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Abstract 

 

The stability of interconnected power converter systems has been an important 

focus of study in the field of power electronics and power systems. With the ever-

increasing application of electrical machines by means of electrification of vehicles, 

airplanes, and shipboards, a detailed study of the related dynamics is very important to 

ensure the proper implementation and stable behavior of the overall system. Linearization 

of rotating machine dynamics is well established. However, hardware techniques that 

verify these linear models are not well established. The present thesis advances a new 

technique for the hardware verification of a linear TBM of a PM machine. This technique 

can be extended to other types of machines. Using this modeling method, it is possible to 

have accurate behavior of electrical and mechanical terminal dynamics of the machine 

without detailed information about the internal structure of the machine, material 

characteristics, or topology of the machine. Instead, an accurate model of the electrical and 

mechanical terminals of the machine is achieved by measuring specific frequency 

responses of the machine to distinguish the dynamic relation of the various electrical and 

mechanical quantities of the machine. The directly measured frequency responses are 

coupled with the dynamics of the source and load in the electrical and mechanical terminals 

of the machine thus in order to decouple the described dynamics a mathematical process is 

used that results in decoupling of the controller and drive on the electrical side and the 

dynamics of the mechanical load and mechanical shaft at the mechanical terminal of the 

machine. The resulting model is the linear time-invariant representation of the electrical 

machine at a specific operating point of interest. Additionally, this work represents the 

application of this modeling method for accurate measurement of internal parameters of 

the machine such as inductances and mechanical inertia, and also characterization of the 

mechanical shaft coupler. The resulting unterminated model of the machine is a very 

important matter of information for system integrators and electrical and mechanical 



 

 

designs related to the application of the machine, to ensure the stable and sustainable 

operation of the machine. By incorporating and integrating a combination of commercially 

available devices such as frequency response analyzer, Hardware-In-The-Loop (HIL), 

Power-Hardware-In-The-Loop (PHIL) and various other electrical and mechanical 

sensors, a test setup has been developed that is capable of operating and studying arbitrary 

frame small-signal related measurements required for terminal behavioral modeling of the 

electrical machines. The resulting model of the machine that has been extracted from this 

modeling method is then used to compare in the time domain with the real machine in the 

case of transient change in the mechanical load on the shaft to discover the validity of this 

modeling procedure.  
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Arash Nazari 

 

General Audience Abstract 

 

According to the data from the International Energy Agency, around half of the electricity 

used globally is consumed by electric motors. Moreover, the growth in the electric vehicle 

industry will increase their application even further, hence the development of high-fidelity 

models of electric machines for real-time emulation, system-level analyses, and stability 

studies still stands out as an important and needed research focus. New modeling concepts 

that go beyond the standard industry practice can be used at the design and integration stage 

to ensure the stable behavior of the overall system. Furthermore, convenient testing and 

identification pressures can help ensure the long-term operation of the system. Aligned 

with this trend, this thesis is studying permanent magnet synchronous machines (PMSM) 

using small-signal terminal-behavioral three-port networks. Having such a behavioral 

model of the machine available provides many opportunities for system integrators, and 

even enables an in-situ system observation and stability assessment at both the machine’s 

electrical and mechanical interfaces. This capability can undoubtedly be of high 

importance in practice, as it offers new insights into dynamic interactions of the electro-

mechanical systems, the governor or turbine control design in ships, aircraft, electrical 

vehicles, and even large synchronous machines in power plants. A so-called 

characterization testbed has been built that combines Hardware-In-The-Loop (HIL) and 

Power-Hardware-In-The-Loop (PHIL) environments, with sensor-interface boards that are 

used to properly scale measured signals for machine control. The frequency-response-

analyzer is used to sweep the proper electrical or mechanical terminal of the machine by 

perturbing the proper control signal within the machine controller running in PHIL and 

reading d-q currents, voltages, torque, and speed variables whose dynamic ratios are then 

obtained without the need for interrupting the normal operation of the electrical machine. 



 

 

The capability of acquiring such a detailed model of the machine while the machine is in 

operation is an important benefit of this modeling method, in comparison to the 

conventional identification methods widely applied in the industry.  The resulting model is 

a linearized time-invariant representation of the electrical machine at a specific operating 

point of interest and can be used by system integrators to ensure the stability of the system 

using well-known stability assessment methodologies. Furthermore, this modeling strategy 

has been experimentally verified for the first time on electrical machines, and the resulting 

model has been compared with the transient behavior of the machine in the presence of a 

step change in the mechanical load of the machine.  
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1. Chapter 1 

Introduction 

This chapter starts with the general motivation and objectives related to the 

modeling and simulation of power converter systems. This general demonstration of the 

importance of the matter is followed by a short description of different common methods 

for modeling and simulation of the power converter system, such as conventional average 

models, detailed switching models, dynamic phasor models and terminal behavioral 

models, their pros and cons, and the application of each methodology. Additionally, the 

terminal behavioral model is described in detail. Finally, at the end of the chapter the thesis 

outline is described. 

1.1 Motivation And Objectives 

Penetration of distributed energy resources into the electrical grid has accelerated 

in previous decades because of the global increase in electricity demand, growing 

environmental concerns associated with the conventional form of the electrical grid, and 

increasing government policies. The global distributed energy generation market size was 

valued at 242.6 billion USD in 2019, and is expected to grow at a compound annual growth 

rate (CAGR) of 11.5% from 2020 to 2027 [1]. Factors such as growing environmental 

awareness, increasing government regulations and emission reduction targets, and the 

demand for energy are expected to drive the market over the forecast period. With increases 

in the deployment of distributed and renewable energy resources, the application of power 

electronics as power processing units between sources, loads and energy storage systems 

has also increased. Enabled by significant flexibility and controllability of power 

electronics units, the future power system will have much better control characteristics and 

overall efficiency. On the other hand, the future power system will have more complexity 

associated with control and operation, due to the intermittent nature of distributed and 

renewable energy resources and the high complexity of a grid that includes many power 

electronics units. Voltage and frequency deviation problems emerge more often when the 

reverse power flow occurs under a supply-demand imbalance in distributed power systems. 
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To ensure the stability and sustainability of the power grid in the future, proper simulations 

and modeling of large-scale interconnected power electronics units are essential; however, 

due to the lack of availability of detailed high fidelity models and the computational burden 

associated with the simulation of detailed models, simplifications of power electronics 

circuits in the form of average models or simplified equivalent representations of different 

elements of the power system are often essential to avoiding very long and impractical 

simulation times. Additionally, the impracticality of gathering detailed information about 

all of the internal elements of a complex system of interconnected power converters are 

also inconvenient. These challenges have been motivations for developing fundamental 

approaches to tackle the aforementioned problems.  

1.2 Detailed Switching Models  

Using detailed switching models, it is possible to observe and understand the 

operation of power converters at different switching stages. This model can be used to 

accurately observe the time domain representation of currents and voltages of the model 

and use this information for choosing proper components for the circuitry [2]. Detailed 

switching models require detailed information of the topology, circuitry, and control 

aspects of the power convers to represent an accurate operation of the system. Additionally, 

using detailed switching modeling methodology it is possible to accurately observe or 

estimate the voltage and currents of different elements of the system during the switching 

cycle, enabling capabilities for the designing of components or evaluating the shortcomings 

of the design by observing the time domain representation of voltage and currents. If 

detailed information about different aspects of the power converters, such as circuit, control 

and operational conditions are available, then this modeling method can be developed to 

study the characteristics of these systems. Additionally, the simulating run time required is 

usually high as a result of the computational burden associated with this modeling method. 

This factor limits the application of this methodology to small models, such as one or a 

small number of interconnected power converters since modeling large combination of 

interconnected power converts would be impractically time consuming. These main 

limitations associated with this methodology are important limiting factors, as well as 

incentive for exploring other modeling solutions.  
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1.3 Average Models 

Average models are widely used in the field of power electronics. Utilization and 

adoption of average models for power converters were first proposed by Wester and 

Middlebrook [3] By averaging over the duty cycle it is possible to develop models that, in 

comparison to the detailed switching model, are much more computationally efficient, at 

the cost of lower details, although they are still suitable for many of the modeling and 

control requirements in the design and operation stage. Resulting models from this 

methodology neglect the switching action while representing a continuous model that still 

represents the nonlinear control dynamics of the converters. Unlike the detailed switching 

models, the timestep associated with computerized simulated models resulting from this 

methodology can be much larger than the switching cycle, resulting in faster simulations 

achieved with this method. While the simplicity associated with this method makes it 

applicable for modeling systems of interconnected power converters, the lack of 

representation of the switching action and the resulting harmonics could potentially result 

in unwanted harmonic interactions in the real implementation of the power converters.[4] 

Observing harmonic interactions resulting from the switching action and PWM modulators 

of different interconnected converters are an example that reveals the insufficient solution 

that this method represents in applications that require high degree of accuracy and 

reliability.   

1.4 Dynamic Phasor Models 

 Dynamic phasor model, also known as generalized state space models, is a 

modeling method that represents the model of the system in the time-frequency domain 

[5]. This modeling method can represent the switching harmonics accurately however it is 

still more computationally efficient in comparison to the detailed switching model [4]. In 

comparison to the conventional average models, this model can also show the harmonic 

interactions between the interconnected power converters, resulting in more realistic model 

of the system [6]. Taking multiple pre-assumptions into account, by using this 

methodology, it has been possible to observe harmonic iteration instability instances that 

are observable with detailed switching models, but the conventional average models cannot 
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show [4], [6]. While providing proper solutions to some of the challenges of modeling and 

simulation, this method still has some limitations. The computational efficiency associated 

with this modeling method is dependent of the number of harmonics included in the model. 

Additionally, in the case of unstable cases that are discoverable with this method, intuitive 

insights for the selection of combination of harmonics required for study of occurrence of 

the unstable case are still to be discovered. The need for detailed information about the 

components, topology, circuitry and control aspects of the system are also another limiting 

factor for developing models based on this methodology. The advantages and 

disadvantages of this methodology are more or less observed in other related frequency 

modeling methods such as Harmonic State Space model [7].  

1.5 Terminal Behavioral Models 

Detailed information about the components, topology, circuitry, and control aspects 

of systems are not always easily achievable, thus modeling and simulation of systems 

experiences an important challenge that need to be addressed. A two-port electrical 

equivalent model of the DC power converters has been developed steadily since the 1970s 

through the work represented by Middlebrook [8]. This proposed approach has been a very 

convenient methodology to model the complex dynamic systems that involve multiple 

interconnected power converters. Dynamic interactions between the various 

interconnected power converters in the load and source can result in well-known 

oscillations and instability modes in the systems that have power electronics units 

integrated inside them [9], [10]. Individual power converters that comprise a complex 

system can be individually modeled and simulated using the two-port network and as a 

result, modeling and simulation of the complex system of interconnected power converters 

can be compartmentalized, resulting in facilitation of known small-signal stability 

assessment methodologies to assure the overall stability of the combined complex system. 

[10]–[12], As a result, controller design as well as some component design constraints can 

be incorporated to tackle the stability requirements of the system. Details of the controller 

structure and values, as well as topology and detailed information of the power converters 

are usually not shared by manufacturers to satisfy the intellectual property protection 

policies However, when using the two-port modeling method it is possible to estimate the 
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necessary behavioral model of the power converters to perform proper stability assessment 

of the system without the need for detailed information about the internal circuitry or 

control design of the power converter. Two-port networks have been widely used in power 

electronics in a variety of applications, such as simulations related to the spacecraft power 

system [13], characterization of the nonlinear components of the power electronics circuit 

such as PWM modulator [14], modeling and simulation of DC-DC converters, modeling 

active rectifiers [15], [16] and designing resonant converters [17], [18] and piezoelectric 

circuits [19]. Furthermore, the issues related to the electromagnetic interference have also 

been a topic of focus related to this modeling method by representing the circuitry in a two 

port or one port fashion. These models are represented by one-port or two-port networks 

[20], [21]. It is important to observe that the application of one-port networks-based models 

is constrained because the load or source of the object of the modeling turns out to be part 

of the model. Therefore, the model is restricted to be used for that particular load or source. 

The application of network models with more than one port allows for decoupling the 

effects of the dynamics of what is supplying and loading the model. This possibility is 

explored and elaborated in the case of PM machines in this paper. The representation of 

three-phase AC converters with synchronous d-q reference frames was formalized in [22] 

This kind of modeling makes it easy to linearize the converters because the operation points 

in a steady state are constant values. However, a multiple-input and multiple-output 

(MIMO) impedance matrix is formed in dq-frame. The matrix is composed of single-input, 

single-output transfer functions and the stability of three-phase converters must be inferred 

by the generalized Nyquist criterion. This work propelled research regarding the modeling 

of the converters in these frames and provided new tools for accessing the stability of power 

electronics systems [23]–[26]. The alternative for linearizing the converter, represented in 

AC sequence components, is with the technique known as harmonic linearization [27]. 

Permanent magnetic synchronous machines (PMSM) are electromechanical devices of 

increasing relevance nowadays. Due to their high torque density, efficiency, and 

controllability for a broad range of speeds, PMSMs are gaining market share in applications 

such as electric vehicles [28], traction systems, and robotics [29] The stability issues of 

these machines related to their electrical ports have been tackled in the literature. Work 

represented in [30], suggested to use impedance analysis to investigate the problem of sub-
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synchronous electrical oscillations caused by the interaction of wind farms and the power 

grid through a dc-link. However, the authors do not provide any procedure for modeling 

the PMSM as a Thevenin equivalent. The issue of oscillations in the PMSM mechanical 

drive is well-reported in the literature [31], [32]. However, the models are either a complete 

set of nonlinear equations or linearized in a state-space form, which is not convenient to 

apply to the impedance analysis and requires detailed knowledge of the components of 

system. This thesis proposes to model the PMSM with a three-port network circuit. Two 

of these ports refer to the electrical connection of the machine in d-q channels. The third 

one is related to the rotor connection with the mechanical load. The model is composed of 

a set of nine transfer functions relating the d and q voltages and currents of the electrical 

ports with the torque and speed of the mechanical port. This model is obtained through 

sweeping sinusoidal perturbations on the machine ports. However, the transfer function 

obtained through these perturbations includes the dynamics of the electrical source and 

mechanical load of the PMSM operating as a motor. These dynamics must be decoupled 

from the final three-port network model. Toward this end, an extension of the work 

discussed in [11] where the model is obtained by the product of two matrices is proposed. 

The first matrix is composed of elements of the measured transfer functions. The second is 

also composed of measured transfer functions and serves as a linear transformation to 

decouple the source and load port’s influence on the first matrix [33] . To extend the cited 

work, we define a mechanical impedance as the ratio of the torque over the rotor speed. 

The voltage perturbation signals on the PMSM electrical d-q ports are driven by a vector 

control technique based on the flux orientation principle [34]. This drive system is a 

standard option to control the machines because it has a better dynamic response than scalar 

drive approaches. Furthermore, its references are defined in the d-q reference frame as it is 

the PMSM network model for its electrical ports. A mechanically coupled induction 

machine is used to impose the perturbation torque signal on the rotor’s shaft. 

 

1.6 Terminal Behavioral Models for Electrical Machines  

The application of permanent magnet synchronous machines (PMSM) has been 

growing due to their high-power density and torque characteristics that make them a 
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compact solution to a wide variety of applications, such as wind farms, electrical vehicles, 

ship propulsion systems, and aircrafts [35]–[37]. Proper integration of this electro-

mechanical component to the system requires detailed and high-fidelity models that 

represent the electrical and mechanical characteristics of the machine accurately. Without 

having such models of the machine and applying proper stability assessment techniques to 

the system, its reliability and sustainability of the operation of such systems would be 

questionable. To tackle this matter, this thesis proposes adopting the so-called terminal 

behavioral modeling method to electrical machines and, for the first time, experimentally 

verify this matter by developing a characterization test bed capable of controlling the 

machine, operating the machine at the operating point of interest, and measuring various 

electrical and mechanically related frequency responses from the source and load 

terminals. The unterminated model of the machine is developed by representing the 

machine as a three-port linear network in which two of the ports are related to the electrical 

connections and the third describes the mechanical connection of the machine to the shaft 

coupler. The electrical ports are described in the synchronous d-q reference frame, and the 

mechanical one is featured in the form of a mechanical impedance. Using the decoupling 

procedure related to the TBM modeling study, it is possible to decouple the dynamics of 

the electrical connection, such as the dynamics of the current and speed controller, as well 

as the mechanical dynamics coupled through the mechanical shaft of the machine.  

 

 

1.7 Thesis Outline 

This thesis includes various topics related to the application of a modeling 

methodology for high fidelity emulation of permanent magnet synchronous machines. 

Detailed background study, mathematical derivation, simulation results, and hardware 

verification of the methodology are represented throughout the chapters of this thesis.  

Chapter 1 provides a more general survey of different modeling and simulation 

approaches that are common for modeling of various electrical systems and advantages 

and disadvantages that are associated with each molding method. survey of the published 

work around two-port network models of power converters and the terminal behavioral 
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modeling method are then discussed in details. Their necessity, application, and a summary 

of the results and comparisons that are already established using this modeling 

methodology are also discussed in this chapter. 

Chapter 2 presents the conventional dynamic modeling method for permanent 

magnet machines as well as details related to controller design strategy and time domain 

simulations of the resulting model. Additionally, since the mechanical torque on the shaft 

is being imposed using an induction machine, the dynamic mode of induction machine is 

also presented in this chapter. The state-space model and small signal model of PM 

machines is also developed is this chapter. These representations are then used in next 

chapter to demonstrate the capabilities of the TBM decoupling procedure in decoupling the 

source and load dynamics.   

Chapter 3 represents the application of TBM modeling methodology to permanent 

magnet synchronous machines. In this chapter, the details of required frequency response 

measurements that are necessary for obtaining the TBM model of the machine, as well as 

details of the decoupling procedure are presented in details. Mathematical explanation of 

the decoupling method is first presented and then followed by simulation results. For 

preparing the simulation result, the dynamic model of permanent magnet machine is used 

and the model of induction machine is also used to provide the torque perturbations.  

Chapter 4 represents the hardware implementation aspect and real case experiments 

related to this modeling method.  Introduction of Hardware-In-The-Loop (HIL) and Power-

Hardware-In-The-Loop (PHIL), frequency response analyzer, and various other 

implementation challenges are elaborated on in this section. Additionally, the 

characterization of the mechanical shaft interface is also discussed in detail in this section. 

Finally, this chapter includes the comparison of the resulting TBM model and time domain 

response acquired from the experimental test setup to verify the model.   

Chapter 5 includes summaries of the results achieved through this thesis including 

the advantages and disadvantages of real case implementation and challenges related to the 

experimental implementation of the system. Additionally, this chapter presents insights for 

future research plans related to this work.  
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2. Chapter 2 

Introduction 

Permanent magnet synchronous machines provide superior power density and 

torque characteristics in comparison to other types of electrical machines. These 

characteristics are the reason for the implementation of such machines in wide variety of 

applications such as EV industry. Various car manufacturers use this type of the machine 

for the purpose of traction and with ever-increasing trends in application of electrical 

vehicles, the overall instances of using this kind of machines are an increasing trend. Usage 

of this type of machines in electrical appliances in residential and commercial domains are 

also increasing. Main focus of this chapter is developing the dynamic model of machines 

and control to prepare the requirements needed for terminal behavioral modeling study.  

2.1 Different Types of PM Machines  

Different types of PM machines have been developed relevant to different 

applications. The main categories of the permanent magnet machines include slot-less 

stator, slotted stator, radial flux, or axial flux type. Additionally, locations of the permanent 

magnets on the rotor could be different to form different types of machines. These magnets 

could be installed on the surface of the rotor or integrated inside the rotor core sheets. In 

the case of surface-mounted magnets, the d and q axes inductances are very close to each 

other since the permeability of the magnetic material is very close to the permeability of 

the air. The type of machine used in the experimental implementation section of this thesis, 

is the surface mount type of PM machine. Different design considerations such as geometry, 

material and various simulations and analysis are taken into account for developing these 

types of machines [38]. 

2.2 Modeling of Permanent Magnet Synchronous Motor  

In this section, a conventional dynamic mode of PMSM is represented. Equations 

that describe the terminal voltage of the motor in abc frame can be written as Eqn. (2.1) 
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where 𝑣𝑎𝑏𝑐 is the terminal voltage of the stator winding, 𝑖𝑎𝑏𝑐 is the stator winding current, 

λ𝑎𝑏𝑐are the total flux linkage. 𝜆𝑎𝑏𝑐𝑚 represents the permanent magnet flux linkage and 

𝑅𝑠 is the stator winding resistance. 

