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Cooperative Payload Transportation via UAVs in Search and Rescue

Missions: A Model-Based Deep Reinforcement Learning Application

Shahwar Atiq Khursheed

(ABSTRACT)

We propose a Model-Based Deep Reinforcement Learning (MBDRL) framework for collab-
orative paylaod transportation using Unmanned Aerial Vehicles (UAVs) in Search and Res-
cue (SAR) missions, enabling heavier payload conveyance while maintaining vehicle agility.
Our approach extends the single-drone application to a novel multi-drone one, using the
Probabilistic Ensembles with Trajectory Sampling (PETS) algorithm to model the unknown
stochastic system dynamics and uncertainty. We use the Multi-Agent Reinforcement Learn-
ing (MARL) framework via a centralized controller in a leader-follower configuration. The
agents utilize the approximated transition function in a Model Predictive Controller (MPC)
configured to maximize the reward function for waypoint navigation, while a position-based
formation controller ensures stable flights of these physically linked UAVs. We also devel-
oped an Unreal Engine (UE) simulation connected to an offboard planner and controller via
a Robot Operating System (ROS) framework that is transferable to real robots. This work
achieves stable waypoint navigation in a stochastic environment with a sample efficiency

following that seen in single UAV work.

This work has been funded by the National Science Foundation (NSF) under Award No.
2046770.



Cooperative Payload Transportation via UAVs in Search and Rescue

Missions: A Model-Based Deep Reinforcement Learning Application

Shahwar Atiq Khursheed

(GENERAL AUDIENCE ABSTRACT)

We apply the Model-Based Deep Reinforcement Learning (MBDRL) framework to the novel
application of a UAV team transporting a suspended payload during Search and Rescue mis-
sions. Collaborating UAVs can transport heavier payloads while staying agile, reducing the
need for human involvement. We use the Probabilistic Ensemble with Trajectory Sampling
(PETS) algorithm to model uncertainties and build on the previously used single UAV-
payload system. By utilizing the Multi-Agent Reinforcement Learning (MARL) framework
via a centralized controller, our UAVs learn to transport the payload to a desired position
while maintaining stable flight through effective cooperation. We also develop a simulation
in Unreal Engine (UE) connected to a controller using a Robot Operating System (ROS) ar-
chitecture, which can be transferred to real robots. Our method achieves stable navigation
in unpredictable environments while maintaining the sample efficiency observed in single

UAV scenarios.
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Does the synergy in robot teamwork mirror the collaborative dreamwork traditionally at-
tributed to humans? As we strive to develop machines to aid humans, team composition
in cooperative efforts is evolving, from human-only squads to human-technology hybrids
to, eventually, fully autonomous robotic teams. Teamwork is the cornerstone of success-
ful Search and Rescue (SAR) missions, where cooperation is crucial for saving lives and
resources. In an effort to make SAR missions more effective, we equip Unmanned Aerial
Vehicles (UAVs) " with the ability to make autonomous decisions to collaborate while trans-

porting critical payloads.

SAR missions are conducted to provide relief when there is imminent danger present to
beings, humans in majority cases. A huge part of these is locating the area of need, i.e.
searching, and then rendering aid, i.e. part of rescuing where resources are transported
to the area of need. Time and safety are of the essence, as lives are at stake. Robots
with varying levels of autonomy can play a crucial role in addressing both aspects, offering
essential assistance across ground, aerial, and underwater operations. For example, robots
can be used to locate hikers, the most common activity needing SAR in US national parks

[30] or help prevent over exertion in firefighters, the leading cause of firefighter fatalities [18].

A robot’s utility exponentially increases in SAR missions when they have the capability to

transport payloads reliably. These payloads can be aid like food or water, crucial equipment

1[0 000 OOO00 000000 000 00000000000 000000000000000 00 0000 000000000
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like light source or cutting tools, or assistive technology like communication transceivers or
thermal cameras. For example, in the Thai cave rescue mission in 2018 [37], submarines were
considered for transporting payloads, but the challenging terrain rendered their deployment
unsafe. Tragically, a diver lost his life while transporting air tanks during this mission. UAVs

and underwater robots were still used to expedite the cave mapping process.

UAVs, such as the quadcopters we use, offer a suitable and fast paylaod transportation
option in SAR missions. Their compact size and agility make them adept at maneuvering
through cramped and cluttered spaces, while their relatively low production cost adds to
their appeal. UAVs can bypass obstacles that traditional land transportation encounters,
such as urban traffic or challenging natural terrain, thereby saving valuable time. Their
popularity for commercial deliveries is rising, with companies like Wing, Zipline, and Amazon
pioneering aerial delivery services in the US [22]. Additionally, drone manufacturers like DJI

are developing specialized delivery drones [2] to meet this growing interest.

However, there are challenges and limitations associated with a single quadcopter transport-
ing a payload, particularly concerning payload weight scaling. While larger aerial vehicles
can carry heavier payloads, they often sacrifice the maneuverability and agility that are cru-
cial for effective SAR operations. To address this, we propose using a team of UAVs working
together to transport a shared payload. This approach not only scales the payload capacity
but also enhances computational and sensing capabilities for the mission. Additionally, a
team of drones provides safeguards against redundancy; if one drone becomes inoperative,
the mission can continue without being compromised, provided the remaining drones are

equipped to handle the situation.

Developing a robust autonomous solution for a team of quadcopters carrying a payload is
challenging due to the complexity of the system. Each UAV is a non-linear system with

coupled dynamics, physically connected to other UAVs, and the shared payload introduces



further complexity. We address this challenge by employing a Model-Based Deep Reinforce-
ment Learning (MBDRL) framework, which allows us to model the system without relying
on domain-specific expertise required for physics or analysis-based system identification tech-
niques. By using a Neural Network (NN) as a function approximator, we aim to capture
aspects of the system that might remain unmodeled by other methods. Our dynamics model
is approximated as a transition function trained on data from the system’s interactions with
the environment. These interactions involve rewarding and penalizing behaviors to guide
the quadcopters in navigating the payload to a desired waypoint while maintaining stabil-
ity. Additionally, we enhance our vanilla MBDRL approach by incorporating techniques to
account for system uncertainty. To the best of our knowledge, this work is the first effort to

transport a payload using multiple UAVs with an MBDRL-based controller.

Building and testing our solution in the real world with multiple physically linked UAVs is
resource-intensive and safety-critical. To make testing and design cost-effective and safe, we
developed a simulation environment using Unreal Engine (UE). UE offers impressive visuals
and robust physics, closely simulating conditions that ensure a smooth transition to real-
world applications. It provides a comprehensive platform for training and experimentation
and is well-suited for multi-agent environments like ours, given its capabilities as a gaming

engine designed for multi-player settings.

We begin this thesis by reviewing and discussing the existing literature, outlining the tech-
niques we employed, and exploring alternative solutions, including those outside the learning
framework. Next, we describe our methodologies in the context of existing solutions and ad-
dress the challenges encountered. We then detail the experimental setup and present the
results, covering single drone navigation, single drone payload transportation, and the case
of a drone team transporting a shared payload. Finally, we conclude with a summary of our

findings and propose potential directions for future research.
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Artificial Intelligence (Al) refers to the capability of machines to make decisions and perform
tasks that typically require human intelligence. While the exact definition of this intelligence
remains a topic of interest, recent advancements in Al have led to development of tools and
machines that are smart enough to undertake tedious, hazardous, or repetitive tasks for
humans. While Al systems can be explicitly programmed, Machine Learning (ML) has
become an increasingly popular approach to achieving AI. ML involves creating systems
that learn patterns from data, effectively enabling them to improve their performance over
time. Formally, machine learning can be described as a process where a machine improves

its performance P on a task T with experience E [54].

