+---+a a)w
=w MNL'Lw+w'ajayw+---+w'a aw

= Xw'L'Lw + (ayw)* + - - - + (a;w)? > 0,

W

since LT L is positive definite and so A>w 'LTLw > 0.

So Z; are all positive definite, and thus non-singular. So no pivoting or splitting is needed
to solve (3.14). The Sherman Morrison Iteration for solving (3.14) is provided in Algorithm
5.

Algorithm 5 SMI to Solve (M’L'L+ATA)x=A"b
1: compute Xo = 33(LTL) " A"b and zy; = 35(L'L)"a for 1 <j<m
2: fori=1,2,...m do
3:

X = x ;X1 z
i = X1 T Zj—1;
I+a;z; 1,
4: forj=i+1,...,mdo
5:
7 — 7 71 z
ij = Zi—1j — T Zi—1,
! Tl azigy
6: end for
7. end for

If m is small, then both “for” loops are very small in Algorithm 5. So when the number of
rows of A are small, this method could potentially be very quick in solving the system.
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Recall that Algorithm 1 had two main issues: the fact that it could breakdown when A was
non-singular, and also a stability problem when 1+ v, z;_;; was very close to zero. We have
shown Algorithm 5 will solve the system (3.14), Algorithm 5 is also stable. Notice

T T
1+ ViZi—1; = 1+ \Z Zi_lui

=1+a/Z;_1a;.

Since Z;_; is positive definite, for a; # 0, a, Z; 1a; > 0 and so 1 + v Z;_;, > 1 for any i.
We don’t have to worry about error propagation due to dividing by near-zero numbers in
Algorithm 5.

3.3 Efficiencies

The goal of this section is to compare the implementation of the Sherman Morrison iteration
in Algorithm 5 with implementations via CGLS, LSQR, and LSMR [7, 11, 28, 29]. This

discussion will be focused on the regularization matrix L.

Suppose we are using Algorithm 5 to solve the regularized least squares problem (3.13).
Algorithm 5 needs A,b and %(LTL)_1 as inputs. If L = I is the identity matrix, then
Algorithm 5 can be fashioned to take the regularization parameter A as an input instead of
%(LTL)_l. LSQR, CGLS, and LSMR handle the L = I case in the same way.

When L is not the identity matrix, CGLS, LSQR, and LSMR can be used to solve the
Tikhonov problem,

. A b\
Xk <)\L>X_(O> , (3.15)
When L is invertible, (3.13) is equivalent to
min || ALy — b3 + X[y, (3.16)

where y = Lx, and any iterative method can be used to solve (3.16).

At the end of Chapter 2 we saw an example of when the matrix (LTL)™! is given without
knowledge of L or L™!. In order to use CGLS, LSQR, or LSMR on the system (3.16) a
Cholesky decomposition of (L'"L)™ would be necessary to find L~!. The Sherman Morrison
iteration would not require such a decomposition. The Sherman Morrison iteration is a
particularly advantageous approach in this situation, since a Cholesky Decomposition on
(LTL)™! could be costly.

The next chapter contains experiments comparing the Sherman Morrison iteration and
CGLS, LSQR, and LSMR.



Chapter 4

Experiments

This chapter is split up into two parts. In the first part the Sherman Morrison Iteration
solver for a regularized least squares problem will be compared to solving a regularized least
squares problem via the Cholesky factorization and with the QR decomposition. In the
second part the Sherman Morrison Iteration solver for a regularized least squares problem
will be compared to more sophisticated solvers including LSQR, CGLS and LMSR.

4.1 Comparison with Classical Methods

Suppose we are given the regularized least squares problem

min || Ax — bl[3 + A*|Lx][3, (4.1)
where A € R™" L € R*" X\ € R and b € R™. for suitable m,n, ¢ € N. Let us also assume
that L has full column rank. We could solve the normal equations (3.14) via Cholesky
decomposition, since AT A+ 2LTL is symmetric positive definite. To carry out the Cholesky
decomposition the matrix AT A + AL 'L must be constructed. We could also rearrange the
original minimization problem as in (3.15) and solve the system via a QR factorization. For
more information on the Cholesky decomposition or QR factorization see [9)].

4.1.1 Experiment 1

least In the first experiment we constructed the regularized least squares problem in (4.1)
where

o A € R™¥10000 with m = 20...400 increasing at intervals of 20.