[

𝑣𝑎
𝑣𝑏
𝑣𝑐

]
⏟
 Vabc

= [

𝑅𝑠 0 0
0 𝑅𝑠 0
0 0 𝑅𝑠

]

⏟        
Stator Resistance Matrix 

[

𝑖𝑎
𝑖𝑏
𝑖𝑐

]
⏟
 iabc

+
𝑑

𝑑𝑡
[

𝜆𝑎
𝜆𝑏
𝜆𝑐

]

⏟
 λabc

 
(2.1) 

[

𝜆𝑎
𝜆𝑏
𝜆𝑐

] = [

𝐿𝑎𝑎    𝐿𝑎𝑏    𝐿𝑎𝑐
𝐿𝑏𝑎    𝐿𝑏𝑏    𝐿𝑏𝑐
𝐿𝑐𝑎    𝐿𝑐𝑏    𝐿𝑐𝑐

]

⏟          
Inductance Matrix 

[

𝑖𝑎
𝑖𝑏
𝑖𝑐

]+[

𝜆𝑎𝑚
𝜆𝑏𝑚
𝜆𝑐𝑚

]

⏟  
 𝜆𝑎𝑏𝑐𝑚

                                              (2.2) 

    

𝐿𝑎𝑎 , 𝐿𝑏𝑏 and 𝐿𝑐𝑐  represent the self-inductances while other components of the inductance 

matrix represent the mutual inductances as it is shown in Eqn. (2.3) -(2-9).  

  

𝐿𝑎𝑏 = 𝐿𝑏𝑎 = −𝑀𝑠 − 𝐿𝑚 𝑐𝑜𝑠 (2 (𝜃𝑒 +
𝜋

6
)                                      (2.3) 

𝐿𝑏𝑐 = 𝐿𝑐𝑏 = −𝑀𝑠 − 𝐿𝑚 𝑐𝑜𝑠 (2 (𝜃𝑒 +
𝜋

6
−
2𝜋

3
)                              (2.4) 

𝐿𝑐𝑎 = 𝐿𝑎𝑐 = −𝑀𝑠 − 𝐿𝑚𝑐𝑜𝑠 (2 (𝜃𝑒 +
𝜋

6
+
2𝜋

3
)                              (2.5) 

𝐿𝑎𝑎 = 𝐿𝑠 + 𝐿𝑚 𝑐𝑜𝑠 2𝜃𝑒                                                                       (2.6) 

𝐿𝑏𝑏 = 𝐿𝑠 + 𝐿𝑚𝑐𝑜𝑠 (2(𝜃𝑒 − 2𝜋/3)                                                   (2.7) 

𝐿𝑐𝑐 = 𝐿𝑠 + 𝐿𝑚𝑐𝑜𝑠 (2(𝜃𝑒 + 2𝜋/3)                                                   (2.8) 

 

[

𝜆𝑎𝑚
𝜆𝑏𝑚
𝜆𝑐𝑚

] = [

𝜆𝑚𝑐𝑜𝑠 𝜃𝑒
𝜆𝑚𝑐𝑜𝑠 (𝜃𝑒 − 2𝜋/3)

𝜆𝑚𝑐𝑜𝑠 (𝜃𝑒 + 2𝜋/3)
]                                                       (2.9) 

 Equation (2.10) and (2.11) shows the Park-Clarke transformation and inverse Park-

Clarke transformation. Using this transformation, it is possible form d-q representation of 

the variables which is then used to intuitively control and operate the machine.  
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𝑥𝑑𝑞0 = √
2

3

[
 
 
 
 
 𝑐𝑜𝑠(𝜃) 𝑐𝑜𝑠 (𝜃 −

2𝜋

3
) 𝑐𝑜𝑠 (𝜃 +

2𝜋

3
)

− 𝑠𝑖𝑛(𝜃) − 𝑠𝑖𝑛 (𝜃 −
2𝜋

3
) − 𝑠𝑖𝑛 (𝜃 +

2𝜋

3
)

√
1

2
√
1

2
√
1

2 ]
 
 
 
 
 

[
𝑎
𝑏
𝑐
]                    (2.10)          

                             

𝑥𝑎𝑏𝑐 = √
2

3

[
 
 
 
 
 
 𝑐𝑜𝑠 (𝜃) −𝑠𝑖𝑛 (𝜃) √

1

2

𝑐𝑜𝑠 (𝜃 −
2𝜋

3
) −𝑠𝑖𝑛 (𝜃 −

2𝜋

3
) √

1

2

𝑐𝑜𝑠 (𝜃 +
2𝜋

3
) −𝑠𝑖𝑛 (𝜃 +

2𝜋

3
) √

1

2]
 
 
 
 
 
 

[
𝑑
𝑞
0
]                (2.11) 

 

Applying Park’s transformation to the equation above, the dq model can be 

obtained. The d axis is aligned with the magnetic flux, and the q axis is aligned with the 

torque. Therefore, the motor model in the d-q frame can be written as Eqn. (2.12)- (2.14). 

𝑣𝑑 = 𝑅𝑠𝑖𝑑 + 𝐿𝑑
𝑑𝑖𝑑

𝑑𝑡
−𝑁𝜔𝑖𝑞𝐿𝑞                                                 (2.12) 

𝑣𝑞 = 𝑅𝑠𝑖𝑞 + 𝐿𝑞
𝑑𝑖𝑞

𝑑𝑡
+𝑁𝜔(𝑖𝑑𝐿𝑑 + 𝜓𝑚)                                       (2.13) 

𝑇𝑒 =
3

2
𝑁(𝑖𝑞(𝑖𝑑𝐿𝑑 + 𝜓𝑚) − 𝑖𝑑𝑖𝑞𝐿𝑞)                                         (2.14) 

 

The equation that relates the electrical torque, load torque, bearing friction and 

speed of the rotor is then defined as Eqn. (2.13).   

𝑇𝑒 = 𝑇𝐿 + 𝐵𝜔𝑚 + 𝐽
𝑑𝜔𝑚
𝑑𝑡

  
(2.15) 

𝑇𝑒 and 𝑇𝑙 represent the mechanical torque generated by the motor and load torque. 

𝐵 represents the mechanical friction. 𝜔𝑚 represents the rotational speed of the rotor and 𝐽 

represents the inertia. Using above equations, the dynamic model of the PMSM can be 

developed. This model is then used to develop Terminal Behavioral Model (TBM) and 
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validate the results. Fig. 2.1 shows the Simulink model which is representing the same 

equations that were discussed in part 2.2.    

 

 

Figure 2.1:  PMSM Conventional Dynamic Model (CMD) in Simulink  
 

This conventional dynamic model is used to implement the Terminal Behavioral 

Modeling method and validate the mathematical derivation for decoupling the dynamics 

of the load and source. This model is a nonlinear model however as it is demonstrated later 

in this thesis, it is possible to use the linearized representation of this model at the operating 

point of interest to develop the required frequency responses needed for TBM study.  

2.3 State Space Model of PMSM  

As it was shown in the previous part, equations of the PMSM can be described in 

d-q coordinates (2.14)- (2.16). As we can see in this representation, we have multiplication 

of the state variables. In the case that we want to develop the state space representation of 

the PMSM we need to write the linearized form of this equations.  
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𝑑𝑖𝑑

𝑑𝑡
= −

𝑅𝑠

𝐿𝑑
𝑖𝑑 +

𝐿𝑞𝑝

𝐿𝑑
𝜔𝑖𝑞 +

1

𝐿𝑑
𝑢𝑑                                           (2.16) 

𝑑𝑖𝑞

𝑑𝑡
= −

𝑅𝑠

𝐿𝑞
𝑖𝑞 −

𝐿𝑑𝑝

𝐿𝑞
𝜔𝑖𝑑 −

𝑝𝜓𝑓

𝐿𝑞
𝜔 +

1

𝐿𝑞
𝑢𝑞                             (2.17) 

𝑑𝜔

𝑑𝑡
=
1

𝐽
[
3𝑝

2
(𝜓𝑓𝑖𝑞 + (𝐿𝑑 − 𝐿𝑞)𝑖𝑑𝑖𝑞) − 𝑇𝐹 − 𝑇𝐿]                (2.18) 

 

In these equations 𝑖𝑑 , 𝑖𝑞 , 𝑢𝑑 and 𝑢𝑞 represent the current and voltage of the stator 

in d and q axis. 𝐿𝑑  and 𝐿𝑞 represent the d and q axis inductances. 𝜔  represents the rotational 

speed and 𝑇𝐿 and 𝑇𝐹  represent the load torque and friction torque. 𝑝 represents the number 

of poles and 𝑅𝑠 represent the stator resistance. Using Taylor series, a function can be 

approximated at a specific point using Eqn. (2.17). 

𝑓(𝑥⃗, 𝑢⃗⃗) = 𝑓(𝑥⃗0, 𝑢⃗⃗0) +
𝜕𝑓(𝑥⃗0, 𝑢⃗⃗0)

𝜕𝑥⃗
⋅ (𝑥⃗ − 𝑥⃗0) +

𝜕𝑓(𝑥⃗0, 𝑢⃗⃗0)

𝜕𝑢⃗⃗

⋅ (𝑢⃗⃗ − 𝑢⃗⃗0) 

+
1

2!
[
𝜕2𝑓(𝑥⃗0, 𝑢⃗⃗0)

𝜕𝑥⃗2
⋅ (𝑥⃗ − 𝑥⃗0)

2 + 2
𝜕2𝑓(𝑥⃗0, 𝑢⃗⃗0)

𝜕𝑥⃗𝜕𝑢⃗⃗

⋅ (𝑥⃗ − 𝑥⃗0)(𝑢⃗⃗ − 𝑢⃗⃗0) +
𝜕2𝑓(𝑥⃗0, 𝑢⃗⃗0)

𝜕𝑢⃗⃗2
⋅ (𝑢⃗⃗ − 𝑢⃗⃗0)

2] 

(2.17) 

 

By using the first three terms of the Taylor series we can approximate the 

multiplication form that appear in Eqn. (2.14)- (2.16) as the Eqn. (2.18)- (2.20).  

𝜔𝑖𝑞 ≈ 𝜔0𝑖𝑞0 +𝜔0(𝑖𝑞 − 𝑖𝑞0) + 𝑖𝑞0(𝜔 − 𝜔0)                                        (2.18) 

𝜔𝑖𝑑 ≈ 𝜔0𝑖𝑑0 +𝜔0(𝑖𝑑 − 𝑖𝑑0) + 𝑖𝑑0(𝜔 − 𝜔0)                                        (2.19) 

𝑖𝑑𝑖𝑞 ≈ 𝑖𝑑0𝑖𝑞0 + 𝑖𝑑0(𝑖𝑞 − 𝑖𝑞0) + 𝑖𝑞0(𝑖𝑑 − 𝑖𝑑0)                                       (2.20) 

 

By substituting the linearized form of the multiplication to the original equations, 

we can achieve the linearized equations at specific operating point as Eqn. (2.21)- (2.23) 

show. 
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(2.21) 

𝑑𝑖𝑑
𝑑𝑡

= −
𝑅𝑠
𝐿𝑑
𝑖𝑑 +

𝐿𝑞𝑝

𝐿𝑑
𝜔0𝑖𝑞0 +

𝐿𝑞𝑝

𝐿𝑑
𝜔0(𝑖𝑞 − 𝑖𝑞0) +

𝐿𝑞𝑝

𝐿𝑑
𝑖𝑞0(𝜔 − 𝜔0) +

1

𝐿𝑑
𝑢𝑑 

                                  

(2.22) 

𝑑𝑖𝑞
𝑑𝑡

= −
𝑅𝑠
𝐿𝑞
𝑖𝑞 −

𝐿𝑑𝑝

𝐿𝑞
𝜔0𝑖𝑑0 +−

𝐿𝑑𝑝

𝐿𝑞
𝜔0(𝑖𝑑 − 𝑖𝑑0) −

𝐿𝑑𝑝

𝐿𝑞
𝑖𝑑0(𝜔 − 𝜔0)

−
𝑝𝜓𝑓

𝐿𝑞
𝜔 +

1

𝐿𝑞
𝑢𝑞                          

(2.23) 

𝑑𝜔

𝑑𝑡
=
1

𝐽
[
3𝑝

2
(𝜓𝑓𝑖𝑞 + (𝐿𝑑 − 𝐿𝑞)𝑖𝑑0𝑖𝑞0 + (𝐿𝑑 − 𝐿𝑞)𝑖𝑑0(𝑖𝑞 − 𝑖𝑞0) +

(𝐿𝑑 − 𝐿𝑞)𝑖𝑞0(𝑖𝑑 − 𝑖𝑑0)) − 𝐵𝜔 − 𝑇𝐿]  

                    

  

In this equation friction torque is approximated with a constant 𝐵 multiplied by the 

angular speed. The resulting equations can be used to form the standard form of state space 

model as Eqn. (2.24).  

[
 
 
 
 
 
𝑑𝑖𝑑
𝑑𝑡
𝑑𝑖𝑞

𝑑𝑡
𝑑𝜔𝑚
𝑑𝑡 ]

 
 
 
 
 

=

[
 
 
 
 
 
 −

𝑅𝑠
𝐿𝑑

𝐿𝑞𝑝

𝐿𝑑
𝜔0

𝐿𝑞𝑝

𝐿𝑑
𝑖𝑞0

−
𝐿𝑑𝑝

𝐿𝑞
𝜔0 −

𝑅𝑠
𝐿𝑞
 −

𝐿𝑑𝑝

𝐿𝑞
𝑖𝑑0 −

𝑝𝜓𝑓

𝐿𝑞
3𝑝

2𝐽
(𝐿𝑑 − 𝐿𝑞)𝑖𝑞0

3𝑝

2𝐽
(𝜓𝑓 + (𝐿𝑑 − 𝐿𝑞)𝑖𝑑0) −

𝐵

𝐽 ]
 
 
 
 
 
 

[
𝑖𝑑
𝑖𝑞
𝜔𝑚

]

+

[
 
 
 
 
 
 
1

𝐿𝑑
0 0

0
1

𝐿𝑞
 0

0 0 −
1

𝐽]
 
 
 
 
 
 

[

𝑣𝑖𝑑
𝑣𝑖𝑞
    𝑇𝑜 

] +

[
 
 
 
 
 
 −

𝐿 𝑞 𝑖𝑞0𝜔0𝑝 

𝐿𝑑
𝐿𝑑𝑖𝑑0𝜔0𝑝

𝐿𝑞

−
3𝑝

2𝐽
(𝐿𝑑 − 𝐿𝑞)𝑖𝑑0𝑖𝑞0]

 
 
 
 
 
 

 

 

 

 

(2.24) 
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2.4 Small Signal Model of PMSM  

In this section small signal model of the PM machine is also developed and 

compared with the state space model. This model is based on the characteristics of the 

machine including the internal parameters and the operation point of the machine but it 

does not reflect on the dynamic characteristics of the electrical source or mechanical load 

connected to the machine.  By representing each state variable as the operating point steady 

state and small perturbation we can represent the variables as Eqn. (2.25).  

𝑥 = 𝑋 + 𝑥̃  (2.25) 

In equation above, 𝑋 is steady state value at a considered operating point and 𝑥̃ 

shows the small-signal perturbation. Table 2.1 shows all the state variables in the form of 

small signal and operating point steady state value. 𝑖𝑑, 𝑖𝑞, 𝑣𝑑 and 𝑣𝑞 are the current and 

voltage in d and q axis. 𝜔   and  𝑡 represent the speed and torque. 𝐼𝑑, 𝐼𝑞, 𝑉𝑑, 𝑉𝑞, 𝑇 𝑎𝑛𝑑 

𝑊 represent the operating point while , 𝑖̃𝑑, 𝑖̃𝑞, 𝑣̃𝑑 , 𝑣̃𝑞, 𝑡̃ and 𝜔̃ represent the small signal 

perturbation of the previously mentioned parameters 

𝑖𝑑 = 𝐼𝑑 + 𝑖̃𝑑 𝑣𝑑 = 𝑉𝑑 + 𝑣̃𝑑 𝑡 = 𝑇 + 𝑡̃ 
 

𝑖𝑞 = 𝐼𝑞 + 𝑖̃𝑞 

 

𝑣𝑞 = 𝑉𝑞 + 𝑣̃𝑞 

 

𝜔 = 𝑊 + 𝜔̃ 

 

Table 2.1: Small signal form of PMSM variables 

 

In this section the aforementioned representation of variables is substituting the 

original form of variables that are presented in Eqn. (2.14)- (2.16).  Eqn. (2.26)- (2.28) 

show substituted state variables by their small signal form.  

(2.26) 

𝑑(𝐼𝑑+𝑖̃𝑑)

𝑑𝑡
= −

𝑅𝑠

𝐿𝑑
(𝐼𝑑 + 𝑖̃𝑑) +

𝐿𝑞𝑝

𝐿𝑑
(𝑊 + 𝜔̃)(𝐼𝑞 + 𝑖̃𝑞) +

1

𝐿𝑑
(𝑉𝑑 + 𝑣̃𝑑)                                 

(2.27) 
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𝑑(𝐼𝑞+𝑖̃𝑞)

𝑑𝑡
= −

𝑅𝑠

𝐿𝑞
(𝐼𝑞 + 𝑖̃𝑞) −

𝐿𝑑𝑝

𝐿𝑞
(𝑊 + 𝜔̃)(𝐼𝑑 + 𝑖̃𝑑) −

𝑝𝜓𝑓

𝐿𝑞
(𝑊 + 𝜔̃) +

1

𝐿𝑞
(𝑉𝑞 + 𝑣̃𝑞)                                       

(2.28)  

𝑑(𝑊+𝜔̃)

𝑑𝑡
=
1

𝐽
[
3𝑝

2
(𝜓𝑓(𝐼𝑞 + 𝑖̃𝑞) + (𝐿𝑑 − 𝐿𝑞)(𝐼𝑑 + 𝑖̃𝑑)(𝐼𝑞 + 𝑖̃𝑞)) −

𝑇𝐿]                                         

 

Following, this representation of the equations is simplified to form small signal 

model of PM machine as the first step equation related to the d-axis current can be 

expanded as Eqn. (2.29).  

𝑑(𝐼𝑑 + 𝑖̃𝑑)

𝑑𝑡
= −

𝑅𝑠
𝐿𝑑
𝐼𝑑 −

𝑅𝑠
𝐿𝑑
𝑖̃𝑑 +

𝐿𝑞𝑝

𝐿𝑑
𝑊𝐼𝑞 +

𝐿𝑞𝑝

𝐿𝑑
𝐼𝑞𝜔̃ +

𝐿𝑞𝑝

𝐿𝑑
𝑖̃𝑞𝑊

+
𝐿𝑞𝑝

𝐿𝑑
𝑖̃𝑞𝜔̃ +

1

𝐿𝑑
𝑉𝑑 +

1

𝐿𝑑
𝑣̃𝑑  

(2.29) 

Values of the steady state signal form can be removed from the both side of the 

equation as represented in Eqn. (2.30).  

𝑑(𝐼𝑑)

𝑑𝑡
+
𝑑(𝑖𝑑̃)

𝑑𝑡
= −

𝑅𝑠
𝐿𝑑
𝐼𝑑 −

𝑅𝑠
𝐿𝑑
𝑖𝑑̃ +

𝐿𝑞𝑝

𝐿𝑑
𝑊𝐼𝑞 +

𝐿𝑞𝑝

𝐿𝑑
𝐼𝑞𝜔̃ +

𝐿𝑞𝑝

𝐿𝑑
𝑖̃𝑞𝑊+

𝐿𝑞𝑝

𝐿𝑑
𝑖̃𝑞𝜔̃

+
1

𝐿𝑑
𝑉𝑑 +

1

𝐿𝑑
𝑣̃𝑑 

 

(2.30) 

Since the perturbation signal has a small value, multiplication of the two 

perturbation signals will be very small and can be removed from the equation as it is shown 

in Eqn. (2.31)  

𝑑(𝑖̃𝑑)

𝑑𝑡
= −

𝑅𝑠
𝐿𝑑
𝑖̃𝑑 +

𝐿𝑞𝑝

𝐿𝑑
𝐼𝑞𝜔̃ +

𝐿𝑞𝑝

𝐿𝑑
𝑖̃𝑞𝑊+

𝐿𝑞𝑝

𝐿𝑑
𝑖̃𝑞𝜔̃ +

1

𝐿𝑑
𝑣̃𝑑 

 

(2.31) 
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Resulting small signal equation for the d-axis can be shown as Eqn. (2.32).  

𝑑𝑖̃𝑑
𝑑𝑡

= −
𝑅𝑠
𝐿𝑑
𝑖̃𝑑 +

𝐿𝑞𝑝

𝐿𝑑
𝐼𝑞𝜔̃ +

𝐿𝑞𝑝

𝐿𝑑
𝑖̃𝑞𝑊 +

1

𝐿𝑑
𝑣̃𝑑 

(2.32) 

 

Similarly, by replacing the small signal representation of variables for q-axis 

current, equation related to the q-axis current can be expanded as Eqn. (2.33).  