ML can help solve difficult problems, given it has “good” data, by modeling the system
under consideration without the need for knowledge about the system. Consequently, ML
can potentially model systems more effectively than humans, promising robust and reliable
solutions. Its application can meet various needs, ranging from assistive technology to fully
autonomous solutions, across numerous fields such as finance, agriculture, medicine, educa-

tion, and robotics. In robotics, for example, ML has been shown to enhance the capabilities

4



oot bododino Loooooood )

of robot swarms [38].

Based on the techniques through which ML algorithms learn, they can be categorized into
supervised learning, unsupervised learning and reinforcement learning, with a combination

of these approaches being common in latest advancements.
0000000000 O0000mmo

In supervised learning a model is trained on a labeled dataset, meaning the data includes
both the input features and the corresponding output of a system. The model learns through
the process give in Figure 2.1 to predict an output based on the input by identifying patterns
within the data it’s trained on. Supervised learning models are typically divided into two

categories:

1. 0000000000 000000 These models predict a continuous output like temperature,
sales figures and health metrics in applications like weather forecasting, marketing,

and medical diagnosis [52].

2. J0000I00000I0D CODOO00 These models predict the categorical class of an input like
characters in handwriting recognition [64], sound units in speech recognition [13], and

collisions in collision detection for autonomous systems [14].

[ Data Collection | | Model Selection | Training | Optimization
Choose a model that ( Use the labeled data to EmPloy an opt1m1zat1€>n )
) . . algorithm, such as gradient
. hypothesizes the function adjust the model's . -
Gather a dataset of input .. L descent, to iteratively
9 q mapping inputs to outputs parameters to minimize q
features paired with I . X adjust model parameters to
like linear regression, the difference between the .. .
outputs labels. .. . minimize the error in
decision trees, or neural predicted and actual ..
netwarks s predictions measured by a
: \_ : loss function. J

Figure 2.1: The machine learning process
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With numerous choices available for models and optimization algorithms in the process
visualized in Figure 2.1, supervised learning has become a fundamental and powerful ML

tool for a wide range of applications.
(0000000ODO 0O0boomoo

Unsupervised learning is rooted in the premise that data, even without explicit labels, con-
tains inherent patterns that can be extracted through learning algorithms. Examples illus-
trating these principles include coordinating multiple robots for exploration [66], organizing
e-commerce transactions into meaningful groups [34], and segmenting color images based on

similarities [11].

In unsupervised learning, the fundamental goal is to optimize an objective function that
interprets data in terms of either likelihood or dissimilarity. This optimization process can
take various forms, such as clustering to identify cohesive groups within the data, dimen-
sionality reduction to simplify its representation, and association to uncover co-occurrences
between data elements. These techniques provide deeper insights into complex datasets to

enhance our understanding of them.
0 0 M |

Another form of ML is Reinforcement Learning (RL), where the agent learns from the feed-
back it receives based on its behaviours. Section 2.2 discusses it in detail, as it forms the

foundational basis of the research we conducted.

0o0i0 0000 Uooobioo

A limitation of machine learning was its ability to model complex systems. This inspired

researchers to draw inspiration from the human brain and emulate the vast network of
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neurons in it [26]. This pursuit initially surfaced in the 1960s with the development of a
perceptron as an Artificial Neural Network (ANN) but saw a loss in interest when it could
not deal with non-linear tasks like the exclusive OR (XOR) logic. Thus, progress was delayed
until around 2006, when computational capabilities, development of Multi-Level Perceptions
(MLPs) since the 1980s, and algorithmic advancements like backpropagation made complex
calculations feasible. MLPs are composed of interconnected stacked layers of ANNs that
form a deep neural network. Each layer contributes to establishing a functional relationship
within the data, utilizing weights w (multipliers of input signals), biases b (layer-specific
offsets) and activation function g (function that convert inputs X to output ¥) as shown in

Figure 2.2.

Activation Output

()

g=9g(w-x+0b)

Figure 2.2: ANN functionality [42]

Deep learning follows the same process as in Figure 2.1 to learn from data to enhance its
ability to make accurate predictions. However, here the gradient descent is coupled with
backpropagation. Backpropagation applies the chain rule of calculus to compute gradients
layer by layer, determining how much each neuron’s output contributed to the prediction
error. These gradients are then used to update the weights and biases, moving them in the
direction that reduces the loss function. An optimizer, typically a variant of gradient descent

such as stochastic gradient descent (SGD) or Adam [26], refines this process by efficiently
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adjusting the network parameters.

Advancements in the field of deep learning have led to the development of various specialized

Neural Network (NN) architectures tailored to handle different types of complex applications

as shown in Table 2.1.

Table 2.1: Types of Neural Networks with a sample application

aooo

gooiooooiog

00000 Ooboooood

Recurrent Neural
Networks (RNNs)

Process sequential data by maintaining
a hidden state that captures information
from previous time steps.

Biometric authentica-
tion [10]

Networks (GANs)

samples, and a discriminator that evalu-
ates the authenticity of this data.

Convolutional Process grid-like data, such as images, by .
. . . Multi-Agent  control
Neural Networks | applying convolutional and pooling oper-
. 28]
(CNNs) ations.
Learn to encode input data into a lower-
. onal . L i
Autoencoders dimensiona FePTes entation and ¢ I Drone navigation [15]
construct the original data from this rep-
resentation.
. Produce realistic data using two net-
Generative p L
. works: a generator that produces realistic | Medical image transla-
Adversarial

tion [12]

Transformers

Consist of an attention mechanism that
weighs the importance of different parts
of an input sequence when making pre-
dictions to process it efficiently.

Natural language pro-
cessing [71]

An extension of traditional deterministic neural networks, Probabilistic Neural Networks
(PNNs) incorporate probabilistic principles to capture uncertainty in predictions. This in-
corporation enhances robustness and reliability in decision-making processes, making PNNs

widely applicable. Table 2.2 provides an overview of different types of PNNs.
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Table 2.2: Types of Probabilistic Neural Networks with a sample application

aooo gooiooooiog 00000 Ooboooood

Represent weights as a probability dis-
tributions, outputting the associated cer-
tainty with each prediction.

Bayesian  Neural
Networks (BNNs)

Predicting soil proper-
ties [78]

Variational Add probabilistic uncertainty to the la- D
Drone navigation [15]
Autoencoders tent state space.
Distributional Provide the parameters of a distribution Drone with pavload
Neural Networks | over the predictions instead of determin- .. bay
- navigation [16]
(DNNs) istic ones.

0 B W A R

Reinforcement Learning (RL) is another class of ML algorithms where an agent learns how to
behave in an environment based on its experience captured by the reinforcement it receives
in form of a reward signal. The agent is considered as the entity that has control over its
actions, while everything else constitutes the environment [73]. The RL paradigm can be
characterized as a Markov Decision Process (MDP) with an aim to maximize the reward an

agent receives in an environment. A finite-space MDP consists of the following elements:

o States (S) : S = fsl;..;sNg is a state space of size N, representing values that charac-

terize or describe the environment where the MDP exists at every time step t .