24
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e Entries of A, a;;, are sampled from N (0, 1).
e Regularization paramater A = 1. Regularization matrix L = I,,.

e The true solution x = 1, with b = Ax defined accordingly with Gaussian noise added
(with variance of .01).

e We compared timings of Sherman Morrison iteration, QR factorization (solving (3.15)),
and the Cholesky decomposition (solving (3.14)), including timings with and without
construction of ATA + \?LTL).

e The experiment was repeated 30 times, averaged the times at each m value.

e See Figure 4.1 for results. The Sherman Morison iteration is beneficial over the other
methods when the number of rows in A is sufficiently low.

Figure 4.1: Results of experiment 1, see section for details.

Sherman Morrison

— — — Cholesky

—<— Cholesky With Construction
——=— QR Decomposition

0 I I I I I I I I
40 80 120 160 200 240 280 320 360 400

Rows in A

4.1.2 Experiment 2

In the second experiment we constructed the regularized least squares problem in (4.1) where

o A € R¥*" with n = 20...1000 increasing at intervals of 20.
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e Entries of A, a;;, are sampled from N (0, 1).
e Regularization paramater A = 1. Regularization matrix L = I,,.

e The true solution x = 1, with b = Ax defined accordingly with Gaussian noise added
(with variance of .01).

e We compared timings of Sherman Morrison iteration, QR factorization (solving (3.15)),
and the Cholesky decomposition (solving (3.14)), including timings with and without
construction of ATA + \?LTL).

e The experiment was repeated 30 times, averaged the times at each n value.
e See Figure 4.2 for results. When the number of rows in A is low enough compared to

the number of columns in A we see that the Sherman Morrison iteration becomes a
preferable option compared to the other methods.

Figure 4.2: Results of experiment 2, see section for details.
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We have shown that there are situations where the Sherman Morrison iteration will out
perform the QR iteration and the Cholesky factorization methods for solving an underde-
termined regularized least square problem.



27

4.2 Comparison with Modern Methods

In this section we compare the Sherman Morrison iteration with three iterative solvers for
the regularized least squares problems LSQR, CGLS, and LSMR [7, 11, 28, 29].

4.2.1 Experiment 3

In the third experiment we constructed the regularized least squares problem in (4.1) where

o A € R™*20000 with m = 1...6 increasing at intervals of 1.
e Entries of A, a;;, are sampled from N (0,1).
e Regularization paramater A = 1. Regularization matrix L =1I,,.

e The true solution x = 1, with b = Ax defined accordingly with Gaussian noise added
(with variance of .01).

e We compared timings of Sherman Morrison iteration, LSQR, CGLS, and LSMR (All
three solving (4.1))

e The experiment was repeated 30 times, averaged the times at each m value.

e See Figure 4.3 for results. The Sherman Morison is comparable to the other methods.

Figure 4.3: Results of experiment 3, see section for details.
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4.2.2 Experiment 4

In the forth experiment we constructed the regularized least squares problem in (4.1) where

A € R™1000 with m = 400. .. 600 increasing at intervals of 20.
Entries of A, a; ;, are sampled from N(0, 1).

Regularization paramater A = 1. Regularization matrix L is the difference operator,
given as (LTL)~!. The regularization matrix L or L™! is not made available at the
beginning of the experiment, it must be found via a Cholesky decomposition of L'L

or (LTL)™L.

The true solution x = 1, with b = Ax defined accordingly with Gaussian noise added
(with variance of .01).

We compared timings of Sherman Morrison iteration with LSQR, CGLS, and LSMR,
all three solving (3.16) after a Cholesky decomposition of (LTL)™! (timings of the
Cholesky decomposition included in timings for LSQR, CGLS, and LSMR).

The experiment was repeated 30 times, averaged the times at each m value.

See Figure 4.4 for results. The Sherman Morison iteration is beneficial over the other
methods when the number of rows in A is sufficiently low.

Figure 4.4: Results of experiment 4, see section for details.
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In the case where L = I the Sherman Morrison iteration is comparable to LSQR, LSMR,
and CGLS in a narrow set of circumstances. When L is non-trivial, there are cases where
the Sherman Morrison iteration is beneficial to use, particularly in the case where the matrix
(LTL)"! is given and not L or L.



Chapter 5

Conclusion

The Sherman Morrison iteration has been developed as an effective direct solver of an ex-
tremely underdetermined regularized least square problem, which appear in a medley of real
world problems. The general Sherman Morrison iteration was discussed as developed by P.
Maponi [22, 10], methods of partial pivoting and splitting were introduced, and then the
Sherman Morrison iteration was applied as a solver of the regularized least squares problem.
Chapter 4 showcased some situations were the Sherman Morrison iteration could be prefer-
able to use as a solver to the regularized least squares problem over sophisticated methods
like CGLS, LSQR, and LSMR.