𝑑(𝐼𝑞 + 𝑖𝑞̃)

𝑑𝑡
= −

𝑅𝑠
𝐿𝑞
(𝐼𝑞 + 𝑖𝑞̃) −

𝐿𝑑𝑝

𝐿𝑞
(𝑊 + 𝜔̃)(𝐼𝑑 + 𝑖̃𝑑) −

𝑝𝜓𝑓

𝐿𝑞
(𝑊 + 𝜔̃) +

1

𝐿𝑞
(𝑉𝑞

+ 𝑣̃𝑞) 

(2.33) 

 
 

Values of the steady state signal form can be removed from both side of the 

equation since the perturbation signal has a small value, also multiplication of the two 

perturbation signals will be very small and can be removed from the equation as it is shown 

in Eqn.  (2.34).  

𝑑(𝐼𝑞)

𝑑𝑡
+
𝑑(𝑖̃𝑞)

𝑑𝑡
= −

𝑅𝑠
𝐿𝑞
𝐼𝑞 −

𝑅𝑠
𝐿𝑞
𝑖̃𝑞 −

𝐿𝑑𝑝

𝐿𝑞
𝑊𝐼𝑑 −

𝐿𝑑𝑝

𝐿𝑞
𝐼𝑑𝜔̃ −

𝐿𝑑𝑝

𝐿𝑞
𝑖̃𝑑𝑊

−
𝐿𝑑𝑝

𝐿𝑞
𝑖̃𝑑𝜔̃ −

𝑝𝜓𝑓

𝐿𝑞
𝑊 −

𝑝𝜓𝑓

𝐿𝑞
𝜔̃ +

1

𝐿𝑞
𝑉𝑞 +

1

𝐿𝑞
𝑣̃𝑞 

(2.34) 

Resulting small signal equation for the q-axis can be shown as Eqn. (2.35).  

𝑑𝑖̃𝑞
𝑑𝑡

= −
𝑅𝑠
𝐿𝑞
𝑖̃𝑞 −

𝐿𝑑𝑝

𝐿𝑞
𝐼𝑑𝜔̃ −

𝐿𝑑𝑝

𝐿𝑞
𝑖̃𝑑𝑊 −

𝑝𝜓𝑓
𝐿𝑞

𝜔̃ +
1

𝐿𝑞
𝑣̃𝑞 

 

(2.35) 

 

Similarly, this derivation can be developed for the equation that represent the speed 

of the machine. Equation related to the speed can be also expanded as Eqn. (2.36). 
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𝑑(𝑊 + 𝜔̃)

𝑑𝑡
=
1

𝐽
[
3𝑝

2
(𝜓𝑓(𝐼𝑞 + 𝑖̃𝑞) + (𝐿𝑑 − 𝐿𝑞)(𝐼𝑑𝐼𝑞 + 𝑖̃𝑑𝐼𝑞

+ 𝐼𝑑 𝑖̃𝑞 + 𝑖̃𝑑 𝑖̃𝑞)) − 𝐵𝑊 − 𝐵𝜔̃ − 𝑇 − 𝑡̃] 

 

 

(2.36) 

Values of the steady state signal form can be removed from both side of this 

equation as it is shown in Eqn. (2.37). 

𝑑(𝑊)

𝑑𝑡
+
𝑑(𝜔̃)

𝑑𝑡

=
1

𝐽
[
3𝑝

2
(𝜓𝑓(𝐼𝑞 + 𝑖̃𝑞) + (𝐿𝑑 − 𝐿𝑞)(𝐼𝑑𝐼𝑞 + 𝑖̃𝑑𝐼𝑞

+ 𝐼𝑑𝑖̃𝑞 + 𝑖̃𝑑 𝑖̃𝑞)) − 𝐵𝑊 − 𝐵𝜔̃ − 𝑇 − 𝑡̃] 

 

(2.37) 

 

 

Since the perturbation signal has a small value, multiplication of the two 

perturbation signals will be very small and can be removed from the equation. Resulting 

small signal equation for the speed can be shown as Eqn. (2.38). 

𝑑(𝜔̃)

𝑑𝑡
=
1

𝐽
[
3𝑝

2
(𝜓𝑓(𝑖̃𝑞) + (𝐿𝑑 − 𝐿𝑞)(𝑖̃𝑑𝐼𝑞 + 𝐼𝑑 𝑖̃𝑞)) − 𝐵𝜔̃ − 𝑡̃] 

(2.38) 

 

Resulting small signal equations are summarized in to from a matrix form. This 

equation set can be shown in the matrix form (2.39) to make it easier to be compared with 

the state space model.   
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[
 
 
 
 
 
𝑑𝑖𝑑̃
𝑑𝑡
𝑑𝑖𝑞̃

𝑑𝑡
𝑑𝜔̃

𝑑𝑡 ]
 
 
 
 
 

=

[
 
 
 
 
 
 −

𝑅𝑠
𝐿𝑑

𝐿𝑞𝑝

𝐿𝑑
𝑊

𝐿𝑞𝑝

𝐿𝑑
𝐼𝑞

−
𝐿𝑑𝑝

𝐿𝑞
𝑊 −

𝑅𝑠
𝐿𝑞

 −
𝐿𝑑𝑝

𝐿𝑞
𝐼𝑑 −

𝑝𝜓𝑓

𝐿𝑞
3𝑝

2𝐽
(𝐿𝑑 − 𝐿𝑞)𝐼𝑞

3𝑝

2𝐽
(𝜓𝑓 + (𝐿𝑑 − 𝐿𝑞)𝐼𝑑) −

𝐵

𝐽 ]
 
 
 
 
 
 

[
𝑖̃𝑑
𝑖̃𝑞
𝜔̃

]

+

[
 
 
 
 
 
 
1

𝐿𝑑
0 0

0
1

𝐿𝑞
 0

0 0 −
1

𝐽]
 
 
 
 
 
 

[

𝑣̃𝑑
𝑣̃𝑞
𝑡̃

] 

 

 

(2.39) 

 

It can be seen that the matrix of small signal equations is identical to the state space 

model in A and B matrix, however, in the small signal model the values of the operating 

point for the state variables are removed from both sides of the equations. By looking at 

the developed small signal model and state space model represent, it is clear that this model 

relies on the internal parameters of the machine as well as the operating point condition of 

the machine. This is a very important aspect of the developed model since it shows that the 

dynamics observed from such model can be different at non-similar operating point 

condition. In fact, as it is demonstrated in chapter 3, in order to compare the results of TBM 

modeling method with linearized models such as state space model, it is necessary to 

perform the TBM frequency response calculations and state space linearization at the same 

operating point otherwise different dynamics are expected to be observed.  

2.5 Modeling of Induction Machine 

Induction machines are the majority type of machines used in low power 

applications in the industries. Simplicity of operation and robust structure as well as 

simpler production process are the reasons for wide application of this type of machine. 

Different types of induction machines are developed for different applications. Induction 

machines are usually divided into two different categories on the basis of the rotor 

structure. Majority of the induction machines used in the industry are the type of squirrel 

cage. Conductive rotor bars are made of injected aluminum casting which provides both 

electrical paths required for the motor operation as well as holding the structural integrity 
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of the rotor. Wound rotor is another type of induction machines which is usually used for 

higher power applications. In the case of wound rotor, it is possible to change the resistance 

of the rotor circuit which is used to increase the startup torque in case the machine is 

operated without a variable frequency drive. Modeling and simulation of the induction 

machine is essential in this thesis since it plays the role of the mechanical load for the 

permanent magnet machine. The necessity of having the model and control for this 

machine is the motivation for detailed description of the models related to this type of 

machine. Models of the induction machine have been thoroughly studied in past surveys. 

In this thesis a simple model of the induction machine known as the dynamic model of the 

machine is represented. This model describes the induction machine with a limited number 

of equations that are required for a simple representation of the machine. Equations related 

to a three-phase induction machine can be represented as Eqn. (2.40)-(2.41). 

𝑣𝑎𝑏𝑐𝑠 = 𝑟𝑠𝑖𝑎𝑏𝑐𝑠 + 𝑠𝜆𝑎𝑏𝑐𝑠                                               (2.40) 

𝑣𝑎𝑏𝑐𝑟 = 𝑟𝑟𝑖𝑎𝑏𝑐𝑟 + 𝑠𝜆𝑎𝑏𝑐𝑟                                              (2.41) 

 

vabcs  and vabcr represent the matrixes of the three voltages of the stator and the 

rotor of the machine. In the case of squirl cage induction machine, the voltage on the rotor 

of the machine is zero since the rotor bars are shorted at the rotor structure. Also rs and rr 

represent the resistances of the stator and rotor in each phase. 𝜆abcs and 𝜆abcr represent the 

matrixes of the flux linkage for the stator and the rotor of the machine. 𝑠 is associated with 

the derivation of the term. 𝜆abcs and 𝜆abcr can be represented in detailed form as Eqn. 

(2.42). 

[
𝜆𝑎𝑏𝑐𝑠
𝜆𝑎𝑏𝑐𝑟

] = [
𝐿𝑠 𝐿𝑠𝑟
𝐿𝑠𝑟𝑇 𝐿𝑟

] [
𝑖𝑎𝑏𝑐𝑠
𝑖𝑎𝑏𝑐𝑟

]                                      (2.42) 

Inductances represented in the Eqn. (2.42) can be shown in details in the form of 

Eqn. (2.43)- (2.45).  
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𝐿𝑠 =

[
 
 
 
 𝐿𝑙𝑠 + 𝐿𝑚𝑠 −

1

2
𝐿𝑚𝑠 −

1

2
𝐿𝑚𝑠

−
1

2
𝐿𝑚𝑠 𝐿𝑙𝑠 + 𝐿𝑚𝑠 −

1

2
𝐿𝑚𝑠

−
1

2
𝐿𝑚𝑠 −

1

2
𝐿𝑚𝑠 𝐿𝑙𝑠 + 𝐿𝑚𝑠]

 
 
 
 

                                         (2.43) 

𝐿𝒓 =

[
 
 
 
 𝐿𝑙𝑟 + 𝐿𝑚𝑟 −

1

2
𝐿𝑚𝑟 −

1

2
𝐿𝑚𝑟

−
1

2
𝐿𝑚𝑟 𝐿𝑙𝑟 + 𝐿𝑚𝑟 −

1

2
𝐿𝑚𝑟

−
1

2
𝐿𝑚𝑟 −

1

2
𝐿𝑚𝑟 𝐿𝑙𝑟 + 𝐿𝑚𝑟]

 
 
 
 

                                        (2.44) 

𝐿𝑠𝑟 = 𝐿𝑠𝑟

[
 
 
 
 𝑐𝑜𝑠 (𝜃𝑟) 𝑐𝑜𝑠 (𝜃𝑟 +

2𝜋

3
) 𝑐𝑜𝑠 (𝜃𝑟 −

2𝜋

3
)

𝑐𝑜𝑠 (𝜃𝑟 −
2𝜋

3
) 𝑐𝑜𝑠 (𝜃𝑟) 𝑐𝑜𝑠 (𝜃𝑟 +

2𝜋

3
)

𝑐𝑜𝑠 (𝜃𝑟 +
2𝜋

3
) 𝑐𝑜𝑠 (𝜃𝑟 −

2𝜋

3
) 𝑐𝑜𝑠 (𝜃𝑟) ]

 
 
 
 

                   (2.45) 

 

 

In the equations, leakage magnetizing inductance of the rotor is represented as Eqn. 

(2.45) while leakage inductance of the stator is represented as Eqn. (2.44). Similar to the 

effort that was represented in the previous part for preparing the equations of the machine 

in the arbitrary reference frame, same derivation is represented in this section. By applying 

the Park-Clarke transformation to the original equations of the machine it is possible to 

represent the machine in the standard DQ representation. Using this transformation, 

equations of the machine are transformed to the stationary form as it is presented in Eqn. 

(2.46)- (2.49). 

(2.46) 

𝑉𝑑𝑠 = 𝑅𝑠𝑖𝑑𝑠 −𝜔[𝐿𝑠𝑠𝑖𝑞𝑠 + 𝐿𝑚𝑖𝑞𝑟] + 𝐿𝑠𝑠
𝑑(𝑖𝑑𝑠)

𝑑𝑡
+ 𝐿𝑚

𝑑(𝑖𝑑𝑟)

𝑑𝑡
                            

 

 

(2.47)               

𝑉𝑞𝑠 = 𝑅𝑠𝑖𝑞𝑠 +𝜔[𝐿𝑠𝑠𝑖𝑑𝑠 + 𝐿𝑚𝑖𝑑𝑟] + 𝐿𝑠𝑠
𝑑(𝑖𝑞𝑠)

𝑑𝑡
+ 𝐿𝑚

𝑑(𝑖𝑞𝑟) 

𝑑𝑡
                             

(2.48)                             
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𝑉𝑑𝑟 = 𝑅𝑟𝑖𝑑𝑟 − (𝜔 − 𝜔𝑟)[𝐿𝑟𝑟𝑖𝑞𝑟 + 𝐿𝑚𝑖𝑞𝑠] + 𝐿𝑟𝑟
𝑑(𝑖𝑑𝑟)

𝑑𝑡
+ 𝐿𝑚

𝑑(𝑖𝑑𝑠)

𝑑𝑡
                     

(2.49)       

𝑉𝑞𝑟 = 𝑅𝑟𝑖𝑞𝑟 + (𝜔 − 𝜔𝑟)[𝐿𝑟𝑟𝑖𝑑𝑟 + 𝐿𝑚𝑖𝑑𝑠] + 𝐿𝑟𝑟
𝑑𝑖𝑞𝑟

𝑑𝑡
+ 𝐿𝑚

𝑑(𝑖𝑞𝑠)

𝑑𝑡
                                

 

Equation related to the generated electromagnetic torque, torque on the shaft and 

bearing friction is also represented in Eqn. (2.50).  

 

𝑇𝑒 = (
3

2
) (

𝑃

2
) 𝐿𝑚(𝑖𝑞𝑠𝑖𝑑𝑟 − 𝑖𝑑𝑠𝑖𝑞𝑟)                                             (2.50) 

 

𝑑(𝜔𝑚)

𝑑𝑡
=
1

𝐽
(𝑇𝑒 − 𝑇𝑚 − 𝐵𝜔𝑚)                                            (2.51) 

 

In Eqn. (2.51) 𝑇𝑒 and 𝑇𝑚 represent the electromechanical torque generated by the 

motor and load torque. 𝐵 represents the mechanical friction. 𝜔𝑚 represents the rotational 

speed of the rotor and 𝐽 represents the inertia. Using above equations, the dynamic model 

of the IM can be developed in MATLAB Simulink to use as mechanical load connected to 

the PM machine.  

 

2.6 Vector Control of Permanent Magnet Synchronous 

Machine  

The motor control system applied to the Permanent Magnetic Synchronous 

Machine (PMSM) is created so that the machine is operated at the operating point of 

interest and controlled perturbations signals can be imposed on its mechanical and 

electrical interfaces. The final goal is to perform a dynamic characterization of the PM 

machine described earlier in the thesis. d-q control with rotor position sensing in PM 

machines conveniently decouples torque and flux. The direct, or d-axis, and quadrature, or 

q-axis, currents are controlled by the drive system. Fig. 2.3 shows the applied drive system 
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scheme for the PMSM machine. The block represented as Power Amplifier is representing 

the Power-Hardware-In-The-Loop that was used in this implementation. By providing the 

reference voltages in abc frame to the PHIL the same voltage is generated in the output 

terminal of the PHIL. For applying the control strategy that is represented in this thesis, 

having the rotor position is essential. The resolver installed on the PM machine shaft is 

used to estimate the position of the rotor. It generates two modulated sinusoidal waveforms 

that are fed to the control HIL to estimate the position and the speed of the rotor using an 

estimation algorithm. Details related to this block are represented in chapter 4. In this drive 

system, a controller controls the rotor speed through an outer loop that provides a reference 

for an inner control loop of the quadrature current. This current is proportional to the 

electromagnetic torque applied to the rotor, assuming the direct current is null. The drive 

is based on the Park transformation (and its inverse). The idea is taking advantage of the 

fact that balanced three-phase quantities can be represented by a vector spinning with a 

constant angular speed in a complex plane and that this vector can be decomposed into two 

axes spinning with the same speed.  
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Controller 

Speed 
Reference 

Current 
Controller+_

Park Transform 

Inverse 
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Power 
Amplifier

PM 
Machine

Ia Ib Ic 

Resolver 
Speed and Angle

 Estimator Algorithm

wo

Ɵ
 

Ɵ
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iiq

Vsq
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Current 
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Calculator

id_ref
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Figure 2.3: Field oriented control applied for the PMSM. 
 

By setting the reference value for the direct component of current to be zero the 

torque equation related to the machine is simplified to the q-axis current based as it is 

shown in Eqn. (2.52).  
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𝑇𝑒 = 1.5𝑃[𝜆𝑝𝑚𝑖𝑞 + (𝐿𝑑 − 𝐿𝑞)𝑖𝑑𝑖𝑞] (2.52) 

where 𝐿𝑑 and 𝐿𝑞 are the quadrature and direct inductances. 𝑃 is the number of pairs 

of poles and λ𝑝𝑚 is the permanent magnet flux of the machine. Fig. (2.4) shows the open 

form of the current controller that was previously presented in Fig (2.3). Using the 

decoupling strategy used in this control method, the dynamics of the d axis current are 

decoupled and the resulting torque equation is just a function of the q-axis current. This 

method simplifies the controller design significantly and makes it possible to use known 

control design procedures to be used for the machine as it is presented in the following 

parts of this chapter.  
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_
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Figure 2.4: Detailed representation of the PMSM controller 

 

For realization of the decoupled current control strategy, the details of this method 

are represented in Fig (2.5). This figure shows the controller decoupling terms and the PM 

machine as the plant that is being controlled. 
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As it is shown in Fig (2.5) decoupling branches that are included into the controller 

are selected in such a way that they can contradict the coupling branches that are shown in 

the PMSM model.  

Figure 2.5: Decoupling terms and the PM machine representation  

These coupling terms are representing the coupled dynamics that are inherent to the 

PMSM, however using the decoupling design structure it is possible to eliminate the 

coupling between the d and q axis dynamics. By simplifying the block diagrams 

represented in the Fig (2.5) it is possible to show the simplified model of the controller and 

the PMSM model as the it is shown in Fig. (2.6). These two representations are equivalent. 

As it can be seen from the simplified representation, the d axis and q axis dynamics are 

separated and can be controlled independently.   

 

Figure 2.6: Simplified form of the current controller and PM machine  
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Considering the simplified block diagram to control 𝑖𝑞 and 𝑖𝑞 the controller is 

chosen to be a PI, with proportional gain of 𝐾𝑝 and integral gain of 𝐾𝑖. The close-loop 

transfer function related to 𝑖𝑞 and 𝑖𝑑 in the case that 𝐿𝑑 = 𝐿𝑞 = 𝐿𝑠 could be calculated. By 

calculating the relating transfer function of d and q current to the reference current in d and 

q axis we can write Eqn. (2.53).  

𝑖𝑞
𝑖𝑞𝑟𝑒𝑓

=
𝑖𝑑
𝑖𝑑𝑟𝑒𝑓

=

𝐾𝑝𝑠 + 𝐾𝑖
𝑠

1
𝑅𝑠 + 𝑠𝐿𝑠

1 +
𝐾𝑝𝑠 + 𝐾𝑖

𝑠
1

𝑅𝑠 + 𝑠𝐿𝑠

=
𝜔𝑐

𝑠 + 𝜔𝑐
 (2.53) 

 

As it was previously discussed on Eqn. (2.52) the generated electromagnetic torque 

equation related to PMSM is simplified to include just the q axis current in the case that 

the d and q inductances of the machine are equal. This is the case in the machine that is 

used for hardware implementation of this project. In that case the reference of the d axis 

current is set to zero and the q axis current is used to control the torque of the machine. Fig. 

2.7 shows the block diagram related to the mechanical model of PM machine and the 

control representation of the q axis current. 

 

 

Figure 2.7: q-axis current to PMSM output speed 
 

Base on Eqn. (2.53) this model can be simplified to the model represented in Fig (2.8). 

 

Figure 2.8: Simplified form of q-axis current to PMSM speed  
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Since the current controller is usually designed to be much faster than the mechanical dynamics 

off the machine, it can be assumed that the current value follows the current reference quick 

enough that we can assume 𝑖𝑞𝑟𝑒𝑓 ≈ 𝑖𝑞. In that case the block diagram in Fig (2.8) can be more 

simplified to the form of block diagram shown in Fig (2.9). 