« Actions (@) : A = fal;..;aMg is an action space of size M, representing values that

control the state of the environment through the agent at every time step t.

o The transition function (T) : T(St; &t St+1) gives the probability of the environment
transitioning to the next state S¢+1 given that the environment is currently in state
St and the agent has taken an action a;. The system is Markovian if the probability

distribution of St+1 depends only on the current state S¢ and action at, and not on any
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previous states. This can be expressed as T (St; @t; St+1) = P(St+1 JSt; &t)-

o The reward function (r) : r(S at; St+1) provides scalar feedback for the transition
between two states when a particular action is taken. It can also be defined as a
function of just the state-action pair r(St; at) or the state alone r(s;), depending on the
application. The reward function r guides the agent by penalizing undesired behaviors

and rewarding desired ones.

The states and actions can both be discrete or continuous. Under this framework when the
environment modeled by the transition function T (S¢; @¢; St+1) is in state Sg, an agent decides
to take an action ay = (S¢) based on the objective to maximize the total reward r(Sg; a¢)
over a time horizon. Here is a computable function of the current state that determines the
action to be taken and is known as the policy. Learning in RL consists of finding a policy,
i.e., a set of actions, that maximize the agent’s expected long-term reward. This expected
long-term reward is defined by the value function which is the utility of states under a policy
< )

V (s)=E Kreak jSt=s (2.1)
k=0

and is given by: C

where is the discount factor. Another form of the value function considers the utility of
state-action pairs under a policy and is given by:
(R - )
Q (s;a)=E Krak jSt=S;ar=a (2.2)
k=0

A policy can be stochastic or deterministic and can serve two purposes: exploitation or
exploration i.e., either use the learning to choose an action or try out actions to perceive
the output of new state-action pairs. There must be a balance between exploration and

exploitation to ensure that the agent is able to get maximum rewards along with having
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enough new experiences. The best policy that an agent can have is known as the optimal
policy  and follows:

= argmax Q (s;a) (2.3)

where Q can be defined recursively by the Bellman optimality equation:

><
Q(s;a)=  T(StaySt+1) R(StaySew)+ V (S) (2.4)

st2S

where,

V (s) = max Q (s;a) (2.5)

The value functions are unique for a policy . An optimal policy provides the best utility to

an agent such that V (s¢) >V (St), whereV =V

Solutions to an MDP in form of RL algorithms can be categorized in two ways:

e On-policy or Off-policy Learning
On-policy learning improves the policy that is generating agent actions (behavior pol-
icy), while off-policy learning improves a target policy which is different from the

behaviour policy.

o Model-free or Model-based Algorithms
Model-free solutions do not require the transition model of the system to be known
or learned but solve the MDP based on the statistics they derive from the agent’s
experiences in the environment. Model-based solutions require either the availability
of an existing model or learn the underlying model of the MDP. The latter of these is

also known as indirect RL and is discussed in detail in Section 2.3.2.
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As with other learning algorithms, Deep Learning (DL) was introduced into the RL frame-
work to cater to complex and non-linear systems. However, it wasn’t a smooth upgrade for
several reason: (1) the instability caused by non-stationarity in form of changing data dis-
tribution as the algorithm learns, (2) correlation in successive data samples, and (3) sparse,
noisy and delayed data (reward) to be learned from compared to the hand-labelled data in
many DL applications. [55] addressed these limitations and successfully executed the Deep
Q-Learning (DQN) algorithm. To deal with correlated data and non-stationary distribu-
tions, they added an experience replay buffer (off-policy samples) for the data samples the
NN learns from. This laid the foundation for subsequent work that built upon it, further ad-
vancing and expanding the domain of Deep Reinforcement Learning (DRL). [63] introduced
the prioritized replay buffer by prioritizing the samples in the replay buffer from which the
learning potential is relatively higher. DQN’s performance was improved in case of partial
observations by converting it into an RNN, the Deep Recurrent QN [29]. To tackle the
overestimation problem of the DQN, [72] introduced the Double DQN that decouples the
function of choosing the policy and evaluating it by deploying two Q-networks. This inspired
the Deep Deterministic Policy Gradient (DDPG) [49] an improvement on the Deterministic
Policy Gradient (DPG) [65], which is better suited to continuous action spaces than the
DQN. It also used a second pair of networks but in the actor critic framework. Twin De-
layed Deep Deterministic Policy (TD3) [24] built on the DDPG [49] to introduce a clipped
Double DQN and a delay in the policy update until the value estimate converges. Other
areas of interest include improving exploration in high dimensional continuous control RL,
with efforts like VIME [32] using curiosity and surprise to drive agent exploration, where the

agent’s belief of the current dynamics are represented by a BNN.

Model-Based RL (MBRL) followed suit by utilizing NNs as function approximators. We
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discuss these in more detail in Section 2.3.2.

Ooooio  Ooodbbobodbor obobiot o JUodooido

One of the biggest utilization of RL algorithms has been in the field of robotics as it provides
an effective framework for sequential decision making, which many robotics challenges can be
framed as [41]. The RL framework provides a methodology to engineer hard robot behaviors
without coming up with extremely specific solutions as it uses the human-like notion of trial
and error, which eliminates the need to cater to each and all complexity robotics systems
offer. Despite the convenience, there are some challenges that need to be addressed to

successfully deploy RL algorithms in robotics [41]:

1. High dimensionality: Large state-action spaces become too complex to be modeled,

potentially making computation intractable.

2. Real-world data sampling: Collecting real world samples is labor, time and resource

intensive, and sometimes dangerous.

3. Model uncertainty and under modeling: Transfer of learning from simulated environ-
ments is challenging since it is hard to get close to true real-world models, and it can

fail because of these accumulated model inaccuracies.

4. Goal specification: Rewards can be sparse and challenging to model as the agent might

use it in ways not anticipated by the user or may represent a locally optimal goal.

Extensive research and practical work has been done to make leaps in the field of autonomous
robots using RL with incredible results, showcasing its effectiveness [41]. These efforts

highlight the complexity and challenges robotics poses, along with the creative solutions
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that can be employed to deal with them. [27] uses an off-policy asynchronous update of Q-
learning with multiple parallel runs to reduce the sample complexity of the high dimensional
real-life application of a 7-DoF robotic arm. [44] uses a hierarchical approach to robotic
grasping with a higher-level RL-based controller and an imitation learning-based lower-level
controller. [60] uses reinforcement learning to navigate a drone with a suspended payload

using the least square policy iteration algorithm.

Value-based solutions might not translate well to higher dimensional problems as small errors
in iteration can propagate and grow. Also, policy-based solutions allow for a natural inte-
gration of expert knowledge and optimal policies often have fewer parameters than optimal
value functions. For example, in Linear Quadratic Regulator (LQR) control, the value func-
tion has quadratically many parameters in the dimensionality of the state-variables while
the policy requires only linearly many parameters [41]. [9] learns an LQR controller for
aerobatic helicopter maneuvers using dynamic programming. [43] uses hierarchical appren-
ticeship learning, by dividing the gait task of a quadrupled robot to high- and low-level
control and training these using expert trajectories with a linearly related reward function.
[62] uses an asymmetric actor critic, where the critic is trained on the full state, but the
actor is trained on the images of the simulation and the learnt policy is transferred to an
actual robot grasper. [21] uses an actor critic setup as a feedback controller that feeds into a
central pattern generator for the gait implementation of a humanoid. [70] uses a deep CNN

to come up with a policy for a UAV fleet equipped for aerial surveillance and base defense.