There is future work regarding the Sherman Morrison iteration that still needs to be done.
It would be beneficial to have some formal error analysis to the Sherman Morrison iteration.
Finding a specific application where the Sherman Morrison Iteration can be successfully
applied on non-synthetic data would be advantageous.

The Woodbury matrix identity [18] could be used to develop a quicker Sherman Morrison
iteration algorithm . A method of this nature might be able to incorporate more level three
basic linear algebra subprograms, which could potentially speed up run times. It could also
potentially prevent breakdowns that appeared in the general Sherman Morrison iteration
with and without pivoting.

Matlab code for Algorithm 5 is available in the appendix.
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Appendix A

Matlab Codes

This chapter will contain Matlab codes for

1. the regularized least squares Sherman Morrison iteration (scaler regularization), and

2. the regularized least squares Sherman Morrison iteration (arbitrary regularization ma-
trix).

Both codes are based on Algorithm 5. This is the Sherman Morrison iteration for the
regularized least squares problem for a non-identity regularization matrix.

function [x, info] = shermanMorrisonIteration(g,A,Z0);
function [s, info] = shermanMorrisonIteration (g,A,Zz0)
Authors:
(c) Julianne Chung (e-mail: jmchung@vt.edu)

and Matthias Chung (e-mail: mcchung@vt.edu)
and Joseph Slagel (email:slagelj@vt.edu) in December 2014

Description:
Given a least squares problem
min_x |[Ax - b||.2°2 + lambda " 2||L x||_2"2
with a invertible matrix Z_0=1/lambda”2+inv(L'*L), this methods solves
the normal equations
(A'A + inv(Z0))x = g
Where g=A'b. This method computes the vector
x = inv((A'A + inv(Z0)))g
by using the Sherman-Morrison formula and avoiding to build any matrix.

Input arguments:
g - A'b

o0 o0 o O O O O O A A A A A A A O o o° o° o
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b

— the A matrix in system Ax-b

N3
o

Output arguments:
X - Solution to regularized least squares problem
info - #
.X - step approximations

Y/ 00 o0 o o o° oo o

1,n] = size(A); % get size of A
= 7z0xg; % initialize solution vector
U=Z0*A"'; % initialize z_{i,3j} vectors
if nargout > 1, info.X = zeros(n,1l); end
for i = 1:1 % loop over all rows of A
U(:,i+1:1) = U(:,i+1:1) - bsxfun(@times,A(i,:)...
*U(:,1+1:1)/(1+A (1, :)*U(:,1)),U(:,1));
$Update Z_{i,j} vectors
x = x — (A(i,:)*x)/(1+A (1, :)*U(:,1))*U(:,1)
%$Update x via Sherman Morisson formula
if nargout > 1, info.X(:,1) = x; end
end

- Z0=1/lambda”2+inv(L'L) where L is regularization matrix

32

This is the Sherman Morrison iteration for the regularized least squares problem when the

regularization matrix is the identity matrix.

function [x, info] = shermanMorrisonIterationScaler (g,A,lambda);
function [s, info] = shermanMorrisonIteration(g,A,Z0)
Authors:
(c) Julianne Chung (e-mail: jmchung@vt.edu)

and Matthias Chung (e-mail: mcchung@vt.edu)

Description:
Given a least squares problem
minx ||Ax - b||_2"2 + lambda”2||x||-2"2
This methods solves the normal equations
(A'A + 1/lambda”2+I)x = g

x = inv(A'A + 1/lambda”2+I)g

Input arguments:

o0 o0 o° o O O A A A A A A A A N N N O O O O o ° o° o°

g - A'b
A - the A matrix in system Ax-b
lambda - regularization paramater
Output arguments:
X - Solution to regularized least squares problem
info - #
.X - step approximations

lambda=1/lambda”2;

and Joseph Slagel (email:slagelj@vt.edu) in December 2014

by using the Sherman-Morrison formula and avoiding to build any matrix.

Where I is the identity matrix and g=A'xb This method computes the vector



[1,n] = size(A); % get size of A

x = lambdax*g; % initialize solution vector
U=lambdax*A"; % initialize Z_{i,Jj} vectors
if nargout > 1, info.X = zeros(n,l); end

for i = 1:1 % loop over all rows of A

end

U(:,1+1:1) = U(:,1i+1:1) - bsxfun(@times,A (i,
*U(:,i+1:1)/(1+A (4, :)*U(:,1)),U0(:,1));
$Update z_{i, j} vectors

x = x — (A(1,:)*x)/(1+A (1, :)*xU(:,1))*U(:,1);
%$Update x via Sherman Morisson formula
if nargout > 1, info.X(:,1) = x; end

t) ...
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