 

 

Figure 2.9: q-axis current to PMSM speed simplification  
 

Using the feedback signal form, the output speed that is available from the 

mechanical model, it is possible to form the speed controller loop as it is presented in Fig 

2.10. In addition to the speed controller a pre-compensator is also added to form the overall 

controller representation as Fig 2.10 where 𝐾𝑖 and 𝐾𝑝 are the integral and proportional 

gains for the PI controller used to control the rotor speed, and 𝐽𝑚 is moment of inertia.  

 

Figure 2.10: Overall speed reference to PMSM speed diagram 
 

Calculating the overall transfer function of the presented model can be shown as 

Eqn. (2.54).  this is representation of the transfer function that relates the output speed of 

the machine to the speed reference of the controller.  

𝜔̂𝑟

𝜔𝑟𝑒𝑓
′
= 𝐾𝑇

𝑃

2
⋅

𝑘𝑖

𝐽𝑚𝑠
2+𝐾𝑇

𝑃

2
(𝑘𝑝𝑠+𝑘𝑖)

                                          (2.54) 

This transfer function can be compared with the standard form of a second order 

system as it is shown in Eqn. (2.55).  

T=
𝜔𝑠
2

𝑠2+2𝜁𝜔𝑠𝑠+𝜔𝑠
2                                                     (2.55) 

 



 

28 

 

In this expression, 𝜔𝑠 is the system’s natural frequency and 𝜁 is the damping. The 

control gains and these parameters are related through Eqn. (2.56), (2.57). 

𝑘𝑖 = 𝜔𝑠
2 2𝐽𝑚

𝐾𝑇𝑃
                                                                (2.56) 

𝑘𝑝 = 𝜔𝑠2𝜁
2𝐽𝑚

𝐾𝑇𝑃
                                                           (2.57) 

The natural frequency is selected to be much lower than ω𝑐. The damping is set to 

1/√2 which provides a good tradeoff between overshoot and speed. With having this 

analytical approach, the controller’s coefficients are calculated based on the relating 

internal parameters of the machine to achieved desired response characteristics.  

2.7 Controller for the Induction Machine 

In this thesis, the induction machine is used to put mechanical load on the shaft of 

the PM machine. In order to do that this machine is driven in generator operation mode. In 

this case the supply frequency of the machine should be less than the mechanical speed of 

the machine with number of poles considered. In the case that the speed of the rotor is equal 

to the speed of the electrical current of the stator, no torque is generated by the machine 

since the current in the rotor bars is equal to zero. Difference in the speed of the rotor and 

the stator current is the reason for induction of current in the rotor circuit and generation of 

torque. While different control strategies such as field-oriented control, direct torque 

control and model predictive control are available for controlling the induction machine, 

the open-loop V/F strategy is selected and implemented for this implementation due to the 

simplicity of deployment and computational benefits in real-time implementation in HIL. 

V/F stands for voltage over frequency and is associated with a control strategy that keeps 

the ratio of the voltage and frequency to be a defined constant. By keeping this ratio 

constant, the value of the flux is also roughly kept constant ensuring that saturation would 

not happen in the stator core of the machine. Using the nominal values of the supply voltage 

and operating frequency that are mentioned on the plate of the machine, the ratio of V/F is 

calculated, and using proper Simulink blocks controller is implemented as shown in Fig 

2.11. By putting the value of the speed reference, this controller generates the three-phase 

voltages required for the machine that satisfies the predefined ratio. In the case that the 
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induction machine is coupled through the torque sensor with the PM machine as the test 

setup developed in this Theis, it is possible to change the reference speed for the induction 

machine to reach the satisfactory torque value on the mechanical shaft. This will be used 

to put the PM machine at the load operating point of interest.  

 

Figure 2.11: Induction machine V/F control implementation in Simulink 
 

 

2.8 PMSM Simulation Results  

The PMSM simulated in this section has its specifications provided by 

POWERTECH industrial motors, Inc. It is a 230 V motor of 3 HP, with 3 pair of poles, 

5000 RPM, nominal torque of 4.27 Nm, maximum (momentary) torque of 48.46 Nm, 

nominal current of 9 A, maximum (momentary) current of 313 A. It is not provided the 

maximum periods for sustaining maximum torque and current. Fig. 2.12 shows the curves 

of speed, torque and currents obtained when the vector control drive is applied to the 

PMSM. From the curves, to keep the motor under its nominal conditions for torque and 

current, the start procedure must last no less than 0.36 seconds. The PWM frequency was 

first set to 80 kHz. 
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Figure 2.12: Speed, torque and currents obtained from PMSM FOC drive system. 
 

Developed controller that was demonstrated in this section is used for two reasons. 

First it is used in chapter 3 to control the model of coupled PM and IM and apply the TBM 

characterization and demonstrate the TBM methodology in simulation. Secondly the same 

developed controller is used inside HIL alongside additional sensor and calibration blocks 

to control the real machines in experiments that have been performed in this study.  

2.9 Converting State Space Model to Transfer Function Matrix 

 

As it was shown in the previous part, state space model of PMSM is developed. 

This model is achieved by linearizing the original equations that include the dynamics of 

the machine at a specific operating point. Solving this state space model equations with 

proper timestep can show the time domain response of the PM machine for the fundamental 

component of the system as the original d-q represented equations are focusing on 

representing the fundamental component. In the case that having the response of other 

additional harmonics of the system and potential harmonic interactions in the nonlinear 

components of the system such as PWM modulator are of  significant interest Generalized 

State Space model or Dynamic Phasor modeling method can be used to study and model 

the desired system. Example of such an implementation to study the model of 
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interconnected voltage source inverters is represented in [4],[6]. In this thesis the focus of 

the study is more on the transfer function representation of the input output dynamic ratio 

of the terminals of the system rather than the time domain representation of these quantities. 

Such an input output transfer function representation of the PM machine is achievable by 

converting the state space model of the machine into the Laplace domain. This 

transformation is demonstrated in this section. The standard form of state-space model for 

a system is shown in Eqn. (2.58).  

𝑋̇ = 𝐴𝑋 + 𝐵𝑈
𝑌 = 𝐶𝑋 + 𝐷𝑈

 

 

(2.58) 

We can write the following Laplace form of the state space model as Eqn. (2.59) 

𝑠𝑋(𝑠) = 𝐴𝑋(𝑠) + 𝐵𝑈(𝑠)
𝑌(𝑠) = 𝐶𝑋(𝑠) + 𝐷𝑈(𝑠)

                                                   (2.59) 

 

By moving the state variable matrix to the left side, we can write Eqn. (2.60) 

(𝑠𝐼 − 𝐴)𝑋(𝑠) = 𝐵𝑈(𝑠) (2.60) 

 

By multiplying both side of the previous equation with (𝑠𝐼 − 𝐴)−1 we can have 

Eqn. (2.60). 

𝑋(𝑠) = (𝑠𝐼 − 𝐴)−1𝐵𝑈(𝑠)  (2.60) 

 

Finally, we can write 𝑌(𝑠) as Eqn. (2.61).  

𝑌(𝑠) = [𝐶(𝑠𝐼 − 𝐴)−1𝐵 + 𝐷]⏟            
Transfer Function Matrix 𝑇(𝑠)

𝑈(𝑠) 

 

(2.61) 

 

Resulting set of transfer functions are SISO transfer functions of the system. 

Terminal behavioral modeling method can achieve SISO transfer functions with a series of 

measurement and a related mathematical calculation. Since both decoupled TBM model of 

the PM machine and the SISO transfer function representation of the PM machine are only 

representing the dynamics of the machine by focusing in similar input-output 

representation of the transfer functions, the SISO model derived from the original equations 
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that describe the dynamics of the PM machine can be used as a reference to validate the 

capability of the TBM decoupling procedure to eliminate the dynamics of the load and 

source. This comparison will be elaborated in more details in Chapter 3 which discusses 

the capability of the decoupling procedure to eliminate the effects of the dynamics of the 

load and source on the expected linearized input-output transfer functions related to the 

permanent magnet machine. 
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3. Chapter 3 

Introduction  

Ever increasing trends in the application of power converters and electrical 

machines and the stability assessment aspects are the incentive to explore different 

fundamental approaches for modeling and simulation. Having high fidelity models of 

different components of a system enables detailed studies that ensures the robust operation 

of the system. Analyses of small-signal based methods for DC distributed systems and AC 

distributed systems have been thoroughly demonstrated in the literature [38]–[41]. 

Characterization of the system on the basis of a series of mathematically driven or 

experimentally measured frequency responses and applying general Nyquist criteria is a 

major method commonly used for this type of stability assessment [42]–[45]. This chapter 

initiates demonstration of the terminal behavioral modeling approach in details for three-

phase active rectifier and continues to develop this modeling approach for permanent 

magnet synchronous machine by describing the similarities between the small signal 

representations of the two models. Using the decoupling procedure, it is demonstrated that 

the dynamics of the subsystems that are connected to the terminals of the model under 

study can be eliminated leaving the true dynamics of the standalone system.  

3.1 Terminal-Behavioral Modeling of an Active Rectifier  

In order to understand Terminal-Behavioral Modeling (TBM) of electric machines 

it is important to understand some background work on the TBM approach for power 

electronics converters. In this case, three-phase active rectifiers are represented, and using 

the TBM modeling method unterminated model of the converter is developed. Behavioral 

models related to DC-DC converters and active rectifiers are discussed in the literature 

[11], [26], [40], [46]. Similarity between TBM of active rectifier and PMSM is the 

incentive for detailed study of TBM method for active rectifiers. Fig. 3.1 shows the small 

signal model of active rectifier.  
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Figure 3.1: Small signal representation of an active rectifier  
 

Input-output relations that describe the operation of active rectifier are represented 

in the following part. Transfer functions included in here are unterminated transfer 

functions of the converter and represent the active rectifier without the effect of the load 

and the source. In the case of real-world application converters are often connected to a 

source that is not a simple ideal voltage source and might include internal impedance or 

controllers that have their associated dynamics. Using decoupling procedure similar to 

what is represented in [33] it is possible to decouple the effect of the dynamics that are 

related to the source and load and obtain the single input signal output transfer functions 

that only include the dynamics that are related to the converter and is decoupled from the 

source and load. 

[

𝑣̃𝑜
𝑖̃𝑖𝑑
𝑖̃𝑖𝑞

] = [

𝐺𝑑 𝐺𝑞 𝑍𝑜
𝑌𝑑𝑑 𝑌𝑑𝑞 𝐻𝑑
𝑌𝑞𝑑 𝑌𝑞𝑞 𝐻𝑞

] . [

𝑣̃𝑖𝑑
𝑣̃𝑖𝑞
𝑖̃𝑂

] (3.1) 

 

 

In order to obtain the TBM of active rectifier three sets of measurements are 

required. In each test one of the three terminals of the model is perturbed and the effect of 

that perturbation on specific terminals of the system is recorded to form specific transfer 

functions that are used to decouple the effect of the load and source and obtain the 
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decoupled model of the system. First measurement set is related to perturbing the input 

voltage in d axis. Fig. 3.2 is associated with this measurement and Eqn. (3.2)- (3.4) are 

showing the transfer functions that should be measured in this experiment.  

 

Figure 3.2: First measurement set perturbation for active rectifier TBM   
 

𝑣̃𝑜

𝑣̃𝑖𝑑
= 𝐺𝑑 + 𝐺𝑞

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
+ 𝑍𝑜

𝑖̃𝑂

𝑣̃𝑖𝑑
                                                       (3.2) 

𝑖̃𝑖𝑑

𝑣̃𝑖𝑑
= 𝑌𝑑𝑑 + 𝑌𝑑𝑞

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
+  𝐻𝑑

𝑖̃𝑂

𝑣̃𝑖𝑑
                                              (3.3) 

𝑖̃𝑖𝑞

𝑣̃𝑖𝑑
= 𝑌𝑞𝑑 + 𝑌𝑞𝑞

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
+ 𝐻𝑞

𝑖̃𝑂

𝑣̃𝑖𝑑
                                                    (3.4) 

Second measurement and perturbation set is related to perturbing the input voltage 

in q axis. Fig. 3.3 is associated with this measurement and Eqn. 33 are showing the transfer 

functions that should be measured in this experiment.  

 

Figure 3.3: Second measurement set perturbation for active rectifier TBM   
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𝑣̃𝑜

𝑣̃𝑖𝑞
= 𝐺𝑑

𝑣̃𝑖𝑑

𝑣̃𝑖𝑞
+ 𝐺𝑞 + 𝑍0

𝑖̃𝑂

𝑣̃𝑖𝑞
                                               (3.5) 

𝑖̃𝑖𝑑

𝑣̃𝑖𝑞
= 𝑌𝑑𝑑

𝑣̃𝑖𝑑

𝑣̃𝑖𝑞
+ 𝑌𝑑𝑞 +  𝐻𝑑

𝑖̃𝑂

𝑣̃𝑖𝑞
                                             (3.6)  

𝑖̃𝑖𝑞

𝑣̃𝑖𝑞
= 𝑌𝑞𝑑

𝑣̃𝑖𝑑

𝑣̃𝑖𝑞
+ 𝑌𝑞𝑞 +𝐻𝑞

𝑖̃𝑜

𝑣̃𝑖𝑞
                                              (3.7)  

Third measurement and perturbation set are related to perturbing output current of 

the active rectifier. Fig. 3.4 is associated with this measurement and following equations 

shown in (3.5)- (3.7) are showing the transfer functions that should be measured in this 

experiment.  

 

Figure 3.4: Third measurement set perturbation for active rectifier TBM 

 

 

 

𝑣̃𝑜

𝑖̃𝑜
= 𝐺𝑑

𝑣̃𝑖𝑑

𝑖̃𝑜
+ 𝐺𝑞

𝑣̃𝑖𝑞

𝑖̃𝑜
+ 𝑍𝑜                                                 (3.5)                 

𝑖̃𝑖𝑑

𝑖̃𝑂
= 𝑌𝑑𝑑 .

𝑣̃𝑖𝑑

𝑖̃𝑂
+ 𝑌𝑑𝑞 .

𝑣̃𝑖𝑞

𝑖̃𝑂
+  𝐻𝑑                                           (3.6)  

𝑙𝑖𝑞

𝑖̃𝑜
= 𝑌𝑞𝑑 ⋅

𝑣̃𝑖𝑑

𝑖̃𝑜
+ 𝑌𝑞𝑞 ⋅

𝑣̃𝑖𝑞

𝑖̃𝑜
+𝐻𝑞                                         (3.7)  

 

All 9 equations that were described in the previous part can be summarized in the 

form of Eqn. (3.10). This matrix form is formed to facilitate the calculation of unterminated 

model using mathematical manipulation on the formed set of equations.  
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[
 
 
 
 
 
𝑣̃𝑜

𝑣̃𝑖𝑑

𝑣̃𝑜

𝑣̃𝑖𝑞

𝑣̃𝑜

𝑖̃𝑜

𝑖̃𝑖𝑑

𝑣̃𝑖𝑑

𝑖̃𝑖𝑑

𝑣̃𝑖𝑞

𝑖̃𝑖𝑑

𝑖̃𝑜

𝑖̃𝑖𝑞

𝑣̃𝑖𝑑

𝑖̃𝑖𝑞

𝑣̃𝑖𝑞

𝑖̃𝑖𝑞

𝑖̃𝑜 ]
 
 
 
 
 

= [

𝐺𝑑 𝐺𝑞 𝑍𝑜
𝑌𝑑𝑑 𝑌𝑑𝑞 𝐻𝑑
𝑌𝑞𝑑 𝑌𝑞𝑞 𝐻𝑞

] 

[
 
 
 
 
 1

𝑣̃𝑖𝑑

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑

𝑖̃𝑂

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
1

𝑣̃𝑖𝑞

𝑖̃𝑜
𝑖̃𝑂

𝑣̃𝑖𝑑

𝑖̃𝑂

𝑣̃𝑖𝑞
1
]
 
 
 
 
 

                  
 

   (3.10) 

 

By multiplying both sides of the equation by the inverse matrix it is possible to 

remove the measurement related matrices from one side of the equations and achieve the 

unterminated set of transfer functions as it is shown in Eqn. (3.11).  

[
 
 
 
 
 
𝑣̃𝑜

𝑣̃𝑖𝑑

𝑣̃𝑜

𝑣̃𝑖𝑞

𝑣̃𝑜

𝑖̃𝑜

𝑖̃𝑖𝑑

𝑣̃𝑖𝑑

𝑖̃𝑖𝑑

𝑣̃𝑖𝑞

𝑖̃𝑖𝑑

𝑖̃𝑜

𝑖̃𝑖𝑞

𝑣̃𝑖𝑑

𝑖̃𝑖𝑞

𝑣̃𝑖𝑞

𝑖̃𝑖𝑞

𝑖̃𝑜 ]
 
 
 
 
 

[
 
 
 
 
 1

𝑣̃𝑖𝑑

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑

𝑖̃𝑂

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
1

𝑣̃𝑖𝑞

𝑖̃𝑜
𝑖̃𝑂

𝑣̃𝑖𝑑

𝑖̃𝑂

𝑣̃𝑖𝑞
1
]
 
 
 
 
 
−1

= [

𝐺𝑑 𝐺𝑞 𝑍o
𝑌𝑑𝑑 𝑌𝑑𝑞 𝐻𝑑
𝑌𝑞𝑑 𝑌𝑞𝑞 𝐻𝑞

] 

[
 
 
 
 
 1

𝑣̃𝑖𝑑

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑

𝑖̃𝑂

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
1

𝑣̃𝑖𝑞

𝑖̃𝑜
𝑖̃𝑂

𝑣̃𝑖𝑑

𝑖̃𝑂

𝑣̃𝑖𝑞
1
]
 
 
 
 
 

 ∗

[
 
 
 
 
 1

𝑣̃𝑖𝑑

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑

𝑖̃𝑂

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
1

𝑣̃𝑖𝑞

𝑖̃𝑜
𝑖̃𝑂

𝑣̃𝑖𝑑

𝑖̃𝑂

𝑣̃𝑖𝑞
1
]
 
 
 
 
 
−1

 

 

(3.11) 

 

Right side of the Eqn. (3.11) can be simplified to form equation (3.12). Calculation 

of transfer functions on the left side which is not necessarily decoupled from additional 

dynamics of the load and source, results in the matrix on the right side which only includes 

the dynamics related to the system under study and excludes the dynamics couplings of the 

load and source. 

[
 
 
 
 
 
 
𝑣̃𝑜
𝑣̃𝑖𝑑

𝑣̃𝑜
𝑣̃𝑖𝑞

𝑣̃𝑜
𝑖̃𝑜

𝑖̃𝑖𝑑
𝑣̃𝑖𝑑

𝑖̃𝑖𝑑
𝑣̃𝑖𝑞

𝑖̃𝑖𝑑
𝑖̃𝑜

𝑖̃𝑖𝑞
𝑣̃𝑖𝑑

𝑖̃𝑖𝑞
𝑣̃𝑖𝑞

𝑖̃𝑖𝑞
𝑖̃𝑜 ]
 
 
 
 
 
 

[
 
 
 
 
 
 1

𝑣̃𝑖𝑑
𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
𝑖̃𝑂

𝑣̃𝑖𝑞
𝑣̃𝑖𝑑

1
𝑣̃𝑖𝑞
𝑖̃𝑜

𝑖̃𝑂
𝑣̃𝑖𝑑

𝑖̃𝑂
𝑣̃𝑖𝑞

1
]
 
 
 
 
 
 
−1

⏟                      
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡𝑠

= [

𝐺𝑑 𝐺𝑞 𝑍𝑜
𝑌𝑑𝑑 𝑌𝑑𝑞 𝐻𝑑
𝑌𝑞𝑑 𝑌𝑞𝑞 𝐻𝑞

]

⏟          
 𝑈𝑛𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑡𝑒𝑑

   

 

                            

(3.12) 
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The first and the second matrices on the left side of the Eqn. (3.12) include the 

matrix of transfer functions that are based on the measurements and obtaining the 

measurements and calculating the mathematical result of the left side of the equation results 

in the unterminated SISO transfer functions that are shown in the right side of the equation. 

3.2 Terminal-Behavioral Modeling of  PMSM 

In this section TBM of PMSM is calculated using similar approach that was used 

for obtaining the TBM of active rectifier. It will be shown that TBM of the two models are 

very similar to each other. Transfer functions included in TBM are unterminated transfer 

functions of the PMSM and represent the operation of the motor without the effect of the 

load and the source. In the case of real-world applications, the motor is often connected to 

a source which is not a simple ideal voltage source and might include internal impedance 

or controllers that have their associated dynamics. In this part it will be shown that using 

the TBM decoupling procedure is possible to decouple the effect of the dynamics that are 

related to the source and load and obtain the single input signal output transfer functions 

that only include the dynamics that are related to the motor and is decoupled from the 

source and load. Small-signal model of PM machine can be shown as Fig. 3.5.  