0 o Y

Algorithms that make use of the dynamics model of the system being planned for and

controlled are termed model-based algorithms. The dynamics model can be obtained using:



I o o 15

1. The laws of physics,
2. Frequency or time domain analysis on the system’s inputs and corresponding outputs,

3. The data collected from the system to learn the underlying dynamics.

A dynamics model can then be used with different planning and control techniques. Mod-
eling using the first two methods is not discussed in this thesis and are complete fields in
themselves. The third method is the basis of our algorithm and attempts to model the

dynamics of our complex system that may be challenging to do using the first two methods.

Qoo Doboooiooot oooooo

By traditional we mean methods that are categorized as control theoretic, as these were
established before learning mechanisms came into popular use. There are several model-
free traditional algorithms used for control, however, when it comes to a complex system
where the dynamics are non-linear and/or coupled, they may fall short in performance and

robustness. A popular example is the PID Controller that takes the following form:

Zy

uit) =Kpe®) +K; e()d +Kqy %e(t) (2.6)
0

where u(t) is the control signal, e(t) is the error between the desired setpoint and the mea-
sured variable, K, is the proportional gain to output control proportional to the error, K;
is the integral gain that helps eliminate accumulation of errors in the steady-state, and Kg
is the derivative gain, which outputs control according to the rate of change of the error.
However, PIDs are not robust against uncertainty that come with the kinematics of a system.

Following are examples of established model-based controllers:
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o LQR [9]: Used for a system that can be represented linearly and its cost function
quadratically, which can then be solved for a control law that minimizes the quadratic

cost.

« Model Predictive Control (MPC) [56]: Predicts the system state into a time horizon
using the system model for a sample of action sequences. It then picks the best action
as the first action of the action sequence that reduces the cost most over that time

horizon.

» Lyapunov-based controllers [39]: For non-linear systems, the Lyapunov criteria is a
set of rules that validate the closed loop stability of controllers like the impedance

controller, adaptive controller, or MPCs.

00000 OU00ittooinh Ooioiobibodd 0oobomoo

ML, including DL, has been successfully used to learn system dynamics to predict the tran-
sition from one state to the next state. For example, [9] uses linear regression to model a

helicopter system and [15] uses a NN to model the dynamics of a drone.

MBRL is built upon the same principles where the agent learns the transition model of the
environment to be used to improve the value or policy functions. This concept was first
introduced as the Dyna [67] framework that integrated planning and policy learning, where
a mix of real and simulated experiences were used along with the reward function to learn the
dynamics model. Algorithm 1 shows the basic Model-Based Deep Reinforcement Learning

(MBDRL) algorithm, that uses a NN as the transition model.

Model-based methods have generalization capabilities as the learned dynamics function can
be used with different reward functions to cater to multiple tasks. The dynamics function can

also be used with existing control solutions. But most importantly, MBDRL offers sample
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efficiency, which is a huge advantage in real-world systems where collecting “good” and
reliable data is resource-intensive. A caveat of these methods is the model bias, which refers
to how “off” the approximated function is from the true model. This can accumulate and
exponentially increase in iterative methods such as that shown in Algorithm 1. Thus, along
with integrating the learnt model in existing planners or controllers, reducing model bias has
been one of the main areas of research in MBDRL. PILCO [20] does this by deploying policy
iteration using a probabilistic learnt model implemented using a Gaussian Process. They
reported great data efficiency on multiple motor applications. With other developments
in DL, modeling complex dynamics, especially in robotics, using NNs saw many successful
efforts [35] that reflected in MBDRL work as well. [56] utilizes the sample efficiency MBDRL
offers by following it by model-free learning to exploit the “expertise” of the latter. They
use Trust Region Policy Optimization (TRPO) to get an expert policy by initializing it to a
policy extracted using Algorithm 1. They show improvement in sample efficiency on multiple
OpenAl Gym [17] benchmarks. Another approach is to use an ensemble of NN models to
represent the uncertainty in the dynamics because of limited data availability while avoiding
model overfitting. With its use with TRPO [46], ensembles have shown to reduce sample

complexity by 100 times compared to model-free algorithms in multiple MuJoCo tasks.
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Solutions to controlling Multi-Agent Systems (MASs) are of great interest because of the
ability it can give to multiple agents sharing an environment to work towards their goals:
common or conflicting. Game theory is an ideal framework and tool used to model the
strategic interactions between agents in MASs [57]. Figure 2.3 gives an overview of the types

of games in MASs.

Cooperation between agents can look different with a choice of deploying homogeneous or
heterogeneous agents. For example, for a drone team [74] to carry payloads, all drones
can share the payload, or each drone can carry different payloads while cooperating. Het-
erogenous drones can also be deployed where one drone can localize and map or provide

computation, and the others carry the payload.

S = {sb..sN}
A, = {avr....aM} for agent k

o n
A G Game is played multiple times to allow strategy evolution
R = R EXTENSIVE FORM NORMAL FORM GAMES
K M E GAMES Agents simultaneously a

E P G Agents take turns to act select an action
o A — )
' T E M GENERAL SUM €

H E COMMON ZERO-SUM GAME GAME n
G E T s INTEREST GAME Total of agents’ Without any
A o E Agents share a reward is zero for special t
M D reward function completely o

R as an aligned goal opposed goals restrictions on $
E v rewards
S

Ry (st ap, Sep1) for agent k
T(s,aq, ) n, St+1)

Figure 2.3: Markov games framework
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In Multi-Agent Reinforcement Learning (MARL) the MDP framework previously established
does not suffice because the Markov property of a stationary environment is violated from
a single agent’s perspective. Although there were some successes seen in treating all agents
as individual single agents to extend the MDP for multi-agents, it doesn’t guarantee conver-
gence, in fact it is more likely to not converge. For example, single agent Q-Learning policies
can converge sometimes in multi-agent environments, but it can also never converge [57].
In multi-agent settings the transition and reward functions are dependent on the actions
of all the agents, which is modeled by a broader form of the MDP: the Markov Games.
This framework inherits from game theory and is shown in Figure 2.3. In its simplest form,
where the number of players is one, the Markov Games framework reduces to an MPD. The
reward function is used to differentiate between the taxonomies of the agents’ goals and is

the primary factor for emergent agent behaviors.

Some of the challenges that need to be addressed in MARL are as follows:

A non-stationary environment that each of the agent is in because multiple agents are

improving their policies simultaneously.

o Given a shared reward function it can be difficult to credit which agent’s action effects
the reward the most, which could give a misleading reward estimation for the system’s

performance.

e In many scenarios global state information may not be available to each agent that

uses local state information, leading to partial observability.

o As the number of agents increases, the dimensionality of the state-action space grows

exponentially.
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It is difficult and many times impossible for all agents to optimize their policies simultane-
ously, so MARL algorithms attempt to achieve the Nash Equilibrium instead. A joint policy

is in Nash Equilibrium if:

8.2 182s; V' Vi) V' s) 8i=1;.;N (2.7)
where Vi( a i)(S) is the expected cumulative reward for agent I, ; is the set of all possible
policies for agent 1 and j are the policies of all agents other than I.

Increase in the state-action space dimension in MASs comes with a need for more data to
learn the value and policy functions. MBRL’s utility with sample efficiency can help alleviate
this increased data hunger. MASs offer a choice in the execution of the control architecture:
centralized or decentralized. The former has a control center that provides action inputs to
all the agents using global observability, whereas in the latter each agent takes an action
decision for itself based on local observability and maybe some global communication. In
the context of MBDRL, centralized control helps with non-stationarity as all the agents are
viewed a one system. Decentralized control sees lesser growth in state-action dimension, and

partial observability can be catered to by establishing communication between agents [76].

Model-based algorithms, with a focus on dealing with partial observability and non-stationarity,
have been the focus of considerable work. There have been efforts to either predict the op-
ponent or group members’ actions by having an estimate of their model or communicating
between execution [76]. Hierarchical Predictive Planning (HPP) [75] uses a prediction model
of the agent itself and the other agent in a rendezvous problem, using observations and a goal
instead of actions, reducing dimensionality. Intention sharing (IS) communicates the inten-
tion of the other agent in form of its imagined trajectory [40]. In the centralized framework,

to deal with the challenge of dimensionality [45] uses autoencoders to use latent state space
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models, making it feasible to scale to more agents and Tesseract [50] decomposes states into
low rank tensors to model the environment. MAMBPO [77] improves the sample efficiency

by using only data generated that is close to the real data for policy improvement.

000D DooODoobo Dooooo

Formation control is an area of multi-agent control where all agents are intended to form
and stay in a given formation and is built upon graph theory [79]. The need for it can range
from defending a certain agent, to sharing the responsibility for a task, or improving sensor
utility to localize better. Some uses of formation-based systems are exploration, surveillance

and satellite clustering [79]. Three basic types of formulation control are given in Table 2.3

[36].
Table 2.3: Example types of formation control
0000 00 ODOooooo 0000000 0od
Position based Control ui = ko(p;  pi)

Position and displacement
based control

P
ui=ko(pi P+ o Yii(Ri P PR

I_J
Distance based control U= rp i= ko jon; Foi(kpj pik® kp; p; k?)?

Here, i is the agent in consideration, j are other agents, N; are the neighboring agents,
U is the control, p is the position, p is the desired position, k, and I are constants,
and is the potential function.

Oi0 D0biod tgioooodo

Motion planning aims to get an agent from a source to destination (or path planning) while

considering the kinematics of the agent in the solution, which is interactive in nature. Motion
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planning has been an active area of research because robots are dynamic and path planning
does not suffice in many applications. From control theory to learning-based methods, many
motion planning algorithms have been developed and are being deployed in the real-world

[30)].

00000 0oooooiboot tJoooboo

Traditional algorithms use mathematical principles and computational techniques that were
developed before the emergence of learning- or optimization-based algorithms. Based on the

principles used, these algorithms can be further divided into three categories [80]:

1. Graph-search methods build graphs, including nodes and vertexes, by searching until

a path is found. Two popular algorithms in under this category are Dijkstra’s and A*.

2. Sampling-based algorithms are based on sampling the workspace at random to generate
optimal paths. Rapidly-exploring Random Tree (RRT) and Probabilistic Roadmap

Method (PRM) are two prime examples of sampling-based motion planning.

3. Interpolating curve algorithms focus on drawing trajectories that can then be used for

other dynamics or kinematics based techniques to follow, like the Bezier curves.

Qoo Dooooiboogoitt oooooo

Majority of the learning algorithms discussed up till this point have been used for motion
planning for robots. Thus, the development of learning-based motion planning follows a
similar trajectory to the development of these algorithms, as shown in Figure 2.4. MBDRL
requires a motion planner or a control function to utilize the known or learnt dynamics.

For example, [15] used imagined trajectories from the learned model to train the actor and
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JXkXR IM"2 H1M;BM2 b2imT

IbBM; 116b "Hm2T " BMi pBbm H b+ BTiBM;-r2 bBKmH i2/ T?vbB+ba@
bQm ™ +2/ 7°QK i?2 11 J &XiTd2 +R Ti2/ i?Bb /"'QM2 iQ ++2Ti +QMi Q
pB _Pa BMbi2 / Q7 bQH2HvV i?°Qm;? i2H2QT2 iBQMX h?2 Q77#Q
+?B2p2/ #v miBHBxBM; Pa iQTB+b 7Q Tm#HBb?BM; M/ bm#b+ B#
+QKK M/bX h?2/°"QM2T +F ;26b#mBHIi@BM i? mbi@ iiBim/2 7HB;?i



jy +NZy T kY Ky NA2A&AI-

SA. +QMi QHH2 7Q° HiBim/2 bi #BHBx iBQM M/ 2t2+miBM; +QMi (
7Q Qm TTHB+ iBQM-r?BH2 HbQ HHQrBM; mb iQ 7BM2@imM2 T
XxXQM2X

6B;m 2 jXk, IM'2 H1M;BM2 #Hm2T BMi 7THQr /B ;" K

g2 mb2/ h*S # B/;2 pB _PaiQ 2M #H2 +QKKmMB+ iBQM #2ir22M |
+QMi"QHH2 #v +QM7B;m 'BM;i?2AS //'2bb Q7 i?2K +?BM2 "mMMB M
+QMi"QHH2'V BM I1 7i2° BMbi HHBRM;AM2R2mbBIKMAHNBEM{ r2 BMbi
_PaiQTB+b M/ /2bB;M i2/ i?2K b 2Bi?2° Tm#HBb?2 b Q bm#b+ B
bi izb M/ 7H ;b- M/i?2H ii2°7Q BMTmib M/ 7H ;bX PM2 +? HH2M;
_PaTm#HBDb?2 b BMI1"HM2T BMi QMHvV Tm#HBb? bi BM; K2bb ;2b-
7Q0° Qi?2°rBb2 +QKKQMHV mb2/ Pa K2bb ;2 ivTi2b HRR2QER/2bM/ p?2
pBbm H 2T 2b2Mi iBQM Q7 i?2 HQ;B+ M/ 7HQr BM I1 "HmM2T BMiX
+QMi " QH BMTmib-r?BH2 Tm#HBb?BM; Bb ? M/H2/ #v i?2 H2p2H #Hn



kYIY bOe a2z Ofié by vy iR

+QMi"QH BMTmi 7 2[m2M+v 7 QK i?2 bi i2 Tm#HBDO?BM: 7 2[m2M+VX

hQ //i?2 + #H2- r2 miBHBx2/ irQ +QKTQM2Mib, URV T?2vbB+Db +Q
+ #H2X h?2 T?vbB+b +QMbi> BMi BM I1 /27BM2b i?2 BMi2  +iBQM
+ b2- o M/ TvVvHQ / #v bBKmH iBM; i?2 T?vbB+b #2ir22M i?2KX
DQBMi ii +?2/iQ i?2 /' QM2-rBi? i?2 T?vbB+b@2M #H2/ T vVHQ / QN
T2M/mMHmMK 2772+iX a2p2°  HT ~ K2i2'b "2 pBH #H2 7Q"  +mbiQKB:
Bi iQ 7mM+iBQM b MVi?BM; 7°QK "B;B/ 'Q/iQ T7dH\2XB6EHB2m+ 2tbH 2
iXj M/jXj#H?2Qr i?2 T > K2i2°'br2 mb2/7Q  i?2 T?vbB+b +QMbi® BMi |
+QKTQM2Mi Ull /Q+mK2MjVBQ@NWT aBiIRpRH vX