 

Figure 3.5. Small signal representation of a PMSM 
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In order to obtain the TBM of PMSM three set of measurements are required. In 

each test one of the three outputs of the model is perturbed and the effect of that 

perturbation on specific terminals of the system is recorded to form specific transfer 

functions that are used to decouple the effect of the load and source and obtain the 

decoupled model of the motor. The first measurement/perturbation set is related to 

perturbing the input voltage in d axis. Fig. 3.6 is associated with this measurement and 

following equations (3.13)-(3.15)  are showing the transfer functions that should be 

measured in this experiment.  

 

Figure 3.6: First measurement set perturbation for PMSM TBM   

 

𝜔̃𝑜

𝑣̃𝑖𝑑
= 𝐺𝑑 + 𝐺𝑞

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
+ 𝑍o

𝑇̃𝑜

𝑣̃𝑖𝑑
 

(3.13) 

𝑖̃𝑖𝑑
𝑣̃𝑖𝑑

= 𝑌𝑑𝑑 + 𝑌𝑑𝑞
𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
+  𝐻𝑑

𝑇̃𝑜

𝑣̃𝑖𝑑
 

(3.14) 

𝑖̃𝑖𝑞

𝑣̃𝑖𝑑
= 𝑌𝑞𝑑 + 𝑌𝑞𝑞

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
+ 𝐻𝑞

𝑇̃𝑜

𝑣̃𝑖𝑑
 

(3.15) 

 

 

     Second measurement/perturbation set is related to perturbing the input voltage 

in q axis. Fig. 3.7 is associated with this measurement and Eqn. (3.16)-(3.18) are showing 

the transfer functions that should be measured in this experiment.  
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Figure 3.7: Second measurement set perturbation for PMSM TBM   

 

𝜔̃𝑜

𝑣̃𝑖𝑞
= 𝐺𝑑

𝑣̃𝑖𝑑
𝑣̃𝑖𝑞

+ 𝐺𝑞 + 𝑍0
𝑇̃𝑜

𝑣̃𝑖𝑞
 

(3.16) 

𝑖̃𝑖𝑑
𝑣̃𝑖𝑞

= 𝑌𝑑𝑑
𝑣̃𝑖𝑑
𝑣̃𝑖𝑞

+ 𝑌𝑑𝑞 +  𝐻𝑑
𝑇̃𝑜

𝑣̃𝑖𝑞
 

(3.17) 

𝑖̃𝑖𝑞
𝑣̃𝑖𝑞

= 𝑌𝑞𝑑
𝑣̃𝑖𝑑
𝑣̃𝑖𝑞

+ 𝑌𝑞𝑞 +𝐻𝑞
𝑇̃𝑜

𝑣̃𝑖𝑞
 

(3.18) 

 

 

Third measurement set is related to perturbing the torque imposed on machine’s 

shaft. Fig. 3.8 is associated with this measurement and Eqn. (3.19)-(3.21) are showing the 

transfer functions that should be measured in this experiment.  

 

Figure 3.8: Third measurement set perturbation for PMSM TBM   

 

𝜔̃𝑜

𝑇̃𝑜
= 𝐺𝑑

𝑣̃𝑖𝑑

𝑇̃𝑜
+ 𝐺𝑞

𝑣̃𝑖𝑞

𝑇̃𝑜
+ 𝑍𝑜 

(3.19) 

𝑖̃𝑖𝑑

𝑇̃𝑜
= 𝑌𝑑𝑑 .

𝑣̃𝑖𝑑

𝑇̃𝑜
+ 𝑌𝑑𝑞 .

𝑣̃𝑖𝑞

𝑇̃𝑜
+  𝐻𝑑 

(3.20) 
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𝑙𝑖𝑞

𝑇̃𝑜
= 𝑌𝑞𝑑 ⋅

𝑣̃𝑖𝑑

𝑇̃𝑜
+ 𝑌𝑞𝑞 ⋅

𝑣̃𝑖𝑞

𝑇̃𝑜
+ 𝐻𝑞 

(3.21) 

 

 

All nine equations that relate the input output dynamic relationships described in 

Eqn. (3.13)-(3.21) can be summarized in the form of Eqn. (3.22). This form of writing the 

equations simplifies the future mathematical operation using the matrix representation of 

the equations.    

[
 
 
 
 
 
𝜔̃𝑜

𝑣̃𝑖𝑑

𝜔̃𝑜

𝑣̃𝑖𝑞

𝜔̃𝑜

𝑇̃𝑜

𝑖̃𝑖𝑑

𝑣̃𝑖𝑑

𝑖̃𝑖𝑑

𝑣̃𝑖𝑞

𝑖̃𝑖𝑑

𝑇̃𝑜

𝑖̃𝑖𝑞

𝑣̃𝑖𝑑

𝑖̃𝑖𝑞

𝑣̃𝑖𝑞

𝑖̃𝑖𝑞

𝑇̃𝑜]
 
 
 
 
 

= [

𝐺𝑑 𝐺𝑞 𝑍𝑜
𝑌𝑑𝑑 𝑌𝑑𝑞 𝐻𝑑
𝑌𝑞𝑑 𝑌𝑞𝑞 𝐻𝑞

] 

[
 
 
 
 
 1

𝑣̃𝑖𝑑

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑

𝑇̃𝑜

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
1

𝑣̃𝑖𝑞

𝑇̃𝑜

𝑇̃𝑜

𝑣̃𝑖𝑑

𝑇̃𝑜

𝑣̃𝑖𝑞
1
]
 
 
 
 
 

            

 

 

 

(3.22) 

By multiplying both sides of the equation (3.22) by the inverse matrix it is possible 

to remove the measurement related matrices from one side of the equations and achieve 

the unterminated set of transfer functions as it is shown in Eqn. (3.23).  

[
 
 
 
 
 
𝜔̃𝑜

𝑣̃𝑖𝑑

𝜔̃𝑜

𝑣̃𝑖𝑞

𝜔̃𝑜

𝑇̃𝑜

𝑖̃𝑖𝑑

𝑣̃𝑖𝑑

𝑖̃𝑖𝑑

𝑣̃𝑖𝑞

𝑖̃𝑖𝑑

𝑇̃𝑜

𝑖̃𝑖𝑞

𝑣̃𝑖𝑑

𝑖̃𝑖𝑞

𝑣̃𝑖𝑞

𝑖̃𝑖𝑞

𝑇̃𝑜]
 
 
 
 
 

[
 
 
 
 1

𝑣̃𝑖𝑑

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑

𝑇̃𝑜

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
1

𝑣̃𝑖𝑞

𝑇̃𝑜

𝑇̃𝑜

𝑣̃𝑖𝑑

𝑇̃𝑜

𝑣̃𝑖𝑞
1
]
 
 
 
 
−1

= [

𝐺𝑑 𝐺𝑞 𝑍𝑜
𝑌𝑑𝑑 𝑌𝑑𝑞 𝐻𝑑
𝑌𝑞𝑑 𝑌𝑞𝑞 𝐻𝑞

] ∗

[
 
 
 
 
 1

𝑣̃𝑖𝑑

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑

𝑇̃𝑜

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
1

𝑣̃𝑖𝑞

𝑇̃𝑜

𝑇̃𝑜

𝑣̃𝑖𝑑

𝑇̃𝑜

𝑣̃𝑖𝑞
1
]
 
 
 
 
 

  

[
 
 
 
 
 1

𝑣̃𝑖𝑑

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑

𝑇̃𝑜

𝑣̃𝑖𝑞

𝑣̃𝑖𝑑
1

𝑣̃𝑖𝑞

𝑇̃𝑜

𝑇̃𝑜

𝑣̃𝑖𝑑

𝑇̃𝑜

𝑣̃𝑖𝑞
1
]
 
 
 
 
 
−1

 

 

 

 

(3.23) 
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This equation can be simplified to form (3.24). In this equation, transfer functions 

that are presented on the left side could include the dynamics of the controller as well as 

the dynamics of the mechanical load connected through the shaft. However by calculating 

the result of the left side matrices, decoupled transfer functions on the right side are formed 

that exclude dynamics of the load and source.  

[
 
 
 
 
 
 
𝜔̃𝑜

𝑣̃𝑖𝑑

𝜔̃𝑜

𝑣̃𝑖𝑞

𝜔̃𝑜

𝑇̃𝑜
𝑖̃𝑖𝑑
𝑣̃𝑖𝑑

𝑖̃𝑖𝑑
𝑣̃𝑖𝑞

𝑖̃𝑖𝑑

𝑇̃𝑜

𝑖̃𝑖𝑞
𝑣̃𝑖𝑑

𝑖̃𝑖𝑞
𝑣̃𝑖𝑞

𝑖̃𝑖𝑞

𝑇̃𝑜]
 
 
 
 
 
 

[
 
 
 
 
 
 1

𝑣̃𝑖𝑑
𝑣̃𝑖𝑞

𝑣̃𝑖𝑑

𝑇̃𝑜
𝑣̃𝑖𝑞
𝑣̃𝑖𝑑

1
𝑣̃𝑖𝑞

𝑇̃𝑜

𝑇̃𝑜

𝑣̃𝑖𝑑

𝑇̃𝑜

𝑣̃𝑖𝑞
1
]
 
 
 
 
 
 
−1

= [

𝐺𝑑 𝐺𝑞 𝑍𝑜
𝑌𝑑𝑑 𝑌𝑑𝑞 𝐻𝑑
𝑌𝑞𝑑 𝑌𝑞𝑞 𝐻𝑞

] 

 

 

(3.24) 

The first and the second matrices on the left side of the equation include the matrix 

of transfer functions that are based on the measurements and obtaining the measurements 

and calculating the mathematical result of the left side of equation results in the 

unterminated SISO transfer functions that are shown in the right side of the equations.  

 

3.3 TBM For Decoupling Load And Source Dynamics of 

Active Rectifier  

In this part an example of the applying the decoupling procedure to decouple the 

dynamics of the load and source for an active rectifier is presented. As it is shown in Fig 

3.9, the active rectifier is connected to a voltage source with internal impedance in d axis. 

This means that the d-axis voltage in the input terminal of the rectifier is affected by the 

value of the current in this axis. Input terminal voltage on the q-axis however is connected 

to an ideal voltage source meaning that the value of the q-axis voltage is not affected by 

the operation of the rectifier. On the load side, the load consists of an ideal current sync 

and a parallel admittance branch. In this case the load side also has additional dynamics.  
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Figure 3.9: Small signal model of active rectifier with non-ideal source and loads 
 

In the case of dynamics from the load and source, directly measured transfer 

functions that are demonstrated in the previous part are computed mathematically, and the 

capability of the described method is shown. Equivalent small signal block diagram of Fig 

3.9 is demonstrated in Fig 3.10. Using Fig 3.10, the mathematical expression for transfer 

functions required to perform the decoupling are calculated easily using the simple form 

of calculating a transfer function of direct and loop path or by using Mason’s rule[47] for 

calculation of transfer functions. Representing the dynamics of the system of active 

rectifier and load and source in the form of Fig. 3.10, facilitates the calculation of various 

input-output transfer functions. In this representation, the dynamics of the source voltage 

are represented as a series impedance in the d-axis with ideal voltage source. On the other 

hand, the dynamics of the load are modeled as a combination of an ideal current sink and 

a parallel admittance branch. The additional dynamics defined in this instance are 

implemented to demonstrate the process of decoupling the load and source dynamics  
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Figure 3.10: Small signal model of active rectifier with load and source dynamics  
 

As an example of this calculation by showing the mathematical expression for the 

direct path and loop path we can calculate the transfer function 
𝑣̃

𝑣̃𝑖𝑑
 as Fig 3.11. This transfer 

function is relatively simple to calculate by identifying the direct path and the loop path. 

Highlighted paths related to this calculation are represented. Calculation of the desired 

transfer functions for cases that involve multiple interconnected direct and loop paths are 

more complicated  to be achievable by this method however it is possible to conveniently 

use Mason’s rule formulation to calculate the required transfer functions.  
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Figure 3.11: Calculation of a transfer function by direct and feedback loops 
 

By considering the direct path and the loop path we can calculate the transfer 

function related to Fig 3.11 as equation (3.25) 

(3.25) 

𝑣̃

𝑣̃𝑖𝑑
=

𝐺𝑑
1 − 𝑌𝐿𝑍𝑜

 

Similarly, all transfer functions required for the decoupling procedure are 

calculated as Eqn. (3.26)-(3.39).   

(3.26) 

𝑣̃𝑜
𝑣̃𝑖𝑞

=
𝐺𝑞 −

𝑌𝑑𝑞𝑍𝑠𝐺𝑑
1 + 𝑍𝑠𝑌𝑑𝑑

1 − 𝑌𝐿𝑍𝑜 +
𝑌𝐿𝐻𝑑𝑍𝑠𝐺𝑑
1 + 𝑍𝑠𝑌𝑑𝑑
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(3.27) 

𝑣̃𝑜
𝑖̃𝑜
= 𝑍𝑜 −

𝐻𝑑𝑍𝑠𝐺𝑑
1 + 𝑍𝑠𝑌𝑑𝑑

 

 

(3.28) 

 

𝑖̃𝑖𝑑
𝑣̃𝑖𝑑

= 𝑌𝑑𝑑 +
𝐺𝑑𝑌𝐿𝐻𝑑
1 − 𝑌𝐿𝑍𝑜

 

(3.29) 

𝑖̃𝑖𝑑
𝑣̃𝑖𝑞

=
𝑌𝑑𝑞 +

𝐺𝑞𝑌𝐿𝐻𝑑
1 − 𝑌𝐿𝑍𝑜

1 + 𝑍𝑠𝑌𝑑𝑑 +
𝑌𝐿𝐻𝑑𝑍𝑠𝐺𝑑
1 − 𝑌𝐿𝑍𝑜

 

(3.30) 

𝑖𝑖̃𝑑
𝑖𝑜̃
=     

𝐻𝑑

1 + 𝑍𝑠𝑌𝑑𝑑
 

(3.31) 

      
𝑖̃𝑖𝑞
𝑣̃𝑖𝑑
= 𝑌𝑞𝑑 + 

𝐺𝑑𝑌𝐿𝐻𝑞
1 − 𝑌𝐿𝑍𝑜

 

(3.32) 
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𝑖̃𝑖𝑞

𝑣̃𝑖𝑞
= 𝑌𝑞𝑞 +

−𝑌𝑑𝑞𝑍𝑠𝑌𝑞𝑑
1 + 𝑍𝑠𝑌𝑑𝑑

+
𝐺𝑞𝑌𝐿𝐻𝑞
1 − 𝑌𝐿𝑍𝑜

−
𝐺𝑞𝑌𝐿𝐻𝑑𝑍𝑠𝑌𝑞𝑑 + 𝑌𝑑𝑞𝑍𝑠𝐺𝑑𝑌𝐿𝐻𝑞
(1 − 𝑌𝐿𝑍𝑜)(1 + 𝑍𝑠𝑌𝑑𝑑)

1 +
𝑌𝐿𝐻𝑑𝑍𝑠𝐺𝑑

(1 − 𝑌𝐿𝑍𝑜)(1 + 𝑍𝑠𝑌𝑑𝑑)

 

(3.33) 

𝑖𝑖̃𝑞

𝑖𝑜̃
= 𝐻𝑞 − 

𝐻𝑑𝑍𝑠𝑌𝑞𝑑

1 + 𝑍𝑠𝑌𝑑𝑑
 

(3.34) 

𝑣̃𝑖𝑑
𝑣̃𝑖𝑞

=  
−𝑌𝑑𝑞𝑍𝑠 −

𝐺𝑞𝑌𝐿𝐻𝑑𝑍𝑠
1 − 𝑌𝐿𝑍𝑜

1 + 𝑍𝑠𝑌𝑑𝑑 +
𝑌𝐿𝐻𝑑𝑍𝑠𝐺𝑑
1 − 𝑌𝐿𝑍𝑜

 

(3.35) 

𝑣̃𝑖𝑑
𝑖𝑂̃
=  

−𝑍𝑠𝐻𝑑

1 + 𝑍𝑠𝑌𝑑𝑑
 

(3.36) 

𝑣̃𝑖𝑞
𝑣̃𝑖𝑑

=    0 

                                               (3.37) 

𝑣̃𝑖𝑞
𝑖̃𝑜
= 0 



 

48 

 

 (3.38) 

𝑖𝑂̃
𝑣̃𝑖𝑑

=  
𝑌𝐿𝐺𝑑

1 − 𝑌𝐿𝑍𝑜
 

(3.39) 

𝑖𝑂̃
𝑣̃𝑖𝑞

=  
𝑌𝐿𝐺𝑞 −

𝑌𝑑𝑞𝑍𝑠𝐺𝑑𝑌𝐿
1 + 𝑍𝑠𝑌𝑑𝑑

1 − 𝑌𝐿𝑍𝑜 +
𝑌𝐿𝐻𝑑𝑍𝑠𝐺𝑑
1 + 𝑍𝑠𝑌𝑑𝑑

 

    

As it is observed form Eqn. (3.26) the unterminated transfer function of  
𝑣̃𝑜

𝑣̃𝑖𝑞
 is  𝐺𝑞 

however this transfer function is affected by terms related to the dynamics of the load and 

source as 𝑌𝐿  and 𝑍𝑠  as well as other internal dynamics of the active rectifier as 𝑌𝑑𝑞 , 𝑌𝑑𝑑, 

𝐻𝑑 𝑎𝑛𝑑 𝐺𝑑 . This observation is useful for understanding the reasoning for decoupling 

procedure that is elaborated in this chapter. Since the model of that is calculated from the 

active rectifier should only reflect the dynamics of this system and exclude all additional 

dynamic couplings with other elements of the experiment. If this decoupling is performed 

successfully, then the unterminated model can be used in different environments as a 

component to study the dynamics interactions of given integrated systems. Similar 

dynamic coupling is also observed on other calculated terminal transfer functions as it is 

shown in Eqn. (3.27)-(3.39). After calculating the mathematical expression for all the 

required transfer functions, based on what was demonstrated earlier in the chapter, we can 

apply the decoupling procedure by substituting all the individual transfer functions into the 

matrices shown in Eqn. (3.40)- (3.41) 

(3.40) 
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[
 
 
 
 
 
 
 
 𝐺𝑑

1−𝑌𝐿𝑍𝑜

𝐺𝑞−
𝑌𝑑𝑞𝑍𝑠𝐺𝑑

1+𝑍𝑠𝑌𝑑𝑑

1−𝑌𝐿𝑍𝑜+
𝑌𝐿𝐻𝑑𝑍𝑠𝐺𝑑
1+𝑍𝑠𝑌𝑑𝑑

𝑍𝑜 −
𝐻𝑑𝑍𝑠𝐺𝑑

1+𝑍𝑠𝑌𝑑𝑑

𝑌𝑑𝑑 +
𝐺𝑑𝑌𝐿𝐻𝑑

1−𝑌𝐿𝑍𝑜

𝑌𝑑𝑞+
𝐺𝑞𝑌𝐿𝐻𝑑
1−𝑌𝐿𝑍𝑜

1+𝑍𝑠𝑌𝑑𝑑+
𝑌𝐿𝐻𝑑𝑍𝑠𝐺𝑑
1−𝑌𝐿𝑍𝑜

𝐻𝑑

1+𝑍𝑠𝑌𝑑𝑑

𝑌𝑞𝑑 +
𝐺𝑑𝑌𝐿𝐻𝑞

1−𝑌𝐿𝑍𝑜
𝑌𝑞𝑞 +

−𝑌𝑑𝑞𝑍𝑠𝑌𝑞𝑑

1+𝑍𝑠𝑌𝑑𝑑
+
𝐺𝑞𝑌𝐿𝐻𝑞

1−𝑌𝐿𝑍𝑜
−
𝐺𝑞𝑌𝐿𝐻𝑑𝑍𝑠𝑌𝑞𝑑+𝑌𝑑𝑞𝑍𝑠𝐺𝑑𝑌𝐿𝐻𝑞

(1−𝑌𝐿𝑍𝑜)(1+𝑍𝑠𝑌𝑑𝑑)

1+
𝑌𝐿𝐻𝑑𝑍𝑠𝐺𝑑

(1−𝑌𝐿𝑍𝑜)(1+𝑍𝑠𝑌𝑑𝑑)

𝐻𝑞 −
𝐻𝑑𝑍𝑠𝑌𝑞𝑑

1+𝑍𝑠𝑌𝑑𝑑]
 
 
 
 
 
 
 
 

⏟                                                  
T1 

     

[
 
 
 
 
 1

−𝑌𝑑𝑞𝑍𝑠−
𝐺𝑞𝑌𝐿𝐻𝑑𝑍𝑠

1−𝑌𝐿𝑍𝑜

1+𝑍𝑠𝑌𝑑𝑑+
𝑌𝐿𝐻𝑑𝑍𝑠𝐺𝑑

1−𝑌𝐿𝑍𝑜

−𝑍𝑠𝐻𝑑

1+𝑍𝑠𝑌𝑑𝑑

0 1 0

𝑌𝐿𝐺𝑑

1−𝑌𝐿𝑍𝑜

𝑌𝐿𝐺𝑞−
𝑌𝑑𝑞𝑍𝑠𝐺𝑑𝑌𝐿

1+𝑍𝑠𝑌𝑑𝑑

1−𝑌𝐿𝑍𝑜+
𝑌𝐿𝐻𝑑𝑍𝑠𝐺𝑑

1+𝑍𝑠𝑌𝑑𝑑

1
]
 
 
 
 
 
−1

⏟                    
T2  

      (3.41) 

By multiplying the resulting matrices, we can see that all the additional dynamics 

are mathematically cancelled and the resulting matrix of transfer functions has just the 

unterminated small signal transfer functions related to the active rectifier. This example 

confirms the capability of this methodology for decoupling the dynamics of the load and 

source. As it is shown in the Eqn. (3.42) dynamics of the source and load 𝑍𝑠  and 𝑌𝐿 and 

other dynamic couplings are not part of the represented resulting model and this model 

represents the dynamics of the unterminated model.  

 

T1. T2 = [

𝐺𝑑 𝐺𝑞 𝑍𝑜
𝑌𝑑𝑑 𝑌𝑑𝑞 𝐻𝑑
𝑌𝑞𝑑 𝑌𝑞𝑞 𝐻𝑞

]                                              (3.42) 
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3.4 Using TBM For Decoupling Load and Source Dynamics 

for PMSM Drive System 

Having unterminated models of the machine is essential for performing the stability 

assessments of the system of interconnected power converters and machines. Small signal 

models of the induction machine have been used in for stability assessment in the 

literature[48], [49]. Without proper development and demonstration of an intuitive 

mathematical derivation, resulting models from direct frequency response measurements 

of the machines are not accurately demonstrating the dynamics of the machine as they are 

highly coupled with the dynamics of the controller and the mechanical load. In this section 

mathematical representation of the terminal behavioral decoupling procedure is applied on 

a permanent magnet synchronous machine. In this case, mechanical load also contributes 

to the dynamics of the system. In addition to the dynamics related to the mechanical load 

side, speed controller in the source also adds to the dynamics observed on terminals of the 

machine. It should be mentioned that in this part the controller of the PM machine is 

simplified to simplify derivation of the transfer functions related to the TBM decoupling 

procedure. Fig 3.12 demonstrates the small signal model of the PMSM, controller, and the 

dynamics of the load side. In this representation, the dynamics of the load is demonstrated 

as a mechanical admittance which in combination with a constant torque sink is connected 

to the output of the small signal model of the machine.  
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Figure 3.12: Demonstration of TBM of PM machine and simple Speed controller 
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In Fig. 3.13 transfer functions required by TBM decoupling procedure is calculated 

by showing the direct and loop paths on the equivalent small signal model of the system. 

Fig. 3.13 shows the small signal model of the system comprising the PM machine, 

controller and the load. Eqn. (3.43) shows the required transfer functions related to the 

decoupling procedure for PMSM machine. 

 

 

Figure 3.13: Simplified representation of the system of PMSM and controller 

 

[
 
 
 
 
 
𝜔̃

𝑣̃𝑑

𝜔̃

𝑣̃𝑞

𝜔̃

𝑡̃

𝑖̃𝑑

𝑣̃𝑑

𝑖̃𝑑

𝑣̃𝑞

𝑖̃𝑑

𝑡̃

𝑖̃𝑞

𝑣̃𝑑

𝑖̃𝑞

𝑣̃𝑖𝑞

𝑖̃𝑞
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[
 
 
 
 
 1

𝑣̃𝑑

𝑣̃𝑞

𝑣̃𝑑

𝑡̃

𝑣̃𝑞

𝑣̃𝑑
1

𝑣̃𝑞

𝑡̃

𝑡̃

𝑣̃𝑑

𝑡̃

𝑣̃𝑞
1
]
 
 
 
 
 
−1

                          (3.43) 
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Similar to the procedure that was presented in details for active rectifier, required 

transfer functions for decoupling procedure based on Eqn. (3.43) are calculated one by one 

using the block diagram plot represented in Fig 3.13. by finding the direct and loop paths 

and formulizing the transfer function into standard form of a feedback system or by using 

the Mason’s rule [47]. Resulting transfer functions are represented in the form of matrix 

T1  and T2 in Eqn. (3.44), (3.45). As it is shown, the dynamics of the controller 𝐶 and 

dynamics of the mechanical load 𝑌𝐿  are coupled with the unterminated dynamics of the 

machine and are presented in matrices T1  and T2. However, by calculating the inverse 

matrix and multiplication of the two matrices the resulting matrix of transfer functions that 

is represented in Eqn. (3.46) excludes the dynamic couplings of the load and source and is 

just representing the dynamics of the PM machine itself. This is an important aspect of the 

study of the machine since in the case when the machine is operated with a controller on 

electrical side and load on the mechanical shaft, the dynamics of the load and source are 

inherently coupled with the dynamics of the machine and without applying the decoupling 

procedure the directly measured dynamics are not going to represent the true dynamics of 

the machine. However, after the decoupling is performed true dynamics of the device under 

test is calculated. 

T1 =

[
 
 
 
 
 

𝐺𝑑

𝐶𝐺𝑞−𝑌𝐿𝑍𝑐+1
−

𝐺𝑞

𝑌𝐿𝑍𝑜−1

𝑍𝑜

𝐶𝐺𝑞+1

𝑌dd +
−𝐶𝐺𝑑𝑌dq+𝐺𝑑𝐻𝑑𝑌𝐿

𝐶𝐺𝑞−𝑌𝐿𝑍𝑐+1
𝑌dq +

−𝐺𝑞𝐻𝑑𝑌𝐿

𝑌𝐿𝑍𝑜−1
𝐻𝑑 +

−𝐶𝑌dq𝑍𝑜

𝐶𝐺𝑞+1

𝑌qd +
−𝐶𝐺𝑑𝑌qq+𝐺𝑑𝐻𝑞𝑌𝐿

𝐶𝐺𝑞−𝑌𝐿𝑍𝑐+1
𝑌qq +

−𝐺𝑞𝐻𝑞𝑌𝐿

𝑌𝐿𝑍𝑜−1
𝐻𝑞 +

−𝐶𝑌qq𝑍𝑜

𝐶𝐺𝑞+1 ]
 
 
 
 
 

                   (3.44) 

T2 =

[
 
 
 

1 0 0

−
𝐶𝐺𝑑

𝐶𝐺𝑞−𝑌𝐿𝑍𝑜+1
1 −

𝐶𝑍𝑜

𝐶𝐺𝑞+1

𝐺𝑑𝑌𝐿

𝐶𝐺𝑞−𝑌𝐿𝑍𝑜+1
−

𝐺𝑞𝑌𝐿

𝑌𝐿𝑍𝑜−1
1

]
 
 
 
−1

                                    (3.45) 

T1. T2 = [

𝐺𝑑 𝐺𝑞 𝑍𝑜
𝑌𝑑𝑑 𝑌𝑑𝑞 𝐻𝑑
𝑌𝑞𝑑 𝑌𝑞𝑞 𝐻𝑞

]                                     (3.46) 
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As it is shown in this part, dynamics related to the controller and the mechanical 

load, appear in the calculated transfer functions of system, however, all the dynamics of 

the load and source controller are successfully decoupled. These unterminated transfer 

functions carry a lot of useful information that can be incorporated to study the stability of 

the system in both electrical and mechanical terminals or for proper design of the system’s 

controller. Similar studies have been demonstrated on power converters in the past [50]–

[52] however intuitive experimental implementation of the study on electrical machines 

requires to be discovered.  

3.5 Time-Domain Verification of TBM Model  

In order to demonstrate the example case of using this methodology in simulation, 

developed Terminal Behavioral Model is compared to the dynamic model of the machine 

and time domain comparison of the two models in the case of a mechanical load change is 

obtained. Simulink model for comparing the time domain response of the unterminated 

model and time domain response of the dynamic model has been prepared and used to 

validate the response of the TBM study. Results of this comparison is demonstrated in Fig. 

3.15 -Fig. 3.17.  PMSM Parameters used for this initial model verification Rs=0.4 Ω, 

Ld=0.0031 H, Lq=0.0032 H, J=0.0015 kg m2, flux=0.170 Wb, p=2 (pole pairs), Vrms = 200 

V, Tm = 1 Nm. 

 

 
Figure 3.15: Speed response [rad/s] comparison between conventional dynamic  

and Terminal Behavioral Model  
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Figure 3.16: Id current response [A] comparison between conventional dynamic  

and Terminal Behavioral Model  

 

 
Figure 3.17: Iq current response comparison between conventional dynamic  

and Terminal Behavioral Model  

 

As it is observed from the Fig. 3.15 -Fig. 3.17 the response of the dynamic model 

of the machine (CDM) in the case of step change in the mechanical load is very similar to 

the response of the resulting unterminated model of the machine at t=5sec. Since 

calculations related to the transfer functions required to TBM calculations are done at the 

same operating point as the CDM model at t=5sec, resulting responses from the models are 

similar however by comparing the response of the TBM and CDM model at the startup 

from Fig. 3.15 -Fig. 3.17 we can see that the results related it the TBM models doesn’t not 

accurately describe the response of the machine. Reasoning for this phenomenon is the 
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nonlinear nature CDM of the model. Linearization of such nonlinear model at different 

operating point would result in different response of the model. This is why the resulting 

models have different response in the startup transient but are similar at t=5 sec transient.   

3.6 Frequency-Domain TBM Model Validation 

For TBM model frequency-domain validation, first the differential equations are 

linearized and the linearized form is used to develop the state space model of the machine 

similar to demonstration shown in Chapter 2. By transforming the state space model of the 

machine to the Laplace domain, SISO transfer functions of the machine is developed based 

on analysis performed in Chapter 2. This transfer functions can be used to validate the 

TBM in frequency domain since similar to TBM, this model also only includes the 

decoupled dynamics of the machine.  Mathematical demonstration of these transfer 

functions is demonstrated in Eqn. (3.24). Following figures shows bode-plot comparison 

between the SISO transfer functions derived from the state space model and the decoupled 

transfer functions from TBM. Mathematical form of SISO transfer functions derived from 

state space model are represented in Eqn. 45-53. 

𝑌𝑑𝑞 = −
2 (3 𝐿𝑑  𝑖q0  𝑝𝑚

2 𝜙𝑓 − 𝜎5 + 3 𝐿𝑑
2  𝑖d0  𝑖q0 𝑝𝑚

2 − 4 𝐿𝑑  𝑅𝑚 𝜔0  𝑝𝑚 + 4 𝐽𝑚  𝐿𝑑  𝜔0 𝑝𝑚  𝑠 − 𝜎2)

𝜎1
 

(3.47) 

  

𝐺𝑑𝑑

= −
6 (𝑖d0  𝜔0 𝐿𝑑

2 𝑝𝑚
2 − 𝑖d0  𝜔0 𝐿𝑑  𝐿𝑞  𝑝𝑚

2 − 2 𝑖q0  𝑠 𝐿𝑑  𝐿𝑞  𝑝𝑚 + 𝜔0 𝜙𝑓  𝐿𝑑  𝑝𝑚
2 − 2 𝑅𝑠  𝑖q0  𝐿𝑑  𝑝𝑚 + 2 𝑖q0  𝑠 𝐿𝑞

2  𝑝𝑚 + 2 𝑅𝑠  𝑖q0  𝐿𝑞  𝑝𝑚)

𝜎1
 

 

(3.48) 

𝑌𝑑𝑞 =
2 (𝜎5 − 3 𝐿𝑞

2 𝑖d0 𝑖q0 𝑝𝑚
2 − 4 𝐿𝑞  𝑅𝑚  𝜔0 𝑝𝑚 + 4 𝐽𝑚 𝐿𝑞  𝜔0 𝑝𝑚 𝑠 + 𝜎2)

𝜎1
 

 

(3.49) 

𝑌𝑞𝑞 = −
2 (8 𝑅𝑚 𝑅𝑠 − 8 𝐽𝑚 𝑅𝑠  𝑠 + 8 𝐿𝑑  𝑅𝑚 𝑠 − 3 𝐿𝑞

2 𝑖q0
2 𝑝𝑚

2 − 8 𝐽𝑚 𝐿𝑑  𝑠
2 + 3 𝐿𝑑  𝐿𝑞  𝑖q0

2 𝑝𝑚
2)

𝜎1
 

 

(3.50) 

𝐺𝑑𝑞 =
6 (2 𝑅𝑠  𝑝𝑚  𝜙𝑓 + 𝜎4 − 𝐿𝑞

2 𝑖q0 𝜔0 𝑝𝑚
2 + 𝜎7 − 2 𝐿𝑞  𝑅𝑠  𝑖d0 𝑝𝑚 + 𝜎6 − 2 𝐿𝑑  𝐿𝑞  𝑖d0 𝑝𝑚  𝑠 + 𝜎3)

𝜎1
 

 

(3.51) 

𝐻𝑑𝑑 =
4 𝐿𝑞  (𝜔0 𝑝𝑚

2 𝜙𝑓 − 2 𝑅𝑠  𝑖q0 𝑝𝑚 + 𝐿𝑑  𝑖d0 𝜔0 𝑝𝑚
2 − 2 𝐿𝑞  𝑖q0 𝑝𝑚 𝑠)

𝜎1
 

 

(3.52) 
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𝐻𝑞𝑑 =
4 (2 𝑅𝑠  𝑝𝑚  𝜙𝑓 + 𝜎4 + 𝜎7 + 𝜎6 + 𝜎3)

𝜎1
 

 

(3.53) 

𝑍𝑑𝑑 = −
4 (4 𝑅𝑠

2 + 4 𝐿𝑑  𝑅𝑠  𝑠 + 4 𝐿𝑞  𝑅𝑠  𝑠 + 4 𝐿𝑑  𝐿𝑞  𝑠
2 + 𝐿𝑑  𝐿𝑞  𝜔0

2 𝑝𝑚
2)

𝜎1
 

 

(3.54) 

𝑌𝑑𝑑 =
2 (3 𝑝𝑚

2 𝜙𝑓
2 − 8 𝑅𝑚 𝑅𝑠 + 8 𝐽𝑚 𝑅𝑠 𝑠 − 8 𝐿𝑞 𝑅𝑚 𝑠 + 3 𝐿𝑑

2 𝑖d0
2 𝑝𝑚

2 + 8 𝐽𝑚 𝐿𝑞 𝑠
2 + 6 𝐿𝑑  𝑖d0 𝑝𝑚

2 𝜙𝑓 − 3 𝐿𝑞  𝑖d0 𝑝𝑚
2 𝜙𝑓 − 3 𝐿𝑑  𝐿𝑞 𝑖d0

2 𝑝𝑚
2)

𝜎1
 (3.55) 

 

 

While 𝜎1, 𝜎2, 𝜎3 , 𝜎4 , 𝜎5 are defined as follow.  

𝜎1 = 3 𝐼𝑑
2 𝐿𝑑

3 𝑝2  𝑠 − 3 𝐼𝑑
2 𝐿𝑑

2 𝐿𝑞  𝑝
2 𝑠 + 3 𝐼𝑑

2 𝐿𝑑
2 𝑅𝑠  𝑝

2 − 3 𝐼𝑑
2 𝐿𝑑  𝐿𝑞  𝑅𝑠  𝑝

2 + 6 𝐼𝑑  𝐼𝑞  𝐿𝑑
2 𝐿𝑞  𝜔 𝑝

3

− 6 𝐼𝑑  𝐼𝑞  𝐿𝑑  𝐿𝑞
2 𝜔 𝑝3 + 6 𝐼𝑑  𝐿𝑑

2 𝑝2  𝜙𝑓  𝑠 − 3 𝐼𝑑  𝐿𝑑  𝐿𝑞  𝑝
2 𝜙𝑓  𝑠 + 6 𝐼𝑑  𝐿𝑑  𝑅𝑠  𝑝

2 𝜙𝑓

− 3 𝐼𝑑  𝐿𝑞  𝑅𝑠  𝑝
2 𝜙𝑓 − 3 𝐼𝑞

2 𝐿𝑑  𝐿𝑞
2 𝑝2  𝑠 − 3 𝐼𝑞

2 𝐿𝑑  𝐿𝑞  𝑅𝑠  𝑝
2 + 3 𝐼𝑞

2  𝐿𝑞
3 𝑝2  𝑠

+ 3 𝐼𝑞
2 𝐿𝑞

2 𝑅𝑠  𝑝
2 + 6 𝐼𝑞  𝐿𝑑  𝐿𝑞  𝜔 𝑝

3 𝜙𝑓 − 3 𝐼𝑞  𝐿𝑞
2 𝜔 𝑝3  𝜙𝑓 + 2 𝐽 𝐿𝑑  𝐿𝑞  𝜔

2  𝑝2 𝑠

+ 2 𝐵𝑚  𝐿𝑑  𝐿𝑞  𝜔
2  𝑝2 + 2 𝐽 𝐿𝑑  𝐿𝑞  𝑠

3 + 2 𝐵𝑚  𝐿𝑑  𝐿𝑞  𝑠
2 + 2 𝐽 𝐿𝑑  𝑅𝑠  𝑠

2 + 2 𝐵𝑚  𝐿𝑑  𝑅𝑠 𝑠

+ 3 𝐿𝑑  𝑝
2 𝜙𝑓

2 𝑠 + 2 𝐽 𝐿𝑞  𝑅𝑠 𝑠
2 + 2 𝐵𝑚  𝐿𝑞  𝑅𝑠 𝑠 + 2 𝐽 𝑅𝑠

2 𝑠 + 2 𝐵𝑚  𝑅𝑠
2 + 3 𝑅𝑠 𝑝

2  𝜙𝑓
2
 

𝜎2 = 3𝐼𝑑𝐼𝑞𝐿𝑑𝐿𝑞𝑝
2

𝜎3 = 𝐼𝑑𝐿𝑑
2 𝑝𝑠

𝜎4 = 𝐼𝑞𝐿𝑑𝐿𝑞𝜔𝑝
2

𝜎5 = 3𝐼𝑞𝐿𝑞𝑝
2𝜙𝑓

 

 

It can be seen that SISO transfer functions derived from the state space model 

consists of many terms related to the internal parameters of the machine such as d and q 

axis inductance, stator resistance, inertia, flux, number of poles and operating point 

conditions for state variables. By substituting the internal parameter with their values and 

also substituting the values of the operating point of the machine, numerical form of SISO 

transfer functions is formed. These transfer functions can be compared with single input 

single output linear time invariant (SISO-LTI) transfer functions that are derived from the 

decoupling procedures of TBM method. As it was discussed in previous parts dynamics 

related to the controller can be completely eliminated from the TBM transfer functions 

resulting into the decoupled model that only includes the dynamics related to the PMSM 

machine. To demonstrate the effect of the controller’s dynamics on the direct measurement 

frequency responses from the terminals of the machine a simulation example is prepared. 

In this example, the PM machine is simulated with different values for the speed 
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controller’s proportional coefficient 𝐾𝑝. Fig. 3.18 shows the transfer functions related to 

this experiment. The difference in the direct dynamics in the case of difference in the 

controller can be observed in the corresponding transfer functions however regardless of 

the difference in the value of the controller, it is shown that with successful decoupling of 

the dynamics from the TBM transfer functions, resulting unterminated transfer functions 

(TBM Decoupled) are identical to the transfer functions related to the state space of the 

PM machine.  

 𝐾𝑝 = 10 𝐾𝑝 = 20 
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Figure 3.18: TBM transfer functions comparison with State Space and direct simulation 

measurements 

In this chapter background knowledge about terminal behavioral models was 

demonstrated. Decoupling procedure was discussed in details and mathematical examples 

of this procedure for decoupling the dynamics of the load and source in the case of active 

rectifier and PM machine was demonstrated. Additionally, simulation examples showing 

the time domain comparison of the resulting TBM model and conventional dynamic 

models was shown. Finally, simulation results demonstrating the effect of the controller’s 

coefficient on the observed dynamics and decoupled models was demonstrated.  Using the 

intuitive mathematical demonstration discussed in this chapter, experimental verification 

of this modeling method is discussed in the next chapter.  
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4. Chapter 4 

Introduction 

In this section, the experimental implementation and verification of the terminal 

behavioral modeling of Permanent Magnet Synchronous Machine (PMSM) is presented. 