AM i?2 KmHIiB@Il o b+2M 'BQ r?2 2 b? "2/ T VvHQ / Bb + "B2/-7r12 2
bBKmH iBQM #v //BM:; biB77 +QMbi° BMib KQM:bii?2 HHT vHQ /b
im Mb7Q Kb KmHIBTH2 T vHQ /b BMiQ bBM;H2b? "2/ QM2 r?2 2 Bib
/"QM2 Bi Bb ii +?2/iQ "2 MQr +QmTH2/X Aii?2M 7Q Kb b2imT r"
T VHQ / Bb ii +?2/iQ /'QM2 pB + #H2jX6bRAQBM B2i BB/ Bb2KQ 2
2772+iBp2 i bmTT 2bbBM; brBM; i? M ii +?BM; HH i?2 + #H2b iQ

T VHQ /- b Bi 7TQHHQrb T BM+BTH2 bBKBH ~iQ i? i Q7 brBM; bm"~
KQp2K2Mi r?2M irQ [m /+QTi2 b + v. T VHQ / B¢X HEMBKDOMIQH2/
"2bmHib BNDEBLQ D?2Qr i? 11?22 brBMT@BIM?P2ii +?K2Mib2imT Bb +QMl
H2bbi? MIBGMIIQBMi ii +?2K2Mi+ b2-mM/2 M2 "HvB/2MiB+ Hi®> D2+it
"2M2" i2/ #v SA. +QMi'QHH2 X



+NzZy 1 kY KY NAz2aanl-

UV S?vbB+b +QMbi’ BMi

U#V oBbm H + #H2

6B;m 2 jXj, * #H2 T °

K2i2’"b BMIM'2 H1M;BM2



O

kYIYbOeé a2 Ofé by Ji

6B;m 2 jX9, arBM; +QKT 'BbQM 7Q  /B772 2Mi T VHQ / ii +

h?2 M2ti +?2 HH2M;2r b / TiBM; 11 iQ #2 +QKT iB#H2 rBi? i?2 2TBDb(
Bi Bb MQi BM?2 2MiHv /2bB;M2/ b M _G@+2Mi2 2/ RN Bi DBWK 2 Mi
rb ++QKTHBb?2/ #v Tm#HBb?BM; 7H ;b iQ bB;M Hi?2 2M/ Q7 M 2T
7H ;B7 /'QM2r b Qmi Q7 #QmM/b-? / +  b?2/- Q B7i?2 bBKmH i
+QMi"QHH2 " Bb2/ 7H ;iQK "F2TBbQ/2i2 ' KBM iBQM r?22M i?2 i bf
h?2 +  b? 7H ; r b b2i B7 /°QM2 Qp2'H Tbh rBi? Qi?2° +iQ b BM i?:
60 /2;°22b BM Bib TBi+? Q" "QHHX gq?BH2 i?2 b2+QM/ +QM/BiBQM r L
TTHB+ iBQMb- r?2°2 H ;2 TBi+? M/ QHH M;H2b rQmH/ H2 /iQ I
#2+ K2 2bb2MiB HBM i?2 KmHiB@l 0 b+2M "BQX AM i?Bb + b2-i?2 "
K H7mM+iBQMBM; /"QM2 M/ i?2 7mM+iBQM H QM2b +QmH/ T 2p2Mi
Qp2'H TTBM; rBi? MQi?2  +iQ -2p2M i?Qm;? i?2 bvbi2K ? / #2+QK
rQmH/ #2 +QMbB/2°2/ /"QM2 + > b?X q?2M Mv Q7 i?2b2 7H ;b r2"2



j9 +NzZy 1 kY KY NAz2aanl-

biQTT2/- M/ i?2 H2p2H r b "2b2iX "2+ mb2 i?2 1 obr2°2 T?vbB+ HH\
Q 2TQbBIiBQMBM; i?72/ QM2 iQ Bib BMBiB H bi i2+QmH/ + mb2 BM
"2HQ /1?2 2MiB 2 H2p2HX h?2r vTQBMi +QmH/ #2 b2i K Mm HHv Q°

jXkXk _Paa2imT M/ *QMi QH

h?2 Pa K bi2° M/ i?2 h*S +QMM2+iBQM # B/:2 r2°2 ?2Qbi2/ QM i?2
g2 miBHBx2/irQ PaT +F ;2b, i?72 +QMi QH T +F ;2-r?B+?2r2 /2p2H(
bmBeéANX JmHIBTH2 Pa MQ/2br2°2 "'mMMBM; BM i?2 Q77#Q “/ +QM|
2 +? ['QM2- QM2 7Q  i?2 7H ;b- QM2 7Q" i?2 T VHQ /- M/ QM2 7Q"
7TmMM+iBQM2/ b +QK#BM iBQM Q7 Tm#HBb?2'b M/ bm#b+ B#2 b-
#2ir22M i?22K /2TB+i2/[BMIBB2MMBD /2 + 2 i2/ M BMbi M+2 Q7 M Q#D:
Tm#HBb?2b QM+2 Bi ? b "2+2Bp2/ HH i?2 K2bb ;2b Bi bm#b+ B#2b
M/ +QMi QH Tm#HBDb?BM; +QKK M/br2 2 2K#2//2/ rBi?BM i?2 H bi E
Q7 i?2 +QMi"QHH2" MQ/2 BMbi M+2X g2 2KTHQV2/ 7H ;@# b2/ bvM
2Mbm 2/ i? i i?2 +QMi"QH Bb T°Q+2bb2/ M/ Tm#HBb?2/ QMHv 7i2"
#22M "2+2Bp2/ M/ biQ 2/ BM mb #H2 /i bi m+im 2X

iXj JQ/2H@" b2/ .22T 2BM7Q +2K2Mi G2 MB

q2 BMi2;  i2/ irQ +QMi"QHH2b, M J". G QM2 7Q  r vTQBMi M pB;
7Q°K iBOQM +QMi'QH 7Q  +QQT2  iBQMX 6Q J"._G-r2mb2/ L2m  H
i?72 i° MbBiBQM 7BiM +HB@ WX ?IK?2 LL iQQF i?2 bi i2 Q7 i?2 2MpB QM|
i?72 +iBQMb i F2M #v i?2 ;2Mib b BMTmibX h?2 bi i2b BM+Hm/2/
M/ p2HQ+BiB2b Q7 2 +? /°QM2 M/ i?2 T VHQ /X h?2 +iBQMb BM+H



KYKY Ki2TaA#z 12/71y 10éAR «TeTé HTz é0él i8

6B;m 2 jX8, P77#Q / +QMi'QHH2 M/ _Pab2imT

+QMi"QHb 7Q 2 +2 /"QM2X h?:bR¥*® bMIiA DT +PBQM B RW 2

r?2°'® Bb i?2 MmK#2" Q7 ;2Mib- 22467 I120MKE/?2iD2 T vHQbi P2bX

q2 mb2/i?2 +? M;2 BM i ix-BMbi2 / Q7 i?2 MAti hiii22 QmiTmi Q7
Qm  LL 2T 2b2MiBM; i?2 /vM KB+b KQ/2HX h?Bb ?2HTb // 2bb i?2
/IVM KB+b 7TmM+iBQM r?2M +QMb2+miBp2 bi i2zb "2iQQ bBKBH - b
KBMBK HQ MQ 2772+8¢XM i?2 bi i2 (