Using conventional standard test procedures, key parameters required for modeling and 

simulation are measured, and resulting parameters are then used to confirm the 

measurement capabilities of the developed test setup. Additionally, this chapter presents 

the implementation of the controller and measurement requirements by real-time 

emulators, Hardware-In-The-Loop and Power-Hardware-In-The-Loop. Revisions related 

to the mechanical shaft coupler and effect of this changes are also presented in this chapter. 

4.1 Standstill Parameter Measurements for PMSM  

4.1.1 Stator Resistance Measurement:  

Different procedures for the measurement of Permanent Magnet (PM) machine 

parameters are demonstrated in the literature [53]–[56] among which simple standstill 

procedures are chosen to identify the key machine parameters needed for both simulation 

models and verification purposes. Value of stator resistance in the PMSM motor under 

study is very small in comparison to most of motors with the same power rating. Due to 

small values of the stator resistance simple measurement of the resistance using a 

multimeter is not possible. To measure the small values of stator winding resistance of 

PMSM, a current source was connected to terminals of the motor and an extra voltage 

sensing set of wires were soldered near the terminal of the motor to avoid the effect of 

voltage drop on probe’s point of connection. Fig. 4.1 shows the configuration for one 

measurement set. Other measurements are repeated in similar manner by replacing 

connections to other phases of the machine. In this measurements Fluke 8808A was used 

that can cover up to 5 ½  digits of accuracy range. Using the configuration of connecting 

two phases of PMSM to the current source and measuring the value of the current and 

voltage at the motor terminal, it is possible to accurately measure the stator resistance in 
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the case of small values for stator resistance. Table 4.1 shows three sets of measurements 

and calculations that were obtained by experiments on three line-to-line configurations.  

Ra

RbRc

V

I

 

Figure 4.1: Measurements and calculations related to the PMSM stator resistance  
 

Measurement Calculated  Measurement Calculated  Measurement Calculated 

I [A] V [V] Ra+Rb [Ω]  I [A] V [V] Rb+Rc [Ω]  I [A] V [V] Rc+Ra[Ω] 

5.5033 0.43515 0.079071  5.2778 0.41736 0.07907  5.4259 0.42915 0.079093 

5.4698 0.43241 0.079054  5.2157 0.41057 0.078718  5.4713 0.43317 0.079171 

5.5129 0.43519 0.07894  5.1818 0.40926 0.07898  5.4528 0.43168 0.079167 

5.4782 0.43292 0.079026  5.1890 0.40991 0.078996  5.4343 0.43014 0.079153 

5.4903 0.43409 0.079065  5.2275 0.41263 0.078934  5.4423 0.43080 0.079158 

Table 4.1: Measurements and calculations related to the PMSM stator resistance  

 

Measurements related to each line-to-line measurement configuration are repeated 

and average value is considered for modeling and simulation in this study.  

4.1.2 PMSM 𝐿𝑑  Measurement 

Standstill test procedure for identifying the inductances of PM machines are 

demonstrated in [57] The inductances of PM machines with surface mounted magnets are 

almost equal in d and q axis, because the permeability of surface mounted magnets is the 

same in all positions. When the rotor is aligned with the phase A winding, 𝐿𝑑 can be derived 

from the measured equivalent inductance of the circuit, as shown in Fig. 4.2. In this 

experiment Venable Instruments 3225 2-channel frequency response analyzer (FRA) was 

used for sweeping the frequency range and acquiring the response from the setup during 

the test. This device’s structure  is demonstrated by the elements encircled by the red-line 
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boundary in the same figure. The procedure for measuring the impedance of passive 

components using Venable FRA is done on the basis of supplying a perturbation signal 

using this device and using the two other channels to measure the dynamic response of the 

model when a sweep of the desired frequency range is performed by the device. After 

connecting phase a to the positive and phase b and c to the negative side of the voltage 

source, d-axis alignment is achieved. In this position the rotor position is locked and the 

voltage source is removed. By using a 1 Ω standard resistance, the value of the current is 

recorded using channel 2 of Venable FRA. Channel 1 is used to measure the voltage which 

is applied to the setup. Impedance of the d-axis is calculated using the ratio of the 

measurements on two FRA’s channels while sweeping across the frequency range.  

 

Ra

RbRc

Sweep 
Source

Ch. 2

Ch. 1

1 ohm

+
-

 

Figure 4.2: Connections configuration for 𝐿𝑑 measurement 
 

After performing the measurement, the resulting frequency response was recorded 

and post-processed with MATLAB software. Using MATLAB, a transfer function was 

fitted to the measurement frequency response values as it is shown in Fig. 4.3. 

Mathematical form of the fitted transfer function is shown in Eqn. (4.1). In this case the 

fitted model’s order is selected to be the 3rd order, however in case that simplified model 

is required only the coefficient of 0.000679 which is observed in the fitted transfer 

function is demonstrating the equivalent observed inductance of the circuit. 
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Figure 4.3: D-axis impedance, measured frequency response (blue) and MATLAB-fitted transfer 

function 𝑍𝑑 (red - curve fit) 
 

 

𝑍𝑑 =
0.000679s3 − 24.35s2 − 1.315e06s − 1.785e09

s2 − 5.34e04s − 1.583e09
 

(4.1) 

By considering the physical angle of the windings of phase b and c, the calculated 

value should be multiplied by 2/3 to obtain the d axis inductance of the machine using this 

procedure.  

4.1.3 PMSM 𝐿𝑞  Measurement 

For aligning with q-axis, phase a is disconnected from the source and phase b and 

c are connected to the positive and negative side of the voltage source similar to Fig.4.4. 

With this configuration, q-axis alignment is achieved. Similar to the previous part, position 

of the rotor location is locked and the voltage source is connected as Fig. 4.4. By using a 1 

Ω standard resistance, the value of the current is recorded using the channel 2 of Venable 

FRA. Channel 1 is used to measure the voltage which is applied to the setup.  
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Figure 4.4: Connections configuration for 𝐿𝑞 measurement 

After performing the measurement, the resulting frequency response was recorded 

and post-processed with the MATLAB software. Using MATLAB, a transfer function was 

fitted to the measurement frequency response values leading to the form shown in Eqn. 

4.2. Fig. 4.5 illustrates a third order TF Zq curve-fitted and overlaid with the frequency 

response plot. 

 

Figure 4.5: D-axis Impedance, measured frequency response (Blue) and MATLAB-fitted transfer 

function 𝑍𝑞 (Red - curve fit) 

 

Zq  =     
0.000623s3 + 12.15s2 − 3.507e05s − 5.321e08

s2 + 7820s − 4.863e08
 

(4.2) 
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By considering the physical angle of the windings of phase b and c, the calculated 

value should be multiplied by 2/3 to obtain the q-axis inductance of the machine using this 

procedure.  

The type of the machine used in this study has permanent magnet on the surface of 

the rotor and since the permeability of the permanent magnets are almost the same as the 

permeability of the air as Eqn. (4.3), the measured inductances of the machine in d and q 

axis are very similar.  

𝜇PM ≈ 𝜇air → Ld ≈ Lq                                      (4.3) 

 

 

4.2 Pole Numbers Measurement 

We can calculate number of poles with a voltage source and manually turning the 

motor while the terminals are connected to a voltage source. In this method we connect the 

phase a wire to the positive potential (+) and phase b and c to negative potential (-) of the 

voltage source. Value of the voltage source is selected to keep the current passing from the 

phase under the current rating of the motor and the current is low enough that makes it 

possible for the rotor position to be adjusted manually. Fig. 4.6 shows the connection of 

the motor to the voltage source.  

 

Ra

RbRc

+
-

 

Figure 4.6: Motor connections for pole number estimation 

 

After connecting the motor to the source with desired voltage, the position of the 

shaft is manually turned slowly for one full rotation. While turning, the rotor position 



 

67 

 

would become stable at some positions of the shaft. Number of the stable positions for the 

shaft is equal to the number of pole pairs of the motor. In this case Fig. 4.7 shows the stable 

positions of the shaft. On this basis, the motor has 3 pole pairs or 6 poles.  

 

 

(a) 

 

(b) 

 

(c) 

Figure 4.7: Rotor position alignment for pole number calculation 
 

For another method, The PMSM motor is coupled with another motor which in this 

case was a Line-Start Permanent Magnet Motor with known number of poles. After 

connecting this motor to the power source with known line frequency and measuring the 

frequency of the generated voltage on the PMSM terminals, it is possible to calculate the 

ratio between the number of poles of the two motors. Fig. 4.8 shows the coupled setup 

containing two coupled motors and table below shows the measured frequencies and their 

ratio obtained with  this test. 

 

Figure 4.8: Coupled motor test for pole number calculation  
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LS-PMSM 

Frequency  

PMSM  

Frequency 
Ratio 

60 90 
2

3
 

65 97.5 
2

3
 

70 105 
2

3
 

75 112.5 
2

3
 

Table 4.2: Measurements related to the PMSM pole number identification 

 

In this experiment, the line-start permanent magnet synchronous machine (LS-

PMSM) motor has 2 pole pairs (4 poles) and the ration for voltage frequencies measured 

on the terminals of the two machines was 2/3 in different tests. This shows that the number 

of poles of the PMSM should be 
3

2
∗ 2  or 3 poles pairs.  

4.3 Back-EMF Constant Measurement 

Back-EMF is one other important parameter of the machine that is required for both 

modeling and simulation and for control of the machine. This parameter can be measured 

by rotating the machine using another motor and measuring the no load line voltage of the 

machine under test. This measurement results in the calculation of the ratio between the 

speed and the voltage that is generated across the windings of the machine.  In this 

experiment, PM machine was coupled with a LSPMSM. Throughout this experiment 

LSPM machine is supplied with 70Hz supply. Considering that this machine is a 2-pole 

pair machine while the PM machine is a 3-pole pair machine, line frequency of the open 

circuit PM machine while being driven from LSPM machine will become 105Hz. In 

addition, line to line voltage of the PM machine at this experiment is measured to be 229.1 

V peak to peak. Fig. 4.9 represents the measurements related to this experiment. From the 

top, first three channels are representing the LSPMSM currents while last two channels are 

representing the PM machine line to line voltages.  
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Figure 4.9: Measurements related to Back-EMF 

 

Using the Eqn. (4.4) the Back-EMF parameter of the machine is calculated as 

following. 

𝑘𝑒−ph =
𝑉pk

√3⋅𝜔el
=

𝑉pk−pk

2√3⋅𝜔el
=

229.1

2√3⋅210 𝜋
= 0.1002 (v.s/rad)           (4.4) 

4.4  Current and Voltage Measurement Boards 

Accurate measurement of voltage and current waveforms is very important in this 

thesis since these measurements are essential to perform TBM method. For accurate 

measurement of the voltage and current waveforms, measurement board that consists of 

individual voltage and current sensors for each phase is being used. Fig 4.10-a shows the 

assembled voltage and current sensor board. PCB layout of this board is shown in Fig 4.10-

b. Output of both voltage and current sensors is in the form of current signals. This current 

signal needs to be connected to an output resistance to generate an appropriate voltage 

signal for ADC. This board also needs a supply of voltage in the range of +-12 to +-15.  
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(a) 

 

(b) 

Figure 4.10: (a), Assembled voltage and current sensor board.  

 (B), PCB layout of the sensor board  

 

In order to supply this board and also convert the current outputs of the sensors to 

the voltage signal that is compatible with ADC unit inside OPAL-RT unit we modify a 

measurement signal-conditioning board developed by EGSTON. Fig. 4.11 shows this 

board. THN 20-2413 units on the board are DC-DC converters with isolated input-output 

that are being used to supply the sensor board shown in Fig. 4.10-a. 

 

Figure 4.11: Modified EGSTON signal conditioning board (for OPAL-RT) 
 

This board also consists of 5 differential inputs that consist of a voltage divider and 

a lowpass filter on each channel. DC gain of this voltage divider circuit is measured to be 

-32.1705 dB. Fig. 4.12-a shows the voltage divider circuit for each channel of the board. 
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In order to make the board compatible with resolver’s signals, this voltage divider circuit 

has been modified. This modification, represented in Fig. 4.12-b increases the DC gain of 

the circuit to be suitable for small signals that are generated from the resolver and also for 

the torque sensor. These sensors have peak-to-peak values of less than 10 volts thus they 

can be directly fed to HIL for measurements and for control.  

 

 

 

 
(a) 

 
(b) 

 

Figure 4.12 (a): Original voltage divider circuitry  

 (b): Modified voltage divider circuitry 
 

Using this modified signal conditioning board, all the signals related to the voltage 

and currents of both machines, resolver’s signal, and torque signal are fed to both control 

and measurements HILs using the 37-pin connector. Additionally, all of the sensor boards 

and measurements board circuits are organized inside a cabinet to eliminate unwanted 

disconnects and also to help with EMI mitigation related to the other equipment in the place 

where test are being done.  

4.5 Common Noise Issue and Solution  

After connecting the measurement board circuits to the setup in the form of Fig. 

4.13 initial tests were done to ensure the validity of the measured signals. In the initial tests 

additional common noise was observed on the resolver signal and after an identification 
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and noise mitigation process the isolated voltage source was identified as the common 

noise issue reason in such way that substituting this source with a standalone battery pack 

eliminated the common mode noise propagation path. This effect was successfully 

mitigated using the common mode choke on the propagation path of the supply source and 

the sensor boards.  

 

Figure 4.13 System connection for machine characterization 
 

4.6 Accurate Speed and Rotor Position Measurement 

4.6.1 Resolver Sensor  

In this project having accurate values of speed and rotor position are important 

because they are directly needed to perform the TBM. Also having direct access to the 

position and speed of the rotor would make it easier to control the PMSM by simplifying 

the controller’s structure and eliminating sensor-less estimation algorithms. The permanent 

magnet synchronous motor that is being used in this project is equipped with a resolver 

that is located at the back of the motor. This resolver is used to achieve accurate values of 

speed and the position of the rotor. In this part, a detailed description and principle of 

operation for the resolver is discussed and the method for acquiring the speed and position 

from the resolver signals is demonstrated. Fig. 4.14 shows the structure of a resolver. 
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Figure 4.14: Simplified resolver’s structure  
 

The resolver consists of two orthogonally placed stator windings placed around the 

resolver rotor winding. Since the coupling between the primary coil and secondary coils 

relies on the angle of the resolver’s shaft, if we supply primary excitation coil with a 

sinewave with relatively high frequency (in comparison to the angular frequency of the 

shaft of the resolver) we will have two signals on the secondary side that are modulated 

with the sine and cosine of angle of the rotor. Fig. 4.15-a shows the example of the 

excitation signal and Fig. 4.15-b and Fig. 4.15-c show the sine and cosine modulated 

signals that are available at the secondary side of the resolver.    

 

 

(a) 

 

(b) 

 

(c) 

Figure 4.15 (a) Resolver’s excitation signal  

 (b) Resolver’s sine and cosine modulated output signals 
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Different methods have been discussed in the literature regarding acquiring the 

position and speed values from the resolver’s signal.[58]–[60] .One of these methods is 

discussed hereunder. Fig. 4.16 shows the modulated Sine and Cosine signals that are 

coming from the resolver’s secondary side.  

 

 

Figure 4.16: Speed and angle estimation from the resolver 

 

This structure is very similar to the structure of a PLL. It shows the multiplication 

of the resolver’s output signals with the sine and cosine terms that represent the estimated 

position of the rotor based on Eqn. (4.5). 

𝐸0 sin(𝜔𝑡) × sin(𝜃) . cos(𝜙) − 𝐸0 sin(𝜔𝑡) × cos(𝜃) . sin(𝜙) 

                       = 𝐸0 sin𝜔𝑡 × (sin 𝜃 cos𝜙 − cos 𝜃 sin𝜙) 

                       = 𝐸0 sin𝜔𝑡 . sin (𝜃 − 𝜙)  

 

(4.5) 

Based on the equation above if we divide the resulting signal by the values of the 

excitation signal then we can achieve a signal that represents sinusoidal function of the 

difference of the angle of the actual rotor with estimated angle of the rotor. In the case that 

the estimated and real value of the position are close to one another sin(𝜃 − 𝜙) can be 
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approximated with  (𝜃 − 𝜙). In this case we can simply achieve the required bandwidth 

and phase margin by tuning the proportional and integral coefficients of the PLL structure. 

Accurate estimation of the position and angular speed of the rotor from the resolver signals 

is also achievable using the dedicated chips that are designed for driving the resolver’s 

primary side and providing filtering, considering imperfections of the resolver, and analog 

to digital conversion. For this reason, AD2S1210 was selected to be used in this study. 

Figure 4.17 shows the development board for this chip as well as microcontroller board 

that is used to communicate with this board.  

 

Figure 4.17: Resolver development and evaluation setup  
 

Simplified block diagram of this board is shown in Fig. 4.18 showing the terminals, sensor 

connection ports as well as microcontroller and communication ports.  

 

 

Figure 4.18: AD2S1210 Dev. board structure 
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Microcontroller board is also provided by a computer program that can be used for 

debugging purposes and the initial operation of the resolver. Since AD2S1210 board 

provides digital information of the speed and position of the rotor another microcontroller 

board was programmed to convert the digital values of the speed and position acquired 

from AD2S1210 to analog signals compatible with HIL. Limitations related to the loss of 

accuracy associated with multiple conversions of the signal were observed in this 

implementation and were incentive to implement a different approach for this problem. In 

order to resolve this issue, the PLL structure for speed and position estimation was directly 

deployed into the measurement HIL and non-pre-conditioned modulated signals from the 

resolver were directly fed to the analog input of the measurement HIL. Fig 4.19 show the 

implemented block diagram for real-time speed and position estimation of the machine that 

is used for its control. It should also be mentioned that the angle of the resolver on the shaft 

is not necessarily aligned with a specific phase of the machine meaning that in order to be 

able to control the machine properly, the offset angle of the resolver from the phase a of 

the machine windings should be calculated. 

 

Figure 4.19: Implementation of resolver’s position estimator 
 

In order to ensure the proper calculation of the resolver’s offset, this machine was 

driven with another machine and the offset angle of the resolver’s position signal was 

modified gradually. While changing the position offset value inside the real-time HIL 

software, the d-q transformed voltages of the machine were observed. Modification of the 

resolver’s offset was continued to achieve zero means value for the d-axis voltage of 

unloaded PM machine.   
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4.6.2 Encoder Sensor 

Encoders are a different type of sensors used for speed and position estimation of 

rotary machines. Encoders are divided into two categories called incremental encoders and 

absolute encoders.  Incremental encoders provide a series of pulses that can represent the 

position change of the rotary object. By using an encoder algorithm these pulses are then 

counted to represent the speed or position of the rotary object. This type of encoder requires 

initialization of the startup position since the pulses. On the other hand, absolute encoders 

output a digital packet of information to represent the exact location of the rotary object 

thus there is no need for initialization of the startup position using this type of encoders. 

The encoder that was used in this study was incremental type encoder with 2500 pulses per 

revolution. Position information acquired by the encoder was used to detect the 

synchronous reference frame for PM machine and transform the real-time measurements 

of voltage and current into d-q reference frame inside the measurement HIL. In this 

implementation RT Box 3 was used to convert digital pulses of the encoder into the real-

time speed and position measurements.  

4.7 Hardware Alignment 

Since the setup is designed in a way that only PMSM and torque sensor have 

position adjustment capability, position of the induction machine (IM) is set first and then 

position of the sensor and PMSM are adjusted accordingly. As the first step, we try to 

adjust the location of IM to be parallel to the structure and vertically centered to the 

structure. After finding proper position, IM is tightened to the structure. X axis position of 

the motors and torque sensors are roughly adjusted so that the small slide of couplers on 

the shaft provides enough displacement for decoupling and coupling the shafts. In the 

second step, position of torque sensor is adjusted in Y and Z axis on all four legs to be 

aligned with the IM. In the next step couplers on the shafts are sided forward to make IM 

and sensor coupled. After this step, the IM is driven using V/F drive to make sure that this 

coupling was properly done, and no excessive vibration is observed. Finally, PMSM is 

aligned using the four adjustment systems that were demonstrated earlier in this thesis. 

After adjusting the location of all four legs of PMSM, 6 bolts that hold the PMSM structure 
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are tightened on each side to hold the PMSM position. As the last step the coupled system 

is driven using the variable frequency drive to ensure that there is no excessive vibration 

or noise. Fig. 4.20 shows the coupled system after the alignment is done.  

 

Figure 4.20 : Developed motor-generator dyno setup used for measurements 
 

4.8 Machine Characterization Setup  

The characterization setup needed for experimental verification of this project was 

made by combining various devices such as hardware-in-the-loop, power-hardware-in-the-

loop, frequency response analyzer, voltage and current sensor boards, torque sensor, 

resolver and encoder and various other specially made components. Fig (4.21) shows the 

overall shape of the developed test setup.  

 

Figure 4.21: Developed TBM characterization setup  
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Fig 4.22 shows the simplified diagram representing the hardware setup that was 

developed for this study. In this study OPAL-RT is used to control the PHIL and also for 

obtaining all the measurements from electrical and mechanical sensors (voltage and current 

sensors, resolver sensor, and torque sensor). Perturbations generated by FRA are fed to 

OPAL-RT to generate the power signal that is needed to be applied to the electrical 

machine and the response signal is fed back from OPAL-RT to the FRA to calculate the 

desired frequency response for the TBM method. For study of the frequency response for 

each measurement it is important that all parts of the setup can cover the desired frequency 

range and as a requirement P-HIL used in this setup should be able to generate the desired 

small signal perturbation to cover the frequency range. According to the manufacturer’s 

specification for PHIL unit used in this study it is capable of covering up to 15 kHz small 

signal generation which can cover the desired frequency range needed for this study 

considering that key dynamic characteristics of the electrical machine are at a much lower 

frequency range. 
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Figure 4.22: Simple diagram of developed machine characterization setup 
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4.9 IM Inertia Measurement Test 

Different methods for calculating the inertia are represented in the literature [61]–

[63], however, the measurement capabilities of the developed test setup in this study enable 

accurate calculation of the inertia using the frequency response characteristics. In this test 

a method for calculating the inertia of the induction machine is presented. For this test, the 

electrical connection of the induction machine is opened, and this machine is kept de-

energized during the test as shown in Fig 4.23. In this case since there is no current passing 

through the IM stator windings, no electrical torque is generated with the induction 

machine and the induction machine acts similar to inertia connected to the mechanical shaft 

coupling.  

 

Figure 4.23: Test setup for measuring the inertia of IM  
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In this case we can draw the simplified electrical equivalent of this setup as Fig. 

4.24. In this electrical equivalent, the induction machine is modeled as a capacitor and the 

PM machine is modeled as a controlled current source connected to the 𝐶𝑃𝑀 that is 

representing the inertia related to the PM machine.  

 

 

 

 

 

 

 

Using this setup, it is possible to perform a frequency response test by applying the 

torque perturbation using the PM machine observing the response on the speed change and 

calculating the observed mechanical impedance of the system. The frequency range for this 

test is chosen in the span of 1 to 10Hz. The reason for selecting the low-frequency range 

for this test is to avoid the potential effects of the non-rigid behavior of the mechanical 

shaft or other parts of the structure in the measurement. at the higher frequency range.  Fig. 

4.25 shows the response of the aforementioned experiment and interpolation of this 

measurement.  

 

Figure 4.25: Low frequency range of the observed impedance of IM machine 
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Figure 4.24: Simplified electrical equivalent model for IM inertia 

measurement setup 
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By calculating the gain value of the observed mechanical impedance from the 

interpolated bode plot at the frequency of 5Hz, mechanical inertia of the IM machine is 

calculated to be 0.0152 kg.m2 This is simply done by substituting the values of the 

frequency and measured gain from the bode plot at that frequency based on Eqn. (4.6) 

𝑍𝐼𝑀 =
1

𝐶𝐼𝑀𝑆
                                                           (4.6) 

4.10 PM Inertia Measurement Test 

In this experiment, the inertia of the PM machine is calculated using a procedure 

very similar to the method described in the previous section. In this case, the electrical 

connection to the PM machine is disconnected and PM machine is treated as inertia that is 

connected to the mechanical shaft similar to Fig 4.26.  

 

Figure 4.26: Test setup for measuring the inertia of PM 
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The simplified electrical equivalent for this experiment can be shown in Fig. 4.27. 

In this case, PM inertia is modeled as a capacitor while the energized IM machine acts 

similar to a current source connected to a capacitor that models the internal inertia of the 

IM machine. In this case it is possible to perform a frequency response sweep using the IM 

machine as the source of the torque perturbation and observe the speed variations using the 

interpreted speed signal from the mechanical encoder connected to the PM machine.  

Controlled Current
SourceCPM

A

CIM
V Voltage

 Sensor

Current
 Sensor

 

Figure 4.27: Simplified electrical equivalent model for PM inertia measurement setup 

 

Fig 4.28 shows the frequency response results related to this experiment. Similar to 

the previous part, we can use the value of observed mechanical impedance at low frequency 

for calculating the value of the inertia. At the lower frequency Eqn. 4.7 can be used to 

demonstrate the observed impedance related to the PM machine  

𝑍𝑃𝑀 =
1

𝐶𝑃𝑀𝑆
                                                (4.7) 

By substituting the value of the impedance at 5Hz into the equation (4.7), the value 

of the mechanical inertia of PM machine is calculated to be 0.0067 kg.m2 

 As it can be seen in the frequency response, the measured bode plot at frequencies 

higher than 75 Hz includes a lot of inconsistencies and cannot be interpreted as valid 

measurements of the impedance. This observation is important since it shows that the 

potential reason is that an increased impedance of the mechanical coupling between the 

two machines at the higher frequencies is causing the reduction in the amplitude of the 

perturbation signal that results in miscalculation of the mechanical impedance of the PM 

inertia at the higher frequency. This observation is an incentive for having a more accurate 

model of the mechanical coupler between the two machines.  
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Figure 4.28: Observed impedance of PM machine at low and high frequency range 

 

 

4.11 Characterization of Mechanical Shaft 

Having an accurate model of the mechanical shaft is important in this study since 

measurement of some of the transfer functions necessary for TBM study requires a 

perturbation signal to pass through the mechanical shaft and the effect of this mechanical 

perturbation to be measured in the electrical side of permanent magnet machine. In addition 

to this, in the case that the dynamics of the mechanical shaft are at the same frequency 

range as the dynamics of the PM machine, the effect of these dynamics will appear in the 

TBM measurements. Thus, it is important to have a good model of the mechanical shaft. 

In order to identify the dynamics of the mechanical shaft, a series of experiments was 

performed in the test setup. In the first experiment PM machine is energized and IM 

machine’s electrical terminals are opened similar to Fig 4.23. Using this setup frequency 

response test is performed at the frequency range of 1-200 Hz. Fig 4.29 shows the 

frequency response related to this test.  
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Figure 4.29: Observed impedance of IM and mechanical shaft  

 

This observation shows that the mechanical impedance of the combination of the 

IM machine and the shaft coupler increases at higher frequencies. In this case we cannot 

assume that the mechanical shaft is solid at the higher frequency range and we should 

model this effect with proper mechanical and electrical equivalents. Table 4.3 shows the 

equivalent models of the mechanical components that are used in this effort for modeling 

the mechanical shaft coupler.  

 

 Mechanical Electrical Equivalent 

Component name Damper Resistor 

Symbol Bshaft
w1 w2

T
 

RShaftv1I
 

Equation 𝑇 = 𝐵shaft (𝑤1 − 𝑤2) 𝐼 = 𝑅shaft (𝑣1 − 𝑣2) 

Parameter name 𝑇 = 𝑀𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 𝑇𝑜𝑟𝑞𝑢𝑒 

𝑤1, 𝑤2= 𝑆𝑝𝑒𝑒𝑑 

𝐵shaft = 𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝐷𝑎𝑚𝑝𝑖𝑛𝑔 

𝐼 = 𝐶𝑢𝑟𝑟𝑒𝑛𝑡 

𝑣1, 𝑣2= 𝑉𝑜𝑙𝑡𝑎𝑔𝑒 

𝑅shaft = 𝑅𝑒𝑠𝑖𝑠𝑡𝑎𝑛𝑐𝑒 

Component name Spring Inductor 
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Symbol Kshaftw1 w2T

 

LShaftv1 v2I

 

Equation 
𝑤1 − 𝑤2 =

1

𝐾shaft 

𝑑𝑇

𝑑𝑡
 𝑣1 − 𝑣2 = 𝐿shaft 

𝑑𝐼

𝑑𝑡
 

Parameter name 𝑇 = 𝑀𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 𝑇𝑜𝑟𝑞𝑢𝑒 

𝑤1, 𝑤2= 𝑆𝑝𝑒𝑒𝑑 

𝐾shaft = 𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑆𝑝𝑟𝑖𝑛𝑔 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

𝐼 = 𝐶𝑢𝑟𝑟𝑒𝑛𝑡 

𝑣1, 𝑣2= 𝑉𝑜𝑙𝑡𝑎𝑔𝑒 

𝐿shaft = 𝐼𝑛𝑑𝑢𝑐𝑡𝑎𝑛𝑐𝑒 

         Table 4.3: Mechanical and electrical equivalent models  

 

As the first attempt effect of the observed dynamics of the mechanical shaft is 

modeled using the mechanical stiffness model. Fig 4.30 shows this simplified model of the 

mechanical shaft.  

JPM JIM

Kshaft

w1 w2

 

Figure 4.30: Mechanical representation of mechanical shaft stiffness 
 

By comparing the equation related to the mechanical spring and comparing it to an 

inductor, the electrical equivalent model can be prepared. with an equation related to the 

voltage across an inductor we can find assume the electrical equivalent of this mechanical 

model to be similar to Fig. 4.31. 

 

CPM CIM

V1 V2
LShaft

 

Figure 4.31: Electrical equivalent model of stiffness for mechanical shaft  
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This electrical equivalent mode can be completed by putting the equivalent of the 

generated torque of the PM machine as a controlled current source and mechanical speed 

sensor attached to the PM machine as the voltage sensor equivalent and the torque sensor 

as the current sensor equivalent. By putting the equivalent inductance into the electrical 

equivalent of the system we can represent the system as Fig. 4.32. 

 

Figure 4.32: Electrical equivalent model of system considering stiffness shaft stiffness 
 

By representing the electrical model in the Laplace domain, the sum of the 

impedance of the 𝐶𝐼𝑀 and 𝐿𝑆ℎ𝑎𝑓𝑡 can be represented as Eqn. (4.8) 

𝑍𝐼𝑀+𝑠ℎ𝑎𝑓𝑡 =
1+𝐶𝐼𝑀𝐿Shaft 𝑆

2

𝐶𝐼𝑀𝑆
                                             (4.8) 

 

This representation of the combination of the electrical equivalent of IM inertia and 

compliance (1/stiffness) of the mechanical shaft can describe the increased observed 

impedance gain at the higher frequencies. By observing the minimum impedance point at 

the frequency response measurement plot and substituting the value of  𝐶𝐼𝑀 calculated at 

the previous section we can calculate the value of equivalent inductance in the electrical 

equivalent model to be 𝐿𝑆ℎ𝑎𝑓𝑡 =0.0029 H. As the next step we can simulate the observed 

electrical equivalent model and plot the impedance of the simulated model as Fig 4.33. 
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Figure 4.33: Comparison of simulated model and experimental mechanical impedance 
 

As it can be seen from this model, the assumed stiffness for the shaft can properly 

describe the observed mechanical impedance at the higher frequency however by looking 

at the minimum value of observed mechanical impedance we can see that the measurement 

values have higher value than zero. This observation shows that we should add another 

element to the mechanical and electrical equivalent models to mimic the same observed 

effect of the observation impedance plot. By adding a damper model in parallel to the 

stiffness model of the mechanical shaft we can show the mechanical model of the shaft as 

Fig. 4.34. 

JPM JIM

Kshaftw1 w2

Bshaft  

Figure 4.34: Modeling the mechanical shaft as combination of stiffness and damper  
 



 

89 

 

Electrical equitant of this mechanical model can be demonstrated as Fig. 4.35. 

CPM RShaft

LShaftV1 V2

CIM

 

Figure 4.35: Electrical equivalent of the mechanical shaft as with stiffness and damper  

By putting the equivalent inductance into the electrical equivalent of the system we 

can represent the system as Fig. 4.36. 
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Figure 4.36: Electrical equivalent for IM mechanical impedance measurement test  
 

By representing the electrical model in Laplace domain, the sum of the impedance 

of the 𝐶𝐼𝑀 and 𝐿𝑆ℎ𝑎𝑓𝑡 can be represented as Eqn. (4.9) 

𝑍𝐼𝑀+𝑆ℎ𝑎𝑓𝑡 =
1+𝑅𝑆ℎ𝑎𝑓𝑡 𝐶𝐼𝑀𝑆+𝐶𝐼𝑀 𝐿𝑆ℎ𝑎𝑓𝑡 𝑆2

𝐶𝐼𝑀𝑆
                                    (4.9) 

By substituting the values of 𝐶𝐼𝑀 and frequency of the minimal impedance of the 

circuit we can calculate the value for the equivalent resistance of the shaft to be 𝑅𝑆ℎ𝑎𝑓𝑡 =

0.07 ohm. As the next step we can simulate the observed electrical equivalent model and 

plot the impedance of the simulated model as Fig. 4.37. 
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Figure 4.37: Comparison of  IM simulation and measured mechanical impedance   

 

As it was demonstrated as a step-by-step model development for mechanical shaft 

couple, this model was demonstrated suing a parallel combination of a rotary spring and 

damper. An electrical equivalent to this model was also developed and demonstrated.  

4.12 Effect of Shaft Coupler Dynamics 

In the previous section it was in the test related to the observed impedance of the 

PM machine shown that the frequency response at frequency range higher than 75 Hz was 

not consistent. This can be due to the fact that the high impedance of the mechanical shaft 

at higher frequencies, reduces the amplitude of the perturbation signal, resulting in the 

signal-to-noise ratio being lower than the detectable value required by FRA. To verify this 

assumption an experiment is done by modifying one of the mechanical shaft couplers that 

is used to couple the two machines together and the effect of this modification on the 

frequency response measurements related to observed mechanical impedances is studied. 

Fig 4.38 shows the mechanical shaft coupler used in the first experiment. This shaft coupler 
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consists of two metal parts with a hard rubber spider insert in between. Fig 4.38 shows the 

structure of this shaft coupler.  

This shaft coupler is then modified by adding a metallic ring to the intersection of 

the two metal sections. By doing so, this metal ring connects the two metal parts of the 

shaft coupler together and reduces the effect of the internal rubber part of the shaft coupler 

by providing a parallel mechanical path to this rubber part. After doing this modification 

we can repeat the test related to measuring the inertia of the PM machine and compare the 

observed result with the previous observation. As it can be seen from Fig. 4.38 measured 

impedance after modifying the shaft coupler (in blue) shows consistent measuring of the 

impedance up to the frequency of 260 Hz while a similar test with the shaft coupler without 

the added ring (red) can only show consistent measurements of the impedance up to about 

60 Hz. This can verify the assumption related to the effect of the shaft stiffness (mechanical 

impedance of the shaft) on the span of consistent measurements related to the impedance 

measurements of the PM machine. 

 

Figure 4.38: Comparison of PM simulation and measured mechanical impedance   

In another test we can use the modified shaft coupler to repeat the experiment 

related to observing the summation of impedance of the IM machine inertia and the 
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mechanical shaft. By deenergizing the IM machine and using the PM machine as the source 

of perturbation, we can measure the impedance of the combination of the mechanical shaft 

and IM machine as Fig. 4.39. 
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Figure 4.39: Simplified electrical equivalent of IM mechanical impedance  

 

Fig 4.40 shows the comparison related to the measured impedance with two 

different conditions of the shaft coupler. It can be seen that the measured impedance of the 

combination of the IM inertia and the mechanical shaft is substantially decreased with the 

new modification of the shaft coupler. Additionally, the minimum impedance point is 

moved from 23Hz to around 61Hz. This experiment verifies the assumptions related to the 

effect of the shaft coupler type on the impedance of the mechanical shaft coupler that 

connects the two machines together.  

 

Figure 4.40: Measured mechanical impedance of IM and shaft with different couplers    
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Similar to the previous calculations, values of the inductance and resistance in the 

equivalent electrical model of the mechanical shaft can be calculated as shown in table 3.  

 

 𝑳𝑺𝒉𝒂𝒇𝒕  𝑹𝑺𝒉𝒂𝒇𝒕  

Coupler I (Rubber Spider Type) 29 uH 0.4 ohm 

Coupler II (Added Metal Ring) 4.6 uH 1.6 ohm 

Table 4.4: Measured parameters related to two mechanical shaft combinations     

 

Comparing the values of the electrical equivalent shaft inductance and resistance 

shows significant decrease in the impedance of the mechanical shaft. This reduction in the 

impedance of the mechanical shaft is crustal to ensure the quality of the TBM frequency 

response measurements that requires the perturbation signal to be applied using the IM 

machine.  

4.13 Experimental TBM Characterization of PMSM  

The permanent magnet synchronous machine in this setup was controlled with 

decoupled current controller and outer speed loop controller. Output shaft of the machine 

was connected to the induction machine. Induction machine was controlled with V/F 

control strategy. Machines were tested at 1400 rpm and 4 Nm load torque. By performing 

the frequency response measurement related to the TBM decoupling procedure, resulting 

frequency response were used to perform the decoupling procedure. After performing the 

decoupling procedure, decoupled frequency response of the PM machine was calculated. 

Fig 4.41 shows the resulting decoupled transfer function related to this experiment.  
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Figure 4.41: Terminal Behavioral Model experimental results 

 

To verify the resulting experimental results another test was performed. In this test 

a transient torque was imposed using the induction machine, and the response of this 

transient in d-q frame was recorded using the oscilloscope and HIL. Fig 4.42 shows the 

measurements of voltages of PMSM in d and q axis and also the torque transient that is 

imposed on the PM machine. Eqn. 4.10 shows the form of the developed Terminal 

Behavioral Model for this machine based on demonstrations in Chapter 3. 

[

𝐺𝑑 𝐺𝑞 𝑍o
𝑌𝑑𝑑 𝑌𝑑𝑞 𝐻𝑑
𝑌𝑞𝑑 𝑌𝑞𝑞 𝐻𝑞

] . [

𝑣̃𝑖𝑑
𝑣̃𝑖𝑞

𝑇̃

]= [

𝑤̃𝑜
𝑖̃𝑖𝑑
𝑖̃𝑖𝑞

]                                  (4.10) 

 

As it can be seen from the TBM matrix, d and q axis voltages and mechanical torque 

on the shaft are the inputs of the model. In this experiment the input parameters of the 
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system are measured using measurement HIL and after proper transformation, d and q 

voltages are recorded as Fig 4.42. 

 

Figure 4.42: Time domain measurements of input variables of TBM model 

 

Similar to the demonstration in Chapter 3, the time-domain response of the TBM 

model is compared with the recorded measurements in the case of transients in mechanical 

torque on the shaft. In TBM model currents in d and q axis and speed of the PMSM are the 

outputs of the model. These outputs of the model are compared with the outputs of the 

machine and demonstrated in Fig. 4.43.  
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Figure 4.43: Comparison of TBM results and machine real-time emulation 

As it can be seen the resulting response from the TBM model is very consistent 

with the time domain response from the PM machine in presence of a transient in shaft 

torque.  
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5. Chapter 5 

Summary and Conclusions  

This thesis starts by explaining the motivation for having accurate terminal 

behavioral models and the importance of having such a model for stability studies. After 

summarizing the existing art on decoupling procedure for TBM study of power DC-DC 

converts and three-phase active rectifiers, the application of this method for achieving the 

decoupled model of the PMSM is presented. Applicability of the decoupling procedure to 

achieve a black box decoupled model of the machine is then shown mathematically using 

a small-signal representation of the machine by computing the mathematical form of 

transfer functions related to the system. This mathematical form shows that individual 

transfer functions that describe the input-output relationships of the terminals of the 

machine can be affected by the dynamics related to the electrical source and dynamics of 

the load coupled through the mechanical shaft. It is then shown that by applying the 

decoupling procedure, it is possible to decouple all of the dynamics from the load and 

source and obtain the matrix of transfer functions that represent only the dynamics of the 

PM machine. In the experimental verification part of this thesis a characterization test setup 

was developed by integrating a variety of tools such as Hardware-In-The-Loop, Power-

Hardware-In-The-Loop, Frequency Response Analyzer, many different sensors such a 

volage, current, torque, resolver, and encoder, and various other components. Integration 

of Frequency Responses Analyzer with HIL and PHIL system to perform impedance 

measurement studies in DC, three-phase AC, and mechanical impedance cases was another 

achievement in this study. Using the developed testbed frequency response measurements 

essential for applying the decoupling procedure to calculate the unterminated model of 

permanent magnet synchronous machine was achieved while the electrical machines were 

being driven at the operating point of interest. Response of the resulting TBM model of the 

machine to step changes in the mechanical load was then compared to the actual time 

domain measurements response of the PMSM at a similar operating point. This comparison 

showed satisfactory similarity of the achieved model of the machine and the time domain 

response of the machine in the experimental test which confirms the applicability of this 

modeling and decoupling procedure for PMSM modeling studies.  
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