g2 Q#i BM2/i?2 BMBiB H/ i i2°Qm;? SA. M/ i2H2QT2 iBQM- r?BH?
iBQMb- r2 mb2/i?2 JS*X h?2 i2°KBM Hbi i2r b 2 +22/ B7 Mv Q7 i?
i?2 TVHQ /2?2 /"2 +22/i?2 /2bB 2/ r VTQBMi rBi? p2HQ+Biv +HQb2

g2 HbQ /B/ MQi +im i2i?2vr/m BM; M pB; iBQM bBM+2 i?2 2r b N
iBQM i ";2iX >Qr2p2 -r2 BMi'Q/m+2/ bQK2v r MQBb2 /m"BM; BMBIiB
i?72 +QmTH2/ /vM KB+b Q7 i?2 [m /+QTi2 X



je +NzZy 1 kY KY NAz2aanl-

iXjXR . i S'2T ' Q+2bbBM;

q2 T° 2T Q+2bb2/i?2/ i #27Q 2BMTmiiBM; BiBMiQ i?2 LLiQ 2Mbm":
i72 MM/2 HVBM; /vM KB+bX h?Bb BMpQHp2/ 7BHiI2 ' BM; Qmi # / / i
q2 +?2+F2/i? i/ i p Hm2b 72HH rBi?BM "2 bQM #H2 #QmM/b- 7Q" 2t
mMM/2- M/ +QQ /BM i2br2 2 rBi?BM i?2 bBKmH iBQM #QmM/bX g2 H
bi i2p Hm2b- b/ biB+ +? M;2bi?2°2+QmH/BM/B+ i2 BMbi #BHBiv
BMBiB H mMbi #H2 7HB;?ib BM i?2 KmHiB@I| o b+2M "BQ H2/iQ bB;N\
i7Q°Qm;? +H2 MBM;-r2 HbQ 7BHi2 2/ Qmi M2B;?#Q BM: /i b KTH:
/27BM2/ #QmM/bX Hi?Qm;? i?Bb TT Q +? BKT +i2/ /i +QHH2+iB
277B+B2M+v- Bir b 2bb2MiB H BM Q#i BMBM; +H2 M2  i° BMBM; / i
i?2 /i -2t+HmM/BM; +iBQMb Ur?B+?r2°2 H 2 /v #2HQr RVV#v b+ HI
M/ bi M/ “//2pB VBQMi®2 i BMBM; /i b2i ++Q /BM; iQ i?2 7TQHHQTI

R= UjXRV

r’2 X2Bbi?2p B #H2- LL BMTmibRBBW Q@ MQb K- HBXk 2/ p "B #H2X h?2
7°QKi?2LL "2mMr> TT2/-Q i?2b+ HBM; Bb "2p2°'b2/-iQ "2biQ 2 i-
biQ ;2 M/ mb2X

iXjXk Silha

aBM+2 Qm  2MpB QMK2Mi Bb +QKTH2t M/ biQ+? biB+-r2 + M #2M2]
/VM KB+b KQ/2HX hQ // 2bb i?Bb-r2 2KTHQvV2/i?2 S Q# #BHBbiB+
a KTHBM; US1haV RINQ MIMK {2 i BMiv@ r "2 2ti2MIFBEMK@72H;Q B
Qm’ bvbi2Kdéb /vM KB+bX h?2 K2i?Q/ r2 mb2/ Bb kKK BER2/QBM H



KYKY Ki2TaA#z 12/71y 10éAR «TeTé HTz é0él jd
[1"2bb irQ FBM/b Q7 mM+2' i BMiB2b,

C H2 iQ'B+ mM+2 i BMiv, h?Bb "Bb2b 7°QK i?2 BM?2 2Mi biQ+? I
i? i 77QK T'Q+2bb M/ Q#b2 p iBQM MQBDb2X

C1TBbi2KB+ mM+2"i BMiv, h?Bb "Bb2b 7°QK i?2 HBKBi iBQMb Q7
/m2iQ i?2 bm#D2+iBp2 mM+2 i BMiv BMi'Q/m+2/ #v KQ/2HBM; rl

S1lha 2772+iBp2Hv + i2 ' biQ #Qi? ivT2b Q7 mM+2 i BMiB2b i? Qm;?

S Q# #BHBbiB+ USV
h?2 /vM KB+b 7mM+iBQM QmiTmib T 'Q# #BHBbiB+ /Bbi'B#miBQMb
i? M/2i2 " KBMBbiB+ p Hm2bX g2 KQ/2H2/ i?2b2 /Bbi B#miBQMb b N
#v,

f(x)=—pl?2tT(xT’cﬁ UjXkV

r?2f3x) Bbi?2 T ' Q# #BHBiv QQi?2m "BMB2h?RMKRIiMA/ "/ /2pB iBQM
20?22 QmiTmib T°QpB/2/ #v T Q# #BHBbLiIiB+ LL 7Q° 2 +?2 T 2/B+ic:
QmMiTmi bBANANRKR (12N +9) X

IMb2K#H2 U1V

M 2Mb2K#H2 KB 2QTifn 2b 2TBbi2KB+RINMr2B i+ BHDV QT 2b2Mi2/ #v i
/B772 2M+2b BM T ° K2i2 b H2 "M2/ #v KmHiIBTH2 KQ/2Hb i® BM2/ QI
7°QK HH KQ/2Hb "2 +QMbB/2 2/- M/i?2 +iBQMi? i vB2H/b i?2 K t
"2; "/H2bb Q7 r?B+? KQ/2H T QpB/2/i?2 “2r */ T 2/B+iBQMX

h™ D2+iQ'va KTHBM; UhaV

haBb b KTHBM;@# b2/ K2i?Q/i? i/2i2"KBM2b ?Qr bi i2rBHH T QT
"QH2 BM TH MMBM; #v BMi2;" iBM; rBi? i?2 bi i2 T ' 2/B+iBQMb mb2/
2 +? iBK2tbR2AQTB2b Q7 i?2 +m ™ "2Mi bi i&-+ BRK2/2T MiBFHXZHQ; i2/



i3 +NzZy 1 kY KY NAz2aanl-

i2°Qm:? 1?2 JS* 2HOXBHBM: i?2 H2 "M2/ T Q# #BHBDbiB+ /vM KB+b KQ,
"2 °2b KTH2/ i2p2'vJIS*iBK2 bi2T- KQ/2HBM; mM+2"i BMiv iQ T 2
Q7 KQ/2H #B b b i?2 JS* i  D2+iQ vBb T QT ; i2/X

REmb2/ S1ha 7Q° bBM:H2 /°QM2 i MbTQ iBM: bmbT2M/2/ T VHQ
BMbTB  iBQM 7°QK i?Bb TT Q +? M/ 2ti2M/ BiiQ KmHIB@ :2Mi b2

H:Q Bi?KIQR/2H@# b2/ .22T _2BM7Q +2K2Mi G2 "MBRI), S1ha rBi?
*QHHR®i; ¢ S) BBy mbBM; SA. Q" i2H2QT2" iBQM
AMBiB HBx2 i?2 /vM KB+b KQ/M2(;8)2m" H M2irQi F
7Q%:;°2; 4 RiQ MmKn/Q" 2;
S 2T "2/ iDb2&v ;;°2; iPM:; Dg.
h* BfMs;a) mbBEM;
r?BH2 KBM Hm®bliru€ /Q
7Q\+iBQMb l:H’(Kél-lq-l-l_izz\lsamples /Q
7QiBK2 bti2TL i(H UJS* 2Q BA@ MV
S'QTQ; i2 bi i2 B wEE\&ha)- M/ ha
*H+mH i2i?22r(@)/7TQ mbBM; 1[mXBQM
2M/ 7Q°
2M/ 7Q°
1t2+mi2 7B bd AIBRW?2 QTiBK H +iBAY'M WbP[m 2 BIo®
I'1 (si;a; 841 St) 1 DrL
2M/ r?BH2

2M/ 7Q°

iXjXj h> BMBM;

h?2 LLr bi> BM2/ QM i?2 T°2T Q+2bb2// i #v KBMBKBXxBM; i?2 +Q
+?2Qb2 iQ #2 i?2J2 Ma[m "2/ 1°°Q  UJalV 2tT 2bb2/ b,

1 X e
MSE = = kisu1 %) f (si; a)k UjXjV

i=0
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r?2°8 Bb i?2 MmK#2 Q7 /i TQBMib BM iDX ihBMBWMiBKBRABQM r
T2'7Q K2/ mbBM; biQ+? biB+ :° /B2Mi /2b+2MiX Jalr b HbQ 2KTHC

p HB/ iBQM / i b2i- 22HTBM; iQ ; m;2i?2 ;2M2° HBx iBQM + T #BH
7mMM+iBQMX

iXjX9 JQ/2H S 2/B+iBp2 *QMi QH UJS*V

PM+2 KQ/2HBb H2 M2/- KQ/2H@7 22 _Gi2+?MB[m2b + M #2 2KTH
iBQM- TQHB+v 7TmM+iBQM- Q" #Qi?- /2T2M/BM; QM i?2 bT2+B7B+
iBp2HvV- +QMi'QH@i?2Q 2iB+ TT'Q +? HBF2 iR2jXRMBNi M/t %2/
AiBb +HQb2/@HQQT +QMi"QH bi”~ i2;vi? i ' 2[mB ' 2bi?2 KQ/2H iQ #
72, iIBQMX AMbi2 / Q7 i?2 mbm H +Qbi 7mM+iBQM-i?2 "2r "/ 7TmM
Q#D2+iBp2 7Q  i?2 JS*-r?B+? b2H24iF i QX QDM IQHBOMOM M2M+2b
bi?2 7B bi +iBQM Q7 i?2A¥iBQWBHRIM DM +2
t-ix-l 1
AﬁH) = argmax I (Sto; &o) UjxXov

AiH) to=t

22 @y = so+f(s0a0) MH BbJS*iBK2 2Q BXQMX h?2 2r */Bb + H+mH
i?72 bi i2b T 2/B+i2/ #vi?2 H2 "M2/i° MbBiBQM 7mM+iBQM i2 +? iBK
AM+ 2 bBM;i?2irQT ~ K2i2Hb QIR i?22MR*-HHV BKT Qp2b T2 7Q K M+
+°2 b2b i?2 +QKTmi iBQM H +QbiX h?2°27Q°2- 7TBM/BM; M QTiBK H
M/ +QKTmi iBQM Bb 2bb2MiB H-r?B+? Bb ivIB+ HHv +2?B2p2/i? Q

q?2M BMi2;" i2/ rBi? ha BM Bib mb2 rBi? Sl1ha- i?2 JS* p2° :2b i?2
T "iB+H2b Q7 bi i2X *QMb2[m2MiHv- i?2 “2rt B K/ mi BB@NMIiBK?2 bi:



9y +NzZy 1 kY KY NAz2aanl-

i?2M + H+mH 12/ b 7QHHQTrb,

1 .
r (Sto; @) = 5 r (Sfo; &o): UjX8V
p=1

h?2 +iBQM b2[m2M+2b +8M ®2 mBREK((KTH2bX q?BH2 ° M/QK b KT
rQ'Fb 7Q  HQr@/BK2MbBQM H T ' Q#H2Kb- ;mB/ M+2 Bb Q7i2M "2[mE
"QMK2MibX AMQm >+ b2-i?2 +iBQMb2[m2M+2b "2/ rM  M/QKHV 7
#Qi? 7Q  i?2 bBM;H2@/ QM2 b+2M 'BQ M/ 7Q  i?2 H2 /2° /"QM2 BM

j X9 aBM;H2 |l o rBi? T vHQ /

g2 #2; M rBi? r vTQBMiIi M pB; iBQM 7Q° /" QM2 rBi?Qmi T vHQ /-
b KTH2b 7°QK bKQQi? i’ D2+iQ B2b iQ ?2HT H2 "M i?RBENM/2 HVBM
BKTH2K2Mi2/ KQ/2 i2HvimM2/ SA. +QMi QHH2 b 7Q KQp2K2Mi HC
+QQ /BM i2b BMi?2/ " QM26b 7" K2iQ 2Mbm 2 i?2v 7mM+iBQM 2772-
VIQ B2Mi iBQMX q VIQBMibr2'2 " M/QKHv TH +2/ rBi?BM i?2 bBK
/IBp2 b2 /i bT 2 /X 7i2 i?2 BMBiB Hi° BMBM; Q7 i?2 LL rBi? i?B¢k
JS*BM 7m'i?2 /i +QHH2+iBQM Bi2' iBQMbX h?2 +QMiBMmQmb M
mb2/ 7Q° /"QM2 M pB; iBQM rmB,/QTi2/ 7°QK (

r(s;a)= (P Pgoa)® O:dv 0:001° UjXeV

22 @Bb i?2 TQbBIiBQM Q@y.iBd i7QM2bB 2/ V@BWBIiBQPR-HQ+Biv Q7 i?
/"QM2-uM/b i?2 +QMi"QH BMTmi iQ i?2 /"QM2X h?2 TQbBiBQMb M/
BM i?2 ;HQ# H 7" K2 M/ NMQOQK#HBM¥2Q@?2B  BKT +i BM i?2 “2r */ 7
AMBIiB HHv- i?Bb “2r "/ 7mM+iBQM T2M HBx2b /Bbi M+2- 2M+Qm" ;E
i72 r vVTQBMiX b i?2 /°"QM2 M2 b i?2 r vTQBMi- i?2 p2HQ+Biv +QK



kKY9Y K &8 Oyafmp 'O Nzyz-afz2 9R
BM 2[m HHv iQ 2/m+2 Qp2'b?QQiX M +iBQM T2M Hiv Bb HbQ //
K M2mp2'b M2 " i?2r vTQBMi- T'"QKQIiBM; ?Qp2'BM;@HBF2 bi i2X

L2ti- r2 ii +?2/ bmbT2M/2/ T VHQ /iQ i?2 /'QM2 mbBM; + #H?2
/i i?°Qm;? i2H2QT2 iBQM iQ + Tim 2 bi #H2 7HB;?ib HQM: rBi? t
rBi?Qmi "BbFBM; +° b?2X 1tT2'ii° D2+iQ'B2b r2'2 T°QpB/2/ mbBM;
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iQ i?72 BMBiB H7 K2 Q7 i?2 H2 /2" ["QMIBBH2Q?PH BBK&MBLMBDM 2
"2 T 2b2Mi2/ BMX® #AHBb iQ #2 MQi2/ i? i Qm > QT2 iBQM b+ H2 B
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QT2 i2 QM b+ H2 Q7 ?mM/ 2/b Q7 +2MiBK2i2 ' bX h?2 “2bmHib BN
2Q BXxQM BPOODIVTbV- T ' QpB/2/i?2 /Bbi M+2 iQ i?2r vTQBMi Bb "2 |
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